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Abstract

We consider two aspects of non-reflecting boundary conditions for wave propagation
problems. First we evaluate a proposed Perfectly Matched Layer (PML) method
for the simulation of advective acoustics. It is shown that the proposed PML
becomes unstable for a certain combination of parameters. A stabilizing procedure
is proposed and implemented. By numerical experiments the performance of the
PML for a problem with nonuniform flow is investigated. Further the performance
for different types of waves, vorticity and sound waves, are investigated.

The second aspect concerns spurious waves, which are introduced by any dis-
cretization procedure. We construct discrete boundary conditions, that are non-
reflecting for both physical and spurious waves, when combined with a fourth order
accurate explicit discretization of one-way wave equations. The boundary condition
is shown to be GKS-stable.

The boundary conditions are extended to hyperbolic systems in two space di-
mensions, by combining exact continuous non-reflecting boundary conditions and
the one dimensional discretely non-reflecting boundary condition. The resulting
boundary condition is localized by the standard Padé approximation.

Numerical experiments reveal that the resulting method suffers from boundary
instabilities. Analysis of a related continuous problem suggests that the discrete
boundary condition can be stabilized by adding tangential viscosity at the bound-
ary. For the lowest order Padé approximation we are able to stabilize the discrete
boundary condition.
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Preface

This thesis consists of an introduction and two papers.

Paper I: Daniel Appelö and Gunilla Kreiss, Evaluation of a Well-posed Per-
fectly Matched Layer for Computational Acoustics. In Hyperbolic Problems: The-
ory, Numerics, Applications, Proceedings of the Ninth International Conference on
Hyperbolic Problems (Hyp2002), Pasadena 2002

The author of this thesis contributed to the ideas presented, performed the nu-
merical simulations and wrote the manuscript. The author also presented the paper
at Hyp2002.

Paper II: Daniel Appelö and Gunilla Kreiss, Stabilized Local Non-reflecting
Boundary Conditions for High Order Methods. Technical Report, NADA, Royal
Institute of Technology, (2003).
Presented by the author at ”Waves 2003, Mathematical and Numerical Aspects of
Wave Propagation, Jyväskylä, Finland 30 June - 4 July 2003“
Parts of the paper have been published in the proceedings of Waves 2003.

The author contributed to the ideas presented, performed the numerical simu-
lations and wrote the manuscript.
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Chapter 1

Introduction

Σ Σ

Γ
Ω

Γ
Ω

Figure 1.1. Two possible truncations Ω of an unbounded domain at an artificial
boundary Γ. Here Σ is the tail or residual, i.e the union of Σ and Ω is the original
unbounded domain.

Many interesting problems appearing in physics, biology and other natural sci-
ences have solutions consisting of waves. An important part of these problems
problems are posed on unbounded domains. To compute a numerical solution to
such problems, it is necessary to truncate the unbounded domain, due to finite
computational resources. This is done by introducing an artificial boundary Γ,
see Figure 1.1, defining a new domain Ω, which we will refer to as the computa-
tional domain. For the problem to be well-posed, it must be closed with a suitable
boundary condition on Γ.

To obtain a solution (on Ω) close to the solution on the unbounded domain,
the boundary condition on Γ has to be correctly imposed. Usually the artificial
boundary Γ is placed in the far field where the solution is composed of waves
traveling out of Ω. The fundamental observation is therefore that all reflections

5



6 Chapter 1. Introduction

caused by the boundary condition on Γ will contaminate the solution in the interior.
Hence, an exact boundary condition should prevent all reflections at the boundary
as indicated by the name non-reflecting boundary conditions.

The construction of non-reflecting boundary conditions for wave propagation
problems has been a matter of ongoing research for over thirty years. The level
of difficulty of constructing a particular boundary condition is determined by the
underlying problem. It is possible to divide the boundary conditions into four dif-
ferent categories based on the underlying problem. In increasing order of difficulty
they are

• Linear time-harmonic wave propagation problems,

• Linear constant coefficient time-dependent wave propagation problems,

• Linear variable coefficient time-dependent wave propagation problems,

• Nonlinear time-dependent wave propagation problems.

To date, there are accurate and efficient boundary conditions available for linear
time-harmonic problems (see the review articles [20, 22, 71]) and we do not consider
this problem here.

For linear constant coefficient time-dependent wave propagation problems, there
are non-reflecting boundary conditions available which work well for some specific
problems. An example is the Maxwell equations, where the perfectly matched layer
(discussed below) is used today with satisfactory results. On the other hand, for
the equations of acoustics, the development of efficient non-reflecting boundary
conditions for uniform flows is quite novel.

For the linear variable coefficient time-dependent wave problems and the non-
linear time-dependent wave problems very little has been done and there are many
challenging problems left.

In this introduction we consider boundary conditions for linear constant coef-
ficient time-dependent wave problems. Particularly we are interested in boundary
conditions which are easy to implementation in a stable and effective fashion, with
respect to both memory and time consumption.

A possible categorization of the non-reflecting boundary conditions available is
the following: exact non-reflecting boundary conditions, local non-reflecting
boundary conditions and absorbing boundary layers.

The remaining part of this introduction will be organized as follows. In chapters
2-4 we give a brief review of exact non-reflecting boundary conditions, local non-
reflecting boundary conditions and absorbing boundary layers. In chapter 5 we give
a summary of the presented papers.

Throughout this thesis we will limit the discussion to problems governed by
the wave equation, Maxwell equations and the linearized Euler equations. By lim-
ited modifications many of the methods discussed below can be applied to other
equations.
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Finally we note that there are a number of review articles available which provide
a more complete overview of the subject [16, 22, 37, 38, 71, 72].
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Chapter 2

Exact Boundary Conditions

A boundary condition can be defined as a procedure

BEu = 0, on Γ.

Especially, the boundary condition is said to be exact if the solution u, of some PDE
closed with boundary conditions at infinity, on the unbounded domain is identical
to the solution on the bounded domain Ω closed by the boundary condition defined
by BE .

Exact boundary conditions, as will be seen below, will in general be nonlocal
both in space and time. The non-locality in time requires the storage of full tem-
poral history of the solution on the boundary if the exact boundary condition is to
be used.

In the past, storage requirements have been thought of as an irreparable hin-
drance for the use of exact non-reflecting boundary conditions in computations.
But, as we will see later, there are novel methods available which reduce storage
of the history of the solution. Further, these methods make use of fast algorithms
which reduce the work per timestep needed to update the exact boundary condi-
tions.

