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Abstract 

Duplex Stainless Steels (DSS) are used extensively in various industrial applications where 
the properties of both austenite and ferrite steels are required.  Higher mechanical strength 
and superior corrosion resistance are the advantages of DSS.  One of the main drawbacks for 
Duplex steels is precipitation of sigma phase and other intermetallic phases adversely 
affecting the mechanical strength and the corrosion behavior of the steels. The precipitation 
of these secondary phases and the associated brittleness can be due to improper heat 
treatment. The instability in the microstructure of Duplex stainless steels can be studied by 
understanding the phase transformations especially the ones involving sigma phase. To 
reduce the time and effort to be put in for experimental work, computational simulations are 
used to get an initial understanding on the phase transformations.  

The present thesis work is on the phase transformations involving sigma phase for Fe-Cr 
system and Fe-Cr-Ni system using theoretical approach in 1D and 2D geometries. A phase 
field model is implemented for the microstructural evolution in DSS in combination with 
thermodynamic data collected from the Thermo-Calc software. The Wheeler Boettinger 
McFadden (WBM) model is used for Gibbs energy interpolation of the system.   

FiPy- Finite volume PDE solver written in python is used to simulate the phase 
transformation conditions first in Fe-Cr system for ferrite-austenite and ferrite-sigma phase 
transformations. It is then repeated for Fe-Cr-Ni ternary system. In the present study a model 
was developed for deriving Gibbs energy expression for sigma phase based on the common 
tangent condition. This model can be used to describe composition constrained phases and 
stoichiometric phases using the WBM model in phase field modeling. Cogswell’s theory of 
using phase order variable instead of an interpolating polynomial in the expression for Gibbs 
energy of whole system is also tried. 

Key words: Duplex stainless steel, Microstructure, Phase transformations, Sigma phase, 
Ferrite, Austenite, Phase field approach, Thermocalc, Wheeler Boettinger McFadden model, 
Gibbs Energy, FiPy 
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1 INTRODUCTION 

1.1 Background 

Duplex Stainless Steels (DSS) are a family of steels containing both ferrite and austenite 
phases in its microstructure. Since 1930s when they were made commercially available the 
DSS have been successful in applications in environments requiring good corrosion 
resistance and high strength.  A DSS is significantly less prone to stress corrosion cracking 
than austenite steel. The yield strength is about twice as high as for standard austenitic steels. 
However, the alloy content must be controlled to achieve the balance between austenite and 
ferrite phases. Higher alloying content can increase the risk of precipitation of undesirable 
secondary phases like σ-phase, Cr2N, CrN, secondary austenite, χ-phase, R phase, π-phase, 
M7C3, M23C6, Cu, and τ-phase. Alloying content is not the only cause for the precipitation of 
these phases; improper heat treatment could also cause secondary phase precipitation. There 
is a trade off for using the Duplex stainless steels as they cannot be used at temperatures 
above 250 0C due to brittleness and change in corrosion resistance observed in them. This is 
attributed to the secondary phases that are precipitated at temperatures below 1000 0C unto 
450 0C. 

Suggestions were made so as to reduce solution temperature and rapidly cool the steel in 
order to avoid precipitates. Although stainless steels have been in usage for several years 
there is still need for research. Especially the sigma phase precipitation needs to be studied as 
it causes the major damage in affecting the ductile properties and also its corrosion behavior. 
In terms of computational engineering, one must be able to simulate the microstructural 
evolution with input of alloy composition and the certain properties to study the phase 
transformations.  

The treatment for phase transformations is divided into two groups, sharp-interface methods 
and diffuse interface methods. In the sharp interface method one has to keep track of the 
phase boundary while that is not needed in case of diffuse interface method. The phase field 
method is a diffuse interface method to model the microstructural evolution problems. The 
interface has a finite width in the order of nanometers with a gradual variation of properties, 
composition and crystalline structure. The position of interface and the state of the system is 
given by variation of phase-field parameter, a non-conserved variable that deals with the 
(crystalline) structure change in the system. In case of two phase transformation, the phase-
field parameter has constant but two different values in both the phases and gradually varies 
across the interface. 

The two governing equations in the phase field method are Cahn-Hilliard and Allen –Cahn 
(explained in chapter 3), resulting in a system of partial differential equations that are 
difficult to solve analytically. Thus numerical methods are to be applied and finite volume, 
finite difference and finite element methods are well established to solve such problems. To 
solve the partial differential equations describing the system numerically requires a PDE 
solver package. FiPy is one such PDE solver using the finite volume method scripted in the 
python language that is used to numerically solve the equations obtained from the phase field 
method.  

In the study of phase transformations, the equilibrium state of material is predicted by 
thermodynamics. The theoretical basis for equilibrium thermodynamics was established by 
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Gibbs. The CALPHAD method predicts phase equilibrium and equilibrium thermodynamic 
properties of a system based on minimization of Gibbs energy from assessed thermodynamic 
data. The CALPHAD technique is utilized by the Thermo-Calc software developed at KTH 
Royal Institute of Technology, Stockholm [1]. In order to model microstructure evolution of 
real alloys using phase field method, the thermodynamic data required for the method is 
obtained from the Thermo-Calc software. 

1.2 Scope of the work 

On the computational side there is not much research done using the phase field method in 
studying the phase transformations in duplex stainless steels involving the sigma phase. This 
presents an opportunity to study this interesting topic computationally (using phase field 
method). 

In the present thesis work, we investigate the microstructural evolution due to phase 
transformations by means of the phase field method. The aim is to enable new and better 
computational methods to analyze phase transformations in duplex stainless steels. The main 
emphasis is on transformations involving sigma phase. However, sigma phase precipitation 
depends on the phase transformation between ferrite and austenite. So simulations are 
initiated with the ferrite-austenite transformations. 

Using the Thermo-Calc software for the thermodynamic data that is required for the phase 
transformations in the governing equations taken from phase field method, the equations are 
solved numerically using FiPy. FiPy version 2.1.2 is used in for the present thesis work. The 
simulations are started with a Fe-Cr binary system involving the ferrite-austenite 
transformations in both 1-Dimensional and 2-Dimensional geometries. The ferrite–austenite 
transformation is again studied for the Fe-Cr-Ni ternary system again both in 1D and 2D 
systems. Phase transformations involving sigma-ferrite phases are studied in both Fe-Cr and 
Fe-Cr-Ni systems. 

The main simulation results are in the second part of thesis. The first part of thesis is 
organized to give an overview on the subject of study (duplex stainless steels) in Chapter2, 
the approach used to study the material in focus (phase field method) in Chapter 3 and the 
software used (FiPy) to solve the problem defined by the approach in Chapter 4. Chapter 5 
describes the method used in studying the material system. It also contains the theory that is 
applied for transformations involving sigma phase as its thermodynamic stored in databases 
is quite involved. Chapter 6 and 7 includes the results and conclusion part of the thesis. The 
Python codes for the results are added in the appendix. 
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2 DUPLEX STAINLESS STEELS 

2.1 Introduction 

Duplex Stainless Steels are the family of steels that has two phases in the microstructure, 
ferrite and austenite. The volume fractions of both these phases are similar. The duplex 
microstructure was first described in 1927 by Bain and Griffith [2]. They were made 
commercially available by Avesta Jernverk and J Holtzer Company during the 1930s. These 
steels were difficult to produce as the alloy content must be controlled within narrow ranges 
in order to achieve the balance between austenite and ferrite. With the availability of AOD-
converters (Argon Oxygen Decarburization) the DSS were considerably improved when the 
high nitrogen alloyed DSS became popular and steel SAF 2205 was very successful [3]. 
Further improvement in pitting resistance was achieved by introducing the super duplex 
stainless steels (SDSS) which have the amount of alloying elements Cr, Mo and N are 
sufficient such that the Pitting Resistance Equivalent (PRE) is greater than 40 [4]. 

Duplex Stainless Steels draw advantage over the austenitic steels in several applications. 
Higher Mechanical Strength, superior resistance and lower price due to low nickel content are 
the reasons for interest in DSS over austenite stainless steels. Even in the environments prone 
to stress corrosion cracking where austenite steels were inappropriate DSS have been used. In 
the recent years great improvements in weldability has been achieved by reducing the carbon 
content and increasing the nitrogen content [5].  

An attractive combination of corrosion resistance and mechanical properties in the 
temperature range of -50 to 250℃ is offered by DSS. Owing to the fine grained structure 
yield strength of DSS is twice that of austenitic steels in annealed state without substantial 
loss in toughness. It is important to stress that DSS are less suitable than austenitic steels 
above 250℃ and below -50℃becuase of brittle behaviour of ferrite at these temperatures. A 
factor of economic importance is the low content of nickel which is expensive, usually 4-7% 
compared with 10% or more in austenitic grades [5].  
The SAF 2507 which is a typical DSS has its application in severe environments regarding 
pitting, crevice and stress corrosion. Examples of applications [6] are: 

Oil and gas industry: Chloride containing environments such as seawater handling 
and process systems 
Seawater cooling: Tubing for heat exchangers in refineries, chemical industries, 
process industries and other industries using seawater as coolant. 
Desalination plants: Pressure vessels for reverse osmosis units, tube and pipe for sea 
water transport, heat exchanger tubing. 
Pulp and paper industry: Materials for chloride containing bleaching environments. 
Mechanical components requiring high strength. Propeller shafts and other products 
subjected to high mechanical load in seawater. 
Desulphurization units: As re-heater tubes in flue gas desulphurization systems. 

Process metallurgical techniques have been developed allowing the precise control of 
nitrogen up to the solubility limit and thus contributing to the optimization of DSS. A deeper 
understanding of thermodynamic interplay between alloying elements has led to computer 
programs providing invaluable implements in alloy development. The first DSS developed 
using Thermocalc was SAF 2507 in which equal pitting resistance from the two phases was 
obtained. 
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An overview of the alloying elements, the microstructure of DSS and its influence on 
different properties will be discussed in the following pages.  

2.2 Alloying Elements 

A DSS has to fulfill several requirements such as ferrite content, favorable microstructure and 
corrosion properties and so the composition has to be optimized considering all of them. 
Some of the requirements of DSS are ferrite percentage should be in the range of 35-55%. 
The microstructure should not contain any, or at least very little, undesirable phases that 
reduce ductility and corrosion resistance. It is most important to avoid sigma phase 
precipitation. The corrosion properties should be optimized, in particular the pitting 
resistance which is described by the PRE relation. 

PRE = %Cr + 3.3*%Mo + 16%N 

The influence of alloying elements each individually is summarized below. 

2.2.1	  Chromium	  

The main alloying element for general corrosion resistance is chromium because it forms a 
protective chromium oxide layer that expands the passive potential range. It is also important 
for pitting corrosion, which can be seen in the PRE formula. A high content of chromium will 
promote precipitates such as sigma phase resulting in reduced ductility and reduced corrosion 
resistance. Chromium increases the solubility of nitrogen in the melt [7].  

2.2.2	  Nickel	  

Nickel is used to balance the ferrite content on the steel. Generally in stainless steels, 
increased nickel content reduces the risk of forming sigma phase. However, it has been found 
that nickel accelerates the precipitation kinetics of sigma phase, although the volume fraction 
is reduced.  The higher precipitation rate is due to the fact that nickel reduces the ferrite 
fraction, thereby increasing the concentration of sigma promoting elements in ferrite [8]. The 
nickel content is kept as low as possible because it is an expensive alloy element. 

2.2.3	  Molybdenum	  

Molybdenum has a strong positive effect on the pitting resistance and increases the PRE 
value by a factor of 3.3 stronger than chromium. More than 3% molybdenum is essential for 
the prevention of crevice corrosion in high temperature sea water. The maximum level is 
restricted to about 4% since molybdenum stabilizes sigma phase [9]. Molybdenum is also an 
expensive alloying element. 

2.2.4	  Nitrogen	  

Nitrogen improves the pitting and crevice corrosion resistance [10]. Nitrogen in solid solution 
improves the strength of the alloy [9]. However, the higher contents of nitrogen result in 
precipitation of Cr2N. The solid solubility restricts the maximum nitrogen content in DSS. 
High nitrogen content may cause porosity. Nitrogen reduces the tendency for the 
precipitation of intermetallic phases such as sigma (σ) and chi (χ) phase [7]. As opposed to 
nickel and molybdenum, nitrogen is abundant and inexpensive. 
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2.2.5	  Others	  

The carbon content is kept low in modern DSS in order to ensure hot workability and 
suppress carbide precipitation. Silicon and manganese are alloying elements in all stainless 
steels. However, manganese increases the solubility of nitrogen and silicon improves the 
stress corrosion resistance. Silicon is a strong sigma phase stabilizer [9]. Some DSS are 
alloyed with tungsten and copper. Tungsten has a similar effect on the PRE as molybdenum 
and it has been suggested to modify the PRE formula by adding the factor 3.3*0.5*W to the 
existing one [11]. Also tungsten stabilizes sigma phase. Copper lowers the active dissolution 
rate in boiling hydrochloric acid and the crevice corrosion rate in chloride solution. 

2.3 Microstructure of DSS 

2.3.1	  Matrix	  Phases	  

The microstructure of DSS is dominated by two major phases’ ferrite and austenite. Ferrite 
has a body centered cubic (BCC) structure with a lattice parameter 0.286-.288nm. In pure 
iron there are two ferrite phases α and δ where α normally is the stable phase at lowest 
temperature. In the present thesis ferrite is labeled as α. The second major phase austenite has 
face centered cubic (FCC) structure and has a lattice parameter of 0.358-0.362 [5]. It is 
denoted as γ. The transformation between ferrite and austenite is understood by studying the 
pseudo binary phase diagrams of Fe-Cr-Ni system. The composition of DSS is commonly 
above eutectic point in these phase diagrams and the steel solidifies with ferrite and austenite 
forming inter-dendritically. Although the lever rule cannot be applied for this type of 
diagrams, the phase diagrams indicate ferrite content will decrease as the steel is hot worked 
in the range 1100-1200oC. The transformation from ferrite to austenite has similarities with 
the austenite to ferrite transformation in low alloyed steel as this can be seen on the 
morphology of the austenite, which is similar to that of low alloyed steel. 

Ageing the DSS in the temperature range of 650-1200oC will result in transformation to 
austenite which shows C-curve kinetics [12]. In the temperature range of 300-650oC, 
austenite is formed by an isothermal reaction. If a DSS is annealed at low temperature, it will 
precipitate austenite to ferrite. This type of secondary austenite is denoted as γ2. The γ2 
precipitates have a composition which differs from that of the existing austenite grain and it 
will etch differently. In the annealed conditioned the austenite and ferrite grain morphology is 
equiaxed [13]. 

At temperatures in the range 700-900oC ferrite transforms according to the transformation 
α=γ+σ. This transformation continues until all the ferrite has transformed. Since σ-phase is a 
non magnetic, the material will eventually lose it magnetic response [13]. The list of 
secondary phases observed in DSS is much longer where σ-phase is one of the secondary 
phases and an important one [14]. 

2.3.2	  Secondary	  Phases	  or	  Precipitates:	  

In the temperature range of 300-1000oC a large variety of undesirable secondary phases may 
form in DSS during isothermal ageing or incorrect heat treatment. This is essentially a 
consequence of the instability of ferrite. The following phases have been observed: σ-phase, 
Cr2N, CrN, secondary austenite, χ-phase, R phase, π-phase, M7C3, M23C6, Cu, and τ-phase. 
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Of the phases mentioned σ-phase is by far the most important because of its influence on 
toughness and corrosion behavior [5]. The reference to the details of secondary phases is 
from [5]. 

Sigma	  Phase	  

Sigma phase formation in DSS is well known and this situation is accentuated in all super 
DSS by the increased amount of chromium and molybdenum relative to conventional DSS, as 
a result the C-curve of σ-phase is displaced towards shorter times and also for other 
intermetallic phases. Molybdenum also increases the stability range of σ-phase towards high 
temperatures. Careful experiments on the precipitation kinetics in super DSS performed by 
Charles show that tungsten, like molybdenum increases the precipitation rate of σ-phase and 
expands the C curve towards higher temperatures. In contrast no effect of copper was seen in 
this regard. All the above effects must be taken into consideration during production as σ-
phase adversely affects both hot and room temperature ductility. Precipitation of σ-phase 
occurs commonly at triple junctions or at ferrite/austenite phase boundaries. 

Quantitative chemical analysis of σ-phase shows chromium, molybdenum and silicon are 
enriched in it. It is also of interest that chromium and molybdenum increase both the 
precipitation rate and the volume fraction of σ-phase in a number of duplex steels. It becomes 
even more sensitive in super DSS due to higher amount of these alloying elements in them. It 
is also found that nickel accelerates the precipitation kinetics of σ-phase, although the 
equilibrium volume fraction was reduced. 

During hot working the fact that deformation enhances σ-phase formation should be taken 
into consideration. Laboratory experiments have shown that plastic deformation in the range 
of 800-900oC can reduce the time required to form σ-phase by one order of magnitude. 
Another important observation regarding σ-phase is its precipitation behavior can be strongly 
influenced by altering the heat treatment. A high solution treatment temperature tends to 
increase the volume fraction of ferrite which will consequently be diluted with ferrite forming 
elements. This will also suppress the σ-phase formation which is verified experimentally. The 
time delay can be as large as a factor of five in extreme cases. Cooling rate is also a vital 
factor. When σ-phase is avoided by cooling (at 0.4Ks-1) from a high solution temperature 
(1060oC), the conditions will become favorable for a Cr2N precipitation which complicates 
the heat treatment for nitrogen alloyed DSS.  

