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Abstract

The first goal of this thesis is to present two different methods, originally developed by
Björner, Lovász and Yao [4], for proving lower bounds on the worst-case complexity
in the linear decision tree model, by applying them to the k-Equal Problem. Both
methods are based on the computation of topological properties of the intersection
lattice of a subspace arrangement.

The second goal is to use one of these methods (based on estimates of Betti numbers)
to improve upon a lower bound, due to Linusson [12], on the linear decision tree
complexity c′(n, k) of the k-of-Each Problem on n elements. We show that
c′(n, k) ≥ n log3 (n/6k).
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1 — Introduction

The k-Equal Problem is the problem of deciding whether there exist k equal
elements among a list of n real numbers. The problem was studied by Björner,
Lovász and Yao in [3] and [4], who managed to prove a lower bound on the worst-case
complexity in the linear decision tree model. Their method is based on analyzing
topological invariants (Betti numbers) of the space of accepted inputs. The main
result was that the linear decision tree complexity of the k-Equal Problem is
Θ(n log n

k
).

The study of the k-Equal Problem was motivated by the results for another,
less general, version of the problem, called the Element Distinctness Problem.
It corresponds to the case k = 2 of the k-Equal Problem. For the Element
Distinctness Problem the linear decision tree complexity had already been es-
tablished to be Θ(n log n) by the use of the component count method (see [8]). The
component count method consists of deducing the zeroth Betti number of a certain
subspace of Rn. The exact same method can not be used for the k-Equal Prob-
lem, but rather it requires a generalization where we consider all Betti numbers of
the space.

Since the development of this topological method, several problems have been an-
alyzed; the lower bound found by Linusson in [12] for the k-of-Each Problem
was the result of applying the Möbius method (see Section 3.10). The k-of-Each
Problem consists of determining whether each number occurs at least k times in a
list of n real numbers. Linusson found a lower bound of Ω(n log n) when k is fixed.

There are two main goals of this thesis. The first is to present the topological method
developed by Björner, Lovász and Yao. The second goal is to use the same method
to prove a new lower bound on the complexity of the k-of-Each Problem.

In Chapter 2, we introduce the notions and the results necessary to develop and
comprehend the topological method. We briefly review algebraic topology, posets and
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the concept of shellability of nonpure posets. The following chapter, Chapter 3, treats
the actual method. We discuss the linear decision tree model, subspace arrangements
and apply the results on the k-Equal Problem. Lastly, in Chapter 4, we use the
same method to prove a new lower bound on the k-of-Each Problem.



2 — Background

In order to prove the lower bound for the k-Equal Problem and the k-of-Each
Problem we will need to equip ourselves with a variety of different mathematical
tools. We will introduce notions and a selection of results mainly from topology
and combinatorics. We assume that the reader is familiar with basic mathematical
notions from linear algebra, combinatorics, topology and group theory.

2.1 Introduction to Algebraic Topology

The main idea in algebraic topology is to associate algebraic objects to topological
spaces and study these objects instead of the spaces themselves. We want to be able
to consider spaces equal if they are homeomorphic and for this reason it is preferable
if the algebraic objects were invariant under homeomorphisms. The homology groups
of a space are one type of such topological invariants. However, before we run off
into homology theory it is worthwhile to consider a (perhaps) more comprehensible
type of algebraic invariant.

We will consider the fundamental group of a space. We will not define it formally,
but rather try to understand it intuitively. Suppose that we have a space X together
with a base point x0 in X. Let us consider a loop in X starting and ending in x0,
i.e., a continuous function f : [0, 1] → X such that f(0) = x0 = f(1). Take another
loop g in X. We say that f and g are equivalent (the correct term is homotopic) if it
is possible to continuously transform one to the other while never leaving the space
X. For example, if X is a surface and one of the loops goes around a hole while the
other does not, then they cannot be equivalent. This defines an equivalence relation
on the set of loops on X with base point x0.

The fundamental group of X with base point x0 is the group formed by the equiv-
alence classes of loops in X where multiplication of f and g results in the loop that
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first traverses f and then g. The fundamental group is a topological invariant.

x0 x0

Figure 2.1: Two spaces with base points

Consider the example spaces of Figure 2.1. The only thing that distinguish loops in
the first space, consisting of a punctured disc, is the number of times the loop winds
around the hole (which can be both positive, negative and zero); the fundamental
group is isomorphic to Z. For the rightmost space, consisting of two such punctured
discs merged together, the loops can go around the leftmost hole or the rightmost
hole (or both) in any direction. The fundamental group of this space is isomorphic
to the non-abelian free group Z ∗Z. The group is non-abelian since traversing a left
loop followed by a right loop is not equivalent to traversing a right loop followed by a
left loop. We may conclude that the two spaces in Figure 2.1 are not homeomorphic.

These examples should make it feasible that we can classify and differentiate spaces
using classes of equivalent 1-dimensional loops. This can be generalized to higher
dimensional objects (images of the k-sphere for k > 1), which gives us the higher-
order homotopy groups. One problem with this approach is that in general it is quite
difficult to calculate the homotopy groups. What we will do instead is to look at
something called the homology of a space.

2.2 Simplicial Complexes

The first type of homology that we will define is applicable only to a class of spaces
called polyhedra and to do so we will introduce the concept of a simplicial complex.
The current and the following sections compose a very brief introduction to homology
theory and for more details it is recommended to consult Munkres’ treatment of the
subject in [14].

The points a0, a1, ..., an ∈ RN are geometrically independent if the vectors

a1 − a0, a2 − a0, ..., an − a0

are linearly independent. An n-simplex σ in RN is the convex hull of n+ 1 geomet-
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rically independent points a0, ..., an. Equivalently,

σ =

{
x ∈ Rn | x =

n∑
i=0

tiai s.t.
n∑
i=0

ti = 1, ti ≥ 0

}
.

We say that σ is spanned by a0, ..., an and these points are also called vertices. The
dimension of σ is equal to one less than the number of vertices, i.e., n in this case.
A 3-simplex is displayed in Figure 2.2. There are a couple of important subsets of σ
that we will consider. A face of σ is a simplex spanned by a subset of its vertices.
If it is a proper subset then the corresponding simplex is a proper face. The proper
faces of dimension n− 1 are called facets. The union of all proper faces is called the
boundary of σ, denoted Bdσ. Furthermore, the interior Intσ = σ \ Bdσ.

a0 a1

a2

a3

Figure 2.2: A 3-simplex with vertices a0, a1, a2 and a3

After having defined the notion of a simplex we can continue with simplicial com-
plexes. A simplicial complex K in Rn is a collection of simplices such that, firstly,
every face of a simplex in K is in turn a simplex in K, and secondly, the intersection
of any two simplices in K is a face of each of them. The simplices of K are called
faces and a facet is a face that is not the proper face of any simplex in K. (Note
the difference of a facet of a simplex and that of a simplicial complex.) The vertices
of K are the vertices of its faces. We define K(p) to be the set of p-simplices in K.
In particular K(0) denotes the set of vertices. A simplicial complex is called pure if
all facets have the same dimension. The simplicial complex depicted in Figure 2.3 is
non-pure since it has facets of dimension 1, 2 and 3.

We use the notation |K| to denote the underlying space of K, that is, the union of
the simplices in K:

|K| =
⋃
σ∈K

σ ⊂ RN .

The space |K| is called the polytope of K. Any space that is the polytope of a
simplicial complex is a polyhedron.
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Figure 2.3: A non-pure simplicial complex

Consider the map f : K(0) → L(0), with the property that whenever a set of vertices
{a0, . . . , ap} ⊂ K(0) span a simplex of K the set of vertices {f(a0), . . . , f(ap)} ⊂ L(0)

span a simplex of L. It is possible to extend f to a continuous map f̂ : |K| → |L|
(that is “linear” on each simplex). We call f̂ a simplicial map. If f is bijective, then f̂
is a simplicial isomorphism or simplicial homeomorphism. The name is appropriate
because f̂ is in fact a homeomorphism of |K| and |L|.
There is another way to look at simplicial complexes that disconnects them from the
space Rn. An abstract simplicial complex K is a collection of non-empty subsets of
an underlying set S such that K is closed under taking subsets, i.e., if X ∈ K and
Y ⊂ X, then Y ∈ K. The elements of

⋃
X∈K X are called vertices ; the faces, the

boundary and the interior of K are defined similarly as for simplices.

It should be clear that for any simplicial complex K in Rn we can associate an
abstract simplicial complex K ′ on the vertex set of K. However, it is also possible to
go the other way around. If K ′ is a finite abstract simplicial complex, then we can
map the vertices of K ′ to a set of geometrically independent points in Rn (with n
sufficiently large) in such a way that we can form the simplicial complex K satisfying:
X ∈ K is a face if and only if the corresponding vertices form a face of K ′. We call K
the geometric realization of K ′. Note that for any abstract simplicial complex there
are infinitely many geometric realizations. They are however all homeomorphic. Due
to this fact we will not be overly concerned with whether the simplicial complexes
we consider are abstract or not.

Let K be a simplicial complex. Let cn denote the number of n-simplices in K. Then
we define the Euler characteristic of K as an alternating sum:

χ(K) = c0 − c1 + c2 − . . .

In the next section we will see that the Euler characteristic is a topological invariant.
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2.3 Simplicial Homology

Let σ = {v0, . . . , vp} be a simplex. An orientation of σ is an ordering of its vertex
set [v0, . . . , vp] and two orientations are equivalent if and only if they differ by an
even permutation. For p > 0 this means that there are two equivalence classes of
orientations of σ. A simplex σ together with an orientation is an oriented simplex.
Henceforth, we will often use the same notation for a simplex and an oriented simplex.

In homology theory we consider oriented simplices as algebraic objects. Let K be a
simplicial complex and orient all of its simplices. A p-chain in K is a formal sum
over the oriented p-simplices ∑

σi∈K

niσi, ni ∈ Z,

where all but a finite number of the terms are nonzero. By −σ we mean the oriented
simplex with opposite orientation from that of σ. We shall concern ourselves with the
abelian group of p-chains of K where addition of p-chains is done in the obvious way.
This group is denoted Cp(K). The group Cp(K) is free abelian with the oriented
p-simplices (any orientation works) as basis elements.

We will now define an important homomorphism from the group of p-chains to the
group of (p − 1)-chains. The boundary operator ∂p : Cp(K) → Cp−1(K) maps an
oriented p-simplex σ = [v0, ..., vp] to

∂pσ = ∂p[v0, ..., vp] =

p∑
i=0

(−1)i[v0, ..., v̂i, ..., vp];

The symbol v̂i denotes that vi is removed from the expression. We extend the
definition to arbitrary p-chains in Cp(K) by linearity and note that ∂p(−σ) = −∂p(σ).
The name boundary operator stems from the fact that a simplex is mapped to the
sum (with signs) of the facets of its boundary. Consider the simplex σ from Figure 2.2.
Order its vertices as [a0, a1, a2, a3] and consider

∂3([a0, a1, a2, a3]) = [a1, a2, a3]− [a0, a2, a3] + [a0, a1, a3]− [a0, a1, a2].

Each term in the sum is a maximal proper face of σ and together they make up the
boundary. It is also noteworthy that ∂p vanishes on boundaries. The exact meaning
of the previous statement is that

∂p−1 ◦ ∂p = 0. (2.1)
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Let us see what happens when we apply ∂2 to the boundary ∂3(σ). We obtain

∂2(∂3(σ)) = ([a2, a3]− [a1, a3] + [a1, a2])− ([a2, a3]− [a0, a3] + [a0, a2])

+ ([a1, a3]− [a0, a3] + [a0, a1])− ([a1, a2]− [a0, a2] + [a0, a1])

= 0,

in accordance with the expected behaviour of ∂p.

The kernel of the boundary operator ∂p is a subgroup of the group of p-chains. We
call it the group of p-cycles and denote it by Zp. Similarly, the image of ∂p+1 is also
a subgroup of Cp(K) and we call it the group of p-boundaries, denoted by Bp(K).
A consequence of (2.1) is that Bp(K) ⊂ Zp(K) and we are able to define the pth
homology group of K as

Hp(K) = Zp(K)/Bp(K).

The dimension of Hp(K) as a free abelian group over Z is called the pth Betti number
βp(K).

Let us begin with considering a simple example. In Figure 2.4 we see the simplicial
complex K whose polytope is the boundary of a square. Let us compute the first
homology group H1(K).

a0 a1

a2a3

Figure 2.4: The simplicial complex K consisting of four 1-simplices with orientations
indicated by arrows

Consider an arbitrary 1-chain

c = n0[a0, a1] + n1[a1, a2] + n2[a2, a3] + n3[a3, a0].

where ni ∈ Z. We see that c ∈ Z1(K) if and only if

0 = ∂1(c) = (n3 − n0)[a0] + (n0 − n1)[a1] + (n1 − n2)[a2] + (n2 − n3)[a3].

