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Abstract

Chalcopyrite copper indium gallium diselenide (Cu(In, Ga)Se2 ≡ CuIn1-xGaxSe2) is
today a commercially important material in the thin-film solar cell technology, and
it is also in many aspects a very interesting material from a scientifically point of
view.

In this licentiate thesis, details in the electronic structure of CuIn1-xGaxSe2 alloy (x
= 0.0, 0.5, and 1.0) and its optical response are explored by means of the all-electron
and full-potential linearized augmented plane wave method in conjunction with the
density functional theory. The energy band dispersions are parameterized for the
three uppermost valence bands (VBs; v1, v2, and v3 where v1 is the topmost band)
and the lowest conduction band (CB; c1), based on the k · p method but expanded
up to high order. To illustrate the non-parabolic, the constant energy surfaces are
presented for the three topmost VBs as well as for the lowest CB.

It is demonstrated that the VBs and CB are anisotropic at the Γ-point, and even more
anisotropic and non-parabolic away from the Γ-point. The effect originates from
the crystal-field and the spin-orbit split-off energies. This implies that the Γ-point
effective mass is not suitable to describe the materials properties such as band filling
and strong excitation effects. Instead, the thesis provides the effective electron and
hole mass tensors at the Γ-point in the Brillouin zone, but also an energy-dependent
effective mass which can better describe both the transport and band filling effect in
further experimental and theoretical analyses of the materials.

Based on the parametrized energy bands, the density-of-states as well as the tem-
perature dependence of the Fermi energy level and carrier concentrations are deter-
mined for intrinsic and p-type CuIn1-xGaxSe2. The results are compared with corre-
sponding results for the commonly used parabolic approximation of the bands.

Furthermore, the dielectric function of CuIn0.5Ga0.5Se2 is calculated, and the band-
to-band optical transitions are analyzed. The electronic origins of the observed inter-
band critical points of the optical response are discussed. The theoretical results are
compared with the experiment data based on CuIn0.7Ga0.3Se2 at the temperatures
40 and 300 K, demonstrating that the overall shapes of the calculated and measured
dielectric function spectra are in good agreement. We find that v1 −→ c1 and v2
−→ c1 transitions in the Brillouin zone edge are responsible for the main absorp-
tion peaks at 3.0 and 3.1 eV. However, also the energetically lower VBs contribute
significantly to the high absorption coefficient.
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Chapter 1 Solar cell physics

1.1 Solar energy

With the increasing energy consumption, more and more energy or power is needed.
According to the statistical review of world energy on 2014 [1] (Fig. 1.1), the required en-
ergy is mainly satisfied by fossil fuels (mainly coal, petroleum, and natural gas), with a
market share of around 87%. The total energy consumption is between 12000 and 13000
million tonnes oil equivalent (MTOE), which is equivalent to around 15 terawatts [2].
Normally, one light bulb at our homes consumes between 50 and 100 watts of energy,
and 1 terawatt implies 10 billion of 100 watts light bulbs are lighted at the same time.
Unfortunately, fossil fuels are very limited energy and non-renewable resources. One
day, which is not far from now, they will be dissipated due to the energy consumption
growth.

Primary energy world consumption 
Million tonnes oil equivalent 
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        Renewables 

        Hydroelectricity 

        Nuclear energy 

        Natural gas 
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Figure 1.1. Primary energy world consumption in 2014 [1].

By the year of 2050, the total world energy consumption will double [3]. Therefore, it
is urgent to explore more sustainable and environmentally friendly energy sources. In
Fig. 1.1, renewable energy (mainly solar energy, wind power, and geothermal energy)

2
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in 2013 accounts for around 2% of the energy consumption globally. It is important
to focus on renewable energy research from a long term point of view. Solar energy
technologies are one of the hot topics among renewable energy research considering
the point of CO2 free, reliable energy supply, and operation in silence.

Solar energy technologies are a way to produce electricity from sunlight. Sunlight is a
portion of radiation by the sun, such as ultraviolet, visible, and infrared light. Spectrum
of the sunlight is given in Fig. 1.2. Solar spectrum is established by air mass (AM)
at the photovoltaic (PV) industry, which defines a direct optical path length through
the Earth’s atmosphere [4]. AM1.5 and AM0 are two important references of spectra:
AM1.5 is the air mass at a solar zenith angle of 48.19 degree, and AM0 is the solar
spectrum outside of the atmosphere. Generally, solar spectrum at AM1.5 is used in PV
field in order to standardize solar cell measurements. In Fig. 1.2, absorption in the
atmosphere is quite strong by gases, dust, and aerosols, as well as scattering light from
air molecules [5].
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Figure 1.2. Spectral irradiance AM1.5 and AM0.

There are mainly three types of solar energy technologies [6, 7]. The first one is solar
thermal technology, which utilizes flat sunlight collector plates to harness energy from
sunlight to heat water for use in industries, homes, and pools. The advantage of solar
thermal technology is that the conversion efficiency is relatively higher compared with
other solar energy technologies. The second one is solar chemical technology, which
takes advantage of solar energy by absorbing sunlight in a chemical reaction. However,
the conversion efficiency of this technology is quite low so far. The last one is solar
photovoltaics (solar cell), which is a way to utilize solar panels to convert sunlight into
electricity. The installation of solar panel is easier, and it occupies less space and needs
less maintenance compared with solar thermal technology. The conversion efficiency
of solar cell is higher than the one of solar chemical technology. However, all the three
solar energy technologies are environmentally friendly.
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1.2 Solar cells

In the worldwide, the conversion efficiencies in all different types of solar cells are im-
proved remarkably [8]. From Fig. 1.3, the highest efficiency for multijunction cells,
crystalline silicon (c-Si) cells, thin-film technologies, and new emerging cells are 44.7%,
27.6%, 23.3%, and 20.1% [9–12]. Therefore, solar cell is a very important and promising
way to produce renewable energy.

Multijunction cells are the cells which contain several p-n junctions (or subcells). They
have different band-gap for each p-n junction. Therefore, different wavelengths of sun-
light are absorbed for each junction. For example, wider band-gap junction is at the
front of the cell, which absorbs photons with high energy; the junction with low band-
gap absorbs photons with relatively low energy. In this configuration, the conversion
efficiency is higher than the one of single p-n junction, for example, the maximum con-
version efficiency is 44.7% by Soitec [9] using four-junction or more in Fig. 1.3. Solar
cells based on c-Si are the most widely utilized in the PV industries. It has two types
in c-Si photovoltaics: monocrystalline silicon and multicrystalline silicon. Solar cells
based on c-Si have high efficiency, for example, the maximum conversion efficiency is
27.6% with concentrator by Amonix [10] and maximum 25.6% without concentrator by
Panasonic [13] in Fig. 1.3. Thin-film solar cells are the cells which are made by de-
positing one or several thin layers. They allow cells to be rather flexible and result in
lower weight. The maximum conversion efficiency for thin-film solar cells is lower than
that for c-Si today, which is 23.3% using copper indium gallium diselenide (CIGS ≡
CuIn1-xGaxSe2) with concentrator by national renewable energy laboratory (NREL) [11]
and is 21.7% without concentrator by the center for solar energy and hydrogen research
(ZSW) in Stuttgart [14] in Fig. 1.3. The emerging PV represents the newest ways to
create electricity from sunlight and potentially with higher conversion efficiency, such
as perovskite cells in Fig. 1.3. The maximum conversion efficiency of perovskite cells
already reached 20.1% in Korea research institute of chemical technology (KRICT) [12].
Perovskite cells jump into the world of solar cells only from 2009 [15, 16], and the con-
version efficiency is improved remarkably within 5 years. In this type of emerging solar
cells, also dye-sensitized cells, organic cells, and quantum dot cells have the maximum
conversion efficiencies of 11.9% [17], 11.1% [18], and 9.2% [19], respectively. Certainly,
search and optimization of alternatively solar cell materials are still an ongoing active
area today.

1.3 Single-junction

The p-n junction is a fundamental building block of solar cells. Single p-n homojunction
will be explored in this section. The more detailed information about this topic can be
found in Refs. [20–22].
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We start from separate pieces of n- and p-type materials at room temperature (assume
that all the donor (acceptor) atoms are positively (negatively) ionized at room temper-
ature). In Fig. 1.4, the left panel shows illustration of the n- and p-type materials. The
n-type material has many free negatively charged electrons moving freely inside the
material, and there are numbers of positively charged immobile donor ions as well.
Similarly, a p-type material has many free positively charged holes moving freely in
the material, and there are numbers of negatively charged immobile acceptor ions as
well. However, both the n- and p-type materials are still neutral. The corresponding
Fermi levels are shown on the right panel. The Fermi level (Enf ) is close to conduction
band minimum for the n-type material due to the many free negatively charged elec-
trons. Conversely, the Fermi level of the p-type material (Epf ) is close to valence band
maximum due to the many free positively charged holes.

Negatively charged electrons 

Positively charged immobile ions 

N−Type 

Positively charged holes 

Negatively charged immobile ions 

P−Type 

N−Type P−Type 

CBM 

VBM 

Enf 

CBM 

VBM 

Epf 

Energy 

CBM: Conduction band minimum 

VBM: Valence band maximum 

T = Room temperature 

Figure 1.4. Left panel: Doped (n-type and p-type) materials in dark at room tem-
perature. Right panel: Energy band diagram of n- and p-type materials in
dark at room temperature for two-level model. Assume that all the donor
(acceptor) atoms are positively (negatively) ionized at room temperature.

If the n-type and p-type materials are joined, the free electrons (holes) in the n-type
(p-type) material will diffuse into the p-type (n-type) material due to the lower concen-
trations of electrons (holes) in the p-type (n-type) material (Fig. 1.5). In a region, which
is near the interface between the n- and p-type materials, the ionized donor and accep-
tor ions create a "build in" electric field which points from the n-type material to the
p-type material. This causes the drift of carriers in the opposite direction. The "build-in"
electric field forces the electrons (holes) back into the n-type (p-type) material. At certain
point, the whole material can reach a stable equilibrium due to the achieved balance be-
tween diffusion and drift. Formation of the "build-in" electric field is rather important
for solar cells, even though there is no current in the material so far. In the following
text, the region which forms the "build-in" electric field is also called space charge re-
gion (SCR). The different Fermi levels for the n-type and p-type materials become equal
at the stable equilibrium. Therefore, the energy bands bend over and create a potential
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barrier near the junction (right panel in Fig. 1.5). At last, there is an internal potential
Vbi in the junction, which can block the diffusion.

N−Type P−Type 

E 

SCR 

N−Type P−Type 

CBM 

Ef=Epf=Enf 

 

 

SCR 

Vbi 

VBM 

diffuse 

diffuse 

drift 

Energy + - 

drift diffuse 

diffuse 

T = Room temperature 

Figure 1.5. Left panel: The p-n homojunction in dark at room temperature. Right
panel: Energy band diagram of the p-n homojunction at the equilibrium in
dark at room temperature for two-level model.

The p-n junction cell with and without illumination are discussed in Fig. 1.6 and Fig.
1.7. If there was a wire with certain resistance connecting the n- and p-type materials,
there is no current in the wire under the condition of dark (no illumination). However,
if the light shines on the cell, a current can be generated from the p-type to the n-type
side (conventional current). The reason is that pairs of electron-hole are generated inside
the p-n junction cell. At the same time, recombination of the paired electron-hole occurs.
The rate of paired electron-hole generation is faster than that of recombination for paired
electron-hole. Therefore, net current occurs. Apparently, there are three regions in the
whole junction cell where the electrons go from VBs to CBs, the n-type region, the p-
n junction, and the p-type region. In the either n- or p-type region (especially, region
which is far away SCR), the electron–hole pairs only exist for a short time, and it is most
probable that electrons will jump down from CBs to VBs again. However, the electron-
hole pairs can be separated in the p-n junction region due to the "build-in" electric field.
Therefore, current is generated. Actually, the electron-hole pairs in the either n- and p-
type material (especially, for them which are near SCR) also have the chance to diffuse
into the SCR, which can contribute to generate current or to reduce current.
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N−Type P−Type 

E 

SCR 

Load 

N−Type P−Type 

E 

SCR 

Load 

Sunlight 

Figure 1.6. Left panel: the p-n homojunction at dark with load. Right panel: the p-n
homojunction under illumination with load at room temperature.

In Fig. 1.7, the SCR becomes more "smooth" due to the extra load, such as light bulb. It is
equivalent to apply external potential. The stabilized Fermi level at a stable equilibrium
splits under illumination. The chemical potential (4µ) is created, which is considered
as the electron charge times the voltage across the device. The generation and recombi-
nation by impurities are not analyzed in here.

Energy 
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drift 
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diffuse 

diffuse 
diffuse 
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Figure 1.7. Energy band diagram of the p-n homojunction under illumination with
load for two-level model.

Current-voltage characteristic is defined in Fig. 1.8 with some important parameters of
solar cells. Voc and Isc are the open circuit voltage (the maximum voltage) and short
circuit current (maximum current), respectively. Vmp and Imp are the voltage and cur-
rent, respectively, which yield the maximum power. The maximum power generated
by solar cells is Pout = Vmp × Imp. That is the rectangle bounded by dashed lines in Fig.
1.8.
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Figure 1.8. Current-voltage characteristic of a solar cell under illumination.

