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This master thesis aims to develop a fast and accurate approach to the problem of the quick
sizing of shell structures during early design stages. In order to achieve the mentioned
purpose a tool able to compute the main stresses and main failure modes present in shell
structures has been created and coupled with an optimization routine in order to aim for
the minimum weight configuration from the early design stage

1 Introduction

The objective pursued in this master thesis is to
investigate, develop and test a reliable minimum
weight design approach of orthotropicaly stiffened
cylindrical shell structures valid for a preliminary
design stage. This is implemented by developing
a software tool capable of performing such a task.
Considering the applicability field of the developed
tool, the expected accuracy and the associated re-
sults could bear uncertainties up to 10% plus the
corresponding safety margins of the preliminary de-
sign stage. The application of the minimum weight
orthotropic shell structures is of interest in fields
where the structural mass is a limiting factor for
performance. Concerning this master thesis, the
field of application are aerospace structures and
more exactly cylindrical shell structures present in
space launchers. Therefore, it is considered inter-
esting to include the optimization of the structure
from the very early design stages. The structure to
benchmark and validate the aforementioned design
approach is a structure that combines the current
inter stage skirt (ISS)(8 in figure 1), and the front
skirt (FS) of the EPC (The component below the
ISS), of the European space launcher Ariane 5 in its
middle life update version (Ariane 5ME). The cur-
rent design of the ISS is a sandwich cylindrical shell
manufactured out of CFRP and aluminium honey-
comb core, while the FS is a orthotropicaly stiffened
aluminium shell. In order to meet the demanding
weight limitations present in the design of such a
structure, a part combining the ISS and the FS will
be studied considering a single shell structure manu-
factured out of CFRP. The methodology considered
to perform this design task is to develop a software
tool capable of estimating the stress level of the dif-
ferent components of the structure and perform an
optimization of the different relevant design param-
eters of the structure. This software tool is able to
consider three configurations of the shell, isotropic
shell, orthotropicaly stiffened shell with frames and

stringers and corrugated shell. Furthermore, the
tool considers manufacturing technology limitations
and correct laminate configurations. The developed
tool is also able to compute reserve factors of the
structure against the different failure modes that
can be present in a orthotropicaly stiffened cylin-
drical shell. The developed tool is able to handle
isotropic and anisotropic materials.In terms of load
cases, the tool considers the load cases and condi-
tions driving the design of such structures that in
this case are the loads induced by the solid boosters
(9 in figure 1) and the inertial loads originated by
the upper stage (1 to 7 in figure 1).The components
of the theoretical background implemented in the
developed tool covers shell theory for the computa-
tion of stresses and displacements via the transfer
matrix method, analytical and experimental expres-
sions associated with the different failure modes and
the optimization theory needed to implement a suit-
able optimization procedure by means of gradient
based optimizations techniques.

Figure 1: Ariane 5 components



Nomenclature

ISS Inter Stage Skirt
EPC Main cryogenic stage
FS Front skirt
CFRP Carbon Fibre Reinforced Polymer
FE Finite element
FEM Finite element method
KKT Karush-Kuhn-Tucker
R Radius of the middle surface of the

shell
Nx Normal flux
Nxφ Shear flux
u Axial displacement
v Radial displacement
Qφ Circumferential shear flow
An,m Laminate extension stiffness coefficient
Bn,m Laminate coupling coefficient
Dn,m Laminate bending stiffness coefficient
D Extensional stiffness of the shell
εx Strain in x direction
εφ Strain in φ direction
γxφ Shear strain
m Wave number
ASR Area of the stiffening ring
ESR Young modulus of the stiffening ring
JSR Moment of inertia of the stiffening ring
σkr Critical panel buckling stress
K Boundary conditions influence

parameter in plate buckling
σ0.2 Failure stress (ε = 0.2%)
JSR Moment of inertia of the stiffening ring
b Width of the corresponding plate
tn Thickness of the corresponding element
F cc Crippling stress in Spier model
F cr Critical buckling stress in Spier model
F cu Failure stress of the laminate in

Spier model
nkrit Van der Neut critical instability load
ρ99 Almorth knock down factor
s Shell thickness
sx Smeared shell thickness
Astr Stringer section area
η Reduction factor to the modulus of

rigidity of Van der Neut model
E Dickson shell elastic modulus
ER Dickson Stiffening ring elastic modulus
m Dickson normalized axial half-wave
n Dickson normalized radial half-wave
G Dickson shell shear modulus

A Dickson method matrix
adnn Components of the Dickson method matrix
DY R Dickson in plane shell bending stiffness
qm,n Dickson critical load for

different m and n combinations
Ix Smeared moment of inertia of the

stringers
IR Smeared moment of inertia of the

stiffening rings
Ixθ Torsional stiffness of the stringers
Iθx Torsional stiffness of the

stiffening rings
b Distance between stringers

in Van der Neut model
c Torsion constant of sections
cV N Distance between stiffening rings

in Van der Neut model
ax Radius of the centre of gravity of the

stringers
ax Radius of the centre of gravity of the

stringers
aθ Radius of the centre of gravity of the

shell
ix Smeared axial moment of inertia

in Van der Neut model
iθ Smeared radial moment of inertia

in Van der Neut model
ixθ Smeared torsional stiffness of

the stringers in Van der Neut model
iθx Smeared torsional stiffness of

stiffening rings in Van der Neut model
hx Radially smeared area of the stringers

in Van der Neut model
hθ Axially smeared area of the stiffening

rings in Van der Neut model
lx Half longitudinal wave length

in the axial direction
lθ Half longitudinal wave length

in the radial direction
A Van der Neuts structural parameter
B Van der Neuts structural parameter
C Van der Neuts structural parameter
F Van der Neuts structural parameter
Y Van der Neuts structural parameter
Dx Extensional stiffness of the shell in

x direction
Dφ Extensional stiffness of the shell in

φ direction
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2 Theory

The theory used in this master thesis can be divided in mainly three parts. However, these three main
parts are divided in different sub-parts covering all the relevant aspects of the theoretical background
required for this master thesis. The three main parts articulating the theory subsections are the following
ones:

1. Theory for describing the mechanical behaviour of the different components.

2. Failure modes affecting the benchmark structure.

3. Theory for optimization process set up and behaviour.

The first part of the theory used to describe the mechanical behaviour of the thesis benchmark structure
components is shell theory developed in two different approaches, membrane shell theory and semi-
bending theory. The shell theory is the base used to compute stress levels in the shells of the thesis
benchmark structure. The main sources for the derivations of these theories are the notes from Dr. H.
Öry [2] and the extensively know shell theory book of S. Timoshenko [1]. Furthermore, the stiffening
rings are analysed by standard solid mechanics theory.

The second part of the theory refers to the failure modes that typically the thesis benchmark structure
could experience. Due to the nature of the benchmark structure and the characteristics loading conditions.
The failure criteria to consider areglobal instability according to Van der Neut global instability model
[4] and Dickson global instability model[11], panel instability using the Euler-Johonson approach [5],
crippling according to [3] and [8] and failure strength according to Tsai-Hill [13] criteria in the case of
composite laminates and σ0.2 in the case of isotropic materials.
The third part refers to the optimization techniques used to reach an optimal design of the benchmark
structure. The optimization techniques covered the use of gradient based optimization techniques for
continuous fields like thickness or width of the different components of the thesis benchmark structure.

2.1 Mechanical behaviour (Shell membrane theory)

The membrane shell theory is a simplification of the general shell theory. The assumptions considered
for the simplification are the following ones:

1. Negligible out of plane stiffness of the skin

2. Negligible longitudinal bending stiffness of the skin

3. Negligible torsional stiffness of the skin

Considering these assumptions a free body diagram of forces of a characteristic shell element as the one
shown in figure 2 can introduce the representative forces present in the shell membrane theory charac-
teristic element.
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Figure 2: Characteristic shell element with characteristic membrane shell theory loads.
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A equilibrium of forces can be stated and a set of differential equilibrium equations can be derived. These
differential equilibrium equations are equations 1, 2 and 3 considering the equilibrium with the longitu-
dinal, tangential and radial directions respectively :

nxRdφ− (nx +
∂nx
∂x

)Rdφ+ nxφdx− (nxφ +
∂nxφ
∂φ

dφ)−XRdφdx = 0 (1)

R
∂Nxφ
∂x

dxdφ+
∂Nφ
∂φ

dxdφ = −Y Rdxdφ (2)

ZRdxdφ+Nφdxdφ = 0 (3)

Simplifying equations 1, 2 and 3 and referring to ∂
∂x as ()′ and ∂

∂φ as ()◦. Equations 4 ,5 and 6 are
obtained

N ′x +
1

R
N◦xφ = −X (4)

N ′xφ +
1

R
N◦φ = −Y (5)

Nφ = −ZR (6)

With equations 4 ,5, 6 and the elasto-mechanic relation of the material shown in equation 7 (In equation
7 the elasto-mechanic relations are stated considering only equilibrated composite laminates because this
is the field of interest for the present thesis).

Nx
Nφ
Nxφ
Mx

Mφ

Mxφ

 =


a11 a12 0 0 0 0
a21 a22 0 0 0 0
0 0 a66 0 0 0
0 0 0 d11 d12 0
0 0 0 d22 d12 0
0 0 0 0 0 d66




εx
εφ
γxφ
κx
κφ
κxφ

 (7)

and the kinematic relations of the shell structures, equations 8, 9,10 and 11

εx = u′ (8)

εφ =
1

R
(v◦ + w) (9)

γxφ = v′ +
1

R
u◦ (10)

κφ =
1

R2
(v◦ + w◦◦) (11)

the differential transfer matrix of associated with the vectorial differential equation of equilibrium of the
shell membrane theory can be derived, leading to equation 12

∂

∂x


vm
um
Nxm
Nxφm

1

 =


0 m

R 0 1
a66

0

0 0 1
a11

0 0

0 0 0 −m
R 0

0 0 0 0 −mp
0 0 0 0 0




vm
um
Nxm
Nxφm

1

 (12)

In the derivation of equation 12, the introduction of loads is done by decomposition of the loads in
Fourier series. Therefore, this Fourier series decomposition is also applied to the different components of
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the equations. The derivation of the transfer matrix of the membrane shell theory is performed using the
Lie-Magnus method. The full derivations of the differential transfer matrix and the Lie-Magnus method
can be seen in appendix A.
The differential equation 12 can be solved with the Lie-Magnus method with the aim of obtaining the
transfer matrix between two states. The solution to equation 12 is equation 13

( (v)◦

m2 )1
u1

(nx
R
D )1

(n◦xφ
R
D )1

1

 =


1 ξ 1

2ξ
2 1

6ξ
3 − −2(1+µ)m2 ξ m2

24 ξ
4 − 2+µ

2 ξ2

0 1 ξ 1
2ξ

2 m2

6 ξ
3 + µξ

0 0 1 ξ m2

2 ξ
2

0 0 0 1 m2ξ
0 0 0 0 1




( (v)◦

m2 )0
u0

(nx
R
D )0

(n◦xφ
R
D )0

1

 (13)

2.2 Mechanical behaviour (Shell semi-bending theory)

The semi-bending shell theory is a simplification of the general shell theory with the following assumptions:

1. Negligible longitudinal bending stiffness of the skin

2. Negligible torsional stiffness of the skin

As in the previous section a free body diagram of forces of a characteristic shell element as the one shown
in figure 3 can introduce the representative forces present in the shell membrane theory.
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Figure 3: Characteristic shell element with characteristic semi-bending shell theory loads.