The exact boundary condition BE will depend on the shape of Γ and it may
be difficult to find an explicit representation of BE , if the shape of Γ is too com-
plicated. In the following sections we will present some exact boundary conditions
for common choices of Γ.

2.1 Planar Boundaries

We start by considering the construction of exact non-reflecting boundary condi-
tions for the two dimensional wave equation in Cartesian coordinates

∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
, (2.1)

9



10 Chapter 2. Exact Boundary Conditions

solved on the half plane x ≥ 0.
This problem was first considered in the famous paper by Engquist and Majda

[18]. They use that any leftgoing solution u(x, y, t) to (2.1) can be represented by a
superpositions of plane waves traveling to the left. Such plane waves are given by

u = aei(
√

ξ2−ω2x+ξt+ωy). (2.2)

Here a is the amplitude and (ξ, ω) are the duals of (t, y) satisfying ξ2−ω2 > 0 and
ξ > 0.

Engquist and Majda conclude that for fixed (ξ, ω) the condition
(
d

dx
− i

√
ξ2 − ω2

)
u|x=0 = 0

annihilate plane waves described by (2.2). For that particular plane wave, this will
be an exact non-reflecting boundary condition. For a more general wave packet, the
exact non-reflecting boundary condition is obtained by superposition of boundary
conditions for the plane waves, described above. For waves supported by the wave
equation, (2.1) the exact non-reflecting boundary condition becomes

F
(
∂u

∂x

)
− i

√
ξ2 − ω2Fu = 0, on x = 0,

where Fv(x, ω, ξ) =

∞∫

−∞

∞∫

−∞
e−i(ξt+ωy)v(x, y, t) dy dt.

(2.3)

The non-locality of the above boundary condition is clearly manifested through
the integral transforms. Inverting the transforms directly is not possible since the
function

√
ξ2 − ω2 does not have an explicit inverse transform. To represent (2.3)

in the physical domain, Engquist and Majda use the pseudo-differential operator
which has the symbol

√
ξ2 − ω2.

Another useful tool which has been used to derive exact boundary conditions
is the Dirichlet to Neumann (DtN) map. The DtN map is an operator relating
the Dirichlet datum to the Neumann datum on the boundary Γ. This is done
to enforce the desired asymptotic behavior of the solution at infinity. A more
formal definition of the DtN map can be found in e.g. Ramm [60]. Here we restrict
ourselves to motivating its use by the following example used to derive an alternative
formulation of (2.3).

Consider solutions to the Helmholtz equation posed on the residual domain Σ

s2û = ∇2û, x ∈ Σ, (2.4)

with boundary conditions at infinity identical to those used for Ξ ≡ Σ
⋃

Ω. Since
no boundary condition have been imposed on Γ, there are infinitely many solutions
satisfying the above equation. However, the solution on Ξ must be one of these.
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The desired solution û coinciding with the solution on Ξ can be singled out by a
specific choice of the operator D

∂û

∂n
= −D̂û, x ∈ Γ.

D defines the DtN map. Here the normal is taken outward from Ω. The DtN map
can be used to define the exact boundary condition BE

BEu ≡ ∂u

∂n
+ L−1

(
D̂Lu

)
, (2.5)

where L denotes the Laplace transform.
Now, (2.5) can be used to derive the exact boundary condition for (2.1) at a

planar boundary. As before we assume that (2.1) is solved for Ω being the half plane
x > 0. Hence to derive the DtN map we consider solutions which are bounded on
Σ. By taking the Fourier and Laplace transform (with the duals (k, s)) of (2.1) we
obtain the ordinary differential equation

∂2 ˜̂u
∂x2

= (s2 + |k|2)˜̂u, x ∈ Σ.

For <s > 0, solutions that are bounded on Σ can be written as

ae
√

s2+|k|2x,

and the DtN map is therefore defined by

˜̂D = −
√
s2 + |k|2.

Here the the branch of the square root is chosen so that ˜̂D is analytical and positive
for <s > 0. By inserting ˜̂D into (2.5) we see that the exact boundary condition is
identical to the boundary condition (2.3) for t > 0.

In [35], Hagstrom derives a formulation of (2.3) which only includes the inverse

Fourier transform in the y direction and a convolution in time. By rewriting ˜̂D as

˜̂D = −s− (
√
s2 + |k|2 − s),

and using that K̂(s) =
√
s2 + |k|2 − s for the function

K(t) ≡ J1(t)
t

=
1
π

1∫

−1

√
1− ρ2 cos ρt dρ,

Hagstrom obtains the formulation

∂u

∂n
− ∂u

∂t
−F−1

(|k|2K(|k|t) ∗ Fu) = 0. (2.6)

By the use of fast algorithms for the computation of convolutions, see [41], to-
gether with the fast Fourier transform, (2.6) may be directly imposed. The number
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of operations required to evaluate the boundary condition would then be acceptable.
However the fact that the solution on the boundary has to be stored at all time
levels makes the storage requirements unacceptable for late times. Fortunately, as
we will see later, there is a cure to this.

Note that there is no explicit need for a two dimensional setting in the above
examples. The analysis is identical if Γ is chosen as the hyper plane x = 0. The
Fourier transform is then to be interpreted as the multidimensional Fourier trans-
form.

2.2 Spherical Boundary

Consider the homogeneous wave equation posed on the tail Σ in three dimensions.
If the boundary Γ has the shape of a sphere of radius R, we can express the solutions
to Helmholtz equation

ŝ2û = ∇2û, x ∈ Σ,

in spherical harmonics

û =
∞∑

l=0

l∑

m=−l

ūlm(r)Y m
l (θ, φ).

The functions ūlm satisfy the equation

∂2ūlm

∂r2
+

2
r

∂ūlm

∂r
−

(
s2 +

l(l + 1)
r2

)
ūlm = 0. (2.7)

As before, we require the solution to be bounded at infinity which leads to the
solution of (2.7)

ūlm(r, s) =
kl(rs)
kl(Rs)

ūlm(R, s),

kl(z) =
π

2z
e−z

l∑

k=0

(l + k)!
k!(l − k)!

(2z)−k.

