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Abstract

The Atomic Force Microscope (AFM) is a tool for imaging surfaces at the micro
and nano meter scale. The microscope senses the force acting between a surface
and a tip positioned at the end of a micro-cantilever, forming an image of the sur-
face topography. Image contrast however, arises not only from surface topography,
but also from variation in material composition. Improved material contrast, and
improved interpretation of that contrast are two issues central to the further devel-
opment of AFM.

This thesis studies dynamic AFM where the cantilever is driven at multiple fre-
quencies simultaneously. Due to the nonlinear dependence of the tip-surface force
on the tip’s position, the cantilever will oscillate not only at the driven frequencies,
but also at harmonics and at mixing frequencies of the drives, so-called intermodu-
lation products. A mode of AFM called Intermodulation AFM (ImAFM) is primarily
studied, which aims to make use of intermodulation products centered around the
resonance frequency of the cantilever. With proper excitation many intermodula-
tion products are generated near resonance where they can be measured with large
signal-to-noise ratio.

ImAFM is performed on samples containing two distinct domains of different
material composition and a contrast metric is introduced to quantitatively evaluate
images obtained at each response frequency. Although force sensitivity is highest on
resonance, we found that weak intermodulation response off resonance can show
larger material contrast. This result shows that the intermodulation images can be
used to improve discrimination of materials.

We develop a method to obtain material parameters from multifrequency AFM
spectra by fitting a tip-surface force model. Together with ImAFM, this method
allows high resolution imaging of material parameters. The method is very general
as it is not limited to a specific force model or particular mode of multifrequency
AFM. Several models are discussed and applied to different samples. The parameter
images have a direct physical interpretation and, if the model is appropriate, they
can be used to relate the measurement to material properties such as the Young’s
modulus. Force reconstruction is tested with simulations and on measured data.
We use the reconstructed force to define the location of the surface so that we can
address the issue of separating topographic contrast and material contrast.

Keywords: Atomic Force Microscopy, Nonlinear dynamics, Frequency mixing, Force
reconstruction
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Sammanfattning

Svepkraftmikroskop (eller atomkraftmikroskop från engelskans atomic force
microscope, AFM) är ett instrument för att avbilda ytor på mikro- och nanome-
ter skalan. Mikroskopet känner av kraften som verkar mellan en yta och en spets
placerad längst ut på ett mikrometerstort fjäderblad och kan därigenom skapa en
topografisk bild av ytans form. Bildkontrast uppstår dock inte bara från ytans form
utan även från variation i material. Förbättrad materialkontrast och förbättrad tolk-
ning av denna kontrast är två centrala mål i vidareutvecklingen av AFM.

Denna avhandling berör dynamisk AFM där fjädern drivs med flera frekvenser
samtidigt. På grund av det ickelinjära förhållandet i yt-spets-kraften som funktion av
spetsens position så kommer fjädern inte bara att svänga på de drivna frekvenserna
utan också på övertoner och blandfrekvenser, så kallade intermodulationsproduk-
ter. Vi undersöker primärt Intermodulation AFM (ImAFM) som ämnar att utnyttja
intermodulationsprodukter nära fjäderns resonansfrekvens. Med en lämplig driv-
signal genereras många intermodulationsprodukter nära resonansen, där de kan
mätas med bra signal till brus förhållande.

ImAFM utförs på ytor bestående av två distinkta domäner av olika material och
en kontrastmetrik introduceras för att kvantitativt utvärdera bilderna som skapas
vid varje frekvens. Trots att känsligheten för kraftmätningen är högst på resonans-
frekvensen, så fann vi att svaga intermodulationsprodukter bortanför resonansen
kan visa hög materialkontrast. Detta resultat visar att intermodulationsbilderna kan
användas för att bättre särskilja olika material.

Vi hat utvecklat en metod för att rekonstruera yt-spets-kraften från multifre-
kventa AFM spektra genom modellanpassning i frekvensrymden. Tillsammans med
ImAFM leder detta till högupplösta bilder av materialparametrar. Metoden är gene-
rell och är applicerbar för olika kraftmodeller och AFM-varianter. Parametrarna har
en direkt fysikalisk tolkning och, om lämpliga modeller används, kan egenskaper
såsom materialets elasticitetsmodul mätas. Metoden har testats på simulerat såväl
som experimentellt data, och den har också används för att särskilja topografisk
kontrast från materialkontrast.
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Chapter 1

Introduction

ACCURATE MEASUREMENTS have been the basis science since Galileo Galilei first
pointed his telescope to the sky. He and his contemporaries helped form the
method of science which prevails to this day [1]. In this scientific method logic

and reasoning are important, but second to observation of nature. A scientific theory
is only as good as its ability to predict and explain the outcome of actual experiments.

Since the beginning of this scientific revolution there has been a constant need
for more accurate measurements and improved instrumentation. On the forefront of
science today, ever more advanced measurement machines are being built, such as the
ATLAS detector on the Large Hadron Collider for detecting new subatomic particles and
satellites such as the upcoming TESS, Transiting Exoplanet Survey Satellite, which will
search for planets outside of our solar system [2]. Today, instrumentation is not only
used for scientific research but has become an integral part of our everyday life. Sensors
and measurements are used in everything from clinical diagnosis and food control, to
regulating our indoor temperatures and controlling traffic flow.

Miniaturization has been a dominant theme during the better half of the past cen-
tury, popularized by Richard Feynman’s now famous speech from 1959, "There’s plenty
of room at the bottom" [3] in which he proposes that it would in principle be possible to
fit the information of the entire Encyclopaedia Brittanica on the head of a pin. Moore’s
law is an empirical observation about miniaturization, stating exponential increase in
the density of transistors on an integrated circuit chip [4]. This miniaturization rests
on rapid advances in lithography to create small features, and microscopy to see small
features. One family of instruments which has played an important role in pushing this
technology to its absolute limit is the scanning probe microscope (SPM). The SPM has
been used both to image individual atoms [5] and also manipulate them to build larger
structures atom by atom [6, 7].

One type of scanning probe microscope is the atomic force microscope (AFM) stud-
ied in this thesis. AFMs can obtain single atom resolution [8], but the vast majority
of AFM users appreciate it for its versatility and ability to image a wide range of ma-
terials, from metals to living cells, with nanometer resolution and very little sample

1



2 CHAPTER 1. INTRODUCTION

preparation.

1.1 Scanning Probe Microscopy

In 1981 Gerd Binnig and Heinrich Rohrer invented the Scanning Tunneling Microscope
(STM) [9], the first of a new class of instruments now called scanning probe micro-
scopes. In 1986, the same year Binnig and Rohrer received the Nobel Prize in Physics
for this invention [10] (together with Ernst Ruska for his work on the electron micro-
scope), Binnig together with Calvin Quate and Christoph Gerber, presented the atomic
force microscope [11]. These efforts kicked off a boom in research on scanning probe
microscopes with atomic or nano-meter resolution.

Common to all scanning probe techniques is the raster scanning of a small probe
over the surface in a line-by-line motion. An image is formed from measurements
performed by the probe at regularly spaced positions (pixels) along the scan line. The
lateral resolution is determined by the size and shape of the probe and its interaction
with the surface.

In the STM the probe is a metal tip; a potential is applied between the tip and the
sample and they are brought close to each other such that a tunneling current flows
through the air gap. This tunneling current depends exponentially on the width of the
gap. Therefore the current flows dominantly through the outermost atom of the tip,
providing atomic-scale normal and lateral resolution.

In AFM it is rather tip-surface forces such as van der Waals interaction and elastic
contact forces which give rise to the measured signal. The probe is a cantilever, a beam
clamped on one end, with a sharp tip attached to the free end. The cantilever acts as
a spring, sensitive to the forces acting between the tip and the surface, and changes of
either the static deflection of the cantilever, or, as in this work, changes in the dynamics
of an oscillating cantilever, are measured to form the image. These tip-surface forces are
generally more long range than the tunneling current, and thus the resolution in AFM
is typically lower than that of the STM. Under some circumstances atomic resolution
is possible with AFM, as was recently demonstrated in the works of Leo Gross et al.
[8] imaging pentacene and other organic molecules. However, the real advantage of
AFM over STM and scanning electron microscopy is that it is not limited to conducting
surfaces. The forces creating the image contrast will occur for any kind of surface.
AFM is easily performed on a very wide variety of surfaces, ranging from metals and
ceramics to polymers and even living cells.

A critical component needed in both STM and AFM is a feedback loop controlling
the tip-surface separation, to avoid the tip drifting away and loosing contact with the
surface, or even worse, crashing into the surface. The feedback loop also facilitates
interpretation of the measurement. Rather than directly imaging the tunneling current
across the surface at constant probe height, one monitors the height needed to keep
the current constant. This results in a topographic image, a height landscape of the
surface. These images are often loosely interpreted as the "physical topography" of the
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surface. However, one must remember that associated with each topography image is
the feedback condition under which it was measured.

Although the AFM was invented nearly 30 years ago and the instrument has been
used in tens of thousands of papers [12] there is presently a lack of clear understanding
of many aspects of the instrument. Much of this lack of clarity stems from the nonlinear
character of the tip-surface force. Analysis and modeling of AFM is often based on
linearization, which even at a qualitative level hides many of the actual effects that
give rise to the image contrast in AFM.

1.2 Linear and nonlinear dynamic systems

A dynamic system describes the time evolution of a state variable y(t) or set of state
variables yn(t), typically by describing the time derivatives of y(t) as a function of the
current state and external inputs x(t). Dynamic systems commonly occur in physics
where they can be described with differential equations. An example of a dynamic
system is the damped driven Harmonic oscillator which describes a mass hung from
a spring moving through a viscous medium, an RLC-circuit, a single eigenmode of an
AFM cantilever, and many other oscillatory physical systems. The equation of motion
of the harmonic oscillator is

1
ω2

0

ÿ(t) +
1

Qω0
ẏ(t) + y(t) = x(t). (1.1)

whereω0 is the resonance frequency and Q the quality factor. The harmonic oscillator is
an example of a linear time invariant system (LTI) as no term in the differential equation
contains powers of y or its derivatives and the response is invariant to shifting time.
Linear system have many properties which simplify analysis, the most important being
the superposition principle. Given that the response to inputs x1 and x2 are y1 and y2
the response to a superposition of the inputs xs = x1 + x2 is the superposition of the
outputs ys = y1 + y2.

If a linear system is driven with a sinusoidal signal x(t) = cos(ωt) it will respond at
the same frequency y(t) = Acos(ωt +φ), with a scaled amplitude A and a phase shift
φ. The amplitude scaling and phase shift are generally functions of the frequency A(ω)
and φ(ω) and can be found through the system transfer function χ̂. In the frequency
domain the spectrum of the output ŷ(ω) and the spectrum of the input x̂(ω) are related
through the transfer function χ̂(ω)

ŷ(ω) = χ̂(ω) x̂(ω) = A(ω)eiφ(ω) x̂(ω) (1.2)

Specifically for the harmonic oscillator we find, by Fourier transform of equation (1.1)
�

−
ω2

ω2
0

+
iω

Qω0
+ 1

�

ŷ(ω) = x̂(ω) (1.3)

χ̂ =

�

−
ω2

ω2
0

+
iω

Qω0
+ 1

�−1

. (1.4)
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The response amplitude |χ̂(ω)| has a peak, or resonance, atω0. The height of the peak
is determined by the quality factor Q which is the ratio |χ̂(ω0)|/|χ̂(0)|. Input signals
to high Q resonators at frequencies close to ω0 result in a factor Q larger response,
an effect often wanted in sensitive detectors of very weak input signals. This type of
resonant detection forms the basis of many precision measurements. For a high-Q oscil-
lator (Q� 1) |χ̂|2 is half of its maximum value at roughly ω=ω0±

1
2Q , that is the full

width at half maximum (FWHM) is ω0/Q, also called the bandwidth of the resonator.
At frequencies much below the ω0 −

1
2Q , χ̂ ≈ 1 becomes frequency independent. At

frequencies much above the resonance frequency |χ̂| ∼ω−2 and the response is heavily
dampened.

The product χ̂(ω) x̂(ω) is a convolution in the time domain

y(t) = χ(t)⊗ x(t) (1.5)

where ⊗ denotes the convolution integral and χ(t) is the inverse Fourier transform of
the transfer function. χ(t) is called the impulse response, as it is the response of the
system to a Dirac delta δ(t). The impulse response χ(t) or transfer function χ̂(ω) can
be found by exciting the system with any wide band signal. A common experiment
is to slowly sweep the frequency of the input while recording the output phase and
amplitude. When the transfer function is known over a wide frequency band, the sys-
tems response to an input x(t) described by a superposition in this band, can be easily
calculated through (1.2) or (1.5).

The response of a nonlinear system is not so easily described. Nonlinear systems
typically do not obey the superposition principles. Even if the response to x1 and x2
are known, we do not necessarily know the response to x1 + x2 or even ax1, where a
is some constant. Nonlinear systems by far outnumber linear systems in nature, and
in many cases nonlinear response is more familiar in our everyday experiences. Citing
Steven H. Strogatz: "If you listen to your two favorite songs at the same time, you
won’t get double the pleasure" (Nonlinear Dynamics and Chaos, p. 9), an interesting
perspective on the often prized ability to multitask.

Nonlinear systems may respond with chaos, where even the smallest perturbation
of the input will give a large change in the output. To quantitatively predict the exact
response of a chaotic system is often impossible, although methods exist to qualitatively
describe behavior such as the onset of chaos. In a chaotic system there is no easily
described relation between spectral components of the input and output.

For other nonlinear systems, such as the ones studied in this thesis, the response to
a periodic input will be an output with the same period. In such systems we can find
some general rules relating spectral components of the input and output. When the
system is excited with a sinusoidal x(t) = cos(ω1 t) the response will contain not only
that frequency but also harmonics of ω1

ωharmonic = nω1 (1.6)

with n being an integer.
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An example of a nonlinear system is the Duffing oscillator, which is a simple exten-
sion of the harmonic oscillator with an additional cubic term εy3 called the Duffing
term

1
ω0

ÿ +
1

Qω0
ẏ +ω2

0 y + εy3 = x . (1.7)

Generation of harmonics in the Duffing oscillator can be motivated from perturbation
theory in which the solution to the corresponding linear problem (ε= 0) is inserted to
replace the nonlinear term

εy3 = ε(Acos(ωt))3 = εA3 1
4
(3cos(ωt) + cos(3ωt)) . (1.8)

These nonlinear terms can be seen as an additional driving of the linear system gener-
ating response also at 3ω or at the third harmonic of the drive. This new response can
then again be inserted into the nonlinearity to create a next order perturbation solu-
tion. When this perturbation method is repeated, all odd harmonics of ω will appear
in the response. For other nonlinear systems even harmonics can also be generated.

In figure 1.1 a harmonic oscillator (Linear) and the Duffing oscillator (Nonlinear)
was simulated using a numerical integrator (ω0 = 1, Q = 100, ε= 0.01). The systems
were excited with the same input signal at the resonance frequency ω0. The linear
system responds only at the drive frequency, while the nonlinear systems responds also
at odd harmonics. The harmonics are weak as the systems linear transfer function
is rapidly decreasing above the resonance frequency. In a measurement with limited
dynamic range (small ratio between the largest and smallest detectable amplitude) it
might be impossible to detect a difference in the response of the linear and nonlinear
system.

If a nonlinear system is excited with a superposition of two tones at ω1 and ω2
the response will not only contain their harmonics, but also additional frequencies.
Assuming that x(t) is such that the linear system responds with y(t) = cos(ω1 t) +
cos(ω2 t) and following the perturbation approach above we find,

ε (cos(ω1 t) + cos(ω2 t))3 = ε
1
4
(9 cos(ω1 t) + 9cos(ω2 t) (1.9)

+ 3cos(ω1 t − 2ω2 t) + 3cos(2ω1 t −ω2 t) (1.10)

+ 3cos(ω1 + 2ω2 t) + 3 cos(2ω1 t +ω2 t) (1.11)

+ cos(3ω1 t) + cos(3ω2 t)). (1.12)

In addition to higher harmonics the nonlinear term also produces response at frequen-
cies which are at integer linear combinations of ω1 and ω2, so called mixing tones or
intermodulation products. The intermodulation products occur at

ωIMP = nω1 + kω2 (1.13)

where n and k are integers. If the drive frequencies are positioned near the resonance
frequency and their difference frequency

∆ω= |ω1 −ω2| (1.14)
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Figure 1.1: Comparison of a linear and nonlinear system (Harmonic oscillator and
Duffing oscillator) driven with a single cosine at the resonance frequency.
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Figure 1.2: Comparison of a linear and nonlinear system (Harmonic oscillator and
Duffing oscillator) driven with a superposition of two closely spaced cosines.

is on the order of, or smaller than the bandwidth of the resonator, some intermodula-
tion products (such as the third and fourth term in equation 1.12)) will fall close to
resonance. These are especially important as they will experience the large transfer
gain of the resonator and therefore generate large response.

Figure 1.2 compares the harmonic oscillator and the Duffing oscillator excited with
a two frequency input (same parameters as figure 1.1, the sum of the two drive am-
plitudes equaled the single frequency drive amplitude). Notice the large difference in
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scale on the y-axis between figure 1.1 and figure 1.2, the intermodulation products in
the Duffing oscillator have a much larger amplitude than the harmonics because they
occur near resonance.

1.3 Signal modulation and demodulation

Modulation refers to the slow variation of properties of a rapidly oscillating carrier
signal sc(t), and it is often used to encode information about another signal called
the information signal m(t). In this process the frequency components of m which
exist in what is called the baseband, typically around DC (zero Hz), are shifted to an-
other frequency band typically near the frequency of the carrier. Two of the most com-
mon modulation techniques for telecommunication are amplitude modulation (AM)
and frequency modulation (FM). In amplitude modulation the amplitude of the carrier
Ec cos(2π fc) is varying based on the information signal [13]

sAM(t) = (Ec + kam(t)) cos(2π fc). (1.15)

In frequency modulation it is the instantaneous frequency, or time-derivative of the
phase that contains the information signal

sFM(t) = Ec cos
�

2π
�

fc + k f m(t)
�

t
�

, (1.16)

and for completion we may also consider the related phase modulation (PM)

sPM(t) = Ec cos
�

2π fc t + kφm(t)
�

. (1.17)

Figure 1.3 shows the result of a 1 Hz signal m(t) = cos(2π(1 Hz)) being modulated on
a carrier wave fc = 10 Hz with these three different modulation schemes. The band-
width of the modulated signal for AM is exactly twice the bandwidth of the baseband.
However, for FM and PM the bandwidth of the modulated signal depends not only on
the information signal, but also on the amount of modulation (k f and kφ).

The process of obtaining the information signal from the modulated signal is called
demodulation. To correctly demodulate the signal one generally has to know which
modulation technique was used. For an AM-signal a simple demodulator is the envelope
detector, a diode followed by a low-pass filter. The nonlinearity of the diode will mix the
two sidebands with the remaining carrier tone to create signal around zero frequency
(the baseband). However, this mixing will also create signal at harmonics of the carrier.
Therefore the low-pass filter is needed to separate the baseband from response at higher
frequencies.

