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Abstract

In this thesis, which consists of �ve papers (A,B,C,D,E), we are interested
in questions related to quadrature domains. Among the problems studied
are the possibility of changing the type of measure in a quadrature identity
(from complex to real and from real signed to positive), properties of partial
balayage, which in a sense can be used to generate quadrature domains, and
mother bodies which are closely related to inversion of partial balayage. These
three questions are discussed in papers A,D respectively B.

The �rst of these questions (when trying to go from real signed to positive
measures) leads to the study of approximation in the cone of positive harmonic
functions. These questions are closely related to properties of the harmonic
measure on the Martin boundary, and this relationship leads to the study of
harmonic measures on ideal boundaries in paper E. Some other approaches
to the same problem also lead to some extent to the study of properties of
classical balayage in paper C.
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Sammanfattning

I denna avhandling, som består av fem artiklar (A,B,C,D,E), är vi in-
tresserade av frågor som hänger samman med kvadraturområden. Bland de
problem som studeras är möjligheten att byta typ av mått i en kvadraturiden-
titet (från komplext till reellt och från reellt med tecken till positivt), egen-
skaper hos partiell balayage, som i viss mening kan användas för att generera
kvadraturområden, och moderkroppar, som är närbesläktade med inversion
av partiell balayage. Dessa frågor studeras i artikel A,D respektive B.

Den första av dessa frågor (när man försöker gå från reellt med tecken
till positivt mått) leder till approximation i konen av positiva harmoniska
funktioner. Dessa frågor är besläktade med egenskaper hos det harmoniska
måttet på den så kallade Martin-randen, och denna relation ledde till studiet
av harmoniska mått på allmänna ideala ränder i artikel E. Några andra försök
att angripa detta problem ledde i viss mening till studiet av klassisk balayage
i artikel C.
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Chapter 1

Introduction and summary

In this introduction to the thesis we will summarize some of the material studied
in the �ve articles it consists of, and motivate the questions studied in them. I will
try to avoid technicalities as far as possible. All �ve articles have originated in one
way or another from questions related to quadrature domains. Before we introduce
this concept we need to say a few things about classical potential theory, which is
the main tool used to study them in this thesis.

I wish to point out that all potential theory needed may be found in the appendix
of the thesis. It however does not contain anything non-standard, and the same
material may be found in several books. My personal favorite reference, where most
of the material may be found, is the book Classical Potential Theory by Armitage
and Gardiner, which is more detailed than my appendix. In particular the last two
chapters in the appendix are based almost entirely on that book.

Classical potential theory is concerned with the Laplacian di�erential operator
∆ de�ned in Euclidean n−space Rn by

∆ :=
∂2

∂x2
1

+ . . . +
∂2

∂x2
n

.

If Ω ⊂ Rn is open, then a function h ∈ C2(Ω) such that

∆h = 0 in Ω,

is called harmonic in Ω. The vector space of all harmonic functions in Ω is denoted

H(Ω).

One of the fundamental results about these are that a function h ∈ C(Ω) is harmonic
in Ω if and only if

h(a) =
1

m(B(a, r))

∫

B(a,r)

hdm =
1

σ(∂B(a, r))

∫

∂B(a,r)

hdσ ∀B(a, r) ⊂⊂ Ω,

(1.1)

1
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where B(a, r) is the open ball with center a and radius r, ⊂⊂ denotes that it is com-
pactly contained in Ω, and the measures m, σ are volume (Lebesgue) respectively
hypersurface measure. It follows from (1.1) that h ∈ C2(Ω).

