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Abstract

This thesis centers on the development and analysis of numerical mul-
tiscale methods for multiscale problems arising in steady heat conduction,
heat transfer and wave propagation in heterogeneous media. In a multiscale
problem several scales interact with each other to form a system which has
variations over a wide range of scales. A direct numerical simulation of such
problems requires resolving the small scales over a computational domain,
typically much larger than the microscopic scales. This demands a tremen-
dous computational cost. We develop and analyse multiscale methods based
on the heterogeneous multiscale methods (HMM) framework, which captures
the macroscopic variations in the solution at a cost much lower than tradi-
tional numerical recipes.

HMM assumes that there is a macro and a micro model which describes
the problem. The micro model is accurate but computationally expensive
to solve. The macro model is inexpensive but incomplete as it lacks certain
parameter values. These are upscaled by solving the micro model locally in
small parts of the domain. The accuracy of the method is then linked to how
accurately this upscaling procedure captures the right macroscopic effects. In
this thesis we analyse the upscaling error of existing multiscale methods and
also propose a micro model which significantly reduces the upscaling error in
various settings.

In papers I and IV we give an analysis of a finite difference HMM (FD-
HMM) for approximating the effective solutions of multiscale wave equations
over long time scales. In particular, we consider time scales T ε = O(ε−k), k =
1, 2, where ε represents the size of the microstructures in the medium. In
this setting, waves exhibit non-trivial behaviour which do not appear over
short time scales. We use new analytical tools to prove that the FD-HMM
accurately captures the long time effects. We first, in Paper I, consider T ε =
O(ε−2) and analyze the accuracy of FD-HMM in a one-dimensional periodic
setting. The core analytical ideas are quasi-polynomial solutions of periodic
problems and local time averages of solutions of periodic wave equations.
The analysis naturally reveals the role of consistency in HMM for high order
approximation of effective quantities over long time scales. Next, in paper
IV, we consider T ε = O(ε−1) and use the tools in a multi-dimensional setting
to analyze the accuracy of the FD-HMM in locally-periodic media where fast
and slow variations are allowed at the same time.

Moreover, in papers II and III we propose new multiscale methods which
substantially improve the upscaling error in multiscale elliptic, parabolic and
hyperbolic partial differential equations. In paper II we first propose a FD-
HMM for solving elliptic homogenization problems. The strategy is to use
the wave equation as the micro model even if the macro problem is of elliptic
type. Next in paper III, we use this idea in a finite element HMM setting and
generalize the approach to parabolic and hyperbolic problems. In a spatially
fully discrete a priori error analysis we prove that the upscaling error can be
made arbitrarily small for periodic media, even if we do not know the exact
period of the oscillations in the media.
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Sammanfattning

Denna avhandling innehåller utveckling och analys av numeriska mul-
tiskalmetoder för problem som uppstår vid värmeledning och vågutbredning
i heterogena medier. I ett multiskalproblem samverkar många skalor med
varandra och leder till ett system som har variationer över ett stort spann
av skalor. Direkt numerisk simulering av sådana problem kräver att mikro-
skopiska skalor löses upp över ett område som typiskt är mycket större än
de mikroskopiska skalorna, vilket innebär en hög beräkningskostnad. Vi ut-
vecklar och analyserar multiskalmetoder baserade på så kallade heterogena
multiskalmetoder (HMM), som beräknar de makroskopiska variationerna hos
lösningen med en beräkningskostnad som är tydligt lägre än för traditionella
numeriska metoder.

HMM antar att det finns en makro- och en mikromodell som beskriver
problemet. Mikromodellen är noggrann men beräkningsmässigt dyr. Makro-
modellen är beräkningsmässigt billig men ofullständig och saknar vissa para-
metervärden. Dessa uppskalar man genom att lösa mikroproblemet lokalt i tid
och rum. Noggrannheten hos metoden är kopplad till hur noggrannt uppskal-
ningsproceduren approximerar de korrekta makroskopiska effekterna. I denna
avhandling analyserar vi uppskalningsfelet för existerande multiskalmetoder
och vi föreslår även en ny mikromodell som avsevärt minskar uppskalnings-
felet.

I rapporterna I och IV gör vi en analys av en finit differens HMM (FD-
HMM) för numerisk approximation av vågutbredningsproblem i heterogena
medier över långa tider. Speciellt betraktar vi tidskalor T ε = O(ε−k), k = 1, 2
där ε är storleken på den mikroskopiska skalan. I det här fallet uppvisar vå-
gor ett icke-trivialt beteende, som inte syns över korta tider. Vi använder
nya analytiska ideer och bevisar att FD-HMM noggrannt approximerar dessa
långatidseffekter. Vi betraktar först T ε = O(ε−2), i rapport I, och analyserar
noggrannheten hos FD-HMM i ett endimensionellt periodiskt fall. Vi använ-
der två viktiga analytiska verktyg i beviset: kvasi-polynomiella lösningar till
periodiska problem och lokala tidsmedelvärden av lösningar till hyperboliska
PDE. Teorien förklarar på ett naturligt sätt konsistensvillkorets roll i HMM
vid högre ordnings approximation av effektiva kvantiteter. Sedan, i rapport
IV, betraktar vi T ε = O(ε−1) och vi använder dessa verktyg för att ana-
lysera noggrannheten hos FD-HMM i ett flerdimensionellt lokalt-periodiskt
medium.

I rapporterna II och III föreslår vi nya multiskalmetoder som avsevärt
minskar uppskalningsfelet i elliptiska, paraboliska och hyperboliska partiella
differentialekvationer. I rapport II föreslår vi en FD-HMM för att lösa ellip-
tiska homogeniseringsproblem. Strategien är att använda vågekvationen som
mikromodell trots att makromodellen är elliptisk. I rapport III använder vi
den här iden i en finita element-version av HMM och vi generaliserar också
metoden till paraboliska och hyperboliska problem. För periodiska problem
gör vi en fullt diskret analys och bevisar att metoden kan göra uppskalnings-
felet godtyckligt litet.
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Chapter 1

Introduction

Various physical phenomena in the universe possess multiscale and/or multi-physics
nature. In a multiscale problem, different scales interact with each other and form
a system which has variations over a wide range of scales. Although several scales
may be involved in a multiscale system, we are often interested only in the large-
scale/macroscopic behaviour of the system. However, extracting information about
one scale of interest (typically the macroscopic scale) requires taking the contribu-
tion of all other small scales in the problem into account. In many cases, a full
microscopic model is known but due to the need to represent the smallest scales
over much larger macroscopic length-scales, it poses a considerable challenge com-
putationally. For instance, every physical object is made up of atoms, and objects
that are of interest in our daily life have characteristic geometries which are usually
much larger than the size of an atom. Although the behaviour of the overall system
can be described by an accurate atomistic model, it is computationally very costly
to use this kind of model to simulate the behaviour of the entire macroscopic sys-
tem. Instead, the tendency is to derive effective models which use the small scale
information to formulate a model which describes the macroscopic properties of the
system. The general idea behind multiscale modelling is to combine the efficiency
of the macroscopic models with the accuracy of the underlying microscale models.

The multiscale nature of a problem may come from different sources, e.g. non-
linearities, rapid changes in input parameters and geometries. One example is the
well-known Navier-Stokes (NS) equations modeling the flow of Newtonian fluids.
It is known that when the viscosity is very small, the NS equations can lead to a
turbulent flow due to nonlinearities inherent in the problem. Other examples of
multiscale problems include scalar or elastic wave equations where high frequency
waves are generated, for example, by high frequency initial data. Another exam-
ple is the flow in composite materials where rapid variations in the media appear
as a coefficient in the differential equation and eventually leads to fluctuations at
disparate scales in the solution. The interested reader may further consult to mono-
graphs [38, 19, 8, 13] for multiscale problems arising in material sciences, to [40, 47]
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4 CHAPTER 1. INTRODUCTION

for problems from chemical engineering, and to [21] for an overview of a broad range
of multiscale problems.