The DtN map is obtained by taking the logarithmic derivative of kl

sk
′
l(Rs)

kl(Rs)
= −s− 1

R
− 1
R
Ŝl, Ŝl =

∑l−1
k=0

(2l−k)!
k!(l−k−1)! (2Rs)

k

∑l
k=0

(2l−k)!
k!(l−k)! (2Rs)

k
. (2.8)

By summation over all harmonics, inverse Laplace transform we obtain the exact
non-reflecting boundary condition

∂u

∂r
+
∂u

∂t

1
R
u+

1
R2
H−1 (Sl ∗ (Hu)l) = 0, r = R, (2.9)

where H denote the spherical harmonic transform. The function Sl is defined
through its Laplace transform Ŝl found in (2.8).
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A fundamental property of the function Sl is that since its Laplace transform
Ŝl is a rational function of degree (l − 1, l) it can be represented as a sum of l
exponential functions in the temporal domain. Using the fact that a convolution
between an exponential function and a function v(t)

η(t) =
∫ t

0

αe−β(t−τ)v(τ) dτ,

can be rewritten as

dη

dt
+ βη = αv, v(0) = 0,

it is possible to localize the exact boundary condition (2.9). This was independently
discovered by Sofronov [63, 64] and Grote and Keller [30, 31]. In [31] the boundary
conditions (2.9) are used with both finite difference and finite element approxima-
tions of the three dimensional wave equation. Numerical simulations are presented
and uniqueness and stability is discussed. Grote and Keller have also successfully
adopted the methods used in [30, 31] to other scattering problems [28, 29, 32, 33].

Since the spherical harmonics decomposition is formulated as an infinite series
it is necessary to truncate the series at some l ≤ L0. The obvious way to truncate
by retaining the first L0 harmonics will lead to extensive memory requirements, if
L0 is large. This is due to the fact that the number of auxiliary variables which
must be introduced are proportional to L0. Especially this is true if the solution
has a high harmonic content which means that L0 has to be chosen large.

Norm minimizing rational approximants for convolution kernels are introduced
by Alpert et al. in [5, 6]. They make it possible to distribute the error equally
over all harmonics. Alpert et al. study the problem of approximating a convolution
kernel κ(t), as Sl or K, by approximating its Laplace transform κ̂(s) by a function
K̂(s) represented as a sum of poles

K̂(s) =
L∑

l=1

pl

s+ sl
.

Inverse Laplace transform of K̂(s). If we require <sl > 0, gives

K(t) =
L∑

l=1

ple
−slt.

As has been noted above, convolution with the kernel K(t) can be reduced to
advancing L ordinary differential equations with homogeneous initial data.
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The motivation of the approximation of the Laplace transformed kernel is found
by using Parseval’s relation on the two convolutions f = K ∗ g and ψ = κ ∗ g

‖f − ψ‖2 = ‖K̂ĝ − κ̂ĝ‖2 ≤ ‖K̂ − κ̂

K̂ ‖∞‖K ∗ g‖2.

Assuming that the kernel κ is approximated with an error in norm ε for m harmon-
ics, Alpert et al. are able to prove that this can be done by a fixed small number
of poles L << m. Moreover, for the kernels appearing for a spherical and cylindri-
cal boundary, the error bound holds for all times. For example in [5] it is shown
that for 1024 harmonics it is sufficient to use 21 poles for approximating Sl with
an error ε ≤ 10−8. This can be compared to the direct truncation which would
require all 1024 harmonics if the solution have high harmonic content close to the
boundary. The number of needed auxiliary variables can clearly be reduced by the
approximation technique suggested by Alpert et al.

For the approximation of the kernel used at a planar boundary the error bound
has a weak a dependence on time. But for the 1024 harmonics example discussed
above, ε ≤ 10−8 holds for times t < 10000.

Although (2.9) can be localized in time, it is still nonlocal in space. Therefore,
to reduce the operation count it is important to use some fast procedure for the
direct and inverse harmonic transforms. The derivations of such transforms are
quite novel and may be found in e.g. Mohlenkamp[57], Suda and Takami [65] and
Healy et al. [42].

Ω

ΓΓ1 0

Figure 2.1. The non-reflecting boundary conditions based on retarded potentials
suggested by Ting and Miksis requires two artificial boundaries.

Before considering the construction of exact non-reflecting boundary conditions
for first order hyperbolic systems, we briefly discuss two additional exact boundary
conditions for the wave equation in three dimensions. The first boundary condition
is based on the exact representation of of the solution by retarded potentials. It
was originally devised by Ting and Miksis [69] and later implemented by Givoli and
Cohen [24].
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The boundary condition requires two artificial boundaries Γ0 and Γ1 as in Figure
2.1. The solution on Γ0 can be represented by the retarded potential formula

u(x, y) = − 1
4π

∫

Γ1

(
u(y, t− r)

∂

∂n

1
r
− 1
r

∂u(y, t− r)
∂n

− 1
r

∂r

∂n

∂u(y, t− r)
∂t

)
dy,

(2.10)

r = |x− y|, x ∈ Γ0.

The above formula is nonlocal in time but the temporal history of the solution
needed to be stored is bounded by the maximum travel time between points on
the boundary. The cost of a direct evaluation of the integral is proportional to the
square of the points used to discretize the boundary. Again this can be sped-up
by fast methods, see [19]. Finally, it should be noted that in the implementation
presented in [24] there was a need for artificial damping to keep the method stable.

lacuna

a a c bcb1 1 1 2 22

0

1

2t

t

t

t

x

front

0

front

reflected

traling

Figure 2.2. Sketch of waves generated by a source with finite support illustrating
the existence of lacuna.

A direct consequence of the formula (2.10) is the strong Huygens’ principle or
the existence of lacunae. The phenomena lacunae can be illustrated by considering
the wave equation in one dimension with a forcing compactly supported in space
and time and homogeneous initial data, i.e.

∂2u

∂t2
− c2

∂2u

∂x2
= f, (2.11)

∂u(x, 0)
∂t

= 0, u(x, 0) = 0, (2.12)

supp f = {(x, t) |x ∈ [a1, a2], t0 < t < t1}. (2.13)

At time t = t0 waves will start to be generated on the domain [a1, a2] as shown
in Figure 2.2. At a later time t2, they can at most have traveled to the points b1 and
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b2, determined by the wave speed c. Now since waves are only generated between
times t0 < t < t1, there will be no waves inside the domain [a1, a2] at times t > t2.
The domain [a1, a2] is now inside the lacuna. If we are to construct non-reflecting
boundary conditions at a1 and a2 we know that at times t > t2 and t < t0 the exact
boundary condition is a homogeneous Dirichlet condition (the existence of lacuna).
At the times in between we may compute the solution on a slightly larger domain
[c1, c2] with e.g. periodic boundary conditions. The domain [c1, c2] is chosen so
that waves reflected at the boundary does not influence the solution in [a1, a2] for
times t0 < t < t2.