In other words, n0 = n1 = n2 = n3 and consequently B1(K) ∼= Z. Furthermore, since
there are no 2-chains in K, B1(K) is the trivial group and we find that H1(K) ∼= Z.
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Even though it may not be clear at this point, in some sense the homology groups
count the number of holes in a space; the ith homology group counts i-dimensional
holes. In the example above we found that H1(K) ∼= Z indicating that the space |K|
has one 1-dimensional hole. A 2-dimensional hole would for example be the inside
of a 2-sphere.

The zeroth homology group H0(K) of a complex K has an even simpler interpreta-
tion. Since there are no (−1)-dimensional simplices, it follows that for each 0-chain
c ∈ C0(K), ∂0(c) = 0 and hence ker ∂ = C0(K). Now note that in a simplicial com-
plex, connectedness and path-connectedness coincide. Thus if we take two vertices
(0-chains) u and v from the same connected component of K, then we can find a path
of 1-simplices from u to v. This implies that [v]− [u] is equal to the boundary of the
1-chain formed by these 1-simplices. Using this information one may conclude that
the homology group restricted to one connected component is at most 1-dimensional.
It is possible to show that for any [v] ∈ C0(K) no 1-simplex has [v] as boundary.
Consequently, H0(K) is equal to the number of connected components of K.

There is a second version of simplicial homology that we will consider. We introduce
the augmentation map ε : C0(K) → Z such that ε(v) = 1 for each vertex v ∈ K0.
This map is used in the definition of the reduced homology group

H̃0(K) = ker(ε)/ Im ∂1.

For p > 0, H̃p(K) = Hp(K). The difference between homology and reduced homology
is that

H0(K) ∼= Z⊕ H̃0(K).

We use the same notation for the reduced Betti numbers : β̃i(K) = dim H̃i(K).

An important result (and perhaps the greatest motivation behind the introduction
of simplicial homology) is that the homology groups of a simplicial complex depends
only on the underlying space. We will state this in a theorem, but let us first mention
that any continuous map h : |K| → |L| induces a homomorphism h∗ : Hp(K) →
Hp(L). (As stated before, for more details and a proof of Theorem 2.1, see [14]).

Theorem 2.1. If h : |K| → |L| is a homeomorphism, then h∗ : Hp(K) → Hp(L) is
an isomorphism.

Theorem 2.1 can in fact be strengthened. To do so we must introduce the concept of
homotopy. For any two topological spaces X and Y the continuous maps f, g : X →
Y are homotopic if there exists a continuous map F : X × I → Y where I = [0, 1]
such that for all x ∈ X F (x, 0) = f(x) and F (x, 1) = g(x). The map F is called a
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homotopy and we write f ' g. Note that ' is an equivalence relation on the set of
continuous maps from X to Y .

Another equivalence relation related to homotopy can be defined between topological
spaces. Let X and Y be two topological spaces and f : X → Y and g : Y → X two
continuous maps such that

g ◦ f ' idX and f ◦ g ' idY .

Then we say that X and Y are homotopy equivalent and the maps f and g are called
homotopy equivalences. Homotopy equivalence induces an equivalence relation on
topological spaces.

Theorem 2.2. If f : X → Y is a homotopy equivalence, then f∗ : Hp(X)→ Hp(Y )
is an isomorphism.

We will consider some special homotopy equivalences. A space is contractible if it is
homotopy equivalent to a single point. As an example, the polytope of any simplex
is contractible. Let us now consider a subspace A ⊂ X. A deformation retraction of
X onto A is a continuous map F such that

F (x, 0) = x ∀x ∈ X;

F (x, 1) ∈ A ∀x ∈ X;

F (a, t) = a ∀t ∈ I.

(To emphasize that F (·, t)|A = idA for every t ∈ I the term strong deformation
retraction is sometimes used.) We say that A is a deformation retract of X. A
deformation retraction may be visualized as the shrinking of the space X onto smaller
and smaller spaces such that A rests the same throughout the process. The map F
is in fact a homotopy between the identity on X and a retraction (a map f : X → A
satisfying f(a) = a for all a ∈ A) onto A. This shows that X and A are homotopy
equivalent.

To end this section we will present a theorem that relates the Euler characteristic of
a space to its Betti numbers.

Theorem 2.3 (Euler-Poincaré). Let K be a finite simplicial complex and define
βi = βi(K). Then

χ(K) = β0 − β1 + β2 − . . .

A consequence of this theorem is that the Euler characteristic is a topological invari-
ant.
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2.4 Singular Homology

The simplicial homology that we introduced in the previous section works well for
polyhedra. In this thesis it will however become required that we can discuss the ho-
mology groups of more general spaces. To handle this one can use another homology
theory called singular homology. We will not introduce this concept here but once
again refer the reader to Munkres’ [14].

For our purposes it suffices to say that the singular and simplicial homology groups
coincide on spaces where both are defined. This section contains the definitions
necessary for stating a couple of theorems that will be useful in the following chapters.

In order to state the first theorem we need to investigate sequences of groups. Con-
sider a sequence of abelian groups and homomorphisms {(Gp, φp)}p

· · · −−−→ Gp

φp−−−→ Gp−1 −−−→ · · ·

If Imφp = kerφp−1 for all p, then the sequence is called exact. If the sequence is
infinite, then it is called a long exact sequence. To get a feeling for the concept let
us consider some examples of exact sequences. Exactness of the sequence

G
φ−−−→ H −−−→ 0

implies that φ is surjective. Analogously, if

0 −−−→ G
φ−−−→ H

is exact, then φ is injective and if

0 −−−→ G
φ−−−→ H

ψ−−−→ K −−−→ 0

is exact, then φ is injective, ψ is surjective and H/φ(G) ∼= K. The latter sequence is
called a short exact sequence. The following theorem concerns a special long exact
sequence of homology groups.

Theorem 2.4 (Mayer-Vietoris). Let X = X1∪X2 where X ⊂ IntX1∪ IntX2. Then
there exists a long exact sequence called the Mayer-Vietoris sequence:

· · · → Hp(X1 ∩X2)→ Hp(X1)⊕Hp(X2)→ Hp(X)→ Hp−1(X1 ∩X2)→ · · ·
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Many interesting results have been proven relating the homology of a space with its
cohomology (not defined here). If we only consider the dimension of the homology
groups we do not have to concern ourselves with cohomology. The following result
relates the Betti numbers of one space to the Betti numbers of its complement.

Theorem 2.5 (Alexander Duality). If P is a proper nonempty polyhedron in Sn

then
β̃i(P ) = β̃n−i−1(Sn \ P )

for all i.

2.5 Posets

A partially ordered set (poset for short) is an ordered pair (P,≤), where P is a set
of elements and ≤ is a binary relation on P that is reflexive, antisymmetric and
transitive. In other words, it satisfies the following three conditions:

i) For all x ∈ P , x ≤ x.

ii) For all x, y ∈ P , if x ≤ y and y ≤ x, then x = y.

iii) For all x, y, z ∈ P , if x ≤ y and y ≤ z, then x ≤ z.

We will henceforth denote (P,≤) simply by P . In this section we will make a brief
overview of the notion of posets and define the concepts necessary for our applica-
tions. For a more thorough introduction to posets we refer the reader to [16].

Examples of posets are the integers Z with the usual ordering of elements and the
boolean algebra Bn: the set of subsets of [n] = {1, 2, ..., n} where A ≤ B if A ⊂ B.
Another example is the division poset Dn. Let n be a positive integer. The elements
of Dn are the divisors of n and for d, e ∈ Dn d ≤ e if d divides e.

Let P be a poset. We write a < b if a ≤ b and a 6= b. Furthermore, b covers a,
denoted by alb, if a < b and there is no c ∈ P such that a < c < b. We call a a cover
of b. A poset P may be represented by its Hasse diagram, which consists of a node
for each element of P and upwards-going edges between elements corresponding to
the cover relations. For example, if P = {a, b, c, d, e, f, g, h} and alblcle, bldle,
bl dlh, f l dlh and f l g are the cover relations of P , then the Hasse diagram is
shown in Figure 2.5. Hasse diagrams often provide a concise way of describing finite
posets.
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a

b

c d

e

f

g

h

Figure 2.5: Hasse diagram of the poset P = {a, b, c, d, e, f, g, h}

Let P and P ′ be two posets. A function f : P → P ′ is said to be order-preserving if
it preserves the order relation, i.e., x ≤P y implies f(x) ≤P ′ f(y). The function f is a
poset isomorphism if it is a bijective order-preserving function with order-preserving
inverse. Equivalently, a poset isomorphism f satisfies

x ≤P y if and only if f(x) ≤P ′ f(y).

A subposet (sometimes induced subposet) P ′ of P is a subset of P with the order
relation restricted to the elements of P ′. A poset is called a chain if any two elements
are comparable. It is thus a totally ordered set. We will often talk about chains in
a poset P meaning totally ordered subposets of P . If c is a chain in P with m + 1
elements, then we call c an m-chain and its length `(c) is m. A maximal chain
M ⊂ P is a chain that is inclusion-wise maximal, i.e., such that there is no other
chain in P containing M . LetM(P ) denote the set of maximal chains in P . We call
a poset pure if all maximal chains have the same length.

If P and Q are two posets, then we define their direct product P × Q as the set of
pairs (p, q) ∈ P × Q such that (p, q) ≤ (p′, q′) if and only if p ≤ p′ and q ≤ q′. For
any a ≤ b ∈ P we define the closed interval [a, b] ⊂ P as

[a, b] = {x ∈ P | a ≤ x ≤ b}

and the open interval (a, b) = [a, b] \ {a, b}. Note that the empty set is not a closed
interval. If P has a unique minimal or maximal element, we often denote it by 0̂
and 1̂ respectively. They are usually called the bottom and top element of P . The
proper part of a poset P is defined as

P = P \ {0̂, 1̂}.
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A bounded poset is a poset that has a top and bottom element. To any poset P we
may adjoin top and bottom element and obtain the bounded extension

P̂ = P ∪ {0̂, 1̂}.

The elements that cover 0̂ are called atoms of P̂ .

There is a special class of posets called lattices. A poset P is a meet semilattice if for
each x, y ∈ P , there is an element x ∧ y ∈ P (x meet y) such that x ∧ y is less than
or equal to both x and y and greater than all other elements satisfying this property.
Also, P is a join semilattice if for each x, y ∈ P there exists an element x∨ y ∈ P (x
join y) such that x ∨ y is greater than or equal to both x and y and such that x ∨ y
is smaller than all other elements satisfying this property. A poset is a lattice if it is
both a join and meet semilattice. Note that as binary operations the meet and the
join are commutative and associative.

Proposition 2.6. If P is a finite meet (join) semilattice with a top (bottom) element,
then P is a lattice.

Proof. Let x, y ∈ P . For the proof it suffices to show that x ∨ y ∈ P . Consider the
set

X = {z ∈ P | x ≤ z and y ≤ z}.

Note that X is non-empty since 1̂ ∈ X. Since P is a meet semilattice there is an
element

w =
∧
z∈X

z

and x ≤ w, y ≤ w and w ≤ z for all z ∈ X. Thus w = x ∨ y and P is a lattice.

The same result for a join semilattice with a bottom element is obtained by reversing
all inequalities and interchanging ∨ with ∧ in the proof.

A geometric lattice is a lattice L that satisfies:

i) For all x, y ∈ L, x ∧ y l y implies that xl x ∨ y.

ii) For all x ∈ L there is a subset A of the atoms of L such that

x =
∨
a∈A

a,

i.e., any element of L is the join of atoms.
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One important lattice that we will encounter later on is the partition lattice Πn.
Before defining it we need to introduce the notion of a partition. A partition π =
{π1, π2, ..., πk} (also denoted π = π1 | · · · | πk) of a set X (oftentimes X is [n]) is a
set of nonempty disjoint subsets of X such that their union equals X, that is:

i) For all i, πi 6= ∅.

ii) For all i 6= j, πi ∩ πj = ∅.

iii)
⋃k
i=0 πi = X.

The sets πi are called the blocks or parts of π. Let σ be another partition of X. We
say that σ is a refinement of π if every block of σ is a subset of a block in π. We also
say that σ is finer than π. Let us now turn to the partition lattice: Πn is a poset on
the set of all partitions of [n] ordered by reverse refinement (σ ≤ π if σ is finer than
π). As the name reveals, it is a lattice. It is in fact a geometric lattice.

Proposition 2.7. The poset Πn is a geometric lattice.

Proof. The poset Πn has a bottom element (the discrete partition) and a top element
(consisting of one single block). Furthermore, the meet of two partitions π and σ in
Πn is equal to the partition whose blocks consist of non-empty intersections of blocks
in π and σ. We utilize Proposition 2.6 to conclude that Πn is a lattice.

