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Abstract

Computational fluid dynamics (CFD) is a significant tool routinely used in design
and optimization in aerospace industry. Often cases with unsteady flows must
be computed, and the long compute times of standard methods has motivated the
present work on new implicit methods to replace the standard explicit schemes. The
implementation and numerical experiments were done with the Swedish national
flow solver Edge, developed by FOI, universities, and collaboration partners. The
work is concentrated on a Lower-Upper Symmetric Gauss-Seidel (LU-SGS) type of
time stepping. For the very anisotropic grids needed for Reynolds-Averaged Navier-
Stokes (RANS) computations of turbulent boundary layers, LU-SGS is combined
with a line-implicit technique. The inviscid flux Jacobians which contribute to
the diagonal blocks of the system matrix are based on a flux splitting method
with upwind type dissipation giving control over diagonal dominance and artificial
dissipation. The method is controlled by several parameters, and comprehensive
numerical experiments were carried out to identify their influence and interaction
so that close to optimal values can be suggested. As an example, the optimal
number of iterations carried out in a time-step increases with increased resolution
of the computational grid. The numbering of the unknowns is important, and the
numberings produced by mesh generators of Delaunay- and advancing front-type
were among the best. The solver has been parallelized with the Message Passing
Interface (MPI) for runs on multi-processor hardware, and its performance scales
with the number of processors at least as efficiently as the explicit methods. The
new method saves typically between 50 and 80 percent of the runtime, depending on
the case, and the largest computations have reached 110M grid nodes. The classical
multigrid acceleration for 3D RANS simulations was found ineffective in the cases
tested in combination with the LU-SGS solver using optimal parameters. Finally,
preliminary time-accurate simulations for unsteady flows have shown promising
results.



Sammanfattning

Numerisk strömningssimulering (CFD) är ett viktigt redskap som används rutin-
mässigt för design och optimering i flygindustrin. I många fall måste man simulera
instationär strömning. Standardmetodernas långa räknetider motiverar förelig-
gande arbete med utveckling av nya implicita metoder som ersättning för stan-
dardmetodernas explicita tidsstegning. Utvecklingsarbetet har gjorts i det svenska
nationella programpaketet Edge som utvecklas av FOI, svenska universitet och
samarbetspartners. Arbetet koncentreras på implementering av en variant av LU-
SGS (Lower-Upper Symmetric Gauss-Seidel) för implicit tidsstegning. För de my-
cket anisotropa beräkningsnät som behövs för beräkning av turbulenta gränsskikt
med RANS-modell kombineras LU-SGS med en linje-implicit teknik. Jacobian-
matriserna till de icke-viskösa termerna, som bidrar till systemmatrisens diagonal-
block bygger på en flux-splitting approximation med uppströms-dissipation som
ger kontroll på diagonal-dominans och artificiell dissipation. Metoden styrs av
en mängd parametrar, och omfattande numeriska experiment har genomförts för
att identifiera hur de in- och sam-verkar så att nära optimala parametervärden
kan uppskattas. Exempelvis påverkar antalet iterationer per tidssteg konvergen-
shastigheten och skall väljas högre för beräkningsmodeller med högre upplösning.
Numreringen av de obekanta har stor betydelse, och det visar sig att de naturliga
numreringar som skapas med nätgeneratorer av Delaunay- och advancing front -
typ är bland de bästa. Programmet använder MPI-parallelisering för körning på
multi-processor-maskiner och körtiden skalar med antalet processorer minst lika
bra som de explicita metoderna. Den nya metoden spar mellan 50 och 80 pro-
cent av räknetiden, beroende på fall. De största fallen har 110M nätpunkter. Det
visade sig under arbetets gång att den klassiska multigrid accelerationen ibland
är ineffektiv på RANS-modeller tillsammans med LU-SGS med optimala parame-
trar. Preliminära tester på simulering av instationär strömning har visat lovande
resultat.
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CHAPTER 1
Introduction

Computational fluid dynamics (CFD) has become a significant tool routinely used
in the aerodynamic design and optimization of aircraft. CFD tools are used from the
conception phase to the production as preliminary tests of a specific aircraft design.
CFD simulations have largely replaced experiments to provide aerodynamic data.
However, computing time can become very costly, thus convergence acceleration
techniques are needed to speed up CFD solvers.

The flow is often characterized by high-speed and compressible properties and,
in many cases, by massive flow separation and unsteadiness. Accurate and efficient
numerical time-dependent computations are called for as Fig. 1 illustrates. It shows
unsteady flow over the SACCON (Stability And Control Configuration) unmanned
combat air vehicle (UCAV) model. For unsteady problems, a dual-time stepping
method is often used. The efficiency of standard dual-time stepping methods is
inadequate for large-scale industrial problems. A more rapidly convergent method
would speed up most of the existing CFD solvers used in industry and research
agencies, for steady and unsteady cases alike.

Implicit methods remove the stability restriction on the time-step. Therefore,
implicit methods are widely used in attempts to accelerate convergence of steady-
state problems as well as to improve the efficiency of unsteady solvers by advancing
the solution with substantially larger time (or pseudo-time) steps. This has moti-
vated the present PhD work, in which an effort is made to replace the explicit time
stepping methods with implicit time integration schemes. The flow solver consid-
ered in this project is the Swedish flow solver Edge [1–4] developed at FOI, lately
in collaboration with external national and international partners. Edge uses an
edge-based formulation on unstructured node-centered finite-volume grids based on
a dual grid supplied by a preprocessor. Acceleration techniques have been imple-
mented in Edge, such as multigrid (MG) based on the Full Approximation Scheme
(FAS) [5]. It treats the non-linear equation system using an explicit Runge-Kutta
(RK) time stepping as smoother. For viscous problems, a line-implicit method [6–
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10] is available to improve convergence on the very anisotropic grids necessary for
the boundary layers.

The present work focuses on an implicit solver based on the Lower-Upper Sym-
metric Gauss-Seidel (LU-SGS) type of relaxation. LU-SGS [11–16] is a linear it-
erative solver with low memory requirement based on approximations to the Ja-
cobian matrix. Initially developed for structured grids by Jameson and Yoon [17]
in 1987, LU-SGS was successfully extended, ten years later, to hybrid structured-
unstructured grids [18, 19]. The first step of the work presented here was the
definition of a proper block matrix implicit operator. It controls, by parameters in
the artificial dissipation model, contributions to the diagonal blocks of the system
matrix [14] to make them “heavier”. However, the LU-SGS convergence degrades
on high cell aspect ratio grids [20, 21]. Therefore for optimized performance on
highly stretched meshes, LU-SGS has been combined with a line-implicit method.
The resulting point and line block LU-SGS iterations were implemented and opti-
mized by code tuning using performance tools [22, 23]. A parallelized version has
been implemented for large scale aerodynamics computations. Ordering techniques
[24, 25] and parameter settings have been investigated [16] in a search for optimal
parameter configurations. Numerical results illustrate the efficiency of the solver for
two and three dimensional, Euler and Reynolds-Averaged Navier-Stokes (RANS)
problems with the corresponding test cases presented in a separate final section.
Finally, the method has been applied to time dependent problems and preliminary
results are displayed.

Figure 1: Averaged time-accurate computed flow over the SACCON UCAV model
[26].
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1.1 Scope of the Thesis

The current work focuses on acceleration techniques based on the LU-SGS solver.
A detailed description of earlier related work is given in chapter 3. Though many
investigations have dealt with the LU-SGS solver in the last thirty years, the present
thesis aims to push LU-SGS performance further by numerical experiments and
parameter investigations. The main contribution concerns the efficiency of LU-
SGS for RANS computations on highly stretched, unstructured meshes needed for
typical High Reynolds number applications. In fact the approximations originally
introduced by Yoon and Jameson do not allow high cell aspect ratio meshes, and as
Weber specifies in [21], exact Jacobians of the second order accurate discretization
should then be used. This, on the other hand, would produce linear systems without
the diagonal dominance required for LU-SGS convergence [14, 21]. The goal of the
present work is to obtain performance better than the line-implicit Runge-Kutta
solver by combination of LU-SGS with a line-implicit method. The novelty of the
solver comes also from its adaptation to Euler and RANS computational grids by
switching on the line computation by detection of stretched lines.

Another contribution is the integration of external parameters controlling the
solver behaviour, for maximum convergence acceleration on 2D and 3D, Euler and
RANS meshes. Actually, the overall convergence rate is sensitive to some param-
eters affecting the implicit system matrix and the convergence rate of the linear
solver per time-step. The parametric investigation of the performance of the LU-
SGS algorithm showed the importance of optimal parameter settings to obtain the
fastest convergence. Default optimal parameters have been also found from the
analysis.

Hence, the presented investigation has a different focus than much previous work
mainly concentrated on definitions of efficient implicit operators [11, 13, 14, 21] or
combined with the GMRES solver as a preconditioning method [12, 27].

1.2 Organization of the Thesis

The thesis is composed by two parts. The first part gives an overview and summary
of the investigation and results obtained, and the second part gathers the published
papers. The first part contains six chapters.

The first three chapters introduce the thesis and give a background of the pre-
sented method.

The fourth chapter is the core of the technical content describing the new method
and the results obtained.

Chapter five closes with a discussion of the conclusions and suggestions for
further work, and chapter six gives a short summary of the appended papers.
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CHAPTER 2
Background

2.1 Navier-Stokes Equations for Flow of a Compressible
Gas

Edge solves the Reynolds-Averaged Navier-Stokes (RANS) equations [1] for com-
pressible flow which resolve only the mean flow motions by time averaging the
Navier-Stokes system and rely on a turbulence model to represent sub-grid scale
motion by the Reynolds stresses. The present work considers only the Spalart-
Allmaras one-equation model [28]. Note that all governing equations are coupled.
The equations are based on the integral formulation of Eq. 4, the Spalart-Allmaras
transport equation, and the added turbulent contribution to the viscosity in the
mean flow equations.

2.1.1 Conservative Form of the Navier-Stokes Equations
The Navier-Stokes equations are the basic equations modeling fluid flow, expressing
the following conservation laws:

• the conservation of mass,

• the conservation of momentum, and

• the conservation of energy.

The conservation-law form of the compressible Navier-Stokes equations for mass,
momentum and energy conservation can be formulated in vectorial form as

∂u

∂t
+∇ · FI −∇ · FV = 0 (1)

where u is the vector of the conserved variables (ρ, ρu, ρv, ρw, ρE)T with E the
total energy, ρ the density, and u, v, w the velocities and where FI and FV are
respectively the matrices comprising the inviscid and viscous flux vector components

7



2 Background

FI = (FIx FIy FIz) =


ρu ρv ρw

ρu2 + p ρvu ρwu
ρuv ρv2 + p ρwv
ρuw ρvw ρw2 + p

u(ρE + p) v(ρE + p) w(ρE + p)

 (2)

FV = (FV x FV y FV z) =


0 0 0
τ11 τ21 τ31
τ12 τ22 τ32
τ13 τ23 τ33

(TV )1 + h1 (TV )2 + h2 (TV )3 + h3

 (3)

with V = (u, v, w)T the velocity vector. T is the viscous shear stress tensor with
elements τij = µ

(
∂Vi

∂xj
+ ∂Vj

∂xi

)
− 2

3µ (∇ · V ) δij with xi and xj Cartesian coordinates
x = (x1, x2, x3), p the pressure computed from the conservative variables as needed,
µ, the dynamic viscosity coefficient, and h = (h1, h2, h3) the conductive heat flux
according to Fourier’s law. The source terms are zero here, but will be non-zero
for the momentum equations in a rotating frame, as well as for turbulence models
based on transport equations.

For inviscid flow the viscosity and heat conduction vanish, so FV vanishes lead-
ing to the Euler equations.

2.1.2 Integral Formulation

For correct capturing of discontinuities such as shock waves, the discretization is
based on an integral formulation of the conservation laws over a finite volume Ω
with boundary surface S, ∫

Ω

∂u

∂t
dΩ +

∫
S

FndS = 0 (4)

with F = FI − FV, and where n is the normal vector to S.
The normal flux vectors FI · n and FV · n are

FI · n = FIxnx + FIyny + FIznz =


ρVn

ρVnu+ pnx
ρVnv + pny
ρVnw + pnz
Vn(ρE + p)

 (5)

and
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FV · n =

 0
Tn

(TV + h) · n

 (6)

with Vn = V · n the normal velocity and n = (nx, ny, nz) the components of
the unit normal. We define also the flux vector associated with an oriented surface
S = Sn as

fI(u,S) = FI(u) · S (7)

and similarly for the other fluxes.

2.1.3 Domain of Computation

Figure 2 shows how typical problems are set for computation. We identify the
domain of computation where the data will be computed and the aerodynamic
object in it, in this 2D case an airfoil. The boundary conditions have to be defined
along the airfoil and the outer boundary limiting the domain. Typically, the outer
boundary is formed by wind-tunnel walls. For free flight the outer boundary is set
far enough from the object that flow disturbances are small. Data on this farfield
boundary, such as the free stream velocity V ∞ as well as its thermodynamic state,
has to be set.

Figure 2: Configuration for 2D Simulations (RANS or Euler).

9
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Figure 3 shows a 3D computation, this time with a whole airplane. For straight
flight the domain can be reduced by symmetry of the object.

Figure 3: Scheme for 3D simulations. Domain of computation and zoom on air-
plane. Symmetric plane and volume mesh removed for visualization.

2.2 Finite Volume Spatial Discretization

The unsteady RANS flow model in Edge is a Method-of-Lines discretization of Eq.
4. This means that space is discretized first with a finite-volume discretization,
Eq. 34, with V the control volume, producing a large set of ordinary differential
equations.

The semi-discretized system of Eq. 34 over the control volume Vi surrounding
the node i, as in Fig. 4 (drawn for node v0, i = 0) reads

d

dt
(uiVi) +

∑
j∈N(i)

F̂IijnijSij −
∑

j∈N(i)

F̂VijnijSij = qiVi (8)

with N(i) the set of neighboring nodes to node i, Sij the surface area between nodes
i and j, and nij the normal vector to the surface between node i and node j. Note
that for the solution of the RANS equations we include the turbulence transport
equation whose terms are included in F̂Iij and F̂Vij , the discretized inviscid and
viscous flux matrices between nodes i and j, sections 2.2.1 and 2.2.2 respectively,
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and the vector of the conserved variables, becomes

u =


ρ
ρu
ρv
ρw
ρE
ρν̃

 . (9)

with ν̃ the turbulent kinematic viscosity. Moreover the vector of source terms qi
comes from the turbulence model, section 2.2.3.

A control volume is defined by the so called dual grid indicated in Fig. 4 with
dashed lines. A control volume surrounds each node of the primal grid, Figs. 2 and
3, connected by edges.

Figure 4: Dual grid (dashed lines) forms control volume

The surface vector orientation goes from node i to node j. Summing all the
surface vectors over a closed volume gives the null vector,∑

j∈N(i)

nijSij = 0 (10)

The finite-volume method computes the fluxes for each surface of the control vol-
umes so that the flux entering a volume is equal to the one leaving the adjacent
volume.

The next sections give a detailed description of the discretizations applied, based
on the following discretized system equivalent to Eq. 8,

Vi
dui
dt

+
∑

j∈N(i)

f̂Iij + f̂
b

Ii −
∑

j∈N(i)

f̂V ij − f̂
b

V i = qiVi (11)

11
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with f̂Iij = F̂IijnijSij , and f̂V ij = F̂VijnijSij , the corresponding discretizations
of the normal convective and viscous fluxes between nodes i and j, defined in sec-
tions 2.2.1 and 2.2.2 respectively, containing the turbulence terms. The terms f̂

b

Ii

and f̂
b

V i denote the corresponding discretized boundary fluxes defined in section
2.2.4, which appear only when node i is on a boundary.

