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Abstract 
In turbomachinery applications as propulsion and power generation, there is a continuous endeavour to 
design engines with higher efficiency, driving the compressor and turbine blades towards slimmer and 
more aerodynamically loaded configurations that frequently operate with fluids at higher temperatures and 
speeds. This combination of reduced design space and adverse operating environment makes the blades 
more susceptible to flutter and challenges the designer to predict its occurrence.  

Nowadays there are different CFD solvers that allow the prediction of flutter in turbomachinery; some of 
them are more efficient than others and provide considerable computational power savings when 
compared with traditional CFD methods that sometimes require the simulation of several or all the blades 
in a given row. 

The present thesis work is aimed at investigating the strengths and potential limitations of a novel time 
marching method for Flutter prediction in the Travelling Wave Mode (TWM) domain available in ANSYS 
CFX 14.5. The results are compared with experimental measurements obtained at the KTH test rig and 
CFD simulations in the Influence Coefficient Domain (INFC) performed in a previous MSc. Thesis in 
2013. 

An approach in CFX to solve flutter is the Fourier Transformation method that uses only two passages 
with phase lagged periodic boundary conditions. In the previous thesis only one operating point was 
calculated using this method. This project focuses on the extension of the calculations to various 
operating points and expanding the solver validation. 
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Nomenclature 
Latin Symbols 

c blade cord 

�̂�𝑝   normalized unsteady pressure coefficient 

𝑑𝑓   infinitesimal force component 

d  diameter 

𝑑𝑓   infinitesimal moment component 

𝑑𝑠   infinitesimal arcwise component, per unit span 

f  oscillation frequency 

F force 

G  damping matrix 

ℎ�⃗�   complex mode shape vector 

i  imaginary unit 

k  reduced frequency 

K  stiffness matrix 

m  mass 

M  mass matrix 

𝑛�⃗    vector normal to surface element 

N  number of blades 

p  pressure 

�̅�   mean pressure 

𝑝�   time dependent perturbation pressure 

�̂�   complex pressure amplitude 

r  radius, radial coordinate 

𝑟   distance from centre of torsion to force 

t  time 

T  oscillation period 

u  flow velocity 

x,y,z  cartesian coordinates 

X  displacement vector 

�̇�   first derivative of displacement vector, velocity 

�̈�   second derivative of displacement vector, acceleration 
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Greek Symbols 

α  yaw flow angle 

δ  displacement 

ζ   torsional mode coordinate 

η circumferential mode coordinate 

λ wavelength 

µ mass ratio 

ξ axial mode coordinate 

π number “pi” 3.1415927… 

ρ density 

σ interblade phase angle 

ω rotational frequency 

𝛯  stability parameter 

 

Subscripts 

0 total 

1 cascade inlet 

2 cascade outlet 

ae aerodynamic 

b  boundary 

damping related to damping 

disturbance related to disturbance 

dyn dynamic 

ref reference 

ζ torsion direction 

η circumferential bending direction 

θ circumferential component 

ξ axial bending direction 

 

Superscripts 

° degree 
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Abbreviations 

2D two dimensional 

3D three dimensional 

AGARD Advisory Group for Aerospace Research and Development 

ASME American Society of Mechanical Engineers 

ATM automatic topology and meshing 

avg  average 

CFD computational fluid dynamics 

deg degrees 

HCF high cycle fatigue 

FEM finite element method 

FT  Fourier transformation 

FUTURE flutter-free turbomachinery blades 

IBPA interblade phase angle 

INFC influence coefficient 

K Kelvin 

Kg kilogram 

KTH Kungliga Tekniska Högskolan (Royal Institute of Technology) 

LE leading edge 

LPT los-pressure turbine 

mts meters 

ND nodal diameter 

OP  operating point 

PS pressure side 

rad  radian 

rev revolution 

RMS  root mean square 

span  spanwise coordinate 

SS  suction side 

SST  shear stress transport 

TBR  transient blade row 

TE  trailing edge 

TWM  travelling wave mode 

UOP  unsteady operating point 
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1 Background 
 

1.1 Introduction 
In a turbomachine, the energy in a fluid is transformed into mechanical energy by rotating a turbine. The 
machine can include an axial compressor as in gas turbines for power generation, a fan and an axial 
compressor as in aero engines or use steam that expands through the turbine as in power generation 
steam turbines.  

The compressor and turbine sections of the turbomachines consist of several rotating and stationary disks 
with blades arranged circumferentially in a periodic manner that allow the fluid to compress and expand as 
it moves throughout the engine. The blades are exposed to a fluid moving at high speeds in some cases 
higher than the speed of sound, in this scenario the aerodynamic forces can reach a level where the 
aeroelastic stability of the system must be carefully evaluated to avoid flutter, especially when the blades 
are highly loaded and are long and thin with a resulting low stiffness as in the fan, first stages of the 
compressor and last stages of the low pressure turbine. Refer to Figure 1-1 for a view of the components 
susceptible to flutter in a power generation engine. 

 
Figure 1-1 Components susceptible to flutter highlighted in a SGT-750 power generation gas turbine; picture courtesy 

of Siemens 

Flutter is a self-initiated and self-maintained aeroelastic instability phenomenon that arises when the 
unsteady pressure fields in the flow resulting from the vibration of a structure start feeding energy back to 
the structure. This results in an exponential increase on the oscillation amplitude if there is not enough 
damping in the system to dissipate the energy from the flow. 

In a system corresponding of a structure exposed to a fluid stream, the aerodynamic forces due to the 
fluid movement are balanced by the inertial and elastic forces in the structure, when this balance is 
disrupted the system becomes unstable and flutter occurs. The mutual interaction between the 
aerodynamic, inertial and elastic forces involved in the flutter phenomenon is studied by the engineering 
science of dynamic aeroelasticity illustrated in the collar’s triangle of forces (Collar, 1946).  

 

Compressor 

Low-pressure turbine 
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Figure 1-2 Collar's triangle of forces 

Referring to the Collar’s triangle of forces shown in Figure 1-2, besides dynamic aeroelasticity other 
disciplines exist when one of the three forces is not present or is small enough compared to the other two. 
Examples of phenomena studied by the field of static aeroelasticity where inertial forces are low and/or 
neglected commonly faced in aircraft wings are divergence and control reversal. When aerodynamic forces 
are low and/or neglected as in many of the structural vibration occurrences, the phenomenon belongs to 
the field of structural dynamics. The phenomena involved in flight dynamics like lift and aircraft control 
and stability belong to the field of rigid body aerodynamics where elastic forces are not considered.  

Back to the field of dynamic aeroelasticity and flutter in turbomachinery, the unsteady pressure fields on 
the surface of the blades leading to flutter differ to those resulting from forced response excitation as they 
are a result of the vibration of the blades itself and not from flow disturbances upstream or downstream 
of the blades. Flow disturbances from sources external to the blade are usually a result of rotor-stator 
interaction and are synchronized to the rotation of the rotor (i.e. they occur a fixed number of times per 
revolution).  

The difference between flutter and synchronous vibration can be observed in a Campbell diagram as that 
shown in Figure 1-3. Synchronous vibration occurs at the crossings between an integer engine order line 
and the natural frequencies of the blades-disk assembly. On the other hand, flutter can occur at the natural 
frequencies of the assembly but not necessarily at their crossing with an integer engine order line. 

Aerodynamic 
Forces 

Elastic 
Forces 

Inertial 
Forces 

Structural 
Dynamics 

Rigid Body 
Aerodynamics 

Static 
Aeroelasticity 

Dynamic 
Aeroelasticity 
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Figure 1-3 Campbell diagram showing synchronous vibrations and Flutter occurrences; adapted from Sisto, 1987 

The Campbell diagram is of great assistance to predict and prevent potential occurrences of resonant 
vibration resulting from synchronous excitation during the design phase of the engine; this can be 
accomplished by maintaining the dangerous crossings between the natural frequencies of the bladed disk 
and the engine order lines away from the operational speed of the rotor. On the other hand, flutter cannot 
be predicted with a Campbell diagram by itself and sometimes it is evident only until the engine is 
assembled and tested or even worse, when the engine is in operation with potentially catastrophic results.  

Flutter prediction has challenged the design engineers for decades; although there has been a considerable 
development in the understanding and prediction of flutter, there have been various events potentially 
attributed at it as the blade failures in the F-100 and J85-21 aircraft engines described by Srinivasan, 1997. 

Nowadays, the increase in the computational power has allowed the use of Computational Fluid 
Dynamics (CFD) methods to estimate the aerodynamic loads on the blades as well as Finite Element 
Methods (FEM) to predict the vibratory characteristics of the bladed disks. Both of these tools can be 
used to calculate the flutter margins. However, these are numerical approximations whose results need to 
be validated.  

The validation of results from numerical tools requires the comparison with measurements on an engine 
operating under controlled conditions that match those simulated. Taking into account the effort required 
to obtain direct and reliable measurements on a real operating engine, the CFD/FEM results are 
commonly validated using measurements obtained from test facilities that emulate the operating 
conditions of the blades.  

The Flutter-Free Turbomachinery Blades or FUTURE project is a European Union project which among 
other objectives is aimed at increasing the accuracy of the current numerical tools for flutter prediction. As 
part of the FUTURE project a turbine blade for flutter testing was designed. The FUTURE blade was 
used in the flutter test rig at the Royal Institute of Technology (KTH) to generate experimental 
measurements that can be used for the validation of flutter prediction tools.  

The present work documents the validation of the unsteady pressure distribution on the surface of the 
FUTURE turbine blades obtained via different CFD simulations by comparing them with experimental 
measurements obtained at the KTH test rig. 