Chromium	  Nitrides	  

The increased use of nitrogen as an alloying element in DSS made the Cr2N precipitation in 
the temperature range 700-900oC, more important. The formation of Cr2N is likely to occur 
under rapid cooling from a high solution temperature because super saturation of nitrogen in 
ferrite will occur as a consequence. Cr2N particles often precipitate intergranularly with the 
crystallographic relation <0001>Cr2N || <011>δ which decorates either δ/δ grain boundaries or 
δ/γ phase boundaries. Cr2N formed under the above mentioned conditions have an influence 
on pitting corrosion. 

Hexagonal Cr2N is the predominant type of nitride but cubic CrN has also been observed in 
the heat affected zone of the welds of SAF 2205. However, little or no adverse effect on 
toughness and corrosion properties has been observed. 
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Secondary	  Austenite	  

Decomposition of ferrite to austenite can occur over a wide temperature range. This can be 
understood on the basis that the duplex structure is quenched from a high temperature, at 
which the equilibrium fraction of ferrite is higher. The austenitic component in DSS is called 
primary austenite as it is formed immediately after the ferrite has solidified. However, a 
secondary austenite may also be formed inadvertently at a relatively low temperature after the 
duplex structure has been established.  

Three mechanisms in addition to the direct transformation of ferrite to austenite occurring at 
very high temperature by which secondary austenite can precipitate in δ ferrite: 

• Eutectoid reaction δ →σ + γ 
• Widmannstätten precipitates 
• Through a martensitic shear process 

The eutectoid reaction is facilitated by rapid diffusion along δ/γ boundaries and often results 
in typical eutectoid structure. This typically occurs in the region 700-900oC where δ is 
destabilized by σ-phase precipitation. At about 650oC, ferrite in DSS transformed to austenite 
via a mechanism that showed similarities with martensitic formation which is diffusionless 
with respect to substitution elements. At temperatures above 650oC, at which diffusion is 
more rapid, austenite formed as Widmannstätten precipitates having various morphologies. 
This austenite showed higher nickel content than adjacent ferrite indicating the 
transformation was diffusion assisted. 
The secondary austenite formed at δ/γ boundaries has been found to be poor in chromium, 
particularly when Cr2N precipitates cooperatively explaining why pitting corrosion can occur 
in these areas. Secondary austenite precipitation can also occur during multipass welding as a 
result of repeated heating [14]. 

Intermetallic	  Phase	  

χ-‐	  Phase:	  
χ-phase is commonly found in DSS in the temperature range 700-900oC in much smaller 
quantities than σ-phase. Ferrite and χ-phase are both cubic with lattice parameters differing 
by a factor of 3. As a consequence χ nucleates easily. As opposed to χ-phase, σ-phase, with 
tetragonal structure nucleates with some difficulty. However, σ-phase is the most stable phase 
thermodynamically due to lower free energy and χ-phase sometimes is absent after long term 
ageing. The χ-phase has adverse effect on the toughness and corrosion properties but its 
effect is often difficult to separate from that of sigma phase since χ-phase and σ-phase often 
coexist. It turns out that tungsten favors the formation of χ-phase.  Tungsten alloyed filler 
metals require lower heat inputs to avoid intermetallic phase transformation leading to more 
passes during welding and consequently, lower productivity [14].  

R-‐phase:	  
R-phase has been found to precipitate in DSS in the range 550-700oC. The R phase is a 
molybdenum rich intermetallic compound having a trigonal crystal structure. It was found 
experimentally that toughness and critical pitting temperature were reduced by the formation 
of R-phase. Both intergranular and intragranular precipitates have been observed. The 
intergranular precipitates are perhaps even more deleterious as regards pitting corrosion as 
they may contain as much as 40% Mo. 
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Π-‐phase:	  
The phase was found within the grains and, like R-phase contributed to embrittlement and 
pitting corrosion in material aged isothermally at 600oC. The π-phase also is molybdenum 
rich compound and has a cubic crystal structure.  

475oC	  embrittlement	  

Below 500oC there is a miscibility gap in the iron-chromium phase diagram. As a 
consequence ferrite decomposes into two phases of slightly different lattice parameters. This 
phenomenon is termed spinodal decomposition and also called 475oC embrittlement where 
ferrite is decomposed into chromium rich α’ and iron rich α phases causing the embrittlement 
issue in the steel. 

In practice, this phenomenon limits the long term use of DSS to temperatures above 250oC. 
Above this temperature embrittlement takes place, higher the temperature higher is the rate of 
embrittlement [14]. Chromium, molybdenum and copper have been found to promote 475oC 
embrittlement. Nickel also has an effect on spinodal decomposition but in an indirect nature 
since nickel promotes chromium and molybdenum partitioning to the ferrite [5]. There is also 
evidence that it is favored by plastic deformation. From this we can conclude that 
concentration of copper, nickel and molybdenum should be kept low and cold work should be 
avoided. 

2.4 Properties of DSS 

2.4.1	  Tensile	  Strength	  

The strength in the quench annealed condition of the most common types of DSS is 
compared with that of fully austenitic and ferrite alloys. The yield strength of DSS is between 
two and three times that of the austenitic grade AISI 304. This high strength in DSS is 
attributed to their fine grain structure. 

For the same interstitial content ferrite is usually stronger than austenite but less ductile. 
Since DSS contain both ferrite and austenite they may perhaps be expected to have properties 
determined by a law of linear mixtures. This is approximately correct regarding elongation 
but the situation as regards to tensile strength is more complex as it depends on grain size, 
which is usually smaller in DSS. Grain size contribution is considerable to the strength as 
described by the Hall-Petch relation. When the effect of grain size is compensated, the 
strength was controlled by the stronger ferritic component but this need not necessarily be the 
case in a nitrogen alloyed duplex alloy. The nitrogen is partitioned to austenite to such an 
extent that the austenite may become stronger than the ferritic phase. 

In super DSS additional strengthening is caused by solid solution hardening by the 
substitution elements chromium and molybdenum, and by the interstitial element nitrogen. 
Since the grain sizes are similar in DSS it can be concluded that the increase in strength with 
increased addition of alloying elements reflects the solid solution strengthening effects of 
chromium, molybdenum and nitrogen [5]. 
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2.4.2	  Toughness	  

As the tensile properties were ascribed to ferrite phase, similarly good toughness can be 
ascribed to the presence of austenite. It is concluded that the cleavage fracture of ferrite was 
retarded by the more ductile austenite. The impact toughness of DSS material however 
decreases by increase in addition of alloying elements from a value greater than 300 MPa to 
230 MPa but is still considered high for a super DSS. 

The transition from ductile to brittle fracture for DSS in the annealed material state occurs at -
60oC or below, which is quite satisfactory for most applications considered. In cold rolled 
condition, DSS often exhibit texture resulting in a strong anisotropy of mechanical properties. 
In cold rolled sheet of 22Cr-5Ni-3Mo steel the texture was found to be (100)[001] in ferrite 
and {110}<112> in austenite. This has shown values of impact toughness and fracture 
toughness that are higher in the transverse than in longitudinal direction relative to the banded 
structure. 

Above 300oC large number of embrittling phase transformations can occur. There are two 
temperature ranges in which embrittlement occurs; in the range 600-900oC the impact 
toughness is reduced essentially by sigma phase, whereas 475oC embrittlement may cause 
brittleness below 500oC.  Although σ phase appears to be the most deleterious phase owing to 
its large volume fraction, it should be mentioned that other phases such as Cr2N, χ, π, and R 
may contribute to brittle behavior above 600oC. 

In the absence of σ phase, precipitation of Cr2N and χ-phase at grain boundaries are 
detrimental to toughness. R-phase and π-phase precipitate at about 600oC and reduce 
toughness in welds. Cooling from the solution heat treatment must be sufficiently rapid to 
avoid these precipitates. Critical cooling rate of 1% σ phase from 1060oC solution 
temperature is 0.4K/s. DSS usually tolerates 4% σ phase before critical impact energy 27J is 
reached. Apart from the 475oC embrittlement, low temperature embrittlement at <300oC can 
occur although after very long ageing times. As a result temperature range is mentioned for 
application of DSS which depends on chemical composition and type of application as well 
[5]. 

2.4.3	  Fatigue	  

Owing to the higher strength of DSS compared with austenitic steels the former are more 
resistant to fatigue. When tested under stress controlled fatigue DSS show a rather well 
defined fatigue limit, provided corrosion mechanisms are ignored. The fatigue strength of 
DSS is directly related to the yield strength and the maximum stress in each fatigue cycle will 
be approximately equal to the yield stress. At this stress level plastic deformation is sufficient 
to cause initiation of small fatigue cracks at inclusions, persistent slip bands, or phase 
boundaries. In the investigation of Hayden and Floreen, DSS were found to be superior to the 
single phase alloys and attributed this essentially to the effect of fine grain size of the duplex 
structure [5].  

Under corrosive conditions, the fatigue strength is reduced and a true fatigue limit is no 
longer observed. The interaction between fatigue and corrosion is very complex but there 
probably is a connection between pitting resistance and corrosion fatigue resistance because 
corrosion pits provide initiation sites for fatigue cracks. Thus, among the different DSS, 
alloys having higher PRE can be said to have more resistance to corrosion fatigue. The 
corrosion fatigue behavior depends strongly on the type of environment, test frequency and 
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potential. Therefore, when the fatigue life of a component is to be estimated, it is essential 
that the tests be performed in environments that are relevant to the actual application. 

2.4.4	  Corrosion	  

DSS have received much attention largely because of their corrosion properties, e.g. pitting 
corrosion, stress corrosion, and intergranular corrosion, though they have attractive 
mechanical properties. The DSS behavior in the corrosive environments is either comparable 
or superior to that of austenite steels containing comparable additions of chromium and 
molybdenum. Among the types of corrosion, pitting corrosion is perhaps the most harmful of 
these since the corrosion pits often provide initiation sites for fatigue cracks and stress 
corrosion cracks. The reference for the corrosion resistance of duplex stainless steels is from 
[5]. 

Localized	  Corrosion	  
The resistance to localized corrosion in steels is strongly dependent on the chemical 
composition. Generally DSS are at least as resistant as austenitic steels of the same chromium 
and molybdenum content. The resistance is often much higher in nitrogen alloyed DSS 
particularly in chloride environments. Chromium, molybdenum and nitrogen improve the 
resistance to pitting corrosion in Fe-Ni-Cr alloys which is quantified by the pitting resistance 
equivalent (PRE) parameter which is as follows 

PRE = %Cr + 3.3(%Mo) + k(%N) 

where k is a number between 10 and 30, the value 16 being most frequently used. The 
relation between PRE and critical pitting temperature for a number of steels is plotted and the 
linear relation seen on the graph illustrates the well known characteristic that localized 
corrosion is almost insensitive to ferrite /austenite ratio and is essentially governed by 
composition. The micro-structural imhomogenities must be taken into consideration when the 
PRE is calculated for an alloy. If any differences in PRE exist between austenite and ferrite in 
a DSS it will cause preferential attack of the weakest phase. 

In SAF 2507 pitting resistance has been optimized by performing a solution treatment at a 
temperature at which thermodynamic equilibrium between two phases lead to equal PRE 
values. It so happens the elements that are most potent in preventing pitting corrosion can 
form precipitates and thereby local depletion may occur with associated passivity breakdown. 
In recent investigation of SAF 2507, simultaneous precipitation of Cr2N, χ-phase, and 
secondary austenite during isothermal ageing at 800oC was found to initiate a large number 
of pits in the secondary austenite close to the prior ferrite/austenite boundaries. This could be 
related to the low chromium (21%) in secondary austenite. However the precipitation of σ-
phase is the most harmful transformation because of its high volume fraction and the 
associated depletion of the surrounding matrix with respect to chromium and molybdenum 
[5]. 

Stress	  Corrosion	  
Alloys that are subjected to simultaneous action of corrosion and mechanical stress may fail 
by stress corrosion cracking. Like pitting corrosion, stress corrosion cracking (SCC) is 
dependent on a combination of overall chemical composition and microstructure. The 
resistance to SCC can be improved by increasing the volume fraction of ferrite in a DSS. This 
is related to the fact that yield strength of ferrite component often exceeds that of austenite. 
At low stress levels it is found that deformation is confined to austenite and ferrite is left 
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virtually undeformed. Crack propagation under stress corrosion is considered to be plastic 
deformation followed by slip dissolution.  
At high stresses and in very aggressive chloride ion containing media, the DSS do exhibit 
SCC failures. This is observed in AISI 329 in 0.1M NaCl at 300oC under constant loading. 
Resistance to SCC in DSS increases with additions of Chromium and Molybdenum. 

Sensitization	  
Sensitization can occur after localized corrosion in the form of intergranular corrosion due to 
depletion of chromium in the matrix surrounding the carbides. The carbides are usually of 
type M23C6, which precipitate during the temperature range 600-1000oC. This phenomenon is 
less in DSS than in austenitic steels as chromium is supplied by ferrite where diffusion is 
faster and as a result the chromium depleted zone becomes broader and shallow in ferrite. 
Low carbon in the modern DSS is reason for precipitation of grain boundary carbides to be 
suppressed. Thus low carbon and ferrite presence reduces the sensitization problem to a 
negligible level in modern DSS [5].  

2.4.5	  Machinability	  

Good Machinability is essential to the manufacturer of steel products because of its 
implications for productivity. Machinability involves turning, drilling, cutting and threading. 
DSS are widely known to be difficult to machine than the standard austenite steels. The 
reason for this is due to the high strength of DSS and also the low carbon content in the 
modern DSS. The low volume fraction of non-metallic inclusions also plays its part in the 
difficulty to machine them. 

The Machinability of the steels can be improved and controlled by introducing non metallic 
inclusions by increasing the sulphur content. The inevitable consequence to this is it will 
reduce the corrosion resistance and toughness. Therefore, good corrosion resistance in DSS 
requires a compromise as regards to machinability. Molybdenum has a particularly 
detrimental effect to machinability in both DSS and austenitic steels. 

At high cutting speeds, plastic deformation, involving flaking of the insert coating and 
frittering is observed. Chip hammering can also be a problem under these conditions. At low 
cutting speeds, built up edges causing flaking and frittering seem to be the limiting factor. 
When a large feed is used plastic deformation involving frittering occurs. These limitations 
are qualitatively the same for all DSS although it must be pointed out that the highest 
tolerable cutting speed is significantly reduced for the high alloy steels. However, the 
conditions for good machining in DSS have been established in turning tests and are now 
well known. 
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3 PHASE FIELD MODEL  

3.1 Introduction 

Microstructure of all the materials consists of grains or domains, which differ in structure, 
orientation and chemical composition. The physical and mechanical properties on the 
macroscopic scale depend on the shape, size and mutual distribution of the grains or domains. 
It is, therefore, important to understand the mechanisms of microstructure formation and 
evolution. Microstructure is an unstable structure thermodynamically and it evolves in time. 
A microstructure evolution involves a large number of complicated and diverse processes. 
The phase field method has recently emerged as a powerful computational approach in 
simulating the micro-structural evolution in several material processes like solidification [15], 
solid state phase transformation [16], precipitate growth and coarsening, martensitic 
transformations and grain growth [17]. 

The range of applicability is growing quickly, amongst other reasons due to increase of 
computer power. Besides solidification and solid state transformations, phase field models 
are used for simulating grain growth, dislocation dynamics, crack propagation, electro 
migration and vesicle membranes in biological applications. Much of the current research 
attention is given to qualitative aspects of simulation such as the right direction of phase 
transformation and also to the quantitative aspect of simulation kinetics of phase 
transformation and computational techniques [18]. 

3.2 History 

 The phase field method is generally known to originate from the Cahn and Hilliard’s work 
on the free energy of a non uniform system [19] and Allen and Cahn’s work on anti-phase 
boundary motion [20]. More than a century ago, the diffuse interface concept was introduced 
by van der Waals [21] where he modeled a liquid-gas system by means of a density function 
that varies continuously across a liquid-gas interface. In late 1950s, Ginzburg and Landau 
[22] formulated a model for superconductivity using a complex valued order parameter and 
its gradients. Cahn and Hilliard [19]  proposed a thermodynamic formulation that accounts 
for gradients in thermodynamic properties in heterogeneous systems with diffuse interfaces. 
The stochastic theory of critical dynamics of phase transformations from Hohenberg and 
Halperin [23] and Gunton [24] also results in equations that are similar to the current phase 
field equations. The concept of diffuse interfaces was introduced into microstructural 
modeling only 20 years ago. There are essentially two types of phase field model that have 
been developed independently by two communities [18].  

The first type was developed by Chen [25] and Wang [26] from the microscopic theory of 
Khachaturyan [27]. The phase field variables are related to microscopic parameters, such as 
local composition and long range order parameter fields reflecting crystal symmetry relations 
between coexisting phases. The model has been applied to a variety of solid-state 
transformations that involve a symmetry reduction, for example the precipitation of an 
ordered intermetallic phase from a disordered matrix [28], martensitic transformations [29], 
ferroelectric and magnetic domain evolution [30] and can account for the influence of elastic 
strain energy on the evolution of the microstructure. Similar phase field models are used by 



 

 
18 

Miyazaki [31] and Onuki and Nishimori [32] to explain spinodal decomposition in materials 
with composition-dependent molar volume. 
The second type of phase field model uses a phenomenological phase-field purely to avoid 
tracking the interface. The idea was developed by Langer [33] based on one of the stochastic 
models of Hohenburg and Halperin [23]. The model is mainly applied to solidification, for 
example to study the growth of complex dendrite morphologies, micro-segregation of solute 
elements and coupled growth in eutectic solidification. Important contributions were amongst 
others, due to Caginalp [34], Penrose and Fife [35], Wang and Sekerka [36], Kobayashi [37], 
Wheeler, Boettinger and McFadden [38, 39, 40], Kima and Kim [41], Karma [42, 43], Plapp 
[44], and at KTH-Royal Institute of Technology [45, 46]. Multiphase field models for 
systems with more than two co-existing phases were formulated by Steinbach [47], Nestler 
and Garcke and Stinner [48]. Vector valued phase-field models which had an orientation field 
combined phase-field for representing different grain orientations have been developed by 
Kobayashi, Warren and Carter [49] and by Gránásy [50]. 