The existence of lacunae have been used by Ryabenkii, Tsynkov and Turchani-
nov [62] to construct exact non-reflecting boundary conditions for the wave equation
in odd dimensions by partitioning the source term in time. Note that the existence
of lacunae is restricted to odd space dimensions.

2.3 First Order Hyperbolic Systems

Here we consider construction of exact non-reflecting boundary conditions for a first
order, constant coefficient, strongly hyperbolic system. The boundary conditions
are imposed at a planar boundary, x = 0. In the domain Ω, (x > 0) the system can
be written as

∂u

∂t
+A

∂u

∂x
+

∑

j

Bj
∂u

∂yj
= 0, (2.14)

where u ∈ Rn, A,Bj ∈ Rn×n. If we further assume that A is invertible (no charac-
teristic boundary conditions) we can employ the usual Fourier and Laplace trans-
form to obtain

∂ ˜̂u
∂x

= M ˜̂u, M = −A−1


sI +

∑

j

ikjBj


 . (2.15)

Since we consider a strongly hyperbolic problem, we can decompose the solution into
left and right-going modes or waves. The right-going waves are those corresponding
to positive eigenvalues of M and the left-going, those who correspond to negative
eigenvalues.

The decomposition

QMQ−1 =
[
λR 0
0 λL

]
≡ Λ,

where Q is composed of the the eigenvectors of M arranged in two matrices QR, QL

such that

Q =
[
QR

QL

]
,
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can be used to decouple the system into two sets of scalar equations

∂ ˜̂vL

∂x
= λL

˜̂vL,
∂ ˜̂vR

∂x
= λR

˜̂vR, (2.16)

where ˜̂v ≡ Q˜̂u. An exact non-reflecting boundary condition which make sure that
no waves enter Ω at x = 0 is

˜̂vR ≡ BR
˜̂u = 0. (2.17)

Note that BR can be chosen in many ways. The only restriction of BR is that
it should be orthogonal to the matrix QL. Therefore a natural choice is BR ≡ QR.
However this choice may not always be suitable. In fact, it can lead to an ill-posed
problem. This is the case for the linearized Euler equations and was discovered
by Giles in [21], where an alternative choice of BR, which leads to a well-posed
problem, was suggested. Other choices of BR for the linearized Euler equations,
leading to a well-posed problem have been suggested by Hagstrom and Goodrich
[26, 27] and Colonius and Rowley [61].
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Chapter 3

Local Non-reflecting
Boundary Conditions

In this chapter we begin by presenting some classic local non-reflecting boundary
conditions suggested in the literature. Many of these are formulated as hierarchies of
conditions of increasing accuracy. Often increasing accuracy is synonymous with in-
troduction of high-order (mixed) derivatives on the boundary. Stable discretization
of such derivatives is not trivial. Therefore, in practice, the hierarchical structure
have not been exploited properly.

However, boundary conditions containing high-order derivatives can be con-
verted into sequences of conditions containing only low order derivatives. Such
boundary conditions are based on the introduction of auxiliary variables and are
often referred to as high-order non-reflecting boundary conditions. Boundary con-
ditions of that type will be discussed in the later half of this chapter.

In the previous chapter we discussed the exact boundary condition for the two
dimensional wave equation at a planar boundary derived by Engquist and Majda.
In [18], Engquist and Majda also present a method to localize the exact boundary
condition. They conclude that if the function

√
1− ω2

ξ2

is approximated by some rational function, it is possible to localize the approxima-
tion by explicitly inverting the Fourier transforms.

The most natural approximation is perhaps to use a Taylor series expansion,
however the resulting local boundary condition leads to an ill-posed problem, and
can therefore not be used.

19



20 Chapter 3. Local Non-reflecting Boundary Conditions

Engquist and Majda investigate the boundary conditions obtained if a Padé
expansion is used. The resulting boundary conditions are proved to yield a well-
posed problem independent of the order of the expansion. The boundary conditions
obtained from the two first Padé expansions are

B1u ≡
(
∂

∂x
− 1
c

∂

∂t

)
u = 0,

B2u ≡
(

1
c

∂2

∂t∂x
− 1
c2

∂2

∂t2
+

1
2
∂2

∂y2

)
u = 0.

Note that in the boundary conditions above, mixed derivatives in time and space
appear already in the second order approximation, preluding difficulties of dis-
cretization of high-order approximations. The above equations are often referred
to as one-way equations in the literature.

The Padé expansion is not the only possible approximation, in fact not even the
best (rather the worst at glancing incidence). Other possible expansions (Cheby-
shev, least-squares, etc) are studied by Trefethen and Halpern in [40, 70], where
they also formulate theorems for determining the well-posedness for these types of
expansions.

Although [18] is the most well known paper that use one-way equations as non-
reflecting boundary condition, it should be noted that it was used in an earlier work
by Lindeman [54].

The use of one-way equations as boundary condition has also been studied by
Higdon [44]. He constructed an asymptotically (m → ∞) exact non-reflecting
boundary condition by factorization of one-way equations. The non-reflecting
boundary condition he proposes is given by

Bmu =




m∏

j=1

(
(cosαj)

∂

∂x
− c

∂

∂t

)
u = 0. (3.1)

The boundary condition suggested by Higdon is exact for plane waves hitting the
boundary at angles ±αj . In the original implementation by Higdon, only boundary
conditions with small m where used.

Bayliss and Turkel [9] work with sequences of local non-reflecting boundary
conditions for the wave equation in spherical and cylindrical coordinates. The
boundary condition is similar in structure to (3.1) and is given by

Bmu =




m∏

j=1

(
∂

∂t
+

∂

∂r
+

2l − 1
R

)
u = 0. (3.2)

Although the suggested boundary condition is extendible to high-order, only the
second order formulation is implemented in [9].
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Adoption of the above described classic boundary conditions can be found in
many areas of science where wave propagation is present (see e.g. the review ar-
ticles [22, 71]). However, for these boundary conditions, the hierarchical structure
is rarely exploited. Typically only the lowest order terms in the expansions are
used in the construction. Adoption of the first order Engquist Majda condition to
a first order hyperbolic system yields the so called characteristic boundary condi-
tions. Independent of application, the solution obtained when a low-order boundary
condition is used will suffer from O(1) error after moderate times.