1.4 Modulation in AFM

The field of AFM is filled with terms borrowed from radio technology and the telecom-
munications field. Especially the term "modulation", such as in amplitude modula-
tion AFM (AM-AFM) and frequency modulation AFM (FM-AFM). In telecommunication
there are a few typical reasons to perform modulation:
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Figure 1.3: Signal modulation schemes.

1. Frequency multiplexing. The ability to simultaneously transmit many signals shar-
ing the same baseband.

2. Change of medium. Whenever the medium changes such as from sound waves to
electromagnetic waves in a radio transmission, some form of encoding or modu-
lation, is needed to express the information in the new medium.

3. Improved signal-to-noise ratio. Different media have different optimal frequencies
for the carrier wave. An optical fiber for instance has the highest transmittance
for electromagnetic waves in a band around 200 THz. The carrier tone tone in
optical fiber communication is consequently infra-red light.

Modulation in AFM can be used for all the same reasons. Frequency multiplexing has
been used in electrostatic force microscopy to separate electrostatic forces from surface
forces [14]. One can also multiplex flexural and torsional motion of the cantilever as
different orthogonal eigenmodes of the cantilever have different resonance frequencies.

The purpose of AFM itself can be seen as a change of medium. Typically the surface
topography is seen as the information signal which, through the AFM measurement, is
transmitted via force acting on the cantilever to dynamics of the cantilever, creating a
voltage on a photo-detector which is digitized and displayed on a computer screen.

The main reason to use modulation in AFM and other resonant detectors is however
the improved signal-to-noise ratio. The cantilever is most sensitive to force and least
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disturbed by noise from the detector in a narrow frequency band around resonance.
As with the optical fiber we therefore want the information signal to be carried in this
frequency band so that it can be measured with high accuracy. Modulation schemes
in AFM, such as AM-AFM and FM-AFM, make sure that the information signal (for
instance the topography) is carried in this sensitive frequency band.

in telecommunication and electronics Intermodulation is often an unwanted effect,
commonly followed by the word distortion. Intermodulation distortion (IMD) is often
stated on the specifications of amplifiers, where as low number as possible is preferred.
Intermodulation will distort radio channels as two nearby channels can mix into a third
channel. In contrast, we intentionally make use of intermodulation in AFM as a sensi-
tive probe of the nonlinear tip-surface force.

1.5 Outline of the thesis

This thesis is based on the appended original peer-reviewed publications labeled I to
VI. The papers are preceded by six chapters where an introduction and review of the
field and previous work is presented. The key results from the appended papers are
reproduced and in some cases extended upon with previously un-published result.

We investigate the AFM in light of it being a nonlinear system. Solutions to two
important problems are addressed: obtaining high material imaging contrast, and in-
terpretation of the signal in terms of material properties. Chapter 2 introduces a model
of the AFM used throughout the work. Single frequency imaging modes encountered
in AFM are described, as well as some emerging multifrequency imaging modes. Chap-
ter 3 introduces Intermodulation AFM (ImAFM) a multifrequency mode in which in-
termodulation and measurement around resonance are utilized to provide additional
images. The contrast in these images are analyzed in a quantitative sense. Chapter
4 describes methods to determine the nonlinear tip-surface force in an AFM measure-
ment, and especially in ImAFM. A model based numerical method is presented and its
properties as well as implementation issues are throughly studied. Chapter 5 shows
some sample applications of this force reconstruction to obtain images of material pa-
rameters. We also address the long standing problem in AFM of separating material
variation contrast from true surface topography. Final conclusions and an outlook for
further research is presented in chapter 6.





Chapter 2

Atomic force microscopy

ASCHEMATIC OF THE BASIC COMPONENTS of an AFM is seen in figure 2.1. The sam-
ple is investigated by the tip at the end of a micro-cantilever (typically a few
100 µm long and 10–50 µm wide). Force between the tip and the surface cause

bending, or deflection of the cantilever from its equilibrium position. This deflection
is measured by reflecting a laser beam off the end of the cantilever and detecting the
laser spot position on a four-quadrant photo detector. The cantilever can be positioned
relative the surface in all three dimensions using a micro-electro-mechanical position-
ing system, typically based on piezoelectric crystals and in the figure simply denoted
as the x-, y- and z-piezos. The figure depicts a tip-scanning AFM, but sample scanning
AFMs also exists where the x-, y-, z-piezos are attached to the sample. A smaller piezo-
electric crystal is placed near the base of the cantilever to oscillate the cantilever at
its resonance frequency. In this chapter a system model for the AFM is presented as
well as specific models for its different components. Common AFM imaging modes are
described as well as emerging multifrequency imaging modes.

VPD

Laser

Cantilever

x-, y-, z-piezo

Shaker piezo

Sample

Photo detector

Tip

Mirror

Figure 2.1: Basic components of an Atomic Force Microscope.
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χp

Actuator

χ

Cantilever

FTS(z, z0)

Tip-surface interaction

α

Detector
Vdrive(t) Fdrive(t) d(t)

FTS(t)

VPD(t)

Figure 2.2: System model of an atomic force microscope.

2.1 Modeling Atomic Force Microscopy

The AFM can be modeled on many different levels. Models of the cantilever range from
full 3d continuous mass to a simplified 1d point-mass. Furthermore the tip-surface in-
teraction has been investigated with methods ranging from density functional theory
[8] and molecular dynamics [15] to a simple linear relation between force and separa-
tion.

The observed output from an AFM measurement is the photo-diode voltage VPD(t)
from the optical lever detector. Measuring this voltage we learn about the surface with
which the tip interacted. We employ model of the system depicted in figure 2.2. Exci-
tation of the system is performed with an actuator, typically a shaker piezo, modeled
as a LTI system with transfer function χp, which maps the input voltage Vdrive(t) to an
effective drive force on the cantilever Fdrive(t). When the tip interacts with the surface
a tip-surface force FTS(t) is produced which is added to the drive force to obtain the
sum of external force acting on the cantilever Fdrive(t) + FTS(t).

The tip-surface force is assumed to depend on z, the tip position along a line parallel
the z-axis in the lab frame. In the absence of external force on the cantilever (no drive
force and no tip-surface force) the tip is at position z = h, which we call the tip rest
position or the probe height. This height can be directly controlled using the z-piezo.
When a force acts on the tip, the free end of the cantilever deflection to a new tip
position z = d + h. It is this interdependence of force and deflection which make the
tip-surface interaction appear as a feedback in the system model [16]. This system
model feedback should not be confused with the feedback loop which is deliberately
added to the system to track the surface while scanning, typically by controlling h to
regulate some property of VPD (not depicted in figure 2.2).

The tip-surface force also depends on the position of the surface. Neglecting de-
formation by the tip the unperturbed surface has a topography profile z0 which is a
function of the spatial coordinate in the plane of the surface (x , y). In a general sense
the tip-surface force can also depend on the velocity of the tip (e.g. for a viscoelastic
material) or the history of the tip trajectory (e.g. formation and breaking of a capillary
neck).
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z=0

z

h

δ WD

d<0

z0 (x,y)

Figure 2.3: Coordinate system used in this thesis. The height h, tip position z, deflection
d, tip-surface separation δ and working distance WD are positive in the direction of
increasing z.

Table 2.1: Summary of position quantities.

Quantity Symbol

Tip position in the lab frame z
Tip rest position h
Surface rest position (topography) z0

Cantilever deflection d = z − h
Working distance WD= h− z0

Tip position relative to z0 δ = z − z0 = d +WD

Although the tip-surface force here is effectively modeled in only one dimension,
the actual force dependence on tip position is often derived from contact mechanics
between 3d objects such as a flat surface and a spherical tip. Tip-surface forces are in
these cases often described as functions of the tip position relative the surface z − z0
which we call δ. For convenience we also introduce the working distance WD= h− z0
or the position of the surface relative the probe height. The quantities and identities
introduced above are summarized in table 2.1 and depicted in figure 2.3.

Linear time invariant cantilever

Similar to much previous work in the AFM literature (for example [16, 17, 18]) we
assume that the cantilever can be described by a LTI operator χ mapping force to tip
deflection

d(t) = χ ⊗ (Fdrive(t) + FTS(z, z0)) (2.1)
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where ⊗ denotes convolution. With the convolution theorem the Fourier transform of
(2.1) gives

d̂(ω) = χ̂(ω)
�

F̂drive(ω) + F̂TS(ω)
�

(2.2)

where d̂ and F̂drive are the Fourier transforms of the deflection and drive force, χ̂ the
linear transfer function of the system and F̂TS is the Fourier transform of the implicitly
time-dependent tip-surface force.

In dynamic AFM the drive force is typically periodic with period T . Although
regimes of period doubling and chaotic motion has been demonstrated [19], the re-
sponse motion d(t) is often found to be periodic in T for a wide range of experimental
settings. The Fourier transform of the motion will then be a weighted sum of Dirac
deltas at harmonics of ∆ω= 2π/T

d̂(ω) =
∑

k

d̂[k]δ(ω− k∆ω) (2.3)

where k is an integer and d̂[k] are the complex Fourier series coefficients of d(t)

d̂[k] =
1
T

∫ t0+T

t0

d(t)e−ik∆ωt d t, (2.4)

so that

d(t) =
∞
∑

k=−∞

d̂[k]eik∆ωt . (2.5)

Harmonic oscillator model

The methods developed in the thesis are applicable for any LTI systemχ but for AFM it is
of particular interest to find a model which accurately approximates the real cantilever
as this is the critical force-transducing element in the measurement chain. Sweeping the
drive frequency to the shaker piezo while monitoring the cantilever deflection reveals
multiple resonances. These resonances typically agrees well with that expected from
Euler-Bernoulli beam theory, modeling the bending of a long and narrow beam

EI
∂ 4w(x , t)
∂ x4

+µ
∂ 2w(x , t)
∂ t2

= Fext(x , t). (2.6)

Here w(x , t) is the deflection of the beam at position x along the beam at time t, E is the
Young’s modulus of the cantilever, I is the second moment of area and µ the mass per
unit area, Fext(x , t) is the distributed externally applied load to the beam. We require
that the general solution is a superposition of orthogonal eigenmodes with separate
time and position dependence wn(x , t) = dn(t)Φn(x), where n is the so-called mode
number, corresponding to a different valid solution of the spatial equation subject to
boundary conditions (e.g. that the beam is clamped at one end and free in the other)
[20]. In this work it is assumed that the surface only interacts with the cantilever via the
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tip at the free end x = L and only the time-dependent behavior is of interest. Solutions
to the time dependent equation are

mnd̈n(t) + κndn(t) = Fext (2.7)

where mn and κn are the effective mode mass and mode spring constants, arising from
the solutions of Φn. The external force consists of three components: a damping force
−mnγnḋn(t) due to the cantilever moving through a viscous medium (such as air or
water), the drive force Fdrive(t) applied through a shaker piezo, and the tip-surface
force FTS. Introducing the identities ω0n =

p

κn/mn and Qn = ω0n/γn the governing
equation becomes

κn

ω2
0n

d̈n +
κn

Qnω0n
ḋn + κndn = Fdrive + FTS. (2.8)

Often the motion in one mode will dominate, typically the first mode at the lowest
frequency, in which case we drop the subscripts n

κ

ω2
0

d̈ +
κ

Qω0
ḋ +κd = Fdrive + FTS. (2.9)

where κ, ω0 and Q are respectively the stiffness, resonance frequency and quality fac-
tor of the mode in question. In the absence of a tip-surface force, easily realized in
experiments by moving the tip far away from the surface, equation (2.9) describes a
harmonic oscillator (compare with equation (1.1)) with the transfer function

χ̂ =
1
κ

1

−ω2

ω2
0
+ iω

Qω0
+ 1

(2.10)

2.2 Actuator

Excitation of the cantilever is performed using the small shaker piezo which varies the
base of the cantilever h. The typical approximation for high Q cantilevers is that this
inertial excitation produces an effective drive force on the cantilever [21] (although
extended models might also be warranted, see Ref [22]). We model this with a linear
time invariant system

F̂drive(ω) = χ̂p(ω)Vdrive(ω) (2.11)

with a transfer function χ̂p. When performing AFM measurements we do not need to
know or calibrate χ̂p. After calibration of the cantilever transfer function χ̂ and the
optical detector (see below) we move the cantilever far away from the surface such
that FTS(t) = 0 and measure the so-called free oscillation as the cantilever is driven
with some signal V̂drive

d̂free = χ̂ F̂drive = χ̂χ̂p V̂drive. (2.12)

The drive force is inferred using the inverse of the cantilever transfer function

F̂drive = χ̂
−1d̂free. (2.13)
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Thus the shaker piezo need not even be a linear system, as long as it maps drive voltage
to force on the cantilever and the drive force is the same when d̂free is measured as
when performing the measurement near the surface. If needed, the drive signal V̂ (ω)
is iteratively adjusted until a requested free oscillation or drive force is obtained.

2.3 Detector

An optical lever detector was used to measure cantilever deflection [23]. A laser beam
hits the cantilever near its free end at an angle of typically ∼ 30°. The light is reflected
and strikes a four-quadrant photo detector. Summing current amplifiers are used to
obtain the difference between the top quadrants and the bottom quadrants for the
vertical cantilever deflection, or correspondingly the left and right quadrants for vertical
deflection. The latter signal can be used in static friction measurements [24] and in
dynamic measurements involving torsional modes of the cantilever [25].

The photodetector position is adjusted such that the vertical and horizontal voltages
are zero when the cantilever is at rest. Due to the long distance between the cantilever
and photodetector (on the order of centimeters) a geometric gain is acquired. A small
change in angle at the free end of the cantilever results in a measurable change (on
the order of micrometers) of the position of the laser spot on the detector. This opti-
cal lever detector is often sensitive enough such that it can detect the thermal noise of
the cantilever. Even without intentionally exciting the cantilever a peak can be seen
in the power spectral density at the resonance of the cantilever, as seen in figure 2.4.
Measurements performed at the resonance frequency are limited by the thermal fluc-
tuations of the cantilever, set by the temperature of the surrounding medium, and they
are essentially independent of detector noise (such as shot noise in the laser).

The optical lever actually detects the angle of the free end of the cantilever, however
we are interested in the deflection of the free end from its rest position, in nanometers.
As cantilevers are 10–100 µm long but deflect only 1–100 nm, small angle approxima-
tion is valid, such that the angle is linearly proportional to the deflection. Due to the
difference in bending shape of the different cantilever modes a different proportionality
constant, here called optical lever responsivity, is needed for each mode. The detected
vertical photo-diode voltage is therefore

VPD =
∑

αndn (2.14)

where αn is the optical lever responsivity for each mode n. The sum in principle goes
over all cantilever modes, but typically only modes with significant motion need to be
considered. For single frequency AFM with a high-Q cantilever higher modes can be
neglected and (2.14) is simplified into

VPD = αd, (2.15)

where d refers to deflection of the single eigenmode and indices have been dropped
similar to (2.9).
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2.4 Noise spectrum and calibration

To fully calibrate the measurement chain, from force on the cantilever to voltage on
the detector, the constants in (2.8) and (2.14) need to be determined for each mode:
ωn, Qn, κn and αn. For calibration we implemented the method [26] in which all the
calibration values for the first flexural eigenmode can be obtained from the noise power
spectral density of the cantilever by combining Sader’s equation for cantilever stiffness
[27] with the thermal noise calibration method [28]

The noise power spectral density of the photodetector SV V ( f ) has two components,
fluctuations from the cantilever α2Sdd( f ) and added detector noise. In a narrow band
near the resonance frequency of a high-Q cantilever the detector noise can be assumed
to be white, while more advanced models such as 1/ f noise can be used for low-Q, low
frequency cantilevers. Thus

SV V ( f ) = α
2Sdd( f ) + Pwhite (2.16)

The power spectral density of the cantilever can be deduced from the fluctuation-
dissipation theorem [29]

Sdd =
4kBT
(2π f )2

Re(Ŷ ) = −
4kBT
2π f

Im(χ̂) (2.17)

in which kB is the Boltzmann constant, T the temperature in Kelvin and Ŷ = iωχ̂ the
admittance of the dynamic system, such that v̂ = Ŷ F̂ , where v = ḋ is the velocity. Com-
bining (2.17) with the simple harmonic oscillator, valid for a well separated eigenmode
(2.9) we get

Sdd( f ) =
2kBT
kQπ f0

f 4
0

( f 2
0 − f 2)2 + ( f0 f /Q)2

(2.18)

To calibrate the cantilever the equation

SV V ( f ) = PDC

f 4
0

( f 2
0 − f 2)2 + ( f0 f /Q)2

+ Pwhite (2.19)

is fit to the measured photodetector power spectral density near the resonance fre-
quency. Comparing (2.19) with (2.16) and (2.17) we find

PDC = α
2 2kBT
κQπ f0

. (2.20)

The resonance frequency f0 and quality factor Q are fixed by the frequency dependent
part of (2.19) while two unknowns remain: the optical responsivityα and the cantilever
mode stiffness κ.

For the first flexural bending mode of a long rectangular beam Sader et al. found
that the stiffness can be calculated directly from the resonance frequency and quality
factor together with knowledge of the cantilever plane view dimensions [27, 30]

κ= ρ f b2 LQ4π2 f 2
0 Im {Λ(Re)} (2.21)
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where ρ f is the density of the surrounding fluid, b, L the width and length of the can-
tilever and Im{Λ} denotes taking the imaginary part of the hydrodynamic function.
This hydrodynamic function is a complex dimensionless function of the Reynolds num-
ber

Re =
π f0ρ f b

2η
(2.22)

where η is the viscosity of the surrounding fluid. The hydrodynamic function depends
on the geometry of the cantilever and Sader first presented analytical results for long
rectangular beams [31]. The theory was recently extended to cantilevers of arbitrary
plane view geometry [30]. It was found that the hydrodynamic function, experimen-
tally obtained for cantilevers of various plane view geometry, was well described by a
model containing only three free parameters. The model parameters were obtained by
measuring the cantilever under varying gas pressure (which affects ρ f and thus the
Reynolds number). A simplified approximate method was also presented in which it
was observed that only one of the three parameter varied much between different can-
tilevers. As a result, knowledge of the resonance frequency f0,test, quality factor Qtest
and dynamic mode stiffness κtest of a reference cantilever are sufficient to obtain the
stiffness of the cantilever to be calibrated

κ= κtest
Q

Qtest

�

f0

f0,test

�1.3

(2.23)

Using the cantilever stiffness from either (2.21) or (2.23) in (2.20) one can solve for
the responsivity [26]

α=

√

√κQπ f0PDC

2kBT
, (2.24)

and thus all required calibration constants are obtained from a single measurement of
the photodetector power spectral density.

The analytic hydrodynamic function (2.21) with Ref [31] was used in all work pre-
sented in this thesis. All cantilevers used had plane view geometry similar to a rect-
angular, although typically with a pointed end (only "spring board" cantilevers and no
"V-shaped" cantilevers were used). Figure 2.4 shows the power spectral density mea-
sured in air of a BudgetSensor Tap300G-Al, a typical type of cantilever used in the
experiments in the thesis. Equation (2.19) is fit to the data ("Cantilever+Detector")
and the first term from the equation is also displayed separately ("Cantilever"). Ta-
ble 2.2 shows the calibration result, where we also present the thermal force noise in
N/
p

Hz

NF = κ
p

PDC/α (2.25)

the equivalent detector noise floor in m/
p

Hz

Nd =
p

Pwhite/α (2.26)
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Figure 2.4: Noise spectrum from a BudgetSensor Tap300 AFM cantilever.

