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Large Eddy Simulation of Turbulent Compressible Jets

Linné Flow Centre, KTH Mechanics, SE-100 44 Stockholm, Sweden

Abstract

Acoustic noise pollution is an environmental aggressor in everyday life. Aero-
dynamically generated noise annoys and was linked with health issues. It may
be caused by high-speed turbulent free flows (e.g. aircraft jet exhausts), by
airflow interacting with solid surfaces (e.g. fan noise, wind turbine noise), or
it may arise within a confined flow environment (e.g. air ventilation systems,
refrigeration systems). Hence, reducing the acoustic noise levels would result
in a better life quality, where a systematic approach to decrease the acoustic
noise radiation is required to guarantee optimal results. Computational predic-
tion methods able to provide all the required flow quantities with the desired
temporal and spatial resolutions are perfectly suited in such application areas,
when supplementing restricted experimental investigations.

This thesis focuses on the use of numerical methodologies in compressible
flow applications to understand aerodynamically noise generation mechanisms
and to assess technologies used to suppress it. Robust and fast steady-state
Reynolds Averaged Navier-Stokes (RANS) based formulations are employed
for the optimal design process, while the high fidelity Large Eddy Simulation
(LES) approach is utilized to reveal the detailed flow physics and to investigate
the acoustic noise production mechanisms. The employment of fast methods
on a wide range of cases represents a brute-force strategy used to scrutinize
the optimization parameter space and to provide general behavioral trends.
This in combination with accurate simulations performed for particular condi-
tions of interest becomes a very powerful approach. Advance post-processing
techniques (i.e. Proper Orthogonal Decomposition and Dynamic Mode De-
composition) have been employed to analyze the intricate, highly turbulent
flows.

The impact of using fluidic injection inside a convergent-divergent noz-
zle for acoustic noise suppression is analyzed, first using steady-state RANS
simulations. More than 250 cases are investigated for the optimal injection
location and angle, amount of injected flow and operating conditions. Based
on a-priori established criteria, a few optimal candidate solutions are detected
from which one geometrical configuration is selected for being thoroughly inves-
tigated by using detailed LES calculations. This allows analyzing the unsteady
shock pattern movement and the flow structures resulting with fluidic injec-
tion. When investigating external fluidic injection configurations, some lead to
a high amplitude shock associated noise, so-called screech tones. Such unsteady
phenomena can be captured and explained only by using unsteady simulations.
Another complex flow scenario demonstrated using LES is that of a high ve-
locity jet ejected into a confined convergent-divergent ejector (i.e. a jet pump).
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The standing wave pattern developed in the confined channel and captured by
LES, significantly alters the acoustic noise production. Steady-state methods
failed to predict such events.

The unsteady highly resolved simulations proved to be essential for analyz-
ing flow and acoustics phenomena in complex problems. This becomes a very
powerful approach when is used together with steady-state, low time-consuming
formulations and when complemented with experimental measurements.

Descriptors: Compressible Flow, Large Eddy Simulation, Acoustic Noise
Generation, Near-field Acoustics, Flow Control, Optimization, Modal Flow De-
composition.

v



Bernhard Semlitsch 2014

Large Eddy Simuleringar av Kompressibla Turbulenta Jets
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Sammanfattning

Buller har en negativ inverkan p̊a v̊ar vardagsmiljö. Aerodynamiskt genererat
buller irriterar och har även kopplats till hälsoproblem. Buller kan orsakas
av turbulenta flöden (t.ex. fr̊an jetplan), av flöden som interagerar med solida
ytor (t.ex. fläktar eller vindturbiner) och kan uppst̊a i avgränsade flödesmiljöer
(t.ex. ventilation- och kylningssystem). En minskning av buller leder därmed
till en bättre livskvalitet och för att reducera niv̊aerna och garantera optimala
resultat krävs ett systematiskt tillvägag̊angssätt. Beräkningsmetoder som kan
prediktera och tillhandah̊alla alla de flödesegenskaper som krävs med önskad
upplösning i tid och rum är väl lämpade för s̊adana tillämpningsomr̊aden, när
de komplementerar begränsade experimentella undersökningar.

I denna avhandling används numeriska metoder för kompressibla flöden
för att först̊a mekanismer för aerodynamisk brusgenerering och undersöker
tekniker för att dämpa desamma. Robusta och snabba metoder baserade p̊a
tidsoberoende Reynolds Averaged Navier-Stokes (RANS) tillämpas i en opti-
meringsprocess. För att utröna flödesfysiken i detalj och för att undersöka
mekanismerna bakom produktionen av akustiskt buller används Large Eddy
Simuleringar (LES). Användandet av snabba metoder över ett stort spann av
fall är en brute-force strategi för att fingranska parameterrymden och för att
upptäcka generella trender. Detta kombinerat med noggranna simuleringar
av fall av särskilt intresse är ett tillvägag̊angssätt som är ytterst kraftfullt.
Avancerade efterbehandlingstekniker (dvs Proper Orthogonal Decomposition
och Dynamic Mode Decomposition) används för att analysera de intrikata och
starkt turbulenta flödena.

Effekten av fluidinjektion för bullerdämping i en konvergent-divergent dysa
analyseras först genom tidsoberoende RANS-simuleringar. Över 250 flödesfall
undersöks för att hitta optimala värden p̊a injektionspunkt och -vinkel, inspru-
tat flöde och driftstillst̊and. N̊agra kandidater till den optimala lösningen väljs
ut genom kriterier etablerade a-priori. En geometrisk uppställning undersöks
grundligt med detaljerade LES-beräkningar. Därigenom kan den tidsberoende
rörelsen hos stötmönstret och de flödesstrukturer som uppst̊ar vid fluidinjek-
tion analyseras. Vissa parameterskombinationer leder till stötassocierat oljud
med hög amplitud, s̊a kallade screech tones. S̊adana tidsberoende fenomen
kan detekteras och förklaras enbart genom tidsberoende simuleringar. Ett an-
nat komplext flödesscenario som demonstreras med hjälp av LES är fallet där
en jetström med hög hastighet sprutas in i en konvergent-divergent dysa (dvs
en jetpump). Det mönster av st̊aende v̊agor som utvecklas i den avgränsade
kanalen och som upplöses av LES förändrar signifikant genereringen av buller.
Tidsoberoende metoder misslyckas med f̊anga s̊adana händelser.
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De tidsberoende och väl upplösta simuleringarna har visats vara essentiella
för att analysera flöden och akustiska fenomen i komplexa problem. Dessa simu-
leringar, i kombination med tidsoberoende, icke-tidskrävande metoder och d̊a
de kompletteras med experimentella mätningar, är ett högst kraftfullt tillväga-
g̊angssätt.

Nyckelord: Kompressibel Strömning, Large Eddy Simulation, Acous-
tic Noise Generation, Närfält Akustik, Strömningskontroll, Optimer-
ing, Modal Flow Decomposition
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”Was soll ich jetzt mit euch, ihr Wellen,
ihr, die ihr euch nie entscheiden könnt,

ob ihr die ersten oder letzten seid?

Die Küste wollt ihr definieren mit eurem ständigen Gewäsch,
sie zisilieren mit eurem Kommen, eurem Gehen.

Und doch weiss niemand wie lang die Küste wirklich ist,
wo das Land aufhört, das Land beginnt,

denn ständig ändert ihr die Linie, Länge, Lage,
mit dem Mond und unberechenbar.

Beständig nur ist eure Unbeständigkeit. . . . ”

[Einstürzende Neubauten]
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Preface

This work focuses on the utilization of numerical methods to assess acoustic
noise radiation mechanisms in a specific application area of compressible tur-
bulent jets. Moreover, flow control techniques used for diminishing the acoustic
signature ascribed to such applications are evaluated. In order to exemplify the
kind of information that can be gained by the numerical method, right after
introducing the methodology, data are presented. Further, the scope of this in-
vestigation requires distinct knowledge, due to the occurring flow and acoustic
phenomena particularly related to these problems. Thus, the selected back-
ground fundamentals provide the essential prerequisites for the understanding
of the results of this work. The contribution of this work is incorporated to
illustrate and explain the important flow features leading to acoustic noise
generation. Additionally are expounded the mechanisms that make particular
noise suppression technologies beneficial.

All the computational predictions on which this doctoral thesis (mono-
graph) is based on, have been carried out by the respondent. The work asso-
ciated with it, i.e. writing, programming of post-processing codes, and data
analysis, has been performed by the doctoral candidate. All the experimen-
tal data used in this work were acquired by Dr. Daniel Cuppoletti and Prof.
Ephraim J. Gutmark in the Aeroacoustics Test Facility at the University of
Cincinnati, USA. However, the post-processing (shown in the thesis) of the ex-
perimental data and the interpretation described in this work were done by the
candidate. Docent Mihai Mihaescu and Prof. Laszlo Fuchs provided feedback
and corrections.

November 2014, Stockholm

Bernhard Semlitsch
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Nomenclature

a temporal mode
c speed of sound (m/s)
cp specific heat capacity at constant pressure (J/(kg ·K))
cv specific heat capacity at constant volume (J/(kg ·K))
d artificial dissipation
e specific internal energy (m2/s2)
f function
f frequency (Hz)
g function
h specific enthalpy (m2/s2)
k wavenumber (1/m)
k turbulence kinetic energy (m2/s2)
l length (m)
ṁ mass flow rate (kg/s)
n normal vector (-)
n generalized power exponent (-)
o apparent order (-)
p pressure (Pa)
q heat flux (W/m2)
r grid refinement factor (-)
r radius (m) or distance to far-field receiver (m)
r spectral radius
s entropy (kg ·m/(s2 ·K))
s scaling factor (-)
t time (s)
u velocity (m/s)
v surface velocity (m/s)
x spatial coordinate (m)
y spatial coordinate (m)
A area (m2)
C constant or scaling parameter
C auto-covariance function
Cd Discharge coefficient (-)
Co Courant number (-)
D diameter (m)
E internal energy (kg ·m2/s2)
F body force (kg ·m/s2)
Fc convective flux terms
Fv viscous flux terms
F thrust (N)
G Green’s function
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2

H Heaviside function
K heat conductivity (W/(m ·K))
L characteristic variable
LO overall sound pressure level (dB)
M (local) Mach number (-)
M acoustic Mach number (-)
P acoustic power (kg ·m2/s3)
Q heat (kg ·m2/s2)
R specific gas constant (J/(kg ·K))
Re Reynolds number (-)
S surface (m2)
Sij strain rate tensor (1/s)
St Strouhal number (-)
T temperature (K)
Tij Lighthill’s stress tensor (kg/(m · s2))
U velocity ensamble (m/s)
U conservative variables
V volume (m3)
W spatial weighting (-)

Greek letters
α Mach angle (rad)
β growth rate (1/s)
γ ratio of the specific heats (-)
δij Kronecker delta function
εij difference of solutions
ε dissipation rate (m2/s3)

ε
(2,4)
01 dissipation function
ζ efficiency (-)
η eigenfunction
ηK Kolmogorov length scale (m)
θ shock wave inclination angle (rad)
θ receiver direction angle (rad)
λ eigenvalue
µ dynamic viscosity (kg/m · s)
ν kinematic viscosity (m2/s)
ξ primitive variables
ρ density (kg/m3)
σij viscous shear stress tensor (Pa)
τij subgrid-scale stress tensor (Pa)
φ any variable
ϕ shock wave deflection angle (rad)
χ grid stretching factor (-)



3

ω angular frequency (rad/s)
ω vorticity (1/s)
Γ passive scalar
Φ spatial mode

Superscript

average˜ Favre average
′ fluctuation
? narrowest cross-section

Subscript

0 stagnation or total quantity state
∞ ambient quantity state
e referenced to the (nozzle) exit
j referenced to the injector
s static quantity state or source location
η Kolmogorov scales

Only the most frequently used quantities and notations are listed. The other
quantities are defined in the text.



4



CHAPTER 1

Introduction

Acoustic sound occurs in various different manifestations as e.g., music, voice,
or noise. It can be a pleasant concomitant phenomenon of our life. It can
enrich our lives and it is part of everyone’s culture in form of music or lan-
guage. Music and language give us the opportunity to express, transmit, and
receive feelings and communicate messages. Music can have a very positive
effect on humans, sometimes in such an extent that it is used as a physiologic
therapy method, as e.g. proposed by Kemper & Danhauer (2005). Music can
even decelerate the process of Alzheimer, as described by Kumar et al. (1999).
Music can change the mood of a person and is therefore quite powerful. For
example classical music composed by Mozart, can result in better performance
of students in examination situations. This is known as the Mozart effect and
has been studied by Thompson et al. (2001).

Acoustic signals evoke a physiological reaction in the human body. Muzet
(2007) divides the negative effects of acoustic noise onto living beings into dif-
ferent categories i.e. auditory effects, behavioral effects, biological effects, and
extra-auditory effects or subjective effects. Hearing loss, auditory fatigue, and
temporary deafness are auditory effects. Masking effects, psychiatric symp-
toms, and medication intake are behavioral effects, while biological effects are
sleep disturbances, autonomic functions, growth, and immune system. Subjec-
tive effects to each individual are annoyance, fatigue, and lack of concentra-
tion. Jones et al. (1981) divided the subjective effects on the social behavior
into masking of speech, changing in weighting of judgments, and perceived
aversiveness of noisy environment. Further, not only humans are affected by
acoustic noise, but also animals, as reported by Kight & Swaddle (2011) and
Brown (1990). Further, Manci et al. (1988) relate the reduction of animal egg
and milk production to the acoustic noise emitted by aircraft. Thus, acous-
tic noise can effect individuals in a wide range negatively, which is difficult to
measure directly and associate to the aggressor.

Muzet (2007) notes that the fear of living under an aircraft root causes the
majority of the protests, although the actual acoustic noise levels notable under
an aircraft root are comparably low. Hence, it is often difficult to find a rela-
tion between subjective complains and real measured acoustic noise pollution.
Sörensen (1970) investigated how the personal attitude changes the annoyance

5



6 1. INTRODUCTION

reaction. The annoyance provoked by the aircraft acoustic noise in the popu-
lation living in urban regions to aircraft bases could be significantly reduced
by spreading propaganda for the Swedish Air Force. This underlines the im-
portance of personality and individual attitude to the acoustic noise aggressor,
when the annoyance of a source is investigated. Fact is that acoustic noise leads
to annoyance, which is subjectively measured by every individual. Hence, the
growth of annoyance caused by the acoustic noise depends on the sensitivity,
personality, and attitudes of each receiver (King & Davis 2003). Griffiths &
Delauzun (1977) found that the annoyance response of an individual at mod-
estly noisy environment is mostly related to the personality rather than to very
noisy surroundings. Additionally, Fields (1993) reported that the self-reported
sensitivity to acoustic noise is a significant indicator for annoyance. Hence, the
recipient of the acoustic noise should be seen moreover as an agent rather than
a passive respondent (Jones et al. 1981). Different personalities react distinct
on acoustic noise. Davies & Hockey (1966) found that extroverted individu-
als perform in a vigilance test better when exposed to white noise, whereas
introverts accomplish the task better under quiet conditions.

Acoustic noise in urban and rural residential areas can be generated by sev-
eral sources, e.g. wind turbines, trains, airports, road traffic. Transportation
noise causes the largest contribution to the external noise in large cities. The
road traffic noise is the most referred noise source, followed by the neighbor-
hood noises and aircraft noise. Åhrlin (1988) related different acoustic noise
sources, i.e. aircraft noise, rail noise, and road traffic noise, to activity dist-
urbances. It was found that acoustic noise emitted from aircraft and trains
mostly annoys by interference with spoken communication, whereas road traf-
fic disturbs rest, relaxation, and sleep. This may be related to the regulation
of nightly flight arrivals and take offs. In the surrounding of large interna-
tional airports, the description of sleep medication or sedatives is enhanced, as
documented by Franssen et al. (2004). Confirming, Knipschild & Oudshoorn
(1977) reported that prescription of drugs in the urban region around airports
is enhanced. However, the wakening of a sleeper due to acoustic noise occurs
above a certain threshold, which depends on the sleeping stage (Benoit & Foret
1992). Further, the wakening is easier initiated by a distinct sharp sound than
constant background noise. Hence, the amplitude of the acoustic noise is not
the only factor that needs to be considered. A sudden noise caused by an air-
craft taking off in the early morning can cause easier wakening than a constant
amplitude noise from the traffic.

Acoustic noise is an environmental stressor, which can influence the behav-
ioral, psychological and physiological processes of an individual. Haralabidis
et al. (2008) relate the acute noise exposure to an increase in the blood pres-
sure. Children living in the surroundings of airports develop a higher blood
pressure, have less motivation, and had reduced reading acquisition (Haines
et al. 2001). Hattori (2000) found that the exposure to aircraft noise can be
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associated to an increase in psychological complaints. Furthermore, Weinstein
(1982) analyzed the ability to adapt to an acoustic noise source and little ev-
idence was found that humans have good capability to adjust to the acoustic
noise. Acoustic noise acts permanently as aggressor. Acute noise leads to an
avoidance of the polluted zone, which leads also to a lower cooperativeness to
help others in urgent need (Korte et al. 1975). Further, the lower willingness
to support others leads to the impression of an unfriendly environment. Apple-
yard & Lintell (1972) investigated the change of behavior and the quality of life
due to environmental acoustic noise in residential areas of San Francisco. In
general points of view, as e.g. street width, stores, or architecture of the houses,
the streets exhibited similar characteristics except the quantity of traffic. The
inhabitants of the light traffic street described the neighborhood as friendly,
nice, and had a lot of social contacts, whereas people living in the heavy traffic
street reported the surroundings as unfriendly, rude, and the people had much
less social contacts with others in the street.

Two types of hearing loss can be distinguished, a sudden hearing loss due
to acute noise and the hearing loss over a long time period. Rosen et al. (1962)
analyzed the hearing capabilities of African tribesmen living in a noise-free
environment (below 40 dB). Seventy to eighty year old men had the same
hearing acuity as healthy ten year old children.

Acoustic noise represents an everyday environmental aggression and can
cause harm to individuals. Although the harm caused might not be acutely
apparent, the noise can effect in the long term. Since acoustic noise pollution
can have negative effects on the life quality, it shall be minimized as much
as possible. The World Health Organization (WHO) recommends legislative
standards in terms of the sound exposure level, the maximum sound level, and
the average energy equivalent level. To improve the life quality, the acoustic
noise pollution should be decreased by any means as much as possible. The
reduction of acoustic noise can lead not only to a more healthy environment,
moreover to a more friendly life together.

Especially, airports represent a noisy environment, which affect many peo-
ple in the surroundings over a substantial part of the day. Further, air traffic
became more popular in the recent years. Hence, it is relevant decreasing the
acoustic noise generation of these large scale emitters affecting a large popu-
lation. The aircraft is the active noise emitter leaving and approaching the
airport, where the noise sources induced are manifold e.g. frame noise, fan
inlet and exhaust noise, engine combustion noise, turbine noise, and jet noise.
Therefore, a short analysis of the main sources causing the largest proportion
of the acoustic noise is relevant. The contribution of the individual noise source
changes between the stages of the flight, take-off, cruise, and approach. During
take-off, the acoustic noise sources related to the acceleration of the aircraft are
dominant, i.e. engine noise and jet noise. These acoustic noise sources remain
during propulsion in cruise conditions. However, the importance is shifted,
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since the only annoyed individuals are in the cabin of the aircraft, while the
acoustic noise radiation to the ground is due to the damping and distance
of secondary relevance. During approach, the engine is less active and emits
less acoustic noise. Thus, the acoustic noise sources induced by flow structure
interaction become predominant.

During take-off conditions, the jet noise generated in the turbulent hot
exhaust flow is besides of the engine internal noise one of the main acoustic
noise mechanisms during take off conditions. Such high speed compressible
flows are characterized by inherent unsteady fluctuations of the flow quantities,
which give rise to acoustic noise production.

During cruise, the aircraft is far away from the ground and therefore, the
people on the ground are hardly bothered. Nevertheless, the passengers in
the cabin of the aircraft can be annoyed by too high acoustic noise levels.
Wilby (1996) describes the different acoustic noise sources propagating inside
the cabin and analysis the path of the acoustic noise. Aeroacoustically gen-
erated noise outside of aircraft cabin (e.g. jet engine exhaust noise, airframe
noise) interacts and can cause vibrations in the aircraft structure, which pro-
vokes acoustic noise generation in the cabin. Moreover, the passenger cabin
needs to be supplied with air. Hence, a pump or compressor is used to deliver
fresh air into the pressurized cabin, where the cabin air is recirculated in part.
With the piping system of the air supply, acoustic noise can be transmitted
into the cabin. Thus, the amplification and generation of acoustic noise in the
transmission process shall be reduced as much as possible and the installed
pump shall not add to acoustic noise pollution in the cabin. Depending on the
type of aircraft, different pumping systems are used for the air conditioning,
as e.g. centrifugal compressors for electrical aircraft Ingenito & Roger (2009)
and jet pumps for jet engine propelled aircraft, see e.g. Lafitte (2013). Jet
pumps make use of a compressible jet and are used in vast field of applications,
due to the robustness of the pumping concept. The jet stream in a jet pump
is confined and empties into the consequent piping system. Hence, acoustic
waves can be reflected from the ducting walls. These phenomena challenge
the design of the pump since flow-acoustic coupling and resonance effects can
occur, which could possibly lead to a high amplitude acoustic noise.

For approach and landing conditions, the noise caused by the turbulent
flow surrounding the structure of the airplane is an important contributor to
the overall noise of the aircraft. Forty years of development in this area have
been summarized by Dobrzynski (2010). The highest amplitude acoustic noise
source depends on the individual design of the aircraft. The most prominent
acoustic noise sources generated by fluid flow interacting with the airframe are
the landing gears, the slotted slats, the flaps and slat edges. The fan inlet and
the exhaust are additional important sources. The spectral properties of such
acoustic noise generation can be tonal, e.g. rotor-stator interaction or shed-
ding downstream of the landing gears, and also broadband arising from mixing
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noise. An important aspect of airframe noise are installation effects, where the
interaction due to airframe components induces an increase in acoustic noise
production (see e.g. Xia et al. 2012; Mihaescu et al. 2012b).

1.1. High Speed Compressible Jet Flows

Commercial civilian air transport became popular in the late 1940s and there-
after the amount of flights increased significantly. Further, it has been realized
that the acoustic noise production annoys the population living in the sur-
roundings of airports. Thus, a need for aircraft acoustic noise reduction was
given. Already in these early years of research important findings have been
made, where the early historical development in this research field has been
reviewed by Crighton (1975). Moreover, with the theoretical findings by James
Lighthill a new era of aeroacoustics started.

The characteristics of the emitted noise depend on the type of aircraft.
Modern jet engines can be categorized into turbojet (single shaft) engines and
turbofan (multishaft) jet engines. With single shaft jet engine, the main stream
of the entrained air is generally compressed in the compressor, heated in the
combustion chamber before expanding through the turbine. The stream gen-
erates thrust by exhausting at high speeds through a nozzle, where a free jet
is generated downstream. With bypass turbofan engines, the incoming air is
entrained through a larger diameter fan. Only a portion of entrained air is run
through the engine core (compressor, combustion chamber, turbine and core
nozzle). The larger mass flow of air is bypassed through the fan duct (nacelle)
which may end with a nozzle surrounding the engine core. Thereby, the hot
high-velocity primary stream is shielded by a cold low-velocity, but larger mass
flow secondary stream.

The hot, high-velocity compressible jet exhausting the gas turbine engine
is the most significant acoustic noise source. A free jet is provoked due to
the thrust generation mechanism via a gas turbine engine. The high velocity
gradient between the jet stream and the ambient air generates an outer jet
shear layer 1 were turbulence is produced, which represents an acoustic noise
source. The thereby generated unsteady flow spreads its extent while prop-
agating downstream in the shear layer where the flow momentum is further
exchanged. At the end of the potential core region of the jet, the mixing pro-
cess caused by the unsteady turbulent flow motion constitute an acoustic noise
source. These two fundamental acoustic noise sources are commonly referred
as jet noise.

At the high flow velocities considered, the jet shear layer provokes fast
growing flow instabilities, which induce the mixing of jet fluid and ambient
fluid. The flow instabilities evolve initially in small unsteady flow structures,
which are generated by the momentum exchange of the high speed fluid with

1for bypass turbofan engines an additional inner jet shear layer is generated
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the stagnant ambient right downstream of the nozzle exit. These unsteady
structures grow spatially and evolve further downstream in chaotic flow mo-
tion, which inherently decays into smaller flow scales. Thus, small and large
scale flow structures are generated, where the small scale flow structures are
embedded in the large flow scales. Hence, the acoustic noise emitted by the
small scales is reflected or scattered with a high probability before propagating
freely into the ambiance. Ribner (1969) investigated further the directionality
of acoustic jet noise and divided the acoustic noise generation mechanisms into
the self noise of the chaotic flow and the interaction of chaotic flow with the
jet shear. The acoustic noise emitted by the chaotic flow scales propagates
in statistical average in all directions, since a favored propagation direction
of chaotic flow cannot occur without other forcing interactions. The acoustic
noise radiation distribution generated by the flow instabilities interacting with
the jet shear results in a dipole shape orientated in the streamwise direction
of the jet. Superimposing the two acoustic noise source emittance behavior
results in an overall elliptic radiation distribution. However, the acoustic noise
sources are convected downstream with the bulk flow in the jet fluid. Hence,
the acoustic noise propagation into the downstream angles is favored and the
overall elliptic radiation distribution is skewed towards the downstream angles.
In statistical average, the jet flow velocity in streamwise direction will be higher
at the center than towards the bounding jet shear layers. Thus, refraction ef-
fect will occur, which bends the acoustic rays away from the center and causes
less acoustic noise radiation in the axial direction. This results further in the
cone of silence, where hardly any noise is noted on the jet axis at some distance
from the origin. Thus, the overall elliptic skewed noise emission directionality
is additionally reduced at low and high radiation angles to the jet axis.

Figure 1.1 shows a flow field illustration of a typical jet exhaust of a medium
bypass ratio commercial turbofan jet engine in a longitudinal mid-plane cut.
In the center of the nozzle, a conical plug is visible, which is surrounded by
the core and fan nozzles, respectively. The so-called primary stream develops
in between the conical plug and the core nozzle, and the bypassing stream
evolves in between the core nozzle and the fan nozzle. The primary stream in
the center is hot and therefore the density gradient establishing between the
hot fluid and the surroundings is high. This can be seen in Fig. 1.1 (a) by the
dark outlines of the primary jet. Further, the flow velocities in the primary
jet core are high, as demonstrated in terms of the Mach number in Fig. 1.1
(b). The flow velocity in the bypassing stream is significantly lower and the
low density gradients visible in Fig. 1.1 (a) signalize that the temperatures are
similar to ambient conditions. The density gradient contours exhibit organized
flow instabilities in form of small circular shapes in the outer shear layer right
downstream of the fan nozzle. This flow instability is called Kelvin-Helmholtz
instability and is typical for all shear layer flows, where the velocity ratio of the
fast stream over the slower stream is high. It can be observed that the circular
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shapes increase their size while propagating downstream. Further, the event of
two shapes pairing can be observed at the lower shear layer towards the exit
of the core nozzle. Downstream of the core nozzle exit, the outer shear layer
evolves chaotic and no obvious ordered shapes can be seen. The inner shear
layer in between the primary stream and the bypassing stream is outlined by
a high density gradient due to the temperature difference and on the first look
no flow instabilities are visible right downstream of the core nozzle. However,
a thin wavy contour in the inner shear layer can be seen by closer inspection.
This is the characteristic appearance of a von Kármán-like flow instability,
which occurs in the wake of wide blunt bodies at lower velocity ratios between
the streams at the two sides. The wavy contour can be noted until the end
of the conical plug, where a short transition to a Kelvin-Helmholtz instability
and finally to chaotic flow motion occurs. The occurrence of such a shear layer
instability type has been visualized experimentally on a real size coaxial engine
exhaust (Nogueira et al. 2008). This description explains the categorization
of acoustic noise generation regions into three zones, i.e. the core region, the
transition region, and the developed region. In the core region of the shear
layer rather organized instabilities dominate, whereas in the developed region
chaotic flow is present. In between occurs the transition region.

(a) Density gradient

(b) Mach number

Figure 1.1. Instantaneous visualization of a coaxial jet en-
gine exhaust into stagnant ambient.

The acoustic noise characteristic is different in three zones, as described
by e.g. Powell (1959). In the core region, the instabilities are not fully de-
veloped and therefore the small scales emit acoustic noise in a high frequency
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spectrum. Contrary in the developed region, where the flow instabilities had
time to spatially evolve, the large structures radiate a low frequency acoustic
noise into the far-field. Powell (1959) estimated the acoustic power radiated
into the far-field from the two source zones and found that the acoustic power
scales with the ninth power of the jet exit velocity in the core region and with
the fifth power of the jet exit velocity in the developed region. Nonetheless,
the overall acoustic power output scales with the eights power of the jet exit
velocity, which has been confirmed by many experimental investigations. This
was found by Lighthill (1952, 1954) and is often called the eight power law.

In order to reduce the traveling time, the aircraft has to reach higher
speeds. The jet engine is required to supply high thrust forces to accelerate
the aircraft to such high speeds. The produced thrust is proportional to the
flow momentum difference of the expelled air mass and the entrained air mass.
Thus, for high speed aircraft, the jet exhaust is required to discharge the fluid
mass at high velocities, which can be higher than the speed of sound. At such
high velocities, e.g. compressibility effects in the gas media may occur, which
provoke additional high amplitude acoustic noise radiation on top of the noise
sources mentioned above. Hence, acoustics noise reduction for such aircraft is of
enormous importance, having in mind also the increase interest in reintroducing
the commercial supersonic flight. The physics regarding the noise generation
associated with high velocity compressible jets will be discussed into detail in
a later chapter of this thesis.

1.1.1. Methods to Asses Acoustic Noise

The pressure fluctuations radiated from the aircraft into the far-field can be
measured using microphones. Typically, microphones are used in array ar-
rangement for the assessment of the near-field and positioned as satellites at a
distance away from the source for the far-field radiation measurements. Using
near-field measurements, the location of acoustic noise sources in the hydro-
dynamic zone can be estimated. Nonetheless, in the near-field, it is difficult
to distinguish between hydrodynamic pressure fluctuations caused due to fluid
entrainment and acoustic pressure fluctuations. The far-field measurements are
commonly used to analyze the directionality of the noise source and judge the
pressure levels reaching the receiver. Special configurations have been devel-
oped (e.g. by Grizzi & Camussi 2012) to investigate the location of the acoustic
noise sources in a more accurate manner.

As described above, acoustic noise is generated by flow instabilities, which
provoke fluctuations in the hydrodynamic near-field. This is the source for the
pressure wave radiating into the far-field. Thus, a thorough analysis of the
hydrodynamic flow field is relevant, since it represents the acoustic noise pro-
duction origin. There are several experimental techniques available to quan-
tify or visualize the flow, where one can distinguish between accurate point
measurement techniques, such as e.g. hot-wire anemometers, laser Doppler



1.1. HIGH SPEED COMPRESSIBLE JET FLOWS 13

velocimetry or Pitot tube measurements, and two or three-dimensional mea-
surement techniques, such as e.g. particle image velocimetry (PIV). For high
compressible flows effected by shock waves, the optical Schlieren photography
and shadowgraph techniques are often used. However, Morris (2011) points
out that experimental flow visualization methods are capable to elucidate the
flow physics involved, but cannot reveal the acoustic sources qualitatively since
the required information is not completely available.

Nonetheless, all the governing quantities required to calculate the acous-
tic noise sources are available using computational simulations of the three-
dimensional compressible flow field. Thus, numerical simulations resolving all
scales of the unsteady flow are perfectly suited for the identification of acoustic
noise sources and exposing acoustic noise generation mechanisms. For exam-
ple, Suzuki & Lele (2003) explained the screech phenomena by a shock leaking
mechanism using such detailed simulations and Berland et al. (2007) confirmed
these observations. Therefore, these kind of numerical simulations are a valu-
able tool to investigate acoustic noise production phenomena in detail. Such
simulations are called direct noise computations, which consists of solving the
set of compressible flow equations (Bailly et al. 2010). Hence, the aerody-
namic flow motion and the acoustic propagation is calculated on the same grid
simultaneously. This approach is demanding on the numerical accuracy and
therefore these calculations are computationally very expensive. Such investi-
gations are primarily performed for fundamental investigations and academic
purposes. However, due to limitations of computational resources, this method
is usually not chosen for design optimization of a certain application, since
the required calculation time to obtain one solution cannot be afforded. For
such aims, numerical fast methods are preferred, which are based on acoustic
source extrapolation (see e.g. Tam et al. 2010). Thereby, the acoustic sources
are sampled and transferred to a numerically less expensive propagation solver,
which propagates the acoustic information into the far-field. Numerous numer-
ical approaches and improvements have been proposed to enhance the accuracy
of such estimations. Secundov et al. (2007) review computational less expen-
sive methods to predict correct trends of the acoustic emission performance.
It was found that especially the Large Eddy Simulation approach is capable
to recover spectral and directionality trends on even relative coarse grids and
further, estimations with steady-state flow solvers perform reasonably well esti-
mating trends of acoustic noise radiation. Using such approaches, the required
computational afford is substantially reduced and parametric studies for geo-
metric optimization purposes can be accomplish. However, due to the coarse
resolution of such methods, the physical interpretability of the flow field is not
provided.

Using only measurements and accurate (expensive) acoustics noise pre-
dictions to find beneficial designs resemblance a brute-force approach. Such a
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procedure cannot be used in a systematic manner to lead to quieter design noz-
zles. However, it can give details on the physics of the acoustic noise generation
mechanisms. Therefore, further advanced methods are required to analyze the
numerical results in proper manner. For example, Freund (2011) shows that
with the flow control design based on adjoint optimization substantial acoustic
noise reduction can be achieved. Alenius (2014) used dynamic mode decompo-
sition to explain part of the acoustic noise generation in a duct with a constric-
tion. Kierkegaard et al. (2010) employ a newly developed method based on the
linearized Navier-Stokes equations to analyze the wave transmission properties
of ducts in the frequency domain, where the dissipation behavior of acoustic
energy by hydrodynamic activity is investigated.

1.1.2. Noise Suppression of Aircraft Exhaust

With the findings of Powell (1954a), the possibility of reducing acoustic jet
noise by influencing the nozzle exit velocity profile became clear. Nonethe-
less, due to practical reasons on a moving aircraft, the jet exhaust can only be
influenced in the region close to the nozzle exit. A free jet evolves further down-
stream and the control becomes rather challenging. Thus, the aim of acoustic
noise reduction is to manipulate the initial shear layer right downstream of the
nozzle exit. As discussed above, the most successful noise reduction method
employed is the utilization of a co-flow shielding the primary high speed shear
layer. This was achieved with the introduction of bypass turbofan engines.
Nonetheless, with the demand on high thrust performance on modern engines,
the acoustic noise production of the outer shear layer becomes that high that
this technique alone is not sufficient to achieve satisfactory low emission levels.
Hence, additional suppression techniques are required.

The general aim with acoustic noise suppression methods is to enhance the
momentum mixing of the expelled fluid and thereby homogenize the fluctua-
tion quantities. Additionally, in the case of supersonic jets, one can consider
weakening the shock waves and control their location. Acoustic noise control
can be categorized into active and passive classes. Passive flow control is based
on design changes of the nozzle exit, which induced small scale mixing to the
flow. Kim & Samimy (1999) investigated the working principle of different noz-
zle exit designs. Lobed mixers, tabs, notches, and serrated nozzle exits (also
called chevrons) are the commonly used designs. Acoustic benefit using all such
devices has been reported. Further, improvements of such configurations have
been developed by various researchers over the years, as shown by e.g. Tide &
Srinivasan (2009).

Actively controlled noise reduction devices have feedback capabilities to
adapt accordingly to the need. This brings several advantages, as e.g. that
the device can be removed when not required. Hence, the eventually induced
thrust penalty by the control device can be eliminated when the acoustic noise
production is not critical. Intelligent alloys have been used in the design of



1.2. CONFINED JETS 15

deformable chevrons, which can be employed and removed as required. The
approach using fluidic injection to mimic the effect of chevrons has been investi-
gated by many researchers, as indicated by Henderson (2010). Fluidic injection
has been used for subsonic jets (Laurendeau et al. 2008) and for supersonic jets
(Cuppoletti & Gutmark 2014). However, the outcome generated by fluidic in-
jection and chevron devices onto the shear layer evolutions is fundamentally
different in terms of the vorticity induction, which has been shown by Cuppo-
letti & Gutmark (2014). Samimy et al. (2007) used plasma actuators for the
acoustic noise suppression of a subsonic jet.

Although lot of investigations have been performed in the research area of
noise reduction devices, a general solution for acoustic noise suppression has
not been found. Many investigation parameters for flow control devices with
the purpose of acoustic noise suppression. Therefore, studies are performed
to select optimal configurations, see e.g. Tide & Srinivasan (2010). Castelain
et al. (2008) show that also the employment of active acoustic noise control
depends on many parameters. Despite that the working principle has been
proven, the found configurations are often restricted to a certain operating
condition for a certain application. Thus, the beneficial configurations reported
are restrictively valid. Since no globally valid solution has been found, the
optimization process has to be performed for each application and the entire
operating range.

1.2. Confined Jets

The free jet is the classical problem of aeroacoustics and has been studied
extensively in the past years. The free jet is accessible from all sides and is
therefore a popular flow case to be investigated experimentally. Experimental
measurement tools can be located around the jet to asses the acoustic noise
radiation. However, many applications require a confined geometry to guide
the fluid stream, where the application of acoustic measurements becomes more
challenging. With confinement constrains due to the geometry, additional re-
flections from the walls or focusing effects of acoustic waves are encountered,
which are measurable. Therefore, channel networks are commonly investigated
accordingly to their transmission, scattering, and reflection properties, where
a scattering matrix is determined to evaluate the acoustic transfer properties
of a ducted segment. This approach leads to good predictions of the trans-
mission behavior, but does not expose the physical mechanisms. Nevertheless,
for the understanding of the noise generation process in ducts, computational
aeroacoustic methods can be used.

Confined jets occur often in conjunction with the mixing process of two
fluids or with guiding a fluid stream. Mixing is an important engineering task,
which is used in many technical applications as described by e.g. Dimotakis
(2005). Injection of fuel into air for combustion aims is a typical application
using this principle. However, the specific application demands a particular
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procedure of supplying the stream appropriately for the specific requirements.
A common configuration of mixing two fluids is the jet in crossflow, which has
been investigated by many researchers, experimentally and numerically. With
jet in crossflow a fluid is injected into a main stream, which carries the injected
fluid further. In such applications, the momentum of the jet and the crossflow
are often perpendicular, and the flow momentum of the jet is diffused in the
crossflow. The crossflow momentum drives the injected stream downstream.
Many scenarios have been investigated to improve the achieved mixing and
enhance fluid entrainment, as e.g. modifying the shape of the injecting nozzle
(Gutmark et al. 2008), using pulsed injection (Sau & Mahesh 2010; Shapiro
et al. 2006) or swirling of the primary flow.

Nonetheless, in some applications the injected fluid is required to drive the
flow and thus, optimization configurations working for jet in crossflow might
not be applicable. With a jet pump, a jet is used to generate entrainment of
a secondary stream, which is sucked through a Venturi shaped channel. Jet
pumps have been given numerous names, e.g. ejector, educator, injector, or
Venturi. Nearly each technical application field uses a different name for the
same principle. However, it is sometimes useful to distinguish between the
different industrial employment areas due to the specific implications of the
application circumstances. An enlightened introduction into ejector augmenter
design and a comprehensive overview has been written by Porter (1979). All
possible manners of ejector and augmenter constructions are discussed, and
optimization studies are collected in a comprising summary. A review on ejector
systems has been published recently by Rahamathullah et al. (2012).

The advantage of the jet pump compared to other pumping approaches is
the simple design and that no moving parts are necessary, which increases the
mechanical life time of the jet pump. Thus, to drive large fluid volumes at
moderate or low pressures, a jet pump or an ejector is a commonly used ap-
proach in industrial applications, as e.g. exhausting fume products of chemical
or thermal reactions (Morris et al. 1991), aircraft thrust augmentation (Wilson
et al. 2007), air conditioning (Riffat & Everitt 1999), or heat pumps for refrig-
eration (Chunnanond & Aphornratana 2004). Independent of the application
and the flowing media, the jet pump consists of three major processes according
to Winoto et al. (2000):

1. The pressure energy of the primary stream is converted into kinetic
energy in the nozzle.

2. Entrainment of a secondary stream caused by viscous friction and suc-
tion due to the generated low pressure by the high velocity primary jet
within the mixer region. The entrainment offset results in mixing of the
two streams.

3. Conversion of the kinetic energy from the merged stream into pressure
energy in the diffuser part.
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Thus, the efficiency of a jet pump can be increased in different ways, for each
of the major processes in a jet pump. For the first listed process, the nozzle
shape is optimized to deliver the highest possible thrust. Whereas, for the last
listed process the share of the Venturi; the length of the mixing section, the
ratio of nozzle outlet area to the cross-sectional area of the mixing channel, and
the length and angle of the diffuser are optimized. The second major process
occurring in a jet pump prevails the optimization ability of a jet pump. Hence,
the optimization of the performance of the jet pump is directly linked to the
entrainment and suction generation potential of the driving jet. Thus, several
investigations have been performed to improve or optimize the efficiency of a
jet pump by applying knowledge gained from free jets (exhausting into ambient
without confinement effects). However, in order to maximize the performance,
all three major processes taking place in a jet pump need to be optimized.

Optimization of the jet pump shape can be performed using one dimensio-
nal estimations or formulations (El-Dessouky et al. 2002), steady-state RANS
simulations (Fan et al. 2011; Dvořák 2010), or experimental measurements
(Eames et al. 2007). In the most of the studies, the optimization is limited to
the evaluation of performance parameters and the flow field is mostly analyzed
by using the steady-state results of the RANS simulations. The number of
optimization parameters in a jet pump is large. However, some experimental
and numerical investigations are published showing the flow field in the jet
pump (see e.g. Kolář & Dvořák 2011; Narabayashi et al. 2006; Desevaux &
Aeschbacher 2002).

Fluid mixing at high Reynolds number (turbulent flow) leads to inherent
acoustic noise production (Winant & Browand 1974; Tanna 1977a). Acous-
tic waves can be beneficial for fluid mixing as described by Krothapalli et al.
(1986) or Tan et al. (2009). However, the generated acoustic noise is an un-
desired byproduct of fluid mixing and the damping of the noise sources is
desired. Investigations have been performed on duct acoustics. However, only
a few publications on the noise generation mechanism in internal jet pumps
are available. Many publications have been published on familiar topics, the
noise generation mechanism of jet exhausting through nozzles or ejectors into
free ambient. Additionally, nozzle or mixer-ejector in combination with thrust
augmenters expanding into open environment have been investigated by several
researchers.

1.3. Aims and Outline of the Thesis

The generation of acoustic noise cannot be completely avoided in modern life
and acoustic noise production is inherent to several technical applications.
However, it can be made an effort to reduce the acoustic noise to a reason-
able level. In order to achieve this goal most effectively, a systematic approach
should be chosen to investigate the problematic and to minimize the acoustic
noise emission from an emitter.
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The investigation of acoustic noise production can be performed by var-
ious methods, where the two most commonly employed approaches are mea-
surements and model approximations. The experimental assessment of design
optimization for an application demands the existence of a prototype and fur-
ther requires the possibility to access the location of interest via measurement
observers. This post-priory evaluation of the acoustic noise performance of
a design is often related to costs, since the prototype needs to be produced.
Therefore, the analyzed parameter space is restricted, while the results ob-
tained are most trustworthy. However, acoustic noise prediction modeling on
the other hand can be performed on any location desired. Hence, acoustic
performance prediction via models is a relevant tool for a design process and
even more when the acoustic noise source is not accessible to experimental
methods. Further, numerical flow simulations theoretically can provide all the
necessary information to predict the acoustic noise sources, which are present
in the near-field.

The initial design process of a new technology is most preferably performed
in a large parameter space. Thus, computational inexpensive methods are de-
sired, which allow many simultaneous calculations and thereby a wide degree
of design freedom. However, numerical fast methods are reliant on models for
reducing the complexity of the simulation approach and the underlying mod-
eling assumptions might restrict the applicability range. The lack of generality
and the need for experiments for validation lead to a negative reputation of
such models.

With this the first aim of this thesis can be formulated as introducing and
investigating the applicability of numerical methods for systematic acoustic
noise reduction in complex geometries, while stating their reliability. Therefore,
different types of numerical simulations are performed to expose the advantages
and the disadvantages of the methods estimating the acoustic noise sources es-
pecially in the near-field. Besides, it shall be pointed out when the current fast
steady-state simulation approaches classically fail to provide correct estimates.

The investigation of acoustic noise reduction possibilities via a brute-force
analysis on a new design, might miss optimal solutions. Thus, a more method-
ical approach addressing the optimization is desired. However, for systematic
acoustic noise suppression, the generating mechanisms need to be understood
in order to propose better designs. The nature of acoustic noise generation
is inherently unsteady. Hence, steady-state approximations can be useful for
the initial development of a product, but they are inadequate for revealing the
fundamental physics of the acoustic noise production. For such a purpose, an
approach considering the nature of the flow with high accuracy needs to be
considered. Further, the strict analysis of the flow field is often not sufficient to
reveal the generation mechanisms. Thus, advanced post processing techniques
have been proposed to uncover the complex phenomena.
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Hence, a further goal of this thesis is to demonstrate that acoustic noise
generation mechanisms can be identified by numerical simulations. Therefore,
numerical simulations resolving the relevant flow physics are required, where
the focus is on the noise generation mechanisms of certain applications, i.e. jet
exhausts in the ambient and jet exhausts into confined geometries. Further, the
utilization of modal decomposition method shall be demonstrated to extract
fundamental flow information.

1.3.1. Outline of Numerical Simulations

Most of numerical simulations performed within this thesis deal with a converg-
ent-divergent nozzle geometry characteristic to supersonic jets. It is known
from experiments that the acoustic signature of this nozzle geometry exhibits
high amplitude tonal noise, i.e. screech tones, for warm (367 K) inflow condi-
tions. The suppression of these screech tones could be achieved using passive
acoustic noise suppression devices, i.e. chevrons. Fluidic injection is an ac-
tive acoustic noise suppression approach, which acts similar to these chevron
devices. Nonetheless, the effect on the flow field is dependent of the injection
location, injection angle, injection amount, and operating condition of the noz-
zle. Thus, a wide parameter space for optimization spans up. Due to the vast
number of cases, a steady-state approach is chosen to keep the computational
effort in reasonable limits.

Further, the final optimization criterion is subjective to the costumer needs
of the convergent-divergent nozzle geometry. Nevertheless, an optimal design
candidate solution has been selected, which consists of an injection location
close to the throat in the divergent nozzle section and an inclination angle
of 60◦. This configuration is investigated further by unsteady highly resolved
simulations in order to explain the reduction of internal shock strength and the
flow structure interaction in between injectors observed with the steady-state
simulations. Thus, these simulations are designed to investigate only the nozzle
internal flow.

External fluidic injection is of relevance for the installation on existing
nozzles for the removal of shock associated acoustic noise. On the same inner
convergent-divergent nozzle contour, external injection ports are added. The
acoustic performance using the fluidic injection for this nozzle geometry is
known from acoustic measurements performed at the University of Cincinnati.
However, the non-linear trend could not be explained. Further, the shock
associated screech tones disappeared with low amounts of fluidic injection and
raised again with higher amounts of fluidic injection. Nonetheless, the shock
associated noise is an inherently unsteady flow phenomena, which requires the
simulation of the unsteady flow. Due to the computational resource limitations,
only a small number of injection pressure ratios are considered.
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Low temperature and geometrically downscaled jets are easier to handle
in experimental acoustic test facilities. Therefore, the effect of the inlet tem-
perature on the flow field and the acoustic near-field is of special interest for
the development of scaling laws for such quantities. Hence, the impact of the
inlet temperature has been investigated for two convergent-divergent nozzle
configurations in the context of this thesis. Additionally to the downscaled
nozzle geometry mentioned for the previous simulations, a second smaller noz-
zle is examined, where for each geometry three temperature ratios have been
considered.

A jet pump represents a confined jet configuration. Thus, additional re-
flection phenomena at the channel walls can occur. Significant high frequency
acoustic noise occurring in the mixing channel has been reported in literature,
where the sources remained unknown. The phenomena have been investigated
for three operating conditions and three geometrical configurations by steady-
state and unsteady simulations.

1.3.2. Main Contributions

The use of internal fluidic injection in supersonic nozzle flow for acoustic noise
reduction purposes has been reported in literature based on experimental in-
vestigations. Reduction of the turbulent mixing noise and the shock associated
noise has been proven. Nonetheless, an analysis of beneficial injection locations
inside of the nozzle has not been performed previously. This study contributes
by screening several different possible locations for fluidic injection and describ-
ing the different shock patterns obtainable.

Although, the most beneficial injection location and injection amount is
dependent on the operating condition of the convergent-divergent nozzle itself,
detailed flow simulations of an optimal injection location have been performed
to analyze the evolving internal shock pattern. The current work contributes by
demonstrating that the internal shock pattern can be significantly manipulated
using internal injection and the shock strength can be significantly reduced.
Further, for the first time, the shock pattern of the jet in supersonic crossflow
is investigated for a wide range of the low momentum ratio regime. Thereby, it
was observed that the windward shock wave emerging from the injector orifice
is not present for the low momentum ratio configurations and becomes only
visible for the higher momentum ratios studied.

External fluidic injection has been studied by many researchers. Acoustic
improvement has been reported for some injection parameters, while deterio-
ration has been reported for other injection parameters. However, a conclusive
interpretation when external fluidic is advantageous has not been provided.
The current work contributes by explaining via detailed resolved numerical
simulations why certain fluidic injection amounts do not lead to an acoustic
benefit but others do. Further, the sensitivity to the amount injected is stated.
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Jet pumps have been commonly investigated by steady-state simulations or
experiments. However, a detailed flow field investigation of the unsteady flow
in jet pump is not available in literature. Thus, the current work contributes
to the development of air jet pumps by a detailed study of the unsteady flow
and the reporting of a standing wave phenomenon in the mixing channel under
certain geometrical configurations. It is further shown in this work that the
standing wave pattern causes an interaction with the shear layer, where the
damping behavior on the shear layer instability evolution by the pressure waves
is indicated. Also alternative approaches to deliver the primary stream into
the mixing channel are investigated. A developed circumferential injection
approach exhibits six percent performance improvement, while the acoustic
noise emission levels are decreased.

1.3.3. Organization of this Thesis

Following to this introduction, the governing equations of the investigated flow
phenomena are introduced in Chapter 2. Further, fundamental knowledge of
compressible flow relevant to the context of this thesis is summarized. The con-
sequences of imposing realistic jet temperatures on the important fluid and flow
quantities are also presented. The investigated flows are typically high speed
jets, which discharge into another fluid of significant lower velocity. Thus,
large shear forces act on the jet, which lead to a chaotic, unsteady flow mix-
ing known as turbulence. Turbulence is of elementary importance within the
context of this work and therefore, a separate Chapter 3 is dedicated to Tur-
bulence and to it’s modeling approaches. Further, exemplifications of applying
different turbulence modeling formulations are given right after the theoretical
introduction. Thus, using own simulation data the advantages and drawbacks
of different methodologies are exposed right after the theoretical aspects. The
numerical methods employed for the numerical simulations and the typical case
setup are summarized in Chapter 4. Additionally, a grid sensitivity study and
accuracy estimations are provided, where complimentary results are provided
in Appendix A. Following, a short introduction in aeroacoustics and acous-
tic noise sources in high speed compressible flow is given in Chapter 5. The
operation procedure of external acoustic noise suppression methods, with the
focus on fluidic injection, is discussed. Chapter 5 closes with an introduction of
acoustic noise phenomena particular to a confined turbulent flow environment.
The thesis ends with general conclusions, a short discussion section, and the
outlook (Chapter 6).



CHAPTER 2

Compressible Fluid Dynamics

The study of gas dynamics is associated with flows at high speeds revealing sig-
nificant changes in fluid density. Compressible flows are governed by the con-
servation laws described by the continuity, momentum, and energy equations.
Moreover, the acoustic noise generation and propagation can be described by
the governing equations of compressible fluid motion. Pressure fluctuations
are associated with the flow dynamics and propagate through the surrounding
media. However, there is a distinction between the acoustic waves and the
pressure fluctuations associated with the unsteady fluid flow, not all pressure
fluctuations being propagated into far-field as acoustic waves.