Moreover some of the Jacobians are also described in the next sections, needed later
for the construction of the system to be solved, section 4.3.3.

2.2.1 Inviscid Flux
In a finite-volume method one needs also to specify the numerical flux f̂ . Edge [1]
uses two schemes for the inviscid flux f̂Iij , based on central discretizations Eqs. 13,
19 but with different types of dissipation d. These correspond to the Jameson flux
approximation with artificial dissipation, Eq. 15, and to an upwind flux difference
splitting (DFS) with a built-in dissipation Eq. 20. Moreover a matrix dissipation
[29] [30] has been implemented as an optimized combination of both methods and
is presented in paper A. In the description we refer to the mathematical flux vectors
as

fIij(u) = fI(u,Sij) (12)

The Jameson Scheme

The Jameson scheme [31] reads

f̂Iij = fIij

(
ui + uj

2

)
− dij (13)

Based on Eq. 5, the inviscid flux vector discretization is

f̂Iij =


ρij(V ij · Sij)

ρij(V ij · Sij)uij + pijSij
ρij(V ij · Sij)vij + pijSij
ρij(V ij · Sij)wij + pijSij
(V ij · Sij)(ρijEij + pij)

(V ij · Sij)ρij ν̃ij

− dij (14)

with S the control volume surface vector Sij = Sijnij across the edge between
nodes i and j, V ij = (V i + V j)/2 the average velocity on the edge between the
nodes, and dij the numerical dissipation evaluated also between the nodes. Same
arithmetic average as for V ij applies to the rest of the terms (·)ij .

The added dissipation d1−5
ij (Eq. 15) for the vector elements 1 to 5, is governed

by a pressure switch which activates a second difference dissipation ε(2) near the

12
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shocks while turning off a fourth difference dissipation ε(4). For the turbulence
dissipation d6

ij , the switch depends on the turbulent viscosity and we introduce the
turbulent terms ε(2)Tu and ε(4)Tu.

d1−5
ij =

(
ε

(2)
ij

(
u1−5
j − u1−5

i

)
− ε(4)

ij

(
∇2u1−5

j −∇2u1−5
i

))
ϕijλmaxij

d6
ij =

(
ε

(2)Tu
ij

(
u6
j − u6

i

)
− ε(4)Tu

ij

(
∇2u6

j −∇2u6
i

))
ϕijλ

Tu∗
maxij

(15)

with the factor ϕij introduced to account for the stretching in the grid (see [1]) and
the local spectral radius,

λmaxij = (|V ij · nij |+ cij)Sij (16)

where cij = (ci + cj)/2 denotes the speed of sound.
For the computation of the term λTu∗maxij , used for the turbulence transport

equation, we exclude the speed of sound and we apply an entropy fix formulation
through the variable γ, Eq. 17, which is proportional to a small fraction of the
velocity magnitude. This formulation follows the same idea than in Eq. 21.

λTu∗maxij = |V · S|ij + γ (17)

Moreover ∇2 is the undivided Laplacian operator,

∇2ui =
∑

j∈N(i)

(uj − ui) = −miui +
∑

j∈N(i)

uj (18)

where mi is the number of neighbors of node i. The flexibility of this method
comes from the controllable amount of artificial dissipation applicable through the
ε-factors. Other advantages of this scheme are its simplicity and robust convergence.
However, since the spectral radius corresponds to the maximum eigenvalue of the
flux Jacobian, the Jameson model is perhaps unnecessarily dissipative.

The Upwind Scheme

The Upwind scheme is of Roe flux difference splitting type [32] (Eq.19) where
the built-in dissipation dij , Eq. 20 appears by the Roe average matrix Aij =
(RΛ∗R−1)ij of the flux Jacobian matrices at nodes i and j. Arithmetic averages
are computationally less expensive and can be chosen to replace the Roe averaged
variables.

f̂Iij = 1
2(fIij(ui) + fIij(uj))− dij (19)
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d1−5
ij = 1

2 (R |Λ∗|R−1)ij
(
u1−5
j − u1−5

i

)
d6
ij = 1

2λ
Tu∗
maxij

(
u6
j − u6

i

) (20)

The computation of f̂Iij also uses the definitions of fIij in Eq. 12. The matrix
R contains the right eigenvectors of the averaged flux Jacobian. The diagonal
matrix |Λ∗| contains the moduli of eigenvalues adjusted with the Harten’s entropy
fix [33], as shown in Eq. 21. The entropy fix will prevent expansion shocks where
an eigenvalue vanishes.

|λ∗k| =
{
λ2

k+δ2

2δ , |λk| ≤ δ
|λk| , |λk| > δ

(21)

By choice of δ the dissipation can be tuned to compromise between accuracy (δ = 0)
and robustness with larger δ. δ is usually chosen around 5% of the spectral radius.

2.2.2 Viscous Flux

The viscous flux vector definition, Eq. 22, requires the computation of gradients
in a way that leads to a compact discretization. Formulations using averages of
gradients evaluated in the nodes would lead to a sparse discretization and should
be avoided. The approach considered consists in splitting the viscous operator
in normal (TijSij)tl and tangential derivatives (TijSij)tan, using a compact dis-
cretization of the thin-layer part containing the normal derivatives.

Two types of discretizations are defined in Edge, a compact discretization of
the thin-layer approximation and the fully viscous operator which includes also the
tangential derivative. The latter will not be considered in this work and details can
be found in Ref. [1].

f̂V ij =


0

TijSij
(TijV ij + hij) · Sij

gTu

 (22)

with Sij = (S1ij , S2ij , S3ij), and

gTu = ν̃i − ν̃j
|xi − xj |

|Sij | (23)

The thin-layer approximation reads

TijSij = (TijSij)tl = (µ+ µt)
[(

∂V

∂n

)
ij

+ 1
3

((
∂V

∂n

)
ij

· nij

)
nij

]
|Sij | (24)
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with µt the turbulent viscosity coefficient and where the normal derivatives are
approximated on the edges as (

∂V

∂n

)
ij

= V i − V j

|xi − xj |
(25)

In this way only two points are involved for the computation of normal gradients
at edges.

The difference formulas used are accurate only for cell geometries that make
edges normal to the wall, from the node on the wall far enough out through the
boundary layer that viscous effects become less important. Our RANS grids are
generated as structured grids of quadrilaterals in 2D and prisms in 3D essentially
extruded from the surface mesh along wall normals. Naturally, such extrusion meets
with problems at sharp edges with ill-defined normals, and in surface junctions
and thin flow conduits where the fronts collide. However, the current Edge mesh
generation technology, as developed in e.g. [34] and [35], successfully creates such
grids also for really complex configurations. An example is the Trap wing mesh
4.9.8 which has flaps and slats extended and realistic gaps and flow paths between
the wing and control surface elements. For line-implicit algorithms, see sections 3.9,
2.3.2, and 4.4, it is found that the lines need be constructed only in the structured
part of the grid, and the line construction algorithm works efficiently there.

2.2.3 Turbulence Model

The Spalart-Allmaras (SA) turbulence model [28] is used for all RANS simulations
in this work and the “standard” model is presented in Ref. [36]. Our simplified
formulation corresponds to the compressible form of the SA model developed by
Catris and Aupoix [37], ignoring the trip term ft1 and the laminar suppression term
ft2 term, e.g. Ref. [38] etc. We solve the equation

∂ρν̃

∂t
+∇ · (ρV ν̃)︸ ︷︷ ︸

convection

= cb1S̃ρν̃︸ ︷︷ ︸
production

− cw1fwρ

(
ν̃

d

)2

︸ ︷︷ ︸
wall destruction

+

1
σ
∇ · (ρ (ν + ν̃)∇ν̃)︸ ︷︷ ︸

viscous part

+ cb2
ρ

σ
‖∇ν̃‖2︸ ︷︷ ︸

diffusion

(26)

The production, destruction and diffusion terms correspond to the source terms.
The turbulent eddy viscosity is computed from

µt = ρν̃fv1
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where
fv1 = χ3

χ3 + c3v1
and fv2 = 1− χ

1 + χfv1

with χ = ν̃
ν , and ν = µ

ρ the kinematic viscosity. The modified vorticity is

S̃ = Ω + ν̃

κ2d2 fv2

where Ω =‖ ∇×V ‖ is the magnitude of the vorticity, d the distance from the field
point to the closest wall, and the function fw computed as

fw = g

[
1 + c6w3
g6 + c6w3

] 1
6

with g = r + cw2(r6 − r) and r = min

[
ν̃

S̃κ2d2
, 10
]

Finally the constants are cb1 = 0.1355, σ = 2/3, cb2 = 0.622, κ = 0.41,
cw1 = cb1

κ2 + 1+cb2
σ , cw2 = 0.3 cw3 = 2, cv1 = 7.1, and ct3 = 1.2, ct4 = 0.5.

Turbulence Jacobians

The computation of the turbulence Jacobians is based on exact derivatives assuming
constant viscosity, by differentiation of the inviscid and viscous fluxes. The source
terms are also differentiated exactly, and the production term in Eq. 26 is not
differentiated.

2.2.4 Boundary Conditions
We define the boundary conditions on the wall and far field to respectively, bound
fluid and solid regions and to represent the state of the flow at large distances
from the source of disturbance, in our case close to the airplane. We define the
boundary fluxes for nodes on the boundaries and we use weak boundary conditions
in all boundaries [39]. By weak boundary conditions it is meant that the boundary
unknowns are updated like any interior unknown using a penalty formulation more
or less explicit depending on the boundary condition.

• Slip Wall Boundary Condition

Slip boundary conditions are imposed at the wall for inviscid flow computations,
and the viscous flux is not considered. We compute the convective boundary flux
at node i in an impermeable wall boundary f̂

b

Ii = f̂
bw

Ii , with zero normal velocity
V · n = 0,

f̂
bw

Ii =


0

piSi
0
0

 (27)
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The slip wall Jacobians are computed differentiating first with respect to the
primitive variables W = (ρ, u, v, w, p, ν̃)T , applying the chain rule,

∂f̂
bw

Ii

∂U i
= ∂f̂

bw

Ii

∂W i
· ∂W i

∂U i
(28)

with

∂f̂
bw

Ii

∂W i
=


0 0 0 0 0 0
0 0 0 0 Si 0
0 0 0 0 0 0
0 0 0 0 0 0

 (29)

Note that this chain rule is usually used for the Jacobian computations.

• No-slip Wall Boundary Condition

For viscous flows, we enforce a no-slip adiabatic wall boundary condition [39] and
the viscous wall flux f̂

b

V i = f̂
bw

V i is

f̂
bw

V i =


0

(TiSi)tl
0

gTuwall

 (30)

always based on a thin-layer approximation with

(TiSi)tl = µ

[(
∂V

∂n

)
i

+ 1
3

((
∂V

∂n

)
i

· ni
)
ni

]
|Si| (31)

The normal derivatives are computed introducing the penalty formulation(
∂V

∂n

)
i

= − (V j − V i)
|xj − xi|

+ σp
(v − V i)
|xj − xi|

(32)

and
gTuwall =

[
−µ (ν̃j − ν̃i)
|xj − xi|

+ σpµ
(0− ν̃i)
|xj − xi|

]
|Si| (33)

with nodes i and j, the boundary and first interior nodes respectively and Si =
ni|Si| the boundary surface vector at node i, as illustrates Fig. 5.
Moreover σp is the penalty strength parameter, with σp ≥ 1/4 for stability reasons.
As mentioned in section 2.2.2 for the computation of the viscous flux, the grid
should be structured normal to the wall, typical for hybrid unstructured grids. The
other term required for the penalty formulation, v, is the prescribed wall velocity
and v = 0 on a no-slip wall. The term has been introduced to describe the formu-
lation. Note that the notion of line is already introduced in Fig. 5, later referred
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Figure 5: Wall boundary with grids and boundary surface vector definitions. Based
on [39].

to as implicit or stretched lines for line-implicit computations, sections 3.9 and 4.4.

Concerning the inviscid flux at the no-slip wall boundary, its definition is the
same than for the slip wall boundary and f̂

b

Ii = f̂
bw

Ii from Eq. 27.

The no-slip wall Jacobians are the Jacobians of Eqs. 28, 29, and the exact
derivatives of Eq. 30 assuming constant viscosity µ and µt and differentiating first
with respect to the primitive variables as for the inviscid case, Eq. 28.

• Far Field Boundary Conditions

For the far field boundary conditions we neglect the viscous effects which are small
and we define the boundary inviscid flux f̂

b

Ii = f̂
b∞
Ii . A detailed description of the

computation of the boundary flux and Jacobians can be found in Ref. [40].

2.3 Temporal Discretization

The unsteady RANS equations of Eq. 11 are rewritten as,

V · du
dt

+ r(u) = 0 (34)

with r the non-linear residual vector resulting from the spatial discretization of the
RANS equations Eq. 11. The system Eq. 34 may be solved time in-accurately to
obtain the steady state, or time-accurately for the unsteady flow, see section 4.8.

If the time-stepping process converges as time goes on and the residual r tends
to zero, the solution tends to a stable steady flow. The accuracy of the solution
will be determined by a tolerance tol in Eq. 35 to terminate the process at step n
when
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||r(un)|| ≤ tol (35)

2.3.1 Explicit Multistage Runge-Kutta

Edge uses an explicit q-stage Runge-Kutta scheme [1],

u∗1 = un − α1∆tV−1r(un),
u∗2 = un − α2∆tV−1r(u∗1),
...
u∗q = un − αq∆tV−1r(u∗q−1),
un+1 = u∗q .

(36)

This explicit method is combined with a line-implicit technique for acceleration on
stretched grids. Note that by default, we use 3-stages for the Runge-Kutta scheme.

2.3.2 Line-Implicit Runge-Kutta

Line Construction

The algorithm used for the creation of lines is based on a graph algorithm described
in detail in Ref. [9]. It consists in grouping together neighboring stretched edges
through several steps which can be summarized as: In a first step, for each node,
the list of edges and the aspect ratios are constructed. From the aspect ratios,
the nodes are sorted and the line search process starts by choosing the node with
the largest aspect ratio AR > ARmax not belonging to a line (free node). The
computation proceeds from that selected node to the connected node with smallest
aspect ratio, and the procedure continues until all connected edges and nodes are
belonging to the line under the condition AR > ARmin. The process repeats for the
next line and the line construction algorithm finishes when there are no free nodes
with AR > ARmax. The parameters used are ARmax = 100 and ARmin = 2.5
with a minimum number of nodes per line of 10. By this algorithm the different
resulting sets of edges defined the structured (or implicit) lines with the property
that the lines do not overlap and the edges and nodes belong only to one line.

Equations

The scheme for the line-implicit q–stage Runge–Kutta algorithm is given in Eq. 37.
This approach integrates implicitly in time along lines in regions where the grid
is stretched and the explicit Runge-Kutta time integration is retained everywhere
else, Eq. 36.
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(
I + γ1∆tV−1 ∂r̃

∂u

)
(u∗1 − un) = −α1∆tV−1r(un),(

I + γ2∆tV−1 ∂r̃
∂u

)
(u∗2 − u∗1) = un − u∗1 − α2∆tV−1r(u∗1),

...(
I + γq∆tV−1 ∂r̃

∂u

)
(u∗q − u∗q−1) = un − u∗q−1 − αq∆tV−1r(u∗q−1),

un+1 = u∗q .

(37)

with r̃ an approximation to r. We solve at each stage linear systems with block
tri-diagonal matrices (Fig. 15). The non-zero blocks are the Jacobian terms ∂r̃

∂u
for nodes on the lines and their two neighbors on the same line. Since the total
number of blocks of unknowns solved for in this fashion is only the number of
nodes belonging to the structured lines (Fig. 6b), and the matrix is only block-
tridiagonal, these linear systems are solved efficiently by band-Gaussian elimination.
The following section formulates a global implicit scheme.