3.1 High-Order Local Non-reflecting Boundary Con-
ditions

Modern high-order local non-reflecting boundary conditions are based on the intro-
duction of auxiliary variables. This technique was first used by Collino [13]. There
he considers the following approximation to the exact boundary condition (2.3)

F
(
∂u

∂x

)
+ iξ

(
1−

L∑
m=1

βm
ω2

ξ2 − αmω2

)
Fu = 0, x = 0, (3.3)

where the coefficients αm, βm depend on the type of approximation used, L is the
order of the boundary condition. With

αm = cos2
(

mπ

2L+ 1

)
, βm =

2
2L+ 1

sin2

(
mπ

2L+ 1

)
,

the Padé expansion used in [18] is recovered.
Collino shows that the boundary condition (3.3) can be reformulated as a se-

quence of auxiliary problems containing only low order derivatives

∂u

∂x
+
∂u

∂t
−

L∑
m=1

βm
∂ψm

∂t
= 0,

∂2u

∂t2
− ∂

∂y2
(αmψm + u) = 0, m = 1, . . . , L.

Here ψm are the auxiliary variables introduced on the boundary.
In [13] Collino presents numerical experiments using boundary conditions of

different order (L ≤ 10). The results show that the accuracy of the boundary
condition increase monotonically. Long time behavior of the boundary condition is
not examined.

The wave equation posed in a semi infinite wave-guide with a planar boundary
at x = 0 have been considered by Givoli and Neta in [25]. Inspired by the work of
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Hagstrom and Harihan (discussed below) they use the Higdon boundary condition
(3.1) to formulate a sequence of auxiliary problems

(
∂

∂x
+

1
Cm

∂

∂t

)
ψm−1 = ψm, m = 1, . . . , L

ψ0 ≡ u, ψL ≡ 0,
(3.4)

which converges to the exact boundary condition (2.3) when L → ∞. Since (3.4)
contains normal derivatives of ψm, when discretized, they would need to be stored
not only on the boundary but also in the interior. This would be unnecessary
memory consuming and therefore (3.4) is reformulated to contain only tangential
derivatives of second order instead of normal derivatives. In [25] the modified
boundary conditions are integrated into an explicit finite difference method which
is shown by numerical examples to be stable. Givoli and Neta also give a detailed
description of how the coefficients Cm can be chosen automatically for good per-
formance. It is shown by numerical experiments that accuracy of the method is
increasing with L. This holds for late times.

Hagstrom and Harihan constructed the first reformulation of (3.2) using auxil-
iary variables. It was presented in [36, 39] where they consider the wave equation
in both spherical and cylindrical coordinates. They also extend the boundary con-
dition to the two dimensional Maxwell equations in cylindrical coordinates.

The recursion formula proposed in [39] requires the introduction of L auxiliary
variables and is given by

(
∂

∂t
+
m

R

)
ψm−1 =

1
2R2

(∇2
R +m(m− 2)

)
ψm +

1
2
ψm, m = 1, . . . , L,

ψ0 = u, ψL = 0,

where ∇2
R is the Laplace operator on a sphere with radius R. The boundary

conditions are implemented using finite differences and results, showing a rapid
decay of the error as L increase, are presented.

In [23], Givoli constructed high-order non-reflecting boundary conditions for
the time-dependent and time-harmonic wave equation in two dimensions in cylin-
drical coordinates. Givoli uses that local non-reflecting boundary conditions can
be written on the form

−∂u
∂r

= LKu, on Γ,

where LK is a differential operator of order K.
By considering the time-harmonic wave equation, Givoli is able to construct

high-order boundary condition which lead to a symmetric finite element discretiza-
tion. The method is also extended to the time-dependent case with the symmetric
properties unaltered. Due to symmetry, the resulting finite element discretization
is stable and well-conditioned for all K.
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As we have seen above the operator LK can be formulated with normal or tan-
gential derivatives or a mix of both. Givoli derives a boundary condition for an
operator containing only tangential derivatives of even order. To make the bound-
ary condition more general, Givoli also give algorithms which translate different
formulations of LK into a form which fit into the high-order boundary condition he
proposed. In [23] only results for the time-harmonic wave equation is presented.

We close this section by noting that the high-order non-reflecting boundary con-
ditions considered here have been constructed in the context of the wave equation.
Due to the the novelty of these methods, extensions to other problems are limited
but this will surely change with time.
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Chapter 4

Absorbing Boundary Layers

An alternative to exact or high-order local non-reflecting boundary conditions is
to surround the computational domain with a finite width, absorbing layer. Typ-
ical setups are pictured in Figure 4.1. Ideally, all waves traveling into the layer,
independent of frequency or angle of incidence, should be absorbed to such extent
that reflections at the outermost boundary are of no importance. Absorbing layers
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Figure 4.1. The computational domain is surrounded by an absorbing layer (PML).
Different geometries are possible.

with this ideal properties do exits, and are referred to as Perfectly Matched Layers
(PML). They were first introduced in the context of computational electromagnet-
ics, where they are considered as state of the art and are widely used in practical
computations. Also in computational acoustics the PML technique has had an im-
pact. However its performance seems to be not quite as good as for computational
electromagnetics.
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4.1 Absorbing Boundary Layers for Computational
Electromagnetics

The idea of surrounding the computational domain with an absorbing layer was
studied by Israeli and Orzag [49] and Kosloff and Kosloff [51]. The proposed ab-
sorbing layers only worked well for waves of normal incidence and they where not
commonly used in computations. Karni [50] devise an absorbing layer that is re-
flectionless for waves propagating in a given direction but still causes to much
reflections for other waves.

The major breakthrough, which made absorbing boundary conditions com-
petitive, was the introduction of the Perfectly Matched Layer by Berenger [12].
Berenger considers the form of Maxwell equations describing transverse electrical
(T-E) waves in two dimensions

ε0
∂Ex

∂t
+ σEx =

∂Hz

∂y
,

ε0
∂Ey

∂t
+ σEy = −∂Hz

∂x
,

µ0
∂Hz

∂t
+ σ∗Hz =

∂Ex

∂y
− ∂Ey

∂x
.

(4.1)

Here Ex and Ey are the electric fields, Hz the magnetic field, ε0 and µ0 are the
free space permittivity and permeability and σ and σ∗ the electric and magnetic
conductivity. By the simple, but unphysical, splitting Hz = Hzx +Hzy, Berenger
introduced the Perfectly Matched Layer as a medium governed by the equations

ε0
∂Ex

∂t
+ σxEx =

∂(Hzx +Hzy)
∂y

,

ε0
∂Ey

∂t
+ σyEy = −∂(Hzx +Hzy)

∂x
,

µ0
∂Hzx

∂t
+ σ∗xHzx = −∂Ey

∂x
,

µ0
∂Hzy

∂t
+ σ∗yHzy =

∂Ex

∂y
.