Synchronous Vibration 
Flutter 
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1.2 The Flutter Phenomenon 
Flutter was first observed on aircrafts as early as 1916 on a Handley Page O/400 twin engine biplane 
bomber in the UK (Kehoe, 1995) and increasing its occurrence on aircraft wings as they evolved to 
operate at higher velocities during the first half of the 20th century.  

On the first attempts to understand the phenomena causing flutter on the aeronautical sector, it was 
found that the flutter occurrence on aircraft wings increased as their mass ratio µ decreases. The mass 
ratio is the ratio between the mass of the wing and the mass of the air surrounding the wing within a 
radius of half of its cord, as shown in equation 1-1. 

µ =
4𝑚
𝜋𝜌0𝑐2

 Eq. 1-1 

 

Where c  is the blade cord, m is the mass of the blade per unit span and 𝜌0 is the air density. However, the 
mass ratio does not play a role as important on turbomachinery blades because their mass ratio is several 
times larger than in aircraft wings. 

Considering a flow stream around a vibrating blade, the ratio of the time that takes a fluid particle to travel 
across the blade and the time at which the blade completes an oscillation period is captured by the 
parameter known as reduced frequency k, as shown in equation 1-2. 

𝑘 =
𝑡
𝑇

=
𝑐
𝑢
1

2𝜋𝑓
=

2𝜋𝑓𝑐
𝑢

 Eq. 1-2 

 

Where f is the oscillation frequency, c is the blade cord and u is the fluid velocity. 

The reduced frequency provides an indication of the unsteadiness in the flow. A low reduced frequency is 
the result of blade oscillations that take longer than the time needed for a fluid particle to travel across the 
blade; thus, during its displacement through the blade the flow experiences small changes exerted by the 
blade oscillations and has time to adapt to these changes resulting in a quasi-steady flow. In 
turbomachinery, flutter in the first mode have been observed for reduced frequencies less than about 0.4 
and between 0.4 and 0.7 with a predominant first torsion mode (Srinivasan, 1997). 

The flutter phenomenon assessed in this study corresponds to flutter in turbomachinery, specifically in 
bladed disks and blisks. A bladed disk is a circumferential arrangement of blades assembled to a rotating 
disk as in the fan, compressor and turbine. A blisk is a single part where the blades are machined at the 
outer diameter of a disk and it is sometimes used in the compressor. 

Under the assumption of having the blades of the disk vibrating at the same frequency, mode shape and 
amplitude with a phase lag on the time when they reach their maximum amplitude, it is said that the 
blades are vibrating in a travelling wave mode (TWM). The phase lag between the vibratory motion of two 
adjacent blades is known as Interblade Phase Angle or IBPA and, it depends on the number of blades (N) 
and the nodal diameter (ND) and is calculated as shown in equations 1-3 and 1-4: 

 

 

Forward Travelling Wave Mode:                

𝜎 =
2𝜋 ∙ 𝑁𝐷

𝑁
 

Eq. 1.3 
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Backward Travelling Wave Mode:                

𝜎 =
2𝜋 ∙ (𝑁 −𝑁𝐷)

𝑁
 

Eq. 1-4 

 

The nodal diameters are lines of zero displacement during the vibration of the disk; they go across it 
passing through its centre, for each nodal diameter a forward and backward travelling wave mode exist. 
An example of the nodal diameter pattern and the resulting instantaneous wave mode in the blade row is 
shown in Figure 1-4. 

 
Figure 1-4 Nodal diameter pattern and instantaneous blade row relative position; adapted from Vogt (2005) 

  

ND=1 ND=3 
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1.3 Determination of Flutter Stability 
The term flutter stability used in this thesis refers to the stabilizing or destabilizing character of the flow 
rather than the stability of the entire flow-structure system. 

 

 
Figure 1-5 System of orthogonal modes 

The oscillation of a blade can be represented by the 3 orthogonal rigid body modes shown in Figure 1-5. 
These modes are axial bending “𝜉”, circumferential bending “𝜂" and torsion “𝜁”. 

When the blade oscillates, the displacement of its surface disrupts the flow around it creating an unsteady 
pressure disturbance in the flow which results in an unsteady force on the blade surface. The work exerted 
by this force determines whether the flow has a stabilizing or destabilizing character. If the work exerted 
by the fluid is positive it means that the fluid is feeding energy to the blade and has a destabilizing 
character. If the work done by the fluid is negative, then the fluid is taking energy from the oscillation of 
the blade and has a stabilizing character. 

The unsteady pressure due to the harmonic motion of the blade can be represented as a harmonic part of 
the pressure oscillating around a mean pressure value as shown in equation 1-5. 

𝑝(𝑥,𝑦, 𝑡) =  �̅�(𝑥, 𝑦) + 𝑝�(𝑥, 𝑦, 𝑡) = �̅�(𝑥,𝑦) + �̂� ∙ 𝑒𝑖(𝜔𝑡+𝜙𝑝→ℎ) Eq. 1-5 

Where the unsteady pressure 𝑝(𝑥,𝑦, 𝑡) is separated into a mean steady component �̅�(𝑥,𝑦) and a 
harmonic time dependent component 𝑝�(𝑥,𝑦, 𝑡) which is represented by an unsteady pressure amplitude 
“ �̂� ” and a harmonic time dependent term:  𝑒𝑖(𝜔𝑡+𝜙𝑝→ℎ). An important term in this equation1-5 is the 
phase between the pressure and the blade motion represented by “𝜙𝑝→ℎ”. 

The complex unsteady pressure coefficient is defined as: 

�̂�𝑝,𝐴 =  
�̂�

𝐴 ∙ 𝑝𝑑𝑦𝑛,𝑟𝑒𝑓
 Eq. 1-6 

Where the unsteady pressure amplitude  �̂� is normalized by the amplitude of oscillation “A” and a 
reference dynamic head “𝑝𝑑𝑦𝑛,𝑟𝑒𝑓” taken upstream of the blade row equal to 𝑝01 − 𝑝𝑠1. 

The unsteady aerodynamic force resulting from the integration of the unsteady pressure around the blade 

profile is represented as �⃗��. Once it is normalized by the amplitude of oscillation and the reference 
unsteady pressure results in the force coefficient shown in equation 1-7.  

𝑓 =  
�⃗��

𝐴 ∙ 𝑝𝑑𝑦𝑛,𝑟𝑒𝑓
 Eq. 1-7 

𝜂: circumferential bending 

𝜉: axial bending 

𝜁: torsion 
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The infinitesimal normalized unsteady force per unit span on each of the orthogonal directions shown in 
Figure 1-5 are the result of the product of the unsteady pressure coefficient �̂�𝑝,𝐴 , a unit vector component 
perpendicular to the surface and the surface element length ds as shown in equations 1-8 to 1-10 below:  

𝑑𝑓𝜂� = �̂�𝑝,𝐴 ∙ 𝑛�⃗ 𝜂 ∙ 𝑑𝑠 Eq. 1-8 

 

𝑑𝑓𝜉� = �̂�𝑝,𝐴 ∙ 𝑛�⃗ 𝜉 ∙ 𝑑𝑠 Eq. 1-9 

 

𝑑𝑚𝜁� = (𝑟 × �̂�𝑝,𝐴) ∙ 𝑒𝜁 ∙ 𝑑𝑠 Eq. 1-10 

Where 𝑑𝑚𝜁�  in equation 1-10 represents an infinitesimal moment instead of a force. 

The integration of these infinitesimal forces and moment over the blade profile results in the unsteady 
normalized force per unit span shown in equation 1-11.  

𝑓 = �𝑑𝑓 ∙ 𝑑𝑠 Eq. 1-11 

The work of the fluid on the blade per oscillation cycle results from the integration of the product the 
unsteady force and the motion on each of the orthogonal components as indicated in equation 1-12 
below:  

𝑊𝑜𝑟𝑘𝑐𝑦𝑐𝑙𝑒 =  𝜋 ∙ �
�ℎ𝜂� ∙ �𝑓𝜂� ∙ sin �𝜙𝑓𝜂→ℎ𝜂� + �ℎ𝜉� ∙ �𝑓𝜉� ∙ sin �𝜙𝑓𝜉→ℎ𝜉�

+�𝑎𝜁� ∙ �𝑚𝜁� ∙ sin (𝜙𝑚𝜁→𝑎𝜁)
� Eq. 1-12 

 

The phase related terms in equation 1-12 indicate that only the imaginary part of the force and moment 
contribute to the work. When the response lags the excitation the term 𝜙𝑝→ℎ is negative resulting in 
negative work of the fluid into the structure indicating that the flow has a stabilizing character. The 
opposite occurs when the excitation lags the response as the fluid has a destabilizing character. 

Verdon (1987) introduced the concept of the stability parameter which is the negated work per cycle 
normalized by π and the oscillation amplitude as shown in equation 1-13 below:  

 

Ξ =  
−Workcycle|𝜂

π ∙ h𝜂
+
−Workcycle|𝜉

π ∙ h𝜉
+
−Workcycle|𝜁

π ∙ 𝑎𝜁
 

 

Eq. 1-13 

1.3.1 Aerodynamic Influence Coefficients 

In the Travelling Wave Mode (TWM) formulation discussed in section 1.2 the blades of a turbomachinery 
row oscillate at the same frequency, mode and amplitude with a time lag between them known as 
Interblade Phase Angle (IBPA).  