Solar cell performance is often represented by fill factor (FF ) and power conversion
efficiency (η):

FF = Pout
Voc · Isc

= Vmp · Imp
Voc · Isc

(1.1)

η = Pout
Pin

= FF · Voc · Isc
Pin

. (1.2)

Here, Pin is incident photon power per second. Conversion efficiency of solar cells is
proportional to the FF , Voc, and Isc. There are several aspects affecting the conversion
efficiency. The Voc is directly proportional to band-gap of a material, and the Isc is pro-
portional to number of absorbed photons. When band-gap is decreased, more spectrum
of sunlight can be absorbed. However, the Voc will be reduced in this case. More im-
portantly, excess energy of photons is lost due to thermalization in solar cells. When
band-gap is increased, more transparency loss from photons with energy lower than
the band-gap occurs. One can find more detailed analysis of conversion efficiency in
Ref. [20].

1.4 Solar cell materials

In 1839, French physicist A. E. Becquerel [23] revealed the photovoltaic effect for the first
time. Charles Fritts built the first solid state photovoltaic (PV) cell using semiconductor
selenium in 1883 [24, 25]. It is not until 1941 that the first silicon-based solar cell was
demonstrated [26, 27]. Today, there are many different types of solar cell materials. The
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reason why the best solar cell material is not found yet is that it is expected to be not only
high efficiency but also environmentally friendly, and low cost. It requires not only that
the growth and manufacturing process of solar cell materials should be cheaper, but
also that the devices should have longer application life. Moreover, the raw material
should be abundant and non-toxic as well. In this section, four main solar cell materials
are discussed briefly: silicon (Si), gallium arsenide (GaAs), cadmium telluride (CdTe),
copper indium gallium diselenide (CIGS).

Potential solar cell materials need to fulfill several properties, such as large absorption
coefficient and a band-gap energy between 0.7 to 2.0 eV. Under these conditions, many
materials can be found. However, other properties are needed to be considered as well,
such as cost and environmental safety. Thereby, only part of them are suitable to be
utilized in reality.

IV4 

III2 V2 II2 VI2 

I1 III1 VI2 

Si (x4) 

GaAs (x2) CdTe (x2) 

Cu(In,Ga)(S,Se)2 (x2) 

Level 0 

Level 1 

Level 2 

Figure 1.9. Tree of tetragonal bonded semiconductors, the roman numerals mean
group numbers in the chemical element periodic table, and the subscript
implies number of elements.

In Fig. 1.9, formation of tetragonal semiconductors is considered as a series of cation
mutations where total number of valence electrons is the same and it keeps the charge
neutral in the compound [28–30]. For example, group number IV element Si (level 0)
with four 4+ ions is equivalent to two 3+ ions and two 5+ ions, such as GaAs (level 1).
It is also equivalent to two 2+ ions and two 6+ ions, such as CdTe (level 1). CIGS can be
derived applying the same process on group number II element on the level 1 in Fig.
1.9. This method was suggested by Goodman and Pamplin [31, 32].

1.4.1 Crystalline silicon

Solar cells based on Si dominate solar power world today, which account for more than
90% of total PV market [33]. Different forms of Si are used in this type of solar cells,
that is, monocrystalline Si and polycrystalline Si. The success of Si is due to a number
of reasons. For example, over 90% in the crust of Earth is composed of silicate minerals,



CHAPTER 1. SOLAR CELL PHYSICS 11

which yields huge available Si. Moreover, it has higher conversion efficiency, and it is
also proved that solar cells based on Si has excellent stability and reliability under out-
door conditions. However, Si also has drawbacks. It has an indirect band-gap, hence
it has a lower optical absorption coefficient. In order to absorb incident sunlight fully,
thicker Si (wafer) (around 0.2 mm) is required [34]. c-Si has to be high quality and de-
fect free in order to avoid losing the carriers before collection. Last but not least, it is
expensive to purify the Si from the silicate minerals, which limits the cost reduction of
wafer-based Si technology.

However, solar cells based c-Si technology are still leading the market of solar cells since
many companies are trying to lower the cost in the whole manufacture.

1.4.2 Gallium arsenide

GaAs has a zinc blende crystal structure with a direct band-gap around 1.5 eV at room
temperature [35, 36]. Some electronic properties of GaAs are superior to Si, such as
higher electron mobility, higher saturated electron velocity, and absorb sunlight more
efficiently due to the direct band-gap. The optimum band-gap for a single junction solar
cells is suggested around 1.3 eV by theoretical calculation from Henry (1980) [37], who
modified the original Shockley-Queisser limit [38]. Therefore, one of the applications of
GaAs is solar cells. GaAs has been extensively researched since 1950s, and the first GaAs
solar cell was established in 1970 by Zhores Alferov’s team [39]. Today, the conversion
efficiency for single junction solar cells based on GaAs is 28.8% [40]. However, the price
of solar cells based on GaAs is more expensive in comparison with the price of solar
cells based on Si. Researches are focusing on how to reduce the price today, and the
main application of solar cells based on GaAs is in the space application. However, the
arsenic toxicity should be considered as the main disadvantage of this type of solar cells.

The conversion efficiency of 44.7% for four-junction GaInP/GaAs/GaInAsP/GaInAs
concentrator solar cells was achieved by Soitec on March 2014 [9].

1.4.3 Thin-film materials

Thin-film solar cells have several layers of thin-film with total thickness less than 10 µm
[41]. The cost of this kind of solar cells can potentially be reduced since less materials are
utilized to make thin-film solar cells. The development of thin-film solar cells started
since 1970s. Currently, the maximum conversion efficiency for thin-film solar cells is
23.3% [11]. Three different thin-film materials are discussed in this section: amorphous
silicon (a-Si), cadmium telluride (CdTe), and copper indium gallium diselenide (CIGS).

The a-Si is the first thin-film solar cell material reaching the large-scale production
[42–44]. It has higher absorption coefficient than that of c-Si. Therefore, the thickness
can be less than 1 µm. The main disadvantages a-Si solar cells is the lower conversion ef-
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ficiency, the actual conversion efficiency for commercial single junction solar cells based
on a-Si is between 4% and 8% [45]. This limits the development of a-Si thin-film so-
lar cells. a-Si solar cells are suited to the situations which require low cost over high
efficiency.

CdTe was first reported in the 1960s [46]. However, it was not developed rapidly until
in the early 1990s. CdTe has a number of advantages as an absorber. It has higher
absorption coefficient. The band-gap is around 1.45 eV, which is very near the optimum
value for single-junction solar cells. The manufacturing process is easier to control,
which results in the cost of manufacture is low [47]. Moreover, the conversion efficiency
of commercial modules already reached 17% [48]. However, an important question
should be considered in order to large-scale CdTe manufacture: cadmium toxicity and
tellurium availability.

CIGS is a direct band-gap semiconductor with high optical absorption coefficient. It is
seen as one of the most promising solar cell materials for the near future. It is always
employed in a heterojunction structure, mainly it is with the thinner n-type CdS layer
[49]. The 23.3% CIGS world record conversion efficiency was achieved in the laboratory
[11]. The interesting part is that it can be alloyed by the ratio of [Ga]/([Ga]+[In]), and
the band-gap can be tuned along with that. The band-gap is between 1.0 eV and 1.7 eV
for this type of alloy [50–54]. CIGS does not contain any toxic element.



Chapter 2 Copper indium gallium diselenide

CIGS is a chalcopyrite-type material, which is considered as one of the most promising
thin-film solar cell materials. CuInSe2 was first synthesized by Hahn in 1953 [55]. It
was first exploited as an absorber material in a single crystal solar cell in 1974 [56], and
the conversion efficiency is around 5%. The first thin-film solar cell based on CuInSe2

and CdS was invented by Kazmerski [57]. During the 1980s, Boeing Corporation did
much research on the thin-film polycrystalline CIGS solar cells. To date, the highest
conversion efficiency in laboratory situation for the solar cells based on CIGS is 23.3%
[11]. Typically, the experimentally and commercially most interesting compound is the
CIGS alloy with about 70% In and 30% Ga, that is CuIn0.7Ga0.3Se2.

2.1 Crystal structure

Crystal structure of CIGS can be derived from zinc blende crystal structure of zinc se-
lenide (ZnSe). In Fig. 2.1, the crystal structures of ZnSe and CuInSe2 are presented.
Atoms Zn are replaced by atoms Cu and In or Ga in the zinc blende of ZnSe. It requires
to double the unit cell of ZnSe in the z-direction. The lattice parameter c for CIGS is
not exact 2a normally, because bond strength and lengths between Cu-Se and In-Se or
Ga-Se are different [29].

Chalcopyrite CuInSe2 and CuGaSe2 have space group D12
2d (I42d; space group no. 122).

The conventional unit cell has four copper (Cu) atoms on Wyckoff position 4a (S4 point-
group symmetry), four indium (In) or gallium (Ga) atoms are on position 4b (S4 point-
group symmetry), and eight selenium (Se) atoms are on position 8d (C2 symmetry).
The Se 8d positions are fully defined with the position (x, y, z), and each anion Se
atom has two inequivalent bonds δ(Cu–Se) and δ(In–Se) or δ(Ga–Se) [58–60]. For the
CuIn0.5Ga0.5Se2, the structure is chosen so that each Se atom has bonds with two Cu
atoms, one In, and one Ga atom. The space group is S2

4 (I4; space group no. 82) [61].

13
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Figure 2.1. Crystal structures of zinc blende ZnSe and chalcopyrite CuInSe2.

2.2 Optical properties and defects

CuInSe2 has a direct band-gap around 1.0 eV, and the absorption coefficient is relatively
higher than that of c-Si due to the direct band-gap. The quaternary CIGS alloy will be
available by alloying Ga element, while the band-gap is tuned as well from 1.0 eV to 1.7
eV. The CIGS can be applied as an absorber layer for the thin-film solar cells due to the
high absorption coefficient. The band-gap can be approximated by the function of Ga
content (x) [62]

Eg(x) = 1.010 + 0.626x− 0.167x(1− x). (2.1)

Alloying the Ga element will decrease the electron affinity of CIGS, which will make
conduction bands upward shift. However, the valence bands remain the same positions
[63]. This also explains the reason why the band-gap increases with more Ga element
in the CIGS. An overview of the properties of CuInSe2 and CuGaSe2 are described in
Table. 2.1

CIGS is a non-stoichiometric compound, and the high quality thin-film solar cells mainly
employ Cu-poor (Cu: 22.5−24.5%) high off-stoichiometric CIGS absorber. VCu is the
most important native defect in CIGS due to the low formation energy. Therefore, CIGS
can be grown p-type easily under the condition of VCu. There are some extrinsic divalent
cation donors as well, such as ZnCu, CdCu, and ClSe. The formation energies for them are
relatively low for CIS and CuGaSe2 (CGS). In fact, CIS is possible to be n-type as well.
However, CGS is not possible to be n-type under equilibrium conditions. The reason is
that the low formation energy of VCu limits the possibility of achieving electronic n-type



CHAPTER 2. COPPER INDIUM GALLIUM DISELENIDE 15

Properties of CuInSe2 and CuGaSe2
Properties CuInSe2 CuGaSe2

Space group D12
2d(I−42d), no. 122 [36] D12

2d(I−42d), no. 122 [36]
Lattice constants (Å) a = b = 5.78, c = 11.55 [36] a = b = 5.61, c = 11.00 [36]
Wyckoff positions Cu:4a, In:4b, Se:8d [58–60] Cu:4a, Ga:4b, Se:8d [58–60]
Direct band-gap (eV) Eg = 1.01 [36] Eg = 1.68 [36]
Effective masses on Electrons: 0.08 [64] Electrons: 0.14 [64]
Γ point (m0) Holes(heavy): 0.71 [64] Holes(heavy): 1.2 [64]
Main intrinsic defects n-type: VSe; InCu [65–68] n-type: VSe; GaCu [65–68]

p-type: VCu; CuIn [65–68] p-type: VCu; CuGa [65–68]
Crystal field splitting (eV) 0.006 [36] −0.10 [69]
Spin-orbit splitting (eV) 0.23 [36] 0.238 [36]
Dielectric constants ε(0) 15.7 [36] 11.0 [64]
Melting temperature (K) 1260 [36] 1310 − 1340 [36]
Thermal expansion a axis: 11.23×10−6 [36] a axis: 13.1×10−6 [36]
coefficients (1/K) c axis: 7.90×10−6 [36] c axis: 5.2×10−6 [36]
Thermal conductivity 0.086 [70] 0.129 [36]
W/(cm × K)

Table 2.1. Properties of CuInSe2 and CuGaSe2.

character, especially in Ga-rich CIGS [71, 72]. This may also explains why the best solar
cell is with the Ga content of 30% (x = 0.3), however, the band-gap energy of the CIGS
suggests that the optimum solar cell conversion efficiency is obtained with x between
0.5 and 0.7.

2.3 Solar cell structure

The solar cell device based on CIGS is a heterojunction device, which normally has five
thin-film layers with different functional properties [73–75]. A schematic of conven-
tional device structure is shown in Fig. 3.3
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Substrate: Soda-lime  

Back contact: Mo 

Absorber: CIGS 
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Front contact: ZnO:Al 
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Figure 2.2. Structure of CIGS solar cell device.