As a starting point, the properties of acoustic waves are summarized in
this chapter and the propagation of an acoustic wave in a quiescent media by
the wave equation is introduced. Thereafter, the governing equations of flow
motion are presented, which are capable to describe the sources giving rise to
acoustic wave generation. Further, the compressible flow phenomena relevant
to aeroacoustics are discussed.

The acoustic noise or sound is generated by unsteady pressure or density
fluctuations, which travel in longitudinal wave form towards a receiver. The
acoustic waves propagate by means of adiabatic compression and decompression
of the matter. Acoustic waves propagate generally through any kind of matter,
which permits density or pressure waves to migrate. Nonetheless, in further
reference, the focus in this work is on acoustic wave propagation in fluids.

It has to be noted that there are physical phenomena of pressure waves
regarded as acoustic noise, but not observable or recognized by the human
ear. Thus, infrasound (low frequencies) and ultrasound (high frequencies) are
sound, but these frequencies are out of the audible range for a normal person.
However, also acoustic waves emitted beyond the audible range of frequencies
can harm or annoy.

Since sound is generated, transported, and received, acoustic noise pollu-
tion can be minimized by suppressing the generation source of the acoustic
noise, by hindering the acoustic wave to propagate, or by protecting the re-
ceiver. In either of these cases, it is important for a systematic acoustic noise
reduction to understand the mechanisms of the acoustic noise generation, trans-
mission, and attenuation process.

22
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Acoustic information propagates as density or pressure disturbances in
longitudinal wave form superimposed on quiescent media. The simplest one
dimensional transportation behavior of a longitudinal acoustic wave can be
described mathematically by the wave equation,

∂2p′

∂x2
− 1

c2
∂2p′

∂t2
= 0 , (2.1)

where x is the spatial coordinate, t is the time, c is the speed of sound, and p′

is the acoustic pressure. The acoustic pressure is defined as the local deviation
from the ambient pressure. This equation illustrates that the acoustic pressure
propagates with a certain speed, i.e. the speed of sound c, through space, i.e.
the spatial coordinate x. Given a constant speed of sound, a general solution
for this hyperbolic wave equation of the form p′(x, t) = f(ct − x) + g(ct + x)
can be found, where f and g are any two twice-differentiable functions. The
solution can be understood as the superposition of two waves with arbitrary
shape, where f propagates against the x coordinate direction and g with the
x coordinate direction at a constant speed c. It may be noted that the wave
travels as a disturbance through the media with little or without net transport
of fluid mass. Further, the motion of acoustic waves can be described by simple
linear propagation.

Equation 2.1 describes the linear propagation of the acoustic pressure thr-
ough stagnant ambiance, but does not give any information about the gener-
ation or attenuation of the wave, since no source or sink terms are included.
In order to derive the sources and the sinks, the generation mechanisms need
to be explored, which are generally described by the governing equations of
the flow motion. The acoustic waves are generally provoked by flow disturban-
ces induced in fluid media, where the amplitude of the acoustic fluctuations is
rather small compared to the hydrodynamic induced fluctuations.

2.1. Equations of Fluid Flow

An undisturbed standing fluid does not emit acoustic noise and is therefore
quiet, which is eponymous for the term quiescent media. Acoustic waves can
travel undisturbed in such a media, as described above. With an isentropic
laminar background flow, the propagation of the acoustic wave is influenced in
form of shearing, since the traveling speed is decreased against and increased
in the background flow direction.

For a three dimensional unit volume, the Navier-Stokes equations govern
the rate of momentum change of a viscous flow for a fluid media and can be
written as,

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
= − ∂p

∂xi
+
∂σij
∂xj

+ Fi , (2.2)

where the spatial coordinate is symbolized by xi, i ∈ {1, 2, 3} and the time
coordinate is denoted by t ≥ 0. The velocity field is symbolized by ui(xi, t),
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ρ(xi, t) is the fluid density field, p(xi, t) is the pressure distribution, σij is the
viscous stress tensor and Fi represents a body force, e.g. gravity. The viscous
stress tensor can be written as,

σij = µ

(
2Sij −

2

3
Skkδij

)
, (2.3)

where δij represents the Kronecker delta function, µ denotes the dynamic vis-
cosity of the fluid media, and Sij is the strain rate tensor. The strain rate
tensor is commonly defined as,

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (2.4)

The dynamic viscosity expresses the resistance of the fluid media to shear-
ing flows, where fluid layers slide parallel to each other with differing speeds.
Thus, the viscous term generates a force perpendicular to the flow direction.
In this thesis, the fluid media is air and its dynamic viscosity behaves inde-
pendently from the shear stress. However, the temperature scales considered
in this thesis require to respect that the dynamic viscosity of the media can be
dependent on the local temperature. Sutherland (1893) developed a formula
based on the kinetic theory of ideal gases, which can be used to describe the
dynamic viscosity as a function of the absolute temperature T ,

µ = µref
Tref + Tsuth
T + Tsuth

(
T

Tref

)3/2

, (2.5)

where the standard coefficients are the reference viscosity µref = 1.716 · 10−5

kg/m · s at reference temperature Tref = 273.15 K and Tsuth = 110.4 K is the
Sutherland temperature. The formula is a good approximation with an error
less than a few percent in the wide range of temperatures considered.

The conservation law of fluid mass is described by the continuity equation
for a unit volume,

∂ρ

∂t
+
∂(ρui)

∂xi
= 0 . (2.6)

Additionally, the energy in a unit volume must be conserved, which is ensured
by the energy balance,

∂(ρe0)

∂t
+
∂(ρe0uj)

∂xj
= −∂puj

∂xj
− ∂qj
∂xj

+
∂(uiσij)

∂xj
+ Fiui , (2.7)

where e0 is the total specific internal energy per unit volume. The heat flux is
calculated by Fourier’s law,

qj = −K ∂T

∂xj
, (2.8)

where K is the heat conductivity.
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The set of conservation equations is closed by an equation of state connect-
ing the state variables and describing the properties of the fluid media. The
flowing media simulated in the context of this thesis is air, which is assumed
to behave like a perfect gas and intermolecular forces, e.g. the van der Waals
forces, can be neglected. Thus, the fluid media obeys the thermodynamic re-
lation of the ideal gas law, which can be written as,

p = ρRT , (2.9)

where R is the specific gas constant, which is the difference of the specific
heat capacity at constant pressure cp and specific heat capacity at constant
volume cv. A simplification is to assume a thermally perfect gas, where the
specific internal energy e, the specific enthalpy h, and specific heat capacity
at constant volume are only functions of temperature and not of pressure. A
further restriction is to assume a calorically perfect gas, where the specific heat
capacities are assumed to be constant. Thus, the specific internal energy is
e = cvT and the specific enthalpy h = cpT .

2.2. Compressible Flow Effects

Compressibility is a quantification of the relative volume change of a media
when a pressure force is applied, where many fluids exhibit compressible char-
acter under certain flow conditions. Viscosity can be seen as a damping or
stickiness of a fluid, whereas compressibility corresponds to the springiness of
a fluid. When an object moves through a compressible fluid, the surround-
ing media is thereby compressed and experiences the presence of the object.
After the object passed, the air expands to the original state. This demands
work performed by the object to overcome the additional force induced by the
springiness, which is also referred as the bulk viscosity.

For low flow speeds, the influence of compressibility is usually marginal,
since the media has enough time to expand or to distribute into other directions.
Hence, the density of the fluid remains constant. Contrary, for high speed
flows where this time span is not given and the density field changes, the
compressibility effects can have a significant impact on flow field. Therefore, the
relevance of regarding compressibility of the fluid media is stated according to
flow regimes, where commonly the Mach number M is defined as the significant
measure to divide these regimes. The Mach number is defined as the ratio of
the flow velocity u to the local speed of sound c,

M =
u

c
. (2.10)

The speed of sound is the propagation velocity of an acoustic wave in the media,
as indirectly defined in Eq. 2.1. However, the speed of sound is governed by
the compressibility of a media, i.e. the bulk modulus,

c2 =

(
∂p

∂ρ

)
s

. (2.11)
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Hence, the speed of sound increases proportional the material stiffness and
decreases with its density. For example, the speed of sound in air is cair = 351.9
m/s at a temperature of Tair = 303 K and a density of ρair = 1.15 kg/m3,
which decreases to cair = 315.8 m/s with the density increase to ρair = 1.42
kg/m3 for a temperature of Tair = 248 K. However, see water exhibits a
much higher material stiffness than air, since a liquid has stronger molecular
bindings than a gas. Therefore, the speed of sound in see water increases to
cseewater = 1500 m/s, although the density (ρseewater ∼ 1020 kg/m3) is higher.
Nonetheless, one can distinguish dispersive and non-dispersive media, where for
a dispersive medium the speed of sound depends on the frequency of a wave.
Nevertheless, air is only dispersive at frequencies above 28 kHz. Therefore,
the acoustic waves below this frequency threshold propagate with the same
velocity. Further, the relation can be simplified for an ideal gas to c2 = γRT ,
where γ is the ratio of the specific heats cp/cv.

The first law of thermodynamics for a reversible process states that the
internal energy change of a system E balances the transferred heat Q to the
system minus the work done by the system to resist the pressure force acting
on the system,

dE = dQ− pdV . (2.12)

For an adiabatic system and hence no relevant heat transfer over the system
boundaries, a compression by a pressure force leads to an increase in inter-
nal energy. When the pressure force causing a volume change is removed, the
internal energy can expand the system. Since acoustic waves propagate by
adiabatic compression and expansion of the fluid, the compressible character-
istics, i.e. density variations, of the fluid flow are of relevance. The acoustic
wave propagation is a phenomenon of the springiness of the media and the
influence of viscosity is only minor. Nevertheless, in the most cases of acoustic
noise propagation, the pressure fluctuations caused by the acoustic wave are
small compared to the hydrodynamic pressure variations.

As stated above, the flow is commonly categorized into different regimes
accordingly to the Mach number in order to quantify the importance of com-
pressible flow effects. At a Mach number of unity, the flow velocity is equal
the speed of sound and this flow case is called sonic. For a Mach number be-
low unity, the flow is considered to be subsonic and at higher Mach numbers
than unity, the flow is called supersonic. Since the flow velocity is higher than
the speed of sound in supersonic flow, acoustic waves cannot travel upstream.
Further, for high Mach numbers, the local pressure and density gradients are
large enough to cause flow phenomena due to the induced springiness forces,
which can significantly affect the flow field and induce even discontinuities of
the state variables. Hence, the fluid density cannot be considered to be con-
stant in high Mach number flows. However, the property changes in the media
can be neglected for low Mach number flows, where the density is regarded to



2.2. COMPRESSIBLE FLOW EFFECTS 27

be constant in the incompressible flow assumption. Using the isentropic rela-
tions for an ideal gas, the ratio of the density ρ to the stagnation density ρ0

can be written as a function of the Mach number M ,

ρ

ρ0
=

(
1 +

γ − 1

2
M2

) −1
γ−1

. (2.13)

Thus, for a Mach number M lower than 0.3, the maximum difference is less
than five percent. Hence, the density changes can be ignored in this low Mach
number flow regime for practical flow assessment.

Subsonic and supersonic flow exhibit fundamental contrary behavior in
some flow situations. Combining the mass and momentum conservation equa-
tion, while neglecting the viscous term, a relation describing the effect of a
cross-sectional area change dA to the flow properties can be derived,(

dA

A

)
=

dp

ρu2

(
1−M2

)
= −du

u

(
1−M2

)
, (2.14)

where A is the cross-sectional area. This expression shows that the subsonic
flow is accelerated in a convergent duct section and decelerated in a divergent
duct section. However, the sign is changed for supersonic flow conditions. Thus,
a supersonic flow is decelerated in a convergent duct section and accelerated in
a divergent duct section. For sonic flow conditions (M = 1), the area change dA
must be a maximum or a minimum. Hence, for a flow transition from subsonic
to supersonic flow in a convergent divergent duct, sonic flow conditions are
reached at the narrowest cross-section. Using the mass conservation equation
and isentropic relations to compare the quantities at an arbitrary cross-section
A with the narrowest duct cross-section A? where M? = 1 is reached, one can
obtain,

A

A?
=

1

M

(
1 + γ−1

2 M2

1− γ+1
2

) γ+1
2(γ−1)

, (2.15)

where the relation shows that the Mach number is only a function of the ge-
ometry. Further, the maximum mass flow rate is reached for sonic condition at
the narrowest cross-section, which is called the choked flow condition.

2.2.1. Shock Waves and Supersonic Jet Structure

In the previous section, the effect of the back pressure on the flow field in the
convergent-divergent duct was neglected. However, when supersonic flow is
reached in the divergent section of the duct and the back pressure at the nozzle
exit is too high, a shock wave is induced in the nozzle to rise the pressure
and decelerate the flow. If the back pressure at the nozzle exit is lower, the
supersonic flow exhausts into the downstream ambient, where it decelerates by
forming shock waves in the potential core of the jet.
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Shock waves are a particular form of sound waves or so-called Mach waves.
Mach waves are straight pressure waves traveling with the speed of sound,
which represent the boundary of the knowing zone and the unaware zone of
the disturbance moving with supersonic speed. The propagation direction of a
Mach wave through the media is governed by the Mach angle,

αM = arcsin

(
1

M

)
. (2.16)

A combination of Mach waves manifest as a shock wave, which are distinguished
by the abrupt change of the media properties on both sides. Hence, the pres-
sure, temperature, and density distribution exhibit a drastic alteration over a
shock, which appears nearly discontinuous since the thickness of a shock is of
the order of the mean free path. An acoustic wave is an adiabatic process and
hence no heat is generated. In contrast to the acoustic wave, the process of a
shock wave is described by a so-called Hugoniot curve, where kinetic energy is
dissipated into heat.

Shock waves can be classified in groups, i.e. normal, oblique, and bow
shocks, where the normal shock is a special case of the oblique shock. The name
normal shock refers to the orthogonal incident direction of the flow with regard
to the shock. When the shock wave is inclined with an arbitrary angle with
respect to the flow direction, the shock is called an oblique shock. Classically,
normal and oblique shocks are attached to a body, whereas bow shocks wrap at
some distance in a curved shape around a body and are therefore not attached
to the body.

In contrast to the normal shock, the oblique shock is inclined with respect
to the upstream flow. Thus, the streamlines are redirected by the oblique
shock to adjust the flow direction to the downstream geometry. However, the
incident tangential velocity component on a shock wave does not get altered
when passing through and only the normal velocity component is modified. The
minimum angle of an oblique shock is defined by the Mach angle αM , while the
maximum angle corresponds to a normal shock. The inclination angle θ of an
oblique shock can be calculated by the pressure ratio of the upstream pressure
p1 to the downstream pressure p2,

p1

p2
= 1 +

2γ

γ + 1
(M2 sin2(θ)− 1) . (2.17)

With the presence of a boundary layer downstream of a shock wave, a band
of compression waves can redirect the flow back parallel to the wall. However,
shock waves can be reflected at walls, symmetry lines of ducts, or by other
incident shocks to redirect the flow parallel to the wall, where the deflection
angle ϕ can be calculated by,

tan(ϕ) = 2 cot(θ)

(
M2 sin2(θ)− 1

2 +M2(γ + cos(2θ))

)
. (2.18)
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The shock reflection can establish either a regular reflection or an irregular
reflection, which are schematically illustrated in Fig. 2.1. With the regular
reflection shown in Fig. 2.1 (a), the streamlines are redirected towards the
wall by the incident shock wave (red line) and deflected back by the reflected
shock wave (light blue line). The flow motion before and after the shock waves
can be regarded as adiabatic processes, whereas the state change of the fluid
medium can be described by the Rankine-Hugoniot conditions. Figure 2.2 (b)
describes the processes in a p− ρ−1 diagram, where the capital letters denote
the flow regime accordingly to Fig. 2.1 (a). The regular reflection is significantly
distinguished from the irregular reflection, which exhibits a normal shock wave
towards the wall or symmetry line, called the Mach stem. This shock wave
pattern is sketched in Fig.2.1 (b), where the Mach stem is drawn in black. The
fundamental difference between the two shock wave reflection configurations is
the resultant thermodynamic state, which is illustrated in Fig. 2.2 (b) in the
p− ρ−1 diagram.

����������������������������
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ϕθ

A
C

����������������������������
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S

A

C

(a) regular (b) irregular

Figure 2.1. Sketch of shock wave reflection types, where the
red line represents the incident shock wave and the light blue
line the reflected shock wave. The black line is a Mach stem
and the dash dotted line is the slip line.

Nonetheless, the terms weak and strong shock need to be introduced before
the thermodynamics can be analyzed. The Mach number downstream of a weak
shock wave can be larger than unity, while the Mach number downstream of a
strong shock wave is lower than unity. Thus, the pressure ratio of the upstream
pressure p1 to the downstream pressure p2 is larger for a strong shock wave than
for a weak shock wave. A shock wave can be interpreted as focused Mach waves,
where a Mach wave is the weak limit of an oblique shock wave, while the upper
limit is the strong shock wave, the normal shock. Equation 2.17 reveals that
the highest pressure ratio, and hence the strongest shock wave, is obtained for
a normal shock wave (θ = 90◦).

Therefore, the resultant thermodynamic state of a fluid elements moving
through the normal shock wave and a fluid element moving though the two
oblique shock waves in the irregular reflection configuration is generally dif-
ferent. Consider two close fluid elements moving on two streamlines through
the reflection point of an irregular reflection (see Fig. 2.1 (b)), where one fluid
element is confronted by the two oblique shocks and the other by the normal
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shock. Upstream of the shocks the two adjacent fluid elements have the same
state variables. Downstream of the shock waves the adjacent fluid elements
will have the same pressure, but the densities and entropies will be different,
as shown in Fig. 2.2 (b). This change in density results in a different internal
energy distribution for the fluid elements, since the internal energy scales with
p/ρ. Accordingly to Bernoulli’s principle, the fluid element in C must have
therefore a higher kinetic energy and hence a higher velocity than the fluid
element at the location S. Hence, a velocity discontinuity develops, which is
indicated by the black dashed line in Fig. 2.1 (b) and is called slip line.

The commonly applied criteria for prediction of the shock wave reflection
type developing is that mechanical equilibrium establishes and that the stream-
lines are parallel downstream of the shock wave reflection. However, Henderson
& Lozzi (1975) found that this criteria did not comply for their experimental
investigated cases. Further, a hysteresis phenomenon for the transition between
regular and irregular reflection has been observed. Hornung (1986) notes that
the transition behavior of the reflection can be categorized into regimes accord-
ingly to the upstream Mach number. At too low Mach numbers, a reflection
cannot occur, since the Mach number downstream of the shock wave would be
lower than unity and no further shock can develop. Hence, the shock reflec-
tion and therefore the hysteresis phenomenon can only occur at sufficient high
Mach numbers. Further, a regular reflection will generally establishes at low
Mach numbers, since an irregular refection is not possible. An increase of the
inlet Mach number will lead to a transition to an irregular reflection. Nonethe-
less, the inverse transition from an irregular reflection to a regular transition
does not occur at the same shock wave angles when the inlet Mach number is
decreased.

The pressure ratio is plotted as a function of the deflection angle on a
shock polar, which are commonly utilized to conclude which type of shock wave
reflection will possibly occur. A schematic shock polar illustrating the shock
wave reflection possibilities is shown in Fig. 2.2 (a). The red line corresponds
to the incident shock wave, where the upstream fluid state is indicated by the
capital letter A. A weak and a strong shock wave solution are possible, which
are separated by the black horizontal dashed line. It can be observed that for
the weak shock wave solution (below the dashed line) a lower pressure ratio
is obtained as for the strong shock wave solution (above the dashed line). A
second shock polar is drawn for the conditions downstream of the first shock
wave, which are colored in blue, light blue, and cyan representing three different
reflection solutions. The origin of the second shock polar (capital letter B) is
placed on the first shock polar at the angle through which the first shock wave
is deflecting the flow. The intersections (cyan squares) of the two shock polars
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Figure 2.2. To the left, the shock polar is plotted, where
three possible shock wave reflections are indicated. To the
right, the state of the media while propagating through the
shock system is indicated in a p − ρ−1 diagram. The states
denoted by the capital letters correspond to the locations in
Fig. 2.1 and the adiabatic process curves are indicated by
dashed lines.

with the final required angle1 suggest which shock wave reflection pattern are
possible. The lowest second shock polar (blue) exhibits, on the positive θ side,
only one solution, the regular reflection. Two weak shocks evolve, where the
first shock wave deflects the stream to an angle (capital letter B) and the
second shock wave redirects the flow back, parallel to the wall (intersection
with the axis). It can be noted that there is no intersection with the axis for
the cyan shock polar. Thus, there exists no shock wave reflection solution for
this flow conditions with only this shock wave characterized by the cyan shock
polar to achieve a streaming configuration parallel to the wall. Therefore, the
irregular reflection manifests for the cyan shock polar at the solution where the
cyan shock polar intersects the strong shock wave solution of the red shock polar
(marked by a cyan square). An intermediate light blue shock polar is plotted in
between the cyan and the blue shock polar. This light blue shock polar crosses
the zero θ line and exhibits a strong shock wave solution. Hence, theoretically
both shock wave reflection configurations are possible for the corresponding
flow conditions. The solution domain where both shock wave reflection types
are possible is called the dual solution domain.

1For the configurations shown in Fig. 2.1 there is no change in the geometry. Hence, the
incoming flow angle of the streamlines must be equal with the final streamline angle to satisfy
no collisions of the downstream streamlines with the wall. Hence, θfinal = 0 for this case.
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For a sufficiently low nozzle exit pressure that supersonic flow exhausts
the nozzle, a shock pattern manifests in the jet exhaust. The structure of this
shock pattern is governed by the pressure mismatch at the nozzle exit. Super-
sonic jets manifest in a vast field of occasions, where probably the most famous
application is the exhaust of a jet engine for a supersonic aircraft. Nonethe-
less, supersonic jets can be also found in geophysics (Wohletz & Heiken 1992),
painting or coating (Dykhuizen & Smith 1998). Kieffer (1989) shows nice il-
lustrations of a geyser exhibiting supersonic jet behavior. Also with explosive
vulcan eruptions, a supersonic jet with a shock pattern can occur, although
large particles might inhibit the presents of Mach stems in the shock pattern
(see Carcano et al. (2014)). Supersonic jets are also present in natural gas
driven combustion engines, where the gas is direct injected into the cylinder
(White & Milton 2008). Jet pumps used for refrigeration or ventilation appli-
cations can be operated by supersonic jets (see Yang et al. (2012)).

At high Mach numbers, compressible flow effects with an inherently large
pressure gradient can occur, which can cause a large impact on the flow behav-
ior. Further, in the most realistic applications of supersonic jets, the jet exit
static pressure ps,e is not matched with the ambient pressure p∞. Therefore,
a combination of shock waves and expansion waves are induced, which have
significant effects on the appearance of the jet. When ps,e > p∞ the supersonic
jet is referred to as under-expanded and as over-expanded when ps,e < p∞.
For the case that ps,e = p∞, the supersonic jet is ideal expanded and no shock
pattern is provoked at the nozzle exit.

Diverse nozzle shape designs have been developed in combination with
supersonic jets. They range from simple wedge shapes to contoured shapes,
which allow flexibility during operation. However, shock waves induce total
pressure losses and are therefore undesired. In order to avoid shocks devel-
oping in the nozzle, the nozzle contour can be designed with the method of
characteristics. Nevertheless, the flow field in the nozzle is dependent on the
ambient pressure at the nozzle exit and the operating condition. Especially
for aircraft or rockets, this ambient pressure might change with altitude and
the operation condition might change during desired accelerations. Specialized
designs for rocket nozzles are commonly used to cope with the changing exit
pressure. Stark et al. (2005) show the design of a dual-bell nozzle, where the
method of characteristics is used to design the first nozzle bell for low altitudes.
The following second nozzle bell is separated by a sharp edge where the flow
separates, when the nozzle exit pressure is high. At low altitudes, the flow
attaches only the first bell and at high altitudes, the flow attaches to the entire
nozzle. Nevertheless, for supersonic aircraft propulsion, the upstream pressure
of the nozzle changes during flight depending on the desired thrust. In order
to provide optimal thrust performance, an adaptable contoured nozzle contour
is used. This does not allow a smooth contour design based on the method of
characteristics and hence, a shock pattern evolves. The nozzle contour used in
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this thesis is a double conical convergent-divergent design, similar to those used
in aeronautic applications, which are equipped with relatively sharp transitions
between the nozzle segments. Hence, a shock is provoked at the nozzle throat.
The flow exhausting this particular nozzle configuration was extensively inves-
tigated experimentally using different types of measurement techniques in the
Aeroacoustics Test Facility at University of Cincinnati (Cuppoletti & Gutmark
2014).

Figure 2.3 shows the steady-state structure of a slightly over-expanded
supersonic jet exhausting from a double conical convergent-divergent nozzle
into quiescent ambient. A characteristic double shock diamond pattern can
be observed. An oblique shock pattern rises from the nozzle throat wall and
reflects at the centerline. The reflected shock incidents the turbulent shear
layer slightly downstream of the nozzle exit. Since ps,e is larger than p∞ for
this configuration, an oblique shock pattern manifests also at the nozzle exit,
which is also reflected at the centerline. The described shock exhibits a high
pressure gradient and is rather static for this configuration. Therefore, these
shocks manifest as sharp black lines in Fig. 2.3. However, at the location where
the reflected shocks incident the jet shear layer, an expansion fan is generated,
which can be identified in Fig. 2.3 as a dark shaded skewed triangular area.
Hence, a corner point lays at the shear layer and the other two corner points
are situated on the centerline. There, a new shock is provoked. Thus, a shock
structure is alternating followed by an expansion fan, where the shock and the
consecutive expansion fan form a diamond shape. The configuration shown in
Fig. 2.3 exhibits two diamond shapes, which are slightly shifted against each
other. This is the so-called double shock diamond structure.

For an under-expanded supersonic jet (ps,e > p∞), an expansion fan is
provoked at the nozzle exit and a shock is generated at the sides, which focus
in a Mach disk (see next paragraph). Such supersonic jets form typically barrel
shaped shock cells in a repetitive manner, where the barrel contracts with
the incident shock and expands thereafter with the expansion fan. A slight
tendency to a barrel shape of the shear layer can also be observed in Fig. 2.3.
However, the barrel shape is much more pronounced for supersonic under-
expanded jets and the occurrence of the shock wave and expansion fan pattern
is shifted for the supersonic under-expanded jet compared to the supersonic
over-expanded jet. Vuorinen et al. (2013) shows the shock structures for several
supersonic under-expanded jets in great detail. The under-expanded supersonic
shock pattern is observed for many fluidic injection configurations shown later
in this thesis.

The oblique shocks originating from the nozzle throat and the nozzle exit
are not reflected directly in one point at the mid axis of the jet. Moreover
a Mach reflection is induced, where a triple point is provoked in which three
shocks meet. Hence, an incident shock, a reflected shock, and a Mach stem
(forming a Mach disk) can be observed with the evolving slip line. The Mach
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Figure 2.3. Shock pattern generated with a convergent-
divergent nozzle at a nozzle pressure ratio of 3.5. The time-
averaged density gradient obtained by numerical simulations
(Large Eddy Simulation) (top) is shown next to ensemble av-
eraged experimental shadowgraph data (bottom) for the same
configuration (Provided by courtesy of Dr. Daniel Cuppoletti
and Prof. Ephraim J. Gutmark.).

disk inside the nozzle is slightly smaller than the Mach disk downstream of the
nozzle exit and therefore both slip lines can be noticed over some distance.

Ben-Dor (2007) observed that for some operating conditions of a nozzle, the
two types of shock wave reflection are possible. Further, Ben-Dor et al. (2002)
shows by using numerical simulations that the realization type of the reflection
is linked to a downstream pressure induced hysteresis. The dual domain was
indicated by the light blue shock polar in Fig. 2.2 (a), where the two solutions
are indicated by cyan squares. It is clearly shown that the regular reflection
leads to a higher pressure ratio than the irregular shock wave reflection. Thus,
the shock wave reflection can be steered by the downstream pressure history.
The occurrence of the shock reflection hysteresis was predicted numerically and
experimentally. Nevertheless, slight discrepancies according to the transition
angles have been observed. This has been related to three dimensional effects
and to flow disturbances, which have not been present in the numerical simula-
tions. Henderson & Lozzi (1979) were able to show that the regular reflection
solution can be suppressed under some flow conditions completely and further,
Hornung et al. (1979) pointed out that a Mach reflection is promoted when
flow disturbances are present in the flow.

2.2.1a. High Temperature Jets. The aircraft turbine of a supersonic jet engine
is commonly driven by a combustion system. Further, an afterburner can
be used to additionally increase the thrust generated by the engine, which can
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heat the engine exhaust up to 1700◦C. Hence, the temperature of the entrained
ambient air upstream of the jet engine is thereby significantly heated. With
the increased temperatures, the behavior of the fluid media might change and
cause changes to the flow behavior in the exhaust.

Experimentally it is possible to investigate the underlying flow physics and
the acoustic performance of a nozzle exhaust, by accommodating the high speed
jet in an anechoic chamber. This excludes the effects of reflections or the co-
flow during flight or the side wind. Moreover, the high-temperature supersonic
jets challenge the construction and design of aeroacoustic test facilities, since
the hot stream needs to be diverted safely into the ambient. Further, assessing
the flow field quantitatively in hot jets is difficult, since intrusive measurements
in the high temperature supersonic jet are intricate. Non-intrusive methods,
such as e.g. PIV, require particle seeding, which sustains these temperatures.
However, several high tech test facilities exist, as e.g. described by Hughes
et al. (2011), which can accommodate hot jet exhaust experiments. On the
other hand, performing the measurements on supersonic cold or low tempera-
ture jets facilitate the experimental procedure tremendously. The investigation
of temperature scaling laws, which describe the temperature effects on flow and
acoustics, is of particular interest to the scientific community. Experimentally,
this is very expensive and challenging task. With reliable numerical flow sim-
ulations, realistic temperatures of the supersonic jet can be easily considered
and temperature effects can be assessed.

Three simulations of a supersonic jet exhausting a convergent-divergent
nozzle with equal total pressure and different inlet total temperatures were
carried out within the context of this thesis. The temperatures are specified as
a ratio to the outer ambiance temperature T∞ = 300K. The temperature ra-
tios and the global performance parameters of the nozzle are stated in Tab. 2.1.
The mass flow rate can be estimated using the choked flow condition based on
isentropic relations for a supersonic nozzle flow. Nevertheless, a boundary layer
will manifest at the nozzle walls and thereby decrease the virtual flow through
area. The nozzle throat diameter is 19.05 mm and the area ratio is 1.17. Since
the nozzle throat is rather narrow, the boundary layers have a proportional
large contribution, which leads to a corresponding low discharge coefficient Cd.
The simulations show that the mass flow rate decreases significantly when the
temperature is increased at the nozzle inlet. Nonetheless, the discharge coeffi-
cient and the thrust estimations are only minor affected. However, Semlitsch
et al. (2013d) investigated a slightly larger nozzle and found that the discharge
coefficient was not influenced by heating of the inlet stream, but the thrust
estimations showed a marginally increase with higher temperatures. Hence,
heating of the jet stream primarily impacts the mass flow rate and the effect
on the thrust or discharge coefficient is insignificant for laboratory sized nozzles.

An interesting consequence of heating the inlet flow, hence increasing the
total temperature, of a supersonic nozzle is that for equal exit pressure in
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Table 2.1. The global nozzle parameters for three tempera-
ture ratios are tabulated, where T0,n/T∞ is the temperature
ratio between inlet total temperature and ambiance tempera-
ture, ṁiso is the mass flow rate obtained with isentropic rela-
tions, ṁsim is the simulated mass flow rate, Cd is the discharge
coefficient, and F is the generated thrust.

case T0,n/T∞ ṁiso (kg/s) ṁsim (kg/s) Cd (−) F (N)

warm 1 0.27 0.24 0.89 65.9
intermediate 2 0.19 0.17 0.88 65.7
hot 3 0.16 0.14 0.87 65.5

the far-field and a constant total pressure driving the flow, the Mach number
contours do not significantly change. This can be relatively simple explained
by the relation stated in Eq. 2.14, which reveals that the Mach number is only a
function of the shape of the nozzle for a constant driving source. Thus, the inlet
temperature alteration can only effect the nozzle internal shock structure via
inducing modifications of the boundary layer, which are expected to be small
due to the thin extent of the boundary layer. Figure 2.4 shows the flow field in
terms of the time-averaged Mach number for three different temperature ratios:
1, 2, and 3. The temperature ratio is referring the total inlet temperature
to the ambient temperature. It can be noted that the general shock pattern
structure and the Mach number magnitudes are equal for all three cases. Slight
differences can be observed, as e.g. in the length of the potential core and the
shear layer spread rate. The potential core is slightly shorter for the high
temperature ratio case than for the low temperature ratio case. Further, the
initial growth of the instabilities in the shear layer is different, since the starting
of a turbulent mixing in the shear layer is visible right downstream of the nozzle
for the warm case, which is delayed until approximately one nozzle exit diameter
downstream for the hot case.

Since the imposed total pressure and the evolving Mach number contours
are approximately equal for all cases, the static pressure distribution exhibits
only minor differences in between the cases. Nevertheless, the temperature dis-
tributions are significantly different for the individual cases, due to the altered
boundary condition. Table 2.2 reveals that the temperature at the nozzle exit
for the warm case is below the ambient temperature, whereas the temperature
for the hot case is higher than ambient conditions at the nozzle exit. The den-
sity in the supersonic jet responds correspondingly to the ideal gas law. The
fluid density is lower at the nozzle exit than in the ambiance for the hot case
and higher for the warm case. Hence, the temperature and density gradient
are reversed for these cases.
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warm

intermediate

hot

Figure 2.4. The time-averaged Mach number contours are
shown for three temperature ratios, i.e. 1, 2, and 3.

Table 2.2. The averaged quantities referring to the nozzle
exit plane are presented.

case ue (m/s) Ts,e (K) ρs,e (kg/s) µe (kg/(m · s)) Re (−)

warm 426.8 196.4 1.68 1.32 · 10−5 1.15 · 106

intermediate 613.2 409.7 0.81 2.37 · 10−5 0.43 · 106

hot 750.0 615.4 0.54 3.14 · 10−5 0.27 · 106

Since the total pressures and the outlet boundary conditions are equal for
all cases, the static pressure distribution does not change, and the fluid density
is decreased with higher inlet temperature, the velocity of the fluid stream-
ing through the nozzle must increase. Table 2.2 exhibits that the velocity is
nearly doubled by heating the inlet stream. Further, the dynamic viscosity is
dependent on the medium temperature, which is often modeled by employing
Sutherland’s formula (see Eq. 2.5). The temperature variation from the warm
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to the hot case induce significant changes in the dynamic viscosity, which are
tabulated in Tab. 2.2. Thus, the problem specific Reynolds number (see chap-
ter 3) based on the nozzle exit quantities is altered with an inlet temperature
increase accordingly to the velocity and dynamic viscosity changes. The ve-
locity augmentation acts elevating, whereas the amplified dynamic viscosity
has a reductive effect on the Reynolds number. The dynamic viscosity rises
faster than the velocity and therefore, the Reynolds number diminishes with
increased inlet temperature.

Figure 2.5 shows the density gradients at a time instant for the warm and
the hot case. It can be observed that the density gradients in the nozzle are
much higher for the warm case. The density gradient induced by the expansion
fan at the nozzle throat is more apparent for the warm case as for the hot case.
Since the density gradients are higher over the shocks for the warm case it can
be expected that the shock associated noise components are more prominent
for the warm case than for the hot case. The distribution of the instantaneous
density gradients in the shear layer are evolving different. For the warm case,
the high density gradients form at the inner shear layer with the potential core.
For the hot case, the highest density gradients are located at the outer shear
layer. Further, the density gradients in the shear layer point in the opposite
directions for the warm and the hot case, since the fluid density is lower in the
jet core for the hot case and the ambiance density is lower for the warm case.

warm ρs,e > ρ∞

hot ρs,e < ρ∞

Figure 2.5. The instantaneous density gradient contours are
compared at the same scales. The top half shows the density
gradients for the warm case, whereas in the lower half illus-
trates the density gradients developing for the hot case.

In this case the outer nozzle shell is not designed to avoid flow separation
of the entrained co-flow. As a consequence a small recirculation region right
downstream of the nozzle exit is generated. The recirculation damps the initial
growth of flow instabilities in shear layer. For the hot case the recirculating
stream is heated and can be therefore seen in the density gradient visualization
shown in Fig. 2.5.

The interaction of unsteady flow structures with the shock wave reflection
incidenting the shear layer about one nozzle exit diameter downstream of the
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nozzle exit is a noteworthy feature of the high temperature flow. A nearly lam-
inar shear layer develops until this location and a sudden increase of unsteady
flow motion is observed. Thereby, acoustic waves are generated, which exhibit
high enough amplitudes to be visible in Fig. 2.5. It has been hypothesized by
Brès et al. (2013) that the baroclinic term in the vorticity equation induces
additional vorticity, which is promoted at high inlet temperatures.

The visualizations of the normalized turbulence kinetic energy contours
shown in Fig. 2.6 reveal the impact of the viscosity alteration with a temper-
ature increase. Right downstream of the nozzle exit, high magnitudes of the
normalized turbulence kinetic energy can be observed in the developed jet shear
layer for the warm case, whereas a more laminarized initial shear layer evolves
with increasing inlet temperature. Nonetheless, a minimal higher spread rate
of the outer shear layer can be noted. The increased inner spread of the shear
layer and hence a shortening of the potential core region of the jet with in-
creased inlet temperature is more prominent. Due to the incident shock waves
on the shear layer, a barrel shape structure is induced in the normalized turbu-
lence kinetic energy levels. Clearly less of these barrel shapes are visible for the
hot case compared to the warm case. The augmented spread leads to a faster
decay of high values in the normalized turbulence kinetic energy levels, which is
especially notable towards the end of the potential core. As mentioned above,
the viscosity is significantly changed due to the rise of the inlet temperature.
Careful inspection of Fig. 2.6 reveals that the flow fluctuations in the nozzle
are more prominent for the warm case. Due to the lower viscosity, unsteady
flow structures develop at higher amplitudes for the warm case in the transition
region between the straight inlet pipe and the convergent section. These flow
structures are shed downstream and cause a movement of the shock pattern
anchored at the nozzle throat. This is visible in the turbulence kinetic energy
levels.

Hence, the time-averaged flow field properties of the supersonic jet can
be investigated by temperature downscaling. Nevertheless, the gradients of
temperature and density are reversed, and global parameters as e.g. mass flow
rate, viscosity, and Reynolds number are altered. Thus, significant changes for
the acoustic noise production are expected when the inlet total temperature of
the nozzle is altered.
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Figure 2.6. The normalized turbulence kinetic energy con-
tours are illustrated for the three temperature ratio cases.



CHAPTER 3

Turbulence

Strong irregular and rotational flow motion can be observed both in nature
and industrial applications. Such flow behavior is associated with turbulence.
Turbulence is a flow characteristic caused by a dominant interaction of the in-
ertial forces over the viscous forces during fluid motion. The three dimensional,
irregular and chaotic behavior are inherent attributes of turbulent flow. Pope
(2000) describes that these properties lead to the ability to transport and mix
fluid more effectively as in laminar flow. The transport and mixing capabilities
of the turbulent flow are of fundamental importance for many industrial appli-
cations, such as e.g. jet pumps. Nonetheless, the increased mixing potential of
turbulent flow increases the induced wall shear stresses. Hence, turbulent flow
over aircraft wings increases the drag compared to laminar flow and therefore,
methods to delay the transition to turbulence are under development (see e.g.
Shahinfar et al. 2012).

The description of the turbulent flow regime is commonly specified using
a dimensionless number, the Reynolds number Re, which is defined as a ratio
of the inertial forces to the viscous forces,

Re =
ρul

µ
. (3.19)

The inertial forces are represented by the density ρ, a flow-characteristic ve-
locity scale u, a flow-characteristic length scale l while the viscous forces are
represented by the dynamic viscosity µ. Hence, a high Reynolds number states
the dominance of the inertial forces over the viscous forces and a low Reynolds
number represents laminar flow, where the viscous forces and inertial forces are
of equal significance. However, variations of characteristic length and velocity
scales are used in the Reynolds number for different applications.

Turbulent flow exhibits a wide range of flow fluctuation scales and at high
Reynolds number a separation of flow scales occurs. The large flow scales are
governed by the geometry and the boundary conditions, since these constrain
the maximal extent of the flow structures. Hence, the kinetic energy is imparted
to the flow at a certain length and time scale, which depend specifically on the
investigated problem. With the evolution of turbulent flow, the kinetic energy
distributes over a wide range of frequencies. Further, it has been observed that
the large flow scales are high energetic, and that the character of the small flow

41
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scales is dominated by viscosity and the rate at which the energy is transferred
from the large scales. However, a more founded theory is required to explain
the physical nature of the flow.

Richardson (2007)’s interpretation of the energy cascade is that turbulence
can be seen as an assembly of eddies with different sizes. An eddy is a relatively
coherent flow structure over a spatial area. The extent of an eddy is described
with a characteristic length, where the large eddies are unstable and brake up.
Thereby, the large eddies transfer their energy to smaller eddies. In this energy
cascade, the energy is successively passed on to smaller eddies until a spatial
(very small) scale at which the molecular viscosity is effectively dissipating the
kinetic energy into heat. Nonetheless, at the large flow scales, the rate of energy
dissipation ε is governed by the energy transfer from the large eddies. Further,
the kinetic energy of the eddy scales quadratically with the characteristic eddy
velocity u2

R. The characteristic time scale tR of an eddy is given by ratio
of the characteristic eddy length scale and the characteristic eddy velocity.
Consistently with experimental observations, the energy cascade was found to
scale with u2

R/tR.

Figure 3.1 shows a sketch of the turbulence kinetic energy spectrum for
isotropic turbulence, where the distinguishing regimes are indicated. This il-
lustration of turbulence by Richardson (2007) describes the behavior of the
large turbulent flow scales, but does not portray the smallest scales. The the-
ory concerning the smallest flow scale was proceeded by Kolmogorov (1941a,b)
in form of two similarity hypotheses. The first hypothesis regards the statisti-
cally local isotropy of the small scale turbulence at sufficiently high Reynolds
number. The local isotropy refers only to the small scales, which can be embed-
ded in anisotropic large scales. Kolmogorov argued that the directionality of
the large scales is diminished during the chaotic cascade and lost until the small
scales are reached by the process. Thus, the small scale motion is statistically
universal in high Reynolds number flow.

Kolmogorov’s first similarity hypothesis states that the small scale flow
motion is statistically universal in high Reynolds number flow and uniquely
governed by the kinematic viscosity ν and the dissipation rate ε. Hence, the
flow is assumed to be locally in equilibrium and all the energy transferred
from the large to the small scales is dissipated. Therefore, the Kolmogorov
scales describing the smallest scales can be expressed with these two quantities
as ηK = (ν3/ε)1/4, uη = (εν)1/4, and tη = (ν/ε)1/2 for the length, velocity
and time scale, respectively. Formulating the Reynolds number with the Kol-
mogorov scales results to be unity. This indicates that these are the smallest
flow scales at which energy is dissipated. Following, the dissipation rate at the
smallest scales can be stated as, ε = ν/t2η.

Kolmogorov’s second similarity hypothesis regards the statistical flow mo-
tion in the inertial subrange. An important length scale characterizing the
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Figure 3.1. Turbulence kinetic energy spectrum for homo-
geneous turbulence.

large flow scales is the integral length scale, which is the area under the auto-
correlation function of a signal recorded at a certain spatial location. Hence,
the integral length scale describes the influence area of the largest flow scales.
The inertial subrange is the bridging scope in between the end of the energy
containing subrange indicated by the integral length scale and the start of the
dissipation range. The transition to the dissipation range is approximated by
an intermediate length scale, the Taylor micro-scale. At this scale, the fluid
viscosity effects the flow behavior and the dynamics of the turbulent eddies.
The behavior of these dissipative scales for turbulent flows at sufficiently high
Reynolds numbers is universal and only dependent on the dissipation rate ε and
independent of viscosity. Dimensional analysis implies that the energy spec-
trum E of homogeneous turbulence in the equilibrium range can be expressed
as,

E(k) ∼ g(ν3/4ε−1/4k)ε2/3k−5/3 , (3.20)

where k is the wavelength and g is a function. Kolmogorov’s second similarity
hypothesis states that the impact of viscosity vanishes in the inertial subrange
and the function g becomes a universal constant C. Hence, the energy spectrum
is a universal function of ε in the inertial subrange,

E(k) ∼ Cε2/3k−5/3 . (3.21)

The Kolmogorov −5/3 energy decay applies in the inertial subrange for homo-
geneous turbulence at a distance from walls only. The energy transfer takes
place statistically from the large scales to the small scales and is called forward-
scatter. Nevertheless, an intermittent energy transfer from the small scales to
the large scales can occur, which is called back-scatter.
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Often, the wavelength of a turbulent structure is challenging to asses,
whereas the temporal history of a spatial location can be recorded with an
ordinary methodology. The estimation of spatial correlations by temporal cor-
relation is referred as Taylor’s hypothesis. The hypothesis is valid when the
turbulent fluctuations are small compared to the mean velocity.

Flow turbulence is rotational and characterized by large coherent motion of
vorticity. Hence, vorticity is an important property of high Reynolds number
flow. The curl of the momentum equation results in the vorticity transport
equation,

∂ω

∂t
+ (ui · ∇)ω = (ω · ∇)uj − ω∇ · uj +

1

ρ2
(∇ρ×∇p) + ν∇2ω . (3.22)

On the right hand side, four terms representing physical different mechanisms
affect the transport of vorticity. The term furthest to the right in Eq. 3.22
describes the viscous diffusion of vorticity. As described above, the dissipative
scales affect the smallest flow scales. Hence, the impact of this term to the
large structures in high Reynolds number flow is small.

The baroclinic term (the third term on the right hand side of Eq. 3.22)
generates a torque due to dissimilar acceleration of light and high density fluid.
This results in a misalignment of the density and the pressure gradient and
contributes in this manner to the vorticity transport. Especially with high
temperature gradients in nozzle flow and high pressure gradients close to shocks,
this term becomes important.

The second term on the right hand side of Eq. 3.22 represents the impact of
compression and expansion on vorticity. In a flow expansion, such as a diffuser,
∇ · uj is positive. Due to the negative sign in front of the term, the vorticity
magnitude is decreased and the vorticity is influencing a larger spatial extent.
Thus, the vorticity distribution is reshaped by this term, but vorticity is not
generated or destroyed.

The vortex stretching term (ω · ∇)uj is essential and most important to
the three dimensional comportment of turbulence. The mechanism described
by this term is responsible for the transfer of energy in the turbulent cascade.
In a simplistic model of the mechanism, two points of a vortex element will
in statistical average depart in longitudinal direction from each other exposed
to the random motion of turbulent flow. Over time, the distance in between
the two points will increase. Hence, the vortex element is stretched. The
angular momentum is conserved during the stretching and proportional to ωr2,
where r is the radius of the vortex element. The vortex stretching leads to an
intensification of the vorticity magnitude in one direction and to a decrease in
the other two directions. However, the kinetic energy of the vortical motion
scales with ω2r2 and since the angular momentum is conserved, the kinetic
energy must increase. This energy is drained from the larger flow scales, as
described by Richardson (2007).
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With compressible flow, the shock waves present in the flow might interact
with turbulence or induce turbulence at the bounding walls. The phenomenon
of isotropic turbulence interacting with a normal shock has been investigated
analytically, experimentally, and numerically. Ribner (1954) investigated the
propagation of turbulence through a normal shock analytically solving the lin-
earized Euler equations. It is shown that primarily the longitudinal velocity
fluctuation component has an impact on turbulence amplification whereas the
lateral component has minor influence. However, vorticity variations are am-
plified with the shock interaction and a reduction of the longitudinal Taylor
length scale is observed. Ribner (1955) also investigated the acoustic noise lev-
els generated by the shock/turbulence interaction, where the acoustic energy
flux scaled linearly to the shock density ratio. Hence, strong acoustic noise
sources are generated when turbulence passes through the shock. Lee et al.
(1993, 1997) performed simulations resolving all turbulent flow scales (includ-
ing the Kolmogorov scales) and confirmed the predicted decrease of the Taylor
length scale with the linear theory, the amplification of the longitudinal vor-
ticity, and the resultant development of the Reynolds stresses. Larsson & Lele
(2009) used even finer resolved simulations and contradicted the previous find-
ings in terms of the anisotropy of the observed Taylor length scales. Larger
streamwise than transverse Taylor length scales have been found.

Oblique shock/boundary layer interaction occurs frequently in many tech-
nological applications, as e.g. supersonic nozzles or supersonic air compressors.
Dolling (2001) summarized the outcomes of the long investigation period on
this matter. Especially the low frequency oscillatory motion of the shock on the
boundary layer has been investigated by many researchers, which is associated
to a breathing motion of the induced separation bubble. The characteristic
frequencies of the upstream boundary layer are several orders of magnitudes
higher than the oscillation frequency of the shock. In an experimental study,
Dupont et al. (2006) relates the shock wave oscillation to the downstream oc-
curring flow phenomena. As described in the previous paragraph, the shocks
can amplify upstream disturbances propagating through the shock. Further,
Touber & Sandham (2011) show that with moving flow separation the distur-
bances can be additionally enhanced, which can be negative for the performance
of the application. Therefore, several authors proposed flow control methods to
influence the low frequency motion of the shock and to weaken the strength of
the shock, see e.g. McCormick (1993). Pasquariello et al. (2014) investigated
a passive flow control device to influence the shock motion. Figure 3.2 shows
a flow visualization of a transonic flow over an airfoil shaped bump simulated
numerically by the author, where an oscillatory moving shock manifests at the
end of the bump. The flow enters the rectangular channel from the left and
a laminar boundary layer is imposed. Flow separation upstream of the bump
can be seen with turbulent structure formation. The dark blue colors indicate
negative streamwise velocity components. Hence, flow recirculation upstream
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of the bump occurs. The flow structures are shed over the bump and interact
with the shock. It can be observed that a turbulent boundary layer is initiated
with the shock and remains further downstream.

Figure 3.2. Flow structures generated by a channel flow over
a bump, where the flow streams from left to the right. The
structures are visualized by the λ2 criteria and colored by the
streamwise velocity. The shock is indicated by the dark surface
in the mid of the image. The front wall including the structures
is removed.

3.1. Simulation of Turbulent Flow

In many industrial applications, as e.g. in aeronautic applications, the occur-
ring Reynolds numbers are large. At large Reynolds-number, turbulent flow
involves a vast range of flow scales. The lower bound of the flow fluctuation
scales is represented by the Kolmogorov scale as described in the previous sec-
tion. For wall bounded flows, the viscous length scale is small compared to
the outer length scale in the free flow. Within a Direct Numerical Simula-
tion (DNS) all turbulent flow scales, down to the smallest scales, are resolved.
Hence, DNS simulations represent high computational costs and the numerical
effort scales with the cube of the Reynolds number. Therefore, this approach is
often restricted to low or very low Reynolds number flows (Re of O(103)). DNS
simulations are of interest for academic or investigation purposes, to enlighten
a certain physical process, which requires high numerical resolution in order
to be resolved. In order to cope with the enormous computational costs for
realistic industrial applications, Freund et al. (2000) considered a supersonic jet
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at reduced Reynolds number and showed that linear theory is sufficient to pre-
dict the acoustic near-field characterized by Mach waves and non-linear effects
become important at a distance from the supersonic jet. Suzuki & Lele (2003)
reduced the investigation domain to a two dimensional partial section of the
entire jet and computed the boundary conditions using a computationally less
expensive approach. Thereby, Suzuki & Lele (2003) were able to investigate
the shock leakage phenomena in the shear layer of a supersonic jet. Hence,
DNS simulations are extremely valuable to unravel detailed flow physics, but
the required computational effort demands low Reynolds number assumptions
or domain restrictions.