Table 2.2: Calibration result of the cantilever in figure 2.4.

Quantity Symbol Value Unit

Resonance frequency f0 270.76 kHz
Quality factor Q 418.5
Dynamic stiffness κ 21.3 N/m
Inverse optical responsivity α−1 64.3 pm/ADU*

Equiv. detector noise Nd 86 fm/
p

Hz
Force noise NF 22 fN/

p
Hz

Force noise DC NF,DC 1838 fN/
p

Hz

* ADU – Analog to digital unit
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and the equivalent force noise in N/
p

Hz for measurements performed at DC where
detector noise dominates

NF,DC = κNd = κ
p

Pwhite/α. (2.27)

The large difference between NF and NF,DC demonstrates the improved sensitivity when
measuring force at frequencies near the resonance of the cantilever.

A better understanding of this increased sensitivity comes from examining the signal-
to-noise ratio (SNR) for a force F

SNR=

√

√α2|χ̂( f )F |2

SV V∆ f
(2.28)

which depends on the measurement bandwidth ∆ f = T−1, reciprocal to the time win-
dow T over which the signal is measured . From (2.28) we can calculate the minimum
detectable force

FMD =

√

√ SV V∆ f
α2|χ̂( f )|2

(2.29)

which is the force at which the SNR is one. FMD is displayed in figure 2.4(b) for some
typical AFM measurement bandwidths. For the specific cantilever displayed the min-
imum detectable force at resonance is around 0.5 pN for ∆ f = 500 Hz , while at DC
(not shown) FMD goes up to 40 pN.

2.5 Tip-surface forces

Many different models exists for the tip-surface force. If the force depends only on the
tip position it is conservative or elastic, no energy is dissipated into the material. Other
forces, such those proportional to the tip velocity are non-conservative, or dissipative.
A good source of force models in AFM is the manual to the VEDA AFM simulation
software [32]. Bellow we summarize a few of these models.

Hertz model

The mutual force between two elastic spheres in contact was first calculated by Heinrich
Hertz in the late 1800s [33]. In AFM the tip can be modeled as a sphere, and the surface
as flat, provided surface features are smaller than the tip radius. In this case the force
between the tip and the surface as a function of their separation δ = d + h− z0 will be
[18]

FTS(s) =

�

0 δ > 0
4
3 E∗
p

R(δ)3/2 δ ≤ 0
(2.30)

where R is the tip radius and E∗ is the effective elastic modulus

E∗ =

�

1− ν2
tip

Etip
+

1− ν2
surface

Esurface

�−1

, (2.31)
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Figure 2.5: Examples of typical tip-surface force models in AFM (a) Hertz force model
(b) Derjaguin-Muller-Toporov force model.

Etip and Esurface are the Young’s moduli of the tip and the surface respectively, and νtip
and νsurface their respective Poisson’s ratios. From equation (2.30) it is clear that mate-
rial properties such as the Young’s modulus of the surface can never be obtained from
knowledge of the tip surface force curve only. Separate determination of the tip radius
R, the tip elastic properties and the Poisson’s ratios are required through other means of
calibration. A typical AFM tip material is silicon with a Young’s modulus of >100 GPa
[34]. Polymer materials typically have moduli below 10 GPa, so Esurface� Etip and the
latter can be neglected. The Hertz force for a tip radius of R = 10 nm and E∗ = 1 GPa
is shown in figure 2.5(a).

DMT model

The Hertz force model does not take into account adhesion between surfaces due to
van der Waals forces. On the scale of AFM measurements this adhesion can often be
large compared to the repulsive elastic force, therefore a more appropriate model often
used in AFM literature [35, 36] is the Derjaguin-Muller-Toporov (DMT) model, which
for a spherical tip and flat surface is

FDMT(s) =

¨

−Fmin
a2

0
(a0+δ)2

for δ > 0
−Fmin +

4
3 E∗
p

Rδ3/2 for δ ≤ 0.
(2.32)

where R and E∗ are defined as for the Hertz model, Fmin is the force minimum or the
adhesion force and a0 is the interatomic distance when the surfaces are in contact. The
latter is typically assumed to be on the order of a0 ≈ 0.1− 0.5 nm. The adhesion force
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is often expressed in terms of the Hamaker constant H

Fmin =
HR
6a2

0

. (2.33)

Non-conservative force models

The work done on the tip by the surface is [37]

∆E =

∮

FTSżd t. (2.34)

where the integral is performed on a closed path. A non-conservative tip-surface force
is any force FTS for which ∆E can be non-zero. In physical systems ∆E is typically
negative, and therefore called the dissipated energy. As mentioned above a tip-surface
force which depends only on δ will be conservative, but many different types of non-
conservative forces exists. One such example is a viscous force, which depends linearly
on the velocity δ̇

Fviscous = −δ̇λ(δ) (2.35)

where λ(δ) is a position dependent damping. We note that

δ̇ = ż = ḋ =
d
d t
(h+ d − z0) (2.36)

as the dynamics of h and z0 are slow compared to d. Often the viscous model is com-
bined with a conservative distant-dependant force for a viscoelastic model

Fviscoelastic = Fcons(δ)− δ̇λ(δ) (2.37)

Different models have been used for λ(δ) in simulations of AFM, such as exponen-
tial [38], or square-root dependence [39] on δ, but no widely accepted model exists.
Furthermore, in recent versions of the VEDA manual it is argued that modeling the tip-
surface force for viscoelastic materials with (2.37) is unphysical as it leads to perceived
sticking of the tip to the surface greater than the actual adhesion force [40].

The force can also be non-conservative if it depends on the history of the motion. An
example is capillary force, in which a capillary is formed when the tip first comes in con-
tact with the surface, but breaks only after the tip has reached a critical distance from
the surface [18]. Another common hysteritic model is the Johnson-Kendall-Roberts
(JKR) model [41]. Like the DMT model, the JKR model is an extension of Hertz con-
tact model for adhesion between particles. For very soft materials JKR are typically
assumed to be valid over DMT [17]. Evaluation of the JKR model is however more
problematic as the force is as a function of the tip-surface contact area, rather than δ.
For this reason the JKR has not been applied in this thesis.
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2.6 Imaging with AFM

There are several different imaging methods with AFM. These methods are often called
"modes" and they differ in how the cantilever is excited and which feedback mechanisms
are used. Often the purpose of AFM is to obtain the surface topography, z0(x , y), by
raster scanning the tip at a constant velocity vx . In this way the topography signal is
mapped from position into time z0(x)→ z0(vx t). Using terminology from section 1.3,
z0(t) is the information signal. Depending on which imaging mode is used, the infor-
mation signal will be expressed differently in the observed quantity (i.e. amplitude,
phase etc), and an appropriate demodulation technique must be used to reconstruct
the information signal.

The bandwidth of the information signal will depend on the profile along the fast
scan direction z0(x) and the speed vx at which the tip is scanning. Therefore, for a
particular surface (spatial profile) the imaging speed is dictated by the bandwidth at
which the information signal can be accurately reconstructed.

2.7 Quasi-static AFM

The original AFM paper by Binnig et al. [11] proposed several imaging modes, includ-
ing modes in which the cantilever is oscillating, but the most successful mode used in
early AFM imaging was "contact mode" or in this discussion, more aptly named quasi-
static AFM. In quasi-static mode there is no drive force and any time derivatives of the
motion are assumed to be negligible. The equation of motion (2.9) reduces to

kd = FTS. (2.38)

Feedback is used to keep the bending of the cantilever constant. This leads, through
the above equation, to a simple interpretation of the topography image as a constant
force topography.

The disadvantage of this mode is that imaging is necessarily slow: for equation
(2.38) to be valid, forces due to rapid change in topography are neglected. Furthermore
the increased force sensitivity near a cantilever resonance is not used, as a result soft
cantilevers with low resonance frequency are used in order to image with weak force.

2.8 Single frequency AFM

In single frequency AFM the cantilever is excited at one frequency, typically near a
resonance, and the response amplitude and phase are measured at the same frequency.
For measurements in ambient air the most common scanning feedback adjusts the probe
height h to keep constant response amplitude at this single frequency. This mode is
often called amplitude modulation AFM (AM-AFM). The name is a little bit counter
intuitive, as the amplitude is kept constant and thus is not modulated while scanning.
One interpretation is that the surface topography, the information signal, modulates the
amplitude. The feedback loop, which performs envelope detection of the modulated
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signal, acts as a demodulator to obtain the topography signal. Both modulation and
demodulation happen in parallel. Besides the topography signal, the response phase
can be used to reveal additional material contrast.

For AFM measurements performed in vacuum a more common technique is fre-
quency modulation AFM (FM-AFM), where an additional feedback loop is used to
change the frequency of the drive signal, such that the phase of the motion is kept
constant at 90◦ with respect to the drive force [42]. This phase corresponds to the
phase at the resonance frequency of a harmonic oscillator, and the interpretation is
that the phase-locked loop follows the resonance frequency as it changes due to the
interaction with the surface. The result from this additional feedback loop is thus a
resonance frequency shift. The surface topography is then imaged using the height
feedback loop to keep the frequency shift constant. Similar to the case of AM-AFM
this topography feedback loop can be seen as demodulating to extract the topogra-
phy information. The remaining observable in FM-AFM is the oscillation amplitude,
which similar to the phase image in AM-AFM, can provide additional contrast. A third
feedback loop can be used to also keep the amplitude constant by changing the drive
power.

In AM-AFM and FM-AFM there are only two free observables at each image pixel:
the response amplitude and phase. Feedback can move information from the direct
observable to the feedback signal (e.g. amplitude to topography, or phase to frequency
shift) which can facilitate interpretation of the data or add stability to the measurement.
When feedback is performed an error signal of the original observable is also measured.
Thus it can seem as if inclusion of feedback doubles the number of observables (e.g.
both topography and amplitude error are measured). However, the error image and
its corresponding feedback image are derived from the same single observable and
their exact composition depends only on the efficiency of the feedback loop. Thus the
information content for each pixel will always be limited to only two quantities.

2.9 Multifrequency AFM

To increase the number of observables in AFM, researchers have focused on developing
new modes which use more than one frequency. In the past decade these modes became
collectively referred to as multifrequency AFM [43]. Here we take multifrequency AFM
to mean both modes in which more than one frequency is excited, but also modes in
which only one frequency is excited and response at multiple non-excited frequencies
is measured. Below the most common multifrequency AFM techniques are presented.
In chapter 3 a detailed discussion of Intermodulation AFM is given, the main technique
of this thesis.

Higher harmonics

Possibly the most simple extension of single-frequency AFM is to measure response not
only at the drive frequency, but also at higher harmonics [44]. As seen in chapter 1,
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harmonics occur in nonlinear systems in general, and in the case of AFM specifically
due to the nonlinear tip-surface force. If many harmonics can be measured they can
be used to reconstruct the tip-surface force [45, 46], as will be explained in chapter
4. Higher harmonics of a drive placed at the first eigenmode resonance frequency can
however be difficult to measure, as they do not coincide with another resonance of
the cantilever and therefore a force at higher harmonics will not generate appreciable
response. This lack of harmonic response stems from the fact that the resonance fre-
quencies of higher eigenmodes of cantilevers do not follow a harmonic progression. The
second resonance for an ideal cantilever is for instance ∼6.27 times the frequency of
the first resonance [20]. If higher eigenmodes are excited by the nonlinear tip-surface
force, these modes will have to be calibrated in order to measure the force. Difficulty
in calibration prompted Xu and co-workers to suggest screening the second eigenmode
by placing the laser spot at an anti-node of the bending, in order to accurately obtain
the tip-surface force [47]. However, making the detector blind to this motion is also
not a good approach for force reconstruction.

One solution to obtain multiple harmonics is to excite the cantilever at a frequency
10-100 times lower than the first resonance frequency. Many harmonics of the drive
frequency will then fall in the low frequency part of the cantilever transfer function
where the cantilever provides no transfer gain, but also does not dampen the oscillation.
A time-domain version of this method was first presented in 1997 under the name Pulse
Force Microscopy [48, 49] and a similar mode was recently commercialized under the
name Peak Force™. To compensate for the lack of transfer gain the base of the cantilever
must be excited with the same amplitude as the tip motion. Rather than using the small
shaker piezo below the cantilever, the larger z-piezo is used to drive the cantilever on
the order of 10-100 nm.

Another solution was presented by Sahin et al. [25] who fabricated a T-shaped
cantilever with the tip placed off-axis on one of the "arms" of the T. This geometry cou-
ples forces on the tip to both flexural and torsional motion. The fundamental torsional
eigenmode has a much higher resonance frequency and a high responsivity (voltage /
deflection). The cantilever was driven at the resonance frequency of the flexural mode
and harmonics of the drive could be measured in the torsional signal as they occurred
in the constant transfer function regime of the torsional mode. Typically around 20
harmonics could be measured and it was possible to reconstruct the tip surface force
curve. This mode has been commercialized under the name HarmoniX™.

Bimodal AFM

In Bimodal AFM the first flexural eigenmode is excited simultaneously with a higher
mode [50], resulting in four observables. Bimodal AM-AFM was first demonstrated
with height feedback used to keep the amplitude of the first eigenmode constant (AM-
AFM) while the second eigenmode was measured in open loop [51, 52]. Later FM-AFM
[53] and combinations of AM and FM for different eigenmodes [54]was demonstrated.

There is not enough information in the four bimodal observables to fully reconstruct
the tip-surface force. Like the phase image in single frequency AM-AFM, the additional
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bimodal images have been interpreted as showing improved material contrast. How-
ever, interpretation has remained qualitative as there is in general no simple relation
between specific material properties and the four observables. Recently some progress
was made in this direction [55] and we also address the problem in paper V. Accurate
calibration to obtain both mode stiffness and detector responsivity for the second mode
is however lacking [56]. Such calibration is a prerequisite for any quantitative analysis.

Band excitation

Band excitation (BE) is an extension of single frequency AFM in which the cantilever
is excited in a "continuous band of frequencies" around resonance, for example using a
chirp drive signal [57]. The observed signal is thus an amplitude versus frequency curve
in every pixel. From these curves properties such as resonance frequency and quality
factor can be extracted. Analysis of BE has mainly started from the point of view of
linear tip-surface force, for which the observed signal is the result of a transfer function
that fully describes the system. This analysis is however limited to small amplitudes.

2.10 Contact and non-contact regimes

During the acquisition of an AFM image the cantilever can experience different parts of
the tip-surface force curve: the attractive regime, the repulsive regime, or both. When
the tip is in the repulsive regime it is typically considered that the tip and the surface
are in contact and while imaging in the attractive regime it is considered noncontact.
When the cantilever is oscillating through both attractive and repulsive regimes in each
pixel it is called intermittent contact.

Some confusion arises as operation in these regimes are typically associated with
certain modes according to the definitions above. For instance: while quasi-static AFM
could be performed in the non-contact regime by using a negative set-point, that is,
image with a constant static bending towards the surface, there is a large risk that the
cantilever will make a sudden jump into contact with the surface. If that happens the
feedback will act in the wrong direction and will continue to drive the tip further into
the surface. Thus, quasi-static AFM is performed in the repulsive regime and the term
"contact mode" is de-facto synonymous with quasi-static mode. Dynamic AFM modes
can also be performed in the repulsive regime by using a large static bending, on top of
which a small oscillation is added. When the cantilever is driven at the new resonance
frequency for the beam with the tip in contact, the mode is called contact-resonance
AFM [58, 59].

Stable imaging in the net attractive regime can be performed both with AM-AFM
[60] and FM-AFM [61, 62] and the term non-contact AFM typically refers to one of these
modes. In early AFM work it was believed that non-contact imaging was a prerequisite
for imaging without surface or tip damage, however with the advent of intermittent
mode imaging with minimal sample damage [63] this view was contested [64]. An
alternative definition of noncontact AFM was suggested in the book "Noncontact Atomic
Force Microscopy" [65] based on the property of imaging the surface without damage:
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"What is commonly understood by ’noncontact AFM’, is that neither tip nor sam-
ple suffer permanent deformations or wear during the imaging process – no
matter whether the force between tip and sample or the force between the front
atom of the tip and the sample is attractive or repulsive"

Whether the cantilever in single frequency AFM is in attractive or intermittent
regime depends non-trivially on multiple factors such as the oscillation amplitude, set-
point, drive frequency etc. [66, 67]. In general large amplitude favors intermittent con-
tact while small oscillation amplitude favors net attractive imaging. Large amplitude
AM-AFM with intermittent contact is often called by the trade name Tapping mode™.





Chapter 3

Intermodulation AFM

INTERMODULATION ATOMIC FORCE MICROSCOPY (ImAFM) combines the advantages
of the added information content in harmonic AFM with the high force sensitiv-
ity near resonance and the simplicity of single eigenmode AFM. These features

are achieved by exciting the cantilever with at least two tones such that nonlinear re-
sponse generates not only harmonics, but also multiple intermodulation tones near
resonance. Compared to regular AM-AFM, in which only two observables are mea-
sured for each image pixel (the amplitude and phase), ImAFM routinely obtains more
than 40 observables in a similar measurement time. The measurement mode was first
presented in 2008 [68] and since then much progress has been made to simplify the
measurement with dedicated hardware and software, and also in the interpretation of
the measurement. This chapter describes ImAFM operation in section 3.1 to 3.3. Anal-
ysis of contrast in ImAFM images is performed in section 3.4 based on the method first
presented in Paper VI. A previously unpublished extension to this analysis is performed
in section 3.6 and some alternative feedback schemes are presented for the first time
in section 3.7.

3.1 Basic principles

To obtain intermodulation the cantilever must be excited with at least two tones. In
most of our work so far the cantilever has been excited with exactly two tones, and
although the principle easily extends to frequency combs containing more than two
tones, the discussion is here limited to the case of exactly two excitation tones. The
cantilever is excited with the effective drive force

Fdrive(t) = A1 cos(2π f1 t) + A2 cos(2π f2 t), (3.1)

where the two drive frequencies f1 and f2 are chosen so that they are approximately
centered around the cantilever resonance frequency f0

( f1 + f2)/2≈ f0. (3.2)

29
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and the separation between drive frequencies ∆ f = | f2 − f1| is small compared to
the resonance frequency ∆ f � f0. If the tip-surface force is neglected, such that the
cantilever becomes a linear system, this drive signal will create a beating waveform
with rapid oscillations at approximately the resonance frequency and a slow amplitude
modulation at ∆ f .

With the tip-surface force the system becomes nonlinear. Similar to the Duffing
oscillator in chapter 1, both harmonics and intermodulation products will be generated.
The harmonics will be weak as they are off resonance and attenuated, while some
intermodulation products (IMPs) occur near resonance where they will be enhanced.
Those IMPs which occur near resonance have frequencies such as 2 f1 − f2, 2 f2 − f1,
3 f1 − 2 f2, or in general

fIMP = nf1 − (n± 1) f2 (3.3)

where n is an integer. These frequencies form a comb of peaks near the two drive tones
each separated by∆ f . The intermodulation products have in common that they are all
of odd order, as 2n± 1 is an odd number. We use the common naming convention of
IMPs: IMPN(L/R), where N is the order of the IMP and L or R denote if they are below
(L) or above (R) the resonance frequency. For example: fIMP3L = 2 f1 − f2, fIMP3R =
2 f2 − f1 and fIMP5L = 3 f1 − 2 f2.

