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Abstract

Stochastic simulation is a popular method for computing probabilities or
expecta- tions where analytical answers are difficult to derive. It is well known
that standard methods of simulation are inefficient for computing rare-event
probabilities and there- fore more advanced methods are needed to those
problems.

This thesis presents a new method based on Markov chain Monte Carlo
(MCMC) algorithm to effectively compute the probability of a rare event.
The conditional distri- bution of the underlying process given that the rare
event occurs has the probability of the rare event as its normalising constant.
Using the MCMC methodology a Markov chain is simulated, with that
conditional distribution as its invariant distribution, and information about the
normalising constant is extracted from its trajectory.

In the first two papers of the thesis, the algorithm is described in full
generality and applied to four problems of computing rare-event probability in
the context of heavy- tailed distributions. The assumption of heavy-tails allows
us to propose distributions which approximate the conditional distribution
conditioned on the rare event. The first problem considers a random walk Y1 +
· · · + Yn exceeding a high threshold, where the increments Y are independent
and identically distributed and heavy-tailed. The second problem is an
extension of the first one to a heavy-tailed random sum Y1+···+YN exceeding a
high threshold,where the number of increments N is random and independent
of Y1 , Y2 , . . .. The third problem considers the solution Xm to a stochastic
recurrence equation, Xm = AmXm−1 + Bm, exceeding a high threshold, where
the innovations B are independent and identically distributed and heavy-
tailed and the multipliers A satisfy a moment condition. The fourth problem is
closely related to the third and considers the ruin probability for an insurance
company with risky investments.

In last two papers of this thesis, the algorithm is extended to the context
of light- tailed distributions and applied to four problems. The light-tail
assumption ensures the existence of a large deviation principle or Laplace
principle, which in turn allows us to propose distributions which approximate
the conditional distribution conditioned on the rare event. The first problem
considers a random walk Y1 + · · · + Yn exceeding a high threshold, where the
increments Y are independent and identically distributed and light-tailed. The
second problem considers a discrete-time Markov chains and the computation
of general expectation, of its sample path, related to rare-events. The third
problem extends the the discrete-time setting to Markov chains in continuous-
time. The fourth problem is closely related to the third and considers a birth-
and-death process with spatial intensities and the computation of first passage
probabilities.
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An unbiased estimator of the reciprocal probability for each corresponding
prob- lem is constructed with efficient rare-event properties. The algorithms
are illustrated numerically and compared to existing importance sampling
algorithms.
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