3.3 Basic Concept of Phase Field Method 

The meaning of phase field is the spatial and temporal order parameter field defined in a 
continuum-diffused interface model. The shape and distribution of grains in the 
microstructures is represented by phase-field variables/order parameters that are continuous 
functions in space and time. Within the grains the phase field variables have nearly constant 
values, which are related to structure, orientation and composition of the grains. The interface 
between two grains where the phase field variables gradually vary between their values in the 
neighbouring grains is defined as a narrow region. This modeling approach is called a diffuse 
interface approach.  

 

Figure 3.1:  a) (left) Depiction of spatial variation of a variable in diffuse interface model             b) Depiction 
of spatial variation of a variable in sharp interface model 

Using a diffuse interface description, the evolution of complex grain morphologies as well as 
a transition in morphology can be predicted. The evolution of the shape of grains or the 
interface position is implicitly given by the evolution of the phase field variables and the 
kinetic equations for the microstructural evolution are defined over the whole system. This 
gives an advantage of not needing to track the interfaces during microstructural evolution. 
Therefore, evolution of complex grain morphologies can be predicted using phase field 
method without prior assumption on the shape of grains. Furthermore, no constitutional 
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relations e.g., thermodynamic equilibrium of the phases are imposed at the interfaces. 
Therefore, non-equilibrium effects at the moving interfaces, like solute drag and solute 
trapping, can be studied as a function of velocity of the interface. Flux conditions are 
implicitly considered in the kinetic equations. 

 The temporal evolution of phase field variables is described by a set of partial differential 
equations which are solved numerically. The reduction in total Gibbs free energy of the 
system is considered as the driving force for the microstructural evolution is considered 
which consists of bulk energy, interfacial energy and elastic energy.  

3.4 Phase Field Variables 

In phase field method, the microstructural evolution is studied by means of a set of phase-
field variables that are continuous functions of time and spatial coordinates. These variables 
are classified into a conserved quantity and a non-conserved quantity. Conserved variables 
are typically related to local composition. Non-conserved variables usually contain 
information on the local crystal structure and orientation. The set of phase field variables 
must capture the important physics behind the phase transformation or coarsening process. 
The number of variables must be as low as possible as redundant variables will increase the 
computational requirements [18]. 

3.4.1	  Conserved	  Variable	  

Typical examples of conserved properties are composition variables like molar fractions or 
concentrations, since number of moles of each component in the system is conserved. 
Assume a system with C components and ni, i=1....C, the number of moles of each 
component i. The molar fraction xi and molar concentration ci (mol/m3) of component i are 
defined as   

                                            xi =  ni/ntot   and  ci =  ni/V = xi/Vm                                           (3.1) 

where ntot = Σ ni  is the total number of moles in the system, Vm the molar volume of the 
system. In a closed system the total number of moles of each component is conserved and 
therefore, the temporal evolution of each molar fraction field xi(𝑟) or concentration field ci(𝑟) 
is restricted by the integral relation 

                                                    𝑐!𝑑𝑟 =
!
!!

𝑥!𝑑𝑟 =   𝑛! = 𝑐𝑡                                          (3.2) 

Changes in the local composition can occur only by fluxes of atoms between neighboring 
volume elements. Other composition variables are mass percent or mass fraction [18]. 

3.4.2	  Non-‐Conserved	  Variable	  

Order parameters and phase-field parameters are both non-conserved variables that are used 
to distinguish coexisting phases with a different structure. Order parameters refer to crystal 
symmetry relations between coexisting phases. Phase field parameters are phenomenological 
variables used to indicate which phase is present at a particular position in the system. 
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Order	  parameter	  
The concept of order parameters originates from microscopic theories and was introduced in 
continuous theories by Landau for the description of phase transformation involving 
symmetry reduction [51]. The Landau theory was originally developed to describe the second 
order phase transformations at a critical temperature Tc. Each phase is represented by a 
specific value of an order parameter.  Subsequently a free energy or Landau polynomial is 
formulated as a function of order parameters and the temperature. For T > Tc the polynomial 
has minima at the high temperature phase and for T < Tc at the order parameter values 
corresponding to the low temperature phase. 

 

Figure 3.2: Two-dimensional representation of an anti-phase structure with cubic symmetry by means of a 
single order parameter field η( r ). 

Order parameters are mostly used by the followers of Khachaturyan’s microscopic theory for 
representing a microstructure. As shown in the figure3.2, a single order parameter field is 
used to describe the evolution of an ordered system with anti-phase boundaries in two 
dimensions [52].  Also shown in the figure 3.2, is an ordered structure consisting of two sub-
lattices, each occupied by a different type of atom. The two variants of the ordered phase are 
distinguished by means of an order parameter η. Within the ordered domain η equals -1 or 1, 
depending on which sub-lattice is occupied by which type of atom. Η=0 correspond to 
disordered phase where atoms are randomly distributed over the sub-lattices. 

Phase	  Field	  parameter	  
Langer introduced the concept of a continuous non-conserved phase field variable for 
distinguishing two co-existing phases. The phase-field parameter equals 0 in one phase and 1 
in the other phase especially in case of solidification. 
φ = 0 in the liquid 
φ = 1 in the solid, 
and φ varies continuously from 1 to 0 at the solid –liquid interface. Here φ represents the 
local fraction of the solid phase. The single phase field variable representation in combination 
with a temperature and composition field was applied to study free dendritic growth in an 
under cooled melt, cellular pattern formation during directional solidification and eutectic 
growth. The concept of phase-field parameter is also applied in this thesis for solid-state 
transformation, austenite to ferrite transformation in DSS (φ =1 in the austenite phase and 
φ=0 in the ferrite phase).  The single phase field variable formalism is extended to multiphase 
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systems by Steinbach et.al [47]. In a multiphase field model, a system with p coexisting 
phases is described by p phase –filed variables φk, which represent the local fractions of the 
different phases. The phase field variables total sum at every point in the system equals to 
unity. 

                                               φ! = 1,with  φ!
!
!!!   ≥ 0,∀𝑘                                           (3.3) 

And only p-1 phase-field variables are independent in a system containing p coexisting 
phases. As phase-field variables are non-conserved, there are no integral restrictions on the 
evolution of the phase field variables. The amount of a particular phase is in general not 
constant in time [18]. 

3.5 Thermodynamic Energy Functional 

Phase field models are dependent on the total value of a suitable thermodynamic state 
function, given by a functional. The driving force for the microstructural evolution is the 
possibility to reduce the free energy of the system. The free energy F of the system may 
consist of bulk energy Fbulk, interfacial energy Fint, elastic strain energy Fel and energy terms 
due to magnetic or electrostatic interactions Ffys [18]. 

                                    F = Fbulk + Fint + Fel +Ffys                                                        (3.4) 

The bulk free energy determines the composition and volume fractions of the equilibrium 
phases. The interfacial energy and the strain energy affect the equilibrium compositions and 
volume fractions of the coexisting phases, but also determine the shape and mutual 
arrangement of the domains. 

The free energy in the phase-field method is formulated as a functional of the set of phase 
field variables (which are functions of time and spatial coordinates) and their gradients. When 
the temperature, pressure and molar volume are constant and there are no magnetic or electric 
fields, the total free energy of the system is defined by a concentration field xB and phase 
field variables φk, k=1...p, where p is the number of phases in the system. For a 
thermodynamically consistent derivation of an isobarothermal system the functional will be 
the total Gibbs energy of the system and is expressed as 

                𝐺 =   ∫! 𝑓 𝑥! ,𝜑! +    !!
!
|∇𝑥!|!! +    !!

!
|∇𝜑!|!! 𝑑Ω                       (3.5) 

where f is the Gibbs energy density, i.e. Gm/Vm, Gm and Vm are molar Gibbs energy and 
volume respectively.  f is the classical free energy expressed per unit volume (J/m3) of a 
homogenous system characterized by the local values of phase-field variables. Ω is the 
domain of the system. The gradient terms (ε/2)  ∇x! and (𝜅!/2)  ∇.φ! are responsible for the 
diffuse character of the interfaces. These gradient squared terms introduce interfacial energy 
and regularize the interface between separated phases. ε and κk are called the gradient energy 
coefficients. They are related to the interfacial energy and thickness. The gradient energy 
coefficients are always positive so that gradients of the phase field variables are energetically 
unfavorable and give rise to surface tension. This free energy formalism was first introduced 
by Cahn and Hilliard [19]. 
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The molar Gibbs energy of the system is described by a double well potential, x is a variable 
representing the composition, i.e. the mole fraction and φ is the phase field parameter which 
in case of a binary system would take the value 0 in one phase and 1 in other phase.  Gibbs 
molar energy of a binary system representing the bulk energy of the system is expressed as  

                   𝐺! =    1 − 𝑝 𝜑 𝐺!    ! 𝑥,𝑇 +   𝑝 𝜑 𝐺!
! 𝑥,𝑇 +   𝑔 𝜑 !

!
                                                  (3.6) 

where p(φ) = (6φ2-15 φ + 10) φ3 is the interpolating polynomial that makes the Gibbs energy 
curve smooth and continuous over the interface between the phases. 𝐺!    ! 𝑥,𝑇  and 𝐺!

! 𝑥,𝑇    
are the molar Gibbs energy expressions of each phase dependent of the composition and 
temperature. Modification is required with respect to the phase transition for free energy 
expression as it does not handle phase transition for pure components. A phase barrier 
function g(φ) = φ2(1- φ)2  also called as a double well potential is responsible for building up 
the energy barrier between the two phases at the interface making the  changes in the free 
energy curve gradual and smooth over the whole system. W is the coefficient the represents 
the height of the barrier. There are different expressions used for the interpolating polynomial 
and the phase barrier function which fits the molar Gibbs energy curve  properly. The above 
mentioned expressions are one of the commonly used ones.  There are two different models 
in interpolating the molar Gibbs energy and will be discussed later in this chapter. 

The molar fraction represent s a conserved quantity and time evolution is governed by a 
normal conservation law, 

                                                       
!"
!"
=   −∇. 𝐽                                                           (3.7) 

This equation of continuity applied on the diffusional flux (J) is often referred to as the 
diffusion equation or Fick’s second law. To obtain an expression for the diffusional flux J, 
Onsager linear law of irreversible thermodynamics is applied, 

                                                        𝐽 = −𝐿"∇ !"
!"

                                                           (3.8) 

where  L” is the inter- atomic mobility of the diffusing element synonymous to the 
interdiffusion coefficient(D = cBDA + cADB) from the Darken formalism []. The number fixed 
frame of reference is chosen for the diffusion in the computer simulations. Combining both 
the above equations leads to the famous Cahn-Hilliard equation. 

                                                        !"
!"
=   ∇𝐿"∇ !"

!"
                                                        (3.9) 

The phase-field parameter is a non-conserved quantity and the following type of linear 
equation is often used, 

                                                         
!"
!"
=   −𝑀!

!"
!"

                                                      (3.10)   

Where Mφ is the kinetic quantity related to the interfacial mobility.  The above equation is 
referred to as the Allen-Cahn equation or the time –dependent Ginzburg-Landau equation.  

The solution of the equations 3.9 and 3.10 yields the microstructural evolution of the system. 
Both the equations are expressed in terms of the variational derivatives of the functional G. In 
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problems involving as well as diffusion both the equations are used, for example as for the 
formation of Widmanstätten plates in Fe-C system. In cases where there is no change in 
crystalline structure, only the Cahn-Hilliard equation is used, e.g. in spinodal decomposition. 
In the case where there is change only in crystalline structure and no diffusion, e.g. in 
martensitic transformation only Allen-Cahn equation is used.  

Once the appropriate equations are chosen depending on the problem of interest one has to 
choose the form of Gibbs energy curve, i.e. how the Gibbs energy curve changes with the 
phase field variable. If the Gibbs energy curve has two minima and describes a double well 
potential the barrier function and interpolating polynomial depiction can be neglected, the 
Cahn-Hilliard equation only is applicable and the variable φ can be neglected. In the case 
when there are several Gibbs energy curves, one for each phase, the curves have to be 
connected to create a double well potential and this is achieved by including the phase field 
parameter φ. Thus both the equations are used for solving. When the Cahn-Hilliard equation 
alone is used it is considered as the Cahn-Hilliard Model and when Allen-Cahn equation is 
used simultaneously with the Cahn-Hilliard equation it is considered as the Allen Cahn 
model. Generally when both Allen-Cahn and Cahn-Hilliard equations are used 
simultaneously the composition gradient term (𝜅!/2)  ∇.φ! is neglected paving way for the 
notion that the φ-gradient energy term alone is sufficient to satisfy the gradient penalty across 
the interface with respect to the interfacial energy. 

3.6 Cahn-Hilliard Model 

The total Gibbs energy of a binary system of elements A and B is based on the functional G. 

                                   𝐺 =    !
!!
∫! 𝐺! 𝑥! +    !

!
|∇𝑥!|! 𝑑Ω                                  (3.11) 

Gm denotes the molar Gibbs energy as available from the CALPHAD type databases, Vm the 
molar volume that will be approximated as constant. The parameter ε is the gradient energy 
coefficient. xA is the mole fraction of the A atoms. The evolution of the concentration field is 
governed by the normal diffusion equation of Fick’s second law of diffusion, 

                                                  !
!!

!!!
!"
=   −∇. 𝐽!                                                   (3.12) 

We have assumed that the diffusional flux JA is given by the Onsager linear law of 
irreversible thermodynamics and adopt the following form when A is a substitutional 
element. 

                              𝐽! =   −𝐿"∇
!"
!!!

=   − !"
!!
∇ 𝜇! − 𝜇!                                  (3.13) 

where B denotes the solvent element. Including the gradient energy, the chemical potential 
difference which is also called as the diffusion potential, is given by 

                                  𝜇! − 𝜇! =   
!"
!!!

−    !"
!!!

−   𝜖∇!𝑥!                                        (3.14) 

𝐿" denotes the phenomenological coefficient ad is related to the atomic mobilities MA and MB 
of the elements A and B respectively, as, 
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                              𝐿! =   𝑥! 1 − 𝑥! 1 − 𝑥! 𝑀! +   𝑥!𝑀!                              (3.15) 

The resulting equation which is the independent diffusion equation for A turns out to be 

                             !!!
!"

=   ∇ 𝐿"∇ !"
!!!

−    !"
!!!

− 𝜖∇!𝑥!                                    (3.16)            

The above equation is the Cahn-Hilliard equation for A-B binary system. 

3.7 Allen-Cahn Model 

The total Gibbs energy in a binary system of elements A and B is based on the functional G, 

                   𝐺 =   ∫!
!! !!,!

!!
+    !!

!
|∇𝜑|! +    !!

!
|∇𝑥!|! 𝑑Ω                             (3.17) 

The gradient coefficient of composition (εx=0) is neglected generally. Gm (xA, φ) is the molar 
Gibbs energy and is postulated as a function of xA and φ, 

                     𝐺! =    1 − 𝑝 𝜑 𝐺!! +   𝑝 𝜑 𝐺!
! +   𝑔 𝜑 !

!
                               (3.18) 

Where 𝐺!!   𝑎𝑛𝑑  𝐺!
!  denote the molar Gibbs energy as available from the CALPHAD type 

databases, for α and β phases respectively. p(φ) is an interpolating function which takes the 
value p(0)=0 and p(1)=1. g(φ)W is a term that determines the height of the double well 
potential over the phase-interface.  

The evolution of the phase field parameter is governed by the Allen-Cahn equation based on 
equation 3.10, 

                            !"
!"
=   −𝑀!

!
!!

!"! !!,!
!"

−   𝜖!∇!𝜑                                        (3.19) 

Substituting equations 3.17 and 3.18 in the equation 3.9 we get the following diffusion 
equation or the Cahn-Hilliard equation form, 

                          !!!
!"

=   ∇ 𝐿"∇ !
!!

!"! !!,!
!!!

−   𝜖!∇!𝑥!                                 (3.20) 

Equations 3.19 and 3.20 are the two basic equations to be solved in the binary system when 
both Allen-Cahn equation and Cahn-Hilliard equations are to be used. 

3.8 Gibbs Energy Interpolation Models 

In order to evaluate the δG/δx or δG/δφ value in order to solve the Allen-Cahn and Cahn-
Hilliard equations, the Gibbs energy expression has to be defined for the whole system. Gibbs 
energy function defined for the bulk phase region is taken from the CALPHAD type 
databases but the interface region between the phases is not defined and so has to be 
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interpolated in order to use the Cahn Hilliard and Allen-Cahn equations for computation of 
thermodynamic quantities.  

               𝐺! =    1 − 𝑝 𝜑 𝐺!! 𝑥,𝑇 +   𝑝 𝜑 𝐺!
! 𝑥,𝑇 +   𝑔 𝜑 !

!
                       (3.21) 

There are two popular approaches for the interpolation of the molar Gibbs Energy for the 
system basing on the concentration values to be considered for the expression.  In diffuse 
interface model, phase and composition are modelled as smoothly varying quantities at the 
interface. 

3.8.1	  Wheeler,	  Boettinger,	  McFadden	  (WBM)	  Model	  

In this model [38] the average composition of the system is taken into consideration for 
Gibbs Energy expressions of both the phases (Multi-component two-phase system). The two 
phases are considered to have same composition  

 
                                                                                                                                            (3.22) 

WBM model assumes, each phase at an interface has the same composition, the composition 
of the system. Each point within an interface consists of mixture of phases, each with 
identical composition. 

