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Abstract

Compressive Sensing has attracted a lot of attention over the last decade
within the areas of applied mathematics, computer science and electrical
engineering because of it suggesting that we can sample a signal under the
limit that traditional sampling theory provides. By then using different re-
covery algorithms we are able to, theoretically, recover the complete original
signal even though we have taken very few samples to begin with. It has
been proven that these recovery algorithms work best on signals that are
highly compressible, meaning that the signals can have a sparse represen-
tation where the majority of the signal elements are close to zero. In this
thesis we implement some of these recovery algorithms and investigate how
these perform practically on a real video signal consisting of 300 sequential
image frames. The video signal will be under sampled, using compressive
sensing, and then recovered using two types of strategies,

- One where no time correlation between successive frames is assumed, using
the classical greedy algorithm Orthogonal Matching Pursuit (OMP) and a
more robust, modified OMP called Predictive Orthogonal Matching Pursuit
(PrOMP).

- One newly developed algorithm, Dynamic Iterative Pursuit (DIP), which
assumes and utilizes time correlation between successive frames.

We then performance evaluate and compare these two strategies using the
Peak Signal to Noise Ratio (PSNR) as a metric. We also provide visual
results.

Based on investigation of the data in the video signal, using a simple model
for the time correlation and transition probabilities between different signal
coefficients in time, the DIP algorithm showed good recovery performance.
The main results showed that DIP performed better and better over time
and outperformed the PrOMP up to a maximum of 6 dB gain at half of the
original sampling rate but performed slightly below the PrOMP in a smaller
part of the video sequence where the correlation in time between successive
frames in the original video sequence suddenly became weaker.
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Sammanfattning

Compressive sensing har blivit mer och mer uppmärksammat under det
senaste decenniet inom forskningsomr̊aden s̊asom tillämpad matematik, dataveten-
skap och elektroteknik. En stor anledning till detta är att dess teori innebär
att det blir möjligt att sampla en signal under gränsen som traditionell sam-
plingsteori innebär. Genom att sen använda olika återskapningsalgoritmer
är det änd̊a teoretiskt möjligt att återskapa den ursprungliga signalen. Det
har visats sig att dessa återskapningsalgoritmer funkar bäst p̊a signaler som
är mycket kompressiva, vilket innebär att dessa signaler kan representeras
glest i n̊agon domän där merparten av signalens koefficienter är nära 0 i
värde. I denna uppsats implementeras vissa av dessa återskapningsalgoritmer
och vi undersöker sedan hur dessa presterar i praktiken p̊a en riktig videosig-
nal best̊aende av 300 sekventiella bilder. Videosignalen kommer att under-
samplas med compressive sensing och sen återskapas genom att använda 2
typer av strategier,

- En där ingen tidskorrelation mellan successiva bilder i videosignalen antas
genom att använda klassiska algoritmer s̊asom Orthogonal Matching Pur-
suit (OMP) och en mer robust, modifierad OMP : Predictive Orthogonal
Matching Pursuit (PrOMP).

- En nyligen utvecklad algoritm, Dynamic Iterative Pursuit (DIP), som an-
tar och nyttjar en tidskorrelation mellan successiva bilder i videosignalen.

Vi utvärderar och jämför prestandan i dessa tv̊a olika typer av strategier
genom att använda Peak Signal to Noise Ratio (PSNR) som jämförelseparameter.
Vi ger ocks̊a visuella resultat fr̊an videosekvensen.

Baserat p̊a undersökning av data i videosignalen visade det sig, genom att
använda enkla modeller, b̊ade för tidskorrelationen och sannolikhetsfunk-
tioner för vilka koefficienter som är aktiva vid varje tidpunkt, att DIP algo-
ritmen visade bättre prestanda än de tv̊a andra tidsoberoende algoritmerna
under visa tidsekvenser. Framförallt de sekvenser där videosignalen innehöll
starkare korrelation i tid. Som mest presterade DIP upp till 6 dB bättre än
OMP och PrOMP .



ii



Acknowledgments

First of all I would like to thank my supervising team consisting of Saikat
Chatterjee, Dave Zachariah and Magnus Jansson at the Department of Sig-
nal Processing and Communication Theory at the Royal Institute of Tech-
nology (KTH), Stockholm. A big thank you to Professor Magnus Jansson
for giving me the opportunity to do my master thesis in an interesting topic
within the Signal Processing research area. It has been an extremely in-
teresting period where I have gained a lot of new knowledge and interest,
especially within the field of Sparse Signal Processing.

Furthermore I would Like to thank the Royal Institute of Technology as
a whole for giving me a high quality engineering education. It has been
an amazing five years. Especially the last couple of years as a student at
the masters program in Wireless Systems which gave me the opportunity to
meet people from all over the world. Thank you to all the teachers and to
all new amazing friends I have made!

Finally I would like to thank my family who have always been- and con-
tinues to be there for me. I love you!

I dedicate this thesis to the one person solely responsible for my interest
in engineering and mathematics: my late grand father and KTH alumni
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Chapter 1

Introduction

1.1 Background

In 1928 the Swedish-American mathematician Harry Nyquist published the
famous law that became globally accepted within the field of information
theory and signal processing and which applies still today [1],

In order to accurately recover the shape of the original signal
after it has been sampled, we must sample with a frequency of
a magnitude of at least twice the highest frequency component
present in the original signal.

This can easily be grasped if we think about the fact that in order to re-
trieve the original signal structure in the time domain, we must of course
also recover it accurately in the Fourier domain (frequency domain). In
order to do that we must allow for the sampled signal to contain all the fre-
quencies up to and including the highest frequency that was present in the
original signal, hence we should sample with at least the highest frequency
component. Further more, we must also respect the fact that once we have
sampled a signal, its frequency spectrum will be periodic with a period of
1 in normalized frequency scale, hence the motivation for sampling with at
least twice the bandwidth of the original signal is because we want to avoid
aliasing effects.

Nowadays, within the field of digital signal processing, it is often required
to down sample or compress a signal before further processing or before a
transmission of the signal over a wireless channel is performed. This is a very
important concept within the area of communication theory and image and
video processing where we want to use the available resources as efficient as
possible. For instance in a communication system we wish to send as little
information as possible over the channel to facilitate efficient usage of the
available spectrum and also for increasing the speed of the transmissions.
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In the end, at the receiver, we must of course be able to recover the original
signal with some minimum quality criteria.
Within medicine a big application is Magnetic Resonance Imaging (MRI)
where a patient lies in a large magnet and a device scans the patients body
and measures/detects certain changes in the magnetic field caused by the
nuclei within the atoms inside the body of the patient. This information is
then recorded to construct an image of the scanned area of the body. This
process can be very painful for the patient and is also very expensive for
the hospital. Thus, we wish of course to minimize the patients time spent
inside the magnet. At the same time we must reassure that enough data is
sampled to be able to reconstruct an image with a minimum level of quality
needed for the doctors to make valid and precise medical conclusions about
the health of the patient.

In these modern times, where practically all signal processing is digital,
we will always have to do sampling of some kind. This means that if we are
working with high frequency signals and wish to retrieve the original signal
we must sample at a very high sampling rate. This can be both very time
consuming and cost inefficient. If we can allow for lower sampling rates than
the Nyquist rate and then use some recover strategy that manage to recover
the original signal we will end up with a much more efficient system.

1.2 Sparse- and compressible signals

There exist signals that are sparse naturally meaning that only a smaller
fraction of the signal elements, in time or in space expressed in some basis,
have a significant value above or below zero. If we took much fewer samples
from the original signal elements and wished to recover the original signal
this would be equivalent of trying to solve a system of equations where the
rank of the coefficient matrix is lower than the dimension of the solution
space. This system would thus have infinite many solutions. But, since
we have prior knowledge of the sparsity properties of the original signal el-
ements, we could use this as an extra constraint in the inference process.
This implies that if we were to sample below the Nyquist rate in these classes
of signals we would be much more likely to retrieve the original signal with
good quality compared to the analog situation when dealing with non-sparse
signals.