Substrate is on the bottom, and there are mainly three types of substrates: soda-lime
glass, metal, and polyimide. The most common substrate is the one based on soda-lime
glass containing sodium (Na) with thickness 1 mm to 3 mm. The Na can improve the
efficiency and reliability of the solar cells as well as process tolerance. The molybdenum
(Mo) works as a back contact due to its low resistivity and stability at high temperature
with thickness around 500 nm. Most important part of the device is the p-type absorber
layer: CIGS, which has intrinsic defects and its thickness is 1500 − 2000 nm. The n-type
buffer layer CdS is on the top of the CIGS, its thickness is around 60 nm. The intrinsic
zinc oxide (i-ZnO) and n-type ZnO layers are followed, and they work as window lay-
ers. The i-ZnO is used to avoid damage of the CIGS and CdS from sputtering damage
when depositing the ZnO:Al window layer. The n-type ZnO is doped by aluminum
(Al) in order to get higher conductivity [76, 77]. This CIGS/CdS/ZnO structure is op-
timized to improve the cell performance. The detailed information about the structure
CIGS solar cell device can be found in Refs. [78–80].



Chapter 3 Computational methods

3.1 The quantum many-body problem

A solid material contains a huge number of atoms (around 1023 cm−3 ), and each atom
consists of a nucleus surrounded by one or more electrons. According to the principles
of quantum mechanics, all properties of a system are known if one can figure out a
way to solve the quantum many-body Schrödinger equation. In this thesis, the time-
independent many-body Schrödinger equation is only considered, which is given as

HenΨen({ri,RI}) = EenΨen({ri,RI}). (3.1)

Here, superscript "en" implies that it is related with electrons and nuclei. Ψen({ri,RI})
is defined as many-particle wavefunction, ri and RI stands for coordinators of electron
and nucleus. Een is defined as total energy of system. Hen denotes Hamiltonian [81],
which is defined in atomic units as

Hen = −
Ne∑
i

∇2
i

2 −
Nn∑
I

∇2
I

2MI

−
Ne∑
i

Nn∑
I

ZI
|ri − RI |

+ 1
2

Ne∑
i

Ne∑
j 6=i

1
|ri − rj|

+ 1
2

Nn∑
I

Nn∑
J 6=I

ZIZJ
|RI − RJ |

.

(3.2)

Here, indices i and j are used for the electrons, and I , J are used for the atomic nuclei. ZI
implies charge of the I :th nucleus. MI denotes mass of the I :th nucleus in atomic units.
The first and second terms are kinetic energy operator of the electrons and nuclei. Other
terms are Coulomb interactions between electrons and nuclei, electrons and electrons,
and nuclei and nuclei in sequence.

Eq. 3.1 can not be solved exactly. Moreover, the exact form of the wavefunction is un-
known. To approximate the exact solution, the process of finding the solution can be di-
vided into three different levels generally [81,82]: the first level is the Born-Oppenheimer
approximation [83]; the second level is Hartree approximation [84], Hartree-Fock (HF)

17



CHAPTER 3. COMPUTATIONAL METHODS 18

approximation [85], density functional theory (DFT) [86], and Kohn-Sham (KS) equa-
tion [87]; the last level is to solve the secular equation, which is an equation solved to
find eigenvalue of a matrix [81, 82].

3.2 The Born-Oppenheimer approximation

Eq. 3.1 should be approximated in order to solve it. A first step is to separate the
wavefunction of electron and nucleus. The Schrödinger Hamiltonian in Eq. 3.2 has a
coupling term between the electron and nucleus, thereby one can not do that simply.
Positions of nuclei can be treated as fixed because the mass of nucleus is much larger
than that of electron. This indicates that the electrons are seen as interacting under both
the external potential caused by nuclei that are in fixed positions and that of the other
electrons. The separation of motion between electrons and nuclei is called the Born-
Oppenheimer approximation [83]. Since the positions of nuclei are fixed, wavefunction
can be written as

Ψen({ri,RI}) ≈ θ({RI})Ψ({ri}; {RI}). (3.3)

Here, Ψ({ri}; {RI}) denotes many-electron wavefunction in the Born-Oppenheimer ap-
proximation. Since the electrons are under the potential of nuclei, thus the wavefunction
of electron is related with the nucleus positions.

Eq. 3.2 can be rewritten as

Hen = H +Hn

H = Ue + Uext + Uint

Hn = −
Nn∑
I

∇2
I

2MI

+ Unn.

(3.4)

Furthermore, all the unknown terms in Eq. 3.4 are defined as
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Ue = −
Ne∑
i

∇2
i

2

Uext = −
Ne∑
i

Nn∑
I

ZI
|ri − RI |

Uint = 1
2

Ne∑
i

Ne∑
j 6=i

1
|ri − rj|

Unn = 1
2

Nn∑
I

Nn∑
J 6=I

ZIZJ
|RI − RJ |

.

(3.5)

Here,H represents Hamiltonian for the many-electron system within the Born-Oppenheimer
approximation. The subscript ext implies external in Eq. 3.4, thus Uext describes the ex-
ternal potentials interaction Vext(r).

The new Schrödinger equation combined with Eq. 3.3 and Eq. 3.4 is given as

(
H +Hn

)(
θ({RI})Ψ({ri}; {RI})

)
= Een({RI})

(
θ({RI})Ψ({ri}; {RI})

)
. (3.6)

Here, Een({RI}) represents system total energy, which is RI-dependent because system
wavefunction depends on nuclei positions. One ends up with the following equation
taking Eq. 3.5 and Eq. 3.6.

HΨ({ri}; {RI}) = E({RI})Ψ({ri}; {RI})(
Unn1 + Unn2 + Unn3 + Unn + E({RI})

)
θ({RI}) = Een({RI})θ({RI}).

(3.7)

Here, E({RI}) denotes the total energy of many-electron system, which is also RI-
dependent because electron wavefunction indirectly depends on nuclei positions. The
Unn1, Unn2, and Unn3 in Eq. 3.7 are derived as

Unn1 = −
Nn∑
I

∇2
I

2MI

Unn2 = −
Nn∑
I

1
MI

∫
Ψ({ri}; {RI})∗∇IΨ({ri}; {RI})dr∇I

Unn3 = −
Nn∑
I

1
MI

∫
Ψ({ri}; {RI})∗∇2

IΨ({ri}; {RI})dr.

(3.8)
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In Eq. 3.7, one observes that the lattice dynamical properties of certain system within the
Born-Oppenheimer approximation can be obtained. To solve this equation, the ground
state energy E({RI}) of many-electron system is needed. Here, {RI} denotes a sef of
atom positions.

In summary, the Schrödinger equations of electrons and nuclei are derived separately
within the Born-Oppenheimer approximation. When one calculates ground state prop-
erties, the Schrödinger equation of the electrons is applied (the first line in Eq. 3.7).
The Schrödinger equation of nuclei is employed for the calculations of lattice dynamics
(Unn2 and Unn3 are ignored [88] in the second line in Eq. 3.7 normally).

The Eq. 3.7 (the first line) is much simpler than Eq. 3.1. However, it is still not solvable.
Further approximations are needed to solve this many-body problem.

3.3 Solving the many-body problem

In previous section, the separation of wavefunction is proposed within Born-Oppenheimer
approximation. The quantum many-body Schrödinger problem becomes the many-
electron Schrödinger problem. There are two major problems from the Born-Oppenheimer
approximation: the first problem is that the number of electron is around in the order
of 1024 cm−3 in most of the cases, which is a huge numerical problem. However, it is
still possible to solve; the second one is that the Hamiltonian includes operators acting
on the single electron. However, how the relation between the wavefunction and the
single-electron wavefunction is unknown. The latter problem can be solved by one of
the following three methods: the first method is to figure out a way to separate or ap-
proximate the wavefunction from the single-electron function, such as the Hartree and
Hartree-Fock (HF) methods [84, 85]; the second method is to find an explicit relation
between total energy and wavefunction, such as density functional theory (DFT) [86].
Within DFT, the system total energy is a functional of electron density. Either of these
two methods has "pros and cons"; the third one is called Kohn-Sham equation [87],
which is a combination of above two methods. It starts from DFT, and takes advantage
of single-electron wavefunction.

3.3.1 Hartree approximation

The simplest approximation of wavefunction for many-electron Schrödinger equation
is the one acting like independent electrons. The wavefunction with Ne independent
electrons is defined as

ΨH({ri}) = φ1(r1)φ2(r2) · · ·φNe(rNe). (3.9)
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Here, φi(ri) implies state of the i:th electron, where different states of electrons are or-
thonormalized. From here on, the {RI} are suppressed in the wavefunction since atoms
are treated as in fixed positions. The set of variables {ri} includes the coordinates of
space and spin. The total energy of the many-electron system can be written as

EH =< ΨH({ri})| H |ΨH({ri}) > . (3.10)

H in Eq. 3.4 can be rewritten as

H =
Ne∑
i

(
− ∇

2
i

2 −
Nn∑
I

ZI
|ri − RI |

)
+ 1

2

Ne∑
i

Ne∑
j 6=i

1
|ri − rj|

=
Ne∑
i

h1(ri) + 1
2

Ne∑
i

Ne∑
j 6=i

h2(ri, rj).
(3.11)

Therefore, the system total energy is given as

EH =
Ne∑
i

< φi(ri)| h1(ri) |φi(ri) >

+ 1
2

Ne∑
i

Ne∑
j 6=i

< φi(ri)φj(rj)| h2(ri, rj) |φi(ri)φj(rj) > .

(3.12)

In order to calculate the stationary state with the lowest energy of the system, one
method called Lagrange multipliers can be utilized. Furthermore, the constraint is that
the different states of electrons are orthonormalized. Therefore, the variation with re-
spect to any wavefunction φ∗k(r) and Lagrange multiplier EH

i,j are satisfied [88, 89]

δ
(
EH −

Ne∑
i

Ne∑
j
EH
i,j(< φi(ri)|φj(rj) > − δij)

)
δφ∗k(r) = 0. (3.13)

Here, δφk(r) also can be utilized. However, variation with respect to φ∗k(r) and φk(r) are
equivalent. It is convenient to use δφ∗k(r).

δEH in Eq. 3.13 can be calculated by two parts. The first part is

δ(
Ne∑
i

< φi(ri)| h1(ri) |φi(ri) >)

=< δφk(r)| h1(r) |φk(r) > + < φk(r)| h1(r) |δφk(r) > .

(3.14)

The second part is
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1
2δ

Ne∑
i

Ne∑
j 6=i

< φi(ri)φj(rj)| h2(ri, rj) |φi(ri)φj(rj) >

= 1
2

Ne∑
i 6=k

(
< φi(ri)δφk(r)| h2(ri, r) |φi(ri)φk(r) >

+ < φi(ri)φk(r)| h2(ri, r) |φi(ri)δφk(r) >
)

+ 1
2

Ne∑
j 6=k

(
< δφk(r)δφj(rj)| h2(r, rj) |φk(r)φj(rj) >

+ < φk(r)φj(rj)| h2(r, rj) |δφk(r)φj(rj) >
)

=
Ne∑
i 6=k

(
< φi(ri)δφk(r)| h2(ri, r) |φi(ri)φk(r) >

+ < φi(ri)φk(r)| h2(ri, r) |φi(ri)δφk(r) >
)
.

(3.15)

Here, the factor of 1
2 is canceled because the 2nd (3rd) line is the same with 4th (5th) line

in Eq. 3.15 due to the exchangeable indices of i and j.

To get the final solution, one more calculation is needed

δ
Ne∑
i

Ne∑
j

EH
i,j

(
< φi(ri)|φj(rj) > − δi,j

)

=
Ne∑
j

EH
k,j

(
< δφk(r)|φj(rj) >

)
+

Ne∑
i

EH
i,k

(
< φi(ri)|δφk(r) >

)

=
Ne∑
i

EH
k,i

(
< δφk(r)|φi(ri) > + < φi(ri)|δφk(r) >

)
.

(3.16)

Therefore, Eq. 3.13 can be derived as

(
− ∇

2
k

2 +
Nn∑
I

ZI
|r− RI |

+
Ne∑
j 6=k

< φj(r′) | 1
|r− r′ |

|φj(r′) >
)
φk(r) =

Ne∑
i

EH
k,iφi(r). (3.17)

There are many solutions in Eq. 3.17, and each corresponds to a different set of EH
k,i.

One can choose to the EH
k,i, which satisfies EH

k,i = δk,iεHk . Eq. 3.17 can be rewritten as
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(
− ∇

2
k

2 +
Nn∑
I

ZI
|r− RI |

+
Ne∑
j 6=k

< φj(r′) | 1
|r− r′ |

|φj(r′) >
)
φk(r) = εHk φk(r)

⇓(
− ∇

2
i

2 +
Nn∑
I

ZI
|r− RI |

+
Ne∑
j 6=i

< φj(r′) | 1
|r− r′ |

|φj(r′) >
)
φi(r) = εHi φi(r).

(3.18)

Here, Eq. 3.18 is a group of dependent single particle equations. εHk is identified as the
eigenvalue for this single-electron Hartree equation.