(4.2)

For the particular choice σx = σy = σ∗x = σ∗y = 0 (4.2) is reduced to Maxwell
equations for vacuum.

In [12], Berenger shows that media described by (σx, σ
∗
x, 0, 0) or (0, 0, σy, σ

∗
y),

where σ and σ∗ satisfy σ∗ε0 = σµ0, does not produce any reflections at a vacuum-
medium interface normal to x and y respectively. Furthermore, waves traveling
across the interface decay exponentially inside the media at a rate depending on
the magnitude of the conductivity parameters σ and σ∗.

The equations (4.2) suggest that the conductivity parameters σ and σ∗ should
be chosen constant and large for the solution to decay rapidly in the PML. However,
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if a constant σ and σ∗ is used in numerical computations there will be reflections
at the interface due to the discontinuity of σ at the vacuum-medium interface.
Instead the conductivity parameters are typically chosen as a function vanishing at
the interface and increasing monotonically to some moderate value at the outermost
boundary.

The possibility to tune the conductivity parameters σ and σ∗ is an advantage
of the method, but it can also be an inconvenience if it should be chosen auto-
matically. To our knowledge there is no known algorithm for an optimal choice of
the conductivity parameters for a general numerical method although the choice is
critical for the performance of a PML.

Optimal choices of the conductivity parameters have been investigated for spe-
cific discretizations by Collino and Monk [15] and Asvadurov et al. [8]. The latter
presents an idea based on optimization of the grid inside the PML rather than the
conductivity parameters.

When Berenger introduced his PML the efficiency of it was far better than
previously known boundary conditions [66]. Moreover, it was straightforward to
implement and incorporate into existing codes due to its similarity in structure to
the Maxwell equations. These features lead to that the PML-technique was adopted
in many other areas of research. For example Collino constructed PML equations
for the paraxial equations [14], and for the linearized Euler equations Hu [45] and
Tam et al. [67] have derived split-field PML equations.

4.1.1 Well-Posed Perfectly Matched Layer

In this section we will discuss the well-posedness (see e.g. [52]) of different PML.
Therefore we first introduce the definition of well-posedness for a Cauchy problem.

Definition The Cauchy problem is well-posed if the following two conditions are
satisfied

(I) There exist constants K > 0 and α ∈ R such that for all U(·, 0) ∈ L2 there
exists a unique solution U(·, t) ∈ L2 that satisfies

‖U(·, t)‖L2 ≤ Keαt‖U(·, 0)‖L2 , (4.3)

(II) Any zero order perturbation of the Cauchy problem satisfies (I).

We will also use the concept of a weakly well-posed problem, meaning a problem
satisfying condition (I) but not (II). By this definition a strongly hyperbolic problem
is well-posed but a weakly hyperbolic problem can only be weakly well-posed.

Unfortunately the split-field PML introduced by Berenger was shown by Abar-
banel and Gottlieb [1] to be only weakly well-posed. It was believed that the
split-field PML (4.2) could become ill-posed under zero order perturbations. An
example of such a perturbation for the PML equations was presented in [1].
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Although being only weakly well-posed, the PML of Berenger has been used in
practical computations with success (see e.g. [66]). It also seems that for computa-
tions with moderately refined grids, and not too long simulation times, it behaves
well. Recently, Bécache and Joly [10] showed by energy estimates that Berngers
PML has at worst linearly growing solutions at late times.

There are however several PML formulations for Maxwell equations which are
well-posed. An example is the PML derived by Ziolkowski [74]. Ziolkowski used
a Lorenz material model, which is based on physical considerations, to derive an
un-split PML. Zhao and Cangelaris use similar ideas in [73], and their PML is often
referred to as the standard un-split PML, in the literature. In [59], Petropopoulos
derives PML formulations, based on the standard un-split PML, for rectangular,
cylindrical and spherical coordinates.

Another PML formulation obtained from mathematical reasoning is proposed
by Abarbanel and Gottlieb [2]. They assume that the behavior of the absorbing
layer can be described by lossy Maxwell equations. For a T-E case they start with

∂Ex

∂t
=
∂Hz

∂y
+R1,

∂Ey

∂t
= −∂Hz

∂x
+R2,

∂Hz

∂t
=
∂Ex

∂y
− ∂Ey

∂x
+R3,

(4.4)

and look for solutions satisfying




Hz

Ex

Ey


 =




1
Ω1(x;α, β, ω)
Ω2(x;α, β, ω)


 eiω(t−αx−βy)e−α

R x
0 σ(η)dη

The unknown functions R1, R2, R3,Ω1,Ω2 are determined by the constraints that

• Ri, (i = 1, 2, 3) should be independent of the parameters α, β, ω,

• the solution should be continuous across the interface,

• the amplitude of the solution vector in the layer should be monotonically
decreasing.

In the derivation they use the dispersion relation

α2 + β2 = 1, (4.5)
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to eliminate the β dependence in Ω1,Ω2. These constraints, which makes sure that
the absorbing layer is perfectly matched, yield a set of PML equations

∂Ex

∂t
=
∂Hz

∂y
,

∂Ey

∂t
= −∂Hz

∂x
− 2σEy − σP,

∂Hz

∂t
=
∂Ex

∂y
− ∂Ey

∂x
+ σ′Q,

∂P

∂t
= σEy,

∂Q

∂t
= −σQ− Ey.

(4.6)

Note that the question of well-posedness is trivial since the equation (4.6) is only a
zero order perturbation of (4.1) which is well posed. The auxiliary variables P,Q
only appear as ordinary differential equations and will not alter the well-posedness.

4.1.2 Long Time Behavior of Well-posed PML

The requirement of well-posedness of a PML is crucial for its use in numerical
computations. However, well-posedness allows exponential growth, hence there
may be modes growing in time in a well-posed PML. This is not desired. The
natural demand that a PML should be absorbing has been incorporated in the
definition of a stable well-posed PML introduced by Bècache and Joly [10]. The
definition of a stable well-posed PML is closely related to the above definition of
well-posedness.

Definition A system which is a zero order perturbation of a first order hyperbolic
system is (weakly) stable if it is (weakly) well-posed and (4.3) holds with α ≤ 0.