The flow disruption resulting from the oscillation of each blade has an effect on the oscillating blade itself 
and on the neighbouring blades. In the same sense, the unsteady pressure on each blade of the row is a 
result of its oscillation and the oscillation of the neighbouring blades.  
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For a blade in a row oscillating in TWM the influence of the neighbouring blades and the influence of the 
blade on itself can be superimposed. This phenomenon is known as aerodynamic coupling and allows a 
linear superposition of the aforementioned influences under the strict assumption of small oscillation 
amplitudes as shown by Crawley (1983). 

Regarding Figure 1-6, when blade +1 oscillates the resulting unsteady pressure on blade 0 normalized by 
the oscillation amplitude and dynamic head (see section 0) is known as the influence coefficient of blade 
+1 on blade 0 or �̂�𝑝𝐴,𝐼𝑁𝐹𝐶

+1,0 . 

 
 

The linear superposition of the influence coefficients of blades from –N/2 to +N/2 into blade “m” 
including the influence of blade “m” on itself is expressed in equation 1-14 and results in the response in 
the TWM domain for a given IBPA. 

�̂�𝑝𝐴,𝑇𝑊𝑀
𝑚,𝜎 (𝑥,𝑦) = � �̂�𝑝𝐴,𝐼𝑁𝐹𝐶

𝑛,𝑚 (𝑥, 𝑦) ∙ 𝑒𝑖𝜎∙𝑛
𝑛=+𝑁2

𝑛=−𝑁2

 Eq. 1-14 

The most significant influences usually come from blade 0 and the two neighbouring blades on each side 
of it. The influence decays rapidly and commonly the contribution of blades -3 and +3 and further away is 
small enough to be neglected. 

The stability of a blade row oscillating in TWM for a certain IBPA is assessed by adding the influence of 
the neighbouring blades lagged by the respective IBPA to the influence of blade 0 on itself. The graphical 
representation of this procedure is shown in Figure 1-7 where the influence coefficients are drawn as 
vectors in a complex plane and are rotated by the respective IBPA. Notice that the influence of blade 0 on 
itself is independent of the IBPA and its vector representation is not rotated regardless of the IBPA. 

The influence coefficients are used to calculate the stability parameter at different IBPA and to build the 
stability curve. Regarding this curve, if only the influence of blade 0 on itself were considered the stability 
would be constant for all the IBPA resulting on a straight line as the stability curve. The contribution of 
blades -1 and +1 introduces a 1st harmonic variation with respect to the IBPA on this curve while blades -
2 and +2 introduce a 2nd harmonic variation and so on for blade pairs further away. 

 

0 

+1 

… 

+N/2 

-1 

… 

-N/2 

Figure 1-6 Numbering in a blade row 
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Figure 1-7 Schematic representation of time dependent force influence coefficients, Fransson 1999. 
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1.4 Flutter Analysis Methods 
The balance between the structural and aerodynamic forces in the system is represented by the aeroelastic 
equation 1-15:  

[𝑀]��̈�� + [𝐺]��̇�� + [𝐾]{𝑋} = {𝐹𝑎𝑒(𝑡)} Eq. 1-15 

Where [𝑀], [𝐺] and [𝐾] are the modal mass, modal damping and modal stiffness matrices respectively, 
{𝑋} represents the modal coordinate vector and finally {𝐹𝑎𝑒(𝑡)} is the modal unsteady aerodynamic force 
vector which contains two terms: 𝐹𝑑𝑖𝑠𝑡𝑢𝑟𝑏𝑎𝑛𝑐𝑒(𝑡) that includes the aerodynamic disturbances upstream 
and downstream the blade and 𝐹𝑑𝑎𝑚𝑝𝑖𝑛𝑔(𝑡) which represents the aerodynamic damping resulting from 
the interaction between the blade itself and the flow. For flutter analysis, only the aerodynamic forces due 
to the vibration of the blade are considered resulting in 𝐹𝑑𝑖𝑠𝑡𝑢𝑟𝑏𝑎𝑛𝑐𝑒(𝑡) = 0 and simplifying the above 
equation to: 

[𝑀]��̈�� + [𝐺]��̇�� + [𝐾]{𝑋} = �𝐹𝑑𝑎𝑚𝑝𝑖𝑛𝑔(𝑡)� Eq. 1-16 

The solution of the above equation allows the determination of the aerodynamic damping and thus the 
aeroelastic stability of the system. 

A common simplification used to solve equation 1-16 is based on the fact that the high mass ratios found 
in metal blade rows generally allows a decoupled treatment of the structural and aerodynamic parts of the 
equation i.e. the effect of the aerodynamic forces on the vibration modes is neglected, allowing the 
determination of structural dynamic characteristics of the system as the mode shapes and vibration 
frequencies without considering the fluid effects and then using these results to solve the aerodynamic 
part. 

A coupled treatment of the structural and aerodynamic part of equation 1-16 is also possible involving the 
time marching structural coupling with the unsteady forces and aerodynamic coupling with the blade 
motion. This coupled treatment results in higher computational costs. 

Different numerical methods can be used to approximate the aerodynamic characteristics of the system. 
In the “Non-linear Time Marching Methods” the solution of the flow equations is obtained using a time-
accurate discretization of the unsteady flow. On the other hand the “Time Linearized Methods” assumes 
that the unsteady perturbations in the flow are small compared with the mean flow. Then the unsteady 
flow can be approximated by small harmonic perturbations around a mean value.  

Depending on the flow models involved in the calculations, the methods can be grouped in: 

• Potential and Euler methods. Both methods solve inviscid flows. The potential method deals with 
isentropic and irrotational flows conditions while the Euler method application is extended to the 
consideration of rotational and non-isentropic flow. The non-linear equations in both methods 
can be simplified by linearization assuming small unsteady perturbations or solved in a time-
accurate manner 

• Navier-Stokes method. This method solves the Reynolds-Averaged Navier-Stokes (RANS) 
equations which take into account the viscous terms not included in the Potential and Euler 
methods. The RANS equations can be solved in a time marching manner at a high computational 
cost or with a time linearized method. 

Solving the RANS equations in a time marching manner requires a high computational effort. However, it 
allows capturing the effects of flow separation and does not depend on the assumption of small 
disturbances as in the linearized method. 
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1.5 The Fourier Transformation Method 
In order to determine the stability of a blade row using unsteady CFD methods, one has to evaluate the 
stability at each nodal diameter of interest. When the blades and the disk are vibrating in travelling wave 
mode, the domain needs to include the relative position of each blade in the row with respect to the 
others throughout an oscillation period. Periodic pitch-wise boundary conditions can be used to reduce 
the number of blade passages in the domain, however depending on the nodal diameter to be evaluated it 
might be necessary to include all the blade passages of the row in the CFD domain.  

The Fourier Transformation (FT) method implemented in ANSYS CFX is based on a phase shifted 
periodic boundary condition and compression of the fluid characteristics at the boundaries of the passage 
using Fourier series; these conditions allow the reduction of the number of passages needed in the domain 
to a maximum of two for any nodal diameter.  

The FT method takes advantage of the fact that the flow characteristics are periodic in time at the pitch-
wise boundaries of each passage; the results at these boundaries are stored using temporal Fourier series 
decomposition as shown in equation 1-17, a method initially proposed by He, 1990 that allows a 
considerable reduction in the storage capacity needed compared to the direct storage method proposed by 
Erdos, 1978 where the time periodic signal needs to be stored during a complete oscillation period. 

 On the other hand, double time and azimuthal Fourier series decomposition (equation 1-18) as proposed 
by Gerolymos, 2002 can be used at the rotor-stator interfaces.  

𝑓(𝑡,𝜃) = � � 𝐴𝑛,𝑚𝑒−𝑗(𝜔𝑚𝑡+𝑛𝜃)
𝑚=𝑀

𝑚=−𝑀

𝑁

𝑛=−𝑁

 

 

Eq. 1-18 

For flutter prediction, only the fluid characteristics at the pitch-wise boundaries are treated with temporal 
Fourier series decomposition as the rotor-stator interaction features as upstream-downstream wakes are 
not of interest when assessing flutter, nevertheless, this feature could be used in forced response 
calculations. 

Commercial CFD solver ANSYS CFX 14.5 uses the FT method for unsteady CFD calculations in 
turbomachinery blade rows using the so called double passage method. Two blade passages are included 
in the domain and the Fourier coefficients are collected at the interface between these two passages, far 
from the phase shifted periodic boundaries where the signal is imposed (Elder, 2013). Having no imposed 
phase shift at the interface where the Fourier coefficients are collected, results in a high quality time signal 
and lower convergence times (Biesinger, 2010).  

Figure 1-8 illustrates a blade row vibrating in travelling wave mode with an Interblade Phase Angle (IBPA) 
of 90°. On the left the blade row can be represented by 4 blades by defining the periodic boundaries 
(green lines) while on the right, the blade row can be represented by only 2 blades by using the phase-
shifted periodic boundaries (red lines). The phase-shift in time  ∆𝑇 = 𝜎 𝜔⁄  is shown in Figure 1-9, where 
σ is the IBPA and ω is the oscillation frequency. 