A equilibrium of forces can be stated and a set of differential equilibrium equations can be derived. These
differential equilibrium equations are equations 14, 15, 16 and 17 considering the equilibrium with the
longitudinal, tangential and radial directions respectively :

NxRdφ− (Nx +
∂Nx
∂x

)Rdφ+Nxφdx− (Nxφ +
∂Nxφ
∂φ

dφ) = 0 (14)

−R∂Nxφ
∂x

dxdφ− ∂Nφ
∂φ

dxdφ+Qφ = 0 (15)

ZRdxdφ+Nφdxdφ) +
∂Qφ
∂φ

= 0 (16)

Qφ −
1

R

∂Mφ

∂φ
= 0 (17)

Simplifying equations 14, 15 and 16 and referring to ∂
∂x as ()′ and ∂

∂φ as ()◦. Equations 18 ,19, 20 and
21 are obtained

N ′x +
1

R
N◦xφ = 0 (18)
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N ′xφ +
1

R
N◦φ −

1

R
Qφ = 0 (19)

1

R
q◦φ

1

R
nφ + Z = 0 (20)

Qφ −
1

R
M◦φ = 0 (21)

With equations 18 ,19,20, the elasto-mechanic relation of the material equation 7 together with the
kinematic relations of the shell (Equations 8, 9,10 and 11). The differential transfer matrix associated
with the vectorial differential equation of equilibrium of the shell semi-bending theory can be derived,
leading to equation 22

∂

∂x


(v)◦

m2

u
nx

R
D

n◦xφ
R
D

1

 =


0 m2

R 0 D
m2Ra66

0

0 0 1
R 0 0

0 0 0 − 1
R 0

−m
4(m2−1)
R3D

(
d22 − d21d12

d11

)
0 0 0 −m2 R

Dp

0 0 0 0 0




(v)◦

m2

u
nx

R
D

n◦xφ
R
D

1

 (22)

As in the previous section equation 22, the derivation of the differential transfer matrix was performed
after including the decomposition of the different components of the equations in Fourier series. The
derivation of the transfer matrix of the semi-bending shell theory was performed in the same fashion
as in the the case of the membrane shell theory by the Lie-Magnus method shown in appendix A. The
complete derivation of the differential transfer matrix of the semi-bending theory can be seen in appendix
C. The differential equation 22 can be solved with the Lie-Magnus method with the aim of obtaining the
transfer matrix between two states. The solution to equation 22 is equation 23

( (v)◦

m2 )1
u1

(nx
R
D )1

(n◦xφ
R
D )1

1

 =


R0 R1 R2 R3

2β
α2R1 −m

2

α2 (R0 − 1)
−α2R3 R0 − 2βR2 R1 − 2βR3 R2 m2R3

−α2R2 −α2R3 R0 − 2βR2 R1 m2R2

−α2R1 −α2R2 −α2R3 R0 m2R1

0 0 0 0 1




( (v)◦

m2 )0
u0

(nx
R
D )0

(n◦xφ
R
D )0

1

 (23)

where α and βcan be derived according equation 24 and 25 respectively

α = µ2 + ν2 (24)

α = µ2 − ν2 (25)

where nu and mucan be derived according equation 26 and 27 respectively

ν =

√
|m

2(m2 − 1)

2

√
Kφ

R2Dx
− Kφ

4R2S
m2(m2 − 1)2| (26)

µ =

√
|m

2(m2 − 1)

2

√
Kφ

R2Dx
+

Kφ

4R2S
m2(m2 − 1)2| (27)

The constants R0 , R1 ,R2 and R3 can be derived according to the following statements If inequality 28
is fulfilled

Kφ

R2S
< 4

S

Dx(m2 − 1)2
(28)

Values R0 , R1 ,R2 and R3 can be derived according to equations 29, 30, 31 and 32

R0 = cosh(µξ)cos(νξ) +
β

2µν
sinh(µξ)sin(νξ) (29)
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R1 =
1

2ν
cosh(µξ)sin(νξ) +

1

2µ
sinh(µξ)cos(νξ) (30)

R2 =
1

2µν
sinh(µξ)sin(νξ) (31)

R3 =
1

2α
(
cosh(µξ)sin(νξ)

ν
− sinh(µξ)cos(νξ)

µ
) (32)

However when inequality 33 is fulfilled

Kφ

R2S
> 4

S

Dx(m2 − 1)2
(33)

Values R0 , R1 ,R2 and R3 can be derived according to equations 34, 35, 36 and 37

R0 = cosh(µξ)cosh(νξ) +
β

2µν
sinh(µξ)sinh(νξ) (34)

R1 =
1

2ν
cosh(µξ)sinh(νξ) +

1

2µ
sinh(µξ)cosh(νξ) (35)

R2 =
1

2µν
sinh(µξ)sinh(νξ) (36)

R3 =
1

2α
(
cosh(µξ)sinh(νξ)

ν
− sinh(µξ)cosh(νξ)

µ
) (37)

2.3 Mechanical behaviour (Stiffening rings)

In order to describe the interaction between stiffening rings and shells and the behaviour of the stiffening
rings itself present in the benchmark structure(Figure 4), a transfer matrix compatible with the above
shown transfer matrices of the shells is required. For the derivation of the transfer matrix of the stiffening
frame the following assumptions are done:

1. The stiffening ring is supposed to have no extension (ASRESR = ∞ ), and no radial deformation
(vSR = 0).

2. No shear deformations are considered(ASRGSR =∞).

3. The stiffness perpendicular to the plane containing the ring frame is considered negligible.

 

Pm 

nm tm 

Figure 4: Representative portion os the benchmark structure with characteristic load case.

The starting point is the equilibrium of the forces and moments present in a characteristic ring element
like the one in figure 5. The forces and moments present in figure 5 are induced by a load case like the
one pictured in figure 4.
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Figure 5: Characteristic ring element.

The equilibrium in the tangential and radial directions and the equilibrium of moments leads to equations
38,39 and 40 respectively.

tRdφ+QdφN − (N + dN) = 0 (38)

pRdφ−Q+ (Q+ dQ) +Ndφ = 0 (39)

M − (M + dM) +QRdφ = 0 (40)

The simplification of equations 38, 39 and 40 and the inclusion of the notation d
dφ equal to ()◦, leads to

equations 41, 42 and 43

tR+Q−N◦ = 0 (41)

pR+Q◦ +N = 0 (42)

QR+M◦ = 0 (43)

Furthermore, according to [2], the kinematic relationships for the tangential extension of the ring and
the change of curvature can be written as equations 44 and 45 respectively

NR

ASRESR
= (v◦ + w) = 0 (44)

MR2

JSRESR
= (w◦◦ + w) = 0 (45)

Equations 41 to 45 together with the assumptions mentioned at the beginning of the present section
can be used to state a differential equation of sixth order in v, equation 46. In the derivation of this
differential equation several steps are omitted here but they can be seen in in appendix D where the
derivation and solution of equation 46 is presented.

vV I + 2vIV + vII =
R4

JSRESR
(p◦ + t) (46)

The solution to equation 46 is equation 47

v = − R4(tm −mpm)

JSRESRm2(m2 − 1)
sin(mφ) (47)
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taking the amplitude of equation 47 and considering that tm is the variation of shear force flux in the
frame plus the introduced tangential force introduced at the frame, equation 47 equation 48 can be
written.

v = −R
4((nxφ0 − nxφ1 + tm)−mpm)

JSRESRm2(m2 − 1)
(48)

According to [2] a similar equation to 48 can be written for v this expression is equation 49

u = −R
4(nx0 − nx1 + n)

K⊥(m2 − 1)2
(49)

where K⊥ according to [2] can be defined as show in equation 50

1

K⊥
=

1

ESRJ⊥
+

1

m2GSRJ
(50)

Equations 48 and 49 can be rewritten by introducing the already know equalities v◦

m2 = v
m and −n

◦
xφR

D =

−mnxφR
D and K = JSRESRas show in equations 51 and 52 respectively.

−
n◦xφ1R

D
= −

(
m4(m2 − 1)2

K

R3D

)
v◦

m2
+

(
−
n◦xφ0R

D

)
− mR

D
(tm −mpm) (51)

nx1R

D
=
nx0R

D
+ (m2 − 1)2

K⊥
R3D

µ0 +
nR

D
(52)

Considering equations 51 and 52 together with the assumptions mentioned at the beginning of this section
pointing out that the displacements remain the same before and after the ring a transfer matrix for the
stiffening ring can be written as shown in equation 55. This transfer matrix of the ring contains the same
variables in the state vector as the shell transfer matrices as well as the terms of the transfer matrix of
the ring has the same units as terms of the transfer matrix of the ring. The hypothesis of equal radial
and axial displacement before and after the ring can be stated according to equations 53 and 54.

u1 = u0 (53)

v◦0
m2

=
v◦1
m2

(54)
( (v)◦

m2 )1
u1

(nx
R
D )1

(n◦xφ
R
D )1

1

 =


1 0 0 0 0
0 1 0 0 0

0 (m2 − 1)2 K⊥
R3D 1 0 nR

D

−m4(m2 − 1)2 K
R3D 0 0 1 −mRD (tm −mpm)

0 0 0 0 1




( (n)◦

m2 )0
u0

(nx
R
D )0

(n◦xφ
R
D )0

1

 (55)
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2.4 Failure modes (Strength failure)

The failure of the isotropic materials is assumed to be at the elastic limit of the corresponding isotropic
material. The elastic limit is considered to be at the stress σ0.2. This stress is defined as the stress
where the strain is equal to 0.002. Furthermore, plastic deformation is assumed to be present beyond this
limit point of strain equal to 0.002 [14]. This failure criteria is conservative because of the capability of
isotropic materials to bear higher loads up tu the ultimate load level of the material. In order to use the
full potential of the isotropic materials a plasticity model will be implemented in further developments
of the software tool.
In the case of the composite laminate the failure criteria selected is the Tsai-Hill criterion. This failure
criterion is used to calculate the first ply failure when the Tsai-Hill coefficient is equal to one. At first
ply failure, the developed tool considers that the laminate has failed and no further load can be carried.
This failure criteria is selected because its capability to consider combined load interaction while being
fairly simple [13]. In further developments of the software tool a more sophisticated method should be
implemented in order to beat the weaknesses of Tsai-Hill failure criteria. The interaction formula of the
Tsai-Hill criterion is show in equation 56.(

σ2
1

σ2
1u

)2

+

(
σ2
2

σ2
2u

)2

−
(
σ1σ2
σ2
1u

)
+

(
τ212
τ212u

)2

= 1 (56)

2.5 Failure modes(Local instability)

The local instability in axially loaded cylindrical stiffened shell structures is dominated by two phenomena.
The first one is the local buckling of the skin of the shell and local buckling of the stringers in a plate like
fashion. The approach to compute the critical stress for the aforementioned phenomena is to calculate the
critical buckling load of each and every plate present in the corresponding component of the skin of the
shell and the stringers. The computations is done using equation 57 where K is a constant associated with
the geometry and boundary conditions of the component under analysis and it can be derived from the
tabulated graphs shown in pictures 6 and 7. The selection of the graph required to extract the constant
K is done according to the boundary conditions of the corresponding component under analysis.

σKR = KE(
tn
b

)2 (57)

Figure 6: Tabulated graphs for the derivation of K for
one free edge boundary conditions .

Figure 7: Tabulated graphs for the derivation of K for
supported edges boundary conditions .
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The second local instability phenomenon is the local failure of the stringers at the crippling load. Crippling
phenomenon consist of a local buckling followed by a sudden collapse of the component leading to the
absolute loss of load bearing capabilities if the affected structural component is further loaded. An
illustration of the crippling phenomenon can be seen in figure 9. The approach to calculate the crippling
stress is to follow the model defined by Gerard in [3]. The model defined by Gerard is a experimental
model that can be represented by equations 58 in the case of open sections and 59 in case of close sections.
Equations 58 and 59 are illustrated in figure 8.

Figure 8: Crippling stress curves for open and close
profiles.

Figure 9: Crippling phenomenon illustration.

