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Abstract
This thesis consists of two papers that concern error estimates for the Born-
Oppenheimer molecular dynamics, and adaptive algorithms for the Car-Parrinello
and Ehrenfest molecular dynamics.

In Paper I, we study error estimates for Born-Oppenheimer molecular dy-
namics with nearly crossing potential surfaces. The paper first proves an error
estimate showing that the difference of the values of observables for the time-
independent Schrödinger equation, with matrix valued potentials, and the values
of observables for ab initio Born-Oppenheimer molecular dynamics, of the ground
state, depends on the probability to be in excited states and the electron/nuclei
mass ratio. Then we present a numerical method to determine the probability
to be in excited states, based on Ehrenfest molecular dynamics, and stability
analysis of a perturbed eigenvalue problem.

In Paper II, we present an approach, motivated by the Landau-Zener proba-
bility estimation, to systematically choose the artificial electron mass parameter
appearing in the Car-Parrinello and Ehrenfest molecular dynamics methods to
achieve both good accuracy in approximating the Born-Oppenheimer molecu-
lar dynamics solution, and high computational efficiency. This makes the Car-
Parrinello and Ehrenfest molecular dynamics methods dependent only on the
problem data.



Referat

Denna avhandling består av två rapporter som behandlar feluppskattningar för
Born-Oppenheimer molekyldynamik, och adaptiva algoritmer för Car-Parrinello
och Ehrenfest molekyldynamik.

I Rapport I studerar vi feluppskattningar för Born-Oppenheimer molekyldy-
namik med nästan korsande potentialytor. Rapporten bevisar först en felupp-
skattning som visar att skillnaden mellan observabelvärden för lösningar till
den tids-oberoende Schrödingerekvationen med matrisvärda potentialer och ob-
servabelvärden till Born-Oppenheimer molekyldynamik i grundtillståndet, beror
på sannolikheten att vara i det exciterade tillståndet, och förhållandet mellan
elektronens och kärnornas massa. Vi presenterar också en numerisk metod att
bestämma sannolikheten att vara i det exciterade tillståndet som bygger på Eh-
renfest molekyldynamik och stabilitetsanalys av ett stört egenvärdesproblem.

I Rapport II presenterar vi, motiverade av uppskattningar av Landau-Zener-
sannolikheter, en metod att systematiskt välja den artificiella parametern på
elektronmassan som finns i Car-Parrinello och Ehrenfest molekyldynamikerna, för
att åstadkomma både god noggrannhet i approximationen av Born-Oppenheimers
molekyldynamiklösning, samt hög beräkningseffektivitet. Detta gör också att me-
toden, som använder Car-Parrinello eller Ehrenfest, endast beror på problemdata.



Preface

This thesis consists of an introduction and two papers, listed below:

Paper I Håkon Hoel, Ashraful Kadir, Petr Plecháč, Mattias Sandberg, and
Anders Szepessy, Computational error estimates for Born-Oppenheimer
molecular dynamics with nearly crossing potential surfaces.
In review.

The author contributed to development of the computational al-
gorithms and to the computational experimentations, and wrote the
computational experiments section.

Paper II Ashraful Kadir, Mattias Sandberg, and Anders Szepessy, An Adaptive
Mass Algorithm for Car-Parrinello and Ehrenfest ab initio molecular
dynamics.

The author contributed to development of the computational al-
gorithms and to the computational experimentations, and wrote the
first draft.
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Part I

Introductory Chapters





Chapter 1

Introduction

Molecular dynamics is a computer simulation technique to study systems at atomic
scale. With advancements of high performance computer technologies, molecular
dynamics has become a widely used research and development support tool par-
ticularly in materials science, quantum physics, chemistry, and molecular biology.
See, for example, Meller (2001) for an introduction to molecular dynamics.

In practice the accuracy of the computational results obtained from molecular
dynamics is studied by comparing with experimental data. However, a mathemat-
ical estimate of the accuracy of the computation is necessary when experimental
data is not available. In molecular dynamics, there are three sources of errors:
discretization error coming from the numerical methods; assuming ergodicity, sta-
tistical error coming from using a finite time; and modeling error coming from
approximations related to the molecular dynamics.