3.8.2	  Steinbach	  Model	  

In this model [47] the equilibrium compositions of the phases are substituted in their Gibbs 
energy expressions respectively which were taken from the CALPHAD type databases 
respectively. Thereby, the Gibbs energy is interpolated between two phases with different 
compositions. 

 
                                                                                                                                            (3.23) 

The interface interpolation between phases at their equilibrium concentration produces 
intermediate compositions with energies that lie on the common tangent line.  

 The WBM model is preferred when the system consists of two different phases and when the 
system has a stoichiometric compound in the system the Steinbach model is preferred over 
the WBM model. Recently there was theory suggested by Cogswell to replace the 
interpolating polynomial p(φ) with just φ, the phase-field parameter [53]. In the present thesis 
WBM model was used as the phases considered in the system are not stoichiometric. The 
Cogswell theory was also tried out to see if tits results were within the tolerable range with 
the regular model.  
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4 FiPy  

FiPy is a object oriented computer program written in python to solve partial differential 
equations (PDE) using finite volume method. The framework has been developed by the 
Metallurgy Division and Center for Theoretical and Computational Materials Science 
(CTCMS), in the Materials Measurement Laboratory (MML) at the National Institute of 
Standards and Technology [54, 55]. 

The FiPy framework includes terms for transient diffusion, convection and standard sources, 
enabling the solution of arbitrary combinations of coupled elliptic, hyperbolic and parabolic 
PDEs. Currently implemented models include phase field [Boettinger Review: 2002][Chen 
Review:2002] [McFadden Review: 2002] treatments of polycrystalline, dendritic, and 
electrochemical phase transformations as well as a level set treatment [NIST: damascene: 
2001]. 

4.1 Numerical Background 

Finite Volume Method (FVM) is the numerical method used to solve equations in the FiPy 
programming environment. FVM consists of dividing the solution into discrete finite volumes 
over which the state variables are approximated with linear or higher order interpolations. 
The derivatives in each term of the equation are satisfied with simple approximate 
interpolations in a process known as discretization. FVM is a popular discretization technique 
employed to solve coupled PDEs in many areas of application. 

The FVM can be thought of as a subset of the Finite Element Method (FEM), just as the 
Finite Difference Method (FDM) is a subset of FVM. A system of equations fully equivalent 
to the FVM can be obtained with the FEM using the characteristic functions of FV cells (i.e. 
functions equal to unity) as weighting functions [Mattiussi: 1997]. Analogously, the 
discretization of equations with the FVM reduces to the FDM on Cartesian grids. 

4.2 General Conservation Equation 

 The evolution of physical, chemical and biological systems is often modelled by the 
equations with a remarkably universal form. PDEs are proven necessary to model complex 
biological systems and processes that involve variation in space and time. In general, given a 
variable of interest ‘𝜑’ such as species concentration, pH, or temperature, there exists an 
evolution equation of the form 

                                             !"
!"
= 𝐻 𝜑, 𝜆!                                                  (4.1) 

where H is function of  𝜑, other state variables𝜆!, and higher order derivatives of all these 
variables. Examples of such systems ranges widely, but include problems that exhibit a 
combination of diffusing and reacting species, as well as diverse problems such as 
determination of electric potential in here at tissue, of fluid flow, stress evolution, and even 
the Schrödinger equation. 
Therefore a general conservation equation, solved using FiPy, can include any formation of 
the following terms, 
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                                        ! !"
!"

  =   ∇. (𝑢𝜑) +    ∇. Γ!∇   ! +   𝑆!                                (4.2) 
                                          

Transient       Convection       Diffusion         Source 

where 𝜌,  u and Γ! coefficients in the transient, convection and diffusion terms, respectively. 
These coefficients can be arbitrary functions of any parameters or variables in the system. 
The variable φ represents the unknown quantity of the equation.  

The transient term represents the time rate of change of φ, with a rate factor ρ. The diffusion 
term represents the tendency of non-uniformities in φ to smooth out with a diffusivity Γi. The 
diffusion term can represent higher order diffusion-like term, where order is given by the 
exponent n. For n=1 it represents Fickean diffusion term and when n=2 it represents Cahn-
Hilliard term. Other higher order terms are also possible. The convection term describes the 
blowing of φ by a velocity field u. Finally a source term represents any source or sink that 
injects or removes φ from a point in space. Though the equation does not cover all the 
applications of PDEs, it covers most of the problems dealt in materials science. 
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5 METHOD 

 
In a real case scenario DSS contains several number of alloying elements but keeping the 
computational power that is available a Fe-Cr binary system and Fe-Cr-Ni system were 
considered for the simulations. The virtual experiments were initialized with a Fe-Cr binary 
two phase system, the two phases in consideration being ferrite (α) and austenite (γ). 
Simulations were started this way instead of considering sigma phase straight away to test the 
correctness of the code as the α-γ phase transformation is well known and can be easily 
compared with and also the thermodynamic data for the Gibbs energy of phases α and γ are 
easily available and simple in nature. 
The systems that were considered for the simulations were in the following order 

1. 1D simulation of α-γ phase transformation in Fe-Cr binary system 
2. 1D simulation of α-γ phase transformation in Fe-Cr binary system- Cogswell theory 
3. 2D simulation of α-γ phase transformation in Fe-Cr binary system 
4. 1D simulation of α-γ phase transformation in Fe-Cr-Ni ternary system 
5. 1D simulation of α-γ phase transformation in Fe-Cr-Ni ternary system-Cogswell 

theory 
6. 2D simulation of α-γ phase transformation in Fe-Cr-Ni ternary system 
7. 1D simulation of α-σ phase transformation in Fe-Cr binary system 
8. 2D simulation of α-σ phase transformation in Fe-Cr binary system 
9. 1D simulation of α-σ phase transformation in Fe-Cr-Ni ternary system 

5.1 Data Required 

The numerical values of certain parameters are required to run the simulation. The parameters 
for which data is required are  

Gibbs	  Energy	  of	  elements	  Gi(T,P),	  where	  i	  =	  Fe,	  Cr	  and	  Ni	  
The Gibbs energy data for each element in pure state is taken from the Thermocalc database. 
The Gibbs energy expression of pure iron (Fe) varies in a ferrite phase and an austenite 
phase. Therefore, two different Gibbs energy expressions for iron are taken, one in ferrite 
phase and other in austenite from the Thermocalc database. Similar expressions were 
considered for chromium (Cr) and nickel (Ni). 

In case of sigma phase, the thermodynamic data base is defined based on sublattices in a 
complex form that is not suitable for our problem. So the Gibbs energy expressions of Fe, Cr 
and Ni in sigma phase are derived based on two conditions, the chemical potential of the 
element in both phases are equal at the interface and considering the double derivative of 
Gibbs energy with respect to the element in discussion from the Thermo-Calc software and 
equating it to its analytical expression to get the interaction parameters. This will be shown in 
the derivation part later. 

Mobilities	  
The mobilities of each element Fe, Cr and Ni are also different in different phases. The 
mobility values are obtained by running a code on the Thermocalc software. These mobility 
values are used in turn to get the diffusion coefficient in the diffusion term of Cahn-Hilliard 
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equation.  In the study the effective mobility of an element is taken as the average of the 
values in both the phases. 
The mobility values for the elements in the sigma phase are not present. So the mobility of 
elements in ferrite phase in α-σ two phase system or average of mobility values of ferrite and 
austenite in α-σ-γ three phase system. 

Diffusivities	  Lij	  	  
Diffusivities are given by the expression L = (Mcr*(1-x) + (Mfe*x))*R*T, where Mcr and Mfe 
are the effective mobilities of chromium and iron respectively.  

Kinetic	  Coefficient	  Mφ  
Mφ is the kinetic coefficient from the Allan-Cahn equation. Mφ is given by the expression, 

                                          Mφ = 0.235*M / (Vm*δ)                                         (5.1) 
Where M = 0.035*e(-17700/T) is the interface mobility, Vm is the interface mobility and δ is the  
interface thickness. 

Interfacial	  Energy	  
The interfacial energy can be considered as excess energy at the grain boundary or phase 
boundary compared to the inside. The interfacial energy between the two phases is taken as 1 
J/m2 for initial α-γ phase transformation.  

Gradient	  Energy	  coefficients	  ε	  and	  κ	  
The composition gradient energy coefficient κ is not considered zero as the composition 
gradient term is taken into consideration while solving the Cahn-Hilliard equation. κ is given 
by the equation 

                                                         κ = Ωij*λ2/2                                                (5.2) 

where Ωij is the regular solution parameter between the elements i and j, λ is the inter-atomic 
distance. Same κ value is taken for diffusion (Cahn-Hilliard) equation of both Cr and Ni. 
The phase field gradient energy coefficient ε comes into play while solving the Allen-Cahn 
equation. It is given by the equation, 

                                                 ε = 6*sigma* δ*Vm                                            (5.3) 

where ‘sigma’ is the interfacial energy between the two phases synonymous with surface 
tension of a liquid. Same ε value is taken for the Allen-Cahn equation of both α-γ and α-σ 
systems. 

Interfacial	  thickness	  δ	  
The interfacial thickness should be in acceptance with the grid spacing considered during the 
simulation. In order to track the motion of the interface efficiently, there should be at least 
three grid points within the interface at any point of time. Therefore the interfacial thickness 
is defines as twice the grid spacing in the simulations.  

Molar	  Volume	  Vm	  
The molar volume is taken as a constant in the simulations. The value is taken as 7.42 *10-6 
m3/mol.  
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5.2 Assumptions 

Trying to simulate a real case scenario exactly with all the required conditions would be 
tedious and time consuming. Considering all the conditions would make the program highly 
complex and would require higher computational power. Therefore, some assumptions are 
made keeping the problem statement intact and also making sure they would not compromise 
the simulation result from the real one. The assumptions made would therefore give a simpler 
but still effective simulation. 

5.2.1	  Regular	  Solution	  model	  

All the phases are assumed to be following the regular solution model. The Gibbs energy of 
any particular phase containing elements A and B is given as  

                       𝐺! =   𝑥!𝐺!! +   𝑥!𝐺!! +   𝑅𝑇 𝑥!𝑙𝑛𝑥! +   𝑥!𝑙𝑛𝑥! +   𝑥!𝑥!𝐿!"          (5.4) 

Where xA and xB are mole fractions of A and B respectively, 𝐺!!  𝑎𝑛𝑑  𝐺!! are the Gibbs energy 
for pure elements A and B. LAB is the regular interaction parameter between A and B. 

Similarly, for a ternary system containing A, B and C elements the Gibbs energy of any phase 
is given by expression as below 

𝐺! =   𝑥!𝐺!! +   𝑥!𝐺!! +   𝑥!𝐺!! + 𝑅𝑇 𝑥!𝑙𝑛𝑥! +   𝑥!𝑙𝑛𝑥! +   𝑥!𝑙𝑛𝑥! +   𝑥!𝑥!𝐿!" +
        𝑥!𝑥!𝐿!" +   𝑥!𝑥!𝐿!"                                                                                            (5.5) 

Where Lij i≠j and i,j = A,B and C are the interaction parameters between two elements. 
Though the regular solution parameter does not exactly depict the real solution conditions, it 
is the simplest way to account for non-ideality of the solid solution. Also the parameters in 
the regular solution model are easily available from the database and can be incorporated into 
the code without problem.  

5.2.2	  Composition	  Gradient	  term	  

The composition gradient coefficient κ is not neglected in this thesis as it is believed the 
gradients from both phase field parameter and composition add up to the interface energy of 
the system. The gradient penalty from composition should also be considered a part in the 
interface energy when the gradient penalty of phase-field parameter is considered however 
the small it is. κ is given by the expression  

                                                         κ = Ωij*λ2/2                                                        (5.6)           

where Ωij is the regular solution parameter between the elements i and j, λ is the inter-atomic 
distance. The κ value is maintained constant for the diffusion (Cahn-Hilliard) equation of all 
the elements considered (Cr and Ni). 

5.2.3	  Mobility	  and	  Surface	  Energy	  

Mobility	  
The mobility values of each element in each phase at the required temperatures are obtained 
from using the Thermocalc software. The effective mobility value of the element is taken as 
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the average of the mobilities in different phases and the simulations are repeated in 1D with 
mobility as a function of φ. 
The mobility values of the elements considered are not present for sigma phase. Therefore, 
the effective mobility value of each element is taken as average of mobilities of rest of the 
phases in the system considered. 

Surface	  Energy	  
The surface energy comes into picture when calculating the barrier function coefficient and 
the phase-field parameter gradient coefficient. This surface energy is the characteristic 
property of the elements of the system in discussion. Surface energy is assumed to be 1 J/m2 

for the initial calculations thus keeping the situation trivial. 

5.3 α-γ Phase Transformation 

The derivation of the governing equations (Cahn-Hilliard and Cahn-Allen) for binary and 
ternary systems is discussed below. 

5.3.1	  Fe-‐Cr	  Binary	  System	  

 Consider that α and γ are the two phases present in a Fe-Cr alloy with the average 
composition of the alloy xCr = 0.13 and temperature =1273K. Gibbs energy of phases α and γ 
is given by the following expressions 

       𝐺!! =   𝑥!" 𝐺!"!
! +   𝑥!" 𝐺!"!

! +   𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑥!"𝐿!"#$!            (5.7) 

       𝐺!
! =   𝑥!" 𝐺!"!

! +   𝑥!" 𝐺!"!
! +   𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑥!"𝐿!"#$

!             (5.8) 

Where  𝐿!"#$!  and 𝐿!"#$
!  are the interaction parameters between Fe and Cr in α and γ phases 

respectively, 𝐺!"!
!   𝑎𝑛𝑑   𝐺!"!

! , 𝐺!"!
!   𝑎𝑛𝑑   𝐺!"!

!  are the Gibbs energy for pure Fe and Cr for the 
respective phases, The temperature dependent expressions of these parameters are taken from 
the Thermocalc database which is used by several research groups all over the world.  

Molar Gibbs energy of the whole system is defined as including the interface between the 
two phases is given as 

                                   𝐺! =    1− 𝑝 𝜑 𝐺!! +   𝑝 𝜑 𝐺!
! +   !

!
𝑔 𝜑                                (5.9) 

Where p(φ) is the interpolating polynomial such that p(0)=0 and p(1)=1. The polynomial 
considered in the simulation is φ3(6φ2-15φ+10). The height of the barrier between is given by 
the term 0.5Wg (φ). The barrier function polynomial g(φ) takes the function  φ2(1-φ)2.  Gm 
represents the bulk free energy of the system in the total Gibbs energy functional (G) from 
the equation 3.5. 

                              𝐺 =   ∫! 𝐺! 𝑥!" ,𝜑 +    !!
!
|∇𝑥!"|! +   

!!
!
|∇𝜑|! 𝑑Ω                        (5.10)    

Cahn-‐Hilliard	  Equation	  
According to the classical diffusion equation or the Fick’s second law of diffusion, 
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!!!
!"
=   −∇ −𝑀! ∇𝜇!                                                (5.11)  

From the equations, !!!
!"
= −∇𝐽  𝑎𝑛𝑑  𝐽 = −𝑀!∇𝜇! 

The chemical potential can be defined as a variational derivative of the energy functional G 
as it is the driving force for diffusion in the system with gradient energies and it becomes 
uniform at the equilibrium. 

                                                              𝜇! =   
!"
!!!
                                                            (5.12) 

From the variational calculus for a given functional I such that, 

                                                         I = ∫ F( y, y’,x) dx                                                     (5.13)                                        

Variational derivative of I is defined by the Euler-Lagrange rule as 

                                                   δI/δx = ∂F/∂y – d/dx(∂F/∂y’)                                          (5.14) 

Similarly for the energy functional G it is given by the relation 

                                                    
!"
!!!

=    !!!
!!!

−   𝜅∇!𝑥!                                                    (5.15) 

Since the Gibbs energy values obtained from the databases are in the form of J/mol. All the 
parameters with meter in their units should be either multiplied or divided by molar volume 
(Vm) so as to have correct units for all terms across the governing equation. 

Substituting this equation 5.15 for chromium in the equation 5.11 we get 

𝑑𝑥!"
𝑑𝑡 =   ∇𝑀! ∇

𝜕𝐺!
𝜕𝑥!"

− 𝜖!∇!𝑥!"  

                             !!!"
!"

=   ∇𝑀! ∇ !!!
!!!"

−   ∇𝑀! ∇ 𝜖!∇!𝑥!"                                (5.16) 

The term ∇ !!!
!!!"

   is expanded as, 

                             ∇ !!!
!!!"

=   ∇ 1 − 𝑝 𝜑 !!!!

!!!"
+   𝑝 𝜑 !!!

!

!!!"
                                 (5.17)     

Each Gibbs energy derivative terms in the equation (5.17) are given by 

               !!!
!

!!!"
=    𝐺!"!

! −    𝐺!"!
! + !"

!!
𝑙𝑛 !!"

!!!!"
+    1 − 2𝑥!" 𝐿!"#$!                          (5.18) 

              !!!
!

!!!"
=    𝐺!"!

! −    𝐺!"!
! + !"

!!
𝑙𝑛 !!"

!!!!"
+    1 − 2𝑥!" 𝐿!"#$

!                           (5.19) 

Substituting the above two equations in the equation 5.17 would give   
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𝛻 !!!
!!!"

=

𝑝! 𝜑 𝐺!!!
! −    𝐺!"!

! − 𝐺!"!
! −    𝐺!"!

! + 1 − 2𝑥!" 𝐿!"#$
! − 𝐿!"#$! 𝛻𝜑  +

     !"
!!
. !
!!" !!!!"