σcripp
σ0.2

= 0.67

[
gt2

A

√
E

σ0.2

]0.4
(58)

σcripp
σ0.2

= 0.56

[
gt2

A

√
E

σ0.2

]0.85
(59)

The Gerard model is based on experimental data of aluminium stiffened panels. However, in this thesis the
inclusion of composite materials is a must because of the potential mass reduction that can be achieved by
using high performance composite material such as CFRP. In the case of composite materials the Gerard
model is not applicable, hence another empirical model derived by Spier [8] should be used. The Spier
model can be represented by equation 60 where the critical buckling loads F cr can be calculated according
to equations 61 and 62 for the case of no free edge plate and one free edge plate case respectively. The
coefficients α and n of equation 62 should be experimentally obtained as pointed in [8]. In order to have
representative values, Astrium ST has provided representative data for α and n from their experience,
these coefficients can be seen in table 1

F cc

F cr
= α

(
F cu

F cr

)n
(60)

F sscr =
2π2

b2t

(√
D11D22 +D12 + 2D66

)
(61)

F sfcr =
12D66

b2t
+
π2D11

L2t
(62)
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α n

No free edge plate and F cu

F cr ≤ 0.6 1 1

One free edge plate and F cu

F cr ≤ 0.4 1 1

No free edge plate and F cu

F cr > 0.6 0.45 0.78

One free edge plate and F cu

F cr > 0.4 0.59 0.68

Table 1: Parameters for Spier empirical crippling strength prediction model

2.6 Failure modes(Panel instability)

The failure mode to compute for this panel instability is the critical buckling stress calculated according to
the Euler-Johnson buckling model. This model is based in the Euler column buckling plus an additional
experimental correction that approximates the tangent modulus in the intermediate slenderness region
between the Euler column buckling and the short column buckling (Crippling)[5]. The parameter to
decide the region where the corresponding element can fail is determined by the relative slenderness
of the structural component under analysis. The relative slenderness can be defined as presented in
equation 63, where area, moment of inertia and length should be adapted for the different components
under analysis.
The panels where this critical load is to be computed are the flanges of the stringers present in the
structure and in the section of the shell skin limited by 2 stringers in the case of stringer-ring-stiffened
shell. In the case of a corrugated-ring-stiffened shell the panel instability should be computed for each
flange of the corrugation. This method can be used indistinctly for isotropic or anisotropic material
without any further modification. The only difference to analysed isotropic and composite materials is
the computation of the crippling stress with the appropriate method associated with each material.

Figure 10: Euler-Johnson curves.

λ′ =
l√
I
A

√
c

(63)

σkr
E

=
σcripp
E
−
(

lσcripp

2πE
√

I
A

√
c

)2

(64)
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2.7 Failure modes(Global instability)

The methods to compute the global instability is the one stated by Van der Neut in [4] and Dickson [11]
being the first applicable to stringers and stiffening ring stiffened shells and the second one to corrugation
stiffening ring stiffened shells.
Van der Neut’s method is based on smeared out stiffnesses and geometrical properties of additional
stiffening components of the components of the orthotropicaly stiffened shell structure. The validity of
the application of this method is based in a statement from Van der Neut in [4] where is mentioned that
if the half wave length covers more than 1.6 stiffeners (Stiffening frames or stringers) the smearing out
and therefore the validity of the method is justified. However, this method does not provide the length
of the half wave but the ratio of them for each buckling mode. Furthermore, it should be mentioned that
Van der Neut’s method do not consider the influence of the boundary conditions. Van der Neut’s method
for the prediction of global buckling load of orthotropically stiffened shells structures can be used with
isotropic or anisotropic materials. Van der Neut’s method needs the mechanical properties of the material
used that in the case of composite laminates are computed previously. This mechanical properties are
fed to the script in charge of computing the critical global load according to Van der Neut’s method.
The critical loads for the different components of the orthotropicaly stiffened shells are the ones shown
in equations 65, 66 and 67

nkrit = ρ99nkritth (65)

nkritth = ηminnkritsym (66)

nkritsym = 2E

√
ixhθ
axaθ

(67)

a detailed definition of the coefficients η, ρ99, ix and hθ are included in appendix E while ax and aθ are
shown in figure 11

Figure 11: Geometry of orthotropicaly stiffened shell including Van der Neut’s method notation

Dickson’s method is also based in the concept of smearing the stiffness of the stiffening components.
Furthermore, it assumes that the wavelength of the buckled skin is big in a similar way to Van de Neut’s
method. The corrugation can be treated as an equivalent orthotropic shell that can be analysed with
membrane shell theory because of the negligible circunferential stiffnes of the corrugation. As a difference
with Van der Neut’s method, Dickson considers the boundary conditions of the analysed structure. In
[11] Dickson states the buckling problem of an orthotropic shell assuming the buckling displacement
field to be a combination of sinusoidal functions. The non-trivial solution of the system of homogeneous
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differential equations leads to an expression for the critical buckling load. This expression is shown in
equation 68.

qm,n =
|A|

(a2d12 − ad11ad22)m2 (68)

where A is 69

A =

ad11 ad12 0
ad12 ad22 ad23

0 ad23 ad33

 (69)

with ad11, ad12, ad22, ad23 and ad33 as defined in expressions 70 to 74 for the case of centric stiffening
rings.

ad11 = −
[
Em2 +Gn2

]
(70)

ad12 = Gmn (71)

ad22 = −
[
Gm2 + ERn

2 +
DY R

R2
n2
]

(72)

ad23 = −
[
ERn

R
+
DY R

R
n3
]

(73)

ad33 = −
[
ER
R2

+Dxm
4 +DY Rn

4

]
(74)
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2.8 Optimization theory

In this thesis the optimization process is carried out by built-in MATLAB functions. The two methods
used for optimization are gradient based and genetic algorithms. For the implementation of the gradient
based optimization routine the built-in function of MATLAB fmincon is used. The reason to select this
routine are:

1. The optimization can be constrained

2. The constrains can be non-linear

Other MATLAB functions like fminsearch or fminunc were disregarded because of the inability to
handle problems with non-linear constraints[7]. Functions fminbnd and fseminf were also disregarded
because of the lack to ability to handle multi-variable constrained optimization and the non-fully con-
strained nature of the function respectively.
The techniques used by fmincon to try to find an optimal value from an initial given point is the so
called non-linear programming[7]. fmincon can solve constrained non-linear minimization problems as
the one stated in equation 75. In 75, c and ceq are the non-linear constraints, A and Aeq are the linear
constraints and lb and up are the lower and upper bounds for the optimization variables.

min
x
f(x)⇐⇒



c(x) ≤ 0

ceq(x) = 0

A · x ≤ 0

Aeq · x = beq

lb ≤ x ≤ ub

(75)

The algorithm selected for the computation of this problem is the sequential quadratic programming
option offered by MATLAB [7]. This kind of algorithm is selected because it outperform the rest in
terms of efficiency, accuracy, and percentage of successful solutions, over a large number of test problems
according to [7]. The optimality conditions and hence the corresponding stooping criteria for a certain
solution are dictated by the KKT optimality conditions listed below:[7] [9]

1. ∂f
∂xj
−

m∑
i=1

ui
∂gi
∂xj
≤ 0 at x = x∗, for j = 1, 2, ..., n

2. x∗j

(
∂f
∂xj
−

m∑
i=1

ui
∂gi
∂xj

)
= 0 at x = x∗, for j = 1, 2, ..., n

3. gi(x
∗)− bi ≤ 0 for i = 1, 2, ...,m

4. ui[gi(x
∗)− bi] = 0 for i = 1, 2, ...,m

5. x∗j ≥ 0 for j = 1, 2, ..., n

6. ui ≥ 0 for i = 1, 2, ...,m

Where f(x) is the target function,gi(x) are the different non-linear constrains, m refers to the number
od non-linear constraints and n refers to the number of components of the optimization state vector x.
In the case of the implementation of the genetic algorithm optimization the built-in function of MATLAB
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ga is used. The intention of implementing this optimization method is to include the opportunity of
solving problems where the optimized variables belong to a discrete field. Other key features of the
genetic algorithm based optimization is not only the opportunity to derive global maximums but also to
remove the dependency of the result of the stating point of the gradient based optimization techniques.
The way the genetic algorithm works is following evolutionary techniques derived from the field of biology
to select the best individuals that would perform better in coming generations [7]. These individuals are
the potential solutions to the optimization problem where the quality of the individuals (Set of potential
solutions) is measured by the optimized function (Fitness function) while fulfilling the constraints. The
genetic algorithm optimization routine or global optimization routine as called by MATLAB [7], solves
minimization problems like the one stated in 75 hence the used function is able to handle the same
constraints and inputs as the fmincon function of the gradient based optimization.
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3 Method

The methodology followed in this master thesis consisted in the creation of a software tool developed with
the MATLAB scripting language capable of including all the features pointed in the theory section. This
MATLAB tool consist of a series of subroutines covering the normal roles required in a stress-optimization
coupling tool. The main subroutines are the following ones:

1. Pre-processor

(a) Load and boundary conditions definition.

(b) Geometry computation.

(c) Material definition set up.

2. Assembly-solver

(a) Create the global matrix with the transfer matrices of all the structural components placed
around the main diagonal. This matrix allows the derivation of all the states vector when 4
boundary conditions of the problem are know for a certain load vector according to [2].

(b) Creates load vector.

(c) Insert the boundary conditions required in the system and solve it.

3. Post-Processor

(a) Adds the static contribution of the Fourier series

(b) 2D output of force fluxes

(c) 3D output of force fluxes

(d) Safety factors for the defined structure for the potential failure modes.

4. Optimization module

(a) Optimal configuration computation by built-in MATLAB routines and different implemented
options

(b) Mass computation of the optimal configuration derived.

All these subroutines are commanded from a graphical user interface developed with the scripting lan-
guage of MATLAB and the GUIDE feature of MATLAB [7]. The graphical user interface has as mission
the modification of the input file supporting the calculations, enable visualization, access to the different
output created as results and trigger all the different processes that the developed tool is capable. Fur-
thermore, the graphical user interface is capable of creating new input files for the program on demand of
the user. A layout of this graphical user interface can be seen in figure 12. Furthermore, a basic work-flow
structure of the developed toll can be seen in picture 13.
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Figure 12: Graphical user interface illustration.

Figure 13: Work flow of the optimization tool

The basic description of the program function is that there is first a module for the computation of
stresses that allows the estimation of stresses and deformation by analytical means. The second module
is a non-linear programming optimization module which utilizes the aforementioned failure modes as
constraints while calling in each iteration the stress computation module in order to have an updated
stress level for the design variables that the optimizer suggests in every step of the optimization process.
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4 Results

4.1 Tool Validation (Stress computation module)

In order to assess the quality and validity of the results that the developed tool is able to deliver, in terms
of stress computation, a verification of the results provided by the tool was performed. The verification
is based in the comparison between the results that can be obtained as output from the developed tool
and the output that can be obtained from the FE solver Nastran and its pre/post-processor Patran under
identical loading conditions. The model used to perform the verification is a ring stiffened shell structure.
The geometrical and material properties mentioned in table 2 correspond to the shell and the properties
mentioned in table 3 correspond to the the stiffening rings.

Property Value
Radius 2700mm

Shell height 1000mm
Total shell height 4000mm
Number of shells 4
Shell thickness 1mm

Material Youngs modulus 72GPa
Material Poisson ratio 0.33

Table 2: Shell properties

Property Value
Radius 2700mm

Stiffening ring height 20mm
Stiffening ring width 80mm
Stiffening ring width 80mm

Number of stiffening rings 5
Material Youngs modulus 72GPa

Material Poisson ratio 0.33

Table 3: Stiffening rings properties

As mentioned before, the layout of the structure is a frame-shell-frame combination using the total number
of components mentioned in tables 2 and 3. The load case used for the verification of the tool is two point
loads spaced 180◦ with a magnitude of 100N each. The loads are modelled as nodal load in Nastran. The
loads are applied in the third frame of the benchmark structure. An illustration of the nodal loads and
the layout combination of shells and stiffening frames used for the verification can be seen in figure 14.
The boundary conditions are simply supported in the lower part of the benchmark structure avoiding the
axial, radial and tangential displacement at the mentioned area. The element used in the FEM analysis
is the QUAD4. This element is a 4 node shell element with no bending stiffness (Membrane state) [6]

Figure 14: Isometric view of FE model used in the validation.

The results obtained from the solver Nastran can be seen in figures 15, 17, 19 and 21, while the graphical
output obtained from the tool developed in MATLAB can be seen in figures 16, 18, 20 and 22
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Figure 15: Normal force flux NASTRAN benchmark
structure.

Figure 16: Normal force flux MATLAB benchmark
structure.

Figure 17: Shear force flux NASTRAN benchmark
structure.

Figure 18: Shear force flux MATLAB benchmark
structure.

Figure 19: Axial displacement NASTRAN benchmark
structure.

Figure 20: Axial displacement flux MATLAB
benchmark structure.
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Figure 21: Radial displacement NASTRAN
benchmark structure.

Figure 22: Radial displacement MATLAB benchmark
structure.