(a) Block matrix for line-implicit
method.

(b) Implicit lines

Figure 6: Line-implicit computation.

2.3.3 Implicit Time Stepping
The implicit (or backward) Euler temporal discretization applied to Eq. 34 gives

1
∆tV ·

(
un+1 − un

)
+ r

(
un+1) = 0 (38)

The linearization of the residual r(un+1)

r
(
un+1) ≈ r (un) + ∂r (un)

∂u
∆un (39)

with ∆un = un+1 − un, produces a linear system of the form Mx = b, Eq. 40, to
be solved approximately by an iterative linear solver.(

1
∆tV + ∂r̃ (un)

∂u

)
︸ ︷︷ ︸

M

∆un︸︷︷︸
xn

= −r (un)︸ ︷︷ ︸
b

(40)
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with M and b called the Left Hand Side (LHS) and Right Hand Side (RHS) re-
spectively as,

LHS∆un = RHS (41)

At node i we define

ri =
∑

j∈N(i)

f̂Iij + f̂
b

Ii −
∑

j∈N(i)

f̂V ij − f̂
b

V i − qiVi (42)

and its approximation,

r̃i =
∑

j∈N(i)

ˆ̃fIij + ˆ̃f
b

Ii −
∑

j∈N(i)

ˆ̃fV ij −
ˆ̃f

b

V i − q̃iVi (43)

with r̃i an approximation to the RHS spatial discretization, ri. This implicit
formulation approaches the Newton method as 1

∆t → 0. In this sense one can
make assumptions about the convergence when r → 0 where Newton’s method has
quadratic convergence.

The operator M can be constructed for an optimized convergence rate without
affecting the solution limit un, n → ∞. If J = ∂r(u)

∂u is the exact Jacobian, time-
stepping becomes efficient because the spectrum will be significantly compressed
compared to the original dynamic system. However, direct solution of such a big
matrix is out of the question. Since the steady solution is independent of M, we try
to compromise between computational cost of producing and usingM, and spectral
compression for acceleration of convergence.

In this work, the LU-SGS iterative method has been chosen to solve the system
where special effort is initially made to define proper LHS operators for the RHS
approximations available in the software.

2.3.4 Multigrid Acceleration
The Runge-Kutta time stepper can be accelerated by Multigrid iteration. If we
consider multigrid iteration to be the fundamental ingredient, the Runge-Kutta
time-step is known as a smoother. It employs grids of different mesh sizes from
fine to coarser grids (Fig. 7). Figure 7 shows four grid levels created by merging
the cells progressively from the finest to the coarser level. This process is called
agglomeration. It combines control volumes from the finest grid recursively through
the grid levels in such a way that the flux conservation property of the finite-volume
discretization is preserved. As we can notice, the agglomerations of control volumes
are achieved at a geometric level where new data needs to be reconstructed from
edges and nodes for each level.

We know that for elliptic problems the idea of multigrid consists in transfer-
ring the low-wave number components of the residual into the coarser grids where
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Figure 7: Multigrid agglomeration.

they have high wave numbers. This implies an acceleration since iterative meth-
ods damp the high-wave number components of the error quickly. For numerical
solution of hyperbolic problems there are two mechanisms active. One advects the
residual out through boundaries, and that may proceed faster, in terms of number
of steps needed, on coarser grids by ways of their less restrictive CFL condition.
But any time-stepping-like scheme needs dissipation for stability, so any built-in,
carefully crafted artificial dissipation engages also the elliptic multigrid convergence
mechanism. Which is the more important remains under debate.

The multigrid approach implemented for the non-linear systems considered in
CFD is based on the FAS scheme [5] developed by Jameson. The flow problem on
the finest level L of the multigrid process is denoted

∂uL

∂t
+ rL(uL) = 0 (44)

with rL the spatial discretization at level L. We define the forcing function f l such
that the problem to be solved on the coarser levels l becomes

∂ul

∂t
+ rl(ul) = f l (45)

The meshes of the different grid levels are numbered from 1 to L, and represented
by the variable l. The definition of the forcing function f l corresponds to,

f l = Îll+1[f l+1 − rl+1(ul+1)] + rl(Ill+1u
l+1) (46)
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Ill+1 and Îll+1 are the restriction operators used in Edge, from grid level l+ 1 to the
coarser grid level l, of the unknowns and the residuals respectively.

The restriction operator Ill+1 maps a grid function ul+1 on grid level l+ 1 to ul
on level l by

Ill+1 : uli =
∑

j∈N(i)l+1

V l+1
j ul+1

j

V li
: V li =

∑
j∈N(i)l+1 V l+1

j (47)

which guarantees conservation of the variables. V li and V l+1
j denote the control

volumes centered at node i and j on grid level l and l + 1, respectively. N(i)l+1 is
the set of neighboring nodes to node i on grid level l + 1.

For residuals, we have simply

Îll+1 : Rl
i =

∑
j∈N(i)l+1

Rl+1
j (48)

with

Rl+1 = f l+1 − rl+1(ul+1) (49)

The corresponding prolongation interpolates a grid function ul to level l + 1,

Il+1
l : ul+1

j = uli, j ∈ N(i)l+1 (50)

Note that Ill+1I
l+1
l is the identity, and Il+1

l Ill+1 is an averaging mass-conserving
injection.

For a solution candidate uL (Eq. 45) on the finest level, one solves (approxi-
mately!) on the coarser level L − 1 for a correction cL−1 which, when prolonged
and added to uL to become the next iterate uLnew = uL+ILL−1c

L−1, gives a smaller
residual rL(uLnew). The problem to solve on level L− 1 becomes,

rL−1(IL−1
L uL + cL−1) = −Î

L−1
L rL(uL) (51)

for cL−1. When the problem on level L−1 is again solved by computing a correction
on a coarser grid L − 2, etc., recursively, the MG algorithm results. This works
only if the restricted residual can be represented accurately on the coarser grid.
Therefore, a smoothing operation is applied prior to sending the solution to the
coarse grid. In Edge, a Runge-Kutta “time–stepping”is the standard smoother.

However, multigrid technique may not help for 3D stretched meshes, section
4.7.4. The convergence speed to steady state can be accelerated on stretched meshes
by combining the explicit scheme with a line-implicit method.

23





CHAPTER 3
Convergence Acceleration Techniques

3.1 Introduction

Through the last decades computational scientists and engineers have to deal with
CFD problems whose complexity and size keep growing with the evolution in design
and technology. This has made the standard numerical methods incapable of effi-
cient production of solutions, by either not handling the new problems or needing
too expensive computing time. The time is actually the core of this study, and
more exactly the minimization of the computing time. Life has become “a race
against the clock”, affecting directly the needs in the domain of science and engi-
neering among many other domains. The progress in computational power, which
is doubling every 18 months by Moore’s Law is, in fact, one of the enabling fac-
tors for tackling ever larger and more complex flow simulations. This also created
new numerical issues [41] and has led to a strong need for algorithm development.
Better algorithms have improved solution capability by about the same factor as
computer speed improvement in the last 40 years [41]. The link between both is
clear and the challenge becomes double: numerical methods need also to adapt to
high performance hardware as well as possible, i.e. to massively parallel computers.
The following section describes the evolution of numerical methods contributing to
the convergence acceleration.

3.2 Steady State Solutions by System Dynamics

The general idea is introduced for an abstract model, followed by a discusssion of
the different acceleration techniques in common use.
The flow equations are discretized into

du

dt
+ r(u) = 0 (52)

and we wish to find a steady flow, i.e. a solution to r(u∗) = 0 by solving the time-
dependent problem from some initial condition u(0) to u∗ = limt→∞ u(t). This
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takes a number of discrete time-steps to produce the sequence {un}, n = 0, 1, 2, . . .
approaching u∗ and the compute time for the process should be minimized. Our
survey focuses on the use of this process to accelerate the computation of steady
flows by time-stepping. We note that the t-variable could be physical time or a
pseudo-time in application to the inner iteration of the dual-time stepping scheme
for unsteady flows.

Alternatives exist, such as Newton-Krylov iteration on r(u) = 0, see [42, 43].
The notion “convergence acceleration” is synonymous with decreasing the compute
time. The main acceleration approaches discussed here are

• Extrapolation techniques to accelerate the convergence of the sequence {un}, n→
∞: Recursive Projection.

• Preconditioning: solve
Edu
dt

+ r(u) = 0 (53)

with E some well-chosen non-singular matrix.
Low Mach number scaling, local time-stepping and residual smoothing;

• Use multigrid with explicit time-stepping as smoother;

• Use implicit methods to allow larger time-steps ∆t, requiring in step n ap-
proximate solution of

E∆u/∆t+ r(un+1) = 0 (54)

with ∆u = un+1 − un

– An inexact Newton approach requires linearization with matrix J =
∂r̃/∂u ≈ ∂r/∂u. The issues are:

– Choice of J
– Choice of solution method for the linear system; point and line Gauss-

Seidel, Incomplete LU factorization, for structured grids: Alternating
Directions, for structured and unstructured grids LU-SGS ;

Note that acceleration of iterative solution of the linear system by LU-SGS or sim-
ilar approaches is equivalent to preconditioning only under certain conditions. For
instance, running a fixed number of iterations in a backward Euler time discretiza-
tion is, but not always with Runge-Kutta time-stepping.

3.3 Preconditioning

Preconditioning is not a solution strategy in itself but can be applied to existing
solution methods by appropriate matrix multiplication in both sides of the linear
system. The idea is to transform the system into another one with improved spectral
properties of the coefficient matrix such that the iterative solver converges faster. In
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Eq. 54, the linearization of r(un+1) results in a linear system of the form Mx = b
whose preconditioned expression becomes

PMx = Pb (55)

with P the preconditioner. Its most effective form would be M−1. This is too
expensive to compute, so an approximation to M−1 is used instead. Note that this
is left preconditioning and that right preconditioning also exists.

The meaning of preconditioning has shown some evolution since the 19th cen-
tury. Though the term preconditioning was used for the first time in 1948 by Turing
[44] in his work on the effect of round-off errors on direct solution methods, Jacobi
[45] already in 1845 used preconditioning for convergence improvement of the iter-
ative method named for him. However, the idea of reducing the condition number
to improve the convergence of an iterative process, seems to have been introduced
in 1937 by Cesari [46]. Many applications have followed defining different types of
preconditioners for different solvers. Some examples are polynomial preconditioners
for Krylov subspace methods from the late 1970s, SSOR preconditioning for con-
vergence acceleration of the conjugate gradient method in 1972, and more general
incomplete factorization preconditioners such as the Incomplete LU-factorizations
(ILU) (1950). More details about this list can be found in the paper by Benzi
(2002) [47].

Preconditioning was applied to incompressible and low speed compressible flows
in 1987 by Turkel [48] belonging to the family of local preconditioners, where P is
block-diagonal, one block for the set of unknowns at a node of the computational
grid, [41]. In fact, depending on how the matrix P is defined, diagonal, tridiagonal,
block-diagonal, [49, 50], and ILU preconditioners have found use in CFD appli-
cations, e.g. [51, 52]. Similar classes of pre-conditioners are also used with the
GMRES type algorithms for solution of unsymmetric linear systems, such as ILU
and LU-SGS [12, 53]. Preconditioning has been applied to many other iterative
methods for non-linear problems such as multi-stage explicit and Krylov methods.

3.4 Local Time-Stepping

One of the first acceleration techniques was described slightly more than 40 years
ago, the local time-stepping technique (LTS), which mitigates the unnecessarily
restrictive stability constraint on the global time-step for grids with cells of very
different sizes. LTS uses different time-steps per cell to allow maximum time-step
sizes near the stability limit of each cell. This preconditions the semi-discrete
scheme Eq. 52 by a diagonal matrix D,

Ddu

dt
= −r(u) (56)

with D = diag(4ti) and 4ti the local time step calculated according to the local
wave speeds and viscosity/conduction strength in cell i. Early developments can
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be found in the work by Osher and Sanders (1983) [54] for fixed non-uniform grids
and later in many other applications such as, more recently, LTS for implicit time
discretization by Muller and Stiriba (2007) [55].

3.5 Residual Smoothing

In the same period of time (1983), Jameson and Baker [56] were the first to introduce
the residual smoothing technique in an explicit scheme. The method smooths the
residuals before using them to update the state variables. This increases the time-
step stability limit. The preconditioning matrix E of Eq. 53 is now defined as
E = I− ε4x2K with K a discretization of a (very approximate) Laplace-operator
and ε > 0 which regulates the amount of smoothing. The smoothing reduces
high-wavenumber components of the residual, and is beneficial for a successful
application of the multigrid method discussed in section 3.7, [57]. Depending on the
value of ε, an explicit or implicit solution will be applied. If ε is smaller than some
threshold εmax, which depends on the number of neighbor nodes, the linear system
for du

dt can be approximated by k applications of an explicit smoothing operator,

du

dt
= (I + ε4x2K)kr(u) (57)

Larger values of ε require LU-factorization or some iterative solver. Edge [1]
uses a few Jacobi iterations, at node i:

rn+1
i =

r0
i + ε

mi∑
j=1
rnj

1 + εmi
, ε ≥ 0 (58)

with mi the number of neighboring nodes to node i.

3.6 Recursive Projection Method

The idea of splitting the iteration procedure was suggested by Rizzi and Eriksson
in 1982 [58] for steady transonic flow Euler computations. They used an explicit
smoothing algorithm to remove the short-wave errors and by projection of the
solution, the remaining long-wave error was treated in a low-dimensional subspace
by a Newton linearization. The Recursive Projection Method (RPM) is a more
recent technique introduced by Shroff and Keller in 1993 [59], which was initially
developed for bifurcation analysis by extending the domain of convergence of fixed-
point iterative procedures. The method identifies the eigenvectors of the iteration
matrix corresponding to unstable eigenvalues and applies Newton’s method for
correction in the subspace spanned by the associated eigenvectors. The original
fixed-point iteration is performed in its orthogonal complement.
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However, for large linear systems, RPM can be inefficient. Renac [60] points out
that eigenvalues with large negative real parts would reduce the RPM asymptotic
convergence rate. Therefore some investigations have focused on improvements,
among them, Renac, 2011 [60], who improved the RPM performance by using a
new criterion suitable for selection of divergent eigenmodes.

The RPMmethod used to stabilize iterative procedures was also recognized from
the beginning, by Shroff and Keller in 1993, as an acceleration technique for slow
convergence caused by a few slowly decaying modes [59]. Applications of RPM for
flow simulations have been reported. Görtz and Möller, 2004 [61], Möller (2001 [62],
2005[63]), and Görtz (2005)[64] implemented RPM in Edge [1–4] to accelerate the
convergence to steady state of the inner-loop of the dual time stepping. Depending
on the case, significant acceleration factors were obtained of the order of 2 to 5.
Other applications were shown by Campobasso and Giles in 2004 [65] in the context
of linear aeroelastic analysis of turbomachinery.

3.7 Multigrid

With the emergence of the Multigrid technique came a mitigation of the decreased
convergence rate of iterative solvers on fine grids. The idea is to use a nested
sequence of successively coarsened grids where the solution is transferred and cor-
rected. In fact, analysis shows that the high wavenumber components of the error
are well damped by most iterations such as explicit time-stepping. But the low
wavenumber components remaining are not damped and cause slow convergence
on the fine grids and are then transferred to the coarser meshes to become high
wavenumber perturbations. Multigrid uses restriction and prolongation operations
Fig. 8. The first one transfers the solution or residual from one level to the next
coarser grid level. The prolongation operation interpolates the solution from one
level to the next finer level. Both restriction and prolongation operators have to
be designed to respect the conservation property of the finite-volume scheme. An
example of application is given in section 2.3.4 for the code Edge.