The classes of signals that are truly sparse by nature are not very frequent,
especially not within the application fields of signal processing. Instead we
are more likely to encounter compressible signals. Compressible signals are
signals that are not truly sparse, rather they are well approximated by a
sparse signal. Also in the case of compressible signals we will be likely to
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retrieve the original signal with good quality if a good recovery algorithm
is used but the problem discussed earlier with the need to take many sam-
ples will remain since we first would have to sample the signals according to
Nyquist and then compress the signal by approximating the low element val-
ues of the signal with zero, either directly or through some transformation to
a more sparse domain. A more efficient way is something called Compressive
Sensing which is a subfield within signal processing that has received big
attention over the last decade. Put shortly, compressive sensing combines
the sample- and compress phase into one phase thereby eliminating the need
to first sample according to Nyquist.

1.3 Aim of the Thesis

The aim of this thesis is to performance evaluate some recovery algorithms
applied specifically on a video signal after it has been compressively sampled.
Most of the existing recovery algorithms within the field of compressive sens-
ing is developed theoretically and then tested and evaluated on some sort
of synthetic data. This means that the data could represent a signal whose
element values are drawn from a known distribution which in turn means
that the data have some sort of ”statistical structure”. Specifically, the main
aim of this thesis is to evaluate one of these recently developed algorithms,
the Dynamic Iterative Pursuit algorithm (DIP) [2]. When working with
real application data we instead have to investigate the data to see what
kind of statistics it seems to follow. The biggest challenge in this project
is therefore to develop a platform where evaluation of how the different al-
gorithms perform on a video signal easily can be done. In this challenge
lies of course also the fact that we must investigate the data in order to set
different theoretical parameters, which are essential for the algorithms, to
realistic and probable values. For instance, DIP incorporates dynamics in
to the system by assuming, and thereby utilizing, certain time correlation
properties between successive samples.
The performance of this algorithm will furthermore be compared with a
couple of time independent (static) recovery algorithms, where no time cor-
relation between successive samples is assumed,when applied on a video
signal. This will give a qualitative idea about how video signals generally
should be assessed when trying to recover them after compressive sensing
has been done.

1.4 Important Notations and Concepts

The following notations and concepts will frequently be used throughout
this thesis.

3



• Bold style will be used for vectors (lower case letters) and matrices
(upper case letters). Non-bold style will be used for scalar entities.

• A ∈ <p×q will denote a matrix A with p rows and q columns all filled
with values from the real field. By x ∈ <N we mean a real column
vector x with N elements.

• With the notation AT or xT we mean the real transpose of the matrix
A or real vector x.

• If a vector x has been introduced, then with the notation xj we refer
to the j : th element of that vector.

• With the notation vectorized block we mean that we have vectorized an
image block represented by a matrix G into a long vector g containing
all the columns of G put together from left to right. We use the
notation vec(G) = g for this.

• With a supportset, denoted as I, of a signal or vector we mean the or-
dered set of indices where the signal or vector currently has its nonzero
elements.

• With | I | we mean the cardinality of the supportset I.

• If a supportset I has been introduced and then the notation Ic is used
we mean the ordered complement set of indices 6∈ I where the signal
or vector currently has its zero elements.

• With sparsity level we mean the assumed fraction of non zero elements
of the signal or vector in a certain sparse domain.

• With a supportset | Ix |= {1, 2, 5} we mean that the vector x has
nonzero elements at positions 1,2 and 5.

• With A[`,] we mean the submatrix of A consisting of its row and
column indices listed in the ordered sets ` and  respectively.

• With A[.,] we mean the submatrix consisting of the columns of A
listed in the ordered set .

• With x[] we mean the vector x consisting of the elements in the column
vector x listed in the ordered set .

• With A[`,],t we mean the submatrix of A consisting of its row and
column indices listed in the ordered sets ` and  respectively at a
certain time instant t.

• With x[],t we mean the vector x consisting of the elements in the
column vector x listed in the ordered set  at a certain time instant t.
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• If a matrix H has been introduced and then the notation hi is used in
the same context, we mean the i:th column vector of H.

• With s ∈ ΣK we mean that the signal or vector s has at most K
nonzero elements.

• With an ”active” coefficient xj we mean that currently xj in the signal
or vector x is nonzero.
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Chapter 2

Theory of Compressive
Sensing

The basic idea of compressive sensing is fairly easy to grasp with just some
basic linear algebra as a toolbox. As mentioned earlier the best recovery
performance is done on signals that are compressible. This means that we
first wish to find a certain domain, or basis, that can describe the original
signal in a more sparse representation before the measurement process takes
place. This forms the foundation of transform coding [3].

2.1 Transform Coding

Lets assume that we have access to the N-dimensional signal vector x. If we
now transform x into a more sparse domain with basis vectors ψi we will
end up with the sparse vector s ∈ <N . If we put it in mathematical terms
we have,

x =
N∑
i=1

siψi (2.1)

(2.1) can be also be written in matrix form,

x = Ψs (2.2)

In (2.2) the matrix Ψ has the basis vectors ψi, i = 1, ..., N as its column
vectors. Ψ is also referred to as an alternate dictionary for x. Ψ is N ×N
and therefore we can easily get the transformation matrix that transforms
the original signal x ∈ <N into its sparse counterpart s ∈ <N ,

s = Ψ−1x (2.3)

Note that Ψ−1 = ΨT if one assumes the basis {ψ1,ψ2, ...,ψN} to be or-
thonormal.
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Now, following the idea of transform coding [3], we would apply the matrix
Ψ−1 on the original signal x, locate for instance the K biggest coefficients in
s and discard the remaining N −K coefficients, which ultimately would be
very close to zero anyway. This introduces the notion of sparsity level. We
say that the resultant signal vector s is K-sparse and that the original signal
x is a compressible signal with a sparsity level of K

N . Before we decide upon
a suitable K, we must of course investigate how the signal is represented in
the chosen domain. Figure 2.1 displays an example with N = 16.

(a) Signal x in original domain
(b) Signal x in sparse domain.

Figure 2.1: Signal vector x displayed in two different bases

As can be seen from figure 2.1 the signal vector x is significantly more
sparse in the newly chosen domain or dictionary Ψ. In this example we
would typically discard all coefficients in s except the three coefficients at
positions 1, 5 and 13 and a suitable sparsity level for this class of signals
could therefore be K

N = 3
16 = 0.19.

If we were to do some further signal processing on signals originating from
this signal class we would encode the locations and values of the the K = 3
coefficients and set all the discarded coefficients to zero. Then use this
information to recover the original signal. The problem with transform
coding is that even though we have chosen a suitable sparsity level to work
with we still have to sample the full length of the original vector x, that
is collect all the N samples before we can do the encoding part. Thus, we
would get a reliable system but the number of measurements that we have
to do will not go down.

2.2 Solution to the Transform Coding problem

How can we get around the problem of the inefficiency in terms of the
number of linear measurements needed when sampling the original signal
vector x? The answer is to use compressive sensing. This method skips
the intermediate step of first sampling all the N elements in x by directly
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assuming that the signal is compressible and approximated by some K-
sparse representation [4]. Say that we are observing the signal vector x
and wish to measure it by collecting M < N samples from it. Typically we
would use some sort of measurement matrix Φ which will ”sense” the original
N -dimensional signal vector x producing the M -dimensional measurement
vector y (let us disregard added noise in our system for now),

y = Φx (2.4)

In (2.4) Φ ∈ RM×N .

With an assumed sparsity representation of the signal we can use (2.2) to get,

y = ΦΨs = Hs (2.5)

In (2.5) H ∈ <M×N is referred to as the total sensing matrix. y ∈ <M is
the resultant measured signal vector that we must try to recover the original
signal vector x ∈ <N from. This is done by first using some sort of recovery
algorithm to try and recover the sparse representation s and then use (2.2)
to get back to x .