In order to prove that Πn is geometric, we need to show that for all π and σ such
that π ∧ σ l π we also have σ l π ∨ σ. Suppose that π ∧ σ = B1| . . . |Bk. Since π
covers this element the blocks of π must be the same except for that two of them
have been merged. Without loss of generality we may assume that

π = B1 ∪Bi|B2| . . . |B̂i| . . . |Bk

for some i where B̂i denotes that the element is removed. Since the meet of the two
elements contains the blocks formed by non-empty intersections as described above,
we conclude that

σ = B1 ∪Bj|B2| . . . |B̂j| . . . |Bk

for some j 6= i. (It can be the case that σ has the block Bi ∪ Bj instead. However,
by reordering the blocks we may assume that the above expression is correct.) It is
now clear that

π ∨ σ = B1 ∪Bi ∪Bj| . . . |Bk

and consequently σ l π ∨ σ.
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Lastly, Πn satisfies also the second condition of a geometric lattice. The atoms consist
of partitions that have one block of size 2 and the rest of size 1. To form a block
B = {a1, a2, . . . , as} as the join of atoms, we can consider the set of atoms whose
block of size 2 contains a1 and ai for 2 ≤ i ≤ s. If an element has multiple blocks we
can perform the same construction for them independently. We conclude that Πn is
geometric.

Let us return to the division poset Dn. We note that Dn is bounded since for any
d ∈ Dn, the number 1 divides d (1 ≤Dn d) and d divides n (d ≤Dn n). Furthermore,
c∧ d = lcm(c, d) and c∨ d = gcd(c, d). Consequently, Dn is also a lattice and we will
henceforth refer to it as the division lattice.

We continue by showing how the topological tools developed in Sections 2.1-2.4 can
be used to analyze posets. To any poset P we can associate a simplicial complex
∆(P ) called the order complex of P . It is a simplicial complex on the vertex set P .
Its faces are the chains in P . The facets of ∆(P ) are thus the maximal chains. This
implies that a poset is pure if and only if its order complex is pure.

An example of a poset and its order complex is given in Figure 2.6. The poset has
two maximal chains of length 3, one of length 2 and one of length 1. Consequently,
the order complex consists of two 3-simplices, one 2-simplex and one 1-simplex.
Whenever we are discussing topological properties of a poset we are really talking
about the geometric realization of its order complex.

a

b c

d e

f g

h

a

b

c

d

e

f

g

h

Figure 2.6: A poset and its order complex



2.6. SHELLABILITY 17

2.6 Shellability

In this section we will introduce the concept of shellability that has proven useful in
several applications (see for example [17] and [18]). The version of shellability first
considered was pure shellability that applies only to pure simplicial complexes. We
will however concern ourselves with non-pure shellability (henceforth shellability)
that was first considered in [2].

For sets A,B, define [A,B] = {C | A ⊆ C ⊆ B} and F = [∅, F ]. Consider a finite
simplicial complex ∆. It is said to be shellable if there exists an ordering of its facets
F1, F2, . . . , Fk such that F j∩

(
F 1 ∪ F 2 ∪ · · · ∪ F j−1

)
is a pure (dimFj−1)-dimensional

simplicial complex for j = 2, 3, ..., k. The ordering itself is called a shelling. For any
shelling F1, ..., Fk, let ∆j =

⋃j
i=1 Fi. To better understand this definition, suppose

that we were to construct ∆ by adding the Fj:s one at a time. Then we would add the
new facet Fj such that its interface with the already constructed simplicial complex
∆j−1 is a collection of facets of Fj; for example we cannot attach a 4-simplex by
“gluing” it along a 2-face.

F1

F2

F3

F4

F5

Figure 2.7: A non-pure shellable complex (left) and a pure non-shellable complex
(right)

In Figure 2.7 we see an example of a shelling of a simplicial complex and of an non-
shellable complex. (The 2-simplices have been filled to distinguish them from a loop
of 1-simplices.) We note that in the shellable complex there is one facet, F5, whose
entire boundary is contained in the intersection with the previously constructed
simplicial complex ∆4. Facets with this property are called homology facets. The
name stems from the fact that it is the homology facets that contribute to the non-
trivial homology. This is the content of the following theorem.

Theorem 2.8 (Björner and Wachs [6]). A shellable complex ∆ is homotopy equiv-
alent to a wedge of spheres, where for each i the number of i-spheres is equal to the
number of i-dimensional homology facets in any shelling of ∆.

A consequence of Theorem 2.8 is that the ith homology group of ∆ is isomorphic to
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Zhi where hi is the number of i-dimensional homology facets of ∆. By counting the
homology facets we may thus deduce the Betti numbers of ∆.

Up until now we have considered shellability of simplicial complexes without paying
attention to potentially underlying posets. Let us see how we can use the underlying
poset to determine whether a complex is shellable or not. First and foremost we say
that a poset P is shellable if its order complex ∆(P ) is shellable. When it comes to
posets, there is a certain technique using labelings of the cover relations that helps in
deciding if the poset is shellable or not. We will consider two versions of lexicographic
shellability – EL-shellability and CL-shellability.

Let us begin with EL-shellability. For a finite bounded poset P we denote by E(P )
the set of cover relations of P (edges in the Hasse diagram). An edge labeling is
any function λ : E(P ) → Λ, where Λ is a poset. If λ is an edge labeling and
m = x0 l · · · l xp a maximal chain in P , then we can construct the string (with
letters in Λ)

λ(m) = (λ(x0 l x1), λ(x1 l x2), ..., λ(xp−1 l xp))

called the label of m. We impose the lexicographic order on the set of possible labels
as: (a1, a2, . . . , ak) < (b1, b2, . . . , b`) ∈ Λ∗ if there exists 1 ≤ i ≤ k, ` such that aj = bj
for all j < i and ai < bi or if ai = bi for 1 ≤ i ≤ k and k < `.

Let λ(m) = (α1, . . . , αp) be the label of m, we say that it is (strictly) increasing
or rising if αi−1 < αi for all 1 < i ≤ p. We say that it is falling if it is weakly
decreasing. A rising chain in P is a maximal chain such that its label is rising. We
define a falling chain in P analogously.

The special type of edge labeling whose existence implies shellability and that help
us compute the homology of the order complex is the EL-labeling (edge lexicographic
labeling). An EL-labeling λ is an edge labeling such that for each interval [a, b] ⊂ P :

i) There is a unique rising chain m in [a, b].

ii) The unique rising chain m in [a, b] is lexicographically first among all maximal
chains, i.e., if m 6= m′ ∈M([a, b]) then λ(m) < λ(m′).

The importance of EL-labelings should become apparent with the following theorem.

Theorem 2.9 (Björner and Wachs [6]). If a bounded poset P is EL-shellable (CL-
shellable), then ∆(P ) is shellable. Furthermore, for any EL-labeling (CL-labeling) of
P , if mi denotes the number of falling chains of length i in P , then

H̃i(∆(P )) ∼= Zmi+2 .
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There are however applications where it is unknown whether EL-labelings exist.
Björner and Wachs introduced a more general version of lexicographic labeling called
the CL-labeling (see [6]). Let P be a bounded poset. We define ME(P ) to be the
set of pairs of a maximal chain in P and an edge in the chain, i.e., ME(P ) ⊂
M(P ) × E(P ). Similarly as for an edge labeling we define a chain-edge labeling
of P as a map λ : ME(P ) → Λ for some poset Λ that however satisfies an extra
constraint: If two maximal chains m and m′ intersect on their first d edges, then
the chain-edge labeling λ must also be equal on these edges for the two chains. The
label of a maximal chain is defined similarly as for edge labelings.

A rooted interval [x, y]r in a bounded poset P is an interval [x, y] ⊂ P together with
a maximal chain r in [0̂, x]. Note that if m is a maximal chain in [x, y] then r∪m is
a maximal chain in [0̂, y]. We can thus say that m is a maximal chain in the rooted
interval [x, y]r. We need to introduce the concept of rooted interval since the labeling
in an interval depends on which maximal chain from 0̂ we consider.

We are now ready to define a CL-labeling λ as a chain-edge labeling of P such that
for any rooted interval [x, y]r ⊂ P :

i) There exists a unique rising chain m in [x, y]r.

ii) The chain m is lexicographically smallest of all maximal chains in [x, y].

Note that we can easily obtain an EL-labeling from a CL-labeling. It is unknown
whether the converse is true. The reason for defining CL-labelings is that the state-
ment in Theorem 2.9 stays true if we change EL-labeling for CL-labeling, that is,
if there exists a CL-labeling, then the poset is shellable and the homology can be
determined by counting falling chains.

It has been investigated whether shellability of posets can be defined recursively
and the answer is in the affirmative. Let P be a bounded poset. Then P admits a
recursive atom ordering if the length of P is equal to 1 or if `(P ) > 1 and there is
an ordering a1, a2, . . . , at of the atoms of P such that:

i) For all j = 1, 2, . . . , t the interval [aj, 1̂] admits a recursive atom ordering in
which the atoms of [aj, 1̂] that belong to [ai, 1̂] for i < j come first.

ii) For all i < j, if ai, aj < y then there is a k < j and an atom z of [aj, 1̂] such
that ak < z ≤ y.

Theorem 2.10. A bounded poset P admits a recursive atom ordering if and only if
P is CL-shellable.
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Proof. We do not include the proof. However, see [5], where the statement is proven
in the pure case. It should be noted that a CL-labeling is produced in the proof
and a similar construction will be the basis for our construction of a CL-labeling in
Section 4.2.

2.7 Möbius Function

A powerful tool used when studying posets is the Möbius function. In this thesis we
will encounter two different methods for proving lower bounds in the linear decision
tree model – one using the Möbius function and one without it. More information
on and uses of the Möbius function may be found in [16].

Let P be a locally finite poset. The Möbius function µP is defined on closed intervals
of P as follows. If the poset can be understood from the context we may suppress
the subscript. We define µP inductively on any closed interval [a, b] ⊂ P as

µP (a, b) =

1 if a = b

−
∑
a≤x<b

µP (a, x) if a < b.

Note that if a 6≤ b, then [a, b] is not a closed interval and hence the value is undefined.
(It is however often defined to be 0.)

A useful formula for computing the Möbius function of a direct product of posets is
contained in the following theorem.

Theorem 2.11. If P and Q are posets, then for (p, q) ≤ (p′, q′) ∈ P ×Q

µP×Q((p, q), (p′, q′)) = µP (p, p′)µQ(q, q′).

Readers familiar with number theory may recognize the name of the function. The
reason being that the Möbius function of the division lattice Dn is closely related to
the number theoretic Möbius function. More precisely

µDn(d,m) = µ(m/d),

where µ denotes the number theoretic Möbius function.

The theorem of Philip Hall is a bridge between combinatorics and topology as it
relates the Möbius function of a poset with the Euler characteristic of its order
complex.



2.8. ASYMPTOTIC NOTATION 21

Theorem 2.12 (Philip Hall). Let P be a (locally) finite poset. Then

µP̂ (0̂, 1̂) = χ̃(∆(P )).

The Euler-Poincaré formula (Theorem 2.3) together with Theorem 2.12 hence relates
µP (0̂, 1̂) to the Betti numbers of ∆(P ) and tells us that its value depends only on
the topology of the order complex.

2.8 Asymptotic Notation

The analysis of algorithms often comes down to deciding how much resources are
needed to execute them. Resources may refer to space or time. In this thesis we
will analyze the time complexity of algorithms solving a certain problem. There are
different types of time complexities. We will only be concerned with the worst-case
complexity, meaning the maximal running time on all possible inputs (with a certain
size).

The running time of an algorithm can be a complicated mathematical expression
with the input size as parameter. To simplify and to better understand how the
running time changes with the input size one introduces an asymptotical notation.
For functions f, g : Z+ → R we say that f(n) is O(g(n)) if there exists N ∈ Z+ and
a constant c > 0 such that for each n ≥ N , f(n) ≤ c · g(n). This is thus a type of
asymptotic upper bound on the value of f . Similarly, for functions f, g : Z+ → R
we say that f(n) is Ω(g(n)) if there exists N ∈ Z+ and a constant c > 0 such that
for each n ≥ N , f(n) ≥ c · g(n). This corresponds to an asymptotic lower bound on
f(n). Lastly, f(n) is said to be Θ(g(n)) if it is both O(g(n)) and Ω(g(n)).
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3 — The k-Equal Problem

Suppose that we are given a list of n real numbers x1, x2, ..., xn and we wish to decide
whether there are two distinct indices i 6= j such that xi = xj. Equivalently, one
could say that we are trying to decide if the n numbers are all distinct. This problem
is called the Element Distinctness Problem on n elements. The output is YES
if there exists some pair of elements that are equal and NO otherwise.