However, for many industrial applications, these computational costs and
the required time to complete such simulations cannot be justified, since the
interest is often to find an approximate solution to optimize a certain problem
in a short time design period. Thus, details of all flow scales are not needed,
rather global flow quantities and performance parameters are of primary rele-
vance for a broad range of conditions. The recognition of trends between many
performance parameters requires a number of cases for optimization. Further,
the boundary conditions are often uncertain in industrial applications and the
boundary conditions represent in numerous occasions the largest contributor
to the total uncertainty. More accurate solutions to the problem than the
uncertainty of the boundary conditions cannot be achieved by any numerical
approach. Commonly, an uncertainty of the solution predicted by a numerical
approach is accepted in industry, when this uncertainty is small compared to
the boundary condition uncertainty. Clearly, DNS is not the first choice ap-
proach in industrial design process and a fast method assessing the relevant
parameters with reasonable accuracy is preferred. In order to reduce the com-
putational cost, a part of the turbulent flow scales can be replaced by a model.
This leads to a narrower band of flow scales, which needs to be resolved by
the numerical grid. Since the required computational operations scale with the
number of grid points, modeling of scales can reduce the numerical cost.

Turbulence modeling can be categorized into classes with respect to the
scope of scales modeled or resolved. Figure 3.1 shows a schematic energy
spectra for turbulent flow as a function of the wavenumber divided into three
ranges, e.g. the energy containing range, the inertial subrange, and the dis-
sipation range. When the entire turbulent fluctuation range is resolved, DNS
is performed, as described in the previous paragraphs. In order to reduce the
numerical effort, a part of the energy spectra can be modeled by applying as-
sumptions accordingly to the physical flow behavior of these scales. With Large
Eddy Simulation (LES) approach, the large eddies and a substantial part of the
inertial subrange is resolved by the numerical grid and the dissipative smallest
flow scales are modeled. Only the energy containing range is resolved by the
unsteady Reynolds Averaged Navier-Stokes (RANS) formulation and the entire
turbulent flow is modeled in steady-state RANS simulations. The more flow
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scales are modeled, the more consequential and restrictive are the underlying
assumptions on the correctness of the result. Further, the model needs to cover
more physical phenomena when a large range of flow scales is represented by
the model. In practice, each turbulence model has a certain scope of appli-
cability and is not generally valid for all flows. However, modeling allows to
use a less fine discretized grid and therefore, the computational cost is lower
than using a fully resolved method. Nonetheless, the turbulence model requires
additional numerical effort.

For wall bounded flows, the mesh resolution at the wall is required to be
fine enough to capture the relevant phenomena of the viscous flow scales. Since
the viscous scale at the walls is often small compared to the flow scale in the
bulk flow and the resulting gradients are locally very high, an agglomeration
of cells at the walls is required to resolve the near wall region. Nevertheless, at
times the disturbances at the walls are of secondary importance for the global
problem, since the instabilities in the boundary layer exhibit a slow growth
rate and require a long distance to develop. Thus, a clustering of mesh grid
cells in the boundary layer of walls is undesirable in such a case, since large
computational resources would be spent on resolving inconsequential scales.
Thus, approaches using a numerically cheap method in the near wall region and
a more accurate method in the interest region have been developed. A hybrid
method, Detached Eddy Simulation (DES), using unsteady RANS in the near
wall region and LES at a distance from walls, is used when the flow at the
walls is not of primary importance. Tucker (2004) performed DES simulations
for the prediction of acoustic noise emitted by a jet, where unsteady RANS
is performed in the wall region around the nozzle and a LES approach in the
jet region expanding into free ambient. The interface between the numerical
approaches requires special treatment, which has been described by Tucker
(2004). Davidson & Dahlström (2005) force fluctuations at the interface of the
RANS and the LES domain to obtain best transition results. In Cuppoletti
et al. (2014) a wall-function model is used to describe the near wall region
behavior and to avoid mesh refinement towards the walls, the supersonic flow
being assessed using LES.

3.1.1. Reynolds Averaged Navier-Stokes

Especially in industrial applications, the time resolved solution of the flow field
and thereby the small scale fluctuations is often not required. Moreover, the
time-averaged flow field and performance parameters are of interest. Reynolds
introduced the idea of considering the time average of the governing equations,
i.e. the Navier-Stokes equations. With the averaging process, unresolved terms
appear in the governing set of equations which need to be closed. A vast variety
of turbulence closure models have been developed, which differ in complexity
and underlying assumptions. Hence, a turbulence closure model achieving good
results for a particular flow scenario might predict other flow types completely



3.1. SIMULATION OF TURBULENT FLOW 49

wrong. A verification of the model is always required. However, due to the fact
that only the time-averaged equations are computed, the approach is numeri-
cally cheap and allows to consider high Reynolds number flows.

Nevertheless, all turbulent flow scales are modeled with the steady-state
RANS approach, where the time-averaged equations are considered. In order
to obtain the time-averaged equations governing the incompressible flow, the
primary variables (static pressure p and velocity ui) in the Navier-Stokes equa-
tions are split into a mean and into a fluctuation part, which is known as the
Reynolds average,

p = p+ p′ and ui = ui + u′i , (3.23)

where the over-bar indicates the mean, the prime the fluctuation part, and a
further constrained is that the mean of the fluctuations is zero. However, for
compressible flow situations where the turbulent fluctuations cause significant
density fluctuations, the under resolved flow on the numerical grid requires

Favre averaging, φ̃ = ρφ/ρ, where the over-bar denotes the average using the
Reynolds decomposition. Thereby the turbulent fluctuations are separated,
density weighted from the mean flow. Thus, for compressible flow, the Reynolds
average is used for the static pressure p and the density ρ and the Favre average
is used for all other quantities. With that, the time-averaged conservation
equations for compressible flow can be written as,

∂ρ

∂t
+
∂(ρũi)

∂xi
= 0 , (3.24)
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ẽ+
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ũi

(
σ̃ji − ρu′′i u′′i

))
+

∂

∂xj

(
−q − ρu′′j h′′ + σiju′′i − ρu′′j

u′′i u
′′
i

2

)
,

(3.26)
where in contrast to the Eq. 2.7, the static quantities have been used in the time
average energy conservation equation and the specific enthalpy h is e + p/ρ.
Also for the equation of state the averaging has to be performed,

p = ρRT̃ = (γ − 1)ρẽ . (3.27)

The averaged set of equations are similar to the original Navier-Stokes equa-
tions. However, with the decomposition, unclosed terms remain in the set of
averaged equations, which need to be modeled. In the time-averaged momen-
tum conservation equation only one additional term appears on the right hand
side, −ρu′′i u′′j . The term consist of a product of fluctuation quantities, which is
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also know as correlation. Further, the term can be interpreted as a stress ten-
sor, with three normal and three tangential components, similar to the viscous
stress tensor. Therefore, the term is also called the Reynolds stress tensor. The
trace of the Reynolds stress tensor represents twice the amount of the averaged
kinetic energy of the turbulent flow motion.

The divergence of the Reynolds stress tensor in the averaged momentum
conservation equation 3.25 acts as an additional averaged force, which behaves
analogous to an increased viscosity. In free stream flows, the turbulent forces
due to the Reynolds stresses are significantly higher as the forces caused by the
molecular viscous forces. The simple manner to model turbulent transport is
assuming an analogy similar to Fick’s diffusion law. With a passive scalar Γ
and the Reynolds decomposition Γ = Γ + Γ′, u′iΓ

′ denotes a correlation corre-
sponding to a stream density. A gradient-diffusion model describes the mean
of this stream density proportional to the mean of the gradient. The modeling
treatment of the turbulent stresses analogous to the molecular transport was
suggested by Boussinesq (1877), who related the Reynolds stresses to the mean
velocity gradients,

−ρu′′i u′′j ≈ 2µT

(
Sij −

1

3
Skkδij

)
. (3.28)

The strain rate tensor Sij has been defined in Eq. 2.4 and δij is the Kronecker
delta function. The turbulent viscosity µT is a function of the location and not a
constant as the molecular viscosity. However, the turbulent viscosity represents
the turbulence behavior as an isotropic scalar, which is not necessarily true
but can lead to satisfactory modeling results in application. Nonetheless, the
turbulent viscosity needs to be modeled in an appropriate fashion, which often
depends on the type of flow under investigation.

Knowledge of the underlying assumptions associated with the turbulence
closure models in RANS framework are required. Rather simple, computation-
ally inexpensive zero-equation models are available, as well as highly sophis-
ticated models better suited to capture certain flow effects. Grigoriev et al.
(2013) developed an explicit algebraic Reynolds stress model for compressible
flow, which occurs e.g. in supersonic convergent-divergent nozzles. Since there
exists a large variety of available turbulence closure models, model recommen-
dations for application are reported in research areas. Mihaescu et al. (2012a)
investigated the most common used turbulence closure models for the applica-
tion to coaxial jet exhausts and compared the result with experimental data.

Often two equation transport models based on transport equations of tur-
bulence quantities are used, since they represent a most beneficial trade-off
between accuracy and numerical effort. The most important attributes of tur-
bulence are the intensity, and the distribution or structure. The intensity of
turbulence is commonly expressed by the turbulence kinetic energy k, and the
distribution and the structure are commonly represented by the dissipation
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rate ε or the turbulent frequency ω. Following, the most common two equa-
tion turbulence closure models are the k − ε model and the k − ω model. The
k − ε turbulence closure model is a semi-empirical model using two transport
equations and model coefficients to estimate the turbulent viscosity. The k− ε
model assumes that the flow is fully turbulent and therefore, the model does
not perform well in situations where this assumption is not valid. Further, this
model requires a damping function close to walls. The k − ω model is also a
semi-empirical model capable to predict free shear flows, which was reported
to provide satisfactory results even at low Reynolds numbers.

In the current work, the k−ω SST turbulence closure model developed by
Menter (1993) has been chosen in addition to other more complex, but more
accurate approaches. This turbulence model is based on the two-equation eddy-
viscosity model. For the blending of the k−ω model employed in the near wall
region and the k − ε model utilized in the free stream region, a Shear Stress
Transport (SST) formulation is used (see Menter 1992). The advantage of the
k − ω model is that it can be used in the viscous sublayer without damping
functions and it can be used in low Reynolds number flows. The benefit of the
k−ε model is that it is less sensitive to the turbulence inlet conditions. Hence,
the k − ω SST turbulence closure model intends to combine the strong points
of the two models. For this work, the standard coefficients proposed by the
original authors (see Menter (1994) and Wallin & Johansson (2000)) have been
used.

In the averaged set of equations described above, the time derivatives terms
have been kept, although these terms should be zero at steady-state. However,
for obtaining a steady-state solution, an implicit time advancement scheme
with an unphysical high time step can be used to converge the set of equations.
When a steady-state solution is obtained, which satisfies the governing RANS
equations, the time derivative terms are negligible small.

Since steady-state RANS modeling does not provide the time dependent
flow field and modeling of a wide range of flow scales is performed with a
number of underlying assumptions, RANS simulations are not the first choice
to reveal complicated physics of a specific flow phenomenon. However, the
computations are relatively inexpensive, since rather coarse mesh grids can be
used. Therefore, this fast approach allows to perform numerous simulations in
a short time. Thus, RANS simulations are perfectly suited to evaluate perfor-
mance parameters of an applied problem in a fast efficient manner. Further,
the ability of a fast assessment of the application performance allows screen-
ing a wide range of geometrical setups and operating conditions of interest.
Exploring entire operation maps of turbomachinery for the design process has
been performed using RANS simulations. Further, RANS can be ideally used
to initially optimize geometries during the design process. Using a number of
RANS simulations, the uncertainty of the simulation approach to predict the
mixing behavior of a jet in supersonic crossflow compared to LES simulations
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was investigated by Gorlé et al. (2011). Simon et al. (2010) analyzed the sensi-
tivity of an airfoil performance to the angle of attack and the free stream Mach
number, where these parameters were considered with regard to the generalized
polynomial chaos theory.

3.1.1a. Effect of using Microjets on the Supersonic Jet Exhaust. The shock
pattern in a supersonic jet discharging from a convergent-divergent nozzle is
unwanted for several reasons. However, as mentioned in the previous chapter,
the formation of a shock pattern is related to the shape of the nozzle contours.
The nozzle area of a supersonic aircraft is desirably adaptable for thrust perfor-
mance reasons, which does not allow a characteristic design in order to avoid
shocks. In the nozzle, the shock pattern induces performance losses, due to
the induced pressure drop provoked by the shocks. Further, the shock waves
generate in the jet exhaust via the interaction with the shear layer an addi-
tional acoustic noise source. Therefore, the reductions of the shock strength is
appealing from several standpoints of view.

In order to reduce the effect of the additional acoustic noise sources induced
by the shock/shear layer interaction and to improve the thrust performance via
controlling shock location and strength, fluidic injection onto the jet exhaust
can be performed. Chevrons have been successfully employed to reduce effec-
tively the acoustic noise generation. Streamwise vortical structures are induced,
which increase the fluid mixing close to the nozzle exit area and decrease the
turbulence kinetic energy levels further downstream. With the same purpose,
fluidic injection can be applied on the circumference of the nozzle, inside of it
or at the nozzle lip. Naturally, there are many possibilities on how to apply
the micro-jets. Hence, there are various investigation parameters to optimize,
as e.g. the location of the fluidic injection xi, the number of injectors, the
shape of the injector, the angle of injection θ, and the amount of injected fluid.
Besides, the investigation parameters are interconnected to each other and the
parameters might vary with the nozzle pressure governing the characteristics
of the jet exhaust. Further, application constrains have to be considered, since
the injection fluid needs to be provided from a certain source, e.g. fan, or
compressor. Nonetheless, a low amount of injection fluid is preferred.

Thus, a RANS study is performed (see Semlitsch et al. 2012) to investigate
the most beneficial setup for fluidic injection, where the improvement of the
thrust performance, the decrease in shock strength, and the minimization of
the turbulence kinetic energy levels are used as optimization criteria. The
study comprised of over 250 RANS simulations considering a range of nozzle
pressures and different injection locations.

A convergent-divergent nozzle geometry with an exit diameter De of 57.5
mm is considered, where the transition between the nozzle sections is rather
sharp. The geometry of the nozzle is shown in Fig. 3.3. The nozzle contours
are characterized by the area ratio of 1.23 (relating the nozzle exit area to the
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nozzle throat area) and a design Mach number of 1.56. The outer contour shape
of the nozzle has been designed to avoid flow separation. Several geometrical
configurations providing the fluidic injection to the supersonic jet flow have
studied. Injection pipes with a diameter Dj of 2.67 mm are placed equidistantly
on the circumference of the nozzle as shown in Fig. 3.3. Four different locations
(xi), i.e. −0.1 De, −0.388 De, −0.857 De, −1.1 De upstream of the nozzle exit
are considered, respectively. Configurations with twelve and six injectors have
been simulated. The furthest upstream location corresponds to a location in
the convergent nozzle section and the other three locations are in the divergent
section of the nozzle. The inclination angles θ of 30◦, 60◦, 90◦, and 135◦

relative to the nozzle center-line are considered. Further, slot configurations
at the trailing edge of the nozzle are examined, where the slots are designed
such that the cross-sectional area is the same as for the cylindrical injector
pipes. For the slots, in order to fit the slot channels under the outer shell of the
nozzle, the inclination angles investigated are 11 and 22 degrees, respectively.
Regarding their number, 12 and 24 slots are considered equidistantly located
on the nozzle’s lip.

Nozzle-Outside

Nozzle-Lip De

T∞, p∞, ρ∞, ν∞ and U∞

Injectors p0,i, T0,i,θ, xi

Inlet NPR, p0,n, T0,n

Figure 3.3. Nozzle geometry with indicated injectors. The
investigation parameters are marked in blue.

The media streaming through the nozzle is air, which is modeled as ideal
gas with an isentropic exponent of 1.4. The stream at the nozzle inlet is heated
and therefore, a total temperature of 367 K is assigned at the nozzle inlet.
The temperature dependency of the dynamic viscosity is handled by using
Sutherland’s formula. The total pressure at the nozzle inlet is set as a ratio
with respect to the ambient pressure (i.e. Nozzle Pressure Ratio) and is varied
as an investigation parameter in the steps, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0, and 5.5,
respectively. The jet exhausts from the nozzle into ambient conditions, where
a co-flow of 0.1 Mach number mimics a forward flight effect. The ambient
temperature is set to 288.16K and the ambient pressure to 1 atm. The injectors
are supplied by a total pressure source, which is stated as the Injection Pressure
Ratio (IPR) with respect to the ambient pressure. The IPRs of 3.6, 5.2, and
8.0 are investigated.
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The time-averaged Navier-Stokes equations are simulated with the com-
pressible flow solver of the compressible CFD package Fluent. A node based
third order MUSCL scheme is used to discretize the energy, density, and mo-
mentum quantities. For the static pressure a second order scheme is selected
and a second order upwind scheme is chosen for the turbulence quantities. The
k−ω SST turbulence closure model has been employed for turbulence modeling.
The simulations were considered as converged, when the normalized residuals
decreased at least three orders of magnitudes.

The numerical domain spans over 35 nozzle exit diameters downstream and
over 8 nozzle exit diameters to the sides from the nozzle exit. Block structured
mesh grids have been used in this study, where a general structure was based
on an O-grid design. All the mesh grids had a cell count of approximately seven
million cells. Figure 3.4 illustrates the mesh grid structure in a close up view
of the nozzle exit. The mesh is generated with a boundary layer refinement
towards the walls. With injector pipes in the geometry, each injector is provided
with an O-grid in order to provide mesh resolution at the walls with high mesh
quality. Further, a higher mesh concentration around the potential core and
in the shear layer of the jet was intended. Low cell growth factors are used
towards the outlet boundaries.

Figure 3.4. Typical mesh grid for the RANS simulations.

The application of a turbulence closure model needs to be verified with
experimental data, in order to quantify the expected errors due to turbulence
modeling. As reference case, the jet exhausting the nozzle without fluidic injec-
tion treatment at a nozzle pressure ratio of four is chosen, since PIV measure-
ments are available for this case. The experimental setup has been described
by Cuppoletti & Gutmark (2014).

Figure 3.5 shows the qualitative validation of the RANS data with the
experimental PIV data. In terms of the streamwise velocity, the initial shock
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cell development and the location of the outer Mach disk is in good agreement.
A larger shear layer spread is predicted by the numerical simulation, while
Fig. 3.5 (b) reveals that the growth of the turbulence fluctuations towards the
centerline is higher for the experimental measurements. The illustration of
the turbulence kinetic energy exhibits that the numerical simulations correctly
predict the barrel shape of shear layer. However, the high magnitudes of the
turbulence kinetic energy in the shear layer are more narrowly distributed for
the experimental measurements and the turbulence kinetic energy levels down-
stream of the potential core are increased compared to the numerical data.
Comparing the turbulence kinetic energy levels from the PIV measurements
with the RANS results, one can observe that the free stream turbulence levels
in the experiments are higher than for the computational simulations.

(a) Normalized streamwise velocity
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Figure 3.5. Qualitative comparison of the numerical results
with PIV measurements (Cuppoletti & Gutmark 2014) in the
mid longitudinal plane view, where the experimental flow vi-
sualization is shown in the top half and the numerical data is
shown in the bottom half. The streamwise velocity normal-
ized by the nozzle mean exit velocity is shown in (a) and the
normalized turbulence kinetic energy is plotted in (b).

The quantitative comparison between the RANS and PIV data in terms
of the normalized streamwise velocity profiles near the nozzle exit is plotted in



56 3. TURBULENCE

Fig. 3.6. At 0.5 nozzle diameters downstream from the nozzle exit, the pro-
files nearly overlap. Nonetheless, it can be observed that the co-flow velocity
is slightly higher in the experiments compared to the numerical simulations.
This dissimilarity might contribute to the difference observed in the turbulence
kinetic energy levels and the difference in the jet spread rate. Further, the slip
line on the jet center-line is captured less pronounced in the RANS simula-
tion data as with the PIV flow visualization. The under prediction at the slip
line might be related to a too low mesh resolution to resolve this phenomena
along the jet center-line. The disparity in the shear layer development might be
caused due to the different boundary layer conditions developing in the nozzle.
In the numerical simulations, the boundary layer separates laminar from the
nozzle, whereas the boundary layer seems to be turbulent in the experiments.
This issue has been analyzed by Brès et al. (2013) with different numerical
boundary conditions at high mesh resolution. The high flow velocities and the
resultant generated forces cause vibrations in the nozzle while running the ex-
periments. Consequently, the vibrations provoke fluctuations in the boundary
layer and induce thereby a turbulent boundary layer.
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Figure 3.6. Quantitative streamwise velocity profile compar-
ison between the PIV measurements and the RANS simula-
tion.

Nevertheless, the comparison to experimental data revealed that the RANS
simulations are capable to predict the time-averaged flow field of the supersonic
jet exhaust. Thus, this approach is employed with the same setup to a number
of cases in order to identify potential beneficial candidates for a more detailed
analysis.

The shock diamond pattern occurring for the case without injection (i.e.
baseline case) has been discussed in the previous chapter. Nonetheless, the
shock pattern is illustrated in Fig. 3.7 (a) by a numerical Schlieren illustration,
where the turbulence kinetic energy iso-contours are plotted on top. In the
near-field of the nozzle, the shocks are clearly defined in the time-averaged
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solution of the RANS results. Further downstream the shock pattern is smeared
out and the density gradient is significantly decreased in time average, which
is also visible in Fig. 3.5.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.7. To the left, numerical Schlieren shows the shock
pattern, where the turbulence kinetic energy levels are plotted
on top, for baseline (a), lip injection 11◦ (b), three 60◦ tube
locations in the divergent section of the nozzle, (c), (d), and
(e), and one 135◦ location in the convergent section of the
nozzle corresponding, respectively (NPR 4.0 and IPR 5.2). To
the right, iso-surface of the streamwise vorticity are shown to
illustrate the induced vortical structures (positive: white and
negative: black).

The injection location is governing the ability to effect the shock pattern
and the shear layer in certain locations. Figure 3.7 summarizes the effect
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of injection location (slots and cylindrical injectors) on the structure of the
jet. Data concerning a Nozzle Pressure Ratio (NPR) of four and an injection
pressure ratio (IPR) of 5.2 are presented. It can be observed that the response
of the flow field onto injection is sensitive to the injection location.

Since the nozzle lip is small and the area of the circular injection should
be conserved, the design constrains to inject at the trailing edge lead to a
rectangular slot design with high aspect ratio. Further, the inclination angle
cannot exceed 24◦ degrees, since the channel design would penetrate the outer
shell of the nozzle. However, at these shallow angles, the slot jets are not
capable to penetrate into the jet core at any investigated IPR. Hence, the slot-
jets blow onto the jet exhaust and disturb mostly the shear layer. Therefore,
the influence on the shock structure in the jet is minor, as shown in Fig. 3.7
(b). Counterrotating longitudinal vortical structures emerge just downstream
of the injector slots and interact with the shear layer of the jet. Note that
they are laying just outside of the jet. A vortical structure interacts with
an opposite rotating vortical structure initiated by the neighboring injector.
Hence, a positive and a negative vorticity pair gather and the slot-jets confine
the expanding jet downstream of the nozzle exit. However, the shock pattern
is not strongly influenced. The effect of the confinement is clearly observable
in the turbulence kinetic energy levels in the shear layer. Until one nozzle exit
diameter downstream, the shear layer exhibits a lower spread rate in the plane
of injection.

The closest possibility to mount the cylindrical injectors with a 60◦ inclina-
tion angle at a short distance inside from the nozzle exit without penetrating
the outer nozzle shell is shown in Fig. 3.7 (c). The injected jets penetrate
into the core stream when applied upstream of the trailing edge. Bow shocks
form upstream of the fluidic injection. Thereby, the injected jets displace the
shock pattern, which originally arose from the nozzle exit, to the location of
the bow shocks. The downstream Mach disk is significantly widened. At an
injection pressure ratio of 5.2, the injected jets discharge supersonic into the
bulk stream. For an inclination angle of 60◦, the injected streams penetrate
some distance into the bulk stream and bend into the main flow direction. A
counterrotating vortex pair evolves and far downstream conserving streamwise
vortical structures are formed. With the injected jets detaching from the nozzle
walls, a wake is induced downstream and vortical structures counterrotating
to the vortex pair are generated at the walls. Right downstream of the nozzle
exit, the vortical structures provoked at the nozzle walls bend strongly out-
wards. With the interplay of the two pairing vortical structures, the structures
contract towards the jet axis and at barrel shape structure is established in
the shear layer. This can be clearly observed in Fig. 3.7 (c), where the shear
layer is outlined by the turbulence kinetic energy iso-contours and three barrels
can be described. Interesting to observe is the increased strength of the stock
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structure at the end of the first barrel shape and the multiple reflected shocks
inside. Further, a number of shock reflections occur in this barrel structure.

In an intermediate injection location, see Fig. 3.7 (d), the injectors (or
injected micro-jets) are positioned at the same axial location with the Mach
disk formed inside of the nozzle for the baseline case due to the shock pattern
emerging at the nozzle’s throat. The shock system from the nozzle exit is shifted
further inside into the nozzle and merges with the reflection of the upstream
shock pattern. The induced streamwise vortical structures in the jet core persist
a longer distance downstream in time average than for the previously discussed
injection location. The strength of the vortical structures at the walls and
therefore, in the shear layer is increased for this injection location. Thus, the
barrel shape structure of the potential core and shear layer is emphasized for
this injection location. Additionally, an emphasized shock evolves at the end
of each the barrel shape shock cell, which is a fundamental phenomenon of the
barrel shape shock cell structure.

At a nozzle pressure ratio of four, an injection location close to the nozzle
throat seems most favorable. Figure 3.7 (e) shows that the density gradients
are significantly decreased for this configuration compared to baseline. Further,
also the turbulence kinetic energy levels are reduced. In contrast to all other
injection locations, the shock pattern at the nozzle throat is shifted for this in-
jection location. Nevertheless, an expansion fan develops at the nozzle throat
and bow shocks form in front of the injection streams. A weak shock diamond
structure forms on the injection streams. The shocks evolving from the nozzle
exit are also significantly reduced with this injection configuration. The coun-
terrotating vortex pair persists the longest distance downstream. However, the
vorticity induced at the walls by the injection is reduced as compared with
the other cases, where injection is imposed closer to the nozzle exit. There-
fore, a barrel shape of the shear layer is equally apparent as for the baseline
configuration.

For the injection location upstream of the nozzle throat shown in Fig. 3.7
(f), the injection stream flows against the bulk flow direction. Hence, the in-
jection stream is required to turn into the mean streaming direction. However,
streamwise vortical structures are induced into the nozzle flow. The effect of
injection onto the shock pattern compared to the baseline configuration is mi-
nor. Nonetheless, the turbulence kinetic energy levels in the shear layer are
slightly decreased with respect to baseline.

Figure 3.8 compares different selected configurations and their influence on
the flow field development with the injection angle and the amount of injection
pressure. In the set of investigated cases, only a few trends are generally valid
for all injection locations.

However, for all injection locations an inclination change can compensate
for amount of injection to achieve a similar shock pattern. For a 30◦ injection
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angle at an injection pressure ratio of 5.2 in the intermediate position (Fig. 3.8
(a)), a nearly identical shock pattern evolves as with 60◦ injection angle at a
lower injection pressure ratio of 3.6 and the same location (Fig. 3.8 (b)). A
similar observation can also be made for the other injection locations, where
injection steepening requires less injection fluid to provoke the same shock
pattern structure. This is shown in Fig. 3.8 (d) and (e) for the case of injection
in the divergent section close to the nozzle throat.

Nonetheless, the induced streamwise vortical structures behave signifi-
cantly different and do not evolve similarly at all. With higher injection pres-
sure, the streamwise vortical structures stretch further downstream as com-
pared with lower injection pressure. Comparing the length reduction of the
streamwise vortical structures with reduced injection pressure at the two in-
jection locations, it can be observed that the length diminution is similar.
Figure 3.8 (a) / (c), and (d) / (g) show the flow field developing with the same
setup (i.e. nozzle pressure ratio and injection pressure ratio), but a changed in-
jection inclination angle and it shows that the length of the streamwise vortical
structures is slightly larger with steeper injection. However, the extent of the
vortical structures is similar and hence, the length of the vortical structures is
primarily a function of the injection pressure.

The injection streams interact with each other when closely placed. When
twelve injectors are placed at the circumference of the nozzle, the vortical struc-
ture close to the walls interfere. For all the configurations close to the nozzle
exit, it can be noted that the vortical structures pairs envelop the entire rim
of the nozzle exit. Figure 3.8 (f) shows the injection close to the nozzle throat
in the divergent section with six injectors at an injection pressure ratio of 5.2.
The same injection configuration with twelve injectors at an injection pressure
ration of 5.2 is shown in Fig. 3.8 (g). Comparing the length of the streamwise
vortical structures originating from injection in Fig. 3.8, it can be noted that the
time-averaged vortical structures generated with six injectors are longer than
the flow structures provoked for any other configuration with twelve injectors.
This suggests that the vortical structures interact, when twelve injectors are
place at the circumference.

Further, the shock pattern with six injectors shown in Fig. 3.8 (f) exhibits
an initial strong shock followed by a multiple shock diamond pattern, similarly
as observed in the configurations with twelve injectors depicted in Fig. 3.8 (d)
and (e). However, the angles of the shocks in the jet exhaust is different with
six injectors.

At a nozzle pressure ratio of three, the injection pressure ratio of 5.2 applied
at the location in the divergent section close to the nozzle throat induces a
similar shock pattern as for the nozzle pressure ratio of four, which can be seen
in Fig. 3.8 (h). The density gradients are only minor influenced. However,
at the nozzle exit the typical shock for the nozzle pressure ratio of three is
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 3.8. Selected cases comparing influence of the injec-
tion parameters. Close to the nozzle exit: IPR 5.2 at 30◦ (a),
IPR 3.0 at 60◦ (b), and IPR 5.2 at 60◦ (c). Close to the nozzle
throat: IPR 5.2 at 30◦ (d), IPR 3.0 at 60◦ (e), and IPR 5.2 at
60◦ but six injectors (f). Effect of NPR; (g): NPR 4.0 at 30◦

and IPR 5.2, (h) same as (g) but NPR 3.0.



62 3. TURBULENCE

not influenced and the wide Mach disk remains. Nonetheless, as a general
observed trend, the vortical structures exhibit a larger extent downstream for
a nozzle pressure ratio of 3.0. Although, this injection configuration has been
most beneficial1 at a higher nozzle pressure ratio, the shock pattern is not
significantly improved compared to the baseline configuration at this nozzle
pressure ratio.

The acoustic noise production of an ideal expanded jet is lower than for
a non-ideal expanded supersonic jet. Therefore, it is worthwhile to compare
the contribution of the different injection locations to a static pressure match
at the nozzle exit. This is shown in Fig. 3.9 by presenting the time-averaged
static pressure at the outlet normalized by the ambient pressure. For the
case without injection, the static pressure is low at the outer periphery of the
nozzle. This pattern evolves due to the shock detaching from the nozzle exit
and the shock reflection in the upstream Mach disk. The fluidic injection in
the convergent nozzle throat shifts the static pressure slightly, but has no large
impact on the pressure contours at the nozzle exit. In contrary, the injection in
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Figure 3.9. The influence of internal injection to achieve a
perfect static pressure match at the nozzle outlet is shown for
different injection locations at NPR 4.0 and IPR 5.2.

the divergent section of the nozzle causes a significant alteration to the static
pressure at the nozzle exit. Generally, fluidic injection closer to the nozzle exit
increases the static pressure too much for an IPR of 5.2 and therefore, a slight

1Beneficial in the scene of low turbulence kinetic energy, good thrust performance, and

reduced shock strength.
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under-expanded jet is provoked. With this injection location, the shock pattern
evolves differently between the inclination angles of 30◦ and 60◦ as shown in
Fig. 3.7 and hence, the static pressure at the nozzle outlet manifests differently.
For the injection location close to the nozzle throat in the divergent section,
the static pressure is almost balanced with the ambient pressure, where the
static pressure profiles follow a conclusive trend with the injection angle.

However, this behavior of the static pressure distribution obtained with dif-
ferent setups for the fluidic injection may change for different NPR. Figure 3.10
shows a comparative line plot of selected configurations for two NPRs. It can
be observed that fluidic injection close to the nozzle throat is most beneficial
for an NPR of 4.0 compared to the baseline without fluidic injection or fluidic
injection close to the nozzle exit region. Nonetheless, for the lower NPR of 3.0
the injection location close to the nozzle throat is not as beneficial as the other
injection location close to the nozzle exit. Thus, the optimal setup of internal
injection for static pressure matching at the nozzle exit is highly dependent on
the combination of the two factors: the injection location with respect to the
NPR (representing the nozzle operating condition).
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Figure 3.10. The influence of the NPR to the static pressure
distribution at the nozzle outlet is plotted for an IPR of 5.2 at
two injection locations with 60◦ inclination angle.

Important for the evaluation of internal injection is the impact on the
thrust production. Figure 3.11 illustrates the thrust augmentation with flu-
idics at constant IPR of 5.2 for different injection locations. For NPRs of
2.5 (and probably bellow), the highest impact on thrust enhancement can be
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achieved with injection, since the nozzle flow is the most over-expanded and
injection leads towards a more idealized expanded jet. This effect diminishes
with increasing NPR. The injection with 30◦ inclination angle is most beneficial
for the thrust augmentation, where the optimal injection location depends on
the NPR. However, different trends can be noted for the investigated injection
angles. It may be noted that the injection close to the nozzle exit at 60◦ results
in thrust levels very close to the baseline case for nearly all NPRs.
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Figure 3.11. The generated thrust normalized by the base-
line thrust is shown for different NPR’s.

This study illustrates the strength of using the steady-state RANS formu-
lation with a two-equation turbulence model. A large number of cases have
been investigated and the trends of fluidic injection compartment could be
identified. Thereby, possible beneficial candidate solutions could be identified.
Due to the relatively low number of elements used in the computational grid,
the simulations could be performed on a workstation computer in a reasonable
amount of time (< 12 h/case).

The most beneficial location of injection and the amount of fluidic injection
to be used are primarily dependent on the operating condition of the nozzle.
Depending on the operating condition, an under-expanded or over-expanded jet
exhausts the nozzle. Further, the static pressure distribution at the nozzle exit
decreases the more over-expanded the jet evolves. Generally, the static pressure
distribution can be balanced with respect to the ambient pressure with the right
amount of fluidic injection. However, the injection location influences the shock
pattern evolution in the nozzle and thereby, the static pressure distribution at
the nozzle exit is effected by the nearby shocks.

Steepening the angle of injection at a certain injection location (i.e. on the
divergent slope of the nozzle) acts similar onto the shock pattern as having a
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shallower injection angle but with higher injection pressure ratios at the same
location. Nonetheless, the strength of the vortical structures and therefore,
their extent downstream depends primarily on the ratio of injection pressure
to nozzle pressure. The vortical structures have a strong impact onto the shear
layer development. The shape of these vortical structures in the shear layer is
dominated by the location of injection. For injection close to the nozzle throat,
the vortical structures develop at a distance from the walls, where a counterro-
tating vortex pair arises for each injector. This vortex pair is also apparent for
injection using cylindrical pipes close to the nozzle exit. Nonetheless, vorticity
at the walls is generated for all configurations as a result of the counterrotating
vortex pair. Depending on the injection location with respect to the shock
pattern in the nozzle, the vortical structures at the walls can evolve or can be
damped. Closer to the nozzle exit the vortical structures at the walls develop
and form vortex pairs characterizing the initial shear layer structure. An em-
phasized barrel shaped shear layer forms, which provokes a hard shock at the
contraction of the barrel.

The vortical structures provoked by injection through high aspect ratio
slots did not penetrate into the jet exhaust. Further, a vortical structure pair-
ing between the neighboring structures was observed with slot injection. The
opposite tendency has been noted with the cylindrical pipe injection. There a
counterrotating vortex pair forms for each individual injector.

For the design operating condition, an optimal injection location close to
the nozzle throat was found, for which the shock strength and the turbulence
kinetic energy levels could be significantly reduced. With an injection angle of
60◦, the ideal injection pressure ratio was found to be 5.2. The static pressure
distributed at the nozzle exit could be approximately matched with ambient
conditions for this configuration. However, a higher thrust can be achieved
with other injection angles.

The RANS calculations predict only time-averaged information of the flow.
Hence, the dynamics of interaction between the longitudinal vortical structures
which appear with injection and the jet shear layers cannot be captured. Fur-
ther, the interaction process of the vortical structures in the nozzle and the
reduction of the shock strength for a certain injection location is not explained
by the RANS data. Therefore, further unsteady simulations are performed.

3.1.2. Unsteady RANS

Large scale flow unsteadiness leads to convergence complications of steady-state
RANS simulations. For an NPR of 2.5, the steady-state RANS simulations do
not converge for all fluidic injection configurations, due to the possible flow
separation in the divergent part of the nozzle. Further, the steady-state RANS
approach might not converge when globally unsteady flow phenomena occur,
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e.g. during surge of a centrifugal compressor where large amplitude oscillations
occur (see Sundström et al. 2014).

In such cases, unsteady RANS can be used to obtain a fully converged
solution, where the transient term in the governing equations is retained to
resolve the large scale unsteady flow motion and the turbulence closure is uti-
lized to model the other, smaller flow scales. Hence, a triple decomposition of
flow into mean flow, resolved unsteady flow, and modeled unsteady flow is per-
formed. Thereby, the physical phenomena of the large scale structures can be
investigated on a relatively coarse mesh gird, which leads to a computationally
inexpensive approach. However, the choice of turbulence closure model in the
unsteady RANS simulations is critical, as shown by e.g. Wang et al. (2013)
or Scotti & Piomelli (2002). A too dissipative turbulence closure model might
damp out any unsteady flow motion. Therefore, the choice of turbulence model
is dictated by the type of flow.

The underlying assumptions of unsteady RANS simulations might be too
restrictive for detailed physical interpretations. The commonly used turbulence
closures in unsteady RANS simulations are based on statistically stationary
flows, which might be inappropriate in certain applications. Further, frequen-
cies of interest might be lying in the range of turbulent flow scales and hence,
the application of RANS based turbulence closures can be problematic.

3.1.3. Large Eddy Simulation

At high Reynolds number, the flow scales spread over a wide range of wave-
lengths. Hence, fine grids are required to resolve all flow scales, and the com-
putational effort scales proportional to Re3. The limitations associated with
computational resources and available time do not allow to perform DNS calcu-
lations in high Reynolds number flows. Thus, turbulence modeling is essential
for simulation of these flows.

The spread of the turbulence spectra ranges at high Reynolds number flows
over several orders of magnitude. The general flow manifestation is dictated
by the large kinetic energy containing scales. Hence, the impact of the small-
est flow scales with low kinetic energy on the general flow solution is small.
According to Kolmogorov’s hypothesis, the behavior of the smallest turbulent
scales at high Reynolds number is universal far away from walls. This suggests
that a model can represent the smallest scales, while the relevant characteristic
flow scales of a problem need to be resolved. Hence, an approach resolving the
integral scales and a sufficient proportion of the inertial subrange by the nu-
merical mesh (see also Fig. 3.1) is desired, where the unresolved scales need to
be handled by other means. Thus, the behavior of the large eddies and a pro-
portion of the turbulent energy cascade is simulated while the unresolved flow
scales are modeled. Therefore, this approach is called Large Eddy Simulation
(LES).
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With LES, the numerical mesh grid acts implicitly as a spatial low-pass
filter for the represented flow scales. Hence, the flow variables can be decom-
posed into a resolved and an unresolved part, φ = φ+φ′′. Due to the filtering of
the flow governing equations, additional terms are introduced, which represent
the behavior of the unresolved scales smaller than the grid size. These terms
closing the governing equations are the so-called SubGrid Scale (SGS) terms.
Since information of the SGS terms cannot be retained from the simulation of
the governing equations, the terms need to be modeled.

Using a spatial Favre filtering of the governing equations allows to employ

the set of equations with minor modifications, where the Favre filtering is φ̃ =
ρφ/ρ. Applying the Favre filtering to the set of governing equations results in
for the mass conservation equation,

∂ρ

∂t
+
∂ρũi
∂xi

= 0 , (3.29)

the momentum conservation equation

∂ρũi
∂t

+
∂ρũiũj
∂xj

+
∂p

∂xi
− ∂σij
∂xj

= −∂τij
∂xj

, (3.30)

and the energy conservation equation

∂ (ρẽ0)

∂t
+
∂ (ρẽ0ũj)

∂xj
+
∂ (pũj)

∂xj
− ∂ (ũiσij)

∂xj
− ∂qj
∂xj

=
∂ (ũiτij)

∂xj
+
∂qSGSj

∂xj
. (3.31)

The Favre-filtered viscous stress tensor σij is given by

σij = µ

(
2S̃ij −

2

3
S̃kkδij

)
, where S̃ij =

1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
(3.32)

and δij is the Kronecker-delta function. Additional terms would appear in the

rate of strain tensor S̃ij due to the unresolved velocities, which are commonly
neglected. The subgrid-scale stress tensor can be decomposed in,

τij = ρ (ũiuj − ũiũj) = ρ

( ˜̃uiũj − ũiũj)︸ ︷︷ ︸
I

+
(
ũ′′i ũj + ˜̃uiu′′j )︸ ︷︷ ︸

II

+ ũ′′i u
′′
j︸ ︷︷ ︸

III

 , (3.33)

where the three grouped terms are called the Leonard tensor (I), Clark tensor
(II), and the Reynolds tensor (III). The Leonard tensor represents the interac-
tion of the resolved scales; the Clark tensor delineates the interactions between
resolved and unresolved scales; and the Reynolds tensor expresses the interac-
tion of the unresolved scales. Further, a triple correlation difference term would
result in the energy conservation equation, which is considered to be small and
is therefore dropped. There remaining SGS terms are τij and qSGSj , which need
to be modeled. SGS modeling covers a smaller range of turbulent frequencies
than RANS closures and the smallest turbulent flow scales approach a universal
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character. Therefore, appropriate SGS models are less effected by assumptions
and generally more accurate.

The requisition on the numerical discretization scheme is that the scheme
needs to conserve the kinetic energy over the turbulence energy cascade. Hence,
a spatial discretization scheme with low dissipation error is desired. However,
the dissipation and dispersion error of the spatial discretization scheme is dis-
cussed in Section 4.1.1a. Historically, numerically unstable behavior of under-
resolved flow simulations at high Reynolds numbers were encountered, since
not enough kinetic energy was dissipated which lead to spurious high frequency
errors. Similar to an artificial viscosity used for smoothing spurious high fre-
quency oscillations near shocks, a generalized viscosity model to stabilize the
simulations was developed by Smagorinsky (1983). Thus, SGS modeling was
conceptually used with the intention to stabilize the flow simulations without
effecting the resolved large flow scales, while the proper physical validity of
the SGS modeling was not regarded. However, the use of an additional vis-
cosity can be motivated, since the Reynolds stress tensor for the unresolved
scales represents a viscous force. Fureby & Grinstein (1999) showed that the
concept of LES leads to equivalent results independent of the SGS model for
a fine enough mesh grid resolution, provided that the cutoff wavenumber lies
in the inertial subrange, the kinetic energy is appropriately transferred to the
smaller scales, and a serious kinetic energy buildup at the high frequencies is
suppressed.

The common SGS models are designed to account for the small flow scales
in the governing equations. However, the consequences of the SGS model on
the acoustic radiation are often neglected. Nevertheless, the acoustic noise
prediction based on an LES calculation shall not be dominated by the SGS
modeling. However, not always the entire frequencies in the audible range are
resolved by LES. In such a case, the high frequencies would be cut off and a need
for SGS acoustic source models would be given. Bodony & Lele (2003) have
proposed such an SGS model, which estimates the acoustic noise production of
the unresolved scales.

3.1.3a. Explicit Sub-Grid Scale Modeling. The SGS terms account for the small-
est scales and hence, the contribution of these terms to the governing equations
is small compared to the large flow scale proportion. Therefore, the truncation
errors of the numerical schemes are required to be small, since otherwise the
SGS model and the truncation error of the numerical discretization schemes
can interfere and lead thereby to wrong results. Kravchenko & Moin (1997)
show with numerical simulations that even for high order schemes, both contri-
butions are of the same order of magnitude. Ghosal (1996) demonstrates that
by explicit filtering of the governing equations can enhance the accuracy of the
solution by reducing the interference of the numerical truncation error and the
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SGS model. Hence, an explicit filter can reduce the error induced at the under
resolved scales when an SGS model is used.

The explicit filter length ∆ is usually related to the cell extensions, where
cubic root of the cell volume 3

√
Vcell is often used as explicit filter length for

approximately uniform grids. For non uniform grids, this filter length definition
might give unsatisfactory results. Andersson et al. (2005) analyze the effect of
different explicit filter length, 3

√
Vcell and the minimum cell extent, with a

compressible Smagorinsky-type SGS model on the flow field development and
the acoustic noise predictions. The results reveal significant differences in the
resolved scales and a better comportment with the smaller explicit filter length.
Nonetheless, in order to ensure that the SGS terms govern the behavior of the
small scales and not the calculation errors of the non-linear terms, Chow &
Moin (2003) show that a larger filter length than the cell size might be required.
However, the best choice of filter length depends on the chosen SGS model.

The numerical role of the added viscosity is to stabilize the scheme and for
physical correctness, the added viscosity is supposed to resemble the dissipation
effect of the small scales. Smagorinsky (1983) introduced a rather simplistic
model from dimensional analysis and is therefore very popular. The model is
based on the eddy viscosity µT to approximate the SGS stress tensor, which
can be written as,

µT = (Cs∆)2

√
2S̃ijS̃ij , (3.34)

where Cs is a modeling constant and S̃ij is the strain rate tensor. The modeling
constant was initially fitted to match the statistical behavior of isotropic tur-
bulence. Nevertheless, a number of optimal values for the modeling constant
have been suggested for different flows in order to comply with experimental
data. However, Uzun et al. (2003) found that the choice of the Smagorinsky
constant can influence the computation of the mean flow quantities and the
authors suggest that also acoustic noise computations are effected. Since the
choice of modeling constants can influence the simulations results, a model free
of calibration constants would be preferable. Further, the disadvantage of the
model is that an eddy viscosity is even predicted in laminar flows and the model
requires a damping function towards the walls.

The predictability of the SGS model can be enhanced with a so-called dy-
namic Smagorinsky model, where the modeling constant in Eq. 3.34 is adapted
accordingly to the instantaneous local flow at each point in time. Two filter
with different sizes are applied to estimate the modeling constant using Ger-
mano’s identity (Germano 1992). Using this model SGS model, physically more
accurate predictions can be performed, since this SGS model does not predict
an eddy viscosity in laminar flow and does not require a damping function to-
wards the walls. Further, an energy transfer from the small scales to the large
scales in the turbulent flow can occur instantaneously, the so-called backscatter
phenomenon. The negative values estimated for the modeling constant can be
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interpreted as backscatter. However, the negative values can lead to stability
issues of the numerical procedure, which consist in the main drawback of the
model. Therefore, often a threshold for the negative values of the modeling
constant is set.

3.1.3b. Implicit Sub-Grid Scale Modeling. Margolin & Rider (2002) describe
implicit LES as an alternative approach for handling the subgrid scales in high
Reynolds number flow simulations, where generally the truncation error of the
convective schemes acts as a SGS model. Via Taylor expansion, the governing
equations can be written in the form of an infinite series on a discrete grid.
The set of equations is approximated by spatial numerical schemes on a com-
putational grid, which are based on truncated series of the Taylor expansion.
The lowest order error terms represent the order of the so-called truncation
error. Hence, lower orders than the discretized by the numerical scheme are
not defined.

The amount of kinetic energy dissipation is governed by the energy trans-
ferred through the turbulent energy cascade, as stated by Kolmogorov’s first
similarity hypothesis. Thus, for consistent simulation of turbulent flow, a dis-
cretization scheme conserving the kinetic energy in the turbulent cascade is
required. A second order central difference scheme conserves the turbulence
kinetic energy cascade, since it exhibits a low dissipative error. Therefore it
is adequate for turbulent flow simulations. First order accurate schemes and
second order upwind schemes are not suitable for time accurate turbulent flow
simulation, since the dissipative behavior does not allow a correct prediction of
turbulence.

Margolin et al. (2006) demonstrate that the terms of the numerical trun-
cation error for a certain scheme can be derived and rewritten in the form of
the divergence of a subgrid scale tensor. It is found that for a non-oscillatory
finite volume discretization of at least second order accuracy, this subgrid scale
tensor exhibits similarities to the Clark subgrid scale model (Pope 2000) for
the momentum conservation equation. Further, the dissipative truncation error
stresses mimic a Smagorinsky-type subgrid scale model for the energy equation.
Using Kolmogorov’s hypotheses, Margolin et al. (2006) argue that the trunca-
tion error stresses impose an absolutely decreasing behavior for the kinetic
energy of isotropic turbulence towards the high frequency scales and therefore,
the discretized set of equations is globally stable.

For implicit LES, a non-oscillatory discretization scheme is required. Many
non-oscillatory schemes have been suggested, as e.g. the MUSCL scheme (van
Leer 1997) or the Kurganov and Tadmor central scheme (Kurganov & Tadmor
2000). However, the second order central difference scheme exhibits oscillatory
character near sharp gradients. Therefore, approaches have been developed to
suppress these oscillations, where the most non-oscillatory schemes are using
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limiters to avoid overshoots. A bounded formulation of the second order cen-
tral difference scheme can be achieved by using a normalized-variable diagram
approach (Darwish & Moukalled 1994), which controls the amount of upwind-
ing employed to guarantee boundedness of the discretization scheme. In the
current simulation, a Jameson-type artificial dissipation has been used to guar-
antee non-oscillatory behavior of the second order central difference scheme
near sharp gradients. Fureby & Grinstein (2002) investigated several numer-
ical schemes of applicability for implicit LES calculations and indicated that
such schemes are suitable.

With implicit LES, no explicit SGS model is needed and also no explicit
filter is required. Hence, the entire scales resolved on the numerical mesh grid
can be used, which results in a markedly efficient approach in terms of com-
putational costs. Further, an advantage of this implicit LES approach is that
the implementation is principally uncomplicated. An approach free of explicit
modeling parameters is promising to provide a more predictive methodology
with the simulations. In order to ensure an approach most independent of mod-
eling constants, the implicit representation of SGS modeling was preferred for
the work presented the current thesis. However, the numerical dissipative be-
havior added by the artificial viscosity was not calibrated to a certain extent,
but comparisons to other SGS models (Semlitsch et al. 2013f ) and verifica-
tions of the numerical procedure have been carried out (see Subsection 4.4.1
and Appendix A).

The application of an implicit LES approach requires for interpretation of
the fluctuating flow quantity statistics that a substantial amount of the inertial
subrange is resolved by the computational mesh grid. With a too low spatial
resolution, the fluctuations statistics are underestimated, since no SGS model
adds up for the unresolved fluctuations. However, the mean flow field quantities
are accurately captured. For a fine enough mesh resolution, the high frequency
fluctuations contribute only by a small amount to the total fluctuation energy,
as shown in Fig. 3.1, and therefore, the turbulence kinetic energy levels can be
estimated using implicit LES.

The suitability of the employed implicit LES approach can also be eval-
uated post-priory by verifying the power spectra density of a velocity signal
monitored in a probe point. The characteristic −5/3 energy decay slope in
the inertial subrange can be reviewed in this way, proving also that no kinetic
energy buildup occurs at the high frequency scales.

Within the following subsection, examples are given where the LES ap-
proach is employed for quantifying the flow field dynamics in a convergent-
divergent nozzle with a particular fluidic injection configuration.
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3.1.4. Multiple Jets Interacting in Supersonic Nozzle Flow

With RANS the global performance and behavior of internal fluidic injection
have been investigated. With the help of RANS a case of interest could be
selected (see also Subsection 3.1.1a). However, all the relevant unsteady flow
phenomena, as e.g. shock movement or instantaneous shock focusing, are not
accessible with this steady-state approach. Therefore, the reason for a weaker
shock strength with the injection location near the nozzle throat at an injection
angle of 60◦ and an IPR of 5.2 compared to other configurations could not be
explained with the RANS data. Hence, highly resolved unsteady simulations
have to be performed to investigate this case and further its sensitivity to the
operating conditions. The same nozzle is used for these simulations as shown
in Fig. 3.3. The generation of the shock pattern structure is provoked inside
of the nozzle. For the analysis of the initial shock pattern formation with
internal fluidic injection, only the interior nozzle is equipped with a fine mesh
grid resolution while the outer domain is only a buffer region (see section 4.3).
Nonetheless, the outer domain spans over 15 De downstream and 5 De to the
sides. With the three different mesh grids used for the grid resolution study (see
section 4.4.1), the time step needed to be adjusted to satisfy the CFL criteria.
Since the nozzle flow is highly stratified and compressed, the assumption of
homogenous isotropic turbulence is not valid. Hence, implicit LES is used as
an alternative to SGS models relaying on calibration coefficients.