2.3 Important Mathematical Concepts

The qualitative description of the compressive sensing measurement process
presented in the last section gives rise to some partial problems that must
be assessed. It turns out that the two most essential issues before utilizing
the theory of compressive sensing are [5] ,

1. How construct a valid and stable measurement matrix?

2. What kind of reconstruction technique can/should be used?

2.3.1 Conditions for the Measurement Matrix

First of all, when speaking in terms of that a certain signal is K-sparse it
means strictly that the signal vector s has at most K nonzero entries. We
will denote this as

s ∈ ΣK

Furthermore if for example s has nonzero elements at positions 1,3,5 and 7
we will say that the supportset of s is Is = {1,3,5,7}. Second of all, when dis-
cussing what mathematical constraints the measurement matrix Φ should
have, these constraints will also apply to the total compressive sensing ma-
trix H since there is only a change of basis that differs these two. Hence,
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assume we have access to the measurements y = Hs where s is assumed to
be K-sparse. As mentioned previously, with y ∈ <M , s ∈ RN , H ∈ <M×N

and M < N , this is an under determined linear system of equations which
thus will have infinite many solutions when solving for s. When searching
for the best solution s that fits the observed measurements y we will also
add the constraint that s ∈ ΣK . A critical issue in this process is therefore
uniqueness. That is, if two distinct signal vectors s, s′ ∈ ΣK both satisfy
the system we must have that Hs 6= Hs′. Otherwise we cannot be able to
distinguish between s and s′ based on the measurements y. Recall from ele-
mentary linear algebra that the null space of a matrix H ∈ <M×N is denoted
N (H) and contains all vectors z ∈ RN such that Hz = 0. Thus if Hs 6= Hs′

we must have that Hs-Hs′ = H(s− s′)6=0. From the way that sparsity was
defined earlier one concludes that the signal vector s - s′ ∈ Σ2K and thus a
necessary condition that we have uniqueness is that N (H) does not contain
any signal vectors in Σ2K [6].

In the general case we will also have to deal with added noise in the mea-
surements, that is the observation model can be stated as,

y = Hs + n

Where n ∈ <M typically is assumed to be added Gaussian noise.

It turns out that to be able to cope with noise in our system the sensing
matrix H should satisfy the so called restricted isometry property (RIP) [6],

Definition 2.3.1. A matrix H satisfies the restricted isometry property
(RIP) of order K if there exists a δK ∈ (0, 1) such that

(1− δK) ‖ s ‖22≤‖ Hs ‖22≤ (1 + δK) ‖ s ‖22, (2.6)

holds for all s ∈ ΣK

Essentially what (2.6) says is that if the matrix H satisfies the RIP of
order 2K it will preserve the distance between any pair of K-sparse signal
vectors s, s′. This will clearly help in resisting the influence of noise in the
measurements and help distinguish between two distinct K-sparse solutions
in the inference process.

To be able to derive which kind of matrices that satisfies the RIP is be-
yond the scope of this project. In [7] extensive information can be found
about this topic. It turns out that randomly generated matrices will gen-
erally achieve the RIP with high probability. Therefore in this project a
measurement matrix Φ has been chosen whose elements, φij has been drawn
randomly from a Gaussian distribution with mean zero and variance one.
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2.3.2 Recovery Algorithm Strategies

Purely mathematically there exist recovery strategies that can be used to
recover the original sparse signal vector s exactly with a high probability.
Given the measurements y ∈ <M and sensing matrix H, the most straight
forward way is to search for the sparsest solution ŝ ∈ <N using the l0 norm
as a criterion. The l0 norm=‖ z ‖0 counts how many non-zero entries a
vector z has. Hence, a straight forward strategy is the l0 minimization,

ŝ = argmin ‖ s ‖0 such that y = Hs (2.7)

A drawback with (2.7) is that for large dimensional signal models the search
for the sparsest solution can be exhaustive leading to large inefficiencies
in terms of computational time and stability. With regard to this, the
corresponding l1 minimization is a better option,

ŝ = argmin ‖ s ‖1 such that y = Hs (2.8)

The reason that we might prefer (2.8) over (2.7) is that the former can be
posed as a convex optimization problem for which there exist efficient and
accurate numerical solvers [8]. In fact, this convex optimization problem
reduces to a linear program known as Basis Pursuit whose computational
complexity is approximately O(N3) [4], [5].

One drawback with (2.8) is that, since it does not explicitly prioritize sparse
solutions, it can give rise to computational errors even for very small dimen-
sional problems. For instance, assume that we have observed,

y =

[
1
1

]
using the following measurement matrix,

H =

[
2 1 1
1 1 2

]
If we treat this as the convex optimization problem (2.8) we will end up
with the solution,

ŝ =

 1/3
0

1/3


But this is not the sparsest solution satisfying y = Hs in this case. The

sparsest solution would instead be,

ŝ =

 0
1
0
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This solution is missed since we are posing the problem as a l1 minimization
problem, (2.8), instead of as a l0 minimization problem, (2.7) .

Hence, the challenge in choosing an efficient recovery strategy is to find
a recovery algorithm that is feasible from a computational point of view and
at the same time will ensure, with a high probability, that we will find the
sparsest solution (under the chosen sparsity level K).
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Chapter 3

Modeling the Problem

The data being used in this degree project is the, within image processing
well known, video signal foreman.yuv. It consists of a video sequence of
300 consecutive frames and has pixel dimensions: width=352 , height=288.
Each pixel is naturally represented by three RGB values. To simplify the
situation, while at the same time serve the purpose of this project, it suffices
to work in grey scale. This means that each pixel is only represented with
an unsigned 8 bit grey scale value in the range of 0-255. Figure 3.1 displays
the video signal for two different frames (two different time instances.)

(a) Frame 100 in original image domain. (b) Frame 120 in original image domain.

Figure 3.1: The Foreman video sequence, displayed at two different time
instances

3.1 Sparse Vector Representation of the Video Se-
quence

If we divide each frame into blocks of equal size we end up with the division
in the image domain as shown in figure 3.2.
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Figure 3.2: One frame in the image domain divided up in blocks of equal
size

This allows us to analyze the characteristics of the data block wise. Each
block F in figure 3.2 can be viewed as a matrix of grey scale values and this
matrix can be transformed into a sparse domain and vectorized accordingly.
If we want to investigate correlation properties we can then for instance
check how one block in frame i is related to the corresponding block in frame
i+1 by comparing the same vector positions in the sparse vectors that arises.

Hence, if we for instance choose to work with 8 × 8-blocks we will work
with image frames that are 44 blocks wide and 36 blocks high. Since we are
working with two dimensional arrays in the original image domain (matri-
ces) we will have to use a two dimensional transformation. For this the two
dimensional Discrete Cosine Transform was used since it has been empiri-
cally shown to work well in image compression techniques. Thus, we end up
with the schematic description displayed in figure 3.3.

As can be seen in figure 3.3 the resulting one dimensional sparse vectors
are now together representing each block time wise: si is representing block
F at time (frame) i and si+1 is representing the same block F at time
(frame) i+ 1. This representation allows us to investigate time correlations.
As mentioned earlier, the video sequence consists of 300 frames in total.
This means that, if we are focusing on one block, we can build a time series
vector for each index in the consecutive s-vectors: si, si+1, si+2 and so on. If
we are working on 8× 8 blocks this means that we end up with 64 different
time series, each 300 time samples long,

13



Figure 3.3: 8x8 block wise sparse vector representation of a particular chosen
block F in the Foreman video sequence.

s1[1], s2[1], ........, s300[1]

s1[2], s2[2], ........, s300[2]

...

s1[64], s2[64], ........, s300[64]

This way we can calculate 64 different means, variances and correlation
coefficients as statistics coupled to each block F .