If the two drive frequencies are chosen such that they are both divisible with their
difference frequency, that is

f1 = n∆ f (3.4)

f2 = (n+ 1)∆ f (3.5)

where n is an integer, all intermodulation frequencies will also be divisible by ∆ f . The
cantilever response motion d(t) in equation 2.1 will then be periodic in T = 1/∆ f
(provided period doubling from the nonlinearity can be avoided, as is typically the
case). By measuring the signal in a time window of length T (or to reduce noise,
an integer multiple of T) each intermodulation frequency will be periodic in the time
window and can therefore be represented by single Fourier components d̂[kα] without
spectral leakage [69]. We here use the notation kα = fα/∆ f , that is d̂[kα] is the discrete
Fourier component corresponding to frequency fα.

When imaging with ImAFM the time T is the minimum time needed for each image
pixel. The time to obtain one full image with a given pixel resolution thus directly
depends on the choice of∆ f . Large∆ f means shorter beat period and faster imaging,
however, with large∆ f the IMPs will be spread further from resonance and have lower
transfer gain resulting in fewer IMPs that are measurable above the detector noise floor.
Thus the choice of ∆ f is a trade-off between speed and signal quality, which is yet to
be studied systematically. In practice good results have been obtained when choosing
∆ f to be similar to the full-width half maximum

∆ f ≈
f0

Q
. (3.6)
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Typical cantilevers used in this work had resonance frequency around f0 = 300 kHz,
quality factor Q = 500 and stiffness around 20 N/m (such as BudgetSensor Tap300 or
Bruker RFESPA levers). For these we have used ∆ f = 500 Hz which for a 256× 256
pixel image gives an acquisition time of 256× 256× 2× 2ms= 4 min22 s.

Compared to other multifrequency modes such as Bimodal AFM, ImAFM contains
many more observables and has the further advantage of simplified calibration and
more accurate modeling of the cantilever. As motion is dominantly occurring near a
single resonance, the simple harmonic oscillator model is a sufficient approximation
of the cantilever’s frequency-dependent response function and calibration of mode pa-
rameters can be obtained with the Sader-Higgins method from purely thermal noise
(see section 2.4).

3.2 Approach curves

Figure 3.1 shows experimental results from a cantilever driven with the intermodula-
tion drive scheme as it is slowly approaching a surface of poly(methyl methacrylate)
(PMMA). The deflection signal was sampled at 3 Msamples/sec and the data was ana-
lyzed using fast Fourier transform (FFT) on a computer. The spectra figure 3.1(c) and
(d) were calculated from a time window corresponding to four beats (4T). The lack
of spectral components between the intermodulation products show that the motion is
periodic and that no period doubling occured. The curves in figure 3.1(e), (f) and (g)
were calculated from one beat.

The free cantilever shows a perfect beating motion, containing two equally large
amplitudes at the two drive frequencies, with a maximal peak-to-peak amplitude of
60 nm. With the cantilever engaging the surface, around 20 intermodulation products
are observed with amplitude exceeding the noise floor of the measurement. At each
intermodulation frequency both amplitude and phase can be measured. In the time
domain the engaged cantilever has a distorted beat envelope on the slow time scale. As
can be seen in the inset of figure 3.1(b) only the envelope is affected by the nonlinearity,
the rapid oscillation is still sinusoidal. Thus there is no significant higher harmonics of
the motion. The lack of harmonics can be verified by examining a broader frequency
spectrum in figure 4.2.

Figure 3.1(e) and magnification (f) show the amplitude at the two drive frequencies
and several IMPs as functions of time, with the cantilever base lowered towards the
PMMA surface and then retracted. The driven frequencies start with equal amplitude
and are then reduced to a minimum at around 16 s, when the base was retracted.
The intermodulation products show a more complicated relation with the approach
distance, including multiple maxima and minima. The number of maxima and minima
present while approaching increase with the IMP order [68]. These approach curves
indicate that the intermodulation products are very responsive to small changes in the
tip-surface nonlinearity.

The phase of the intermodulation products, figure 3.1(g), show clear transition from
only noise before reaching the surface, to well defined values even when the amplitude
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Figure 3.1: Cantilever motion and amplitude spectra while free from (a and c) or en-
gaged to (b and d) a PMMA surface. (e) shows amplitude (zoomed in f) and (g) the
phase at the two driven frequencies and at some of the intermodulation frequencies as
the probe approaches and retracts from the surface. Line colors matches the colors of
the filled circles in amplitude spectra.
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is small. The phase changes faster with approach distance for higher order IMPs, an
observation first reported in Ref [70].

3.3 Imaging

Imaging in ImAFM has been performed analogous to single frequency AM-AFM. Feed-
back is used to control the probe height h such that the amplitude of the lower driving
frequency d̂[k1] is kept constant, typically around 75% of its free amplitude. The de-
flection signal along the slow scan direction is separated into pixels, such that the data
for one pixel corresponds to exactly one period of the drive beat as described above.

The result of one full scan is thus a feedback topography image h(x , y), and a
set of intermodulation amplitude images |d̂[k; x , y]| and phase images φ[k; x , y] =
arg{d̂[k; x , y]}, one for each intermodulation product measurable above the noise floor.
A multifrequency lock-in amplifier was designed and implemented [71] to excite the
system with the two required drive frequencies and measure the amplitude and phase
of 32 frequencies in the response. One ImAFM scan file with 32 amplitude and 32
phase images can be stored in roughly 25 MB. Storing each single time sample for the
same scan would produce files of several GB in size, with the extra data being noise.

Figure 3.2 shows the amplitude and phase images at the drive frequencies and a
subset of the stored IMPs for a sample containing a blend of polystyrene (PS) and low
density polyethylene (LDPE) (sample purchased from Bruker Nano Inc.). Notice that
the amplitude at f1 (Drive 1) constitutes the error of the feedback signal, and thus has
a low contrast. The other amplitudes and phase images show large contrast between
the LDPE (circular domains) and the PS matrix.

3.4 Contrast in intermodulation images

To measure the ability of the IMP images to discriminate different surface materials,
we want to quantify the contrast obtained in each intermodulation image. Toward this
goal we can make use of a simple binary material systems such as the PS-LDPE sample.
For each image we calculate the pixel histogram of response values x and then fit a
model containing the sum of two normal distributions

f (x) = p
1

σ1

p
2π

e
− (x−µ1)

2

2σ2
1 + (1− p)

1

σ2

p
2π

e
− (x−µ2)

2

2σ2
2 (3.7)

each with mean value µ and standard deviation σ. High contrast intuitively implies
that the separation of mean values is large compared to the width of the Gaussian
distributions. A metric for the contrast c with this property is

c =

√

√

√
(µ1 −µ2)2

σ2
1 +σ

2
2

. (3.8)



34 CHAPTER 3. INTERMODULATION AFM

Am
p.

 (n
m

)

Drive 1

7.6

30.3

Ph
as

e 
(r

ad
)

−2.1

0

Drive 2

7.6

29.3

−1.2

0

0.5

IMP3L

0.1

8.7

−2.5

0

1.4

IMP3R

0.4

9.2

−π

0

π

Am
p.

 (n
m

)

IMP5L

0.0

6.5

Ph
as

e 
(r

ad
)

−π

0

π

IMP5R

0.2

8.0

−π

0

π

IMP7L

0.0

4.2

−π

0

π

IMP7R

0.0

6.0

−π

0

π

Am
p.

 (n
m

)

IMP9L

0.0

2.8

Ph
as

e 
(r

ad
)

−π

0

π

IMP9R

0.0

3.6

−π

0

π

IMP11L

0.0

2.3

−π

0

π

IMP11R

0.0

2.2

−π

0

π

Figure 3.2: A subset of ImAFM amplitude and phase images of a PS-LDPE surface.
Drive 1 amplitude noticeably lack contrast as height feedback was used to keep that
amplitude constant. Other amplitude and phase images show large contrast up to high
IMP order. Scan size is 5 µm.
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This metric could be applied to each amplitude image |d̂|[k], however it is not suitable
for phase image arg{d̂[k]} which wraps around such that arg{e−iπ} = arg{eiπ}. Two
materials, one with response phase just above −π and another just below π would give
an artificially large contrast, although in reality the two materials are only separated by
a small angle. It is therefore better to calculate the contrast of the real and imaginary
images

d̂real[k; x , y] = Re
�

|d̂[k; x , y]|eiφ[k;x ,y]
	

(3.9)

d̂imag[k; x , y] = Im
�

|d̂[k; x , y]|eiφ[k;x ,y]
	

(3.10)

Thus two contrasts, creal and cimag, are obtained at each measured frequency.
The contrast for the PS-LDPE figure 3.2 a presented in table 3.1. The mean am-

plitude at each frequency has been included for reference. Although the amplitude
rapidly decreases for high order products, the contrast remains large for many of the
IMPs. Some IMPs, such as IMP3R and IMP7R in table 3.1 have even larger contrast than
at either drive frequency, despite having much smaller amplitude. This shows that the
contrast in intermodulation AFM is not simply a function of the force sensitivity (fig-
ure 2.4), it also depends on the nonlinearity which created the response.

3.5 Fisher’s linear discriminant analysis

Rather than obtaining a large number of images with different contrasts, one can ask
if there is a way to combine the observations into a single image in such a way that
the total contrast is maximized. This problem arises not only in AFM, but any time
where many specimens from different groups, or classes are measured, and each mea-
surement of a single specimen produces a vector of multiple observables. A solution to
this problem was first addressed by the mathematician and biologist Ronald Fisher [72]
in 1936 to discriminate different types of flowers based on measurements of various
flower properties. The vector

x= (x1, ..xm) (3.11)

is a measurement of m properties of one specimen, often called the feature vector. In
his original paper Fisher measured four features from Iris flowers: the sepal length,
sepal width, petal length and petal width [73]. In ImAFM a specimen is a single image
pixel and the features are the real and imaginary component of all, or a subset of, the
32 measured intermodulation frequencies (i.e. m can range up to 64).

Furthermore measurements come from two different types of specimen, or classes,
denoted C1 and C2. The method also extends to multiple classes, but for simplicity
that case is not described here. In Fisher’s original paper two different types of Iris
flowers were investigated, Iris setosa and Iris versicolor, while in ImAFM the classes
are different types of surface materials, such as PS and LDPE for the measurement in
figure 3.2. Several feature vectors x1 ... xN1+N2

are measured from different specimen
of the two classes, N1 feature vectors known to come from specimen of class C1 and
N2 feature vectors of class C2. This data set with known classification is called the
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Table 3.1: Contrast of different intermodulation products from PS-LDPE scan in fig-
ure 3.2.

Frequency (kHz) Mean amp (nm) creal cimag

Drive 1 279.8 24.71 8.8 0.4
Drive 2 280.3 26.28 3.4 9.3
IMP3R 280.8 4.59 11.4 1.9
IMP3L 279.3 3.95 4.8 6.5
IMP5R 281.3 2.80 6.8 3.2
IMP5L 278.8 2.31 5.0 1.3
IMP7R 281.8 1.59 1.7 15.1
IMP7L 278.3 1.22 1.8 6.1
IMP9R 282.3 0.91 4.2 2.0
IMP9L 277.8 0.58 2.9 5.3
IMP11R 282.8 0.57 7.3 0.0
IMP11L 277.3 0.27 1.3 2.7
IMP13R 283.3 0.38 2.6 2.9
IMP13L 276.8 0.17 2.3 2.0
IMP15R 283.8 0.23 1.6 3.3
IMP15L 276.3 0.09 1.1 1.6
IMP17R 284.3 0.12 1.3 2.0
IMP17L 275.8 0.05 0.7 1.3
IMP19R 284.8 0.07 2.0 0.2
IMP19L 275.3 0.04 0.9 1.4
IMP21R 285.3 0.04 1.9 0.0
IMP21L 274.8 0.04 0.5 1.3
IMP23R 285.8 0.03 1.4 0.2
IMP23L 274.3 0.03 0.2 1.6
IMP25R 286.3 0.02 0.4 0.0
IMP25L 273.8 0.02 0.9 0.3
IMP27R 286.8 0.02 0.3 0.0
IMP27L 273.3 0.02 0.0 0.3
IMP29R 287.3 0.01 0.2 0.0
IMP29L 272.8 0.01 0.1 0.3
IMP31R 287.8 0.01 0.1 0.2
IMP31L 272.3 0.01 0.0 0.2
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training data. Each feature vector can be projected from its m-dimensional space on to
a 1-dimensional line w to obtain a scalar

y =wT x. (3.12)

This projection is performed on each xn in the training data to obtain a set of N1 + N2
projections yn. The projected mean of class k is

µk =
1
Nk

∑

n∈Ck

yn (3.13)

and the projected within-class variance is

σ2
k =

∑

n∈Ck

(yn −µn)
2 (3.14)

Fishers criterion was to maximize the ratio of the projected between-class variance
(µ1 −µ2)2 to the projected within-class variance

J(w) =
(µ2 −µ1)2

σ2
1 +σ

2
2

, (3.15)

with respect to w (notice that we choose essentially the same metric, equation (3.8),
to quantify contrast of single IMP images). Borrowing notation from Bishop [74] the
solution can be expressed as

w∝ S−1
W (m2 −m1) (3.16)

where mk is the mean vector of class k

mk =
1
Nk

∑

n∈Ck

xn (3.17)

and SW is the total within-class covariance matrix

SW =
∑

n∈C1

(xn −m1)(xn −m1)
T +

∑

n∈C2

(xn −m2)(xn −m2)
T . (3.18)

Projection of the data with this transform w is called Fisher’s linear discriminant analy-
sis which we will refer to as LDA, although there also exists a slightly different method
also called linear discriminant analysis. In the latter the problem is simplified by as-
suming that the within-class covariance matrices are the same for each class.

In figure 3.3 LDA was performed on the PS-LDPE sample described above. Two
20x20 pixel regions are marked with boxes to denote the data used for training to cal-
culate w. The entire image was then projected to produce the images shown in (a) and
(b). In (a) the real and imaginary components of only the first drive frequency were
used as features (m = 2), while in (b) both driven frequencies and all 30 measured
intermodulation frequencies were included as well (m = 64). The histograms of the
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Figure 3.3: Linear discriminant analysis of PS-LDPE sample with Intermodulation AFM.
5 µm scan size.

projected images were obtained and the contrast metric (3.8) was calculated (see leg-
end of histogram). Including the second drive and IMPs in the analysis improved the
contrast by almost a factor of four. This comparison shows the dramatic improvement
going from regular AM-AFM with only two observables to Intermodulation AFM.

Figure 3.3(c) shows the contrast as a function of the number of features included
in the analysis. The features were included in increasing intermodulation order, as in
table 3.1, where each new point along the x-axis included all the features from the
previous point. The leftmost scatter point included only the first drive (m = 2), the
second point included both of the drives (m = 4), the third included all drives plus
IMP3L and IMP3R (m = 8), followed by also including IMP5L and IMP5R (m = 12)
and so on. The contrast improved up to IMP19 after which it levels off, indicating that
the highest order IMPs are too noisy to contribute to improved material discrimination
in this case.

In the appended Paper VI similar analysis is performed on bimodal AFM in which
the cantilever was excited with one frequency at each of two separate eigenmodes
and intermodulation tones between these drives were analyzed. It is concluded that a
large improvement in contrast is possible by analyzing intermodulation products also
in bimodal drive compared to regular bimodal imaging.

3.6 Black box modeling tools

In Fisher’s discriminant analysis the mapping of input (surface material, PS or LDPE) to
output (intermodulation spectrum) is analyzed without any knowledge of the physical
properties of AFM such as dynamics of the cantilever, the tip-surface force, frequency
mixing etc. Analysis is based only on the measured response output of the system to
known inputs. Modeling a system in this way is often called black box modeling, as
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opposed to what is sometimes called white box modeling in which one aims to carefully
describe each sub-part of the system, ideally from first principles, to unveil the relation
between outputs and inputs. In practice, most systems are often modeled somewhere in
between these two extremes which is sometimes called gray box models. While white
and gray box models often provide a greater degree of interpretation or understanding
of the result, black box models can be very useful for complex systems for which the
underlying physics is poorly understood.

Black box modeling applied to multifrequency AFM was pioneered by Jesse and co-
workers who used principle component analysis (PCA) on band-excitation AFM data
[75] and also a supervised machine learning algorithm based on neural networks to
classify bacteria [76]. Here we describe some black box modeling tools and apply them
to ImAFM data in figure 3.4. The sample is a 7µm×7µm scan of a blend of polystyrene
and poly(methyl methacrylate) surface (PS-PMMA) spin-coated on a silicon substrate.
The sample was fabricated and measured with ImAFM by Daniel Platz for Ref [77]
(see for fabrication details), and this analysis is presented for the first time here. The
surface consists of PMMA-rich enclosures formed in PS-rich surrounding. Compared to
the previously described PS-LDPE sample, these two domains have much more similar
mechanical properties, and thus lower contrast in ImAFM images.

Principal component analysis (PCA) is a projection of multidimensional data, simi-
lar to the Fisher projection above, but with the aim to maximize the total variance [78].
The principle component axis can be said to be the axis which best explains the data.
After the principle axis has been found a second axis can be found, orthogonal to the
first and having the next-largest variance. If this process is continued a new orthogonal
basis set is obtained with the same dimensionality as the original data. PCA can be
used for dimensionality reduction by keeping only the first few principal components,
for example in order to display a multi-dimensional data set on a 2-dimensional scatter
plot.

As the amplitudes at the two drive frequencies in ImAFM are much larger than the
amplitudes at the intermodulation frequencies they will naturally have larger absolute
variance. Thus, the first PCA component will be dominated by response only at the
drives, and the applicability to PCA analysis in ImAFM will be limited. The top two rows
of figure 3.4 show the first PCA component as well as the LDA projection. Inclusion of
the second drive and intermodulation frequencies (right column) increases the contrast
of both the PCA and LDA image, but the LDA projection clearly results in a higher image
contrast.

A common use of black box models is for classification. In classification one does
not want to project the data onto a continuous variable, but rather determine to which
of k classes each data point belongs. The linear discriminant analysis above is used for
classification by choosing a threshold value y0 along the projection axis. If the projected
y ≤ y0 the data point is classified as belonging to C1, otherwise C2. The optimal choice
of y0 requires knowledge of the class distributions, but a good approximation is the
mid-point between the two means y0 = µ2 −µ1.

LDA is a so-called supervised learning algorithm, as the training input is needed
to "teach" the classifier. There also exists a large selection of un-supervised learning
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algorithms for classification, so-called clustering algorithms. One such method is k-
means clustering in which one aims to separate N data points x1 ... xN into k clusters
such that the square of the distance from each xn to its corresponding cluster center
µk is minimized [74]. Introducing rnk to code rnk = 1 if xn belongs to cluster k, and 0
otherwise, the quantity to minimize is

J =
N
∑

n=1

K
∑

k=1

rnk||xn −µk||2. (3.19)

There exists no easy solution to this minimization. The k-means algorithm finds a
solution iteratively, using randomly selected data points from xn as the starting cluster
centers.