− 2 𝑝 𝜑 𝐿!"#$
! + 1 − 𝑝 𝜑 𝐿!"#$! 𝛻𝑥!"             (5.20) 

Therefore the diffusion equation will be given as   
𝑑𝑥!"
𝑑𝑡 =   ∇𝑀! ∇

𝜕𝐺!
𝜕𝑥!"

− ∇𝑀! ∇ 𝜖!∇!𝑥!"  

                   𝒅𝒙𝑪𝒓
𝒅𝒕

=   𝛁𝑫𝑪 𝛁𝒙𝑪𝒓 + 𝛁𝑫𝝋 𝛁𝝋   − 𝛁𝑴𝑪 𝛁 𝝐𝑪𝛁𝟐𝒙𝑪𝒓                       (5.21) 

Where Dc = 𝑀! .𝑝! 𝜑 𝐺!"!
! −    𝐺!"!

! − 𝐺!"!
! −    𝐺!"!

! + 1− 2𝑥!" 𝐿!"#$
! − 𝐿!"#$!  and 

Dφ =𝑀!
!"
!!
. !
!!" !!!!"

− 2 𝑝 𝜑 𝐿!!"#
! + 1− 𝑝 𝜑 𝐿!"#$!  and the Mobility term MC is 

defined as  𝑀! = 𝑥!" 1− 𝑥!" 𝑀!" 1− 𝑥!" +𝑀!"𝑥!"  

𝑤ℎ𝑒𝑟𝑒, 𝑀!" =   
!!"
! !!!"

!

!
  𝑎𝑛𝑑  𝑀!" =   

!!"
! !!!"

!

!
    

Simulation is also repeated with following expression for effective mobilities in 1D. 
    𝑀!" =   𝑀!"

! 1− 𝑝 𝜑 +𝑀!"
! 𝑝 𝜑   𝑎𝑛𝑑  𝑀!" =   𝑀!"

! 1− 𝑝 𝜑 +𝑀!"
!   𝑝 𝜑   

This is the final Cahn-Hilliard equation that is given as input to solve for the Finite Volume 
PDE solver. 

Allen-‐Cahn	  Equation	  with	  p(φ)	  
According to the Ginzburg-Landau theory, the basic form of the Allen-Cahn equation which 
deals with rate of change of phase-field parameter (φ) is given as 

                                                   !"
!"
=   −𝑀!

!"
!"

                                                          (5.22)                            

Applying the Euler-Lagrange rule from the variational calculus for the energy functional 
derivative we have 

                                      !"
!"
=   −𝑀!

!!!
!"

−   𝜀!∇!𝜑                                           (5.23) 

The derivative of the molar Gibbs Energy (Gm) representing the bulk free energy with respect 
to phase-field parameter is given by 

                  !!!
!"

=   𝑝! 𝜑 𝐺!
! 𝑥!" ,𝑇 −   𝐺!! 𝑥!" ,𝑇 +   !

!
𝑔! 𝜑                     (5.24) 

Therefore the final Allen-Cahn equation that will be used for solving by the finite volume 
PDE solver is 

𝝏𝝋
𝝏𝒕
=   𝑴𝝋 𝜺𝝋𝛁𝟐𝝋 −𝑴𝝋 𝒑! 𝝋 𝑮𝒎

𝜸 𝒙𝑪𝒓,𝑻 −   𝑮𝒎𝜶 𝒙𝑪𝒓,𝑻 +   𝑾
𝟐
𝒈! 𝝋          (5.25) 

Where 𝑝! 𝜑 = 30𝜑! 1− 𝜑 ! and  𝑔! 𝜑 = 2𝜑 1− 𝜑 1− 2𝜑 . 
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Allen-‐Cahn	  equation	  with	  φ 
Cogswell [2006] suggested using just the phase-field parameter in place of the interpolating 
polynomial in the molar Gibbs energy expression in his research work. This would 
considerably reduce the computing time during the simulations especially in large systems 
provided that the results in both these cases are similar. Replacing p(φ) with just φ in the 
expression for molar Gibbs (bulk) energy of the whole system gives a slightly modified 
Allen-Cahn equation but the result obtained is similar in both cases which will be discussed 
in the results chapter. 
The derivative of the molar Gibbs Energy (Gm) representing the bulk free energy with respect 
to phase-field parameter will then be  

                            !!!
!"

=    𝐺!
! 𝑥!" ,𝑇 −   𝐺!! 𝑥!" ,𝑇 +   !

!
𝑔! 𝜑                           (5.26) 

Therefore the final Allen-Cahn equation without interpolating polynomial that will be used 
for solving by the finite volume PDE solver is 

            𝝏𝝋
𝝏𝒕
=   𝑴𝝋 𝜺𝝋𝛁𝟐𝝋 −𝑴𝝋 𝑮𝒎

𝜸 𝒙𝑪𝒓,𝑻 −   𝑮𝒎𝜶 𝒙𝑪𝒓,𝑻 +   𝑾
𝟐
𝒈! 𝝋        (5.27) 

 

5.3.2	  Fe-‐Cr-‐Ni	  Ternary	  system	  

The system considered is such that α and γ are the two phases present in a Fe-Cr-Ni alloy 
with the average composition of the alloy xCr = 0.25 and xNi =0.07 and temperature at 1273K. 
Gibbs energy of phases α and γ is given by the following expressions 

𝐺!! =   𝑥!" 𝐺!"!
! +   𝑥!" 𝐺!"!

! +   𝑥!" 𝐺!"!
! + 𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" + 𝑥!"𝑙𝑛𝑥!" +

  𝑥!"𝑥!"𝐿!"#$! + 𝑥!"𝑥!"𝐿!"#$! + 𝑥!"𝑥!"𝐿!"#$!                                      (5.28) 

𝐺!
! =   𝑥!" 𝐺!"!

! +   𝑥!" 𝐺!"!
! +   𝑥!" 𝐺!"!

! + 𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" + 𝑥!"𝑙𝑛𝑥!" +
  𝑥!"𝑥!"𝐿!"#$

! + 𝑥!"𝑥!"𝐿!"#$
! + 𝑥!"𝑥!"𝐿!"#$

!                                     (5.29) 

Where  𝐿!"#$!  and 𝐿!"#$
!  are the interaction parameters between Fe and Cr in α and γ phases 

respectively and similarly other parameters (𝐿!"#$!   𝑎𝑛𝑑  𝐿!"#$
! ) for Fe and Ni  and also 

(𝐿!"#$!   𝑎𝑛𝑑  𝐿!"#$
! )   for Cr and Ni for α and γ phases, 𝐺!"!

! , 𝐺!"!
!   𝑎𝑛𝑑   𝐺!"; 𝐺!"!

! , 𝐺!"!
!   𝑎𝑛𝑑  !

!  
   𝐺!"!
!  are the Gibbs energy for pure Fe, Cr and Ni for the respective phases, The temperature 

dependent expressions of these parameters are taken from the Thermo-Calc database.  Also 
xFe+xCr+xNi=1, xCr and xNi being the independent variables and xFe is the dependent 
concentration. 

Molar Gibbs energy of the whole system is defined as including the interface between the 
two phases will remain the same as the number of phases is still two and it is the number of 
elements that are changes from the previous system. 

Cahn-‐Hilliard	  Equation	  
There are two diffusing species in the ternary system, chromium and nickel. So diffusion of 
both the elements is to be dealt for the microstructural evolution of the ternary Fe-Cr-Ni 
alloy. Therefore, there will be two Cahn-Hilliard equations to be solved one each for 
chromium and nickel.  
The classic equation for diffusion for i=Cr,Ni is given as 
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                                               !!!
!"
= −∇𝐽!                                                               (5.30) 

The diffusion flux of solutes i=Cr,Ni is given by Onsager linear law of irreversible 
thermodynamics, 

𝐽!" = −𝐿!"!"∇𝜇!" − 𝐿!"#$∇𝜇!" and 
                                           𝐽!" = −𝐿!"!"∇𝜇!" − 𝐿!"#$∇𝜇!"                                        (5.31)             

Where the chemical mobilities Lij, are given as 
𝐿!"!" = 1− 𝑥!" !𝑥!"𝑀!! 𝜑 + 𝑥!"!𝑥!"𝑀!" 𝜑 + 𝑥!"! 1− 𝑥!" − 𝑥!" 𝑀!" 𝜑  
𝐿!"!" = 𝑥!"!𝑥!"𝑀!" 𝜑 + 1− 𝑥!" !𝑥!"𝑀!" 𝜑 + 𝑥!"! 1− 𝑥!" − 𝑥!" 𝑀!" 𝜑  

𝐿!"#$ = − 1− 𝑥!" 𝑥!"𝑥!"𝑀!" 𝜑 − 𝑥!"𝑥!" 1− 𝑥!" 𝑀!" 𝜑
+ 𝑥!" 1− 𝑥!" − 𝑥!" 𝑥!"𝑀!" 𝜑  

and  ∇𝜇! =
!"
!!!

  for i= Cr, Ni. MCr(φ), MNi(φ) and MFe(φ) are the effective atomic mobilities 

of Cr, Ni and Fe respectively. 𝑤ℎ𝑒𝑟𝑒, 𝑀!" =   
!!"
! !!!"

!

!
;   𝑀!" =   

!!"
! !!!"

!

!
  𝑎𝑛𝑑  𝑀!" =

  !!"
! !!!"

!

!
    

Simulation is also repeated with following expression for effective mobilities in 1D. 
𝑤ℎ𝑒𝑟𝑒, 𝑀!" =   𝑀!"

! 1− 𝑝 𝜑 +𝑀!"
! 𝑝 𝜑 ;   𝑀!" =

  𝑀!"
! 1− 𝑝 𝜑 +𝑀!"

! 𝑝 𝜑   𝑎𝑛𝑑  𝑀!" =   𝑀!"
! 1− 𝑝 𝜑 +𝑀!"

! 𝑝 𝜑     

The total Gibbs energy functional (G) for the ternary system as from the equation 3.5 is given 
as below 

𝐺 =   ∫! 𝐺! 𝑥!" , 𝑥!" ,𝜑 −   
𝜖!
2 ∇𝑥!"∇𝑥!" −

𝜖!
2 ∇𝑥!"∇𝑥!" −   

𝜖!
2 ∇𝑥!"∇𝑥!" +   

𝜖!
2 |∇𝜑|

! 𝑑Ω 
(5.32) 

The Cahn-Hilliard equation for chromium diffusion is given as  
𝑑𝑥!"
𝑑𝑡 =   ∇ 𝐿!"!" .∇

𝜕𝐺!
𝜕𝑥!"

− 2𝜖!∇!𝑥!" − 2𝜖!∇!𝑥!"

+ 𝐿!"#$ .∇
𝜕𝐺!
𝜕𝑥!"

− 2𝜖!∇!𝑥!" − 2𝜖!∇!𝑥!"             (5.34) 

Similarly for Nickel the diffusion equation is given by 

𝑑𝑥!"
𝑑𝑡 =   ∇ 𝐿!"!" .∇

𝜕𝐺!
𝜕𝑥!"

− 2𝜖!∇!𝑥!" − 2𝜖!∇!𝑥!"

+ 𝐿!"#$ .∇
𝜕𝐺!
𝜕𝑥!"

− 2𝜖!∇!𝑥!" − 2𝜖!∇!𝑥!"                 (5.35) 

The term ∇ !!!
!!!"

   is expanded as, 

∇
𝜕𝐺!
𝜕𝑥!"

=   ∇ 1− 𝑝 𝜑
𝜕𝐺!!

𝜕𝑥!"
+   𝑝 𝜑

𝜕𝐺!
!

𝜕𝑥!"
                                                          (5.36)   

Each Gibbs energy derivative terms in the above equation are given by 
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!!!!

!!!"
=    𝐺!"!

! −    𝐺!"!
! + !"

!!
𝑙𝑛 !!"

!!!!"!!!"
+    1− 2𝑥!" − 𝑥!" 𝐿!"#$! + 𝑥!"𝐿!"#$! − 𝑥!"𝐿!"#$!   

(5.37) 

!!!
!

!!!"
=    𝐺!"!

! −    𝐺!"!
! + !!

!!
𝑙𝑛 !!"

!!!!"!!!"
+ 1− 2𝑥!" − 𝑥!" 𝐿!"#$

! + 𝑥!"𝐿!"#$
! − 𝑥!"𝐿!"#$

!   
(5.38) 

Substituting these equations in the equation 5.36 would give   

∇
𝜕𝐺!
𝜕𝑥!"

= 𝑝! 𝜑 𝐺!"!
! −    𝐺!"!

! − 𝐺!"!
! −    𝐺!"!

! + 1− 2𝑥!" − 𝑥!" 𝐿!"#$
! − 𝐿!"#$!

+ 𝑥!" 𝐿!"#$
! − 𝐿!"#$! − 𝑥!" 𝐿!"#$

! − 𝐿!"#$! ∇𝜑  

+   
𝑅𝑇
𝑉!

.
1− 𝑥!"

𝑥!" 1− 𝑥!" − 𝑥!"
− 2 𝑝 𝜑 𝐿!"#$

! + 1− 𝑝 𝜑 𝐿!"#$! ∇𝑥!"

+
𝑅𝑇
𝑉!

.
1

1− 𝑥!" − 𝑥!"
− 1− 𝑝 𝜑 𝐿!"#$! − 𝐿!"#$! + 𝐿!"#$!

− 𝑝 𝜑 𝐿!"#$
! − 𝐿!"#$

! + 𝐿!!"#
! ∇𝑥!" 

                                                                     (5.39)       
Similarly, 

∇
𝜕𝐺!
𝜕𝑥!"

= 𝑝! 𝜑 𝐺!"!
! −    𝐺!"!

! − 𝐺!"!
! −    𝐺!"!

! + 1− 2𝑥!" − 𝑥!" 𝐿!"#$
! − 𝐿!"#$!

+ 𝑥!" 𝐿!"#$
! − 𝐿!"#$! − 𝑥!" 𝐿!"#$

! − 𝐿!"#$! ∇𝜑  

+   
𝑅𝑇
𝑉!

.
1− 𝑥!"

𝑥!" 1− 𝑥!" − 𝑥!"
− 2 𝑝 𝜑 𝐿!"#$

! + 1− 𝑝 𝜑 𝐿!"#$! ∇𝑥!"

+
𝑅𝑇
𝑉!

.
1

1− 𝑥!" − 𝑥!"
− 1− 𝑝 𝜑 𝐿!"#$! − 𝐿!"#$! + 𝐿!"#$!

− 𝑝 𝜑 𝐿!"#$
! − 𝐿!"#$

! + 𝐿!"#$
! ∇𝑥!" 

                                                                      (5.40) 

Therefore the Cahn-Hilliard equation for chromium diffusion will be  
𝒅𝒙𝑪𝒓
𝒅𝒕 =   𝛁𝑳𝑪𝒓𝑪𝒓 𝑫𝝋𝑪𝒓.𝛁𝝋 + 𝛁𝑳𝑪𝒓𝑵𝒊 𝑫𝝋𝑵𝒊.𝛁𝝋 + 𝛁𝑳𝑪𝒓𝑪𝒓 𝑫𝑪𝒓𝑪𝒓.𝛁𝒙𝑪𝒓

+ 𝛁𝑳𝑪𝒓𝑵𝒊 𝑫𝑪𝒓𝑵𝒊.𝛁𝒙𝑪𝒓 + 𝛁𝑳𝑪𝒓𝑵𝒊 𝑫𝑵𝒊𝑵𝒊.𝛁𝒙𝑵𝒊 + 𝛁𝑳𝑪𝒓𝑪𝒓 𝑫𝑪𝒓𝑵𝒊.𝛁𝒙𝑵𝒊
− 𝛁 𝑳𝑪𝒓𝑪𝒓 + 𝑳𝑪𝒓𝑵𝒊 𝛁 𝟐𝝐𝑪𝛁𝟐𝒙𝑪𝒓 − 𝛁 𝑳𝑪𝒓𝑪𝒓 + 𝑳𝑪𝒓𝑵𝒊 𝛁 𝟐𝝐𝑪𝛁𝟐𝒙𝑵𝒊  

(5.41) 

Where 𝐷!"# = 𝑝! 𝜑 𝐺!"!
! −    𝐺!"!

! − 𝐺!"!
! −    𝐺!"!

! + 1− 2𝑥!" − 𝑥!" 𝐿!"#$
! −

𝐿!"#$! + 𝑥!" 𝐿!"#$
! − 𝐿!"#$! − 𝑥!" 𝐿!"#$

! − 𝐿!"#$!   ;   𝐷!"# = 𝑝! 𝜑 𝐺!"!
! −    𝐺!"!

! −
𝐺!"!
! −    𝐺!"!

! + 1− 2𝑥!" − 𝑥!" 𝐿!"#$
! − 𝐿!"#$! + 𝑥!" 𝐿!"#$

! − 𝐿!"#$! − 𝑥!" 𝐿!"#$
! −

𝐿!"#$! . 

𝐴𝑙𝑠𝑜  𝐷!"!" =
!"
!!
. !!!!!
!!" !!!!"!!!"

− 2 𝑝 𝜑 𝐿!"#$
! + 1− 𝑝 𝜑 𝐿!"#$!   ;   𝐷!"#$ =

!"
!!
. !
!!!!"!!!"

− 1− 𝑝 𝜑 𝐿!"#$! − 𝐿!"#$! + 𝐿!"#$! −
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𝑝 𝜑 𝐿!"#$
! − 𝐿!"#$

! + 𝐿!"#$
!   𝑎𝑛𝑑  𝐷!"!" =

!"
!!
. !!!!"
!!" !!!!"!!!"

− 2 𝑝 𝜑 𝐿!"#$
! + 1−

𝑝 𝜑 𝐿!"#$!   