In this thesis, we consider multiscale problems modelled by partial differential
equations of elliptic, parabolic and second-order hyperbolic type. We have two
main assumptions. First we will assume that the multiscale nature of the prob-
lem originates from the heterogeneities in the media which are represented through
the coefficients in the equations. Second, we assume scale separation; namely the
setting where the small scale is well-separated from the large/macroscopic scale.
These type of problems arise in many fields including steady heat conduction in
composite materials, flow in porous media and multiscale wave propagation prob-
lems such as seismic, electromagnetic and acoustic waves in heterogeneous media.
Mathematically speaking, we consider the multiscale elliptic problem

−∇ · (Aε(x)∇uε(x)) = f(x), in Ω,

uε(x) = g(x), on ∂Ω, (1.1)

the multiscale parabolic problem

∂tu
ε(t, x) − ∇ · (Aε(x)∇uε(t, x)) = f(x), in Ω × (0, T ],

uε(0, x) = g(x), on Ω × {t = 0}, (1.2)

and the multiscale wave equation

∂ttu
ε − ∇ · (Aε(x)∇uε(t, x)) = f(x), in Ω × (0, T ε

k ],
uε(0, x) = g(x), ∂tu

ε(0, x) = z(x) in Ω × {t = 0}. (1.3)

Here uε is an unknown scalar field, ε � 1 is a parameter which represents the
size of the small scale fluctuations in the media, and Ω is a bounded subset of Rd

such that |Ω| = O(1). The coefficient Aε is a symmetric positive-definite matrix
function in Rd×d and it characterizes a microscopically nonhomogeneous media.
The functions f, g, z are given smooth functions. In the parabolic equation (1.2)
we assume T = O(1), whereas in the hyperbolic case we are interested in three
regimes where T ε

k = O(ε−k), k = 0, 1, 2. A direct numerical discretization of such
problems requires atleast O(ε−d), O(ε−d−1), and O(T ε

k ε−d−1) degrees of freedoms
respectively. This implies a computational burden which is not affordable when
ε is very small, even with a linear scaling numerical algorithm such as multigrid.
However, It turns out that if, instead, we are interested only on the local averages û
of the solution uε, then one can use multiscale methods to lower the computational
cost substantially.

The average part û is related to the theory of homogenization. Roughly speak-
ing, homogenization stands for mixing the microstructures infinitely (sending ε −→
0) to formulate a homogeneous system which is independent of ε. For instance,
in the elliptic case, homogenization theory reveals the limit uε −→ û as ε −→ 0,
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where

−∇ ·
(

Â(x)∇û(x)
)

= f(x), in Ω,

û(x) = g(x), on ∂Ω. (1.4)

Here the coefficient Â is no more dependent on ε. Hence the problem can be easily
solved by traditional numerical techniques if Â is known. Although homogenization
theory gives a nice theoretical framework for existence and uniqueness, it is not
possible to find an explicit expression for the homogenized coefficient Â in general.
An explicit form can be obtained only under very restrictive assumption on the
coefficient Aε, such as periodicity c.f. (2.4). In cases where homogenization theory
does not apply one can resort to numerical homogenization by which we mean
approximating the homogenized solution without resolving the small scales in the
problem (1.1) over the entire domain. The accuracy of the multiscale method is
then linked to the difference between the numerically homogenized and the exact
homogenized coefficients.

One general strategy for developing multiscale methods is the heterogeneous
multiscale methods (HMM) framework, see [23, 4]. In this thesis, we aim at un-
derstanding the applicability of HMM for approximating the homogenized/effective
solutions of multiscale PDEs of elliptic, parabolic and second-order hyperbolic type.
Topicwise, the contributions of this thesis can be divided into two main tracks:

• Papers II, III: Improving the approximation of the homogenized coefficient
Â for multiscale elliptic, parabolic and second-order hyperbolic PDEs (over
short time scales, k = 0).

• Papers I, IV: Analysis of HMM for multiscale wave propagation problems over
long time scales (k = 1, 2).

In papers II, III, we propose new strategies to improve the error between the numer-
ically homogenized and the exact homogenized coefficients. In paper II, we present
a finite difference HMM (FD-HMM) for elliptic multiscale problems, whereas in pa-
per III, we propose a similar strategy based on finite element HMM (FE-HMM) for
multiscale elliptic, parabolic and second-order hyperbolic equations. The proposed
strategies do not increase the computational cost, in terms of ε, of existing HMM
based methods.

Papers I, IV are devoted to the analysis of a FD-HMM for long time wave
propagation problems modeled by (1.3) where T ε = O(ε−k), k = 1, 2. When k = 0,
the homogenized coefficient corresponding to the problem (1.1) can be used to
approximate the average part of the solution of the problem (1.3). However, over
longer time scales when k = 1, 2, the homogenized coefficient should be corrected
in order to be able to accurately capture the macroscale behaviour of the solution
over long time scales. In paper I, we assume a one-dimensional periodic media,
i.e., Aε(x) = A(x/ε) where A is 1-periodic, and that k = 2, and prove that HMM
captures the right long time effects. In paper IV, we assume k = 1 and consider a
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multi-dimensional locally-periodic setting, i.e., Aε(x) = A(x, x/ε) where A(x, ·) is
Y -periodic (Y is the d-dimensional unit cube) for each fixed x, and show that long
time effects are still accurately captured by HMM.

The remaining parts of the introductory chapters are organized as follows. In
Chapter 2, we will review the homogenization theory, and recall also recent results
about effective equations for long time wave propagation problems in heterogeneous
media. Chapter 3 will contain a brief introduction about HMM and its applications
to PDEs. We then, in Chapter 4, will discuss the main theoretical tools that we
have used in this thesis. We will finish the introductory chapters by giving a brief
summary of the papers and the results included in this thesis.



Chapter 2

Homogenization Theory

The overall aim of homogenization is to describe the macroscopic behaviour of a
heterogenous system. This is achieved through averaging the microscopic informa-
tion to obtain an effective system which is no more dependent on the small scale
data, while still being a good enough approximation of the original system. From
a mathematical point of view the problem is the following: given a mathematically
well-posed family of problems P ε(Dε), where Dε is a set of input data depending on
a small scale parameter ε, is it possible to find an effective solution û and possibly
a limit problem P̂ (D̂) such that in some appropriate sense

lim
ε→0

uε = û, and lim
ε→0

P ε(Dε) = P̂ (D̂),

where uε is the solution to P ε(Dε)? This kind of approximation is of great practi-
cal use for instance in investigating the thermal properties of composite materials,
wave propagation in heteregeneous media, or heat transfer in composite materi-
als. These applications can be modelled respectively by elliptic, hyperbolic, and
parabolic PDEs with highly oscillatory coefficients. The subject of homogenization
theory for multiscale PDEs can be traced back to the 1970s when Ivo Babuska
introduced this term to the mathematical literature [11]. Since then the theory
has been systematically developed by contribution of various researchers. We refer
the curious reader to the following well-known books about homogenization theory
[14, 36, 18, 45, 39].

In what follows we first present classical results from homogenization theory
for problems (1.1), (1.2), and (1.3) (k = 0). We then review recent results about
effective equations for the long time wave propagation problem (1.3) (k = 1, 2).

2.1 Results from Classical Homogenization

In this section we overview a few well-known results about homogenization of ellip-
tic (1.1), parabolic (1.2) and the short time hyperbolic equation (1.3) (T ε = O(1)).

7
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Following classical theory of homogenization, the solution of all three model prob-
lems converge to a homogenized solution û as ε −→ 0. The limiting solution û
solves the so called homogenized equation, given by

−∇ ·
(

Â(x)∇û(x)
)

= f(x), in Ω,

û(x) = g(x), on ∂Ω. (2.1)

for the elliptic problem (1.1),

∂tû(t, x) − ∇ ·
(

Â(x)∇û(t, x)
)

= f(x), in Ω × (0, T ],

û(0, x) = g(x), on Ω × {t = 0}, (2.2)

for the heat equation (1.2), and

∂ttû(t, x) − ∇ ·
(

Â(x)∇û(t, x)
)

= f(x), in Ω × (0, T ],

û(0, x) = g(x), ∂tû(0, x) = z(x) in Ω × {t = 0}, (2.3)

for the multiscale wave equation (1.3) , when T ε = T = O(1). The homogenized
matrix Â is the same for all three coefficients. It is independent of the small scale
parameter ε, but it incorporates the effects of microstructures on the macroscale
solution. Unfortunately, it is not possible to find formulas for the coefficient matrix
Â in general. Explicit formulas can be found in limited cases such as periodic media
(Aε(x) = A(x/ε) where A is periodic), locally-periodic media (Aε(x) = A(x, x/ε)
where A(x, y) is periodic in the y variable) or random stationary ergodic media.
In the locally-periodic case where A(x, y) is Y -periodic and Y is the d-dimensional
unit cube, the homogenized matrix is given by

Âij(x) =
∫

Y

A(x, y) (ej + ∇χj(x, y)) · ei dy, (2.4)

where {ei}d
i=1 is the standard canonical basis in Rd, and χi solves the following

periodic elliptic problem on the unit cube Y

−∇ · (A(x, y)∇χi(x, y)) = ∇ · A(x, y)ei, in Y,
χi(x, ·) is Y -periodic,∫

Y
χi(x, y)dy = 0.

(2.5)

Note that the formula (2.4) gives a constant homogenized matrix when the medium
is purely periodic. Furthermore, in more general cases when we have non-periodic
oscillations existence of limiting coefficients/solutions can be proved by the theory
of G and H convergences due to Spagnolo [44] and Tartar [46] respectively, though
these theories do not give any explicit formula for the homogenized coefficient. We
note also that the non-triviality of the homogenization process comes from the fact
that the homogenized matrix is not only a simple average of the original cofficient.
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As we see in the formula (2.4), the first integral term corresponds to an average
of the periodic coefficient A, and the second term accounts for the effects of the
microstructures in the media. Often we make use of the simplification that in
one-dimension, formula (2.4) reduces to

Â(x) =
(∫ 1

0
A−1(x, y)dy

)−1

.