The lower two rows of plots of figure 3.4 show the result of classification into two
classes using either LDA or k-means. Clearly, the classifications found with these algo-
rithms are dramatically improved when data for all frequencies are used. As one could
expect, the supervised LDA fairs slightly better than k-means as additional information
(regions for the training data) was provided. Here k-means, as well as PCA and LDA
was computed using the Python machine learning library scikit-learn version 0.14 [79].

It should be stated that the sample in figure 3.4 was purposely selected to show
these effects. For many samples, such as for the PS-LDPE sample, the contrast in the
raw data is high enough that clustering is "perfect", even when only data at a single
frequency was analyzed. For other samples the contrast in the raw data was too low
for any of the classification algorithm to give a convincing result. In these cases black
box modeling is too limited and one must aim for better understanding of the physical
properties of the system, as will be described in chapter 4.

3.7 Alternative feedback schemes

For a given measurement time (pixel rate) ImAFM obtains much more data than any
other mode of dynamic AFM. However, we find that a comparable quality of surface
tracking can be achieved when the scanning speed is slightly reduced below that of
AM-AFM. A reason for this might be that the feedback bandwidth is forced to operate
at the pixel rate. If less than one beat is analyzed for a feedback signal, spectral leakage
would lead to crosstalk between the amplitude at f1 and other frequencies. To mitigate
this effect a sliding window was implemented to calculate the feedback signal, which
is updated 256 times during each pixel.

Understanding and optimization of feedback in intermodulation AFM is however
far from complete. The added observables should allow for much complex feedback
algorithms in the years to come. Here we present two simple extensions to the single
amplitude feedback scheme, where the error signal is based on the response at more
than one frequency in the spectrum. These schemes are still limited to feedback on
complete beats.

A suitable feedback error signal should be a monotonous function of tip-surface
separation. An error signal EFB comprising the sum of the amplitude at the two drive
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Figure 3.4: Comparison of various black-box analysis methods applied to the same
ImAFM data from a 7 µm scan of a PS-PMMA blend. From top: principal compo-
nent analysis (PCA); linear discriminant analysis (LDA), white and black squares de-
note data used for training the algorithm; LDA classification obtained from comparing
transformed values to threshold, one class is green other blue; k-means class, an un-
supervised clustering method. All methods were applied to the quadrature response at
the first drive frequency (Single freq.) and to response at 32 frequencies (All freqs.).
Contrast and ability to classify greatly improved for all methods when the whole spec-
trum was analyzed.
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frequencies
EFB = |d̂[k1]|+ |d̂[k2]| − setpoint (3.20)

appears to have this property. Neither of the two driven amplitudes are completely
monotonous as is evident in figure 3.1. However, where one has a maximum, the other
has a minimum, which can be understood for a linear tip-surface interaction. The
cantilever first feels net attractive force from the surface. Approximating the attractive
force in (2.9) with+κsd leads to a new effective cantilever stiffness κ−κs, or a decrease
in the resonance frequency. This softening leads to an increase in amplitude at f1,
placed below the free resonance frequency, and a decrease in amplitude f2 placed above
the free resonance. As the cantilever is moved closer to the surface the tip-surface force
becomes net-repulsive and the effective stiffness and resonance frequency is increased.
The amplitude of f1 now decreases while f2 increases.

Another property often cited as being of importance for a good feedback signal in
AFM is high responsivity to change in the working distance, or a high slope in the error
signal as a function of approach height [80]. This property is fulfilled if one calculates
the error as the sum of the driven amplitudes minus the sum of amplitudes of one or
more IMPs

EFB = |d̂[k1]|+ |d̂[k2]| − |d̂[kIMP3L]| − |d̂[kIMP3H]| − |d̂[kIMP5L]|...− setpoint. (3.21)

The magnitude of these two feedback error signals (3.20) and (3.21) are presented
in figure 3.5 as a cantilever is slowly approaching a surface (same as figure 3.1). The
error signals are plotted for setpoint = 0 and normalized so that 100% corresponds to
the free cantilever. Drive 1 amplitude is included for comparison with the currently im-
plemented feedback scheme in ImAFM. Three cases of (3.21) are shown with different
amount of IMPs are included. With more IMPs of higher order the slope is increased,
however, at the same time more noise is also added to the feedback loop which would
be detrimental to surface tracking.
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Chapter 4

Force reconstruction

IN SPITE OF THE NAME, THE ATOMIC FORCE MICROSCOPE does not image the force be-
tween the tip and the surface force while scanning. The tip-surface forces give rise
to the signal on which the AFM performs feedback to obtain the feedback height

image, but knowledge of the distance-dependence or even the magnitude of the force
is not typically obtained. For example, in quasi-static AFM only one point of the force-
distance curve is experienced by the tip, and thus the force-distance dependence re-
mains unknown. Dynamic modes oscillate through a continuum of points of the force-
distance curve many times at each pixel and therefore knowledge of the force-distance
dependence is possible to obtain. Nevertheless, single frequency AFM methods result
in only two observables for each pixel, clearly insufficient data to describe an arbitrary
tip-surface force.

In this chapter we explain the reason for this limited data (section 4.1) and we
demonstrate how intermodulation can be used to circumvent these limitations. A de-
scription of the motion and force in ImAFM as narrow-band envelopes and the concept
of force quadrature curves is presented in section 4.3 and section 4.4 (first presented
in Paper IV). A method to numerically obtain the tip-surface force from multifrequency
AFM measurements, and specifically intermodulation AFM measurements, is then de-
scribed and studied (section 4.5 and forward). This method was first published in
Paper I and was applied in paper II III and V, but is more thoroughly discussed here.

4.1 Force reconstruction without noise

With calibration of the linear transfer function χ̂ and by inferring the drive force Fdrive
from the free oscillation dfree (equation (2.11)) the Fourier transform F̂TS(ω) of the
tip-surface force can be solved from equation (2.2)

F̂TS(ω) = χ̂
−1(ω)

�

d̂(ω)− d̂free(ω)
�

. (4.1)

Using the inverse Fourier transform the implicit time-dependent tip-surface force FTS(t)
is obtained. Assuming that the tip-surface force depends only on the tip position, plot-

45
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ting FTS(t) against d(t) gives a graphical representation of the force curve. The tip-
surface force is thus reconstructed from the measured deflection. For a non-conservative
tip-surface force depending for instance on velocity or tip position history, a force ver-
sus deflection graph might be an insufficient representation. Furthermore, an even
smaller domain of the entire phase space of the tip-surface force is probed in one mea-
surement, for instance, not all combinations of velocities and positions are probed for
a sinusoidally oscillating cantilever. Nevertheless, even in these cases FTS(t) is known
at any point in time and the tip-surface force throughout the experiment can be said to
be known.

The left panels of figure 4.1 demonstrate this direct force reconstruction. A can-
tilever (Q = 300) was simulated using the simple harmonic oscillator model (2.9) with
the tip-surface force described by the DMT model equation (2.32) with an effective elas-
tic modulus of 1 GPa, corresponding to the elastic modulus of a thermoplastic material
such as PMMA. The cantilever was driven with a single frequency on resonance and a
high free oscillation amplitude of 25 nm, such that intermittent contact was obtained,
simulating AM-AFM in the tapping regime. Due to the sharply peaked χ̂ the deflection
amplitude on resonance dominates over any higher harmonics by about three orders of
magnitude. However, using (4.1) we see that the spectrum of the tip-surface force F̂TS
has large response also at harmonics of the drive frequency. More than 10 harmonics
are within a factor of two in amplitude of the fundamental. In the bottom-most panel
the reconstructed FTS(t) is plotted against d(t) (blue dots) and it is a good match to the
actual tip surface used in the simulation (black line). This force reconstruction method
is not limited to single frequency drive or the simple harmonic oscillator model of the
cantilever. In Paper V we apply it to a simulation of a cantilever driven with four tones
at four different eigenmodes, for the purpose of ensuring that our numerical simulation
had low error.

In a real experiment however, this direct force inversion method is not feasible due
to the presence of detector noise. In the right panels of figure 4.1 detector noise with
a realistic magnitude for AFM experiments was added to the deflection signal. The
noise level is so small in comparison with the maximum signal amplitude (i.e. large
dynamic range ≈ 3×104), that the signal in the time domain would appear unaffected
by the addition of noise. In the frequency domain the effect becomes apparent. Only
a few harmonics are now visible above the noise floor. Upon applying equation (4.1)
all the noise far off resonance becomes enhanced and the reconstructed force curve
completely fails to describe the simulated tip-surface force. In the lower right hand
panel the y-axis has been limited to show the simulated force curve, most of the data
points for the reconstructed force fall outside the plotting range.

Some improvements can be obtained by using a comb filter to select data only at
frequencies where the deflection signal is above the noise floor (green dots in figure 4.1)
when calculating the force. The resulting filtered tip-surface force is at least of the same
order of magnitude as the simulated force, but sharp features of the tip-surface force
curve can not be accurately reconstructed as only a few harmonics are measurable
above the noise floor.

In conclusion, it is the presence of detector noise which limits the ability to recon-
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Figure 4.1: Reconstruction of tip-surface force through inverse transfer function
method from a simulation of AM-AFM. Without detector noise the correct tip-surface
force is obtained, with detector noise the method fails.
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Figure 4.2: Motion and force spectra for cantilever excited in Intermodulation AFM
drive scheme, near a PMMA surface. Partial spectra marked with green circles.

struct tip-surface force from the inverse of the transfer function. Nevertheless under
some circumstances the above force reconstruction has been applied experimentally
[45, 46] using softer, low Q cantilevers. Another alternative to obtain more harmonics
is to excite the cantilever at a frequency much lower than its resonance frequency, such
that the harmonics are not dampened by the cantilever resonance. In appended Pa-
per II this method is simulated and some artifacts are demonstrated, arising from soft
cantilevers.

4.2 Motion and force spectra in ImAFM

The top panel of figure 4.2 shows a measured broad band spectrum of a cantilever
driven with the ImAFM drive scheme when the cantilever is engaging a PMMA surface
(same data as figure 3.1). As in the single frequency simulations above, these exper-
iments show weak response around the second and third harmonics of the two drive
frequencies. The harmonic response is at least two orders of magnitude lower than the
response near resonance. In contrast to the single frequency case, the dual-tone drive
produces many intermodulation products near resonance which exceed the noise floor.
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Filtering the spectrum to include only the strong Fourier coefficients near resonance,
or using a lockin amplifier to measure only at these frequencies, yields a partial motion
spectrum (green dots in figure 4.2)

d̂partial[k] = Ω̂[k]d̂[k] (4.2)

where it is assumed that d(t) is periodic on T = 2π/∆ω and therefore described by
the Fourier series d̂[k]. Ω̂ is the comb filter

Ω̂[k] =
§

1 for ”included” frequencies
0 elsewhere (4.3)

In this case for example, Ω̂= 1 for the frequencies marked with green dots in figure 4.2
(and for their corresponding negative frequencies), that is the IMPs near resonance
with an amplitude higher than the noise floor. As the partial motion spectrum included
most of the strong response, it is a good approximation of the real motion d(t)

FT−1
�

d̂partial[k]
	

(t) = dpartial(t)≈ d(t). (4.4)

where FT−1{·}(t) denotes inverse Fourier transform.
Using (4.1) we calculate the spectrum of the tip-surface force which is displayed

over a broad frequency band in the lower panel of figure 4.2. Off resonance the force
spectrum is dominated by noise. A partial force spectrum can be defined from the
partial motion spectrum

F̂TS,partial[k] = Ω̂[k]F̂TS[k] = Ω̂[k]χ̂
−1(k∆ω)

�

d̂[k]− d̂free[k]
�

. (4.5)

The weak, but detectable harmonics in the measured motion show that, like the
simulations above, the actual F̂TS contains strong force components at high frequencies.
Thus, in contrast to the partial motion spectrum, the partial force spectrum is not a good
approximation of the true force

FT−1
�

F̂TS,partial[k]
	

(t) = FTS,partial(t) 6≈ FTS(t), (4.6)

but in contrast to single frequency AFM, F̂TS,partial contains many observables which can
be used to reconstruct the tip-surface interaction.

4.3 Motion and force envelopes

The partial motion and force spectra have interesting time-domain representations as
described in paper IV. If the spectra are narrow-band, that is, they consist of a super-
position of tones in a band with a center frequency much greater than the width of
the band, they can be described in the time domain as a fast oscillating carrier tone of
frequency ω̄, modulated by a slowly-varying amplitude Ad(t) and phase φd(t).

dpartial(t) = Ad(t) cos (ω̄t +φd(t)) , (4.7)
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where the time dependence of Ad(t) and φd(t) are slow on the time scale of 1/ω̄.
Rewriting the above equation in complex form

dpartial(t) =
1
2

Ad(t)e
iφd (t)eiω̄t +

1
2

Ad(t)e
−iφd (t)e−iω̄t (4.8)

we separate the fast and slow timescales into a carrier oscillating at ω̄ and a slowly
varying complex envelope which we call d̃

d̃(t) =
1
2

Ad(t)e
iφd (t) (4.9)

The complex envelope can be obtained from the measured dpartial(t) through demodula-
tion. The signal is multiplied with e−iω̄t , corresponding to a convolution with δ(ω−ω̄)
in the frequency domain, or down-shifting of the partial spectrum by ω̄. As dpartial(t)
contains a component at −ω̄, which will be down-shifted to −2ω̄, the result must also
be low-pass filtered.

d̃(t) = LP
�

dpartial(t)e
−iω̄t

	

(4.10)

= LP
§

Ad(t)
1
2

�

eiω̄t+iφd (t) + e−iω̄t−φd (t)
�

e−iω̄t
ª

(4.11)

= LP
§

Ad(t)
1
2

�

eiφd (t) + e−2iω̄t−φd (t)
�

ª

(4.12)

=
1
2

Ad(t)e
iφd (t). (4.13)

where LP denotes operation with a low-pass filter. It is assumed that this filter has the
ability to completely remove signal around the high negative frequency −2ω̄, while
retaining the signal around DC.

In practice we do not perform this calculation in the time domain but directly in
the frequency domain followed by inverse Fourier transform to obtain the time domain
envelope (see figure 2 of paper IV). Assuming as before that dpartial(t) is periodic on

2π/∆ω the Fourier series of the envelope ˆ̃d[k] is formed from the Fourier components
of the partial spectrum shifted by k̄ = ω̄/∆ω (frequency shift) taking only the positive
frequencies of d̂partial[k], which form the down-shifted frequencies around zero (low-
pass filter)

ˆ̃d[k− k̄] = d̂partial[k], for k > 0. (4.14)

The time dependent envelope

d̃(t) = FT−1
¦ ˆ̃d[k]

©

(t) (4.15)

will be complex as Fourier components at negative k are not necessarily the complex

conjugate of the components at the corresponding positive ˆ̃d[k] 6= ˆ̃d∗[−k].
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The real-valued amplitude and phase modulations are

Ad(t) = 2|d̃(t)| (4.16)

and
φd(t) = arg(d̃(t)). (4.17)

Figure 4.3 shows the partial motion for the free and engaged cantilever with rapid
oscillations in blue. The amplitude modulation Ad is displayed in solid red, and can be
seen to follow the amplitude envelope of the modulated signal. The phase modulation
φd is displayed in dashed red. The same demodulation procedure can be performed on
the partial force spectrum (4.5) to obtain the complex envelope of the tip-surface force

F̃(t) = LP
�

FTS,partial(t)e
−iω̄t

�

= A f (t)e
iφ f (t). (4.18)

The time evaluation of the phase of the motion and force envelopes, φd(t) and φ f (t)
are shown in figure 4.3.

Two physically interesting quantities are the force FI that is in-phase with the motion
and the force FQ that is quadrature (phase shifted by 90o to the motion). In-phase
force is the result of a conservative tip-surface interaction, while the quadrature force
is dissipative. We form these two quantities by subtracting the phase of the motion
from the phase of the force to obtain a real (in-phase) and imaginary (quadrature)
force envelopes.

FI (t) = Re
�

A f eiφ f e−iφd
�

(4.19)

FQ(t) = Im
�

A f eiφ f e−iφd
�

(4.20)

One question not yet discussed is how one should choose the frequency ω̄, with
which the partial spectrum is down-shifted. For a perfect free beat, containing only the
sum of two cosines with equal amplitude we find analytically

dfree(t) = A(cos(ω1 t) + cos(ω2 t)) = 2Acos
�ω1 −ω2

2
t
�

cos
�ω1 +ω2

2
t
�

(4.21)

and thus a suitable ω̄ is
ω̄=

ω1 +ω2

2
. (4.22)

If the surface only slightly perturb the motion one can assume that the engaged motion
has a similar center frequency. Therefore the choice (4.22) was used to generate figure
4.3. However, if the same demodulation is performed but with a slightly detuned carrier
frequency ω̄+ω∆, the motion envelope will acquire an additional linear slope to the
time-dependent envelope phase φd(t)

d̃(t) = LP
�

Ad(t)
1
2

�

eiω∆ t+iφd (t) + e−2iω̄t−iω∆ t−φd (t)
�

�

(4.23)

=
1
2

Ad(t)e
i(φd (t)+ω∆ t), (4.24)
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Figure 4.3: Motion and force envelopes. Blue is the rapidly oscillating signal, dashed
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phase envelope. The phase of the force envelope is drawn in light color for A f (t) <
0.1 nN. Red curves are the real (FI ) and imaginary (FQ) part of the force envelope. FQ
appears more noisy as it is lower in magnitude and is displayed on a different scale.
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assuming that ω∆ is small such that the low-pass filter does not remove it. The com-
plex force envelope will also acquire the same phase slope, and therefore the force
quadratures remain unaffected

FI (t) = Re
�

A f ei(φ f +ω∆ t)e−i(φd+ω∆ t)
�

= Re
�

A f eiφ f e−iφd
�

(4.25)

FQ(t) = Im
�

A f ei(φ f +ω∆ t)e−i(φd+ω∆ t)
�

= Re
�

A f eiφ f e−iφd
�

. (4.26)

It is however important that both d̂partial and F̂TS,partial are demodulated with the same
frequency ω̄.

4.4 Force quadrature curves

The relation between the complex force envelope F̃ and the complete tip-surface force
is discussed in detail in paper IV as well as in Ref [20] and briefly restated here. The
tip-surface force during one rapid oscillation Tfast = 2π/ω̄ in the interval [t0, t0+ Tfast]
can be fully described by the Fourier series

Ffast(t) =
∞
∑

k=−∞

F̂fast[k]e
ikω̄t (4.27)

where Ffast[k] are the complex Fourier components

F̂fast[k] =
1

Tfast

∫ t0+Tfast

t0

FTS(t)e
−ikω̄t d t. (4.28)

As the tip-surface force is a real function, Fourier components at negative frequen-
cies will be the complex conjugate of the corresponding positive frequencies F̂fast[k] =
F̂∗fast[−k].