In Paper I, we address the modeling error. The aim is to determine quantita-
tive error estimates for Born-Oppenheimer molecular dynamics, including the case
with crossing or nearly crossing electron potential surfaces that can yield large er-
rors. The Born-Oppenheimer molecular dynamics, see Born & Oppenheimer (1927),
Cances et al. (2007), Le Bris (2005), Tully (1999), is less expensive than solving
the Schrödinger equation, and the basic computational alternative for approximat-
ing quantum observables for many particles when the Schrödinger equation cannot
be solved numerically. The paper first proves an error estimate showing that the
difference between the values of observables for the time-independent Schrödinger
equation, with matrix valued potentials, and the values of observables for ab ini-
tio Born-Oppenheimer molecular dynamics, of the ground state, depends on the
probability to be in excited states, and on the electron/nuclei mass ratio. Then we
present a numerical method to determine the probability to be in excited states,
based on Ehrenfest molecular dynamics, and stability analysis of a perturbed eigen-
value problem. We computationally compare the molecular dynamics observables
with the solutions from the Schrödinger equation for small model problems. The
mathematical error estimate is particularly useful for larger problems when it be-
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2 CHAPTER 1. INTRODUCTION

comes computationally very expensive to solve the Schrödinger equation due to the
“curse of dimensionality”.

Although Born-Oppenheimer molecular dynamics is a computationally less ex-
pensive approximation to the Schrödinger equation, it is necessary to solve an eigen-
value problem at each time-step. For a large electron system, it can be computa-
tionally expensive to solve the ground state electron eigenvalue problem, especially
when the ground state eigenvalue and the excited state eigenvalue become very
close. The Ehrenfest and Car-Parrinello molecular dynamics are alternatives to
approximate Born-Oppenheimer molecular dynamics without the necessity to solve
the electron eigenvalue problem at each time-step. However, a non-trivial issue is to
choose the artificial electron mass parameter, appearing in the Car-Parrinello and
Ehrenfest molecular dynamics methods, to achieve both good accuracy and high
computational efficiency.

Bornemann & Schütte (1999) presented an algorithm to automatically deter-
mine the fictitious electron mass parameter and to improve computational effi-
ciency by dynamically choosing the parameter as a time-dependent function which
is piecewise constant on chosen time intervals. Their algorithm is based on limiting
the maximum value of the fictitious electron kinetic energy and the result depends
on the length of the time-intervals, which needs to be optimized in numerical ex-
periments; the time intervals are needed to average out the oscillatory behavior of
the fictitious kinetic energy.

Inspired by Bornemann & Schütte (1999), and motivated by the Landau-Zener
probability, see Zener (1932), we, in Paper II, construct and analyze an improved
adaptive algorithm for dynamically determining the fictitious mass ratio with fewer
parameters. The algorithm is also applicable to the Ehrenfest molecular dynamics.
This makes the Car-Parrinello and Ehrenfest molecular dynamics methods depen-
dent only on the problem data. Numerical experiments for simple model problems
show that the time-dependent adaptive artificial mass parameter improves the ef-
ficiency of the Car-Parrinello and Ehrenfest molecular dynamics.



Chapter 2

Quantum Mechanics

The basic theory of quantum mechanics can be used to explain the structure and
properties of the particles of nanoscopic scales, such as atoms and molecules, and
also of nuclei, and of other elementary particles such as protons and neutrons
(see Rae (2007), page 1). Quantum mechanics emerged as a branch of physics
to address the inability of the classical mechanics to explain the nanoscopic phe-
nomena such as properties of electromagnetic radiation and of atomic structure.
See, for example, Rae (2007) for a detailed introduction to quantum mechanics.

2.1 Time-independent Schrödinger Equation

The time-independent Schrödinger equation models many body nuclei-electron quan-
tum systems. This is an eigenvalue problem given by

HΦ = EΦ , (2.1)

where H is the Hamiltonian operator for a system of nuclei and electrons, described
by their positions RA and ri, respectively. The distance between the ith electron
and Ath nucleus is given by riA; the distance between ith and jth electron is given
by rij ; and the distance between the Ath and Bth nuclei is given by RAB .