For more details about the theory of homogenization, see e.g. [14, 36, 18, 45]. In
the next section we discuss effective equations for wave equations over long time
scales.

2.2 Effective Equation for multiscale wave equation over
long time scales

The homogenized equation (2.3) does not capture the macroscopic behaviour of mul-
tiscale wave equations over long time scales. In general, multiscale waves show non-
trivial effects when we let the waves travel through sufficiently large time frames.
For example, in media with periodic micro oscillations, Aε(x) = A(x/ε), the so-
lution of (1.3) is known to exhibit non-trivial dispersive effects over T ε = O(ε−2)
time scales, see e.g. [42, 37, 20]. In this case, the effective coefficient has an O(ε2)
deviation from the classical homogenized coefficient.

In 1991, Santosa and Symes [42] derived a formula for the long-time effective
solution, here denoted by ûL, approximating the solution of the long time wave
problem in periodic media where Aε(x) = A(x/ε) and A is Y -periodic. The effective
solution ûL was proved to capture the dispersive effects of the exact solution. In
one-dimension, it satisfies the long time effective equation

∂ttûL(t, x) − ∂x

(
Â∂xûL(t, x)

)
− ε2β∂xxxxûL(t, x) = 0, in Ω × (0, T ε],

ûL(0, x) = g(x), ∂tûL(0, x) = z(x) in Ω × {t = 0} ,
(2.6)

where Â is the same homogenized coefficient as before and β > 0 is a positive
quantity and is known to equal a complicated expression involving triple integrals
of the coefficient A. However, since β is a positive quantity, the equation is ill-posed
in the sense that high frequency perturbations in the initial data would lead to a
blow up in the solution ûL. The equation (2.6) is known as the bad Boussinesq
type equation due to the mentioned ill-posedness. As the problem (2.6) is ill-posed,
a numerical approximation needs a regularization which can be achieved e.g. by
adding higher order regularization terms to the equation or by discretizing the
equation by a large stepsize.

Recently, Lamacz , [37], used the theory of Bloch waves (this theory was used
by Santosa and Symes as well) to approximate the exact solution uε(t, x), solving
(1.3) in one-dimension and over long time, by a well-posed effective solution ûLW .
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The well-posed effective equation involved the second time derivative instead of the
second space derivative in the ill-posed term. i.e., ûLW solves

∂ttûLW (t, x) − ∂x

(
Â∂xûLW (t, x)

)
− ε2 β

Â
∂xx∂ttûLW (t, x) = 0, in Ω × (0, T ε],

ûLW (0, x) = g(x), ∂tûLW (0, x) = z(x) in Ω × {t = 0} .
(2.7)

This equation, on the other hand, is known as the good Boussinesq type equation
due to its favorable well-posedness properties. Lamacz’s one-dimensional results
were generalized to higher dimensions later in [20]. To have a rough idea about the
connection between the bad (2.6) and the good (2.7) effective equations, first we
observe that ∂ttûL ≈ Â∂xxûL + O(ε2), then we can replace ∂xxxxûL ≈ 1

Â
∂xx∂ttûL.

Upon this replacement we obtain the well-posed equation from the ill-posed equa-
tion.

The above-mentioned results suggest that, in the context of scalar wave equa-
tions with periodically oscillating coefficients, macroscopic deviations from the clas-
sical homogenization start to show up after O(ε−2) time scales. However, this fact
does not seem to apply to elastic wave propagation problems in periodic media, i.e.,
system of periodic multiscale wave equations, where non-trivial phenomena start to
happen already in O(ε−1) time scales, see [16, 32, 33, 15, 35, 12]. Inspired by the
existing literature about elastic wave equations in periodic media, we have derived
in paper IV a result for locally-periodic media which shows that in dimension d ≥ 1
and T ε = O(ε−1), the effective equation corresponding to (1.3) becomes

∂ttû(t, x) = ∇ ·
((

Â(x) + εB(x)
)

∇û(t, x)
)

+ ε
d∑

j,m,`=1

∂xj (Djm`(x)∂xmx`
û(t, x)) .

(2.8)

We show also that either when d = 1 or when the medium is purely periodic
and d ≥ 1, the O(ε) terms in the equation (2.8) disappears. Our findings show
that generically scalar multiscale wave equations show non-trivial effects already in
O(ε−1) time scales, which are seen neither by standard homogenization nor by the
long time theory for multiscale scalar wave equations in periodic media.



Chapter 3

Heterogeneous Multiscale Methods

As we mentioned already in the previous section, homogenization theory does not
apply in many practical cases of interests. In more general cases, when we do not
have an explicit formula for the homogenized coefficients we can resort to numer-
ical homogenization. The challenge is to design accurate multiscale algorithms to
approximate the effective solution of the multiscale problems (1.1),(1.2), and (1.3)
without resolving the small scale parameter ε over the entire computational domain.
Heterogeneous multiscale methods (HMM) is a general methodology to design such
multiscale algorithms.

During the last decade, HMM was proposed as a general framework for designing
cheap multiscale methods to treat problems that are multiscale and possibly multi-
physics in nature [23]. The term heterogeneous was used to emphasize the fact
that the phenomena occurring at different scales may be governed by different
mathematical laws. HMM has proved to be very useful in numerous disciplines of
sciences. The applications include but are not limited to homogenization problems
[3, 24, 29, 30, 5, 43], gas dynamics [25], complex fluids [41], problems with multiple
time scales [9], ordinary and stochastic differential equations [22, 28, 26], etc.

An abstract layout of HMM is as follows: In HMM, one starts with assuming
an, often incomplete, macroscopic model

Macroscopic model: F (U, D) = 0. (3.1)

Here U represents the macroscopic solution, and D stands for the data which is
needed for the model to be complete. The form of the model F is often based on
some physical laws by which the average quantities are governed. In HMM, the data
D is estimated by solving a microscopic problem denoted here by f constrained by
the macroscopic data d = d(U)

Microscopic model: f(uε, d) = 0, (3.2)

where uε represents the microscopic solution. The final step of HMM is to upscale

11
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the microscopic information to find D

Upscaling: D = Quε. (3.3)

Here Q is an operator which upscales the necessary information from the micro-
scopic simulations to the macroscopic model. We note that the micro model (3.2)
is solved only locally in microscopic domains of size O(ε). Therefore the compu-
tational cost of HMM scales sublinearly with the number of degrees of freedom
needed to resolve the full multiscale solution, i.e.,

computational cost of HMM
number of degrees of freedom for the multiscale problem

� 1.

For a more recent update on general aspects of HMM we refer the reader to [4].
In the following sections, to give a flavour of HMM, we first present a finite

difference HMM (FD-HMM) for the elliptic problem (1.1) and the long time wave
equation (1.3). We then introduce a finite element HMM (FE-HMM) for the elliptic
and parabolic problems (1.1),(1.2), and the short time wave equation (1.3), (k = 0).

3.1 Finite difference HMM

3.1.1 FD-HMM for elliptic multiscale PDEs
In this section we present a simple FD-HMM for approximating the homogenized
solution of the multiscale elliptic problem (1.1) posed on a two-dimensional domain
Ω = (0, 1)2. Inspired by the homogenization theory, the macro model reads as

Macro model: − ∇ · F = f, (3.4)

where the flux F = (F x1 , F x2)T is the missing quantity in the model. The intuition
behind such a choice for the macro model is that the homogenized flux must be con-
served, see the homogenized equation (2.1). A simple finite difference discretization
(in two dimensions) of the macro problem (3.4) on the grid

{xi,j = (i4x, j4x), i, j = 0, · · · , N, N4x = 1}

gives

Macro solver: −

(
F x1

i+ 1
2 ,j

− F x1
i− 1

2 ,j

4x
+

F x2
i,j+ 1

2
− F x2

i,j− 1
2

4x

)
= fij , (3.5)

where 4x stands for the macro stepsize. Next, to compute the unknown Fi+1/2,j ,
one solves (1.1) over micro boxes Ωi+1/2,j := [−η + xi+1/2,j , η + xi+1/2,j ] of size
η = O(ε). Furthermore, the coarse scale solutions Ui,j are used as boundary data
for the micro problem. The micro problem is

Micro problem: −∇ · (Aε(x)∇uε(x)) = 0 in Ωi+1/2,j ,
uε(x) = û(x), on ∂Ωi+1/2,j ,

(3.6)
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where û(x) = Π ({Um,`}) (x) and Π is a piecewise linear polynomial interpolation
operator of the coarse scale solutions. We note that other choices for the order of
the interpolation are also possible. The last step of the FD-HMM algorithm is to
average the microscopic flux fε = Aε∇uε over the micro domain:

Upscaling: Fi+ 1
2 ,j = 1

|Ωi+1/2,j |

∫
Ωi+1/2,j

Aε(x)∇uε dx. (3.7)

The HMM flux Fi+1/2,j should then be a good approximation to the homoge-
nized flux F̂ given by

F̂ = Â∇û,

where û is computed by linear interpolation of the coarse scale data {Um,l}.