The partial force is

FTS,partial(t) = F̃(t)eiω̄t + F̃∗(t)e−iω̄t (4.29)

using the force envelope F̃ from above. Comparing (4.27) and (4.29) we see that

F̃(t0) = F̂fast[1] (4.30)

if F̃(t) is approximated by the constant F̃(t0) in [t0, t0 + Tfast]. This approximation is
valid if the signal has a narrow frequency band.

Assuming that the tip-surface force is a function of the tip and surface positions
d + h − z0 = d +WD and the tip velocity ḋ, and that in a single fast oscillation cycle
d = Ad cos(ω̄t) (4.28) becomes

F̃(t0) =
1

Tfast

∫ t0+Tfast

t0

FTS(Ad cos(ω̄t) +WD,−ω̄Adsin(ω̄t))e−iω̄t d t. (4.31)
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Figure 4.4: Force quadratures versus amplitude on polystyrene (blue) and low density
polyethylene (red). The Drive 2 amplitude image is shown with the pixels used to
calculate the curves marked with correspondingly colored crosses. Image scan size was
1 µm.

We note that F̃(t0) = f (Ad ,WD, ω̄) and therefore that the force quadratures are func-
tions of the probe height, the oscillation amplitude and the rapid oscillation frequency.
During one beat in an ImAFM measurement ω̄ and WD are assumed to be constant,
while the amplitude Ad is varied from near zero to a maximum amplitude and back.
Thus, for each pixel the curves FI (Ad) and FQ(Ad) are obtained.

The partial spectrum d̂partial[k] is fully described by the non-zero complex ampli-
tudes at the frequencies included in the comb filter. In our experiments for instance,
we used 32 frequencies around resonance. Therefore, all information in the envelopes
d̃(t) and F̃(t) can be fully described by 32 complex values, meaning in turn that FI (Ad)
and FQ(Ad) are fully described by 32 points each. Figure 4.4 displays FI (Ad) and FQ(Ad)
for two different materials, polystyrene (PS) a stiff polymer and low-density polyethy-
lene (LDPE) a soft rubbery polymer. The dots are the 32 data points directly obtained
from the down-shifted spectrum, while smooth lines curves were interpolated using
zero-padding [69].

Both FI -curves have a positive peak, which corresponds to attraction between the
tip and the surface. In the stiff material the sign of FI eventually becomes negative,
corresponding to a net repulsive force between the tip and the surface. The dissipative
quadrature force is smaller than the conservative, making it more sensitive to noise. As
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one might expect the dissipative force is larger for the LDPE than for PS. The dissipative
force FQ is always negative, meaning that, energy is only dissipated into the surface and
the cantilever never gains energy from interacting with the surface. All curves show
very little hysteresis, implying that the assumptions leading to (4.31) are valid for the
tip-surface interaction in these materials.

These force quadratures are a direct interpretation of the observable signals in the
ImAFM measurement, the partial motion and force. They represent a direct transforma-
tion of the ImAFM data using only the calibrated transfer function. The only assumption
is narrow band motion, or the separation of time scales. We believe these FI and FQ
curves constitute a powerful method for understanding material properties in dynamic
AFM. However, understanding the full, rather than the partial, tip-surface force is also
needed. In the following section we will see how, with additional assumptions, the
partial force measurement can be used to reconstruct the full tip-surface force.

4.5 Force reconstruction by spectrum fitting

In this section we describe an algorithm to obtain the full tip-surface force from the
partial spectrum. The algorithm is based on fitting of an arbitrary model force to the
measured data in the Fourier domain. We published this method for analysis of inter-
modulation AFM data in paper I and it was applied in papers II, III and V. In this section
the tip-surface force is described as depending only in d for simplicity, but the method
applies to other dependence (e.g. dependence on ḋ) as long as the motion remains
periodic.

If the tip-surface force as a function of deflection FTS(d) was known a priori, and
the cantilever deflection could be measured without noise, there would be two ways to
calculate the tip-surface force components F̂TS[k]: Through equation (4.1) using the
inverse transfer function of the cantilever and the noise free motion, or evaluation of
FTS(d(t)), followed by Fourier transform. Both calculations would yield the same result
for all frequencies,

FT {FTS (d(t))} [k]− χ̂−1(k∆ω)
�

d̂[k]− d̂free[k]
�

= 0. (4.32)

where FT{·}[k] denotes Fourier series operator and the motion is periodic in T =
2π/∆ω. In a real experiment there will be detector noise, giving an error in the second
term as was seen in section 4.1. Furthermore, FTS(d) is not known a priori, and in fact
the purpose of the method is to reveal it. Let us rather assume a model tip-surface
force FTS,model(d;p) with a set of free parameters p = (p0, p1, ...). The model should
accurately approximate the real tip-surface force for some optimal parameter values
popt

FTS(d)≈ FTS,model(d;popt). (4.33)

Our goal is to obtain these optimal parameters from the measurement. If for example
the tip-surface force is assumed to follow the DMT model equation (2.32) the param-
eters to fit would be p = (E∗, Fmin, a0, h), the effective elastic modulus, the adhesion
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force, the interatomic distance and the height of the cantilever over the surface respec-
tively.

We reformulate (4.32) into

FT
�

FTS,model(d(t),p)
	

[k]
︸ ︷︷ ︸

F̂TS,model

− χ̂−1(k∆ω)
�

d̂[k]− d̂free[k]
�

︸ ︷︷ ︸

F̂TS,cantilever

= ε̂[k;p]. (4.34)

The two terms on the left hand side of equation (4.34) are not necessarily equal and
their difference gives residual ε̂ which depends on both frequency and the model pa-
rameters.

Addressing first the frequency dependence: At frequencies for which the cantilever
motion does not exceed the detector noise floor, F̂TS,cantilever carries no meaningful in-
formation about the tip-surface force and there would be no point in fitting the model
at these frequencies. We therefore apply the comb filter Ω̂[k], from equation (4.3), on
ε̂ and calculate a total error E which ignores frequencies with low SNR.

To obtain a positive, real error E from the complex ε̂ we use the following sum

E2(p) =
∞
∑

k=0

Re
�

Ω̂[k]ε̂[k;p]
	2
+ Im

�

Ω̂[k]ε̂[k;p]
	2

. (4.35)

As d(t) is real, the negative frequency indices in the Fourier series will be the complex
conjugate of the positive frequencies and contribute no additional information.

In real experiments we only measure d̂[k] at the frequencies with expected good
SNR, or the partial spectrum. Therefore a slight modification of (4.34) is used

d̂partial[k] = Ω[k]d̂[k] (4.36)

dpartial(t) = FT−1
�

d̂partial[k]
	

(4.37)

FT
�

FTS,model(dpartial(t),p)
	

[k]
︸ ︷︷ ︸

F̂TS,model

− χ̂−1(k∆ω)
�

d̂partial[k]− d̂free[k]
�

︸ ︷︷ ︸

F̂TS,cantilever

= ε̂[k;p]. (4.38)

where (4.36) and (4.37) are re-stated for clarity. Assuming that the partial motion is an
accurate representation of the true motion (equation (4.4)) and that the force model
can accurately describe the true tip-surface force for some parameter values p = popt
(equation (4.33)), the error E(popt) will be near zero. It seems unlikely that the error
should remain small for p 6= popt as the model would no longer approximate the true
tip-surface force. Therefore we hypothesize that popt can be obtained by minimizing E2

with respect to p
popt = arg min

p
E2(p). (4.39)

where popt are the parameter values for which the model force is most similar to the
actual tip-surface force.
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4.6 Verification with simulations

The hypothesis is: That a global minimum in E exists, and that this minimum corre-
sponds to the parameters for which the model optimally describes the real tip-surface
force. Validity of this hypothesis clearly depends on the specific tip-surface force model.
Rather than attempting to prove the hypothesis analytically in a general sense, which
would be very difficult, or analytically for a specific force model, which would have
limited use, we have chosen to study the force reconstruction algorithm numerically.
Numerical methods allow different force models to be easily tested. To verify the pos-
sibility of correct force reconstruction, we apply the algorithm to simulated data with a
known tip-surface force of realistic parameters, and we also investigate the parameter
dependence of E.

We simulated an AFM cantilever ( f0=300 kHz, Q=300, k=20 Nm−1) using the
simple harmonic oscillator model (2.9). The drive force consisted of two tones at f1 =
299.5 kHz and f2 = 300.5 kHz. The amplitudes were chosen such that the maximum
peak-to-peak oscillation for the free motion was 40 nm. The tip engaged a surface
described with the DMT model (a0 = 1 nm, Fmin = 2 nN, E∗ = 2 GPa) positioned 16 nm
below the center of cantilever oscillation (WD = 16 nm). We call these parameter
values the true parameters. To the simulated deflection dtrue we added white detector
noise with a realistic noise level corresponding to AFM experiments. From the spectrum
of this noisy signal dnoisy we formed the partial motion d̂partial using equation (4.2) and
by including the two drive tones and 15 IMPs on each side of the comb filter.

Figure 4.5(a) shows the spectra for dtrue (gray), dnoisy (black) and dpartial (green
dots). Response at the second and third harmonics fell below the noise floor. In fig-
ure 4.5(b) the gray and black force spectra are F̂TS,cantilever calculated from the inverse
transfer function either with noise (gray) or without (black). The red dots show the
spectrum calculated from the fitted tip-surface force model F̂TS,model(popt) using the op-
timal parameters found after minimizing E with an iterative least-square solver (see
section 4.12) and with the model being the DMT. The frequencies included in the mini-
mization (frequencies included in Ω̂ (4.35)) are those in d̂partial marked with dark green
circles. Even though only data around resonance was used to obtain popt, F̂TS,model

matches the noise-free F̂TS,cantilever also around the second and third harmonic. The
bottom left panel shows good agreement between the fitted force (green) and simu-
lated (gray), as well as good agreement between the fitted and true parameter values
(see inset figure 4.5(c)).

In figure 4.5(d) the algorithm was applied to the same simulation data but with a
polynomial force model

Fpoly(d;p) =
N−1
∑

n=0

pnd2n+1, (4.40)

with N = 10 and the free parameters p0, p1...p9 fitted in the force reconstruction. As
all IMPs around resonance are of odd order, the spectrum contains information only
on the odd polynomial coefficients [81]. The algorithm returns an odd function about
d = 0. Assuming that the real tip-surface force is zero when the tip is away from the
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surface d ≥ 0, the even part of the force function can be assumed to be such that
it exactly cancels the odd force force d ≥ 0. Therefore, the tip-surface force will be
2Fpoly(d;popt) for d < 0 which is plotted in red and agrees well with the true force used
in the simulation (gray curve). Force reconstruction was thus possible even when a
different model force was assumed in the fit (polynomial) compared to the simulation
(DMT).

Figure 4.6 shows a systematic study of the error E as a function of the parameters of
the DMT model. As E is a scalar in a 4-dimensional space visualization of its minimum is
difficult. Instead we calculate the error as each parameter is individually swept through
their true value while keeping the other parameters constant. Three different E:s were
calculated using either the partial motion dpartial (green), the wide-band noisy motion
d (black), or the wide-band noise free motion dtrue (gray). These E:s correspond to
calculation of the error using either equation (4.38), (4.34) and (4.32) respectively.
The dashed vertical lines show the true parameter values.

For each of the parameters and each of the error calculations we found a minimum
near this line. A small deviation is seen in the green curve, which only uses data avail-
able in experiments. This deviation explains the error in the fitted parameter values
from the true in figure 4.5 and is due to deviation of the partial motion from the true mo-
tion. We require that all frequency components which are measurable above the noise
floor are included when defining the partial motion. As the black curve more closely re-
sembles the gray curve, we conclude that in this example some motion was significant
over the noise but was not included in d̂partial. Weak response is seen around the sec-
ond harmonic in figure 4.5(a), but upon further investigation we found that the largest
remaining frequency components not included in d̂partial were components around DC.
These should likely be included in the partial spectrum when performing the force re-
construction for improved result, especially if lower quality factor cantilevers are used
or if measurements are performed in water.

The plots in figure 4.6 represent 1-dimensional slices in the full 4-dimensional space.
In paper I and V we also perform 2-dimensional slices to reveal some of the correlations
between parameters.

4.7 Parameter imaging

Reconstruction of the tip-surface force in each image pixel of the AFM scan enables
the user to inspect pixels of interest to aid in understanding mechanical properties of
the surface. However, more useful is to perform the model fit in every image pixel
and present the parameter values as a new set of images p0[x , y], p1[x , y] etc. which
we call parameter images. Like the black-box tools used for dimensionality reduction,
such as PCA, the parameter images describe the measured data in fewer dimensions, for
instance only 4 parameters for the DMT model, compared to the 64 original dimensions.
But in contrast to the black-box methods, each of these parameter images have a direct
physical interpretation, such as the elastic modulus, adhesion force etc. Such parameter
images are demonstrated for a polymer blend of PS-LDPE in paper I and for a hard disk
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Figure 4.5: Force reconstruction on simulated ImAFM. Gray spectra are motion and tip-
surface force without detector noise. With detector noise (black) most of the response
near the second and third harmonic are below the noise floor. Using only the partial
spectrum d̂partial (red) the force model parameters are obtained by fitting FTS,model to
the measured noisy force spectrum. Even though the force is only fit for frequencies
near resonance, with the correct popt the spectum also matches at harmonics.
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Figure 4.6: Fit error E as a function of parameters for simulated data. For each graph
one parameter is changed (see x-axis) while the other three parameters are kept at their
true values.
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Figure 4.7: Error as function of number of free parameters in polynomial fit.

in paper III. The last result is also discussed in chapter 5 together with some additional,
previously unpublished, applications of parameter imaging.

To obtain full resolution parameter images the force reconstruction algorithm must
be executed for each pixel, typically 256×256= 65536 times. Therefore a considerable
amount of effort has been put into optimizing the algorithm with respect to computa-
tion time. In section 4.12 follows a description of these optimizations, as well as other
implementation details.

4.8 Nonconservative forces

The non-zero FQ seen in figure 4.4 tells us that the tip-surface force is not purely con-
servative. Figure 4.7 shows the size of the remaining error E when fitting the force
with increasing number of free parameters N . The data used is the marked PS pixel
in figure 4.4. First the purely conservative model equation (4.40) was fit (blue curve).
For N = 0 the tip-surface force FTS,model(d) = 0 was used. The error decreases rapidly
with increasing number of free parameters until five free parameters, where the error
levels off. Even though more freedom is available to the solver, no lower minimum can
be found.

For comparison a viscoelastic model with both distant-dependent conservative force
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and distant-dependent damping was fit to the same data

FTS,model(d;p) =
N/2−1
∑

n=0

p2n+1d2n+1 − ḋ
N/2−1
∑

n=0

p2nd2n. (4.41)

Again, only an odd polynomial representation of the conservative force can be fit to data
consisting of odd order intermodulation products. For the same reason, the odd-order
intermodulation spectrum is only sensitive to an even polynomial representation of the
distance dependent damping λ(d) =

∑N/2−1
n=0 p2nd2n, such that ḋλ(d) is odd. With this

combined conservative and dissipative force model, the error leveled off at N = 10 to a
value almost half of that obtained with the purely conservative force model (red curve
in figure 4.7). This reduction in E for the same number of fitted parameters N shows
that the viscoelastic model was able to better explain the experimental data. A purely
dissipative force function

FTS,model(d;p) = ḋ
N−1
∑

n=0

pnd2n. (4.42)

was also fit (green) showing that the error levels off with polynomial of degree four.
A viscoelastic polynomial model with five conservative terms and four damping terms
would thus likely be sufficient to explain this specific data.

The ability of the viscoelastic model to better explain the tip-surface force for differ-
ent materials is made apparent in figure 4.8 where the remaining error is displayed as
an image E(popt[x , y]). For the conservative model, figure 4.8(a), the error has a large
contrast between the two materials in the sample, with a significantly larger remain-
ing error on the soft LDPE. With the viscoelastic model, figure 4.8, the error is over all
reduced, and especially on the LDPE which now has lower average error than PS. The
material contrast is less prominent and the error level is closer to the fluctuations.

Parameter imaging of individual polynomial coefficients is not suitable for inter-
pretation of the tip-surface interaction. Preferably a model for the distance dependent
damping with parameters that can be related to material properties should be used. We
compare two dissipative force models to the polynomial in figure 4.9 where the elastic
term is assumed to follow the DMT model

FTS,model(δ) = FDMT(δ)− δ̇λ(δ) (4.43)

with two different distance-dependent dampings λ(δ).
A common model for the bulk properties of viscoelastic materials is the Kelvin-Voigt

model, modeling the strain-stress relationship with a linear spring and a linear damper.
In Ref [39] it was suggested that assuming the contact area and deformation from the
Hertz model, the Kelvin-Voigt model for a spherical tip indenting a flat surface would
become

λ(δ) =

�

0 for δ > 0
η
p

Rδ for δ ≤ 0.
(4.44)



4.9. VALIDITY OF FORCE MODELS 63

Conservative force model

(a) Error (nN)

0.00

0.40

Viscoelastic force model

(b) Error (nN)

0.00

0.40

Figure 4.8: Remaining error after parameter fit on a 1 µm ImAFM scan of PS (matrix)
LDPE (circular domain) polymer blend. (a) Conservative polynomial model equation
(4.40) and (b) Visco-elastic model equation (4.41). Both force models had the same
number of fitting parameters (N=12).

where η is the viscosity of the surface. This Kelvin-Voigt model is plotted in green
in figure 4.9 and it does not agree with the viscoelastic polynomial fit (blue). Better
agreement is obtained with an exponential decaying of the damping

λ(δ) = λ0e−δ/`. (4.45)

This model was used in AFM simulations in Ref [38] but is not derived from first prin-
ciples. The parameters λ0 and ` are not claimed to be related to viscosity, however
they allow for a qualitative understanding of the parameter images, where the λ0 im-
age reflects magnitude of damping and ` shows the spatial extent of the damping. As
mentioned in section 2.5, much more work is needed to fully understand and model
the different dissipative processess in AFM. Indeed, equation (4.41) has been criticized
as not being a physical representation of the tip-surface force for a viscoelastic material
[40]. Reducing the remaining fit error further will likely require force models qualita-
tively different from (4.41), such as hysteretic models or models which account for the
dynamics of the surface.

4.9 Validity of force models

Knowing which force models apply to which surface materials, and how the parameters
of the force models relate to the results obtained with other material characterization
tool lies outside the scope of this thesis. This important work is only now beginning as
we try to interest material scientists into using ImAFM and model based force recon-
struction. There are some rudimentary tests which are helpful in guiding the develop-
ment of a good force model.

If the parameters of the force model reflect actual surface properties, they should
not change as one is changing certain measurement conditions. In paper I we tested
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Figure 4.9: Force-distance and damping-distance curves for three different viscoelastic
force models. Viscoelastic polynomial (blue), DMT with Kelvin-Voigt damping (green)
and DMT with exponentially decaying damping (red).

the DMT model with Kelvin-Voigt damping by performing ImAFM approach curves on
poly(methyl-methacrylate) (PMMA), and calculating the parameter values along the
approach, figure 4.10(a). We found that for a large range of approach distances, the
conservative material parameters Fmin and E∗

p
R were constant. The dissipative param-

eter of the Kelvin-Voigt showed a noticeable slope, indicating that it did not correspond
to a constant physical property of the surface.