3.2 Mathematical Model for Compressively Sens-
ing the Data

Now that we have a sparse vector representation of each block in the video
sequence, one can start using the compressive sensing techniques presented
in the chapter 2. The observation model that is used is,

y = Hs + n (3.1)

where n is the added noise, s is a sparse vector now representing one block
in one frame in the video sequence as derived in the previous section. s
is a column vector with length N . If we are working with 8 × 8 blocks,
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N = 82 = 64. H is the sensing matrix that we use to compress and sam-
ple with in the sparse domain. H ∈ <M×N where M is the measurement
level that we use. Typically M = N

2 so that we only need to sample half of
the original number of samples. Recall that in order to construct a sensing
matrix H, we must first select a measurement matrix Φ. As mentioned in
chapter 2, the main criteria for this kind of matrix is that it should satisfy
the RIP (see definition 2.3.1). For this reason, as motivated in chapter 2,
a measurement matrix Φ was chosen whose elements, φij has been drawn
randomly from a Gaussian distribution with mean zero and variance one.
We also have to choose a proper dictionary that allows for a sparse represen-
tation. Continuing with the same notation as in chapter 2 we need to find
the dictionary matrix Ψ that can give the total sensing matrix H = ΦΨ.

3.2.1 Deriving the Total Sensing Matrix H

In order to derive the total sensing matrix H we must derive which matrix
Ψ to use for our transformation from the original image grey scale domain
to the sparse domain. Let S denote the two dimensional discrete cosine
transformation (DCT2) of the two dimensional image block matrix F of a
certain size. If T denotes the DCT2 matrix that transforms F into S one
has,

S = TFTT (3.2)

Since we want to work with vectorized blocks we need to know the trans-
formation relationship between vec(S) = s and vec(F) = f. It turns out
mathematically that this relationship becomes,

s = (T⊗T)f (3.3)

where ⊗ represents the Kronecker Product.
By comparing directly with (2.2) and (2.3) (f now represents x here) we get
that T⊗TT represents Ψ−1 and that the original vectorized image block f
can be represented in the sparse DCT2 domain as,

f = Ψs = (T⊗T)−1s (3.4)

To summarize we now have the total sensing matrix H to be used in this
project under the observation model (3.1),

H = ΦΨ (3.5)

where, as mentioned earlier, the entries φij ∼ N (0, 1) and Ψ = (T ⊗T)−1

where T is the corresponding DCT2 matrix.
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Chapter 4

Methodology

In this chapter the background and descriptions of the recovery algorithms
used in this thesis will be presented. Also certain definitions of important
parameters will be presented. It is highly recommended that the reader
takes a look at sections 3.1 and 3.2 in order to get acquainted with the
notion of ”vectorized blocks” that will be used in this section to explain
how the algorithms were implemented in this project.

4.1 Method for Implementing the Algorithms

Here a short description of the strategy for implementing the recovery al-
gorithms specifically on the video signal foreman.yuv is presented. The
strategy for implementing and evaluating the recovery algorithms described
in this chapter is to treat each image frame in the video sequence on a
”block by block” basis. This idea was briefly described in chapter 3. We
first transform each block F into the sparse domain (DCT), then vectorize
each transformed block. Then we have access to the sparse signal vectors
s. Now we can do compressive sensing on s and apply the different recov-
ery algorithms to get the recovered sparse signal vectors ŝ. To continue
we transform ŝ back to the original image domain and reconstruct the cor-
responding image blocks F̂ by matrix reforming. If we work with several
blocks we then put all the blocks back together in their original place in
the frame and evaluate by comparing with the corresponding parts in the
original frame. The reason for choosing this strategy is that it allows us to
have a lot of freedom in choosing which areas of the frame(s) that we want
to evaluate. We can choose to investigate a whole frame, or different smaller
parts of the frame, maybe only one block somewhere in the frame. This is
also very practical when doing the simulations since it is a big difference in
time needed to evaluate a smaller part of the frame, for instance when we
want to investigate how small changes in certain parameter settings affect
performance. As mentioned earlier a specific time instant t corresponds in
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this thesis to a certain frame number in the 300 frame long video sequence
foreman.yuv.
When we mention the sparse vector st we could refer to a certain vectorized
block in the sparse domain of a certain block size, transformed to the sparse
domain as part of frame number t. It can also theoretically mean the whole
frame t vectorized.

We start with presenting the two algorithms used for static, time inde-
pendent recovery of the original signal. With a static, or time independent,
recovery technique we refer to that we do not utilize any information from
the previous time instance in order to estimate the signal at the current
time instance. In this project this means that we are recovering each frame
by taking new measurements and running the algorithm as if there did not
exist any correlation between the two frames (time instances). Hence, we
recover one vectorized block of frame t , st, then the same vectorized block
at the next frame t+1, st+1, is recovered with the same technique with no
use of any correlation with the previous one. We will use two different static
algorithms, the Orthogonal Matching Pursuit (OMP) and the Predictive Or-
thogonal Matching Pursuit (PrOMP). Then we introduce time dependency
in the algorithm combined with the PrOMP algorithm which results in the
Dynamic Iterative Pursuit (DIP) algorithm.

4.2 The OMP Algorithm

Assume we are using a sensing matrix H ∈ <M×N to sense the sparse signal
s ∈ <N . Assume further more that we have established a sparsity level K

N ,
that is the signal s is assumed to have at most K nonzero elements. We
then end up with the measured samples y ∈ <N (including noise),

y = Hs + n

The OMP algorithm is one of the classical, so called Iterative Pursuit
(IP) algorithms [9]. An IP algorithm solves the estimation problem by a se-
quential detection of the support set and reconstruction of the corresponding
signal coefficients. The basic strategy of the OMP is the continuous exten-
sion of the support set and subsequent reestimation of the new sparse solu-
tion corresponding to this newly extended support set. It begins iteratively
with a current support set I and a current residual r, and then assumes that
there exist one more index to extend the current support set with. Initially
I = ∅ (empty set) and r = y.

To extend the support set with a new index a matched filter technique is
used to find the index, i 6∈ I that mostly correlates with the current residual
r . The strategy for finding the new index to add to the previous support
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set with this ”matched filter” technique is done by first removing the con-
tribution of the previous estimate ŝ to the measurement y. This way we
can be sure that we are always searching for an index that does not already
exist in the current support set.
Finally at every step, once we have updated from the previous support set
to the current support set we use the least square technique to calculate the
”new” current sparsest solution ŝ that corresponds to the extended support
set I that now has become the ”new” current support set. Since we have
established a sparsity level of maximum K nonzero elements the iterative
least square estimation of the ”sparsest solution” should force all elements
i 6∈ current support set I to zero. The algorithm should terminate when the
number of iterations > K = maximum number of non zero elements or when
the the current updated residual has increased compared to the residual at
the previous iteration. See the OMP algorithm [2].

Algorithm: Orthogonal Matching Pursuit (OMP)

1: Given: Measurement y, Sparsity level K and sensing matrix H
2: Set k=0, initial residual r0 = y and initial support set I = ∅
3: repeat until k > K or ‖ rk ‖2>‖ rk−1 ‖2
4: k:= k+1
5: ik = argmaxi∈Ic | hT

i rk−1 |
6: I:= I ∪ik
7: ŝ[I] = argmins[I]∈<|I| ‖ y−H[.,I]s[I] ‖22 ; ŝ[Ic] = 0

8: rk = y−H[.,I]ŝ[I]
Output: Reconstructed sparse signal ŝ and support set I

4.2.1 Problem with OMP Algorithm

When iteratively extending the support set and reestimating the sparse so-
lution in the OMP algorithm, estimation errors can occur that successively
can grow larger at every new extension of the support set. The main rea-
son for this is that when we use the ”matched filter” technique between the
previous residual and all the columns hi of the sensing matrix H, i 6∈ I,
in order to find the index the corresponds to the maximum absolute value
of the inner product | hT

i r | there could potentially exist a lot of ”inter-
ference terms” that can be the main reason that made a particular inner
product corresponding to a certain index, i, the maximum one. To explain
this further lets ”put ourselves” in the thinking of the OMP algorithm: lets
assume that we have a certain support set I and a certain residual at a
certain instance in the OMP algorithm and now we wish to seek the next
index i 6∈ I that we will choose to extend the support set with. Now, since
we have removed H[.,I]ŝ[I] from the measurement y, and continuously have
put ŝ[Ic] = 0 (see lines 7,8 in the OMP algorithm), the optimal status of the
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residual that will give us the index i, i 6∈ I , would be (ignoring noise source
for now),

r = hisi (4.1)