3.3.2 Hartree-Fock approximation

Hartree approximation is a simple approximation. Hartree-Fock (HF) approximation is
a method which considers antisymmetry of wavefunction. It is shown as

ΨHF (· · · ri · · · rj · · · ) = −ΨHF (· · · rj · · · ri · · · ). (3.19)

Here, each variable ri includes the coordinates of space and spin. Slater introduced
a way to construct the wavefunction subject to Eq. 3.19 [90]. The wavefunction of
the many-electron Schrödinger equation is described in a matrix determinant for the N
number of electrons (for aesthetic reason, N implies the number of electrons and notNe
as in previous sections)

ΨHF (r1, r2, . . . , rN) = 1√
N !

∣∣∣∣∣∣∣∣∣∣
φ1(r1) φ2(r1) · · · φN(r1)
φ1(r2) φ2(r2) · · · φN(r2)

...
...

...
φ1(rN) φ2(rN) · · · φN(rN)

∣∣∣∣∣∣∣∣∣∣
. (3.20)

Here, the factor in front ensures normalization, and φi(ri) implies state of the (i):th elec-
tron. Eq. 3.20 has the antisymmetry property of wavefunction.

The total energy of Hartree-Fock approximation, which can be determined similarly as
in the previous section of Hartree approximation, is given as
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EHF =
N∑
i

< φi(r)| − ∇
2
i

2 +
Nn∑
I

ZI
|r− RI |

|φi(r) >

+ 1
2

N∑
i

N∑
j

< φi(r)φj(r′)| 1
|r− r′|

|φi(r)φj(r′) >

− 1
2

N∑
i

N∑
j

< φi(r′)φj(r)| 1
|r− r′ |

|φi(r)φj(r′) > .

(3.21)

Here, there is no contribution to the sum when i = j. In the same mathematical way as
in previous section but somewhat more complicated, the single particle Hartree-Fock
equation can be obtained

(
− ∇

2
i

2 +
Nn∑
I

ZI
|r− RI |

+
N∑
j

< φj(r′) | 1
|r− r′|

|φj(r′) >
)
φi(r)

−
N∑
j

< φj(r′)| 1
|r− r′ |

|φi(r′) > φj(r) = εHFi φi(r).
(3.22)

In comparison with Hartree equation in Eq. 3.18, there is an extra term in Eq. 3.22,
which is so called exchange term. In order to show the equation in a more well orga-
nized way, Eq. 3.22 is equivalent to

(
− ∇

2
i

2 +
Nn∑
I

ZI
|r− RI |

+ VHF (r)
)
φi(r) = εHFi φi(r)

V HF (r) =
∫ ρ(r′)− ρHFi (r, r′)

|r− r′|
dr′

ρHFi (r, r′) =
N∑
j

φi(r′)φ∗i (r)φj(r)φ∗j(r′)
φi(r)φ∗i (r)

ρ(r) =
N∑
i

|φi(r)|2.

(3.23)

3.3.3 Density functional theory

The Hartree and HF methods are very classic methods solving the many-electron Schrödinger
equation. However, the HF method only includes the exchange term and not the elec-
tron correlation term. Therefore, it is not suitable for solid materials. Apart from the
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Hartree and HF methods, there is a modern method solving the more complicated cal-
culations of many-electron system, namely density functional theory (DFT). It is intro-
duced by Hohenberg and Kohn in 1964 [86]. Kohn and Pople were awarded Chemistry
Nobel Prize in 1998.

The idea of the DFT is to treat the electron density in solid materials instead of using
the many-particle wavefunction. In this case, the degree of freedom reduces from 3N
(N is the number of electrons) to 3. It is apparently less complicated than Hartree and
HF methods.

The density as basic variable

There are two questions coming out if considering the electron density as a role of wave-
function. The first one is whether it is the equivalence relation between electron density
and wavefunction in many-electron system. The second one is how to solve the prob-
lem if considering the electron density instead of the wavefunction. In order to explain
above two questions, there are two very basic theorems introduced by Hohenberg and
Kohn:

Theorem 1 The first theorem states that the external potential Vext(r) is determined uniquely
for any many-electron system by the ground-state electron density ρ.

The above theorem indicates that all ground state properties are determined by the true
ground-state density ρ as well, such as, the total energy E = E[ρ].

The above theorem also explains the equivalence relation between the electron density
and wavefunction. Hamiltonian is obtained from external potential, thus the wave-
function is obtained from the external potential. Therefore, the corresponding electron
density is determined. Moreover, the external potential is unique decided by electron
density from the theorem. Therefore, the electron density contains the same information
as the wavefunction.

Proof of the theorem is given. Let us assume that there exists two external potentials
named Vext(r) and V ′ext(r) leading to the same ground state electron density ρ. Obvi-
ously, this will lead to two different Hamiltonians, that is, H and H ′, as well as two dif-
ferent corresponding wavefunctions named Ψ and Ψ′. Since Ψ is not the ground state
wavefunction of H ′, the same rules to Ψ′ and H , two following inequality equations are
satisfied

E = 〈Ψ |H| Ψ〉 < 〈Ψ′ |H| Ψ′〉
E ′ = 〈Ψ′ |H ′| Ψ′〉 < 〈Ψ |H ′| Ψ〉.

(3.24)
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Taking advantage of the Hamiltonian from Eq. 3.4, the following equation is derived

〈Ψ′ |H| Ψ′〉
= 〈Ψ′ |H ′ +H −H ′| Ψ′〉
= 〈Ψ′ |H ′|Ψ′〉+ 〈Ψ′|H −H ′| Ψ′〉

= E ′ +
∫ (

Vext(r)− V ′ext(r)
)
ρ(r)dr.

(3.25)

Using Eq. 3.24 and Eq. 3.25, the following relation is given by

E < E ′ +
∫ (

Vext(r)− V ′ext(r)
)
ρ(r)dr. (3.26)

Another similar inequality equation can be obtained if one changes the equation 〈Ψ |H ′|Ψ〉
like Eq. 3.25

E ′ < E +
∫ (

V ′ext(r)− Vext(r)
)
ρ(r)dr. (3.27)

Plus the left side and right side from both Eq. 3.26 and Eq. 3.27, a contradictory result
is given as

E + E ′ < E ′ + E. (3.28)

Since this is an incorrect relation, the external potential Vext(r) has to be unique.

Theorem 2 The second theorem states that there is a universal functional F [ρ] for the total
energy in the terms of the electron density ρ with any external potential Vext(r) , and the ex-
act ground-state density is obtained when the ground state total energy functional reaches its
minimal value, that is, E[ρ′]>E[ρ]. Here, ρ is the exact ground-state density.

Proof of theorem is given. Because of the first theorem, the kinetic and interaction ener-
gies are functional of electron density. The total energy can be expressed in the following
way (ignoring the interaction between nuclei)

E[ρ] = 〈Ψ| Ue + Uint + Uext |Ψ〉
= 〈Ψ| Vext(r) |Ψ〉+ 〈Ψ| Ue + Uint |Ψ〉︸ ︷︷ ︸
=
∫
ρ(r)Vext(r)dr + F [ρ].

(3.29)

In Eq. 3.29, the term of F [ρ] is a universal functional for all the many-electron system.

The functional of total energy E[ρ′] reaches the minimum at the exact ground-state elec-
tron density ρ

E[ρ′] =
∫
ρ′(r)Vext(r)dr + F [ρ′] > E[ρ]. (3.30)
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Here, the total energy for the case of exact ground-state electron density is lower than
any other cases. Therefore, the exact ground-state electron density by minimizing the
total energy can be achieved.

From those two theorems, one knows how to solve Schrödinger equation theoretically.
However, E[ρ] is unknown in practice. Therefore, another method is needed to solve
this problem, which is so called Kohn-Sham (KS) equation.

3.3.4 Kohn-Sham equation

The Hartree and HF methods are introduced to solve the many-body problem, both of
which are based on the idea of transforming complex many-electron problem to single-
electron problem by using different wavefunctions. The DFT gives the answer to solve
many-electron system, however, it does not give explicit expression. This problem in
DFT is solved by KS equation, which was introduced by Kohn and Sham in 1965 [87]. It
is demonstrated in the following text (ignoring the interaction between nuclei).

Assume that the exact ground-state density is obtained by the Hartree-like wavefunc-
tion ΨKS({ri}) = ΨKS

1 (r1)ΨKS
2 (r2) · · ·ΨKS

N (rN). Here, N is the number of electrons, and
ΨKS
i (ri) is an auxiliary independent single-electron wavefunction. The electron density

is defined as

ρ(r) =
N∑
i

ΨKS∗
i (r)ΨKS

i (r). (3.31)

If the electron density is exact, thus the total energy is exact. It is given as

E[ρ] = T [ρ] + Vint[ρ] + Vext[ρ]
= T0[ρ] + VH [ρ] + Vext[ρ] + (T [ρ] − T0[ρ]) + (Vint[ρ] − VH [ρ])︸ ︷︷ ︸
= T0[ρ] + VH [ρ] + Vext[ρ] + Exc[ρ].

(3.32)

Here, E[ρ] denotes total energy, and ρ denotes ground-state density. T [ρ], Vint[ρ], and
Vext[ρ] represent energies from the exact kinetic, the exact electron-electron potential,
and external potential in sequence. Exc[ρ] is unknown exchange-correlation energy.

The T0[ρ], VH [ρ], and Vext[ρ] represent kinetic energy in the Hartree approximation, elec-
tron interaction energy in Hartree approximation, and electron-nuclei interaction en-
ergy in sequence.
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T0[ρ] =
N∑
i

< ΨKS
i (r) | − ∇

2

2 |Ψ
KS
i (r) >

VH [ρ] = 1
2

∫ ∫ ρ(r)ρ(r′)
|r− r′|

drdr′

Vext[ρ] =
∫
ρ(r)Vext(r)dr.

(3.33)

In order to derive the ground state properties in the many-electron system, one can view
this problem as the process of minimizing the total energy by varying the wavefunction
ΨKS∗
k (r).

δ
(
E[ρ]−

Ne∑
i

Ne∑
j
EH
i,j(< ΨKS

i (ri)|ΨKS
j (rj) > − δij)

)
δΨKS∗

k (r) = 0

⇓
δT0[ρ]

ΨKS∗
k (r) + δ(VH [ρ] + Vext[ρ] + Exc[ρ])

δρ(r)
δρ(r)

ΨKS∗
k (r) =

N∑
i

EKS
k,i ΨKS

i (r).

(3.34)

The derivation is similar as in the section of Hartree approximation, the KS equation is
derived as

(
− ∇

2

2 + V KS(r)
)

ΨKS
i (r) = εKSi ΨKS

i (r). (3.35)

Here, εKSi is identified as eigenvalue for the KS equation. The V KS(r) is give as

V KS(r) = Vext(r) +
∫

dr′
ρ(r′)
|r− r′|

+ δExc
δρ(r)

= Vext(r) +
∫

dr′
ρ(r′)
|r− r′|

+ Vxc(r).
(3.36)

In k-space, KS equation in Eq. 3.35 can be written as(
− ∇

2

2 + V KS(r)
)

ΨKS
i,k (r) = εKSi,k ΨKS

i,k (r). (3.37)

The total energy is not given in Eq. 3.35. However, if one changes Eq. 3.35 as

N∑
i

ΨKS∗
i (r)

(
− ∇

2

2 + V KS(r)
)

ΨKS
i (r) =

N∑
i

ΨKS∗
i (r)εKSi ΨKS

i (r). (3.38)
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Based on Eq. 3.33 , Eq. 3.32, and Eq. 3.38, the total energy expression is derived as

E[ρ] =
N∑
i

εKSi − 1
2

∫ ∫
drdr′

ρ(r)ρ(r′)
|r− r′|

+ Exc[ρ]−
∫
Vxc(r)ρ(r)dr.

(3.39)

There are two problems still in the air: one is the exact format of Vxc(r); the other one is
how to solve the KS equation.

3.3.5 The exchange-correlation potential

The exchange-correlation potential is the most difficult part during the process of solv-
ing the KS equation, because the exact form is still unknown today. Therefore, there
are varies of approximations about it, such as the local density approximation (LDA)
[81, 82, 87, 91, 92].

The local density approximation

The LDA is a simple way to approximate the exchange-correlation part. It is based on
free electron gas, which has a constant electron density

ρ(r) = ρ = N

V
. (3.40)

Here, N is number of electrons within solid, and V is volume of solid. The exact
exchange-correlation energy per electron is given as

εgasxc (ρ) = −3
4 · (

3
π

)1/3 · ρ1/3 +

A ln rs +B + Crs ln rs +Drs if rs ≤ 1
γ/(1 + β1

√
rs + β2rs) if rs > 1 .

(3.41)

Here, rs = (3/(4πρ))1/3. In the LDA, the idea is that the exchange-correlation energy for
an electron in a very tiny small volume in many-particle system is equal to the exchange-
correlation for an electron in the free electron gas with the same density in the volume
(εgasxc (ρ(r)) = εgasxc (r)). The explicit exchange-correlation energy is given as

ELDA
xc [ρ] =

∫
ρ(r)εgasxc (r)dr. (3.42)

Therefore, the exchange-correlation potential is give as

V LDA
xc (r) = δELDA

xc [ρ]
δρ

. (3.43)
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Today, there exists hundreds of different exchange-correlation potentials [93–96]. It is
still ongoing development. The advantage of KS equation is that new potentials are
implemented easily. In the same time, it has many potentials due to the simplicity of
implementation.

