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Abstract

This thesis summarizes investigations performed within design, analy-

sis and experimental evaluation of flexible aircraft structures. Not only

the problems, but rather the opportunities related to aeroelasticity are

discussed.

In the first part of the thesis, different concepts for using active

aeroelastic configurations to increase aircraft performance are consid-

ered. In particular, one study deals with the minimization of the induced

drag of a highly flexible wing by using multiple control surfaces. An-

other study deals with a possible implementation of a high-bandwidth

piezo electric actuator for control applications using aeroelastic amplifi-

cation.

The second part of the thesis deals with the development of an ap-

proach for modeling and analysis of flexible structures considering un-

certainties in analysis models. Especially in cases of large structural vari-

ations, such as fuel level variations, a fixed-base modal formulation in

robust flutter analysis may lead to incorrect results. Besides a discussion

about this issue, possible means of treating this problem are presented.
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Dissertation

This licentiate thesis is based on a brief introduction to the area of re-

search and the following appended papers:

Paper A

D. Eller and S. Heinze. An Approach to Induced Drag Reduction with

Experimental Evaluation. To appear in AIAA Journal of Aircraft.

Paper B

S. Heinze and M. Karpel. Analysis and Wind Tunnel Testing of a Piezo-

Electric Tab for Aeroelastic Control Applications. To be presented at the

EADS/CEAS/DLR/AIAA International Forum on Aeroelasticity and Struc-

tural Dynamics, Munich, Germany, June 28-July 1, 2005.

Paper C

S. Heinze. and D. Borglund. On the Influence of Modeshape Varia-

tions in Robust Flutter Analysis. TRITA/AVE 2005:23, Department of

Aeronautical and Vehicle Engineering, KTH, 2005. To be submitted for

publication.
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Introduction

Aeroelasticity concerns the interaction of flexible structures with the sur-

rounding airflow. Since aircraft structures are particularly flexible due

to weight restrictions, aeroelasticity is commonly addressed by aeronau-

tical engineers. As an aircraft moves through the air, loads will act on

the structure and on the surrounding air, leading to a perturbation of the

flow field, but also causing deformations of the flexible structure. These

deformations change the geometry of the structure, which in turn leads

to a change of the flow field and the aerodynamic loads, resulting in a

closed loop of loads and deformations. This loop can develop in differ-

ent ways. Under most flight conditions, the aerodynamic loads and the

internal elastic loads in the structure will converge to some equilibrium,

i.e. a statically deformed structure in steady airflow. There are cases,

however, where the loop becomes unstable, causing increasing defor-

mations with or without oscillations, finally leading to structural failure

of the aircraft. Even though the basic physics behind most aeroelastic

phenomena were understood very early, the research on this topic is still

very active, aiming at higher accuracy in the predictions and increased

efficiency of the analysis tools.

Aeroelastic phenomena

The aeroelastic phenomena considered as problems in current aircraft

industry are similar to those at the very beginning of flight. In general,

two classes can be defined: static and dynamic aeroelastic phenomena.

Static aeroelasticity concerns all phenomena that do not involve oscilla-

tions, and that are independent of the mass properties of the aircraft.

One of these phenomena is static aeroelastic deformation, that char-

acterizes the case where the airloads and the elastic forces of the struc-

ture converge to an equilibrium of constant structural deformation. This

phenomenon is always present to some extent as the aircraft is subject

to airloads. Figure 1 shows a glider aircraft in flight, where considerable

wing bending is present.

Another well-known phenomenon in static aeroelasticity is the de-

crease of control surface efficiency at high airspeeds. For example, as an

aileron is deflected downwards, the lift is increased. At the same time,

however, the wing experiences a nose-down moment due to the lift pro-

duced in the trailing edge region. This moment twists the entire wing,

causing negative lift. In fact, depending on wing stiffness and geometry,
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Figure 1: The eta glider aircraft.

there is a certain airspeed, called the reversal speed, where the positive

lift of the aileron deflection is compensated by negative lift due to wing

twist, making any control input on the aileron ineffective. At airspeeds

exceeding the reversal speed, the aileron efficiency will have a negative

value, i.e. the airplane rolls in the direction opposite to the pilot input.

A problem often experienced in the early days of aviation was wing

divergence. Divergence characterizes the phenomenon where an initial

deformation of the wing leads to aerodynamic loads that increase the

deformation further, finally leading to failure of the structure. Even

though the deformation increases with time, this phenomenon is com-

monly classified as a static phenomenon, since there are no oscillations

involved, and since it is independent of the mass properties of the wing.

One of the most important dynamic phenomena is flutter. Flutter oc-

curs when the unsteady aerodynamics cause forces that tend to increase

the total energy involved in the motion of the structure and the sur-

rounding air. In other words, flutter is a fluid-structure interaction with

negative damping, leading to oscillations with a magnitude increasing

with time. Virtually all aircraft structures will suffer from flutter at some

airspeed, and this phenomenon is one of the greatest concerns related

to aeroelasticity in the aircraft industry today. The flutter phenomenon

can be particularly difficult to predict due to the complex physics in-

volved. Factors such as control surface freeplay, structural imperfections

or slight changes in the mass distribution may be enough to cause flutter.

Other subjects, closely related to the flutter phenomenon, are gust

response and vibration. Especially when aircraft operate in the vicin-
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ity of the flutter speed, the damping of the fluid-structure interaction

may be very low, making the aircraft very sensitive to turbulence in the

air. Even though stability may be guaranteed, the ride quality may not

be acceptable and the structure will be subject to larger deformations

leading to higher loads and reduced lifetime due to structural fatigue.

Analysis

Historically, aeroelastic problems were first encountered when airplane

design aimed at higher airspeed and lower weight, a development that

progressed especially during World War I and II. As a result of this,

aeroelastic problems occurred repeatedly during test flights, and the

need for analysis tools was established since it was both expensive and

dangerous to investigate the aeroelastic behavior of aircraft by flight

testing only. In many cases, rules of thumb were applied due to lack of

knowledge. For example, swept wings were partly introduced because

they were found to prevent divergence.

In the 1930s, scientists started to research the theory behind many

aeroelastic phenomena [1, 2], and simple analysis tools were estab-

lished. Any analysis was based on the so-called equations of motion

relating elastic, inertial, damping and aerodynamic loads to describe

the motion of the system. The theoretical model made it possible to

understand the physics, but it was hard to apply the theory to real air-

craft. To do this, a numerical model of the aircraft structure was coupled

with forces from an aerodynamic model. But due to simplifications in

both the structural model and in the aerodynamics, errors were always

present.

Due to the complexity of the unsteady aerodynamics, most simpli-

fications were made for the aerodynamic forces. One of the simplest

models known as strip theory is still used today. In strip theory, the

three-dimensional aerodynamics are approximated by section-wise two-

dimensional flow. This method yields typically good results for long

slender wings. Due to the two-dimensional aerodynamics, the aerody-

namic forces are overpredicted, in most cases leading to conservative

results for stability.

Aircraft configurations, however, have changed, and many aircraft

wings became shorter with lower aspect ratios and could no longer be

assumed to be slender, making the strip theory too conservative. Also,

the structural and aerodynamic modeling capabilities were improved.

In the 1960s, the Vortex-Lattice Method [3] for steady flow and meth-
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ods for unsteady flow [4, 5, 6] were developed for finite wings. The

unsteady methods were based on linearized potential flow and assumed

harmonic motion of the lifting surfaces. Due to that, these methods are

restricted to linear analysis only, i.e. no large, nonlinear structural de-

formations can be analyzed. Originally, these methods could only treat

flat surfaces, i.e. no bodies could be modeled, and the wing thickness

was neglected.

Further development and new methods made it possible to include

compressibility effects and viscous effects. In Paper A, a boundary ele-

ment method developed at KTH [7] capable of time-domain simulations

of complex flexible bodies in unsteady flow is used. This method is even

capable of treating large (nonlinear) deformations and rigid body mo-

tions of the structure. The main problem with more advanced methods

is however the greater computational effort needed, which is a reason

for the relatively efficient linear potential flow method to remain one of

the most important methods in aeroelasticity.

In the recent years, entire software packages were developed [8, 9]

for relatively user-friendly modeling and analysis of aircraft structures.

ZAERO, for example, uses an aerodynamic method based on linear un-

steady potential flow, with the possibility to model bodies. A representa-

tive illustration of the aerodynamic mesh used for analysis of an aircraft

is shown in Figure 2.

Figure 2: Aerodynamic model of the F-16 aircraft.

In modern aviation, properties of flight control systems are com-

monly included in the analysis as well, since the closed-loop nature of

such systems can interact with aeroelastic phenomena. This research

area, having the objective of analyzing control systems considering aeroe-

lastic interactions, is commonly referred to as aeroservoelasticity (ASE).



Aeroelastic Concepts for Flexible Wing Structures 13

In paper B, control law design for an aeroservoelastic configuration is

demonstrated. In this case, readily available modeling tools are used for

derivation of the numerical aeroservoelastic system, along with appro-

priate tools for the control law design [10].

Conclusively, any analysis tool used for investigation of the aeroe-

lastic behavior of an aircraft structure is subject to simplifications. The

modeling capabilities, however, have improved greatly and allow for

fairly accurate results nowadays [11]. As the computing capacity in-

creases continuously, the models will become more accurate in the fu-

ture, and larger and more complicated structures can be analyzed.

A recent trend in aeroelasticity is to consider numerical models with

limited accuracy, and to estimate the modeling uncertainties and their

impact on the results rather than aiming at high-fidelity models that

require large computing capacities. Paper C in this thesis deals with this

kind of analysis, and utilizes robust analysis tools that originally were

established in the control community [12, 13].

Design

Any structure is flexible to some extent, and due to weight restrictions,

aircraft structures are particularly flexible. Aeroelasticity is therefore

always a concern in aircraft design. Most importantly, the designed air-

craft must not suffer from aeroelastic instability within the flight enve-

lope. But also, flexibility has to be considered when optimizing aircraft

performance, e.g. in terms of lift-to-drag ratio. Therefore, any aircraft

operating today, where large deformations are apparent in flight, is most

likely designed to feature the most favorable deformation under some

specific flight condition.

For real aircraft to guarantee stability within the flight envelope, sev-

eral analyses are required since many different flight conditions (alti-

tudes, velocities, weights) have to be considered. Thousands of com-

putations for different configurations are not unusual in the design of

transport aircraft, and the result is often that there are some critical

configurations that may lead to instability in a certain velocity and/or

altitude range. Possible means of dealing with such results are either to

avoid operation in this region of the envelope, or to modify the aircraft.

Mass balancing or modification of the structural stiffness are most com-

monly performed for stabilization. In fact, one of the reasons for placing

the engines of modern transport aircraft upstream of the wing is flutter

suppression.
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Despite the large number of investigations using high-fidelity mod-

els, aircraft may still suffer from aeroelastic problems during flight. One

reason for that may be neglected details in the numerical model, and

often those problems can be eliminated afterwards by modifying the

structural or aerodynamic properties of the aircraft slightly. This is how-

ever in most cases related to higher aircraft weight or other drawbacks.

In general, it is preferable to analyze and solve the problems in the early

design stages, both for cost and performance reasons.