Similarly the Cahn-Hilliard equation for nickel diffusion will be 
 

𝒅𝒙𝑵𝒊
𝒅𝒕 =   𝛁𝑳𝑵𝒊𝑵𝒊 𝑫𝝋𝑵𝒊.𝛁𝝋 + 𝛁𝑳𝑪𝒓𝑵𝒊 𝑫𝝋𝑪𝒓.𝛁𝝋 + 𝛁𝑳𝑵𝒊𝑵𝒊 𝑫𝑵𝒊𝑵𝒊.𝛁𝒙𝑵𝒊

+ 𝛁𝑳𝑪𝒓𝑵𝒊 𝑫𝑪𝒓𝑵𝒊.𝛁𝒙𝑵𝒊 + 𝛁𝑳𝑪𝒓𝑵𝒊 𝑫𝑪𝒓𝑪𝒓.𝛁𝒙𝑪𝒓 + 𝛁𝑳𝑵𝒊𝑵𝒊 𝑫𝑪𝒓𝑵𝒊.𝛁𝒙𝑪𝒓
− 𝛁 𝑳𝑵𝒊𝑵𝒊 + 𝑳𝑪𝒓𝑵𝒊 𝛁 𝟐𝝐𝑪𝛁𝟐𝒙𝑵𝒊 − 𝛁 𝑳𝑵𝒊𝑵𝒊 + 𝑳𝑪𝒓𝑵𝒊 𝛁 𝟐𝝐𝑪𝛁𝟐𝒙𝑪𝒓  

(5.42) 

These are the two final Cahn-Hilliard equations that are given as input to solve for the Finite 
Volume PDE solver. 

Allen-‐Cahn	  equation	  
The Allen-Cahn equation remains the same as shown above in the Fe-Cr binary system since 
it deals with the α-γ transformation in this system also. 

5.4 α-σ Phase Transformation 

The Gibbs energy expressions of pure iron, chromium and nickel in sigma phase are defined 
in form of different sub-lattices partially because of it s stoichiometric nature. So the Gibbs 
energy expressions and the interaction parameters in the regular solution model for sigma 
phase are derived. This would give us a new Gibbs energy curve for the sigma phase but the 
lowest Gibbs energy value for the sigma phase for a specific temperature taken from the 
Thermocalc database.  
The chemical potentials of each element are considered equal on either of the phases present 
as it is the condition during equilibrium. This leads to maintaining the curvature at the lowest 
Gibbs energy point and thus preventing an offset of the Gibbs energy curve of the sigma 
phase. The derivation of the governing equations (Cahn-Hilliard and Cahn-Allen) for binary 
and ternary systems is discussed below.  

5.4.1	  Fe-‐Cr	  Binary	  System	  

Consider that α and σ are the two phases present in a Fe-Cr alloy with the average 
composition of the alloy xCr = 0.42 and at temperature=1073K. Gibbs energy of phases α and 
σ is given by the following expressions 

𝐺!! =   𝑥!" 𝐺!"!
! +   𝑥!" 𝐺!"!

! +   𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑥!"𝐿!"#$!  

𝐺!! =   𝑥!" 𝐺!"!
! +   𝑥!" 𝐺!"!

! +   𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑥!"𝐿!"#$!  
(5.43) 

Where  𝐿!"#$!  and 𝐿!"#$!  are the interaction parameters between Fe and Cr in α and σ phases 
respectively, 𝐺!"!

!   𝑎𝑛𝑑   𝐺!"!
! , 𝐺!"!

!   𝑎𝑛𝑑   𝐺!"!
!    are the Gibbs energy for pure Fe and Cr for the 

respective phases. The temperature dependent expressions of the parameters with respect to α 
phase are taken from the work of J.O. Andersson et. al. [56]. 𝐺!"!

!   𝑎𝑛𝑑   𝐺!"!
!   𝑎𝑛𝑑  𝐿!"#$!  do 

not have distinct temperature depended expressions in the Thermocalc database. The 
expressions for these terms have to be derived. 
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First the chemical potentials of each element in different phases are equated for an 
equilibrium condition for a Fe –Cr alloy with xCr=0.42 and temperature=1073K 

                                                 𝜇!"! = 𝜇!"!   𝑎𝑛𝑑  𝜇!"! = 𝜇!"!                                                (5.44) 

Where each chemical potential is given as 

 𝜇!"! = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 1− 𝑥!"! !𝐿!"#$!   𝑎𝑛𝑑  𝜇!"! = 𝐺!" + 𝑅𝑇!

! 𝑙𝑛𝑥!"! + 𝑥!"! !𝐿!"#$!  

𝜇!"! = 𝐺!"   + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 1− 𝑥!"! !𝐿!"#$!   𝑎𝑛𝑑  𝜇!"! = 𝐺!" + 𝑅𝑇!

! 𝑙𝑛𝑥!"! + 𝑥!"! !𝐿!"#$!   
(5.45) 

In the above equations, 𝑥!"!   𝑎𝑛𝑑  𝑥!"!  are the compositions of two phases α and σ in 
equilibrium at temperature T=1073K. The concentration values are obtained using Thermo-
Calc software. 

Now the value of double derivative of molar Gibbs energy of alpha phase with respect to 
chromium concentration is obtained using Thermocalc software and substituted in the place 
of double derivative of molar Gibbs energy of sigma phase with respect to chromium 
concentration in the following expression. This explains the assumption that the curvature of 
Gibbs energy curve of sigma phase is similar to that of alpha phase thus substituting the 
composition constrained Gibbs energy curve of sigma phase with unconstrained one. 

                                        !
!!!!

!!!"
! = 𝑅𝑇 !

!!" !!!!"
− 2𝐿!"#$!                                        (5.46) 

The interaction parameter𝐿!"#$! , for the sigma phase is obtained from the above equation and 
substituted in the two equations 5.45 

We then have, 

                   𝐺!" = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛 !!"

!

!!"
! + 1− 𝑥!"! !𝐿!"#$! − 1− 𝑥!"! !𝐿!"#$!

!
!                (5.47) 

                        𝐺!" = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛 !!!!"

!

!!!!"
! + 𝑥!"! !𝐿!"#$! − 𝑥!"! !𝐿!"#$!

!
!                     (5.48) 

Temperature dependent expressions for the terms 𝐺!"   𝑎𝑛𝑑!
!    𝐺!"!

!  are taken from [56] relating 
to the Thermo-Calc databases. Thus, all the three parameters required for Gibbs energy of 
sigma phase are derived. Molar Gibbs energy of the whole system is defined as including the 
interface between the two phases is given as from the equation 3.6 (repeated again below) 

𝐺! =    1− 𝑝 𝜑 𝐺!! +   𝑝 𝜑 𝐺!! +   
𝑊
2 𝑔 𝜑  

The Cahn-Hilliard equation and the Allen-Cahn equations are obtained the same way from 
here as shown in the α-γ phase transformation. 
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5.4.2	  Fe-‐Cr-‐Ni	  Ternary	  system	  

The system considered is such that α and σ are the two phases present in a Fe-Cr-Ni alloy 
with the average composition of the alloy xCr = 0.42 and xNi =0.03 and at temperature = 
1133K. Gibbs energy of phases α and σ is given by the following expressions 

𝐺!! =   𝑥!" 𝐺!"!
! +   𝑥!" 𝐺!"!

! +   𝑥!" 𝐺!"!
! + 𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" + 𝑥!"𝑙𝑛𝑥!"

+   𝑥!"𝑥!"𝐿!"#$! + 𝑥!"𝑥!"𝐿!"#$! + 𝑥!"𝑥!"𝐿!"#$!  

𝐺!! =   𝑥!" 𝐺!"!
! +   𝑥!" 𝐺!"!

! +   𝑥!" 𝐺!"!
! + 𝑅𝑇 𝑥!"𝑙𝑛𝑥!" +   𝑥!"𝑙𝑛𝑥!" + 𝑥!"𝑙𝑛𝑥!"

+   𝑥!"𝑥!"𝐿!"#$! + 𝑥!"𝑥!"𝐿!"#$! + 𝑥!"𝑥!"𝐿!"#$!  
(5.49) 

Where  𝐿!"!"!  and 𝐿!"#$!  are the interaction parameters between Fe and Cr in α and γ phases 
respectively and similarly other parameters (𝐿!"#$!   𝑎𝑛𝑑  𝐿!"#$! ) for Fe and Ni  and also 
(𝐿!"#$!   𝑎𝑛𝑑  𝐿!"#$! )   for Cr and Ni for α and γ phases, 𝐺!"!

! , 𝐺!"!
!   𝑎𝑛𝑑   𝐺!";    𝐺!"!

! , 𝐺!"!
!   𝑎𝑛𝑑  !

!  
   𝐺!"!
!  are the Gibbs energy for pure Fe, Cr and Ni for the respective phases, The temperature 

dependent expressions of parameters with respect to α-phase are taken from the Thermocalc 
database.  The σ-phase parameters from above are to be derived again as in case of the Fe-Cr 
binary system. Also xFe+xCr+xNi=1, xCr and xNi being the independent variables and xFe is the 
dependent concentration. 
First the chemical potentials of each element in different phases are equated for an 
equilibrium condition for a Fe –Cr-Ni alloy with xCr=0.42 and xNi=0.03 and 
temperature=1133K 

                                           𝜇!"! = 𝜇!"! ,   𝜇!"! = 𝜇!"!   𝑎𝑛𝑑  𝜇!"! = 𝜇!"!                                      (5.50) 

Where each chemical potential is given as 

 𝜇!"! = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 𝑥!"! 1− 𝑥!"! 𝐿!!"#! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$!  

  𝜇!"! = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$!   𝑎𝑛𝑑 

𝜇!"! = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$!  

(5.51) 

𝜇!"! = 𝐺!"   + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$!     

𝜇!"! = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$!   𝑎𝑛𝑑 

𝜇!"! = 𝐺!"   + 𝑅𝑇!
! 𝑙𝑛𝑥!"! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$!     

(5.52) 

In the above equations, 𝑥!"! , 𝑥!"!   𝑎𝑛𝑑  𝑥!"! ;   𝑥!"! , 𝑥!"!   𝑎𝑛𝑑  𝑥!"!    are the compositions of two 
phases α and σ in equilibrium at temperature T=1133K. The concentration values are 
obtained using Thermocalc software. 

Now the values of double derivative of molar Gibbs energy of sigma phase with respect to 
chromium concentration and nickel concentration are obtained using Thermocalc software 
and substituted in the following expressions. 
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                                   !
!!!!

!!!"
! = 𝑅𝑇 !!!!"

!!" !!!!"!!!"
− 2𝐿!"#$!                                       (5.53) 

                                   !
!!!!

!!!"
! = 𝑅𝑇 !!!!"

!!" !!!!"!!!"
− 2𝐿!"#$!                                       (5.54)  

                           !!!!!

!!!"!!!"
=    !"

!!!!"!!!"
− 𝐿!"#$! + 𝐿!"#$! − 𝐿!"#$!                             (5.55) 

The interaction parameters𝐿!"#$! , 𝐿!"#$!   𝑎𝑛𝑑  𝐿!"#$!   for the sigma phase are obtained from the 
above equations (5.53-5.55) and substituted in the three equations 5.50 

We then have, 

𝐺!" = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛 !!"

!

!!"
! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 1− 𝑥!"! 𝐿!"#$!

!
! + 𝑥!"! 1−

𝑥!"! 𝐿!"#$! − 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!!! 𝑥!"! 𝐿!"#$! + 𝑥!"! 𝑥!"! 𝐿!"#$!   
(5.56) 

𝐺!" = 𝐺!" + 𝑅𝑇!
! 𝑙𝑛 !!"

!

!!"
! +!

! 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 1− 𝑥!"! 𝐿!"#$! + 𝑥!"! 1−
𝑥!"! 𝐿!"#$! − 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$! + 𝑥!"! 𝑥!"! 𝐿!"#$!   

(5.57) 
𝐺!" = 𝐺!" + 𝑅𝑇!

! 𝑙𝑛 !!"
!

!!"
! + 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 1− 𝑥!"! 𝐿!"#$!

!
! +

𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 1− 𝑥!"! 𝐿!"#$! − 𝑥!"! 𝑥!"! 𝐿!"#$! + 𝑥!"! 𝑥!"! 𝐿!"#$!   
(5.58) 

𝐺!" ,!
!    𝐺!"   𝑎𝑛𝑑   𝐺!"!

!
!
!   – Temperature dependent expressions for these terms are taken [] 

relating to the Thermo-Calc databases. Thus, all the six (three pure Gibbs energy terms and 
three interaction parameters) parameters required for Gibbs energy of sigma phase are 
derived. It is substituted in the molar Gibbs energy of the whole system including the 
interface between the two phases given as below (equation 3.6) 

𝐺! =    1− 𝑝 𝜑 𝐺!! +   𝑝 𝜑 𝐺!! +   
𝑊
2 𝑔 𝜑  

The Cahn-Hilliard equation and the Allen-Cahn equations are obtained the same way from 
here as shown in the α-γ phase transformation. 

5.5 Governing equations in FiPy standard equation form 

The standard form for a general conservation equation in FiPy is given as  

                                       ! !"
!"

  =   ∇. (𝑢𝜑) +    ∇. Γ!∇   ! +   𝑆!                                (5.59) 
 

Transient       Convection       Diffusion         Source 

In equation 5.59, φ is the variable that is dealt with. When the Cahn-Hilliard and the Allen-
Cahn equations are written in the FiPy code they have to be slightly modified to fit the above 
description. 
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The Cahn-Hilliard equation for a two phase binary system is 

                    𝒅𝒙𝑪𝒓
𝒅𝒕

=   𝛁𝑫𝑪 𝛁𝒙𝑪𝒓 + 𝛁𝑫𝝋 𝛁𝝋   − 𝛁𝑴𝑪 𝛁 𝝐𝑪𝛁𝟐𝒙𝑪𝒓                     (5.60) 

The !!!"
!"

 term is written as transient term, ∇𝐷! ∇𝑥!"  term is written as diffusion term with 
coefficient = DC, ∇M! ∇ ϵ!∇!x!"  term is also written as diffusion term but two 
coefficients 𝑀!   𝑎𝑛𝑑  𝜖!  are mentioned for the term. ∇𝐷! ∇𝜑  term is written as a convection 
term as the coefficient Dφ has xCr as a common factor in it and the term becomes 
∇ 𝑥!"𝐷!!∇𝜑  which fits the convection term form. 

The Allen-Cahn equation for a two phase binary system is 

         𝟏
𝑴𝝋

𝝏𝝋
𝝏𝒕
=    𝜺𝝋𝛁𝟐𝝋 − 𝒑! 𝝋 𝑮𝒎

𝜸 𝒙𝑪𝒓,𝑻 −   𝑮𝒎𝜶 𝒙𝑪𝒓,𝑻 +   𝑾
𝟐
𝒈! 𝝋        (5.61) 

The !
!!

!"
!"

 term is written as transient term with coefficient =1/Mφ; 𝜀!∇!𝜑 term is written as 

diffusion term with coefficient= εφ. The 𝑝! 𝜑 𝐺!
! 𝑥!" ,𝑇 −   𝐺!! 𝑥!" ,𝑇 +   !

!
𝑔! 𝜑  term is 

written as a source term as it can be written in the form of K.φ, where K is coefficient. 
Similarly the Cahn-Hilliard and Allen-Cahn equation for two phase ternary system can be 
adjusted according to the general equation form of FiPy. 

5.6 Simulation Conditions 

The Cahn-Hilliard (C-H) equation deals with the rate change of composition and the 
Allen-Cahn (A-C) equation deals with the rate change of phase-field parameter. For a 
phase transformation consisting of changes in concentration and structure, both the 
equations are required. In order to get the evolution of microstructure each equation(C-H 
and A-C) has to be coupled with both the variables and solved so the interdependence of 
concentration and structure is taken into consideration during the transformation. 

 The simulations are done for conditions where the phases in study are already present in 
the system and transformation occurs under change in the external conditions like 
temperature. A binary or ternary alloy with certain average composition is considered to 
be at a fixed temperature. The Wheeler, Boettinger, McFadden (WBM) model [38] is 
used to track the Gibbs energy over the whole system. Therefore the phases in the initial 
system have the same composition equal to the average composition of the alloy. The 
average composition, phase-field parameter designation for each phase and the 
temperature are given as input conditions along with other characteristic properties that 
are mentioned above. 

The alloy system considered is equilibrated over a large time step of 100 seconds at the 
given temperature so that the phases have their equilibrium compositions at the given 
temperature. For this the C-H and A-C equations are solved over a large time step using 
the PDE solver. Once the system is equilibrated, it is then quenched by 20 degrees and the 
system is allowed to evolve by running the C-H and A-C equations together for a small 
time step of 10-6 seconds over 100 time steps.  
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At the end of the simulation average phase-field parameter values is taken to check the 
phase fraction of the system after the temperature change. This helps in understanding 
how the system has evolved. The simulation has to be run for at least 107 time steps to see 
the equilibrium state of system.  

6 RESULTS and DISCUSSION 

The simulations were started with a simpler and trivial system for which the solutions can be 
obtained from other sources to check if the code is giving results in tandem with real case 
systems. For this to begin with a Fe-Cr binary system is chosen and ferrite-austenite (α-γ) 
phase transformation is simulated in 1D and 2D system. 