3.4 Solving the secular equation

The process for solving KS equation can be achieved by iteration [81, 82, 88]. Potential
in KS equation depends on electron density. However, electron density is calculated
by wavefunction, which depends on the potential. An initial guess of electron density
is calculated at the beginning of calculation, then the KS equation is solved iteratively
until a reasonable solution is obtained.

Initial guess of ρ(r)
and atom configuration

Calculate potential V KS(r)
by guessed/calculated

electron density

Solve Kohn-
Sham equation

Calculate Fermi
energy EF

Calculate new
density ρnew(r)

Determine the mix
density ρi+1(r) =
F (ρi(r), ρnew(r))

E[ρ] Converged?
ρ(r) == ρnew(r)?

Finished

No

Yes

Figure 3.1. Flow chart of the (i + 1):th iteration for solving KS equation.

Here, ρi(r) and ρi+1(r) are the electron densities in the i:th iteration and (i+1):th iteration
during solving Kohn-Sham equation, respectively.
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In order to solve Eq. 3.35, the KS equation can be transformed into the general eigen-
value problem [81, 82]. If the KS equation is given as (the index i is ignored in wave-
function in comparison with Eq. 3.35)

HKSΨKS(r) = εKSΨKS(r). (3.44)

The wavefunction is defined as

ΨKS(r) =
N∑
j

Cjφj(r). (3.45)

Here, Cj is a complex number, and φj(r) is basis function of wavefunction.

If Eq. 3.45 is plugged into Eq. 3.44, and φ∗1, φ
∗
2, · · · , φ∗N are multiplied on the left side of

Eq. 3.44 in sequence, the new equation is


φ∗1Hφ1 φ∗1Hφ2 · · · φ∗1HφN
φ∗2Hφ1 φ∗2Hφ2 · · · φ∗2HφN

...
...

...
φ∗NHφ1 φ∗NHφ2 · · · φ∗NHφN



C1
C2
...
CN



= εKS


φ∗1φ1 φ∗1φ2 · · · φ∗1φN
φ∗2φ1 φ∗2φ2 · · · φ∗2φN

...
...

...
φ∗Nφ1 φ∗Nφ2 · · · φ∗NφN



C1
C2
...
CN

 .
(3.46)

Eq. 3.46 becomes


H11 H12 · · · H1N
H21 H22 · · · H2N

...
...

...
HN1 HN2 · · · HNN



C1
C2
...
CN



= εKS


S11 S12 · · · S1N
S21 S22 · · · S2N

...
...

...
SN1 SN2 · · · SNN



C1
C2
...
CN

 .
(3.47)

Here, Hij = φ∗iHφj and Sij = φ∗iφj .

There are left part and right part in Eq. 3.47. If the right part moves to the left part. The
Eq. 3.47 is derived as
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H11 − εKSS11 H12 − εKSS12 · · · H1N − εKSS1N
H21 − εKSS21 H22 − εKSS22 · · · H2N − εKSS2N

...
...

...
HN1 − εKSSN1 HN2 − εKSSN2 · · · HNN − εKSSNN



C1
C2
...
CN

 =


0
0
...
0

 . (3.48)

Apparently, Eq. 3.48 is an eigenvalue problem. In order to get the Ci(i = 1 · · ·N), one
needs to solve the following equation

∣∣∣∣∣∣∣∣∣∣
H11 − εKSS11 H12 − εKSS12 · · · H1N − εKSS1N
H21 − εKSS21 H22 − εKSS22 · · · H2N − εKSS2N

...
...

...
HN1 − εKSSN1 HN2 − εKSSN2 · · · HNN − εKSSNN

∣∣∣∣∣∣∣∣∣∣
= 0. (3.49)

3.5 Full-potential linearized augmented plane wave
method

3.5.1 Introduction

One knows how to solve the KS equation from previous sections. However, there are
still two more questions, what is the exact form of wavefunction and potential in realis-
tic calculations?

One maybe naturally choose a set of plane waves as the wavefunction because of Bloch
theory [97]. There is a drawback about the plane waves as wavefunction. The wave-
function changes dramatically in the atomic core region, therefore, one needs to choose
more plane waves to approximate it. It implies that calculations are time-consuming.

Slater re-considered the way to describe the wavefunction (Eq. 3.51). Unit cell is divided
into two regions [98,99]: one is sphere region called muffin tin (MT) region, which is de-
fined by the center of atom, but non-overlap each sphere; the remaining region is called
interstitial (I) region (Fig. 3.2). An atomic-like function is defined in the MT region, this
is reason why this method is called augmented plane wave (APW). The dual represen-
tation of the wavefunction is reasonable, because the wavefunction approaching atomic
core is somehow like inside atom. However, the electrons behave like free electrons far
away the atomic core. Therefore, plane waves are suitable to describe wavefunction in
I region (Eq. 3.51). The drawback of APW method is that the wavefunction is energy-
dependent, which leads to a nonlinear eigenvalue problem (Eq. 3.52). To achieve the
exact energy, energy has to be decided repeatedly until certain condition is satisfied,
which is time-consuming.
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In order to solve the problem in APW, Andesen [100], Koelling and Arbman [101] pro-
posed a way to describe the energy-independent wavefunction. They noticed that the
Taylor expansion of radial function (Eq. 3.55). This method is called linearized aug-
mented plane wave (LAPW) method due to make use of the linearized energies in the
radial functions. However, the drawback is that it does not describe the semi-core states
well. It is corrected by a method named linearized augmented plane wave plus local or-
bitals (LAPW+LO) which was proposed by Singh (Eq. 3.57) [102]. Sjöstedt, Nordström
and Singh [103] also gave an efficient way to linearize Slater’s APW method, named
augmented plane wave plus local orbitals (APW+lo) (Eq. 3.58). Both of above methods
consider local orbitals, it is customary to write in different ways as LO and lo, respec-
tively. LAPW method with the potential defined in Eq. 3.5.3 is called as full-potential
linearized augmented plane wave (FPLAPW) method, because there is no shape ap-
proximations to the crystal potential. One can read more information about FPLAPW
method in Refs. [104, 105].

3.5.2 Wavefunction

Augmented plane wave method

The KS wavefunction can be expanded by a set of basis functions

ΨKS
i,k (r) =

NG∑
G
Ci,k+Gφk+G(r). (3.50)

Here, φk+G(r) denotes the basis function of wavefunction. It is written in slightly dif-
ferent ways in order to distinct different methods in the following text, for example,
φAPWk+G (r) represents the basis function for the APW method.

The basis set for APW is defined by Slater [98, 99]

φAPWk+G (r) =


1√
Ωe

i(k+G)r if r ∈ I
Nα∑
α

N∑̀̀Nm∑
m
f`m(rα,k + G)Y`m(r̂α) if rα ∈MT.

(3.51)

Here, f`m(rα,k + G) = Aα`m(k + G)u`(rα), and Aα`m(k + G) is the expansion coefficient.
The radial function can be calculated by Eq. 3.52, where the radial function u`(rα) is
dependent with energy εKSi,k .

− 1
r2

d

dr
(r2du`

dr
) +

(
`(`+ 1)
r2 + V KS

0 (r)
)
u`(rα) = εKSi,k u`(rα). (3.52)
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In MT region, V KS(r) is assumed to be spherically symmetric, and it can be substituted
by its spherical average V KS

0 (r).

Because the wavefunction has dual representation, one has to make sure the continuity
on the sphere boundary, which is solved by matching each `m of the dual representa-
tion.

α 
β 

Reference point 

MT 

MT 

R
α 

r 
r
α 

Rα 

I 

Figure 3.2. Partition of the unit cell.

In Fig. 3.2, one notices that unit cell is divided into MT spheres (α, β) and an I region,
where r = Rα + rα is guaranteed. The Rayleigh expansion formula yields

ei(k+G)r = ei(k+G)Rα4π
N∑̀
`

Nm∑
m

i`j`(|k + G|rα)Y`m(r̂α)Y`m(k̂ + G). (3.53)

Therefore, the following equation is satisfied for each `m

Aα`m(k + G)uα` (rα) = 4π√
Ω
ei(k+G)Rα

N∑̀
`

Nm∑
m

i`j`(|k + G|rα)Y ∗`m(k̂ + G). (3.54)

The main drawback about the APW method is that the wavefunction is energy-dependent
(Eq. 3.52). It is time-consuming to calculate the exact energy.

Linearized augmented plane wave method

In order to decouple the energy from the wavefunction in the APW method, Andesen,
Koelling and Arbman found out a way to separate them [100, 101]. They noticed that
the Taylor expansion of the radial function on certain energy, which can be given as
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u`(rα, ε) = u`(rα, ε`,α) + (ε− ε`,α)u̇`(rα, ε`,α) +O((ε− ε`,α)2). (3.55)

Here, eigenvalue (ε) is written without subscript and superscript. Thus, the basis func-
tion is re-defined as

φLAPWk+G (r) =


1√
Ωe

i(k+G)r if r ∈ I∑
α

∑̀
m
f`m(rα,k + G, ε`,α)Y`m(r̂α) if rα ∈MT.

(3.56)

Here, f`m(rα,k + G, ε`,α) = Aα`m(k + G)u`(rα, ε`,α) + Bα
`m(k + G)u̇`(rα, ε`,α) . Aα`m(k + G)

and Bα
`m(k + G) are expansion coefficients, and u̇`(rα, ε`,α) is derivative of the radial

function. Energy ε`,α is considered as pre-calculated parameter in Eq. 3.56. Actually,
it is chosen by the middle of each `-character band. Therefore this method is called
linearized augmented plane wave (LAPW) method.

Apparently, LAPW method is more suitable in reality, because the wavefunction is de-
coupled with energy. However it has to match for two parameters. Fortunately, it still
takes less time comparing with APW method. However, there is one drawback about
this method, what if energy in the same `-character is different enough, which ε`,α is
correct? These states are called as semi-core states, which exist in the actinides and the
rare earth elements.

Local orbitals

In order to solve semi-core states problem, a new basis function is added in the LAPW
method. it is defined as

φLOk+G(r) =

0 if r ∈ I
(Aα,LO`m u`(rα, ε`,α) +Bα,LO

`m u̇`(rα, ε`,α) + Cα,LO
`m u`(rα, ε′`,α))Y`m(r̂α) if rα ∈MT.

(3.57)

Here, Aα,LO`m , Bα,LO
`m , and Cα,LO

`m can be obtained by normalization, as well as value and
derivation on the sphere boundary to zero. The ε′`,α is the chosen energy from semi-
core state. This method is called as linearized augmented plane wave method plus local
orbitals (LAPW+LO) method.

There is another method called augmented plane wave method plus local orbitals (APW+lo),
which can solve the APW method efficiently. The basis function has two types: one is
similar with APW method, but without the derivative terms, that is, f`m(rα,k+G, ε`,α) =
Aα`m(k + G)u`(rα, ε`,α); the other basis function is
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φlok+G(r) =

0 if r ∈ I
(Aα,lo`m u`(rα, ε`,α) +Bα,lo

`m u̇`(rα, ε`,α))Y`m(r̂α) if rα ∈MT.
(3.58)

Value of Aα,lo`m and Bα,lo
`m are obtained by normalization, and local orbital has zero value

at the muffin tin boundary. This method is not suitable for the calculations considering
semi-core states. However, it does increase the efficiency. Certainly, There are some
types of basis function which can mix the advantages from mentioned methods.

3.5.3 Effective potential

The potential in the FPLAPW method is also divided into two regions, the MT region
and the I region [104].

V (r) =


∑
G
VGe

iGr if r ∈ I∑
`m V

α
`m(rα)Y`m(r̂α) if rα ∈MT.

3.6 Dielectric function

The dielectric function describes optical property of materials [106, 107]. Normally, it is
written as ε(ω), which has two parts

ε(ω) = ε1(ω) + iε2(ω). (3.59)

Here, ε1(ω) denotes how much the material is polarized when an electric field is applied,
and ε2(ω) is related with absorption of the material. The imaginary part of interband
contribution to the dielectric function is defined as

εαβ2 (ω) = ~e2

πm2ω2

∑
cv

∫
dk < Ψck|pα|Ψvk >< Ψvk|pβ|Ψck > (f(εck)−f(εvk))δ(εck−εck−ω).

(3.60)

Here, f is the Fermi distribution function, c and v are indices of conduction band and
valence band. The total imaginary part of dielectric function can be calculated when c
and v run over all indices of the conduction bands and valence bands. Similarly, the in-
terband contribution can be achieved by calculating single conduction band and single
valence band.

The real part of dielectric function can be calculated by Kramers-Kronig relations
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εαβ1 (ω) = δαβ + 2
π

P
∫ ∞

0

ω′εαβ2 (ω′)
ω′2 − ω2 dω

′. (3.61)

Here, P the Cauchy principal value. The absorption coefficient can be obtained by the
real part and imaginary part of dielectric function

αii(ω) =
√

2ω
c

[√
εii1 (ω)2 + εii2 (ω)2 − εii1 (ω)

]1/2
. (3.62)

Here, Eq. 3.62 equation is only valid for the diagonal of the tensor.

In this section, only some basic equations are covered when it is related to calculate the
dielectric function. One can find more detailed description in Ref. [108].