But, this is based on that we had estimated all sj , j ∈ I up this point with
100 % accuracy. This is of course not realistic, there will exist estimation
errors in the previously estimated coefficients and therefore a more realistic
residual signal model would be [2],

r = hisi +
∑
j

hjεj (4.2)

Where, in this current step of the algorithm, i 6∈ I (i is the current index
we have decided to extend the support set with) and j ∈ I (j represents all
the indices thus far making up the current support set). The sum in (4.2)
represents the total interference thus far as a result of inaccurate estimates
of the previous signal coefficients in the sparse solution vector we currently
are trying to reconstruct: εj = ŝj − sj . Potentially it can be this sum that
contributes mostly to the result of the matched filter operation (see line
5 in the OMP algorithm) and makes i appear as if we in this step of the
algorithm should choose to extend the support set I with the index i.
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4.3 The PrOMP Algorithm

One reason for the problems in the OMP algorithm discussed previously is
that, during the iterative process to extend the support set, the algorithm
seeks the next index under the hypothesis that there always is only one
remaining active signal coefficient si 6∈ I to be added to the sparse signal
solution. A more robust way of iteratively finding all the active signal co-
efficient can be utilized in the Predictive Orthogonal Matching Pursuit or
PrOMP algorithm [2]. Here, a stochastic framework is used. It begins by
using a prediction of the sparse signal solution based on the investigation of
the data (see Chapter 5),

ŝ− = s + e (4.3)

where s is the true sparse solution. The estimation error vector e is assumed
to follow a Gaussian distribution, e ∼ N (0,P−). The error covariance ma-
trix e is a prediction based on the investigation of the data (see Chapter
5). Furthermore the error variances ei in e are assumed to be uncorrelated
which means that P−) will be diagonal. The signal model (4.3) allows for
the introduction of a more robust criteria for, in each step of the algorithm,
deciding which index that should be added to the current support set. This
criteria is called the signal to prediction error ratio ρi defined as,

ρi ,
E
[
| si |2

]
E [| ei |2]

(4.4)

In [2] the mathematical details for calculating ρi is thoroughly explained.
The value of the denominator in (4.4) will be fixed for each index. Since
e ∼ N (0,P−), E

[
| ei |2

]
= p−i where p−i is the i:th diagonal element in P−.

This gives also a hint of what we should base our prediction P− on. In the
coefficients where we suspect that it will be difficult find the sparse nonzero
coefficients we should put p−i high and in the coefficients where we suspect
that it will be easier to find the sparse nonzero coefficients we should put it
lower since p−i directly correlates to how much error variance we can expect
in our initial prediction of the sparse solution vector as given by (4.3).
For the maximum ρi i 6∈ I is added to I. Then the sparse signal vector, for
the extended support set is jointly reestimated. The PrOMP works like a
one step Kalman filter [10] which means that the sparse signal vector corre-
sponding to the extended support set I continuously can be computed by a
measurement update of form,

ŝ[I] = ŝ−[I] + K(y−H[.,I]ŝ
−
[I]) (4.5)

That is, the solution for the current support set is equal to a linear combi-
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nation of our prediction and a weighted difference between the actual mea-
surement and the measurement that should have come out if one had used
the prediction. K is the gain that minimizes the posterior error covariance
matrix. For details regarding the Kalman gain K the reader is referred to
look at [2].

Finally, with the extended support set I, the new residual r = y−H[.,I]ŝ[I]
is computed in analogy with the OMP algorithm. Also in order to update
the gain K we also update the total measurement error covariance matrix
which we choose to call D,

D =
∑
j∈I

pjhjh
T
j + R (4.6)

In (4.6) the sum corresponds to the actual covariance matrix associated with
the measurement for the extended support set I where pj is the correspond-
ing variance associated with ej . R is the covariance matrix associated with
the noise n present since the full measurement model is,

y = Hs + n

For more mathematical details behind the PrOMP algorithm the reader is
referred to [2]. To fully cope with the information that is provided in [2] the
reader is recommended to look at some basic information about the origin
of the Kalman filter given in [10]. The theoretical outline of the PrOMP
algorithm is summarized as,

Algorithm:Predictive Orthogonal Matching Pursuit (PrOMP)

1: Given: Measurement y , sensing matrix H, Sparsity level K , noise covari-
ance matrix R, signal prediction ŝ− and error covariance matrix prediction
P−

2: Set k=0, initial residual r0 = y, initial support set I = ∅ and D = R
3: repeat until k > K or ‖ rk ‖2>‖ rk−1 ‖2
4: k:= k+1
5: Compute ρi
6: ik = argmaxi∈Icρi
7: I:= I ∪ik
8: ŝ[I] = ŝ−[I] −K(y−H[.,I]ŝ

−
[I]) ; ŝ[Ic] = 0

9: rk = y−H[.,I]ŝ[I]
10: Update D with help of (4.6)
Output: Reconstructed sparse signal ŝ and support set I
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4.4 Introducing Time Dependency in the Algo-
rithm: The DIP Algorithm

Since we now are introducing time we need to use subscripts tin all the
mathematics.

4.4.1 Process Model assumed by the DIP algorithm

The process model used for the DIP algorithm is as follows [2]:
Let Is,t represent the support set of the sparse signal vector s ∈ <N at time
t (t will correspond to a certain frame number in the video sequence used).
The number of non zero elements in s at any given time t will always be
less than or equal to K if s ∈ ΣK , K < M where M is the number of
measurements we will take when sensing the sparse signal vector s. Let λji
denote the transition probability j → i of a certain ”active coefficient” sj .
This means that, given that sj is nonzero at time t, λji gives the probability
that si will be the active coefficient at time t + 1 instead of sj . The DIP
algorithm will assume that the transition of an active signal coefficient j → i
is modeled as an autoregressive AR(1) process,

si,t+1 = αijsj,t + wi,t (4.7)

where sj,t denotes the j:th component of st, αi,j is the AR(1) coefficient with
| αi,j |≤ 1 and wi,t is the associated process noise. The sparse signal process
can be written compactly with vector notation with a random transition
matrices At and Bt [2],

st+1 = Atst + Btwt (4.8)

where wt ∼ N (0,Q), Q = diag(σ21, ..., σ
2
N ). σi represents the process

noise variance for signal coefficient si. The process noises at different times
are assumed to be uncorrelated, E

[
wtw

T
t−l
]

= 0 if l 6= 0. Thus, the matrix
Bt will be diagonal and the non zero elements of Bt are bii,t = 1 for all
i ∈ Is,t+1. The non zero elements of At ∈ <N×N are aij,t = αij for all
j ∈ Is,t and i ∈ Is,t+1. The The model parameters αij , λji and Q are
assumed to be known and needs to be set before applying the algorithm
(see section 5.4).

4.4.2 Applying the DIP Algorithm to predict Dynamic Sparse
Signals

The basic strategy of the DIP algorithm is to use the PrOMP algorithm
at each time instant t with predictions for ŝ−t and error covariance matrix
P−t to estimate ŝt together with the corresponding support set I. The
posterior (or updated) error covariance can at the same time be calculated
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as P[I,I],t = (P−[I,I],t + HT
[.,I]R

−1
t H[.,I])

−1 [11]. We also make sure that we
preserve the initial prediction of the uncertainty of the, at this time instant,
inactive coefficients i ∈ Ic and also that assuring that the cross correlations
between the error variances ei, ej with i 6= j is zero by doing the following
operations respectively,

P[Ic,Ic],t = P−[Ic,Ic],t

P[I,Ic],t = 0

P[Ic,I],t = 0

The new thing in DIP is that now we introduce an assumed time correla-
tion which means that we continuously will use ŝt and Pt to predict ŝ−t+1 and
P−t+1. This way we hope that our estimates will become better and better
as the time moves along. The proposition for doing this, as given in [2], is
to predict each element in ŝ−t+1 as a superposition of all possible transitions
to this element from all elements in ŝt,

ŝ−t+1 =

N∑
j=1

λjiαij ŝt (4.9)

or written compactly in vector notation as

ŝ−t+1 = Fŝt+1 (4.10)

where fij = λjiαij .