The Element Distinctness Problem may easily be generalized in the following
manner: Given a list of real numbers x1, x2, . . . , xn and an integer 1 < k < n does
there exist indices i1, i2, . . . , ik such that xi1 = xi2 = · · · = xik? This problem
is known as the k-Equal Problem on n elements. Note that for k = 2, it is
equivalent to the Element Distinctness Problem.

Let us consider an example of the k-Equal Problem with the parameters k = 3
and n = 20. If the input list is

(5, 0,−4,−1, 10,−6, 4, 4, 7, 0, 0,−4,−6,−10,−6, 7,−1,−7, 4, 3),

then the output should be YES since 0 occurs three times in it. (In this example we
have three occurrences of both 4 and -6 as well.)

Different versions of the Element Distinctness Problem have been widely stud-
ied (see for example [1] and [13]). The first analysis of the k-Equal Problem how-
ever was published by Björner, Lovász and Yao in [4], which contains a proof of an
asymptotic lower bound on the complexity of the problem. The result is strength-
ened in [3], where a more refined method is used. This is the main content of this
chapter.

The analysis of the k-Equal Problem and the quest for a lower bound inspired
Björner, Lovász and Yao to develop topological and combinatorial tools that have
shown to be of great use also for other problems. We shall see how one may proceed
to develop these tools and show how they can be applied to another problem (the
k-Equal Problem) in order to prove a lower bound on its decision tree complexity.
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3.1 Algorithm

Before we start developing the methods for proving lower bounds we shall take a
look at an algorithm that solves the k-Equal Problem using Θ(n log(n/k)) two-
element comparisons (henceforth comparisons). To do this, let us examine how many
comparisons we need in order to find the median element of an n element list of real
numbers. This is contained in the following theorem.

Theorem 3.1. There exist algorithms that find the median among n elements using
at most αn comparisons where α < 5.5 for all n and α < 3 asymptotically (for large
n).

Proof. See [7] for the first bound and [9] for the asymptotic bound. It should be
noted that as a side effect of the algorithms we also divide the elements into those
smaller and larger than the median, respectively.

One of the median-finding algorithms will work as a submodule in our algorithm
solving the k-Equal Problem. By producing an algorithm solving the k-Equal
Problem we obtain an upper bound on the complexity.

Theorem 3.2. There is an algorithm solving the k-Equal Problem on n elements
using at most 11n log3(n/k) comparisons and using at most 7n log3(n/k) comparisons
if n is large.

The meaning of large in the theorem statement is large enough such that the 3n
upper bound on the median finding algorithm holds.

Proof. The proof is due to Björner, Lovász and Yao [4]. Let us describe the algorithm.
To simplify the notation of the proof we will assume that we can write n = 2mk for
some non-negative integer m. In the first phase of the algorithm the goal is to find
the kth, (2k)th, . . . , (2m)th largest elements.

This is done recursively. In each step we divide the elements into two parts – those
smaller than the median and those larger than the median. The process stops when
all parts have size k. In the first step we find the median of all elements (the (2m−1k)th
largest element) and divide the rest up into two parts. Thereafter we find the median
among the elements smaller than and larger than this element respectively. This gives
us the (2m−2)kth largest and the (2m−1 + 2m−2)th largest elements. In the end we
will have made a “rough” sorting of the elements into intervals of length k.
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The rest is straightforward. If there are k equal elements among the list of n elements,
then one of these recently found pivot elements must be one of the elements in the set
of the k equal ones. For each such pivot element we compare it to the 2k elements in
the intervals right before and after. After having done this we can output the correct
result.

Let us analyze the complexity of the algorithm. In step s we have 2s−1 intervals of
length n/2s−1 and we can find the 2s−1 pivots using 2s−1 ·αn/2s−1 = αn comparisons,
where α is the constant in Theorem 3.1. The algorithm requires m steps and thus all
pivots are found using at most αmn comparisons. Thereafter, we need to compare
each pivot with 2k other elements. In total we need

αnm+ 2m · 2k = αnm+ (n/k) · 2k ≤ αn log2 (n/k) + 2n

≤ 8

5
αn log3 (n/k) + 2n ≤ 8αn+ 10

5
log3 (n/k)

comparisons. We note that for α < 5.5 we obtain a bound of 11n log3 (n/k) while
for α < 3 the expression above is less than 7n log3 (n/k).

As we shall see in the following sections, it is a more challenging task to find a
non-trivial lower bound for the same problem.

3.2 Linear Decision Tree Model

Before we begin developing the necessary tools we must decide upon a model of
computation, that is to say, what operations are allowed and counted during the
execution of an algorithm. One such model (and the only one considered in this
thesis) is the linear decision tree model.

Let us define the term decision problem as a problem taking an n-list (x1, . . . , xn) ∈
Rn as input and that has YES/NO as possible outputs. Let P be a decision problem.
It is possible to view P as a binary function FP : Rn → {0, 1}, where

FP (x1, ..., xn) =

{
1 if (x1, ..., xn) results in output YES

0 if (x1, ..., xn) results in output NO.

Solving P for an input (x1, ..., xn) thus corresponds to computing FP (x1, ..., xn).
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A linear decision tree T is a rooted ternary tree where each internal node v has
three children, v<, v= and v>, which we will also call the left, middle and right child
respectively. To v we associate an affine function fv : Rn → R. Each leaf of TP is
marked either YES or NO. Given an n-list of real numbers, x = (x1, ..., xn) ∈ Rn, a
computation in T is a path

v0 → v1 → · · · → vr

from the root v0 to a leaf vr such that for all 0 ≤ i < r:

vi+1 =


v<i if fvi(x) < 0

v=
i if fvi(x) = 0

v>i if fvi(x) > 0

In other words, we start at the root and for each node v encountered we compute
fv(x). If the result is negative we move to the left child, if it is equal to zero we move
to the middle child and if it is positive we move to the right child. We stop when
we have reached a leaf, and the output is the label (YES or NO) of that leaf. In a
similar manner as for decision problems, a linear decision tree can be thought of as
a binary function FT : Rn → {0, 1}.
We say that a linear decision tree T (henceforth also called decision tree) solves a
decision problem P if any computation in T has the same result as the answer to P
for all inputs Rn, i.e., FT (x) = FP (x) for all x ∈ Rn. It is then possible to use T as
a computation device for the binary function FP .

For example, we can consider a decision tree for the Element Distinctness Prob-
lem on 3 elements. In Figure 3.1, each internal node v has the affine function
fv = xi − xj for some indices i 6= j attached. This corresponds to a decision tree
using only two-element comparisons.

Let us turn to the concept of complexity. For a linear decision tree T we will define
the complexity of T to be the greatest length of any computation, i.e., the height of
T . This corresponds to the number of linear function evaluations needed in the worst
case. Denote the complexity of T by c(T ). Let P be a decision problem, such that
there exists at least one finite linear decision tree solving P , and let T (P ) denote the
set of all linear decision trees solving P . We define the linear decision tree complexity
of P to be

c(P ) = min
T∈T (P )

c(T ).

In other words, the linear decision tree complexity of P is equal to the height of the
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x2 − x1

x3 − x1

x3 − x2

NO YES NO

YES NO

YES x3 − x2

x3 − x1

NO YES NO

YES NO

Figure 3.1: Linear decision tree for the Element Distinctness Problem on three
elements

shortest tree solving P . We will not consider problems for which there is no finite
decision tree solving it.

3.3 Membership Problem

As stated before, this chapter is mainly devoted to the k-Equal Problem, but
we will first consider a more general setting. Let ∆ be a subset of Rn. We call
the following problem the Membership Problem for ∆: Given x ∈ Rn, decide
if x ∈ ∆. Note that thereby any decision problem P can be considered to be the
Membership Problem on a certain choice of ∆. Namely, by letting ∆ be the set
of all x ∈ Rn such that the answer to P with input x is YES.

Our attention will be on sets ∆ such that there exists a finite linear decision tree that
correctly decides membership in P . Note that every internal node v in a decision
tree defines a hyperplane in Rn, namely fv(x) = 0, that divides the space into three
regions (two open half-spaces and the hyperplane itself). Considering the set of
inputs leading to a certain YES-leaf, we see that they must all lie in the intersection
of open half-spaces (corresponding to moving to the left or right child during a
computation) and/or hyperplanes (corresponding to moving to the middle child).
Since both half-spaces and hyperplanes are convex polyhedra, their intersection is
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also a convex polyhedron. The set of all YES-leaves will consequently be a finite
union of convex polyhedra, i.e., a polyhedron. Consequently, there exists a finite
linear decision tree correctly deciding membership in ∆ only if ∆ is a polyhedron. It
is possible to prove the other direction as well, i.e., if ∆ is a polyhedron then there
exists a finite linear decision tree that decides membership in ∆.

3.4 The Element Distinctness Problem

In this section we will see an example of how some simple topology can be used to
prove a lower bound for the element distinctness problem. It was first proven by
Lipton and Dobkin [8] and the presentation here is based on the lecture notes by
Erickson in [10]. We will begin by proving some general facts about linear decision
trees.

Let us consider the Membership Problem for some arbitrary ∆ ⊂ Rn where T is
a finite linear decision tree deciding membership. For each node v ∈ T let R(v) ⊂ Rn

denote the set of all points in Rn such that v is on the path of computation. From
the discussion at the end of Section 3.3 we may extract the following proposition.

Proposition 3.3. For each v ∈ T , R(v) is convex and connected.

Let us consider the sets F−1
T (1) ⊂ Rn and F−1

T (0) ⊂ Rn, i.e., the set of all accepting
and non-accepting inputs respectively. We will be interested in the number of con-
nected components of these sets, which is the same as their zeroth Betti numbers
β0

(
F−1
T (1)

)
and β0

(
F−1
T (0)

)
.

Proposition 3.4. The depth of a linear decision tree T is at least

log3

(
β0

(
F−1
T (1)

)
+ β0

(
F−1
T (0)

))
.

Proof. Let x ∈ Rn such that FT (x) = 1. Then there is a leaf v marked with YES
that is reached by x. Each y that also reaches v must be in the same connected
component as x since R(v) is connected according to Proposition 3.3. Thus for each
connected component of F−1

T (1) there is at least one leaf in T . Similarly, for each
connected component of F−1

T (0) there is at least one leaf in T . Consequently, since
the zeroth Betti number counts the number of connected components, the number
of leaves of T is greater than or equal to

β0

(
F−1
T (1)

)
+ β0

(
F−1
T (0)

)
.
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The depth of a ternary tree is at least equal to the 3-logarithm of the number of
leaves and the result follows.

Let us consider the Element Distinctness Problem on n elements and let T
be the corresponding decision tree. To each point x ∈ F−1

T (0), i.e., such that all
coordinates of x are distinct, we can associate a permutation πx on the set [n]. Let
πx(i) = j if xi is the jth smallest element. Thus, for example,

x = (−2,−3, 1, 0, 4)⇔ πx = (2 1 4 3 5).

(The permutation πx is written in word form.) Note that for each permutation
π = (π1 π2 . . . πn) on [n] we can find x ∈ Rn such πx = π, namely the point
(π1, π2, . . . , πn) ∈ Rn.

Proposition 3.5. Let x = (x1, . . . , xn) and y = (y1, . . . , yn) be two points in the
same connected component of F−1

T (0) ⊂ Rn. Then πx = πy.

Proof. Suppose πx 6= πy. Then there exists an i such that j = πx(i) 6= πy(i) = k.
This means that xi is the jth smallest coordinate of x while yi is the kth smallest
coordinate of y. We may assume without loss of generality that j < k. If we consider
any continuous path from x to y, it must continuously transform the jth smallest
coordinate into the kth smallest coordinate. This means that it must contain a
point where two coordinates become equal, i.e., there is a point on the path that
lies in F−1(0). Consequently, x and y are not in the same connected component of
F−1
T (1).

With these results under the belt, we are ready to prove a lower bound for the
Element Distinctness Problem.

Theorem 3.6. The complexity of the Element Distinctness Problem on n
elements is Ω(n log n).

Proof. Let T be an arbitrary linear decision tree solving the Element Distinct-
ness Problem. There are n! permutations on a set of n elements and consequently,
due to Proposition 3.5, the set F−1

T (1) has at least n! connected components. Thus,
the complexity of T is at least

c(T ) = Ω
(
log3

(
β0

(
F−1
T (0)

)
+ β0

(
F−1
T (0)

)))
≥

≥ Ω
(
log3

(
β0

(
F−1
T (0)

)))
≥

≥ Ω (log3 n!) = Ω (n log n) ,
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where the last equality follows from the Stirling approximation formula.