Active aeroelastic concepts

In the past, aeroelasticity was often seen as a problem that had to be

eliminated when designing aircraft. A recent trend in research, however,

is active aeroelasticity. The objective is to exploit aeroelastic effects for

improved performance. This can be done in several ways. Many active

aeroelastic concepts aim primarily at reducing the structural weight, and

compensate for the resulting flexibility increase by active means. Other

concepts aim directly at increasing aircraft performance by means that

would not be possible with stiff structures. A few examples are pre-

sented in the following.

In the US, the Active Aeroelastic Wing (AAW) [14] research project

was initiated for investigation of a leading-edge control surface on a

flexible wing. The aircraft considered is the F-18 shown in Figure 3.

Figure 3: AAW research aircraft with leading edge flap.

The F-18 in its original configuration suffered from severe problems

with low aileron efficiency due to a highly flexible wing structure. The

solution to this problem was a stiffer, but also heavier wing. In the

AAW project, however, the original wing was reused, equipped with a
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leading edge aileron. Leading edge ailerons usually are not very efficient

when applied to stiff structures. Applied to flexible structures, however,

leading edge ailerons cause aeroelastic twist that actually increases the

aileron efficiency, hence improving maneuverability especially at high

airspeeds. The main advantage of the active concept is a considerably

lighter wing.

Similar research is going on in Europe, where the Active Aeroelas-

tic Aircraft Structures (3AS) [15, 16] project focuses on different con-

cepts for improving aircraft performance by means of active aeroelas-

ticity. Different concepts in the areas of aerodynamic control surfaces,

all-movable control surfaces and active and passive structures are inves-

tigated.

The concepts are demonstrated in laboratory or wind tunnel tests

using several demonstrators. The most frequently used demonstrator

within the project is the European Research Aeroelastic Wind Tunnel

Model (EuRAM) at the TsAGI Institute for Aeroelasticity in Moscow [17,

18]. The model, as shown in Figure 4, is a 1/10 length scale model

of a 57 meters span transport aircraft. Similar to the AAW concept,

a wing-tip control surface was attached to the wing. To increase the

efficiency compared to a conventional leading edge flap, however, the

control surface was placed upstream, as shown in Figure 5.

Figure 4: EuRAM in TsAGI wind

tunnel.

Figure 5: Wing tip control surface

on EuRAM.

Due to the flexibility of the wing structure, the wing tip control fea-

tures high roll efficiency especially at high airspeeds. Other studies were

performed where the wing tip device was proven useful for gust load al-

leviation as well [19]. Active vibration control on traditional aircraft

may not lead to significant improvements in ride quality. When reduc-

ing the wing structural weight, however, the resulting flexibility increase
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may lead to more significant vibrations due to higher sensitivity to aero-

dynamic gusts and turbulence. Gust load alleviation devices are there-

fore most beneficial when reducing weight and stiffness.

Another concept implemented in the EuRAM model was an all-mov-

able vertical tail (AMVT) as shown in Figure 6, that was used instead

of the conventional tail. The objective was to use the AMVT in order

to reduce the weight compared to a fixed tail with rudder. Lightweight

and therefore flexible vertical tails of conventional type suffer from ef-

ficiency loss at high airspeeds, similar to trailing-edge ailerons. Using a

flexible attachment at a downstream position of the AMVT, the elastic

deformation actually increases the efficiency of the tail, similar to the

leading-edge control surface concept. With increasing flexibility, how-

ever, the risk for divergence increases, and it was found beneficial to use

a variable stiffness attachment to obtain reasonable efficiency, without

the risk of divergence, for any airspeed in the envelope [20]. Besides

the implemented adaptive stiffness device, also other concepts for such

kind of applications were investigated in the project [21].

Figure 6: AMVT with variable stiffness attachment on EuRAM.

Other demonstrators used in 3AS were the three-surface configura-

tion X-DIA and a small remotely piloted vehicle (RPV), see Figures 7
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and 8. The X-DIA demonstrator was used to investigate the behavior

and controllability of a canard aircraft with highly flexible fuselage and

different canard wing geometries [22, 23, 24, 25]. The RPV was used

for demonstration of different variable stiffness concepts for the main

wings [26].

Figure 7: X-DIA demonstrator. Figure 8: RPV demonstrator.

The High Aspect Ratio Wing (HARW) shown in Figure 9 was inves-

tigated by KTH. Papers A and B in this thesis are related to the HARW.

The 1.6 m semi-span wind tunnel model is a 1/10 length scale model

of a high-altitude long-endurance (HALE) unmanned air vehicle (UAV),

that is under investigation by other project partners [27].

Figure 9: The HARW demonstrator.
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The wind tunnel model consists of a slender, load carrying spar with

rigid aerodynamic sections attached. In paper A, a configuration as

shown in Figure 9 with multiple control surfaces at the leading and trail-

ing edges was considered. As mentioned above, traditional aircraft de-

sign considering aeroelasticity aims at optimizing the deformed aircraft

for maximum performance at a desired flight condition, with compro-

mised performance elsewhere. The objective of the HARW study was to

control the deformation such that optimal performance was maintained

throughout a range of flight conditions. This is particularly interesting

for the type of aircraft in focus, since HALE aircraft typically are sub-

ject to large mass variations due to fuel consumption, leading to very

different flight conditions during operation.

Paper B deals with the application of a piezo-electric actuator for

active aeroelastic control. The focus of paper B is on a concept for

aeroelastic amplification, i.e. the possibility to exploit aeroelasticity for

amplification of the actuator stroke. After a concept validation, control

laws with the focus on gust response alleviation are derived [19, 28].

Figure 10: Cross-section of aerodynamic section containing the piezo-

electric tab.

In paper B, the same flexible wing structure as in paper A was used.

One of the sections, however, was replaced by an aerodynamic section

containing a piezo-electric actuator. A cross-sectional view of the piezo-

tab section is shown in Figure 10. The tab study was a joint effort by

KTH and the Israel Institute of Technology (Technion).
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Future work

Today, the significance of aeroelasticity is well understood [29, 30, 31],

and modern aircraft design incorporates analysis of aeroelastic stability

and performance. There is however a gap between the state-of-the-art

in research and the actual application in industry. Potential improve-

ments of aircraft structures have been shown in research for example

within the area of active aeroelasticity. Most of the promising concepts,

however, have only been implemented on wind tunnel models or in lab-

oratory tests. The task is now to evaluate the feasibility of the promising

concepts for application in real aircraft. Scaling possibilities of actuators

and materials have to be considered, as well as energy consumption, re-

liability, and other details that often remain unaddressed in research

projects.

In the future, feasibility studies in close cooperation with the indus-

try have to be performed. For KTH, the focus could be on feasibility

studies of the HARW concept. In paper A, it is shown that only very

few control surfaces are needed to obtain a significant improvement in

performance. For real aircraft applications, this could indicate that the

same methodology may lead to improvements by using already available

flaps and ailerons without the need of extra control surfaces. Regard-

ing paper B, implementation studies for the tab on real aircraft could be

performed, as well as further investigation of possible applications.

Application of aeroelastic concepts in real aircraft is benefited by

available tools for the industry to perform efficient analysis. Developed

methods have to be either easy to apply, or they have to be made avail-

able in user-friendly software packages. Paper C shows the potential

of applying robust tools in flutter analysis of uncertain analysis models.

The described approach is based on an existing aeroelastic model, and

besides the uncertainty description, no additional modeling has to be

performed. This feature makes robust flutter analysis simple to apply

on existing models. In paper C, a wind tunnel model with fairly sim-

ple uncertainties was considered for validation of the approach. The

applicability to real aircraft with more realistic uncertainties will be in-

vestigated in the future.
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An Approach to Induced Drag Reduction

with Experimental Evaluation

David Eller∗ and Sebastian Heinze†
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SE-100 44 Stockholm, Sweden

Abstract

An approach to minimize the induced drag of an aeroelastic

configuration by means of multiple leading and trailing edge con-
trol surfaces is investigated. A computational model based on a

boundary-element method is constructed and drag-reducing flap

settings are found by means of numerical optimization. Further,
experiments with an elastic wind tunnel model are performed in

order to evaluate the numerically obtained results. Induced drag
results are obtained by analysing lift distributions computed from

optically measured local angles of attack, since standard tech-

niques proved insufficient. Results show that significant reduc-
tions of induced drag of flexible wings can be achieved by using

optimal control surface settings.

Introduction

Optimization of aerodynamic drag is commonly concerned with finding

the optimal shape of a body with minimal drag for a specified, fixed

flight condition. Since the aircraft shape is not usually assumed to be

variable in operation, some sort of compromise has to be found for ve-

hicles which need to operate efficiently within a wide range of lift co-

efficients, Mach numbers or altitudes. Examples of such aircraft may

be
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• commercial transports with extremely long range, where the air-

craft weight changes considerably during cruise due to fuel con-

sumption,

• long-range unmanned aerial vehicels with a possibly even higher

fuel weight fraction, or

• vehicles with wide operating envelopes which may need to operate

and maneuver at widely varying speeds and altitudes.

In such cases, a system which could minimize induced drag within most

or all of the operational envelope would be beneficial. Clearly, optimiza-

tion of the external shape alone cannot provide optimal performance for

a wide range of operational parameters, especially when considering

aeroelastic deformations [1].

Another aspect of induced drag minimization is that maneuver per-

formance can be considerably improved for some vehicles. Light-weight

long-range aircraft tend to have rather limited excess power to overcome

the additional induced drag incurred by the increased lift necessary for

maneuvering [2]. Means to adaptively provide a wing configuration

with minimum induced drag for maneuvering conditions could there-

fore improve operational flexibility.

In order to obtain efficient baseline performance, vehicles of the type

mentioned above will likely feature light-weight high aspect ratio wings

leading to considerable flexibility and corresponding aeroelastic defor-

mations even in cruise flight. Since the influence of this deformation

on the spanwise lift distribution can be very considerable, it needs to be

included in an analysis of induced drag. In this context, ‘induced drag’

refers to the drag caused by the spanwise distribution of lift, and does

not include other drag components which may also depend on lift to

some degree.

The most straightforward method to enable drag optimization under

different flight conditions is the provision of a certain number of con-

ventional control surfaces at the leading and trailing edges of the lifting

surfaces [1]. Variable camber wings or controllable wingtip extensions

are interesting alternative concepts which may require more system in-

tegration efforts [3, 4]. Flap-based active aeroelastic control has been

investigated [5, 6] and successfully evaluated experimentally for ma-

neuverability improvements and load alleviation, although usually with

a fixed set of control surfaces [3, 7]. Kuzmina et al. [8] presented a nu-

merical study showing the possibility of reducing induced drag of elastic

aircraft using control surfaces.
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The aim of this study is to investigate which and how many control

surfaces are required to achieve a worthwhile reduction in induced drag

for a highly flexible lifting surface. In particular, the optimal configu-

rations determined numerically are to be tested in the wind tunnel in

order to evaluate if the computed drag reductions can be obtained. Ex-

perimental determination of induced drag requires a method to separate

the induced drag component from the measured total drag.

Since induced drag constitutes only a certain fraction of the overall

aircraft drag, employing an optimal setup of deflected control surfaces

may or may not reduce total drag. Possible sources of additional vis-

cous drag could be premature transition triggered by upstream control

surfaces or flow separation caused by the disturbance of the chordwise

pressure distribution. However, even airfoils for low Reynolds number

flow can be designed for extremely low profile drag at trailing edge flap

deflections of up to 15◦ (see e.g. Althaus [9]). It should hence be pos-

sible to achieve reasonable values of viscous drag coefficients at least

within a range of moderate control surface deflections.