The physical phenomena related to the fluidic injection into a supersonic
flow in a nozzle can be associated with the jet in crossflow phenomenon. In
such an environment the enhanced mixing properties with regard to species
transport, fluid momentum, and thermal properties of the fluids are often ex-
ploited in a wide range of engineering applications, as e.g. within a combustion
process (Menon & Gollahalli 1988; Karagozian 2010), or film cooling (Walters
& Leylek 2000; Johnson & Kapat 2013) or effusion cooling (Motheau et al.
2012) of hot walls. These are some reasons for which the problem of the jet
in crossflow has been investigated be many researchers, experimentally and
numerically. Predominantly, the investigations were conducted for subsonic,
incompressible flow regimes, where the flow structure generation (Kelso et al.
1996), the jet mixing (Plesniak & Cusano 2005), the heat transfer, and scaling
laws (Smith & Mungal 1998) with jet in crossflow were analyzed.

Fluidic injection in supersonic crossflow is applied in high speed applica-
tions, as e.g. flame holding (Ben-Yakar & Hanson 1998; Fureby et al. 2014),
thrust vectoring (Strykowski et al. 1996), and supersonic air breathing engines
(Berglund et al. 2010). Another example is fluidic injection onto the exhaust
flow of a nozzle, which can be used for noise reduction purposes (see e.g. Seml-
itsch et al. 2013e,c). Due to the high flow speeds in the supersonic flow regime
and the shock interactions, a large number of parameters define the evolution
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of the flow developing with jet in supersonic crossflow. The general flow fea-
tures have been investigated experimentally using particle image velocimetry
(Beresh et al. 2005, 2006). The shock structure evolving with supersonic jet
in supersonic crossflow has been investigated numerically using steady-state
RANS (Viti et al. 2009) and LES simulations (Génin & Menon 2010; Kawai &
Lele 2010; Semlitsch et al. 2013a).

The flow behavior of jet in crossflow is characterized by many parameters.
Nevertheless, the primary quantities governing the essential flow phenomena
are the density ρ, the velocity u, and the dynamic viscosity µ, of the jet and
the crossflow, respectively. Two important length scales influencing the flow
phenomena are the boundary layer thickness and the diameter of the jet pipe,
with the incident boundary layer influencing the flow structures generated at
the orifice of the jet pipe. The diameter of the pipe governs the width of the jet
and thereby the actual interfacial area between the jet and the crossflow. From
these characteristic quantities, a number of quantitative scales can be extracted
and used to form non-dimensional numbers, which categorize an application
into relevant flow structure regimes. A commonly used dimensionless number
is the ratio of the momentum flux of the jet orifice to the momentum flux of
the crossflow. Conventionally, the effective velocity ratio R can be defined as
the square root of this ratio,

R =

√
ρju

2
j

ρcfu
2
cf

=

√
γjpjM2

j

γcfpcfM2
cf

, (3.35)

where γ is the specific heat ratio, p the static pressure, andM the Mach number.
The subscript j relates the quantity to the jet, whereas cf references to the
crossflow. For incompressible flow, the effective velocity ratio R simplifies
to the velocity ratio of the jet velocity to the crossflow velocity. Besides of
the dimensionless numbers characterizing the flow quantities of the jet and
crossflow to each other, Reynolds numbers are commonly defined to describe
the turbulent regime. The ratio of the incoming boundary layer thickness to
the jet pipe diameter is an important dimensionless parameter to the evolution
of the horseshoe vortex (Kelso & Smits 1995).

When the jet discharges into the crossflow, the jet is deflected into the cross-
flow streaming direction by a complex interaction between the two streams.
The jet represents a blockage to the incoming supersonic cross stream. Thus, a
bow shock in front of the jet is provoked. The bow shock causes the incoming
boundary layer to separate and commonly a recirculation region upstream of
the jet is reported, see e.g. Viti et al. (2009). Since the separation induces a
separation shock which merges with the bow shock, the bow shock anchors as
a lambda on the incoming stream. Papamoschou & Hubbard (1993) showed
that the bow shock inducing separation represents a crucial flow feature for
this type of flow.
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The importance of the incoming boundary layer flow regime in supersonic
crossflow has been investigated by Kawai & Lele (2010). The separation in-
duced by the bow shock upstream of the jet evolves distinct, when the incom-
ing boundary layer is turbulent compared to a laminar boundary layer profile.
With a laminar boundary layer, a weak separation shock manifests further up-
stream than with a turbulent boundary layer. The instabilities evolving in the
jet shear layer are enhanced when the incoming boundary layer is turbulent.
Rather clear vortical flow structures are generated in the jet shear layer with
a laminar incoming boundary layer. The larger disturbances induced by the
turbulent boundary layer lead to a faster breakdown of the induced shear layer
flow structures. Moreover, the incident disturbances suppress the formation of
clear flow structures in the jet shear layer. As a consequence, the turbulent
boundary layer increases the mixing rate of the jet and the crossflow. Never-
theless, due to the larger flow structures with a laminar boundary layer, the
fluctuation amplitudes are larger.

For a non-pressure matched sonic jet in crossflow, the jet expands into
the crossflow forming a Prandtl-Mayer expansion fan and a barrel shock es-
tablishes, which merges in a Mach disk. The windward barrel shock exhibits
large scale motion, whereas the leeward barrel shock remains static. Kawai &
Lele (2010) and Génin & Menon (2010) showed the evolution of the motion of
the windward barrel shock. Vortical structures shedding downstream in the jet
shear layer cause the barrel shock to follow. At later stages, a new barrel shock
is initiated. With the motion of the windward barrel shock, acoustic waves are
emitted, which cause the bow shock upstream of the jet to move. These strong
fluctuations of the bow shock have been observed by many researchers, as e.g.
Papamoschou & Hubbard (1993). The induced motion on the upstream bow
shock has also been observed by Murugappan et al. (2005), with pulsating jets.
The pulsatile flow increased the motion of the bow shock in the near-field of
the jet.

With supersonic jet in supersonic crossflow several characteristic vortical
flow structures have been identified. The most important vortical flow struc-
tures are the horseshoe vortices, hanging vortices, shear layer vortices, and
the counterrotating vortex pair. However, in high speed flows the structures
evolve not that evident as in low speed flows, see e.g. Génin & Menon (2010).
The horseshoe vortex wraps around the jet and continues in the wake of the
jet. It has been also visualized for jet in supersonic crossflow by Viti et al.
(2009) and Génin & Menon (2010). The hanging vortices have been identi-
fied in numerical simulations of subsonic flow conditions by Yuan et al. (1999).
The vortical structures originated from the sides of the jet pipe orifice. Under
supersonic conditions the vortical structures are observed by Génin & Menon
(2010) to be rather static. In the windward interface between the jet and the
crossflow Kelvin-Helmholtz vortical structures form. Génin & Menon (2010)
have not observed a distinct shedding frequency initiated upstream of the jet.
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Also, the spectra shown by Kawai & Lele (2010) of their LES simulation does
not indicate discrete frequency peaks. However, the regularity of the roll up of
the structures is dependent on the inflow conditions and state of the boundary
layer. The most prominent flow feature of jet in crossflow is the counterrotat-
ing vortex pair, which originates from the near-field of the jet and stretches
into the far-field. This flow feature contributes most significantly to the flow
mixing.

Papamoschou & Hubbard (1993) performed experimentally a parametric
study contrasting pressure matched versus non-pressure matched jet in super-
sonic crossflow. To match the pressure at the orifice is rather difficult, since the
pressure around the jet orifice is not constant. Nevertheless, it was found that
the penetration height is sensitive to the momentum ratio between the jet and
crossflow, but the penetration high was insensitive to the jet Mach number.
The pressure matched jet did only exhibit a slightly higher potential to achieve
further penetration than a non-pressure matched jet. This was also found by
Billig & Schetz (1966) in previous studies.

Multiple jets in crossflow are commonly used in gas turbine engine combus-
tor, e.g. Holdeman & Walker (1977). Parameters governing the mixing of the
multiple jets in subsonic crossflow have been investigated. Holdeman (1993)
observed that the flux ratio and the orifice spacing were the most influential
parameters determining the amount of mixing. However, the optimal spacing
configuration depends on the momentum flux ratio. In a high speed combus-
tor, such as used in scramjet propulsion, the cross stream and the fuel jet are
supersonic, see e.g. Murugappan et al. (2005). Commonly jets or arrays of jets
have been used to translate or influence the position of shocks as shown by
Verma & Manisankar (2012). The bow shock that establishes in front of the
injected jets can be used to influence the location of the shocks and to change
the inclination angle of the shock system.

Recently, Morris et al. (2013) used fluidic injection into a convergent-
divergent nozzle to successfully reduce the acoustic noise emission levels radi-
ated by the supersonic jet exhaust. The acoustic measurements and Schlieren
visualizations showed that with inclined jet injection into the nozzle flow, the
shock pattern can be manipulated such that the screech tones and the shock
associated broadband noise can be reduced. It is postulated that the internal
shock pattern is manipulated similarly to mechanic inserts. Semlitsch et al.
(2012) investigated the optimal injection location to manipulating the shock
pattern in a supersonic jet exhaust from a convergent-divergent nozzle using
RANS simulations as described in Section 3.1.1a. A location slightly down-
stream to the nozzle throat, with an inclination angle of 60◦ was found to be
optimal for a total pressure of four times the ambient pressure acting at the
nozzle inlet. Semlitsch et al. (2013b) showed that the evolution of the vor-
tical structures is significantly effected by even a small shift of the injection
location in the divergent section of the nozzle. Therefore, a configuration of
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60◦ inclined injection is further studied for the same nozzle geometry as used
in Section 3.1.1a, see Fig. 3.3. The effect of varying slightly injection pipe
location and the injection pressure is investigated. Twelve injectors disposed
equidistantly on the circumference of the divergent nozzle section are studied
at three locations xi; −0.679 De, −0.768 De, and −0.857 De. Since injec-
tion stream into the nozzle flow may involve bleeding air from the compressor
stage, the lower injection pressure regimes (IPR < 5.6) are generally of interest.
Nonetheless, Semlitsch et al. (2013a) showed that the shock pattern structure
is sensitive to the IPR. Thus, the different IPR simulated are chosen such that
a conclusive trend can be observed. The reference values and other employed
boundary conditions are summarized in Tab. 3.1.

Table 3.1. Reference values and boundary conditions.

parameter symbol value unit

nozzle exit diameter De 57.5 mm
jet pipe diameter Dj 2.67 mm
area ratio Ae/A

? 1.23 (-)
nozzle design Mach number Me 1.56 (-)
nozzle pressure ratio p0,n/p∞ 4 (-)
ambient pressure p∞ 101,325 Pa
ambient temperature T∞ 288.15 K
nozzle inlet temperature T0,n 367 K

3.1.4a. General Flow Observations. In the nozzle, the initial subsonic flow is
accelerated in the convergent region until the narrowest cross-section at the
nozzle throat is reached. There the critical Mach number is reached and the
supersonic flow streams through the divergent section of the nozzle. Figure 3.12
illustrates the transformation of the shock pattern in the divergent section of
the nozzle for the different injector configurations. The instantaneous Mach
number contours are shown at the mid cross-section of the nozzle. The flow
enters the nozzle from the inlet section with a laminar boundary layer profile
and without relevant generated turbulent flow motion. The overall flow field
without injecting through the jet pipes, R = 0 and IPR = 1.0, evolves rather
independent of the injection port location. Due to the sharp transition be-
tween nozzle segments, which accelerate the flow to a supersonic velocity, a
shock pattern structure establishes. An expansion fan manifests at the tran-
sition region between the convergent and divergent nozzle segment. With the
expansion fan, a separation bubble is provoked right downstream of the ex-
pansion fan. For this case (i.e. baseline), the height of the separation bubble
is rather small, compared to the domain extensions. Without flow streaming
through the jet pipes, the pressure acting at the jet pipe inlet is the ambient
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pressure. Due to the higher static pressure locally in the nozzle, some flow is
forced out through the jet pipes. Therefore, the flow reattaches to the nozzle
walls with the jet pipes. Thus, the separation bubble is elongated with the
downstream positioning of the jet pipes.

For IPR = 1.0, a shock root manifests on the separation bubble down-
stream of the narrowest cross-section of the nozzle. The emerging oblique
shock merges on the nozzle centerline in form of a Mach disk, from where the
shock is reflected. With the formation of the Mach disk, a slip line is pro-
voked. Independent of the injectors location, the same principal shock pattern
establishes for IPR = 1.0. However, from the injection port outlets emerge
weak oblique shock waves. Due to the shifted injection pipe positions for the
individual cases, the shock waves establish at different locations. For the jet
pipe location closest to the narrowest cross-section, the shock wave rising from
the jet pipe interacts with the basic shock pattern. With the interplay of the
upstream shock root originating from the separation bubble and the shock from
the end of the jet pipes, the merged shock is shifted slightly downstream. How-
ever, the shock emerging from the furthest downstream located jet pipes does
not merge with the general shock pattern. Nevertheless, due to the shock rising
from the jet pipes, the size of the Mach disk is marginally influenced, where
the Mach disk is enlarged with the jet pipe most upstream location.

The jet pipes guide the air stream into the expansion zone of the crossflow
shock pattern in the nozzle. Thus, the local flow right outside of the jet is
accelerated. The static pressure distribution at the jet pipe orifice changes
with the different pipe locations. Since the total pressure is imposed as inlet
boundary condition at the jet pipes, different mass flow rates at the jet pipe
orifice develop for the different injection locations considered. This results,
for a particular applied IPR, in different effective velocity ratios R, which are
indicated in Fig. 3.12 for various injection locations. For an IPR of 1.8 and
corresponding resulting effective velocity ratios of 0.33, 0.22, and 0.2, the jets
remain attached to the nozzle walls for all geometrical setups. The attached
jets stream with unsteady flow fluctuations along the nozzle wall, which lead to
a disturbance of the nozzle flow field. Expansion and compression waves arise
between the upstream shock and the shock reflection. The waves arrange in a
curved shape and focus in the shock merging point. In several time instants
shown in Fig. 3.12, the compression waves seem to be linked with the flow
structures arising from the jets. However, for many IPR configurations, the
compression waves are rather static and do not propagate with the same speed
as the flow structures, since the flow structures cover only a relative small
region of the nozzle volume. Nevertheless, the onset of the compression waves
can be also seen in Fig. 3.12 without flow streaming through the jet pipes. For
an IPR of 4.4 at the injection configuration close to the nozzle throat, only a
few compression waves can be noted and the downstream shock pattern reveals
significant motion.



78 3. TURBULENCE

IP
R

=
1.

0
(a) R = 0 (b) R = 0 (c) R = 0

IP
R

=
1.

8

(d) R = 0.33 (e) R = 0.22 (f) R = 0.20

IP
R

=
2.

4

(g) R = 0.66 (h) R = 0.53 (i) R = 0.47

IP
R

=
3.

0

(j) R = 0.75 (k) R = 0.72 (l) R = 0.71

IP
R

=
3.

6

(m) R = 0.91 (n) R = 0.90 (o) R = 0.87

IP
R

=
4.

4

(p) R = 1.09 (q) R = 1.07 (r) R = 1.03

IP
R

=
5.

2

(s) R = 1.20 (t) R = 1.20 (u) R = 1.17

IP
R

=
5.

6

(v) R = 1.26 (w) R = 1.25 (x) R = 1.23

Figure 3.12. Mach number contours for the different geomet-
rical setups as function of IPR. The effective velocity ratio R
obtained for an IPR at a jet pipe location is indicated.
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Comparing the IPR of 1.8 cases for the three injection locations, as illus-
trated in the Fig. 3.12 (d-f), an opposite trend of the shock pattern structure,
compared to the IPR = 1 configuration, can be observed. With the jet pipes
positioned close to the nozzle throat, the strong shock pattern is significantly
weakened and the initial shock pattern is replaced by two shock structures,
where the Mach disk is hardly apparent any more. For the location of the jet
pipes furthest downstream, the initial Mach disk widens and the Mach disk
moved slightly upstream. For the intermediate jet pipe position, the shock
pattern hardly exhibits significant changes. However, the shock merging point,
in either form of a regular or irregular reflection, is moved slightly upstream.

For this low IPR = 1.8, data shown in Fig. 3.12 (d-f), a bow shock in
front of the jets cannot clearly establish when the pipes are located in the
intermediate or the further downstream location. However, when the jets are
located closely to the nozzle throat, the established bow-shock in front of the
jets clearly changes the original shock pattern. Hence, shifting the injection
location downstream, the IPR needs to be raised to provoke a disturbance,
which is sufficient to generate a bow shock in front of the injected jets. With
the lower effective velocity ratio, an expansion wave forms over the jet effluence
location. However, this incidence does not provoke more compression waves in
the expansion zone. Nevertheless, for higher values of the effective velocity
ratio, the bow shock manifests slightly upstream of the jet discharging into the
crossflow and extends towards the mid of the nozzle.

The initial angle, with which the bow shock extends into the crossflow, is
related to the effective velocity ratio of the jet. The higher the effective velocity
ratio, the steeper the angle of the bow shock. This phenomenon has also been
observed by Verma & Manisankar (2012), where micro jets have been used to
shift a shock pattern in a supersonic channel. The jet streams contribute to
the dynamic pressure distribution at the nozzle outlet. A static pressure zone
is induced at the interface between the jets and the crossflow. Thus, the shape
design of the nozzle is changed by adding fluid to the crossflow. This adds to
the change of the shock pattern evolution in the nozzle.

With the injection close to the nozzle throat, the two shock pattern, which
are nearly overlapping for IPR of 1.8, start separating clearly for a higher R,
as shown in Fig. 3.12 (d) to (v), respectively. A general trend establishes with
increasing IPR, where the upstream shock pattern starts steepening and the
downstream shock pattern bends hardly notable downstream. Noteworthy is
that the reflection of the steepening upstream shock pattern becomes signif-
icantly weaker with increasing IPR and a reflection from the nozzle walls is
not observable in the investigation domain for higher range of simulated IPRs.
However, for IPR lower then 4.4 a compressible wave reflection from the first
upstream shock pattern at the nozzle walls is visible. At an IPR of 5.2, a
reflection at the nozzle centerline is hardly visible. The bow shock forming in
front of the jets does not penetrate far into the nozzle for an IPR of 5.6.
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By locating the injecting pipes at the intermediate position (middle col-
umn in Fig. 3.12), a Mach disk and a resulting slip line is observable for all
simulated IPRs. The Mach disk width is initially reduced, when jet streams
are applied. However, with further increase of the IPR, the width of the Mach
disk increases. With the jet pipe location furthest downstream, a continuous
widening of the Mach disk can be observed with increasing IPR. The slip
line is the most obvious for these further downstream injection situations. For
this jet pipe location, at least a lambda shock root from the first upstream
shock pattern attaches to the separation bubble, while the bow shock in front
of the jets contributes the second lambda shock root for the higher IPR. The
second downstream shock pattern is generated further downstream with the
downstream shift of the jet pipes.

The possible occurrence of two different shock wave reflection types, i.e.
regular and Mach reflection, for a nozzle geometry and a flow configuration
has been discussed in Section 2.2.1. Ben-Dor et al. (1997) showed that which
reflection type appears depends on the initial flow solution or rather flow his-
tory. Hence, the formation of the Mach disk may be sensitive to the initial
flow conditions. Nonetheless, in the current simulations, the bow shocks are
constantly perturbed during the simulation and influenced by the shock pat-
tern generated by the jets. Nevertheless, the formation of the Mach disk can
be linked with weak shock focusing. In a weak shock focusing event, a regular
or Mach reflection can occur. The evolution of weak focusing shock waves has
been investigated and discussed by many researchers (Sturtevant & Kulkarny
1976; Tabak & Rosales 1994). The growth of the Mach disk with weak shock
focusing, which can be seen in Fig. 3.12, can be described by this theory. Typi-
cally for such kind of convergent-divergent nozzles, a second Mach disk outside
of the nozzle establishes. The increase of the external Mach disk provoked by
fluidic injection on an external jet exhaust has also been observed by Cuppoletti
et al. (2013). The current study suggests that the shape of the shock pattern
can be steered by the choice of the injection location.

At a slip line, provoked by the upstream located Mach disk, partial reflec-
tion of an incident compression wave seems to occur at some time instants, as
shown in Fig. 3.12. This is also exemplified in Fig. 3.13, which shows three
time instants of the Mach number contours at an IPR of 4.4. The upstream
shock pattern is defined by one clear defined incident shock and the reflection
at the nozzle mid provokes a Mach disk and a reflection, which gives rise to a
slip line formation. The downstream shock structure consists of multiple merg-
ing compression waves. The induced motion of the compression waves focusing
between the time instants in the nozzle mid is visible in Fig. 3.13. Several
curved compression waves are visible in Fig. 3.13 (a) downstream in the second
shock structure. At this second shock structure a clear focusing point at the
nozzle centerline can be seen. Not all curved compression waves focus in this
point. Clearly a compression wave at the upper side and a compression wave
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(a) t1 (b) t2 (c) t3

Figure 3.13. The Mach number contours for an IPR = 4.4
at three consecutive time instants with a ∆t = 1 µs are shown.

at the bottom side of the focus can be identified, which do not focus in this
point. All these compression waves exhibit a rather slow motion compared to
the motion of the injected jet flow structures propagating in the nozzle flow.
At a later time t2, shown in Fig. 3.13 (b), the previously clear defined focus be-
comes diffuse and at even a later time t3 (see Fig. 3.13 (c)), a shock structure is
hardly apparent. Due to the disturbances provoked by the jets, the focusing of
the compression waves to a shock structure is a transient phenomenon. Hence,
a shock structure manifests at times and breaks down thereafter. Therefore,
at times a shock system cannot establish further downstream. For the inter-
mediate jet pipe configuration between an IPR of 4.4 and 5.2, a downstream
compression wave pattern cannot focus for all times in one point and a shock
structure establishes only over a short period.

Figure 3.12 (g) shows that the jets separate from the nozzle walls for an
IPR of 2.4 when the jet pipes are placed close to the narrowest nozzle section.
However, the further the jet pipe location is shifted downstream, the longer
the jets remain attached to the nozzle walls and a lower effective velocity ratio
R is achieved. The jets sporadically choke at an IPR of 3.0 (for the most
upstream jet pipe location) or an effective velocity ratio of 0.75. The sporadic
shock events exhibit only a small windward barrel shock, which extends only
over a small part of the jet. However, a leeward barrel shock and a Mach
disk are present, as shown in Fig. 3.13. At the highest simulated IPR, the
windward barrel shock shows strong motion, but the shock structure is always
present. Relatively large flow structures seem to be induced before the jets
choke compared to the flow structures visible at high effective velocity ratios,
when the jets choke.

The modulation of the separation bubble plays an important role for the
location of the shock pattern. Generally, the height of the separation bubble
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increases significantly with increased R and IPR2. However, the growth of the
separation bubble height with increasing R or IPR is related to the location
of the jet pipes. The closer the injection pipes are positioned to the narrowest
cross-section of the nozzle, the more impact has the amount of injection to the
height of the separation bubble. Nevertheless, the large scale unsteadiness of
the separation bubble increases, when the jet pipes are moved downstream,
since the flow structures in the shear layer have more time to develop. Fig-
ure 3.13 (a) shows a strong interaction between the bottom located jet fluid
and the separation bubble. Close to the nozzle throat, the generated vorticity
magnitude is high and the initial part of the shear layer sheet of the sepa-
ration bubble exhibits only minor motion. Further downstream, the vortical
structures shedding downstream are orientated towards the streamwise direc-
tion and the vorticity magnitude decreases. The incident bow shock manifests
on the separation bubble and it follows the motion of the separation bubble.
Thus, the largest movements of the bow shock for the lower simulated range in
this application are caused by flow interaction between the separation bubble
and the jet and not by acoustic waves emitted by the jet. Figure 3.13 (a) shows
large scale interaction between the flow reaching from the separation bubble
and the bottom side placed jet. The consecutive time series shown in Fig. 3.13
(b) and Fig. 3.13 (c) demonstrate the propagation of the disturbance in the
upstream shock. The motion of the shock is damped before reaching the Mach
disk and therefore the Mach disk does not exhibit large scale motion. Addi-
tionally, the disturbance is generated only in a very small part of the shock
pattern.

Due to the different application motivation, the simulated effective velocity
ratios in this study are rather low compared the effective velocity ratios inves-
tigated by Génin & Menon (2010) and Kawai & Lele (2010). Therefore, the
shock pattern evolving for the simulated jets in the present simulations appears
rather differently. Figure 3.13 shows clearly that shocks in the jet exhausting
into the nozzle crossflow are present at an IPR of 4.4. A leeward barrel shock
and a small Mach disk can be identified. Also, the shock reflections at the
Mach disk can be observed at some time instants. However, the formation of a
windward barrel shock is not clearly visible. At some time instants, a sponta-
neous weak windward shock formation can be noted. With increasing IPR, the
windward shock appears more often and at the highest IPRs simulated, a wind-
ward shock is always visible. The Mach number contours, shown in Fig. 3.14,
illustrate that the weak windward shock for an IPR of 5.2 at the most upstream
injection location. Compared to the jet shock structure observed by other in-
vestigations at higher effective velocity ratios, e.g. Génin & Menon (2010) and

2Figure 3.12 reveals that the separation bubble is hardly visible for the baseline configuration,
but the height is clearly notable for high IPRs. Thus, the height of the separation bubble is
several times larger with large injection amounts than without injection.
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Figure 3.14. The instantaneous Mach number contours for
an IPR = 5.2 show the occurrence of the windward barrel
shocks.

Kawai & Lele (2010), the windward shock establishes rather weak. Neverthe-
less, the windward shock exhibits large scale motion as described also in these
investigations, where the windward barrel shock moves downstream and a new
shock is initiated slightly above the jet orifice. Kawai & Lele (2010) describe
this new establishing shock as ”kink”. It was shown that these ”kinks” are not
clearly connected to the Mach disk. For an IPR of 5.2 at the most upstream
injection location, the windward shock appearance manifests similar to these
”kinks” described rather than a windward barrel shock, since the windward
shocks are often not clearly connected to the Mach disk. Nonetheless, at times
the reflections at the Mach disk of the jet shock pattern are visible, as shown
in Fig. 3.13 and Fig. 3.14.

The sketch plotted in Fig. 3.15 summarizes the evolution of the observed
shock structures for the injected jet with increased R. At the leeward side of
the injected jet, a wake manifests with low or even negative streamwise flow
velocities. Thus, a mixing layer is provoked between the wake and the injected
jet. Further, the strong velocity gradient over the mixing layer gives rise to the
formation of a leeward shock for R > 0.75. Nonetheless, on the windward side
of the injected jets, the crossflow is accelerating downstream of the bow shock
and exhibit similar flow velocities as the injected jet. Thus, the amplification
of the observed flow instabilities on the windward shear layer between crossflow
and injected jet is rather weak for R < 0.75. However, flow instabilities are
initiated in the region of the jet injection orifice. Already in the injection pipe
instabilities form and also the interaction with the recirculation bubble shear
layer induces flow instabilities. Nonetheless, the initial flow instabilities exhibit
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Figure 3.15. Sketch of the appearance of shock pattern
structure with increasing R. The shear layer of the separa-
tion bubble is indicated in light blue and the shear layers of
the injected jet in cyan.

a tendency to be washed to the sides for R < 0.75. For 0.75 < R < 1.1 a small
shock manifests at the interface between recirculation bubble and the injected
jet. As visible in Fig. 3.13, the similar velocity magnitudes with the same di-
rectivity prevent from a windward shock formation at 0.75 < R < 1.1 and only
at the leeward side the gradient are high enough for a shock wave generation.
With increasing R above 1.1, the injection velocities is high enough that this
small shock wave on the windward side on the injection penetrates further into
the crossflow due to enhance instantaneous velocity gradient fluctuations in
the shear layer. Since the manifestation of this windward shock in the injected
jet is related to the instantaneous flow fluctuations, the shock wave exhibits
intense motion, which is indicated in Fig. 3.15 by dashed lines.

3.1.4b. Thrust estimations. The manifestation of a shock pattern causes flow
energy penalties, where over a normal shock, more flow energy is drained from
the system than an oblique shock. For the present configurations, the formation
of a normal shock occurs only in a small proportion of the nozzle cross-section,
as e.g. in form of the Mach disk in the center of the nozzle or the steeping
upstream shock pattern. Further, the injected jets are inclined to the nozzle
crossflow and represent a blockage to the nozzle flow. The mixing losses and the
blockage effect decrease efficiency, whereas a beneficial shock pattern and the jet
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stream momentum increase efficiency of the nozzle. Thus, the shock strength
estimation on axial lines, quantifies the local impact of the shock, but cannot
clarify the significance to the generated flow losses over the entire system.
However, the generated thrust of an injection configuration is a significant
performance parameter, since the aim of the nozzle is to generate the largest
possible thrust. Therefore, the amount of flow energy losses with the occurring
shock pattern can be estimated by evaluating the generated thrust over the
nozzle section, when the individual configurations are compared to each other.

The jets streaming from the circumference into the nozzle contribute to
the thrust generation, but the provided momentum of the jet represents an
additional effort. Thus, the injected momentum into the jets pipes needs to be
subtracted from the final estimated thrust. The momentum provided to the
injection jets is treated as if the momentum would be drained from the nozzle
streamwise direction and thereafter, redirected into the divergent section of the
nozzle.

About 500 individual time instants have been used to calculate the averaged
thrust production for each configuration. The obtained values normalized by
the mean thrust obtained for IPR = 1 are plotted in Fig. 3.16 as a function of
the effective velocity ratio R, where the mean and the variance of the thrust
for one configuration is indicated by error bars. The configuration without jets
streaming through the jet pipes exhibits a small amount of thrust variation
compared to the most other simulated configurations. However, the results
for the different injection location configurations at IPR = 1 are overlapping
and therefore, only one value is shown. The low amount of fluctuations with
IPR = 1 is expected, since the time instant of the flow field exhibits only small
deviations from the time-averaged flow field.
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Figure 3.16. The estimated thrust generated with the dif-
ferent fluidic injection configurations as a function of R is
shown.
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With flow control by fluidic injection, unsteady flow motion is induced
into the nozzle. Therefore, the variance of the estimated thrust is expected
to increase. Counterintuitive, the variance of the estimated thrust decreases
initially for the lowest investigated IPR of 1.8 (corresponding to an R in the
range of 0.20 − 0.33) and the pipes mounted at the intermediate and most
downstream location. However, for the near throat injection location, the most
flow unsteadiness is induced by the jets and the unsteady flow motion convects
until the nozzle exit is reached. For the injection locations further downstream,
the unsteady flow motion is lower and the unsteadiness is damped until the
fluctuations might reach the nozzle exit.

However, the progression of the thrust and the growth of the thrust vari-
ance does not follow a simple abstract trend with increasing IPR. With an
augmented IPR to 2.4 (R ∼ 0.47 − 0.66), the thrust variance is increased.
Above a certain effective velocity ratio, the jets detach from the nozzle walls
and therefore, the induced thrust fluctuations increase. Although, more mass
flow is used, the generated thrust is decreased, except for the intermediate
injection configuration, where the thrust variance is increased the most. Fig-
ure 3.12 shows that the flow structures induced by the jets propagate for this
configuration until the nozzle exit. Further, the spread of the occurring effective
velocity ratios is the highest for this injection location configuration.

The increase of the IPR to 3.0 (R ∼ 0.71 − 0.75) causes that the spread
of the evolving effective velocity ratios for all injection configurations is sig-
nificantly decreased. Also for all higher simulated IPR, the effective velocity
ratios exhibit rather small deviations for particular injection pressure ratios.
The static pressure distribution at the orifice of the jet pipes determines the
flow momentum with which the jets discharge into the nozzle crossflow. The
strength of the bow shock or the bow shock development itself, upstream of the
jets, has a strong influence on the static pressure distribution at the jet orifice.

The evolution of the estimated thrust with different IPR does not reveal
a similar pattern for the different jet injection configurations. The maximal
averaged thrust is calculated to occur for the most downstream configuration
at an IPR of 4.4 (R = 1.03) .

For the most upstream jet injection configuration, the highest generated
thrust is predicted for the lowest amount of injected mass flow. For an IPR of
2.4 the calculated thrust decreases and at an IPR of 3.0, the thrust increases
again. With an IPR of 3.0 the jets choke only sporadically and the larges
thrust variance is observed for this configuration, since the jet induced flow
structures observed are rather large compared to the other configurations. For
the injection pressure ratios where the jets choke, the observed thrust variance
decreases. At an IPR of 5.2 the most upstream shock pattern reduces to bow
shocks upstream of the jets and the thrust variance increases significantly.
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With the intermediate jet injection location, the highest thrust is generated
at an IPR of 2.4. The thrust variance increases approximately monotonically
with increased IPR. The configuration IPR of 3.0 represents an exception of
this trend, since the thrust variance is higher for this configuration than for the
following.

The most downstream configurations exhibit for all simulated IPR larger
than one the largest Mach disk in the mid of the nozzle flow. The normal
shock induces a large total pressure drop and therefore, the result that this
configurations supply the highest thrust is counterintuitive. Figure 3.12 shows
the Mach number contours for all the configurations. For the injection pressure
ratios of 1.8 and 2.4 only one principle shock pattern is observable. With an
IPR of 3.0, a second downstream shock pattern is initiated. This shock pat-
tern is also observed for the other injection location configuration. However,
for most downstream injection location configuration, this second downstream
shock pattern is shifted most downstream, where the high flow velocities are
shifted towards the outlet plane of the nozzle. The high flow velocities increase
the expelled momentum at the nozzle exit. The contribution of the momentum
term in the thrust equation is relatively large for this configurations and is
responsible for the increase in the estimated thrust. Since the quantities to cal-
culate the flow momentum are integrated over the entire nozzle exit plane, the
flow field in the nozzle mid represents only a small contribution, and the losses
of the Mach disk are nonessential for this jet injection location configuration.
The computation of the estimated thrust reveal that the thrust is a maximum
at an IPR of 4.4 and the thrust variation is a maximum at an IPR of 3.6, at
the most downstream injection configuration, respectively.

3.1.4c. Unsteady Flow Statistics. Due to the confinement of the nozzle and the
compressible aspects of the flow, the development and the evolution of unsteady
flow motion is highly damped. Figure 3.12 shows the instantaneous flow field in
terms of the Mach number contours for several injection operating conditions.
With no flow streaming through the jet pipes (R = 0), hardly any unsteady
flow motion is observable. This is despite that the problem specific Reynolds
number based on the diameter and the mean nozzle exit velocity is high. With
the fluidic injection discharging into the crossflow (R > 0), relevant unsteady
flow motion in the nozzle is induced. The turbulence kinetic energy levels for
the operating conditions are shown in Fig. 3.17. The shocks reveal a source
for high turbulence kinetic energy levels, where the magnitudes scale with the
strength and the motion of the shock. Further, downstream of a shock the
turbulence kinetic energy levels are increased, whereas the turbulence kinetic
energy levels upstream of the most upstream shock are low. Since the most
upstream shock is for some cases anchored on the bow shock, in front of the
injected jet, the unsteady flow motion of the injected jets provokes an unsteady
response from the shocks. Further, acoustic wave radiation from the injected
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jets causes the most upstream shock to move. Therefore, also a slight increase
of turbulence kinetic energy upstream of the shocks may be seen.

The flow field upstream and within the convergent section of the nozzle
exhibits only in the boundary layer sporadically unsteady flow motion. How-
ever, in the transition between the cylindrical duct and the converged section
unsteady flow is generated, which propagates further downstream and out of
the nozzle. Nonetheless, the velocity upstream of the narrowest cross-section
in the nozzle is nearly equal for all the simulated cases and hence, the strength
and the occurrence of these structures is similar for all the cases.

With the separation bubble at the narrowest cross-section of the nozzle
and the jets, a source for unsteady flow motion is induced. The separation
bubble is small for low amounts of injection and increases in size for higher
amounts of injection. The size of the separation bubble, affects the formation
of the expansion fan manifesting at the sharp transition between the convergent
and the divergent section. For an IPR of 1.0, the expansion fan is visible as a
backward tilted line slightly upstream of the most upstream shock formation
in the Figs. 3.17 (a-c). The expansion fan straightens up with fluidic injection,
where the orientation of the expansion fan is directly linked to the shape of
the separation bubble. The relation can be clearly observed comparing the
Figs. 3.17 (d-f), where the separation bubble is observably higher for the in-
jection location close to the nozzle throat and relatively flat for the injection
location furthest downstream. For the highest IPR studied at the injection
location closest to the nozzle throat, the expansion fan is hardly notable any
more.

For an IPR = 1.0, high turbulence kinetic energy levels in the injection
pipes can be observed. The amount of unsteady flow generated in the injec-
tion pipe decreases significantly with increasing IPR. Moreover, hardly any
unsteady flow motion can be observed in the injection pipes for the highest
IPR = 5.6. Without injection, the separation bubble arising from the nar-
rowest cross-section incidents at the trailing edges of the injection ports and
thereby, high turbulence kinetic energy levels are generated. However, with in-
jection, the shear layer of the separation bubble is washed out by the injected
jets. Nonetheless, the pressure waves provoked at the injector orifice propagate
upstream in the injectors. With increasing IPR the velocities in the injection
pipes become nearly sonic and for the highest IPR the injected jets discharge
in form of an under-expanded supersonic jet into the nozzle stream, hence the
acoustic wave propagation in the injectors is inhibited.

Especially for lowest IPR’s and for the highest IPR’s simulated, the com-
pression waves manifest with a clear defined shape and are identifiable in the
time sampled statistics, i.e. the turbulence kinetic energy levels, shown in
Fig. 3.17. The compression waves exhibit for some of the cases a relative static
behavior without relevant motion. However, for other cases the compression
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Figure 3.17. Turbulence kinetic energy levels (m2/s2) in a
mid-plane cut as function of the IPR and injection location.
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waves are rather diffuse or not traceable in the turbulence kinetic energy lev-
els, since they are revealing large scale motion. This behavior can be observed
independent of the injection location in the range of an IPR between 3.0 and
5.2.

The turbulence kinetic energy levels indicate the penetration depth of the
injected fluid into the nozzle flow, where the penetration depth scales propor-
tionally with R for IPRs below 3.6. For IPR of 4.4 and higher, the penetration
depth does not increase significantly any more. Moreover, the penetration
depth based on the turbulence kinetic energy is slightly reduced from an IPR
of 3.6 to IPR of 4.4, which can be related to the chocking of the injected jets.

3.2. Coherent Flow Structure Assessment

Turbulent flows are inherently unsteady, chaotic, and complex. Nonetheless,
the presence of organized motions embedded in turbulent flow have been iden-
tified by Corrsin (1943) in jet flows and by Brown & Roshko (1974) in mixing
layers. Especially the visualizations by Brown & Roshko (1974) illustrate evi-
dently the concept of coherent structures. Although the pictures can describe
clearly the concept, there is no consent definition for a coherent structure. Hus-
sain (1983) states that the definition of a coherent structure is best left implicit.
However, for a first, vague, and informal description of the observation made by
inspecting the pictures shown by Brown & Roshko (1974), coherent structures
are instantaneous large scale motions occurring in turbulent flow for a specific
problem. However, this impression does not give a quantitative specification of
the term coherent structure. Hussain (1986) defines a coherent structure as ”a
connected turbulent fluid mass with instantaneously phase-correlated vorticity
over its spatial extent”. Nonetheless, other authors prefer different quantities
for the definition of coherence. Besides, vorticity is not a direct measurable
quantity and therefore, the definition challenges experimental methods to il-
lustrate coherent structures.

Jeong & Hussain (1995) mark out that the instantaneous vorticity field
cannot trivially reveal coherent structures. Vortices govern the evolution of
coherent structures and the interaction in between them. Thus, the dynamic
identification of vortex interaction is relevant and therefore, Jeong & Hussain
(1995) proposed a definition to identify a vortex, which is called the λ2 criterion.
A related and commonly employed concept to identify a coherent vortex is
the Q criterion, which has been compared to the λ2 criterion e.g. by Dubief
& Delcayre (2000). It was shown that both criteria give similar results in
the most applications. Tanaka & Kida (1993) point out that the use of iso-
value based criteria might lead to complications of identifying sheet vortical
structures and propose another criteria. Cucitore et al. (1999) discuss the
limitations and advantages of various criteria to identify a vortex. However,
since a generally accepted mathematical definition of a vortex does not exist,
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the optimal selection of the vortex identification criterion is conditional to the
specific application.

Features of coherent structures are the transport capabilities of fluid mass,
heat, and momentum. Coherent structures are induced by a kind of flow insta-
bility. The class of instability occurring is dependent on the type of flow. In the
free shear layer of a jet, the Kelvin-Helmholtz instability potentially provokes
coherent structures, at wall flows with curvature, the Görtler instability can
induce coherent vorticity (Wang et al. 2014), and in wakes of bodies, a von
Kármán instability is typical. Hence, the coherent structure is dependent on
the flow situation nearby the generation location of the instability and there-
fore, the initial generation of coherent structures is dependent on the nearby
boundary conditions. Thus, the boundary conditions need to be applied such
that the instabilities are not effected by numerical artifacts. Cavar & Meyer
(2012) propose to utilize visualizations of coherent structures for validation of
numerical data with experiments.

The nature of coherent structures is three dimensional over a spatial extent.
Therefore, most observations of coherent structures are based on flow visual-
izations. Coherent structures are embedded in turbulent flow motion. For
visualization and analyzation, the coherent structures need to be distinct from
the incoherent flow motion. Hussain (1983) notes that coherent flow structures
are per definition spatially exclusive and cannot overlap. Hence, a turbulent
flow can be decomposed into a coherent and incoherent flow motion. Besides
of other decompositions, a triple decomposition of the flow is commonly per-
formed. Thereby, the turbulent flow can be subdivided into three categories, a
mean component, a coherent component, and an incoherent turbulent compo-
nent. Since coherent structures have many characteristics, there exist means
and concepts by which the decomposition can be performed.

3.2.1. Flow Decomposition Methods

Modal decompositions are used in a wide range of applications, where the gov-
erning, intricate operator (e.g. compressible Navier-Stokes equations) compli-
cates to directly asses certain features of interest. With modal decomposition
a reduced order model of the operator is estimated, which can be simplistically
analyzed. Further, the most significant modes of a decomposition can be used
to describe the behavior of a component in optimization processes of control
engineering, as shown e.g. by Melli et al. (2014). Thus, reduction of complexity
is the main purpose of modal decomposition.

A turbulent flow field is inherently complex and chaotic. Nonetheless, large
scale coherent structures have been found in turbulent flow. The large scale
flow structures are characteristic for a certain problem and govern the general
behavior of the flow. Hence, by manipulating the coherent flow structures,
the response of the flow can be systematically steered. However, the coherent
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flow structures are typically not evident in an instantaneous flow realization.
Therefore, flow decomposition methods are used to extract such large scale
features of the flow field. However, since there exists no general consensus of
the definition of the term coherent structure, many interpretations of coherence
have been used by researchers. As a consequence, several different methods
have been developed to visualize the coherent features of a flow.

Commonly, a representation of the flow field, e.g. velocity or pressure field,
is decomposed into a finite sum of modes, which are usually represented by a
temporal a(t) and a spatial Φ(x) contribution,

u(x, t) ≈
J∑
j=0

aj(t)Φj(x) . (3.36)

Such a decomposition allows to analyze the temporal and spatial modes indi-
vidually. The modes are usually sorted accordingly to their importance, e.g.
their energetic contend, where the leading modes have the highest significance.
Further, using a truncated set of modes allows to study the flow without con-
tamination of small scale turbulence. Hence, the modal analysis can be used
as filter for the small scale fluctuations. The leading modes can be usually
related to physical mechanisms. However, an individual mode of a modal flow
decomposition does not always reveal a physical flow feature. Moreover, Chen
et al. (2012) describe that cases exist where several modes need to be gathered
in order to find a physical flow structure representation.

Nonetheless, there exists a number of different modal decomposition meth-
ods. Each decomposition method focuses on a certain aspect of coherence.
Hence, accordingly to the applied flow decomposition method, the modes re-
veal certain structures of the flow. The Proper Orthogonal Decomposition
(POD) method identifies the coherent structures based of the correlation of a
considered flow field quantity, where the modes are required to satisfy spatial
orthogonality. The modes constitute optimally the flow energy of an analyzed
system. The drawback of this decomposition method is that a certain mode is
not necessarily associated with a distinct frequency. With the Dynamic Mode
Decomposition (DMD), the modes are associated with a unique frequency and
the growth rate of the modes is available. Hence, in contrast to the POD
modes, the DMD modes are based on temporal orthogonality. Schmid (2010)
showed that the DMD modes converge to the global modes for linearized flows.

From computational point of view, certain criteria have to be regarded
when the sampling of the instantaneous time steps is performed. The samples
are ideally statistically independent from each other for the POD analysis,
since a most compete representation of all the flow features should be obtained.
However, the DMD method intends to approximate a linear operator with the
given time series and hence, the sampling frequency should be chosen such
that the highest important flow frequency is resolved in the samples. Hence,
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the highest important frequency needs to be represented in the time series and
sets, since otherwise this frequency is aliased to a lower frequency.

3.2.1a. Proper Orthogonal Decomposition. The Proper Orthogonal Decompo-
sition (POD) method has been applied in many areas to characterize sophis-
ticated systems by a series expansion. Instead of analyzing the full non-linear
system, the most important contributors of the series expansion are investi-
gated. Lumley (2007) applied this methodology to turbulent flows, where the
modes correspond to spatial correlations, which exhibit a high energy content.
Hence, the POD method is suited for applications where the highest energetic
flow structures are of importance. However, this is not always the case and
moreover, structures with low energetic contend can be relevant. Nonetheless,
POD is popular due to the numerical robustness and efficiency. Further, via
POD analysis of a non-linear system and Galerkin projection, low-order models
of a system can be obtained as shown by Rowley et al. (2004).

The POD method utilizes the Karhunen-Loéve theorem to construct an
optimal representation, in least square sense, of a stochastic process by an
infinite series of orthogonal functions. In the current application, the stochastic
process is the evolution of the flow field, which is decomposed into temporal
aj(t) and spatial Φj(x) components,

u(x, t) ≈ a0(t)Φ0(x) +

∞∑
j=1

aj(t)Φj(x) . (3.37)

The spatial topology of a mode is referred as topo-mode and the corresponding
temporal mode is termed chrono-mode. The zeroth mode of the POD de-
composition represents the averaged mean flow field. Semlitsch et al. (2014b)
showed that the time coefficient of the zeroth POD mode does not need to be
constant with flow pulsation. However, the modes are chosen such that the
spatial modes are orthogonal and the flow field is optimal represented in least
squares sense,

min
Φj

u(x, t)−
J∑
j=0

aj(t)Φ

2

. (3.38)

For the calculation of the POD modes, an ensemble of the flow field velocity U =
u1, u2, . . . , um consisting of consecutive, instantaneous velocity samples can be
constructed. The sequence can be sampled generally at arbitrary intervals.
Than a temporal weighting needs to be introduced to account for the unequal
distribution. However, in the current work, the snapshots are sampled at fixed
time steps and therefore no temporal weighting is required. Nevertheless, the
cell size is not equal over the entire domain and therefore a strictly positive
spatial weighting W is introduced. The volume of the mesh cell divided by the
total mesh volume is used as weighing. Instead of the velocity, also diverse other
quantities can be used, as e.g. pressure or temperature. Freund & Colonius
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(2009) tested the usability of various norms for the investigation of acoustic
modes. However, using the weighting and the instantaneous flow representation
samples, an auto-covariance function averaged in time can be defined as,

C =

J∑
j=1

uTj Wuj . (3.39)

The optimization problem posed in Eq. 3.38 can be reformulated as an eigen-
value problem, where the covariance function from Eq. 3.39 is used,

C ηk = λkηk , (3.40)

where ηk are the spatial eigenfunctions and λk are the eigenvalues of the modes.
The temporal evolution of the modes is contained in the eigenvector resulting
from the eigenvalue decomposition and the spatial modes can be reconstructed
with regard to the velocity ensemble U. The eigenvalue λk of one mode can be
associated with the flow energy contend covered by the mode.

3.2.1b. Dynamic Mode Decomposition. The temporal description of the POD
modes is for some cases not preferential, since the modes computed by the POD
method are generally not restricted to one specific frequency. Moreover, several
POD modes can be associated to a certain frequency. Thus, this can result in
difficulties analyzing an event occurring or being associated with a discrete fre-
quency. Therefore, the POD decomposition is not the preferred method when
a tonal phenomena is investigated. In order to overcome this disadvantage,
the DMD is designed to represent the flow field by an infinite series expansion
of modes associated to unique frequencies. This method proposed by Schmid
(2010) provides also the growth rate βj for the modes at a particular frequency
ωj and therefore a stability criteria for a spectral mode.

The analysis of a non-linear system is difficult. Therefore, it is assumed that
a non-linear system can be approximated by a linear operator (the so-called
Koopmann operator) with the DMD method. The linear operator operates
on a function evaluating an observable, e.g. velocity, or pressure, where this
observable provides the relevant information of the investigated system. Instead
of investigating the full non-linear problem, the linear operator is studied, which
is assumed to represent the relevant information of the entire system. From
the linear operator, the eigenvalues λj and eigenfunctions ηj can be computed.

The observable being e.g. the velocity field u(x) at discrete locations can
be expressed by a series expansion with these eigenfunctions,

u(x) =

∞∑
j=1

ηjΦj(x) , (3.41)

where Φj are the spatial modes, and ηj can be interpreted as the amplitude
of the jth mode. With a sequence of flow field instances at discrete times, the
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procedure described in Eq. 3.41 can be iteratively expanded for a future time
m starting at the time zero,

u(x,∆t m) =

∞∑
j=1

ηjλ
m
j Φj(x) =

∞∑
j=1

ηje
(βj−iωj)∆t mΦj(x) , (3.42)

where ∆t is the time step between the m samples, βj is the growth rate, and
ωj is the frequency. Hence, the eigenvalues λj of the linear operator govern the
temporal evolution of the system. The relation between the eigenvalues λ, the
growth rate βj , and the frequency ωj is given by,

ωj = arctan

(
Im(λj)

<(λj)

)
/∆t (3.43)

and
βj = ln(mag(λj))/∆t . (3.44)

For the computation of the DMD modes, the instantaneous flow field is
sampled at a certain frequency. As mentioned previously, the sampling fre-
quency 1/∆t needs to be chosen such that the relevant flow features are rep-
resented and the flow dynamics can be appropriately estimated by the linear
operator. Schmid (2010) recommends a six times higher frequency as the high-
est frequency of interest.

Equation 3.42 shows that the eigenvalues and the DMD modes are generally
complex pairs. For physical interpretation of the modes, the real part and the
positive frequencies are of interest. Hence, for the analysis of the contribution of
a mode to the flow field, the reconstruction of a mode in time can be performed
by

uj(x, t) = <
(
ηje

(βj−iωj)tΦj(x)
)
. (3.45)

3.2.2. Coherent Structures in Jet in Crossflow

The jet in crossflow is rich in coherent structures and has been investigated
therefore by many researchers. The coherent structures evolve clearly in lami-
nar, low velocity crossflow. However with turbulent, high Mach number cross-
flow, the flow field becomes more chaotic and the visualization of coherent
structures becomes more challenging.

3.2.2a. Vortical Structures. In the present investigation, the incident flow up-
stream of the narrowest cross-section is nearly laminar. Nevertheless, the con-
vergent nozzle section is initiated by a curvature. A recirculation region in
the corner manifests, see e.g. Fig. 3.14. The unsteady flow provokes instanta-
neously generated Görtler-like vortical structures, which are shed downstream
and interact with the flow field. Figure 3.18 shows a visualization of vortical
structures in the nozzle, by looking from the larger diameter section towards
the convergent-divergent part. The Görtler-like vortical structures can be seen
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(IPR = 5.2). Also for some of the time instants in Fig. 3.12 the Görtler vortical
structures are visible. The structures are highly stretched due to the flow accel-
eration and it can be also noted that the structures are slightly deformed when
passing through the shock. The conservation laws of vorticity require that the
strength in tangential direction decreases. These vortical flow structures are
weak compared to the downstream generated flow structures. Nevertheless, the
vortical structures generated by the injection in the nozzle are instantly dis-
turbed. Moreover, the vorticity shedding at the sharp transition between the
convergent and divergent section is influenced. Similar observations of Görtler-
like vortical structures have also been made by Egerer et al. (2014) investigating
cavitation in a small channel. Vortical structures generated by the centrifugal
instability bent into the small channel interacting with the vortical structures
induced there.