Let us brie�y indicate why (1.1) is equivalent to harmonicity. To do this we
recall the divergence theorem

∫

Ω

∇ · Fdm =
∫

∂Ω

F · N̂dσ,

where F is any C1 vector-�eld in a neighourhood of Ω and ∂Ω is a C1 bound-
ary. The vector N̂ denotes the outward pointing unit normal to ∂Ω, and ∇ =
(∂/∂x1, . . . , ∂/∂xn). If h ∈ C2(Ω) we may look at the function

Fh(a, r) :=
1

σ(∂B(a, r))

∫

∂B(a,r)

hdσ,

for a, r such that B(a, r) ⊂⊂ Ω. Now
∂

∂r
Fh(a, r) = lim

ε↘0

Fh(a, r + ε)− Fh(a, r)
ε

= lim
ε↘0

(
1

σ(∂B(a, r + ε))

∫

∂B(a,r+ε)

hdσ − 1
σ(∂B(a, r))

∫

∂B(a,r)

hdσ

)

=
1

σ(∂B(a, r))

∫

∂B(a,r)

∇h · N̂dσ =
1

σ(∂B(a, r))

∫

B(a,r)

∆hdm,

since ∇ · ∇ = ∆. From this two things follow immediately. First of all, if h
is harmonic, then the last integral is zero, so Fh(a, r) is independent of r, and
by continuity, when we let r tend to zero we see that we have h(a) = Fh(a, r).
Integrating this with respect to r we get that (1.1) holds if h is harmonic. Second,
if we assume that h ∈ C2(Ω), then the quantity ∆h(a) is given by

∆h(a) = lim
r↘0

1
m(B(a, r))

∫

B(a,r)

∆hdm = lim
r↘0

σ(∂B(a, r))
m(B(a, r))

(
∂

∂r
Fh(a, r)

)
.

So if Fh(a, r) is independent of r, then ∆h(a) = 0. Hence for C2 functions we see
that (1.1) implies harmonicity. To deal with only continuous functions a bit more
work is needed (actually not that much, but we will not do it here).

Another class of functions needed are the superharmonic functions. A function
u ∈ C2(Ω) is called superharmonic if

−∆u ≥ 0 on Ω.

With an argument similar to the one for harmonic functions we may prove that if
u is superharmonic in this sense, then

u(a) ≥ 1
m(B(a, r))

∫

m(B(a,r))

udm ≥ 1
σ(∂B(a, r))

∫

∂B(a,r)

udm ∀B(a, r) ⊂⊂ Ω.

(1.2)
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It is not true that a function u which is for instance continuous and satis�es (1.2) is
C2 (but it is true by the formula above that a C2 function u satis�es (1.2) if and only
if −∆u ≥ 0). For this reason we rely on (1.2) for the de�nition of superharmonicity.
A function u : Ω → (−∞,∞] is called superharmonic if it is lower semicontinuous,
not identically in�nite on any component of Ω and satis�es (1.2). The set of all
superharmonic functions on Ω is denoted by U(Ω). A function s such that −s
is superharmonic is called subharmonic, and we denote these by S(Ω). To save
some space we also introduce the notation P (Ω) for the non-negative functions
in Ω and L1(Ω) for the functions integrable with respect to mbΩ. We also use
superpositioning so that for instance HP (Ω) := H(Ω) ∩ P (Ω).

A very simple but important consequence of the de�nition of superharmonicity
is the minimum principle. It says that if Ω is connected, and u ∈ U(Ω) attains its
minimum at some point of Ω, then u must be constant. To see this we note that if
a ∈ Ω, and

u(a) = inf
Ω

u,

then for B(a, r) ⊂⊂ Ω we get

u(a) ≥ 1
m(B(a, r))

∫

B(a,r)

udm,

so we have that u ≡ u(a) on B(a, r). Hence the set where u = u(a) is both open
and closed in Ω, and hence equal to Ω.

So far we have not said what a potential is. To introduce these we need the
function

Φ(x) :=
{

Cn|x|2−n if n ≥ 3
C2 log |x| if n = 2,

called the Newtonian kernel for n ≥ 3 and the logarithmic kernel for n = 2, where
Cn is chosen so that

−∆Φ = δ0

in the sense of distributions. This means that Φ satis�es

−
∫

Φ∆φdm = φ(0) ∀φ ∈ C∞c (Ω).

So Φ is a fundamental solution of −∆. It follows that Φ is superharmonic in Rn

and harmonic in Rn \ {0}. We de�ne the potential of a positive Radon measure µ
with compact support in Rn by

Uµ(x) := (Φ ∗ µ)(x) =
∫

Φ(x− y)dµ(y).