𝑓(𝑡) = � 𝐴𝑚𝑒−𝑗(𝜔𝑚𝑡)
𝑚=𝑀

𝑚=−𝑀

 

 

Eq. 1-17 
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Figure 1-8 Use of periodic boundary conditions (left) and phase-shifted periodic boundary conditions (right) on a blade 

row vibrating with IBPA=90°, illustration from ANSYS CFX Users guide 

 
Figure 1-9 Time shift between adjacent blades of a blade row vibrating in travelling wave mode, illustration from 

ANSYS CFX Users Guide 

When the domain contains two blade passages as in the double passage method illustrated in Figure 1-10, 
the signal 𝑓𝐵1(𝑡) at boundary B1 is equal to the signal 𝑓𝐵2(𝑡) at B2 phase shifted by +∆𝑇 which means 
𝑓𝐵1(𝑡) = 𝑓𝐵2(𝑡 + ∆𝑇) ≈ 𝑓𝐵2� (𝑡 + ∆𝑇) while the signal 𝑓𝐵3(𝑡) at boundary B3 is equal to the signal 
𝑓𝐵2(𝑡) at B2 phase shifted by −∆𝑇 or 𝑓𝐵3(𝑡) = 𝑓𝐵2(𝑡 − ∆𝑇) ≈ 𝑓𝐵2� (𝑡 − ∆𝑇). This reasoning shows how 
the signal at the phase-shifted periodic boundaries B1 and B3 is obtained from the signal 𝑓𝐵2� (𝑡)  which is 
stored as Fourier coefficients and can be reconstructed at any arbitrary time. 

 
Figure 1-10 Illustration of the domain used in the double passage method 

Blade Passage 1 

Blade Passage 2 

Boundary 1 (B1) 

Boundary 2 (B2) 

Boundary 3 (B3) 

Signal f(t) 
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As proven by Elder (2013), the Fourier transformation method used by ANSYS CFX can potentially 
reduce the solution time needed to evaluate the aerodynamic damping by about 3.5 times or more when 
compared with simulations using periodic boundary conditions while obtaining a very close match 
between the results of the two methods. 

The Fourier Transformation (FT) method is tested and validated as part of this thesis work by comparing 
its results with experimental data. The FT method in ANSYS CFX was used to simulate a stationary blade 
row vibrating in travelling wave mode and the unsteady pressure distributions at 10, 50 and 90% span 
were obtained. These results were then transformed to the influence coefficient domain and compared 
with the measurements obtained at the Royal Institute of Technology (KTH) test rig using the blade 
design from the FUTURE project. 
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1.6 Flutter Testing Methods 
Flutter testing is performed to evaluate the aeroelastic stability of a component, module or engine under 
conditions as close as possible to the real engine. Performing a flutter test in a complete engine operating 
in real conditions is dangerous, expensive and sometimes impossible to accomplish.  

On the other hand, performing the flutter test at the component level allows a less complex setup at the 
cost of introducing geometrical and operational simplifications that need to be understood and quantified 
to obtain accurate results. 

There are two main flutter testing methods: “Free Flutter” and “Controlled Flutter” testing. In the free 
flutter testing method the component is exposed to simulated variable conditions in the flow until a point 
of instability is detected. In the controlled testing method, the component is oscillated to obtain a transfer 
function between the oscillation and the unsteady flow response. A detailed description of the different 
flutter testing methods is provided by Vogt, 2005, which is the source of the majority of the information 
summarized in this section. 

1.6.1 Free Flutter Testing 

In the Free Flutter method the component is tested under different flow conditions with the objective of 
triggering flutter on the component and capturing the increase on its oscillation amplitude. The 
measurements of the oscillation amplitude can be used to confirm the existence of flutter and to 
determine some of the aerodynamic characteristics of the system, such as the aerodynamic damping. 

This kind of test is generally less complex than the controlled flutter tests; nevertheless, a drawback is that 
it provides measurements only on the least stable condition and does not allow investigating the sensitivity 
of the system on stable conditions.  

An example of a free flutter test is documented in Groth et al., 2010 where a component test of a blisk 
was performed under operating conditions where flutter was expected. The strain gauges mounted at the 
blisk registered an exponential increase in the oscillation amplitude used to calculate the total damping 
coefficient 𝜁𝑇𝑜𝑡 and then the aerodynamic damping 𝜁𝐴𝑒𝑟𝑜 . The aerodynamic damping obtained through 
CFD simulations showed a good agreement with the results of the test. 

1.6.2 Controlled Flutter Testing 

In the Controlled Flutter testing method, rather than evaluating the stability of the system under a certain 
flow condition, the goal is to find a transfer function between the unsteady characteristics of the flow and 
the motion of the blades or vice versa.  

The flutter tests where oscillation on the blades is imposed to study the effects on the flow can be divided 
into influence coefficient or travelling wave mode testing.  

• Influence Coefficient (INFC) Testing: The oscillation is imposed in one blade and the 
aerodynamic response is measured in the oscillating and neighbouring blades. Under the 
assumption of small perturbations it is possible to consider linear superposition of the 
aerodynamic effects of the oscillating blade on itself and from the neighbouring blades. The 
results of this method usually agree with the travelling wave mode test results. The experimental 
data used in this study was obtained with this method at the KTH test rig described in section 2.2. 

• Travelling Wave Mode (TWM) testing: All of the blades in the row oscillate at the same 
frequency, mode and amplitude but with an IBPA creating a travelling wave mode. In this setup 
the aerodynamic response is measured in only one of the blades since the system is considered 
cyclic symmetric and all the blades respond in the same manner. 
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The most accurate controlled flutter test data comes from the travelling wave testing facilities in an 
annular cascade; however, in this setup it is challenging to make all the blades in the cascade oscillate at 
the same time, especially for blade arrangements with a small pitch.  

The technical complexity to build and operate an influence coefficient testing facility is lower although the 
effect of fluid distortions as pressure waves that propagate circumferentially in real operating scenarios 
cannot be captured.  
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2 Approach 
In previous work, the KTH test rig was operated under different conditions to obtain unsteady pressure 
measurements on the oscillating blade and its immediate neighbours at 10, 50 and 90% span positions. 
The test data was obtained in the INFC domain.  

On the other hand, Ozturk (2013) used ANSYS CFX to perform CFD simulations in the INFC domain 
with a setup resembling the test arrangement. Numerical approximations of the unsteady pressure 
distributions at 10, 50 and 90% span positions in the INFC domain were obtained. Details of this work 
are included in section 2.1.2. 

The flutter numerical prediction method evaluated in this thesis is in the TWM domain. The unsteady 
pressure coefficients are obtained from the simulations at 10, 50 and 90% span positions over different 
IBPA and transformed to the INFC domain by using the linear superposition approach. 

The results of the flutter numerical prediction method evaluated in this thesis are compared with 
experimental results and results from the INFC domain method obtained by Ozturk (2013). 

2.1 Numerical Models 
In the context of flutter prediction in turbomachinery blade rows, the CFD numerical methods are used 
to simulate the flow around the blades while they are vibrating at a certain frequency, mode shape and disk 
nodal diameter. The key goal is then estimating the work per cycle performed by the fluid on the blades. 
Positive work per cycle of the fluid on the blades results in negative aerodynamic damping. Unless 
sufficient mechanical damping is available in the system to cancel out the negative aerodynamic damping, 
flutter would occur. 

The product of the unsteady pressure integrated over the blade surface and the displacement of the blade 
during an oscillation period results in the work per cycle, as shown in equation 2-1.  

 

𝑊𝐶𝑦𝑐𝑙𝑒 = � � �̂� ∙ 𝑛�⃗ ∙ ℎ��⃗ ∙ 𝑒𝑖(𝜔𝑡+𝜙𝑝→ℎ) ∙ 𝑑𝐴 ∙ 𝑑𝑡
𝐴𝑇

 Eq. 2-1 

 

Where �̂� is the amplitude of the unsteady pressure, ℎ��⃗  is the complex motion of the blade, 𝑛�⃗  is the surface 
normal unit vector and 𝜙𝑝→ℎ is the phase of the unsteady pressure in respect to the blade displacement. 

An accurate prediction of the unsteady pressure distribution consisting on its amplitude and phase in 
respect to the blade displacement provides a mean of validation of the CFD method when compared to 
experimental results. 

2.1.1 Travelling Wave Mode (TWM) 

The stationary blade row vibrating in a travelling wave mode was modelled with CFD solver CFX14.5 
using the Fourier Transformation (FT) method described in section 1.5, the solution was obtained by 
using a 3D finite volume method where the viscous Reynolds-averaged Navier-Stokes (RANS) equations 
with a Shear Stress Transport (SST) turbulence model were solved in a time-marching manner.  

The computational domain is defined using a mesh where a control volume is constructed around each 
node, calculating the flux through the walls of the control volume and then solving the discretized 
equations using a high resolution advection scheme.  
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The steady state simulations are solved until residuals drop to 1E-5 RMS. The results from the steady state 
simulations are used as an initial condition for the solver on the transient simulation where the motion of 
the mesh around the blades is introduced. 

Details about the domain, mesh and boundary conditions used are provided in this section. 

2.1.1.1 Domain Definition 

The domain used is shown in Figure 2-1; it consists of two blade passages as required by the Fourier 
Transformation method described in section 1.5.  

The two circumferential boundaries of the domain are periodic interfaces. The boundary between both 
blade passages is a sampling interface where the fluid properties are collected and transferred back to the 
periodic interfaces with the proper time lag. 

 

 

 
Figure 2-1 View of the double passage domain used for CFD simulation in TWM domain 

The main settings used in the simulations are provided in Table 2-1. It should be noted that: 

• Double precision in the calculations is required when using the FT method to avoid truncation 
errors when storing the temporal Fourier series data on the sampling interface. 

• According to recommendations from the ANSYS CFX user’s manual, the number of time steps 
per period when using the FT method should be dependent on the nodal diameter according to 
equation 3-1. A sensitivity study of the time step was performed and discussions on how 
beneficial this recommendation is are presented in this thesis. 