Figure 3.18. Görtler-like vortical structures generated in
the transition region between the inlet region and the divergent
nozzle section visualized by the λ2 criteria, where the color
represents the streamwise velocity (m/s). (The top half of the
nozzle has been removed.)

As mentioned, the vortical structures generated with the fluidic injection
are stronger compared to the Görtler-like vortical structures. However, vor-
ticity is generated at surfaces or caused by a flow interaction with the shocks.
The vortical structures for IPR = 2.4 and IPR = 5.2 are visualized in terms
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of the λ2 criteria in Fig. 3.19 (a) and (b), respectively3. The view is directed
from the inside of the nozzle towards the outlet. At the edge forming between
the convergent and divergent nozzle sections, flow separation is induced, which
leads to vorticity generation. The shear layer formed, separating the flow recir-
culation and the nozzle stream, sheds onto the jets. Turbulence develops once
the incident stream interacts with the jets.

As observed by Viti et al. (2009) among others, on a flat plate the incident
bow shock causes the boundary layer to separate from the walls and initiates
a recirculation region in front of the jet. In the current investigation, a sep-
aration bubble upstream of the injected jet occurs. However, the separation
is not primarily induced by the incident bow shocks, moreover by the sharp
transition between the convergent and divergent section of the nozzle. Further,
the separation bubble is bound to the edge of this transition and cannot freely
move. Thus, the implications on the flow behavior due to the separation bubble
is expected to be different.

For IPR’s below 3.6 (fluidic jets not choking), the extent of the flow struc-
tures shedding in the injection jet shear layer increases with rising R, as visible
in Fig. 3.12. The vortical structures for such a condition are shown in Fig. 3.19
(a), where the hairpin vortices in the injected jet shear layer are clearly visible.
Moreover, a regular spacing between the hairpin vortices seems to be visible.
However, with R of about 0.89 shocks appear sporadically on the leeward side
of the jets streaming into the crossflow. Nevertheless, a windward barrel shock
does not clearly evolve for low values of R, whereas for the higher simulated R
a windward barrel shock is always visible. With shocks in the jet, the large flow
structures are not apparent anymore. Rather a high frequent, small structured
flow field can be observed in Fig. 3.12. Génin & Menon (2010) observed that
shock structures can lead to a vortex breakdown or vortex bursting, which in-
creases the mixing and generates high turbulence levels. For the lower effective
velocity ratio of 0.66 visualized in Fig. 3.19 (a) when the jets are not choked,
the vortical structures (especially the hairpin vortices) in the jet shear layer are
visible and a rather organized formation is notable. For a higher valueR = 1.26
shown in Fig. 3.19 (b), the clear formation of the structures is disrupted and
chaotic vortical structures are notable all over the injected jet shear layer.

With the shift of the injection location downstream, the separation bubble
induced at the narrowest cross-section in the nozzle expands in the main cross-
flow direction. Hence, the strength of the vorticity in the incident shear layer
on the injected jets is lower, since the instabilities in the plane shear layer break
the sheet up into smaller vortical structures. This is shown in Fig. 3.20, where
smaller vortical structures are visible, which partially adjust their orientation
with the streaming direction. Comparing Fig. 3.19 (b) with Fig. 3.20, it can be

3The λ2 threshold value for the iso-surface has been decreased to show only stronger vor-
tical structures. Thus, the Görtler-like vortical structures are too weak to appear in the
visualization.
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(a) IPR = 2.4

(b) IPR = 5.2

Figure 3.19. The vortical flow structures are visualized by
the λ2 criteria and colored by the streamwise velocity (m/s).
The nozzle in cut in the mid-plane, where the view is directed
from inside the nozzle towards the outlet.

observed that the length of the shear layer sheet is not significantly different
for these cases. Further, the evolution of the vortical structures shedding in
the shear layer takes place dissimilar when the location of the injector jets are
changed. A reorientation of the vortical structures in the streamwise direction
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and therefore a rapid vorticity decay does not occur when the injector jets are
placed close to the nozzle throat.

IPR = 5.2

Figure 3.20. For the intermediate injection location, the
vortical structures are shown for the same λ2 criteria and view
as in Fig. 3.19.

Important flow features are the vortical structures generated in between
the injection ports. Various researchers simulated a single jet in crossflow (e.g.
Schlatter et al. 2011; Viti et al. 2009) and significant vortical structures to the
sides of the jet injection have not been observed. Nonetheless, Fig. 3.19 shows
clearly the formation of hairpin vortical structures in between the injectors,
where the structures are more clearly visible for an IPR of 2.4 (Fig. 3.19 (a))
than for an IPR of 5.2 (Fig. 3.19 (b)). Hence, the vortical structures form due
to the existence of multiple jets in crossflow located in the proximity of each
other. However, these hairpin vortical structures rise from the sheet vortic-
ity shedding downstream and interacting with the injected jets. As visible in
Fig. 3.19 (a), rather long vortical structures are shed normal to the flow di-
rection downstream. These structures are disrupted when interacting with the
injected jets, where the ends bend together and the mid levels up. Therefore,
the hairpin vortical structures are generated.

Figure 3.21 characterizes this phenomenon in terms of the time-averaged
streamwise vorticity. The formation of a counterrotating vortex pair with in-
jection is expected. For an IPR of 2.4, the counterrotating vortex pair is clearly
visible. However in between the injection ports, an additional counterrotating
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vortex pair establishes of similar extent. When the injection pressure rises
to an IPR of 3.6, the counterrotating vortex pair induced by the jet injec-
tion stretches significantly further downstream as with the lower IPR of 2.4.
Further, it can be noted that the vortex pair initially is more compact, while
further downstream the two vortices separate from each other. A vortex pair
in between the injected jets is also observable for this condition at IPR of 3.6.
Nonetheless, for the same iso-contour value, this pair appears rather short and
spreads wider circumferentially. For a further increased IPR to 5.2, the injected
jets choke and therefore, the shape of iso-contours characterizing the counter-
rotating vortex pair provoked by the injected jets manifests differently. First
of all, the vorticity iso-surfaces show a wider spread of the injected jet right at
the injection. The wider distribution of the vorticity iso-surfaces is also notable
further downstream. Nonetheless, the shape becomes rapidly more narrow and
a small step is observed for all vorticity iso-surfaces for choked injected jets.
However, the vorticity iso-surfaces indicate a lower penetration depth with an
IPR of 5.2 than with an IPR of 3.6. The vortex pair induced in between the
jet injection develops similarly as observed for the previous investigated IPR.
However, an expansion shock pattern is formed by the injected supersonic jet
right outside of the injector orifice. Thereby, an initial wide spread due to
the outward expansion is provoked. With the expansion narrowing substan-
tially the streaming area between the jets for an IPR of 5.2, the vortex pair in
between the injection has less space to develop.

The observation about compression waves focusing to a shock has been
mentioned in the previous Section 3.1.4a. Investigating Fig. 3.19 (b), it becomes
clear that the compression waves do not exhibit large scale motion with the
vortical structures for high IPR above 5.2, since the vortical structures are
followed immediately by the next in a chaotic manner. For IPR below 1.8,
the injected jets do not penetrate significantly into the nozzle stream and only
small vortical structures are visible. For these extreme configurations of IPRs
simulated, the vortical structures do not influence the nozzle flow significantly
enough, since the structures are too small. Therefore, the compression waves
do not follow the motion of these structures. Figure 3.21 (a) demonstrates
that in time average, the streamwise vorticity iso-surfaces, generated by the
injected streams and the shedding in between the injectors, are nearly equally
long with an IPR of 2.4. The same illustration with a transparent iso-surface
of the time-averaged pressure fluctuations is shown in Fig. 3.22. High values
of time-averaged pressure fluctuations are generated by the motion of large
gradients of pressure. Hence, the iso-surface indicates the location of shocks
and compression waves in three-dimensions. In the front of Fig. 3.22 (a), the
pressure fluctuations induced by the expansion fan at the narrowest nozzle
cross-section are visible. Slightly further downstream, the bow shock forms the
next source of high pressure fluctuations. On top of the iso-surfaces of the time-
averaged streamwise vorticity, the compression waves cause the following rise of
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(a) IPR = 2.4

(b) IPR = 3.6

(c) IPR = 5.2

Figure 3.21. The iso-surfaces of the streamwise time-
averaged vorticity component are shown for three IPRs. A
quarter of the divergent nozzle section is show for the most
upstream injection location, where the pipes indicate the po-
sition of the jet injection.
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high pressure fluctuations, which manifest in droplet-like shapes on the vorticity
iso-surfaces of the counterrotating vortex pairs. The droplet-like shapes on the
injected streams are situated slightly upstream of the droplet-like shapes on the
counterrotating vortex pairs generated in between the injection. Also the view
from the nozzle outlet towards the nozzle inlet (Fig. 3.22 (b)), exhibits that the
iso-surface of the pressure fluctuations reveals relevant connections to the iso-
surfaces of the streamwise vorticity. Hence, the vortical structures in between
the injected jets influence the location and the motion of the compression waves.
For the other configurations presented previously in Fig. 3.17, for which such
compression waves were not-visible or hardly seen, such clear structures in the
pressure fluctuations are not apparent.

For the injection configurations at an IPR between 3.0 and 3.6, the injected
jets do not choke when discharging into the nozzle stream and the events of vor-
tical structure generation in between the injection are rather sporadic. Hence,
the compression waves are only marginally influenced by them. On the other
hand, the injected jets penetrate far into the nozzle flow with this configura-
tions. Thereby, the vortical structures have a relatively high impact on the
formation of instantaneous compression waves in the flow. Therefore, the mo-
tion of the compression waves is influenced by the large scale vortical structures
for these configurations. However, the motion of the compression waves are not
steered by one solely vortical structure, moreover by several vortical structures
in the proximity.

Further the strength of oblique shocks or compression wave is relevant for
the motion in the simulations. In Section 3.1.4a it is described that at low IPRs,
the upstream shock pattern is the strongest shock structure in the nozzle flow.
With increasing IPR a second shock pattern establishes further downstream,
which becomes stronger at high IPR. At configurations of IPR where only
sporadically vortical structures are shed in between the injected jets and the
downstream shock is anchored on top of the injected jets, the shock pattern
motion is dependent on its strength. Hence, an interplay of several events
causes the motion of the shock pattern inside of the nozzle.
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Figure 3.22. For the same configuration as show in
Fig. 3.21, the time-averaged streamwise vorticity iso-surfaces
are shown for an IPR of 2.4 in a quarter section of the nozzle.
On top, iso-surfaces of the pressure fluctuation are plotted to
indicate the location of shock waves and compression waves.



CHAPTER 4

Numerical Methods

The simulated set of equations, i.e. the Navier-Stokes equations for compress-
ible flow, is a system of non-linear partial differential equations. Analytical
solutions exist only for special, canonical cases, but no general analytical solu-
tions have been proven to exist. Therefore, the solutions are approximated by
iterative numerical methods on a discretized computational domain provided
with boundary and initial conditions.

There are different numerical approaches for handling the set of partial dif-
ferential equations describing the behavior of fluid flow in a stable, consistent,
and accurate manner, e.g. the finite differences, the finite volume, the finite
elements, and the lattice Boltzmann method. The individual approaches have
certain advantages and disadvantages, and therefore, the method of choice for
the simulation is based on the investigated problem. Nonetheless, the finite vol-
ume method is the most natural method regarding the discrete formulation and
involves directly the approximation of conservation laws. Since the fluxes are
conserved by construction, the finite volume method is particularly appropri-
ate for fluid dynamic applications. Further, this method facilitates performing
accurate simulations in complex geometries, due to the inherent robustness.

Besides of the numerical discretization approach, the computational do-
main needs to be chosen appropriately to allow capturing of all relevant phe-
nomena for the investigated problem. Moreover, the boundary conditions need
to be imposed at some distance from the investigation region to avoid solution
contamination from spurious artifacts related with the numerical implemen-
tation. Let’s take as an example the case of a compressible, high-velocity
turbulent jet. The length of the potential core itself and the distance to the
mixing zones at the end of the potential core are important length scales for
the domain. However, the spatial largest dominating phenomenon is the flow
entrainment by the jet. The entrainment can be influenced by too close posi-
tioning of the boundaries to the jet developing region. Thereby, the jet spread
is influenced and the characteristics of the jet are not well represented. Even
for the simulation of the internal nozzle flow the external entrainment might
influence the results, since the static pressure at the nozzle outlet is influenced.
Hence, the domain size is chosen such that enough extend for accurate predic-
tion of the entrainment is assured.

104
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For all unsteady simulations results presented in this thesis, the code EDGE
(Eliasson 2001) has been used. The code is based on the finite volume method
and solves the complete non-linear Navier-Stokes equations governing the com-
pressible flow phenomena. The structure of this code is shortly described in
this section, followed by the description of the commonly used mesh structure
for the investigated problems in this thesis, and an example of mesh resolution
study for one of the cases demonstrated.

4.1. Discretization

For numerical simulations, the governing equations need to be discretized on a
mesh grid and evaluated at discrete times, where the flow solution is marched
iteratively from one to the next time-step. Nevertheless, the set of equations can
be practically ordered accordingly to their characteristic behavior and thereby
written in the form,

∂

∂t
U +

∂

∂xi
Fc +

∂

∂xi
Fv = Fi , (4.46)

where U are the conservative variables, Fc are the convective fluxes, Fv are
the viscous fluxes, and Fi are the source terms, e.g. gravity. Equation 4.46
represents a differential formulation of the governing equation. Due to the
discretization with finite volumes and the expected compressible flow effects,
the governing set of equations needs to be solved in conservation form or integral
form. Hence, for each control volume dV outlined by surface elements dS,
Eq. 4.46 can be rewritten using the Gauss divergence theorem as,∫

V

∂

∂t
U dV +

∮
S

niFc dS +

∮
S

niFv dS =

∫
V

Fi dV , (4.47)

where ni is the normalized normal vector on a surface element dS. For a
discretized volume element of a certain shape, the surface integrals can be
replaced by sums,

∂

∂t
(U0) +

N∑
k=1

Fc,0kni,0kS0k +

N∑
k=1

Fv,0kni,0kS0k = Fi,0V0 , (4.48)

where the index 0 refers to the current control volume andN is the total number
of bounding surfaces of the control element. A hexahedral control volume is
sketched in Fig. 4.1 to illustrate the association of the index k referring to the
individual surfaces.

The flux terms can be written as,

U =


ρ
ρu1

ρu2

ρu3

ρe

 , Fc =


ρui

pδ1i + ρu1ui
pδ2i + ρu2ui
pδ3i + ρu3ui
(ρe+ p)ui

 , Fv =


0
−σi1
−σi2
−σi3

qi − ujσij

 , (4.49)
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Figure 4.1. Illustration of the hexahedral control volume
V0, with the six bounding surface elements S0k and the nor-
malized normal vectors ni,0k.

where δji is the Kronecker delta. The flux terms in the governing equations
have been grouped accordingly to their physical behavior. They need to be
mathematically appropriately discretized with regard to their physical nature,
where the temporal or spatial derivative and the order of the derivative governs
the behavior of the terms. Thus, different discretization schemes are used for
each term category. They are introduced in the following section. In the current
work, source terms are not considered in the calculations.

4.1.1. Spatial discretization

A number of spatial discretization schemes have been developed and for aeroa-
coustic simulations of high Reynolds number flows, where two characteristics
of the fluctuations are crucial, the generation of fluctuations and their prop-
agation. In the context of this thesis, high Reynolds number flows are con-
sidered. Hence, the convective forces dominate over the viscous forces in the
free stream. Further, the dissipation caused by turbulence is several orders
of magnitude higher than the dissipation provoked by the molecular viscosity.
The inviscid fluxes contain the non-linear terms in the momentum equations,
which are responsible for turbulence and thereby important for acoustic noise
prediction. Thus, a spatial discretization scheme which correctly captures the
turbulence energy cascade is required.

Further, the inviscid fluxes govern the convection and thereby, the accurate
propagation of the quantities. It is important to convect information with-
out altering it (e.g. see the dissipative and dispersive nature of schemes). In
some particular compressible flow scenarios the generation and propagation of
acoustic waves are of importance. The amplitudes of acoustic waves are small
compared to the pressure fluctuations generated in the hydrodynamic near-
field. However, the propagation of these waves must be calculated over long
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distances at low attenuation. Hence, for accurate acoustic noise calculations, a
discretization scheme with low dissipative and dispersive error is desired.

The inviscid flow assumption is often used to treat high Reynolds num-
ber compressible flow scenarios (e.g. transonic, supersonic flows). Since the
acoustic field is inviscid/irrotational, acoustics can be directly computed using
the Euler equations. However, when solid walls are part of the simulation and
the wall boundary effects might have an influence on the simulations results,
the viscous terms in the Navier-Stokes equations need to be considered. Huet
(2013) and Brès et al. (2013) underline the importance of the boundary layer
resolution in nozzles on the acoustic noise predictions.

4.1.1a. Inviscid flux. The inviscid flux governs the non-linear terms in the
Navier-Stokes equations, which are responsible for the evolution of turbulence.
In turn, turbulence is a relevant source of acoustic noise generation. As descried
by Kolmogorov’s hypothesis, the amount of energy dissipated at the smallest
scales depends on the kinetic energy transferred trough the turbulence energy
cascade. In order to capture the flow physics and the energy decay appropri-
ately, high order accurate schemes capturing the turbulence energy cascade are
preferably used for turbulence simulation as described by Vreman et al. (1996).
Nonetheless, high order schemes involve commonly large discretization stencils,
which are suitable for academic investigations on idealized geometries and uni-
form grids. However, a distorted arrangement of mesh cells cannot be avoided
when generating meshes of realistic complex geometries. Moreover, due to the
possible misalignment where large stencils cause errors, compact discretization
schemes are usually favored in such applications. High order compact schemes
have been developed for non-uniform grids, see e.g. Chung & Tucker (2003)
or Ghadimi & Farshchi (2012). Fosso P et al. (2010) developed even a sixth
order compact scheme. However, these schemes and the respective boundary
conditions are difficult to implement and are numerically less stable than other
lower order schemes. A small amount of upwinding is often added to eliminate
numerical stability issues. Martensson & Eriksson (1991) successfully used
such a scheme and determined the optimal amount of upwinding by numeri-
cal experiments. Mittal & Moin (1997) showed that on unresolved grids, the
smaller scales are more energetic with a second order central difference scheme
than with a high order upwind biased scheme. Further, the authors conclude
that this might effect acoustic noise predictions, where small scale fluctuations
may be important. Also the authors state that the central difference scheme is
computationally less expensive than the high order upwind biased scheme to
achieve the same accuracy.

The second essential quality for acoustic noise predictions is the accurate
reproduction of wave propagation. All wavelengths of acoustic waves travel
in air with constant phase speed and retain their shape. An alteration of the
shape of the waveform corresponds to a dissipative error. Hence, the amplitude
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of the signal is decreased and shifted to nearby wavelengths. A dispersive error
causes the wave to travel faster or slower than the actual wave speed. Thus,
the spectral characteristic of the acoustic noise is not preserved during the
propagation. The quality of a spatial discretization scheme is therefore often
assessed thought its capability to retain the waveform and the wave speed,
where the accuracy of the maintained wave characteristics depends usually
on the number of grid points that are available per wavelength. However, high
order accurate schemes require generally less number of grid points to represent
a wavelength within a tolerated error than low order schemes. Nonetheless,
high order schemes involve often large stencils and demand therefore more
operations per grid point than low order schemes with small stencils. Thus,
for a given computational effort, a finer mesh can be calculated with a low
order scheme. Nevertheless, the result may be more accurate with a high order
scheme on a coarser grid.

The choice of the spatial discretization scheme is a trade off between com-
putational effort and accuracy. The beauty of the second order central differ-
ence scheme is that it involves only the two proximate cells to approximate
the derivative. Therefore, this scheme is often used in combination with un-
structured grids and complex geometries. Further, boundary conditions are
relatively simple to implement and the scheme is computationally relatively
inexpensive. However, this scheme requires a fine spatial discretization in or-
der to provide accuracy, but the high resolution is anyway preferable to model
shocks as thin as possible for capturing the pressure gradient. Hence, due to the
ability to handle complex geometries and allow high resolution at reasonable
effort, the second order central difference scheme was used in this work.

A pure central difference might lead to unphysical high frequency oscilla-
tions near sharp gradients, such as shocks. Using an oscillatory scheme requires
an additional handling for the stabilization of the numerical procedure to pro-
vide physical meaningful solution. Therefore, an artificial dissipation d01 can
be appended to the central difference scheme for damping these spurious oscil-
lations (Swanson et al. 1998),

Fc,01 = Fc

(
U0 + U1

2

)
− d01 , (4.50)

where central difference scheme determines the convective flux between the
nodes 0 and 1, which is indicated by the indices. In the present simulations,
a Jameson-type artificial dissipation (Jameson et al. 1981) forming a blend of
second and fourth order differences is utilized,

d01 =
(
ε

(2)
01 (U1 − U0)− ε(4)

01 (∇2U1 −∇2U0)
)
χ01r01 , (4.51)
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where ε
(2)
01 and ε

(4)
01 are the dissipation functions, ∇2 is the Laplacian operator,

r01 is the local spectral radius, and χ01 is a factor to adapt the artificial dis-
sipation appropriately to the local grid stretching. This form has been found
satisfactory by other authors, e.g. Mavriplis (1990).

The largest influence range can be formulated using the largest charac-
teristic over the control surface S01 consisting of the averaged cell face speed
ui,01 = (ui,0+ui,1)/2 and the averaged cell face speed of sound c01 = (c0+c1)/2,

r01 = (|ui,01ni,01|+ c01)S01 , (4.52)

where S01 is the control surface area and ni,01 is the normal vector of the
surface. Further, the factor χ01 accounts in the artificial dissipation for local
grid stretching,

χ01 = 4
χ0χ1

χ0 + χ1
where χ0 =

(
r0

4r01

)C(χ)

, (4.53)

where C(χ) is a factor, which is chosen to be 0.3 and r0 is the total spectral
radius of all faces of the cell,

r0 =

N∑
k=0

(|ui,0kni,0k|+ c0k)S0k =

N∑
k=0

r0k . (4.54)

Using χ01 as a scaling factor, the artificial dissipation is proportional to the
local spectral radius in the direction of grid stretching.

The second order dissipation function ε
(2)
01 shall be active near shocks to

damp high order oscillations, but inactive in the free stream where no sharp
gradients are present. Therefore, the dissipation function is related with the
local pressure gradient,

ε
(2)
01 = C(2)

(∣∣∣∣∣
N∑
k=1

(pk − p0)

∣∣∣∣∣
/

N∑
k=1

(pk + p0)

)
s2 , (4.55)

where C(2) is a user defined parameter, which was set for the present simulations
to 0.11. In order to reduce the effect of the number of cell neighbors, the scaling
factor s2 is introduced as,

s2 =
3(N0 +N1)

N0N1
. (4.56)

In contrary to the second order dissipation function, the fourth order dissipation

function ε
(4)
01 shall be active in the free stream and vanish near shocks and

therefore, ε
(4)
01 is defined as,

ε
(4)
01 = max(0, C(4) − ε(2)

01 )s4 . (4.57)

The user defined parameter C(4) was set to 0.005 in the current simulations
and s4 = s2

2/4 is a scaling factor to account for the number of cell neighbors in
accordance with s2. At the boundaries of the domain, the artificial dissipation
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shall not alter the fluxes. Hence, the normal derivatives to the wall are not
considered in the Laplacian of Eq. 4.51.

4.1.1b. Viscous flux. The viscous stress in the momentum equation can be
expressed as the vector Laplacian ∇2 of the flow field. Using the identity of
the Laplacian equation for any variable φ,∫

V

∇2φ dV =

∮
S

∂φ

∂n
dS , (4.58)

an approximation for the vector Laplacian ∇2 for cell 0 can be obtained,

∇2φ0 ≈
1

V0

N∑
k=1

S0k
φk − φ0

|xk − x0|
. (4.59)

The missing gradients for the viscous terms are computed using the Green-
Gauss formulation,

∇φ0 =
1

V0

∮
S

φ0nidS =
1

V0

N∑
k=1

1

2
(φ0 + φk)ni,0kS0k . (4.60)

Thereby, a second order accurate approach is obtained for the viscous terms.

4.1.2. Temporal discretization

The temporal discretization can be formulated either in explicit or implicit
manner. The solution at the next future time is obtained by information of
the flow field at the current or past time with explicit time discretization.
Nonetheless, implicit time integration considers not only information at the
current time in order to predict the flow solution, but also information at the
next future time. Therefore, the implicit time marching requires an iterative
algorithm to provide a solution for the future time, which is computationally
more expensive than the computations necessary for the explicit discretization.
However, the implicit time discretization is unconditionally stable, while a nu-
merical stability criteria, i.e. the Courant Friedrichs Lewy (CFL) condition,
limits the time-step size for the explicit solution advancement. This stability
limit is related to the physical information propagation on the finite mesh per
time-step. The speed of the information propagation with regards to the cell
size and the time-step is expressed by the Courant number Co,

Co =
u∆t

∆x
, (4.61)

where u is the maximum physical information propagation velocity, ∆t is the
time-step, and ∆x is the numerical cell size. When the Courant number Co
is larger than unity, the information travels further than one numerical mesh
cell at one time-step. With explicit time discretization, the information can be
transported at maximum one cell each time-step. Hence, the stability limit for
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explicit time advancement schemes is Co ≤ 1 and the choice of time-step size
is related to the spatial mesh resolution of the problem.

In contrast to explicit schemes, the procedure of implicit time marching
requires several inner iterations to provide solution accuracy. Nonetheless, the
advantage of an implicit discretization is the unconditionally stable behavior
of this procedure, which allows the usage of large time-steps. Thereby, the
implicit time integration can be computationally more effective than the ex-
plicit discretization. However, although the solution provided by an implicit
time advancement integration at a higher Courant number than unity might
be stable, the solution may not be physically accurate. The accuracy of the
implicit numerical time integration is dependent on the resolution of the rele-
vant physical timescales occurring in the investigated problem. Nevertheless,
Jameson & Yoon (1986) demonstrates that an implicit time discretization with
a large time-step can be used to converge rapidly the steady-state solution of
the governing equations, where the physical relevance of the solution between
iteration time-steps is not essential for steady-state simulations.

Since a high time resolution is required to capture the flow physics of
the investigated problems in the context of this thesis and a small time-step
favors the solution accuracy, an explicit time discretization has been chosen
for the work presented. A low-storage four-stage Runge-Kutta scheme with
standard coefficients is used for time integration. Due to the low memory usage,
this scheme is computationally fast. The time advancement of the solution is
performed at a specified time-step ∆t.

The current used Runge-Kutta scheme is formally of second order accuracy,
which can be considered to be low for aeroacoustic applications. More advanced
time discretization schemes have been developed, as summarized by Colonius &
Lele (2004). Berland et al. (2006) improved the Runge-Kutta scheme for acous-
tic purposes by using two storage locations and optimizing the coefficients in
Fourier space. However, in the current simulations, the time-step was chosen
such that the Courant number would not exceed the value 0.5. This value
occurs only in a few cells close to the wall boundary of the convergent nozzles
in the most investigated cases, whereas the Courant number is less than 0.1
everywhere in the bulk flow. With such a small time-step, the temporal accu-
racy of the approach is sufficiently high compared to the errors in the spatial
discretization. Further, the solution obtained with four stages was compared
to the solution calculated with six stages, where no significant differences could
be observed in the flow field.

4.2. Boundary Conditions

Especially in aeroacoustic simulations in the time domain are known to sen-
sitive to artificial reflections at the boundaries of the computational domain.
Since the acoustic waves exhibit low amplitudes, the acoustic predictions are
easily contaminated by spurious reflections from the outlets. Often in the real
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case scenario, the acoustic noise spreads out into the exterior and the first dist-
urbances or reflections are generated far away from the source. However, an
infinite domain length is not possible and therefore, the spatial domain is trun-
cated at some point, which generates an artificial interface at the boundary.
The interface shall be ”transparent” for disturbances to leave the domain. Let-
ting the disturbances passing smoothly out of the domain, without giving rise
to spurious reflections, challenges the formulation of the boundary conditions.
Therefore, several types of boundary condition methods have been developed to
reduce or suppress the amount of reflections from the artificial boundaries. The
three main categories of the linearized methods are the non-reflecting bound-
ary conditions, the radiation boundary conditions, and the perfectly matched
layer. With perfectly matched layers, the domain is enclosed by a buffer layer in
which the properties of the fluid media are adapted such that the disturbances
are damped before they reach the computational outlet. The disadvantage of
perfectly matched layers is that the quality of the boundary condition depends
on parameters, shape of the imposed profile, and thickness of the layer. An
alternative is the radiation boundary condition, where an asymptotic solution
of the Euler equations is used to approximate the propagation of disturbances
over the extent of the computational domain.

In the present unsteady simulations, inviscid characteristic boundary con-
dition formulations in combination with grid stretching are used for all inflow
and outflow boundary conditions, where the characteristics are imposed either
from the interior domain for the leaving characteristics or from the defined
boundary conditions for the entering characteristics. The characteristics of a
hyperbolic system of equations are trajectories of waves traveling trough the
domain. Poinsot & Lelef (1992) derived the five characteristics in a certain
propagation direction coordinate 1, where the amplitudes of the characteristics
are governed by the corresponding ordinary differential equation,

L1 = u1

(
c2
∂ρ

∂x1
− ∂p

∂x1

)
, (4.62)

L2 = u1
∂u2

∂x1
, (4.63)

L3 = u1
∂u3

∂x1
, (4.64)

L4 = (u1 − c)
(
∂p

∂x1
− ρc∂u1

∂x1

)
, (4.65)

L5 = (u1 + c)

(
∂p

∂x1
+ ρc

∂u1

∂x1

)
. (4.66)

The terms in front of the partial derivatives, i.e. u1 and (u1± c), correspond to
the propagation speed in the direction 1. A physical interpretation of the trav-
eling waves can be appointed. L1 is an entropy wave, L2 and L3 corresponds
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to the velocity convection, and L4 and L5 are acoustic waves. The sign of the
characteristic governs the traveling direction of the waves with respect to the
coordinate 1. Thus, it can be distinguished between waves entering and leav-
ing the domain. Assuming a one dimensional inviscid problem, the governing
equations for the primitive variables ξ = (ρ, u1, u2, u3, p) can be rewritten in
terms of the characteristics as,

∂ρ

∂t
+

1

c2

(
L1 +

1

2
(L4 + L5)

)
= 0 , (4.67)

∂u1

∂t
+

1

2ρc
(L5 −L4) = 0 , (4.68)

∂u2

∂t
+ L2 = 0 , (4.69)

∂u3

∂t
+ L3 = 0 , (4.70)

∂p

∂t
+

1

2
(L4 + L5) = 0 . (4.71)

Thereby, the boundary conditions can be specified in terms of the ampli-
tudes of the characteristics. Hence, for a set of primitive variables ξbound =
(ρ, u1, u2, u3, p) at the boundary, a new set of primitive variables ξ′bound shall
be found using characteristics, which can be used in the flux evaluation of this
node. The characteristic variables L are related to the primitive variables ξ
by,

ξ = ΛL . (4.72)

The local surface normal vector is used as wave propagation direction with
the values supplied from the boundary condition for the computation of Λ,
where the tensor Λ is build using the characteristic relations stated above. The
characteristics can be derived from the local and the free stream variables using
the inverse of Λ,

LL = Λ−1ξL , and L∞ = Λ−1ξ∞ . (4.73)

The local primitive variables ξL are derived by a local extrapolation neglecting
viscous effects. The sign of the individual eigenvalue λ determines the direc-
tionality of the characteristics. Thus, components of the characteristics are
selected accordingly to the sign of the eigenvalue,

Lbound,i =

{
LL,i , λi > 0 ,
L∞,i , λi ≤ 0 .

(4.74)

The new set of variables can then be computed from Eq. 4.72, where further
the flux over the boundary can be computed. However, since this condition
is based on one dimensional propagation normal to the surface, this type of
boundary condition is not ideal for a wave incident angle tangential to the
surface boundary.
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Nonetheless, the types of boundary conditions described are not completely
non-reflective in the general case and therefore this boundary conditions are
often combined with other techniques, as e.g. absorption layers around the
physical domain, grid stretching, or additional damping terms in the governing
equations. In absorption layers, a non-physically high viscosity or an upwind
scheme introducing numerical viscosity can be used to damp waves in an ad-
jacent layer. Also with grid stretching towards the outlet, the entering wave
becomes under-resolved and thereby dissipated in the grid. However, these
approaches can lead to internal reflections when the stretching (Hu & Atkins
2002) or the viscosity increase (Israeli & Orszag 1981) is not performed very
gradually. Since the flow solution is altered in a non-physical manner, the flow
solution in such zones might not be physically interpretable.

4.2.1. Inlet Boundary Conditions

Generally, two types of inlet boundary conditions have been used. A so-called
free steam boundary condition was used in the surrounding, where no hydro-
dynamic disturbances leave the domain, and a total states inlet condition was
employed at ducted inlets. At the later, the total pressure, the total temper-
ature, and the inflow direction are specified, where the other flow variables
are extrapolated based on the static pressure. For the free stream boundary
condition, the target states for the static pressure, static temperature, and ve-
locity are specified. This conditions are used in a weak formulation. Hence,
the values at the boundary are not necessarily the defined target values.

Several challenges have been observed imposing inlet boundary conditions.
A critical issue where spurious numerical reflections from the boundary after
initializing the supersonic nozzle simulations, since high amplitude pressure
waves are generated. Therefore and to prevent from spurious reflections gener-
ated later, grid stretching towards the inlet has been employed. Another chal-
lenge represents the modeling of the unknown turbulence intensities present in
the experiments. Tests using synthetic turbulence at the inlet showed that the
imposed turbulence did not survive due to the grid stretching the inlet duct
upstream of the convergent section. Therefore, turbulent fluctuations are not
introduced at the inlet plane.

4.2.2. Outlet Boundary Conditions

At the outlet boundary where hydrodynamic fluctuations leave the domain,
all variables are extrapolated using the interior characteristics in the domain.
Hence, flow cannot enter into the domain through this boundary. Nonetheless,
vortical flow could lead to instantaneous back-flow, which would lead to stabil-
ity issues at this boundary. In order to handle this issue and avoid back-flow
from this boundary, the numerical approach is supported by a rather long buffer
region in which grid stretching is employed. Therefore, the vortical structures
are elongated with the grid stretching and the vorticity tangential to this outlet
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is damped. Further, the inherent numerical viscosity due to the grid stretch-
ing assists the damping of reflections at this boundary. This treatment occurs
far away from the flow region of interest and thereby the flow solution in not
affected. The details of the grid design are discussed in the next Section 4.3.

4.2.3. Treatment at the Walls

At the walls, adiabatic no slip boundary conditions are considered, where a
strong formulation is employed. Thus, the velocity components relative to the
wall are set to zero and the boundary flux is zero for the energy equation.
Therefore, the residuals for the velocity at the wall are not evaluated. Details
exposing the grid quality in the near wall regions are given within the next
subsection of the thesis.

4.3. Numerical Grids

The computational domain needs to be discretized into small control elements,
which contain the geometrical information of the problem. In fluid dynamic
problems, where the complex geometry governs significantly the flow properties,
the geometry needs to be represented in an accurate manner. Several methods
exist to arrange the numerical cells and also different cell types are available.
Auto-generated meshes are often preferred to reduce the generation labor in
complex geometries. The disadvantage of auto-generated meshes is that the
flexibility to refine certain regions at high quality is limited. Nevertheless, block
structured meshes require an amplified amount of human labor for complex
geometries, but the computational grid can be generated at very high quality.

For all the presented cases in this thesis, block structured hexahedral grids
have been used. Thereby, the domain is basically subdivided into cubes or cube
systems, which are connected over interfaces. Therefore, the orientation of the
cells is linked to each other in the entire computational domain. Hence, in a
block of hexahedral cells, the cell identification can be stored such that the cell
neighbors can be found based on the structured entry. This can be used to
optimize the numerical procedure in a solver, since the connectivity is known
beforehand. However, the used solver does not make use of the mesh block
structure.

Every numerical approach has certain prerequisites on the numerical mesh
grid. For example, depending on which turbulence handling approach is used,
the gird needs to be able to represent the relevant flow features, which are
not modeled. The most of the meshes utilized in this thesis where designed
for the LES approach. Hence, the turbulent flow features need to be resolved
as accurately as affordable, since only the smallest flow scales are modeled.
Exemplary, the typical mesh structure of a used mesh is shown in Fig. 4.2,
which is used for the simulations of injection into the supersonic nozzle stream.
The general structure of the mesh design used can be divided in three parts,
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(a)

(b) (c)

Figure 4.2. The numerical mesh grid is shown in a mid-
plane view. Entire computational domain (a), zoomed section
near the jet pipe (b), and interfacial region between jet pipe
and nozzle (c).

i.e. the near wall region, the buffer region towards inlets and outlets, and the
investigation region.

Too high growth factors in the mesh grid can lead to unphysical internal
reflections and are therefore unwanted. Hence, the growth factors are kept as
low as possible (< 1.05) in the region of interest. Figure 4.2 (b) reveals that
the mesh exhibits a nearly uniform hexahedral cell structure in the core of the
divergent section in order to provide high accuracy over the domain. However,
Mittal & Moin (1997) describe that the numerical dissipation is increased in
a coarsened mesh domain and that the high numerical dissipation dominates
in this region. Hence, growth factors towards the outlet increase the inherent
dissipation of the numerical approach and can be used to generate an implicit
buffer layer. With the grid stretching the pressure waves become progressively
less resolved and are dissipated in the numerical mesh. The entire domain
is illustrated in Fig. 4.2 (a) and it can be observed that towards the outer
boundaries significant grid stretching is employed. Worthwhile to note is that
the outlet boundaries are far away from the investigation region.
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No wall functions have been used for the LES simulations presented in this
thesis. Hence, the near wall region is required to be resolved as accurate as
possible. Due to the dominance of the wall normal velocity gradient in the
boundary layer, the refinement of the wall normal orientation is significant in
order to resolve the most important features of the boundary layer. Nonethe-
less, the numerical solution at a cell is overwhelmed by numerical errors if the
cells exhibit a too high aspect ratio. Therefore, also the remaining orienta-
tion directions need to be refined in order to sustain high numerical accuracy.
Figure 4.2 (c) shows the outcome of such a refinement. The boundary layer
evolves in the majority of the simulated cases in the context of this thesis rather
thin due to the compressible nature of the high speed flow. Hence, also the
mesh refinement at the walls has been sized accordingly. The transition of a
boundary refined grid into the free stream requires careful design of the mesh
structure, since the small mesh cell structure combines with the relative coarse
free stream mesh. Nevertheless, this fine mesh cells are beneficial to capture
the early developing shear layer instabilities.

The used mesh sizes evolved in a tradeoff of computational effort and nu-
merical accuracy, where the general mesh structures has been conserved. How-
ever, the common mesh cell counts used, were 11 million for a coarse mesh, 22
million for an intermediate mesh, and 44 million cells for a fine mesh.

4.4. Assessment of Accuracy

The assessment of the accuracy and the credibility of the numerical approach
of choice is a necessary task for every simulation application. The quality
evaluation can be split into two main elements (see e.g. Roy 2005; Roache
1997), i.e. verification and validation. That the conceptual model is consistent
with the numerical model is the verification of the simulation tool and the first
step of assessing the quality of the approach. The second step is to validate
that the numerical model represents actually the real physical process.

The validation of the numerical simulation results with experimental mea-
surements is given in the Sections 2.2.1, 3.1.1a and 5.3.1. The availability
of experimental flow data in high speed turbulent flow is not as a matter of
course, since special facilities are required to provide accurate measurement
data. However, PIV measurements supplied by the University of Cincinnati
are at hand and a reasonable comparison is provided.

An important task for fluid dynamic simulations is prove that there is a
sufficient numerical mesh resolution, which captures the most relevant features
of the flow. However, the possibility to perform an expedient mesh resolution
study is not always given. Especially in high speed compressible flow, a high
amount of computational mesh cells is required such that the numerical rep-
resentation can resolve all relevant length scales. A too coarse grid that does
not resolve the problem characteristic length scales will not provide a physical
solution. Hence, only grid refinements can be used in a grid sensitivity study.
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Table 4.1. Characteristics of the mesh grids. The total num-
ber of cells is listed with the wall next cell height min ∆ and
the average cell spacing ∆xi in the investigation region. The
last column shows the chosen time-step ∆t used for a certain
mesh grid.

number of cells min ∆ ∆xi ∆t

3 11 million 1.0 · 10−8 m 2.74 · 10−7 m 2.5 · 10−8 s
2 22 million 5.0 · 10−9 m 2.25 · 10−7 m 1.75 · 10−8 s
1 44 million 2.5 · 10−9 m 1.60 · 10−7 m 1 · 10−9 s

However, these grids may become not affordable due to the computational
costs. Therefore, methods of grid error assessment are suggested by various
authors, see e.g. Celik et al. (2008) or Roache (1998).

4.4.1. Grid Sensitivity Study

A gird resolution study has been performed for all of the simulations shown in
this thesis. However, a representative case is selected to show the procedure
for verification of an adequate grid resolution. A case examining the internal
injection into the supersonic nozzle is demonstrated, where the configuration
for the intermediate injection location with an IPR of 4.4 has been selected.
Three mesh grids have been used, where the general block-structure was kept
(as shown in Fig. 4.2), but the cells and the wall closest cell were refined to
investigate the sensitivity and the accuracy of the designed mesh-grids. The
characteristics of the mesh grids are listed in Tab. 4.1. Since the explicit time-
stepping requires that the CFL condition is fulfilled, the time-step had to be
adjusted.

Figure 4.3 shows the flow solution in terms of the time-averaged Mach
number for this operating condition on the three different grids. The observ-
able differences are small or even not notable. Hence, a more quantitative
method needs to be used to asses the grid sensitivity. Several procedures have
been proposed to analyze the appropriateness of the employed grid size. Here
the methodology proposed by Celik et al. (2008) to asses the uncertainty due
to discretization is carried out. This procedure is based on the Richardson
extrapolation and suggests to state the grid quality in terms of several param-
eters. With the extrapolation, the solution on an infinite fine grid is estimated.
Therefore, the asymptotic converging solution obtained on a sequence of grids
is required. Based on such a data set, the order of the solution convergence
and the error estimated can be assessed.

The deviation of the static pressure on the centerline with the different
grids is plotted in Fig. 4.4 (a) and the extrapolated solution for an infinite fine
grid is plotted in gray. It can be observed that the numerical simulation data
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P1 P2

(a) 3: coarse 11 mil. (b) 2: intermediate 22 mil. (c) 1: fine 44 mil.

Figure 4.3. The time-averaged flow field in terms of the
Mach number is compared for three different grid resolutions.

lays mostly on top of each other in regions of smooth gradients, but near shocks
or steep gradients deviations can be observed. Further, with grid refinement the
shock location is slightly (one numerical mesh cell) shifted to a more upstream
location. However, this causes a high relative error err21 between the solutions.
The relative error between to grids for any quantity φ can be defined as,

err21 =

∣∣∣∣φ1 − φ2

φ1

∣∣∣∣ , (4.75)

where the two indices 1 and 2 are used to indicate the grid refinement levels.
The lower value is used for the finer grid and the higher value is used for the
coarser grid. Figure 4.4 (b) shows the distribution of the relative error of the
static pressure on the centerline and a peak relative error of 49% due to the
slight shift of the shock location can be observed. Nevertheless, the relative
error in regions of smooth gradients is rather low and the averaged relative
error is 1.39%.

Following the suggested procedure, a grid refinement factor rij can be
defined between the grid resolutions. With the values given in Tab. 4.1 for the
average cell spacing ∆xi in the region of interest, the grid refinement factors
r21 = 1.41 and r32 = 1.22 can be computed. Further, the apparent order oa of
the numerical approach can be estimated using the expression,

oa =
1

ln(r21)
|ln (|ε32/ε21|) + g(oa)| ,

g(oa) = ln

(
roa21 − s
roa32 − s

)
, (4.76)

s = 1 · sign(ε32/ε21) ,

where εij is the difference of the solutions φ on the grids i and j. For grid
solutions with very small error, the procedure might not work at all or will not
give a good prediction of the apparent order, since Eq. 4.76 do not provide a
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Figure 4.4. The distribution of the static pressure on the
centerline of the nozzle is presented for all three mesh grids.
The extrapolated solution is shown on top.

defined solution. Further, it might be noted that g(oa) is zero, when the same
refinement factor rij is used. However, in the current grid study, this is not the
case and an iterative solution has been obtained.

The apparent order to the computational method is a function of the spatial
location, in this case: the axial coordinate. The graphical illustration of the
distribution of the apparent order is plotted in Fig. 4.5 (a). Large fluctuations
of the apparent order can be observed, where the peak value is 51.2 and the
minimal value is 6.4 · 10−5. The smallest values, close to zero, occur due to
the formulation of the apparent order in Eq. 4.76 when the error is very small.
Hence, in situations where the solution on the different grids is equal, the
method cannot be reliably used. Nevertheless, the mean of the apparent order
is 2.89.

The extrapolation of the solution obtained on the finest grid to an infinite
resolved grid can be performed by,

φext =
roa21φ1 − φ2

roa21 − 1
, (4.77)

which has been shown in Fig. 4.4 (a). Further, the relative error between the
extrapolated result and the solution on the finest grid can be computed by,

errext =

∣∣∣∣φext − φ1

φext

∣∣∣∣ . (4.78)

The Grid Convergence Index (GCI) is defined as,

GCI =
1.25 err21

roa21 − 1
. (4.79)
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Figure 4.5. The apparent order of the used method is plot-
ted to the left. The extrapolated solution for the static pres-
sure at the centerline with indicated error bars based on the
GCI is shown to the right.

The uncertainty of the extrapolated result can be shown in terms of error bars
plotted on top. It is depicted in Fig. 4.5 (b), where it is observable that the
error bars close to the shocks are larger than in the rest of the extent. The
results for the GCI and the relative errors are summarized in Tab. 4.2. This
procedure can be performed on any quantity of interest in the computational
solution, while the static pressure at the centerline has been chosen as an
example to elucidate the method. However, this quantity might not be the
most significant parameter for the conclusions of the study. Therefore, the
procedure was performed for other quantities, i.e. streamwise velocity and
turbulence kinetic energy, where the results can be found in Appendix A.

Table 4.2. The results of the grid resolution study are tab-
ulated and the percentage of the locations where oscillatory
convergence may occur is given.

errij oa errext GCI osc. conv.

mean 1.39% 2.89 0.79% 1.03% 13.59%
min 1.37 · 10−5% 6.4 · 10−5 8.14 · 10−6% 1.02 · 10−5%
max 49.13% 51.2 22.61% 36.52%

A grid resolution study is commonly performed on statical data, as e.g.
the averaged profiles or the statistical evaluated fluctuations. However, the
assessment of the range in which unsteady flow structures are represented on a
certain mesh grid is of relevance. Therefore, the spectra of signals captured in
monitoring points can be compared, to demonstrate that the most significant
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flow features have been captured. Further, for under-resolved simulations, an
estimation for the cutoff frequency can be given. Thereby, the influence of the
numerical dissipation of the used method can be visualized. The power density
spectra of the streamwise velocity history monitored in two monitoring probes
for all three grids are shown in Fig. 4.6. The Strouhal number is defined as
St = f ·Dj/uj , where Dj is the injector diameter and uj is the mean velocity
at the injector exit. The low frequency content of the signal is captured by all
grids. The location of the probe P2 is downstream of the probe P1. Comparing
the two spectra obtained in this monitoring points, one can observe that with
the downstream shift, the energy decay approaches the −5/3 slope at the higher
frequencies. However, since the monitoring points are inside a confined domain
and the location is too close to the injection, it cannot be expected that a fully
turbulent flow developed. Further, the cutoff frequency for each grid is clearly
visible. The spectra demonstrate that with the implicit LES approach used,
no build up of high frequencies occurs. Hence, the approach using the inherent
numerical dissipation to represent the dissipative character of the smallest flow
scales succeeded.
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Figure 4.6. Spectra of the streamwise velocity component
for the three grids. The locations of the probe points is illus-
trated in Fig. 4.3 (a) with white crosses.



CHAPTER 5

Compressible Flow and Acoustic Radiation

The quantification of acoustic noise levels based on pressure data is possible.
However, acoustic measurements are commonly performed to estimate the hu-
man reaction to a pressure stimulus and therefore the human nature needs to
be encountered when quantifying acoustic noise. The human hearing is not
sensitive to the constant pressure level. Moreover, the human ear responds
to deviations of pressure with regard to the constant background pressure. A
common procedure to evaluate the amplitude of the acoustic noise is the cal-
culation of the Sound Pressure Level (SPL), where the SPL is a logarithmic
measure for the effective sound pressure relative to a reference value,

SPL = 10 log10

(
p2
rms

p2
ref

)
. (5.80)

The effective sound pressure is the root mean square of the recorded pressure
sample prms in a certain time interval. The reference sound pressure pref in
air is commonly chosen to be 20 µPa, which represents the lower threshold
of human hearing at 1 kHz. The human ear can detect frequencies in the
range from 20 Hz up to approximately 20 kHz. However, the sensitivity of the
human hearing is not equal over the entire range of frequencies. Acoustic noise
emitted at identical SPL but different frequencies is not received as equally
noisy or annoying by humans. Therefore, the obtained SPL signals are often
A-weighted (Acoustical Society of America 1994) in order to account for the
human perception of acoustic noise. Nevertheless, the A-weighting filter is only
valid for tonal acoustic noise.

The global acoustic power perceived by humans at some distance from the
source, e.g. a turbulent jet, can be estimated using simplified methods, which
are based on a characteristic velocity scale, e.g. the mean exit velocity ue,
the exit diameter De, the fluid density ρ, and the ambient speed of sound c∞.
Thereby, the monopole, dipole, and quadrupole source modeling is applied to
handle different emittance behavior. A monopole represents a simple pulsating
acoustic noise source. The acoustic power radiated by a monopole scales with
P1 ∼ ρue4D2

e/c∞, which has been used to estimate the acoustic power of pulse
jets. A dipole source can be constructed by two interfering monopole sources

123
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of opposite phase with small distance to each other1, where the acoustic power
emitted scales with P2 ∼ ρue6D2

e/c
3
∞. For an accurate estimation of turbulent

jet noise, a step further to the quadrupole source is necessary, which consists
of a superposition of two oppositely phased dipoles. Quadrupoles can establish
either in longitudinal or in lateral configuration. Nevertheless, the acoustic
power can be estimated as P4 ∼ ρue

8D2
e/c

5
∞. The fundamental theory pro-

posed by Lighthill (1952, 1954) is based on the idea that the unsteady velocity
fluctuations due to the turbulent flow field (quadrupoles in character) are the
primary acoustic noise source in subsonic turbulent free stream. The acoustic
power emitted by the flow varies with the eight power of the characteristic
velocity scale.

For the basic analysis of the noise generated in a turbulent jet, Powell
(1959) divided the hydrodynamic region into two zones, i.e. an annular zone
surrounding the potential core and another further downstream of the potential
core. Using similarity arguments, Ribner (1958) finds that the acoustic noise
generation process exhibits different characteristics in the two regions. The
high frequency acoustic noise is generated in the initial shear layer, where the
frequency decreases with the inverse of the distance to the nozzle exit. Down-
stream of the potential core, the frequency decays with the quadratic inverse of
the distance to the nozzle exit. The acoustic power scales with the ninth power
of the characteristic velocity scale in the annular zone surrounding the potential
core and with the fifth power downstream of the potential core. Powell (1959)
emphasizes that the result of the simplified analysis reveals that the acoustic
noise does not scale with the eight power in either one of the two zones, but
the overall acoustic power does. In the transition region between the zones,
the flow structures from each side of the shear layer interact. However, Powell
(1959) states that this transition region might be the important region for the
accurate scaling of the acoustic power with the eight power of the character-
istic velocity scale. Experimental measurements show that the acoustic power
emitted by subsonic turbulent jets varies accurately with the eight power of
the velocity scale.