Remark 3.1 The upscaling procedure (3.7) can be done much more accurately if
one uses, instead, a weighted average of the microscopic flux. In this case the
integral will contain an averaging kernel Kη, see Section 4.1 for the definition, and
the formula (3.7) changes to

Upscaling: Fi+ 1
2 ,j =

∫
Kη(x − xi+ 1

2 ,j)Aε(x)∇uε dx. (3.8)

3.1.2 FD-HMM for wave propagation problems
Recently, the HMM framework has been exploited to approximate the solutions of
multiscale hyperbolic PDEs. In [30], Engquist et al. proposed a multiscale method
based on FD-HMM for approximating the homogenized solutions of the multiscale
wave equations over short time scales. In [29], the authors generalized their (FD-
HMM) approach to long time multiscale wave propagation problems. Here we give
a brief summary of the FD-HMM from [30, 29] for the wave propagation problem
(1.3) over short and long time scales. For simplifying the exposition, we consider
here the one-dimensional setting. In this case the macro model is time-dependent
and reads as

Macro model: ∂ttU(t, x) − ∂xF = 0. (3.9)

The above choice for the macro model is again due to the fact that the homogenized
equation (2.3), and the effective equations (2.6), and (2.8) are all in conservative
form.

In addition to the spatial grid defined in the previous section we consider also
the temporal grid

{tn = n4t, n = 0, · · · , M, M4t = T ε}.

We discretize the macro model by a simple finite difference

Macro solver:
Un+1

j − 2Un
j + Un−1

j

4t
=

F n
j+1/2 − F n

j−1/2

4x
. (3.10)
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Next, to compute the unknown data F n
j+1/2, we solve the full multiscale problem

(1.3) for a microscopic time τ = O(ε) and over a microscopic spatial domain Ωj+1/2
of size η = O(ε) centered at xj+1/2. As in the elliptic case, the coarse scale solutions
Un

i are used as data for the micro problem. The macroscopic data enters the micro
simulation as initial and boundary data. For this we interpolate the macroscopic
data by a polynomial whose degree depends on the temporal regime of interest.
Recall that in (1.3) we have T ε

k = O(ε−k) and let ûk represent the corresponding
interpolant of the current macroscopic state for three regimes of interest, k = 0, 1, 2.
The interpolant is then given by

ûk(x) =


s0 + s1x, k = 0
s0 + s1x + s2x2, k = 1
s0 + s1x + s2x2 + s3x3, k = 2.

This choice is motivated by the fact in short time scales, when k = 0, the flux
corresponding to the homogenized equation (2.3) includes the first derivative of the
solution, while in long time scales when k = 1 or k = 2, the long time effective
equations (2.8) and (2.6) have fluxes which include the second and third order
derivatives of the solution respectively. The way ûk enters the micro problem is not
as trivial as in the elliptic case. Here, the micro problem

Micro problem: ∂ttu
ε(t, x) − ∂x (Aε(x)∂xuε(t, x)) = 0 in Ωj+1/2 × (0, τ ],

uε(0, x) = ūk(x), ∂tu
ε(0, x) = 0, on Ωj+1/2 × {t = 0},

(3.11)
is supplied with an initial data ūk which is a polynomial that in general differs from
ûk. It is chosen such that it is consistent with the current macroscopic state ûk, in
the sense that if the microscopic solution uε(t, x) is averaged in time and space over
the microscopic domain then the average solution should match the macroscopic
state û up to some desired order of accuracy in terms of ε/η. In other words, ū is
consistent up to O(αq) with û if

(Kuε) (0, x) = û(x) + O(αq),

where K is a local averaging operator in time and space; see below for the definition
of K and more discussions about consistency.

The last step in the HMM for (1.3) is to approximate the macroscopic flux
F n

j+1/2 as follows:

Upscaling: F n
j+ 1

2
= 1

2τ |Ωj+1/2|

∫ τ

−τ

∫
Ωj+1/2

Aε(x)∂xuε(t, x) dxdt, (3.12)

Remark 3.2 The upscaling in (3.12) can be done much more accurately if one uses
local averaging kernels described in Section 4.1. In this case the upscaling (3.12) is
replaced by

F n
j+ 1

2
=
∫ τ

−τ

∫
Ωj+1/2

Kτ (t)Kη(x − xj+1/2)Aε(x)∂xuε(t, x) dxdt. (3.13)
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3.1.3 Consistency
An important ingredient of the HMM is the consistency of the micro problem
with the macroscopic solutions. To understand this we introduce a local averaging
operator K in time and space defined as

(Kf) (t0, x0) =
∫
R

∫
Rd

Kτ (t − t0)Kη(x − x0)f(t, x) dxdt.

Let uε be the solution of the micro problem (3.11). We define û = (Kuε) (t, x), and
apply K to the micro problem (3.11). This gives

K∂ttu
ε = K∇ · Aε∇uε,

û(0, x) = (Kuε) (0, x), ∂tu(0, x) = 0.

Now using the properties K∂x = ∂xK and also K∂t = ∂tK, we obtain

∂ttû(t, x) = ∇ · K (Aε∇uε) (t, x) = ∇ · F (t, x),
û(0, x) = (Kuε) (0, x), ∂tû(0, x) = 0,

where F is given by (3.13). Observe from û(0, x) = (Kuε) (0, x) that the local
average, at t = 0, of the microscopic solution uε should ideally match the given
coarse scale solution û. Unfortunately, upon using the coarse scale data û as initial
data for the microscopic problem one would typically not satisfy this consistency
requirement. To establish the consistency, one must use an initial data ū, typically
a high order polynomial which is different than û so that

(Kuε) (0, x) = û(x).

In practice this equality will be satisfied only up to some small errors. In particular,
we say that an initial data ū of the problem (5.3) is consistent up to O(αq) with û
if

(Kuε) (0, x) = û(x) + O(αq).
An algorithm to find the consistent initial data ū was introduced in [29]. We have
used this algorithm in our numerical simulations which we skip here for brevity.
However, to grasp the idea suppose that we are given a macro state û(x) = x3 then
we are interested in finding the consistent initial data ū(x). For this we let

ū(x) = r0(ε) + r1(ε)x + r2(ε)x2 + r3(ε)x3 + x3,

where the coefficients rj are computed automatically by the algorithm from [29].
We solve the problem (3.11) with the coefficient Aε(x) = 1.1 + sin(2πx/ε + 2).
Figure 3.1 shows that r0 = r2 = r3 = O((ε/η)q+2), and r1 = O(ε2). Therefore, the
consistent initial data for x3 is of the form x3 + ε2x. This result illustrates the fact
that, in general, the consistent initial data ū is not the same as the macroscopic state
, and that one needs to add a correction term of order O(ε2) to the macroscopic
state in order to obtain an initial data with which the microscopic problem captures
the correct effective quantities.
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Figure 3.1: This result shows that the macro state û(x) = x3 gives a consistent
initial data of the form ū(x) = x3 + ε2x. We let ū = r0(ε) + r1(ε)x + r2(ε)x2 +
r3(ε)x3 + x3, then the plots illustrate in which rate the coefficients decrease to zero
as ε −→ 0.

3.2 Finite element HMM

We will now present a FE-HMM method from [1, 5] for approximating the solutions
of the elliptic problem (1.1), the parabolic problem (1.2) and the short time wave
equation (1.3). We do not consider here the long time case, but the curious reader
may see [43, 6] for generalization of the FE-HMM to long time wave propagation
problems in periodic media.

To fix the notation we let TH be a triangulation of Ω into simplicial elements
K. We denote the macro finite element spaces by

S`(Ω, TH) = {vH ∈ H1(Ω) : vH |K ∈ R`(K), ∀K ∈ TH} (3.14)

and S`
0(Ω, TH) = S`(Ω, TH) ∩ H1

0 (Ω), where R`(K) = P`(K) is the space of poly-
nomials of degree `.