Multigrid (1977) [5] was originally devised and applied to elliptic problems by
Brandt (1972) [66, 67]. First numerical experiments were carried out in different
domains between 1970-1972 at the Weizmann Institute in collaboration with Y.
Shiftan [68] and N. Diner. Later in 1974, multigrid was applied to transonic flow
problems and preliminary results were obtained by South and Brandt (1976) [69].
Many applications of multigrid have followed (e.g. [70, 71]), and in 1984, Jameson
[57] applied multigrid to hyperbolic flow problems modeled by Euler equations, and
later extended it in [72] to the Navier-Stokes equations.

The Multigrid strategy works for linear and non-linear problems, the latter is
known as the Full Approximation Storage scheme (FAS) [5]. For unstructured
grids, depending on the technique for coarse grid generation, different types of
multigrid methods are defined, namely, geometric [73], algebraic [74], and agglom-
eration multigrid (Lallemand, 1988 [75], Lallemand et al., 1992 [76], and Koobus
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Figure 8: Multigrid steps.

et al., 1994 [77]). In the geometric approach, the coarse level grids have essen-
tially the same type of cells as the fine grids and are constructed manually by grid
refinement from a coarse grid or by automatic point-removal processes with retrian-
gulation. However, this method suffered from the difficulty to construct consistent
coarse grid levels for 3D problems. This led to the development of the algebraic
multigrid methods for linear problems. The larger memory required for solving
linear systems limited the use of this method and a new type of multigrid emerged,
the agglomeration multigrid. This last method combines the automation of the
algebraic multigrid using graph algorithms for coarse level construction with the
low-memory needed of FAS multigrid for non-linear problems. Reviews of these
methods are presented by Mavriplis, 1998 [41].

3.8 Implicit Methods

Implicit time-stepping methods are used in CFD applications to find steady state
by a time marching process (Eq. 52). The time-step restriction of explicit schemes
is relaxed at the expense of solving in every step, more or less accurately, a non-
linear system, usually by linearization. After linearization of r

(
un+1) from Eq. 54

as r
(
un+1) ≈ r (un) + ∂r(un)

∂u ∆un, we obtain the following linear system,(
diag

(
1

∆ti

)
+ ∂r̃ (un)

∂u

)
︸ ︷︷ ︸

M

∆un︸︷︷︸
x

= −r (un)︸ ︷︷ ︸
b

(59)

The objective is to accelerate the convergence to steady state, which is useful
also for time-accurate solution of unsteady problems by dual time-stepping. We
wish to reduce the number of iterations necessary for the linear problem to con-
verge. Because of the wide range of cell sizes and signal speeds in high Reynolds
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number computations, there is a wide range of time-scales in the discretized prob-
lems and they can be called stiff, a classical indication for the use of implicit time
stepping. Implicit solvers are also used as multigrid smoothers and in some cases
as preconditioners for iterative Krylov-subspace solvers such as GMRES.

3.8.1 From Structured to Unstructured Meshes

In 1990 Yoon and Kwak [78] published a paper about implicit methods for the
Navier-Stokes equations with an introduction, which gives a chronological overview
of the emerging implicit methods applied on structured grids. This summary expo-
sition is based on their literature study. The first practical implicit scheme to solve
the compressible Navier-Stokes equations was developed by Beam and Warming
[79] in 1978 for structured grids, also known as the Alternating Direction Implicit
(ADI)scheme which was one of the most popular implicit methods at least in the
eighties. The method is based on an approximate factorization of the implicit oper-
ator in “delta” form and uses one-dimensional operators which alternate directions.
For structured 2D grids ADI is one of the best smoothers for the multigrid tech-
nique [80]. For 3D, however, it was shown to be conditionally stable with the time
step additionally limited by the large factorization error. Two-factor schemes pro-
vided stability in three dimensions and reduced the factorization error by partially
splitting the flux vectors, Steger and Warming [81]. Lower-upper (LU) factorization
was proposed in 1981 by Steger and Warming [81] and Jameson and Turkel [82].
Later the LU scheme has been implemented by various authors e.g. Buning and
Steger [83], and Jameson and Yoon [17].
The drawback of implicit methods is their large computational cost in solving the
equations in every time-step. The Lower-Upper Symmetric Gauss-Seidel (LU-SGS)
implicit scheme was first developed for structured grids by Jameson and Yoon[17]
to combine the advantages of LU factorization and SGS relaxation.

Implicit methods developed for structured meshes could make use of banded
Gaussian elimination on 1-D problems along the gridlines. More complex geometries
can be treated with unstructured meshes, and progress in automatic generation of
tetrahedral meshes has all but eliminated the use of completely structured grids.
But an unstructured grid does not offer gridlines for 1D solution so implicit methods
were initially at a disadvantage. In 1996, LU-SGS was successfully extended to
hybrid structured-unstructured grids [18, 19]. Thus there is strong motivation
to improve the LU-SGS convergence by defining an efficient implicit operator, as
shown by several works [11, 13, 14]. Recently in 2012, Wang et al. [84] presented
an improved LU-SGS with a hybrid construction of the implicit system matrix. An
accurate derivative of the convective flux terms is applied on the cell faces having
small contravariant signal velocities, with the original Jacobian on the other cell
faces. The reduced computational complexity and increased diagonal dominance
improved speed significantly compared to the original LU-SGS. LU-SGS is also
used as a preconditioner for the GMRES solver [12, 53]. Despite the strong data
dependency of the Gauss-Seidel iteration, successful parallel versions of LU-SGS
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were proposed in e.g. [12, 20, 53, 85].

3.9 Line-Implicit Solvers

Inclusion of viscous effects and turbulence in a high Reynolds-number flow model
requires the resolution of thin boundary-layers, wakes, and other viscous flow re-
gions.

In order to resolve the strong velocity gradients in boundary and shear layers,
stretched meshes are necessary close to solid boundaries and in wakes, as indicated
in Figs. 9 and 10. The efficiency of explicit methods and of iterative linear solvers
is limited by these highly stretched meshes.

Figure 9: Boundary layer.

A common approach is to generate a mesh, locally structured and highly stretched
in boundary layers, and unstructured in the remaining region, leading to a hybrid
mesh with anisotropic and isotropic areas, Fig. 10. Figure 11 shows the aspect
ratio of the cells. The mesh width ∆x along the airfoil is much larger than ∆y in
the normal direction to the wall.

The stiffness associated with highly stretched meshes can be relieved by a line-
implicit method, which operates in regions of stretched grid keeping the original
scheme (e.g. in Edge, explicit Runge-Kutta) everywhere else. This means that the
flow equations are integrated implicitly in time only along structured lines in regions
of stretched grids. As we can see in Fig. 10, a refined structured mesh envelops the
airfoil where the structured lines are emphasized. This is mathematically expressed
by M of Eq. 59, by Gaussian elimination on a tridiagonal matrix defined as in Fig.
15. (See section 4.4 for an example of application).
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Figure 10: Stretched mesh. Implicit lines.

Figure 11: Grid spacing.

The time step of explicit schemes is limited by the smallest cell size, here ∆y,
and the Courant–Friedrichs–Lewy (CFL) number (Eq. 60). An implicit scheme
can proceed with bigger time steps, limited now by the biggest edge size, ∆x and
a flexible CFL number (Eq. 61).

∆texp ≈ CFL
∆y
c
,∆y << ∆x (60)

∆timp = CFL
∆x
c

(61)

with c, the local maximum characteristic velocity, typically the velocity plus the
speed of sound.

Such line-implicit methods can be used in a straightforward way on structured
grids. In 1985 MacCormack [86] introduced an implicit line relaxation method in
conjunction with upwind flux and back-and-forth symmetric Gauss-Seidel (SGS)
sweeps which, for the Navier-Stokes equations, resulted in strong convergence rate
improvement.
The line strategy has been used as a preconditioner, combined with explicit schemes,
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usually the explicit Runge-Kutta scheme as multigrid smoother. A J-line scheme
was applied by Venkatakrishnan in 2D in 1998 [6] and by Turkel et al. in 1999, [7]
who found faster convergence despite the required higher CPU cost per step both
for transonic and low speed flows.

The line strategy for unstructured stretched meshes, which do not have a few
families of gridlines covering the whole domain, is another story which required a
deeper study. The main idea is to join together strongly connected neighboring
points to form lines and solving implicitly on these lines. The first challenge is the
algorithmic identification of the lines. One question is how far the lines should be
defined in the anisotropic and isotropic regions. The overall conclusion was that
extension of lines into the isotropic area did not provide any convergence accelera-
tion. The construction of lines was studied and successfully applied first in 1997 by
Mavriplis [49, 50, 87] who proposed a weighted graph algorithm for the construc-
tion of lines. This algorithm builds the lines by adding the most strongly connected
neighboring vertex not already belonging to another line. Hence the lines propagate
in the direction of strong grid coupling. More investigations have followed, as in
2004, by Fidkowski [88] who implemented a line Jacobi smoother for a high-order
discontinuous Galerkin finite element solver using p-multigrid, and applied it to
2D and 3D problems of smooth flows. However, the run time of the solver seemed
to be long, slowed down by the expensive preconditioner inversion. He used the
line solver also for inviscid flows where the effectiveness of a line smoother seems
to depend on alignment with the convective direction. The method was based on
the Okusanya nodal line creation algorithm [89] using elements instead of nodes
in contrast to Mavriplis algorithm. In the Okusanya algorithm, the lines follow
maximum node-to-node coupling.

In 2009 Eliasson et al. [9] implemented a line-implicit Runge-Kutta smoother,
Fig. 12 and section 2.3.2, within an agglomerated multigrid method, section 2.3.4,
using a graph algorithm based on Mavriplis’s work, grouping together neighbor-
ing stretched edges without involving element information. Most recently in 2013,
Langer [10] implemented a line-implicit Runge-Kutta method as a canonical gener-
alization of point implicit methods [90]. Langer applied the line-implicit method on
each multigrid level contrary to Eliasson et al. due probably to the latters’ direc-
tional coarsening strategy which affects the strength of node couplings on coarser
grids. In Langer’s solution strategy, all the lines found were used, and were not
limited by a minimum length of 10 elements as in the Edge implementation.
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Figure 12 illustrates the efficiency of the Edge line-implicit method with Runge-
Kutta smoothing and section 2.3.2 gives the corresponding mathematical formu-
lation. The explicit Runge-Kutta scheme has still not converged even after 20000
iterations with a residual of the order of 10−7. The line-implicit method allows
CFL variations from 10 to 1 million, depending on the wall boundary cell aspect
ratio and speeds up the convergence rate significantly. Note the existence of two
phases in the convergence history with the rate decreasing substantially once the
residual becomes "small". This can be compared with the LU-SGS behavior which
is often the converse.

Figure 12: Line-implicit convergence [9]
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CHAPTER 4
Point and Line Block LU-SGS

4.1 Introduction

This work is based on the iterative solver LU-SGS which finds its origin in 1981 by
Jameson and Turkel [82] and which has been extensively used during the following
decades. LU-SGS has been used most often with a multigrid strategy as in our
implementation. The progress to date of LU-SGS starts with Jameson and Yoon
who presented in 1986 the LU-SSOR scheme based on symmetric Gauss-Seidel re-
laxation method to solve unfactored implicit operators [91]. LU-SSOR for transonic
flows performed better than the LU implicit scheme [92].

First created for structured meshes [17] by Jameson and Yoon, the name LU-
SGS appeared in 1988 for Euler and Navier-Stokes equations [93] applied to 3D
problems [94]. LU-SGS was successfully extended to hybrid structured-unstructured
grids [18, 19] in 1996. Many other investigations have followed to improve LU-
SGS performance, concerning mainly the definition of effective implicit operators
[11, 13, 14], by different choices of numerical dissipation models and Jacobian ma-
trices of the flux vectors ensuring “enough” diagonal dominance [14]. Because of
the special form of the equations, the linearized system can be solved block by
block at the expense of solving a small (say, six unknowns for RANS 3D with a
one-equation turbulence model) linear system for each block. Chen [11] proposed
the block LU-SGS (BLU-SGS) method also used in our solver though with different
Jacobian approximations. Moreover LU-SGS has been also used as preconditioner
[12, 27] in GMRES iterations.

One of the most challenging problems has been the convergence acceleration on
a highly stretched mesh for RANS computations [21] and on unstructured grids as
discussed in the present work.

Our point block LU-SGS scheme operates by nodes, like the original LU-SGS,
and the line block LU-SGS operates on the wall-normal grid lines. In the point
block LU-SGS solver, the block “diagonal dominance” is managed by the choice
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of Jacobian approximations and in the line version, the convergence degradation
related to high cell aspect ratios is mitigated. Moreover, the parallelization of LU-
SGS is presented and applied, and external parameters investigations have been
carried out to obtain its maximum performance. Note that for all the computations
a W-cycle full multigrid is used with generally three grid levels.

4.2 Original LU-SGS

The LU-SGS scheme is a member of the Symmetric Gauss-Seidel (SGS) relaxation
method family corresponding to a single SGS iteration. It is matrix-free in the
sense that the matrix is accessed only for matrix-vector products which can be
approximately be computed by residual vector differences. Our implementation in
Edge does compute and store the block-sparse matrix to save time when more than
one iteration is performed.

The system matrix M is split into a lower triangular part L, a diagonal D, and
an upper triangle U such that the linear system of Eq. 40 becomes

Mx = (L + D + U)x = b (62)

The LU-SGS approximate factorization comes from

(D + L)D−1(D + U)x = b+ (LD−1U)x (63)

By neglect of the last term of the right hand side, the system can be solved by a
backward and a forward sweep, composing the LU-SGS iteration ,

(D + L)x∗ = b
(D + U)x = Dx∗ (64)

If more than a single iteration is applied, we obtain the SGS iteration,

(D + L)x∗ = b−Uxn
(D + U)xn+1 = b− Lx∗ (65)

With the initial solution x0 = 0 and a single SGS iteration in Eq. 65, we obtain
the LU-SGS of Eq. 64.

In the original LU-SGS [11] first order numerical flux vectors are chosen for the
construction of the matrices L, D, and U,

ˆ̃fIij −
ˆ̃fV ij = 1

2[fIij(ui) + fIij(uj)− λ′maxij(uj − ui)] (66)

with λ′maxij , the spectral radius of the flux Jacobian matrix between nodes i and j
estimated as

λ′maxij =
(
|V ij · nij |+ cij + 2(µ+ µt)

ρ|nij · (xj − xi)|

)
Sij (67)
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Approximating Jacobian-vector products by residual vector differences

∂fI

∂u
∆u ≈ ∆fI = fI(u+ ∆u)− fI(u) (68)

and using Eq. 10 which gives∑
j∈N(i)

∂FI(ui)
∂ui

nijSij =
∑

j∈N(i)

∂fIij(ui)
∂ui

= 0 (69)

the original LU-SGS algorithm solves the following system at node idiag( Vi
∆ti

)
+ 1

2
∑

j∈N(i)

λ′maxij


︸ ︷︷ ︸

Mii

∆uni + 1
2
∑

j∈N(i)

{[fIij(unj + ∆unj )

− fIij(unj )]− λ′maxij∆unj } = −ri(un) (70)

approximately as,

Forward sweep:

Mii∆u∗i = −ri(un) − 1
2
∑
j∈L(i)

{
[fIij(unj + ∆u∗j )− fIij(unj )]− λ′maxij∆u∗j

}
(71)

Backward sweep:

∆ui = ∆u∗i −
1
2M−1

ii

∑
j∈U(i)

{
[fIij(unj + ∆uj)− fIij(unj )]− λ′maxij∆uj

}
(72)

with L(i) and U(i), the neighboring nodes to node i belonging to the block lower
and block upper matrices respectively according to the node ordering.