• Convergence criteria between steady and transient simulations are different. For steady 
simulations the solution is considered converged when the residuals of mass, momentum, energy 
and turbulence equations reach a certain value defined by the user, see Figure 2-2. The solution 
of transient simulations is considered converged when fluid properties as pressure, velocity, 
temperature and integrated flow quantities as force and work on the blade reach a periodic 
behaviour. The transient simulations included in this study converged to less than 0.01% 
variation in work per cycle between periods. 
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Figure 2-2 Mass and momentum residuals for steady simulation OP3 

 
Figure 2-3 Work on blade convergence history for transient simulation OP3UOP4 ND14 

 

Property Value/Option 
Analysis type Transient Blade Row (TBR) 
TBR Model Fourier Transformation 

Turbulence Intensity 0.02 
Turbulence Length Scale 2 [mm] 

Total Temperature 303 [K] 
Turbulence Model SST 
Advection Scheme High Resolution 

Convergence Criteria 1E-5 RMS (Steady State) 
Precision Double Precision 
Periods 10 

Mesh Stiffness Finite Volumes dependent 
Number of Nodes 839775 

Topology ATM Optimized 
Table 2-1 Parameters of TWM simulations 
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2.1.1.2 Mesh 

The topology of the mesh is ATM optimized with 839775 nodes per passage. Radial views of the mesh at 
mid-span are shown in Figure 2-4 while spanwise views of the mesh showing the increased mesh density 
towards the end-walls are provided in Figure 2-5.  

 
Figure 2-4 Radial view of the mesh of the passage (bottom) with a close up around the blade area (top-right) and the 

blade leading edge (top-left) 

 

Figure 2-5 Spanwise view of the mesh on the passage (bottom), blade pressure side (top-left) and blade suction side 
(top-right) 

The dimensionless wall distance or y+ is a method to specify the refinement of the grid in the boundary 
layer. 

In the present study, a wall function method is used to compute the fluid shear stresses near the wall 
without the need of a fine grid all around the blade. According to the ANSYS CFX 14.5 user’s guide, y+ 
values within 15 < y+ < 100 are recommended to maintain the accuracy of the results when using wall 
functions.  
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The y+ values of the mesh are mostly within 10 and 90 with values around 150 on the aft suction side of 
the blade, the y+ values at mid-span are shown in Figure 2-6. A study of different grid densities and y+ 
values performed by Ozturk, 2013 showed that the grid used in this study is capable of capturing 
accurately the unsteady fluid induced forces integrated around the blade.  

 

 
Figure 2-6 Mesh at mid-span showing the y+ values around the blade 

 

The displacement applied at the blade wall boundaries is diffused to the surrounding nodes keeping the 
relative distribution of the initial mesh. The following equation is used to calculate the mesh stiffness: 

𝑀𝑒𝑠ℎ 𝑆𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 = 1 �
𝑚2

𝑠
� × �

1.0𝐸 − 6[𝑚3]
𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝐹𝑖𝑛𝑖𝑡𝑒 𝑉𝑜𝑙𝑢𝑚𝑒𝑠�

2

 Eq. 2-2 

The mesh stiffness is defined as a function of the size of the control volumes, where smaller volumes are 
stiffer and undergo smaller deformations. 

2.1.1.3 Mode Shapes 

Each of the vibration modes evaluated in this study is represented by a rigid body motion of the blade 
about a pivot point. The positions of the blade at zero displacement and at the peak amplitude of 
oscillation which define half of the oscillation period are provided to the solver. This information is used 
by the solver to interpolate the positions of the nodes at the blade boundary during each time step. 

The initial position of the blade surface was defined using the Cartesian coordinates provided by Vargas, 
2010 as part of the documentation for the FUTURE project.  

Since the blade Cartesian coordinates provided by Vargas, 2010 corresponded to blade -2 in the INFC 
setup, they were rotated the equivalent of 2 passages in respect to the origin to obtain the coordinates of 
blade 0.  The coordinates of blade 0 at its peak oscillation amplitude were calculated by rotating each point 
0.25 degrees about the pivot point shown in Table 2-2 and the axes shown in Figure 2-7 Axes used for 
Axial, Circumferential and Torsion rigid body modes. 

X [m] Y [m] Z [m] 
0.3750 -0.0038 0.0181 

Table 2-2 Cartesian coordinates of pivot point 

y+ ~10 

y+ ~150 

y+ ~80 

y+ ~90 

y+ ~70 
y+ ~10 
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Figure 2-7 Axes used for Axial, Circumferential and Torsion rigid body modes 

Figure 2-8 provides instantaneous views of the blades in the two passages for the Axial, Circumferential 
and Torsion modes evaluated with the displacements magnified 30X. 

 

Figure 2-8 Instantaneous view of the vibration modes evaluated, (top-left) reference static, (top-right) Axial, (bottom-
left) Circumferential and (bottom-right) Torsion, IBPA 90°, 30X amplitude 

2.1.1.4 Boundary Conditions 

The boundary conditions used in the simulations correspond to the fluid properties measured during the 
tests at the inlet and outlet boundaries. The total pressure profile and constant total temperature where 
used as boundary conditions at the inlet while static pressure profile was used at the outlet. Figure 2-9 
shows the normalized inlet total temperature profiles corresponding to the two mean flow operating 
conditions denominated OP1 and OP3. Note that second order interpolation was used to estimate the 
total pressure values at span positions not included in the supplied data.  

 

Axial 

Circumferential Torsion 

Static- Reference 
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Figure 2-9 Normalized inlet total pressure profile for OP1 and OP3 

Besides the mean flow characteristics included in the steady state simulations, the transient simulations 
included the oscillation of the blades at certain frequencies to represent different reduced frequency 
values. 

2.1.2 Aerodynamic Influence Coefficient Approach (INFC) 

The influence coefficient approach for flutter prediction is discussed here including a description of the 
work performed by Ozturk (2013) whose results are compared with the results of the current study with 
the objective of highlighting the differences and advantages of each method. 

For simulations in the INFC domain, only a certain number of blades of the row are modelled including a 
central oscillating blade. The objective of the simulations is to quantify the aerodynamic influence 
coefficients of the oscillating blade on itself and its neighbours. The aerodynamic influence coefficients of 
all the surrounding blades and any blade on itself are then linearly superimposed lagged by the IBPA of 
interest to obtain the equivalent unsteady pressure distribution on any blade in the TWM domain. 

Typically the influence of blades further away than the immediate neighbours decreases rapidly. It is 
common that simulations in the INFC domain include one oscillating blade and two or three 
neighbouring blades on each side as in the studies performed by Ozturk in 2013 and Vogt in 2005. 

The main features of the INFC domain simulations performed by Ozturk, 2013 are described in the 
following paragraphs: 

Domain: 

• The domain is similar to the test setup. It includes 5 blades with a central oscillating blade. 
• The side-walls are not included in the simulations; instead a periodic interface is included at each 

side of the row.  
• Some details of the simulations setup are included in the following table: 
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Property Value/Option 
Turbulence Model SST 

y+ 8.242 on blade surface 
Advection Schemes High Resolution 

Convergence Criteria 1E-5 RMS (SS) 
Time steps/Period 40 

Mesh Stiffness Function of Finite Volumes 
Table 2-3 Setup parameters used in INFC simulations performed by Ozturk. Adapted from Ozturk, 2013 

Mesh: 

• The topology used for the mesh is ATM optimized. 
• The mesh includes 570899 nodes. See Figure 2-10. 
• Distributed spanwise division method is used to increase mesh density towards the hub and the 

shroud. 

 

Figure 2-10 Mid-span view of the mesh used for INFC simulations performed by Ozturk. Ozturk, 2013 

Boundary Conditions and Mode Shapes: 

• Inlet boundary conditions used were constant total temperature and spanwise total pressure 
profile from tests. 

• Outlet boundary condition was spanwise static pressure profile from tests. 
• The mode shapes were introduced in the simulations as an oscillation of the blade profile around 

a pivot point located under the hub.  
• The blade displacements in the INFC simulations were about 0.00003 Mts. or 6% higher than 

those in the current TWM simulations. A new MATLAB script was written to perform the 
rotation of the blade about the pivot for each rigid body mode as described in section 2.1.1.3. The 
same initial Cartesian coordinates and oscillation angle of 0.25 degrees were used. A possible 
cause of this difference is a truncation error due to the small peak displacements in the order of 
0.00047 Mts. 

• Three rigid body modes were evaluated: axial bending, circumferential bending and torsion. See 
Figure 2-11. 
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Figure 2-11 Rigid body modes used in simulations performed by Ozturk (2013). Axial, Circumferential and Torsion 
from left to Right 

 

 

  

-32- 
 



2.2 Experimental Setup 
The experimental data used in this study was generated in the controlled Flutter testing facility located at 
KTH. The test facility is shown in Figure 2-12 

The test facility features a high-subsonic non-rotating annular cascade sector where air is circulated at a 
rate of 4.75 kg/s and 303K through the test section shown in Figure 2-13.  

The test section contains an arrangement of 5 blades from which the central blade oscillates and the 
others are stationary. It also includes 2 side-plates and inlet/outlet side-walls with adjustable angles to 
provide variable inlet angle capabilities and periodic flow conditions. 

The tests were performed according to the INFC method, where the central blade oscillated and the 
unsteady pressure was measured at the oscillating blade and its two immediate neighbours at 10, 50 and 
90% span positions. 

 

  

Figure 2-12 Test Facility located at KTH. Adapted from Godlic, 2013 

 

Figure 2-13 View of the cascade sector featuring the side-plates and inner/outer walls. Adapted from Vargas, 2010 
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2.2.1 Blade Oscillation System 

The central blade was oscillated in a controlled manner around a pivot by using an actuator located under 
the hub of the channel as depicted in Figure 2-14. 