The verification path followed to certify that the tool is providing accurate results has been to compute
the normal force flux (Nx), the shear force flux (Nxφ), the vertical displacement (u) and the radial
displacement (v) at the frames of the benchmark structure and compare the results from Nastran with
the results from the tool. In order to show the most representative results only the comparison at the
3rd is included here, the comparison of the rest of the frames plus additional 2D plots of the state vector
variables before and after each frame can be seen in appendix F.
The comparison of the aforementioned results at the 3rd frame can be seen in figures 24, 25, 26 and 27.
The peak values representing the absolute maximums present in the validation benchmark structure are
shown in tables 4 and 5. Furthermore, a comparison between reference computational time of each tool
is shown in table 6.

Nastran Max. Matlab Max. Deviation (%)
Nx(N/mm) 0.2881 0.2818 2.4
Nxφ(N/mm) 0.0249 0.0245 1.6
u(mm) 0.00015 0.00015 0
v(mm) 0.00183 0.00171 6.7

Table 4: Maximum values comparison between Nastran and Matlab data

Nastran Min. Matlab Min. Deviation (%)
Nx(N/mm) -0.3321 -0.3257 2.1
Nxφ(N/mm) -0.0249 -0.0245 1.6
u(mm) -0.00287 -0.00268 6.8
v(mm) -0.00183 -0.00171 6.7

Table 5: Minimum values comparison between NASTRAN and MATLAB data

Nastran (s) Matlab (s) ∆ CPU time (s)
CPU time for 3D output 81.376 363.859 -282.483
CPU time for 2D output 81.376 1.84 79.536

Table 6: CPU time comparison between NASTRAN and MATLAB

The difference between computational time is clear and depends on the output requested. For the case
when 3D output is requested from the MATLAB tool the CPU time rises because of the high volume of
data that needs to be stored in order to be able to create the 3D coloured figure. However, when only the
2D output is obtained the CPU time decreases clearly and beats the computational time required by the
FE solver NASTRAN. With the purpose of illustrating the percentage of time used in the creation of the
3D output in comparison with the 2D output, in the situation where the comparison of computational
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time was stablish figure 23 was created. The CPU time of the FE solver NASTRAN is constant because
all the bulk data for the post-processor PATRAN is created simultaneously. This comparison of CPU
time was performed under the best level of correlation found between the FE solver NASTRAN and the
developed tool. The convergency analysis resultant of this process can be seen in appendix G.

Figure 23: CPU time used to reach the 2D output compared to the time of the 3D output

The data from tables 4 and 5. shows a correlation with FE results that can satisfy the demands of an
early design stage what it is preliminary design stage. The bigger deviation in the normal force flux can
be associated with the modelling of the force in the FE model. The introduction of the load as a nodal
load can lead to unrealistic stress concentrations. The evaluation of these stress concentrations is out of
the scope of this validation phase. Furthermore, this deviation lies within the limits of the uncertainties
of the preliminary design stage that it is the stage of the design where the developed tool is supposed be
used.

Figure 24: Normal force flux NASTRAN benchmark
structure.

Figure 25: Shear force flux NASTRAN benchmark
structure.
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Figure 26: Axial displacement NASTRAN benchmark
structure. Figure 27: Radial displacement NASTRAN

benchmark structure.

From the comparison between results showed in figures 24, 25, 26 and 27 of the output obtained from
NASTRAN and the developed MATLAB tool at the loaded frame is clear that the predictions of the
developed tool provide reliable values because they match accurately the data from the well proven FE
solver NASTRAN. Furthermore, the big similarity existing between the patterns present in figures15, 17,
19 and 21 obtained from NASTRAN and figures 16, 18, 20 and 22 obtained from the developed tool the
same reliable results obtained for the values of the loaded frame can be expected for the entire structure.
The evaluations of the maximums and minimums performed in table 4 and 5 respectively between the
developed tool and the FE software NASTRAN, shows a correlation of values within the uncertainties
expected from an early stage design phase.
After these statements,it can be concluded that the stress computation module and the associated routines
can provide the potential user with reliable values in the case of stress and displacement computation.
Moreover, it should be mentioned that the accurate estimation of the maximum and minimum values of
the state variables by the developed tool assures a realistic design because these values are the design
drives of the structures intended to optimize. The aim of this section was to show the well functioning
the stress computation module for membrane shell theory has. This fact has been proven, although it
should be noted that the membrane shell theory only suffices while the out of plane stiffness of the shell
can be neglected. In case of no negligible out of plane stiffness the use of semi-bending shell theory is
advised [2]. This theory is implemented in the developed tool but the shell configurations considered for
this thesis can be treated as membrane shells. Therefore, the validation of the semi-bending shell theory
is left for further in-house development of the tool created for this thesis.
As a conclusion to this section, it can be said that the membrane shell theory is properly implemented
and tested. Furthermore, any shell configuration that fulfils the assumption of membrane shell theory
can be properly analysed with the developed tool. Therefore, the shell configurations of interest of this
thesis, isotropic, stringer-stiffened and corrugated shells can be properly analysed

4.2 Tool Validation (Optimization module)

In order to asses the quality and validity of the results that the developed tool is able to deliver in terms
of optimization output, a verification of the results provided by the tool was performed. The reasoning
supporting the verification of the results is the following one. If the optimization routines of the devel-
oped tool can match the values of a previous optimization the optimization routines can be considered
functional. The optimization will be validated for the most efficient stiffening configuration included in
the developed tool and allowed by the design of space launchers. This configuration corresponds with the
corrugated shell structure with centric rings [2] [10]. The configuration with outer rings is more efficient
but it is disregarded for aerodynamic reasons because of the shock waves that the outer ring could created
during launch [2]. An illustration of the efficiency curves of the different configurations can be seen in
figure 28.
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Figure 28: Structural efficiency of the different shell stiffening approaches.

The optimization reference required as a validation source can be found in reference [10]. In reference
[10] a similar optimization was performed. In this reference the optimization approach used is different,
however the final results should not differ substantially. The optimization approach followed in reference
[10] was to isolate the thickness of the shell as a design parameter and assure that global buckling was
not a issue by using the Shanley formula [12] for the derivation of the stiffness of the stiffening rings.
The way to proceed with the developed tool is to implement the geometry of the frames and corrugation
used in reference [10] and try to match the results obtained by them. The geometric properties of the
corrugation and the stiffening frames can be seen in figure 29. Furthermore, the elements present in the
validation structure and the geometry from source [10] are listed in table 7. The material properties used
in the optimization validation results and the material properties used in the developed tool are shown
in tables 8 and 9

Figure 29: Corrugation and stiffening frames geometry of the validation geometry.

Property Value
Radius 2700mm

Shell height 500mm
Total shell height 4500mm
Number of shells 9

Number of stiffening frames 10

Table 7: Optimization validation geometry components description
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Property Validation source material data Developed tool material data
E 72GPa 71.7GPa
ν 0.33 0.33
σ0.2 −−−−−−−− 502MPa

Table 8: Aluminium properties used in the validation process

Property Validation source material data Developed tool material data
E1 99GPa 103GPa
E2 19GPa 18.8GPa
G12 15GPa 14.8GPa
ν12 0.64 0.69
σ0.2 900MPa 860MPa

Stacking sequence [45◦,−45◦, 0◦, 0◦, 0◦, 0◦]s [45◦,−45◦, 0◦, 0◦, 0◦, 0◦]s

Table 9: CFRP laminate properties used in the validation process

The correlation between the data used in reference [10] and the data used in the developed tool is really
good as it can be seen in tables 8 and 9. The difference between the data used in [10] and the data from the
developed tool do not exceed 4.6% in the worst case and in the more relevant properties the agreement is
much better. The stacking sequence was selected by [10] because [8] showed that laminates with one third
of plies at plus minus forty five degrees and two thirds at zero degrees are optimal for crippling (Crippling
is the limit failure mode in the not locally loaded shells). This difference in mechanical properties has a
marginal impact in the overall results and can neglected.
The load case used in the reference validation source [10] is obviously implemented in the developed for
the validation. This load case contains two concentrated loads that simulates the peak loads induced
by two boosters at take off. This load case is illustrated in figure 30 and the details of the loads and
boundary condition are included in table 10.

Figure 30: Comparison between reference and developed tool load case.

Value
Boosters load intensity 7.8MN
Load smearing sector 15◦

Upper ring B.C. Free (Nx = 0;Nxφ = 0)
Lower ring B.C. Simply supported (u = 0; v = 0)

Table 10: Loads and boundary conditions (B.C.) detailed data

The comparison between the values obtained in source [10] and the values obtained by the developed tool
are shown in tables 11 , 12 , 13 and 14.
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Validation source Developed tool Results Validation source Developed tool Mass
Shell optimal shell optimal shell deviation optimal shell optimal shell deviation

thickness (mm) thickness (mm) (%) mass(Kg) mass(Kg) (%)
1 10.75 10.79 −0.3 328.26 329.72 −0.4
2 10.75 6.93 35.5 328.26 211.65 35.5
3 4.49 5.08 −11.6 137.11 155.31 −11.7
4 4.49 4.16 7.3 137.11 127.13 7.2
5 4.16 3.61 13.2 127.95 110.26 13.8
6 3.76 3.25 13.5 114.82 99.25 13.5
7 3.76 3.09 17.8 114.82 94.35 17.8
8 3.76 3.03 19.4 114.82 92.48 19.4
9 3.76 2.97 21.0 114.82 90.95 20.7

Table 11: Thickness & mass comparison between the reference case and the developed tool for aluminium

Validation source Developed tool Results Validation source Developed tool Mass
Shell optimal shell optimal shell deviation optimal shell optimal shell deviation

thickness (mm) thickness (mm) (%) mass(Kg) mass(Kg) (%)
1 7.0 7.33 −4.5 142.51 149.29 −4.5
2 5.0 5.92 −15.5 101.79 120.58 −15.5
3 4.7 5.10 −7.8 95.68 103.85 −7.8
4 4.0 4.62 −13.4 81.43 94.18 −13.3
5 3.6 4.31 −16.4 73.29 87.89 −16.6
6 3.5 4.10 −14.6 71.25 83.51 −14.6
7 3.5 3.94 −11.1 71.25 80.32 −11.3
8 3.2 3.82 −16.2 65.14 77.90 −16.3
9 3.2 3.73 −14.2 65.14 75.97 −14.3

Table 12: Thickness & mass comparison between the reference case and the developed tool for CFRP

Reference Developed Deviation
data tool data (%)

Shells
mass 1599 1311 18
(Kg)

Frames
mass 725 1002 -27.6
(Kg)
Total
mass 2324 2313 0.5
(Kg)

Table 13: Mass budget comparison for aluminium
structure

Reference Developed Deviation
data tool data (%)

Shells
mass 619 873 −26.3
(Kg)

Frames
mass 416 668 −37.7
(Kg)
Total
mass 1035 1541 −31.9
(Kg)

Table 14: Mass budget comparison for CFRP structure

In the data presented in tables 11, 12, 13 and 14 there is an obvious mismatch between the values
presented in reference [10] and the values obtained from the developed tool. In table 11 the presented
data shows a reduction on the contribution of the mass of the shells to the overall mass of the structure
as the data from table 13 confirms. This is an indicative the the optimization provides better results than
the results provided by reference [10] where the use of optimization routines approach was not followed
but an inspection of the results approach was. Furthermore, the agreement between the shell thickness
for the case of the shell where the load is introduces is really good. This confirms that the results provided
by the optimization routine are good in the case of aluminium. The shell thickness from the rest of the
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shell could not have been matched perfectly because of the different geometry of the stiffening frames
used (Reference [10] had different geometry in the different stiffening frames and this option was not
implemented in the developed software tool). The good agreement of the shell thickness in the first shell
is a sign that confirms the good choice of material failure stress data for this comparison because the
failure mode of this shell is strength while in the rest is crippling.
In the case of composites the mismatch is more clear in all shells but not in the first where the agreement
is good. This is motivated by the same fact mentioned for the aluminium, the strength of the CFRP
laminated is really similar. However, when the crippling failure mode becomes the design driver the
mismatch is clear as shown in table 12. The result provided by the developed software tool is less optimal
in terms of mass than the result provided by the reference [10] as table 14 shows. This means that the
optimized results of the developed tool are more conservative than the results provided by reference [10]
that as shown for the case of aluminium in table 11 can be optimized.
In order to summarise this section, it can be said that the optimization module provides accurate data
in the case of aluminium and conservative for the case of composite materials. Hence, this optimization
module can be used right now to optimize aluminium shell structures and to draw upper bounds for
optimal designs of CFRP shell structures.