In atomic units (see Szabo & Ostlund (1996), section 2.1.1), the Hamiltonian
for N electrons and J nuclei is given by

H = −
N∑
i=1

1
2∆i−

J∑
A=1

1
2MA

∆A−
N∑
i=1

J∑
A=1

ZA
riA

+
N∑
i=1

N∑
j>i

1
rij

+
J∑

A=1

J∑
B>A

ZAZB
RAB

, (2.2)

where ∆i and ∆A are the Laplacians with respect to the ri and RA coordinates,
MA is the ratio of the mass of nucleus A and the mass of an electron, and ZA is
the atomic number of nucleus A. See Szabo & Ostlund (1996) for details.
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4 CHAPTER 2. QUANTUM MECHANICS

2.2 Computational Complexities

Quantum mechanics is often perceived to be a difficult subject, mainly because of its
rather abstract conceptual foundation, and also the complexity of its mathematics.
As more and more computational power becomes available to attack previously
unattainable scientific problems, computational complexities related to quantum
mechanics becomes apparent. Although the Schrödinger equation is believed to be
able to explain the nanoscopic phenomena of the atoms and molecules, and although
it is essentially a rather simple mathematical equation, it is a hard problem to solve
computationally, mainly due to the “curse of dimensionality”. The Schrödinger
equation (2.1) is a linear partial differential equation set in dimension 3(N + J),
with N electrons and J nuclei.

2.3 Molecular Dynamics

Even with the currently available high performance computational resources and
the existing algorithms it is not feasible to solve the Schrödinger equation for a
quantum system with more than a few particles. This is because the number of
dimensions of the problem grows quickly with the number of particles in a system.
For example, for a simple water molecule it is already a problem in 39 dimen-
sions (33 considering symmetries). Hence, it is not possible to computationally
solve quantum mechanics problems by solving the Schrödinger equations except for
very small systems. Molecular dynamics approximate the solution of the quantum
mechanics problems by trading some accuracy for computational efficiency.

2.3.1 Born-Oppenheimer Molecular Dynamics
The Born-Oppenheimer molecular dynamics is given by the Hamiltonian system

Ẋτ = ∇P ĤBO(Pτ , Xτ ) ,
Ṗτ = −∇XĤBO(Pτ , Xτ ) ,

with the Hamiltonian ĤBO(P,X) := |P |2/(2M) + λ0(X) where M is the nu-
clei/electron mass ratio, Xτ ∈ R3J and Pτ ∈ R3J are the nuclei position and
momentum coordinates, respectively, at time τ , ∇X and ∇P are gradient operators
with respect to X and P , respectively, and λ0 : R3J → R is the smallest eigenvalue
of the electron eigenvalue problem

V (X)ψi(X) = λi(X)ψi(X), i = 0, 1, 2, . . . , n− 1 , (2.3)

for fixed nuclei position X and n eigenstates, where V is the Hermitian matrix
operator, determined by the sum of the kinetic energy of electrons and the Coulomb
interaction between nuclei and electrons. Without loss of generality we assume that
all nuclei have the same mass, which can be done by introducing new coordinates
M

1/2
1 X̃k = M

1/2
A XA, for A = 1, . . . , J .
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By changing to the slower timescale t = M−1/2τ we obtain the Born-Oppenheimer
Hamiltonian HBO(P,X) := |P |2/2 + λ0(X) and the dynamics

Ẋt = Pt ,

Ṗt = −∇λ0(Xt) ,
(2.4)

where the nuclei move a distance of order one in time one.

2.3.2 Car-Parrinello Molecular Dynamics
The Car-Parrinello molecular dynamics, cf. Cances et al. (2007), Le Bris (2005), uses
a relaxation method with a fictitious electron dynamics to approximate the solution
of the algebraic eigenvalue problem (2.3). Car-Parrinello molecular dynamics has
significant influence on the computational approaches in this field. In fact, ab initio
molecular dynamics became more widely used after the introduction of the Car-
Parrinello computational method, see Marx & Hutter (2000), Fig. 1.2. In the simple
case of a one electron orbital, the Car-Parrinello molecular dynamics is given by

Ẋt = Pt

Ṗt = −〈ψt,∇V (Xt)ψt〉
〈ψt, ψt〉

1
MCP

ψ̈t = −V (Xt)ψt + Λψt

(2.5)

where MCP is the fictitious nuclei-electron mass ratio, ψ : [0,∞) → Cn is the
electron wave function, and Λ ∈ R is the Lagrangian variable for the constraint
|ψt| = 1. Here 〈·, ·〉 denotes the standard scalar product in Cn. In Paper II we pro-
pose an adaptive computational method for the Car-Parrinello molecular dynamics
to approximate the Born-Oppenheimer molecular dynamics.