Test case

Within the framework of the European Union project Active Aeroelastic

Aircraft Structures (3AS, Schweiger and Suleman [10]), a wind tunnel

model has been designed and built for aeroservoelastic investigations.

The 1.6 m semispan model consists of a load-carrying beam of carbon-

fiber composite and ten aerodynamic sections rigidly clamped to the

beam in a manner which prevents them from contributing stiffness to

the beam structure. The beam can easily be replaced to allow for mod-

ification of the stiffness properties. Each segment is fitted with leading-

and trailing edge flaps, controlled by two miniature electric actuation

devices driving an internal geared transmission for high deflection an-

gle accuracy.

The airfoil used in a related full-scale design study, with 16% thick-

ness and 3.6% camber, is also used for the model sections. Designed for

velocities above Mach 0.5 and Reynolds numbers in the range of 107,

this wing is not expected to perform optimally in terms of profile drag

under low-speed wind tunnel testing conditions with Reynolds numbers

of about 3 · 105. In order to avoid excessive profile drag, flap deflections

are therefore limited to moderate angles of ±10◦ . With a correspond-

ing full-span aspect ratio Λ of 20 and 10◦ wing sweep, the wing model is

considered to be a reasonable approximation of the generic high-altitude
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long-endurance UAV under investigation by 3AS project partners.

A section of the wind tunnel model showing the arrangement of the

structural beam and the control surfaces is shown in Figure 1. Leading

edge flaps have a depth of 20% chord, those at the trailing edge 25%.

The spanwise slots between the rigid shell and the control surfaces are

sealed using elastic polymer strips which are used for the same purpose

on high-performance gliders.

Figure 1: Sectional view of the wind tunnel model sections.

The elastic axis is located at 36% chord, in the center of the load

carrying beam. The structural properties of the beam vary along the

span of the wing. There are four regions where the beam thickness and

thus stiffness is kept constant. The first region with the highest stiffness

covers four inboard sections. The remaining regions are covering two

sections each, with decreasing beam thickness as the span coordinate

increases. The laminate is free of membrane-bending coupling. Stiffness

values are shown in Table 1.

Section 1-4 5-6 7-8 9-10

EI [Nm2] 437.8 299.6 156.7 31.1

GJ [Nm2] 35.7 23.5 11.7 5.7

Table 1: Stiffness distribution along the span.
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Mode fexp [Hz] fpred [Hz] Error [%]

1st bend 3.2 3.14 −1.9
1st in-plane 6.0 6.06 1.0
2nd bend 14.8 14.5 −2.0
1st tor 17.4 17.0 −2.3

2nd in-plane 32.9 32.3 −1.8
3rd bend 33.6 32.8 −2.4
2nd tor 39.0 39.8 2.0

4th bend 54.1 56.8 4.9
3nd in-plane 82.6 78.3 −5.3

Table 2: Vibration testing results.

Numerical modeling

Instead of a full-scale wing, the wind-tunnel model itself was modeled

for the numerical optimization process in order to simplify compari-

son with experimental data. In the following, the modeling approach

used to obtain the objective function and constraints for the optimiza-

tion problem is described.

Structure

The structural model used for numerical simulations was validated ex-

perimentally. The preliminary stiffness distribution that was derived

from composite material properties and static experiments was updated

by matching experiments with static loading and measured eigenfre-

quencies. A comparison of predicted and measured eigenfrequencies is

shown in Table 2. Especially in the lower frequency range, the mea-

sured data fits very well with the predictions. Mass properties were not

updated when matching the model to the vibration testing data, since

the mass distribution could be determined analytically with high accu-

racy.

Experiments showed furthermore that the flexibility of the wind tun-

nel mounting about the x-axis had to be included in order to correctly

model the structural behavior. From experimental measurements, the

relevant rotational stiffness around the x-axis was found as 1950 Nm/rad.

In the finite element model, the mounting was included as a torsional

spring between wing root and wind tunnel wall.
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Aerodynamics

An unstructured boundary element method is used to compute the aero-

dynamic loads for the elastic wind tunnel model. While the method em-

ploys an approach generally similar to conventional three-dimensional

panel methods, it allows for simulations with moving and deforming

meshes and features a variant of the Kutta condition suitable for con-

figurations with rotating control surfaces. Aerodynamic forces and mo-

ments are obtained from surface pressure integration. Some details on

the boundary element method are given below, more information can

be found in Eller and Carlsson[11].

Flow model. The method solves the linearized equations of potential

flow. The wetted surface of the body is discretized and a piecewise linear

distribution of source and doublet potentials is assumed on the surface.

The boundary condition of flow parallel to the surface can be written as

a Dirichlet condition for the potential at each collocation point, which

leads to a system of linear equations. While the general approach dif-

fers little from the conventional panel methods described in Katz and

Plotkin [12], the numerical solution makes use of panel clustering [13]

in order to improve the algorithmic scaling properties. By employing a

preconditioned iterative linear solver, very large problems can be solved

with moderate computational cost. The method differs from the Dou-

blet Lattice Method (DLM[14]) often used in aeroelasticity in that the

true surface shape including wing thickness is geometrically modelled.

It is hoped that the higher geometric fidelity improves the prediction of

control surface effects. Boundary layer displacement, however, is not

accounted for yet.

Discretization. Unstructured triangular surface meshes are used in or-

der to allow the treatment of complex geometries. Since the geometry

of the wind tunnel model considered here is rather simple, triangulated

structured meshes are used to reduce the number of surface elements.

Control surface motion is modeled by rotating appropriate subsets of

the surface mesh around the corresponding hinge axis. The gaps which

would normally open to the left and right of the moving surface ele-

ments are not modeled; instead, some surface elements are stretched to

cover the gaps. This approach yields satisfactory meshes for flap deflec-

tion up to at least 15◦ without special mesh refinement, which is more

than sufficient for the current study. In Figure 2, the overall geometry
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Figure 2: Shape of the complete deformed wing. Insert shows coarse

mesh of the wing tip region with the ninth trailing edge flap deflected

10◦ down.

of the surface used in the simulation is shown, together with a detailed

view of the mesh in the vicinity of a deflected control surface. Sym-

metric flow is enforced by modeling the half-wings on both sides of the

symmetry plane.

Kutta condition. As the solution of the governing equation of steady

potential flow alone cannot yield a resulting force on a closed body,

a wake surface carrying doublet singularities must be modeled. The

strength of these doublets is determined by introducing additional equa-

tions which enforce the Kutta condition for the resulting flowfield. How-

ever, since the Kutta condition is empirical, different mathematical for-

mulations exist. When the condition is enforced in terms of a vanishing

vortex strength along the trailing edge [12], or as a function of flow

velocity components normal to the surface, large velocity gradients can

result when the trailing edge is not smooth along the span. Alternatively,

the Kutta condition can be expressed in terms of tangential velocity com-

ponents. As the surface tangent vectors in the downstream direction do

not change as radically as the surface normals in the flap region, smooth

pressure distributions are obtained.
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Force integration. Some difficulty is introduced by the relatively poor

‘conditioning’ of the drag computation by pressure integration. Since

the drag force is a fairly small component of the resulting aerodynamic

forces acting on the wing, and thus a small difference of fairly large

pressure forces acting in different directions, small relative errors in sur-

face pressures can lead to significantly larger relative drag errors. For

the coarsest mesh used in this study, with about 4000 surface elements,

the absolute error in induced drag coefficient was found to be approxi-

mately 0.003 when compared with measurements. In general, this is a

fairly good accuracy when compared to drag coefficients for complete

configurations. Unfortunately, for a very high aspect ratio wing, this

error constitutes a sizeable fraction of the induced drag at low lift coef-

ficients.

Boundary layer effects. As mentioned before, wind tunnel testing

was restricted to rather low Reynolds numbers in the order of 3 · 105.

For such conditions, viscous effects play an important role. For example,

laminar separation bubbles are relatively likely to occur [15]. While this

study is not concerned with the associated increase in profile drag, even

small separations can lead to a pressure distribution which differs some-

what from the inviscid one computed by the numerical method. Further-

more, turbulent boundary layers grow rather quickly at low Reynolds

numbers and can reach a thickness of several percent chord at the trail-

ing edge. Lacking symmetry between upper and lower airfoil side, such

thick boundary layers usually reduce the effective camber of the wing,

changing both lift and section pitch moment.

Naturally, these issues affect the comparison of experimental and

computed results negatively. In earlier work [11], with Reynolds num-

bers exceeding 106, considerably better agreement could be obtained.

Nevertheless, the current method achieves sufficient accuracy in pre-

dicting the spanwise distribution of loads and deformations for a given

total lift, so that the induced drag optimization can be performed. At

Reynolds numbers more typical for full-scale applications, boundary

layer thicknesses tend to grow more slowly and separation bubbles are

less likely, so that better agreement would be expected.

Aeroelastic coupling

For the structural model, a simple beam approximation was chosen since

the actual load-carrying structure is long and slender. A Nastran [16]
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finite-element model was constructed for the internal wing beam. From

this, a reduced stiffness matrix K could be obtained for the set of ten

locations where the rigid aerodynamic sections are attached. Pressure

values from the aerodynamic analysis are integrated to obtain forces and

moments for each of the wind tunnel model sections. These loads are

applied as point loads acting on the section attachments, from which

beam deformations are computed. Beam deformations u can then be

mapped to surface vertex displacements using an interpolation proce-

dure.

To solve the static aeroelastic problem

Ku = Fa(u, δ), (1)

where Fa contains the aerodynamic loads on the model segments, de-

pending on the beam displacements u and the vector of control surface

deflections δ, a damped fixed-point iteration is employed:

uk+1 = (1 − ω)uk + ωK−1Fa(u
k, δ). (2)

With a damping factor ω = 0.7, the simple iteration method converges

within four to six steps, which makes it computationally efficient. As the

condition for convergence, the relative change of the surface doublet

strengths between consecutive iterations was required to fall below 1%,

|µk − µk−1| < 0.01 |µk |, (3)

where µk is the vector of doublet strengths at step k. A similar criterion

can be defined for the deformations u, but (3) was found to be some-

what more strict since doublet strengths converged at a slower rate than

deformations.

Problem (1) can also be treated by computing the Jacobian

J = K −
∂Fa

∂u
, (4)

and applying Newton’s method. Since, for small deformations u, aero-

dynamic loads are almost linearly dependent on u, a single step is often

sufficient. For linear aeroelastic stability problems, where infinitesimally

small deformations are considered, this approach is accurate and effi-

cient. With the current boundary element method however, the compu-

tation of J is much more costly than a few iterations of (2), which only

take a few seconds each. For high airspeeds close to static aeroelastic

divergence, J becomes nearly singular and the rate of convergence for

a simple method as (2) would degrade rapidly. In that case, a direct

solution (or Newton’s method for large deformations) is usually more

efficient.
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Mesh convergence. In order to evaluate if the simplified aerodynamic

model is sufficiently accurate, numerical results for static equilibrium

deformations are compared with measured data in Figure 3. It should be

noted that the optical measurement system tracks marker positions only,

so that twist values given in Figure 3 are computed from differences

of marker displacements and hence are less accurate than translational

deflections. Tip deflections are relatively large, reaching 7.5% of the

semispan and about 4◦ at the wing tip for CL = 0.5 at 30 m/s.