Nevertheless, with supersonic jet noise components, the acoustic power
varies with the third power of the jet velocity scale. The complex relation of
the overall sound pressure levels (OASPL) LO depending on the jet velocity
has been described more recently by a power law ∼ uen including temperature
and radiation angle (Tam 2006),

LO(r, θ, T )

p2
∞

≈ CA (ue/c∞)n

(r/De)2
, (5.81)

1Requiring that the distance between the monopole sources times the wavelength of the

acoustic wave is small compared to unity.
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where r is the distance to the far-field receiver, θ is the receiver direction angle
relative to the nozzle outlet, p∞ is the ambient pressure, CA is a proportional-
ity factor, and n is the generalized power exponent. The proportionality factor
and the generalized power exponent are functions of the radiation direction
angle and the jet temperature. Extensive databases have been used to esti-
mate the proportionality factor and the generalized power exponent (see e.g.
Viswanathan (2004)).

These investigations have been primarily focused on the received acoustic
noise levels in the far-field and on analytical approximations based on funda-
mental jet parameters. These estimations constitute a valuable ground work
for further research. Many of the results are astonishingly accurate in spite
of the simplicity of the underlying assumptions. However, the exact location
of the acoustic noise sources and the generating mechanisms is tremendously
important. For detailed investigations of the acoustic noise generation mech-
anisms, the hydrodynamic region of the source, which leads to the measured
acoustic noise levels in the far-field, needs to be analyzed. Nevertheless, when
the near-field in analyzed, a separation between flow and acoustic propagation
is not trivial and sometimes even impossible. This is a challenge when investi-
gating a particular source of generating acoustic noise, because the distinction
between fluctuations propagating into far-field and pressure disturbances being
damped remains difficult.

The acoustic propagation is described by the compressible Navier-Stokes
equations. Implicitly, the acoustic noise sources in the flow may be considered
via simulation of the governing equations, which is known as direct noise com-
putation. Thereby, the fundamental characteristics of acoustic noise generation
by fluids can be directly studied. Nevertheless, uniformly moving or accelerat-
ing solid surfaces can also induce different acoustic noise sources. This types
of acoustic sources are not considered in the current work.

5.1. Acoustic Noise Generating Mechanisms

Acoustic noise can be provoked due to different fluid dynamic production mech-
anisms and the dominant generation processes are dissimilar for subsonic and
supersonic flows. Commonly, the acoustic noise sources in jet flows are subdi-
vided into three categories, turbulent mixing noise, screech tones, and broad-
band shock associated noise. The latter two are exclusive to supersonic flows,
where shock waves are present. The turbulence mixing noise is the prominent
source in turbulent subsonic jets, where acoustic power emitted scales with the
eights power of the nozzle exit velocity. Generally, the turbulent mixing noise
can be divided into acoustic noise generated by the small turbulent flow scales
and acoustic noise induced by the large coherent flow structures, as described
by e.g. Tam et al. (2008). Crow & Champagne (1971) stated that small and
large scale turbulence are important acoustic noise sources in jet flows. Tam
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(1995) marks out that the relative importance is related to the temperature
and the nozzle exit Mach number.

An important parameter for investigation of noise sources in compressible
jet flows is the acoustic Mach number M. In high speed jets, the convection
speed of the acoustic source relative to the ambient speed of sound is of rel-
evance, since the emitting source might travel faster than the acoustic wave
propagation in the ambient, which can lead to Mach wave radiation. Hence,
the acoustic waves continuously emitted by a source traveling faster than the
speed of sound form a Mach cone and appear as a straight aligned wave front,
a so-called Mach wave. The acoustic Mach number M is defined as the fluid ve-
locity normalized by the ambient speed of sound and an acoustic Mach number
over 1.5 is required that Mach wave radiation occurs. The ambient speed of
sound has been mentioned in the acoustic power estimations, which underlines
the importance of this quantity for acoustic noise generation. Viswanathan
(2006) uses the scaling law based on the acoustic Mach number to identify
acoustic noise sources.

For low acoustic Mach number jets, the large turbulent flow structures are
ineffective producing acoustic noise. On the other hand, the large turbulent
flow structures become the dominating acoustic noise source for jets with high
acoustic Mach numbers. Large turbulent flow structures convected at high
acoustic Mach numbers in the turbulent jet may lead to Mach wave radiation,
which is the dominant acoustic noise source for e.g. rockets.

Supersonic jets are commonly imperfectly expanded in many technical ap-
plications. Hence, a shock pattern evolves in the supersonic jet exhaust and
shock associated noise sources arise. Tam (1995) remarks that although the na-
ture of supersonic acoustic noise production is complex and versatile, it seems
to be better understood than the subsonic counterpart for low Mach number
flows. The supersonic acoustic noise sources exhibit different emittance char-
acteristics and scale different from the subsonic turbulent mixing noise. Shock
associated noise sources dominate the acoustic radiation in the upstream an-
gles. The shock formation in the jet exhaust is dependent on the nozzle shape
and therefore, the shock associated noise sources are dependent on the nozzle
shape. Tam & Tanna (1982) state that the shock associated noise intensity
scales for a convergent-divergent nozzle with the deviation of the nozzle exit
Mach number from the nozzle design Mach number. In other words, the shock
associated noise intensity scales with the degree of imperfect expansion of the
supersonic jet.

5.1.1. Turbulent Mixing Noise

Lighthill (1952, 1954) highlighted already in the early days of aeroacoustic re-
search the importance of turbulence on the acoustic noise generation. The
Reynolds stress tensor represents the amount of turbulent momentum mixing
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in the flow and Lighthill (1952, 1954) demonstrated that this tensor can be
related to the acoustic noise production in a subsonic jet. The behavior of
this source was shown to be representable by a quadrupole model. Ribner
(1969) decomposed the turbulent noise sources into turbulent self-noise and
shear noise, which can be represented by lateral and longitudinal quadrupole
according to their generation mechanism. Jordan & Gervais (2005) states that
quadrupoles in a subsonic jet, the axially aligned longitudinal sources are pre-
dominant due to the flow anisotropy in the jet. Thereby, the quadrupole noise
sources become directional and the self-noise was found to dominate over the
shear noise. As remarked by Powell (1959), the self-noise is dependent on the
velocity scale, while the shear noise is dependent also on the velocity gradient.

Tam et al. (1996) showed that the far-field spectra can be generally ob-
tained by a superposition of two similarity spectra, one for the small and an-
other for the large turbulent scales. The acoustic noise production mechanism
is different and related to the extent of the turbulence length scales. Kerhervé
et al. (2006) investigated the frequency dependence of subsonic jet turbulence
and found that the small scales emitting high frequency noise propagate faster
in the mixing layer than the large flow scales radiating low frequency noise.
Nevertheless, the acoustic noise generated by the small scales does not ex-
hibit a strong directional dependence and therefore, this acoustic noise is often
considered as background noise. In contrary, the large scale turbulent mixing
noise exhibits a strong directional dependency, where the dominant part is ra-
diated into the downstream angular sector. McLaughlin et al. (1975) showed
by experimental measurements that the turbulent mixing noise generated by
the large scale instability waves is the dominant acoustic noise source for ideal
expanded supersonic jets. McLaughlin et al. (1977) investigated the Reynolds
number effect on the acoustic noise production and found that this predom-
inant behavior is valid for a wide range of Re. Using theoretical modeling,
Tam & Burton (1984a) could show that by considering only the acoustic noise
component from large instability waves, good predictions over a range of ex-
perimental data could be achieved. Armstrong et al. (1977) demonstrated by
experimental observations that the large scale coherent turbulent structures
are also the principal acoustic noise source for high subsonic jets.

5.1.1a. Mach-Wave Radiation. The effect of heating of the supersonic jet was
discussed in Section 2.2.1a. Besides of altering other fluid and flow quantities,
the increase of the inlet total temperature results in an augmentation of the
jet velocity. The acoustic Mach number is significantly increased when the jet
is heated and the flow structures are convected at supersonic speed relative
to the ambient. Oertel (1979) performed extensive experiments on supersonic
jet exhausting a shock tube to analyze the Mach wave radiation phenomena.
Using Schlieren visualizations of the Mach waves, the first characterizations
of the acoustic phenomenon could be made. Mach waves are distinguished
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by high frequency emitted aligned waves, which are radiated from a region
associated with the first few nozzle exit diameters downstream of the nozzle
exit (Krothapalli et al. 2003). Laufer et al. (1976) found that a jet with high
acoustic Mach number exhibits two distinct source zones, i.e. an upstream
region associated with Mach wave radiation and a downstream region related
to subsonic turbulent mixing noise. At high acoustic Mach numbers, the Mach
wave radiation becomes one of the dominant acoustic noise generation mecha-
nism (see e.g. Tam 2009). The effect of non-linearity on Mach wave radiation
was investigated by Mohseni et al. (2001), where substantial differences in the
acoustic noise predictions between the linear and non-linear approach have
been reported. Nonetheless, Mach wave radiation can be studied using LES
calculations.

Figure 5.1 illustrates the changes in the rms of the static pressure fluctu-
ations in a supersonic jet with temperature variations (see also Section 2.2.1a
for a description of the setups). Generally, the shock pattern structure and
the fluctuation propagation in the shear layer are visible. For the lowest inlet
temperature case investigated, the highest sampled pressure fluctuations occur
with the Mach disk movement inside the nozzle. However, large magnitudes
occur in the initial shear layer, while towards the end of the potential core, en-
hanced magnitudes in form of an O or C shape can be observed. With heating
of the inlet stream, the magnitudes of the pressure fluctuations in the shear
layer are significantly increased. Nonetheless, for the highest inlet temperature
case, the sampled pressure fluctuations exhibit an increase in magnitude asso-
ciated with the shock pattern movement outside of the nozzle. For the larger
temperature cases, the O or C shapes are not as visible as compared with the
shear layer fluctuations observed for the lowest inlet temperature case. Al-
though large magnitudes are notable towards the end of the potential core in
form of a C shape. These large magnitude C shapes are shifted towards the
nozzle exit for the highest temperature case as for the lowest temperature case.
An increase of pressure fluctuations outside of the hydrodynamic region can
be noted for the high temperature case. Fin-like shapes arising from the first
shock wave reflection intersecting with the shear layer can be observed.

The turbulent eddies radiate acoustic noise while propagating downstream
in the shear layer. Thus, they are important acoustic noise sources. When
regarding the traveling velocity of these eddies with respect to the propagation
speed of their acoustic waves emitted into the ambient, the traveling velocity
shall be normalized by the ambient speed of sound. Therefore, the acoustic
Mach number has been defined as a measure of the flow velocity relative to the
ambient speed of sound. Tam (2009) relates the generation mechanism of Mach
wave radiation with turbulence, which can be seen as instability waves propa-
gating from the nozzle exit with growing amplitudes downstream until they are
damped. Tam & Burton (1984a,b) proposed a wavy wall analogy to explain
the generation mechanism of Mach waves. When the speed of surrounding
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(a) warm

(b) intermediate

(c) hot

Figure 5.1. The pressure fluctuations in a supersonic jet with
inlet total temperature alteration.

ambient is supersonic relative to the wavy wall, Mach waves develop from the
wavy wall. The instability waves originating from the nozzle exit and traveling
with supersonic speed with respect to the ambient downstream induce a simi-
lar response in the ambient, which gives rise to the formation of Mach waves.
Moreover, supersonic wave speeds are required so that effectively acoustic noise
is generated. Nevertheless, turbulence can be interpreted as instability waves,
which undergo an inherent amplitude growth and amplitude decay. Therefore,
a statistical approach is more appropriate for treating the effect of turbulence
on the phase velocity of the instability waves, where a Gaussian distribution for
the resulting phase velocities of the altered instability waves can be assumed.
Thus, even initially high subsonic instability waves are theoretically capable
to generate acoustic noise via dispersion effects. This explains also the reason
for which large turbulent scales are ineffective acoustic noise generators at low
Mach numbers, since the instability waves do not reach supersonic speeds.
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In Chapter 2, it has been shown that the local Mach number is not changed
when only the inlet total temperature is adapted. When considering the acous-
tic Mach number, the local speed of sound is replaced by the constant ambient
speed of sound. The acoustic Mach number increases with the rise of the in-
let total temperature, since the local velocity significantly changes. Figure 5.2
shows an instantaneous image of the acoustic Mach number on top of the static
pressure contours. For the lowest inlet temperature case considered, the acous-
tic Mach number evolves only slightly above unity, while for the highest inlet
temperature case, the peak magnitudes of the acoustic Mach number are above
2.6. Thus, the acoustic sources move faster than the corresponding propagating
acoustic waves.

The instantaneous static pressure contours, shown in Fig. 5.2, describe the
distinct acoustic wave propagation with heating of the inlet stream. Surround-
ing the potential core, indicated by the high acoustic Mach number contours,
the static pressure fluctuations in the hydrodynamic jet exhaust region evolve.
From there, the acoustic wave radiation is radiated. The amplitude of the pres-
sure wave radiation into the downstream angles is remarkably higher than the
emission in the upstream or perpendicular radiation angles. It can be noted
that the downstream radiation directivity is slightly changed. The propagation
angle with respect to the jet axis of the highest acoustic wave amplitudes trav-
eling in the downstream angles is shallower for the lowest inlet temperature
case and steepest for the high inlet temperature case. The upstream traveling
waves exhibit nearly equal amplitudes for all inlet temperatures studied.

For the lowest temperature case under consideration, the pressure waves
radiating downstream manifest with a bowed shape, since the acoustic pressure
wave propagates faster than the source in the jet core. The acoustic pressure
wave moves slower than the emitting source with increased inlet temperature,
which is indicated by the acoustic Mach number. This causes the acoustic
wave radiating downstream not to appear as a curved-like shape. Moreover, the
acoustic wave appears as straight line2 until the end of the potential core region.
The Mach wave angle can be obtained by sin−1(c∞/uc) and the expected far-
field peak radiation angle αpeak, can be estimated by,

αpeak = π − cos−1

(
c∞
uc

)
, (5.82)

where uc is the convective speed of the instability wave. Based on experimental
observations, Tam (2009) suggests to approximate the unknown uc by 80% of
the jet exit velocity. These quantities have been tabulated for the current
investigated cases in Tab. 2.2 while the same ambient conditions have been
employed. For the three temperature cases the Mach wave angles 53◦, 34◦, and
27◦ and the three peak radiation angles 143◦, 124◦, and 117◦ can be estimated,
which are in general agreement with the angles measurable in Fig. 5.2. The

2or in three dimensions with a partial conical frustum shape
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(a) warm

(b) intermediate

(c) hot

acoustic Mach number (-) static Pressure (Pa)

Figure 5.2. Effect of inlet total temperature variation: the
acoustic Mach number is plotted on top of the static pressure
contours, where the acoustic Mach number is clipped at unity.
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larger angles in the simulation data indicate that the source travels slower
than the 80% of the jet exit velocity. Nonetheless, the variation of emission
angles measurable in Fig. 5.2 is large, since the pressure waves are not perfectly
aligned. Therefore, the uncertainty for a comparison is large. Additionally,
Tam (2009) remarks that this wave pattern is only preserved in the near-field
of the jet, since the source travels only in the potential core faster than the
ambient speed of sound.

A special form of Mach waves is the phenomenon called crackle. This
type of acoustic noise is characterized by steep high amplitude pressure waves.
Moreover, the crackle pressure wave is recognized by having only the positive
acoustic wave crest without the negative counterpart. Therefore, crackle is dis-
tinguished by its shock like behavior and the skewness of the recorded pressure
signal in a microphone or probe, where the low bound threshold value of 0.4 has
been established to identify crackle. Mora et al. (2014) found experimentally
that at further distance from the hydrodynamic jet into the far-field the skew-
ness of the pressure history increases. Crackle was observed to occur randomly
without strict tonal properties. Nonetheless, Nichols et al. (2013) reports even
high skewness close by the hydrodynamic region. In contrast to Mach waves,
Williams et al. (1975) reported that the crackle wave keeps steepening even
at a far distance from the jet, but the phenomenon does not arise only due
to non-linear wave propagation. Petitjean & McLaughlin (2003) states that
the steepening of the acoustic wave with crackle is an indication of non-linear
wave propagation. Nonetheless, Krothapalli et al. (2003) report that crackle
can make up to 30% of the overall sound pressure levels at the downstream
angles.

Krothapalli et al. (2000) describes the mechanism generating crackle as
explosions of cold air entrained in the initial mixing layer. Also Nichols et al.
(2013) suggests a similar mechanism, whereby cold air is entrained into the
hot jet. The cold air has a substantially higher density and with the sudden
heating of the cold entrained air, the medium expands. Thereby, shock-like
wave front is generated.

5.1.2. Shock noise

For an imperfectly expanded supersonic jet, the shock waves in the jet exhaust
induce additional noise sources. Tanna (1977a,b) states that the turbulent
mixing noise intensity component scales with ∼ (u/c∞)8 = M8 for convergent
nozzles, whereas the shock associated acoustic noise sources scale primarily
with the operating nozzle pressure ratio. Experimental measurements suggest
that the overall shock associated acoustic noise intensity scales with ∼ β4,
where β2 = M2

e − 1 and Me = ue/c is the Mach number based on the local
speed of sound at the nozzle exit. With matched convergent-divergent nozzle
geometry, a supersonic jet can be further perfectly expanded, which leads to the
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Figure 5.3. Shock noise on top of the turbulent mixing noise
for a perfectly expanded jet. The marked area represents the
noise reduction achieved with a convergent-divergent nozzle
geometry with a certain Md over a convergent nozzle geometry.
Sketch based on data shown by Tam & Tanna (1982).

disappearance of the shock waves in the jet exhaust and therefore to an acous-
tic noise reduction. Tam & Tanna (1982) show that for convergent-divergent
nozzles, the overall shock associated noise scales can be more appropriately ap-
proximated with β2 = M2

e −M2
d , where Md is the nozzle design Mach number

(which is unity for the convergent nozzle). Figure 5.3 shows a comparative
sketch of the acoustic noise components based on data shown by Tam & Tanna
(1982), with and without (only turbulent mixing noise) shock noise. The dif-
ference of the additional shock noise generated with a convergent nozzle and
a convergent-divergent nozzle is indicated. Hence, an acoustic noise reduction
in terms of the overall shock related noise at the nozzle design Mach number
for the convergent-divergent nozzle can be observed. Nevertheless, shock in-
duced acoustic noise is generally divided into screech tones and shock associated
broadband noise. However, both shock wave related acoustic noise sources are
provoked by large scale coherent structures interacting with the quasi-periodic
shock cell structure.

5.1.2a. Screech tones. Under certain conditions, an imperfectly expanded su-
personic jet emits a tonal acoustic noise, known as screech tone. The essential
attribute of screech tones is that the high amplitude waves are radiated mainly
into the upstream angles, where this acoustic noise source can become domi-
nant. The acoustic waves responsible for the screech phenomenon propagate
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towards the nozzle structure, where they can lead to a damage of the structure
as reported by e.g. Hay & Rose (1970). Raman (1999) notes that screech
of twin arranged jets can couple and provoke damage on the external nozzle
flaps. Therefore, the screech tones have been investigated over recent years,
where some features of this acoustic noise generation mechanism remain still
unresolved as noted by Raman (1999) in a review of fifty years of research in
this field.

Generally, the screech phenomenon is linked to an inherent feedback loop,
which has been suggested first by Powell (1953). Flow instabilities develop in
the initial shear layer, right downstream of the nozzle exit. These flow insta-
bilities grow in the shear layer and propagate downstream, where the evolving
vortical flow structures interact with the regular spaced shock train. As a result,
an acoustic noise source is generated, which radiates acoustic waves into the
far-field. These acoustic waves travel upstream outside of the hydrodynamic
region of the jet and incident on the nozzle lip. There, the acoustic waves
stimulate the sensitive shear layer, which results in the initially described flow
instabilities.

Many researchers reported in literature (see e.g. Tam 1988; Raman 1998;
Kerechanin et al. 2001) that the screech has been observed for different noz-
zle shape geometries (e.g. circular, planar, triangular, quadratic, or faceted)
in various imperfectly expanded supersonic jet exhaust configurations, under-
expanded as well as over-expanded. Powell et al. (1992) identified five distinct
screech tone modes as a function of the nozzle pressure ratio. The screech modes
are commonly referred as an axially symmetric mode A1, another axially sym-
metric mode A2 with different stability behavior, a sinusoidal flapping mode
B, a helical mode C, and a sinusoidal mode D, where the sequence of modes is
ordered by appearance from low to high nozzle pressure ratios. With increased
nozzle pressure ratio, the observed screech frequency decreased. Raman (1997)
found that a reflector positioned at the upstream side can significantly influence
the amplitude of the screech tones. Depending on the location of the reflector
with respect to the wavelength, the screech tone is amplified or suppressed.
Thus, the nozzle lip thickness can have a significant influence on the screech
tone amplitudes as shown by Powell (1954b). The importance of a regular
spaced shock pattern for the occurrence of screech tones was emphasized by
Powell (1953). It requires to fulfill his phase and amplitude criteria. Based on
these, a formula for the screech frequency fscreech has been suggested,

fscreech =
uc

lshock (1 + uc/c)
, (5.83)

where uc is the convective velocity of the disturbance and lshock is the shock
spacing. This rather simple formula has the drawback that the shock spacing
and the convective disturbance velocity are difficult to estimate for complex
shock pattern structures, as e.g. for double shock cell structures. Nevertheless,
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Eq. 5.83 demonstrates directly the importance of the shock cell spacing on
the screech phenomena. Several researchers developed analytical models to
predict the shock cell spacing of a supersonic jet, where the relations show that
the shock cell spacing is linked to the nozzle exit Mach number. Tam et al.
(1986) improved Eq. 5.83 by accounting for the quasi periodic shock pattern
in the supersonic jet. Westley & Woolley (1975) showed by detailed Schlieren
movies that the disturbances do not travel with a constant convective speed,
rather the disturbances are accelerated and decelerated in the shock train.
Additionally, the observation of upstream and downstream traveling waves have
been made, which lead to this standing wave pattern in the acoustic near-field.
Panda (1999) visualized hydrodynamic disturbances traveling downstream and
confirmed the observation of upstream and downstream propagating waves. A
standing wave pattern is visible in the acoustic wave propagation. Panda (1999)
suggest to utilize this length scale of the standing wave for the estimation of
the screech frequency. This length scale is not directly related to the shock
cell spacing and it does not exhibit the drawback for complex shock pattern
structures. Since this length scale cannot be approximated beforehand, the
static pressure in the near-field needs to be assessed experimentally. Therefore,
this length scale cannot be used for a priory estimation of the screech frequency
without available measurements.

The origin location of the screech tone generation has been thoroughly
investigated in literature. Raman (1997) reported that the source of the acous-
tic waves is situated at the third or fourth shock cell. Suda et al. (1993)
noted the unsteady shock movement in the third shock cell exhibits an alter-
nating pattern, where an upstream traveling shock wave is provoked by large
flow structures in the shear layer. Panda (1998) reported a sinusoidal up and
downstream shock wave movement by screech-tone phase-averaged experimen-
tal flow visualizations. Panda (1998) notes that only the most upstream shock
cell exhibits sinusoidal motion, whereas the downstream shock cells reveal large
scale motion and splitting into weaker shock waves occurs. During the screech
cycle, a new weak shock is generated upstream, and becomes stronger while
the downstream shock wave disappears. Umeda & Ishii (2001, 2002) suggest
a screech model for the helical screech mode ”C”, where point noise sources,
i.e. monopoles, are generated by a helical vortex and rotate on circular trajec-
tories around the jet axis. The point noise sources induce by their motion a
Mach cone and thereby the upstream directivity of the screech tones can be ex-
plained. Suzuki & Lele (2003) analyzed shock noise and found that shock noise
is leaked through a mixing layer near the saddle points of vortical structures.
Suzuki & Lele (2003) states that the vortical structures close to the nozzle are
not sufficiently large to generate a perturbation that acoustic wave amplitudes
leading to screech can be produced. Thus, screech tones are generated fur-
ther downstream when the vortical structures evolved spatially. Berland et al.
(2007) confirms by detailed three dimensional numerical simulations that the
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shock leaking from the third flapping shock cell is the acoustic noise source
generating the screech tones.

For illustrating the flow with screech consider Fig. 5.4 which shows a se-
quence of consecutive shadowgraph images illustrating the shock wave move-
ment for a nozzle configuration that is known to exhibit a characteristic screech
tone. This nozzle configuration is different from the one used for the numerical
simulations in Chapter 3, where the geometrical difference of this ”splined”
nozzle is described and analyzed by Cuppoletti et al. (2014). In Fig. 5.4 also
the time-averaged shock pattern structure is illustrated. The shock pattern
structure is different, since a single shock cell train is visible in contrast to the
double diamond shock pattern presented for the other nozzle shown in Fig. 2.3.
Powell (1953) stated that the regular spaced shock cell pattern leads more emi-
nently to the formation of the screech phenomena. This is also proven to be true
in this case by Cuppoletti et al. (2014). This nozzle geometry exhibits higher
screech amplitudes and therefore, this case is shown for illustration purposes.
The shadowgraph visualizations represent an integration over the entire volume
of the jet (e.g. line of sight). The fluctuations caused by the flow instabilities
are masking the underlying shock waves. Therefore, the shock waves location
of the third and fourth shock cell are not easy to be seen. For demonstration,
the locations of the third and fourth shock waves are indicated by slightly up-
stream shifted red lines. Although the images have been taken at a frequency
of 20 kHz, large shock wave motion between the consecutive images can be
noted. With that, a flapping motion of the jet seems to occur (can be noted
by following the image sequence and is even more clearly visible in Fig. 5.7),
which can be noted especially towards the right side of the images shown in
Fig. 5.4. Due to this increased flapping motion, a screeching supersonic jet
exhibits enhanced mixing properties, as stated by Krothapalli et al. (1986) and
Raman (1998). The flapping (for helical or lateral screech modes) or pumping
(for axisymmetric screech modes) leading to a substantial radial displacement
of the jet is an inherent property of the screech phenomenon (André et al.
2012). As mentioned previously, the shock waves represent a strong pressure
gradient, which induces a large contribution to the sampled pressure fluctua-
tions. The shapes of the shock waves further downstream at the second, third
and fourth shock cell exhibit a ”<” shape. The picture series illustrates that
the peak is mostly radially displaced and only a small streamwise displacement
can be noted. The ends of the shock wave arms exhibit a large scale motion,
radially and in streamwise direction. The arms move alternating downstream
and upstream. (For axisymmetric screech modes, the ends of the ”<” shape
approach each other and separate from each other in a screech cycle.) The
forth shock pattern is only visible in some instantaneous images, whereas the
averaged image shows the location of the shock cell. Nonetheless, by overlap-
ping the indicated shock pattern shapes, it can be noted that this shape form
would cause a C shape in the sampled pressure fluctuations with the highest



5.1. ACOUSTIC NOISE GENERATING MECHANISMS 137

peak values in the mid, as e.g. shown in Fig. 5.1. Panda (1998) describes the
shock pattern movement within a screech cycle in a similar manner.

(t1) (t2)

(t3) (t4)

(t5) (t6)

(t7) time average

Figure 5.4. Sequence of consecutive shadowgraph images
sampled at a frequency of 20 kHz. The last image shows the
time average, where the location of the data line across the
shock is demonstrated. The semi-circles indicate the broad-
band shock associated noise visible in the instantaneous im-
ages. (Provided by courtesy of Dr. Daniel Cuppoletti and
Prof. Ephraim J. Gutmark.)
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Figure 5.5. Characterization of the spectral contend on data
lines in the shadowgraph image series, (red line) for the shad-
owgraph image data sampled with 20 kHz starting form the
nozzle exit (see Fig. 5.4), and (black line) for the shadow-
graph image data from the second shock cell pattern on down-
stream sampled with 10 kHz (see Fig. 5.7). The line location
is sketched in the time-averaged image in Fig. 5.4.

Nonetheless, screech exhibits a tonal acoustic characteristic and thus, the
spectral properties of this C shape pattern need to be analyzed. The spectral
properties of the shock movement can be analyzed by calculating a fast Fourier
transform on a data-line across the shock, where the image series shown in part
in Fig. 5.4 is used. The two dimensional spectrum of the data line, indicated in
the time-averaged image of Fig. 5.4, is plotted in Fig. 5.5 in red and exhibits a
peak at 2.73 kHz, which corresponds to the screech frequency experimentally
determined by Cuppoletti et al. (2014) for the ”splined” nozzle at a nozzle
pressure ratio of 3.0 with pressure measurements in the far-field. The shock
wave movement illustrated in Fig. 5.4 clearly corresponds to the screech phe-
nomena. The black spectrum in Fig. 5.5 reveals the frequency properties of
the downstream visualized shock pattern, which was recorded at a sampling
frequency of 10 kHz. Also André et al. (2011b) showed that the shock wave
motion is linked with the screech frequency.

The normalized amplitude distribution of the point fast Fourier transforma-
tions for the frequency of 2.73 kHz in the entire data space is shown in Fig. 5.6
(b). The shock pattern can be clearly distinguished, while the hydrodynamic
fluctuations are clearly weaker. The occurrence of the highest amplitudes with
the most upstream shock pattern can be explained by examining the instan-
taneous images shown in Fig. 5.4. The shock pattern closest to the nozzle is
clearly visible in all images, while the downstream shock structures are often
masked by hydrodynamic fluctuations and are therefore not as clear. For quan-
titative purposes, an integration of the fast Fourier transform amplitudes over
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the entire data space is demonstrated for three frequencies in Fig. 5.6 (a). For
the screech frequency, the peak amplitudes at the shock location are clearly
increased, while the magnitudes between the shocks are similar to the ampli-
tudes resulting for other frequencies. The level of magnitudes for the all other
frequencies, except the screech frequency, outline the fluctuations induced by
the hydrodynamic fluctuations, where slight increases are visible with the shock
shear layer interaction. The entire shock train exhibits fluctuation movements
with the screech frequency.

Figure 5.7 illustrates the downstream jet flow behavior starting from the
second outer shock pattern. The temporal resolution for these images is low-
ered to 10 kHz, which allows a higher spatial resolution. Therefore, the down-
stream shock patterns are more visible. Nonetheless, the images series, shown
in Fig. 5.7, demonstrate the wavy jet plume (indicated by cyan dashed lines)
and the displacement of the shock structures with the flapping motion more
clearly. Large scale flow structures can be observed (outlined by red dashed
lines) that propagate downstream and induce large scale shock structure mo-
tion. At some time sequences, these structures seem to occur relative organized
at constant intervals, where in between the large flow structures on one side,
the large flow structures arise on the other side. It can be noted that core
of the jet is displaced inwards in between of such a large flow structure and
outwards with the large flow structure being located at the same downstream
location. The shock cells follow this motion and move outward with the large
flow structure and inwards thereafter. However, with the lateral displacement
of the shock cells after the flow structure passed by, the shocks are at the outer
boundary of the jet core and the hydrodynamic structure separating the shock
from the ambient propagated downstream. Thus, the shock interacts with a
saddle point in the shear layer and leak into the ambient, as described by Suzuki
& Lele (2003) and Berland et al. (2007). This leakage in combination with the
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Figure 5.6. Spatial distribution of the amplitudes of the fast
Fourier transform for 2.73 kHz.
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large scale flapping motion generates the screech tones. In some occasions, the
radiated wave are that strong that shock-like wave pattern propagate in the
ambient. Nonetheless, for the current case, the acoustic waves exhibit not such
high amplitudes. From the image series in Fig. 5.7 and the corresponding time
interval, the passing frequency for the large flow structures can be estimated.
Comparing the locations of the flow structures indicated in Fig. 5.7 (t1) and

(t1) (t2)

(t3) (t4)

(t5) (t6)

(t7) (t8)

Figure 5.7. The downstream structure of the jet show in
Fig. 5.4 portrayed by a consecutive sequence recorded at a
frequency of 10 kHz. (Provided by courtesy of Dr. Daniel
Cuppoletti and Prof. Ephraim J. Gutmark.)
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Figure 5.8. Mode characteristics of the DMD analysis for
the experimentally acquired data of the downstream jet ex-
haust.

(t4), one can observe that flow structures are located at nearly the same loca-
tion. The shock waves are situated at similar positions. The passing frequency
corresponds to the screech frequency 10 kHz /3.7 ≈ 2.7 kHz reported in the
far-field. It can be further noted by comparing different downstream locations
that the convection speed of these structures is generally not constant.

The frequency properties of the experimental data set showing the down-
stream shock pattern can be analyzed by modal decomposition methods. The
501 available images sampled at 10 kHz are used as input for the calculations.
The amplitude distribution of the modes as function of the frequency is shown
in Fig. 5.8 (a). A clear peak with the highest amplitude at 2.73 kHz can be
seen. An accumulation of high amplitude modes at the low frequency range
can be noted. The inspection of the according mode shapes leads to the conclu-
sion that these modes are related to the measurement technique (illumination)
and therefore, physical interpretation is not possible. Two peaks can be seen,
which occur at 4.5 kHz and at 1.8 kHz. These modes correspond to higher
harmonics of the screech frequency aliased into this frequency range. The true
frequencies are 5.5 kHz and 8.2 kHz.3 Figure 5.8 (b) reveals the growth rate
of the modes. It can be observed that the least damped modes, i.e. one and
four, are the ones associated with the screech frequency, while all other modes
exhibit a lower growth rate.

The shape of the DMD modes can reveal the underlying physics repre-
sented. Of particular interest are the first and fourth DMD mode shapes, since

3The upper frequency bound acts as mirror with the current used method. The frequencies
result from 5.0 kHz upper frequency bound minus the overshoot frequency of the harmonics,
i.e. 5.0− | 5.5− 5.0 |= 4.5 kHz and 5.0− | 8.2− 5.0 |= 1.8 kHz.
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the corresponding mode frequency is associated with screech. A reconstruc-
tion of the first and the fourth DMD modes at four equidistant instants in the
screech cycle are shown in Fig. 5.9. The highest and lowest peak amplitudes of
the DMD modes are associated with the shock cells. With the reconstruction,
also the expansion fan downstream of the shocks become visible. Moreover, the
first mode corresponding exactly to the screech frequency exhibits a magnitude
propagation from the upstream shock structure to the downstream shock struc-
ture, while the shock structures move always downstream. Over the screech
cycle, the peak values shift from the outer legs of the upstream shock down-
stream towards the mid axis of the jet along the shock itself. From there,
the magnitudes move further upstream in the expansion fan. At short distance
from the downstream shock, a new shock forms upstream of the previous down-
stream location and catches up with the magnitude arriving from upstream in
the expansion fan. Thereby, the magnitude propagation through the entire
shock cell structure in a screech cycle is closed. The observations, made by
analyzing this mode regarding the shock movement, are conform with the de-
scriptions by Panda (1998). However, a mode magnitude propagation in the
upstream direction has not been reported. The animation of the DMD modes
exhibits similarities with a disc spring oscillating in a sinusoidal motion, where
the shock pattern structure represents the hardware of the mechanical spring.
The fourth DMD mode representing the higher harmonic of the screech tone,
introduces a slight flapping motion onto the shock motion.

(t1) (t2)

(t3) (t4)

Figure 5.9. Reconstruction of the contours at four different
times in the screech cycle based on the first and fourth DMD
mode, where the contours have been normalized.
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A general accepted theory that explains the reduction or disappearance of
the screech tones with heating of the jet inlet temperature has not been yet
established. Several hypotheses regarding this phenomenon can be made based
on the current observations in the simulation data. Anufriev et al. (1969) found
that the heating of the jet leads to a decrease of the screech amplitude and to
a frequency increase. Suzuki & Lele (2003) mentioned that the shock noise
directivity is changed towards the downstream angles when the jet is heated
and further that the shock noise leaks easier through the shear layer when the
temperature of the jet increases.

Another important factor in application is the behavior of screech with
forward flight effects. Generally, the potential core of the jet is elongated with
considering co-flow effects, as shown also in Fig. 3.5. Nevertheless, André et al.
(2011a) observed that the amplitudes of the screech tone increase with low
forward flight velocities.

5.1.2b. Broadband Shock Associated Noise. Tanna (1977b) illustrates that the
spectral characteristics of the broadband shock associated noise manifests as
a broadband hump. Contrary to screech tones, the peak frequency of spectral
broadband shock associated noise component varies with the radiation direc-
tion. At the downstream radiation angles, the broadband shock associated
noise manifests as a wide spread hump at relatively high frequencies, while
the hump shifts towards lower frequencies and becomes spiky at the upstream
radiation angles.

Harper-Bourne & Fisher (1974) highlighted for this shock noise compo-
nent the importance of a quasi-periodic shock pattern. Large turbulent struc-
tures propagate downstream and interact with the quasi-periodic shock pattern.
Harper-Bourne & Fisher (1974) proposed therefore a shock associated noise
generation model based on an array of nearly equally distributed point noise
sources. The large coherent turbulent structures provoke a correlated acoustic
noise emission while interacting with the quasi-periodic shock cell structure,
which results in constructive interference of the acoustic waves. Therefore, a
peak value for the broadband shock associated noise can be estimated. The
shock cell spacing is only approximately equal and therefore, Harper-Bourne
& Fisher (1974) suggest that the higher harmonics are weakened. Theoretical
and experimental analysis of the broadband shock associated noise has been
performed by Tam & Tanna (1982), who extended the analysis by Harper-
Bourne & Fisher (1974) for convergent nozzles to convergent-divergent nozzles.
Thereby, Tam & Tanna (1982) developed another formula for the frequency
peak of the broadband shock associated noise based on a vortex sheet model.
Tam et al. (1986) investigated the relation between the shock associated noise
components and stated that screech tones are a special case of broadband shock
associated noise. Both shock noise components are initiated by large turbu-
lent structures and both exhibit higher amplitudes in the upstream radiation
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direction. The peak frequency of the broadband shock associated noise de-
creases from the downstream to the upstream radiation angles. Moreover, the
associated peak frequency reveals a convergence behavior to a lower bound,
which is the screech frequency. Tam et al. (1986) showed that the frequency
peaks of the broadband shock associated noise line up on a straight line and
the screech tones represent the upstream limit. Suzuki & Lele (2003) explain
the shock leaking phenomenon using two dimensional DNS simulations of a su-
personic mixing layer and describe that for shock wave interaction with small
vortical structures broadband shock associated noise is generated. With thor-
ough inspection of the shadowgraph snapshots in Fig. 5.4, semi-circle shapes
in the region surrounding the jet can be observed, where the origin of these
semi-circles is a shock shear layer interaction. The semi-circles are drawn in
the time-averaged image for guidance. This is a visualization of the so-called
broadband shock associated noise. The same leaking mechanism leads with
large scale turbulence structure interaction to the high amplitude screech tones,
as shown by Berland et al. (2007).

5.2. Calculation of Aeroacoustic Propagation

A wide range of characteristic length scales are involved with the acoustic noise
generation from a free turbulent jet (see e.g. Wang et al. 2006). The smallest
length scale of the flow is the Kolmogorov length scale, which can be estimated
by the dissipation rate and the kinetic energy. In wall bounded flows, the
boundary layer gradients may ask for a resolution even below the Kolmogorov
scales of the free stream. In supersonic flows, shock waves are present, where
the thickness of a shock wave is on the same order of magnitude as the molecular
mean free path. Hence, the relevant length scales of an aeroacoustic investiga-
tion can be rather small. On the other hand, the extensions of the numerical
domain need to be sufficiently large to accurately capture the entrainment by
the free jet and its development downstream, which leads to domain exten-
sions of the order of several nozzle exit diameters in both the span-wise and
streamwise directions. Additionally, further spatial extensions of the bound-
aries may be relevant for boundary condition treatment, as e.g. damping of
outgoing acoustic waves by a matched layer. Moreover, for acoustic purposes
the computational mesh grid should be as uniform as possible to minimize the
numerical dissipation and dispersion errors introduced with a change of the
cell spacing. Hence, the calculations of the acoustic waves propagation from
the near-field origins to the far-field observers in one simulation solving the en-
tire range of length scales is computationally resource demanding. Therefore,
several approaches have been developed to decouple the source computation
from the far-field extrapolation calculations. Thereby, a numerical expensive
approach is selected to compute the acoustic noise sources and a less expensive
approach is used to propagate the acoustic information into the far-field. The
most famous and commonly used methods are the acoustic analogies. In an
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extension to acoustic analogies, the linearized Euler solvers have been used by
Bailly & Juve (2000), which provide accurate solutions by dealing only with
the perturbation quantities. This approach can also be utilized in complex
geometries.

5.2.1. Acoustic Analogies

The aim of acoustic analogies is to describe the propagation of a field variable
by an inhomogeneous wave equation, where the fluid dynamic generation pro-
cess is represented by an acoustically equivalent source term. Various acoustic
analogies have been developed based on simplifying assumptions at different
degree for specific flow scenarios. Different wave operators are used on con-
venience for a regarded problem, where the acoustic analogies can be grouped
in three main classes; i.e. the density based, the phi based4, and the stagna-
tion enthalpy based. Additionally, the formulations differ in the source term
definition.

Freund (2002) shows that by an analysis of the acoustic analogy source
terms, relevant insight into governing physics can be revealed. Lighthill (1952,
1954) acoustic analogy is firstly presented to expose the physical nature of
the source terms. An inhomogeneous wave equation is derived exact from the
equations of compressible flow motion, i.e. the mass and the momentum con-
servation equations. The equations are combined by taking the time derivative
from the mass conservation equation and subtracting the spatial derivative of
the momentum conservation equation. The wave propagation is assumed to
occur in a quiescent fluid with constant ambient speed of sound c∞, and con-
stant ambient mean density ρ∞ and mean pressure p∞. Acoustic waves have
small amplitudes with respect to the ambient quantities and represent there-
fore small perturbations on a mean state of the primary variables5. Thus, the
system of equations can be linearized. Thereby, one obtains

∂2ρ′

∂t2
− c2∞

∂2ρ′

∂x2
i

=
∂2Tij
∂xi∂xj

, (5.84)

where the prime symbolizes the fluctuation of the quantity and Tij is the
Lighthill’s stress tensor, which can be written as,

Tij = ρ∞u
′
iu
′
j︸ ︷︷ ︸

turbulence

− σij︸︷︷︸
viscous forces

+
(
p′ − c2∞ρ′

)
δij︸ ︷︷ ︸

entropy

, (5.85)

4Phi based analogies use a scaled logarithmic pressure as propagation variable in the wave
equation. This group of acoustic analogies, developed by Phillips (1960), has been especially

used for the investigation of supersonic shear layers (see e.g. Suzuki & Lele (2003) analyzing

the shock leaking mechanism), since it allows a variable speed of sound.
5The perturbations are the difference of the state variable from the mean reference state;
ρ′ = ρ− ρ∞ and p′ = p− p∞.
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where δij is the Kronecker delta function. As indicated, the Lighthill’s stress
tensor represents three types of acoustic noise sources, due to turbulence, vis-
cous, and entropy effects. The entropy term consist of the pressure fluctuations
and the density fluctuations. In several parts of this thesis it is mentioned that
the turbulence kinetic energy and the pressure fluctuation contours are indica-
tors for acoustic noise generation and the source terms of the Lighthill’s acous-
tic analogy explain their relation. The striking point of Lighthill (1952, 1954)
analysis was that the physical interpretation of the radiated sound into the
far-field is postponed until the solution of the integral formulation is acquired.
Lighthill’s acoustic analogy is convenient due to its simplicity to estimate the
acoustic power radiated into the far-field. When the acoustic field interferes
with the flow, this acoustic analogy is not preferred since it assumes that this
influence is already included in the source terms. Acoustic noise sources due
to fluid structure interaction are not accounted. Additionally, the source terms
do not account for shock related noise sources and therefore, the applicability
of this analogy to supersonic flow is limited.

Powell (1964) acoustic analogy is a reformulation of the source terms in
Lighthill’s acoustic analogy and assess directly the noise generated due to
changes of the Coriolis acceleration. Powell’s analogy is an interesting acoustic
analogy for internal or ducted applications, where the acoustic noise is mostly
generated due to vorticity.

Acoustic analogies are mostly based on volumetric source data. Kirchhoff
(1883) derived an acoustic energy conservation equation, which can be utilized
to replace the volumetric sources by a surface integral formulation by assuming
that the acoustic energy is constant over a period. With the Kirchhoff surface
integration approach, the field variable propagation is calculated from a source
zone enclosed by a control surface to the receiver outside of the surface. Only
the information on the control surface is required instead of the entire source
volume, which represents an advantage in terms of computational resources.
Since the method is based on only the acoustic energy conservation, a hydro-
dynamic flow over the control surface leads to erroneous results. Hence, for jet
flows commonly an open surface is used, which still predicts the acoustic noise
radiation into the far-field accurately (Rahier et al. 2004), when proper cali-
bration related to the shape, location, and the extent of the Kirchhoff surface
relative to the hydrodynamic region is carried out.

A second control surface approach for acoustic post-processing is the Ffowcs
Williams & Hawkings (1969) equation for a porous surface. This method-
ology can be regarded as a more general applicable integral method based on
Lighthill’s acoustic analogy, which is similarly derived from the governing equa-
tions of motion without simplifications. With the Ffowcs Williams & Hawkings
(1969) approach, a limited source region is delimited by a control surface. This
surface may coincide with moving solid surfaces or media of different mean
properties (when divided by e.g. shocks). An indicator function f is defined
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to identify the source zone, the control surface, and the propagation zone.
Thus, the indicator function is larger than zero in the fluid domain, vanishes
on the control surfaces, and is smaller than zero in the source region (where
the Lighthill equation is not solved). Further, the indicator function is defined
such that ∇f is the normal vector of the control surface. The Ffowcs Williams
& Hawkings (1969) equation in differential form can be written as,(

∂2ρ′

∂t2
− c2∞

∂2ρ′

∂x2
i

)
H(f) =

∂2[H(f) Tij ]

∂xi∂xj︸ ︷︷ ︸
Quadrupole

− ∂

∂xi

(
[ρui(uj − vj) + p′δij − σij ]

∂H(f)

∂xj

)
︸ ︷︷ ︸

Dipole

+
∂

∂t

(
[ρ(uj − vj) + ρ∞vj ]

∂H(f)

∂xj

)
︸ ︷︷ ︸

Monopole

, (5.86)

where u is the fluid velocity, v is the velocity of the control surface, H(f) repre-
sents the Heaviside function, which is unity in the flow domain and zero in the
solid objects. For an impermeable surface, where the flow velocity is equal the
surface velocity, the equation can be simplified. The left hand side of Ffowcs
Williams & Hawkings (1969) equation represents the wave equation. The first
term of the right hand side corresponds to the Lighthill source term. This
terms are only evaluated in the fluid domain, while the remaining two terms
are only evaluated on the control surface. The last term on the right hand side
is only present on a moving control surface and exhibits monopole character.
Rahier et al. (2004) demonstrate that the Kirchhoff integral with pressure fluc-
tuations as input data and the Ffowcs Williams & Hawkings (1969) approach
give conceptually equal results, if the surface is placed far enough away from the
hydrodynamic region. Further, Rahier et al. (2004) show that the formulations
differ only in the shear terms across the control surface. Nevertheless, the con-
trol surface can be placed closer to the source region when the Ffowcs Williams
& Hawkings approach is used. This allows to use a coarser mesh outside of the
source region, while keeping the acoustic noise prediction accuracy.

The solution to the impulse response of an inhomogeneous wave equation
on a domain can be obtained by using the Green’s function G(x, xs), where the
boundary conditions are imposed. The arguments of the Green’s function are
the x receiver location and the source location xs, which are used to translate
the impulse from the source to the receiver with respect of the time delay due
to the propagation of the signal. The time delay is taken into account by the
retarded time tret = t − |xs − x|/c, which implies that the contribution from
the source location travels with the speed of sound to the receiver location,
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where the speed of sound is assumed to be constant on the propagation path.
Due to the superposition principle, the Green’s function can be applied to
establish the solution from several point sources in the computational domain.
Hence, Green’s function is commonly used to integrate the volumetric or surface
sources in order to obtain the far-field estimations.

5.2.1a. Acoustic Analogies for RANS data. With steady-state RANS, all the
turbulent flow scales are modeled and no unsteady flow is resolved. Thus, the
complete set of flow statistics required for the acoustic analogies listed above
cannot be directly provided by the steady-state RANS data. Nonetheless,
steady-state RANS has been presented to investigate high Reynolds number
flows for a large parameter space with low amount of computational effort.
Using further substantial modeling of the terms in the acoustic analogies, based
on the quantities available from the RANS simulation, can give an estimation of
the acoustic noise radiated into the far-field. Several empirical constants appear
due to the modeling of these terms, which need to be obtained by calibration
with experimental data. However, once calibrated, the obtained acoustic noise
data sets can be contrasted and beneficial cases can be ascertained. Morris
& Zaman (2010) reported that the experimental measurements reveal similar
statistical fluctuation properties of the high turbulence regions of the subsonic
jet, which is promising for acoustic noise estimations using RANS turbulence
closures.

Again the advantage is that a large parameter space can be investigated
at low numerical effort. Further, unsteady predictions demand large data sets,
whereas using steady-state RANS is computationally not burdensome. The
drawback is that the empirical constants need to be calibrated for each inves-
tigation with experimental data, since they are not generally valid. Further,
the calibration constants might be dependent on the turbulence closure model
used for the RANS simulations. Therefore, the acoustic noise emission predic-
tions are not most accurate and are only of use to compare in between cases.
Although the fundamental physical mechanisms might not be captured most
accurate due to excessive modeling, this approach is perfectly suited to scan a
large scope of investigation parameters for the most favorable solutions.

5.3. Noise Suppression Methods

Various kinds of acoustic noise suppression methods in jet exhausts have been
developed over the years. The theoretical starting point of acoustic noise re-
duction can be seen as the finding by Powell (1954a), who realized that the
acoustic noise emission can be influenced by changing the velocity profile at the
nozzle exit. Thus, it was indirectly suggested to manipulate the exit velocity
by some sort of device to possibly achieve an acoustic noise attenuation. This
is convenient, since the jet exhaust further downstream is challenging to be
controlled. Nevertheless, even unconventional techniques, as e.g. a wire in the
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jet exhaust (Kweon et al. 2006), have been used to improve the mixing of the
stream and to disturb the regular shock pattern further downstream in the jet.

Active and passive flow control devices have been developed to modify the
velocity profiles at the nozzle exit and thereby the flow structures evolving in
the jet shear layer. In a wide sense, modifications of the nozzle exit shape in
order to influence the velocity distribution can be seen as passive flow control,
where most commonly used apparatuses are taps, vortex generators, or serrated
nozzles. The general aim of these devices is to induce vortical structures, which
enhance the initial small scale mixing and diminish thereby the formation of
large scale coherent flow structures leading to acoustic noise production. The
serration of nozzles are often called chevrons, which is currently one of the
most employed techniques on the exhaust of subsonic (Callender et al. 2005;
Nesbitt et al. 2007) and supersonic (Munday et al. 2009b) jets. The working
principle has been explained by e.g. Opalski et al. (2005), Xia et al. (2009), or
Uzun & Hussaini (2007). The length and the number of chevrons can effect the
outcome on the acoustic noise diminution, as shown by e.g. Brown & Bridges
(2004, 2006). Chevrons are especially effective reducing supersonic acoustic
noise related to large scale flow structures, as e.g. screech (Norum 1983).

The disadvantage of the most flow control devices for acoustic noise reduc-
tion is that they induce a thrust penalty, which often leads to an uneconomical
fuel consumption. This prevents often from employing these methods on air-
craft and therefore, acoustic noise reduction strategies need to aim for a lower
thrust penalty. A drawback of passive noise control devices is that they are
always in operation even the reduction might not be required, in e.g. cruise
conditions. Thus, devices that can be halted when not required, could lead
to a better efficiency at cruise conditions. Plasma actuators can be utilized to
influence the shear layer instabilities (Samimy et al. 2007) and exhibit the pos-
sibility to be turned off at any time. Smart alloys have been used for chevrons
(Hartl et al. 2010), which can be deployed and removed as desired. In a sim-
ilar manner to chevron devices, fluidic injection onto the jet exhaust can be
used, as explained by Henderson et al. (2005). Cuppoletti & Gutmark (2014)
compares the generation mechanism of vorticity by chevron devices and fluidic
injection when applied to a jet exhaust. Fluidic injection can also be used to
cool the hot jet exhaust. The popularity of fluidic injection can be noted by the
amount of research carried out in this field. Henderson (2010) summarizes fifty
years of research performed on fluidic injection for jet noise reduction. Also
for fluidic injection, the parameter space for optimal injection is extensive. For
example, different injector shapes, injector numbers, injector amount, injector
inclination angles, injection fluids, or injection flow pulsation can lead to dif-
ferent outcomes. The acoustic noise reduction mechanisms induced by fluidic
injection onto subsonic jets has been investigated experimentally (Laurendeau
et al. 2008) and numerically using LES simulations (Shur et al. 2011). However,
Henderson & Norum (2007, 2008) and Liu et al. (2010) show that the shock
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associated acoustic noise components can be reduced efficiently for supersonic
jet flows using fluidic injection. Nevertheless, the underlying mechanism for
the acoustic noise attenuation could not be completely elucidated.