3.7 Spin-orbit coupling

3.7.1 Dirac equation

Non-relativistic quantum mechanics has broad application. However, the non-relativistic
quantum is not suitable to describe the system, where the velocity of electrons is near
the one of light c. Therefore, Dirac introduced an equation, which is called Dirac equa-
tion applying for relativistic case [109, 110].

Dirac defined the Hamiltonian as

Hdirac = cαP + βmec
2 + V. (3.63)

Here, P = −i~∇ is the momentum operator, V is the general potential, and me is the
mass of electron. α and β are 4× 4 matrices, which are defined as

α =
(

0 σ
σ 0

)
,β =

(
I 0
0 −I

)
. (3.64)

Here, I is unit matrix. σ is Pauli matrix, which is given as

σ = (σx σy σz) (3.65)

σx =
(

0 1
1 0

)
,σy =

(
0 −i
i 0

)
,σz =

(
1 0
0 −1

)
. (3.66)
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3.7.2 Derivation of spin-orbit coupling

Assume that Ψ is the wavefunction of Hamiltonian in Eq. 3.63, which has four compo-
nents [109, 110]. However, it can be written with only two terms

Ψ =


φ↑

φ↓

χ↑

χ↓

 ,Ψ =
(
φ
χ

)
. (3.67)

Here, φ includes the two terms of φ↑ and φ↓, and χ contains χ↑ and χ↓. Under the non-
relativistic limit, φ is bigger than χ by the ratio of v/c. Here, v and c are velocities of
electrons and light, respectively. Therefore, the φ is considered as the large term and χ
is the small one.

In order to derive the spin-orbit coupling term, we need to take use of the non-relativistic
limit approximation (v2/c2 << 1). The time-independent Dirac equation is give as

EΨ = (cαP + βmec
2 + V )Ψ. (3.68)

For convenience, the following equation is defined

E ′ = E −mec
2. (3.69)

Here, E is the total energy, mec
2 and E ′ are the rest mass energy and the remaining

energy excluding the rest mass energy, respectively. Under the non-relativistic limit, E ′

is far smaller than mec
2. The following equation is given when Eq. 3.67 and Eq. 3.69 are

put into Eq. 3.68

(E ′ − V )Φ− cσPχ = 0
− cσPΦ + (E ′ + 2mec

2 − V )χ = 0.
(3.70)

To eliminate the χ (otherwise, it is the antiparticle problem), it ends up with the equation(
V + 1

2me

(σP)(1 + E ′ − V
2mec2 )−1(σP)

)
φ = E ′φ. (3.71)

Here, E ′ − V is far smaller than 2mc2, therefore, taking advantage of the Taylor expan-
sion of it, as well as the following identites

[P, V ] = −i~OV
(σA)(σB) = AB + iσ[A× B].

(3.72)
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The final equation is obtained under the non-relativistic limit

E ′φ =
( P2

2me

+ V − P4

8me
3c2 −

i~
4me

2c2 (∇V )P + ~
4m2

ec
2σ[∇V × P]

)
φ. (3.73)

Furthermore, we can approximate the above equation to the simpler expression under
spherical symmetry potential

E ′φ =
( P2

2me

+ V − P4

8me
3c2 −

i~
4me

2c2 (∇V )P + 1
2m2

ec
2

1
R

dV

dR
SL
)
φ. (3.74)

Here, S = ~σ/2 is the Pauli spinor, and L = R×P is the orbital angular momentum oper-
ator. The terms of P2/(2me)+V is Schrödinger term, P4/(8me

3c2) and i~(∇V )P/(4me
2c2)

are the mass enhancement and Darwin term, respectively, both of them together is
called the scalar relativistic approximation (SRA). The last term is the spin-orbit cou-
pling (SOC) term. One has to notice that the Darwin term is not hermitian operator,
alternatively,∇2V/(8me

2c2) is suggested in the realistic implementation.

Eq. 3.73 is only valid if the velocity of electrons is slower than the one of light. It is not
true in the region which is close to the nucleus for heavy elements, where the relativistic
effects are relatively strong. Moreover, the Coulomb potential can be arbitrarily large
negative energies in realistic situation as well. Therefore, there is another way to derive
the spin-orbit coupling, which can overcome the mentioned disadvantages.

Eq. 3.71 can be rewritten as

(
V + (σP)

(
c2

2mec2 − V

)(
1 + E ′

2mec2 − V

)−1
(σP)

)
φ

≈
(
V + (σP)

(
c2

2mec2 − V

)
(σP)

)
φ

− (σP)
(

c2

2mec2 − V

)(
E ′

2mec2 − V

)−1
(σP)

)
φ+ · · ·

= E ′φ.

(3.75)

Here, the Taylor expansion is utilized. The zeroth order regular approximation (ZORA)
Hamiltonian [111–113] is defined as

Hzora = V + (σP)
(

c2

2mec2 − V

)
(σP)

= V + P
(

c2

2mec2 − V

)
P + c2

(2mec2 − V )2σ · (5V × P).
(3.76)

The last term in Eq. 3.76 is the spin-orbit coupling term.
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3.8 k · p method

The energy band dispersion can be obtained exactly by using the k · p method in prin-
ciple. The basic idea of this method is explained in this section based on Refs. [114,115].

The non-relativistic Kohn-Sham equation (not in atomic units) is give as

( p2

2me

+ V (r)
)

Ψn,k(r) = εn,kΨn,k(r). (3.77)

Here, p is momentum operator, and the superscript "KS" is ignored compared with Eq.
3.37. According to the Bloch theory, the wavefunction can be written as

Ψn,k(r) = eikrun,k(r). (3.78)

Here, un,k(r) is a function, which has the same periodicity as the potential. If substitut-
ing Eq. 3.78 to Eq. 3.77, a new equation is derived as

( p2

2me

+ V (r) + ~2k2

2me

+ ~kp
me

)
un,k(r) = εn,kun,k(r). (3.79)

In Eq. 3.79, the Hamiltonian becomes H0 = p2/2me + V (r) when k = 0, the corre-
sponding eigenvalue is εn,0. Here, terms in H0 can be seen as non-perturbation terms,
and remaining terms are seen as perturbation terms. From the perturbation theory, the
following equation can be obtained

εn,k = εn,0 + ~2k2

2me

+ ~2

m2
e

N∑
n

N∑
n′ 6=n

| < un,0(r)|kp|un′,0(r) > |2
εn,0 − εn′,0

. (3.80)

In the realistic code implementation, the following derivation is exploited [116]. As-
sume that the wavefunction and eigenvalue are obtained by some procedures on k0
point. Ψn,k0(r) is the corresponding wavefunction and εn,k0 is the corresponding eigen-
value. Luttinger-Kohn function is given as

χn,k(r) = ei(k−k0)rΨn,k0(r). (3.81)

The wavefunction on k point can be expanded by χn,k(r), which is given as

Ψn,k(r) =
N∑
j

Ck
n,jχj,k(r). (3.82)

In Eq. 3.82, the wavefunction can be obtained if the coefficient Ck
n,j is obtained. Based

on Eq. 3.82 and Eq. 3.77, the following equation is derived



CHAPTER 3. COMPUTATIONAL METHODS 41

N∑
j

Ck
n,j

((
εn,k0 − εn,k + ~2

2me

(k2 − k2
0)
)
δj′,j + ~

me

(k− k0)pj′,j

)
= 0

pj′,j = 〈uj′,k0(r)|p|uj,k0(r)〉.
(3.83)

Eq. 3.83 can be simplified as

∑
j

Ck
n,j (Hj′,j − εn,kδj′,j) = 0

Hj′,j =
(
εn,k0 + ~2

2me

(k2 − k2
0)
)
δj′,j + ~

me

(k− k0)pj′,j.

(3.84)

Here, the coefficient Ck
n,j and εn,k can be calculated. Therefore, the wavefunction on any

k point can be obtained.

To utilize the k·p method for a concrete example, band dispersions and average effective
masses of the valence band edges are derived briefly for zinc blende type semiconduc-
tors. Spin-orbit coupling (SOC) is considered in the derivation.

For most of zinc blende type semiconductors, energy bands of the valence band edges
are 3-fold degenerate at the Γ point in the Brillouin zone without considering spin.
However, they are 6-fold degenerate considering spin. In the case of SOC, it splits the
6-fold degeneracy into higher energy 4-fold bands (heavy hole (HH) and light hole (LH)
bands) and lower energy 2-fold bands (split-off (SO) bands).

HH 

LH 
SO 

Γ Γ 

Without Spin With SOC 

4 bands 

2 bands 

3 bands 

CB 

Figure 3.3. Band degeneracy of the valence band edges without spin and with spin-
orbit coupling (SOC) for most of zinc blende type semiconductors.

Wavefunctions of these valence bands are p-like. The p-like wavefunction has three
degenerate states if the spin is not considered. The arbitrary choice of a basis at k=0,
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and Hamiltonian ~kp/me is considered as perturbation. The following perturbation
equation is derived without considering spin

∣∣∣∣∣∣∣
Lk2

x +M(k2
y + k2

z)− λ Nkxky Nkxkz
Nkxky Lk2

y +M(k2
x + k2

z)− λ Nkykz
Nkxkz Nkykz Lk2

z +M(k2
x + k2

y)− λ

∣∣∣∣∣∣∣ = 0. (3.85)

Here, L, M , and N are electron momentum matrix elements, and the corresponding
3×3 matrix in Eq. 3.85 is written as Y . The energy dispersion around the Γ point can be
obtained from λ by

ε = ~2k2

2me

+ λ. (3.86)

In the case of spin-orbit interaction, a 6×6 matrix can be expressed by the 3×3 matrix
(Y) in Eq. 3.85

(
Y 0
0 Y

)
. (3.87)

If the spin-orbit interaction (see Eq. 3.73) is considered as perturbation, a 6×6 matrix
can be calculated. Approximately, the 6×6 matrix can be further divided into a 4×4
matrix and a 2×2 matrix. The 4-fold degenerate energy dispersions around the Γ point
can be calculated by diagonalizing the 4×4 matrix, which is derived as

εv1,v2(k) = ~2

2m0

{
Ak2 ± [B2k4 + C2(k2

xk
2
y + k2

yk
2
z + k2

zk
2
x)]

1
2

}
. (3.88)

Here, A, B, and C are given as

A = 1
3(L+ 2M) + ~2

2me

B = 1
3(L−M)

C2 = 1
3[N2 − (L−M)2].

(3.89)

Actually, L, M , and N do not need to be calculated because A, B, and C are the only
fitting parameters in realistic application. .

The average heavy hole mass (mhh) and light hole mass (mlh) around the Γ point can be
calculated from Eq. 3.88
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m−1
hh,lh = −m−1

0

[
A±

√
B2 + C2/5

]
. (3.90)

The 2-fold degenerate energy dispersion around the Γ point can be derived by diago-
nalizing the 2×2 matrix, which is derived as

εSO(k) = −∆SO + A
~2k2

2m0
. (3.91)

Here, ∆SO is the spin-orbit splitting energy. The average effective mass mSO around the
Γ point can be calculated from Eq. 3.91

m−1
SO = m−1

0 A. (3.92)

The derivation is brief, and the detailed derivation can be found in Refs. [117–120].
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Chapter 4 Concluding remarks

4.1 Summary of the papers

I Parameterization of CuIn1−xGaxSe2 (x = 0, 0.5, and 1) energy bands
R. Chen and C. Persson, Thin Solid Films 519, 7503 (2011).

The most fundamental property of a material is the energy of the electrons. That is
determined by solving the Kohn-Sham equation (see Eq. 3.37). By understanding the
electronic properties of the electrons one can understand many of the fundamental ma-
terial properties. During the last two decades the electronic structure of CIGS has been
explored, however the motivation of the present study is that much of the earlier stud-
ies describe the electronic structure and the corresponding density-of-states (DOS) on a
wider energy scale, typically from 5−10 eV below valence bands maximum (VBM) to
5−10 eV above conduction band minimum (CBM). With that perspective one gets the
overall understanding of the material, and one also gets the bond character, but details
near the band edges are less revealed. The reason why details are important can be un-
derstood from different energy of relevance in materials. The energy to create defects
is typically on the eV-scale (a Cu vacancy costs about 0.8 eV to be formed in CIS), the
energy of band filling in heavily doped, degenerated semiconductors are typically in
the 0.1 eV scale, and room temperature corresponds to kBT (around 0.025 eV). Thus,
to understand band filling and transport of electrons/holes one has to understand the
electronic structure on an energy scale of 1 meV to around 0.1 eV. Moreover, most of the
earlier studies are on the ternary compounds CIS and CGS, whereas the experimentally
and commercially most interesting compound is the CIGS alloy with about 70% In and
30% Ga, that is CuIn0.7Ga0.3Se2. It is therefore interesting to understand how Ga-on-In
alloying affects the electronic structure.