4.3 Point Block LU-SGS

In this section our point block LU-SGS solver is presented, compared with the
original LU-SGS, section 4.2. The formulation of the linear system to be solved is
described, including details of the linearization, in particular the choice of approx-
imate Jacobians. The material summarized here appears in Paper A.

4.3.1 Definition of the Method
Our LU-SGS method corresponds to the SGS iteration, Eq. 65. The number of
linear iterations is retained as a tunable parameter. The LU-SGS denomination is
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used regardless of the number of sweeps, specified when necessary. The memory re-
quirement is proportional to the number of grid nodes since the number of neighbors
of a cell is somewhat independent of the number of cells. Since the SGS iterations
solve a linear problem inside each time-step, these are called linear iterations.

The matrices L, D, and U, are block matrices, a block being the set of unknowns
per node. Chen [11] showed that a block type LU-SGS algorithm was many times
faster than the “scalar” LU-SGS with only small increase in memory requirement.
Chen’s matrix-free method accesses the matrix by matrix-vector products and by
solution of a sequence of k × k linear systems with k the number of unknowns per
node.

The main difference compared with the original version is the definition of the
Jacobian approximations.

The viscous flux Jacobians are the exact Jacobians of the thin-layer discretiza-
tion used in the RHS, section 2.2.2, assuming constant viscosity and heat
conductivity.

The turbulence Jacobians are exact derivatives of the RHS ignoring the deriva-
tive of the production term, section 2.2.3, assuming also constant viscosity
and heat conductivity.

The boundary flux Jacobians are also based on exact derivatives and are de-
scribed in section 2.2.4.

The study focuses on the definition of the inviscid flux Jacobians presented on the
next section.

All Jacobians are computed only once per time step prior to the solver com-
putations. In this way we take advantage, also in time, of the convergence rate
improvement by increasing the number of sweeps.

The investigations are based on the overall convergence per MG cycle or time-
step, henceforth called non-linear convergence per iteration. The convergence of
the linear iterations is not investigated in detail. The convergence rate is measured
in log-residual decrease per time-step, e.g. decades per kilo steps, and log-residual
decrease vs. wall clock time.

4.3.2 Inviscid Flux Jacobians Approximation

The inviscid flux Jacobians are based on a central part computed with an average
of the variables as in the RHS Jameson scheme and an additional dissipation dij ,

ˆ̃fIij = fIij

(
ui + uj

2

)
− dij (73)
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The approximation of the RHS appears in the definition of the dissipation dij ,
defined in Table 1, which is based on a first order upwind scheme to ensure diagonal
dominance, sections 4.3.4, 4.3.5, and Ref. [14]. Two different approaches have been
implemented and compared.

Table 1 gives the comparison between a scalar type dissipation and an upwind
type dissipation with their corresponding flux Jacobian splitting and the result-
ing linear system simplified without the boundary fluxes. As one can observe, the
scalar type dissipation is defined by the spectral radius λmaxij of the flux Jacobian
matrix Aij at the cell face between nodes i and j, corresponding to a strong dissi-
pation. However the parameter β applied to the spectral radius and affecting the
diagonal dominance, offers a degree of freedom for the best trade-off between linear
convergence and non-linear convergence.

Then for the upwind type dissipation, we find the same construction but with the
difference that the spectral radius λmaxij has been replaced by the matrix |A′′ |ij =
(R|Λ′′ |R−1)ij and A = ∂fI

∂u = R|Λ′′ |R−1. We find this technique also by Nejat
and Gooch [27] in the construction of LU-SGS preconditioner for GMRES. The
matrix is computed with the arithmetic average which can replace the Roe average
matrix, not necessary with a central scheme in the RHS. The same replacement
was done by Weber [21].

In our implementation the flexibility for block diagonal “dominance” improve-
ment comes this time from the eigenvalues matrix Λ′′ . This is controlled by a
similar entropy fix technique than the one applied on the RHS (Eq. 21), and is
described in section 4.7.1. For the turbulence equation, an additional diagonal ele-
ment is added to the upwind type dissipation based on |V ·S|ij as in the RHS, Eq.
17. Moreover the main advantage of this method would be a non-linear convergence
improvement by applying a Roe’s FDS discretization also to the RHS and by using
a Roe matrix also in the LHS. In fact this would mean a close correlation between
the Jacobian computed and the RHS and thus that the system would get closer
to a Newton scheme. However a second order accuracy for the RHS is generally
necessary which would degrade the convergence.

Moreover the derivatives of the defined inviscid flux discretizations with their
respective dissipations, are exact assuming constant coefficients for the matrix dis-
sipation. A splitting [95] [27] of the flux Jacobian matrices A = ∂ f̃

∂u from the linear
system of Eq. 40 has been applied to both methods to increase the block “diago-
nal dominance” of the system matrix. This splitting technique found its origin in
Jameson, Turkel [82], Yoon and Kwak [96] and in the CFD solver code COBALT
[95].
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The convergence speed of point block LU-SGS has been studied with the pre-
sented discretization techniques and parameters.

Results of Scalar vs. Upwind type Dissipation

Paper A gives a more complete study based on three parameters: CFL number,
number of linear iterations (Nswp), β coefficient, LHS entropy fix and Jameson
and Upwind RHS schemes. The comparison of scalar and upwind type dissipation
models for the inviscid flux Jacobians is summarized here.

We compare the schemes at CFL 1000. The test case is inviscid transonic flow
over a NACA0012, case 4.9.1, Fig. 42. Figure 13 shows clearly that a 1st order
Upwind dissipation converges twice faster than scalar dissipation and almost four
times faster than the explicit RK scheme.

0 500 1000 1500 2000

−10

−8

−6

−4

−2

0

Iteration number

Lo
g 10

(R
es

)

 

 

Explicit Runge−Kutta
Point BLU−SGS with scalar diss.
Point BLU−SGS with upwind diss.

Figure 13: Comparison between scalar and upwind type dissipations with point
block LU-SGS.

Thus an upwind type dissipation is retained as default implicit operator.
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4.3.3 Linear System and Algorithm

After defining the Jacobians needed in the linear system of Eq. 40, point BLU-SGS
solves the following linear system,diag( Vi

∆ti

)
+
∑

j∈N(i)

(
∂fIij

∂ui
+ 1

2 |A
′′|ij +

∂fV ij

∂ui

)
+ ∂f̂

b

Ii

∂ui
+ ∂f̂

b

V i

∂ui


︸ ︷︷ ︸

Mii

∆ui =

− ri(u)−
∑

j∈N(i)

(
∂fIij

∂uj
− 1

2 |A
′′|ij −

∂fV ij

∂uj
− ∂f̂

b

V i

∂uj

)
︸ ︷︷ ︸

Mij

∆uj (74)

The SGS algorithm of Eq. 65 applied to the above system becomes,

For iter = 1 : Nswp

Forward sweep

For i = 1, 2, · · · , N

Mii∆u∗i = −ri(u)−
∑

j∈L(i)
Mij∆u∗j −

∑
j∈U(i)

Mij∆unj

Backward sweep

For i = N,N − 1, · · · , 1

Mii∆un+1
i = −ri(u)−

∑
j∈U(i)

Mij∆un+1
j −

∑
j∈L(i)

Mij∆u∗j

n = n+ 1;

End iter;

with N the total number of nodes.

Based on this linear system, later work focuses on optimization and parameter
sensitivity investigations.

4.3.4 Convergence of LU-SGS

Then one needs to investigate the convergence conditions of the point BLU-SGS.
A sufficient condition for convergence as a linear iteration is provided by [97] block
strict diagonal dominance defined in Eq. 75,
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(∥∥M−1
ii

∥∥)−1
>

n∑
j=1;j 6=i

‖Mij‖ , ∀i ∈ {1, ...n} , (75)

with M a matrix with blocks Mij , and square diagonal blocks Mii.

M =


M11 M12 · · · M1n

M21
. . . . . .

. . .
. . . . . .

Mn1 · · · · · · Mnn

 (76)

Dwight [14] analyses the effect of diagonal block “dominance” on the LU-SGS
convergence. He concludes, not surprisingly, that a system matrix with heavier
diagonal blocks makes the linear solver converge faster. However, strict block di-
agonal dominance in the sense of Eq. 75 is very unlikely to be satisfied in the
Edge equations. The condition is sufficient but not necessary, so an explanation
for the convergence observed is called for. We consider a model problem in 2D;
the results hold equally well for 3D. The estimates obtained are independent of the
node numbering, so the theory does not help in choosing good ordering schemes. In
the current form it also makes no distinction between different types of boundary
conditions, and convergence is assured only for finite time step ∆t.

4.3.5 Diagonal Dominance of Upstream Discretizations

Model Problem: Linearized Euler Equations with Viscosity

In the following, we use the following notation:
Let A be a symmetric real matrix, diagonalized by orthogonal, real matrix Q,
AQ = QΛ, Λ = diag(λi).
Then we define

|A| = Q|Λ|QT , |Λ| = diag(|λi|)

Consider the Euler equations of compressible flow of a calorically perfect gas, and
their linearization around a constant state (ρ0, U, V, P ) with small perturbations
w = (ρ, u, v, p)T . A uniform dissipative term is added,

wt +Awx +Bwy −D(wxx + wyy) = 0 (77)

where A,B are constant 4x4 matrices and D = diag(di), di ≥ 0. The eigenvalues
of AX +BY are

Un+ cS, Un− cS, Un, Un, with Un = UX+V Y, S =
√
X2 + Y 2, and c =

√
γP/ρ0

45



4 Point and Line Block LU-SGS

and the eigenvectors are real. The finite volume discretization over a cell Ωi, |Ωi| =
Vi with neighbors Ωj , j ∈ N(i) is

Vi
dWi

dt
+
∑

j∈N(i)

Fij = 0, i = 1, 2, . . . ,m (78)

where m is the number of nodes, and w = (W1,W2, . . . ,Wm)T .

The upstream scheme chooses the flux Fij on Sij as

Fij = 1/2 (Cij(Wi + Wj)− (|Cij |+ 2dij)(Wi −Wj)) , Cij = AXij +BYij

where (Xij , Yij) = Sij is the normal-directed surface area between cells i and j,
and the discretization of the dissipative term gives the dij−terms.

Implicit Time-stepping

The LU-SGS scheme uses approximate solution of an implicit time-discretization,
the Implicit Euler scheme

2Vi/∆t(Wi −Wn
i ) +

∑
j∈N(i)

(Cij(Wi + Wj)− (|Cij |+ 2dij)(Wi −Wj)) = 0

where for notational convenience we write Wn+1 as W. Since
∑
j∈N(i)Xij =∑

j∈N(i) Yij = 0, and Xij = −Xji, etc., also
∑
j∈N(i) Cij = 0 and Cij = −Cji. The

linear system to be solved for w becomes

EiiWi +
∑

j∈N(i)

EijWj = 2Vi/∆tWn
i , i = 1, 2, ...,

where Eij = Cij − |Cij | − 2dijI, j 6= i, Eii = 2Vi/∆t I +
∑
j∈N(i) (|Cij |+ 2dijI)

Iterative Solution of Linear System and Block-Diagonal Dominance

This linear system has a sparse structure with 4x4 blocks Eij forming the 4m×4m
system matrix E = {Eij} where m is the number of nodes. It is approximately
solved by a few block Gauss-Seidel iterations, requiring solution of 4x4 linear sys-
tems, one for each node. Note that convergence of the iteration is sufficient but not
necessary for LU-SGS to work, since only a few iterations are performed.

The behavior of iterative solvers depends on “dominance” by the diagonal
blocks. In particular, this section establishes the convergence of both block-Jacobi
and block-Gauss-Seidel iterations for E. When the blocks are 1x1, the iterations
converge for positive definite symmetric as well as strictly diagonally dominant E,
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|eii| ≥
∑
j 6=i |eij |, i = 1, 2, . . . , n with strict inequality for at least one i. If, in addi-

tion, the matrix is consistently ordered 2-cyclic, successive overrelaxation [98] offers
faster convergence. The Stein-Rosenberg theorem [99] details the relation between
the spectral radii ρJ and ρGS of the Jacobi and Gauss-Seidel iterations:
Theorem
Let E be consistently ordered 2-cyclic. Then precisely one of the following is true:

1. ρJ = ρGS = 0

2. 0 < ρGS < ρJ < 1

3. ρJ = ρGS = 1

4. 1 < ρJ < ρGS

Dwight [14] discussed one obvious generalization of diagonal dominance to (strong)
block-diagonal dominance as sufficient condition for convergence as∑

j 6=i
||E−1

ii Eij || < 1, i = 1, 2, ...,m

for some matrix norm ||.||. The condition is hard to establish since the Eij are
different linear combinations of A and B and do not share eigenvectors.
A much stronger requirement is

||E−1
ii || ·

∑
j 6=i
||Eij || < 1, i = 1, 2, ...,m

which is unlikely to hold because of the spread of eigenvalues of Eij .
The generalization to block size > 1 is discussed in [100–103] with special refer-

ence to matrices appearing in discretizations of hyperbolic conservation laws. [101],
[102] and [103] consider structured grids in 2D so the matrices are Kronecker prod-
ucts with the block-patterns consistently ordered and 2-cyclic. Exactly how the
boundary conditions enter is not detailed, but the matrix formulas given in section
5 of [101] indicate the use of Dirichlet conditions. The matrix E for unstructured
grids does not have Kronecker product structure, so the results obtained for struc-
tured grids are not immediately applicable to our case.
Nevertheless, defining E = D − L − U with D block diagonal, U block upper tri-
angular, L block lower triangular, block-Jacobi and block-Gauss-Seidel iteration
matrices have spectral radii less than 1. The symmetrizability of the Cij can be
exploited to prove this result. Consider the eigenvalue problem associated with
Jacobi iteration:

λEiivi +
∑
j

Eijvj = 0, i = 1, 2, ...

The blocks Eij can be symmetrized: There exists a (in fact, several different sym-
metrizations are possible) non-singular matrix D1 such that D1

−1CijD1 = Gij is
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symmetric. So set D1ui = vi and pre-multiply by D1
−1 to obtain

λKiiui +
∑
j

Kijuj = 0, i = 1, 2, ...

where Kij = Gij − |Gij | − 2dij , Kii = 2Vi/∆tI +
∑
j∈N(i) (|Gij |+ 2dijI).

Let the blocks be k × k (k = 4 in our model problem).
Let A = {Aij , i, j = 1, . . . ,m}, an mk ×mk matrix. The class of generalized Z-
matrices Ẑkm is defined in e.g. [100] as follows:
A = {Aij} ∈ Ẑkm if Aij , i 6= j are negative semidefinite, and Aii is positive definite.
We shall write A > 0 for A being positive definite, etc. Clearly, M = {Kij} ∈ Ẑkm.
Also,

Kii + 1
2

m∑
j=1,j 6=i

(Kij +Kji) > 0, i = 1, . . . ,m

because Gij + Gji = 0 and the positive term 2Vi/∆t in Kii. This is condition 3.3
in [101].
Proposition 4.6 of [101] then gives ρ(D−1(L + U)) < 1. There follows also
that the Gauss-Seidel iteration matrices are convergent, ρ((D − L)−1U) < 1 and
ρ((D − U)−1L) < 1. However, the results on successive over-relaxation do not
follow since M is not consistently ordered, block 2-cyclic.

4.3.6 Convergence Results on 2D and 3D cases
Point BLU-SGS has been run on 2D and 3D Euler meshes for transonic flow cases
over the NACA0012 airfoil and the M6 wing, presented in sections 4.9.1 and 4.9.4
respectively. Figure 14 illustrates the corresponding convergence accelerations ob-
tained. Point BLU-SGS is about three times faster, Fig. 14b and Fig. 14d, than
the explicit RK scheme and the acceleration in iterations is even stronger going
from a factor about 8, Figure 14a , up to 21, Figure 14c.