The process is similar to a Kalman filter in that it uses a predict,measurement
update strategy and therefore we use the Kalman prediction formula for the
error covariance matrix, P−t+1 = FPtF

T + Q.
The strategy utilized in DIP is of course heavily dependent on our chosen

process model (see section 5.4).

To summarize the DIP algorithm:
Lets assume at time instant t we have observed the measurements yt through
the observation model,

yt = Hst + n (4.11)

With access to predictions ŝ−t and P−t we use the PrOMP algorithm to
estimate ŝt and the corresponding support set I. This becomes a measure-
ment update of the sparse solution vector at time t. Then we also update
the error variance matrix P accordingly and finally predict ŝ−t+1 according to
(4.10) and use the Kalman filter prediction of P−t+1. The theoretical outline
of the DIP algorithm is summarized as,
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Algorithm: Dynamic Iterative Pursuit (DIP)

1: Given: Initial start predictions ŝ−0 , Sparsity level K and P−0
2: for t = 0, ....tend
3: %Measurement update
4: Compute ŝt and I from yt using PrOMP with ŝ−t and P−t+1

5: P[I,I],t = (P−[I,I],t + HT
[.,I]R

−1
t H[.,I])

−1

6: P[Ic,Ic],t = P−[Ic,Ic],t ;P[I,Ic],t = 0; P[Ic,I],t = 0

7: %Prediction
8: ŝ−t+1 = Fŝt+1

9: P−t+1 = FPtF
T + Q

10: end
Output: Reconstructed sparse signals ŝt for all t ∈ {0, ..., tend}
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Chapter 5

Experiments and Results

In this chapter the results of the simulations based on the methodology
in the last chapter are presented. It starts out with investigations of the
data being used. These investigations helps setting some of the parameters
needed to run the recovery algorithms. Finally evaluations using different
recovery strategies are performed. Always when referring to the sparse do-
main it is implicit that we mean the Discrete Cosine Transform domain, or
the DCT domain. It is highly recommended that the reader takes a look at
sections 3.1 and 3.2 in order to get acquainted with the notion of ”vectorized
blocks” that will be used in this section.

5.1 How to Measure the Performance

For performance measure, the so called Peak Signal-to-Noise Ratio, PSNR
was used. The PSNR gives a good indication of how well the a signal has
been reconstructed. It gives the ratio between the maximum possible power
of the original signal and the total mean squared error of the reconstructed
signal. Since we are working with image frames in this project the signal
is an image and the maximum power is the maximum pixel value (in gray
scale) of the original , true image, and the mean squared error is the average
mean squared error when comparing each pixel value of the original image
with the reconstructed one. Each pixel in gray scale is represented with an 8
bit unsigned integer value so the maximum value in the true original image
will be 255. Denoting the image frame, or the block of the frame that we
are trying to reconstruct with Y the mean squared error, MSE, in an image
frame with M pixels row wise and Q pixels column wise will be,

MSE =
1

M ×Q

M∑
i=1

Q∑
i=1

[Ytrue(i, j)− Yreconstructed(i, j)]2
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Therefore the definition of the PSNR (in decibel scale) of an image frame
or block Y that was used for performance measure in this project was,

Definition 5.1.1. Y PSNR = 10× log10MAX(Ytrue)2

MSE

where of course MAX(Ytrue) = 255.

From Definition 5.1.1 it is clear that the higher YPSNR we get, the
better the recovery technique works. Since we are seeking to minimize the
number of measurements M we have to make to get a good reconstruction
of the image it turns out that plotting the number of measurements M
taken compared to the original number of signal elements N versus the
YPSNR value of that recovery is a good quality measure. Therefore all the
performance plots in this section displays M

N vs YPSNR.

5.2 Investigation of the Data and Parameter set-
tings

5.2.1 Choosing sparsity level

As mentioned in the initial chapters of this thesis, when trying to recover a
signal using sparse recovery algorithms, we must first asses which suitable
sparsity level to use. In this thesis, since we are working with a video
sequence of 300 consecutive image frames, this assessment should be based
on a time changing level. Figure 5.1 shows the mean DCT values of the same
16x16 block over 300 consecutive frames. In figure 5.2 we have plotted the
relative error vs chosen sparsity level. It shows that when we transform the
image to the sparse DCT domain and only keep the 10% highest coefficients,
discarding the rest, we loose on average 2.5% of the information in the image
when transforming back to the original domain. To get a feeling for what
this means in practice we display the original image and the same image after
it has been represented by a sparsity level 0.1 in the sparse DCT domain.

By investigating figures 5.2-5.4, a decision was made that a sparsity
level of 10 % serves our purposes in this project in terms of representing the
compressible nature of the video signal.

Sparsity level = 0.1

This sparsity level was then used through the whole project.
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Figure 5.1: Mean DCT values from 300 consecutive time frames of one 16x16
block.The x-axis displays the index number in corresponding vectorized form
of the block.

Figure 5.2: Relative error vs Sparsity Level .
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Figure 5.3: Original image.

Figure 5.4: Image when represented by sparsity level 0.1 in sparse domain.
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5.2.2 Choosing a good Block Size

Since we are using the block strategy that was introduced in chapter 3 (See
figures 3.2 and 3.3) we have to choose a suitable block size to work with.
This was done, using the outcome of the OMP algorithm for one frame for
three different choices of block size (see figure 5.5)

Figure 5.5: YPSNR vs M/N after recovery of one frame using OMP for
block sizes 8,16,32

From figure 5.5 we see that the performance increases as we increase the
block size. Since we do not gain very much by choosing block size 32 instead
of 16 together with the fact that the simulation time grows rapidly with the
block size, a block size of 16 × grey scale pixels was chosen for the whole
project,

Block size = 16× 16

Since we vectorize, each block this means that the fixed length of each sparse
signal processed is N = 256.

5.2.3 Setting the Parameters for the Recovery Algorithms

For all simulations the measurement matrix Φ for the sensing matrix H (see
section 3.2.1) was computed using the entries φij ∼ N (0, 1). For perfor-
mance comparison between the different algorithms all the simulations used
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the same generated H. As initial start prediction for the sparse solution
vector ŝ used in PrOMP and DIP we base it on figure 5.1 which displays the
mean coefficient values index wise on the x-axis. Therefore the initial start
prediction was set to the zero vector,

ŝ−0 = (0, 0, ....., 0, 0)T ∈ <256

In order to set the initial start prediction for the error covariance matrix
P−0 used in PrOMP and DIP we base the choice on figure 5.1 where the
variance for each coefficient at index i in relation to the value of si in the
sparse domain goes down periodically with the block size (approximately
at every 16:th index). This is also to be expected since when we vectorize
each 16 × 16 block we put all its column vectors on top of each other which
should imply this periodicity. Therefore we predict that it should be much
easier to find the value of the signal coefficients si, i = 1 + (m − 1) × 16
where m = 0, 1, ..., 16. We propose that it would be about 10 times harder
to find all the other coefficients(10 times more error variance). According to
what was discussed in section 4.3 this leads to the following start prediction
for the error covariance matrix (with zeroes on the off diagonal elements),

P−0 = Diag(1, 10, ..., 10, 1, 10, ..., 10, 1, 10, ..., 10, 1, 10, ..., 10) ∈ <256×256

Further more we choose to set the noise covariance matrix R = Diag(σ2, ..., σ2) ∈
<M×N where we put σ2 = 0.001. This R was then used for all the experi-
ments.