In distribution sense we have that

−∆Uµ = µ,
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so in particular it turns out that Uµ is superharmonic in Rn and harmonic in
Rn \ supp(µ). Note that if n = 3, then Newton's law of gravity says that (in
suitable units) the gravitational force exerted on a particle with unit mass at x by
the mass distribution µ is ∇Uµ. So Uµ is a potential of the gravitational force �eld
of µ.

There is also a very important boundary value problem associated with the
Laplacian, and it is the classical Dirichlet problem. This problem is formulated as
follows. For f ∈ C(∂Ω), �nd h ∈ C(Ω) ∩ C2(Ω) such that

{
h = f on ∂Ω
∆h = 0 in Ω.

(1.3)

Note that by the minimum principle the solution is always unique if it exists. If ∂Ω
is smooth enough it is known that this problem has a solution, but it is not true in
general. If there is a solution to Dirichlet's problem for each f ∈ C(∂Ω), then ∂Ω
is said to be regular (for Dirichlet's problem). Let us denote the unique solution of
(1.3) (if it exists) by Hf . Below we assume that ∂Ω is smooth enough (sometimes
we need a bit more than only regularity for Dirichlet's problem). A very important
special case is when we for x ∈ Ω let f := Φ(x− ·). The function

GΩ(x, y) := Φ(x− y)−HΦ(x−·)(y) on Ω× Ω

is called the Green function of Ω. Note that GΩ = 0 on Ω× ∂Ω. It turns out that
on Ω× Ω we have GΩ(x, y) = GΩ(y, x). To see the importance of this function we
�rst recall one of Green's formulas from advanced calculus:

∫

Ω

(u∆v − v∆u) dm =
∫

∂Ω

(
u

∂v

∂N̂
− v

∂u

∂N̂

)
dσ, (1.4)

where ∂Ω is C∞, and the functions involved C2 in a neighborhood of Ω for instance.
We get (if we are a bit informal) for y ∈ Ω

Hf (y) = −
∫

Ω

(Hf (x)∆xGΩ(x, y)−GΩ(x, y)∆xHf (x)) dm(x)

= −
∫

∂Ω

(
f(x)

∂GΩ(x, y)
∂N̂x

−GΩ(x, y)
∂Hf (x)

∂N̂x

)
dσ(x)

= −
∫

∂Ω

f(x)
∂GΩ(x, y)

∂N̂x

dσ(x) =:
∫

∂Ω

f(x)dνy(x).

(We cheated a bit above, since GΩ(·, y) has a singularity at y, but this problem can
fairly easily be removed.) The measure

dνy = −∂GΩ(·, y)
∂N̂

dσ

is called the harmonic measure with respect to y, Ω. The above argument works es-
sentially only for boundaries with high di�erentiability. There is another way to get
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the harmonic measure above which works for any boundary regular for Dirichlet's
problem. This is achieved by looking at the mapping

f 7→ Hf (y),

de�ned on C(∂Ω). This map is a positive bounded linear functional on C(∂Ω), so
the Riesz representation theorem gives that there is a unique regular Borel measure
νy on ∂Ω such that

Hf (y) =
∫

fdνy ∀f ∈ C(∂Ω).

Note that if we take f = 1 above, then we get that νy(∂Ω) = 1, so νy is a probability
measure.

We also now may de�ne the Green potential of a positive measure µ on Ω by

Gµ
Ω(x) :=

∫
GΩ(x, y)dµ(y).

We remark that it is possible to de�ne Green's function and harmonic measure for
almost any open set in Rn (actually for any open set if n ≥ 3, and for n = 2 if,
for instance, the complement has nonempty interior), such that most of the above
holds in some relaxed sense.

The last preliminary we need is to introduce the class of analytic functions in
Ω ⊂ C. A function

f : Ω → C

which solves
∂f

∂x
+ i

∂f

∂y
= 0

is called analytic in Ω, and we denote the class of such functions by A(Ω) (we need
to assume that the real and imaginary parts of f regarded as functions from R2

into R are di�erentiable for this to make sense). The real and imaginary parts of
analytic functions are always harmonic in Ω.