The coarse mesh with 4020 surface elements matches the measured

twist deformation well, and overpredicts bending deflections only mar-

ginally. The finer meshes with 7060 and 11220 elements, respectively,

are slightly closer to the measured bending deflections, but overpredict

twist instead. From earlier studies, it is known that normal forces con-

verge rather quickly with mesh refinement, while section pitch moments

require slightly higher mesh resolution for good accuracy. Therefore, it

must be concluded that the finer meshes represent more accurate solu-

tions of the linear potential flow model, but that the actual twist mo-

ments encountered in the wind tunnel are smaller than the flow model

predicts.

The optimization described later is performed with the coarse mesh,

since, in this particular case, it actually predicts twist deformations bet-

ter than a numerically more accurate solution of the potential flow equa-

tions.

Optimization

Two different formulations of the drag minimization problem were tested

in this study. While both approaches were tested, results are presented

only for the second alternative which proved superior for the problem

considered. In the first approach, the drag minimization was formulated

as a straight-forward nonlinear programming problem of the form

minimize CDi(δ) (5)

subject to CL ≥ CL,ref (6)

and δl ≤ δ ≤ δu, (7)

where CDi is the coefficient of induced drag, CL the lift coefficient con-

strained to be larger than some reference value CL,ref and δ the vector

of nd design variables holding the deflection angles of the control sur-

faces, bounded by the lower and upper limit angles δl and δu. The drag
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coefficient CDi is in this case computed by pressure integration.

Since the lift coefficient depends approximately linearly on flap de-

flections for the range of deflection angles considered, the lift constraint

(6) can be expressed as a linear inequality

∇δCL · δ ≥ CL,ref − CL|δ=0, (8)

with the vector of control surface derivatives ∇δCL. Formulating the lift

constraint in a linear manner leads to reduced computational cost in the

optimization process.

The nonlinear programming problem (5)-(7) was solved approxi-

mately using the quasi-Newton method built into Matlab [17], which

evaluated the objective function between 40 and 500 times, depending

on the number of design variables. Solutions obtained in this way yield

flap settings which reduced the computed induced drag. The weak point

of this approach was found to be the drag computation by pressure inte-

gration, which required a very fine mesh for accurate results. With mod-

erate resolution like those used to test this optimization approach, the

gradients ∇δCDi computed by the optimization software in each itera-

tion were not sufficiently accurate, so that the quasi-Newton iteration

converged toward points which were not really optimal. With better

mesh resolution, computational costs became unacceptable due to the

large number of function evaluations.

In contrast to induced drag, normal forces can be computed with

reasonable accuracy even with rather coarse meshes. In order to allow

for a more efficient formulation of the optimization problem, the com-

puted spanwise distribution of circulation Γ is compared with an elliptic

distribution Γe, which is known to be optimal for a subsonic wing-only

configuration. Instead of a nonlinear programming problem, a least

squares problem of the form

minimize |Γ(δ, yi) − Γe(yi)|
2 (9)

subject to δl ≤ δ ≤ δu (10)

is obtained. Here, the lift distribution is expressed in terms of the distri-

bution of circulation strengths Γ(δ, yi) at a number of span coordinates

yi. Due to the approximate linearity of the lift distribution with respect

to flap deflections, the least squares problem can efficiently be solved in

its linear form, where

Γ(δ, y) ≈ Γ0(y) + ∇δΓδ. (11)
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In this case, only the circulation distribution Γ0(y) for a reference case

and the Jacobian ∇δΓ with respect to flap deflections need to be com-

puted. The reference case would usually be the configuration with neu-

tral flap settings, where the required lift coefficient is achieved by setting

an incidence angle at the wing root. Lift constraints are not necessary in

this formulation since an optimal solution approximates the elliptic dis-

tribution with the correct total lift as closely as possible. This approach

resembles the drag minimization procedure of Kuzmina et al.[8] in that

it uses the circulation distribution. The difference is that, here, the in-

duced drag is not computed from Γ within the optimization. Instead,

the circulation distribution is used to form a more readily solved least

squares problem, which is possible in the present case.

When formulating the problem according to (9)-(10), a relatively

coarse mesh will suffice as only the lift distribution is needed, not the

integrated drag value. Furthermore, computing the Jacobian by finite

differences is possible using only nd+1 solutions of the static aeroelastic

problem, as opposed to the nd + 1 solutions required to compute the

gradient in each iteration of a nonlinear optimization solver, where nd is

the number of design variables.

The number of design variables can be varied while the physical

model with its 20 control surfaces per semi-span is left unchanged, sim-

ply by deflecting groups of control surfaces together. With 10 design

variables, pairs of flaps (two leading-edge or two trailing-edge surfaces)

are deflected to identical positions, while with four variables, outboard

groups of 4 and inboard groups of 6 surfaces are moved to the same

deflection. Figure 4 shows a sketch of the configurations investigated.

Note that, in the case with n = 3, only trailing edge surfaces are de-

flected, but the pattern of flap deflections is identical to the case with

six variables. The angle of attack at the wing root α is an additional

design variable since a change in α induces different changes in span-

wise lift and moment distribution than flap deflections. However, it is

likely that the parasitic drag of the fuselage and other non-lifting aircraft

components would increase strongly, should the angle of attack deviate

substantially from some optimal range. Therefore, α is constrained to

lie between the somewhat arbitrary bounds −2◦ and 4◦ .

In some cases, optimization resulted in flap settings featuring large

differences in deflection for neighboring control surfaces. It is likely that

such a configuration would increase viscous drag substantially. There-

fore, additional constraints were introduced in (9)-(10) in order to avoid

large differences in deflections. For pairs of neighboring flaps (i, i + 1),
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Figure 4: Control surface configurations.

two conditions of the form

δi − δi+1 ≤ 4◦ (12)

δi+1 − δi ≤ 4◦ (13)

are imposed. The limit 4◦ was chosen rather arbitrarily and was in-

tended to be conservative in order to evaluate the impact of this type of

constraint on the optimal result. However, the optimal induced drag in-

creased only marginally when the above constraint was enforced, while

the optimal flap settings did change considerably. Small variation of the

optimal value in spite of considerable differences in flap deflections indi-

cate that a certain optimal lift distribution can be approximated closely

by more than one unique flap deflection pattern.

Wind tunnel experiments

Wind tunnel experiments were performed in the low-speed wind tunnel

L2000 at KTH. The tunnel has a 2 by 2 m cross section with corner fil-

lets, and was operated at room temperature and atmospheric pressure.

The wing was mounted vertically on the wind tunnel floor. For some

experiments, the flexible internal wing structure was replaced by a com-

parably stiff solid steel beam to investigate flap efficiencies and viscous

effects.

Aerodynamic loads were measured using a six degree-of-freedom in-

ternal balance mounted in the wing root. A splitter plate was placed be-

tween the wing and the balance to reduce boundary-layer interactions
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with the wind tunnel floor. The elastic deformation of the wing was

captured using an optical measurement system [18, 19] based on four

CCD cameras. Each of the cameras emits infrared flashes and monitors

the two-dimensional position of passive reflecting markers attached to

the model. By combining the pictures, the three-dimensional position of

the markers results from the relative position of the cameras. A sketch

of the experimental setup is shown in Figure 5.

Figure 5: Optical deformation measurement using the QualiSys infrared

camera system.
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Viscous drag

Since total drag values from the balance measurements appeared to be

higher than the expected drag, an investigation of the impact of the low

Reynolds number was performed. For this, the wing was equipped with

the rigid beam structure and aerodynamic coefficients were measured

at increasing dynamic pressure. The total drag was found to be signifi-

cantly higher for low Reynolds numbers. When increasing the Reynolds

number from 1.5 · 105 to 3.5 · 105, the measured drag coefficient was re-

duced by almost 50%. The reason for this may be a fairly thick boundary

layer at low airspeeds, and possibly regions of laminar flow separation.

Due to experimental limitations such as flutter speed and maximum bal-

ance loading, testing with the flexible beam was restricted to airspeeds

below 30 m/s, corresponding to a Reynolds number of about 3 ·105. This

explains the comparatively high total drag values measured during drag

optimization investigations.

Induced drag extraction

To compare experimental measurements with the numerical analysis

performed, the induced drag had to be extracted from the measured

total drag. Due to viscous effects, however, approaches as described in

Barlow et al.[20] based on the measured wing root loads turned out

to be insufficient. Therefore, lifting line theory [21] was employed for

deriving the induced drag from wing deformation measurements. Since

both the two-dimensional lift curve slope cl,α,2d and the corresponding

sectional zero-lift angle α0 are variables in the lifting-line formulation, it

can be adapted to reproduce the behavior of the wind tunnel model, for

which cl,α,2d = 5.33 and α0 = −3.1◦ were obtained from experiments

with the rigid beam structure. With these modification, the lifting line

method accounts for boundary layer effects which lead to a reduction of

three-dimensional lift in comparison to the case of inviscid flow.

The geometric angles of attack according to

αg(y) = α − α0 + ∆α(y)

+ ∂α
∂δT

δT (y) + ∂α
∂δL

δL(y) (14)

served as input to the lifting-line computations, where α is the angle of

attack of the wing root, α0 is the measured zero-lift angle of attack of

the rigid wing and ∆α(y) is the local twist deformation measured by the

optical system, see Figure 5. Deflections of leading edge δL and trailing
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edge flaps δT were accounted for by adjusting the local angle of attack

accordingly. The flap efficiencies

∂α

∂δ
=

∂α

∂CL
·
∂CL

∂δ
(15)

were obtained from experiments with the rigid beam.

With the distribution of local angles of attack, the spanwise distri-

bution of circulation strengths and downwash angles is then calculated

using Multhopp’s method[22] with 511 support points. Using the cir-

culation strengths and downwash angles at the support points, lift and

induced drag coefficients are obtained. Experimental values for the in-

duced drag given below are all computed from spanwise twist deforma-

tions using this approach. Strictly speaking, the lifting line method is

only valid for plane, unswept wings as it does not account for spanwise

flow. For the small sweep angle of the current wing, it is still considered

a valid approximation.

Experimental accuracy

The accuracy of the experimental results was estimated based on uncer-

tainties of measured variables. Confidence intervals were calculated for

the deflection data from the optical measurements, as well as for the

control surface angle. The 95% confidence interval for the uncertainty

in the local angle of attack measured by the optical measurement system

was found to be below 0.01◦ or ±0.2% of typical wing tip twist deforma-

tion. Based on a calibration of the actuator mechanism, the uncertainty

of the control surface deflection angle δ was ±0.05◦ within the same

confidence interval. This value includes aeroelastic deformations of the

control system mechanism for airspeeds up to 35 m/s. Since the geomet-

ric angle of attack linearly depends on both angles according to (14),

the resulting combined uncertainty is found using partial derivatives to

be ±0.032◦. It is likely that measurement errors of this magnitude are

small in comparison to the impact of unmodeled physical effects on e.g.

control surface efficiencies.

Results

First, some results of reference experiments are compared with numer-

ical simulations. Then, the drag reductions achieved in computations
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and experiments are documented along with an investigation on the

relative merits of flap configurations with different complexity.

Coefficients and flap efficiency

In Table 3, the lift curve slope and zero lift angle are listed for both

the rigid and the wind tunnel model with the flexible composite beam.

The effect of the flexible structure is to increase both CL,α and α0. The

values for the flexible configuration are for an airspeed of 30 m/s and

increase further for larger dynamic pressures. Note that, for the angle of

attack range of interest, the flexible wing always produces considerably

less lift than the rigid configuration due to the pitch down twist of the

wing tip.

