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Abstract. Two topics in temporal graphical probabilistic models are
studied. The topics are treated in separate papers, both with applica-
tions in finance.

The first paper study inference in dynamic Bayesian networks using
Monte Carlo methods. A new method for sampling random variables is
proposed. The method divides the sample space into subspaces. This
allows the sampling to be done in parallel with independent and distinct
sampling methods on the subspaces. The methodology is demonstrated
on a volatility model and some toy examples with promising results.

The second paper treats probabilistic graphical models in continuous
time —a class of models with the ability to express causality. Tools for
inference in these models are developed and employed in the design of a
causality measure. The framework is used to analyze tick-by-tick data
from the foreign exchange market.
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Sammanfattning. Två teman inom temporala grafiska modeller be-
traktas. De behandlas i separata artiklar, båda med tillämpningar inom
finans.

Den första artikeln studerar inferens i dynamiska Bayesianska nätverk
med Monte Carlo-metoder. En ny metod för att simulera slumptal
föreslås. Metoden delar upp tillståndsrummet i underrum. Detta gör
att simuleringarna kan utföras parallellt med oberoende och distinkta
simuleringstekniker på underrummen. Metodiken demonstreras på en
volatilitesmodell och ett par leksaksmodeller med lovande resultat.

Den andra artikeln behandlar probabilistiska grafiska modeller i kon-
tinuerlig tid. Dessa modeller har förmåga att uttrycka kausalitet. Verk-
tyg för inferens i dessa modeller utvecklas och används för att designa
ett kausalitets-mått. Ramverket tillämpas genom att analysera tick-data
från valutamarknaden.
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1. Introduction

This thesis consists of two papers (A-B). Paper A proposes a new method
for sampling random variables. The idea of the method is to divide the sam-
ple space into parts, and then generate independent samples on the parts.
This gives two major benefits: the method can run in parallel and it can
dramatically increase convergence rate.

The topic of Paper B is graphical models in continuous time with a focus
on causality. The main contributions are tools that simplify inference. The
new tools allow us measure causality between stochastic processes.

2. Applications

The data investigated in the thesis are price data from financial markets.
In the first paper we model the volatility of daily stock returns. Let Sk denote
the stock price at day k. The logarithmic returns, defined as

Yk = log
( Sk
Sk−1

)
,(1)

are assumed to be Gaussian with a volatility to be modeled. The most common
model, by Black and Scholes (1973), assumes a constant volatility but in
practice this is a gross oversimplification. A natural extension is the stochastic
volatility models which let the volatility fluctuate by modeling it as a stochastic
process.

Taylor (1982) introduced a stochastic volatility model for sugar prices given
in Section 3.1. It has become a popular example in the sequential Monte Carlo
literature and an extension of the model is calibrated in Paper A.

Daily updates of the price is a well sufficing resolution for many problems.
Modeling long term volatility, as in Paper A, is one of them. However, with all
the available market data taken into account, the daily returns paints just a
minute part of the picture. In Paper B we focus on the market microstructure.
In particular, we model the microstructure for the euro to US dollar exchange
rate (EUR/USD). A single currency pair generates hundreds of thousands of
data points weekly, and during the most intense periods many data points are
released every second. A grid of the millisecond resolution the data has would
result in almost half of a billion data points for a single week. What is worse,
only a small minority of them would be informative. In Paper B this obstacle
is avoided by letting time be continuous. In the continuous time framework
we consider the absolute returns,

Yt = St − Sτt ,
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Figure 1. Hidden Markov model

with observations only and always when the price changes. Here τt denotes
the time for the most recent price change before t. Let Xt be the process
counting all the upward price movements and Zt the downward ditto. Then

Yt = St − Sτt = Xt − Zt.(2)

The smallest possible price movement for any instrument is called a tick and
EUR/USD the size of a tick is 0.00001 euro. Data with a resolution high
enough to capture every price change is called tick data. As the smallest
possible value of Yt is a tick it will be an integer valued process. Barndorff-
Nielsen et al. (2012) modeled the absolute returns as a Skellam process. That
is, Yt is modeled as the difference of two independent Poisson processes Xt

and Zt.
Thus, moving from Paper A to Paper B time has gone from discrete to

continuous while space has gone from continuous to discrete. Neither approach
is superior to the other; they solve different problems.

3. Temporal Graphical Models

A graphical model is a representation of the dependence structure between
random variables. In the thesis we consider graphical models with temporal
aspects. Continuous and discrete time is studied. The two seemingly similar
ideas produce very different mathematical frameworks.