4.3 Optimization results

The aim of this thesis is to optimize an benchmark structure replacing the current configuration of an
assembly of the ISS plus FS by a single part. As shown in figure 28 the corrugated shell offers the a
really good structural efficiency in comparison with the other configurations. Therefore, it will be the
one selected for this optimization process. The length of the assembly of the ISS and the FS is slightly
below six metres so an equally long shell structure will be used in the comparison. Furthermore, the
selected material for this structure will be CFRP because of its advantages with respect aluminium in
terms of specific mass and mechanical properties. The geometric and material properties of the structure
suggested to benchmark the one single part concept of the ISS plus FS substitute structure can be seen
in tables 15 and 16

Property Value
Radius 2700mm

Shell height 500mm
Total shell height 6000mm
Number of shells 12

Number of stiffening frames 13

Table 15: Benchmark structure geometrical data

Property Benchmark structure material data
E1 103GPa
E2 18.8GPa
G12 14.8GPa
ν12 0.69
σ0.2 860MPa

Stacking sequence [45◦,−45◦, 0◦, 0◦, 0◦, 0◦]s

Table 16: Benchmark structure material data

For this case a load case including the inertial loads coming from the upper stage and the load induced
by the solid boosters is used. The load configuration selected is taken as close to reality as the developed
tool allows in its current development phase. Even though the developed tool is a early stage there is only
one remarkable load neglected, the inertial loads of the shell structure as body loads due to their own
mass. The effects of aerodynamic forces are secondary in comparison with the three loads aforementioned
and hence are not included in this study neither. An illustration of the load case selected is shown in
figure 31. The details of the boundary condition and the loads of the load case used in the optimization
of the thesis benchmark structure are shown in table 17.
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Figure 31: ISS + FS benchmark structure optimization load case.

Value
Boosters load intensity 8.5MN
Load smearing sector 15◦

Upper ring B.C. Prescribed flux (Nx = 500N/mm;Nxφ = 0)
Lower ring B.C. Simply supported (u = 0; v = 0)

Table 17: Loads and boundary conditions (B.C.) detailed data

For the set up described above two optimizations have been carried out. The first one keeping the
width of the corrugation to the one advised in the reference source [10] and a second optimization where
the corrugation width was part of the optimization process. The optimization has not been performed
for individual shells. The optimization has been driven by the maximum normal force flux present in
the structure under the considered loading conditions. The individual shell optimization has shown
convergence problems that will be studied in further evolutions of the developed tool.
The results of these optimizations and the comparison between the benchmark structure suggested to be
the substitute of the current ISS plus FS assembly can be seen in tables 18 and 19.

ts (mm) wcorr (mm) Mass (Kg)
ts Optimization 6.09 94 2355

ts& wcorr Optimization 4.84 22.59 2050
ts& wcorr Optimization

wcorr Lowe bounded (50mm) 5.48 50 2208
(Manufacturable design)

Table 18: Optimization results of thesis benchmark structure

Mass (Kg) Difference(Kg) Deviation (%)
Current ISS + FS assembly 2400 −−−−−−− −−−−−−−

Thesis benchmark (ts) 2355 45 1.9
Thesis benchmark (ts& wcorr) 2050 350 14.5
Thesis benchmark (ts& wcorr) 2208 192 8

(Manufacturable design)

Table 19: Mass budget comparison ISS plus FS assembly and the optimized thesis benchmark structure
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The results that are shown in tables 18 and 19 clearly show that the benchmark structure suggested
within this thesis can be lighter than the current assembly of ISS plus FS under use. In the case of
this optimization process that has been performed considering the normal force flux peak present in the
structure the failure mode sizing the structure are mainly crippling and strength. In the case where the
corrugation width and the shell thickness come into place in the optimization, the crippling boundary
condition forces the corrugations width to decrease letting the thickness to decrease. It is interesting to
see how a variable without presence in the objective function of the mass of the corrugated shell like
the corrugation can influence the final outcome of the optimized mass. In the objective function the
corrugation width has no presence but it influences the outcome of the results by it presence in the panel
buckling, global buckling and crippling boundary conditions.
According to table 19 the mas saving for the fully optimized design is 350 Kg, it should be noted that this
is a lower bound because of the over-dimensioning of the frames according to the geometry suggested by
reference [10] than were dimensioned according to the Shanley formula [12]. Therefore, the mass saving
potential can be even bigger than the 14.5% percentage mentioned in table 19. However, this optimized
design can be difficult to manufacture or even impossible due to the reduced curvature radius in the
transition regions of the corrugation. Therefore, an optimization process where the lower boundary of
the corrugation width was set to 50mm was performed. The results are also presented in table 19 and
the mass saving potential is evident as in the case of the full optimized corrugation design.
The behaviour of the design variable can be attributed to the underestimation of the crippling stress of
the laminate present in the developed tool. Therefore, a further investigation of this fact it is greatly
advised.
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5 Conclusions & further developments

The conclusions of this thesis can be divided into two groups. The first one concerns the summary of the
design exercise carried out in this thesis while the second one covers the further applications and benefits
of incorporating structural optimization from the very early design stages of complex systems like the
European launcher Ariane 5ME.
The conclusion about the preliminary design exercise is clear and can be stated as follows. An optimized
design of a CFRP made corrugated shell stiffened with stiffening frames has the clear potential to beat
the mass target of the current assembly of ISS plus FS under use. The mass decrease potential has been
estimated to a gain of 14.5% in comparison to the current assembly. This percentage corresponds to
350 Kg of mass saving hence leading to a direct increment of the payload capability of the launcher.
Furthermore, it should be mentioned that this is not a fully optimal design because the stiffening frames
are dimensioned according the conservative criteria proposed by Shanley. An idea of the additional mass
potential reduction that can be reached by optimizing the frames can be gotten from table 14. However
this design can be difficult to manufacture, hence a more realistic design in terms of manufacturability
was also performed. In this analysis the corrugation width was set to 50mm and it also shows a good
potential for mass decrease. Therefore, the potential decrease of the structural mass of the European
launcher Ariane 5 ME and hence the increment of its payload is clear and it is worth further investigation
as the results of this study shows.
Concerning the use of this optimization techniques in very early design stages, the results of this study
shows a promising performance. It should be noted that starting from scratch and with the work dedicated
to a master thesis a considerable improved design is suggested for an assembly that already has under
gone years of service and different updates. Therefore, if a similar tool to the one developed in this thesis
would have been used in the early design stage of the design a better starting point could have been
reached paving the way to a better design. Considering all of this, the potential to provide better early
designs is there and only needs to be polished with further development of this tool and similar ones.
In fact incorporating this early design optimized approach could lead to more efficient and cost effective
structure because thing do not end up the way they start but a good starting point could make the way
to a good solution much easier.
As any software tool this tool has many functionalities to be added and improved. Therefore, during the
development of the current version a set of improvements and strengthening tasks that would improve
the performance of the developed tool have been gathered. This further improvements are listed below:

1. Stress computation.

(a) Semi-bending theory functioning verification.

(b) Detailed FE semi-bending theory model verification.

(c) Improve the 3D plotting function so no numerical problems appear when semi-bending theory
is used.

(d) Detailed FE corrugation model verification.

2. Failure modes

(a) Tennyson failure criterion.

(b) Sandwich structures failure modes implementation.

(c) Plasticity model of isotropic materials.

3. Optimization

(a) Individual shell optimization convergence study for the load case of point loads and distributed
loads.

(b) Stiffening frames geometry optimization

(c) Shell length optimization.

(d) Laminate stacking sequence optimization.

(e) Global optimization techniques investigation.
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A APPENDIX
(Lie-Magnus method)

The solution of scalar homogeneous linear differentials of first order with constant coefficients follows the
scheme shown in equations 76 to 81.

y′ = ay (76)

dy

dx
= ay (77)

dy

y
= adx (78)

Lny = ax+ c (79)

y = eax+c = eax + c (80)

Applying boundary conditions to equation 80 x = 0 y = y0 leads to c = y0. Therefore the solution to the
scalar homogeneous linear differentials of first order with constant coefficients for the chosen boundary
conditions is equation 81.

y = eaxy0 (81)

At this point is where Lie-Magnus states the analogy between 76 and 82.

|U′| = |A||U| (82)

continuing with the analogy between the scalar equation and the matrix equation, the solution of equation
82 should follow the shape of equation 81. Therefore the solution of equation 82 can be posed as equation
83

|U| = e|A|x|U0| (83)

In equation 81 the eax term can exchanged by a Taylor expansion following equation 84

eax = 1 +
ax

1!
+
ax2

2!
+
ax3

3!
... =

n=∞∑
n=1

(ax)n

n!
(84)

Using once more the analogy between scalar and vectorial differential equations. The term e|A|x of
equation 83can be expressed in a similar fashion it was done with the term eax from equation 81 in
equation 84. This expression for the case of matrix algebra is the so called Picard iterations and it can
be posed as follows in equation 85

e|Ax| = |I|+ |Ax|+ 1

2!
|Av|2 +

1

3!
|Ax|3 + ... =

n=∞∑
n=1

|Ax|n

n!
(85)

where |I| is the identity matrix. This procedure is meant to derive transfer matrices from the differential
matrices associated to a set of differential equations constituting a system of homogeneous linear differ-
ential equations of first order with constant coefficients. However, in most of the applications that can
be solved by this method ,an example of such an application are the shell structures, the structure will
be loaded. Therefore. the problem to face is not a homogeneous problem any more but a inhomogeneous
problem. This kind of problem are solved by the variation of constants following Lagrange’s method. The
variation of constants following Lagrange’s method for scalar inhomogeneous linear differential equations
of first order differential equations follows the scheme of equations 86 to 92.

y′ = ay + P (x) (86)

Assuming a solution of equation 86 of the kind of equation 87

y = eaxc(x) (87)
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y′ = a(eax)c(x) + eaxc′(x) = ay + P (x) (88)

therefore

eaxc′(x) = P (x) (89)

and
c′(x) = e−axP (x) (90)

Considering equations 86 to 90, equation 91 can be stated

y = eaxy0 + eax
x∫

0

e−axP (x)dx (91)

The scalar equation 91 can be transformed into vectorial form using the analogy mentioned above between
scalar and vectorial equations. The resulting equation is 92

|U| = |Wx||U0|+ |Wx|
x∫

0

|W−x||P(x)|dx (92)

It is equation 92 the general way to obtain the transfer matrix associated with a system of differential
equations which for this case means that loads can be computed inside the transfer matrix being able to
consider the introduction of load between two states.