In [4] Abarbanel, Gottlieb and Hesthaven studied the long time behavior of
two well-posed PML [2], [74] for computational electromagnetics. They show by
computations and analytical argumentation that both PML methods are unstable
in the sense discussed above. They suggest a remedy to these instabilities which
alter the perfect matching only slightly. By computations they demonstrate that
the stabilized PML can perform equally well.

Another remedy to the problem of late time instabilities in the un-split PML
for Maxwell equations in two dimensions was found by Bécache, Petropoulos and
Gedney [11]. They propose an un-split PML based on [59] for which they are able
to prove energy estimates for the solution inside the PML. The energy estimates
guarantee that there is no growth in the energy of the solution. Moreover, the
suggested PML is truly perfectly matched at the vacum/PML interface in contrary
to the stabilized PML described in [4].
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Domain
Comput.

Mean Flow

PML

x

y

Figure 4.2. Typical setup for derivation of PML for advective acoustics. Uniform
mean flow aligned with the x axis.

4.2 Perfectly Matched Layers for Acoustics

The equations of acoustics are obtained by linearizing the Euler equations around
a base flow. The uniform base flow (ρ0, u0, 0, p0), see Figure 4.2, in two dimensions
is often considered in the context of non-reflecting boundary conditions. Here
(ρ, u, v, p) are, perturbations of density, velocity in x and y direction and pressure
respectively. For this particular flow the linearized Euler equations can be written
as

∂q
∂t

+A
∂q
∂x

+B
∂q
∂y

= 0, (4.7)

where the normalization

t =
tc0
L
, x =

x

L
, y =

y

L
, q =

[
ρ

ρ0
,
u

u0
,
v

v0
,
p

ρ0c20

]T

,

is used to obtain

q =




ρ
u
v
p


 , A =




M 1 0 0
0 M 0 1
0 0 M 0
0 1 0 M


 , B =




0 0 1 0
0 0 0 0
0 0 0 1
0 0 1 0


 .

Here, M = u/c0 is the Mach number and c0 =
√
γp0/ρ0 the speed of sound of

the mean flow. Equations (4.7) support three type of waves, sound, entropy, and
vorticity waves. Entropy and vorticity waves convect downstream with the mean
flow while the two soundwaves travel up or downstream with speed one relative to
the mean flow.
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For ambient acoustics (M = 0), the equations (4.7) become equivalent to the
equations describing two dimensional electromagnetics. Hence, stable and well-
posed PML formulations are available. For the majority of problems studied in
acoustics the flow is advective (M 6= 0) and PML formulations derived for compu-
tational electromagnetics do not apply directly. Nevertheless, several ideas how to
adopt the PML method to the linearized Euler equations have been suggested.

PML for the linearized Euler equations was first derived by Hu in [45]. Using the
approach of Berenger, Hu adopted the split field formulation to the Euler equations
linearized around an uniform flow pictured in Figure 4.2. Hu later extended his
PML to nonuniform flow and to the fully nonlinear Euler equations [46].

In [45] Hu reported that he had to use a low pass filter inside the absorbing
layer for the solution to remain stable. Hagstrom and Goodrich reported similar
observations in [26]. Later Tam, Auriault and Cambulli [67] proved that the PML
devised by Hu supported unstable solutions.

Independently Hesthaven [43], following the analysis in [1], proved that the split
PML of Hu was only weakly well-posed. Hesthaven also gave an example of a zero
order perturbation leading to unbounded growth.

4.2.1 Well-Posed PML for Acoustics

The first well-posed PML for the linearized Euler equations was introduced by
Abarbanel, Gottlieb and Hesthaven [3]. They consider isentropic uniform flow for
which the linearized Euler equations may be written as (4.7) with

q =



ρ
u
v


 , A =



M 1 0
1 M 0
0 0 M


 , B =




0 0 1
0 0 0
1 0 0


 . (4.8)

If M = 0 the equations (4.7) with (4.8) are identical to the T-E mode equations
(4.1) and the PML for that problem can be used.

However if M 6= 0, the dispersion relation becomes much more complicated
and the analysis from electromagnetics is not directly applicable. Abarbanel et al.
therefore use a transform of variables

ξ = x, η =
√

1−M2y = γy, τ = Mx+ γ2t, (4.9)

and show that the dispersion relation of the transformed equations is the same as
of the T-E mode equations discussed in section 4.1.1. In the transformed variables
they derive a PML which only contains zero order perturbations of the equations
(4.7) with (4.8), except for one term

∂Q

∂t
= −γ2 ∂ρ

∂y
.

By considering the Cauchy problem Abarbanel et al. show that Q is bounded for
all times and therefore the PML is well-posed.
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It is interesting to note that the transform of variables (4.9) has been previously
used by Bayliss and Turkel [9] and later Hu [47]. In [17], Diaz and Joly use the
transformation to construct well-posed PML for the linearized Euler equations.

Recalling the definition used in computational electromagnetics for a stable
well-posed PML it is easy to see that the same requirements should hold for a
PML for acoustics. I.e. the PML must be absorbing. To analyze the stability of
the PML Abarbanel et al. assumed the spatial variations to be small so that they
could remove the spatial derivatives in the PML. The resulting system of ordinary
differential equations was seen to have solutions growing in time. To remove this
growth, they introduced zero order stabilizing profiles which do not alter the well-
posedness. But as we shall see below they affect the perfect matching of the PML.

The introduction of the stabilizing profiles was motivated by a separate analysis
of a vertical respectively horizontal layer leaving the corners unattended. In [7] we
showed that for a simple choice of damping parameters, the PML is unstable in the
corners.

Another well-posed PML for the linearized Euler equations for a uniform or par-
allel flow has been suggested by Hagstrom [38]. The PML suggested by Hagstrom
is a direct application of a general way to derive perfectly matched layers for hyper-
bolic systems in three dimensions described in [38]. In the construction he considers
an absorbing layer of width L at the plane x = 0 with the governing equations (for
x < 0)

∂u

∂t
+A(y)

∂u

∂x
+

∑

j

Bj(y)
∂u

∂yj
+ C(y)u = 0, −L < x < 0. (4.10)

By Laplace transform in time

û = eλxφ,


sI + λA+

∑

j

Bj(y)
∂

∂yj
+ C(y)


φ = 0, (4.11)

it is possible to find the modal solutions to (4.10).
Hagstrom concludes that the solution inside the PML must be modified so that

<λ is bounded away from zero for <s ≥ 0. This guarantees that no generalized
eigenvalues, i.e. <λ → 0 as <s → 0, are present. Moreover if the eigenfunctions
φ are the same at the interface x = 0 the absorbing layer will be truly perfectly
matched.