3.1. Discrete time. A well known example of a graphical model is the hid-
den Markov model. It comprises two components: observations and the un-
observed, or hidden, states driving the observations. An example of a hid-
den Markov model is Taylor’s stochastic volatility model. Let (Xk)

T
k=0 and

(Yk)
T
k=0 be random processes corresponding to the hidden and observed pro-

cess respectively. Taylor’s volatility model for the logarithmic returns in (1)
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is given as

Yk = βeXk/2uk,

Xk = φXk−1 + σwk,
(3)

where β, φ and σ are parameters; uk and wk are independent standard Gauss-
ian variables for each k. A Bayesian network is a graph induced by a factor-
ization of a probability distribution, see Koski and Noble (2011). Consider
the variable Yk, Xk | Xk−1 in time slice k from the volatility model above. Its
distribution p(yk, xk | xk−1) can be factorized as p(yk | xk)p(xk | xk−1). Thus,
for each slice of time we have a Bayesian network. The slices are independent,
so the full distribution factorizes as the joint distribution of all slices of times

p(y0:T , x0:T ) = p(y0, x0)

T∏
k=1

p(yk | xk)p(xk | xk−1).

Such a factorization of time slice distributions is called a dynamic Bayesian
network. Its graphical representation is seen in Figure 1. The figure shows
the independency of the time slices. Thus, in this Bayesian network there are
pairwise relationships between the variables within each slice of time, but not
between the full processes. Note that, as seen in the factorization above, the
structure of the graph is constant over time. Murphy (2002), gives a thorough
treatment of dynamic Bayesian networks and their relation to hidden Markov
models.

The factorization for the volatility model in (3) is not special, but holds
for all hidden Markov models. Dealing with inference, two specific hidden
Markov models stand out: the linear Gaussian model and the finite state
space hidden Markov model both have tractable distributions which allow
effective algorithms for maximum likelihood path and state estimation, and
for parameter identification. Monte Carlo methods are typically applied to
other models, including Taylor’s volatility model.

A Bayesian framework, where the parameters are viewed as random vari-
ables, is used in the first paper. Particle MCMC methods, by Andrieu et al.
(2010), are employed to calibrate the model. The paper proposes a sampling
method that reduces computation time for the computationally intensive par-
ticle MCMC framework.

3.2. Continuous Time. Continuous time Bayesian networks are graphical
representations of the dependence structures between continuous time random
processes with finite state spaces. An example of a CTBN is seen in Figure 2.
The model for tick data is represented as a graph moving in continuous time.
The price is a function of the CTBN consisting of upticks and downticks.
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Figure 2. Continuous time Bayesian Network

The continuous time Bayesian networks have dependence between the full
processes in contrast to the discrete time dynamic Bayesian networks where
dependence is exhibited only between the individual variables. The name and
underlying idea of CTBNs are both similar to dynamic Bayesian networks but
the shared mathematical properties are few. Continuous time Bayesian net-
works were introduced by Schweder (1970) and independently rediscovered by
Nodelman et al. (2002). An important feature of the CTBNs is their ability
to express causality. In time series analysis, a process has a causal effect if
other time series are more precisely predicted given the causing process. The
eponymous concept was introduced by Granger (1969). Schweder’s Compos-
able processes can be seen as a continuous time version of Granger’s causality,
although the distinction has a large impact on the theory needed.

Let (Xt)t∈[0,T ] and (Zt)t∈[0,T ] be continuous time processes with discrete
state spaces. In order for (X,Z) to form a CTBN we require that X | Z
and Z | X are both continuous time Markov processes. This means that
for every state zk of Z there is a corresponding conditional intensity matrix
QX|zk driving the Markov process X | zk. Another way to put it, formulated
by Schweder (1970), is

lim
h→0

1

h
P(Xt+h 6= x ,Zt+h 6= z | Xt = x, Zt = z) = 0.(4)

In Paper B it is shown that the two definitions are equivalent. The continuous
time Bayesian network W = (X,Z) will also have an intensity matrix. An
operator producing that matrix is the central result of Paper B. The ubiquitous
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Kronecker product, see Loan (2000), plays an important role in the design of
the operator.

4. Summary of papers

The two papers constituting the thesis are briefly summarized in this sec-
tion. Despite the close connection in the previous discussion on continuous and
discrete time the two papers have no overlap and are treated as two separate
entities. There is a greater overarching theme, but the papers are indepen-
dent. Paper A presents a method for sampling random variables. Methods
for doing inference in continuous time Bayesian networks are introduced in
Paper B.

4.1. Paper A: Decomposition sampling. The Metropolis–Hastings algo-
rithm, by Metropolis et al. (1953) and Hastings (1970), generates a chain
which after reaching stationarity produces samples from a specified distribu-
tion. Metropolis–Hastings belongs to the class of Markov chain Monte Carlo
(MCMC) methods. The Markovian framework implies that, in general, ev-
ery iteration depends on its predecessor. Because of this, parallel computing
strategies are complicated to implement for the otherwise versatile MCMC
methods.