We have thus proved a lower bound for the Element Distinctness Problem
by the so called component count method. It is a simple method that works well
for the Element Distinctness Problem and some other problems, such as the
Knapsack Problem (see [8]). However, it will not be sufficient for proving a lower
bound on the k-Equal Problem for k > 2. We shall see that when k > 2 there
is only one connected component of the set of accepting inputs. In the next section
we will prove a lower bound using not only one Betti number but the sum of all of
them.

3.5 Bounding by Betti Numbers

After finding the lower bound for the special case k = 2, let us proceed with more
general results. We will consider the Membership Problem for a polyhedron
P ⊂ Rn. Our first step is to show that the complexity depends on the Betti numbers
of P . We will see that the number of leaves is bounded below by the sum over all
Betti numbers of the complement of P , i.e., Rn \P . This is the part where we make
the connection between the computational problem and topology. (A connection of
which we have already had a sneak peak in the preceding section.) We begin with
some definitions aiding in the proof of the important Theorem 3.7. This section is
based on the work done in [3].

Let Ω ⊂ Rn be an open set and let P ⊂ Rn. Let T be a linear decision tree testing
points of Ω for membership in P . For each leaf w ∈ T , let Pw denote the set of
inputs in Ω such that the computation in T ends in the leaf w. Let L+(T ) be the set
of YES-leaves and L−(T ) the set of NO-leaves. We define the following quantities:

`+
i (T ) := |{w ∈ L+ : dim(Pw) = i}|; `+(T ) := |L+(T )| =

∑
i

`+
i (T );

`−i (T ) := |{w ∈ L− : dim(Pw) = i}|; `−(T ) := |L−(T )| =
∑
i

`−i (T );

`+
i (P |Ω) := min

T
`+
i (T ); `−i (P |Ω) := min

T
`−i (T );

`+(P |Ω) := min
T
`+(T ); `−(P |Ω) := min

T
`−(T ),
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The minimum is taken over all decision trees correctly deciding membership in P .
The following theorem is an important part for the overall method.

Theorem 3.7. Let P be a closed polyhedron and Ω a convex open set in Rn. Then

`−n−i(P |Ω) ≥ βi(Ω \ P ), (3.1)

and
`+
n−i(P |Ω) ≥ β̃i−1(Ω \ P ). (3.2)

Proof. Let T be a linear decision tree testing points of Ω for membership in P . We
will prove the inequality

`−n−i(T ) ≥ βi(Ω \ P ) (3.3)

using induction on the size of T . Since T can be chosen arbitrarily, (3.3) holds for
any T and in particular it follows from the definition of `−i (P |Ω) that (3.1) holds.

For the base case we consider T having a single node. If T consists of one YES-leaf
then Ω \ P = ∅ and β(Ω \ P ) = 0. If T consists of one NO-leaf, then P ∩ Ω = ∅.
Since Ω is convex and open we have β0(Ω \ P ) = β0(Ω) = 1 and βi(Ω \ P ) = 0 for
i > 0.

We will now assume that (3.1) holds for all linear decision trees smaller than T and
prove it for T . Let q(x) be the affine function attached to the root node. It divides
Ω into three parts:

Ω+ = {x ∈ Ω : q(x) > 0},
Ω− = {x ∈ Ω : q(x) < 0},
Ω0 = {x ∈ Ω : q(x) = 0}.

The root of T has three children and we will consider them as linear decision trees
on their own, T+, T− and T 0. The first two, T+ and T− are decision trees for P
and Ω+ and Ω− respectively in Rn. On the other hand T 0 is a linear decision tree
for P ∩H and Ω0 in

H = {x ∈ Rn | q(x) = 0} ' Rn−1.

Since these decision trees are subtrees of T , their size is smaller and from the induc-
tion hypothesis it follows that

`−n−i(T
+) ≥ βi(Ω

+ \ P );

`−n−i(T
−) ≥ βi(Ω

− \ P ).
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Similarly, for T 0 we obtain

`−n−i(T
0) = `−(n−1)−(i−1)(T

0) ≥ βi−1(Ω0 \ P ).

However, the leaves of T are exactly those of T+, T− and T 0. Thus

`−n−i(T ) = `−n−i(T
+) + `−n−i(T

−) + `−n−i(T
0)

≥ βi(Ω
+ \ P ) + βi(Ω

− \ P ) + βi−1(Ω0 \ P ).
(3.4)

It remains to prove that the ith Betti number βi(P \ Ω) is not too large, i.e., that

βi(P \ Ω) ≤ βi(Ω
+ \ P ) + βi(Ω

− \ P ) + βi−1(Ω0 \ P ).

To find a relation between these quantities we will produce a Mayer-Vietoris long
exact sequence, but first we need an appropriate couple of subspaces (A+, A−).

Note that the set Ω \P is open. For each x ∈ Ω0 \P we can choose an open ball Ox

around x such that Ox ∈ Ω \ P . Let C =
⋃
x∈Ω0\P Ox. Thus, C ⊂ Ω \ P is open and

homotopy equivalent to Ω0 \P . (The homotopy is obtained by orthogonal projection
onto H which in fact shows that Ω0 \ P is a strong deformation retract of C.) Let
us define

A+ = (Ω+ \ P ) ∪ C;

A− = (Ω− \ P ) ∪ C.

Once again, projection in the direction orthogonal to H shows that (Ω+ \ P ) \ C is
a strong deformation retract of both A+ and Ω+ \ P . Similarly, (Ω− \ P ) \ C is a
strong deformation retract of both A− and Ω− \ P . Thus, to summarize

A+ ' Ω+ \ P ;

A− ' Ω− \ P ;

A+ ∩ A− = C ' Ω0 \ P ;

A+ ∪ A− = Ω \ P.

(3.5)

The sets A+ and A− are open and their union covers Ω \ P . Consequently (from
Theorem 2.4), there is a Mayer-Vietoris long exact sequence:

...→ Hi(A
+)⊕Hi(A

−)→ Hi(A
+ ∪ A−)→ Hi−1(A+ ∩ A−)→ ...
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and the exactness implies that

βi(A
+ ∪ A−) ≤ βi(A

+) + βi(A
−) + βi−1(A+ ∩ A−)

or equivalently using (3.5):

βi(Ω \ P ) ≤ βi(Ω
+ \ P ) + βi(Ω

− \ P ) + βi−1(Ω0 \ P ). (3.6)

This is the result we set out to prove, since (3.4) combined with (3.6) proves (3.3)
for all decision trees T .

To prove the corresponding inequality (3.2) for YES-leaves one proceeds almost as in
the previous case but working with the Mayer-Vietoris sequence in reduced singular
homology. The details are left out.

Letting Ω = Rn we deduce the following corollary by summing over all i. We omit
Rn from the notation and write `−(P ) for `−(P |Rn) and similarly for `+(P ).

Corollary 3.8. For any closed polyhedron P ⊂ Rn,

`−(P ) ≥ β(Rn \ P ) =
∑
i

βi(Rn \ P );

`+(P ) ≥ β(Rn \ P )− 1 =
∑
i

β̃i(Rn \ P ).

In the following sections, we shall see that Corollary 3.8 will prove very useful.
However, let us first make a small digression and state another corollary. We consider
R̂n, the space Rn compactified by the addition of a point ω “at infinity”. We note
that R̂n is homeomorphic to the n-sphere Sn. For any polyhedron P ⊂ Rn its
compactification is defined as P̂ = P ∪ {ω}.
Corollary 3.9. For any closed polyhedron P ⊂ Rn,

`−(P ) ≥ β̃(P̂ );

`+(P ) ≥ β(P̂ )− 1.

Proof. Since R̂n is homeomorphic to Sn, we can use Alexander duality (Theorem 2.5)
to see that Corollary 3.8 also holds for P̂ .

We should note that the lower bounds containing the sum of Betti numbers of course
also apply to the alternating sum of Betti numbers χ(P ). In section 3.10 we will see
an alternative method of proving a lower bound for the k-equal problem that uses
the Euler characteristic instead of the Betti sum.
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3.6 Subspace Arrangements

In this section we will introduce the notion of subspace arrangements and see how
they can be used to compute Betti numbers using combinatorial methods. A sub-
space arrangement A in Rn is a collection of affine subspaces {A1, A2, . . . , Am} of
Rn. If for all i, Ai is a linear subspace, (i.e., containing 0,) then we say that the
arrangement is central. Note that any affine subspace arrangement where the in-
tersection of all subspaces

⋂m
i=1Ai is non-empty can be translated such that 0 is

contained in the intersection. This means that any affine subspace arrangement with
non-empty intersection can be considered central. For the remainder of this text, we
will only consider central subspace arrangement and refer to them simply as subspace
arrangements.

To every subspace arrangement we can associate a poset LA consisting of all inter-
sections of subspaces of A where for each A,B ∈ LA A ≤ B iff B ⊂ A, i.e., where
the elements are ordered by reverse inclusion. We call LA the intersection lattice of
A and we shall shortly see why. First, note that there is a 0̂ and 1̂ in LA, namely
0̂ = Rn and 1̂ =

⋂m
i=1Ai.

Proposition 3.10. The poset LA is a lattice.

Proof. Since
Ai ∨ Aj = Ai ∩ Aj

and 0̂ ∈ LA, it follows from Lemma 2.6 that LA is a lattice.

We define the following two subsets of Rn:

VA =
m⋃
i=0

Ai and MA = Rn \ VA.

It should be clear that VA is a closed polyhedron and MA is an open polyhedron.
The following theorem will provide us with a connection between the homology of
MA and the intersection lattice LA. It is a result by Goresky-MacPherson [11] whose
proof is outside of the scope of this thesis.

Theorem 3.11 (Goresky-MacPherson).

H̃ i(MA) ∼=
⊕

x∈LA\{0̂}

H̃codim(x)−2−i(∆(0̂, x))
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For our purposes we are only interested in the Betti numbers, and a direct conse-
quence of Theorem 3.11 is the following corollary.

Corollary 3.12.

β̃i(MA) =
∑

x∈LA\{0̂}

β̃codim(x)−2−i(∆(0̂, x))

Application of the bounds from the previous section (Theorem 3.7) gives Corol-
lary 3.13. We let β̃(·) =

∑
i β̃i(·).

Corollary 3.13.

`−(VA) ≥ 1 +
∑

x∈LA\{0̂}

β̃(0̂, x)

`+(VA) ≥
∑

x∈LA\{0̂}

β̃(0̂, x)

3.7 The k-Equal Arrangement

In the context of the k-Equal Problem, there is one subspace arrangement of
main interest. The k-equal arrangement in Rn is defined as

An,k =

{
xi1 = xi2 = · · · = xik | {ij} ∈

(
[n]

k

)}
.

It consists of all subspaces such that k coordinates are equal. Thus, the Membership
Problem for MAn,k

is equivalent to the k-Equal Problem.

We turn our attention to the partition lattice Πn consisting of all partitions of the set
[n] ordered by refinement, discussed in Section 2.5 and more interestingly an induced
subposet Πn,k thereof. It is called the k-equal partition lattice and is defined as

Πn,k = {π ∈ Πn | π contains no blocks of size 2, 3, . . . , or k − 1}.

Lemma 3.14. The intersection lattice LAn,k
for the k-equal arrangement is isomor-

phic to the k-equal partition lattice Πn,k.

Proof. To the partition π ∈ Πn,k we associate the subspace

Aπ = {(x1, x2, ..., xn) ∈ Rn | xi = xj if i, j ∈ B ∈ π} ∈ LAn,k
,
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i.e., the subspace containing all points x such that xi = xj if i and j are in the
same block of π. Similarly, we can associate a partition πA to any subspace A by
considering the equations of the form

xi1 = xi2 = · · · = xim

that define A. We let

πA = {{i1, i2, . . . , im} | xi1 = xi2 = · · · = xim in A} .

Note that since Πn,k does not allow block sizes 2, 3, . . . , k−1, any partition π ∈ Πn,k is
mapped to a subspace Aπ that lies in LAn,k

and conversely, for any subspace A ∈ LAn,k

the partition πA lies in Πn,k. With some thought one sees that this provides us with
a bijective correspondence between the elements of Πn,k and LAn,k

. Furthermore, to
show that they are isomorphic as lattices we note that the join operations match:

Aπ ∨ Aπ′ = Aπ ∩ Aπ′ = Aπ∨π′ .

Thus, the bijection above is an isomorphism of join semilattices and consequently
also of lattices.

We can now relate the Betti numbers of the k-equal arrangement in Rn with the
Betti numbers of the k-equal partition lattice as presented in Corollary 3.15.

Corollary 3.15.

β̃(MAn,k
) =

∑
x∈LAn,k

\{0̂}

n∑
i=0

β̃i(0̂, x) ≥ β̃(Πn,k)

Computing the Betti numbers of the complement of the k-equal arrangement has
thus been reduced to examining its intersection lattice.