B APPENDIX
(Differential transfer matrix derivations for membrane theory)

The staring point of this derivation are:

1. Kinematic equations

2. Corresponding differential equilibrium equations

3. Elasto-mechanic law of the material

The kinematic equations needed for the derivation of the membrane shell theory differential transfer
matrix are equations 93, 94 and 95

εx = u′ (93)

εφ =
1

R
(v◦ + w) (94)

γxφ = v′ +
1

R
u◦ (95)

The corresponding differential equilibrium equations in the case of the membrane theory are 96, 97 and
98

N ′x +
1

R
N◦xφ = −X (96)

N ′xφ +
1

R
N◦φ = −Y (97)

Nφ = −ZR (98)

The elasto-mechanic law of the material is the corresponding adaptation of Hooks law to the equilibrated
symmetric laminates, equation 99
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Nx
Nφ
Nxφ
Mx

Mφ

Mxφ

 =


a11 a12 0 0 0 0
a21 a22 0 0 0 0
0 0 a66 0 0 0
0 0 0 d11 d12 0
0 0 0 d22 d12 0
0 0 0 0 0 d66




εx
εφ
γxφ
κx
κφ
κxφ

 (99)

The next step is to develop equation 99 considering the hypotheses of the membrane shell theory. These
hypotheses imply to consider the Mx, Mφ and Mxφ to be negligible. Developing equation 99 neglecting
Mx, Mφ and Mxφ leads to equations 100, 101 and 102

Nx = a11εx + a12εφ (100)

Nφ = a21εx + a22εφ (101)

Nxφ = a66γxφ (102)

With all of the previous equations the derivation can proceed towards the final aim of obtaining the
differential transfer matrix of a shell under the membrane shell theory assumptions. However, in order
to conduct the derivation to the field of application of this thesis and to simplify the solving procedure
three considerations should be made:

1. No circumferential strain εφ = 0

2. Symmetric loading conditions in transversal direction

3. Fourier decomposition of the components of the equations

Neglecting εφ = 0 has been shown to have very low influence in the final results according to [2]. The
consideration of only symmetric conditions is taken in order to simplify the model while letting the pos-
sibility to implements loads as aerodynamic drag. Aerodynamic drag is of importance in the field of
launcher shell structures, field of application of this master thesis. The decomposition of the components
of the equations in Fourier series is useful to introduce symmetric loads like the aforementioned aerody-
namic drag simplifying the expressions. Another benefit of introducing is the possibility to evaluate the
expression for each individual wave numbers and add them later one to obtain the final solution, this is
possible due to the orthogonality property of the cosine and sine functions present in the Fourier series.
The representation of the different components of the equation in Fourier series will have the shape shown
in equations 103, 104, 105, 106 and 107

u(φ) = u0 +

∞∑
m=1

umcos(mφ) (103)

v(φ) =

∞∑
m=1

vmsin(mφ) (104)

nx(φ)
= nx0 +

∞∑
m=1

nxmcos(mφ) (105)

nxφ(φ)
=

∞∑
m=1

nxφmsin(mφ) (106)

mφ(φ)
= u0 +

∞∑
m=1

umcos(mφ) (107)

and the respective derivatives of these expressions that will be needed in the derivations can be seen in
table 20
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∂
∂φ

∂2

∂φ2
∂3

∂φ3
∂4

∂φ4

u(φ) = u0 +
∞∑
m=1

umcos(mφ) −m
∞∑
m=1

umsin(mφ) −m2
∞∑
m=1

umcos(mφ) m3
∞∑
m=1

umsin(mφ) m4
∞∑
m=1

umcos(mφ)

v(φ) =
∞∑
m=1

vmsin(mφ) m
∞∑
m=1

vmcos(mφ) −m2
∞∑
m=1

vmsin(mφ) −m3
∞∑
m=1

vmcos(mφ) m4
∞∑
m=1

vmsin(mφ)

nx(φ) = nx0 +
∞∑
m=1

nxmcos(mφ) −m
∞∑
m=1

nxmsin(mφ) −m2
∞∑
m=1

nxmcos(mφ) m3
∞∑
m=1

nxmsin(mφ) m4
∞∑
m=1

nxmcos(mφ)

nxφ(φ) =
∞∑
m=1

nxφmsin(mφ) m
∞∑
m=1

nxφcos(mφ) −m2
∞∑
m=1

nxφsin(mφ) −m3
∞∑
m=1

nxφcos(mφ) m4
∞∑
m=1

nxφsin(mφ)

pz(φ) = pz0 +
∞∑
m=1

pzmcos(mφ) −m
∞∑
m=1

pzmsin(mφ)cos(mφ) −m2
∞∑
m=1

pzmcos(mφ) m3
∞∑
m=1

pzmsin(mφ) m4
∞∑
m=1

pzmcos(mφ)

Table 20: Derivatives of equations components

Considering the Fourier decomposition and inserting 93 and 94 in 100, equation 108

Nxm = a11u
′
m + a12

1

R
(v◦ + w) (108)

applying the assumption of negligible circumferential strain to equation 108, equation 109

Nxm = a11u
′
m (109)

from equation 109 u′m can be derived as shown in equation 110

u′m =
Nxm
a11

(110)

Equation 110 is the first equation to consider to obtain the differential transfer matrix of the membrane
shell.
Taking equation 98, implementing its derivative with respect φ of the components of the equation in their
Fourier series decomposition and applying the loading condition mentioned above, equation 111 can be
written simplifying the trigonometric functions of the Fourier coefficients.

N◦φ = −mpzmR (111)

inserting equation 111 in equation 97, equation 112 can be obtained

N ′xφ = mpzm (112)

Equation 112 is the second equation to consider to obtain the differential transfer matrix of the membrane
shell.
Taking equation 102 and equation 95 and considering the corresponding Fourier decomposition, equation
95 can be written

v′ =
Nxφ
a66

+
m

R
um (113)

Equation 113 is the third equation to consider to obtain the differential transfer matrix of the membrane
shell.
Taking equation 96 and applying the Fourier decomposition of its terms equation 114 can be written

N ′x = −m
R
Nxφ (114)

Equation 114 is the fourth equation to consider to obtain the differential transfer matrix of the membrane
shell.
Therefore considering equations 110, 112, 113 and 114, the differential transfer matrix can be stated as
shown in equation 115.

∂

∂x


vm
um
Nxm
Nxφm

1

 =


0 m

R 0 1
a66

0

0 0 1
a11

0 0

0 0 0 −m
R 0

0 0 0 0 −mp
0 0 0 0 0




vm
um
Nxm
Nxφm

1

 (115)
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Equation 115 can be simplified aiming to have the same dimensions in all the components. This can be
done by implementing the equalities from table 20 and extracting the stiffnesses present in equation 115
to the state vectors. The results of this simplifications can be seen in equation 116

∂

∂x


(v)◦

m2

u
nx

R
D

n◦xφ
R
D

1

 =


0 1

R 0 D
a66m2R 0

0 0 D
Ra11

0 0

0 0 0 − 1
R 0

0 0 0 0 −m2 R
Dp

0 0 0 0 0




(v)◦

m2

u
nx

R
D

n◦xφ
R
D

1

 (116)

C APPENDIX
(Differential transfer matrix derivations for semi-bending theory)

The staring point of this derivation are:

1. Kinematic equations

2. Corresponding differential equilibrium equations

3. Elasto-mechanic law of the material

The kinematic equations are 117, 118, 119 and 120

εx = u′ (117)

εφ =
1

R
(v◦ + w) (118)

γxφ = v′ +
1

R
u◦ (119)

κφ =
1

R2
(v◦ + w◦◦) (120)

The corresponding differential equilibrium equations in the case of the membrane theory are 121, 122,
123 and 124 for an only transverse loaded shell.

N ′x +
1

R
N◦xφ = 0 (121)

N ′xφ +
1

R
N◦φ −

1

R
Qφ = 0 (122)

1

R
Q◦φ +

1

R
Nφ + Z = 0 (123)

Qφ −
1

R
M◦φ = 0 (124)

The elasto-mechanic law of the material is the corresponding adaptation of Hooks law to the equilibrated
symmetric laminates, equation 125

Nx
Nφ
Nxφ
Mx

Mφ

Mxφ

 =


a11 a12 0 0 0 0
a21 a22 0 0 0 0
0 0 a66 0 0 0
0 0 0 d11 d12 0
0 0 0 d22 d12 0
0 0 0 0 0 d66




εx
εφ
γxφ
κx
κφ
κxφ

 (125)
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The next step is to develop equation 125 considering the hypothesis of the semi-bending shell theory.
These hypothesis imply to consider the Mx and Mxφ negligible. Developing equation 125 neglecting Mx

and Mxφ leads to equations 126, 127, 128 and 129.

Nx = a11εx + a12εφ (126)

Nφ = a21εx + a22εφ (127)

Nxφ = a66γxφ (128)

Mφ =

(
d22 −

d21d12
d11

)
κφ (129)

With all of the previous equations the derivation can proceed towards the final aim of obtaining the
differential transfer matrix of a shell under the membrane shell theory assumptions. However in order
to conduct the derivation to the field of application of this thesis and to simplify the solving procedure
three considerations should be made:

1. No circumferential strain εφ = 0

2. Symmetric loading conditions in transversal direction

3. Fourier decomposition of the components of the equations

In the way to obtaining the derivatives of the variable with respect to x as a function of the primitives
of these variable and before implementing the Fourier decomposition of the components of the equations
the following algebraic operations are recommended:
Equation 121 can be written as equation 130

N ′xR = −N◦xφ (130)

from equation 122
N ′xφR = −N◦φ +Qφ (131)

using equation 124 equation 131 can be written as in equation 132

N ′xφR = −N◦φ +
1

R
M◦φ (132)

from equation 123 and 124 equation 133 can be derived

N◦φ = − 1

R
M◦◦◦φ −Rp◦z (133)

introducing equation 133 into equation 132 equation 134 can be written

N ′xφR =
1

R
(M◦◦◦φ +M◦φ) +Rp◦z (134)

Neglecting εφ = 0 has been shown to have very low influence in the final results according to [2]. The
consideration of only symmetric conditions is taken in order to simplify the model while letting the
possibility to implement loads as aerodynamic drag. Aerodynamic drag is of importance in the field of
launcher shell structures, field of application of this master thesis. The decomposition of the components
of the equations in Fourier series is useful to introduce symmetric loads like the aforementioned aerody-
namic drag simplifying the expressions. Another benefit of introducing is the possibility to evaluate the
expression for each individual wave numbers and add them later one to obtain the final solution, this is
possible due to the orthogonality property of the cosine and sine functions present in the Fourier series.
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The representation of the different components of the equation in Fourier series will have the shape shown
in equations 135, 136, 137, 138, 139 and 140.

u(φ) = u0 +

∞∑
m=1

umcos(mφ) (135)

v(φ) =

∞∑
m=1

vmsin(mφ) (136)

nx(φ)
= nx0 +

∞∑
m=1

nxmcos(mφ) (137)

nxφ(φ)
=

∞∑
m=1

nxφmsin(mφ) (138)

mφ(φ)
= u0 +

∞∑
m=1

umcos(mφ) (139)

pz(φ) = pz0 +
∞∑
m=1

pzmcos(mφ) (140)

and the respective derivatives of these expressions that will be needed in the derivations can be seen in
table 21

∂
∂φ

∂2

∂φ2
∂3

∂φ3
∂4

∂φ4

u(φ) = u0 +
∞∑
m=1

umcos(mφ) −m
∞∑
m=1

umsin(mφ) −m2
∞∑
m=1

umcos(mφ) m3
∞∑
m=1

umsin(mφ) m4
∞∑
m=1

umcos(mφ)

v(φ) =
∞∑
m=1

vmsin(mφ) m
∞∑
m=1

vmcos(mφ) −m2
∞∑
m=1

vmsin(mφ) −m3
∞∑
m=1

vmcos(mφ) m4
∞∑
m=1

vmsin(mφ)

nx(φ) = nx0 +
∞∑
m=1

nxmcos(mφ) −m
∞∑
m=1

nxmsin(mφ) −m2
∞∑
m=1

nxmcos(mφ) m3
∞∑
m=1

nxmsin(mφ) m4
∞∑
m=1

nxmcos(mφ)

nxφ(φ) =
∞∑
m=1

nxφmsin(mφ) m
∞∑
m=1

nxφcos(mφ) −m2
∞∑
m=1

nxφsin(mφ) −m3
∞∑
m=1

nxφcos(mφ) m4
∞∑
m=1

nxφsin(mφ)

mφ(φ) = u0 +
∞∑
m=1

umcos(mφ) −m
∞∑
m=1

mφmsin(mφ) −m2
∞∑
m=1

mφmcos(mφ) m3
∞∑
m=1

mφmsin(mφ) m4
∞∑
m=1

mφm

pz(φ) = pz0 +
∞∑
m=1

pzmcos(mφ) −m
∞∑
m=1

pzmsin(mφ)cos(mφ) −m2
∞∑
m=1

pzmcos(mφ) m3
∞∑
m=1

pzmsin(mφ) m4
∞∑
m=1

pzmcos(mφ)

Table 21: Derivatives of equations components

Considering the Fourier series decomposition, equation 134 can be written as equation 141

N ′xφmR =
1

R
m(m2 − 1)Mφm −mRpzm (141)

Introducing the Fourier decomposition of equation 120 in equation 129 equation 142 can be written

Mφm =
1

R
m(m2 − 1)

(
d22 −

d21D12

d11

)
vm (142)

Considering Fourier decomposition of equation 126 and inserting in it equation 117 equation 143 can be
written

Nxm = a11u
′
m (143)

From equation 143 u′m can be derived as shown in equation 144

u′m =
Nxm
a11

(144)
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Equation 144 is the first equation needed to derive the differential transfer matrix of the semi-bending
shell.
Introducing equation 142 into 141 equation 145 can be written

N ′xφmR = − 1

R
m(m2 − 1)

1

R
m(m2 − 1)

(
d22 −

d21d12
d11

)
vm +mRpzm (145)

Equation 145 can be simplified into equation 146

N ′xφm = − 1

R3
m2(m2 − 1)2

(
d22 −

d21d12
d11

)
vm +mpzm (146)

Where equation 146 is the second equation needed to derive the differential transfer matrix of the semi-
bending shell.
Equation 119 can be rewritten as equation 147

v′ = γxφ −
1

R
u◦ (147)

Inserting equation 147 in equation 128 equation 148 can be written

Nxφ = a33 + v′ +
1

R
u◦ (148)

applying the Fourier decomposition to all the components of equation 148 and simplifying it equation
149 can be written

v′m =
Nxφm
a33

+
mum
R

(149)

Where equation 149 is the third equation needed to derive the differential transfer matrix of the semi-
bending shell.
Rewriting equation 130 as in equation 150 by applying the Fourier decomposition of the components of
equation 130

RN ′x = −mNxφm (150)

Where equation 150 is the fourth equation needed to derive the differential transfer matrix of the semi-
bending shell.
Therefore considering equations 144, 146, 149 and 150, the differential transfer matrix can be stated as
shown in equation 151.

