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Abstract

In the past decades, linear programming (LP) has been successfully used to
develop approximation algorithms for various optimization problems. In
particular, the so-called assignment LP has lead to substantial progress for
various allocation problems, including scheduling unrelated parallel machines.
However, we have reached its limits for many problems, since the best-known
approximation algorithms match the integrality gap of the assignment LP for
these problems.

The natural question is then whether a different LP formulation can
lead to better algorithms. We answer this question positively for variants of
two allocation problems: max-min fair allocation and maximum budgeted
allocation. This is achieved by using a more powerful LP formulation called
the configuration LP that has an exponential number of variables, but can be
approximated in polynomial time.

The restricted max-min fair allocation problem, also known as the restricted
Santa Claus problem, is one of few problems that have a better polynomial
estimation algorithm than approximation algorithm. An estimation algorithm
estimates the value of the optimal solution, but is not necessarily able to find
the optimal solution. The configuration LP can be used to estimate the optimal
value within a factor of 1/(4+#) for any #>0, but it is only known how to
efficiently find a solution achieving this value in exponential time. We give an
approximation algorithm with the same approximation ratio but improve the
running time to quasi-polynomial: n^O(log n). Our techniques also have the
interesting property that although we use the rather complex configuration LP
in the analysis, we never actually solve it and therefore the resulting algorithm
is purely combinatorial.

For the maximum budgeted allocation (MBA) the integrality gap of
the assignment LP is exactly 3/4. We prove that the integrality gap of the
configuration LP is strictly better than 3/4 and provide corresponding
polynomial time rounding algorithms for two variants of the problem: the
restricted MBA and the graph MBA. Finally, we improve the best-known upper
bound on the integrality gap for the general case from 0.833 to 0.828 and also
show hardness of approximation results for both variants studied.
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