Point BLU-SGS gives indeed strong acceleration on Euler meshes, however its
performance on RANS meshes is limited by the degree of stretching of the mesh
and needs additional acceleration techniques.
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(c) M6.
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Figure 14: Euler parallel computations with 4 processors on unstretched grid for
NACA0012 airfoil (a, b), 16K grid nodes, and M6 wing (c, d), 226K
grid nodes. Density residual convergence in iterations (left) and time on
single processor (right).

4.4 Line Block LU-SGS

The development of the line method is the subject of papers B and C.

4.4.1 Algorithm

The line BLU-SGS algorithm combines the LU-SGS algorithm of Eq. (65) with a
line-implicit method (Refs. [9, 16, 104] and section 3.9) to improve the conver-
gence in highly stretched grids for RANS computations. The line-implicit method
integrates the flow equations implicitly in time along structured lines defined in
stretched regions of the grid as shown in Fig. 10. The “lines” are the edges
transversal to the prism layers. It is important that they not be broken by the
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domain partitioning for parallelization, so the domain partitioner needs to be aware
of this. In our implementation, the creation of lines is based on a graph algorithm
grouping neighboring stretched edges with the following conditions, the aspect ratio
of the largest edge should exceed 100, the smallest aspect ratio should exceed 2.5,
with a minimum of 10 nodes per line.

The method replaces the block diagonal matrix D in M of Eq. (65) by a matrix
B which is block tridiagonal along the lines and a single block (Bi = Di) outside
the lines. Figure 15 shows the new matrix splitting M = L + B + U in the linear
system to be solved.

Figure 15: Line block LU-SGS linear system matrices definition.

The algorithm starts ordering first the nodes on all the created lines followed by
the remaining single nodes. When B is block-diagonal, it solves by nodes with point
BLU-SGS, and when B includes the blocksub- and blocksuper-diagonals, LU-SGS
is combined with the line-implicit method solving by lines. From an algorithmic
point of view, we can define a line l with nl > 1 nodes or a single node nl = 1. For
each line to be solved, the corresponding nl by z linear system block matrices are
constructed, with z ∈ [1, Ntot] and Ntot the total number of nodes in the domain.
Each kxk block in the matrix is of size k = 5 for 3D laminar problems or k = 6
for 3D RANS problems with the Spalart-Allmaras one-equation model [28]. This
system can be expressed as a subset of the whole linear system (Eq. (40)) by the
line indices l as shown in the following algorithm and the Fig. 15.
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For iter = 1 : Nswp

Forward sweep
For l = 1, 2, · · · , Nl

Solve for x∗l : Blx
∗
l = bl − Llx∗ −Ulx

n

Backward sweep
For l = Nl, Nl − 1, · · · , 1

Solve for xn+1
l : Blx

n+1
l = bl −Ulx

n+1 − Llx∗

n = n+ 1;

End iter;

with l, the line number, Nl the total number of lines and the matrices Bii =
Vi

4ti + ∂r̃i

∂ui
, Lij = ∂r̃i

∂uj
, for j < i, and Uij = ∂r̃i

∂uj
, for j > i. Ll and Ul are composed

of blocks Lij and Uij , respectively (see Fig. 15).
The subsets of block linear systems of the algorithm are solved with a LU-

factorization of the diagonal blocks Bl. And for lines with more than one node the
LU-factorization applies to a block tridiagonal matrix containing the block diagonal
and blocksub- and blocksuper- diagonals of M.

4.4.2 Algorithm Test Cases
Note that the results which follow have been run on multi-processor hardware. The
parallel implementation is described in section 4.5.

Airfoil computations

Two dimensional RANS computations have been run over the NACA0012 airfoil of
Figure 44, case 4.9.3. Figure 16 shows the lines created in the prismatic layer of
the latter case, following the algorithm presented in section 2.3.2. Based on that
algorithm, investigations were carried out to observe the impact of modified lines
by extending the stretched lines or creating new lines outside the boundary layer.
None of these modified algorithms improved the convergence, so the creation of
lines in an isotropic mesh does not seem to help.

Figure 17 gives the density residual convergence obtained with and without
lines, with the LU-SGS and Runge-Kutta solvers. The efficiency of a line-implicit
method on stretched meshes is clear and line BLU-SGS gives the strongest con-
vergence acceleration. In fact compared with the line-implicit Runge-Kutta solver,
it converges 14 times faster in iterations, Figure 17a, and 4 times faster in time,
Figure 17b. The improvement achieved with respect to the point BLU-SGS solver
is also relevant. Line BLU-SGS is approximately 4 times faster in iterations and
time, Fig. 17a, and Fig.17b respectively. An increase from one to two sweeps does
accelerate the convergence rate but higher values will decelerate the convergence as
explained in the parameter analysis, section 4.7.
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Figure 16: Stretched lines in the prismatic layer. NACA0012 airfoil stretched mesh.
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Figure 17: 2D RANS computations with 4 processors over NACA0012 airfoil
stretched mesh, 54K grid nodes. Density residual convergence in it-
erations (a) and time on single processor (b).

3D Cases

3D RANS computations have been run over a CRM wing-body of Fig. 48, case
4.9.7, with a stretched mesh of 34M grid points.

Timings for line block LU-SGS, point block LU-SGS, and line-implicit and ex-
plicit Runge-Kutta are shown in Fig. 18. LU-SGS is run with CFL = 1000 and
Nswp = 10. An acceleration in time of the order of two is observed with respect
to line-implicit Runge-Kutta and of the order of three compared to point BLU-
SGS and explicit Runge-Kutta. In number of iterations, line BLU-SGS is 9 times
faster than line-implicit Runge-Kutta. Another interesting observation is that our
LU-SGS solvers converge to smaller residuals than does the Runge-Kutta scheme.

These results show clearly that the efficiency of line BLU-SGS also applies for
3D computations.

52



Acceleration of Compressible Flow Simulations with Edge Using Implicit Time
Stepping

0 2000 4000 6000 8000

−7

−6

−5

−4

−3

−2

Iteration number

L
o

g 1
0(R

e
s)

 

 

Line BLU−SGS
Point BLU−SGS
Line−imp. Runge−Kutta
Explicit Runge−Kutta

(a) Convergence in iterations.

0 1 2 3 4

−7

−6

−5

−4

−3

−2

CPU time, 104 s

Lo
g 10

(R
es

)

 

 

Line BLU−SGS
Point BLU−SGS
Line−imp. Runge−Kutta
Explicit Runge−Kutta

(b) Convergence in time.

Figure 18: RANS parallel computations with 384 processors, over DPW4 CRM fine
wing-body with 34M grid points. Density residual convergence in itera-
tions (a) and time on single processor (b). CFL = 1000 andNswp = 10.

4.5 Parallelization by Domain Decomposition

The implementation is based on the domain decomposition used in Edge, Fig. 19,
which creates as many subdomains as processors, each processor operating on a
subdomain of the original grid. We refer to number of processors as number of cores
in parallel computations. Edge has been parallelized using the Message Passing
Interface (MPI) library. This section is based on paper B.

Figure 19: Domain decomposition in Edge. NACA0012 airfoil.
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4.5.1 Point Block LU-SGS and Jacobi Iterations

Data dependency

What defines a solver to be parallelizable or not comes from its data dependency.
We compare LU-SGS which has a strong data dependency, with the Jacobi iterative
method well known to be data independent. As shows its algorithm,

Dxn+1 = b− (L + U)xn (79)

the components of xn+1 are not re-used in iteration n. This property offers the
advantages of independency with respect to the node numbering and no synchro-
nization required between domains.

On the other hand LU-SGS presents the opposite situation. Figure 20 illus-
trates a 1D case partitioned in two domains, and where the nodes are numbered
sequentially along the line from left to right. During the forward sweep, processor
2 is blocked waiting for processor 1 to finish updating domain 1. In the backward
sweep the roles switch and processor 1 will have to wait for processor 2. It is clear
that such a type of synchronization serializes the “parallel” code adding extra MPI
communication.

. . .
Processor 1

Proc. 2 waits for Proc. 1

2 1

Forward sweep

Processor 2

Node updated by Proc. 1.. Node to be computed.

Figure 20: LU-SGS data dependency. Forward sweep in 1D case.

Convergence comparison

Some tests have been run over the NACA0012 airfoil, Fig. 44, for viscous transonic
flow, case 4.9.3. As Fig. 21 shows, point BLU-SGS converges about twice faster in
time, and also requires less sweeps to obtain convergence (one sweep equivalent to
2 sweeps with Jacobi iteration). In fact one sweep is sufficient to have convergence
and more sweeps are unnecessary which is not true for larger cases, section 4.7.

From these results, the study of a parallel version for the LU-SGS algorithm seems
worthwhile.
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0 500 1000 1500 2000 2500
−10

−9

−8

−7

−6

−5

−4

−3

CPU time, s

Lo
g 10

(R
es

)

 

 

Point BLU-SGS, Nswp = 1
Point BLU-SGS, Nswp = 2
Point BLU-SGS, Nswp = 5
Jacobi it., Nswp = 10

(b) Convergence in time.

Figure 21: Density residual convergence of Jacobi and LU-SGS. Convergence in
iterations (a) and time (b).

4.5.2 Parallelization of LU-SGS
From the previous analysis it is obvious that LU-SGS can not be parallelized by
preserving its original algorithm with strong data dependency. The parallelization is
illustrated in Fig. 22, and shows a combination between LU-SGS inside each domain
and a Jacobi character on the domain boundary. This means that for the nodes
belonging to the domain being updated, LU-SGS runs with its original algorithm.
When a node from the inter-domain boundaries is needed the process accesses non-
updated data. This removes the data dependency at inter-domain boundaries and
avoids any synchronization causing serialization. The MPI communication and
synchronization is only done after the forward sweep and also after the backward
sweep only if more than one sweep is applied. This means that boundary data is
exchanged between neighbor domains after the update of all interior node data.

Sharov et al. [12] and Luo et al. [53] refer to this method as a hybrid LU-SGS
or HLU-SGS, and the same idea is used in the Cobalt code [95]. Earlier, Wissink
et al. [85] applied this technique on structured grids. The interprocessor data
exchange in the linear solution is also motivated by Sharov et al. [12] who found
better performance on high number of processors than when data was exchanged
only before the first sweep.
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Figure 22: LU-SGS MPI parallelization.

4.5.3 Results
RANS parallel computations have been run with the line BLU-SGS solver with
one sweep on the NACA0012 airfoil of Fig. 44, case 4.9.3. The corresponding
results are found in Fig. 23, which shows that the parallelization does not affect
the convergence rate, Fig. 23a. In time, LU-SGS scales linearly with the number of
processors slightly better than Runge-Kutta, Fig. 24 for a 3D RANS case of 1.7M
grid points. The processor-local linear algebra work is heavier with LU-SGS. Similar
behaviour is found with point BLU-SGS [104], with Euler computations [104], and
several sweeps. This is in some contrast to Wissink et al. [85] who stayed at 2
sweeps for good parallel performance. That parallel efficiency is independent of
the number of sweeps gives flexibility in the parameter variation for convergence
acceleration, section 4.7.

The parallel solver has shown good performance for Euler and RANS computa-
tions of 2D and 3D cases, paper B, [104], and paper C, [16], of transonic flows at
low angle of attack.
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(a) Convergence in iterations.
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(b) Convergence in time.

Figure 23: Density residual convergence in iterations (a) and wall clock time (b)
for different number of processors. RANS computations on NACA0012
airfoil stretched mesh, 54K grid nodes.

Figure 24: Speed-up for RANS computations on a 3D case, 1.7M grid points. 1-312
processors.

4.6 Ordering Techniques

The strong data dependency of LU-SGS suggests that node ordering influences
the convergence. We consider here ordering local to the LU-SGS algorithm . To
improve cache coherence in the computation of residuals, inside each subdomain,
data is mapped to memory by a node “coloring” process. The summary here is
compiled from papers B and D.
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4.6.1 Level Structure Based Methods

We consider here node (re-)numbering algorithms in general. Several references can
be found on this topic and a general conclusion is that the numbering should keep
close to each other nodes spatially connected or close in the grid. The main pattern
is of level structure type [24] given in Fig. 25.
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Figure 25: Level structure

The reasons for such locality are different for different purposes and several ap-
proaches have been investigated. Venkatakrishnan [105] proposes the use of “most
local orderings” and chooses the Reverse Cuthill-McKee (RCM) algorithm [24] orig-
inally used in sparse direct methods to reduce fill-in or minimize the matrix profile.
“Locality” in this context means again, that small distances in the node graph
translate into small node number differences. In the Cobalt code [95], Cuthill-
McKee (CM) [24] reordering is applied “to maximize the number of neighboring
cells which have been updated prior to the current cell”. Sharov and Nakahashi
[106] on the other hand desire to balance the numbering between lower and upper
matrices. The authors argue that a good ordering should balance, for each block of
unknowns xi, the number of neighbors in L(i) and U(i). Such balancing between
U and L maximizes however the product LU which should be instead minimized.
The iteration matrix after the presented block-preconditioning reads

(M + LU)xn+1 = LUxn

where the product LU is important in determining the rate of convergence.

For a grid with N nodes, there are on the order of N ! different numberings, so
finding the one which gives the best convergence rate is a daunting task. The idea
is to analyze a number of orderings which take into account boundary conditions
and the flow physics in the hope to find characteristics for suitable numberings for
this specific LU-SGS solver.
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4.6.2 Cuthill-McKee and Strong Boundaries
Our investigation ([107], paper D) focuses on two dimensional cases and is also
based on the CM algorithm. However the originality of this study comes from the
combination of CM with flow physics oriented techniques. The idea is to defined
a starting vector of nodes instead of a single node used in the original CM, corre-
sponding to edges with boundary conditions. These are called strong boundaries,
such as the wall boundary (airfoil surface), the outer boundary (free stream), or
both of them (see boundaries in Fig. 2). The new level structure is illustrated in
Fig. 26.

Boundary
node

Level 1

Level 2

Level 3

Figure 26: Level structure

CM will then number the grid by approximate layers growing from the starting
set. Selective reversals of partial numberings can also be applied. In this way we
try to take into account the flow direction. Figure 27 represents these features. The
direction of the rows indicates the numbering by layers following the airfoil shape
and reversing the direction.

Figure 27: Starting at (airfoil) wall boundary. Flow direction control.

The study considers inviscid flow on a structured and an unstructured mesh
with the orderings visualized by 3D point plots of (xi, yi, i), i = 1, 2, . . . , N , i.e.
with node number on the z-axis. This provides a shape for each ordering technique,
useful for comparison. Note however that generalization to 3D is hard.
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4.6.3 Structured Meshes

The analysis for the structured mesh is based on the NACA0012 airfoil structured
unstretched (Euler) grid, Fig. 42, case 4.9.1. The ordering from the generation of
the structured mesh is lexicographic. Figure 28 shows the ordering starting down
along the wake and boundary airfoil wall up to the outer layer of the C-type mesh.

Node

x

y

z

Airfoil

Wake
Wake

Airfoil

y

x

number

Figure 28: C-type mesh. NACA0012 airfoil.

Algorithms based on the CM methods combined with pre-numbering of some
nodes, the “starting vectors”, close to boundaries have been tested, Fig. 29. “CM-
1” and “CM-2” have starting vectors along the wake and airfoil wall in similar
ways. Though these two methods are similar to lexicographic ordering, the latter
gave the best convergence. This ordering is sensitive; small modifications in the
starting vector can strongly degrade or even stop the convergence.
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Figure 29: Residual convergence, different orderings on C-grid.
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4.6.4 Unstructured Meshes
A RAE2822 airfoil unstructured unstretched mesh, Fig. 43, case 4.9.2, was gen-
erated with an advancing front technique which starts at the boundaries, here the
airfoil wall and the outer boundary. Then the numbering advances on these two
fronts independently by generating new points until collision. Figure 30 shows the
resulting numbering with the airfoil in the center and the cloud of nodes far from
their neighbors: effects of the colliding fronts.

z
Node

number

y

Airfoil

Free nodes
y

Airfoil

x

x

Figure 30: Advancing front ordering shape. RAE2822 airfoil.