The macro models, with BH defined below in (3.18), are given for the elliptic
problem (1.1) by

Macro problem:

{
Find uH ∈ S`

0(Ω, TH) such that
BH(uH , vH) = (f, vH) for all vH ∈ S`

0(Ω, TH),
(3.15)



3.2. FINITE ELEMENT HMM 17

for the heat equation (1.2) by

Macro problem:


Find uH : [0, T ] → S`

0(Ω, TH) such that
(∂tuH , vH) + BH(uH , vH) = (f, vH) for all ∈ S`

0(Ω, TH),
uH(0) = fH in Ω,

(3.16)
and for the short time, k = 0, wave equation (1.3) by

Macro problem:


Find uH : [0, T ] → S`

0(Ω, TH) such that
(∂ttuH , vH) + BH(uH , vH) = (f, vH) for all vH ∈ S`

0(Ω, TH),
uH(0) = gH in Ω,

∂tuH(0) = zH in Ω,

(3.17)
where the bilinear form is defined as

BH(vH , wH) =
∑
K,j

ωK,j

|Ωη|

∫
Ωη

Aε(x)∇v(x) · ∇w(x) dx, (3.18)

where for each K ∈ TH , {(xK,j , ωK,j)}J
j=1 denotes an appropriate quadrature for-

mula on K and Ωη := xK,j +[−η, η]d represent a micro domain of size O(η) centered
at xK,j . Let v̂H be a linearization of vH , then v and w are the solutions of the micro
problem defined as follows: Find v ∈ V where

V = {u : u = v̂H on ∂Ωη and u ∈ H1(Ωη)}, (3.19)

such that

Micro problem:
∫

Ωη

Aε(x)∇v(x) · ∇u(x) dx = 0, for all u ∈ H1
0 (Ωη). (3.20)

Remark 3.3 The micro problem (3.20) is solved in a finite dimensional space. In
this section, we used the continuous formulation to improve the readability.

Remark 3.4 Other boundary conditions for the micro problem (3.20) could also be
imposed, e.g. periodic boundary conditions, without any conceptual change in the
algorithm.

Now we present a theorem from [27] combined with a result from [2] which
shows the error between the HMM solution uH for the elliptic formulation (3.15).
The results from [2] are used for the second part of the theorem below.

Theorem 3.1 Assume that Aε(x) = A(x/ε), where A is a periodic coefficient.
Let ū and uH be the homogenized and the HMM solutions solving (2.1) and (3.15)
respectively. Then there exist a constant C independent of ε, η and H such that

‖û − uH‖H1(Ω) ≤ C

(
H` + ε

η

)
.
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Moreover, if the micro problem (3.20) is solved in a finite dimensional space using
sth order polynomials as in (3.14), then

‖û − uH‖H1(Ω) ≤ C

(
H` + ε

η
+
(

h

ε

)s)
.

The term ε/η in above theorem is due to the artificial boundary condition
imposed on the boundary of the micro problem. Without any special treatment
this error will dominate the macro error H` and the micro error hs. In papers
II and III, we have proposed an approach to improve this error to O((ε/η)q) for
arbitrary large values for q, see Theorem 5.6.



Chapter 4

Tools

In this chapter we discuss a few mathematical tools that we extensively use in the
analysis throughout the papers.

4.1 Averaging Kernels

The upscaling procedure in HMM requires solving a multiscale problem with a
fixed ε and averaging out the small scale fluctuations over a microscopic domain of
size η to obtain effective data which are then used in the macroscopic model. The
accuracy of HMM is associated with how fast these local averages converge to the
effective macroscopic quantities. Take as an example a locally-periodic function
f = f(x, y), where f is 1-periodic in the y-variable. In this setting, a naive local
averaging gives

1
2η

∫ η

−η

f(x, x/ε) dx =
∫ 1

0
f(x, y) dy + O( ε

η
+ η).

In principle, it is possible to improve the accuracy up to O((ε/η)q + ηp) for arbi-
trarily large q and p using general purpose averaging kernels. For this we introduce
the space of averaging kernels Kp,q consisting of symmetric kernels K such that
K(q+1) ∈ BV (R) and K is compactly supported in [−1, 1] with p vanishing mo-
ments ∫

K(x)xrdx =

{
1, r = 0,

0, r ≤ p.

We use scaled kernels Kη(x) = 1/ηK(x/η). Moreover, we note that in a multi-
dimensional setting Kη is understood as

Kη(x) = Kη(x1)Kη(x2) . . . Kη(xd).

The following Lemma is an improvement of a result from [28] and shows the precise
convergence rates for the weighted local averages to the true average in the periodic
and the locally-periodic settings.

19
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Lemma 4.1 Let f be a 1-periodic continuous function and K ∈ Kp,q. Then, with
f̄ =

∫ 1
0 f(s)ds ∣∣∣∣∫

R
Kη(t)f(t/ε)dt − f̄

∣∣∣∣ ≤ C|f |∞
(

ε

η

)q+2

. (4.1)

Moreover, if f(t, s) is a 1-periodic continuous function in s, where ∂k
t f(t, s) is

continuous and bounded for k = 0, . . . , r such that

max
0≤k≤r

sup
s

sup
t

∣∣∂k
t f(t, s)

∣∣ ≤ Cf ,

then, with f̄(t) =
∫ 1

0 f(t, s)ds we have

∣∣∣∣∫
R

Kη(t)f(t, t/ε)dt − f̄(0)
∣∣∣∣ ≤ CCf


(

ε
η

)q+2
+ ηr p ≥ r(

ε
η

)q+2
+ ηp+1 p < r.

(4.2)

where the constant C does not depend on ε, η, f or s but may depend on K, p, q, r.

4.2 Quasi-polynomials

In our analysis we make use of quasi-polynomials. A quasi-polynomial can be
regarded as a generalization of a usual polynomial in the sense that the coefficients
are replaced by smooth periodic functions.

Definition 4.1 A function P (x, y) : R × R −→ R belongs to the set Pn of quasi-
polynomials of degree n if

P (x, y) = p0(y) + p1(y)x + p2(y)x2 + · · · + pn(y)xn,

where pi(y) are infinitely differentiable 1-periodic functions, named the coefficients
functions of P .

The main result of this section is that, given a periodic wave equation with
quasi-polynomial data, the solution can be written as a quasi-polynomial. Here, we
present a one-dimensional version of the theorem which we have proved in [10], see
paper IV for an updated version of the theorem in multi-dimensions. We introduce
the operators:

L[w] = ∂x (a∂xw) , M [w] = a∂xw + ∂x (aw) , N [w] = aw. (4.3)

We are then able to prove the following theorem.

Theorem 4.1 Assume that Q, Z, P (t, ·, ·) ∈ Pn and that u(t, x) solves

utt = ∂x (a(x)∂xu) + P (t, x, x),
u(0, x) = Q(x, x), ut(0, x) = Z(x, x), (4.4)
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where a(x) ∈ C∞ is 1-periodic. Then there is a family of quasi-polynomial U(t, ·, ·) ∈
Pn such that the solution to (4.4) is given as u(t, x) = U(t, x, x). The coefficient
functions of U solve the forced wave equations

∂ttuj = L[uj ] + pj + fj ,
uj(0, x) = qj(x), ∂tuj(0, x) = zj(x),

where pj, qj, zj are the coefficient functions of P , Q, Z, and

fj(t, x) =


0, j = n,

nM [un], j = n − 1,

(j + 1)M [uj+1] + (j + 2)(j + 1)N [uj+2], j ≤ n − 2.

4.3 Local time averaging of wave equations

In the upscaling step of HMM, we need to take the local averages in time and space
of the microscopic flux A∇uε. However, as A does not depend on time, we can first
apply the local averaging in time to uε and work only with the spatial variables.
For this we have proved a theorem in paper I, which states that given a periodic
wave equation with periodic data the local time average of the solution satisfies an
elliptic PDE, up to a small error.

Theorem 4.2 Suppose α = ε
τ where 0 < ε ≤ τ . Let f ∈ C∞([0, α−1], Y ) be a

Y -periodic function with f(t, ·) = 0, and K ∈ Kp,q with an even q. Furthermore,
assume that the operator L is defined as in (4.3) and w is the solution of the periodic
wave equation

∂ttw(t, y) = L[w] + f(t, y),
w(0, y) = ∂tw(0, y) = 0.

(4.5)

Then the local time average d(y) := Kτ ∗ w(·/ε, y)(0) satisfies

L[d] = −
q/2−1∑

`=0

L−`Kτ ∗ ∂2`
t f(·/ε, y)(0) + αqR(y).

Here R is Y -periodic with zero average (R(·) = 0), and

‖R‖H1(Y ) ≤ C max
|t|≤1

‖w(t/α, ·)‖L2(Y ), (4.6)

where C does not depend on α, ε, η but may depend on Y, K, p or q .





Chapter 5

Summary of Results

5.1 Papers I and IV: Analysis of HMM for long time wave
propagation problems

In papers I and IV we analyse a finite difference HMM (FD-HMM) from [29] for
approximating the effective properties of the long time wave propagation problem

∂ttu
ε − ∇ · (Aε(x)∇uε(t, x)) = f(x), in Ω × (0, T ε

k ],
uε(0, x) = g(x), ∂tu

ε(0, x) = z(x) in Ω × {t = 0}. (5.1)

We are interested in the long time scales

T ε
k = O(ε−k), k = 1, 2.