For the DIP algorithm we need to set the transition probabilities,λji, the
AR(1) coefficients αij and the AR(1) process covariance matrix Q (see sec-
tions 4.4.1 and 4.4.2). In [2] a sparse time signal st, t = 0, 1, 2..., tend, follow-
ing an AR(1) process with constant AR(1) coefficients αij = α is generated
and then different transition probabilities λji are applied.Then a so called
sparsity pattern is generated. With a fixed sparsity level (i.e a fixed number
of non zero elements at each time), the sparsity pattern gives a graphical
output displaying how the indices of the active coefficients in the true sparse
vector st changes over time. The problem in this project is that we do not
get to generate the signal setup ourselves, instead we have to investigate
how the time correlation properties look like from the given data (the video
sequence foreman.yuv). Thereafter we need to try to fit it the best we can
to the AR(1) process assumed in [2], i.e choosing the αij and also choose the
corresponding values for the transition probabilities, i.e choosing the λji.
First we generate a sparsity pattern by simply picking out the K largest
coefficients in st for t = 1, ..., 300 (that is, at each time frame). K = 26
since N = 256 and we use sparsity level 0.1.
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Figure 5.6: Evolving sparsity pattern for a central 16×16 block over 300
frames (N,K,T)=(256,26,300). The index number, i, is displayed on the y-
axis, time is displayed on the x-axis. A blue dot means that this coefficient
is active (i.e is one of the K largest elements in the sparse signal vector at
this time instant).

From figure 5.6 it can be seen that the sparsity pattern slowly becomes
more and more erratic as the the index increases. The first coefficient is
constantly active in accordance with figure 5.1 where the the first coefficent
on average was significantly larger than the rest. Also, a large part of the
other coefficients seem to stay active once they became active for the first
time, at least approximately. We therefore choose to set the transition
probabilities j → i according to the following simple model,

λji =

{
1 if i = j

0 if i 6= j
(5.1)

(5.1) means that if the signal coefficient sj is active at the current time
instant, we assume that it will be active also at the next time instant.
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With the transition probability set as in (5.1) we assume no correlation
between coefficients of different indices. This means that the AR(1) model
(4.7) in [2] becomes simplified to,

sj,t+1 = αjjsj,t + wj,t (5.2)

(5.2) represents the process model assumed for the sparse signal vectors in
this project. The matrix A ∈ <256×256 in (4.8) will thus be diagonal and
we therefore need to set these diagonal entries of A, αjj , j = 1, .., 256 to
reasonable values. Looking at the sparsity pattern in figure 5.6 we also notice
that, with a periodicity of appoximate 16, a dominant active coefficient
emerges. That is, looking from top to bottom in figure 5.6 , we notice
that at every 16:th index (approximately) an active coefficient which stays
active for almost the whole time emerges.This suggests that the correlation
coefficients αjj should be set to values close to one for every 16:th index, and
to a low value for all the indices in between here we have lower correlation
between the same index at successive time instants. To investigate this
further we pick out five 16 × 16 blocks in the foreman.yuv video sequence:
one in uppler left region, one in the lower left region, one in the upper right
region, one in the lower right region and finally one in the central region.
Then we transform them into the sparse domain, vectorize them to the true
sparse signal vectors st ∈ <256

Then to get a better picture of the correlation properties for the assumed
process model (5.2 ) a least square solution for the transition matrix F in
(4.10) was performed. Here we pick out the true sparse vectors from the
five different regions (upper left, lower left, upper right, lower right, central)
and computing the matrix Fls that simultanously minimizes the following
least squared errors,

|| Supper left
t+1 − FSupper left

t ||22 (5.3)

|| Slower left
t+1 − FSlower left

t ||22 (5.4)

|| Supper right
t+1 − FSupper right

t ||22 (5.5)

|| Slower right
t+1 − FSlower right

t ||22 (5.6)

|| Scentral
t+1 − FScentral

t ||22 (5.7)

To explain the notations here: In (5.3) the matrix Supper left
t+1 ∈ <256×299

contains as its columns the vectorized block from the upper left corner in
the sparse domain taken at time t = 2, ..., 300 and Supper left

t ∈ <256×299

contains as its columns the vectorized block from the upper left corner in
the sparse domain taken at time t = 1, ..., 299. This works analogously for
the S matrices in (5.4)-(5.7). By concatenating all the S matrices at t + 1
and t respectively we get,

St+1 =
[
Supper left
t+1 Slower left

t+1 Supper right
t+1 Slower right

t+1 Scentral
t+1

]
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St =
[
Supper left
t Slower left

t Supper right
t Slower right

t Scentral
t

]
where St+1, St ∈ <256×1495

We then get the least square solution Fls for the transition matrix F by
seeking the F that minimizes,

|| St+1 − FSt ||22 (5.8)

If Fls is minimizing (5.8) then simultanously it also minimizes the least
squared errors (5.3)-(5.7). Since we have chosen to minimize the least
squared errors over five distinct areas in the video sequence, Fls should
be good representative for the transition matrix F in (4.10). It turns out
that Fls displays a diagonal nature having values close to zero on the off
diagonal entries. The diagonal elements of Fls is displayed in figure 5.5 a).
The first element is close to 1 in accordance with the sparsity pattern in
figure 5.6 which displayed a constant activity in the first coefficient over
time. It also displays a periodic nature in that the diagonal element rises
to a higher value at every 16:th element. That is, at positions 1,17,33 and
so on (marked with red in figure 5.7). This is also in accordance with figure
5.6 that also displayed this periodicity. Now that we have computed Fls we
can also compute the corresponding least square process noise covarience
matrix Qls representing all the five blocks from the five different regions by
first producing the variance matrix W as,

W = St+1 − FlsSt (5.9)

and finally calculate Qls as,

Qls =
WWT

C
(5.10)

where C = 1495 is the number of data points.

We expect that Q is diagonal due to non correlation of the noise in time
and between indices. It turns out that this is also the case for Qls with off
diagonal entries close to zero. The diagonal elements of Qls is displayed in
figure 5.7 b). These values represent the estimated process noise for each
sparse signal coefficient si.
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To summarize we now have two alternatives for setting the parameters
in DIP,

1. We use the least square solution matrices and set F = Fls ∈ <256×256

and Q = Qls ∈ <256×256. Remember that fij = λjiαij

2. We set transition probabilities according to (5.1). Based on the spar-
sity pattern in figure 5.6 and our simplified assumed process model
(5.2) in combination with noting that the large correlation coefficients
on the diagonal in Fls seem to repeat them self at every 16:th element
(marked red in figure 5.7 a)) we assume that we only have strong cor-
relation at these coefficients and zero correlation in between. That is,
we set αij as.

αij =

{
1 if i = j and i = 1, ...17, ..., 33, ......241

0 else

Furthermore the diagonal elements of of the estimated Q shown in
figure 5.7 b) gives the process noise variance that DIP can expect at
each signal coefficient si. It is not reasonable that these elements are
close to zero since it would indicate that it would be very easy to find
the correct signal coefficients. Instead we set all these variances to the
maximum variance that we estimated for one coefficient. In figure 5.5
b) this value is just below 0.16 (for the first coefficient). It is therefore
reasonable to assume that it would be at least equally, if not more
difficult to find all of the remaining coefficients. Therefore we set Q
as,

Q = Diag(0.2, 0.2, ......, 0.2) ∈ <256×256.

5.3 Evaluation of Time Independent Recovery of
the Video Signal

Here we present the results of trying to recover the video signal using OMP
and PrOMP. Since we recover each of the frames in the video sequence
foreman.yuv independently it suffices to illustrate the result of the recovery
of a smaller region in frame number 300 in the foreman.yuv sequence. See
figure 5.8.

What should be noted is that the OMP approaches the performance of
the PrOMP when reaching the higher measurement levels. In figures 5.9-
5.10 we display the recovery of the whole frame number 300 for the two
recovery algorithms at measurement level M

N = 0.5
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(a) Values of the diagonal elements in the
estimated transition matrix Fls. Every
16th element is marked in red.

(b) Values of the diagonal elements in the
estimated process noise covariance matrix
Qls.

Figure 5.7: Estimated least square matrices Fls and Qls
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Figure 5.8: YPSNR vs M/N using OMP and PrOMP recovery algorithms.

(a) Recovered with OMP. (b) Original image.