3.8 Shellability of the Intersection Lattice

In the preceding section we saw that the intersection lattice of the k-equal subspace
arrangement is in fact isomorphic to the k-equal partition lattice Πn,k. Thus, in this
section we will consider the partition lattice Πn,k and a certain labeling thereof that
turns out to be an EL-labeling.
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Consider the ordered set Λ consisting of a single chain

1 < 2 < · · · < n < 1 < 2 < · · · < n.

It will be used to define a labeling of Πn,k. When defining the label it will be helpful
to consider a chain in the lattice as a process that in each step takes us from one
partition to another one that is larger. The following labeling is due to Björner and
Wachs [6]. Let λ : E(Πn,k)→ Λ be defined as:

λ(π l σ) =


maxB if a new k-block B is created from singletons

a if singleton {a} is merged with an existing block

max (B ∪B′) if two non-singletons B and B′ are merged

Theorem 3.16. The labeling λ is an EL-labeling of the k-equal partition lattice Πn,k.

Proof. Recall the definition of an EL-labeling; we need to prove that for any interval
[π, σ]:

i) There is a unique maximal chain m in [π, σ] such that its label λ(m) is rising.

ii) The label λ(m) comes lexicographically before the label of any other maximal
chain in [π, σ].

Let us first consider an upper interval [π, 1̂]. Suppose that π consists of singleton
blocks {a1}, {a2}, ..., {as} (in increasing order) and non-singleton blocks B1, B2, ..., Bt

ordered by their maximal elements, i.e., such that b1 < b2 < ... < bt where bi = maxBi.
Let us construct the unique maximal chain m ⊂ [π, 1̂] with increasing label. Start by
merging together the non-singleton blocks with increasing index, i.e., first B1 ∪ B2,
then (B1 ∪ B2) ∪ B3, etc. Thereafter, adjoin the singletons {ai} in increasing order.
This gives m the following label

λ(m) = (b2, b3, ..., bt, a1, a2, ..., as}

which is clearly rising. In the case that π = 0̂, we must start by forming the k-block
{1, 2, ..., k} and proceed as before.

Any other maximal chain cannot have increasing label since there were no choices
possible in the construction of the rising chain m. Furthermore, no other maximal
chain can come before λ(m) in the lexicographic order on strings from Λ since when
constructing the rising chain m in each step we chose the operation that generates
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the smallest possible label. Thus, if it were done in some other way we would obtain
a larger label.

Let us consider a general interval [π, σ], where σ = σ1|σ2| . . . |σp. We can divide
the interval into a number of independent intervals [π, πi] where πi is the partition
π where all elements in σi have been merged into a single block (and the rest of
the partition remains the same). The interval [π, πi] is then isomorphic to an upper
interval in the partition lattice on the elements of σi. We can thus construct a unique
maximal chain mi with rising label λ(mi) in each interval [π, πi] as before.

To produce a maximal chain m in [π, σ] with rising label we perform the merging in
the intervals [π, πi] in parallel. Let

{x1, x2, ..., xq} =

p⋃
i=1

{x ∈ Λ | x ∈ λ(mi)} ,

such that x1 < x2 < ... < xq, i.e., the set of all entries in any label λ(mi), i =
1, 2, ..., p. Note that each entry occurs at most once. We produce m by performing
in the jth step the unique merge in mi such that xj ∈ λ(mi). This will result in

λ(m) = (x1, x2, ..., xq),

which is a rising label.

Let us prove that it comes lexicographically first. Suppose that there exists another
maximal chain m′ such that λ(m′) < λ(m). In particular there must exist one first
entry in λ(m′) that is smaller than the corresponding entry in λ(m). Suppose this
entry stems from an operation on the elements in the block σi. By performing the
corresponding operations in the production of m′ we can thus obtain a maximal
chain in the interval [π, πi] with lexicographically smaller label than λ(mi). This is
a contradiction and we conclude that λ(m) comes lexicographically first.

We may reason as above to prove that there are no other rising labels. Assuming
there is another such label implies that we get multiple rising labels on some interval
[π, πi] as well. Consequently, we have proven that λ is an EL-labeling of Πn,k.

The fact that λ is an EL-labeling gives us the tools to compute the Betti numbers
of Πn,k explicitly. This was first done in [5].

Lemma 3.17. The Betti numbers βin,k = βi(Πn,k) of the partition lattice Πn,k satisfy

βin,k 6= 0⇔ i = n− t(k − 2)− 3 for 1 ≤ t ≤ bn/kc (3.7)
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and furthermore for 1 ≤ t ≤ bn/kc

β
n−3−t(k−2)
n,k = (t− 1)!

∑
0=i0≤...≤it=n−tk

t−1∏
j=0

(
n− jk − ij − 1

k − 1

)
(j + 1)ij+1−ij . (3.8)

Proof. We will use Lemma 2.9 to deduce the result; we must count the falling chains
from 0̂ to 1̂ in Πn,k. We begin by finding a constraint on the length of any maximal
chain corresponding to the right implication of (3.7). Let us first consider how the
number of blocks changes when traversing a maximal chain from 0̂ to 1̂. We start
with n singleton blocks. As a k-block is created the number of blocks is decreased
by k − 1. For the other two operations (merging a singleton with a larger block or
merging two non-singleton blocks) the number of blocks is reduced by one. Hence,
if we assume that t is the number of k-blocks appearing in the chain we will need to
perform t steps to create the k-blocks, n − tk steps to merge the singletons to the
larger blocks and t − 1 steps to merge the large blocks into one. Consequently, the
length of the chain is

t+ n− tk + t− 1 = n− t(k − 2)− 1.

Therefore, any maximal and any falling maximal chain in Πn,k must have length
n − t(k − 2) − 1 for 1 ≤ t ≤ bn/kc. This proves the right implication in (3.7). The
other direction follows once we have computed the Betti numbers for these particular
indices.

Let us count the number of falling chains of length n− t(k − 2)− 1 in Πn,k, that is,
maximal chains such that their labels are non-increasing sequences in Λ. From the
above discussion we know that t is the number of k-blocks created from singletons
in each chain. Since merging non-singleton blocks results in barred labels which
are smaller than non-barred labels in Λ, any such falling chain must start with the
creation of the t k-blocks interspersed with merges of singletons to these larger blocks.
Lastly, the merging of all non-singleton blocks occurs.

Let 0 = i0 ≤ i1 ≤ ... ≤ it = n − tk. Then the number of falling chains, such that
before the creation of the qth k-block iq−1 singletons have been merged with larger
blocks (i.e., iq− iq−1 is the number of singletons merged to larger blocks between the
creation of the qth and (q + 1)th k-block), is

(t− 1)!
t−1∏
q=0

(
n− qk − iq − 1

k − 1

)
(q + 1)iq+1−iq . (3.9)
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In the first step (corresponding to the factor of q = 0) we must create a k-block and
then merge i1−i0 singletons to this block. Since the label should be non-increasing we
must take the largest singleton and then choose any (k− 1)-subset of the remaining
n−1 singletons. This can be done in

(
n−1
k−1

)
ways. Thereafter, we must pick the i1−i0

largest singletons and merge them with this k-block.

In general, before the qth step, we have q large blocks and n− qk− iq singletons. We
create a k-block by taking the largest singleton and choosing any k− 1-subset of the
singletons. Thereafter, we take the iq+1 − iq largest singletons and merge them in
decreasing order to any of the q+1 larger blocks. The number of ways of performing
the qth step is thus (

n− qk − iq − 1

k − 1

)
(q + 1)iq+1−iq .

When no singletons remain, (after the tth step), it remains only to merge the large
blocks. We must always merge the block containing the largest element with some
other block. Hence take any of the (t− 1)! permutations of the blocks with smaller
maximal elements and merge them to the block with the largest maximal element in
this order. Combining the steps gives us the formula (3.9).

3.9 Arriving at a Lower Bound

We are now ready to state and prove one of the main theorems of this thesis – a result
from [3]. Corollary 3.8, Corollary 3.15 and Lemma 3.17 are all we need to arrive at
a lower bound. The upper bound from Section 3.1 is included for completeness.

Theorem 3.18 (Björner, Lovász). Let c(n, k) denote the decision tree complexity of
the k-Equal Problem on n elements. Then

max
{
n− 1, n log3

n

3k

}
≤ c(n, k) ≤ 11n log3

n

k
. (3.10)

This result shows that we have a tight asymptotic bound on the complexity of the
k-of-Each Problem– the upper and lower bound differ only by a constant factor.
Furthermore, the coefficients of the leading terms differ by a factor of only 11 despite
the apparent detour (through topology and combinatorics) we have taken to find
the lower bound. It should be noted that asymptotically the coefficients differ by a
factor of at most 7.
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Proof. To obtain the lower bound in (3.10) we will use the exact expression for the
Betti numbers in Lemma 3.17 and extract one sufficiently large term. We then insert
this into

`−(VAn,k
) ≥ β(Πn,k)

obtained from Corollary 3.8 and Corollary 3.15.

Assume that k ≤ n/2. We proceed as in [3] and extract the term in the expression
(3.8) from Lemma 3.17 corresponding to t = b n

2k
c and i0 = i1 = ... = it−1 = 0. This

gives us

`−(VAn,k
) ≥ (t−1)!

(
n− 1

k − 1

)(
n− k − 1

k − 1

)(
n− 2k − 1

k − 1

)
· · ·
(
n− (t− 1)k − 1

k − 1

)
·tn−tk.

(3.11)

We seek to prove the following inequality(
n− 1

k − 1

)(
n− k − 1

k − 1

)(
n− 2k − 1

k − 1

)
· · ·
(
n− (t− 1)k − 1

k − 1

)
≥
(n
k

)(k−1)t

. (3.12)

Consider the last factor(
n− (t− 1)k − 1

k − 1

)
=

(
n− kb n

2k
c+ k − 1

k − 1

)
≥
(
n/2 + k − 1

k − 1

)
=

=
(n/2 + k − 1)(n/2 + k − 2) · · · (n/2− 1)

(k − 1)!
.

Note that every factor in the numerator is at least n/2 except for the last (n/2− 1).
However, having assumed that k ≥ 3, n/2 + 2 is also a factor in the numerator. This
means that in total the numerator is bounded below by (n/2)k−1. The denominator
may be bounded above by (k/2)k−1. Thus(

n− (t− 1)k − 1

k − 1

)
≥
(n
k

)k−1

.

Since the last factor is the smallest the same bound holds for the other factors as
well and we conclude (3.12). Inserting this into (3.11) we get

`−(VAn,k
) ≥ (t− 1)!

(n
k

)(k−1)t

tn−tk = tn
( n
tk

)(k−1)t

(t− 1)!t−t ≥

≥
(
t

3k

)n
2(k−1)t

(
t

3

)t
t−t ≥

(
t

3k

)n(
4

3

)t
≥
( n

3k

)n
,



42 CHAPTER 3. THE K-EQUAL PROBLEM

by using the fact that (t − 1)! ≥ (t/3)t for all t. To obtain a lower bound on the
depth of the tree we use the fact that a linear decision tree is ternary and hence

c(n, k) > n log3

n

3k
.

This covers the case when k ≤ n/3. However, it remains to prove that c(n, k) ≥ n−1.
Let T be a linear decision tree solving the k-Equal Problem on n elements. Let
us consider the set of points reaching a certain YES-leaf. This set is contained in
VAn,k

and must thus have dimension at most n − k + 1. Therefore, there must be
at least k − 1 comparisons resulting in equality on the path from the root to this
YES-leaf.

Furthermore, if we consider the set of points reaching a certain NO-leaf, we can argue
that it can contain no k-dimensional affine linear subspace. There must thus be at
least n − k + 1 nodes (with comparison resulting in inequality) on the path to this
leaf.

Now, take any NO-leaf and consider its predecessor. If there is no YES-leaf in the
subtree under this predecessor then we could just contract the subtree and make
it a NO-leaf. Thus we may assume that there is a YES-leaf somewhere below this
node. But reaching the node we have encountered at least n − k inequalities and
continuing down to the YES-leaf we must encounter at least k − 1 equalities. Thus,
the complexity of T is at least n− 1.

3.10 Alternative Asymptotic Lower Bound

The result bounding the number of leaves with the sum of Betti numbers of course
implies that the alternating sum of Betti numbers (the Euler characteristic χ(Πn,k)) is
also a lower bound. By Philip Hall’s theorem (Theorem 2.12) we may thus consider
proving a lower bound on the Möbius function of the k-equal partition lattice to
obtain a lower bound also for the k-Equal Problem. This was in fact the original
method used by Björner, Lovász and Yao in [4] that was later refined in [3]. In this
section we will explore the method based on computations of the Möbius function
following the procedure from [3].