The difference in the theoretical setting between papers I and IV is the following
assumptions in the problem

• Paper I: Aε(x) = A(x/ε), where A(·) is 1-periodic, k = 2, and x ∈ Ω ⊂ R.

• Paper IV: Aε(x) = A(x, x/ε), where A(x, ·) is Y -periodic with Y := [0, 1]d,
k = 1, and x ∈ Ω ⊂ Rd.

The generality of the FD-HMM for long time wave propagation problems described
in Section 3.1 allows us to use the same method for approximating the effective
properties in both theoretical settings. We will now recall this FD-HMM with a
slight modification in the upscaling step. The macro model is given as

Macro model: ∂ttU(t, x) − ∇ · F = 0. (5.2)

We assume also that the macro problem is discretized over a macroscopic grid in
d-dimensions Similar to (3.10). The problem is then to approximate the flux F at

23
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a discrete point x0 ∈ Ω. To do this, we first solve the micro problem

Micro problem: ∂ttu
ε(t, x) − ∂x (Aε(x)∂xuε(t, x)) = 0 in Ωx0,η × (0, τ ],

uε(0, x) = ūk(x), ∂tu
ε(0, x) = 0, on Ωx0,η × {t = 0},

(5.3)
where Ωx0,η := x0 + [−Lη, Lη]d and Lη = η + τ

√
|A|∞, and ūk is an initial data

consistent with the current macroscopic state; see Section 3.1.3 for discussions about
consistency. Now, we can upscale the flux similar to (3.12).

Upscaling: F (x0) =
∫ τ

−τ

∫
Ωx0,η

Kτ (t)Kη(x − x0)Aε(x)∂xuε(t, x)dxdt. (5.4)

We will discuss now the results of papers I and IV in two separate sections.

Paper I:

Recall from Chapter 2 that when k = 2, and when the medium is purely periodic,
the macroscopic behaviour of (5.1) is governed by the following effective equation

Paper I: ∂ttû(t, x) − ∂xF̂ = 0, in Ω × (0, T ε
2 ],

û(0, x) = g(x), ∂tû(0, x) = z(x) in Ω × {t = 0} ,
(5.5)

where
F̂ = Â∂xû(t, x) + ε2β∂xxxû(t, x). (5.6)

Moreover an explicit representation for β was given in [42]:

β = Â

12
− Â2

∫ 1

0

∫ y

0

∫ s

0
A−1(s)drdsdy − Â3

∫ 1

0

∫ y

0

∫ s

0
A−1(y)A−1(r)drdsdy

+Â2
∫ 1

0

∫ y

0
A−1(r)drdy − Â3

(∫ 1

0

∫ y

0
A−1(r)drdy

)2

.

(5.7)
Note the similarity between HMM’s macro model (5.2) and the effective equation
(5.5). We ensure that the FD-HMM will capture the right long time effects if the
HMM flux (5.4) stays close to the effective flux (5.6). In this paper, we have proved
that the long time flux (5.6) is accurately captured up to any desired order of
accuracy in ε/η if the micro simulations are provided with a consistent third order
polynomial ū as initial data.

We have two main results in this paper. First we have proved that the long
expression β can be rewritten in a very simple form given in the following theorem.

Theorem 5.1 Let β be given as in (5.7), and χ be the zero average cell solution
solving (2.5) when x = 0. Then

β = Â‖χ‖2
L2(Y ),

where Y = [0, 1], and Â is the homogenized coefficient in one-dimension.
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As our second main result, we prove a convergence rate for the difference between
the HMM flux (5.4) and the effective flux (5.6).

Theorem 5.2 Suppose that uε solves the problem (5.3) with an initial data ū con-
sistent up to O((ε/η)q), with the macroscopic state

û = s0 + s1(x − x0) + s2(x − x0)2 + s3(x − x0)3.

Suppose that α = ε/η and K ∈ Kp,q−2 with p, q > 3 and η = τ . Moreover, let F
and F̂ be given as in (5.4) and (5.6) respectively. Then

∣∣∣F (x0) − F̂ (x0)
∣∣∣ ≤ C max

j
|sj |

((
ε

η

)q

+ η

(
ε

η

)q−1
)

,

where C is independent of x0, ε and η but may depend on A, p, q.

In Figure 5.1 we see that the HMM flux converges to the effective flux with the
desired rate. Moreover, we show the consistency error which decreases in the same
order as for the flux.
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Figure 5.1: The error between the HMM flux and the homogenized flux (left
plot), the consistency error between the time filtered microscopic solution and the
macroscopic state û(x) = x + x3 (right plot). In this simulation we have chosen
A(y) = 1.1 + sin(2πy + 2). We clearly observe O((ε/η)q+2) convergence rate for the
flux and the filtered solution.
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Paper IV:

The effective equation (5.6) is valid only in periodic media. Therefore, it does not
describe the effective behaviour of the waves in general. The goal of this paper is
two-fold. First using asymptotic expansions we derive an effective equation which
describes the effective properties of waves over O(ε−1) time scales and in locally-
periodic media where Aε = A(x, x/ε) and A(x, ·) is Y -periodic. We then prove
that the HMM captures the correct long time effects. In this setting, we derive the
following effective equation:

∂ttû(t, x) = ∇ ·
((

Â(x) + εB(x)
)

∇û(t, x)
)

+ ε

d∑
j,m,`=1

∂xj (Djm`(x)∂xmx`
û(t, x))

û(0, x) = g(x), ∂tû(0, x) = z(x), (5.8)

where the effective coefficients are given by

Bj`(x) := eT
j

∫
Y

A(x, y) (∇yG`(x, y) + ∇xχ`(x, y)) dy, (5.9)

Djm`(x) := eT
j

∫
Y

A(x, y) (∇yPm`(x, y) + emχ`(x, y)) dy. (5.10)

Here {χ`}d
`=1 solves (2.5). Moreover, {G`(x, ·)}d

`=1 and {Pm`(x, ·)}d
`,m=1 are Y -

periodic zero average functions, for a fixed x, solving

∇y · (A∇yG` + A∇xχ`) = ∇x ·
(

Â − Ψ
)

e`. (5.11)

and

∇y · (A∇yPm` + Aemχ`) = eT
m

(
Â − Ψ

)
e`. (5.12)

where Ψ is a matrix function defined by

Ψj` = eT
j Ae` + eT

j A∇yχ`. (5.13)

Note that the effective equation (5.8) is in divergence form:

∂ttû − ∇ · F̂ = 0,

where

F̂j = eT
j

(
Â(x) + εB(x)

)
∇û(t, x) +

d∑
m,`=1

Djm`(x)∂xmx`
û(t, x).

To capture this effective flux, the micro problem (5.3) must be supplied with an
initial data ū consistent with a second-order interpolant of the coarse scale data.
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To capture the term eT
j

(
Â(x) + εB(x)

)
∇û(t, x) we should use an initial data ū

consistent with a linear interpolant of the macroscopic data while for the term∑d
m,`=1 Djm`(x)∂xmx`

, a ū consistent with a second-order interpolant of the coarse
scale data is needed for the initial data of the micro problem (5.3). We note here
that, in this setting, the consistency is needed only for the D term, as the consistent
initial data corresponding to a linear polynomial is the same polynomial up to O(ε2)
accuracy.

As our main result of this paper, we show that if the micro problem (5.3) is
provided with the initial data

ū = û = s · x,

where s = (s1, s2, . . . , sd) is the slope of the macroscopic data, then the HMM
captures the term eT

j

(
Â(x) + εB(x)

)
∇û(t, x) up to O(ε2) accuracy. In particular,

we have proved the following theorem.

Theorem 5.3 Let F be given as in (5.4), where the micro problem is solved by the
initial data ū = û = s · x. Assume that K ∈ Kp,q with η = τ and η = ε1−γ . Then
for 0 < γ < 2/7 we have∣∣∣F (x) −

(
Â(x)∇û + εB(x)∇û

)∣∣∣ ≤ C
(

εγ(q−2) + ε2−7γ
)

|∇û|∞ . (5.14)

where C does not depend on x, ε, η but may depend on K, p, q, d or A.

The first term in the right hand side of (5.14) accounts for the averaging error
in FD-HMM while the second term is due to the higher order effects of waves.
The estimate (5.14) shows that the FD-HMM captures the right long time effects
up to O(ε2) accuracy upon choosing an arbitrarily small γ and a large q, e.g.
q = k/γ + 2. Note that small values for γ imply lower computational cost as
η = O(ε1−γ). Moreover, q can be taken arbitrarily large without further increasing
the computational cost.

We note that we have not proved a similar theorem for the term D in the
present paper. However, we have provided numerical results showing the fact that
upon using a consistent initial data the flux corresponding to the term D is also
accurately captured.