Figure 5.9: Recovery performance of frame number 300 with OMP at M
N =

0.5
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(a) Recovered with PrOMP. (b) Original image.

Figure 5.10: Recovery performance of frame number 300 with PrOMP at
M
N = 0.5
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As can be seen in figures 5.9-5.10, from a visual point of view the recovery
algorithms perform close to one another at this measurement level. The
PrOMP is better handling finer details in the image. For example looking
at the trees in the background, PrOMP is displaying the branches at a higher
level than OMP.

5.4 Evaluation of Time Dependent Recovery of
the Video signal: Using the DIP Algorithm

Here we present the results of trying to recover the video signal using the
DIP algorithm. We use the two alternatives for parameter settings that was
discussed in section 5.2.3.

5.4.1 Alternative 1) for parameter settings

We now set the parameters according to alternative 1) in section 5.2.3. With
the computed estimations of F and Q, both estimations representing five
blocks from the five different regions (upper left,lower left,upper right,lower
right and central) we now test how DIP works with these matrices. That
is, we try to recover all the five blocks mentioned using Fls and Qls after
we compressively have sensed the true sparse vectors from these respective
blocks. A measurement level of M

N = 0.5 was used. We recover these five
blocks separately in all 300 frames using DIP and at the same time compare
with the recovery done by the PrOMP algorithm which does not assume
any time correlation. See figure 5.12.
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Figure 5.11: YPSNR vs frame number for DIP and PrOMP for the five
different blocks using the estimated F and Q in alternative 1) for parameter
settings
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Looking at figure 5.12 we notice that DIP performs very bad over time
compared with PrOMP. We do not see any tendency that DIP would increase
its performance as time moves along.

The conclusion here is that the correlation properties in the five different
regions is so different from each other that we cannot use the least square
solution matrices Fls and Qls that we computed with a data collection from
these five regions in order to get good time correlation in DIP.

5.4.2 Alternative 2) for Parameter Settings

We now set the αij , λji and Q as proposed in alternative 2) in section 5.2.3.
We now instead choose a central region consisting of 9 blocks and recover it
using DIP after we compressively have sensed the true sparse vectors from
these blocks. Also here a measurement level of M

N = 0.5 was used. We
recover this region of 9 blocks in all 300 frames using DIP and at the same
time compare with the recovery done by the PrOMP algorithm which does
not assume any time correlation.See figure 5.13 a). Also the difference in
performance over time between DIP and PrOMP for this region is displayed
in figure 5.13 b).

As can be seen from figure 5.13 a) DIP now outperforms PrOMP for
most of the time up to frame number 200. From figure 5.13 b) we see that
the maximum gain that DIP shows over PrOMP is about 6 dB. After frame
number 203 the DIP starts to work slightly worse then PrOMP. To analyze
this we display the region with 9 blocks recovered by DIP in the frame
sequence 189−206. For comparison we also display the corresponding region
in the original image frame in the same frame sequence.We have zoomed in
the regions of interest for more clarity. See figures 5.14-5.17.
As can be seen in figures 5.14-5.17, from frame number 189 up until frame
200 DIP works very well in accordance with figure 5.13 a),b). The reason for
this is that we have nice correlation properties in this frame sequence. The
information contained in this part of the frame sequence changes smoothly
from frame to frame as can be seen in the corresponding original image
frame sequence. On the other hand, the sudden introduction of tree branches
covering approximately 25% in frame 204 compared to frame 203 contributes
to weaker correlation properties. The amount of tree branches then increases
rapidly in frame 205 and also in the transition to frame 206. This is a very
likely explanation for the sudden decrease in performance of DIP in this
time interval that was observed in figures 5.13 a),b).
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(a) YPSNR vs frame number.

(b) ∆YPSNR vs frame number.

Figure 5.12: YPSNR and difference in YPSNR vs frame number comparing
DIP and PrOMP using alternative 2) for parameter setting
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Figure 5.13: Frames 189-193 displaying visual comparison of recovered re-
gion by DIP with corresponding original region.

[Frame 189 with DIP] [Original]

[Frame 190 with DIP] [Original]

[Frame 191 with DIP] [Original]

[Frame 192 with DIP] [Original]

[Frame 193 with DIP] [Original]

42



Figure 5.14: Frames 194-198 displaying visual comparison of recovered re-
gion by DIP with corresponding original region.

[Frame 194 with DIP] [Original]

[Frame 195 with DIP] [Original]

[Frame 196 with DIP] [Original]

[Frame 197 with DIP] [Original]

[Frame 198 with DIP] [Original]
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Figure 5.15: Frames 199-203 displaying visual comparison of recovered re-
gion by DIP with corresponding original region.

[Frame 199 with DIP] [Original]

[Frame 200 with DIP] [Original]

[Frame 201 with DIP] [Original]

[Frame 202 with DIP] [Original]

[Frame 203 with DIP] [Original]
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Figure 5.16: Frames 204-206 displaying visual comparison of recovered re-
gion by DIP with corresponding original region.

[Frame 204 with DIP] [Original]

[Frame 205 with DIP] [Original]

[Frame 206 with DIP] [Original]
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Chapter 6

Conclusion and Future work

In this thesis we have applied the concepts of Compressive Sensing on a real
video signal in order to see how some theoretical recovery algorithms works
in reality when applied to the video signal foreman.yuv. In summary we
have applied two recovery strategies,

• One without time correlation between successive frames (OMP, PrOMP)

• One with time correlation between successive frames (DIP)

In terms of recovery performance both static, time independent recovery
as well as time dependent recovery produced fairly good results. This in
combination with the investigation of the data contained in the video signal
used in this thesis seem to point to the fact that this video signal displays
an inherent compressible nature and can well be represented in a sparse do-
main with a sparsity level of 10%. In order to determine if this is the case
for video signals in general we should of course investigate a wider range of
signals and images.

When utilizing the DIP algorithm we are using the assumption of the signal
data following an AR(1) process in time. It was shown that it is not easy
to do a model based AR(1 ) estimation for the data in a video signal. One
important conclusion from the results is that when we are dealing with this
kind of data and we want to fit the data according to an AR(1) process it
is better use a simple model for the time correlation and transition proba-
bilities, including the assumption of non correlation between different signal
coefficients in time. This also suggests that for future work we should maybe
consider alternative signal models when dealing with video signals.

The results in this thesis shows that we indeed can utilize time correlation in
building powerful recovery algorithms after a video signal has been compres-
sively sampled below the Nyquist criteria. A thorough analysis of how the
DIP performed over time in recovering the video signal compared to PrOMP
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was performed. It was shown that in time regions where we have good corre-
lation properties in successive frames, meaning that the information content
in the original video sequence changes smoothly, the DIP:s strategy of using
the information in previous frames was more successful. On the other hand,
in a smaller time region where the information content changed rapidly in
the original video sequence, the time independent PrOMP outperformed the
DIP. This suggests a possible strategy for the recovery of video signals after
they have been compressively sampled, a best fit model. That is, at each
time frame, t, when recovering the signal we attempt to use both DIP and
PrOMP to jointly recover the estimated sparse signals ŝt,DIP and ŝt,P rOMP

respectively. Then we ”sense” the estimated data which means that we com-
pute ŷt,DIP = Hŝt,DIP and ŷt,P rOMP = Hŝt,P rOMP . Since we have access
to the real measurements yt the best fit model then decides which recovery
strategy to choose at each time t by choosing ŷt, best fit that deviates the
least from the real measurements,

ŷt, best fit = min(|| ŷt,DIP − yt ||22, || ŷt,P rOMP − yt ||22)

In conclusion: even though we have managed to produce fairly good
results in this thesis when using different recovery strategies on a video
signal we have to be aware of, as mentioned in the initial sections, that the
quality criteria in the application we are working with must determine what
is defined as ”good”. Whether the application is a transmission of a video
signal over a wireless channel or if it is a doctor using Magnetic Resonance
Imaging (MRI) at a hospital in order to diagnose a patient will definitively
affect the quality of service needed.
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