Based on a simple idea, the main decomposition sampler divides the sample
space in to several parts, subsets, and then samples on these subsets indepen-
dently of each other. If the probability of landing in one subset is higher
than in another, some of the samples in the less likely subset are discarded.
If the probabilities are unknown, estimates are obtained by evaluating inte-
grals on the intersections of the subsets. An important point is that while in
the paper the algorithm is only applied to MCMC methods it is not limited
to MCMC and there may be advantages in applying the algorithm to other
simulation methods such as importance or rejection sampling. The decompo-
sition sampler divides the sampling process into subproblems by dividing the
sample space into overlapping parts. The subproblems can be solved indepen-
dently of each other and are thus well suited for parallelization. On each of
these subproblems we can use distinct and independent sampling methods. In
other words, we can design specific samplers for specific parts of the sample
space. The Decomposition sampler is demonstrated on a particle marginal
Metropolis–Hastings sampler and on two toy examples. The method produces
significant speedup and decrease of total variation.

Assume that we want to sample a random variable taking values in some
space. Further assume that there exists a specific finite cover of that space
such that every element of the cover shares two distinct and exclusive subsets
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of itself with the previous and following element in the cover. Call this cover a
linked cover of the state space. Estimating integrals on the intersection of two
distinct members of a linked cover must produce the same result, regardless
of which member the samples originated from. The first step of the algorithm
generates samples from all the individual subsets. A sample from the full
space would not contain an equal number of samples from the subsets. By
looking at the ratio between the integrals we find a probability distribution
for sampling on the subsets. In the second step of the algorithm we use the
distribution to sample from the already generated samples on the subsets.
Theoretical results establishing convergence are given in the paper. Recall
the volatility model from Section 3,

Yk = βeXk/2uk,

Xk = φXk−1 + σwk,

where the parameters β, φ, σ are considered random variables. To calibrate the
model using MCMC methods we generate a large number of samples of these
variables. The variables are sampled using the particle MCMC framework
developed by Andrieu et al. (2010). The hidden variable X0:T is sampled
with sequential Monte Carlo methods. Thus, the number of observations
determines the size of the sample space. In the paper we study the price of
the Disney Co (NYSE:DIS) stock over one year producing a sample space with
over 250 dimensions.

Applying decomposition sampling and dividing the space in two allows
the sampling to be distributed over two independent computing agents. It
results in an additional 60% samples within a fixed time constraint. This
demonstrates parallelization, the first of the two nice properties of the method.

The second property, that convergence improves, is demonstrated on a
multimodal discrete space example. The decomposition sampler thrives in
the multimodal environment resulting in very fast convergence. Indeed, the
decomposition sampler is a thousand times faster than the traditional meth-
ods.

4.2. Paper B: Testing for Causality in Continuous time Bayesian
Network models of High-Frequency Data. We investigate continuous
time Bayesian networks with a special focus on their ability to express causal-
ity.

A framework is presented for doing inference in these networks. The central
contributions are a representation of the intensity matrices for the networks
and a causality measure.
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We also present a novel model of high-frequency financial data, which is
calibrated to market data. By the new causality measure it fits better than
the Skellam model given in section 3.2.

LetW be a continuous time stochastic process, with two components (X,Z)
taking values in the finite space W = X×Z. The process W is called a contin-
uous time Bayesian network (CTBN) if it satisfies the property in Equation
(4). That is, for a sufficiently small interval, the probability that more than
one of the two component processes changes their state tends to zero. The
intensity matrix QW of a CTBN is a function of the conditional intensity ma-
trices QX|Z and QZ|X . In the paper this function is designed using Kronecker
products. As a result we get a map directly from (QX|Z ,QZ|X) to QW . That
is, any element of QW can be computed from the conditional intensity matri-
ces. This facilitates inference since the full matrix QW does not need to be
explicitly computed.

Let QX|∅ be the intensity matrix for X under the hypothesis that Z has no
impact on X. If for instance X is independent of Z then the hypothesis, that
Z has no causal impact onX, is true. We measure this as the Kullback–Leibler
divergence between the probability measures parametrized by QX|∅ and QX|Z
respectively and denote it DKL(PQX|∅‖PQX|Z ). The distance depends on the
behavior of the process Z, i.e. it is random in the Z-component. Therefore
we define the causal measure as the expected Kullback-Leibler distance

E[DKL(PQX|∅‖PQX|Z )]

where the expectation is taken with respect to Z.
We consider the model for absolute returns, Yt = Xt − Zt, from (2). The

model parameters, QX|Z and QZ|X , are calibrated to EUR/USD tick data.
The results indicate that the upticks X are not independent of the downticks
Z, something that is assumed in the Skellam model.

A simulation study on a toy example demonstrates the capabilities of the
causality measure.
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