Case α0 CL,α [1/rad]

rigid wing exp. -3.1◦ 5.2

flex. wing exp. +0.3◦ 5.9

rigid wing sim. -4.7◦ 5.5

flex. wing sim. -2.1◦ 6.2

Table 3: Coefficients for rigid and flexible wing.

The numerical model overpredicts the lift curve slope with approxi-

mately 0.3/rad, and computes a somewhat smaller zero lift angle. Both

differences are expected as the boundary layer, which is currently not

included in the simulation, has a decambering effect on the wing, lead-

ing to an increase of α0. In this study, the primary interest is in the lift

distribution along the span and not the accurate prediction of integral

coefficients for low Reynolds number flow. Therefore, in the following,

simulation results and experimental cases are compared on the basis

of lift coefficient, not angle of attack. This is based on the assumption

that, for a given total lift, the spanwise lift distribution can still be com-

pared, which requires that boundary layer thickness distribution does

not vary strongly along the span. Considering the very large aspect ratio

and minimal sweep angle, the occurrence of significant spanwise flow

appears unlikely and the assumption therefore justified.

Flap efficiencies were determined experimentally by deflecting one

control surface at a time and measuring the difference in lift. The ap-

plied deflections were in the order of ±5◦, which was considered to

lie within the region of linearity. As expected, the results showed that
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the leading edge flaps have only very small effect on lift for the rigid

wing. On the flexible configuration, the measured effectiveness of lead-

ing edge flaps increased by 25%, as a result of the pitch-up twist de-

formation generated by these flaps. Numerically computed efficiencies

for the leading edge flaps agreed well with those measured for the rigid

case. However, the simulation model predicted higher than measured

leading-edge flap efficiencies CL,δ on the flexible wing. As the twist

deformation caused by flap deflections is computed relatively well, the

error is likely related to the smaller than predicted lift response of the

wing to this twist deformation. Trailing edge efficiencies, in comparison,

are consistently overpredicted by the simulation, independent of flexi-

bility, which is usually the case for inviscid flow models [21]. For the

flow conditions at hand, it is likely that the fairly thick boundary layer

reduces the cambering effect of trailing edge flaps considerably.

For the particular configuration considered here, the direct effect of

control surface deflections on the lift distribution is small compared to

the importance of twist deformation. Due to the very low torsional stiff-

ness, the aerodynamic moments generated by flap deflections lead to

quite significant changes in the spanwise twist distribution. It is above

all this mechanism which is exploited to achieve favorable lift distribu-

tions. For a more torsionally stiff wing, the aerodynamic efficiency, in

particular that of the trailing edge flaps, would gain much in impor-

tance.

Optimization

Numerical optimization is performed for lift coefficients in the range 0.2
to 0.8, and the results are compared with a baseline configuration for

which only the angle of attack is changed to obtain the target lift co-

efficient. Both the baseline and the cases with optimized flap settings

were tested in the wind tunnel. In order to achieve identical lift coeffi-

cients, simulations were performed at root incidence angles which were

between 1.6◦ and 2.4◦ smaller than those run in the wind tunnel.

Results are presented as diagram of induced drag over lift coefficient.

For the case presented in Figure 6, wing loading remains constant over

the CL range, meaning that the lower CL values correspond to higher

dynamic pressure q∞. This type of analysis is meant to model operation

at different altitudes and speeds for constant aircraft weight.

Especially for relatively low lift coefficients, the experimentally de-

termined induced drag estimations fit very well with the numerical pre-
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Figure 6: CDi over CL for varying dynamic pressure q∞ with constant

wing loading of 150 N/m2.

dictions both for the baseline and the optimized flight conditions. For

all tested flight conditions, an improvement could be achieved. For high

lift coefficients, however, the simulation predicts slightly larger savings

than measured.

From the variation of the induced drag for the clean configuration

without flap deflections it can be concluded that there are operating

conditions for which the wing in question is already close to optimal.

This is representative for an actual aircraft design problem, where an

elastic wing would likely be designed with an aerodynamic twist dis-

tribution which yields optimal performance for a certain design point

(dynamic pressure and CL). Nevertheless, significant drag reductions

can be achieved at other operating points by employing control surface

deflections.

For the aeroelastic configuration considered here, the most signifi-

cant drag reduction can be obtained at low CL values and high dynamic

pressures, conditions at which low induced drag would be usually ex-

pected. The numerical optimization yields a maximum saving of about
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∆CDi = 25 · 10−4 at CL = 0.2 and 40 m/s. The reason that relatively

large gains can be achieved for this condition is the unfavorable lift

distribution of the wing without flap deflections. The distribution is

characterized by a downward force in the outboard section with large

negative twist angles, and a slightly larger upward force on the inboard

part of the wing. This S-shaped lift distribution generates a considerable

amount of induced drag at low CL values. Even for moderate lift values,

the lift distribution is still unfavorable in terms of induced drag, showing

an approximately triangular shape where the outboard 20% of the wing

contribute very little to lift. By modifying the spanwise twist distribution

using control surface deflections, a lift distribution with much less drag

can be reached.

Figure 7 shows the lift distribution in terms of local lift coefficient

over the semispan for a specific case with CL = 0.2 and u∞ = 30 m/s.

The sharp peaks seen in the computed lift distribution at certain posi-

tions result from the geometry of the wind tunnel model. Since the rigid

aerodynamic sections are only attached in points on the internal struc-

tural beam, the wing twist angle does not vary smoothly along the span.

Discrete jumps in twist angle between the wing segments cause the ir-

regular circulation distribution, which, due to the small magnitude of

the peaks, has negligible influence on induced drag. The experimentally

obtained distribution does not resolve this small-scale effect. Lift distri-

butions for optimized flap settings are very close to the elliptic spanwise

distribution of circulation, showing the effectiveness of the numerical

optimization.

The experimental lift distributions presented in Figure 7 result from

lifting-line analysis using the measured twist angles and control surface

settings. Both angles are affected by measurement inaccuracies, as de-

scribed above, leading to a maximum error of less than ±3% in local lift

coefficients.

Flap configurations

The results shown in Figure 6 through 7 were obtained for a config-

uration with 20 individual control surfaces and the angle of attack as

design variables. While such a setup enables a fairly accurate control

of the beam deformation and the distribution of camber, it is probably

too complex for an aircraft wing. For the more realistic, simplified flap

configurations shown in Figure 4, the achievable drag reductions are

slightly smaller.
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Figure 7: Spanwise lift distributions.

In Table 4, the possible reduction of induced drag ∆CDi is given

along with the corresponding value of Oswald’s span efficiency

e =
C2

L

πΛCDi
, (16)

A span efficiency of 1.0 corresponds to the induced drag of the ellip-

tic lift distribution. The listed values were computed for the case with

CL = 0.15 at u∞ = 46 m/s, where the possible drag savings are rela-

tively large. Wing root incidence angles α given in Table 4 refer to val-

ues computed by the optimization procedure for the numerical model.

Optimal control surface deflections for this particular case are listed in

Table 5.

Table 4 suggests that three trailing edge control surfaces alone are

sufficient to achieve a significant reduction in induced drag. However,

this is only true in connection with the corresponding wing root inci-

dence angle of 3.8◦ , which is one of the design variables. By using lead-

ing edge flaps, slightly better induced drag reductions can be obtained
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n ∆CDi e α

baseline 0.0 0.256 2.28◦

3 −17.9 · 10−4 0.909 3.80◦

6 −18.2 · 10−4 0.957 1.26◦

10 −18.4 · 10−4 0.979 1.24◦

20 −18.4 · 10−4 0.986 1.17◦

Table 4: Drag reduction and span efficiency obtained for different flap

configurations.

without the need of an increased root incidence angle. This may be rel-

evant for configurations where a reduced range of operating angles of

attack entails advantages in parasitic drag.

Sections 1-2 3-4 5-6 7-8 9-10

Leading Edge

n = 6 10.0 10.0 10.0 10.0 10.0
n = 10 10.0 10.0 10.0 10.0 9.1

Trailing Edge

n = 3 −3.8 −3.8 −6.3 −6.3 −10.0
n = 6 −8.4 −8.4 −7.5 −7.5 −7.7
n = 10 −8.8 −8.0 −7.7 −7.4 −8.0

Table 5: Optimal flap settings for the case CL = 0.15 at u∞ = 46 m/s.

The advantage of using leading edge flaps for torsionally flexible

wings lies in their ability to generate considerable pitch-up twist mo-

ment and a small positive aerodynamic lift increment. Naturally, trail-

ing edge surfaces are much more efficient in generating additional lift,

however, at the same time, they always produce a pitch-down twist mo-

ment, causing a deformation of the complete wing counteracting the lift

increment. Therefore, leading edge flaps can be more effectively used

to control wing twist deformation.

Drag reduction efforts in aircraft design will always aim at reducing

total drag of the complete trimmed configuration, which may depend in

a complex manner on angle of attack and flap deflections. The potential

benefits of leading edge flaps described above must hence also be judged

by the effect they most likely have on viscous drag components.
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Computational aspects

When formulating the drag minimization problem as a linear least-squares

problem according to (9)-(10), the computational cost is moderate. For

6 design variables, a single solution to the optimization problem is com-

puted in about 15 minutes on a desktop computer with 1.4 GHz Athlon

processor. Using pressure integration and nonlinear programming, mesh

requirements and the large number of finite-difference gradient calcula-

tions lead to at least tenfold increased computational effort. With mesh

resolutions sufficient for accuracy, computation times become unaccept-

able.

Conclusions

The investigation demonstrated that the induced drag of an elastic wing

configuration can be reduced significantly by means of conventional

leading and trailing edge control surfaces. The use of leading edge con-

trol surfaces can be beneficial if the optimal twist distribution requires

that large sectional pitch moments are generated. Furthermore, the use

of more than six control surfaces does not appear to pay off, unless

the marginal additional savings really compensate for the increased cost

and complexity. If savings of relevant magnitude are possible in the first

place depends primarily on the quality of the lift distribution and the

flexibility of the wing. Relatively rigid wings will show less variability

of their spanwise loading under different flight conditions, while highly

flexible ones will likely operate with very unfavorable lift distributions

in parts of the flight envelope. These are the configurations where sub-

stantial drag reductions can be achieved by means of control surfaces.

The use of potential flow methods for a induced drag reduction prob-

lem at Reynolds numbers below 106 is possible, but difficult. Boundary

layer effects have a significant impact on chordwise pressure distribu-

tion and control surface efficiencies, so that potential flow results may

be hard to interpret when experimental comparisons are not available.

The inclusion of a boundary layer model in the numerical method is

expected to improve the prediction of control surface efficiencies in par-

ticular.
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Abstract

A concept for exploitation of a piezo-electric actuator by using
aeroelastic amplification is presented. The approach is to use the

actuator for excitation of a tab that occupies the rear 25% of a free-

floating trailing edge flap. A flexible high aspect ratio wing wind
tunnel model is used as a test case. Wind tunnel experiments were

performed to determine frequency response functions for valida-

tion of the numerical model used for the control law design. The
aeroservoelastic model is based on state-space equations of mo-

tion that accept piezoelectric voltage commands. Control laws
are derived for gust alleviation with flutter and control authority

constraints, and numerical results that demonstrate a significant

reduction in the structural response are presented. Possible appli-
cations and feasibility of the concept are discussed.