Now we are ready to discuss the results of the �ve articles. As stated before they
are all in one way or another related to questions concerning quadrature domains.
To de�ne this notion, let Ω ⊂ Rn (n ≥ 2) be open and bounded, µ a Radon measure
(possibly complex) on Ω and V ⊂ L1(Ω) ∩ L1(µ) (possibly consisting of complex-
valued functions). Then we say that Ω is a quadrature domain for the function
class V with respect to µ, and write Ω ∈ Q(µ, V ), if

∫

Ω

fdm ≤
∫

fdµ ∀f ∈ V. (1.5)

The cases we are interested of are when V = HL1(Ω), V = UL1(Ω) or V = AL1(Ω).
It is easy to see that

Q(µ,UL1) ⊂ Q(µ,HL1) ⊂ Q(µ,AL1),
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where the last inclusion is meaningful only in two dimensions. Usually there are
additional conditions on µ. Most of the time it is assumed that µ has compact
support in Ω, but when studying partial balayage and mother bodies this condition
is less natural. Note that if both f and −f belongs to V we must have equality in
(1.5), so in the particular cases of V = HL1 or AL1, we may replace the inequality
by equality. The simplest example of a quadrature domain is the ball B(a, r) which
is easily seen to be a quadrature domain w.r.t µ = m(B(a, r))δa for all these choices
of functions (for AL1 this only makes sense in two dimensions of course) simply by
the mean value inequality. Quadrature domains are interesting for many reasons,
but we will only give a few motivations for their study when trying to explain some
of their properties. The article [6] contains a general overview of the subject.

Let us �rst of all look at the case V = HL1(Ω), with µ a signed Radon measure
with compact support in Ω. By de�nition this implies that

{
Uµ = UmbΩ on Ωc,
∇Uµ = ∇UmbΩ on Ωc,

(1.6)

since Φ(· − y), ∂Φ
∂xi

(· − y) ∈ HL1(Ω) for every y ∈ Ωc. To discuss the converse
implication assume that ∂Ω is smooth. Then we may apply Green's formula (1.4)
with u = h harmonic in a neighborhood of Ω for instance, and v = Uµ − UmbΩ. If
(1.6) holds, then v = 0, ∂v

∂N̂
= 0 on ∂Ω, hence

∫

Ω

hdm−
∫

hdµ =
∫

Ω

(
h∆

(
Uµ − UmbΩ

)
−

(
Uµ − UmbΩ

)
∆h

)
dm

=
∫

∂Ω

(
h

∂
(
Uµ − UmbΩ)

∂N̂
−

(
Uµ − UmbΩ

) ∂h

∂N̂

)
dσ = 0.

So we see that (1.6) is equivalent to Ω being a quadrature domain for harmonic
functions with respect to µ if ∂Ω is smooth (one has to work a little bit extra to get
all of HL1(Ω)). It turns out that (1.6) holds if and only if Ω is a quadrature domain
for harmonic functions with respect to µ (this follows from a nontrivial approxima-
tion result of Bers (for analytic functions) and Sakai (for harmonic functions)). The
above gives us one motivation since it implies that studying quadrature domains is
to a large extent the same as studying graviequivalent mass distributions.

Let us now discuss the �rst article (paper A). It is concerned with two related
questions. The �rst is when we �x a complex Radon measure µ with compact
support in C, and let again Q(µ,AL1) denote the set of quadrature domains for
analytic functions with respect to µ (µ is required to have compact support in the
domains in Q(µ,AL1)). Then our main result about this class is that if there are two
di�erent elements Ω0, Ω1 ∈ Q(µ,AL1) then there is a one-parameter family Ω(t) ∈
Q(µ,AL1) depending continuously on t in a speci�ed sense, such that Ω(0) = Ω0

and Ω(1) = Ω1. Furthermore there is a least upper bound (with respect to pointwise
order for potentials) of these two elements. (This is roughly what theorem 1.3.2 in
paper A says).
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The second question concerns changing the type of measure in a quadrature
identity (so it is concerned with the class of measures such that a given domain
is a quadrature domain with respect to it). It is very di�erent to deal with going
from complex to real signed measures in two dimensions compared to going from
real signed to positive measures in any number of dimensions. In both cases it is
natural to study the question without assuming that we have a quadrature domain
(the meaning of this being self-explanatory from the following results). For the case
of going from complex to real signed measures we have:
Theorem: Let Ω ⊂ C be open and µ = α + iβ a complex Radon measure with
compact support in Ω (α, β real). Then there is a real signed Radon measure η with
compact support in Ω such that