We also varied the drive force 4.10(b). Again Fmin was roughly constant, although
with large uncertainty, while E∗

p
R was deviating for small free oscillation amplitudes.

Although the penetration depth of the cantilever into the surface δpen (see equation
(4.51) in section 4.12) was expected to be a function of not only the material, but also
the experimental parameters, we found that it was almost constant as a function of
approach distance. However δpen depended almost linearly on the driving force (free
oscillation amplitude). That is, in order to penetrate the tip deeper into the surface in
dynamic AFM, it does not help to approach closer to the surface (lower the set-point),
one must increase the drive force. Simulations have also confirmed that this is a general
feature of dynamic AFM, applying equally well to single frequency AFM techniques AM-
AFM and FM-AFM. The conclusion is in agreement with theoretical results from Tamayo
et al. [35] and experimental findings from Bar et al. [82] on highly cross-linked PDMS.
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Figure 4.10: (a) Parameter values as a function of approach. (b) Parameter as a func-
tion of the drive force (free oscillation amplitude) for the range of WD marked in (a).
This figure is reproduced from Paper I and uses symbols as defined there. h, zpen, FvdW,
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4.10 Application to multimodal AFM

The force reconstruction algorithm applies not only to intermodulation AFM, but to
any mode of AFM for which equation (4.38) can be calculated. Force reconstruction
requires that the inverse linear transfer function of the cantilever χ̂−1 can be found,
that amplitude and phase at multople frequencies can be measured above the noise
floor and that the drive is constant and does not change when engaging the surface.
The last requirement means that the method applies to AM-AFM like measurements
but not FM-AFM where the drive signal is affected by the measured response through a
feedback (although it is possible that an analogous method can be found when the drive
signal is measured). To demonstrate the general nature of the force reconstruction we
performed force reconstruction on bimodal and multimodal AFM in Paper V.

Due to the lack of accurate calibration methods for higher eigenmodes, only simula-
tions were performed. The AFM was modeled using equation (2.8) with 4 eigenmodes
with mode properties taken from Ref [83]. The tip-surface force was taken to be a
function of the total deflection

d(t) =
4
∑

n=1

dn(t) (4.46)

as it seems rather unphysical that it should depend on the separate mode deflections
dn. It follows that the system of multiple eigenmodes obeys

d̂ = χ̂
�

F̂drive + F̂TS

�

(4.47)

with the linear transfer function

χ̂ =
4
∑

n=1

1
kn

1
ω2
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(4.48)

containing multiple poles and zeros. The drive force

Fdrive =
m
∑

n=1

Ancos(ωn t) (4.49)

contained one tone on either the first two modes only (m=2), or all four modes (m=4).
The comb filter Ω̂ in equation (4.35) was chosen such that it included only response
at the driven frequencies. Experiments in paper VI showed that significant response
can be obtained at intermodulation frequencies between the drives in bimodal and
multimodal AFM which would allow for more frequencies to be included in the fit. The
existing literature on bimodal and multimodal AFM is however limited to observation
only at the drive frequencies. We therefore investigated force reconstruction limited to
that case.

With only two observed frequencies, the bimodal drive was able to reconstruct a
force model with two free parameters, but it failed with more than two parameters.
The two measured tones give four observables (two amplitude and two phases) and
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thus it seemed that one could fix four unknown parameters of the tip-surface force. We
believe the reason only two parameters could be fit is that the force models tested were
conservative, so that the force must always be in-phase with the motion, thus restricting
the available phase space of the observables. With all four eigenmodes excited and
measured we were able to reconstruct all four parameters of the DMT model.

Figure 4.11 shows the result of the force reconstruction for (a) the bimodal drive
with Hertz tip-surface force and (b) the quadro-modal drive with DMT tip-surface force.
Each light blue curve is one of 100 separate force reconstructions in the presence of
noise. The dashed black curve was the true simulated force curve. Even though a small
systematic error is seen between the ensemble of reconstructed force curves and the
true force, the deviation between the two is typically below 1 nN.

Furthermore we studied the effect of two different ratios of drive amplitudes. Specif-
ically we compared the case where the drive was such that the energy stored in the
oscillation κnA2

free,n was equal for each mode n = 1,2, 3,4, to the case where the free
oscillation amplitude Afree,n was equal for each mode. We found that the force re-
construction was less sensitive to noise in the first case. This result was in general
agreement with earlier observations in bimodal AFM [84].

4.11 Other force reconstruction methods

Force reconstruction from dynamic AFM data is an extensively studied problem, and a
comprehensive review is not given here. We describe some of the work most relevant
to this thesis. Due to the limited number of observables in AM-AFM and FM-AFM, most
of the literature focuses on reconstructing the tip-surface force from approach data,
or multiple measurements of the observables as a function of probe height h. Notable
contributions in this field of include the work of Giessibl [85, 86], Dürig [87, 88], Sader
and Jarvis [89], and Katan et al. [90]. These methods work by inverting integrals
similar to equation (4.31). Measurement of approach curves are however slow and
therefore these methods are not conducive to high resolution imaging.

The increased number of observables in ImAFM allows for force imaging with reso-
lution and imaging speed comparable to single frequency AFM. Prior to the method in
section 4.5, Hutter et al. described force reconstruction of ImAFM data using polyno-
mial force models [81]. If the tip-surface force model is linear in its free parameters,
such as for a polynomial model, the optimal parameter values can be found by using
generalized inversion (or pseudo inversion) of a matrix instead of using an iterative
numerical solver as is the case in this thesis. For such models physical interpretation of
the parameters is however limited, which prompted us to develop the arbitrary model
method in section 4.5. Later work by Daniel Platz resulted in a model-free force re-
construction which is similar to the integral inversion methods mentioned above [91].
This work is described in detail in his PhD thesis [20]. Here we have focused on the
model based method as our purpose is to create an image of a few physically relevant
parameters.
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Figure 4.11: Force reconstruction from (a) bimodal AFM with Hertz tip-surface force
and (b) multimodal, four driven eigenmodes, with DMT tip-surface force. Light blue
is reconstructed force from 100 calculations with noise, dashed black is the true force
used in the simulation. Scale bars are 1 nN and 1 nm respectively. Figure reproduced
from Paper V.

Methods similar to the method of section 4.5 have been described in the field of
control theory for system identification of nonlinear systems [92]. There it has been de-
scribed as an inverse of the harmonic balance method [93, 94]. The harmonic balance
method is a well known method for approximating the solution to a known nonlinear
system [95], in the identification problem the solution is known (measured in the ex-
periment) and the system is unknown. Use of the method in AFM was suggested by
Sebastian et al. [96, 97]. They applied it to tapping mode, but were in practice limited
to three observables, the real and imaginary component at the drive frequency and the
DC component. These observables were not enough to fully fit a dissipative piece-wise
linear model containing five free parameters which they assumed for the tip-surface
interaction without additional assumptions. Unfortunately we did not appreciate the
similarity in the mathematics of this earlier literature with the method in section 4.5
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until after publication of the papers, therefore the appropriate references are missing.
Parameteric force reconstruction has also been demonstrated by Raman et al. [98]

for property imaging on live cells using response at the zeroth (DC component), first and
second harmonic of the drive. Herruzo et al. [55] demonstrated force reconstruction
from bimodal FM-AFM (four observables) for a specific force model by using fractional
calculus to analytically find expressions of the model parameters as a function of the
observables.

Our method extends on previous work by the use of an iterative solver, allowing for
nonlinear parameter dependence in the model, and most importantly, by utilizing inter-
modulation to obtain many more observables. Introduction of the comb filter Ω̂ when
fitting the model was therefore critical, so that only frequencies with good SNR (which
may be spread out in frequency space) are minimized. These extensions allowed the
minimization to be performed on experimental AFM data with realistic force models.

4.12 Implementation details

Here follows details of some of the issues addressed when implementing the model
based force reconstruction method (section 4.5).

Oversampling

The partial motion is represented by a sparse spectrum in the frequency domain, that
is, the complex Fourier coefficients are non-zero only for a few frequencies. To obtain
the time-domain representation an arbitrary amount of zeros can be appended to the
spectrum above the highest non-zero frequency. This is called zero-padding, or over-
sampling, as it results in interpolation of the signal in the time domain [69]. A number
of zeros could be added such that the time-step in dpartial(t) corresponds to the actual
time-step originally used when sampling the signal ∆t = 1/ fsampling. However, if the
original sampling frequency was much higher than any non-zero frequency in the par-
tial spectrum, significant computation time can be saved by using a smaller amount of
zero-padding.

To obtain F̂TS,model[k] in equation (4.34) one must evaluate FTS,model(d) with dpartial.
The model is nonlinear so new harmonics and intermodulation products will be gen-
erated in F̂TS,model[k], as is seen in figure 4.5(b). The amount of oversampling used in
dpartial will determine the Nyqvist frequency of F̂TS,model[k], the highest frequency repre-
sented in the Fourier series. If the Nyqvist frequency is too low, aliasing will occur such
that high frequencies are folded down to lower frequencies, possibly distorting the spec-
trum around the resonance frequency of the cantilever. The amount of zero-padding
is thus a trade-off between computation time and accuracy. We have found that the
force reconstruction generally was not affected by the oversampling once the Nyqvist
frequency corresponded to 20 times the highest non-zero frequency in d̂partial[k]. Fig-
ure 4.12 shows the difference between oversampling at 2 times and 10 times the high-
est frequency. In the first case aliasing occurs in F̂TS,model which distorts the spectrum
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Figure 4.12: Effect of 2x or 10x oversampling of partial motion. 2X oversampling
means that zeros were appended to d̂partial such that the Nyqvist frequency was 2 times
the highest frequency in the sparse partial spectrum, and similarly for 10X. Even though
the partial motion spectra d̂partial are the same around resonance for the two cases,
aliasing distorts the spectrum of F̂TS,model, as is evident in the last plot.

around resonance where the fit is performed. In the second case some aliasing can
be seen, but it is insignificant around resonance. Nevertheless, in the remaining force
reconstructions in the thesis and in the appended papers, 20 times oversampling was
used.
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Numerical solver

Iterative numerical solvers were used to obtain popt. We tested several different min-
imizers provided by Scientific Computing Tools for Python, Scipy version 0.14. The
computation time for each solver is linearly proportional to the number of times the er-
ror function E equation (4.35) is calculated. The number of such function evaluations
for the solvers to converge, as well as the magnitude of the final error is presented in
table 4.1. The solvers were evaluated for two pixels on the PS-LDPE sample, one in the
PS domain and one in the LDPE domain.

Table 4.1: Number of function evaluations needed for various numerical solvers.

# Evaluations Error E (nN)

Solvera PS LDPE PS LDPE

Levenberg-Marquardt 76 90 0.172 0.333
Nelder-Mead 450 700 0.172 0.333
Powell 668 1099 0.173 0.333
CG 1765 3337 0.172 0.333
BFGS 319 808 0.172 0.333
L-BFGS-B 313 379 0.172 0.333
TNC 607 607 0.177 0.336
COBYLA 1001 1001 0.174 0.344
SLSQP 161 155 0.174 0.336
a Description of all solvers can be found in Ref [99].

The most successful result was obtain with the Levenberg-Marquardt solver, con-
verging to a low error with fewest function evaluations. Levenberg-Marquardt is a
least square solver which minimizes the length of a vector E(p) [100]. For this solver
the scalar error E was therefore not minimized, but instead the vector

E(p) = (Re{ε[k1;p]}, Im{ε[k1,p]}, Re{ε[k2,p]}, ...) (4.50)

for all the k where the filter Ω̂[k] = 1. This solver was used exclusively in the remainder
of the work.

Figure 4.13 shows the size of E after each function evaluation for the Levenberg-
Marquardt solver. An error near the final minimum is found after around 20 function
evaluations, indicating that additional speed-ups could be possible if the requirements
for convergence was loosened, or if the solver was forced to terminate after fewer
function evaluations.

Initial parameter values

Numerical solvers such as Levenberg-Marquardt require an initial guess of p from which
they iteratively converge to a local minimum. In our experience the solution is fairly
robust to the choice of initial parameters. In most force models one of the parameters



72 CHAPTER 4. FORCE RECONSTRUCTION

0 20 40 60 80 100 120
Function evaluations

0.2

0.4

0.6

0.8

1.0
E

 (n
N)

PS
LDPE

Figure 4.13: Error plotted against the number of function evaluations for Levenberg-
Marquardt solver.

is related to translating the force-curve along the z-axis, that is, fixing the working
distance WD. Typically we find that the solver is most sensitive to the initial guess
of this parameter, which must be accurate to within a few nanometers for the solver
to converge. In paper V we systematically varied the initial parameters for a Hertz
model (working distance and effective elastic modulus) which confirmed this finding.
To mitigate this issue it is advantageous to relate the position of the surface not to
the equilibrium position of the cantilever, but to the largest lower turning point of
the oscillation during one beat, min(d(t)) for the time window of the current pixel.
Note that min(d(t)) is a directly observable constant of the measurement and not a fit
parameter. We call the distance from this turning point relative to the position of the
surface, the penetration distance

δpen = − (min(d) +WD) . (4.51)

Using δpen as a fitting parameter allowed a constant initial guess for fitting entire ap-
proach curves, such as figure 4.10(a). If WD was used as the fitting parameter the
solver only converged to realistic values in a small interval of the approach.

Attempts to improve the guess of initial parameters were briefly tested by taking popt
of the previous pixel as initial guess. This method introduced unwanted correlations
between pixels. The effect was most noticeable following a pixel for which the solver
did not converge to reasonable parameters, sometimes causing the solver to fail for the
remainder of the image.
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Multiprocessing

Current desktop computers typically have multiple processing cores, able to operate in
parallel. Calculation of a parameter image easily allows for parallelization as each pixel
is calculated completely independent from other pixels. The force reconstruction was
implemented in the programming language Python version 2.7 and parallelized using
the multiprocessing module.

When implementing a program with concurrent execution a major issue is ensuring
synchronization between the processes, so that for instance multiple processes do not
try to write to the same memory address simultaneously. A fast and scalable imple-
mentation was made using shared memory for the input data (ImAFM amplitude and
phase images) and output data (pre-allocated memory for parameter images) which all
processes could access independently. A single synchronized pixel counter, which only
one process at a time could read and increment, was used to tell each process which
pixel they should compute next. Using shared memory for the large (∼24MB) input
and output arrays ensured that no unnecessary duplication of data was kept in memory.
The synchronized pixel counter ensured that only a single process computed one pixel
and that no collisions could occur when writing data, as the memory addresses for the
output of each pixel was unique and predefined.

The implementation with a pixel counter was an improvement over an earlier imple-
mentation in which the the whole image was first split into n equal parts and submitted
to n concurrent processes. As the computation time for one pixel is not fixed, this ear-
lier implementation lead to unused CPU resources when one process, which happened
to be assigned only computationally simple pixels, finished before another processes.

We have found that the computation capacity (pixels per second) scales linearly
with the number of concurrent processes up to the number of CPU cores on the com-
puter, figure 4.14(a).

Comparing Python, Numpy, C and OpenCL

Most of the computation time in the force reconstruction is spent calculating F̂TS,model,
which requires one evaluation of the force model FTS,model(dpartial(t)) for each sample in
dpartial(t), and one calculation of the Fourier transform. The remaining calculations to
obtain E(p) are fast as they operate only on a few number of frequencies. We therefore
compared various implementations of these two time consuming calculations, specifi-
cally for the DMT force model (2.32).

Figure 4.14(b) shows the computation time of the DMT model, FDMT(d(t),p) for a
representative d(t) and p. The x-axis denotes the number of samples N in d(t). For
actual data with a typical beat frequency of ∆ f = 500 Hz, resonance frequency of
300 kHz and 20 times zero-padding, N would be f0 ×∆ f −1 × 20= 12000 samples.

The slowest implementation "Python" performs the calculation as a for-loop over
all the values in d directly in Python (see Appendix A for code listings). Being a high
level, dynamically typed and interpreted language, such a loop is extremely slow. The
performance is improved by several orders of magnitude if the code is written using
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Figure 4.14: (a) Speed of force reconstruction as function of concurrent processes on
a 4 core CPU. Performance increases linearly up to the number of cores on the CPU.
(b) Computation time for the DMT function FDMT(d) function as a function of the num-
ber of samples in d with different implementations. (c) Computation of Fast Fourier
Transform with real input as a function of number of samples for three different imple-
mentations, same colors as in (b).

Numpy, a subset of the Scipy project aimed at performing fast computations on vectors
and matrices. Numpy performs calculations on entire arrays, in which each element is
required to be of the same type, for instance a floating point number. Array operations,
such as for example element-wise multiplication, can then be executed much faster.
Implementation with Numpy was around 1000 times faster than pure Python.

Further improvements were possible if the entire function was implemented in C
code, running roughly 3 times faster than Numpy. Finally, an attempt was made at
performing the calculation on a graphics card processing unit (GPU) rather than the
regular central processing unit (CPU) of the PC. GPUs are designed to perform vector
operations in parallel. As graphics cards have gotten more powerful there is increasing
interest in utilizing this kind of parallelization not only for graphics, but also in general
purpose computing. Open Computing Language (OpenCL) was released to facilitate
such calculations [101]. In OpenCL the program, or so-called kernel, looks similar to
the inner content of a for-loop in C (see Listing A.4). The graphics card then executes
hundreds of such kernels in parallel. We used the module pyopencl which allows prepa-
ration of data and execution of the OpenCL kernel from Python [102].

In contrast to the multiprocessing parallelization described above which calculated
separate pixels in parallel, we used the GPU to parallelize calculation within a single
pixel. For any non-hysteretic force models FTS,model(d) the force for a certain deflection
at one point in time can be computed independently of the deflection at any other
point in time. This within-pixel-parallelization allowed implementation of only small
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segments of the force reconstruction algorithm (such as calculation of FDMT(d)) rather
than implementation of the entire algorithm. The latter would for instance require full
implementation of Levenberg-Marquardt minimization on the GPU.

The GPU calculations required a constant "start up time" independent of the num-
ber of samples in the problem. In figure 4.14(b) OpenCL (red) is therefore slower than
C (green) until N ∼ 104, which is just around the number of sample used in real force
reconstructions. However, figure 4.14(b) neglects the further improvement of the C
code possible through multiprocessing, and it also doesn’t measure the time needed to
copy data to and from the GPU. For these reasons we decided not to further pursue
implementation in OpenCL. For large number of samples > 105 the OpenCL imple-
mentation was up to 10 times faster than C, showing that much additional computing
power does exist in the GPU. If the entire calculation of E was performed on the GPU,
or if a combination of within-pixel and multiple pixel parallelization can be used, it is
possible that the "start up time" could be made negligible in comparison and that the
full computation power of the GPU could be utilized.

Figure 4.14(c) shows a similar comparison as figure 4.14(b), but for calculation
of the Fast Fourier Transform with real input data (rFFT). Implementation of FFT in
C was provided by the library FFTW which is considered one of the fastest available
FFT implementations [103]. The Numpy FFT uses a C adaption of the Fortran library
FFTPACK. The OpenCL implementation was provided by pyfft version 0.3.8 [104]. The
results were similar to those obtained when calculating the DMT.