6.1 Alpha-Gamma Transformation: Fe-Cr system 

6.1.1	  Simulations	  in	  1D	  

A Fe-Cr system with a composition of xCr=0.13 at T=1273K is considered for a α-γ phase 
transformation. Initial system consists of both phases ferrite and austenite having same 
composition that is xCr = 0.13. The system then driven to equilibrium keeping the temperature 
constant so that the phases present adjust to their equilibrium compositions for the given 
temperature. This is done by solving the governing equations Cahn-Hilliard equation and 
Allen-Cahn equation over a large time step of 100s 

The grid interval for the mesh is 0.5nm and number of elements are 400 in all the 
simulations. This makes the length of domain equal to 200nm. In the above plots, the green 
line indicates the composition variable within the system. The red line indicates the 
composition values in each phase in the real system. The blue line indicates the phase field 
parameter. As seen in the plot its value is equal to 1 indicating the region comprising of 

Figure 6.1: indicates the initial system with single 
composition over whole Fe-Cr system in 1D. 

Figure 6.2: indicates the equilibrated system with 
distributed compositions among the respective phases at 

same temperature in 1D. 
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austenite phase and the region with value equal to 0 is ferrite phase. The region where the 
phase field parameter gradually changes from 0 to 1 is the interface. Therefore the left side of 
the blue line is ferrite region and the right side, austenite region. Thus, the system is defined 
in the above plot.  

The equilibrated system is then quenched by 20K and then the phase transformation is 
observed by solving the governing equations over 100 time steps with the time interval being 
10-6 sec. The output observed from this step explains the α-γ transformation in the Fe-Cr 
system. 

 

Figure 6.3: indicates Fe-Cr system after 100 time steps when quenched by 20K from 1273K in 1D. 

The austenite phase is supposed to grow upon cooling by 20K for the given system and same 
phenomenon is observed in the simulations also. 

Similar computation is done for the system using Cogswell theory of using phase field 
parameter instead of interpolating polynomial for the Gibbs energy expression for whole 
system. The results are plotted again for the equilibrated system and also for the system after 
quenching by 20K. The plots obtained are shown below.  
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The result obtained using Cogswell proposed theory is similar to the above result obtained in 
the normal simulation validating the theory.  

The results obtained from both the simulations are tabulated below. 
 

Quantity Thermo-Calc data Simulation Result 
   
with p(ϕ)  with ϕ  

Initial φ Avg (Phase 
fraction)  

0.618  0.618  0.620  

φ Avg(Phase fraction)  0.628  0.635(after 100 time 
steps)  

0.640(after 100 time 
steps)  

%Cr in ferrite  0.143  0.151  0.151  

%Cr in austenite  0.122  0.117  0.117  

Table 6.1: Comparison of results in 1D for simulation with p(φ) and with φ in α-γ transformation 

In table 6.1, the data under the Thermo-Calc data column represents the real system to which 
the simulations are compared. The φ Avg. which is indicative of the phase fraction of γ phase 
cannot be compared to real case for it is run for only 100 time steps and the time step being 
too small(1e-6). The results using p(φ) and using just φ can  be compared to see if the 
Cogswell’s theory can be implemented. From the results in both those columns it can be 
concluded that just φ (phase field parameter) can be used instead of interpolating polynomial 
p(φ) in the governing equations of the phase field method and the results would remain 
similar. The compositions on both ends of the system are similar for both the simulations are 
not very far from the real system. The γ phase is expected to grow upon quenching and as 
such same phenomenon is obtained from the simulation.  

Figure 6.4: indicates the equilibrated system with 
distributed compositions among the respective phases using 

Cogswell’s theory in 1D. 

Figure 6.5: Indicates the system after 100 time steps when 
quenched by 20K from 1273K using Cogswell’s theory in 

1D. 
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Simulation	  with	  effective	  Mobilities	  as	  a	  function	  of	  phase	  field	  parameter	  

The simulations in 1D are repeated by changing the effective mobility of each element as 
function of φ given as     𝑀! =   𝑀!

! 1− 𝑝 𝜑 +𝑀!
!𝑝 𝜑  , i=Cr, Fe. It is done also along with 

the Cogswell theory using just φ instead of p(φ). The output observed in both cases after 
solving the governing equations over 100 time steps with the time interval being 10-6 sec. 
explaining the α-γ transformation in the Fe-Cr system is given below. 

 
The results obtained from both the simulations are tabulated below. 

Quantity Thermo-Calc data Simulation Result 
   
with p(ϕ)  With ϕ 

Initial φ Avg (Phase 
fraction)  

0.618  0.618  0.620  

φ Avg(Phase fraction)  0.628  0.636(after 100 time 
steps)  

0.644  

%Cr in ferrite  0.143  0.149 0.144  
%Cr in austenite  0.122  0.120  0.125  

Table 6.2: Comparison of results in 1D for simulation with p(φ) and with φ and mobility as function of φ in 
α-γ transformation 

In the figures 6.6 and 6.7 the slight kink at the phase boundary can be explained due to the 
different diffusivity values in the phases as the mobility is now dependent on φ in these 
simulations.  In table 6.2, the data under the Thermo-Calc data column represents the real 
system to which the simulations are compared. The φ Avg. which is indicative of the phase 

Figure 6.6: Indicates the system after 100 time steps when 
quenched by 20K from 1273K in 1D with mobility as 

function of φ. 

Figure 6.7: Indicates the system after 100 time steps when 
quenched by 20K from 1273K using Cogswell’s theory in 

1D with mobility as function of φ 
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fraction of γ phase cannot be compared to real case for it is run for only 100 time steps and 
the time step being too small(1e-6). The results using p(φ) and using just φ can  be compared 
to see if the Cogswell’s theory can be implemented. The results in both those columns 
suggest that just φ (phase field parameter) can be used instead of interpolating polynomial 
p(φ) in the governing equations of the phase field method for shorter time steps. The 
compositions on both ends of the system are slightly varied for both the simulations and are 
not very far from the real system. The γ phase is expected to grow upon quenching and as 
such same phenomenon is obtained from both the simulations.  

6.1.2	  Simulations	  in	  2D	  

The system remains the same in 2D simulations also and also the procedure. The mesh used 
for 2D simulations is a 400 x 400 grid mesh with length interval being 0.5nm (same as in 
1D).  

The geometry considered for the system is such that there is austenite phase present over the 
boundaries of ferrite grains.  The simulation is run to see if the phase transformation occurs 
as it should in case of a real system. The plots are seen below.   

In the 2D figures above, the region in the red color indicates the austenite phase and the blue 
color indicates the ferrite phase. The color of the region depends on the value of the phase 
field parameter basing and its contour profile given adjacent to the figure.  
 
The mobilities are constant and independent of composition and phase and therefore an 
equivalent growth of γ-phase on all fronts is observed in plots which makes the growth 
symmetrical geometrically. The simulation shows growth in austenite phase upon quenching 
as in a real system. 

Figure 6.8: indicates the equilibrated Fe-Cr system with 
distributed compositions among the respective phases in 2D. 

Figure 6.9: indicates the Fe-Cr system after 100 time steps 
when quenched by 20K from 1273K in 2D. 
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6.2 Alpha-Gamma Transformation: Fe-Cr-Ni system 

6.2.1	  Simulations	  in	  1D	  

A Fe-Cr-Ni system with a composition of xCr=0.25 and xNi=0.07 at T=1273K is considered 
for a α-γ phase transformation. Initial system consists of both phases ferrite and austenite 
having same composition that is xCr = 0.25 and xNi=0.07. The system then driven to 
equilibrium keeping the temperature constant so that the phases present adjust to their 
equilibrium compositions for the given temperature. This is done by solving the governing 
equations Cahn-Hilliard equation and Allen-Cahn equation over a large time step of 100s.  

The grid interval for the mesh is 0.5nm and number of elements are 400 in all the 
simulations. This makes the length of domain equal to 200nm on both axes. In the above 
plots, the horizontal green line indicates the chromium concentration within the system. The 
red line indicates the nickel concentration values in the system. The pale blue line depicted as 
sharpCr in the figure is the chromium concentration among the phases in the system in a real 
case scenario. The blue line indicates the phase field parameter. As seen in the plot its value 
is equal to 1 indicating the region comprising of austenite phase and the region with value 
equal to 0 is ferrite phase. The region where the phase field parameter gradually changes 
from 0 to 1 is the interface. Therefore the left side of the blue line is ferrite region and the 
right side, austenite region. Thus, the system is defined in the plots above.  

Figure 6.10: indicates the initial system with single 
composition over whole Fe-Cr-Ni system in 1D. 

Figure 6.11: indicates the equilibrated system with 
distributed compositions among the respective phases at 

same temperature in 1D. 
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The equilibrated system is then quenched by 20K and then the phase transformation is 
observed by solving the governing equations over 100 time steps with the time interval being 
10-6 sec. The output observed from this step explains the α-γ transformation in the Fe-Cr-Ni 
system. 

The austenite phase is supposed to grow upon cooling by 20K for the given system and same 
phenomenon is observed in the simulations also. Similar computation is done for the system 
using Cogswell theory of using phase field parameter instead of interpolating polynomial for 
the Gibbs energy expression for whole system. The results are plotted again for the 
equilibrated system and also for the system after quenching by 20K. The plots obtained are 
shown below. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6.12:  indicates the Fe-Cr-Ni system after 100 time steps when quenched by 20K from 1273K in 1D. 

Figure 6.13: indicates the equilibrated system with 
distributed compositions among the respective phases using 

Cogswell’s theory for Fe-Cr-Ni system in 1D. 

Figure 6.14: Indicates the Fe-Cr-Ni system after 100 time 
steps when quenched by 20K from 1273K using Cogswell’s 

theory in 1D 



 

 
49 

The result obtained using Cogswell proposed theory is similar to the above result obtained in 
the normal simulation validating the theory even for a ternary system.  

The results obtained from both the simulations in 1D are tabulated below. 

Quantity Thermocalc data Simulation Result 
 

with p(ϕ) with ϕ 
Initial φ Avg (Phase 

fraction) 
0.565 0.568 0.572 

φ Avg(Phase 
fraction) 

0.582 0.575(after 100 time 
steps) 

0.580(after 100 time 
steps) 

%Cr in ferrite 0.303 0.297 0.297 
%Cr in austenite 0.212 0.214 0.214 

%Ni in ferrite 0.0453 0.0443 0.0443 
%Ni in austenite 0.0877 0.0896 0.0896 

Table 6.3: Comparison of results in 1D for simulation with p(φ) and with φ in α-γ transformation in Fe-Cr-
Ni ternary system. 

In table 6.3, the data under the Thermo-Calc data column represents the real system to which 
the simulations are compared. The φ Avg. which is indicative of the phase fraction of γ phase 
cannot be compared to real case for it is run for only 100 time steps and the time step being 
too small(1e-6). The results using p(φ) and using just φ can  be compared to see if the 
Cogswell’s theory can be implemented. From the results in both those columns it can be 
concluded that just φ (phase field parameter) can be used instead of interpolating polynomial 
p(φ) in the governing equations of the phase field method and the results would remain 
similar. The compositions on both ends of the system are similar for both the simulations are 
not very far from the real system. The γ phase is expected to grow upon quenching and as 
such same phenomenon is obtained from the simulation. 

Simulation	  with	  effective	  mobilities	  as	  a	  function	  of	  phase	  field	  parameter	  

The simulations in 1D are repeated by changing the effective mobility of each element as 
function of φ given as     𝑀! =   𝑀!

! 1− 𝑝 𝜑 +𝑀!
!𝑝 𝜑  , i=Cr, Fe and Ni. It is done also 

along with the Cogswell theory using just φ instead of p(φ). The output observed in both 
cases after solving the governing equations over 100 time steps with the time interval being 
10-6 sec. explaining the α-γ transformation in the Fe-Cr-Ni system is given below. 
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The results obtained from both the simulations in 1D are tabulated below. 
 

Quantity Thermocalc data Simulation Result 
 

with p(ϕ) with ϕ 
Initial φ Avg (Phase 

fraction) 
0.565 0.568 0.572 

φ Avg(Phase 
fraction) 

0.582 0.576(after 100 time 
steps) 

0.579(after 100 time 
steps) 

%Cr in ferrite 0.303 0.294 0.304 
%Cr in austenite 0.212 0.219 0.204 

%Ni in ferrite 0.0453 0.0460 0.0420 
%Ni in austenite 0.0877 0.0855 0.0948 

Table 6.4: : Comparison of results in 1D for simulation with p(φ) and with φ and mobility as function of φ in 
α-γ transformation in Fe-Cr-Ni ternary system. 

In the figures 6.15 and 6.16 the slight kink at the phase boundary can be explained due to the 
different diffusivity values in the phases as the mobility is now dependent on φ in this 
simulations.  In table 6.4, the data under the Thermo-Calc data column represents the real 
system to which the simulations are compared. The φ Avg. which is indicative of the phase 
fraction of γ phase cannot be compared to real case for it is run for only 100 time steps and 
the time step being too small(1e-6). The results using p(φ) and using just φ can  be compared 
to see if the Cogswell’s theory can be implemented. The results in both those columns 
suggest that just φ (phase field parameter) can be used instead of interpolating polynomial 
p(φ) in the governing equations of the phase field method for shorter time steps, but the 
composition curve gets distorted over longer time steps in case where just φ is used for p(φ) 
which can be seen in the figure 6.17 below. So, mobility must be considered constant and 
independent of φ when simulation is run using the Cogswell’s theory. The compositions on 

Figure 6.15: Indicates the Fe-Cr-Ni system after 100 time 
steps when quenched by 20K from 1273K in 1D with 

mobility as a function of φ. 

Figure 6.16: Indicates the Fe-Cr-Ni system after 100 time 
steps when quenched by 20K from 1273K using Cogswell’s 

theory in 1D with mobility as a function of φ. 
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both ends of the system are different for both the simulations but are not very far from the 
real system. The compositions resulting from the simulation using Cogswell’s theory are 
slightly irregular when compared to using p(φ ). The γ-phase is expected to grow upon 
quenching and as such same phenomenon is obtained from both the simulations.  

 

6.2.2	  Simulations	  in	  2D	  

The ternary system remains the same in 2D simulations also and also the procedure. The 
mesh used for 2D simulations is a 400 x 400 grid mesh with length interval being 0.5nm 
(same as in 1D).  

The geometry considered for the system is such that there is austenite phase present over the 
boundaries of ferrite grains.  The simulation is run to see if the phase transformation occurs 
as it should in case of a real system. The plots are seen below. 

Figure 6.17: Indicates the Fe-Cr-Ni system after 800 time steps when quenched by 20K from 1273K using 
Cogswell’s theory in 1D with mobility as a function of φ. 
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In the 2D figures above, the region in the red color indicates the austenite phase and the blue 
color indicates the ferrite phase. The color of the region depends on the value of the phase 
field parameter basing and its contour profile given adjacent to the figure.  

The mobilities are constant and independent of composition and phase and therefore an 
equivalent growth of γ-phase on all fronts is observed in plots which makes the growth 
symmetrical geometrically. The simulation shows growth in austenite phase upon quenching 
as in a real system. 

6.3 Alpha-Sigma Transformation: Fe-Cr system 

6.3.1	  Simulations	  in	  1D	  

A Fe-Cr system with a composition of xCr=0.42 at T=1073K is considered for a α-σ phase 
transformation. Initial system consists of both phases ferrite and austenite having same 
composition that is xCr = 0.42. The system then driven to equilibrium keeping the temperature 
constant so that the phases present adjust to their equilibrium compositions for the given 
temperature. This is done by solving the governing equations Cahn-Hilliard equation and 
Allen-Cahn equation over a large time step of 100s.  

Before the governing equations are solved, the Gibbs energy expression for the sigma phase 
has to be derived as there is no simple description of thermodynamic data for sigma phase in 
the databases. The Gibbs energy terms for each element Fe and Cr in sigma phase and the 
interaction parameter are obtained first in order to get the Gibbs energy expression for sigma 
phase. For this equilibrium composition of the phases are required which are xCr = 0.377 for 
ferrite and xCr=0.439 for sigma phase at 1073K. The plots obtained are shown below. 

Figure 6.18: indicates the equilibrated Fe-Cr-Ni system 
with distributed compositions among the respective phases 

in 2D. 

Figure 6.19: indicates the Fe-Cr-Ni system after 100 time 
steps when quenched by 20K from 1273K in 2D. 
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The grid interval for the mesh is 0.5nm and number of elements are 400 in all the 
simulations. This makes the length of domain equal to 200nm. In the above plots, the green 
line indicates the composition variable within the system. The red line indicates the 
composition values in each phase in the real system. The blue line indicates the phase field 
parameter. As seen in the plot its value is equal to 1 indicating the region comprising of 
sigma phase and the region with value equal to 0 is ferrite phase. The region where the phase 
field parameter gradually changes from 0 to 1 is the interface. Therefore the left side of the 
blue line is sigma region (where phase=1 completely) and the right side, ferrite region. Thus, 
the system is defined in the above plot.  

The equilibrated system is then quenched by 20K and then the phase transformation is 
observed by solving the governing equations over 100 time steps with the time interval being 
10-6 sec. The output observed from this step explains the α-σ transformation in the Fe-Cr 
system. 

 

Figure 6.20: indicates the initial system with single 
composition over whole Fe-Cr system in 1D at 1073K 

Figure 6.21: indicates the equilibrated system with 
distributed compositions among the respective phases at 

same temperature in 1D at 1073K. 
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The sigma phase is supposed to grow upon cooling by 20K for the given system and same 
phenomenon is observed in the simulations also. 

The results obtained from both the simulations are tabulated below. 
 

Quantity Thermocalc Data Simulation result 

Initial φ Avg 0.689 0.6875 

φ Avg 0.804 0.6876 (after 100 time steps) 

%Cr in Ferrite 0.354 0.3796 

%Cr in Sigma 0.436 0.4375 

Table 6.5: Comparison of results in 1D for simulation with p(φ) in α-σ transformation in Fe-Cr binary 
system. 