In this paper, we have therefore conducted a study on CuIn1-xGaxSe2, with x = 0, 0.5, and
1. Here, x = 0.5 is not exactly the same configuration as for the commercially interesting
compound, but it indicates how CIGS behaves when alloying In and Ga. Moreover, the
present study focuses on the details in the electronic structure near the band edges. We
do that by analyzing the lowest conduction band (CB) and the three uppermost valence
bands (VBs) of CIGS (x = 0, 0.5, and 1) based on the FPLAPW calculations (Section

46
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3.5) of the electronic band structure. The advantage of using the FPLAPW within the
Wien2k package is that the code generates very accurate energy values in terms of noise
and level of degeneracy of states, while the disadvantage is that the code does not have
same possibility of choosing post-DFT calculations. Having accurate description of the
degenerate states at Γ-point VBM is crucial when determining the effective hole masses
there since one needs an accuracy of 0.01−0.1 meV. Therefore, we follow the FPLAPW
calculation approach described in Ref. [60] which has shown to be able to overcome the
problem with unwanted interaction between VB and CB states which can strongly affect
the values of effective masses. It has also been proved to generate accurate values of the
effective masses Ref. [120], and our result for effective electron mass of CIS (mc1=0.08m0)
is close to the experimental results (mc1=0.09m0) by Weinert [121]. Thus, even if we
do not generate the band structure with the exact exchange-correlation potential, we
have reason to believe that the results are fairly good, and the results are useful when
analyzing future measurements and simulations.

In this paper we present parameterization of electronic band structure of the lowest CB
and the three uppermost VBs. These bands are the most important bands for electron
and hole transport in the material. With the parameterization of the bands, other re-
searchers can easily generate the energy bands in order to further investigate properties
that are related to band filling and carrier transport.

The parameterization of the energy bands demonstrates that the energy dispersions
of the lowest CB and three uppermost VBs are strongly anisotropic and non-parabolic
close to the Γ-point. This anisotropy and non-parabolicity directly affect the effective
electron and hole masses. Thereby we can better understand the CIGS. This parame-
terization method can be utilized to other materials potentially, such as kesterite and
stannite Cu2ZnSn(S,Se)4, which we have presented in another work [122].

Using the parameterized electronic structure, we analyze the electrons and holes effec-
tive masses for these bands. The effective mass tensor (±~2/(∂2E(k)/∂k2)|k) is directly
related to the curvature of the bands. The effective mass of the electron (or hole) is a
very fundamental property of semiconductors and is used for various analyses of ex-
periments and carrier transport simulations. Low effective mass value normally means
better transport of the carriers, this is very important for the minority carriers (i. e., the
electrons in p-type CIGS). In addition, and in models the effective mass is often used to
approximately describe the band structure around the band edge, for instance to model
band filling. Thus, the effective mass is used in two ways: to describe transport of a
single carrier and to describe collective band filling. The effective masses are normally
presented (both experimentally and theoretically) as constant value at the very mini-
mum of the CBM or the very maximum of the VBM. That is correct if one can measure
(or accurately calculate) details in the electronic structure near the band edges. How-
ever, very often one measures effective masses indirectly and for a material with high
electron and hole concentrations. Therefore the measured mass value is not the mass at
the very CBM or VBM but the mass near the quasi Fermi level. We therefore describe
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the effective mass both as the Γ-point effective mass of the CB and the three VBs, but
also an average mass that is energy-dependent and shall better represent the effective
mass in models that describe transport. That is, one can use the energy-dependent mass
m(E) in existing models and a little better describe the physics of the material.

In Fig. 3 of Paper I, we illustrate how strongly the effective masses of the bands depend
on specific k-state that one considers. The Γ-point effective mass (value when wave
vector equals 0) is only valid close to the Γ-point. Already some 5−10% away from the
Γ-point mass value has changed. This is very obvious for the second uppermost VB
(red lines) in CIS. One can notice that the behavior of the effective electron masses are
similar while it differs much more for the effective holes masses between of the three
compounds (i.e., x = 0, 0.5, and 1.0). This is a direct consequence of the different spin-
orbit split-off and the crystal-field split-off energies. These splits directly affect the band
curvatures and therefore the effective masses. This is discussed in the paper. Moreover,
in the figure one can see that the effective mass is very anisotropic, that is, different in
different k directions; this is most obvious for the holes in the VBs. That means that
carrier transport will be different in different k directions.

In short, the main conclusions are:

1. The energy dispersions of the three uppermost VBs are strongly anisotropic and
non-parabolic even very close to the Γ-point VBM.

2. The lowest CB is anisotropic and non-parabolic for energies around 50 meV above
the band-gap energy.

3. The effective hole masses of the two topmost VBs are very strong anisotropy at the
Γ-point.

4. All the three CuIn1-xGaxSe2 (x = 0, 0.5, and 1.0) compositions show comparable
k-dependency of their effective hole masses.

II Band-edge density-of-states and carrier concentrations in intrinsic and p-type
CuIn1−xGaxSe2
R. Chen and C. Persson, Journal of Applied Physics 112, 103708 (2012).

When a solar cell is under operation, the sunlight strongly excites electrons up to the CB
and thereby also creating holes in the VBs. Then, one has quasi Fermi levels for the CB
and the VBs. Also, with illumination, the device operation is in the order of 25 degrees
Celsius and the temperature affects the carrier concentration. In addition, if the material
is n- or p-type, one also needs to consider the electron states related to the dopants.

The motivation of this study is that we utilize the parameterized band dispersion of
CuIn1-xGaxSe2 (x = 0, 0.5, and 1) in Paper I, and we want better analyze the impact on
density-of-states (DOS) as well as carrier concentrations and Fermi energy by taking
into account the non-parabolicity and anisotropy of the energy bands.
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That is, in this work we explore how temperature and doping affect the carrier concen-
tration and we compare the analyses done with the true, full electronic band structure
and done with a corresponding model of the band structure generated by the Γ-point
effective mass; the latter model is commonly used in semiconductor physics. In the pa-
per, we denote these two models as full band parameterization (fpb) and the parabolic
band approximation (pba), respectively. Also here we analyze the ternaries CIS (x = 0)
and CGS (x = 1), but also the CIGS alloy with x = 0.5 to complement the analyses for
materials that are used in today’s solar cells. In the paper, we explore the DOS of the
VBs and the CB, and we find that the parabolic approximation very poorly describes the
DOS for especially the VB. Normally one uses the effective DOS mass to represent the
parabolic description of the DOS, but that is thus not an accurate method for the VBs
in CIGS. Therefore, we introduce energy-dependent DOS mass that can better represent
the energy-dependent DOS, and that can be used in the traditional models. That is,
with the DOS mass one can describe the band filling better, still using models that have
been derived for a constant value of the DOS mass. The advantage is that the energy-
dependent mass easily can be used in analyses of measurements where band filling is
strong.

Moreover, with the parameterized bands we analyze temperature dependence of the
carrier concentrations (n = p) in intrinsic material. As expected, the carrier concentration
depends much on the band-gap energy of the material; the carrier concentration for Si
(multi-valley CBM and Eg ≈ 1.2 eV) is similar as in CIS (Eg ≈ 1.0 eV) and the carrier
concentration for GaAs (Eg ≈ 1.5 eV) lies between CIGS with x = 0.5 (Eg ≈ 1.3 eV) and
CGS (Eg ≈ 1.6 eV).

We also model the temperature-dependent Fermi levels and carrier concentrations in
p-type CIGS since the material is used as p-type absorber layer in solar cells. Thus,
an accurate description of the temperature dependences are important in analyses and
simulations of the material and devices. Here, we find that there is a large difference for
the full band description compared with the parabolic approximation. The difference is
explained by the non-parabolicity and anisotropy of the energy bands.

In short, the main conclusions are:

1. The three uppermost VBs are strongly anisotropic and non-parabolic.
2. The lowest CB becomes non-parabolic for energies 50−100 meV above the Γ-point

band minimum.
3. A constant density-of-states (DOS) mass cannot accurately describe band filling

of the valence bands even at low hole concentrations. Instead, we introduce an
energy-dependent DOS mass that can be utilized to describe the carrier concen-
tration and the Fermi energy using traditional equations for the DOS.

4. With the full description of the energy dispersion, the hole concentration is im-
proved by a factor of 10−50 and the electron concentration is improved by a factor
of 2−10 depending on quasi-Fermi energy.
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5. The transition from the freeze-out region to the extrinsic region occurs well below
the room temperature for uncompensated acceptor concentration below around
1017 cm−3, whereas for higher concentrations, not all acceptors are ionized at T =
300 K. Thus, with a more correct description of the energy dispersions, one can
better analyze the electron and hole dynamics in the CuIn1-xGaxSe2 (x = 0, 0.5, and
1) alloys, thereby better understand the electrical properties of these compounds.

III Dielectric function spectra at 40 K and critical-point energies for CuIn0.7Ga0.3Se2
S.G. Choi, R. Chen, C. Persson, T.J. Kim, S.Y. Hwang, Y. D. Kim, and L. M. Mansfield,
Applied Physics Letters 101, 261903 (2012).

The most important optical property of a solar cell material is how the material absorbs
the sunlight efficiently. The absorption coefficient α(ω) describes this efficiency in units
of 1/length. That is, if the absorption coefficient is large, the thickness of the material
can be thinner but still the material absorbs the same amount of sunlight. The absorp-
tion coefficient is related to the dielectric function through the expression in Eq. 3.62.
There the imaginary part ε2(ω) of the dielectric function is closely related to the absorp-
tion coefficient; for instance, both ε2(ω) and α(ω) are zero for photon energies smaller
than the band-gap. That is, by analyzing the dielectric function one can also understand
how the optical transition occurs and how good or bad the material is for a solar cell.
That is, the imaginary part of the dielectric function is obtained from (see Eq. 3.60)

εαβ2 (ω) = ~e2

πm2ω2

∑
cv

∫
dk < Ψck|pα|Ψvk >< Ψvk|pβ|Ψck > (f(εck)−f(εvk))δ(εck−εck−ω).

(4.1)

Thus, it is a summation of all possible band-to-band direct transitions from unoccupied
to occupied states. The energy needed for excitation depends on the energy difference
between final and initial states (indicated by the delta-Dirac function in the equation)
and the strength of the absorption possibility which is described by the optical matrix
element < Ψck|pi|Ψvk >. While the energy difference between final and initial states
only depends on the electronic band structure, the optical matrix element depends on
the shape and symmetry of the electron wave function. Certain band-to-band transition
can be weak or strong depending on the wavefunction of the final and initial states.
To understand the optical properties of a material, one needs to analyze the dielectric
function in details.

The motivation of this study is that we help experimentalists to understand the dielec-
tric function spectrum of CuIn0.7Ga0.3Se2, but we also want to understand details in the
optical transition for these types of materials. That is, we want to explore which energy
bands and which electrons states are most optical active when the solar cell is under
operation. By understanding that we can better explain the optical activity of the CIGS
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material, but also understand how one shall modify the material or tailor-make similar
compounds with even better optical efficiency.

In this paper, we have therefore calculated the spectrum of the dielectric function for
CuIn0.5Ga0.5Se2 by means of the all-electron FPLAPW method as in Papers I and II. The
calculated dielectric function is compared with experimental data (CuIn0.7Ga0.3Se2) at
temperatures of 40 K and 300 K, and we find that results based on theory and experi-
ment are in reasonable good agreement. We decompose the full dielectric funcition into
the contributions from each band-to-band transition and for each state in the Brillouin
zone. The different contributions to imaginary part of dielectric function in terms of the
transitions between the valence bands and the conduction bands are identified based on
this calculation. Moreover, the k-dependence of the interband critical points along the
main symmetry directions are analyzed as well. With these results, we can better un-
derstand and explain the dielectric function spectra obtained by experimentalist. The
surprising conclusion is that there are different band-to-band transitions that are im-
portant and that several low-lying states in the VBs that strongly contribute to the total
dielectric function. That is, a full band description is needed to accurately describe the
optical activity of these materials.

In short, the main conclusions are:

1. The dielectric function calculated by our theoretical method shows a good agree-
ment with the result of experiment.

2. Electronic origins of the observed critical-point (CP) features are discussed based
on our theoretical calculations.

3. The pairs of valence and conduction bands along the main symmetry directions
of Brillouin zone are suggested for the major CP features based on our theoretical
calculations.

4.2 Conclusions and future perspectives

Chalcopyrite CIGS is seen as one of the most promising materials for the near future
thin-film solar-cell technology. The maximum conversion efficiency of 23.3% for the
CIGS was achieved in the laboratory [11]. Solar cell modules based on CIGS are already
commercially reality and contribute today with about 2.5% of the solar cell market.

Although the material properties are known from earlier theoretical and experimental
studies, details in the electronic structure of the band edges are less studies, especially
not for the alloy CuIn1-xGaxSe2 .

In this licentiate thesis, two major researches are presented: (i) Analysis of the electronic
structure of CuIn1-xGaxSe2 with x = 0, 0.5, and 1. Here, we parameterize the energy
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bands in order to better describe energy dispersions and better analyze the electron
and hole dynamics in the materials. We consider intrinsic and p-type materials, and
we model the temperature dependence. The research is presented in Paper I and II.
(ii) Analysis of the optical properties of CuIn0.5Ga0.5Se2. Here, the dielectric function
spectra is calculated and compared with experimental result. The probable electronic
origins of the critical point features are discussed as well. The research is presented in
Paper III.