 

Figure 2-14 Blade oscillation principle. Vogt, 2005 

Three different oscillation modes were evaluated, axial bending, circumferential bending and torsion. 
Depending on the rigid body mode represented in the test, the oscillations were performed using the axes 
shown in Figure 2-7. The oscillations corresponded to an amplitude of 0.25 degrees around the pivot 
within a frequency ranging from 20.80 to 178.78 Hz. 

2.2.2 Operating Conditions 

The operating conditions during the tests can be described by defining the parameters which define the 
mean flow as inlet and outlet angles, inlet total pressure and outlet static pressure and the parameters that 
define the unsteady nature of the operating conditions as the mode shape and reduced frequency.  

Each operating condition consists of a combination between a set of mean flow conditions and an 
unsteady operating condition. 

2.2.2.1 Mean Flow Conditions 

There are four different sets of mean flow conditions featuring a combination of two different inlet angles 
and two pressure ratios, named in this study as OP1 to OP4. 

OP1 and OP3 represent design operating conditions with an inlet angle of -44 degrees while OP2 and 
OP4 are off-design conditions. In this study data from OP1 and OP3 is used, corresponding to design 
operating conditions at two different pressure ratios. 

Steady OP ɑ1 [deg] ɑ2 [deg] P01 
[Kpa] 

P2 
[Kpa] 

1 -44 60 135 90 
2 -20 60 135 90 
3 -44 60 110 98 
4 -20 60 110 98 

Table 2-4 Inlet-Outlet boundary conditions 

The total and static pressures P01 and P2 measured during the tests and those used in the simulations vary 
spanwise. However, the average values of P01 and P2 are shown in Table 2-4 to indicate the different 
pressure ratios between mean flow conditions. 
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2.2.2.2 Unsteady Flow Conditions 

There are nine different sets of unsteady operating conditions due to three different modes of oscillation 
and three reduced frequencies. 

Different reduced frequencies for each mean flow (OP1-OP4) were represented in the tests by varying the 
oscillation frequency of the blade according to Table 2-5. 

 
Oscillation Frequency [Hz] 

OP k=0.1 k=0.3 K=0.5 
1 35.7567 107.2701 178.7835 
2 19.0433 57.1298 95.2000 
3 20.6112 61.8337 103.0560 
4 20.8000 62.4000 104.0000 

Table 2-5 Oscillation frequencies for different mean flow conditions and reduced frequencies 

The vibration modes and reduced frequencies corresponding to the nine unsteady operating conditions 
are shown in Table 2-6. 

Unsteady 
OP Mode Shape Reduced 

Frequency 
1 

Axial Bending 
0.1 

2 0.3 
3 0.5 
4 

Circumferential 
Bending 

0.1 
5 0.3 
6 0.5 
7 

Torsion 
0.1 

8 0.3 
9 0.5 
Table 2-6 Unsteady Operating characteristics 

The operating conditions of each test are defined by the mean flow conditions (OP1-OP4) and the 
unsteady operating conditions (UOP1-UOP9). For example, operating conditions defined in this study as 
OP3UOP4 correspond to mean flow conditions defined by:  

Steady OP ɑ1 [deg] ɑ2 [deg] P01 [Kpa] P2 [Kpa] 
3 -44 60 110 98 

 

And unsteady operating conditions: 

Unsteady OP Mode Shape Reduced Frequency 
4 Circumferential Bending 0.1 

 

The six operating conditions highlighted in green in Table 2-7 were selected for the simulations in the 
TWM domain performed in this study. The INFC simulations and the TWM simulation (OP3UOP1) 
highlighted in grey were performed as part of Ozturk, 2013 work and their results were used to compare 
with the results of this study. 
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The motivation for the selection of the operating points for the simulations in the TWM was to include 
the three different vibrations modes, the two pressure ratios in the mean flow and have two reduced 
frequencies for at least one operating point.  

Steady 
OP 

Unsteady OP 
(UOP) Test INFC TWM 

1 
1 X X X 
4 X X X 
7 X X X 

3 

1 X X X 
4 X X X 
5 X X X 
7 X X X 

Table 2-7 Steady OP and Unsteady OP (UOP) combined to generate the boundary conditions of the simulations 
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3 Results 
The results of the simulations of the stationary blade row vibrating in travelling wave mode performed in 
ANSYS CFX will be presented. The unsteady pressure distributions at 10, 50 and 90% span of the blade 
were taken from the TWM domain to the INFC domain by using the linear superposition approach.  The 
results were compared with the experimental data from the KTH test rig and the numerical results 
obtained by Ozturk (2013) which were in the INFC domain. 

3.1 Sensitivity Study 
In this section, the sensitivity of the estimated work per cycle to variations in the following parameters is 
investigated: 

A. Time steps per period 
B. Number of Fourier coefficients of the solution stored 
C. Oscillation amplitude  

3.1.1 Description 

The sensitivity study was performed for the blades oscillating with a nodal diameter (ND) of 14 under 
operating conditions OP3UOP4. These operating conditions correspond to a circumferential bending 
mode with a reduced frequency of 0.1 according to the nomenclature described in section 2.2.2.2. 

Time Steps per Period: 

The ANSYS CFX user’s manual recommends that the time steps per period used in the simulations are at 
least two times the nodal diameter. This is to ensure that both of the blade passages will experience the 
same deformations during each period. Equation 3-1 summarizes this recommendation including the use 
of the resolution factor “K” defined by the user.  

Another restriction on the number of time steps per period is that it should be at least 2 times the number 
of Fourier coefficients stored + 1 to be used for post-processing. 

Seven simulations with time steps per period varying between 15 and 112 were performed. These 
simulations used the baseline settings consisting in storing 7 Fourier coefficients of the solution and a 
blade oscillation amplitude of 0.25 degrees. The simulations correspond to setup numbers 1 to 7 in Table 
3-1. 

Number of Fourier Coefficients Stored: 

When using the FT method, the solution is compressed by storing the Fourier coefficients of the fluid 
variables. The effect of storing less Fourier coefficients of the solution is studied by storing 2 instead of 7 
Fourier coefficients which cover the first harmonic content of the fluid characteristics. This is expected to 
have a minimal effect on the work per cycle because for flutter, the most significant flow disturbances 
come from the first harmonic of the oscillation frequency of the blades. However, storing less Fourier 
coefficients can reduce the CPU time. 

Three simulations with 28, 40 and 56 time steps per period were solved storing 2 Fourier coefficients. 
These simulations are referred as setup numbers 8, 9 and 10 in Table 3-1. 

Oscillation Amplitude: 

A reduction in the oscillation amplitude while maintaining the number of time steps per period results in a 
smaller blade displacement per time step. The oscillation amplitude was changed from 0.25 deg. to 0.05 
deg. (1/5th of the oscillation amplitude) to observe if the smaller displacement of the blade per time step 
improved the convergence of the work per cycle.  

𝑇𝑖𝑚𝑒 𝑆𝑡𝑒𝑝𝑠 / 𝑃𝑒𝑟𝑖𝑜𝑑 = 2 × |𝑁𝑜𝑑𝑎𝑙 𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟| × 𝐾 Eq. 3-1 
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For comparative purposes, the work obtained with the 0.05 deg oscillations was normalized and then 
scaled to 0.25 deg assuming a linear relationship between oscillation amplitude and surface pressure. If the 
results with 0.25 and 0.05 deg. oscillation are in a good agreement, it would confirm that there is a linear 
relationship between oscillation amplitude and surface pressure. 

Three simulations with 28, 40 and 56 time steps per period were solved with blade oscillations of 0.05 deg. 
These simulations are referred as setup numbers 11, 12 and 13 in Table 3-1. 

3.1.2 Results of Sensitivity Study 

The results of the simulations used in the sensitivity study are presented in Table 3-1. They are referred as 
setups 1 to 13 according to the numbering provided in previous section. 

In reference to Table 3-1, the settings used in the simulations are provided in columns 2 to 6. The CPU 
time, work per cycle during the last period and difference of the work per cycle with respect to the 
benchmark are provided in the last 3 columns. The benchmark is considered the work per cycle from the 
simulation with the highest number of time steps per period, in this case 112. 

Nodal Diameter: 14      
Setup 
# [-] K [-] 

Time 
Steps / 

Period [-] 

Fourier 
Coeffs. 

[-] 

Oscillation 
Amp. 
[deg] 

Periods 
[-] 

CPU Time 
[hrs] 

Work per Cycle 
[J] 

Diff. With 
Benchmark 

[%] 
1 4 112 7 0.25 10 545 2.9418E-04 Benchmark 
2 3 84 7 0.25 10 468 3.0226E-04 2.75% 
3 2 56 7 0.25 10 324 3.1836E-04 8.22% 
4 1.43 40 7 0.25 10 234 3.3785E-04 14.84% 
5 1 28 7 0.25 10 180 3.6966E-04 25.66% 
6 0.71 20 7 0.25 10 120 4.1584E-04 41.36% 

7 0.53 15 7 0.25 10 50 4.6417E-04 57.78% 

8 2 56 2 0.25 10 279 3.1852E-04 8.27% 
9 1.43 40 2 0.25 10 207 3.3785E-04 14.84% 

10 1 28 2 0.25 10 144 3.6944E-04 25.58% 

11 2 56 7 0.05 10 324 3.1953E-04 (*) 8.62% 
12 1.43 40 7 0.05 10 207 3.3833E-04 (*) 15.01% 

13 1 28 7 0.05 10 126 3.6900E-04 (*) 25.43% 
Table 3-1 Results of sensitivity study. Setup numbers 1-7, 8-10 and 11-13 correspond to variation in time steps per 

period, number of Fourier coefficients and oscillation amplitude respectively 

Figure 3-1 illustrates the results of the work per cycle against number of time steps for the three groups of 
data evaluated: 

• Baseline. 7 Fourier coefficients of the solution stored and 0.25 deg. blade oscillation. 
• 2 Fourier Coeff: 2 Fourier Coefficients of the solution stored. Same blade oscillation angle as 

baseline. 
• 1/5 amp: Oscillation amplitude is 0.05 deg. Same number of Fourier coefficients than baseline 

were stored. Note that for comparative purposes, the work per cycle results marked with (*) on 
setups 11-13 shown in Table 3-1 correspond to 0.25 deg oscillations calculated from results of .05 
deg oscillations assuming a linear relationship between oscillation amplitude and surface pressure. 