∂

∂x


vm
um
Nxm
Nxφm

1

 =


0 m

R 0 1
a66

0

0 0 1
a11

0 0

0 0 0 −m
R 0

1
R2m

2(m2 − 1)2
(
d22 − d21d12

d11

)
0 0 0 −mp

0 0 0 0 0




vm
um
Nxm
Nxφm

1

 (151)

Equation 151 can be simplified aiming to have the same dimensions in all the components. This can be
done by implementing the equalities from table 20 and extracting the stiffnesses present in equation 115
to the state vectors. The results of this simplifications can be seen in equation 152

∂

∂x


(v)◦

m2

u
nx

R
D

n◦xφ
R
D

1

 =


0 m2

R 0 D
m2Ra66

0

0 0 1
R 0 0

0 0 0 − 1
R 0

−m
4(m2−1)
R3D

(
d22 − d21d12

d11

)
0 0 0 −m2 R

Dp

0 0 0 0 0




(v)◦

m2

u
nx

R
D

n◦xφ
R
D

1

 (152)

40



D APPENDIX
(Derivation of the solution for the stiffening ring radial displacement dif-
ferential equation)

The staring point of this derivation is the force equilibrium equations 153 and 154 the moment equilibrium
equation 155 and the kinematic relations shown in equations 156 and 157

tR+Q−N◦ = 0 (153)

pR+Q◦ +N = 0 (154)

QR+M◦ = 0 (155)

NR

ASRESR
= (v◦ + w) = 0 (156)

MR2

JSRESR
= (w◦◦ + w) = 0 (157)

In order to obtain the differential equation of sixth order in v there are a series of algebraic simplifications
and assumption to implement taking as stating point equation 153 to 157
Equation 155 can be rewritten as pointed in equation 158

Q = −M
◦

R
(158)

Taking equation 158 into equation 153 and solving for N◦, equation 159 can be written

N◦ =
M◦

R
+Rt (159)

Deriving equation 158 twice with respect φ and equation 154 once with respect to φ too equations 160
and 161 can be obtained respectively

Q◦◦ = −M
◦◦◦

R
(160)

N◦ +Q◦◦ + p◦R = 0 (161)

Now taking equations 160 and 159 and inserting them into equation 161 equation 162 can be obtained

M◦◦◦ +M◦ = −R2p◦ −R2t (162)

Assuming the the neutral line of the stiffening ring do not change in length ASRESR = ∞ equality 163
can be obtained

v◦ + w = 0 (163)

Inserting equality 163 into equation 157 equation 164 can be obtained

M = −JSRESR
R2

(v◦◦◦ + v◦) (164)

Finally, in order to obtain the sixth order differential equation in v equation 164 has to be introduced in
equation 162 leading to equation 165

vV I + 2vIV + vII =
R4

JSRESR
(p◦ + t) (165)

Equation 165 is a not homogeneous linear differential equation has has to be solved in two steps:
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1. Homogeneous solution vh

2. Particular solution vp

and then sum up both solutions. The way to proceed to obtain the homogeneous solution is to solve the
characteristic polynomial associated with equation 165 which in this case is the expression 166

λ6 + 2λ4 + λ2 = 0 (166)

the roots of this polynomial are the ones shown in table 22

Root Value
λ1 0
λ2 0
λ3 i
λ4 i
λ5 -i
λ6 -i

Table 22: Roots of the associated characteristic polynomial of equation 165

due to the values of the roots of the characteristic polynomial show in table 22, the homogeneous solution
is as presented in equation 167

vH = A1 +A2φ+A3sinφ+A4cosφ+A5φsinφ+A6φcosφ (167)

The particular solution is derived by finding in this case a linear combination of sine and cosine functions
functions in the way of equation 168

vp = acosmφ+ bsinmφ (168)

The coefficients a and b should be derived and therefore the particular solution should be inserted in the
differential equation 165 with the respective derivatives of the particular solution that for this case are
equations 169, 170 and 171

vIIp = −am2cosmφ− bm2sinmφ (169)

vIVp = am4cosmφ+ bm4sinmφ (170)

vV Ip = −am6cosmφ− bm6sinmφ (171)

Inserting equations 169, 170 and 171 and giving a value to one of the coefficients like a = 0 the other
coefficient b can be obtained leading to the particular solution showed in equation 172

vp = − R4

JSRESR
(p◦ + t)sinmφ (172)
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E APPENDIX
(Van der Neut’s global instability method)

According to Van der Neut method for the calculation of global instability. The critical compression load
nkrit, is the one shown in equation 173

nkrit = ρ99nkritth (173)

for the derivation of nkrit, nkritth is needed and it can be derived from equation 174

nkritth = ηminnkritsym (174)

furthermore for the derivation of nkrit the parameter ρ99 is required. This parameters can be derived
according to equation 175

ρ99 = 6.48

(
R

s

)−0.54
e

(175)

where the parameter

(
R
s

)
e

can be derived from equation 176

(
R

s

)
e

= 0.428R

√
sx

Ix + IR
(176)

where the definitions of sx, Ix and IR are as shown in equations 177, 178 and 179 respectively

sx = s+
Astr
b

(177)

Ix =
Ix
b

(178)

IR =
IR
cV N

(179)

The components of equation 174 must be known in order to be able to compute the critical load. Therefore
nkritsym and η have to be defined. These parameter are defined by equations 180 and 181 respectively.

nkritsym = 2E

√
ixhθ
axaθ

(180)

η =

√(
Y +A+ 1

Y

)(
Y +B + C

Y

)
+ F 2 − F

Y +A+ 1
Y

(181)

where A, B, C,F and Y and be defined as point in equations 182, 183, 184, 185 and 186 respectively

A =
E

Ge

√
hθhxax
h2aθ

(182)

B =
G

E

ixθa
2
x + ixθaax

a2θix

√
hθa3x
hxaθa2

(183)

C =
iθa

3hx
ixa3θhtheta

(184)

F =
(a− ax)atheta + (a− atheta)a√

ixa2θ
hx

(185)
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Y =

(
lθ
lx

)2√
hx
a theta

a2hθa
3
x (186)

In the definitions there are a number of parameter that have to defined, lx, hx, hθ, ix, iθ, ixθ and iθx.
These parameters are defined in equations 187, 188, 189, 190, 191,192 and 193

lx = π 4

√
ixaxaθ
hθ

(187)

hx =
Asa

bax
(188)

hθ =
Aθ
cV N

(189)

ix =
Isa

bax
(190)

iθ =
Iθ
cV N

(191)

ixθ =
Ixθa

bax
(192)

iθx =
Iθx
cV N

(193)

In order to illustrate the geometrical properties used in the previous equations figure 32

Figure 32: Geometry of orthotropicaly stiffened shell including Van der Neut’s method notation
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F APPENDIX
(Stress computation module 2D output graphs)

Figure 33: Normal force flux comparison
(MATLAB/NASTRAN) at the 1st frame.

Figure 34: Shear force flux comparison
(MATLAB/NASTRAN) at the 1st frame.

Figure 35: Axial displacement comparison
(MATLAB/NASTRAN) at the 1st frame.

Figure 36: Radial displacement comparison
(MATLAB/NASTRAN) at the 1st frame.

In this comparison between the data obtained in from the developed tool and the data provided by the
solver Nastran it is evident the good agreement between both solutions. Figure 35 and 36 show the
effect of the boundary conditions of the lower part of the validation benchmark structure where the
displacements are constrained.
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Figure 37: Normal force flux comparison
(MATLAB/NASTRAN) at the 2nd frame.

Figure 38: Shear force flux comparison
(MATLAB/NASTRAN) at the 2nd frame.

Figure 39: Axial displacement comparison
(MATLAB/NASTRAN) at the 2nd frame.

Figure 40: Radial displacement comparison
(MATLAB/NASTRAN) at the 2nd frame.

The agreement between the solutions obtained from MATLAB and Nastran shows a really good agreement
in this occasion too. Figure 39 shows an overestimation of the maximum displacement by MATLAB.
This fact can be caused by local phenomena in the MATLAB cause by the small load introduction sector
ε used.Other cause of the small discrepancy between the results can be that in Nastran the displacement
is taken at the centroids of the elements. This is done in order to estimate the stress level more accurately
because stresses are the design drivers in the structures where the developed tool is intended to work.
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Figure 41: Normal force comparison
(MATLAB/NASTRAN) at the 3rd frame.

Figure 42: Shear force flux comparison
(MATLAB/NASTRAN) at the 3rd frame.

Figure 43: Axial displacement comparison
(MATLAB/NASTRAN) at the 3rd frame.

Figure 44: Radial displacement comparison
(MATLAB/NASTRAN) at the 3rd frame.

As it was shown in the validation section the agreement of the results provided by MATLAB and Nastran
are really similar.
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Figure 45: Normal force flux comparison
(MATLAB/NASTRAN) at the 4th frame.

Figure 46: Shear force flux comparison
(MATLAB/NASTRAN) at the 4th frame.

Figure 47: Axial displacement comparison
(MATLAB/NASTRAN) at the 4th frame.

Figure 48: Radial displacement comparison
(MATLAB/NASTRAN) at the 4th frame.

The agreement between results provided by Nastran and MATLAB are once more really similar. Again
the small discrepancy in the axial displacement is present and the same justification used for the case of
the second frame can be used here. It should be noted that the peak stress are matched almost perfectly
by the developed tool.
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Figure 49: Normal force flux comparison
(MATLAB/NASTRAN) at the 5th frame.

Figure 50: Shear force flux comparison
(MATLAB/NASTRAN) at the 5th frame.

Figure 51: Axial displacement comparison
(MATLAB/NASTRAN) at the 5th frame.

Figure 52: Radial displacement comparison
(MATLAB/NASTRAN) at the 5th frame.

In the case of the fifth frame it should be noted the high frequency oscillations present in the normal
force flux plot. This is caused by numerical instabilities inherent to the method when the values of the
state vector variables are small.
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Figure 53: State vector variables before 1st frame.

Figure 54: State vector variables after 1st frame.

From figures 53 and 54 the most noticeable fact is the oscillatory solution presented by the axial dis-
placement and radial displacement in figure 54. This is caused by numerical instabilities inherent to the
method when the values of the state vector variables are small. This phenomena is not present in the
axial and radial displacement of figure 53 because the values are set to 0 by the boundary conditions.
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Figure 55: State vector variables before 2nd frame.

Figure 56: State vector variables after 2nd frame.

From figures 55 and 56 the most noticeable fact is the oscillatory solution presented by the radial dis-
placement in figure 56. As previously mentioned this is caused by numerical instabilities inherent to the
method when the values of the state vector variables are small.
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Figure 57: State vector variables before 3rd frame.

Figure 58: State vector variables after 3rd frame.

From figures 57 and 58 the most noticeable fact is the oscillatory solution presented by the radial dis-
placement in figure 58. As previously mentioned this is caused by numerical instabilities inherent to the
method when the values of the state vector variables are small.
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Figure 59: State vector variables before 4th frame.

Figure 60: State vector variables after 4th frame.

From figures 59 and 60 the most noticeable fact is the oscillatory solution presented by the axial force
flux displacement in figure 59 and 60. As previously mentioned this is caused by numerical instabilities
inherent to the method when the values of the state vector variables are small and it can be noted that
this phenomena has stated to affect the normal force flux when the values of it has decreased.