Overall, we find that it is important to consider the full band description of the mate-
rial to understand the fundamental properties of the electronic structure and the optical
activity. Especially, the energetically high lying Cu d-states in CIGS plays a significant
role since they hybridized with the In or Ga and Se states near the VBM and some
2−5 eV below the VBM. Cu d-states form flat energy bands in the VB that contribute
to a high optical efficiency of the compound. This hybridization makes the VBs very
non-parabolic, also for the uppermost VBs at least away from the Γ-point of the Bril-
louin zone. Therefore, a parameterization of the bands is rather complex. Moreover,
we find that it is crucial to include the spin-orbit interaction when analyzing details in
the electronic structure. Both the spin-orbit split-off and the crystal-field split-off make
the uppermost VBs strongly non-parabolic also close to the Γ-point. The impacts of the
spin-orbit interaction and the crystal-field are less important when studying properties
related to total energy, like ion relaxation, defect formation energies, etc, but in stud-
ies related to excitation, band filling, and carrier transport one needs to consider these
effects.

For future perspective and from a theoretical point of view, improved analyses can be
done when better computational methods are developed. The LDA and GGA are fairly
accurate methods, but have limitations in terms of inaccurate band-gap energies and
localization of d- and f -states. The GW approach that we employ today is very time-
consuming and it does not generate total energies; that limits the usability of the ap-
proach. Hybrid functionals (like HSE [123]) can give better band-gap energies, but this
approach is as time-consuming as the GW approach which is a limitation for extensive
research of complex materials. Moreover, there are discussions how the approach is to
model details in accurately for instance defect transition energies. That is, further de-
velopment of computational methods will help improving the results, however it is not
certain that it will reveal very much new physics. Already with LDA and GGA we have
reasonable understanding of the materials.

By understanding the electronic and optical properties of CIGS, we have the basic knowl-
edge for studying also alternative materials in the future. Ideally, such materials should
consist of inexpensive, earth-abundant, and non-toxic elements in addition to have crys-
tal stability and high optical absorption efficiency.

The cost and scarcity of indium in the CIGS device is a problem, and copper zinc tin
selenide (Cu2ZnSnSe4) and copper zinc tin sulfide (Cu2ZnSnS4) can therefore be alter-
native to CIGS due to the low cost and non-toxicity elements. Cu2ZnSn(S,Se)4 has many
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similarities with CIGS, such as comparable crystal structure and tunable band-gap via
anion alloying, as well as similar solar cell device structure and fabrication techniques.
Since the research on those materials is relatively young, the solar-cell conversion effi-
ciency is only around 12.6% in the laboratory [124]. The disadvantage is however that
these quaternary chalcogenide semiconductors are more complicated compared with
the more traditional thin-film materials, and the materials have more complex native
defects.

One can also speculate if there are other similar materials that are of interest. CIGS
and CZTS can be considered to be in a class denoted as Cu-XY-chalcogenide, where X
and Y are two cation elements that replace the group-III In or Ga in CIGS. From the
present study, we understand the advantage of having Cu as an element in the com-
pound, but with choosing proper element for additional cation element one can maybe
find optimal material with higher absorption coefficient. For instance, there are inter-
esting papers describing Cu(Sb,Bi)(S,Se)2 indicating very high absorption coefficient. Of
course, Sb or Bi is not the best element to replace In or Ga, but by understanding the
electronic and optical properties of these materials one can further understand the Cu-
XY-chalcogenide type compounds. Cu2O is studied as an absorber material for solar
cells quite earlier [125], and this material is still considered as an interesting solar cell
material if one can stabilize the structure. Cu2S or Cu2(O,S) is an alternative to that type
of material.

For all these materials, and perhaps other Cu-XY-chalcogenide compounds one needs to
explore the electronic and optical properties in combination with studies of crystalline
stability/degradation, defect formation, and dopability. By systematically analyzing
and understanding the materials one has better possibilities to tailor-make compounds
with optimal performance for thin-film, and perhaps ultra-thin-film solar cells.





Acknowledgements

I would like to express my sincere appreciation to my supervisor Prof. Clas Persson for
his academic encouragement and professional guidance. He is always showing a great
interest to my projects and patient to teach me detailed material physics, which will be
an invaluable asset to my future career.

I am grateful to Prof. Börje Johansson for the acceptance in his research group as a PhD
student at KTH Royal Institute of Technology. I also thank Prof. Börje Johansson and
Prof. Natalia Skorodumova for being my co-supervisor during my PhD study.

I appreciate Prof. Claudia Draxl to accept me visiting her group to learn the exciting
code at the University of Leoben in Austria and Humboldt University of Berlin in Ger-
many, respectively. I also thank all the people who give me support and discuss with
me during my staying there.

I would like to thank all the group colleagues in Stockholm and Oslo for helpful research
discussions and chatting: Alexander, Carlos, Dan, Fabiano, Girma, Gustavo, Hanyue,
Kristian, Mathias, Maofeng, Mukesh, Priya, Roger, Sasha, Shen, Tiago. I also would
like to thank Xuemei to help me arrange my apartment during staying in University
of Oslo. I would like to thank all other people at the Department of Material Sciences
and Engineering at KTH for creating a nice working atmosphere, especially for Huahai,
Qiang and Song (names in alphabetical order).

The China Scholarship Council, the Swedish Energy Agency, the Swedish Research
Council, Stiftelsen Axel Hultgrens fond, Olle Erikssons stiftelse för materialteknik, and
KTH Computational Science and Engineering Centre (KCSE) are acknowledged for fi-
nancial support.

55





Bibliography

[1] British Petroleum, Statistical Review of World Energy. London: British Petroleum,
2014.

[2] X. Xie and E. Bakker Physical Chemistry Chemical Physics, vol. 16, p. 19781, 2014.

[3] N. S. Lewis and D. G. Nocera Proceedings of the National Academy of Sciences,
vol. 103, p. 15729, 2006.

[4] G. P. Smestad, Optoelectronics of Solar Cells. SPIE Press, 2002.

[5] J. H. Seinfeld and S. N. Pandis, Atmospheric Chemistry and Physics: from Air Pollu-
tion to Climate Change. John Wiley & Sons, 2012.

[6] G. Boyle, Renewable Energy. Oxford University Press, 2004.

[7] D. Chiras, Solar Electricity Basics: A Green Energy Guide. New Society Publishers,
2010.

[8] National Renewable Energy Laboratory, Best Research-Cell Efficiencies. United
States of America: National Renewable Energy Laboratory, 2014.

[9] F. Dimroth, M. Grave, P. Beutel, U. Fiedeler, C. Karcher, T. N. Tibbits, E. Oliva,
G. Siefer, M. Schachtner, A. Wekkeli, A. W. Bett, R. Krause, M. Piccin, N. Blanc,
C. Drazek, E. Guiot, B. Ghyselen, T. Salvetat, A. Tauzin, T. Signamarcheix, A. Do-
brich, T. Hannappel, and K. Schwarzburg Progress in Photovoltaics: Research and
Applications, vol. 22, p. 277, 2014.

[10] A. Slade and V. Garboushian in Technical Digest, 15th International Photovoltaic Sci-
ence and Engineering Conference, Beijing, 2005.

[11] J. S. Ward, B. Egaas, R. Noufi, M. Contreras, K. Ramanathan, C. Osterwald, and
K. Emery in Photovoltaic Specialist Conference (PVSC), 2014 IEEE 40th, p. 2934, IEEE,
2014.

[12] M. A. Green, K. Emery, Y. Hishikawa, W. Warta, and E. D. Dunlop Progress in
Photovoltaics: Research and Applications, vol. 23, p. 1, 2015.

57



BIBLIOGRAPHY 58

[13] Panasonic Corporation, Panasonic’s HIT Solar Cell Hits Record 25.6 Percent Conver-
sion Efficiency. Japan: Panasonic Corporation, 2014.

[14] Zentrum für Sonnenenergie- und Wasserstoff-Forschung, New Best Mark in Thin-
film Solar Performance with 21.7 Percent Efficiency. Germany: Zentrum für
Sonnenenergie- und Wasserstoff-Forschung, 2014.

[15] M. A. Green, A. Ho-Baillie, and H. J. Snaith Nature Photonics, vol. 8, p. 506, 2014.

[16] M. D. McGehee Nature Materials, vol. 13, p. 845, 2014.

[17] Fujifilm Corp, High-durability Dye Improves Efficiency of Dye-sensitized Solar Cells.
Japan: Fujifilm Corp, 2013.

[18] Mitsubishi Chemical Corp, Mitsubishi Chemical Claims Efficiency Record for Organic
Thin-film PV Cell. Japan: Mitsubishi Chemical Corp, 2012.

[19] A. J. Labelle, S. M. Thon, S. Masala, M. M. Adachi, H. Dong, M. Farahani, A. H.
Ip, A. Fratalocchi, and E. H. Sargent Nano Letters, 2014.

[20] E. in Chief: Ali Sayigh, Comprehensive Renewable Energy. Elsevier Science, 2012.

[21] A. Sproul Solar Cells: Resource for the Secondary Science Teacher, 2003.

[22] D. A. Neamen and B. Pevzner, Semiconductor Physics and Devices : Basic Principles.
McGraw-Hill New York, 2003.

[23] A. E. Becquerel Comptes Rendus de l’Académie des Sciences, vol. 9, p. 561, 1839.

[24] L. Etgar Materials, vol. 6, p. 445, 2013.

[25] G. Gourdin, Introduction to Green Chemistry. Lecture notes, 2007.

[26] R. S. Ohl, US Patent 2402622. 1941.

[27] R. S. Ohl, US Patent 2443542. 1941.

[28] S. Chen, X. Gong, A. Walsh, and S.-H. Wei Physical Review B, vol. 79, p. 165211,
2009.

[29] S. Chen, X. Gong, A. Walsh, and S.-H. Wei Applied Physics Letters, vol. 94, p. 041903,
2009.

[30] A. Walsh, S.-H. Wei, S. Chen, and X. Gong in Photovoltaic Specialists Conference
(PVSC), 2009 34th IEEE, p. 001875, 2009.

[31] C. Goodman Journal of Physics and Chemistry of Solids, vol. 6, p. 305, 1958.

[32] B. Pamplin Journal of Physics and Chemistry of Solids, vol. 25, p. 675, 1964.



BIBLIOGRAPHY 59

[33] W. Hoffmann Solar Energy Materials and Solar Cells, vol. 90, p. 3285, 2006.

[34] W. D. Brewer, R. Wengenmayr, and T. Bührke, Renewable Energy: Sustainable Con-
cepts for the Energy Change. John Wiley & Sons, 2013.

[35] M. Cardona and Y. Y. Peter, Fundamentals of Semiconductors. Springer, 2005.

[36] O. Madelung, Semiconductors: Data Handbook. Springer, 2004.

[37] C. H. Henry Journal of Applied Physics, vol. 51, p. 4494, 1980.

[38] W. Shockley and H. J. Queisser Journal of Applied Physics, vol. 32, p. 510, 1961.

[39] Z. I. Alferov Reviews of Modern Physics, vol. 73, p. 767, 2001.

[40] E. Yablonovitch, O. Miller, and S. Kurtz in Photovoltaic Specialists Conference
(PVSC), 2012 38th IEEE, p. 001556, IEEE, 2012.

[41] L. I. Maissel and R. Glang, Handbook of Thin Film Technology. McGraw-Hill, 1995.

[42] D. E. Carlson and C. R. Wronski Applied Physics Letters, vol. 28, p. 671, 1976.

[43] R. A. Street, Technology and Applications of Amorphous Silicon. Springer, 2000.

[44] R. E. Schropp and M. Zeman, Amorphous and Microcrystalline Silicon Solar Cells:
Modeling, Materials and Device Technology. Kluwer Academic Boston, 1998.

[45] International Renewable Energy Agency Innovation Technology Centre, Renew-
able Energy Technologies: Cost Analysis Series-Solar Photovoltaics. Germany: Interna-
tional Renewable Energy Agency Innovation Technology Centre, 2012.

[46] C. A. Wolden, J. Kurtin, J. B. Baxter, I. Repins, S. E. Shaheen, J. T. Torvik, A. A.
Rockett, V. M. Fthenakis, and E. S. Aydil Journal of Vacuum Science & Technology A,
vol. 29, p. 030801, 2011.

[47] P. V. Meyers Solar Cells, vol. 23, p. 59, 1988.

[48] First Solar, Inc., First Solar Sets Thin-Film Module Efficiency World Record of 17.0
Percent. United States of America: First Solar, Inc., 2014.

[49] M. A. Green Journal of Materials Science: Materials in Electronics, vol. 18, p. 15, 2007.

[50] M. Kumar, H. Zhao, and C. Persson Thin Solid Films, vol. 535, p. 318, 2013.

[51] R. Chen and C. Persson Journal of Applied Physics, vol. 112, p. 103708, 2012.

[52] R. Chen and C. Persson Thin Solid Films, vol. 519, p. 7503, 2011.

[53] C. Persson Thin Solid Films, vol. 517, p. 2374, 2009.



BIBLIOGRAPHY 60

[54] M. A. Green, Third Generation Photovoltaics: Advanced Solar Energy Conversion.
Springer, 2006.

[55] H. Hahn, G. Frank, W. Klingler, A.-D. Meyer, and G. Störger Zeitschrift für Anor-
ganische und Allgemeine Chemie, vol. 271, p. 153, 1953.

[56] S. Wagner, J. L. Shay, P. Migliorato, and H. M. Kasper Applied Physics Letters,
vol. 25, p. 34, 1974.

[57] L. Kazmerski, F. White, and G. Morgan Applied Physics Letters, vol. 29, p. 268, 1976.
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