2.3.3 Ehrenfest Molecular Dynamics
The Ehrenfest molecular dynamics related to (2.5) is given by

Ẋt = Pt

Ṗt = −〈ψt,∇V (Xt)ψt〉
〈ψt, ψt〉

iM
−1/2
E ψ̇t = V (Xt)ψt ,

(2.6)

where ME is the artificial nuclei-electron mass ratio parameter, ψt ∈ Cn is the
electron wave function, and i is the imaginary unit. In Paper I, we use the Ehrenfest
molecular dynamics to approximate the probability to be in the excited state, and in
Paper II we propose an adaptive computational method for the Ehrenfest molecular
dynamics to approximate the Born-Oppenheimer molecular dynamics.





Chapter 3

Symplectic Numerical Methods

We give a quick introduction to symplecticity below based on Hairer et al. (2006),
and refer to Hairer et al. (2006) for a more detailed introduction.

We suppose that a two dimensional parallelogram, lying in R2d, is spanned by
two vectors ξ = (ξp, ξq) and η = (ηp, ηq) in (p, q) space in d dimension. Then
symplecticity preserves the term

ω(ξ, η) :=
d∑
i=1

(ξpi η
q
i − ξ

q
i η
p
i ) , (3.1)

where in matrix notation, this map has the form

ω(ξ, η) = ξTY η ,

with
Y =

(
0 I
−I 0

)
,

where I is the identity matrix of dimension d.

Definition 1 A linear mapping A : R2d → R2d is called symplectic if

ATY A = Y ,

or, equivalently, if ω(Aξ,Aη) = ω(ξ, η) for all ξ, η ∈ R2d.

Definition 2 A differential map g : U → R2d (where U ⊂ R2d is an open set) is
called symplectic if the Jacobian matrix g′(p, q), which is a linear map, is everywhere
symplectic, i.e., if

g′(p, q)TY g′(p, q) = Y or ω(g′(p, q)ξ, g′(p, q)η) = ω(ξ, η).
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Symplectic numerical methods are designed to obtain numerical solutions of
Hamiltonian systems of the form

ṗ = −∇qH(p, q) ,
q̇ = ∇pH(p, q) ,

(3.2)

where q denotes the position coordinate, p the momentum coordinate, and H the
Hamiltonian.

An important property of the Hamiltonian system is the symplecticity of the flow
(see Hairer et al. (2006), Chapter VI), and symplectic numerical schemes approxi-
mately preserves the symplecticity of Hamiltonian systems (see Bond & Leimkuhler
(2007)). It is important to preserve the energy H(pn, qn), as accurately as possi-
ble, for all the numerical time-steps n = 1, 2, 3 . . . , for the system and symplectic
numerical methods are designed to serve the purpose, see Hairer et al. (2003).

The simplest symplectic numerical method is the so-called symplectic Euler
method

pn+1 = pn −∆t∇qH(pn+1, qn) ,
qn+1 = qn + ∆t∇pH(pn+1, qn) ,

(3.3)

where ∆t is the numerical time-stepsize.
An alternative symplectic Euler method reads

pn+1 = pn −∆t∇qH(pn, qn+1) ,
qn+1 = qn + ∆t∇pH(pn, qn+1).

(3.4)

The symplectic Euler methods are of first order in ∆t. The Störmer-Verlet
schemes are examples of second order symplectic numerical integrators

pn+1/2 = pn −
∆t
2 ∇qH(pn+1/2, qn) ,

qn+1 = qn + ∆t
2
(
∇pH(pn+1/2, qn) +∇pH(pn+1/2, qn+1)

)
,

pn+1 = pn+1/2 −
∆t
2 ∇qH(pn+1/2, qn+1) ,

(3.5)

and

qn+1/2 = qn + ∆t
2 ∇pH(pn, qn+1/2) ,

pn+1 = pn −
∆t
2
(
∇qH(pn, qn+1/2) +∇qH(pn+1, qn+1/2)

)
,

qn+1 = qn+1/2 + ∆t
2 ∇pH(pn+1, qn+1/2).