53



Figure 61: State vector variables before 5th frame.

Figure 62: State vector variables after 5th frame.

From figures 61 and 62 the most noticeable fact is the oscillatory solution presented by the axial force flux
displacement in figure 61 a. As previously mentioned this is caused by numerical instabilities inherent
to the method when the values of the state vector variables are small and it can be noted that this
phenomena as increased its strength from figures 59 and 60. However it is not visible in figure 62 because
the normal force flux and shear force flux have been set to 0 by the boundary conditions needed by this
method to solve the structure.
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G APPENDIX
(Convergence analysis of the developed tool)

For the comparison between the solutions provided by the developed tool in MATLAB and the FE solver
NASTRAN a convergence study was carried out in order to realize the number of terms needed to include
in the Fourier series to reach a reasonable accuracy level. The convergence study eas performed for two
load cases a point load (ε = 0.74◦) and a distributed load (ε = 15◦).
In the case of the first load case, the intention was to evaluate the number of terms needed for the Fourier
series to reach the values provided by the FE solver NASTRAN for the case of a point load with rea-
sonable accuracy. This load case is simulated in the MATLAB tool by using as load introduction sector
the angular sector covered by one element in the FE model used in NASTRAN. This introduction sector
is ε = 0.74◦. A second aim of the convergence study of the first load case was to decide the number of
Fourier terms needed to stablish a comparison between the CPU time of NASTRAN and the CPU time
of the developed tool. This comparison was done at the point where the results of the developed tool
reach the smallest averaged relative error in comparison with the results of the FE solver NASTRAN.
This second part is important in order to obtain a fair comparison between the FE solver NASTRAN
and the developed tool in terms of CPU time. The number of terms involved in the Fourier series has
shown an important impact in the total CPU time of the developed tool.In figures 63 to 70 the results of
the convergence study of the first load case (ε = 0.74◦) can be seen. Furthermore, the numerical results
corresponding to the selected number of terms for the Fourier series for this load case can be seen in table
23.
In the case of the second load case, the aim of the convergence study is to stablish the number of terms
required by the Fourier series to capture the maximum normal force flux present in the structure. This is
important because in the case of axially loaded shells the normal force flux is the dimensioning parameter.
Therefore, the ability of the developed tool to capture the very maximum in a region is more important
than the ability of the developed to mimic the distributed load by a superposition of trigonometric func-
tions. The angle of the load introduction sector was set to ε = 15◦ with the intention of limiting the peak
of the normal force flux to a value mentioned in the case used for benchmarking the optimization process.
In the source selected for the benchmarking the magnitude of the load is the same but the peak is limited
by not allowing all the load to be applied to the structure. However, in the case of the developed tool
the peak value is controlled by increasing or decreasing the load introduction sector ε. The number of
terms involved in the Fourier series is also important from the point of view of the computational time
because too many terms will increase the computational time without providing any significant improve-
ment in the results. For the case of the optimization process where many stress computations are needed
this and aspect that should be watched and kept as low as possible while providing reliable results.The
results of this convergence analysis can be seen in figures 71 to 78.Furthermore, the numerical results cor-
responding to the selected number of terms for the Fourier series for this load case can be seen in table 24.

N◦ of terms = 300 Nastran Min. Matlab Min. Error (%) Nastran Min. Matlab Min. Error (%)
Nx(N/mm) -0.33210 -0.33700 1.47 0.28810 0.29300 1.70
Nxφ(N/mm) -0.02490 -0.02450 0.60 0.02490 0.02475 0.60
u(mm) -0.00287 -0.00275 4.18 0.00015 0.00015 0.00
v(mm) -0.00183 -0.00180 0.32 0.00183 0.00183 0.32

Table 23: Numerical results of convergence study for (ε = 0.74◦) and 300 term in the Fourier series.

N◦ of terms = 40 Nastran Min. Matlab Min. Error (%) Nastran Max. Matlab Max. Error (%)
Nx(N/mm) -0.09400 -0.09358 0.44 0.05000 0.05149 2.98
Nxφ(N/mm) -0.01500 -0.01219 18.73 0.01500 0.01219 18.73
u(mm) -0.00167 -0.00159 4.79 0.00016 0.00015 6.25
v(mm) -0.00173 -0.00163 5.78 0.00173 0.00163 5.78

Table 24: Numerical results of convergence study for (ε = 15◦) and 30 term in the Fourier series.
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Figure 63: Convergence study of the radial displacement for ε = 0.74◦.

Figure 64: Relative error in the radial displacement for ε = 0.74◦.

The convergence of the radial displacement for the case of ε = 0.74◦ shows a low dependency on the
number of terms taken in the Fourier series. In fact it is clear from figure 63 that 300 terms are needed
for getting to a reasonable accuracy in comparison with the FE results. This affirmation is supported by
the nearly 0 relative error shown in figure 64. This behaviour of the radial displacement with respect the
number of the term required by the series shows that 300 terms are needed to get a reasonably accurate
result for this variable. In the load case where ε = 0.74◦ the accuracy plays a key role because the
intention with this accuracy is to stablish a fair computational time comparison between the FE solution
and the solution provided by the developed tool. A particular feature of the shear force flux is the fact
that the relative error of the maximum force flux and the minimum force flux behave exactly in the same
was. This is caused by the symmetry inherent to the problem study in this thesis of symmetric loading
of axially symmetric shells.
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Figure 65: Convergence study of the axial displacement for ε = 0.74◦.

Figure 66: Relative error in the axial displacement for ε = 0.74◦.

The convergence of the minimum axial displacement for the case of ε = 0.74◦ shows a high dependency
on the number of terms taken in the Fourier series while the maximum axial displacement shows no
dependency at all as shown in figure 65. The lack of dependency of the maximum axial displacement can
be causes by the lack of more significant digits in the FE output and the developed tool output. However,
as mentioned before the main point of carrying out a convergence analysis for the case of ε = 0.74◦ is
to estate a fair comparison between in the FE solution and the results provided by the developed tool.
Therefore, the accurate result obtained for the maximum axial displacement and the convergence reached
by the minimum axial displacement around the point where 300 terms are included in the Fourier series,
points once more that the use of 300 terms is an appropriate point to stablish the comparison of the
computational time mentioned above. This last affirmation about the amount of terms need remains true
only for the load case where ε = 0.74◦.
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Figure 67: Convergence study of the normal force flux for ε = 0.74◦.

Figure 68: Relative error in the normal force flux for ε = 0.74◦.

The convergence of the maximum normal force flux and the minimum normal force flux shows a high
dependence on the number of terms incorporated into the Fourier series. This is clear from figure 67.
In the case of the normal force fluxes the convergence is better than in the case of the axial and radial
displacements because a reasonable level of accuracy is reached around 200 or 250 terms. However,
the number of 300 terms has been selected in order to enhance the accuracy of the axial and radial
displacements. This is needed because it is not only needed to match the values of the FE solver in
terms of force flux but also in terms of displacements. This is mandatory if a fair comparison is to be
established between the FE solver and the developed tool in terms of computational time. Therefore,
due to the fact that the aim of this converge study is to stablish this comparison, 300 terms and not 250
should be used.
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Figure 69: Convergence study of the shear force flux for ε = 0.74◦.

v

Figure 70: Relative error in the shear force flux for ε = 0.74◦.

Al the facts mentioned for the convergence of the normal force flux remains valid for the convergence of
the shear force fluxes. This is due to the fact that normal and shear force fluxes show the same high
dependence on the number of terms incorporated into the Fourier series, as can be seen in figure 69. A
particular feature of the shear force flux is the fact that the relative error of the maximum force flux
and the minimum force flux behave exactly in the same way. This is clearly visible in figure 70. This is
caused by the symmetry inherent to the problem studied in this thesis of symmetric loading of axially
symmetric shells. This feature is also present in the relative error of the radial displacement (Figure 64)
.
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Figure 71: Convergence study of the radial displacement for ε = 15◦.

Figure 72: Relative error in the radial displacement for ε = 15◦.

The convergence for the radial displacement in the case of ε = 15◦ does not show a big dependence of the
number of terms considered in the Fourier series in terms of magnitude. This can be seen in figure 72.
However, in terms of relative error de dependence is clearly visible. In the the convergence study of the
load case where ε = 15◦, the aim is not to get a perfect accurate solution but to get a solution where the
peak of the dimensioning variable is caught by the Fourier series representing the load. This change of
reasoning is caused because of the large number of iterations needed in the optimization process where
long computational time would mean a penalty in the performance of the developed tool. Furthermore,
the optimization process only needs to get one point with the maximum to dimension the area properly
and the need of mimicking the load perfectly does not exists any more. The number of terms selected
is 40 because at that point the relative error is fairly low for a pre-dimensioning tool and the change in
absolute value of the variable is small. This conclusion can be drawn from figures 72 and 71 and the data
from table 24.
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Figure 73: Convergence study of the axial displacement for ε = 15◦.

Figure 74: Relative error in the axial displacement for ε = 15◦.

The convergence of the axial displacement in the load case where ε = 15◦ (Figure 73) shows a similar
behaviour to the behaviour of the axial dial displacement of the load case where ε = 0.74◦ Figure 65.
The reason to justify the lack of influence of the number of term considered in the maximum axial
displacement is the same, the lack of significant digits in the output of the FE solver and the developed
tool. In the case of the minimum axial displacement the influence of the number of terms considered
is obvious. Furthermore, the behaviour of the relative error curves and the stabilization of the value of
the minimum axial displacement after considering 40 terms for the Fourier series, shows that 40 terms
are a good solution to capture the maximum provided by the tool. This is motivated for the lack of
improvement of the results after the point where 40 terms are considered. This can be appreciate in
figure 74.
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Figure 75: Convergence study of the normal force flux for ε = 15◦.

Figure 76: Relative error in the normal force flux for ε = 15◦.

The convergence of the normal force flux is the most important parameter of this study. This due to the
fact that the normal force flux is the dimensioning parameter for the cases of axially loaded shells. In
figures 75 and 76 it is clear that the increment of terms considered in the Fourier series do not enhance
the accuracy of the normal force flux beyond the point of 40 terms. Therefore, the increment of terms
considered would lead to an increment of computational process during the evaluation of the stress that
would grow with the hundreds of evaluations that the optimization process will perform of the fluxes
present in the structure.
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Figure 77: Convergence study of the shear force flux for ε = 15◦.

v

Figure 78: Relative error in the shear force flux for ε = 15◦.

The convergence of the shear flux shows an appreciable dependence on the number of terms considered
in the Fourier series. This can be appreciated in figure 77. In the case of the shear force flux the relative
error is not negligible around the previously selected number of 40 terms, as figure 78 and table 24 shows.
However, the error assumed by considering only 40 terms in the Fourier series is not so relevant for
the successful performance of the developed tool because as mentioned in the previous paragraph, the
dimensioning parameter is the normal force flux. Therefore, considering 40 terms for the Fourier series
delivers a good approximation of the main dimensioning parameter and taking a larger amount of terms
would only increase the computational time without providing better results.
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Finally as an summary of the convergence studies of the developed tool, there are three conclusions that
can be extracted:

1. The level of accuracy of the developed can be set on demand of the user.

2. The quality of the solution depends on the number of terms consider for the Fourier series.

3. The size of the load introduction sector ε influences the accuracy of the solution.

64


	Introduction
	Theory
	Mechanical behaviour (Shell membrane theory)
	Mechanical behaviour (Shell semi-bending theory)
	Mechanical behaviour (Stiffening rings)
	Failure modes (Strength failure)
	Failure modes(Local instability)
	Failure modes(Panel instability)
	Failure modes(Global instability)
	Optimization theory

	Method
	Results
	Tool Validation (Stress computation module)
	Tool Validation (Optimization module)
	Optimization results

	Conclusions & further developments
	APPENDIX (Lie-Magnus method)
	APPENDIX (Differential transfer matrix derivations for membrane theory)
	APPENDIX (Differential transfer matrix derivations for semi-bending theory)
	APPENDIX (Derivation of the solution for the stiffening ring radial displacement differential equation)
	APPENDIX (Van der Neut's global instability method)
	APPENDIX (Stress computation module 2D output graphs)
	APPENDIX (Convergence analysis of the developed tool)