∫
fdµ =

∫
fdη ∀f ∈ A(Ω)

if and only if β(U) = 0 for every component U of Ω.
For the n−dimensional case we have:
Theorem: Let Ω ⊂ Rn be open and Greenian (that is, having a Green function),
and let µ be a real signed Radon measure with compact support in Ω. Then there is
a positive Radon measure η with compact support in Ω such that

∫
hdµ =

∫
hdη ∀h ∈ H(Ω)

if and only if ∫
hdµ > 0 ∀h ∈ H(Ω) strictly positive on Ω.

This in turn is equivalent to that

Gµ
Ω > 0 in a neighborhood of ∂Ω.

If Ω is a quadrature domain for harmonic functions with respect to a signed measure
µ, then we automatically have

∫
hdµ > 0 ∀h ∈ HL1Ω strictly positive in Ω.

In case HPL1(Ω) is dense in HP (Ω) it follows from Fatou's lemma that HP (Ω) ⊂
L1(Ω), and hence that η as in the theorem exists. It is worth noticing that if Ω is
a quadrature domain for superharmonic functions with respect to µ then we have

Gµ
Ω −G

mbΩ
Ω = Uµ − UmbΩ ≥ 0 on Ω,

so
Gµ

Ω > 0 on Ω,
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holds trivially in this case, and hence η exists.
In two dimensions the problem of whether a signed measure always can be

replaced by a positive one (in the case of quadrature domains) was completely
solved in [5], using the fact that if Ω is a quadrature domain for harmonic functions
with respect to µ, then there is a �nitely connected quadrature domain Ω′ ⊂ Ω for
harmonic functions with respect to µ. It is fairly easy to prove that in the case of
�nitely connected regions in the plane HPL1 is dense in HP . (That Ω′ as above
exists is a consequence of Sakai's characterization of plane quadrature domains, and
no such strong tool is available in higher dimensions).

This leads us in to the questions studied in paper E. The starting point was
the question of when HPL∞(Ω) is dense in HP (Ω) (w.r.t. uniform convergence on
compact subsets of Ω). For �nitely connected regions in the plane this is the case
if and only if the complement has no one-point components, and this is equivalent
in this case to that ∂Ω = supp(νx), where νx is the harmonic measure on Ω. It
seemed to me that a natural tool, at-least for understanding this question, was the
Martin boundary ∂MΩ, which is an ideal boundary of Ω constructed in a way such
that it is very closely related to the cone HP (Ω). But it also became clear that one
has to be able to compare the Euclidean boundary and the Martin boundary. To
do this e�ciently one needs some theory for general boundaries of Ω, to introduce
the harmonic measure on these and develop some theory to compare the harmonic
measures on di�erent boundaries. We will not be too precise here, but to be able
to say something we need some notation.

For this part we will denote the Euclidean boundary by ∂EΩ, including ∞ if Ω
is unbounded (in all other parts of this introduction the only boundary considered
is the Euclidean boundary). By a compacti�cation of Ω is meant the union of Ω
with a set ∂Ω, together with a topology on Ω∪∂Ω such that this space is compact,
Ω is dense in this space, and the topology induced on Ω is the usual Euclidean
topology. The set ∂Ω will be called a boundary for Ω (it is to be understood what
topology is given to Ω ∪ ∂Ω). There is a natural order on the set of boundaries for
Ω, de�ned by saying that

∂1Ω ≺ ∂2Ω

if there is a continuous mapping

P : Ω ∪ ∂2Ω → Ω ∪ ∂1Ω

such that
P (x) = x ∀x ∈ Ω.

It also turns out that there is a lattice structure on this set. That is, a least upper
bound, ∂1Ωg∂2Ω, and a greatest lower bound, ∂1Ωf∂2Ω, always exists w.r.t. the
above order.