Postulating a modal solution inside the PML

û = eλx+(λR̂−1−M̂−1N̂)
R x
0 σ(z)dzφ, (4.12)

and substituting (4.12) into (4.11) gives the resulting PML equations as

sI + λA(I − σ(R̂+ σ)−1)

(
∂

∂x
+ σM̂−1N̂

)
+

∑

j

Bj(y)
∂

∂yj
+ C(y)


 û = 0.
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The choice of the operators M,N and R is not critical by them self. E.g. Hagstrom
suggest that the first two can be chosen as numbers. The question is rather how to
choose the combination of them in such a way that all waves are damped. However
it is reasonable to choose R to be a first order, constant coefficient, scalar differential
operator in time and in the transverse variables

R =
∂

∂t
+

∑

j

βj(y)
∂

∂yj
+ α.

For the constant coefficient case, the choice of the operators are dictated by an
algebraic relation

<
(
λ+ σ̄

(
λ

R̄
− N̄

M̄

))
6= 0, <s ≥ 0, σ̄ > 0, (4.13)

which is obtained by taking the Fourier transform in the transverse variables. Here,
bar denote the transformed version of the operators.

Applying the above analysis to the equations (4.7) and (4.8) the resulting PML
is governed by the equations

∂q
∂t

+A

(
∂q
∂x

+ µσq
)

+B
∂q
∂y

+ w = 0,

∂w
∂t

+ σw + σA

(
∂q
∂x

+ µσq
)

= 0.
(4.14)

where w are auxiliary variables, µ = M/(1 −M2) and σ is the damping profile.
Contrary to the PML suggested by Abarbanel et al. the PML (4.14) is truly

PMLPML

Ly

+δx xLxLx
Domain
Comput.

y

Figure 4.3. Computational domain with the added PML, test problem. In compu-
tations Mothamed used Lx = Ly = 50, δx = 10 and M = 0.5.

perfectly matched. Abarbanel et al. had suspected that the PML they suggested
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was not truly perfectly matched after adding stabilizing parameters but did not
investigate if further. In [58] Motamed showed that this indeed is the case.

Motamed compared the PML suggested by Abarbanel et al. with the PML
(4.14) for a test problem adopted from [3]. The domain of the test problem is
described in Figure 4.3. Inside the computational domain the components ρ, u, and
v where subjected to a continuous forcing. In the y-direction periodic boundary
conditions were used and the PML was terminated by characteristic boundary
conditions.

The equations were discretized by second order centered differences in space
and advanced in time by the standard fourth order Runge Kutta. The error was
measured as the L∞-error along x = 48 using a reference solution computed on a
larger domain. Simulations were performed for three successively halved step-sizes.

In Figure 4.4 we see that the L∞-error along the line x = 48 decrease as the
resolution is increased for the PML suggested by Hagstrom and also for the PML
suggested by Abarbanel et al. if no stabilizing profiles are used. If stabilizing
profiles are used in the latter PML the error converges to some fixed value i.e. the
PML is not truly perfectly matched.
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(a) Error along x=48 for ρ, Unstabilized
PML suggested by Abarbanel et al. If the
simulations are performed for longer time
the solution will not remain stable.
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(b) Error along x=48 for ρ, Stabilized PML
suggested by Abarbanel et al.
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Figure 4.4. All figures are taken from [58].
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Chapter 5

Summary of Included Papers

5.1 Paper I: Evaluation of a Well-posed Perfectly
Matched Layer for Computational Acoustics

In this paper we present results from numerical experiments where we solve the lin-
earized Euler equations and use the PML derived in [3] as non-reflecting boundary
condition.

The first experiment was conducted to understand why PML for acoustics does
not work as well as PML for Maxwell equation. Therefore, we compare the perfor-
mance of the PML for the two different types of waves, vorticity waves and sound
waves, supported by the equations. We also vary the angles of incidence with which
the waves approach the boundary. To analyze the result we use a wavesplitting tech-
nique to decompose the solution into vorticity and sound waves. The computations
show that the PML is less efficient for vorticity waves than for sound waves.

In a second experiment we investigate how the performance of the PML change
if it is used as boundary condition for a problem with spatially varying mean flow.
Remarkably, the change in performance is small although the PML is not designed
for this problem.

We also show, analytically and numerically, that the proposed PML can become
unstable for a certain combination of parameters. A stabilizing procedure is pro-
posed and implemented. Numerical results show that the change in performance
for the stabilized PML is small.

5.2 Paper II: Stabilized Local Non-reflecting Bound-
ary Conditions for High Order Methods

In [61] Rowley and Colonius proposed a discretely non-reflecting boundary con-
dition for computational acoustics. The boundary condition was designed to be
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especially efficient for spurious waves introduced by discretization. The boundary
condition derived in [61] was derived for an implicit scheme of Padé type. Since
different schemes introduce different spurious waves a new discrete boundary con-
dition has to be derived for each scheme.

For many problems appearing in acoustics it is more efficient to use an explicit
scheme of high-order, rather than an implicit. In paper II we use the framework
introduced by Rowley and Colonius to construct a discretely non-reflecting bound-
ary condition for the one-way wave equation spatially discretized with the standard
explicit fourth order accurate difference scheme. The boundary condition, which
can be extended to arbitrary order accuracy, is shown to be GKS-stable for orders
up to at least 8.

Numerical experiments in one dimension show that the discretely non-reflecting
boundary condition outperforms characteristic boundary conditions. Especially for
components of the solution that are poorly resolved the derived boundary condition
is orders of magnitude better.

The boundary conditions is extended to two space dimensions by combining
exact continuous non-reflecting boundary conditions and the one dimensional dis-
cretely non-reflecting boundary condition. The resulting boundary condition is
localized by the standard Padé approximation. By using auxiliary variables the
two dimensional boundary condition can, in principal , be extended to high-order.
However it is found by numerical experiments that the resulting method suffers
from boundary instabilities.

Analysis of a related continuous problem suggests that the discrete boundary
condition can be stabilized by adding tangential viscosity at the boundary. For
the lowest order Padé approximation we are able to stabilize the discrete boundary
condition. However, the results of the stabilized boundary condition is not satis-
factory. The reflections are smaller than for the characteristic boundary condition
but does not motivate the extra work needed to implement them.
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