(3.6)

We use the Störmer-Verlet method to computationally solve the Born-Oppenheimer
and Ehrenfest molecular dynamics. Examples of other symplectic numerical inte-
grators are the implicit midpoint method, symplectic Runge-Kutta methods, etc.
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Example 1 The most basic Hamiltonian system reads, ẏ = iy, where i =
√
−1

and y(t) ∈ C with the Hamiltonian, H(p, q) = (p2 + q2)/2, where p = <(y) and
q = =(y). Then the Hamiltonian system reads

ṗ = q ,

q̇ = −p ,
(3.7)

and it is easy to see that both real and imaginary parts of y solve the Harmonic
oscillator equation ẍ = −x.

We can numerically solve the problem using the explicit Euler method:

pn+1 = pn + ∆tqn ,
qn+1 = qn −∆tpn ,

(3.8)

the implicit Euler method:

pn+1 = pn + ∆tqn+1 ,

qn+1 = qn −∆tpn+1 ,
(3.9)

and symplectic Euler method:

pn+1 = pn + ∆tqn+1 ,

qn+1 = qn −∆tpn ,
(3.10)

and observe the changes in the Hamiltonian as a function of time, H(p(t), q(t)). We
solve using the initial data, (p0, q0) = (1, 1) on a domain (0, 20π) with ∆t = 0.01.
Here, the Hamiltonian at the initial point is H(p0, q0) = 1 and we are interested in
preserving the Hamiltonian as the time evolves.

Figures 3.1 and 3.2 show that the symplectic Euler method does significantly
better than the explicit and implicit Euler methods in preserving the Hamiltonian.
For a dynamics over a very long time period, the solution obtained using the explicit
Euler method blows up and the solution obtained using the implicit Euler method
dies out. From these simple numerical experiments, we see that it is advisable to
use symplectic numerical methods to solve molecular dynamics problems as it is
often necessary to compute the solutions for very long time period.

3.1 RATTLE

Consider the equations of motion subject to m constraints

Mq̈ = −∇qV (q)−∇qg(q)λ ,
0 = g(q) ,

(3.11)

where the mass matrix M is a positive diagonal matrix containing the masses
of J particles in the main diagonal, q ∈ R3J denotes the particle positions in a
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three-dimensional space, V : R3J → R is the potential operator, g : R3J → Rm
the constraint functions, ∇qg is the Jacobian matrix with with respect to q, and
λ : [0, T ]→ Rm are time-dependent Lagrange multipliers.

Consider a discretization of the unconstrained problem Mq̈ = −∇qV (q) given
by the Verlet method (see Hairer et al. (2003)):

qn+1 − 2qn + qn−1 = −(∆t2/2)M−1(∇qV (qn) +∇qV (qn−1)) , (3.12)

where ∆t is the time-stepsize.
The RATTLE algorithm, which was proposed by Andersen (1983), for the con-

strained Hamiltonian system is given by:

pn+1/2 = pn − (∆t/2)(∇qV (qn) +∇qg(qn)λn) ,
qn+1 = qn + ∆tM−1pn+1/2 ,

0 = g(qn+1) ,
pn+1 = pn+1/2 − (∆t/2)(∇qV (qn+1) +∇qg(qn+1)µn) ,

0 = ∇qg(qn+1)TM−1pn+1.

(3.13)

The RATTLE algorithm uses two Lagrange multipliers, λn and µn, and in addition
to the constraint g(qn+1) = 0, it introduced another constraint on the derivative of
g as ∇qg(qn+1)TM−1pn+1.

A system of nonlinear algebraic equations is required to be solved at each time-
step in RATTLE. Given that the system of nonlinear equations are solved exactly,
RATTLE is a second order accurate method, see Barth et al. (1995). Leimkuhler
& Skeel (1994) showed that RATTLE is a symplectic numerical method. This
property makes RATTLE attractive for molecular dynamics problems. See Barth
et al. (1995), Hairer et al. (2003) for details about RATTLE numerical method. We
use the RATTLE algorithm to computationally solve the Car-Parrinello molecular
dynamics.
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Figure 3.1. Phase planes of the simple Hamiltonian system (3.7). The center of
the red small circles denote the initial position. The symplectic Euler method, like
the exact solution, managed to keep the solution on the unit circle.
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Figure 3.2. Energy evolution of the simple Hamiltonian system (3.7). Energy
dynamics from symplectic Euler oscillates just below the exact energy, whereas the
energy grows in the solution using the explicit Euler method and energy decays in
the solution using the implicit Euler method.
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