To test our theoretical statements we consider a simple locally-periodic coeffi-
cient

A(x, y) = (1.5 + sin(2πy1) + sin(2πx2) cos(2πy1)) I, (5.15)
where I is a 2 × 2 identity matrix. Here x represents the slow variable and y is the
fast variable. This example is chosen so that the effective coefficient deviates from
the classical homogenization (B 6= 0). Now we show the convergence of FHMM to
the effective fluxes (Â∇û and

(
Â + εB

)
∇û) as ε −→ 0. For this we fix the center

of the micro-box at (0, 0) and compute FHMM by solving the micro-problem (5.3)
with η = 0.1 and the initial data

ū = û = x1 + x2.
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Figure 5.2 depicts the following facts

a. FHMM has an O(ε) deviation from the classical homogenized flux Â∇û.

b. FHMM captures the long time effective flux denoted by F long
HOM =

(
Â + εB

)
∇û

up to O
(

(ε/η)q+2 + ε2
)

accuracy.

We note here that the O(ε2) in the latter is due to the higher order effective flux
which is also known from the periodic theory.

Now we consider a more complicated coefficient A so that D 6= 0.

A(x, y) = 1
10

(
1.1 + cos(2πx1) sin(2πy1)
1.1 + cos(2πx2) sin(2πy2)

+ 1.1 + cos(2πx2) sin(2πy2)
1.1 + cos(2πx1) sin(2πy1)

)
I.

We then center the micro problem (5.3) at (0, x2) and solve it using the parameters
η = 0.1, and ε = 0.01. Moreover, we use third order initial data ū which are
consistent with û = x2

1, and x2
2. Figure 5.3 shows that the terms D122 and D211

are accurately captured by HMM.
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Figure 5.2: Convergence of FHMM to the effective flux. Here FHOM = Â∇û, and
F long

HOM =
(

Â + εB
)

∇û, where û(x) = x1 + x2. The FD-HMM accurately captures
the long time flux in both directions.
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30 CHAPTER 5. SUMMARY OF RESULTS

5.2 Papers II and III: Improvement of the cell-boundary
error for homogenization problems

In papers II and III, we consider the multiscale elliptic PDE,

Papers II and III: − ∇ · (Aε(x)∇uε(x)) = f(x), in Ω,

uε(x) = g(x), on ∂Ω, (5.16)

the multiscale parabolic problem

Paper III: ∂tu
ε(t, x) − ∇ · (Aε(x)∇uε(t, x)) = f(x), in Ω × (0, T ],

uε(0, x) = g(x), on Ω × {t = 0}, (5.17)

and the multiscale wave equation

Paper III: ∂ttu
ε − ∇ · (Aε(x)∇uε(t, x)) = f(x), in Ω × (0, T ],

uε(0, x) = g(x), ∂tu
ε(0, x) = z(x) in Ω × {t = 0}. (5.18)

Note that the final time T in both the parabolic and the wave equations does
not depend on ε. Typical HMM-based multiscale algorithms for approximating
the homogenized solutions of (5.16), (5.17) and (5.18) were described in Chapter
3. A common drawback of such type of methods is the boundary error coming
from the artificial boundary conditions on the boundary of the micro problems. In
paper II, we introduce a FD-HMM which substantially reduces the boundary error
in the context of elliptic multiscale problems. The idea is to use the multiscale
wave equation as the microscopic problem although the macroscopic equation is of
elliptic type. Due to the finite speed of propagation of waves, the solution inside the
micro-domain will not be polluted by the artificial boundary conditions imposed
on the boundary of the micro problems if the micro domain is chosen sufficiently
large.

In paper III, we use this idea to develop and analyze a FE-HMM scheme for
approximating the homogenized solutions of the multiscale elliptic, parabolic and
second-order hyperbolic equations. In particular, we show the convergence of spa-
tially discrete HMM solutions to the corresponding homogenized solutions in all
three cases.

Paper II:

In paper II, we have developed a FD-HMM scheme for approximating the homog-
enized solutions of the multiscale elliptic PDE (5.16). The approach is similar to
the FD-HMM introduced in Chapter 3 with a modification in the micro model and
the upscaling step.
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Cell-boundary error
Consider the FD-HMM given by the macro model (3.4), the micro model (3.6) with
simple Dirichlet boundary conditions û = s ·x where s = (s1, . . . , sd) represents the
slope of a given macroscopic state. We are interested in the error

E =
∣∣∣F − F̂

∣∣∣ ,
where F is the HMM flux given by the upscaling (3.8), and F̂ = Â∇û is the
homogenized flux. The error E can be divided into three parts:

• Discretization error when solving the micro problem (3.6) and approximating
the integral (3.8) numerically.

• Averaging/filtering error introduced by the averaging kernel in (3.8). This
error originates from the difference between the exact integral (3.8) and the
average of the integrand in the limit when ε/η −→ 0.

• A first order (in ε/η) error due to boundary conditions, in the micro problem,
which are O(ε) away from the exact value.

The first two sources of errors can be made as small as we like by using high
order solvers for the micro model, a high order quadrature rule, and by using
averaging operators with high q, p. However, the error due to the boundary is fixed
and will eventually dominate all other errors. In paper II we have used a simple
periodic media to motivate the boundary error. In particular, we have shown that
the boundary error is related to how far the micro solutions stay away from the
infinite domain solution uε

∞ defined as

uε
∞ = û(x) + εχ(x/ε) · ∇û(x), (5.19)

where χ = {χ`}d
`=1 is a vector of solutions to the cell problem (2.5), and û = s · x

represents a linear interpolation of the macroscopic states. Figure (5.4) depicts the
fact that, in general, the macroscopic state û is O(ε) away from the infinite domain
solution. Therefore, we have an O(ε) error on the boundary of the micro problem
if we use û as our boundary conditions. This is known as the cell-boundary error.

The method
In paper II, we propose a new method to remove this boundary error. The macro
model remains the same as in (3.4)

Macro model: − ∇ · F = f, (5.20)

The new method uses a wave equation, instead of an elliptic PDE, as the micro
model:

Micro problem: ∂ttu
ε(t, x) − ∂x (Aε(x)∂xuε(t, x)) = 0 in Ωx0,η × (0, τ ],

uε(0, x) = û(x), ∂tu
ε(0, x) = 0, on Ωx0,η × {t = 0},

(5.21)
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Figure 5.4: HMM discretization and solutions. Bottom: The physical domain Ω.
Top: zoom of solutions in micro box. The circles are the macro discretization points
and the rectangular boxes are the micro domains. The homogenized solution is O(ε)
away from the infinite domain solution on the boundary of the microscopic domain.

where û = s ·x represents a linear interpolation of the macroscopic data. The micro
problem is also supplied with periodic boundary conditions where uε − û is periodic
over Ωx0,η. As the micro problem is time dependent, the upscaling (3.8) is replaced
by

Upscaling: F (x0) =
∫ τ

−τ

∫
Ωx0,η

Kτ (t)Kη(x − x0)Aε(x)∇uεdx, (5.22)

where a local averaging in time is also introduced to remove the time dependency
of the micro solutions.

The intution behind this strategy is based on the following facts:

• In [29], the micro model (5.21) is naturally used to approximate the homog-
enized matrix in the context of multiscale wave propagation. However, for
short time scales, the multiscale wave equation possesses the same homoge-
nized coefficient Â as the elliptic problem (5.16).

• The solutions of hyperbolic PDEs propagate with finite speed. Thus, the error
due to the boundary will not affect the interior solution if the microscopic
domain is large enough.

• In the periodic setting, the time average of the wave equation (5.21) matches
the infinite domain solution uε

∞ in (5.19), therefore, HMM captures the correct
homogenized quantities in all dimensions, [29].
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It should be noted that higher accuracy is achieved by choosing smoother kernels
with more vanishing moments. In purely periodic media, the following theorem was
proved, in [29].

Theorem 5.4 Let F̂ := Â∇û(x0) where û = s · x, and F (x0) be defined by (5.22)
with K ∈ Kp,q where uε(t, x) solves the micro problem (5.21) with the initial data
û = s·x exactly, and suppose Aε(x) = A(x/ε), where A(y) is smooth and 1-periodic,
and τ = η. Then ∣∣∣F (x0) − F̂ (x0)

∣∣∣ ≤ C|s|∞
(

ε

η

)q+2

,

where |s|∞ := max1≤j≤d |sj |, and C is a constant independent of ε and η.

Although the above theorem was proved in the context of multiscale wave propaga-
tion where the original multiscale PDE was a second-order wave equation, we can
use the same theorem in the setting of multiscale elliptic problems since these two
problems have excatly the same homogenized coefficient Â.

Numerical results
As we saw in Theorem 5.4, our time-dependent strategy gives arbitrarily high con-
vergence rates in ε/η in the periodic setting. To illustrate this we consider the
periodic coefficients

Aε
1(x) = 1.1 + sin(2πx/ε), Aε

2(x) = ecos(2πx/ε+1),

Aε
3(x) = 1.1 + sin(2πx/ε + 1)2 + 1

2
cos(2πx/ε + 1.1).