The CM algorithm has been run again for different starting vectors. Two CM
cases are shown in Fig. 31, starting at the outer and wall boundaries (as for the
advancing front method), Fig. 31b, and at the wall boundary, Fig. 31c. The
first method reproduces the advancing front ordering shape from Fig. 30 or Fig.
31a, with the optimization of removing the free nodes, Fig. 31b. These orderings
perform similarly. Other techniques were also tested, such as trying to follow the
advection or reordering by coordinates. Sorting the nodes by the increasing x
coordinates, Fig. 31d, decelerated the convergence significantly and similar tests
are mentioned in Ref. [105]. Similar results have been found with grids generated
by Delaunay algorithms.
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Figure 31: Ordering techniques convergence for unstructured grids. RAE2822 air-
foil.

4.7 Parameter Analysis

The effect of specific parameters on convergence was studied to obtain maximum
efficiency of the LU-SGS solver. The extensive numerical experimentation is covered
in papers C and D.

4.7.1 Parameters

The parameters investigated are the number of sweeps defined above in section
4.2, the LHS dissipation, and the CFL number. The effects of different multigrid
smoothers depending on grid level was studied.

LHS “entropy fix”

The parameter ε controls the level of artificial dissipation in the LHS of the linear
system in Tab. (1).
It acts precisely on the diagonal matrix Λ′′ holding the eigenvalues λk which are
increased by a fraction ε of the spectral radius λmaxij ,

|λ
′′

k |ij
= |λk|ij

+ ελmaxij (80)

where λmaxij = max
k
|λk|ij

.

62



Acceleration of Compressible Flow Simulations with Edge Using Implicit Time
Stepping

CFL Number

The CFL number defines the local time step of the linear system of Eq. (40), as

4ti = CFL
Vi

max
j
λmaxij

(81)

The CFL number should be increased which is possible with well-chosen implicit
schemes removing the restriction on the time step. The CFL number could be
“unconditionally” increased only if the system of Eq. (40) were solved exactly, and
the original equations were linear.

4.7.2 LHS Dissipation and CFL Number Interaction
The best convergence acceleration is found by minimizing ε - to make the lineariza-
tion in LHS a more accurate linearization of RHS - with maximum CFL numbers
- to get to steady state faster. The contribution to the diagonal blocks is approxi-
mately

max
j
λmaxij

(
1

CFL
+ ε

)
(82)

and some balance between them should be maintained to ensure convergence. Fig-
ure 32 shows the effect of the ε variable: The best convergence obtains for a mini-
mum value below which the problem does not converge.

Figure 32: Effect of the LHS dissipation on the convergence rate for a fixed CFL
number.

The reasons for the observed behavior is as follows. Whereas a decrease of the
CFL number is beneficial for the convergence of the linear problem by improving
the diagonal dominance [14], it also increases the number of time steps, thus decel-
erating the non-linear convergence. The gain in iterations does not outweigh the
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increased number of time steps, so big CFL numbers are beneficial for overall con-
vergence. When ε is increased, the approximation of the RHS in Eq. (40) becomes
less accurate and decelerates the nonlinear convergence [14].

For most of the cases, ε = 0.2 and CFL = 1000 was close to optimal and is the
default combination used in the next computations.

Figure 33 illustrates the analysis above on the M6 wing of Fig. 46, case 4.9.5,
and we observe how increased ε from 0.25 to 1 deteriorates the convergence rate,
here by a factor of the order of 2, Fig. 33a. Concerning the CFL number, Fig.
33b, the strongest acceleration appears from CFL = 10 to CFL = 100. An in-
crease of ε decelerates convergence rate, despite a bigger CFL number. Therefore
a reduction of the CFL number is recommended instead of increasing ε in case of
non-convergence.
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(a) ε variation with CFL = 1000
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Figure 33: Influence of ε and CFL on the residual convergence in iterations. RANS
turbulence model computations on M6 wing. Nswp = 1.

4.7.3 Number of LU-SGS Iterations
The effect of the number of LU-SGS iterations is illustrated by Fig. 34. The main
pattern is that the computing time decreases with increasing number of linear
iterations up to some optimal number, Nswpopt which gives minimum computing
time and from which the time of computation starts increasing. Too many linear
iterations add computing time not compensated by the improvement in residual
reduction.

Figure 35 gives an example of computation on the M6 wing (Fig. 46, case 4.9.5,
Table 2) by varying the number of sweeps.
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Figure 34: Effect of the Number of sweeps on the convergence wrt. iterations and
time.
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Figure 35: Nswp variation for CFL = 1000 and ε = 0.2. Influence on the residual
convergence in iterations (a) and time (b). RANS turbulence model
computations on M6 wing.

One important observation has been that the optimal number of sweeps in-
creases with the refinement of the mesh. A very rough classification gives values
of 1 for 2D, 3 for 3D coarser grids with about 1M grid nodes, and 10 for 3D finer
meshes (Fig. 36), from about 4M grid nodes, respectively. This can be explained
by the fact that an increase of the number of unknowns increases the condition
number for the system matrix M, Eq. (59), which causes slower convergence of the
linear iterations.
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In Fig. 36, some examples are given for the DPW4 family of CRM coarse,
medium and fine grids (Table 2 and case 4.9.7), (Fig. 48), comparing 1 with 10
sweeps. From Fig. 36, it is clear that for 3D RANS, more than one sweeps will be
certainly required. 10 sweeps were optimal for the cases larger than 3M grid nodes.
The acceleration in iterations goes from about 6, Fig. 36a to about 12, Fig. 36c
and in time from about 2, Fig. 36d to about 4, Fig. 36f.
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(a) CRM coarse.
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(b) CRM medium.
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(c) CRM fine.
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(d) CRM coarse, 96 proc.
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(e) CRM medium, 240 proc.
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(f) CRM fine, 384 proc.

Figure 36: RANS parallel computations on large scale aerodynamics cases. Density
residual convergence in iterations (top) and wall clock time with different
number of processors (bottom).

Similar behavior was found with other large cases. Numerous sweeps, typically
10, are then required for “optimal” convergence rate. This finding should be con-
trasted with Dwight [14] and Wissink et al. [85] who mention the need of one
sweep for best efficiency and of two sweeps for good parallel performance reasons,
respectively.

4.7.4 Multigrid Effect

Multigrid is a well known powerful acceleration technique, which degrades on
meshes for RANS models [41] due to the high aspect ratio of the cells in the bound-
ary layer. Directional coarsening [41] and line-implicit techniques [7, 9, 10], have
emerged as successful solutions.
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Whereas for Euler computations multigrid does accelerate the implicit LU-SGS
time-stepping, its effect on 3D RANS cases is less effective as shown in Fig. 37.

Figure 37 shows RANS computations over 3 different 3D cases from small to
large presented in Table 2, namely, the M6 wing (case 4.9.5), the CRM fine wing-
body (case 4.9.7), and the Trap wing (case 4.9.8). The figure compares line block
LU-SGS with and without MG acceleration in terms of iterations. For these 3D
RANS simulations, we used three MG levels, the LU-SGS smoother only on the
finest grid with optimized parameters (cf. section 4.7.2 and [16] for details), and
Runge-Kutta smoothing on the coarser grid levels. As it can be observed, the
impact of multigrid on the convergence rate is negligible.
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(a) M6 (917K grid nodes).
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(b) CRM fine (34M grid nodes).
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(c) Trap (110M grid nodes).

Figure 37: Multigrid (MG) effect for 3D RANS parallel computations. Density
residual convergence in iterations.

We conclude that multigrid does accelerate inviscid computations on isotropic
grids as well as line-implicit Runge-Kutta schemes ([9, 10]). With LU-SGS with
optimal settings for 3D RANS, multigrid provides almost no acceleration. Obvi-
ously, this points to different properties of the Runge-Kutta time-stepping with
small CFL and the LU-SGS iteration with large CFL as smoother for multigrid.
Also the properties of the matrices appearing on the agglomerated grids of coarser
grids may be different from those on the finest grid and that can play a role.
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4.7.5 Solver Combinations Summary
The following table gives a summary of the different types of solver combinations
which should be used for best convergence, depending on the case and mesh treated.
The marked boxes by “X” indicate where and for which computational cases the
solvers are applied.

Figure 38: Optimized combinations of point and line BLU-SGS solvers for different
types of simulations.“X”: solver used.

4.8 Time Dependent Problem

4.8.1 Definitions
Before starting to describe the new problem to be solved, the connexion with the
previous work needs to be clearly defined. Figure 39 introduces the time dependent
problem in the whole project, showing the place and role of the computations
carried out until now. It should be also observed the definitions of two time steps,
one physical, ∆t, for the time-accurate iterations and the other non-physical, ∆τ ,
for the non-linear problem iterations which use a time marching approach previously
presented. The latter leads us to the dual time stepping procedure. Moreover a
global convergence acceleration is aimed with the effort devoted to the convergence
acceleration of the non-linear iterations.
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Figure 39: Whole scheme of computation and dual time stepping definition.

4.8.2 Problem Solved

The method is now applied to a time-accurate simulation using dual time stepping,
Fig. 39. This time, the system is solved accurately and implicitly by the second
order accurate backward difference scheme BDF2,

3un+1V
2∆t − 2unV

∆t + un−1V
2∆t + r(un+1) = 0 (83)

and for each physical time-step, the BDF2 scheme solves the following set of non-
linear equations by denoting the dependent variables un+1 by u∗(τ)

˜̃r(u∗) = 0 (84)

with

˜̃r(u∗) = r(u∗) + 3u∗V
2∆t −

2unV
∆t + un−1V

2∆t (85)

The pseudo time τ is introduced in Eq. 84, and the non-linear problem to be
solved inaccurately per physical time step reads

V du
∗

dτ
+ ˜̃r(u∗) = 0 (86)

The above system clearly connects us to the problem Eq. 34. We compare the
line-implicit Runge-Kutta solver, section 2.3.2, vs. the line BLU-SGS, section 4.4.
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4.8.3 Preliminary Results on Circular Arc

First tests have been carried out for unsteady turbulent flow over an 18-percent
thick circular arc whose structured grid is displayed in Fig. 40. The lines appear
emphasized for the line-implicit integration performed during the non-linear iter-
ations in dual time. The highly stretched grid contains 401 × 101 nodes, has a
distance of 3×10−6 chord lengths between the wall and the first outer nodes with a
maximum cell aspect ratio of 1.2×104. The flow conditions are a free stream Mach
number of M∞ = 0.783, and a Reynolds number of Re = 11 × 106 based on the
arc length. The Mach number distribution is shown in Fig. 40b where the upper
side and lower side shocks are illustrated followed by separated flow. Oscillations
of the shocks occur between the upper and lower side and causes large variations
in integrated forces and moments. Ref. [108] provides more detail.

(a) (b)

Figure 40: 18% thick circular arc. Mesh with implicit lines emphasized (a) and
instantaneous Mach number field (b), from [108].

The corresponding results are given in Fig. 41 based on the drag coefficient.
Note that these are only preliminary results and final conclusions can not be drawn.
Figure 41 shows the error of the integrated drag with respect to the time step,
Fig. 41a, the number of inner iterations, Fig. 41b, and the work, Fig. 41c. The
error of the drag corresponds to the L2-norm of the difference between the current
and “exact” solutions at each time step over the 1.5 periods of computing. The
“exact” time dependent solution is computed by integration with the fourth order
ESDIRK64 scheme [108], using the smallest time step of 2400 ∆t per T and with a
convergence to machine accuracy of the non-linear problems in dual time. A first
analysis is the following.

Figure 41a reflects the order of accuracy provided by line BLU-SGS when vary-
ing the time step. The method gives an accuracy increasing with refined time steps
and follows the behaviour discussed in Ref. [108] but with Runge-Kutta based
schemes. In fact by sufficiently reduced time steps, here at about 240 ∆t per T ,
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the decay rate of the error with line BLU-SGS is very close to second order.
We focus then on the time steps giving close to asymptotic order of accuracy and

we analyse the error reduction of the non-linear problem convergence, with respect
to the number of inner iterations, Fig. 41b. It is clearly observed that the error
decreases with increasing number of non-linear iterations until some specific number
where the convergence stabilizes at a constant level. This behaviour reminds us the
parameter analysis concerning the number of sweeps, section 4.7.3 and Fig. 34. As
expected, the smaller time steps give the most accurate solutions.

The last figure, Fig. 41c, illustrates the efficiency of the schemes and displays the
total work during the 1.5 periods required to reach different levels of drag coefficient
error reduction. One work unit being one non-linear iteration. The criterion of
convergence per non-linear solution is the number of non-linear iterations for which
the errors have converged to a constant level, Fig. 41b. As in Fig. 41a, for larger
time steps we observe a phase with lower slope increasing with smaller time steps.
The comparison between line BLU-SGS and line-implicit Runge-Kutta shows that
for small errors, obtained with the time steps with asymptotic order of accuracy, the
work required with line BLU-SGS is about halved. These results are comparable
with the results in Ref. [108].
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Figure 41: L2-error of integrated drag over 1.5 periods as function of different vari-
ables.
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4.9 Test Cases for Steady Flow Simulations

This section presents the test cases for steady state flow simulations. As an intro-
duction, Table 2 summarizes the data about the 3D RANS meshes used.

Table 2: Data of the 3D RANS grids used for computations.

Mesh No. of Prisms No. of Tetrahedra Max. aspect ratio No. grid points

M6 1.2 × 106 1.8 × 106 12 × 103 917K
CRM

L4 struct. - - 131 × 103 17M
Coarse 18.4 × 103 5.3 × 106 13.5 × 103 4M

Medium 34.2 × 103 14.3 × 106 15 × 103 11M
Fine 72.7 × 103 38.6 × 106 15 × 103 34M

Trap 217.5 × 103 36.3 × 106 52.1 × 103 110M

4.9.1 NACA0012 Airfoil (Euler)
Inviscid transonic flow over the NACA0012 airfoil with a free stream Mach number
ofM∞ = 0.8, a Reynolds number of Re = 18.62×106 and at 1.249◦ angle of attack.
The mesh is structured and unstretched with about 16K grid nodes, Fig. 42.

Figure 42: NACA0012 airfoil structured unstretched mesh, 16K grid nodes.

4.9.2 RAE2822 Airfoil (Euler)
Euler computations have been run over the RAE2822 airfoil, unstructured un-
stretched mesh with almost 16K grid nodes (Fig. 43), under the same flow condi-
tions than case 4.9.1.
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Figure 43: RAE2822 airfoil unstructured unstretched mesh, 16K grid nodes.

4.9.3 NACA0012 Airfoil (RANS)
Turbulent transonic flow over the NACA0012 airfoil, Fig. 44. An unstructured
stretched mesh of 54K grid nodes with a normal distance from the airfoil to the
first interior node of 10−6 chord length and about 40 nodes in the lines. The flow
conditions are a Reynolds number of Re = 6.2 × 106 with a free stream Mach
number of M∞ = 0.754 and an angle of attack, α = 2.569◦.

Figure 44: NACA0012 airfoil unstructured stretched mesh, 54K grid nodes.

4.9.4 M6 Wing (Euler)
3D Euler computations are run over the ONERA M6 wing, Fig. 45, an unstructured
unstretched grid with 226K grid nodes and 1.4 × 106 tetrahedral cells. The flow
conditions are M∞ = 0.84 and an angle of attack, α = 3.06◦.
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Figure 45: M6 wing surface mesh. Unstructured unstretched grid with 226K grid
nodes.