Like for ∂EΩ, one can de�ne the harmonic measure on ∂Ω for any boundary.
But just as for the Euclidean boundary it is not in general possible to de�ne it using
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Riesz's representation theorem applied to the map f 7→ Hf (x), where Hf solves
{

Hf = f on ∂Ω
∆Hf = 0 on Ω,

(1.7)

simply because this problem does not have a solution for all f ∈ C(∂Ω) unless ∂Ω
is nice (in general the measure will not even be a Borel measure, or even a Baire
measure). But for this discussion to come we will cheat a little and pretend that
this does work, and we denote the harmonic measure on ∂Ω at x by

νx(∂Ω, ·).

Suppose now that f ∈ C(∂1Ω), and ∂1Ω ≺ ∂2Ω. Then f ◦ P ∈ C(∂2Ω), where
P is de�ned as above. So if Hf solves (1.7) for ∂1Ω, then the function h = Hf ◦ P
solves (1.7) for ∂2Ω, with f replaced with f ◦ P , that is

{
h = f ◦ P on ∂2Ω
∆h = 0 on Ω.

Hence ∫
fdνx(∂1Ω, ·) =

∫
f ◦ Pdνx(∂2Ω, ·) ∀f ∈ C(∂1Ω),

and so
νx(∂1Ω, A) = νx(∂2Ω, P−1(A)) (1.8)

holds for measurable A, and this can be proved in general.
As mentioned above a very important boundary is the Martin boundary ∂MΩ,

which is constructed in such a way that there is a continuous function

M : Ω× ∂MΩ → R

with the properties that M(·, y) is harmonic for each y ∈ ∂MΩ, and for each
h ∈ HP (Ω) there is a unique measure µh such that

h =
∫

∆1

M(·, y)dµh(y),

where ∆1 is the set of minimal points on ∂MΩ. The minimal points are de�ned
as those y ∈ ∂MΩ such that every h ∈ HP (Ω) with h ≤ M(·, y) is on the form
cM(·, y) for some constant c. We will not go in to any further discussion of the
Martin boundary here, but just say that it turns out (theorem 7.2 in paper E) that
HPL∞(Ω) is dense in HP (Ω) if and only if ∆1 ⊂ supp(νx(∂MΩ, ·)).

More or less by a coincidence, when I worked on the above I came across the
article [1], where the question of when the map

f 7→
∫

fdνx(∂EΩ, ·)
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from L∞(νx(∂EΩ, ·)) into HL∞(Ω) is surjective is studied. A domain for which
this is the case is called Poissonian. In the �nal chapter of [1] it was stated without
proof that for any domain Ω there is always a projection P from ∂MΩ onto ∂EΩ,
de�ned almost everywhere with respect to the harmonic measure, such that (1.8)
holds (with the boundaries in (1.8) replaced by ∂EΩ respectively ∂MΩ), and that Ω
is Poissonian if and only if this mapping is one-to-one on a set of full measure. For
the proof the author of [1] refers to the article [8], where these statements are treated
by probabilistic methods. I could not �nd any references to any classical proofs of
these statements (see however the introduction to paper E), so I decided to try to
prove these as-well. It turned out that the compacti�cation lattice was an e�ective
tool for this. Instead of proving the statement above directly it is proved that the
projection from ∂EΩ g ∂MΩ onto ∂MΩ, which by de�nition always is continuous
and de�ned on the entire boundary ∂EΩ g ∂MΩ, is always one-to-one on a set of
full harmonic measure. And it is also an easy consequence of the theory built in
paper E that Ω is Poissonian if and only if the projection from ∂EΩ g ∂MΩ onto
∂EΩ is one-to-one on a set of full harmonic measure. Actually, the article does not
deal very much with the Euclidean boundary speci�cally, since similar statements
hold for much more general boundaries, and also almost everything is proved for
so called h−harmonic functions, but this makes little changes to the proofs. The
article [1] was a very important source of inspiration to me. We will now leave the
paper E, and from now on all boundaries are Euclidean again.