In table 6.5, the data under the Thermo-Calc data column represents the real system to which 
the simulations are compared. The φ Avg. which is indicative of the phase fraction of γ phase 
cannot be compared to real case for it is run for only 100 time steps and the time step being 
too small(1e-6). The results using p(φ) are compared with the Thermo-Calc data except for 
the φ Avg.  as it is only for 100 time steps. From the results column it can be concluded that 
the approach made for simulating the α-σ transformation in Fe-Cr system is productive in 
getting appropriate results. The compositions on both ends of the system are similar for both 
the simulations are not very far from the real system. The σ- phase is expected to grow upon 
quenching and as such same phenomenon is obtained from the simulation. The result is 
verified with the DICTRA [1] software and the simulation is in qualitative agreement with 
DICTRA result. 

 

 

Figure 6.22: indicates Fe-Cr system after 100 time steps when quenched by 20K from 1073K in 1D. 
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6.4 Alpha-Sigma Transformation: Fe-Cr-Ni system 

6.4.1	  Simulations	  in	  1D	  

A Fe-Cr-Ni system with a composition of xCr=0.42 and xNi=0.03 at T=1133K is considered 
for a α-σ phase transformation. Initial system consists of both phases ferrite and austenite 
having same composition that is xCr = 0.42 and xNi=0.03. The system then driven to 
equilibrium keeping the temperature constant so that the phases present adjust to their 
equilibrium compositions for the given temperature. This is done by solving the governing 
equations Cahn-Hilliard equation and Allen-Cahn equation over a large time step of 100s.  

 
The grid interval for the mesh is 0.5nm and number of elements are 400 in all the 
simulations. This makes the length of domain equal to 200nm on both axes. In the above 
plots, the horizontal green line indicates the chromium concentration within the system. The 
red line indicates the nickel concentration values in the system. The pale blue line depicted as 
sharpCr in the figure is the chromium concentration among the phases in the system in a real 
case scenario. The blue line indicates the phase field parameter. As seen in the plot its value 
is equal to 1 indicating the region comprising of sigma phase and the region with value equal 
to 0 is ferrite phase. The region where the phase field parameter gradually changes from 0 to 
1 is the interface. Therefore the left side of the blue line is sigma phase region (where phase = 
1 completely) and the right side, ferrite region. Thus, the system is defined in the plots above.  

Figure 6.23: indicates the initial system with single 
composition over whole Fe-Cr-Ni system in 1D. 

Figure 6.24: indicates the equilibrated system with 
distributed compositions among the respective phases at 

same temperature in 1D. 
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The equilibrated system is then quenched by 20K and then the phase transformation is 
observed by solving the governing equations over 100 time steps with the time interval being 
10-6 sec. The output observed from this step explains the α-σ transformation in the Fe-Cr-Ni 
system. 

The sigma phase is supposed to grow upon cooling by 20K for the given system and same 
phenomenon is observed in the simulations also. 

The results obtained from the simulation in 1D are tabulated below. 

 
Quantity Thermocalc Data Simulation result 

Initial φ Avg 0.76488 0.765 

φ Avg 0.881 0.7635 (after 100 time steps) 

%Cr in Ferrite 0.357 0.380 

%Cr in Sigma 0.430 0.432 

%Ni in Ferrite 0.0291 0.02861 

%Ni in Sigma 0.0301 0.0304 

Table 6.6: Comparison of results in 1D for simulation with p(φ) in α-σ transformation in Fe-Cr-Ni ternary 
system. 

In table 6.6, the data under the Thermo-Calc data column represents the real system to which 
the simulations are compared. The φ Avg. which is indicative of the phase fraction of γ phase 
cannot be compared to real case for it is run for only 100 time steps and the time step being 
too small(1e-6). The results using p(φ) are compared with the Thermo-Calc data except for 
the φ Avg.  as it is only for 100 time steps. From the results column it can be concluded that 
the approach made for simulating the α-σ transformation in Fe-Cr-Ni ternary system is not 
productive in getting appropriate results. The compositions on both ends of the system are 

Figure 6.25: indicates the Fe-Cr-Ni system after 100 time steps when quenched by 20K from 1133K in 1D. 
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similar for both the simulations are not very far from the real system. The σ- phase is 
expected to grow upon quenching but same phenomenon is not obtained from the simulation. 
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7. CONCLUSION and FUTURE WORK  

7.1 Conclusions 
α-γ transformation :The simulations carried out on α-γ transformation in 1D and 2D 
using the WBM model are encouraging and the results are within comparable range of the 
data from Thermo-Calc. This simulation is done for both Fe-Cr binary and Fe-Cr-Ni 
ternary systems. The simulations repeated using the theory suggested by Cogswell to use 
just ϕ instead of p(ϕ) (interpolating polynomial) in the expression for Gibbs energy of 
whole system simulations gives similar result in 1D  binary case as well as ternary 
system. This when extended to higher systems in higher dimensional cases would 
considerably reduce the computing power thereby giving yielding faster results. In all the 
above mentioned cases mobility is constant and not dependent on any variable. When 
using mobility as function of phase field parameter, the Cogswell theory seems to give 
distorted composition curve in ternary case though it gives appropriate result in binary 
case and therefore not preferred to use in ternary case.  

α-σ transformation :In the phase transformations involving phases constrained with 
compositions, sigma phase in this case, the particular approach followed using WBM 
formalism has produced results in favor with the real system in binary system in 1D.  The 
Gibbs energy for pure elements in the sigma phase and the interaction parameters were 
derived to get the Gibbs energy expression for the sigma phase as a whole in this 
approach. The same approach is used in 2D case as well and it requires additional work to 
obtain the results as expected. 

All the simulations are run for 100 time steps, the time interval being 1e-6 and they need 
to be run for higher number of time steps to be able to compare with equilibrium results 
from Thermo-Calc software. 

7.2 Future Work 
Nucleation has been introduced by adding some noise variable to the phase in study along 
with the matrix phase (ferrite). This work can be continued further to see the precipitation 
part include along with the phase transformations. 

Work on three phases comprising ferrite austenite and gamma has been initiated in 1D 
and 2D case and it requires additional effort to finish the work that is started. 

The work can be further extended by dealing the same problem scenario in phase case 
and 3D.  I hope that this work would stimulate further investigations in this field. 

 
 
 
 
 
 
 
 
 



 

 
59 

Bibliography 

	  
[1]  J.O.Andersson, T. Helander, L.Höglund, P.F.Shi och B.Sundman, ”Thermo-Calc and 

DICTRA, Computational tools for materials science,” i Calphad, 2002, pp. 273-312. 
[2]  C. E. Bain och W. E. Grifith, ”Introduction to the Iron Chromium Nickel alloys,” Trans. 

AIME, vol. 75, pp. 166-213, 1927.  
[3]  M. Pohl, ”Properties and Application Profile of Duplex Stainless Steels in 

Desulphurization plants,” VGB Kraftwerkstechnik, vol. 9, nr 76, pp. 700-705, 1996.  
[4]  J.Charles och S. Bernhardsson, ”Super duplex stainless steels: structure and properties,” 

Les Editions de Physique, vol. 1, pp. 3-48, 1991.  
[5]  J.-O. Nilsson, ”Super duplex stainless steels,” Material Science Techonology, vol. 8, nr 

8, pp. 685-700, 1992.  
[6]  S. S. 2507, ”A high performance duplex stainless steel,” Sandvik Steel, Sweden, April 

1998. 
[7]  C. P. U. Hagenfeldt, S.-O. Bernhardsson och E. V. S. lagerberg, ”High nitrogen 

containing duplex stainless steel having high corrosion resistance and good structure 
stability”. United States of America Patent 4765953, 23 August 1988. 

[8]  Y. Maehara, Y. Ohmori, J. Murayama, N. Fujino och T. Kunitake, ”Effects of alloying 
elements on sigma phase precipitation in ferrite- austenite duplex stainless steels,” Metal 
Science, vol. 17, nr 11, pp. 541-547, 1983.  

[9]  C. V. Roscoe och K. J. Gradwell, ”The history and development of duplex stainless 
steel:,” i International Conference on Duplex Stainless Steels, Hague, Netherlands, 1986.  

[10]  J. Sakai, I. Matsushima, Y. Kamemura, M. tanimura och T. Osuka, ”Effects of 
metallurgical factors on service performance of duplex stainless steel for deep sour gas 
well.,” i ASM, Ohio, USA, 1982.  

[11]  H. Okamoto, ”The effect of Tungsten and Molybdenum on the performance of duplex 
stainless steels,” i Application of Stainless Steels'92, Stockholm, Sweden, 1992.  

[12]  P. D. Southwick och R. W. K. Honeycombe, ”Decomposition of ferrite to austenite in 
26% Cr-5%Ni stainless steel,” Metal Science, vol. 14, nr 7, pp. 253-261, 1980.  

[13]  H. D. Solomon och T. M. Devine, ”Duplex StainlessSteels - A tale of two phases,” i 
ASM, Metals Park, Ohio, USA, 1982.  

[14]  J. -O. Nilsson och G. Chai, ”The physical metallurgy of duplex stainless steel,” i Duplex 
World, Beaune, France, 2010.  

[15]  W. J. Boettinger, J. A. Warren, C. Beckermann och A. Karma, ”Phase field simulation of 
solidification,” Annual review Materials rsearch, vol. 23, pp. 163-194, 2002.  

[16]  L.-Q. Chen, ”Phase field models of microstructure evolution,” Annual Review Materials 
Research, pp. 113-140, 2002.  

[17]  L. -Q. Chen och W. Yang, ”Computer simulation of the domain dynamics of quenched 
system with large number of nonconserved order parameters: The grain growth 
kinetics,” Physics Review, vol. B 50, 1994.  

[18]  N. Moelans, B. Blanpain och P. Wollants, ”An introduction to phase-field modeling of 
microstructure evolution,” Computer Coupling of Phase Diagrams and 
Thermochemistry, vol. 32, pp. 268-294, 2008.  

[19]  J. W. Cahn och J. E. Hilliard, ”Free energy of a nonuniform system. Interfacial free 



 

 
60 

energy,” Chem. Phys., vol. 28, pp. 258-267, 1958.  
[20]  S. M. Allen och J. W. Cahn, ”A microscopic theory for antiphase boundary motion and 

its application to antiphase domain coarsening,” Acta Metallurgica, vol. 27, nr 6, pp. 
1085-1095, 1979.  

[21]  J. Rowlinson, ”translation of J D van der Waals' "Teh thermodynamic theory of 
capillarity under the hypothesis of a continuous variation of density",” Statisti. Physics, 
vol. 20, nr 2, pp. 197-245, 1979.  

[22]  V. Ginzburg och l. Landau, ”On the theory of superconductivity,” Eksp. Theor. Fiz., vol. 
20, pp. 1064-1082, 1950.  

[23]  P. Hohenberg och B. Halperin, ”theory of dynamic critical phenomena,” Rev. Modern 
Physics, vol. 49, pp. 435-479, 1977.  

[24]  J. Gunton, M. Miguel, P. Sahni, D. Domb och J. L. Lebowitz, Dynamics of First Order 
Phase Transitions, New York: Academic Press, 1983, pp. 267-466. 

[25]  L. -Q. Chen och A. Khachaturyan, ”Computer simulation of structural transformations 
during precipitation of an ordered intermetallic phase,” Acta Materialia, vol. 39, pp. 
2533-2551, 1991.  

[26]  Y. Wang, L. -Q. Chen och A. Kachaturyan, ”Kinetics of strain induces morphological 
transformation in cubic alloys with a miscibility gap.,” Acta Materialia, vol. 41, nr 1, pp. 
279-296, 1993.  

[27]  A. -G. Kachaturyan, Theory of Structural Transformation in Solids, New York: Wiley 
Interscience publications, 1983.  

[28]  Y. Wang, D. Banerjee, C. Su och A. Khachaturyan, ”Field kinetic model and computer 
simulation of precipitation of L12 orderred intermetallics from f.c.c. solid solution,” 
Acta Materialia, vol. 46, pp. 2983-3001, 1998.  

[29]  Y. Wang och A. Khachaturyan, ”Three dimensional phase field model and computer 
modeling of martensitic transformations,” Acta Materialia, vol. 45, pp. 759-773, 1997.  

[30]  J. Zhang och L. Chen, ”Phase-field microelasticity theory and micromagnetic 
simulations of doamin structures in giant magnetostrictive materials,” Acta Materialia, 
vol. 53, pp. 2845-2855, 2005.  

[31]  T. Miyazaki, A. Takeuchi, T. Koyama och T. Kozakai, ”Computer simulation of phase 
decomposition in regular solid solution based upon the Cahn-Hilliard's non linear 
diffusion equation,” Material Trans., vol. 32, pp. 915-920, 1991.  

[32]  H. Nishimori och A. Onuki, ”Pattern formation in phase separating alloys with cubic 
symmetry,” Physics Review B, vol. 42, pp. 980-983, 1990.  

[33]  J. Langer, ”Models of pattern formation in first order phase transitions,” i Directions in 
Condnsed Matter Physics, Singapore, 1986, pp. 165-185. 

[34]  G. Caginalp och P. Fife, ”Phase field methods for interfacial boundaries,” Physics 
Review B, vol. 33, nr 11, pp. 7792-7794, 1986.  

[35]  O. Penrose och P. Fife, ”Thermodynamically consistent models of phase field type for 
the kinetics of phase transitions,” Physica D, vol. 43, pp. 44-62, 1990.  

[36]  S. L. wang, R. F. Sekerka, A. A. Wheeler, B. t. Murray, S. R. Coriell, R. J. Braun och G. 
B. McFadden, ”Thermodynamically consistent phase field models for solidification,” 
Physica D, vol. 69, pp. 189-200, 1993.  

[37]  R. Kobayashi, ”Modeling and numerical simualtions of dendritic crystal growth,” 
Physica D , vol. 63, pp. 410-423, 1993.  

[38]  A. A. Wheeler, W. J. Boettinger och G. B. McFadden, ”Phase field model for isothermal 



 

 
61 

phase transition in binary alloys,” Physical Review A, vol. 45, pp. 7424-7439, 1992.  
[39]  A. Wheeler, G. McFaden och W. Boettinger, ”Phase-field model for solidifcation of 

eutectic alloy,” Proc. R. Soc. Lond. A, vol. 452, pp. 495-525, 1996.  
[40]  A. Wheeler, W. Boettinger och G. Mcfadden, ”Phase field model of solute trapping 

during solidification,” Physical Review E, vol. 47, pp. 1893-1909, 1993.  
[41]  S. Kim, W. Kim och T. Suzuki, ”Phase field model for binary alloys,” Physical Review 

E, vol. 60, pp. 7186-7196, 1999.  
[42]  A. Karma och W. -J. Rappel, ”Phase field method for computationally efficient 

modeling of solidification with arbitrary interface kinetics,” Physical Review E, vol. 53, 
pp. R3017-R3020, 1996.  

[43]  A. Karma, ”Phase field formualtion for quantitative modeling of alloy solidification,” 
Physical Review Lett., vol. 87, p. 115701, 2001.  

[44]  R. Folch och M. Plapp, ”Qunatitative phase field modeling of two phase growth,” 
Physics Review E, vol. 72, p. 011602, 2005.  

[45]  I. Loginova, J. Odqvist, G. Amberg och J. Agren, ”The phase field approach and solute 
drag modeling of the transition to massive austenite to ferrite transformation in binary 
Fe-Cr alloys,” Acta Materialia, vol. 51, pp. 1327-1339, 2003.  

[46]  C. Andersson, Phase field simualtion of dendritic solidification, PhD thesis, Stockholm: 
KTH-Royal Institute of Technology, 2002.  

[47]  I. Steinbach, F. Pezzolla, B. Nestler, M. Seesselber, R. Prieler, G. J. Schmitz och J. L. L. 
Rezende, ”A phase field concept for multiphase systems,” Physica D, vol. 94, pp. 135-
147, 1996.  

[48]  H. Garcke, B. Nestler och B. Stinner, ”Multicomponent alloy solidification: Phase field 
modeling and simualtions,” Physiscs Review E, vol. 71, p. 041609, 2005.  

[49]  R. Kobayashi, J. A. warren och W. C. Carter, ”Vector valued phase field model for 
crystallization and grain boundary formation,” Physica D, vol. 119, pp. 415-423, 1998.  

[50]  L. Granasy, T. pusztai, T. Borzsonyi, G. Toth och G. Tegze, ”Phase field theory of 
crystal nucleation and polycrystalline growth,” A review, J. Material Research, vol. 21, 
pp. 309-319, 2006.  

[51]  J. -C. Toledano och P. Toledano, ”The Landau Theory of Phase Transitions.,” i 
Application to structural,incommensurate, magnetic, and liquid crystal systems in Wolrd 
Scientific Lecture Notes in Physics, WorldScientific Publishing Co. Pvt. Ltd., 1987.  

[52]  S. M. Allen och J. W. Cahn, ”A microscopic theory for antiphase boundary motion and 
its application to antiphase domain coarsening,” Acta Metallurgica, vol. 31, pp. 1085-
1095, 1979.  

[53]  D. A. Cogswell, A phase-field study of ternary multiphase microstructures, PhD Thesis, 
2010.  

[54]  J. E. Guyer, D. Wheeler och J. A. Warren, ”FiPy: Partial Differential Equations with 
Python,” Computing in Science & Engineering , vol. 11, nr 3, pp. 6-15, 2009.  

[55]  National Institute of Standards and Technology, ”doi:10.1109/MCSE.2009.52,,” 
[Online]. Available: http://www.ctcms.nist.gov/fipy. 

[56]  J. -O. Andersson och B. Sundman, ”Thermodynamic properties of Fe-Cr system,” 
CALPHAD, vol. 11, nr 1, pp. 83-92, 1987.  

 
 
 