Instead of just considering the k-equal partition lattice Πn,k, we begin with working
in a slightly more general setting and finish by specializing the results. We will
consider subposets of the partition lattice Πn. Let T ⊂ Z+ where 1 ∈ T and define

Πn,T = {π ∈ Πn | the size of any block of π is in T} ,
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where the order relation is the one induced from Πn. The requirement that 1 ∈ T
implies that 0̂ ∈ Πn,T . For T = {1, k, k+ 1, ...} we obtain the usual k-equal partition
lattice Πn,k = Πn,T . We use the notation µn,T or simply µT to denote the Möbius
function of the poset Πn,T and µ for the Möbius function of Πn. We also define
µT (π, σ) = 0 if either π or σ is not in Πn,T . The following abbreviations will prove
convenient: µT (n) = µn,T (0̂, 1̂) and µk(n) = µn,k(0̂, 1̂). Let us define two important
functions. The first one is defined for any π ∈ Πn as

sn,T (π) =
∑
σ≤π

µT (0̂, σ).

and we use the same abbreviation as for the Möbius function, i.e., sT = sn,T and
sT (n) = sn,T (0̂, 1̂). Furthermore, sT (0) = 1. The second function is a polynomial in
the indeterminate t:

φT (n; t) =
∑
π∈Πn

µT (0̂, π)tb(π),

where b(π) denotes the number of blocks in π. The following relations are easily
checked for all n > 0:

φT (n; 0) = 0;
d

dt
φT (n; 0) = µT (n); φT (n; 1) = sT (1̂).

Let (B1, B2, . . . , Bq) denote the partition whose parts are the blocks B1, B2, . . . , Bq

and the rest are singletons. (Note that some of the blocks Bi may be singletons.)
Consider a partition π = {B1, ..., Bp} ∈ Πn, such that n ∈ Bp. Let π = (Bp) and
π = (B1, B2, ..., Bp−1). We can then interpret π as a partition of the elements of Bp

and π as a partition of the elements of [n] \B. The partitions are thus independent
of each other and we may conclude that

[0̂, π] ∩ Πn,T
∼=
(
[0̂, π] ∩ Πn,T

)
×
(
[0̂, π] ∩ Πn,T

)
. (3.13)

This will help us since we can now use the multiplicative property of the Möbius
function (Theorem 2.11). We define the “complement” T ∗ of T as T ∗ = {1}∪(Z+ \ T )
and use it for some initial observations.

Proposition 3.19. If π /∈ Πn,T ∗ then sT (π) = 0.

Proof. Let π = (B1, B2, ..., Bp) /∈ Πn,T ∗ . Then there is a block Bi such that |Bi| ∈
T \ {1}. Note that sT (Bi) = 0 since directly from the definition of the Möbius
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function we find that

sT (Bi) = µT (0̂, Bi) +
∑
σ<(Bi)

µT (0̂, σ)

= −
∑
σ<(Bi)

µT (0̂, σ) +
∑
σ<(Bi)

µT (0̂, σ) = 0.

Using the factorization of π that we considered before we can compute

sT (π) =
∑
σ≤π

µT (0̂, σ) =
∑
σ1≤B1

· · ·
∑
σp≤Bp

µT (0̂, σ1) · · ·µT (0̂, σp)

= sT (B1) · · · sT (Bi) · · · sT (Bp) = 0.

There is a recursion for the polynomial φT (n; t) that is contained in the following
proposition.

Proposition 3.20. φT (n; t) = t
∑n

m=1

(
n−1
m−1

)
µT (m)φT (n−m; t).

Proof. Using the multiplicative property of the Möbius function on independent
blocks as in (3.13) we obtain

φT (n; t) =
∑
n∈Πn

µT (0̂, π)tb(π)

=
∑
n∈Πn

µT (0̂, π)µT (0̂, π)tb(π)

=
∑
B⊂[n]
n∈B

µT (0̂, (B)) t
∑

π∈Πn:π=(B)

µT (0̂, π)tb(π)−|B|

=
∑
B⊂[n]
n∈B

µn,T (0̂, (B)) t φT (n− |B|; t)

= t
n∑

m=1

(
n− 1

m− 1

)
µm,T (m)φT (n−m; t).

In the last step we have used the fact that the interval [0̂, (B)] is isomorphic to a
partition lattice on |B| elements.
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We will translate this to a differential equation for the exponential generating func-
tion

GT (x, t) =
∞∑
n=0

φT (n; t)
xn

n!

which we also use to define the following quantities

FT (x) =
∞∑
n=1

µT (n)
xn

n!
=

∂

∂t
GT (x, t)|t=0

pT (x) =
∞∑
n=0

sT (n)
xn

n!
= GT (x, 1).

Using the recursive formula of Proposition 3.20 we may derive the following relation.

Proposition 3.21. GT (x, t) = etFT (x) and FT (x) = ln pT (x).

Proof. Start with the expression contained in Proposition 3.20 and multiply both
sides by xn−1

n!
.

φT (n; t)
xn−1

(n− 1)!
= t

n∑
m=1

(n− 1)!

(n−m)!(m− 1)!
µm,T (0̂, 1̂)φT (n−m; t)

xn−1

(n− 1)!

= t
n∑

m=1

φT (n−m; t)
xn−m

(n−m)!
µm,T (0̂, 1̂)

xm−1

(m− 1)!
.

Shifting the index n by one and summing from 0 to ∞ we obtain

∂

∂x
GT (x, t) =

∞∑
n=0

φT (n+ 1; t)
xn

n!

= t

∞∑
n=0

n+1∑
m=1

φT (n+ 1−m; t)
xn+1−m

(n+ 1−m)!
µm,T (0̂, 1̂)

xm−1

(m− 1)!

= t

∞∑
n=0

φT (n+ 1; t)
xn+1

(n+ 1)!

∞∑
m=1

µm,T (0̂, 1̂)
xm−1

(m− 1)!

= tGT (x, t)
∂

∂x
FT (x).
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We have arrived at a differential equation that we utilize in the following manner:

∂

∂x
GT (x, t) = tGT (x, t)

∂

∂x
FT (x)⇔

∂
∂x
GT (x, t)

GT (x, t)
= t

∂

∂x
FT (x)⇔

GT (x, t) = C · etFT (x)

However, FT (0) = 0 and GT (0, t) = 1 which implies the first result of the proposition.
The second one is obtained by differentiating with respect to t and evaluating at
t = 0.

Theorem 3.22. Suppose that T ∗ is finite and let α1, ..., αd be the complex roots of
the polynomial pT (x). Then

µT (n) = −(n− 1)!
d∑
i=1

α−ni .

Proof. Note that Proposition 3.19 implies that pT (x) = 1 +
∑

n∈T ∗ sT (n)x
n

n!
. Since

pT (x) has constant term 1 we can write it as follows:

pT (x) =
d∏
i=1

(
1− x

αi

)
,

which implies

FT (x) = ln pT (x) =
d∑
i=0

ln

(
1− x

αi

)

= −
d∑
i=0

∞∑
n=1

1

n

(
x

αi

)n
= −

∑
n=1

xn

n

d∑
i=1

α−ni .

We obtain the result by equating coefficients of the two expressions describing FT (x).

Let us now turn to the case of the k-equal partition lattice Πn,k. It is no arduous
task to show that the polynomial pT , denoted pk for this particular choice of T , has
the form of a truncated exponential function:

pk(x) =
k−1∑
i=0

xi

i!
.
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Furthermore, as a direct consequence of Theorem 3.22 the Möbius function is equal
to the following expression.

Corollary 3.23. µk(n) = −(n− 1)!
∑k−1

i=1 α
−n
i .

Unfortunately, the value of µk(n) is not always large enough (for our purposes).
However, there is a workaround that shows that it is large often enough. In large,
the complexity of the k-Equal Problem is an increasing function of n and by
changing the size n to something slightly smaller we obtain sufficiently large bounds.
The proof of the following theorem is based on facts about the truncated exponential
function pk and Corollary 3.23. We do not provide the proof.

Proposition 3.24. For all n, k with 2 ≤ k ≤ n there exists an m such that n−k+2 ≤
m ≤ n and |µk(m)| > (m− 1)!(k − 1)−m−1.

Proof. See [3].

Theorem 3.25. The linear decision tree complexity of the k-Equal Problem on
n elements is Θ

(
n log n

k

)
.

We remark that this result is already known from Theorem 3.18 and that it is pro-
vided here in order to exhibit another way of proving it.

Proof. From Proposition 3.24 we know that we can choose n ≥ m ≥ n − k + 2 and
obtain

`−(VAn,k
) ≥ `−(VAm,k

) ≥ |µk(m)| ≥ (m− 1)!(k − 1)−m−1

≥ (n− k + 1)!(k − 1)−n+k−3

≥ 1

(k − 1)2

(
n− k + 1

3(k − 1)

)n−k+1

≥
( n

8k

)n/2
.

This implies that the complexity of any linear decision tree solving the k-of-Each
Problem on n elements is at least

n

2
log3

( n
8k

)
or expressed with the asymptotic notation Ω(n log n

k
). The asymptotic upper bound

was proven before and consequently the complexity is Θ(n log n
k
).
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As stated before, this was the original method used by Björner, Lovász and Yao
in [4]. However, Corollary 3.13 gives stronger bounds than this method using the
Möbius function. If we compare the constants of the leading terms in the expressions
from Theorem 3.18 and Theorem 3.25, we see that the former is twice as large as
the latter. This indicates that it can be a good idea to use the bound by Betti sum
to obtain stronger bounds also for other problems. This is the main goal of the next
chapter.



4 — The k-of-Each Problem

The method used to prove the lower bound in Chapter 3 can be applied to other
problems. The idea in all cases is to identify a suitable subspace arrangement, show
that its intersection lattice is EL- or CL-shellable and prove that the sum of Betti
numbers is sufficiently large. The method will be used to improve upon the result
of Linusson [12] by providing a slightly stronger lower bound on the decision tree
complexity of the k-of-Each Problem.

The k-of-Each Problem is similar to the k-Equal Problem. It consists of
deciding, given a list of n real numbers, whether each number occurs at least k
times. In other words, given (x1, . . . , xn) ∈ Rn, is it true that for each xi there are k
distinct indices i = i1, i2, . . . , ik such that xi1 = xi2 = · · · = xik? Linusson was able
to compute a lower bound by proceeding similarly as we did in Section 3.10 using
the Möbius function. In this chapter we will use the bound from Corollary 3.13
consisting of the sum of Betti numbers.

4.1 The k-of-Each Lattice

Similarly as we did for the k-Equal Problem, Linusson [12] introduced the k-of-
each arrangement A′n,k as the set of all linear subspaces in Rn defined by equations
of the form xi1 = xi2 = · · · = xir for r ≥ k and such that each coordinate xi occurs
in one equation. The Membership Problem on the set VA′n,k

is then equivalent to

the k-of-Each Problem. (See Section 3.6 for the definition of VA′n,k
.)

The k-of-each partition lattice is defined as

Π′n,k = {π ∈ Πn | π contains no block of size less than k} ∪ {0̂}.

Note that we need to add a bottom element in order for it to be a lattice.
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Lemma 4.1. The intersection lattice of the k-of-each arrangement LA′n,k
is isomor-

phic to the k-of-each partition lattice Π′n,k.

Proof. See the proof of Lemma 3.14. It applies here with some minor adjustments.

Owing to Corollary 3.13, we may hence restrict our attention to Π′n,k for deducing
the Betti numbers.

4.2 CL-Shellability

In this section we will prove that the k-of each partition lattice is CL-shellable. In
the following section this result will be used to compute a lower bound for the sum
of its Betti numbers. Before we can define the chain-edge labeling we need to go
through some preliminaries.

Let a = B1| . . . |Bt be an atom of Π′n,k. Then the interval [a, 1̂] is isomorphic to the
complete partition lattice Πt. This can be seen by mapping the blocks bijectively
to [t], e.g., such that Br 7→ r. A partition π = C1| . . . |Cr of [t] then corresponds
to a partition in [a, 1̂] whose blocks are ∪j∈Ci

Bj for each 1 ≤ i ≤ r. The partition
lattice Πt is a geometric lattice and from the work by Stanley [15] we know that it is
possible to give Πt an EL-labeling λ : Πt → Z by ordering the atoms of Πt arbitrarily,
b1, . . . , br, and labeling the edge xl y ∈ Πt with

λ(xl y) = min{1 ≤ j ≤ r | x ∨ bj = y}.

Furthermore, it is known that the number of falling chains in Πt is equal to (t− 1)!
(see [17]).