The data labels shown in Figure 3-1 correspond to the baseline data group. The data labels of the other 
two groups were omitted for clarity. 
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Figure 3-1 Results of sensitivity study performed for OP3UOP4, ND14 

From Table 3-1 and Figure 3-1 it can be observed that: 

• The work per cycle shows a monotonic convergence behaviour when the time steps per period 
are increased  

• Storing 2 Fourier coefficients of the solution instead of 7, reduced CPU time by at least 11% 
• The work per cycle obtained with the simulations with reduced oscillation amplitude and storing 

less Fourier coefficients is within 0.6% of that obtained on the simulations with the baseline 
settings 

• There is a close match in the normalized work per cycle obtained from the simulations with 
reduced and baseline amplitudes of oscillation. This confirms that the blade surface pressure and 
its oscillation amplitude have a linear relation under the operating conditions evaluated. 

On the other hand, for the 0.05 deg. oscillation amplitude simulations it was found that the convergence 
in work per cycle (variation within 0.01% of work per cycle in previous period) was achieved in 4 periods 
instead of 6. 

3.1.3 Conclusions of Sensitivity Study 

There is a strong dependence of the work per cycle on the time steps per period used. 

Complying with the recommendation of using time steps per period of a multiple of 2 and the nodal 
diameter showed no benefit in convergence of work per cycle or CPU time in this case. 

After the study it was decided to use 40 time steps per period for all the nodal diameters and store only 
two of the initial seven Fourier coefficients of the solution. 

The simulations for operating points OP3UOP4, OP3UOP5 and OP3UOP7 were already finished when 
the sensitivity study was completed. These simulations used from 30 to 60 time steps per period 
depending on the nodal diameter and stored seven Fourier coefficients of the solution. 
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3.2 Steady Flow 
The Flutter calculations were performed based on two mean flow conditions OP1 and OP3 which are 
design operating points with different pressure ratios. Refer to Table 2-4 for the flow angles and 
inlet/outlet pressures corresponding to these points. 

The static pressure coefficients at 90% span obtained with OP1 and OP3 simulations are presented in 
Figure 3-2 and Figure 3-3 respectively. The results are compared with those used for the INFC domain 
simulations performed by Ozturk, 2013 labelled as “Simulation 2013” and with measurements from the 
KTH test rig. 

The current simulations predict a peak in the steady pressure coefficient at 0.55 normalized axial position 
for OP1 and at 0.40 normalized axial position for OP3.  

 

Figure 3-2 Steady state blade loading at 90% of span for OP1 

As seen in Figure 3-2, for OP1 the results of both simulations are in good agreement with each other on 
the Pressure Side (PS) and Suction Side (SS).  

 The pressure coefficient obtained with the current simulation get closer to the experimental results than 
2013 simulation towards the aft section of the SS between 0.6 and 1.0 normalized axial positions. 
However, both simulations under predict the pressure coefficient in the SS of the blade in respect to the 
experimental measurements. The zone of the blade with the most significant over predicted pressure 
coefficients is located in the SS between 0.2 and 0.7 normalized axial positions. 

 

Figure 3-3 Steady state blade loading at 90% of span for OP3 

For OP3 as in OP1 the results of both simulations are in good agreement with each other on the PS and 
Suction Side SS, see Figure 3-3. Both simulations under predict the pressure coefficients in the SS as 
happened for OP1. In this case the zone of the blade with the largest deviations of the pressure 
coefficients is between 0.05 and 0.70 normalized axial positions. The difference between the simulation 
results and experimental measurement in the over predicted area is higher in OP3 compared with OP1.  
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3.3 Unsteady Pressure Coefficient 
The unsteady pressure is normalized by the dynamic head and the amplitude of the blade motion resulting 
in the unsteady pressure coefficient �̂�𝑝 : 

�̂�𝑝= 𝑝� 
𝐴 ∙ 𝑝𝑑𝑦𝑛,𝑟𝑒𝑓

 

 

Eq. 3-2 

The results of the unsteady pressure coefficient are shown for the central and adjacent blades according to 
the numbering shown in Figure 3-4 below. The normalized axial position is negative on the pressure side, 
zero on the leading edge and positive on the suction side of the blade as shown in Figure 3-5. 

 

 

 

 

 

 

 

 

 

 

Figure 3-5 Normalized span and normalized axial position notation 

 

The unsteady pressure coefficient amplitude and phase in respect to the blade motion for blades -1, 0 and 
+1 for the most significant operating points and locations are presented here, for the complete set of 
results refer to appendix I.  

0 1 2 -2 -1 

Figure 3-4 Blade Numbering 
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First, the response at the three different oscillation modes at 90% span position will be reviewed. The 
main features of the response at each of these oscillation modes will be pointed out and discussed here.  

3.3.1 Axial Bending Mode 

A sharp jump on the pressure coefficient is observed at the leading edge region of blades 0 and -1. This is 
a localized condition captured on the test and simulations. See Figure 3-6. 

Besides the aforementioned sharp response at the leading edge region, the response is high in the suction 
side of the oscillating blade (blade 0) with a peak around 0.25 normalized axial position. The most 
significant response in blades -1 and +1 is found on their surfaces that face the oscillating blade (PS on 
blade -1 and SS on blade +1). The response on these surfaces is in-phase with the oscillating blade motion 
and suggests that it involves the passage flow. 

Regarding the response on the oscillating blade, the amplitude decreases when moving aft on the suction 
side until a minimum amplitude is reached around 0.60 normalized axial position. The response is in-
phase with blade motion for most of the SS and out-of-phase for most of the PS except for a 180° jump 
in the phase close to the TE of the blade that takes the response in a localized area out-of-phase in the SS 
and in-phase in the PS. 

The INFC and TWM simulations slightly over predict the amplitude of the unsteady pressure on the 
oscillating blade. Overall, the unsteady pressure amplitude and phase in respect to blade motion estimated 
with the INFC and TWM simulation show good agreement with the results. The main deviations between 
the simulations and the test results are observed in regions with the lowest response amplitude. 

 

 

 

0 

+1 

-1 

SS PS SS PS 

SS PS 

Figure 3-6 𝒄�𝒑 amplitude and phase for axial bending mode OP1UOP1 at 90% Span in Blade -1 (Top-Left), Blade 0 
(Bottom) and Blade +1 (Top-Right) 
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3.3.2 Circumferential Bending Mode 

As shown in Figure 3-7, the influence of the oscillating blade on blade -1 is low compared with the 
influence on itself and on blade +1. This asymmetric distribution of the response in the neighbouring 
blades is also observed in the axial and torsion vibration modes. 

The responses obtained for the circumferential bending mode are of lower amplitude compared with 
those for the axial bending mode. 

The most significant peaks in the response are located in the Suction Side (SS) of blades 0 and +1 around 
0.4 normalized axial position. The response on the SS of blades 0 and +1 decays when moving aft until 
there is a local increase in the TE region. In blade 0, the response peak is in-phase with respect to blade 
motion while in blade +1 it is out-of-phase with respect to blade motion.  

 

 

The INFC and TWM simulations over predict the amplitude of the unsteady pressure but provide a good 
qualitative approximation to the test results. Regarding the phase in respect to blade motion, the 
simulation results are closer to the test results in the circumferential bending mode than in the axial 
bending mode. 

 

 

 

 

0 

+1 

-1 

SS PS SS PS 

SS PS 

Figure 3-7 𝒄�𝒑 amplitude and phase for circumferential mode OP3UOP4 at 90% Span in Blade -1 (Top-Left), Blade 0 
(Bottom) and Blade +1 (Top-Right) 
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3.3.3 Torsion Mode 

The unsteady pressure response for the torsion mode shown in Figure 3-8 features a sharp jump on the 
LE region of the oscillating blade (blade 0) as that observed in the axial bending mode for blades 0 and -1. 
The response decreases rapidly towards the PS of the blade while the decrease is slower towards the SS. 
The response in the SS is in-phase with the motion while in the PS it is out-of-phase with the motion. 

Regarding the response in blade +1, the highest response is observed in the SS around 0.40 normalized 
axial position. The response decays in the SS towards the LE where there exists a local increase in the 
response while the response in the pressure side (facing away from the oscillating blade) is negligible. 

The response in blade -1 has a negligible amplitude and a high variation in the phase probably due to the 
capability to capture such a low response amplitude. 

 

 

The amplitude of the response in the torsion mode is higher than in the circumferential bending mode 
and is in a similar level of that in the axial bending mode. 