When working on paper E I also looked at the article [2] about Choquet theory,
which is closely related to Martin boundary theory. In it the authors used a mini-
mization process that seemed like something that would give classical balayage for
a special case. Suppose now that Ω is a bounded domain in Rn, and µ is a positive
Radon measure with compact support in Ω. If ∂Ω is regular, then we may de�ne
the map

f 7→
∫

Hfdµ,

from C(∂Ω) into R, which is positive and linear. By the Riesz representation the-
orem there is a unique regular Borel measure η on ∂Ω representing this functional,
just as for the harmonic measure (the harmonic measure is obtained by taking
µ = δx). We denote the measure η by Bal(µ, ∂Ω). This is, for regular boundaries,
the de�nition of classical balayage.

Classical balayage has been treated in several ways, for instance in [7] it is
treated by energy methods, and also in several ways in axiomatic potential theories.
It was however hard to �nd a direct treatment for the case when ∂Ω is not necessarily
regular. Therefore I thought that it was worth to put this into an article, also
explaining the relationship with [2], and this was done in paper C (the methods
used in [2] are essentially not similar to the methods used in paper C, we rely
instead on classical potential theory). Let us just state a part of the result from
paper C.

Let V denote the subspace of C(K), where K := supp(νx), consisting of those
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functions for which the Dirichlet problem has a solution (in the classical sense).
Then using the minimum principle it is easy to prove that V is closed (w.r.t. uniform
convergence), and if ∂Ω is not regular, then V 6= C(∂Ω) (by de�nition). It turns
out that V is in any case fairly large, and if we, given a positive Radon measure µ
with compact support in Ω, de�ne the mapping from V into R by

f 7→
∫

Hfdµ,

then there is a unique extension to a positive linear functional on C(K), and it has
a unique representation as a measure η on K with

∫
fdη =

∫
Hfdµ ∀f ∈ V.

(If we did not require η to be positive it would not be unique, since V is closed in
C(K)). Even if the boundary is not regular it turns out that there is a function Hf

that almost solves the Dirichlet problem for f ∈ C(∂Ω), called the Perron-Wiener-
Brelot solution. From the map f 7→ Hf it turns out that the de�nition given of
Bal(µ, ∂Ω) as above still works, and it coincides with the measure η we constructed
using V . This result is contained in theorem 3.5 of paper C. The methods presented
in paper C are possibly not very new, the main purpose of the article is to describe
balayage in a quick and easy way.

We now give a second motivation for studying quadrature domains, namely its
connection with Hele-Shaw �ows, which to a large extent is the physical motivation
for studying partial balayage and mother bodies, which papers B and D deals with.
Example: Assume that Ω0 is a plane domain �lled with a viscous incompressible
�uid, and assume that we have a point source δ0 at 0 ∈ Ω0. Then we get a growing
family of domains Ωt that is �lled with �uid at time t. The problem is now to
determine the domain Ωt as a function of t and Ω0 for t > 0. The Hele-Shaw
equation states that ∂Ωt has a normal velocity at the point x ∈ ∂Ωt given by the
density of the harmonic measure in x w.r.t. 0. That is, it is given by −∂GΩt (x,0)

∂N̂x
.

Now assume that u is superharmonic and that Ωt is a regular solution of the Hele-
Shaw problem. Then, for t ≥ 0

d

dt

∫

Ωt

udm = −
∫

∂Ωt

u(x)
∂GΩt(x, 0)

∂N̂x

dσ(x) =

−
∫

∂Ωt

GΩt(x, 0)
∂u(x)
∂N̂x

dσ(x)−
∫

Ωt

u∆GΩtdm +
∫

Ωt

GΩt∆udm ≤ u(0)

By integrating from 0 to t we get
∫

Ωt

udm−
∫

Ω0

udm ≤ tu(0).
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Put µt = tδ0 +mbΩ0. Then
∫
Ω0

udµt ≥
∫
Ωt

udm. So, Ωt is a quadrature domain for
superharmonic functions with respect to µt. In the calculation above we used that
∂Ω0 is fairly smooth, and then µt will have compact support in Ωt for all t > 0.
But in general it may happen that the support of µt reaches ∂Ωt for small t (that
is, ∂Ω0 ∩ ∂Ωt 6= ∅ for small t).