Introduction

Piezoelectric materials have been in the focus of aeronautical research

for many years [1, 2]. Especially high bandwidth and small size are ben-
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eficial properties that allow for excitation that is not possible with con-

ventional electric or hydraulic actuators. Recent applications of piezo-

electric materials are found in aeroelastic and vibration control [3, 4] as

well as in the excitation of structures for the purpose of e.g. parameter

identification [5]. Despite a wide range of applications, however, these

materials are mostly used in research, rather than in real aircraft struc-

tures. Two of the main reasons for this are the relatively low actuator

stroke and allowable strains.

The focus of this study is on the efficient exploitation of the advan-

tages of piezo-electric materials, i.e. small size and high bandwidth,

while placing the actuator in a low-strain area and trying to compensate

for the low stroke by aeroelastic amplification. This is done by using

the piezoelectric material for excitation of a tab connected to a floating

control surface, rather than controlling the surface itself. Aerodynamic

amplification using trailing edge tabs is widely used in static applica-

tions, such as elevator trim tabs, and has been proven very efficient. In

this study, the dynamic aeroelastic response of such a tab under piezo-

electric actuation is investigated.

The study is performed within the project Active Aeroelastic Aircraft

Structures (3AS) [6], which is funded by the European Union under the

Fifth Framework Programme∗. As a test case, a high aspect ratio wing

(HARW) wind tunnel model built within the project is considered. The

wind tunnel model is a generic model of a high-altitude long-endurance

surveillance aircraft wing that has been developed for a drag minimiza-

tion study [7] and was modified for integration of the piezo-electric

actuator.

Experimental setup

Experiments were performed in the low-speed wind tunnel L2000 at

KTH at an airspeed of 25 m/s at atmospheric pressure and room tem-

perature. The 1.6 m semi-span model is mounted vertically in the wind

tunnel floor. In the current configuration, the wing consists of ten aero-

dynamic sections, of which one is equipped with the piezo-electric tab,

as shown in Figure 1. The stiff sections are clamped to a slender load-

carrying flexible beam in a way that minimizes their contribution of stiff-

ness to the structure.

A cross-sectional view of the section containing the piezoelectric ac-

∗Homepage: www.3as.org
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Figure 1: Experimental setup. The accelerometers are located inside the

model.

tuator is shown in Figure 2. The actuator mechanism is mounted to a

frame within the floating trailing edge flap. Voltage excitation of the

bimorph PZT actuator results in vertical deflection at the actuator tip,

located half way between the flap hinge and the tab axis, leading to

angular deflection of the tab, as shown in the sketch. The QP25N PZT

actuator [8] of ACX was used in this study. The device is restricted to the

maximal input of 100 Volt which yields, according to the manufacturer,

a maximal peak-to-peak free displacement of 1.42 mm or the maximal

zero-to-peak blocked force of 0.32 N, from which the piezoelectric and

stiffness properties are extracted below. Due to mechanical restrictions,

the maximum deflection of the control surface is less than 3◦ . It should

however be noted that the focus is on amplification of this deflection by

the floating flap, rather than on implementing an actuator mechanism

featuring large deflections.
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Figure 2: Cross sectional view of the section with a piezo-actuated tab.

The objective of the experimental investigations was to derive fre-

quency response functions (FRFs) relating dynamic tab deflections to

structural response. The piezoactuator was therefore excited with a sine

wave generator at several frequencies, and the structural response was

measured using accelerometers located inside the wing as shown in Fig-

ures 1 and 2. The main purpose of having accelerometer number 4 is to

extract the flap motion from accelerometer number 3.

The tab deflection could not be measured directly during the exper-

iments. Therefore, strain gauges were attached to the piezo actuator,

and the strain in the actuator skin was considered to be a measure for

the actuator tip displacement, which could be related to the tab deflec-

tion. The entire setup was calibrated statically, and it was found that due

to fairly low inertial and aerodynamic loads on the tab, this calibration

was sufficient for the frequency range considered here (up to 20 Hz).

Accelerations and piezoelement strain were measured simultaneously

to guarantee that there was no time delay between the signals. Experi-

ments were performed with both the floating flap and with a locked flap

to investigate the amplifying effect of the floating configuration. Note

that the floating flap is not perfectly free due to cables connecting the

PZT element to the rigid aerodynamic section.
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Numerical modeling

Nastran A numerical model of the wind tunnel wing was developed

in MSC/Nastran. Beam elements were used to model the load-carrying

spar. Structural properties were derived from material data and adjusted

to both static experiments and vibration tests of the beam without the

sections applied. Mass properties of the sections were derived from mea-

surements and known material properties. Since each of the sections is

attached to the beam in one point only without stiffness contribution

to the beam, the sections were simply modeled as concentrated mass

elements. The structural properties were finally validated by vibration

tests with all sections applied to the clamped wing.

The flap was given some stiffness and damping in the rotational de-

gree of freedom to account for cables connected to the piezo actuator.

Even though the rotational stiffness is fairly low, it was found necessary

for correct modeling of the flap dynamics. Throughout this paper, this

configuration will be referred to as the stiffened configuration, as op-

posed to the free-floating case referring to the perfectly free flap. The

flap and tab kinematics were described as multipoint constraints such

that the flap deflection relative to the wing and the tab deflection rela-

tive to the flap appear as independent structural degrees of freedom.

Since MSC/Nastran does not facilitate for piezoelectric elements, the

numerical model validation by comparisons with measures FRFs was

performed with the tab deflection degree of freedom loaded with a large

inertia of 104 kgm2. In this way, the acceleration response to a sinusoidal

moment excitation at this point with the amplitude of 104 Nm is equal

to the displacement FRF to tab deflection excitation. The disadvantage

of this modeling is that tab dynamics are ignored, which did not cause

a significant error in the frequency range of interest of our case. Flutter

analyses were performed in the validation process with a locked tab.

A different approach to the tab modeling was taken in the generation

of the Nastran structural model for the subsequent construction of an

aeroservoelastic numerical model for the design of a gust alleviation

control system, following the modeling approach of Karpel and Moulin

[4]. Three collocated grid points, rigidly interconnected in all directions

except z, were placed at a location that represents the tip of the PZT

actuator. The z coordinate of the first point (z1) was constrained to

be the average of those on the hinges of the flap and the tab. The z
coordinate of the second point (z2) was connected to z1 through a linear

spring with the stiffness coefficient kv = 450.7 N/m that reflects the
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actuator properties given above. z2 was also constrained to z3 and the

electric input by the MPC equation

z2 = z3 − xvv

where v is the translation of a scalar point that was added to the model

to represent the voltage input. With xv = 7.1 µm/Volt, a unit transla-

tion of the scalar point (representing v = 1 Volt) causes actuator dis-

placements and forces that are consistent with the given piezoelectric

characteristics and the dynamics of the surrounding structure [4]. Fi-

nally, z3 was connected to the tab rotation degree of freedom using a

rigid element.

The PZT actuator modeling is completed by loading the scalar dis-

placement v with a large fictitious mass of MH = 106 kg. Normal modes

analysis with the resulting model yields a rigid body mode of tab deflec-

tion only. This mode is to be used as the control mode in the subsequent

aeroservoelastic (ASE) analyses described below. The remaining fre-

quencies and mode shapes are practically identical to those that would

be obtained by adding the constraint v = 0, which represents the ac-

tual structure. These modes are slightly different than those obtained

for the Nastran FRF analysis described above because the model now

contains the tab mass and stiffness properties. The resulting tab natural

frequency is 29 Hz, significantly above the frequency range of the im-

portant aeroelastic activity shown below. The new Nastran modes were

exported for subsequent stability and response analyses using ZAERO

(see below).

Doublet-Lattice aerodynamics [9] were used for computing the aero-

dynamic influence coefficient matrices for the Nastran FRF analyses.

Aerodynamic panels were defined on each of the sections and splined

to rigid body elements transferring the aerodynamic loads to the struc-

ture in the attachment points. On each of the sections, 4 spanwise and

10 chordwise aerodynamic panels were used. On the second outermost

section, 11 chordwise panels were defined, where six were placed on

the section, three on the flap and two on the tab. The total number of

panels used for the half-span wing became thus 404. The number of

panels in the chordwise direction was doubled, and it was found that

the results only changed marginally. Therefore, the number of panels

was considered sufficient.

ZAERO The Nastran normal modes with the detailed PZT actuator

were used for generating the numerical model for ASE analysis and
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design using the ZAERO software package [10]. As discussed above,

the first normal mode was used as a control mode that generates the

aerodynamic and inertial forces due to the activation of the PZT device.

Nine elastic modes, up to 37 Hz, were taken into account, which resulted

in 18 structural states. The frequency-domain aerodynamic coefficient

matrices were generated by the ZONA6 option of ZAERO based on the

same paneling as used for the FRF analysis in Nastran. A column of

gust loads was added to the aerodynamic matrices to represent the load

distribution due to sinusoidal gusts normal to the wing. The minimum-

state aerodynamic approximation technique was used to approximate

the resulting generalized aerodynamic matrices as rational functions of

the Laplace variable s, such that a state-space time-domain ASE model

could be generated with 4 aerodynamic lag states.

Three states were used for modeling a transfer function between the

voltage command and the PZT response,

Tac(s) =
a

a + bs + cs2 + s3

with a = 6.6155 · 109, b = 5.2861 · 106 and c = 2.8159 · 103, which served

in the model as the 3rd-order actuator required by the ASE modeling

methodology [4]. It has a frequency band of more than 300 Hz, which

implies a very fast response with practically no delays. The resulting 25-

state ASE model was exported for control design using Matlab with the

wing-tip acceleration, wing-tip displacement and aileron rotation angle

serving as output parameters, and with the actuator input command

serving as an input parameter.

The ASE model was first used for open-loop flutter analysis using

the g-Method [11] of ZAERO. The purpose of the flutter analysis was

to investigate the effects of the added flap stiffness (discussed above)

on the open-loop stability characteristics. The variations of the aeroe-

lastic frequency and the non-dimensional damping vs. air velocity are

shown in Figure 3 for the free-floating flap and in Figure 4 for the stiff-

ened flap with rotational stiffness. The flap rotational frequency in the

free-floating case (Figure 3) starts with f = 0 Hz at V = 0 m/s, while

in the stiffened case (Figure 4) it starts at f = 7 Hz. The flap fre-

quencies increase fast with velocity. Since the flap is underbalanced,

it creates a flutter mechanism when its frequency approaches that of a

bending mode. The free-floating flap is involved in two hump flutter

mechanisms, one with the first bending mode at about f = 3 Hz that

is unstable between V = 7 and 14 m/s, and one with the second bend-

ing mode at about f = 12 Hz that is unstable between V = 28 and
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Figure 3: Frequency and damping variations vs. velocity, free-floating

flap.

53 m/s. The rotationally stiffened flap interacts only with the second

bending frequency to yield a more moderate hump flutter at 12 Hz be-

tween V = 26 and 48 m/s. The stiffened case, which represents the
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Figure 4: Frequency and damping variations vs. velocity, flap with rota-

tional stiffness.

wind-tunnel model, is free from flutter in the test velocity range of up

to 25 m/s, but its close flutter velocity caused difficulties in the control

design, as discussed below.



B 10 S. Heinze and M. Karpel

Validation testing

Using the Nastran model, frequency response functions as those deter-

mined experimentally were computed. For comparison, the measured

actuator strain and accelerations were transformed to tab deflection and

displacements, respectively. Magnitude and phase curves relating tab

angle to displacements in the wing tip accelerometer and to flap deflec-

tions are shown in Figures 5 and 6 for both prediction and experiment.