5.3.1. External Fluidic Injection

The possibility of using internal injection for manipulating the shock pattern
has been presented in Chapter 3 using steady-state RANS and implicit LES.
However, as described in previous sections, the suitability of external injection
onto the supersonic or subsonic jet exhaust for acoustic noise suppression has
been investigated by many researchers. An advantage of external injection is
that it can be possibly employed on an existing aircraft without redesigning
and reshaping the entire nozzle geometry. Thus, the effect of external injection
onto a supersonic jet is investigated, where the focus are the acoustic noise
generation mechanism with and without fluidic injection. Further, the configu-
ration without fluidic injection is known to exhibit a tonal screech noise for the
studied configuration. Therefore, the applicability of external fluidic injection
onto the supersonic nozzle exhaust for removing the high amplitude screech
tones is analyzed.

Twelve injectors have been used for the internal fluidic injection and an
interaction between the injected streams has been observed. This has been
shown earlier (Chapter 3). The external fluidic injection setup consists in us-
ing twelve cylindrical injectors, each with a diameter Dj of 2.7 mm and with
an inclination angle of 60◦ towards the nozzle axis. They are mounted equidis-
tantly on the nozzle circumference exit. The inner contour of the nozzle is the
same as the one used for the RANS and implicit LES simulations shown in
Chapter 3. However, the outer shell of the nozzle has been modified to accom-
modate the external injectors. The geometrical setup is shown in Fig. 5.10,
where it can be observed that there is a small step between the inner nozzle
and the orifice of the external injection pipes. The inner nozzle contours are
governed by the area ratio of 1.23, where the nozzle exit diameter De is 57.5
mm and the design Mach number is 1.56. The stream entering the nozzle at
the inlet is driven by a total pressure source, which is four times the ambient
pressure and the flow is heated to a total temperature of 367◦K. The injection
pipes are also operated by a total pressure source, which is quantified as Injec-
tion Pressure Ratio (IPR). The IPR is defined as the total injection pressure
divided by the ambient total pressure, which implies that for the configuration
without injection, the IPR is unity. Downstream of the nozzle exit the exhaust
expands in quiescent ambiance, where the ambient pressure is 101, 325 Pa and
the ambient temperature T∞ is 288.15◦K. The media is air.

The amount of fluidic injection has a significant influence on the result
obtained. As shown in previous chapters, a different mass flow rate at the same
location can provoke dissimilar shock wave pattern. Screech tones represent
shock related acoustic noise and the transformed shock train structure has other
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12 Injectors T∞, p0,mic

Nozzle-Shell

Inside Nozzle-WallInlet NPR, T0, p0,noz

Figure 5.10. Nozzle geometry used for the external injection
on the supersonic jet exhaust. (Adapted from Semlitsch et al.
(2013e).)

screech tone characteristics when the shock spacing is manipulated. Hence,
the quantity of injection is thought to influence the screech characteristics.
For this objective, numerical simulations of the compressible Navier-Stokes
equations for different IPRs are carried out, where a few cases are considered to
determine the general trends. Since the acoustic noise generation mechanisms
are unsteady phenomena, a time resolved approach, i.e. implicit LES, is chosen
which is appropriate for the high Reynolds number flow. In contrast to the
simulations shown for the internal injection, the focus of this investigation is
the external jet exhaust. Hence, the external domain is enlarged and more
mesh cells are concentrated in the nozzle exhaust. The typical setup of the
boundary conditions is described in Chapter 4.

5.3.1a. Validation. The verification of the numerical approach has been shown
in Chapter 4 for the internal injection. However, a comparison to experimental
data inside of the nozzle is difficult, since the nozzle confines the supersonic
flow, which is difficult to access. Nevertheless, with external injection, the
shock pattern is manipulated outside of the nozzle and PIV measurements
performed at the University of Cincinnati are available. The case without
fluidic injection is compared to the same experimental PIV data set shown in
Section 3.1.1a. Hence, a different outer shell is used for the experiments and
the computations. The outer shell used during the experiments is optimized to
prevent flow separation from the geometry, whereas the geometry used in the
simulations is shown in Fig. 5.10. Further, the particle seeding requires a co-
flow. Thus, a secondary stream of approximately 0.1 Mach number is applied in
the PIV measurements, which is not present in the numerical simulations. By
using shadowgraph visualizations, Munday et al. (2009a) showed that a co-flow
elongates the shock train structure of the supersonic jet further downstream and
shifts the shocks upstream close to the nozzle exit. Hence, differences between
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Figure 5.11. The LES data for the baseline case is com-
pared to PIV measurements; the normalized time-averaged
streamwise velocity in the top plot, whereas the normalized
turbulence kinetic energy is shown in the bottom plot. (PIV
data provided by courtesy of Dr. Daniel Cuppoletti and Prof.
Ephraim J. Gutmark.)

the numerical and experimental results are expected. The comparison of the
experimental flow visualization and the computational LES data in terms of the
normalized time-averaged streamwise velocity and the normalized turbulence
kinetic energy in the mid-plane is show in Fig. 5.11 (a) and (b), respectively.
The experimental data is plotted in the top half and the computational results
are plotted in the lower half at the same scales. It can be observed that the
initial shock pattern compares very well and that the Mach disk is predicted
at the same location. Further downstream, the shock pattern evolves slightly
differently and also the shear layer spreads at a larger rate in the LES data
than in the PIV measurements. These deviations in the flow field prediction
can be associated with the different boundary conditions applied outside of
the nozzle, since a co-flow was used in the experimental setup to provide also
particles and hence, accuracy in the entrainment region to the side of the jet.
Further, the boundary layer in the nozzle might have developed different, since
the shear layer of the jet grows distinct, as clearly visible in Fig. 5.11 (b).
The shear layer thickening is predicted to occur rapidly in the computational
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results, whereas the shear layer develops more gradually in the experimental
PIV measurement data. It is expected that the boundary layer in the nozzle
is turbulent in the experiments, whereas the boundary layer separates laminar
in the case of the simulations. This is expected to cause the difference in the
turbulence kinetic energy levels downstream at the end of the potential core.
Further, it may be noted that the results from the LES simulations shown in
Fig. 5.11 and the results from the RANS simulations plotted in Fig. 3.5 are in
good agreement. Nonetheless, the validation shows that the general important
flow features are captured by the numerical approach, although the boundary
conditions are different.

Experimental PIV measurements for the same geometry with external in-
jectors mounted on the exterior have been also performed at the University
of Cincinnati for similar operating conditions. The numerical setup differs in
terms of the secondary flow conditions, since the computations are setup for
stagnant ambient conditions. The co-flow required in the experiments for the
particle seeding influences the supersonic jet development in a complex man-
ner, since the nozzle shape with a high nozzle lip and the mounting for the
injection may lead to flow disturbances in the co-flow. However, the experi-
mental flow visualizations can be used to verify the initial flow development
and differences between the experimental and numerical data are expected due
to the dissimilar setup.

The numerical data and the PIV measurements with fluidic injection for
different IPR are compared in Fig. 5.12 in terms of the normalized velocity mag-
nitude and in terms of the normalized turbulence kinetic energy in Fig. 5.13.
In both figures, the experiments are shown in the top half and the numerical
data is shown in the bottom half. The plane is show in plane with the injection.
Hence, the plane cuts the injectors. For the baseline case, a good comparison
could be achieved until a 2.5 − 3 nozzle exit diameters downstream, before
influences of the co-flow could be noted. Therefore, the flow field validation
with injection was performed until approximately 5 nozzle exit diameters down-
stream for the cases corresponding to an IPR of 1.8, 2.4, 3.6, and 5.5. It can
be observed that the Mach disk is shifted towards the nozzle exit with increas-
ing IPR, and the location is consistently captured by the numerical simulation
approach. Additionally, the shock pattern is well captured right downstream
of the nozzle. In the potential core of the jet, the barrel shape of the shock
diamond cells is more pronounced with increasing IPR, which is visible in the
experimental and numerical flow visualizations.

Figure 5.13 shows the normalized turbulence kinetic energy distributions
in the mid-plane view for the same IPRs as shown in Fig. 5.12. In the jet
core, the shock pattern is visible due to the increased fluctuation levels. It can
be observed that the shock pattern locations coincide up to 2.5 (between the
LES and PIV data) nozzle exit diameters downstream and further downstream
a slight shift can be noted. It might be pointed out that the fluctuations
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Figure 5.12. Comparison of the normalized time-averaged
streamwise velocity in the near-field of the nozzle orifice are
shown for various IPR. The experimental PIV data is shown
on the top half and the LES data on the bottom half. (PIV
data provided by courtesy of Dr. Daniel Cuppoletti and Prof.
Ephraim J. Gutmark.)

induced by the shocks increase with augmented IPR, where the trends are
consistently captured between the numerical and the experimental data. The
contours of the jet core are matching between experimental observations and
the computational results. However, the shape of the level contours in the
shear layer are different. The experimental visualizations indicate an increased
broadening of the nozzle exhaust shear layer compared to the numerical results
right downstream of the nozzle exit. This causes an enhanced reduction of
turbulence kinetic energy levels further downstream. Nonetheless, the trend of
a turbulent kinetic energy level decrease in the jet shear layer in between 3 to
4 nozzle exit diameters downstream of the nozzle exit can be observed in the
experimental data as well as in the numerical illustrations. Differences can be
noted also at the outer margins of the shear layer. The influence of the co-flow
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Figure 5.13. The turbulence kinetic energy levels normal-
ized by the streamwise mean nozzle exit velocity are shown
in a mid-plane view. The experimental PIV data is shown
on the top half and the LES data on the bottom half. (PIV
data provided by courtesy of Dr. Daniel Cuppoletti and Prof.
Ephraim J. Gutmark.)

and the increased entrained turbulence levels can be noted at the top of the
experimental flow visualizations.

5.3.1b. General Flow Observations. The flow field has been indirectly intro-
duced with the validation. However, only a part of the entire flow field has
been portrayed. The shock pattern evolving with external injection at differ-
ent IPRs is shown in Fig. 5.14 in terms of the density gradient. The double
shock diamond manifesting for the case without injection has been introduced
and described in Section 2.2.1. Thus, only the deviations provoked with exter-
nal fluidic injection onto the shock pattern development are discussed in this
section.
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The shock pattern inside of the nozzle is not altered by the external fluidic
injection. The shock structure manifesting at the nozzle throat and the asso-
ciated Mach disk establish for all injection configurations equally. For the case
without injection, the outer shock pattern is issued at the nozzle exit. However,
with external fluidic injection, a bow shock is created upstream of each injected
jet impinging the nozzle exhaust. Thereby, the shock pattern is detached from
the nozzle exit in contrast to the case without injection.

The shocks inside of the nozzle cause a small Mach disk, where the evolving
slip line is visible far downstream. Without external fluidic injection, a small
second Mach disk is provoked outside of the nozzle. For the lowest IPR simu-
lated, the formation of this Mach disk outside of the nozzle is hardly notable.
With increased IPR, the Mach disk outside of the nozzle becomes prominent
and induces the formation of a second slip line. The progressive widening of
this Mach disk with increased IPR is notable in Fig. 5.14 and was also observed
in the experimental data, see Fig. 5.12.

The injected jets are blowing onto the nozzle exhaust and confine thereby
the initial nozzle exhaust. This causes an enhancement of the expansion fan
right downstream of the bow shock. This expansion fan develops intensified
for the higher IPRs simulated. Nonetheless, with fluidic injection at the lower
range of investigated IPRs, the expansion fan is only visible right downstream
of the outer Mach disk, whereas a compression wave pattern evolves in between
the bow shocks and the shock reflection at the outer Mach disk. Especially for
the highest IPR simulated, the expansion fan manifests as a distinct density
gradient and can be observed as a dark shaded area in Fig. 5.14 (g), right
downstream of the outer Mach disk.

The injected jets represent obstacles for the nozzle exhaust when pene-
trating into it. Hence, the nozzle exhaust stream needs to deviate around
the blockage, until the injected jet streams are bent into the axial flow di-
rection. Nevertheless, the confronting streams provoke a local high pressure
region with their interaction. The pressure amplitude depends on the dynamic
pressure force generated by the injected stream (see Fig. 5.15). Further, the
flow momentum of the injected jet streams governs the penetration depth into
the nozzle exhaust.

The injected jets choke above an IPR of 1.8, where the injected jet structure
evolves under-expanded. Hence, an expansion fan develops at the orifice of the
injection pipes. The expansion fan is followed by a typical shock pattern of
an under-expanded jet. Nevertheless, the initial expansion fan causes a rapid
spread of the injected jet. The increased spread causes that the injected jet
interact further upstream with the nozzle exhaust and thereby the bow shock is
slightly shifted upstream, as show in Fig. 5.15 by the static pressure contours.
The spread of the injected jet is related to the expansion fan, which in turn
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(a) IPR 1.0

(b) IPR 1.8

(c) IPR 2.4

(d) IPR 3.6

(e) IPR 5.5

(f) IPR 6.6

(g) IPR 7.8

Figure 5.14. The gradient of the time-averaged density field
by LES exhibits the shock-pattern obtained using different
IPRs. The figure shows a longitudinal mid-plane view cut-
ting through the injectors. The dashed lines indicate the shift
of the shock pattern.
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(a) IPR 2.4 (b) IPR 3.6 (c) IPR 6.6

Figure 5.15. The time-averaged static pressure (Pa) con-
tours in a zoomed mid-plane view around the nozzle are shown.

is governed by the IPR. Therefore, the bow shock location shift relates to the
IPR.

As mentioned previously, the second Mach disk outside of the nozzle ge-
ometry is widened with fluidic injection. This Mach disk also approaches the
nozzle exit with increasing IPR, since the bow shocks in front of the injec-
tion shift upstream with augmented IPR. It can be noted in Fig. 5.14 that
the oblique shock pattern leaving the bow shock towards the outer Mach disk
steepens with increased IPR. Figure 5.15 (a) shows for an IPR of 2.4 that the
static pressure is locally high where the injected jet penetrates into the nozzle
exhaust and the bow shock is formed. With a higher IPR of 3.6, this high
static pressure zone is altered and also the static pressure at the downstream
side of the oblique shock is increased, as shown in Fig. 5.15 (b). This trend is
continued with increased IPRs, where the higher static pressure at the down-
stream side of the oblique shock is further elevated due to the compression of
the main jet by the injection. This causes a steepening of the oblique shock
pattern, which in turn shifts the shock reflection from the Mach disk upstream
(see Fig. 5.15). Hence, the inclination angle of the oblique shock leading to the
Mach disk is influenced by the IPR of the injected jets, which shifts the related
shock pattern structure.

Without fluidic injection, the shock diamonds manifesting in the nozzle
exhaust are shifted with respect to each other to a double shock diamond pat-
tern. A shock pattern structure in form of a perfect lattice would result when
the double shock diamond pattern is shifted against itself such that the least
overlap of the shock waves occurs. Hence, one diamond interacts with the
shear layer whereas the other is reflected at the centerline at the same axial
location downstream from the nozzle exit. This configuration would result in
the smallest shock/shear layer interaction spacing possible without larger gaps
in between and consequences on the screech generation would be expected
considering Eq. 5.83. Nevertheless, several shock diamonds are visible in the
time-averaged density gradients before C or O shapes towards the end of the
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potential core form. With fluidic injection at an IPR of 1.8, the shock struc-
ture at the nozzle exit is slightly steepened and a nearly perfectly staggered
lattice shock diamond pattern evolves. The shock diamond shapes continue
to be observable a distance further downstream for this injection configura-
tion than for the baseline configuration and the C or O shapes at the end of
the potential core are hardly notable. With an increased IPR of 2.4 and 3.6,
the shock pattern anchored on the bow shocks becomes more vertical and the
Mach disk establishes significantly wider than for an IPR of 1.8. This causes
the shock angles for these configurations to change. Nevertheless, the diamond
shock pattern remains nearly as a perfectly staggered lattice. However, the
time-averaged density gradient contours shown in Fig. 5.14 (c-d) exhibit C or
O shapes towards the end of the potential core for these configurations. For
IPRa of 5.5, 6.6, and 7.8, the shock diamond pattern is more and more unrecog-
nizable, where the C or O shapes towards the end of the potential core become
dominant. The first shock cell forms a clear barrel shape and the outward dis-
tortion is amplified with increased IPR. A strong density gradient manifests
over the shock towards the end of this first barrel, as shown in Fig. 5.14 (e-g).
The thickening of this shock wave in the time-averaged density gradient with
higher IPRs indicates larger motion.

The double shock diamond pattern in the nozzle exhaust results from a
superposition of one shock pattern rising from the nozzle throat and another
induced at the nozzle exit. With fluidic injection, the shock pattern at the
nozzle exit forms a second Mach disk, which is translated by the provoked bow
shocks due to the induced steepening with fluidic injection. The continuous
upstream shift with increased IPR can observed in Fig. 5.14 by following the
violet dashed line, which marks the location of the outer Mach disk for the
baseline configuration. With increased IPR the Mach disk moves upstream and
the distance to the violet dashed line is getting larger. Since this Mach disk
is shifted upstream, the connected downstream shock pattern is also displaced
upstream, see the blue dashed line in Fig. 5.14. Following the shock wave from
the outer Mach disk to the shear layer and the resulting expansion fan to the
center, the connected downstream shock wave can be found. The focal point at
the centerline is marked by the blue dashed line. Following the blue dashed line
to the higher injection pressure ratios in Fig. 5.14, it can be again observed that
the shock pattern significantly shifts upstream. Nevertheless, the shock pattern
manifesting at the nozzle throat does not change the location for different IPRs,
since the nozzle geometry is fixed. Also the outer continuation of this shock
pattern in the potential core does not move with varied IPR. Following the
shock reflection from the inner Mach disk to the nozzle exhaust shear layer, an
expansion fan can be observed. The location of the expansion fan causing a
shock at the nozzle centerline is indicated by a green dashed line for the baseline
configuration. Moving on this green dashed line from the baseline configuration
to the higher IPR cases, it can be observed that this shock pattern does not
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Figure 5.16. Time averaged static pressure (kPa) evolution
at the centerline from LES data.

shift in any direction. Hence, the shock pattern induced at the nozzle throat
does not shift, even in the nozzle exhaust with fluidic injection. Hence, the
outer shock pattern connected to the bow shocks induced by injection shifts
towards the other remaining at its location.

The static pressure is high downstream of a shock wave and decreases
in upstream of a shock wave. Therefore, the sequential arrangement of shock
waves and expansion fans promote a wavy static pressure pattern in the jet core,
which can be observed in Fig. 5.16 showing the static pressure on the centerline
for different IPRs. Hence, the shock pattern in a supersonic jet exhaust cause a
continuously undershoot and overshoot of the static pressure with respect to the
ambient pressure. A perfectly staggered structure of two shock pattern results
in the least waviness of the static pressure contours, whereas large oscillations of
the static pressure can be noted when the two shock nearly overlap. Figure 5.16
reveals that the oscillations with the highest magnitude occur with an IPR of
7.8 and the least amplitude variations result with an IPR of 1.8. Further, the
evolution of the static pressure oscillations with altered IPR can also be seen
in Fig. 5.15.

The streamwise vortical structures initiated with the external fluidic in-
jection evolve in a similar manner as for the slot injection discussed in Sec-
tion 3.1.1a. The most large scale vortical structures do not penetrate deep
into the nozzle exhaust and remain in the shear layer. The development of
the time-averaged vorticity contours downstream of the nozzle exit is illus-
trated for an IPR of 5.5 in Fig. 5.17 for a few radial cross-sections, where
the view is directed towards the nozzle. Right downstream of the nozzle exit
at x = 0.1De, the shear layer remains circular, where the highest vorticity
magnitudes can be observed in between the fluidic injection. Worthwhile to
mention is that the largest component of the vorticity is not the streamwise
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(a) x = 0.1De (b) x = 0.2De (c) x = 0.3De

vorticity magnitude (1/s) streamwise vorticity (1/s)

(d) x = 0.4De (e) x = De (f) x = 2De

vorticity magnitude (1/s) streamwise vorticity (1/s)

Figure 5.17. The time-averaged vorticity magnitude (left
half) and the time-averaged streamwise vorticity (right half)
contours are shown for the case of an IPR of 5.5. The different
axial locations with respect to the flow field can be seen in
Fig. 5.12 (d). The twelve injectors are located at the same po-
sitions are the numbers on the clock. (Adapted from Semlitsch
et al. (2013e).)

vorticity. However, streamwise vortex pair structures from each injector can
be observed, where each of the pairs is accompanied by streamwise vortical
structures originating from the horseshoe vortical structures wrapping around
the injection. Only one-tenth of the nozzle exit diameter further downstream,
the nozzle exhaust spread explosively outwards, which can be related to the
so-called jet-lets forming in between the injection locations. On the sides of
the jet-lets, the streamwise vortical structures pair and the horseshoe vortical
structures rise on top. In the further downstream evolution, the streamwise
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Figure 5.18. An iso-surface at a Mach number of 1.3 of the
time-averaged flow field reveals the deviation of the nozzle ex-
haust with injection. The IPR for this configuration is 5.5.
(Adapted from Semlitsch et al. (2013e).)

vortical structures grow slightly and the footprints of the horseshoe vortical
structures disappear. It can be noted that the streamwise vortical structures
are tightly packed next to each other. The time-averaged vorticity magnitude
is significantly reduced at x = De, but a regular folded shape is visible in
Fig. 5.17 (e). Further, an ordered pattern in the streamwise vorticity contours
are observable, where a positive and negative shape can be associated to each
injection location. Between one and two nozzle exit diameters downstream of
the nozzle exit, the organized shape of the time-averaged vorticity disappeared.
Figure 5.17 (f) shows equally distributed vorticity magnitudes without distinct
pattern. For lower IPRs, the impact of the vortical structures on the initial
shear layer development is reduced as compared with the injection condition
(IPR = 5.5) shown in Fig. 5.17 and for the higher IPRs simulated, the effect is
even more pronounced.

Hence, the flow structures generated by using the twelve fluidic injectors
interact with each other, directly and indirectly. Since the injected streams
represent a blockage of the nozzle exhaust, the flow escapes towards the mid
axes and into the plane in between the injected streams. This causes the stream
to expand into the ambient forming shark fins or so-called jet-lets, which are
shown in Fig. 5.18. Thereby, unsteady flow motion is generated, which leads to
good mixing properties in the near nozzle area. The flow deviation in between
the injection results in a high initial jet spread and this effect is altered with
increased IPR.

The pressure fluctuations are a distinct visualization criteria for acoustic
noise production zones, since regions of increased vortical structure motion
and shock movement are represented. Figure 5.19 shows the time-averaged
pressure fluctuations evolving with and without fluidic injection on the nozzle
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exhaust. In all sub-plots, two sources generating pressure fluctuations can be
clearly identified, i.e. the nozzle exhaust shear layer and the shock movement.
Starting with the case without injection shown in Fig. 5.19 (a), the highest
magnitudes occur in the nozzle exhaust shear layer, which stretch relatively far
downstream. The shock waves inside of the nozzle do not exhibit large scale
motion and therefore, these shocks are hardly visible. Outside of the nozzle,
the shock waves move within the nozzle exhaust jet core and the shock pat-
tern becomes clearly visible. Further downstream, the shock pattern appears
more diffuse in the visualization due to the large flow scale motion. Towards
the end of the potential core, three C-like shapes can be seen, which are an
indication of large scale shock wave motion and in particular an indication for
screech tones. Nevertheless, the time-averaged pressure fluctuations do not re-
veal higher magnitudes at the C-like shapes than in the nozzle exhaust shear
layer.

With fluidic injection, additional momentum mixing takes place in the
initial nozzle exhaust shear layer. Hence, increased pressure fluctuations asso-
ciated with the vortical structures forming with fluidic injection are expected,
where the peak magnitude of the pressure fluctuations increases with aug-
mented IPR. Nonetheless, Fig. 5.19 reveals that the zones of high pressure
fluctuation magnitudes generated by fluidic injection decay rapid and do not
persist as far downstream as the high pressure fluctuation magnitudes for the
case without injection. The staggered or perfectly shifted shock structure ar-
rangement is clearly visible for the case of an IPR of 1.8. The shock struc-
ture exhibiting the largest pressure fluctuations for the case without injection,
demonstrates enhanced movement with injection of an IPR of 1.8. However, the
C-shape structures observed without injection are not visible for this injection
configuration.

From the observations for the injection at an IPR of 1.8, the alterations in
the pressure fluctuation contours for increased IPRs follow the noted trends.
The pressure fluctuations in the nozzle exhaust shear layer are lowered with
increased IPR, although the strength of the pressure fluctuation induced by the
fluidic injection onto the nozzle exhaust increases. The shocks emerging from
the exit of the nozzle are rather static and also their reflections are. However,
the following shock wave pattern further downstream emerges from the nozzle
exhaust shear layer and therefore, this shock shows enhanced motion. This
induced the highest time-averaged pressure fluctuations for the case without
injection. With external fluidic injection, this shock approaches the nozzle and
intensifies its unsteady motion. For the highest IPR, this magnified movement
of this shock structure causes the highest pressure fluctuations in time average.
External fluidic injection at higher IPR leads to formation of C-shaped patterns
in the time-averaged pressure fluctuations, which indicate large scale shock pat-
tern motion. The C-shaped pattern arises with the shock cell motion at the
end of the potential core and more shock cells are involved with increasing IPR.
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(a) IPR 1.0

(b) IPR 1.8

(c) IPR 2.4

(d) IPR 3.6

(e) IPR 5.5

(f) IPR 6.6

(g) IPR 7.8

? P1

? P2

Figure 5.19. The statistically sampled static pressure fluctu-
ation contours acquired with the LES calculations with differ-
ent IPRs are shown. The marks ? illustrate the approximate
location of monitoring probes.
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For an IPR of 7.8, the strength of the C-shape pattern in the time-averaged
pressure fluctuations is significantly enhanced and this pattern becomes domi-
nant in the region towards the end of the potential core. However, the pattern
with the highest magnitudes is not originating from the last shock cell at the
end of the potential core itself. Moreover, a trend of the highest time-averaged
pressure fluctuations associated with a C-shaped pattern shifting towards the
nozzle with increased IPR can be observed. The traces of the jet-lets described
in the previous paragraphs are also visible in the time-averaged pressure fluc-
tuations. To the sides of the high pressure fluctuation magnitudes originating
from the external fluidic injection, an altered spread is visible, which becomes
more apparent with the higher IPRs.

The statistically sampled static pressure fluctuation contours indicate the
amplitudes distribution, but do not evince the temporal behavior. Therefore, a
probe P1 recording the time history of the pressure fluctuations in the nearby
region of the C-shape structure has been used to investigate the spectral char-
acteristics. The power spectra density is shown in Fig. 5.20 for the IPRs of
1.8 and 7.8. For the case of an IPR of 7.8, the highest C-shapes amplitudes
have been observed. A relative broadband behavior can be observed in the
spectra. Only one dominant spectral peak at approximately 2.18 kHz for the
spectra corresponding to the case of an IPR of 7.8 is visible. Another probe
P2 has been placed at one and a half nozzle exit diameters to the side of the
nozzle exit. Therefore, only pressure fluctuations induced by acoustic waves
are reaching this probe location and the amplitudes are therefore significantly
lower compared to the spectra calculated for P1. Nevertheless, a peak at the
same frequency of approximately 2.18 kHz is visible for the case of an IPR
of 7.8. Hence, the tonal pressure fluctuations induced towards the end of the
potential core result in acoustic pressure waves of large amplitude traveling
upstream. The hump at a slightly higher frequency (approximately 3 kHz) in
the signal of P2 for the case of an IPR of 7.8 is believed to stem from the shock
associated noise nearby the nozzle exit. An early cut-off can be observed in
the spectra of the P2 monitoring probe, which is related to the already coarse
mesh in this region. The sampled pressure history in the same probe locations,
but for an IPR of 1.8, does not exhibit these spectral peaks.

In the previous section analyzing the streamwise vorticity and the organi-
zation of the induced vortical structures, a rather abrupt termination of these
structures in between one and two nozzle exit diameters downstream has been
noted. This behavior can also be observed inspecting the turbulence kinetic
energy levels in Fig. 5.13, where the numerical results are compared with the
experimental flow visualizations. The trend of reduced fluctuations with the
shock structure (which is terminating the downstream side of the shock cell
containing the Mach disk) interacting with the shear layer is observable. This
shock pattern strength and movement is increased with augmented IPR (as
shown in Fig. 5.14 and Fig. 5.19) and the turbulence kinetic energy is reduced
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Figure 5.20. The power spectra density of the time history
monitored in two monitoring probes are shown for two IPRs,
where the approximate location is indicated in Fig. 5.19.

downstream proportionally to the increase in IPR. Panda (1998) remarked
that the shock oscillation, caused by screech, smooths any hydrodynamic dis-
turbance coming from upstream of the shock. Based on the statistical averaged
data shown, a similar conclusion can be made.

Figure 5.21 presents consecutive instantaneous density gradient images in
a mid-plane view for the case of IPR = 7.8. Downstream of the enlarged
outer Mach disk, two shock pattern structures establish, i.e. one from the
nozzle inside and one from the Mach disk, which are indicated in Fig. 5.21
(t1). The large scale motion of this shock pair downstream of the Mach disk
can be noted by inspecting the image sequence. Large scale flow structures
are shed by the interaction of the injected jets with the nozzle exhaust. These
large flow structures constrict at times the nozzle exhaust, as clearly visible in
Fig 5.21 (t2). A large stretching deformation of the inner shock pattern of the
mentioned shock pair can be noted. The stretching deformation decreases the
shock wave angles with respect to the flow direction, which in turn results in an
alteration of the pressure distribution downstream. In order to compensate the
pressure increase, the outer shock pattern establishes more normal to the flow
direction, which can be seen in the lower shock leg of the downstream shock
pattern in Fig. 5.21 (t3). The incident vortical structures onto the legs of the
downstream shock cause a severe impact, which nearly causes the outer shock
structure to collapse, as shown in Fig. 5.21 (t4). This strong deformation of
this outer shock pattern changes the local pressure distribution. Therefore, the
inner shock pattern motion to a more normal configuration is induced. This
favors the establishment of constriction generating structures, since the flow
structures are more rapidly accelerated upstream of the shock, as visible in
Fig. 5.21 (t6). Further, the tip of the shock leg seems in some instants to split
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the incident vortical structures while passing. Nevertheless, by the interplay of
the shock pair and the large scale motion of the shock wave ends, the vortical
structures are redistributed and thereby, smoothed.

(t1)

(t2)

(t3)

(t4)

(t5)

(t6)

Figure 5.21. Consecutive instants of the density gradient in
a mid-plane view at an IPR = 7.8.

5.3.1c. Flow Decomposition Analysis. The spectral properties of the flow field
can be analyzed using modal decomposition methods. Since the interest is the
tonal phenomena characteristics of the flow field, the dynamic mode decompo-
sition method is preferred for the flow analysis. For the analysis 767 consecutive
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time steps of the static pressure field acquired at a sampling frequency of 20
kHz are used. In order to reduce the computational memory requirements for
the calculation, the spatial domain has been restricted to the near-field of the
supersonic jet.

The mode magnitude distribution with respect to the frequency is shown
in Fig. 5.22 (a), where the individual modes are represented by black circles
and connected by a red line. A clear peak associated with the highest mode
magnitudes is visible at the screech frequency of approximately 2.18 kHz. Ad-
ditionally, a peak at the low frequencies between 30−60 Hz can be recognized.
Besides, other peaks with significantly lower magnitudes can be observed in
the spectra. Nonetheless, the according growth rate of the modes is plotted in
Fig. 5.22 (b). Contrary to the observations of the modal analysis for the exper-
imental data, the largest peak magnitudes are not the most unstable modes.
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Figure 5.22. The normalized magnitude distribution of the
DMD analysis as a function of the frequency is shown to the
left and the growth rates of the modes is shown to the right.

The spatial shape of selected modes is shown in Fig. 5.23 in a mid-plane
view. The zeroth mode reveals the averaged static pressure distribution and
is illustrated in Fig. 5.23 (a) to indicate the location of the potential core and
the shock cells.

The mode shape with the highest amplitude and corresponding to the
screech frequency is shown in Fig. 5.23 (b). High mode shape magnitudes can
be observed in the initial shock system and in the initial shear layer. Strong
changes of the mode shape magnitude can be observed within the shocks in an
animation over the screech cycle. Further downstream, a two row pattern of
alternating squares establishes, where the mode magnitudes increase towards
the end of the potential core. It can be also observed that the squares decrease
their size the further the shapes appear downstream and finally disappear at
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(a) mode 0 - 0 kHz

(b) mode 1 - 2.187 kHz

(c) mode 2 - 2.161 kHz

(d) mode 3 - 33.47 Hz

(e) mode 4 - 2.128 kHz

(f) mode 10 - 53.41 Hz

Figure 5.23. Selected DMD mode shapes in a mid-plane view.
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the end of the potential core. An animation of the mode reveals that the mode
magnitudes travel downstream in the potential core region, while the shapes
surrounding the potential core propagate upstream.

By comparing Fig. 5.23 (b) and (c), it can be observed that the second
mode shape corresponds at many locations to the negative of the first mode
shape. Nonetheless, towards the end of the potential core, the mode shapes
start to differ. The fourth pressure DMD mode has generally a similar shape,
as visible in Fig. 5.23 (e), and is also related to the screech frequency peak.
As all of the pressure DMD modes linked with the screech phenomenon, the
mode shape exhibits high magnitudes towards the end of the potential core, in
the initial shear layer, and related to the large scale motion of the shock wave
at the end of the first shock cell barrel. However, the peak magnitudes of the
mode shapes at the end of the potential core shift downstream.

The third and the tenth DMD mode characterize the low frequency behav-
ior of the pressure field, where the mode shapes are shown in Fig. 5.23 (d) and
(f). The pressure DMD mode for the low frequencies exhibit a distinguished
shape, where the aligned positive and negative amplitudes are associated with
the downstream shock cell shapes. Thus, the modes correspond to a streamwise
bouncing of the shock cells towards the end of the potential core.

The sixteenth pressure DMD mode was identified as the second most un-
stable mode of the analysis. The according mode shape reveals that the mode
is related to the strong shock motion of the shock wave at the end of the shock
cell barrel right downstream of the nozzle exit. A peak in the spectra of the
pressure signal recorded in probe P2 has been observed for the corresponding
frequency and this injection configuration, which is shown in Fig. 5.20.

The three dimensional mode magnitude distribution for each of the two
leading modes is illustrated in Fig. 5.24 by showing iso-contours. As expected
from the mid-plane observations, large alternating shapes are visible in the
potential core for the first pressure DMD mode and small scale structures are
visible close to the nozzle exit. The large iso-surface shapes are connected
in a helical manner. However, this interconnection between the structures is
thin compared to the structure sizes. For the first pressure DMD mode, the
structures are nearly perfectly arranged relative to a mid-plane and correspond
therefore to a flapping mode more than to a helical mode. Towards the end of
the potential core, the staged structure breaks down. The distribution of the
first pressure DMD mode magnitudes on the outer Mach disk are an interesting
feature. The positive and negative mode shape amplitudes split the Mach disk
into two parts, which are also aligned with the larger shapes downstream.
Thus, the DMD screech mode confirms that the Mach disk motion is involved
in this phenomenon. Contrary to the shape of the first pressure DMD mode,
the iso-surfaces of the second pressure DMD mode magnitudes exhibit a clear
double helical shape, which brakes down towards the end of the potential core.
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Figure 5.24 (b) shows that the double helical structure is less twisted close to
the nozzle exit and spirals more towards the end of the potential core until the
shape splits up. Nevertheless, animations of the mode reveal that the rotating
motion of the double helix can be also noted in the mode shape magnitudes of
the Mach disk right outside of the nozzle.

(a) mode 1 - 2.187 kHz

(b) mode 2 - 2.161 kHz

Figure 5.24. The three dimensional shape of the first two
pressure DMD modes is illustrated by positive and negative
amplitude iso-surfaces, where two views show shape arrange-
ment of the first pressure DMD mode in (a) and one view
illustrates the helical mode shape of the second pressure DMD
mode in (b).

5.3.1d. Thrust Performance Analysis. The thrust performance of an acoustic
noise reduction approach is of great importance for the realization of the ap-
plication. Therefore, the thrust production with different IPRs is shown in
Tab. 5.1. The mass flow through the injector pipes needs to be accounted for
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realistic thrust predictions. Hence, the injector flow was assumed to be drained
from the fan nozzle and the inlet momentum of the injectors is accounted in
axial direction in the thrust estimation. Nevertheless, the contribution of the
injected flow to the thrust is relatively small and causes in total only a slight
decrease, since the injected jets discharge with a 60◦ inclination angle onto the
nozzle exhaust. The shift of the outer Mach disk towards the nozzle has an
effect on the static pressure distribution at the nozzle exit. The slight decrease
of the static pressure due to the Mach disk approaching the nozzle influences
negatively the thrust generation, but this contribution is only minor compared
to the total thrust.

The injected mass flow rate is a relevant criteria for the application of
the acoustic noise reduction method, since the required effort to achieve the
attenuation is displayed, which could be otherwise used to generate thrust.
Therefore, the mass flow rates for certain injection configurations are tabulated
in Tab. 5.1.

Table 5.1. The thrust estimations for the individual IPRs
normalized by the thrust without injection F0 are tabulated
together with the injected mass flow rate ṁj normalized by
the mass flow rate ṁnoz through the nozzle.

IPR 1.8 IPR 2.4 IPR 3.6 IPR 5.5 IPR 6.6 IPR 7.8

F/F0 99.7% 99.6% 99.4% 98.9% 98.8% 98.7%
ṁj/ṁnoz 1.6% 2.2% 3.6% 5.0% 6.0% 7.1%

Hence, by performing detailed simulations of external fluidic injection onto
the supersonic exhaust, it could be shown that the acoustic performance can
be improved (by suppression of the screech tones) for some fluidic injection
operating conditions. However, the acoustic noise production can also be dete-
riorated for other injection operating conditions at which the screech tones can
be enhanced. Thus, the acoustic noise production is sensitive to the amount of
injection.

The fluidic injection streams add fluid to the exhausting jet and provoke
thereby vortical structures which act as confinement for the first shock cell.
The characteristics of a slightly over-expanded jet are modified towards an
under-expanded jet for high injection amounts. Further, the nozzle geometry
configuration provokes two individual shock patterns, i.e. one at the nozzle
throat and another at the nozzle exit. It was shown that with fluidic injection,
outer shock pattern is shifted with respect to the shock pattern arising from
inside of the nozzle. For the lattice structured shock pattern provoked for low
amounts of fluidic injection and occurring at the most ideal expanded jet con-
figuration, no screech tones are observed. Contrary for higher or lower amounts
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of fluidic injection, a more overlapping shock pattern leads an increased wavy
static pressure pattern in the nozzle exhaust and further to the appearance of
screech tones. As noted already by Powell (1953), a quasi-periodicity of the
shock cell structure is required for screech. The current study reveals that the
quasi-periodicity of the shock cell structure can be favorably manipulated using
external fluidic injection.

The flow structures associated to the screech phenomenon are analyzed
for one injection configuration using modal flow decomposition methods. The
mode shapes reveal that the acoustic noise generation mechanism is associated
to the flapping and helical flow structures, where the winding of the helical
structure increases towards the end of the potential core. The highest magni-
tudes indicate that the acoustic tones originate from the fourth and the fifth
shock cell.

5.4. Confinement Effect

In this section, the presented numerical methods are utilized to investigate a
specific application, i.e. a high Mach number jet exhausting into a Venturi
shaped channel. This confined jet configuration is widely used in industrial
applications for different purposes and has been given various names in different
areas as described in Chapter 1. However, for the current application, the
device is most commonly referred as air jet pump. A convergent-divergent
duct section with a high velocity primary jet applied towards the constriction
is utilized to provoke a Venturi effect. In the divergent section, the primary jet
decelerates and transfers its kinetic energy into pressure energy. Thereby, a low
pressure region is generated in the narrowest cross-section of the convergent-
divergent channel and a secondary fluid is drained into the channel. Further,
the entrainment process caused by the viscous forces in the primary jet shear
layer results in an additional crucial mechanism to enhance the efficiency of a
jet pump.

The investigated geometry is shown in Fig. 5.25, where the primary stream
is guided by a 90◦ bent pipe towards the center of the confining mixing channel.
The bent pipe ends with a conical convergent nozzle. The secondary stream
is drained out of a suction chamber, which is a straight cylindrical channel
stretching upstream and ending with a bell mouth inlet into hemisphere. The
suction chamber converges with a steep angle towards the mixing channel,
where the transitions section is smoothly rounded. The mixing channel is ap-
proximately ten primary nozzle exit diameters De long and the area ratio of
the mixing channel area to the primary nozzle exit area is about 12.8. Down-
stream attached is the diffuser with the length of approximately eleven De and
a short straight prolongation. Thereafter, the stream discharges into quiescent
ambiance.

The domain considered for the numerical simulations and the numerical
mesh grid is illustrated in Fig. 5.26. The specified boundary conditions are the
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Figure 5.25. Schematic of the jet pump geometry. (Adapted
from Semlitsch et al. (2014a))

total pressure p0 and total temperature T0 at the primary and secondary inlet,
where the indices 1 refers to the primary inlet, 2 to the secondary inlet, and 5
to the outlet plane of the jet pump. The far-field ambient conditions are given
by the static pressure p∞ and the static temperature T∞. For convenience and
comparative reasons, the inlet boundary conditions are stated as ratios to the
ambient conditions in Tab. 5.2. Adiabatic no-slip boundary conditions are set
at all walls.

Figure 5.26. Computational mesh grid and outline of the
domain. (Adapted from Semlitsch et al. (2014a))

The jet pump efficiency is commonly defined as the power obtained by the
jet pump divided by the external supplied power,

ζ = −ṁ2

ṁ1

T0,2

T0,1

(p0,5/p0,2)(
1− 1

γ ) − 1

(p0,1/p0,5)(
1
γ−1) − 1

, (5.87)
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Table 5.2. Applied boundary conditions.

parameter value

primary total pressure ratio p0,1/p∞ 1.64
primary total temperature ratio T0,1/T∞ 1.3
secondary total pressure ratio p0,2/p∞ 0.97
secondary total temperature ratio T0,2/T∞ 1.14

where ṁ is the mass flow rate and γ is the isentropic exponent. The quantities
T0,12, p0,12, and γ are determined by the imposed boundary conditions. The
mass flow rates ṁ1,2, and the jet pump outlet total pressure p0,5 have to be
estimated via the numerical simulations.

As described in the introduction, several studies of the performance of jet
pumps have been based on steady-state RANS simulations using a great variety
of turbulence closure models. It has been found that with the application of jet
pumps or ejector systems, an acoustic high frequency noise is usually present.
However, the flow-acoustic interaction is not captured by steady-state RANS
simulations, since the acoustic wave propagation is an unsteady phenomenon.
Further, the adverse pressure gradient and the non-isotropic flow challenge the
RANS turbulence closures. Semlitsch et al. (2014a) compared the flow field of
an air jet pump obtained using RANS (with the k−ω SST turbulence closure)
and LES simulations. The flow field in terms of the static pressure distribution
and the velocity magnitudes in the primary jet core revealed a good compar-
ison. The entrained velocities and the turbulence kinetic energy levels were
predicted differently. For the accurate prediction of fluid momentum mixing
and the acoustic noise generation process in the jet pump geometry, the implicit
LES approach is used for the current simulations. Nonetheless, since the ve-
locities in the suction chamber are low, the initialization process would require
an excessive amount of computational resources. Therefore, the results from
steady-state RANS computations have been used as initial conditions. About
five times a particle would require to migrate from the primary inlet to the
domain outlet have been computed to obtain an initial condition independent
solution. The saturation of the monitored entrained mass flow rate has been
used as a convergence criteria before data sampling has been performed.

5.4.1. Flow Characteristics

The jet pump consist of generally four parts, i.e. the primary jet pipe, the
suction chamber, the mixing channel, and the diffuser. The particular flow
features taking place in each part are described in this section, as shown in
Fig. 5.27 illustrating the flow field in terms of the Mach number.
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Figure 5.27. The flow field in terms of the Mach number;
(a) time average and (b) time instant.

The cross sectional area of the suction chamber is large compared to the
cross sectional area of the mixing pipe. Hence, the flow velocities in the suc-
tion chamber are low (M � 0.1) compared to the magnitudes occurring in
the mixing channel. The bell mouth inlet, shown in Fig. 5.26, ensures that
the boundary layer does not separate and evolves undisturbed in the suction
chamber. Thus, no unsteady flow structures are generated by the incoming
stream upstream of the pipe bend. However, acoustic waves are traveling from
the mixing channel upstream towards the inlet.

Although, the flow velocities are low in the suction chamber, unsteady flow
is provoked in the wake of the primary pipe bend and in the sharp transition
corners from the straight suction chamber pipe to the convergent transition.
The Görtler-like vortical structures generated at such a transition have been
shown in Section 3.2.2a for the convergent divergent nozzle. Due to the low flow
velocities present in the suction chamber, these vortical structures are too weak
to effect the downstream flow. Nevertheless, the vortical structures generated
in the wake of the primary pipe bend are stronger and can be observed in
Fig. 5.28 (b). The structures are shed with a characteristic frequency and
are drained into the mixing channel. Due to the higher flow velocities at the
mixing channel entrance, the vortical structures are stretched in streamwise
flow direction.

Generally, no flow disturbances have been imposed at the inlets. Since
the turbulent fluctuations in the boundary layer grow slowly, only minor flow
unsteadiness is developed in the primary pipe before the stream reaches the
bend. However, unsteady flow motion is generated with the separation bubble
right at the 90◦ pipe bend, which can be clearly seen in Fig. 5.27. At the outer
radius of the pipe bend, a high pressure zone is induced, since the primary
stream pushes against the outer wall. This results in lower flow velocities in
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(a) (b)

Figure 5.28. Instantaneous flow visualizations of the LES
data; flow structures induced with the pipe bend shown by
iso-surfaces of the λ2 criteria, which are colored by the static
pressure.

this region. Due to the Coanda effect accelerates the flow at the inner bend
curvature, where the centrifugal forces cause the flow to separate from the
walls. The flow separation provokes a separation bubble with low back-flow
velocities. The generated shear layer evolves immediately in unsteady flow
motion, where unsteady flow structures are shed downstream. The unsteady
vortical structures are shown in Fig. 5.28 (a), where a connection of a vortical
structure induced at the outer pipe bend with the vortical structures in the
separation bubble is visible. In animations, it can be seen that this vortical
structure at the outer pipe bend is swept downstream at times and another
structure establishes. Also the vortical structures generated in the shear layer
of the separation bubble are convected downstream. The primary pipe exit
converges towards the exit and hence, the flow is accelerated and compressed.
Thus, the vortical structures are stretched in streamwise direction, as shown in
Fig. 5.28 (a). Elongated, the structures propagate downstream in the potential
core of the primary jet. This can also be observed in Fig. 5.27, where the
further interaction with the primary jet shear layer is indicated.

The flow in the mixing channel evolves as a coaxial jet, since the primary
jet is surrounded by the entrained secondary stream. Thereby, the evolution
of the flow instabilities in the shear layer are influenced. Dahm et al. (1992)
investigated the shear layer instability types in coaxial jets and found that
the type of instability encountered depends on the velocity ratio between the
streams and the lip thickness separating the streams. For high velocity ratios,
a Kelvin-Helmholtz instability develops, whereas for low ratios a von Kármán
instability establishes. Also Bogey et al. (2009) observed a von Kármán vor-
tex street simulating a coaxial jet and Nogueira et al. (2008) found the same
flow instability experimentally for a larger nozzle configuration. Semlitsch &
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Mihaescu (2014) found that capturing this phenomena was sensitive to the
dissipation added by the SGS modeling when simulated by LES simulations.
Nonetheless, the flow instability observed right downstream of the primary jet
pipe exit is of von Kármán type, which is present approximately one primary
pipe exit diameters downstream. Further downstream, transition to turbulence
takes place. However, due to the confinement effect of the secondary flow, the
primary jet potential core is elongated and the spread rate of the primary jet
is rather low. The secondary flow is entrained into the mixing channel nearly
laminar, since the flow disturbances mentioned above are too weak to influence
the flow appearance. Due to the smooth inlet shape and the laminar incoming
flow, the boundary layer at the outer mixing channel walls is initially laminar
and grows in streamwise direction. Towards the end of the mixing channel the
boundary layer is separated from the walls by the interaction with the turbulent
flow structures from the primary jet. However, the turbulent flow structures
do not attach to the walls of the diffuser. Figure 5.27 shows that the flow is not
smoothly attached to the diffuser walls. Moreover, a centered jet develops until
the exit of the jet pump. Thus, the diffuser in not employed in an efficiency
manner, but the diffuser of a jet pump has an important role converting effec-
tively the kinetic flow energy into pressure. Porter (1979) shows that the choice
of diffuser length and the diffuser divergence angle can significantly influence
the performance of the jet pump.

As stated above, the primary high pressure fluid discharges into the mixing
channel, where a low pressure region is generated to drive the secondary fluid
from a suction chamber with lower pressure to a higher pressure at the diffuser
exit. The normalized static pressure distribution clipped by the ambient pres-
sure is shown in Fig. 5.29, where the low pressure in the mixing channel and
the gradual increase towards the jet pump exit is clearly visible. Low pres-
sure regions at the initial outer curved entrance region into the mixing channel
can be observed, where the flow is accelerated due to the Coanda effect. The
increased velocities can also be observed in Fig. 5.27.

Further, the static pressure contours at a time instant shown in Fig. 5.29
demonstrate the high frequency acoustic wave propagation in the confined chan-
nel. The acoustic waves are generated by the flow instability issued right down-
stream of the primary jet pipe exit and propagate from there in all directions.
The waves are reflected back from the mixing channel walls. Due to the se-
quential reflections caused by the confinement, the waves are notable upstream
in the suction chamber and far into the diffuser section, where the wave become
unrecognizable in the turbulent flow. The acoustic waves are not only notable
in the secondary stream surrounding the primary jet, also in the potential core
of the primary jet the acoustic propagation can be seen. Especially close to the
primary pipe nozzle a serrated pattern caused by the high amplitude pressure
waves traveling forth and back is observable. Further downstream in the po-
tential core, the acoustic waves appear stretched in streamwise direction, since
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Figure 5.29. Normalized static pressure contours illustrating
the acoustic wave propagation.

the flow Mach number is close to unity. The amplitude of the acoustic waves is
lower compared to the static pressure variations caused by the hydrodynamics.
Nevertheless, the waves impact on the primary jet shear layer from both inside
and outside. Further, it is worthwhile to note that the initial generated flow
instabilities generated at the primary nozzle outlet are slightly damped before
the transition to turbulence occurs. The acoustic noise generated inside the
related application, i.e. aircraft ejector system, exhibits typically a significant
high frequency content as reported by Salikuddin (2002). Therefore, acoustic
liners are often used in the mixing channel of such application to suppress the
high frequency internal noise.