Let us turn our attention to the entire k-of-each lattice. The atoms have the form
a = B1| . . . |Bt for some dn/(2k − 1)e ≤ t ≤ bn/kc and k ≤ |Bi| < 2k for each 1 ≤
i ≤ t. We introduce an atom ordering by representing a by the t-tuple obtained by
ordering the blocks increasingly by minimal elements and forming wa = (w1, . . . , wt)
where wi is the word formed by writing the elements of the ith block in ascending
order. We compare the atoms by comparing their tuples lexicographically.

Let us look at a small example. Let

a = {{1, 2, 3}, {4, 7, 9}, {5, 6, 8}}
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be an atom of Π9,3. Then the word corresponding to a is

wa = (123, 479, 568).

This gives us a total order on the atoms of Π′n,k. Let us denote the atoms (in order)
by a1, a2, . . . , ap. Henceforth, we will say that an atom is to the left of or is smaller
than another if it comes earlier in the atom ordering. Let us note that the following
statement holds.

Lemma 4.2. Let ai and aj be two atoms of Π′n,k. If i < j and ai, aj < y then there
exists an atom ak and an element x covering aj such that k < j and ak < x ≤ y.

Proof. The proof is rather technical and all details are given in [6]. We will content
ourselves with a brief idea of the proof. Suppose ai = B1| . . . |Bp and aj = B′1| . . . |B′q
and that Bs and B′s are the first blocks that differ. Since i < j, there are two cases:
either Bs ⊂ B′s or the minimal element of Bs\B′s is smaller than the minimal element
of B′s \Bs.

In the first case we need to find another atom ak obtained by moving any element
of B′s \ Bs to a block B′t where s < t. (This might necessitate splitting of blocks).
In the second case we switch blocks for the two minimal elements discussed in the
previous paragraph.

This is in fact enough to prove that the ordering of atoms is a recursive atom ordering
for Π′n,k. The reason for this, as noted by Björner and Wachs [6], is that since any
proper upper interval is isomorphic to a geometric lattice, any atom ordering in this
interval is a recursive atom ordering. Thus, it suffices to check that condition ii of the
definition of a recursive atom ordering is satisfied. This is the content of Lemma 4.2.

We will now start describing a chain-edge labeling of Π′n,k. It is possible to extend

the EL-labeling of each interval [ai, 1̂] to a CL-labeling of Π′n,k, but first we need to
define a couple of new concepts. Let

F (ai) = {b atom in [ai, 1̂] | ∃j < i such that aj < b}.

This means that F (ai) consists of the atoms of [ai, 1̂] that are larger than some other
atom ak to the left of ai. We call the elements of F (ai) left transfers of ai. We can
think of left transfers as the covers that connects an atom to another one that comes
before in the atom ordering.

Order the atoms of each interval [ai, 1̂] as b1, . . . , br such that if bj ∈ F (ai) and
bk /∈ F (ai) then j < k. In other words, choose any order such that the left transfers
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come first. Let λai : [ai, 1̂]→ Z denote the edge labeling described for Πt above. As
stated before, this is an EL-labeling of [ai, 1̂].

Let Z = {i | i ∈ Z} and Z = {i | i ∈ Z}. Consider the poset

Λ = Z ] Z ] Z,

where we compare elements of each disjoint part of Λ as expected and where

i < j < k

for any i ∈ Z, j ∈ Z and k ∈ Z. Label the bottom edges of Π′n,k as follows

λ(·, 0̂ l xi) = i

irrespective of the maximal chain. Consider any maximal chain

m = 0̂ l ai = x0 l x1 l · · ·l xt.

Label the edges in m as

λ(m, xj l xj+1) =

λai(xj l xj+1) if x1 ∈ F (ai)

λai(xj l xj+1) if x1 /∈ F (ai).

We see that the two first edges of the chain m decide whether we will label the rest
of the edges in Z or Z.

Proposition 4.3. The chain-edge labeling λ : Π′n,k → Λ is a CL-labeling.

Proof. Note first that for any rooted interval [x, y]r x 6= 0̂, the labeling λ coincides
with λai (except for the bar under or over) where ai is the unique atom in r. Thus, it
suffices to consider intervals [0̂, y]. We need to prove that the lexicographically first
maximal chain is the unique rising chain in the interval. Let

m = 0̂ l ai l x1 l x2 l · · ·l y

be the lexicographically first chain in [0̂, y]. Then ai l x1 l x2 l · · ·l y must be the
lexicographically first chain in [ai, y] and therefore the unique rising in the interval
[ai, y]. Note furthermore, that since m is first, F (ai)∩ [0̂, y] = ∅. If this was not the
case, i.e., if b ∈ F (ai) and b ≤ y, then we would find a lexicographically smaller chain
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by starting a chain with the atom aj (j < i) below b. Consequently, x1 /∈ F (ai) and
from the definition of λ

λ(m, 0̂ l a1) < λ(m, a1 l x1).

Thus m is rising.

Let
m′ = 0̂ l aj l x′1 l x′2 l · · ·l y

be another rising chain in [0̂, y]. Since there is only one rising chain in [ai, y] we must
have ai 6= aj and i < j since m is lexicographically first. Furthermore, aj l x′1 l
x′2 l · · · l y is lexicographically first in [aj, y]. In particular x′1 must be first in the
atom ordering of [aj, y].

Note that 0̂ l aj l x′1 is rising, which implies that x′1 /∈ F (aj). However, from
Lemma 4.2 it follows that there exists b ∈ F (aj) such that b < y. But then b comes
before x′1 in the atom ordering of [aj, y] which contradicts the fact that aj l x′1 l
x′2 l · · ·l y is the lexicographically first chain in [aj, y]. Hence, m is the only rising
chain and it follows that λ is a CL-labeling of Π′n,k.

4.3 Falling Chains

Let a be an atom in Π′n,k. We will now pay some attention to the left transfers of
a. The elements covering a are the ones obtained by merging two blocks of a and
keeping the rest intact. We want to find a condition on the blocks of a that dictates
whenever a merge results in a left transfer.

Lemma 4.4. An element covering the atom a = B1| . . . |Bt ∈ Π′n,k obtained by
merging blocks Bi and Bj (i < j) is a left transfer if and only if any of the following
conditions is true:

i) maxBi > minBj

ii) |Bi| > k and |Bj| < 2k − 1

iii) |Bi|+ |Bj| ≥ 3k

Proof. If the first condition holds, then we can obtain a lexicographically smaller
atom by swapping the maximal element of Bi with the minimal element of Bj. If the
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second condition holds we can obtain a lexicographically smaller atom by moving
the maximal element of Bi to Bj in π. If the third condition holds it follows that
|Bi| > k and we can split up the block Bi∪Bj into three blocks such that the first is
represented by a proper prefix of the word formed from Bi. The corresponding atom
is thus to the left of a.

If neither of these conditions hold, then the tuple of words formed by Bi and Bj as
described above is lexicographically first of all possible 2-tuple words formed by the
elements in Bi ∪Bj. There are not enough elements to make 3 blocks. We may thus
conclude that there is no smaller atom of Π′n,k below this element.

It would be nice to exhibit an explicit formula for the number of falling chains in
Π′n,k. For the purpose of proving a lower bound on the complexity of the k-of-Each
Problem it will however suffice to show that the number of falling chains is large
enough. In order to estimate the number of falling chains we will consider a special
class of atoms. We say that an atom in Π′n,k is falling if all of its covers are left
transfers. Falling atoms help us estimate the number of falling chains since if a is
a falling atom, then any falling chain in [a, 1̂] can be extended to a falling chain in
[0̂, 1̂]. The labeling of the first edge (from 0̂ to a) in any maximal chain containing a
will always be greater than the rest, since all covers above a are left transfers.

Lemma 4.5. Assume k ≥ 3 and n > 2k + 1. Let t = bn/(k + 1)c and let s be the
remainder when dividing n by k + 1. Then there are at least

1

t!

(n− s)!
((k + 1)!)t

falling atoms in Π′n,k.

Proof. We will consider atoms where each block has at least k+ 1 elements and less
than 2k − 1 elements. Lemma 4.4 tells us that these atoms are all falling. This can
be achieved by removing s elements from [n] and then choosing t (k + 1)-subsets of
[n− s]. Since s ≤ k and t ≥ 2, it is then possible to insert the remaining s elements
into the t formed subsets such that no subset becomes larger than 2k− 2. With this
procedure we obtain at least

1

t!

(
n− s

k + 1, . . . , k + 1︸ ︷︷ ︸
t times

)
=

1

t!

(n− s)!
((k + 1)!)t

falling atoms. Note the factor 1/t! that occurs since the order in which we choose
the subsets does not matter.
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Note that the constraints on n and k are rather natural. If n ≤ 2k + 1, then any
atom has at most 2 blocks. This means that in the k-of-Each Problem there are
at most two different real numbers occurring.

Proposition 4.6. Let n and k be as in Lemma 4.5. Then there are at least( n
6k

)n
falling chains in Π′n,k.

Proof. In the proof we will use two particular inequalities that we include here for
clarity. (p

3

)p
≤ p! ≤

(
2p

3

)p
for all p ≥ 3 (4.1)

p
√
p ≤ 2 for all p ≥ 1 (4.2)

Let us start the proof. Once again we let t = bn/(k+ 1)c and s the remainder when
dividing n by k+1, i.e., n = t(k+1)+s where 0 ≤ s ≤ k. For each falling atom with
t blocks we find (t− 1)! falling chains in the upper interval that can be extended to
falling chains in the full lattice. Thus, applying Lemma 4.5, the number of falling
chains is bounded below by

(t− 1)!

t!

(n− s)!
((k + 1)!)t

≥ 1

nst(k + 1)t
n!

(k!)t

(4.1)

≥ 3tk

2tk
1

nst(k + 1)t
n!

ktk

=
3tkks

2tkns
kt

t(k + 1)t
n!

kn
=

3tkks

2tkns
2nkt

t(k + 1)t
n!

(2k)n

=
3tk

2tk

(
2k

n

)s
2t(k+1)kt

t(k + 1)t
n!

(2k)n
≥
(

3tk

2t−1n

)k (
2t(k+1)kt

t(k + 1)t

)
n!

(2k)n
.

Let us consider the three factors separately. We will prove that the first two are
greater than or equal to 1, which will leave us with the last one. Firstly, since k ≥ 3
it follows that k

n
≥ 3

4
k+1
n

and we deduce(
3tk

2t−1n

)k
≥
(

3t

2t−1
· 3

4
· k + 1

n

)k
=

(
3

2

)k(t+1)(
n− s+ s

k + 1

)−k
=

(
3

2

)k(t+1)(
t+

s

k + 1

)−k
≥
(

3

2

)k(t+1)

(t+ 1)−k

=

(
3t+1

2t+1(t+ 1)

)k
≥ 1k = 1.
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The last inequality is obtained by checking the case t = 2 and noting that the
function is monotonously increasing. We move on to the second factor. Note that
k
k+1
≥ 3

4
.

2t(k+1)kt

t(k + 1)t
=

(
2k+1k

t
√
t(k + 1)

)t (4.2)

≥
(

2kk

k + 1

)t
≥
(
3 · 2k−2

)t ≥ 1.

This leaves us with a lower bound on the number of falling chains:(
3tk

2t−1n

)k
2t(k+1)kt

t(k + 1)t
n!

(2k)n
≥ 1 · 1 · n!

(2k)n

(4.1)

≥
( n

6k

)n
.

Note that the estimation of the two first factors is rather rough and it should be
possible to obtain a slight improvement by going into more detail.

4.4 Linear Decision Tree Complexity

Despite the fact that we did not find exact expressions for the Betti numbers of the
k-of-each partition lattice, we will be able to deduce a lower bound on the decision
tree complexity of the k-of-Each Problem.

Theorem 4.7. If k ≥ 3 and n > 2k + 1, the linear decision tree complexity c′(n, k)
of the k-of-Each Problem satisfies

c′(n, k) ≥ n log3

( n
6k

)
.

Proof. Proposition 4.6 provides us with a lower bound on the number of falling chains
in Π′n,k, namely ( n

6k

)n
.

By Theorem 2.9 and Corollary 3.13 we thus also have a lower bound on the sum of
Betti numbers and the number of leaves. The complexity of any decision tree is at
least the 3-logarithm of the number of leaves. The result follows.

To see that Theorem 4.7 is actually a strengthening of the result by Linusson [12],
we note that the bound presented here can be rephrased as

c′(n, k) ≥ n log3

(n
k

)
− 2n.
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In [12], the final asymptotic bound is derived from the following statement. There
exists an m < n− k such that

c′(n, k) ≥ m log3

(m
k

)
− 6m.

The reason why the bound is expressed in m instead of n is similar to the one we
encountered in section 3.10. By comparing the two expressions it should be evident
that the one derived in this thesis is slightly stronger. Even though the difference is
not as large for the two methods in in Chapter 3, we have achieved an improvement
at least on the constant of the linear term.
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