CPU calculations were performed on an Intel Core i5-3550 CPU clocked at 3.30GHz
and the graphics card was Nvidia GeForce GTX 650 Ti. Both of these were considered
mid-range components, aimed at mainstream consumers, when released around 2012-
2013.





Chapter 5

Parameter imaging applications

HERE FOLLOWS some examples of applications of the force reconstruction and
parameter imaging methods presented in the previous chapter. The results in
section 5.2 was published in paper III, while section 5.1 and 5.3 are previously

unpublished.

5.1 Exposed E-beam resist

In electron beam lithography (E-beam lithography) a layer of polymer (resist) is first
spin-coated on a substrate. An electron beam is controlled to draw a pattern of interest
on the surface. The substrate is then lowered into development liquid which, depend-
ing on the type of E-beam resist, will either dissolve the exposed (positive resist) or the
unexposed (negative resist) area. The interaction between the electron beam and the
resist is complex [105], but it is typically thought that in positive resists the electron
beam weakens the polymer through scission, or breaking of bonds along the polymer
chain, reducing the polymer molecular weight and increasing its solubility in the de-
veloper; in negative resists the electron beam creates cross-linking between polymer
chains, making the material stronger and less soluble in the developer.

We wanted to investigate if ImAFM could detect change in mechanical properties
of E-beam resist that had been exposed, but not developed. A layered structure of
two different positive E-beam resists, consisting of a 500 nm bottom layer PGMI-SF 7,
and a 50 nm top layer Zep520A, was fabricated through spin-coating on a silicon wafer
substrate by Adem Ergül, following the precedure outlined in his thesis [106]. A pattern
of 2 × 2 µm squares was drawn with the electron beam after they were individually
imaged with ImAFM.

Parameter images (figure 5.1) were calculated using the DMT-model, with the tip
radius fixed to R = 10 nm and the intermolecular distance fixed to a0 = 1 nm. The
latter parameter was fixed in order to reduce the number of free parameters and the
noise in the fit, the value chosen was a rough estimate of the mean value for a few
individual force reconstructions where a0 was fit. We expected that we would not

77
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Figure 5.1: ImAFM imaging of exposed E-beam resist. Sample contained layered struc-
ture consisting of 50 nm Zep520A on top of 500 nm PGMI. A square area was exposed
to E-beam and imaged before developing. In the exposed area the topography changed
by roughly half of the thickness of the Zep layer. A decrease of effective elastic modulus
E∗ and increase of penetration depth δpen is also seen, while the adhesion force Fmin
remained the same. Sample fabricated by Adem Ergül. Scan size is 5 µm.

see the exposed pattern in the topography as the resist was not developed, but that
we might see some changes in the material parameters: effective elastic modulus E∗,
penetration depth δpen and adhesion force Fmin. Instead we found a clear contrast
in the feedback topography, the surface was recessed 20 nm in the exposed region,
corresponding to roughly half of the thickness of the top Zep520A layer. Either material
was removed through sputtering by the E-beam, or the exposed area was compressed.
We also saw a weak, but noticeable increase in δpen and decrease in E∗, while no change
was seen in Fmin. This indicates that the exposed area was mechanically softer, while
experiencing the same van-der-Waals forces with the tip.
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5.2 Magnetic force imaging

Magnetic structures can be imaged with AFM using a cantilever with a magnetic coat-
ing (typically Cobalt-Chromium) in what is called Magnetic Force Microscopy (MFM).
Commonly a two pass imaging mode is used, in which the cantilever is first scanned
with amplitude feedback in intermittent contact. In this first pass the force on the can-
tilever is dominated by near surface forces such as van-der-Waals attraction and elastic
repulsion as described by the DMT model, while the force due to the magnetic coat-
ing on the tip is negliable. The first scan thus obtains the regular AM-AFM feedback
topography. A second pass is then performed along the same scan line this time with
the feedback control turned off and the cantilever is moved such that it follows the
previously measured topography at a constant separation, typically 10-100 nm. In this
lifted position the near-surface forces are neglible and the force on the cantilever is
dominated by the magnetic coating sensing the surrouding magnetic fields, possibly
due to magnetic structure on the surface. In this second line scan either the phase or
amplitude can be used for imaging of this magnetic response, alternatively the driving
force can be turned off during the lifted scan line in which case quasi-static deflection
of the cantilever forms the image.

Some drawbacks of this two-pass technique are increased time to obtain the image,
sensitivity to drift between the first and second scan pass, and the resolution of the
magnetic force image is sensitive to the lift height. Typically a higher resolution image
is obtained with lower lift height, but if too low lift is used there is risk of cross-talk
between the topography and the magnetic image. In appended Paper III we sought
to overcome some of these limitations by using ImAFM and force reconstruction. As
ImAFM is sensitive to the force distance-dependence it should be possible to separate
short range surface force, from longer range magnetic force. We achieved this by as-
suming an appropriate force model.

If the magnetic force is acting on a distance longer than the maximum cantilever
oscillation amplitude, the force in the oscillation region can be approximated as a sim-
ple linear force. The first attempt was to model the total force as a sum of the DMT
model, with an additional linear slope

FTS,model(d) =

¨

−Fmin
a2

0
(a0+d+h)2 −klind for d > −WD

−Fmin +
4
3 E∗
p

R (−d + h)3/2 −klind for d ≤ −WD.
(5.1)

Using this model the magnetic pattern (diagonal lines) was only visible in the parameter
klin (figure 5.2) while the remaining DMT parameters only reflect noise near edges of
topographic features. A disadvantage of this model is that the force does not go to
zero with increasing separation between the tip and the surface, and thus the model is
unphysical. In Paper III we used a more realistic model for the magnetic force based
on dipole-dipole interaction

FTS,model(d) = FDMT(d) + F0

�

λ0

λ0 + d − h

�4

(5.2)
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Figure 5.2: Magnetic force microscopy of a magnetic tape by Intermodulation AFM and
parameter imaging. Topography (a), near surface force parameters (b–d) and the long
range force parameter (e) are obtain simultaneously in one scan. Only the long range
parameter show the magnetic striped pattern. (f) F0 image is magnetic pattern from
separate dipole-dipole force model (near surface force parameters have been excluded
but were similar to (b)–(d)). Scan size 3 µm.

where λ0 controls the range of the magnetic interaction and F0 the magnitude. To
ensure that F0 reflects long range force and Fmin the short range van-der-Waals force,
λ0 was fixed to 100 nm and a0 = 1 nm. Parameter imaging with this model gave
a similar result as equation (5.1) with the magnetic pattern only being visible in F0
(figure 5.2(f)). In Paper III this analysis was applied to a more challenging hard disk
sample.

While this demonstration pertained to magnetic forces, we believe force models
containing both long and short range components can be used for other types of in-
teractions. Electrostatic force microscopy (EFM) is another example where long range
forces originate from differences in vacuum potential between the tip and the surface.

5.3 Correcting topography

The signal normally interpreted as the surface topography in AFM is the z-piezo exten-
sion, or "height" image h(x , y) (see figure 2.3). This signal is generated by the feedback
and therefore depends on the type of scanning feedback used, the feedback gain set-
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tings and set-point. The image h(x , y) corresponds to the true topography z0(x , y) if
the working distance WD= h− z0 is constant.

When imaging a homogeneous and reasonably flat surface this assumption is rea-
sonable. If both z0 and h are translated an equal distance along the z-axis, the tip-
surface interaction will remain the same and the controlled signal will remain at the
set-point. Turning this argument around, if the height was controlled such that the
feedback error was zero, and the surface was then translated along the z-axis, the
feedback should follow, translating h by an equal amount to keep zero feedback error.
Sometimes however multiple heights h can give the same feedback error (i.e. same
oscillation amplitude). This happens for instance in Tapping mode where two different
stable amplitudes can exist at the same working distance WD. Similarly, two working
distances can exist at which the amplitude is at the set-point value, one closer to the
surface and one further away [107, 66]. There is a risk that a rapid change in z0 will
induce a jump from the first state to the second, but the problem can be mitigated by
reducing the scan speed or by changing the imaging conditions (set-point and drive
amplitude) to achieve only one stable oscillation state.

More problems arises when imaging heterogeneous materials. It is well known
that when imaging for instance polymer blends, the observed feedback topography can
be affected by imaging conditions such as drive amplitude and set-point [108]. For
these heterogeneous materials the working distance is a function of the material being
imaged. Contrast in h will occur not only when there is actual contrast in z0, but also
when transitioning from one material to the next. This artificial topography can be
corrected for if the working distance is known at each pixel.

Such a correction was demonstrated by Knoll et al. [109]. Amplitude-distance
(APD) curves were performed in Tapping mode for a grid of pixels. That is, they mea-
sured the response amplitude as a function of h. In these A(h) curves they found a
sharp transition in the amplitude at a certain height when the amplitude first deviated
from the free amplitude (similar to figure 3.1), and they defined the position of the
surface to be a constant offset from this point. They imaged a surface of poly(styrene-
block-butadiene-block-styrene) (SBS) triblock copolymer, which forms stripes of stiff
PS and soft PD domains. The regular feedback topography image showed a height dif-
ference between the two domains, but the height depended on set-point and they were
even able to obtain contrast inversion at very low set-points. When z0 was obtained
from measuring a grid of 30× 30 APD curves they found that the surface was in fact
essentially flat.

Jiao et al. [110] performed a similar correction but by using a soft cantilever and
measuring a grid of 64 × 64 quasi-static deflection-distance curves. The sample con-
sisted of human chromosomes on a glass slide and imaging was performed in phos-
phate buffered saline (PBS) solution. Deflection-distance curves for both the sample
and the background glass was consistent with the Hertz model. This model was fit to
the deflection-distance curves with the position of the surface (onset of Hertz force)
being one of the fit parameters. They found that the height of the chromosome when
imaged in contact mode and Tapping mode was dependent on set-point, while the
height as obtained from the deflection-distance curves was independent of set-point
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Figure 5.3: Two reconstructed tip-surface force curves on PS-LDPE sample, assuming
DMT force model. Curves are plotted as function of cantilever deflection d. The surface
was closer to the equilibrium position of the cantilever (d = 0) for LDPE than for PS.

(trigger force).
In both of these methods, topography was corrected from a grid of measurements

in which the z-piezo slowly approached and retracted from the surface. The low res-
olution of the grids was presumingly because these measurements are very time con-
suming. With ImAFM we get the force-distance curve quickly at every pixel, and can
thus do this height correction with full resolution. As previously mentioned, when fit-
ting a force model such as the DMT model, one of the fit parameters is the working
distance. Calculating the parameter images we thus obtain WD(x , y) and adding this
to the feedback topography image we obtain the true surface topography

z0(x , y) = h(x , y)−WD(x , y) (5.3)

Figure 5.3 shows two reconstructed force curves using the DMT model, while scan-
ning the PS-LDPE sample described in paper I. There is clearly a large difference in
working distance for the two materials. The feedback error for both pixels was low
(≤ 0.5 nm) and the difference was not due to slow feedback. Figure 5.4 shows the
feedback height h obtained from the AFM controller together with the fitted working
distance WD and the corrected height. The soft, circular LDPE domains stick out of the
surface, but the feedback height image 5.4(a) shows a dark ring around the domain,
with a small reduction of height at the boundary between domains. After the correction
is applied we find that the height reduction was an artifact and the LDPE only extends
outward from the PS surface.

This correction assumes that the DMT model is valid for both materials, an assump-
tion which can be contested, especially for the very soft LDPE. With figure 5.4 we want
to emphasize the ability to, in principle, define the location of the surface surface z0
in terms of the measured force-distance behavior, rather than the behavior of the feed-
back loop. ImAFM allows for many alternative definitions of the position of the surface
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Figure 5.4: Demonstration of topography correction on PS-LDPE. (a) feedback topog-
raphy image. (b) working distance image from force reconstruction fit. (c) corrected
topography. A slice along the black vertical line is displayed below each image and in
(d) the slice from (a) and (c) are compared.
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(working distance). One could use different contact mechanics models or a general
polynomial model with the position of the surface defined at the force minimum, as for
the DMT. Alternatively the zero-crossing of the tip-surface force, at the transition from
attractive to repulsive force could be used. This corresponds to the minimum of the tip-
surface potential UTS with FTS(z) =

d
dz UTS. Furthermore, one could define the working

distance directly from the slowly varying envelope amplitude Ad equation (4.16) which
bear resemblence to the work of Knoll et al [109], or a model-free approach would be
to define the location of the surface from the force quadratures FI (Ad) and FQ(Ad). Any
of these definitions should be an improvement over the current practice based on the
assumption that amplitude feedback will result in a constant working distance.



Chapter 6

Conclusions and outlook

CONTRAST IN AN AFM IMAGE is the result of a nonlinear interaction between a
surface and the tip at the end of the AFM cantilever. In this thesis we have
demonstrated the advantage of using frequency mixing to probe this nonlin-

earity. When the cantilever is driven with two tones which are centered around the
cantilever’s resonance frequency, intermodulation products are generated in the non-
linear response. If a small difference frequency is used, on the order of the mechanical
bandwidth of the resonator, IMPs to very high order can be measured with good signal-
to-noise ratio. The IMPs provide additional observables, or additional amplitude and
phase images to a single AFM scan. We show for a nano-structured polymer blend con-
taining two materials with different mechanical properties, that the contrast obtained
in these intermodulation images can surpass that measured at the drive tones.

The additional observables are of interest to the microscopist only if they contribute
to a better understanding of the sample being investigated. To this end we have de-
veloped and studied different methods for interpreting the intermodulation data and
its relation to contrast between regions of different material composition. The mea-
surement obtains a 64 dimensional data set at each pixel, containing the in-phase and
quadrature magnitudes at 32 measured frequencies. We demonstrated methods to re-
duce the dimensionality of this raw data set using purely statistical methods, or black-
box models. With linear discriminant analysis for instance, the contrast was sharpened
using a linear combination of all components in the raw data set. Clustering algorithms,
which automatically classify each pixel into one of a set of classes, were better able to
discriminate different material regions when making use of the additional observables.
High contrast in the IMP images and quantifiable improvements when they are ana-
lyzed imply that the additional observables do indeed contribute useful information.

We showed that physical interpretation of the measurement is possible when the
cantilevers linear response function is used to convert measured deflection to tip-surface
force. Force reconstruction in single frequency AM-AFM is limited by the detector noise,
as the nonlinearity creates harmonics of the drive far from resonance which are sharply
attenuated. With the help of the intermodulation spectrum the nonlinearity can be re-
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constructed by assuming a functional form for the tip-surface force, a force model. The
force model can either be agnostic to the tip-surface force, such as a polynomial force
model, or strictly defined using analytical results from contact mechanics. The latter
case allowed for the generation of images of model parameters which have a physical
interpretation. As with some of the black-box models, fitting force model parameters
results in a reduction of dimensionality, from 64 images to for example 4 images for
a specific force model. With physical modeling however, the microscopist can directly
interpret these images in terms of material properties. As examples we demonstrated
that this analysis could separate contributions from fundamentally different tip-surface
interactions such as magnetic and mechanical forces, and we used it to address the long
standing problem in AFM of identifying the true surface topography.

With the measurement and analysis methods developed in this thesis, we believe
that we are now in a good position to start applying intermodulation AFM to real world
problems in other sciences. This will require intensified collaboration with materials
scientists, chemists, biologists and physicists. An important first step in this direction
is to formulate better tip-surface interaction models, especially for highly dissipative
or soft surfaces. The results should also be compared to and related to other measure-
ments, such as nano-indentation [111] or bulk measurements, although here care must
be taken not to assume that the same physics governs the tip-surface interaction at both
micro and macroscopic scales.

Another important issue is to systematically study and understand the limits of the
measurement, both in terms of sensitivity and in terms of bounds on the determination
of material properties, for example elastic modulus. Uncertainty in the tip size and
shape will likely play a great role here. The measurements does not obtain the "surface"
force, but tip-surface force. Methods do exist to blindly characterize the tip shape (see
for example Ref [112]), but these are used for the purpose of correcting the topography
image. With force reconstruction the problem of uncertain tip-shape is amplified as the
tip-shape affects the entire force curve. It is likely that reproducible and quantitative
surface material mapping will only be possible by sacrificing resolution for the purpose
of having a well defined and stable tip.

Some specific improvements of the methods are discussed throughout the thesis.
For Intermodulation AFM one open question regards optimal scanning feedback. So
far only single frequency amplitude feedback has been tested. There are plentiful op-
portunities for improvements of feedback using a larger part of the intermodulation
spectrum. Further improvements of the fitting algorithm should also be investigated.
From an implementation point of view we show the potential of speeding up the cal-
culation using OpenCL. The actual intermodulation measurement is already fast, but
it is also important that the analysis is fast so that the microscopist can get results di-
rectly while using the instrument, rather than having to do a slow off-line analysis.
Such direct feedback is often critical to guide the operator, as there are many instru-
mental parameters which are needed to be tweaked to obtain optimal results. Work is
already underway to implement much faster parameter imaging based on the methods
developed in Ref [113].

We hope our demonstration of high contrast with intermodulation and nonlinear
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response will guide researchers developing other multifrequency AFM modes. Further-
more, we believe that the high sensitivity of intermodulation measurements can find
uses beyond AFM. The standard path in the field of system analysis has been to linearize
the problem. Many, if not most, real world phenomena however can only be under-
stood in terms of nonlinear systems. Intermodulation measurements are a very sensi-
tive technique to probe even weak nonlinearities. The results in this thesis show that
nonlinear system identification based on intermodulation spectra have many intrinsic
advantages. Some near-lying fields for which these results should be directly appli-
cable include micro-electromechanical systems (MEMS), quartz chrystal microbalance
(QCM) and systems with opto-mechanical coupling. Intermodulation measurements
are however suitable to any system containing a nonlinear coupling to a resonant de-
tector.
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Appendix A

Code listings

def dmt(d) :
r e s = []
for x in d :

i f x>=0:
re s . append ( −1./( ( x+1) ( x+1)) )

else :
r e s . append ( −1 + np . s q r t (−x x x ) )

return r e s

Listing A.1: DMT in Python

def dmt(d) :
r e s = np . empty_l ike (d)
m = d>=0
n = ~m
res [m] = −1./((d[m]+1) ( d[m]+1) )
re s [n] = −1 + np . s q r t (−d[n ] d[n ] d[n ] )
return r e s

Listing A.2: DMT in numpy

void dmt ( in t n , double d , in t nres , double r e s ) {
for ( in t i=0; i<n ; i++) {

i f (d[ i ]>=0) {
r e s [ i ] = −1.0/( (d[ i ]+1) ( d[ i ]+1) ) ;

} else {
r e s [ i ] = −1.0 + s q r t (−d[ i ] d[ i ] d[ i ] ) ;

}
}

}

Listing A.3: DMT in C
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__kerne l void dmt( __g loba l const f l o a t d , __g loba l f l o a t r e s ) {
in t gid = ge t _g loba l _ id (0) ;
i f (d[ gid]>=0) {

r e s [ gid ] = −1.0/((d[ gid ]+1) ( d[ gid ]+1) ) ;
} else {

r e s [ gid ] = −1.0 + s q r t (−d[ gid ] d[ gid ] d[ gid ] ) ;
}

}

Listing A.4: DMT kernel in OpenCL
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