The INFC and TWM simulations slightly over predict the amplitude of the unsteady pressure on blade 
+1. Overall the predicted unsteady pressure amplitude agrees qualitatively with the test results especially 
for the locations with higher response. The phase in respect to blade motion shows a good qualitative and 
quantitative agreement with the test results. 

  

0 

+1 

-1 

SS PS SS PS 

SS PS 

Figure 3-8 𝒄�𝒑 amplitude and phase for torsion mode OP3UOP7 at 90% Span in Blade -1 (Top-Left), Blade 0 (Bottom) 
and Blade +1 (Top-Right) 
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3.3.4 Spanwise Variation of Unsteady Pressure Response 

In the circumferential bending mode the amplitude of the unsteady pressure response diminishes towards 
the hub as can be observed in Figure 3-9.  This occurs for the circumferential and axial bending modes 
were the displacement is reduced towards the hub.  

On the other hand, the amplitude of the influence coefficient response for the torsion mode is maintained 
almost unchanged spanwise as shown in Figure 3-9. This is related to the fact that the rigid body mode in 
torsion results in the same displacement spanwise. 

 

 

  

Circumferential mode 
OP1UOP4 

Torsion mode 
OP1UOP7 

Figure 3-9 Spanwise (90, 50 and 10% span) variation of unsteady pressure coefficient for circumferential (left) and torsion 
(right) modes. 
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3.4 Stability Curves 
The unsteady pressure coefficient and its phase in respect to blade motion lead to the calculation of the 
aerodynamic force that performs work on the blade as previously shown in equation 2-1. The work 
performed by the fluid during an oscillation period determines its stability character.  

Test data was obtained at 10, 50 and 90% span positions while the work per oscillation period results 
from the integration of the unsteady pressure on the entire blade surface.  

The results of work per oscillation period shown in the next sections provide a mean of comparing the 
stability under different vibration modes and flow conditions and not the validation of the simulation 
technique with test results. The stability curves are also used to understand the relative contribution of the 
oscillating blade and its neighbours into the work through the calculation of the generalized forces in the 
TWM domain and their transformation to the INFC domain using the linear superposition principle.  

In the next sections the work per oscillation period performed by the blade into the flow for the most 
significant vibration modes and operating conditions will be presented and discussed. The complete sets 
of results are included in appendix II.  

3.4.1 Stability Curves for Different Operating Conditions 

A positive value of the work per period in the following graphs means the flow has a stabilizing character 
and vice versa. Regarding the generalized forces shown, positive values of them have a destabilizing effect 
while negative values have a stabilizing effect. 

The generalized forces are a projection of the complex aerodynamic forces into the mode shapes. The 
graphs below present the imaginary component of the generalized forces per unit span integrated at 10, 50 
and 90% span positions and show the contribution of the central blade and its neighbours to the stability 
at these three discrete spanwise positions. 

Axial Bending Mode 

The relative contribution of blades from -8 to +8 including the central blade in the stability curve of the 
circumferential bending mode OP1UOP4 is shown in Figure 3-10. From a review of the stability curve 
and the generalized forces it can be noticed that: 

• The most important contribution results from the central blade and neighbouring blade -1. 
• The contribution of blade pairs -2 and +2 is small compared to the central blade and blade -1 and 

this influence is negligible for blades further away of blade pairs +2 and -2. 
• Influences decrease when moving from 90 to 10% span. 
• The stability curve shows a dominant first harmonic content due to the high contribution of blade 

-1 and low contribution of blades further away from it which would introduce higher harmonic 
content. 

The findings mentioned above are also observed on the axial bending mode. The stability curve shows a 
predominant first harmonic content and the generalized forces evaluation confirms that the principal 
contribution to the stability comes from the central blade and its immediate neighbours. 
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+1 

-1 

Figure 3-10 Generalized forces at 10, 50 and 90% span in the INFC domain (left) and stability curve (right) for 
circumferential bending mode OP1UOP4. 
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Torsion Mode 

The stability curve and the contribution of the central blade and its neighbours up to blade pairs -8 and +8 
for the torsion mode is shown in Figure 3-11.  

• The most important contribution to the stability comes from the central blade. However this 
contribution is not as dominant as in the axial and circumferential bending modes where the 
contribution of blades further away of blade pairs -2 and +2 was negligible. 

• It can be observed a high harmonic content in the stability curve. A possible cause of this high 
harmonic content is the fact that the generalized force assessment shows a relatively significant 
contribution of blades -2 and +2 and a small contribution of blades -3 and +3 especially closer to 
the hub. 

• The contribution of the central blade and its neighbours is maintained almost unchanged 
spanwise. There is no decay closer to the hub as that observed in the axial and circumferential 
bending modes. 

 

 

 

 

  

Figure 3-11 Generalized forces at 10, 50 and 90% span in the INFC domain (left) and stability curve (right) for torsion 
mode OP1UOP7. 
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3.5 Overview of the Procedure and Lessons Learnt 
The Fourier Transformation (FT) method used in the current simulations is a novel time marching 
method that allows assessing the stability of a blade row at any nodal diameter with a domain of two 
passages. Maintaining the domain to a minimum of two passages represents by itself an advantage in 
computational cost compared to other methods where more blade passages need to be used depending on 
the nodal diameter. The FT method takes advantage of the periodic behaviour of the fluid variables 
during an oscillation period by storing the Fourier coefficients of the fluid variables instead of the values 
of them at each time step using less storage space for the results files. 

With the FT method it is necessary to perform one simulation for each nodal diameter of interest. In 
order to construct one stability curve for each of the operating conditions as those presented in this study 
it was necessary to perform 17 simulations which took about one week to complete using 48 CPU’s 
working in parallel. Although the FT method is less computationally expensive than other traditional time 
marching methods it still requires a long solution time in the range of days. The following suggestions are 
aimed at making the best use of the computational resources needed with the FT method and obtaining 
accurate results. 

Regarding the Time Steps per Period Used: 

The selection of the time steps per period used in the simulations is of paramount importance to obtain 
accurate results. As shown in Table 3-1 using less time steps than necessary can result in a considerable 
variation in the work per oscillation period. It is recommended to perform a sensitivity study and rely on it 
for the selection of the time steps per period. 

The recommendation of time steps per period included in the ANSYS user’s guide (equation 3-1) showed 
no benefit in convergence of work per period or CPU time in the case evaluated in this study. It is 
suggested to verify the convergence of the work per period in case the aforementioned recommendation 
is followed. 

 Regarding the Number of Fourier Coefficient Stored in the Solution: 

Storing more Fourier coefficients of the solution than needed can increase the CPU time with no benefit 
in the accuracy of the results. For the assessment of phenomena like Flutter where the most significant 
flow disturbances come from the first harmonic of the oscillation frequency of the blades storing 2 
Fourier coefficients was sufficient to capture the fluid variables of interest. 

Regarding the Blade Oscillation: 

The inputs needed in the FT method to define the vibration mode of the blades are the positions of one 
of the blades at zero displacement and at the peak amplitude of oscillation. The code uses this information 
to interpolate the positions of the nodes at the blade boundary during each time step.  

Regarding the Calculation of the Work per Period: 

For the calculation of the work per period it is recommended to create a monitor point to register the wall 
work and then integrate it over the time steps per period. 
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4 Conclusions 
 

As seen in the sensitivity study in section 3.1 the results obtained using the Fourier Transformation 
method in CFX are highly sensitive on the number of time steps per period used. 

The simulations using the Fourier Transformation method in the TWM domain take more time compared 
with simulations in the INFC domain and harmonic solvers. However, non-linear effects and phenomena 
like acoustic resonances could be solved with this time marching method, which is not the case when 
using harmonic solvers.  Even when the INFC approach could be beneficial when the mode shapes and 
frequencies are rather constant for all the nodal diameters, it is not accurate when the mode shapes differ 
much between the nodal diameters as could be the case of shrouded blades. 

The simulation in the TWM domain allowed identifying the influence of neighbouring blades up to -2 and 
+2 as a possible source of high harmonic content in the stability curve of torsion mode.  

The unsteady pressure coefficient magnitude and phase from simulations match qualitatively the test 
results, however the magnitude is usually over-predicted while the phase agrees most of the times with the 
test results especially on locations of the blade with high pressure coefficients. 
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APPENDIX I: Unsteady Pressure Coefficient 𝒄�𝒑 Results 

Operating conditions: 
OP1– High Pressure Ratio 
UOP4 – Circumferential, K=0.1 
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Operating conditions: 
OP3– Low Pressure Ratio 
UOP4 – Circumferential, K=0.1 
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Operating conditions: 
OP3– Low Pressure Ratio 
UOP5 – Circumferential, K=0.3 
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Operating conditions: 
OP1– High Pressure Ratio 
UOP7 – Torsion, K=0.1
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Operating conditions: 
OP3– Low Pressure Ratio 
UOP7 – Torsion, K=0.1
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Operating conditions: 
OP1– High Pressure Ratio 
UOP1 – Axial, K=0.1
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Operating conditions: 
OP3– Low Pressure Ratio 
UOP1 – Axial, K=0.1 

These results are taken from Ozturk 2013 and shown in these work for comparative purposes.
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APPENDIX II: Stability Curves and Generalized Forces Results 

Operating conditions: 
OP1– High Pressure Ratio 
UOP4 – Circumferential, K=0.1 
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OP3– Low Pressure Ratio 
UOP5 – Circumferential, K=0.3 

 
OP1– High Pressure Ratio 
UOP7 – Torsion, K=0.1 
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OP3– Low Pressure Ratio 
UOP7 – Torsion, K=0.1 

 
OP1– High Pressure Ratio 
UOP1 – Axial, K=0.1
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