Both magnitude and phase angle can be predicted well. For low

frequencies, the predictions do not match the experimental data very

well, which is expected since the accelerations depend on the square

of the frequency and thus the signal-to-noise ratio for this frequency

region is fairly low. It is clear that the numerical model is capable of

reproducing experimental results in the considered frequency region.

The investigations approve the concept of using the PZT actuator

not directly for deflecting a control surface, but rather to amplify the

effect by using the floating flap. Figures 5 and 6 show that the magni-

tude using the locked flap is significantly lower than in the floating case

with realistic stiffness and damping. Also, there is a phase difference

of 180 degrees between the locked and the floating configuration with

rotational stiffness, which can be explained by the fact that in the float-

ing case, the flap is deflecting in the opposite direction of the tab. As

the excitation frequency exceeds the eigenfrequency of the flap mode,

however, the flap starts to deflect in-phase with the tab, leading to a

vanishing phase difference between the two cases.

A numerical investigation of the floating flap properties was per-

formed. As expected, the magnitude can be significantly increased when

decreasing the stiffness of the flap rotational degree of freedom. An in-

vestigation of the rotary inertia shows that the bandwidth is reduced as

the inertia increases. Therefore, to obtain the largest possible response,

a lightweight flap with low stiffness is favorable. This however will lead

to degradation of flutter properties, since low stiffness and the lack of

mass balancing may result in control surface flutter. In the present case,

a reasonable tradeoff was found.

Active control for gust alleviation

The purpose of this section is to demonstrate the applicability of the

smart tab concept for the alleviation of the wing response to discrete

(deterministic) gust excitation. It was demonstrated in the previous sec-
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tions that the actual installation of the piezo tab in the wind tunnel, with

some stiffness and damping in the flap hinge due to the electric cables,

is free from flutter up to V = 26 m/s and has a reasonable authority

on the flap rotation. However, the early attempts to use this model for

gust alleviation at 25 m/s showed that the proximity to the flap flutter

speed of 26 m/s caused a severe ASE instability when a controller was

added. Hence, it was decided to demonstrate the piezo tab capabilities

with a free-floating flap that has no rotational stiffness and damping. It

is assumed that it is possible to manufacture a floating flap with very

low rotational stiffness, and that the flutter of this configuration at 7
to 14 m/s can be eliminated by some means such as flutter-suppression

control law, mass balancing or locking the flap in this velocity range.

The FRFs of the wing-tip displacement and flap rotation responses to

tab excitation, as calculated with the state-space ASE model, are shown

in Figures 7 and 8 respectively. Plots are given in these figures for the

flap with and without rotational stiffness and damping. The comparison

of the plots with rotational stiffness to the floating cases in Figures 5 and

6 shows that the differences in the range of 0 to 11 Hz are insignificant.

The responses in the range of 11 to 15 Hz also similar, but those obtained

with the ASE model are larger than those calculated by Nastran by a fac-

tor of 2. The differences are due to differences in the actuator dynamics

(stiffness and inertia) and maybe also due to the slightly different aero-

dynamic coefficients between Nastran and ZAERO. Since the system is

close to flutter, slight changes in the structural and aerodynamic models

can cause large response differences. In any case, since the frequency

range of interest for gust response analysis when the system is stable

is up to about 5 Hz, as discussed below, the ZAERO ASE model can be

considered as well representing the wind-tunnel model. The no-stiffness

plots in Figures 7 and 8 show a significantly larger control authority

compared to the ASE cases with stiffness, with much smaller responses

at 12 to 14 Hz due to the larger difference between the flap and the

second bending frequencies. The larger control authority and the larger

distance from the flutter velocity make the no-stiffness model a better

candidate for demonstrating the piezo-tab gust-alleviation capabilities.

The goal of the control design was to reduce the structural accelera-

tions in response to discrete-gust excitation as much as possible without

exceeding the maximal PZT voltage command of 100 Volts and without

causing instability at the tunnel velocity of 25 m/s. The main purpose

was the demonstration of the piezo tab capabilities with the simplest

possible control law, which allows physical insight. The test case was
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0 2 4 6 8 10 12 14 16 18 20
0

5

10

15

Frequency [Hz]

M
ag

ni
tu

de
 [m

/r
ad

] Flap stiffness and damping   
No flap stiffness and damping

0 2 4 6 8 10 12 14 16 18 20
−100

0

100

200

Frequency [Hz]

P
ha

se
 [d

eg
]

Figure 8: FRF of normal flap deflection to tab rotation command, ASE

model.



B 14 S. Heinze and M. Karpel

the dynamic response to the uniform normal gust velocity profile

wg(t) = w̄g(1 − cos(2πt/Lg))/2

where w̄g = 0.5 m/s is the maximal gust velocity and Lg = 0.33 s is the

gust length in terms of the time it passes a point on the wing. The gust

length was chosen to be equal to the wave length of the first bending

frequency, which yields a relatively large acceleration response. The

first-order low-pass controller

Tc(s) =
k

Ts + 1

with k = 280 and T = 0.56 that reads the wing-tip acceleration and

commands the PZT actuator was found suitable for demonstrating the

tab capabilities.

The time histories of the open- and closed-loop wing-tip acceleration

responses and the closed-loop voltage command are shown in Figures 9

and 10 respectively. It can be observed that the control activity adds a

significant damping to the structural response and that the maximal ac-

celeration response (in absolute values) is reduced from 4.1 m/s2 to 3.1
m/s2, a reduction of 25%, without exceeding the maximal capabilities

of the PZT actuator.

The time histories of the open- and closed-loop tab and flap deflec-

tions are shown in Figures 11 and 12 respectively. Figure 11 also in-

cludes the commanded tab angle, which is the voltage command of Fig-

ure 10 kinematically translated to tab angle. The small open loop tab

deflection and the small difference between the commanded and actual

closed-loop tab deflections are due to the actuator stiffness properties.

It can be observed that even though the extreme tab deflection is about

2.6◦ , the flap reaches 4.5◦ , the effect of which on the response acceler-

ations is very significant. This ratio agrees with the corresponding case

in Figure 8 at 3 Hz, the first wing bending frequency.
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Conclusions

It was shown by both numerical investigations and experiments that the

concept of using a piezoelectric actuator along with appropriate aerody-

namic amplification is a convenient way of exploiting the actuator. In

the present case, the actuator stroke restriction was compensated for by

the free-floating flap concept, and yet a high bandwith could be pre-

served. In the present case, the highest performance in terms of fre-

quency response magnitude and bandwidth is obtained by reducing flap

stiffness and inertia. Practical issues as well as flutter concerns, how-

ever, require some tradeoff. A numerical gust-response investigation

demonstrated that simple control laws based on local measurements

can be used to alleviate the structural vibrations due to dynamic gust

excitations by considerable amounts, 25% in our case. The maximal

flap deflection of 4.6◦ obtained with tab deflection of −2.5◦ is a good

demonstration of the aeroelastic leverage that amplifies the effects of

the very limited PZT stroke. This research forms the basis for further

investigation on the exploitation of the piezo-tab concept in the alle-

viation of other gust response parameters and associated design loads.

The demonstrated control authority indicates that such tabs may also be

used for flutter suppression and aircraft maneuver enhancements, which

requires a further research.
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On the Influence of Modeshape Variations in

Robust Flutter Analysis
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Abstract

This paper investigates the need of taking modeshape varia-

tions into account in robust flutter analysis. Applying robust analy-
sis for investigation of structural variations, such as fuel level vari-

ations, shows that when large perturbations of the modeshapes

are present, the fixed modal base approach is no longer sufficient.
After discussing the impact of modeshape variations in robust flut-

ter analysis, different means to account for those variations are in-

vestigated. Taylor expansions of different order for approximating
the variations of the normal modes with respect to structural varia-

tions are investigated. Also, an iterative approach for updating the
modal base is presented. The different approaches are applied to

a test case, where mass variation of a wind tunnel model is consid-

ered. The possibilities and drawbacks of the different approaches
are discussed.

Introduction

Any aircraft analysis model is subject to simplifications to some extent,

leading to uncertainties in the numerical model. Therefore, analysis

based on the numerical model generally yields errors in the aerodynamic

loads, structural behaviour, and critical speeds. Robust flutter analysis

usually aims at computing a worst-case flutter speed considering these

∗Ph.D.-Student, Division of Flight Dynamics, Royal Institute of Technology,

Teknikringen 8, SE-100 44 Stockholm, Sweden, sepp@kth.se.
†Research Associate, Division of Flight Dynamics, Royal Institute of Technology,

Teknikringen 8, SE-100 44 Stockholm, Sweden, dodde@kth.se.

C 1



C 2 S. Heinze and D. Borglund

uncertainties, but can also be used to consider larger variations, such as

fuel level variations.

In the recent years, so-called µ-analysis [1] from the control com-

munity has beed applied to perform robust flutter analysis [2, 3]. Most

recently, Borglund [4, 5] combined classical frequency-domain aeroelas-

ticity with µ-analysis to formulate the µ-k method. The µ-k method is

closely related to the p-k and g methods [6, 7] used in nominal flutter

analysis, and a simple algorithm incorporating nominal flutter results is

described in [8].

The accuracy of the robust analysis is inherently dependent on the

quality of the uncertainty description. It is therefore of vital importance

to develop uncertainty descriptions that closely capture the true uncer-

tainty mechanisms of the aeroelastic system. At present, the structural

uncertainty descriptions available in the literature are based on the as-

sumption of a fixed modal basis in the analysis [2, 4, 9]. However, the

modeshape variations that result due to variations of structural proper-

ties (mass and stiffness distributions) might have a substantial impact

on the aeroelastics because they directly influence the unsteady aerody-

namic forces.

The objective of this paper is to investigate if and to what extent the

assumption of a fixed modal base can lead to incorrect results in robust

flutter analysis. After that, an investigation of possible means to account

for modeshape variations will be made.

Robust flutter analysis

The basis for robust flutter analysis is the nominal model. The nominal

equation of motion for a flexible structure with aerodynamic interaction

in Laplace domain is given by

(
M0p

2 + (L2/V 2)K0 − (ρL2/2)Q0(p)
)
v = F 0(p)v = 0 (1)

where M 0 and K0 are mass and stiffness matrix, respectively, and Q0 is

the aerodynamic matrix depending on the nondimensional Laplace vari-

able p = g + ik, where g is the damping and k is the reduced frequency.

The aerodynamic reference length for computation of the reduced fre-

quency is L, and V and ρ are airspeed and density, respectively. The

vector of displacements in the degrees of freedom of the finite-element

model is v. Note that structural damping and the dependence on the

Mach number have been neglected for simplicity, but can easily be in-
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cluded. The stated equation is a nonlinear eigenvalue problem with

eigenvalues p and corresponding eigenvectors v. For dynamic systems

in general, nominal stability is guaranteed when all eigenvalues of the

nominal system have negative real parts, i.e. all eigenvalues are in the

left half plane.

