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Introduction
We address the problem of estimation of covariance matrices expressible as a sum of Kronecker products (KPs).
Our goal is to arrive at estimates of the KP component matrices within a maximum-likelihood (ML) framework.
Since the exact solution of the ML cost function is non-tractable, we propose a covariance-matching (CM)
approach, noting that the estimates obtained from covariance-matching coincide assymptotically with those obtained
from ML-estimation [1]. The minimization of the CM cost function is more tractable and can be solved efficiently
as it is ’biconvex’ in the components as we describe in Section 1. We look into two variants of the CM approach;
in the first case, we consider the unconstrained solution to the CM cost function whereas in the second case, we
restrict the estimated KP components be positive-definite (PD).

1 Covariance Matching for Sum of KP Model
Let R0 denote the true covariance matrix that we wish to estimate such that R0 = ∑

K
γ=1 Aγ⊗Bγ, where Aγs and

Bγs denote the component matrices, which are not necessarily positive-definite (PD), and K denotes the number
of KP components assumed to be known. Let R̂n denote the sample covariance matrix obtained using n samples.
We define our estimates Aγs and Bγs as the minimizers of the following cost function:

C =

∥∥∥∥∥R̂−1
n (R̂n−
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where ‖A‖2 denotes the Frobenius norm of matrix A. The cost function is non-convex and has no closed-form
solution. Notice, however, that if we fix all Aγs, C is convex in Bγs, and vice versa. In other words, C is a biconvex
function over the set (A1,A2, · · ·)×(B1,B2, · · ·) which motivates us to arrive at a flip-flop algorithm for estimation
of KP components by alternately minimizing C with respect to Aγs and Bγs:

1. Initialize A = A(0)
γ ∀γ

2. Set i = 0: Compute B(0)
γ by minimizing C with respect to Bγs after setting Aγ = A(0)

γ

3. Set i = i+1: Compute A(i+1)
γ by minimizing C with respect to Aγs after setting Bγ = B(i)

γ

4. Set i = i+1: Compute B(i+1)
γ by minimizing C with respect to Bγs after setting Aγ = A(i+1)

γ
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Figure 1. Estimation performance for synthesized 4×4 covariance matrix with three KP components constructed from PD Aγs
and Bγs, averaged over 50 independent trials (a) Sample covariance matrix computed with 100 samples (b) Sample covariance
matrix set to the actual covariance matrix.

5. Iterate steps 3 and 4 until convergence.

In our work, we choose the minimizers of the unweighted Frobenius norm for initialization, that is, A(0)
γ = AS

γ ,
where {AS

γ}K
γ=1 are obtained by minimizing ‖R̂n−∑

K
γ=1 Aγ⊗Bγ‖2

2. It is a known result that {AS
γ}K

γ=1 are obtained by
reshaping the column vectors obtained from the singular value decomposition (SVD) expansion of the reshuffled
sample covariance matrix [2, 3]. In the absence of further conditions, it is not guaranteed that the resulting
matrices are PD. In such a case, the estimated KP components {Aγ ⊗ Bγ}K

γ=1 cannot be interpreted as being
individual covariance matrices.

1.1 Positive definiteness of the KP components
We also consider the estimation of KP components under the constraint that the estimated component matrices are
PD, that is, Aγ and Bγ are PD for all values of γ. This is motivated by the observation that in many applications,
for example in MEG/EEG signals, the underlying process is modeled as the resultant of multiple statistically
independent source signals, in which case Aγ and Bγ are themselves covariance matrices [4]. As in the unconstrained
case, we obtain the PD estimates by minimizing the cost function in (1) with the additional positive-definiteness
constraint imposed on the components. The estimates are obtained using the same flip-flop algorithm as in the
unconstrained case with the additonal PD constraint. We use convex programming solvers to implement our
algorithm. Since the feasible set is now restricted to the space of PD matrices, we use identity matrices of
appropriate dimensions for initialization.

In Figure 1(a), we show the estimation error expressed as a function of the number of iterations for the
unconstrained and constained CM approaches for a synthesized example. We observe that in both cases, the
algorithm converges after a sufficient number iterations. As expected, imposing the PD constraint results in a
higher MSE when compared with the unconstrained case, and this manifests as a gap as shown in Figure 1. The
gap reduces as the number of samples is increased. Figure 1(b) corresponds to the case when the actual covariance
matrix is used in the estimation, that is, R̂n = R0. We observe that after three to four iterations, the performance
of the constrained and unconstrained cases coincide and the gap in between the corresponding errors is almost
negligible.
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