(5.23)

Figure 5.5 shows the convergence of the HMM flux to the homogenized fluxes in all
three sets of problems, where we have used several values for q to validate Theorem
5.4. The numerical results are in a good agreement with the theory.

We also emphasize here that the approach gives O(εk + ( ε
η )q+2 + ηp+1) conver-

gence rates in locally-periodic media, where k = 2 for d = 1 and k = 1 for d ≥ 2.
For the one-dimensional results see the simulations in paper II. Here we consider
only a two-dimensional locally-periodic media with

Aε(x) = (1.5 + sin(2πx1/ε) + sin(2πx1) cos(2πx1/ε))I,

where I is the 2 × 2 identity matrix. We then compare the HMM flux in x1 and
x2 directions with the homogenized flux F̂ = Â∇û in Figure 5.6. In this case we
observe an O((ε/η)q+2 +ε) error in the flux, where the O(ε) error is then related to
the high order effects of waves which can be explained by the effective equation (5.8)
in locally-periodic. Indeed the O(ε) term corresponds to the effective flux εB∇û
in (5.8). We note however that the O(ε) is still far smaller than the cell-boundary
error which scales with O(ε/η).
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Figure 5.5: Error between HMM flux and the homogenized flux for periodic ex-
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Paper III:

In paper III we have developed and analyzed a FE-HMM scheme for approximat-
ing the homogenized solutions of the elliptic problem (5.16), the parabolic problem
(5.17), and the hyperbolic-problem (5.18). The idea is again to use the wave equa-
tion as the micro problem even though the equations on macroscopic levels can be
of different kinds. The theoretical study is restricted to the periodic media and it
does not cover the long time regimes (for the wave equation).

The method

In this part we will use the finite element notations introduced in FE-HMM section
of Chapter 3. The proposed method still uses the macro model (3.15) in the elliptic
case, the macro model (3.16) in the parabolic case and the macro model (3.17) for
the wave equation. To define the micro model we first introduce the FE-space

Ss(Ωη, Th) = {vh : vh ∈ H1
per(Ωη), vh|Q ∈ Rs(Q), ∀Q ∈ Th}.

Then the micro problem is given by: Find vh : [−τ, τ ] → v̂H + Ss(Ωη, Th) such that

(∂ttvh, uh) +
∫

Ωη

Aε(x)∇vh(x) · ∇uh(x) dx = 0, ∀uh ∈ Ss(Ωη, Th)

vh(0) = v̂H(x), ∂tvh(0) = 0, (5.24)

where we recall that v̂H(x) is a linearization of vH . We also replace the upscaling
step (3.18) by

BH(vH , wH) =
∑
K,j

ωK,j

∫
Ωη

Kη(x − xK,j)Aε(x)∇v̄h(x) · ∇w̄h(x) dx, (5.25)

where
v̄h(x) =

∫ τ

−τ

Kτ (t)vh(t, x) dt,

with the obvious changes for w̄h.

Remark 5.1 Note that instead of the upscaling (5.25) one could use

BH(vH , wH) =
∑
K,j

ωK,j

∫
ΩxK,j ,η

∫ τ

−τ

Kτ (t)Kη(x−xK,j)Aε(x)∇vh(t, x)·∇wh(t, x) dx,

which corresponds to the bilinear form for the FD-HMM proposed in paper II. How-
ever, such a strategy does not lead to a symmetric bilinear form, see [43].
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Analysis
In this paper, we give error estimates between the HMM solutions uH , solutions
to elliptic (3.15), parabolic (3.16), hyperbolic (3.17) macro problems, with the
micro problem and the upscaling given by (5.24) and (5.25) respectively, and their
corresponding homogenized solutions given in (2.1) for elliptic, in (2.2) for parabolic
and in (2.3) for hyperbolic problems.

To give an overview of the analysis we recall and define the following notations:

• uH : The HMM solutions.

• ũH : The HMM solutions when the micro problem (5.24) is solved exactly
(not in a finite dimensional space).

• û: The homogenized solutions.

• ûH : The discrete homogenized solution.

In addition to the bilinear form BH in (5.25), corresponding to uH , we denote the
bilinear forms for ũH and ûH by B̃H and B̂H , where B̃H is given by (5.25) when
the micro problems are solved exactly and B̂H is defined as

B̂H =
∑
K,j

ωK,jÂ(xK,j)∇vH(xK,j) · ∇wH(xK,j).

We then make a decomposition of the error as follows.

‖û − uH‖ ≤ ‖û − ûH‖︸ ︷︷ ︸
eMAC

+ ‖ûH − ũH‖︸ ︷︷ ︸
eMOD

+ ‖uH − ũH‖︸ ︷︷ ︸
eMIC

.

The macro and the micro errors eMAC and eMIC are the discretization errors coming
from the macro and the micro solvers. On the other hand, the modelling error eMOD
is the upscaling error when the micro model (5.24) is solved exactly. Using Strang-
type lemmas from [17] for elliptic, [7] for the heat and [5] for the wave equations,
the modelling error can be bounded by the difference between the bilinear forms
B̃H and B̂H corresponding to ũH and the homogenized solution ûH respectively.
As our first main result in paper III, we estimate this difference. In particular, we
prove the following theorem.

Theorem 5.5 Suppose that K ∈ Kp,q, 0 < ε ≤ η, and η = τ . Moreover let
Aε(x) = A(x/ε) where A is a Y -periodic, symmetric, elliptic and bounded. Then

∣∣∣B̃H − B̂H

∣∣∣ ≤ C

(
ε

η

)q+2

‖vH‖H1(Ω)‖wH‖H1(Ω), (5.26)

where C is a constant independent of ε and η.



38 CHAPTER 5. SUMMARY OF RESULTS

Remark 5.2 For eMIC we argue similarly as in eMOD. In other words, we use
Strang-type lemma and bound instead B̃H − BH . This gives∣∣B̃H − BH

∣∣ ≤ C

(
h

ε

)s

‖vH‖H1(Ω)‖wH‖H1(Ω), (5.27)

Combining these results, we get eventually the following convergence result, in a
spatially fully discrete setting, for the FE-HMM with hyperbolic micro problems.

Theorem 5.6 Suppose that û is the solution of the homogenized problems (2.1),
(2.2) or (2.3) and uH be the corresponding FE-HMM solutions solving (3.15), (3.16)
or (3.17) when the hyperbolic problem (5.24) is used as the microscopic model. Let
K ∈ Kp,q with η = τ . Then

‖û − uH‖ ≤ C

(
H` +

(
ε

η

)q+2

+
(

h

ε

)s
)

,

where the norm ‖‖ is

‖u‖ =


‖u‖H1(Ω) elliptic eqn.
‖u‖L∞(0,T ;H1(Ω)) heat eqn.
‖∂tu‖L∞(0,T ;L2(Ω)) + ‖u‖L∞(0,T ;H1(Ω)) wave eqn.

and C does not depend on ε, η, h or H.

See how Theorem 5.6 improves the O(ε/η) boundary error in Theorem 3.1 to
O((ε/η)q), for arbitrarily large values for q, without increasing the computational
cost in terms of ε. For a different approach for improvement of the cell-boundary
error up to q = 4, in the periodic setting, see [34].

5.2.1 Numerical results
To test our theoretical result we consider the multiscale elliptic problem (5.16) in
Ω = [0, 1], where

Aε(x) =
√

2 + sin
(

2π
x

ε

)
,

with ε = 0.001 and f(x) = π2 sin(2πx/ε). We compute now the difference between
the approximation ûH of the homogenized solution and the FE-HMM solution uH ,
where we use a P1 FE on the same uniform mesh with H = 1/32. To reduce the
micro error we use h = ε/1000. We then let τ = η increase while ε remains fixed.
On the left hand side of Figure 5.7 we show the O((ε/η)q+2) convergence rate with
q = 5. Moreover, on the right plot we compare the performance of our FE-HMM
method to a standard FE-HMM computed by using elliptic micro problems. We
clearly see that our method outperforms, in terms of accuracy, the classical FE-
HMM. Moreover, getting high order convergence rates for the modelling error does
not lead to a higher computational cost as the convergence rate is only related to
the smoothness of the kernel we use.
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Figure 5.7: Difference between the FE-HMM solution uH and the discrete homog-
enized solution ûH (left) and the comparison between the FE-HMM with elliptic
and hyperbolic micro problems (right). We use a kernel K ∈ K3,5, and for a fixed
ε we study the convergence as η and τ get larger. We observe convergence of order
7 (left plot). Moreover, the FE-HMM with hyperbolic micro problems leads to
much smaller error, if the micro domain is large enough, in comparison to standard
FE-HMM with elliptic micro problems (right). Note that here δ represents the size
of our micro domain.
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