4.9.5 M6 Wing (RANS)

A 3D RANS case for the ONERA M6 wing unstructured stretched grid, Fig. 46.
The grid has 917K grid nodes, 30 prismatic layers, 1.2 × 106 prismatic cells and
1.8 × 106 tetrahedral cells. The maximum aspect ratio of the cells on the surface
is 12× 103. The wall normal distance to the first interior node is about 1.5× 10−6

chords. The implicit lines contain 24-30 nodes. The flow is characterized by a
Reynolds number of Re = 11.72 × 106 at α = 3.06◦ angle of attack with a free
stream Mach number of M∞ = 0.84.

Figure 46: M6 wing surface mesh. Unstructured stretched grid with 917K grid
nodes.
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4.9.6 DPW5 CRM L4 Wing-Body (RANS)
The CRM L4 wing-body comes from Boeing, Fig. 47, and it has been used in the
fifth AIAA Drag Prediction Workshop (DPW5). It is a multi-block structured
stretched grid and contains 17M grid points with 50 prismatic layers and a maxi-
mum aspect ratio of 131 × 103. The flow conditions are Re = 5 × 106 with a free
stream Mach number of M∞ = 0.85 and an angle of attack, α = 2.5◦ .

Figure 47: DPW5 CRM L4 surface mesh. Multi-block structured stretched grid
with 17M grid points.

4.9.7 DPW4 CRM fine Wing-Body (RANS)
3D RANS computations on the Common Research Model (CRM) wing-body with
a grid obtained from DLR. The model has a horizontal tail and the grid is unstruc-
tured stretched with 34M grid points for the fine mesh, Fig. 48. The mesh was
generated with SOLAR [109] for the fourth Drag Prediction Workshop (DPW4).
It contains 38.6× 106 tetrahedral elements, 72.7× 103 prismatic elements and has
a maximum aspect ratio of 15× 103. The flow conditions are Re = 5× 106 with a
free stream Mach number of M∞ = 0.85 and an angle of attack, α = 2.5◦ .
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Figure 48: DPW4 CRM fine surface mesh. Unstructured stretched grid with 34M
grid points.

4.9.8 Trap Wing (RANS)
This case is the fine mesh of the NASA “Trap Wing” model with flap and slat
with 110M grid nodes, used in the first AIAA CFD High Lift Prediction Workshop
(HiLiftPW-1) , Fig. 49. The mesh was generated by DLR with SOLAR [109]. The
flow conditions are Re = 4.3 × 106 with a free stream Mach number of M∞ = 0.2
and an angle of attack α = 12.9◦ .

Figure 49: NASA “Trap Wing” surface mesh. Medium mesh representation for the
110M grid nodes fine mesh.
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4.10 Numerical Results Overview: 3D RANS

This section presents some of the 3D RANS cases computed, the M6 wing, two
CRM models: the L4, and fine grid, and the Trap wing. The objective is to cover
a wide range of case sizes. The numbers of grid nodes are about 1M, Fig. 50, 17M,
Fig. 51, 34M, Fig. 52, and 110M, Fig. 53. The cases are described in section 4.9
and details about the meshes are given in Table 2.

The plots show the density residual convergence in iterations and in time, for line
and point BLU-SGS, and line-implicit and explicit Runge-Kutta. The three first
cases are transonic flows at low angle of attack, whereas the last one is a subsonic
case at high angle of attack. The default parameters are used, CFL = 1000 and
ε = 0.2 with Nswp = 10 (grid size > ∼3M grid nodes) and Nswp = 3 (∼1M grid
nodes), see paper C. The high lift case (Trap wing) used CFL = 100. The LU-SGS
MG smoother is applied only on the finest grid. An acceleration in time at least of
the order of two is observed with line BLU-SGS, and for some cases, e.g Fig. 52,
point and line BLU-SGS converge to smaller residual than the Runge-Kutta solver.
In number of iterations line BLU-SGS is about 8 times faster than line-implicit
Runge-Kutta and at least 20 times faster than explicit Runge-Kutta.
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Figure 50: Density residual convergence in iterations (left) and time on single pro-
cessor (right), 24 processors. M6 wing case (4.9.5), 917K grid nodes.
Parameter setting: CFL = 1000, ε = 0.2 and Nswp = 3.
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Figure 51: Density residual convergence in iterations (left) and time on single pro-
cessor (right), 384 processors. DPW5 CRM L4 wing-body case (4.9.6),
17M grid nodes. Parameter setting: CFL = 1000, ε = 0.2 and
Nswp = 10.
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Figure 52: Density residual convergence in iterations (left) and time on single
processor (right), 384 processors. DPW4 CRM fine wing-body case
(4.9.7), 34M grid nodes. Parameter setting: CFL = 1000, ε = 0.2
and Nswp = 10.

The last case presented, the Trap wing, requires a separate study. Due to the
more complex geometry with a flap and slat and the high angle of attack, the
high-lift flow will also be more complex [110]. The flow will be laminar on the
slat, followed by a transition on the main wing, and fully turbulent on the flap. A
massive separated wake region occurs behind the flap, an unsteady cove flow under
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the slat and a separation bubble on the slat, Fig. 54.

The residual convergences obtained on this model are displayed on Figs. 53a and
53b, supported by the convergence of the lift coefficient, Fig. 53d. The convergence
in iterations, Fig. 53a, is about 10 times faster with point or line BLU-SGS than
with line-implicit Runge-Kutta and about 40 times faster than explicit Runge-
Kutta. In time (Fig. 53b), however, the factor of convergence acceleration varies
“strongly” with the order of residual reduction. Line BLU-SGS converges about 5
times faster than line-implicit Runge-Kutta at about 4 orders of residual reduction,
down to a factor of 1 at about 6 orders of residual reduction. To define the order
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(d) Lift coefficient.

Figure 53: Density residual convergence (a,b) and lift coefficient convergence (c,d),
574 processors. Trap wing case (4.9.8), 110M grid nodes. Parameter
setting: CFL = 100, ε = 0.2 and Nswp = 10.
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of the convergence acceleration, we examine the convergence of the lift coefficient
and we measure the time it takes for the force to converge to a steady state. We
can observe that with line BLU-SGS, the lift coefficient stabilizes and converges to
its steady state value at about 2.5× 104s than with line-implicit Runge-Kutta. At
that point the residual convergence acceleration in time is about twice faster.

Moreover, as the zoom in Fig. 53c shows, the convergence of the lift coefficient
with line and point BLU-SGS is more stable, converging smoothly without the os-
cillations present for the Runge-Kutta schemes. The explicit Runge-Kutta scheme
seems to be more efficient in lift coefficient convergence, faster than its line-implicit
technique. Finally, with respect to the explicit Runge-Kutta solver the residual
convergence in time, Fig. 53b, is clearly always faster of the order of 5 with line
BLU-SGS.

Finally Fig. 54 shows some of the solutions obtained with line BLU-SGS,
namely the pressure and the turbulent viscosity illustrating some of the high-lift
flow physics, as wing tip vortex and separation in fuselage-wing intersection.

Figure 54: Left: Surface pressure distribution. Right: Contour surface of turbulent
viscosity (in gray), with mirrored geometry. Trap wing.
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CHAPTER 5
Conclusions and Future Work

The motivation for this work was to provide improved convergence of steady and
unsteady compressible flow computations. The methods presented belong to the
wide range of convergence acceleration techniques initially exposed. The work
focused on solving a steady state problem using a time-marching approach and
accelerate its convergence to steady state by an implicit scheme where the resulting
linear system is solved inaccurately with an iterative solver. The investigation
concerned two novel versions of LU-SGS, namely the point and line BLU-SGS
solvers, which were successfully implemented for Euler and RANS computations in
two- and three- dimensions. The methods are used as multigrid smoothers.

The study started by defining proper Jacobian approximations based on an
upwind type dissipation to increase the diagonal dominance of the system matrix.
The inviscid flux Jacobian was in fact computed by differentiating a first order
upwind scheme instead of the corresponding RHS central scheme. For the Jacobian
computations, we tried to be as close as possible to the exact derivatives. In fact
it was pointed out [14] that a higher accuracy of the system matrix would improve
the non-linear convergence. The low degree of approximation differentiates our
methods from the original LU-SGS, and a comparison was provided.

The conditions for convergence of the point BLU-SGS have been studied. Though
a sufficient condition is a block diagonal dominance of the system matrix [14], in
reality point BLU-SGS will converge under milder conditions, namely applying an
upwind scheme discretization.

The efficiency on highly stretched meshes was ensured by the line BLU-SGS
solver which combines point BLU-SGS with a line-implicit method. This consists
in integrating implicitly in time along the stretched lines. The construction of lines
is important and the presented algorithm seems to be satisfactory enough, limited
to the anisotropic area under specific conditions. The efficiency of the computation
with lines is closely related to the degree of stretching of the mesh which means
that its efficiency will degrade with the decrease of the cell aspect ratio. A line-
implicit method requires a larger amount of work per linear iteration and should

81



5 Conclusions and Future Work

be therefore compensated by the decrease in residual reduction.
Moreover the solver has been parallelized by domain decomposition where the

lines are not broken. The parallel point and line BLU-SGS solvers scale linearly with
the number of processors and better than the explicit scheme. The parallelization
worked in all the configurations, with one or several sweeps for Euler and RANS
computations.

The next part focused on a parameter investigation. We defined the LHS dissi-
pation, the CFL number, and the number of sweeps or linear iterations. Moreover,
ordering techniques were investigated as well as the interaction with the multigrid
strategy. The conclusions drawn can be summarized as follows.

The CFL number and LHS dissipation were found to be dependent on each
other in the sense that an increase of the CFL number over a certain limit would
require the increase of the LHS dissipation, and the other way around, a low LHS
dissipation would give convergence for lower CFL numbers. A general expression
was deduced, which affected the system matrix diagonal dominance. In this way
we controlled the degree of approximation of the LHS. Default robust values were
found to be about 0.2 and 1000 for the LHS dissipation and the CFL number,
respectively. The relation between these parameters and our Jacobian definitions,
was to obtain the best compromise between accuracy for non-linear convergence
improvement, and approximation to increase the diagonal dominance of the system
matrix for linear convergence acceleration.

The optimal number of sweeps was defined depending on the mesh size. Our
objective was to reduce sufficiently the residual per time step such that the overall
convergence rate would be close to maximum, giving minimum computing time. It
was found that for finer grids, the number of sweeps needed to be increased to get
maximum speed. We recommended about 10 sweeps for medium and large three-
dimensional cases, from about 4M grid nodes. On the other hand, for small cases
as two-dimensional problems, maximum one sweep was required and more sweeps
would slow down the convergence.

Moreover the node ordering was examined and it affected strongly the con-
vergence of LU-SGS. The control through this parameter was more complex than
expected, specially if the analysis is extended to three-dimensional cases. We de-
cided thus to leave this parameter fixed with the default original ordering from the
mesh generation. We believe that for 3D computations faster convergence could be
obtained by applying suitable ordering algorithms for LU-SGS.

The use of the multigrid strategy was also analyzed and it did provide conver-
gence acceleration for most of the cases. For 3D RANS cases, however, for our
best configuration using line BLU-SGS with optimal parameters on the finest grid,
multigrid did not improve the convergence and therefore may not be needed.

Point BLU-SGS and line BLU-SGS, also in their parallel versions, have allowed
to cover a complete range of computational cases with Euler and RANS meshes
providing strong acceleration. A summary of the convergences obtained in two-
and three- dimensional cases was presented. The order of acceleration in iterations
and time can vary according to the case. The new solver saved about 90% of the
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iterations compared with the Runge-Kutta solver and in time, about 50 and 80%.
A typical CFL number used was 1000. The methods have also shown to be able to
solve problems which could not be solved before by converging to higher orders of
residual reduction magnitude than with Runge-Kutta. Moreover the solvers should
be used according to the cases solved, Euler or RANS. Inside the multigrid strategy,
the type of smoother on the coarser grid levels may differ from the finest level. For
instance the line-implicit method should not be applied on the coarser grid levels
when using a semi-coarsening technique and neither to Euler meshes.

Finally first tests were carried out on time-accurate simulations which gave
promising results at least for small time steps. For RANS computations, line BLU-
SGS converged to orders of residual reduction magnitude three times larger than
with line-implicit Runge-Kutta and the total work was reduced by half.

5.0.1 Future Work
A big range of tests has been carried out with the point and line BLU-SGS solver,
however real applications with complex geometries have not been yet tested and
the study of the solvers efficiency should continue in this direction. Moreover the
parameter study with the default robust parameters should be applied and maybe
require additional investigation to figure out new parameter settings for more real
cases.

Then a better comprehension is required of the interaction and effect of point
and line BLU-SGS with the multigrid technique. For the moment only observations
have been provided, consistent between all cases, but the lack of understanding does
not allow to draw final conclusions for future algorithmic developments.

Last, but not least, the application with time-dependent problems should be
obviously pursued, specially for large time steps.
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CHAPTER 6
Summary of Appended Papers

The summary is based on the chronological evolution of the solver from Euler to
RANS and from small to large scale applications.

6.1 Paper A

Convergence Acceleration of the CFD code Edge by LU-SGS. The paper
marks the beginning of the project to make the LU-SGS algorithm work properly,
and to choose the system matrix which is the “core” of the LU-SGS performance.
Two types of artificial dissipation were investigated, of scalar and upwind type.
Through parameter variations it was observed that the upwind type dissipation
gave the most flexible control over the system matrix diagonal dominance, giving the
strongest convergence acceleration. This was true with any of the different spatial
discretizations available, a second order upwind scheme, a Jameson’s scheme, and
the implemented matrix dissipation. The paper also points out the need of further
investigation into efficiency on stretched grids.

6.2 Paper B

Acceleration on Stretched Meshes with Line-Implicit LU-SGS in Parallel
Implementation. The paper presents a new solver combining the LU-SGS solver
with a line-implicit method. The line-implicit method integrates implicitly in time
along the stretched lines in the boundary layer area, to remove the stiffness. The
solver was successfully parallelized with almost no negative effect on the convergence
rate. The effect of node ordering on convergence rate is studied for 2D cases. The
orderings from the mesh generators were among the best. Numerical results show
that the LU-SGS solvers for 2D and 3D cases, computing by points on Euler meshes
and by lines on RANS meshes are at least twice as fast as the line-implicit Runge-
Kutta schemes. Finally the effect of the multigrid strategy is analyzed for 3D RANS
computations and we observed that with our best configuration, multigrid had little
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effect.
Note This part was added after revision, and does not appear in the original
conference paper.

6.3 Paper C

Parameter Investigation with Line-Implicit Lower-Upper Symmetric
Gauss-Seidel on 3D Stretched Grids. Paper C completes investigates the
effect on the convergence rate of parameter variations. The point and line BLU-
SGS methods are characterized by a set of parameters controlling the approximation
of the system matrix, the diagonal dominance (CFL number and LHS dissipation),
and the residual reduction in the linear iteration (number of sweeps). Default
parameters were defined for the line BLU-SGS solver on 3D RANS meshes.

6.4 Paper D

Performance Analysis of the LU-SGS Algorithm as Multigrid Smoother
in a CFD Code for Unstructured Grids. This paper focuses on the perfor-
mance of the LU-SGS algorithm for large scale aerodynamics applications. The
code was tuned by performance analysis tools, which reduced by half the comput-
ing time. A more complete investigation of node ordering and parallelization is
presented. Numerical results are given on large 3D RANS meshes up to 110M grid
nodes using the default robust parameters presented in paper C. It was found that
O(10) sweeps gave the fastest convergence. The results indicate that multigrid does
not accelerate 3D RANS computations with LU-SGS with optimal parameters on
the finest grid level.
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