Several monitoring probes have been placed in the domain to record the
history of the primitive variables. The power spectra density of the static
pressure signals are shown in Fig. 5.30 (a) to (c) for three different grid resolu-
tions (see Fig. 5.27 (b) for the location of the monitoring points). A dominant
frequency peak at 36.05 kHz can be observed, which appears in all spectra
shown. The monitoring probe P3 is located right downstream of the primary
jet pipe exit and records thereby the dominant frequency governing the initial
shear layer development. Several higher harmonics of this frequency can be
observed in this monitoring probe. Further, a minor peak in the range of 400
to 500 Hz can be noted. The probes P4 and P5 are located in the shear layer
further downstream. Thus, the energy transfer from the dominant frequency
to a broadband spectra can be observed. The spectral properties of the signal
obtained in probe P3 are tonal. These tones can also be seen in the spectra
of P4, where the diffusion of the peaks towards lower and higher frequencies
can be observed. In the spectra of the further downstream located probe P5,
a transition to turbulence and therefore a broadband spectra can be observed.
Nevertheless, the dominant peak in still visible in the spectra. The monitoring
probe P2 is located at the mixing channel wall perpendicular to the nozzle
exit and the spectral properties of the pressure history monitored in this probe
exhibit the dominant peak at 36.09 kHz. Further, the probe P1 located up-
stream in the secondary suction chamber entrance records this spectral peak.
Moreover, the signals monitored in these two probes, P1 and P2, reveal similar
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Figure 5.30. The power spectra density of the static pres-
sure signals monitored in probe points are plotted for three
refined mesh grids in the Figs. (a) to (c). Figure (d) shows
the auto-correlation of the pressure history recorded in P2 and
P3 and the covariance between P2 and P1. The location of
the monitoring probes is indicated in Fig. 5.27.

spectral properties, a hump in the frequency range of 20− 30 kHz and several
smaller peaks in the frequency range of 2− 9 kHz.

Figure 5.30 reveals a consistent agreement of the dominant flow frequencies
captured with different mesh resolutions. The dominant frequency peaks as
well as the lower spectra is equally reproduced on all mesh grids. However, a
typical trend of the low amplitude background fluctuations at high frequencies
contained in the signals for the lower mesh resolutions can be noted. Therefore,
more higher harmonics seem to occur for the coarse grid, which are hidden in
the background pressure fluctuations for the fine grid data. Further, the mesh
resolution is not identical over the entire range of probe point locations. Thus,
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the cut-off frequencies are different for each single monitored in the according
probe. The consequence on the spectra can be most eminently seen in the
spectra of the signals recorded in the probes P1 and P2. For the probe located
P1 upstream of the primary jet pipe exit, the dominant frequency peak is
cut off sharply for the coarse grid, whereas the peak is resolved with the fine
grid. The higher harmonic is not resolved on the coarse grid for the monitoring
probe P2 at the mixing channel wall perpendicular to the primary pipe exit.
Contrary for the data history of the finest grid, where even the second higher
harmonic is indicated for the probe at the wall.

The dominant frequency is induced by a von Kármán vortex shedding
behind the pipe lip. The shedding frequency fK of this instability can be
estimated by the formula,

fK · ylip
ux

= 0.198 ·
(

1− 1

Re

)
, (5.88)

where ylip is the effective height of the pipe lip where the shedding occurs,
ux is the velocity difference of the velocities on each side of the jet pipe wall,
and Re is the characteristic Reynolds number. The Reynolds number corrects
for the boundary layer thickness. The estimation of the Reynolds number is
not trivial in this case, since the Reynolds numbers on each side of the pipe
wall are different. However, the Reynolds number in the pipe and outside is of
the order of 105, since the value of the velocity and the length scale reduce to
approximately one. Hence, Re−1 is of the order of 10−5 and therefore there is
only a small contribution to the right hand side term in Eq. 5.88. Thus, Re−1

is neglected (Re−1 ∼ 0) for this first estimation of the shedding frequency.
Incorporating a value for Re−1 would decrease the resulted value for the esti-
mated shedding frequency. Thus, the obtained value is expected to be slightly
overestimated. Using the actual values for ylip and the mean velocity evaluated
from the velocity contours, the result of the estimated shedding frequency is
36.5 kHz. This is in good agreement with the shedding frequency obtained by
the simulations.

Additionally, the auto-correlation of the pressure signal from the probe P3

in the shear layer right downstream of the pipe exit indicates the amplification
of the acoustic waves by the reflections, which is shown in Fig. 5.30 (d). The plot
exhibits the typical auto-correlation behavior of a harmonic function, where the
negative peak of a value close to −1 occurs a half wavelength later in the auto-
correlation peak with zero lag. The low decay rate indicates that the reflections
from the channel walls amplify the fluctuations slightly. The displayed auto-
correlation of the signal recorded in probe P2 exhibits a fluctuation, which
corresponds to the acoustic waves. Further, the covariance between the signals
obtained in the probes P2 and P1 is shown in Fig. 5.30 (d). Also this covariance
exhibits the fluctuations caused by the acoustic waves, where the shift of the
highest peak indicates the propagation delay from the location P2 to P1.
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The unsteady flow statistics in terms of the pressure fluctuations and the
normalized turbulence kinetic energy are shown in Fig. 5.31 (a) and (b), re-
spectively. The highest magnitudes of the pressure fluctuations are generated
by the hydrodynamic flow in the shear layer of the primary jet, whereas the
magnitudes induced by the acoustic waves are significantly lower. Thus, the
magnitude levels shown in Fig. 5.31 (a) have been coped in order to visual-
ize also the lower range of the averaged pressure fluctuations. Thereby, the
pressure fluctuations right in the exit plane of the primary pipe exit appear at
the highest magnitudes levels. An expansion fan manifests at the convergent
primary nozzle exit due to the sonic conditions of the jet, which is partially
responsible for the high pressure fluctuation values. Additionally, a line pattern
of high pressure fluctuation magnitudes in the jet core is visible. Also, a streak
line pattern of high magnitudes surrounding the primary jet can be observed.

The temperature in the primary jet core is lower than in the surrounding
secondary stream. Thus, the speed of sound is slightly (< 2%) lower in the
primary potential jet core than in the surrounding stream. However, a wave-
length of the acoustic wave emitted at the dominant frequency can be roughly
estimated based on the approximated speed of sound. This represents only an
approximate assessment, since the speed of sound is not completely uniform
over the distance. Nine half wavelengths fit in between the peak point of the
sampled pressure fluctuations and the wall and nine streak lines are visible in
this area, as shown in Fig. 5.31 (a). The primary jet pipe exit diameter is equal
to seven half wavelengths and seven streak lines are notable. Thus, one can
speak of a standing wave pattern occurring in the mixing channel.

(a)

(b)

Figure 5.31. Unsteady flow statistics: (a) Sampled static
pressure fluctuations and (b) Normalized turbulence kinetic
energy levels by the averaged primary pipe exit velocity
(
√
TKE/ue,x).
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The normalized turbulence kinetic energy levels and the sampled pressure
fluctuations exhibit the statistical propagation behavior of the unsteady flow
structures in the pipe bend, which have been described above. The largest
amount of vortical structures are generated in the pipe bend with the flow sep-
aration and in the proceeding separation bubble shear layer, where the struc-
tures are shed downstream. Further, the damping of the unsteady flow in the
convergent nozzle can be seen as a decay of the statistical fluctuation quanti-
ties. At the outer side of the primary pipe bend, a higher pressure develops
due to the flow redirection. A large flow structure starting upstream at the
high pressure side of the pipe bend and evolving circumferentially until the
recirculation zone at the opposite side has been observed in Fig. 5.28 (a). The
downstream shedding of this flow structure can also be traced in Fig. 5.31 (b)
as enhanced turbulence kinetic energy values. Further, a high pressure fluctu-
ation peak is observable in Fig. 5.31 (a) at this location upstream of the high
pressure zone. The Görtler-like vortical structures, generated in the corners of
the transition between the straight suction chamber and the convergent transi-
tion to the mixing channel, are only hardly visible in the normalized turbulence
kinetic energy levels. Nonetheless, enhanced magnitudes can be observed on
the upper side representing the unsteady structures induced by the wake be-
hind the primary pipe. The highest normalized turbulence kinetic energy level
can be observed as expected in the primary jet shear layer. The higher peak
values in the shear layer occur at the upper half provoked by the unsteady vor-
tical structures from inside the pipe bend. Thus, the jet spread does not occur
completely symmetrically. Long et al. (2008) performed a numerical study on
jet pumps using RANS simulations and found that the primary nozzle exit tip
thickness governs the size of the flow structures induced in the near-field region
of the primary nozzle. Further, the development of the structures has an influ-
ence on the turbulence kinetic energy levels generated in the mixing channel of
the jet pump. However, the influence on the jet pump performance was found
to be minor. Towards the end of the mixing channel, higher turbulence kinetic
energy levels can be noted at the channel walls, which indicated the boundary
layer flow separation induced by pressure fluctuations from the primary jet.
Further downstream, turbulent fluctuations can be noted in the entire diffuser.
Nevertheless, increased magnitudes prolonged from the primary jet shear layer
are visible.

The stability of a compressible jet has been investigated by Berman &
Williams (1970) using a perturbation analysis of a double vortex sheet model.
It was found that the compressible jet is unstable to a wide range of distur-
bances for all Mach numbers. However, in a confined geometry, the co-flow or
secondary flow stream in the same direction can have a damping effect on the
flow instabilities and delay the flow brake up, as shown by Tammisola et al.
(2011). Thus, fluid mixing and entrainment are reduced. The jet pump is a
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typical application, where the co-flow can damp instabilities in the generated
shear layer and thereby decrease the jet pump mixing performance.

The pressure wave reflecting at the walls and inducing a standing wave
pattern is a prominent feature of the investigated flow. Nonetheless, the impact
of these pressure waves on the flow development is intricate to state. However,
two modal decomposition methods have been presented in Chapter 3. With
the dynamic mode decomposition, the growth rate for each mode is obtained.
Thus, a damping or amplification of modes can be investigated. For the modal
analysis of the pressure field, 2178 individual time instants have been acquired
at a sampling rate of 312.5 kHz. Thus, a frequency range of about 144 Hz to
156, 250 Hz is covered in the analysis. The analysis has been performed on a
reduced domain to keep the computational memory requirements low.

The spectra obtained with the pressure DMD analysis consists of a lobe
at the low frequencies and five high frequency peaks, as shown in Fig. 5.32.
Each peak is represented by a couple of modes, where each individual mode is
indicated by a black ring symbol in Fig. 5.32. The five pressure modes with the
highest mode magnitude are associated with the shedding downstream of the
jet pipe outlet, which occurs approximately at a frequency of 36.09 kHz. The
following modes in the magnitude ranking are associated with low frequency
flow phenomena taking place in the jet pump. Due to the frequency discretiza-
tion of the spectra by the sampled modes and the averaging over the entire
investigation domain, the lower frequency peaks are hardly distinguishable.

0 50 100 150
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

1

2
3
45

678910

f (kHz)

M
a
g
n
it
u
d
e
 o

f 
D

M
D

 m
o
d
e
s

Figure 5.32. The normalized power spectra density of the
static pressure modes is shown.

The growth rate of the computed modes is shown in Fig. 5.33 (a), where
the high amplitude modes are colored accordingly to the amplitude in shades of
red (high amplitude in red to low amplitude in white). An apparent feature of
the flow is that the high frequency modes exhibit larger growth rate magnitudes
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than the low frequency modes. However, the most high frequent modes exhibit
a very low amplitude, as shown in Fig. 5.32. Therefore, the consequence of
this flow modes onto the flow field development is minor. The mode with the
highest amplitude has a negative growth rate, which indicates that the mode is
decaying over time. However, the second, fourth, and fifth mode have a slight
positive growth rate and grow therefore over time.
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Figure 5.33. To the left, the growth rate of the dynamic
mode decomposition modes is shown, where the high ampli-
tude modes are illustrated in red. To the right, the empirical
Ritz eigenvalues are show, where the high magnitude modes
are colored in red.

The convergence of a DMD analysis is sometimes proven by showing the
empirical Ritz eigenvalues (see Fig. 5.33 (b)), which shall optimally lay on a
unit circle when the residual of the computation becomes low. This is the case
for the current calculation.

Three examples of pressure DMD mode shapes are shown in Fig. 5.34, for
the entire investigated domain by the modal decomposition. The mode shown
in Fig. 5.34 (a) exhibits the highest amplitude of all modes and is associated
with the frequency of 36.09 kHz. The mode shape clearly reveals the high
frequency acoustic wave propagation downstream of the primary pipe exit.
Further, the extent of the high amplitude frequency waves in the domain is
visible and the interaction at the shear layer can be seen. The other four
high amplitude modes associated with the shedding frequency peak exhibit
a generally similar topological shape. However, the peak value in the mode
topology changes location around the primary pipe exit for the different modes,
indicating that wave frequency slightly changes around the primary pipe exit
due to the slight difference of the velocity inside the primary pipe. The mode
shapes shown in Fig. 5.34 (b) and (c) are associated with the low frequencies of
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(a) 1st mode - 36.09 kHz

(b) 19th mode

(c) 6th mode

Figure 5.34. Three DMD pressure modes corresponding to
high frequency (a) and low frequency phenomena (b) and (c)
are shown, where the plane represents a longitudinal mid-plane
cut and the primary pip bend is positioned towards the top.
The color scale is chosen such that the general modal shape
becomes illustrative.

some kHz occurring in the mixing channel, and correspond to the 19th and the
6th mode in the amplitude ranking, respectively. However, the analysis does not
reveal a high enough temporal resolution in order to distinguish detailed flow
phenomena in the low frequency range. Thus, the modes correspond rather to
frequency ranges than to discrete frequencies. The 6th pressure DMD mode is
associated to the lower frequency range captured and exhibits high values in the
transition region between the straight mixing channel and the diffuser section.
The azimuthal mode shapes describe the propagation of the disk-like structures
generated some distance downstream from the primary pipe exit, which spread
in radial direction while moving downstream. The mode structures interact
with the mixing channel wall boundary layer and might be responsible for the
boundary layer separation, which is observed at this location. Worthwhile to
note is that the modal structure shapes remain until the outlet of the jet pump.
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The 19th pressure DMD mode has higher frequency content than the 6th mode
shown. The mode is initiated further upstream than previously low frequency
described mode, where the mode shape exhibits the highest amplitudes. For
both low frequency associated modes, slightly altered magnitudes arising from
the inside of the primary pipe are notable. Thus, these disturbance frequencies
coming from inside the primary pipe might be intensified in the shear layer
due to its receptivity. The mode shape describes the unsteady flow transition,
which is prolonged far into the diffuser region. However, the modal shape
exhibits a significant decrease of the magnitudes towards the outlet of the jet
pump.

5.4.2. Sensitivity of due to the Operating Condition

The standing wave pattern in the sampled pressure fluctuations coincides with
the wavelength at which the acoustic waves are emitted, where the frequency is
related to the velocity difference between the primary and secondary stream at
the pipe exit. The velocities and thereby, the emission frequency of the acoustic
waves might be dependent on the operating conditions of the jet pump. Thus,
the effect and sensitivity of the operating condition on the generation of the
standing wave pattern in the mixing channel is of interest, since this pattern
could be a coincidence of the operating condition choice.

Therefore, two additional operating points have been investigated via sim-
ulations, where only the conditions at the primary inlet have been modified.
The operating points are specified in Tab. 5.3. The varied operation conditions
induce changes to the velocity induced at the primary pipe exit. However,
the secondary stream velocities will respond to the alteration of the primary
stream. Commonly, a centered fed jet pump exhibits a wide performance curve
compared to other designs. Thus, the secondary stream adaption is expected
to behave approximately proportional to the primary stream adjustment and
therefore, the change of the frequency is not trivially to predict. Nevertheless,
the general flow description given in the previous section is also valid for the
additional operating conditions.

Table 5.3. Additional investigated operating conditions.

p0,1/p∞ T0,1/T∞

A 1.64 1.3
B 1.59 1.28
C 1.50 1.25

The simulation results reveal the modification of the governing von Kármán
instability frequency. The spectra of signals in the probes P3 are shown in
Fig. 5.35, where the spectral peaks indicate a slight shift with the change of
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the operating condition. The peak frequency modification alters the wavelength
and thus, the node length for resonance forming a standing wave pattern is
changed. However, the small peak between 400 and 500 Hz is not effected by
the modification of the operating condition and thus, this frequency does not
seen to be linked with the inlet boundary condition.

10
4

10
5

10
−4

10
−2

10
0

10
2

10
4

f (Hz)

P
S

D

 

 

C
B
A

Figure 5.35. The power spectra density of the monitored
pressure signal in probe P3 is shown for the three operation
conditions.

The emitted pressure waves in the primary pipe exit plane for the three
operating conditions are shown in Fig. 5.36 (a), where the same scales are cho-
sen to visualize the acoustic waves and equal for all three operating conditions.
The high pressure of the primary stream can be seen in the center, where the
hydrodynamic fluctuations cause the pattern around the exit diameter. From
the instantaneous pressure wave pattern, it is difficult to expect a standing
wave pattern. However, four and a half wavelengths are notable for all con-
figurations and the wavelengths do not differ significantly for the individual
operating conditions.

The sampled pressure fluctuations for the three operating conditions are
illustrated in Fig. 5.36 (b) and (c), where (b) shows the primary pipe exit
plane and (c) a longitudinal cut plane in the mid. The high pressure fluctua-
tion magnitudes are provoked primarily by the hydrodynamic flow in the jet
shear layer and the expansion fan at the primary pipe exit. The disturbances
induced at the pipe bend are propagating through the pipe exit and are there-
fore visible in the sampled pressure fluctuations. It is interesting to note that
these fluctuations seem to be amplified over a short distance when propagating
through the primary pipe exit. Nonetheless, for all three operating points the
streak lines in the sampled pressure fluctuations are present. For the operat-
ing condition B, the pressure fluctuation values between the streak lines are
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(a) C (b) C (c) C

(a) B (b) B (c) B

(a) A (b) A (c) A

Figure 5.36. The instantaneous static pressure contours in
a radial cross-plane, right downstream of the jet pipe exit, are
shown in (a) for all the three operation point. (The scales in
(a) are adapted to visualize the shape of the pressure waves
at each operation point.) (b) and (c) show the time-averaged
pressure fluctuations in the cross-plane and a mid-plane view,
respectively. The pipe bend of the primary pipe is orientated
to the top.

lower than for the other configurations in the secondary coaxial stream and the
streak line pattern appears more sharp contoured. Hence, the standing wave
occurs most in phase for this operating condition, whereas a standing wave is
not perfectly generated for the other operating configurations. Nonetheless,
the standing wave pattern in the primary jet core does not exhibit the same
trend and a significant increase of the dominant frequency amplitude for one
operating condition compared to the other cannot be observed in Fig. 5.35.
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5.4.3. Effect of the Primary Pipe Nozzle Location

Due to the primary nozzle exit location in the mixing channel, the acoustic
waves generated by the shear layer instability are continuously reflected in the
mixing channel until the waves are damped or leave the channel on one of the
two exit boundaries. Further, the perpendicular reflection from the mixing
channel wall to the primary pipe exit lead to a feedback mechanism causing a
standing wave. Thus, in order to reduce this effect, the primary pipe exit can
be moved upstream such that less acoustic waves enter into the channel and a
reflection can less effect the initial jet development. The effect of the primary
pipe nozzle location has been investigated by moving the exit location one and
two primary pipe exit diameters upstream in two additional simulations, where
the location of the pipe bend has not been changed.

Since the operating condition is not altered from the initial setup, the
general flow field is only minor modified, as shown in Fig. 5.37. The shortened

(a)

(b)

(c)

Figure 5.37. Time averaged flow field in terms of the Mach
number for different primary pipe lengths.

primary pipe leads to a shortened evolution of the recirculation bubble at the
90◦ bend. Therefore, the separation bubble acts as a blockage for the primary
stream, which causes that the primary mass flow rate is slightly lower when the
primary pipe is shortened. Increasing flow unsteadiness is propagating from the
separation bubble shear layer out into the primary jet flow. Thereby, a faster
development of the jet shear layer instabilities is induced, which leads beside
of other mechanism to a faster spread of the primary jet. Thus, the diffuser is
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utilized more effectively, since the flow can be better expanded. Hence, moving
the primary pipe outwards leads to an increase of entrained secondary fluid
into the mixing channel for the same applied primary total pressure.

(a)

(b)

(c)

Figure 5.38. Comparison of sampled pressure fluctuations
with primary pipe upstream shift.

The sampled pressure fluctuation for the three configuration with an up-
stream shift of the primary pipe exit are depicted in Fig. 5.38, where the scales
are chosen such that the streak line pattern in the secondary flow become vis-
ible. The displacement of the hydrodynamic pressure fluctuations with the
primary pipe exit is clearly notable. Further, the altered fluctuation magni-
tudes propagating from the inside of the primary pipe into the mixing channel
can be observed. However, the most prominent difference is the pressure fluc-
tuations in the entrained secondary stream. With the primary pipe exit in the
mixing channel, a standing wave pattern is provoked, which exhibits even an
enhanced pressure fluctuation pattern in the primary jet core as compared to
the other configurations. With the primary pipe exit movement one diameter
downstream, a standing wave pattern between the exit and the entrance of the
mixing pipe can be hardly notable seen in Fig. 5.38 (b). For the primary pipe
exit shifted two diameters upstream, standing wave pattern is not notable at
the present scales in Fig. 5.38 (c). The lower pressure fluctuations region of
the secondary coaxial stream in the mixing channel are distinguished when the
primary pipe exits shifted upstream.
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5.4.4. Alternative Jet Pump Configurations

As discussed in the introduction Section 1.2, jet pumps are employed in various
applications. Hence, various design optimizations for performance or efficiency
improvement are available in literature. An elliptical primary pipe exit nozzle
has been suggested by e.g. Guillaume & Judge (1999). Guillaume & Judge
(2004) proposed to utilize an imposed swirl on the primary jet for mixing im-
provement. Several annual primary stream feeding systems have been utilized
(see e.g. Haak & Vrátnỳ (1959)), beside of multi nozzle designs (see e.g. Lord
et al. (1990)). The acoustic standing wave in the mixing channel is one of the
main issues with the baseline configuration, where the primary stream ends in
the mixing channel. The standing wave causes a delay of the initial induced
flow instability evolution and effects thereby negatively the jet spread and mix-
ing. However, chevron nozzle devices have been utilized to induce streamwise
vortical structures for aeroacoustic purposes. Thus, a chevron configuration
might improve the early mixing of the primary jet exhaust.

Therefore, four alternative jet pump configurations have been explored, i.e.
a chevron primary nozzle, an elliptical primary nozzle, a primary nozzle with
swirling inserts, and a multiple injector nozzle. The four exemplary investigated
configuration types are illustrated in Fig. 5.39. Each of the four configurations
can be optimized for a certain aim. However, it is moreover the principle goal
to demonstrate the general flow behavior achieved with such configurations.
Thus, the configurations are tested under the same operating conditions and
hence, the same boundary conditions as the initial configuration, which have
been tabulated in Tab. 5.2. Further, the initially described configuration is
denoted as baseline in the context of this section.

A standard serration of the primary nozzle exit with eight short chevrons
and no penetration angle is used. For the elliptical primary nozzle exit, the
exit area of the original primary nozzle is maintained, while the aspect ratio is
chosen to be three to one. The four vane inserts are used to generate a swirl in
the primary jet. For the injection driven configuration, eight pipes are placed
on the circumference of the mixing channel entrance with a shallow inclination
angle to drive the flow. The total injection area is conserved. In Fig. 5.39 (d),
a quarter of the mixing pipe is removed to reveal the flush mounted pipe orifice
location from the inside. Relative short inlet pipes are used, since the primary
stream feeding is realistically provided by a pressurized plenum surrounding
the pipes.

The time-averaged flow field in a mid-plane cut through the jet pump for
the four alternative primary stream supply cases are shown in Fig. 5.40 in
terms of the Mach number. The flow field deviation induced with chevrons
compared to the baseline case is minor and the general flow field behavior is
preserved. The chevrons induce significant flow disturbances in the primary jet
shear layer, which cause a slightly faster transition to turbulence. In Fig. 5.40
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(a) Chevrons (b) Elliptical exit

(c) Swirl vanes (d) Injectors

Figure 5.39. Different designs of the primary stream supply.

(a), an initial spread can be observed, which was not visible in Fig. 5.27. In
spite of that a centered jet stream can be observed in the diffuser and the jet
pump efficiency with the chevrons is slightly decreased (less than one percent).

With an elliptical primary nozzle exit, the jet stream in the mixing channel
exhibits two principal axis and thus, the jet developing in the mixing channel
is not axisymmetric. In Fig. 5.40 (b) only the major axis is shown, where the
shortening of the potential core of the primary jet is notable. The flow attaches
nicely onto the mixing channel walls, which results in a preferential expansion
in the diffuser. Nonetheless, the primary jet spreads less in the minor axis and
does not reach the jet pump walls. Hence, the diffuser is only partially better
utilized with an elliptic primary jet pipe exit, but an improvement of the jet
pump efficiency of approximately two percent is achieved.

Four guiding vanes have been designed with an initial inclination angle of
zero degrees with respect to the flow direction, while the vanes are continuously
twined towards the primary nozzle outlet to swirl the flow. At the concave
curved side of the individual vanes, high static pressures are induced, while on
the opposite side of the vanes, a low static pressure manifests. In the low static
pressure zone, the exhausting flow is accelerated and detaches in axial direction
from the ends of the vanes. On the high pressure side, the vane curvature
provokes the swirling motion of the flow at the outer radii. Due to the different
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(a) Chevrons

(b) Elliptic

(c) Swirl

(d) Injection

Figure 5.40. The flow field is illustrated in terms of the time-
averaged Mach number for the four alternative approaches.

flow directivity issued by the vanes, four jet-like structures form, which exhibit
a large spread angle from the mid axis. The vanes have been designed with
a relative small height and therefore, the swirl is not continued to the center
of the primary stream. The mid-stream jet exhausting the primary nozzle
can be clearly seen in Fig. 5.40 (c). The mid-stream jet continues straight in
axial direction, while the four jet-lets, generated by the vanes, organize as a
helical swirl. Slightly downstream of the primary pipe nozzle exit, the jet-lets
leave the mid-plane, as shown in Fig. 5.40 (c) and the two 90◦ shifted jet-lets
reenter the mid-plane a pipe nozzle exit diameter further downstream. Due
to the swirling motion only imposed to the jet-lets, two jet shear layers are
provoked, i.e. one surrounding the primary jet and another between the jet-
lets and the mid-stream. Thereby, fast mixing is provided, which leads to a
similar jet pump efficiency increase as achieved with the elliptical nozzle exit.
The geometry has not been optimized for the operating point. The mid-stream
generates the required flow momentum for the Venturi effect, while the jet-lets
provide mixing and entrainment. It was found that with the height of the
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guiding vanes, the ratio of flow momentum versus mixing can be manipulated
for optimization of the primary jet structure.

One of the main advantages of the circumferential injection into the mixing
channel for driving the flow is that the primary pipe, resembling a flow block-
age, in the center of the suction chamber is removed, see Figs. 5.39 (d) and 5.40
(d). The secondary stream can be entrained by the driving primary jets over
the entire area of the mixing channel entrance. For this operating condition
and the current geometrical setup, the entrained secondary stream bends by
its inertia the injected primary stream downstream. Thereby, impingement of
the injected primary jets is prevented. A slightly higher pressure is provoked in
the focal point of the jets, which leads to lower flow velocities on the mid axis
of the mixing channel. This tendency of the lower flow velocity in the center is
maintained until the diffuser outlet, while the higher flow velocities issued by
the primary jets forms an annular shape. Due to this velocity distribution, the
flow kinetic energy is nearly optimally converted to pressure energy in the dif-
fuser. Therefore, this design improves the jet pump efficiency by approximately
six percent for this operating condition.

The sampled pressure fluctuations contours provoked with the alternative
primary stream supplies are compared in Fig. 5.41. Although, the sampled
pressure fluctuation contours for the baseline configuration (see also Fig. 5.31
(a)) and the chevron case reveal generally similar features, the amplitudes of
the standing wave pattern in the secondary stream surrounding the primary jet
and in the primary jet core are significantly reduced. Therefore, the chevron
devices can be used to significantly reduce the high frequency tones in the
mixing channel.

With the elliptic primary nozzle exit, the minimal geometrical distance be-
tween the primary nozzle circumference to the mixing channel walls changes
around the perimeter. Nonetheless, streak line patterns of the sampled pres-
sure fluctuations are visible in the secondary stream between primary nozzle
and the mixing channel walls as well as in between the primary jet. The wave-
length observable is equal the wavelength with the baseline case. The sampled
pressure fluctuations indicate a shorter potential core length and the better
mixing properties induced with an elliptical primary nozzle exit. Besides, the
disturbances induced with the 90◦ pipe bend seem to be slightly less damped
in the primary nozzle, since the nozzle converges in the perpendicular axis.
Hence, with a rotation of the elliptical primary nozzle exit the impact of these
disturbances on the primary shear layer can be influenced.

As described above, four jet-lets are generated with the four guiding vanes
inducing the swirl in the primary nozzle. A high pressure and a low pressure
region develops on each side of the vanes. Thereby, high amplitude pressure
fluctuations are provoked on the vanes, which can be noted in Fig. 5.41 (c).
Nevertheless, the jet-lets lead to a substantially increased jet spread. The high
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(a) Chevrons

(b) Elliptic

(c) Swirl

(d) Injection

Figure 5.41. Alternative approaches; the sampled pressure fluctuations.

magnitudes of the sampled pressure fluctuations are more concentrated into
the mixing channel. Further downstream, the sampled pressure fluctuations
contours show that the fluctuations decay faster than with the baseline con-
figuration design. Nonetheless, a clear standing wave pattern in between the
mixing channel and the primary nozzle exit and in between the primary jet
core can be seen.

With the injection from the circumference of the mixing channel, high mag-
nitudes of sampled pressure fluctuations can be only observed in a spatially
restricted area, where the vortical structures shed with the injected jets prop-
agate initially downstream. The peak amplitudes are an order of magnitude
lower than for the other primary flow supply configurations.

Certainly, the drawback of the circumferential injection system is the nar-
row operating range compared to the centered primary jet approaches. For
lower primary operating conditions, less secondary fluid is entrained and thereby,
the primary jets are bent less into the downstream direction. As a consequence,
the primary jets impinge in the mid axis of the mixing channel. With the in-
jected jets interacting, a partial flow reversal may be provoked. This leads
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to poor performance and efficiency results at off-design conditions. With ad-
justable injector inclination this drawback could be circumvented.

The standing wave pattern in the sampled pressure fluctuations takes place
also with differently shaped primary nozzle exits. The occurrence of this phe-
nomenon is not entirely governed by the coincidence that the geometrical dis-
tance is a multiple of the radiated half wavelength. This was already indicated
in Section 5.4.2, since the acoustic waves are not radiated from the primary
nozzle perimeter at exactly one frequency and the acoustic waves are moreover
distorted annular waves. With a stronger deviation of the imposed frequencies,
as e.g. obtained with chevrons, the amplitude of the standing wave pattern
can be reduced. The spectra of the recorded static pressure with chevrons is
shown in Fig. 5.42 for the same locations as for the baseline (compare also
with Fig. 5.30). The amplitude reduction of the dominant peak can be noted.
Moreover, the peak consists of two main tonal frequencies, which diffuse in
the higher harmonics. The lowest sampled pressure fluctuations have been ob-
tained with injector pipes. The injector orifice is beveled due to the required
inclination angle for driving the flow. Therefore, the acoustic waves are emitted
over a wide spread range of frequencies. The acoustic noise sources generated
are above the audible range of humans, since the injector dimensions, which
govern the induced turbulence length scales, are small.
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Figure 5.42. Power density spectra for the case of chevrons
on the primary pipe nozzle exit. The same locations are mon-
itored as for Fig. 5.30.



CHAPTER 6

Conclusions & Outlook

In many occasions of every live in modern society, the population is exposed to
high amplitude noise. This environmental pollution provokes increased stress
levels and can lead to health issues. Infra-sound has been well documented
for having patho-physiological effects. Thus, it is relevant and necessary to
decrease the acoustic noise emission as much as possible. Therefore, systematic
assessment of sources of noise as well as the propagation and spreading of noise
is important.

Generally, two main methodologies are common in practice for system-
atic design optimization of flow of fluids, namely; experimental and numerical
methods. Experimental approaches can be used to measure acoustic noise lev-
els or to quantify the flow field, and are necessary to validate modeling of the
sources. However, experimental assessment requires a physical prototype and
certain measurements can be performed on a specially constructed or adjusted
test rig. High speed flows are challenging to study with experimental mea-
surement techniques due to local temperature and density variations leading to
optical difficulties and the need for temporal resolution. Some quantities are
easier to measure (e.g. pressure), yet most experiments are generally expensive
and are therefore avoided at initial stages of engineering design. Therefore,
simpler modeling tools are needed to support the initial design. At later stages
more complex computational tools could be needed in order to enhance the
accuracy and refine the details of the design. Once a few promising designs
are selected, detailed experimental and numerical investigation for the final
selection are most often required.

Experimental evaluation focuses either on detailed accurate measurements
with spatial and temporal limitations or on sectional, qualitative flow visualiza-
tion. Measuring global performance evaluations requiring long sampling times
but are essential for judging the general behavior of the experimental setup.
Noise directionality measurements can accurately be realized experimentally.
Nonetheless, experimental methods have also short comings, such as for ex-
ample visualization of three dimensional flow structures or whenever one has
limited optical access one has to rely on intrusive methods that may affect the
flow field that one wants to measure. Computational simulations on the other

198
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hand can provide information about the entire flow field. Of course the compu-
tations that include models have to be validated against accurate experimental
data. Further, numerical simulations are limited by the computational power
available at any time and hence for example wave steepening at far distance
from the source is too expensive to be simulated. Thus, experimental mea-
surements and detailed simulations are supplementing each other and shall be
therefore used in this way also the foreseeable future.

The current work focuses on the numerical analysis of compressible high
speed jets in aeronautic applications for which acoustic near-field radiation is
important. Various computational methods are available to study such kind of
flows, where the aim was to employ a selected methods in the design process
to improve an application. Hence, numerical simulations have been performed
to demonstrate the applicability of such methods, where the focus has been on
the optimization of supersonic nozzles and air jet pumps in terms of acoustic
noise emission and the related production phenomena. Generally, two kinds of
simulation approaches have been used, i.e. fast steady-state RANS methods
and the physically more accurate LES approach.

6.1. Conclusions and Discussion

One of the aims of this work has been to demonstrate the applicability and the
advantages of various numerical methods. The utilization of fast computational
tools to investigate a large parameter space for optimization purposes has been
demonstrated, where the fast steady-state RANS method has been used to sim-
ulate over 250 cases in order to explore optimal nozzle design candidates. Most
favorable conditions for internal fluidic injection manipulating a supersonic jet
exhausting a convergent-divergent nozzle have been investigated. The selection
criteria for the optimal performance were primarily the generated thrust, shock
wave strength, and turbulence kinetic energy levels in the exhausting jet shear
layer. No optimal configuration for all nozzle operating conditions has been
found, since the operating condition remarkably changes the degree of overex-
pansion of the exhausting jet. However, the locations at the nozzle lip and in
the convergent nozzle section did not exhibit significant advantages over the
case without fluidic injection. Thus, the injection location should be situated in
the divergent nozzle section. It has been shown that for lower nozzle pressures
the injection location should be moved closer to the nozzle exit, whereas for
high nozzle pressures, a location close to the nozzle throat is more beneficial.
With the injection angle and the fluidic injection amount, the shock pattern
in the nozzle can be substantially manipulated. Both parameters effect the
shock pattern in simultaneity, since both parameters together determine the
penetration depth of the injected jet via the transversal injected flow momen-
tum. Thus, a fluidic injection configuration with a steeper angle and a lower
injection amount acts similar as another configuration with a shallower angle
and a higher injection amount. A shallower angle is favorable for a better
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thrust performance, but larger mass flow is required to attain the same shock
pattern as compared with a steep angle. An important factor is the pressure
matching of the nozzle exit pressure or area control. By matching the static
pressure at the nozzle exit with fluidic injection, the shock pattern issued at the
nozzle exit can be suppressed. Additionally, the number of injectors disposed
on the circumference influences the evolution of the vortical structures induced
in the nozzle flow. For many injectors, the vortical flow structures influence
each other, such that the time-averaged streamwise vorticity is preserved over
a shorter spatial extent as compared to the case with fewer injectors.

The beneficial candidate solution exhibits low turbulent kinetic energy lev-
els in the jet exhaust shear layer, the shocks waves are weak. Although a
beneficial candidate solution has been identified, the physical mechanism for
which this configuration is favorable could not be explained by these steady-
state data sets. Therefore, a numerically more expensive method; namely,
Large Eddy Simulations, have been employed to investigate one of the opti-
mal candidates in greater detail. The detailed simulation enable exploring the
underlying flow physics which could be analyzed. The study considers a wide
range of injection momentum ratios for three slightly shifted injection locations.
For the lowest momentum ratios, the injection leaks subsonic into the nozzle
stream without detaching from the walls. The injected jets establish a clear
under-expanded shock pattern, which causes the injected jet to detach from the
nozzle walls, for the highest momentum ratios considered. However, this range
represents a lower momentum ratio range of jet in supersonic crossflow as usu-
ally considered. Thereby, the evolution of the shock pattern establishment with
increased momentum ratio has been investigated and it was observed that the
leeward shock manifest at much lower momentum ratios, where no windward
shock can be noted. Only for the highest momentum ratio investigated, the
shock pattern appears similar to the ones presented in literature. The analysis
further revealed that the interaction between the streamwise vortical struc-
tures is influenced by the injection jet regime and thus, the momentum ratio.
For low momentum ratios, the injected fluid obstructs only a small amount of
the cross-sectional area, while for intermediate momentum ratios, the injected
fluid blocks a higher proportion of the cross-sectional area. With momentum
ratios that high that the injected jets reach supersonic flow conditions, the
initial jet spreads hinders substantially more the flow in between the injection.
Upstream of the injection, a separation bubble is provoked at the sudden ge-
ometrical change of the nozzle. The generated shear layer is shed onto the
injected streams, where the flow structures are deviated in between the injec-
tion nozzles. Thereby, these flow structures form a counterrotating vortex pair.
Since the flow structures have more space to evolve with low momentum ra-
tios, the time-averaged streamwise vortical structures observed in between the
injection locations extend further downstream. With shocks occurring in the
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fluidic injection jet, the jet width hinders these streamwise vortical structures
tone observed.

Detailed unsteady simulations have been carried out to explore the com-
pressible flow phenomena and acoustic noise generating mechanisms in the hy-
drodynamic near-field with external fluidic injection. Previously, acoustic noise
measurements have been performed at the University of Cincinnati and these
revealed that the spectral properties of the flow without fluidic injection and
the one with high amounts of fluidic injection yield screech tones. However,
the acoustic data alone cannot explain these findings. Thus, numerical flow
simulations of the inherently unsteady phenomena have been performed. The
shock pattern of the case without injection exhibits a double shock diamond
structure. The calculation results show that the shock pattern issued at the
nozzle throat remains static, while the shock pattern originating from the noz-
zle exit or the injection is shifted upstream with increasing injection pressure.
For the lowest amount of injection pressure simulated, the two shock pattern
are most perfectly staggered. Hence, with higher injection pressures, the two
shock pattern become more coinciding. The fluidic injection adds additional
mass to the exhausting jet, while also compressing the flow. This provides
that the jet being over-expanded without fluidic injection transits to an under-
expanded jet with high injection pressures. Furthermore, a Mach disk develops
outside of the nozzle exit and it is shifting upstream and increasing in size with
higher injection pressures. The combination of these effects cause a wavy static
pressure pattern in the jet exhaust. Nonetheless, the deviation from an ideal
jet expansion causes the additional rise of screech tones.

Finally, the possible effects of confinement on the compressible jet flow
development have been analyzed. A compressible jet generates acoustic waves
due to the shear layer instabilities. For a free jet, the pressure waves propagate
into the far-field without interacting with the jet. Nevertheless, for a com-
pressible jet in a confined environment, the pressure waves are reflected at the
confining walls. It has been found that the baseline configuration, where the
primary pipe exit is located in the mixing channel, exhibits a standing pressure
wave pattern, which may possibly amplify the initial pressure wave generation
and lead to a damping of the initial shear layer instabilities. Furthermore,
the sensitivity of this phenomenon to the operating condition has been inves-
tigated. It has been found that the change of the operating condition has only
a minor impact on the frequency of the acoustic waves and the standing wave
pattern is maintained. Moreover, the half wavelength of the acoustic wave is
not an exact multiple of the distance of the primary nozzle rim to the mixing
channel nor the primary diameter itself. Using modal decomposition methods,
it has been found that the dominant frequency of the emitted acoustic wave
is not exactly equal around the entire exit perimeter. Thus, the occurrence
of this phenomenon is not restricted or sensitive to a certain frequency. The
sensitivity of the standing wave pattern was further assessed by considering
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two additional cases, where the primary jet pipe exit is move upstream, out
of the mixing channel. For this cases, the reflection of the radiated acoustic
waves from the primary nozzle exit are not a concentrated and a standing wave
pattern of much weaker amplitude is observed. This leads to a tremendous
reduction of pressure fluctuations in the mixing channel. Further, the initial
evolution of the shear layer instabilities is shifted upstream towards the noz-
zle exit, the more diminish the standing wave pattern is. This indicates that
the standing wave pattern influences the initial shear layer development right
downstream of the primary nozzle exit.

As one of the aims of this thesis has been to analyze the usability of different
numerical flow simulation methods for near-field acoustic purposes. Shortly,
the finding is that there is not a single optimal simulation tool. Rather a
combination of assessment tools employed at different design stages using the
most relevant one to obtain an optimal design result from a large parameter
space. The fast RANS simulation approach could be used in the design process
of developing an optimal setup by sort out configurations, which do not exhibit
any benefit at all. Further, the general flow features have been correctly by
the screening method. Thereby relevant investigation time could be saved.
However, the approach exhibits weaknesses explaining flow physics and the flow
predictions become unreliable when flow acoustic coupling becomes important,
as observed for e.g. screech tones or the standing wave pattern in the jet
pump configuration. Advanced post processing tools can be used to predict
such phenomena. In such cases, the strength of a numerically more accurate
method, implicit LES, becomes apparent, which leads to the second major goal
of this thesis. It has been clearly demonstrated that by using LES, acoustic
noise generation mechanisms and important flow physical phenomena can be
identified. The numerical method was proven to be capable to capture screech
tones emitted from a convergent-divergent nozzle exhaust and the standing
wave pattern in a jet pump has been simulated.

6.2. Outlook

The current thesis, as all theses, has been limited in time. Therefore, the
work has left out some items, as well as new ideas and knowledge have been
gained, new possibilities and methods will allow for further improvements in
handling the problem under consideration. The physics of acoustic noise gener-
ation has been investigated within this work, yet this physics is not completely
understood. Noise generation at different frequencies and different locations
can be attributed to some distinct mechanisms. One may speculate that noise
reduction can be attained by focusing on the generation part. However, this
approach may be difficult due to limited freedom when one has limited liberty
due to performance considerations. One may also consider the noise propa-
gation aspect with focus on the effect of nozzle shape on the initial spreading
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(strength and directivity). A third approach, related to the used here include
using passive and active means for damping the generated noise.

When it comes to the computation of aeroacoustics, one may consider
first the far-field aspect. For many applications, the acoustic noise amplitudes
radiated into the far-field is more relevant as evaluation parameter than the
sources as such, since the observers are not directly located nearby the source.
For practical reasons one cannot resolved the whole flow and acoustics fields
using for example LES. Therefore, LES computations are commonly combined
with a second numerical approach that handles only the acoustic wave propaga-
tion, using a so called acoustic analogy. Linear approaches have inherently the
problem of handling non-linear effects. Similar problem can be related to the
Linearized Euler equations. Nevertheless, for the extrapolation of non-linear
steepening waves, as occurring e.g. for crackle, a solver based on the Euler
equations might be more suitable for such situation for the cost of heavier
computations.

Another potential improvement can be made by using Cartesian grids on
which one can easily implement higher order compact schemes for solving the
non-linear equations. By using less dispersive numerical schemes one may also
circumvent the common restriction in grid stretching which commonly leads
to wrong wave propagation speed, depending on grid size and reflections from
grid interfaces at regions with different resolution (i.e. wave speeds).
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acknowledged. In part, FMV (Försvarets materielverk) funded the present
work and in part, this work was conducted within the EU Seventh Framework
Programme (FP7) Clean Sky Joint Undertaking (OPA-Optimization of air jet
pump design for acoustic application), project number: CS-GA-2013-325977.
The computational resources required have been provided by the Swedish Na-
tional Infrastructure for Computing (SNIC 002-12-11, 2013-11-19) via PDC.
Also the two travel scholarships provided by the Erik Petersohns Minne fund
and the ECCOMAS are greatly appreciated.



Bibliography

Acoustical Society of America 1994 American national standard - acoustical
terminology. In ANSI S1.1-1994 (ASA 111-1994).
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Lafitte, A. 2013 Prédiction de l’aéroacoustique de jets subsoniques confinés à l’aide
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APPENDIX A

Assessment of Grid Sensitivity

In Chapter 4, the grid sensitivity of the numerical simulation results has been
investigated in terms of the static pressure distribution on the mid axis of the
convergent-divergent nozzle when internal injection is applied. The analysis
of static pressure distribution is relevant. However, other flow quantities have
to be investigated as well to verify if the numerical procedure captures the
essential flow physics with fluidic injection. Thus, the grid sensitivity study
is complemented with the analysis of the velocity and the turbulence kinetic
energy data extracted along radial lines in Fig. A.2 and Fig. A.3 for the three
mesh grids, which have been characterized in Tab. 4.1 contained in Chapter 4.
The locations of the radial lines are illustrated in Fig. A.1. Two of the other
stations are selected upstream of the fluidic injection and three line locations
are chosen in the downstream of the fluidic injection.

1 2 3 4 5

Figure A.1. Illustration of the line locations over-imposed
on the streamwise velocity (m/s), distribution inside the noz-
zle..

Figure A.2 (1) compares the solutions obtained for the radial location cho-
sen most upstream, closer to the nozzle throat (i.e. 1 and 2) for different grid
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resolutions. Steep gradients close to the walls can be observed due to the thin
compressible boundary layer. The recirculation bubble developed upstream of
the fluidic injection is characterized by negative velocities. There is an abrupt
increase to the highest streamwise flow velocities, as we move across the devel-
oped shear layer, as shown also in Fig. A.2 (1a) and Fig. A.2 (2a). Towards
the nozzle axis, a smooth profile develops. However, with this sudden change
of the flow velocities, high turbulence kinetic energy levels are induced forming
narrow peaks close to the walls, see Fig. A.2 (1b) and Fig. A.2 (2b). However,
at location (2) indicated in Fig. A.1, a shift in the shock pattern was noted
by comparing the static pressure on the mid axis of the convergent-divergent
nozzle. This shift in the shock location can be also noted towards the outer
radii in the streamwise velocity profile, since the frontal lambda shock leg is
situated on the separation bubble and crosses this data line. Nonetheless, a
visual inspection of the plots reveals that the general trends are monotonically
converging and constantly captured for all three different grid resolutions, i.e.
Coarse, Intermediate, and Fine. The turbulence kinetic energy peaks across
the tiny shear layer are narrow at these locations (1 and 2), since the unsteady
flow is mostly associated with the flow recirculation in the separation bubble.

The shock pattern displacement with the grid refinement is more apparent
for the comparison of the streamwise velocity data lines downstream of the
injection (lines 3,4, and 5 in Fig. A.1), as presented in Fig. A.3. The streamwise
velocity profiles nearly overlap in the most parts of the radial line. However,
where an abrupt streamwise velocity change is provoked by intersecting shock
waves, the profiles disagree due to the shock pattern displacement. However,
the differences caused due to a shift of the shock pattern are of the order of
approximately one mesh cell. Nonetheless, a monotone trend can be observed
for all streamwise velocity profiles shown in Fig. A.3.

The line plots of the turbulence kinetic energy reveal the amount of flow
unsteadiness induced by the injected jets, where a consistent trend between the
data lines on the three mesh girds is illustrated in Fig. A.3 (b). Less fluctuations
are captured by the less resolved grids. However, since no SGS model is used
to account for the unresolved fluctuations, this trend is expected. Nonetheless,
the right amount of kinetic energy is dissipated (into heat), since the flow field
is not altered (as demonstrated in Fig. A.3 (a)) due to a lack of turbulent
energy dissipation. Further, it may be pointed out that a monotone converging
trend can be seen and the differences between the fine and the intermediate
mesh grid are smaller than the differences between the intermediate and the
coarse mesh grid.

Figure A.4 and Fig. A.5 illustrate the streamwise velocity and the turbu-
lence kinetic energy profiles obtained by the Richardson extrapolation for the
data presented above. On top of the extrapolated profiles, the error bars reveal
locations of high uncertainty. For the profiles at the most upstream location,
the error bars indicate that the reversed flow velocities in the recirculation
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Figure A.2. Streamwise velocity (a) and turbulence kinetic
energy (b) profiles obtained on the three grids utilized for the
grid sensitivity study. The locations are indicated in Fig. A.1.

bubble are consistently captured. However, over the abrupt streamwise veloc-
ity rise, the deviations are relative large uncertainties due to the small spatial
extent of the gradient. Especially for Fig. A.4 (2a), large uncertainty bars
are visible. The error bars for the turbulence kinetic energy exhibit that the
uncertainty is rather low for the prediction of the peaks values at this location.

The shift of the shock pattern is clearly notable in the profiles shown in
Fig. A.3 comparing the results for the three mesh grids. Thus, at this locations
high uncertainty is expected. Nevertheless, Fig. A.5 demonstrates clearly that
the uncertainty is lower for the line locations downstream of the fluidic injec-
tion than upstream of it. At steep the gradients, the error bars are altered,
but remain relatively small. The reason for this behavior can be explained by
the apparent order of the solution convergence, which is much higher for the
locations downstream of the fluidic injection than upstream of the fluidic injec-
tion into the nozzle. The apparent order describes the rate of convergence and
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Figure A.3. Continuation of Fig. A.2 for the line locations
downstream of the fluidic injection.

hence, a decreasing difference of the grid solutions from intermediate-coarse
to fine-intermediate is beneficial, while the revised behavior results in a low
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Figure A.4. Richardson extrapolation for the streamwise
velocity (a) and the turbulence kinetic energy profiles (b) on
radial lines. On top to the extrapolated profiles, the error
bars indicate the location of the largest uncertainty. The line
locations have been shown in Fig. A.1.

apparent order. Figure A.3 shows clearly that the difference between the fine
and intermediate mesh grid solution is less than the difference between the
intermediate and coarse mesh grid solution. Especially for the turbulence ki-
netic energy profiles, the good monotone convergence behavior between the
mesh resolutions can be observed. For the streamwise velocity profiles shown
in Fig. A.3, larger differences between the fine and intermediate mesh grid so-
lution than between intermediate and coarse mesh grid solution can be noted,
which cause a low apparent order due to the divergent difference behavior. Due
to this divergence for the profiles upstream of the fluidic injection, the error
bars appear in this size.

Summarizing, it can be said that the computed solutions exhibit consistent
reasonable trends. The shift of the shock pattern and slight displacements of the



A. ASSESSMENT OF GRID SENSITIVITY 233

−1 −0.5 0 0.5 1

50

100

150

200

250

300

350

400

450

normalized radial coordinate y/D (−)

s
tr

e
a
m

w
is

e
 v

e
lo

c
it
y
 (

m
/s

)

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x 10
4

normalized radial coordinate y/D (−)

tu
rb

u
le

n
c
e
 k

in
e
ti
c
 e

n
e
rg

y
 (

m
2
/s

2
)

(3a) (3b)

−1 −0.5 0 0.5 1
0

50

100

150

200

250

300

350

400

450

normalized radial coordinate y/D (−)

s
tr

e
a
m

w
is

e
 v

e
lo

c
it
y
 (

m
/s

)

−1 −0.5 0 0.5 1

500

1000

1500

2000

2500

3000

3500

4000

normalized radial coordinate y/D (−)

tu
rb

u
le

n
c
e

 k
in

e
ti
c
 e

n
e

rg
y
 (

m
2
/s

2
)

(4a) (4b)

−1 −0.5 0 0.5 1

0

50

100

150

200

250

300

350

400

450

500

normalized radial coordinate y/D (−)

s
tr

e
a
m

w
is

e
 v

e
lo

c
it
y
 (

m
/s

)

−1 −0.5 0 0.5 1

0

500

1000

1500

2000

normalized radial coordinate y/D (−)

tu
rb

u
le

n
c
e

 k
in

e
ti
c
 e

n
e

rg
y
 (

m
2
/s

2
)

(5a) (5b)

Figure A.5. Continuation of Fig. A.5 for the line locations
downstream of the fluidic injection.

steep shear gradients are responsible for the main uncertainties. A monotone
convergence behavior, as observed e.g. for the turbulence kinetic energy levels,
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causes a high apparent order, which leads to small estimated uncertainties,
although the differences of the solutions between the mesh stages are obvious.