Partial balayage is an operation de�ned on (in our case) positive Radon measures
µ with compact support in Rn such that µ is mapped onto a new measure η =
Bal(µ, 1) which also has compact support, and what one wishes for is that η is of
the form mbΩ for some open set with µ(Ω) = µ(Rn), and

∫
udµ ≥

∫
udη =

∫

Ω

udm ∀u ∈ UL1(Ω).

In other words, one wants Ω to be a quadrature domain for superharmonic functions
with respect to µ. If µ is big enough on its support then this really is the case.
However if for instance µ = 1

2mbD for some set D ⊂ Rn, then this can clearly not
be attained, so when µ has parts which are too small, then we will get a remainder
term. The �rst rigorous construction of partial balayage was given in [9], and later
in [10], [3] it has been studied using an obstacle problem approach. For the case
that µ has an L∞ density with respect to m it was proved in [3] that we have

Bal(µ, 1) = mbΩ + µbΩc, (1.9)

for an open set Ω, and µ ≤ m on Ωc, where Ω is a quadrature domain for superhar-
monic functions with respect to µbΩ. (Under the assumptions made on µ in [9],[10]
the second term in (1.9) automatically disappears.)

In paper D we use a direct argument based on potential theory to prove the
basics about partial balayage (we deal with the same extremal problem as in [3], but
instead of relying on the obstacle problem for the proof of existence of a solution we
argue directly with potential theory). We prove in particular that (1.9) holds for
any positive Radon measure µ with compact support in Rn. The relation between
partial balayage and Hele-Shaw �ows as above is that if we let µt be as in the
example above, then

Ωt = Bal(µt, 1).

The last paper to discuss is paper B, which deals with mother bodies. To (rather
vaguely) motivate why we introduce these we look at the operation µ 7→ Bal(µ, 1),
where we may restrict our attention to measures µ ⊥ m which implies that the
desired form of partial balayage is necessarily attained. It turns out that, up to m-
null sets, Ω is the only quadrature domain for superharmonic functions with respect
to µ, so the map from µ to quadrature domains for superharmonic functions with
respect to µ is essentially well de�ned. It is easy to see however that there may be
many measures for which Ω is a quadrature domain for superharmonic functions
(in fact, if there is one there are always several). For instance, if Ω = B1(0) is the
unit ball, and we put µ0 = m(B1(0))δ0, and µt = m(B1(0))/σ(∂Bt(0))σb∂Bt(0)
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for t > 0, then for t small B1(0) will be a quadrature domain for superharmonic
functions with respect to µt. In general, if Ω ∈ Q(µ,UL1), then we can construct
another measure η such that Ω ∈ Q(η, UL1) by taking ω := Bal(µ/2, 1), and
η := 2mbω. Then

Bal(µ, 1) = Bal(η, 1) = mbΩ.

Suppose now that Ω is a �xed bounded domain, and let M(Ω) denote the set
of positive Radon measures in Ω with total mass m(Ω). Then we wish to de�ne a
subset V (Ω) of M(Ω) such that the set

V (Ω) ∩ {
µ ∈ M(Ω) : Ω ∈ Q(µ,UL1)

}

has a fair chance of consisting of at most one element. By the above (rather vague)
motivation it is reasonable to let V (Ω) denote the subset of M(Ω) consisting of
those µ ∈ M(Ω) such that

(1) m(supp(µ)) = 0,

(2) each component of Ω \ supp(µ) connects with Ω
c
.

We come to the following de�nition (for a more detailed motivation of this de�nition
see [4]).

De�nition 1.0.1. Let Ω be an open bounded domain with Ω = int(Ω) and µ a
positive Radon measure on Ω (not necessarily with compact support in Ω), such
that:

(1) m(supp(µ)) = 0,

(2) each component of Ω \ supp(µ) connects with Ω
c
,

(3)
∫

udµ ≥
∫

Ω

udm ∀u ∈ UL1(Ω),

then µ is called a mother body for Ω.

In paper B we study some questions about mother bodies in the plane, and in
particular prove existence and uniqueness for the ellipse (the existence is a classical
result, to be found for instance in [11], which is an important reference for several
questions related to quadrature domains).
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