In addition to the nominal system, the uncertainty related to this

system is defined. In robust flutter analysis, it is convenient to define

linear uncertainties according to

M = M0 + ML∆MMR (2)

K = K0 + KL∆KKR (3)

Q = Q0 + QL∆QQR. (4)

where ∆M through ∆Q contain mass, stiffness and aerodynamic uncer-

tainties. Each of the uncertainty matrices might contain several inde-

pendent uncertainty parameters δ, added to the nominal matrices by

left and right scaling matrices. The left and right scaling matrices are

chosen such that the parametric uncertainty ∆ belongs to a set S∆ de-

fined as

S∆ = {∆ : ∆ ∈ ∆ and σ̄(∆) ≤ 1} (5)

where ∆ defines a block structure and σ̄(·) denotes the maximum sin-

gular value. By inserting (2) - (4) in (1), the uncertain flutter equation

is yielded in the form

[F 0 + F L∆F F R]v = 0 (6)

where ∆F = diag(∆M ,∆K ,∆Q) and F L and F R are given accordingly.

Robust stability analysis considers the system

[I − F (p)∆]z = 0, (7)

where I is the unitary matrix. In the present case considering linear

uncertainties only, the resulting system matrix is derived as described in

[8], leading to

F (p) = −F RF−1
0 F L , ∆ = ∆F and z = F Rv (8)

that is well-defined except on the nominal flutter boundary where F 0 is

singular. Note that later in this paper, an additional uncertainty is intro-

duced for modeshape variations. This uncertainty is multiplied to the
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system (6) by using Linear Fractional Transformation (LFT) operations

[10] leading to a larger linear uncertainty with a more complicated F .

Robust stability of the system is guaranteed when the system is nom-

inally stable, and when in addition the uncertainty is such that it cannot

destabilize the system. A convenient tool for this type of analysis is

µ-analysis [11], where µ is the structured singular value. The µ value is

a measure for the capability of a given uncertainty structure to destabi-

lize a nominally stable system. As the structured singular value µ(F (ik))
equals one, there is an uncertainty ∆ ∈ S∆ with σ̄(∆) = 1 that makes

[I − F (ik)∆] singular, which enables a critical eigenvalue p = ik of the

uncertain system. Smaller values of µ indicate a nominally and robustly

stable system, whereas µ larger than one for a nominally stable system

indicates that the system is not robustly stable. Algorithms used in µ-k
analysis aim at finding the flight conditions where the peak value of µ
equals one for some reduced frequency k, called the robust flutter fre-

quency.

Fixed modal base

Solving (1) is in general computationally expensive, since even fairly

simple aircraft structures might require a large number of degrees of

freedom n, making the matrices very large. A commonly used approach

is to perform a modal projection of the problem, where only m struc-

tural eigenvectors are considered under the assumption that the critical

flutter mode shape can be represented by a linear combination of those

eigenmodes. This is done by writing

ZT (F 0 + F L∆FF R)Zη = 0, (9)

where the system matrices are reduced to size m×m by multiplication of

Z = [z1, z2, . . . , zm] containing the considered eigenvectors, and η is the

modal eigenvector which satisfies v ≈ Zη. Regarding the uncertain part

of the equation, this modal projection will also lead to a reduction of the

size of ∆F . The maximum block size for each uncertainty parameter δj

will hence reduce from n to m [8]. Since the computational effort using

µ-anaysis depends strongly on the size of the uncertainty description,

the modal formulation is beneficial also from this point of view.

As known from traditional flutter analysis, modal projection leads

to accurate solutions as long as the chosen modal base spans a modal

space capable of representing the actual flutter mode shape. Typically,

the flutter mode shape is a linear combination of some of the lower



Modeshape Variations in Robust Flutter Analysis C 5

structural modes, and a number of structural modes is chosen to build

the modal base. As the structural properties of the system are subject to

uncertainty and variations, however, the structural modes will change,

leading to a perturbed modal base Z, and thus one should consequently

write

Z(∆F )T (F 0 + F L∆FF R)Z(∆F )η = 0. (10)

Using a fixed modal base, this implies a potential problem for large

structural variations that perturb the structural modes significantly. For

this kind of variations, the nominal modal base might not represent the

actual flutter modeshape accurately, leading to incorrect results in the

flutter analysis. In the following sections, some means to account for

modeshape variations are presented.

Perturbed modal base

One possibility to account for modeshape variations is to use a linear

approximation of the modeshape variation

Z ≈ Z0 + ZL∆ZZR (11)

where Z0 is the unperturbed modal base, and ZL and ZR are computed

to represent modeshape variations as a function of ∆Z = diag(∆M,∆K).
For computation of ZL and ZR, an approach as presented in [12] was

followed, where the derivative zi,j of each eigenvector zi with respect to

each structural perturbation δj was computed.

Given the derivatives of the mass and stiffness matrices with respect

to the uncertainty parameters

M j =
∂M

∂δj

and Kj =
∂K

∂δj

, (12)

the eigenvector derivative zi,j is computed by solving the linear system

(
K − ω2

i M Mzi

zT
i M 0

)(
zi,j

ε

)

= −

(
[Kj − (ω2

i )jM − ω2
i M j]zi

1
2
zT
i M jzi

)

(13)

where ωi is the ith eigenfrequency and (ω2
i )j = zT

i [Kj − ω2
i M j ]zi is

its derivative with respect to δj. The parameter ε can be regarded as

an error indicator, and should be zero in exact arithmetic [12]. Finally,
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(11) is obtained as

Z = Z0 +

rZ∑

i=1

(z1,i z2,i ... zm,i)
︸ ︷︷ ︸

ZLi






δi

. . .

δi






︸ ︷︷ ︸

∆Zi






1
. . .

1






︸ ︷︷ ︸

ZRi

(14)

where m is the number of considered modes and rZ is the number of

uncertain parameters affecting Z. The matrices

ZL = (ZL1 ZL2 ... ZLrZ
), (15)

∆Z = diag(∆Z1
,∆Z2

, ...,∆ZrZ
), (16)

ZR = (ZT
R1 ZT

R2 ... ZT
RrZ

)T (17)

can then be assembled. This leads to an increase in the size of the

uncertainty when assembling the total system

[Z0 + ZL∆ZZR]T [F 0 + F L∆FF R][Z0 + ZL∆ZZR]η = 0. (18)

Using LFT operations, robust stability is now governed by µ(F (ik))
where

F (ik) =





0 ZT
L ZT

LF 0ZL

0 0 F RZL

0 0 0



−





ZT
LF 0Z0

F RZ0

ZR



 (ZT
0 F 0Z0)

−1[ZT
R ZT

0 F L ZT
0 F 0ZL]. (19)

Note that the higher-order perturbations were transformed to a linear

uncertainty ∆ = diag(∆T
Z ,∆F ,∆Z). Besides the increase in the size of

∆ due to that, one major drawback is that the favorable upper limit of

∆ being in the order of m is no longer valid. In this case, the projected

formulation would actually increase the size of the full-scale problem,

making the modal projection meaningless. The reason for yet applying

it is that the main goal of this investigation is to evaluate whether a

linear approximation of the modeshape variation as such is meaningful.

If it can be shown that (18) delivers accurate results, a more efficient

formulation could possibly be developed.
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Updated modal base

Another approach for solving (10) more efficiently is to apply an itera-

tive solution algorithm, where the flutter equation

ZT
i (F 0 + F L∆FiF R)Ziη = 0 (20)

with fixed Z i is solved to determine the worst-case flutter speed. Then,

the corresponding worst-case mass and stiffness are computed explicitly

from the worst-case perturbation ∆Zi
, and the updated modal base is

computed by solving the eigenproblem

[
K(∆Zi

) + ωi+1M(∆Zi
)
]
Zi+1 = 0 (21)

where K(∆Fi
) and M (∆Fi

) are the perturbed stiffness and mass matri-

ces, respectively. The iterations are terminated when

||∆Zi+1
− ∆Zi

||∞ < γ (22)

where γ > 0 is a specified tolerance parameter, in the case study chosen

in the order of 10−3.

The µ-k algorithm described in [8] was used to compute the worst-

case flutter speed based on (20). For the resulting robust flutter speed

and frequency, an optimization problem similar to the one posed in [13]

is formulated for finding the corresponding worst case perturbation ∆Fi,

posed as

min σ̄(∆Fi) (23)

subject to det(I − ∆FiF (ik,Z i)) = 0.

where F (ik,Z i) is the system matrix evaluated at the robust flutter

speed and the robust flutter frequency k. The minimax formulation (23)

is nonsmooth, but can be reformulated as a smooth optimization prob-

lem [14]. The resulting largest singular value of ∆Fi, here denoted σ̄,

is the inverse of the lower bound of the corresponding µ-value and can

thus be used for judging the result of the optimization. In case of large

differences between the MATLAB [11] upper-bound µ (equal to one for

the converged µ-k algorithm) and the computed lower bound, it is likely

that the computed worst-case perturbation does not correspond to the

worst-case flutter speed. Due to the nonconvexity of the optimization

problem, convergence to the global optimum of (23) can not be guaran-

teed, and thus the optimization was started several times from random

∆Fi for higher accuracy of the lower bound.
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Case study

As a test case, the wind tunnel model earlier presented in [4] is consid-

ered. The semi-span model consists of a composite wing with a trailing-

edge flap that is mounted vertically in the low-speed wind tunnel L2000

at KTH. A finite element structural model and doublet-lattice aerody-

namics were used for numerical analysis. The same wing was consid-

ered and is described in more detail in [4], where uncertain aerody-

namic patches were defined in the wing tip region, as shown in Figure 1.

In the present study, the same aerodynamic uncertainty description

is used. On the contrary to what was done in [4], no validation is

performed to compute a magnitude of the aerodynamic uncertainty.

Instead, throughout all computations, a constant realistic uncertainty

bound of 10% of the pressure coefficients in the uncertain patches was

assumed. In addition to that, a structural variation was included. To

demonstrate the methodology in a simple way, a variable concentrated

mass was put on the leading edge of the wing, at about 40% of the wing

span as shown in the Figure.

Mass balancing 

Figure 1: Wind-tunnel wing geometry with leading edge mass balancing

and uncertain aerodynamic panels in the wing-tip region. The traling-

edge aileron is highlighted

Uncertainty description

As proposed in [4], linear uncertainties in the system matrices are for-

mulated based on physical reasoning. From an analysis point of view,

uncertainties are treated in the same way as variations, for example fuel

level variations. Linear mass variations can for example be written in

the form

M = M0 +

rM∑

j=1

δjwjM δj , δj ∈ [−1, 1] (24)
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where M 0 is the unperturbed mass matrix, M δj is the scaled matrix

representing the perturbation in the mass matrix due to perturbation δj ,

and wj is the perturbation bound, that might conveniently be included

in M δj . The number of perturbations of the mass matrix is rM . Note

that mass balancing modeling requires a perturbed M 0 in order to ob-

tain the stated bounds on δj . In the present case, the mass balancing

mmax was varied from 0 to 1.0 kg to allow for significant variation of the

structural eigenvectors.

By rearranging (24), the uncertain mass matrix can be written in

matrix form according to (2), where the matrices M L and MR can be

chosen in different ways to fulfill (24). As discussed above, the min-

imum representation is such that the size of ∆M has an upper limit

which is in the order of the number of considered modes m for the re-

duced case. In cases where only a few elements of M δi are nonzero, the

size can be reduced to this number.

Expressions for the aerodynamic uncertainty descriptions were de-

rived in [4]. By using LFT-operations for joining the uncertainties in the

different parts of the system, the system matrices (8) and (19) for the

different cases are formed.

Results

For convenient comparison, the results are summarized in Figure 2. The

Figure shows the worst-case flutter speed as a function of the maximum

value for the variable mass balancing. It was shown that, due to its

position at the leading edge, any mass balancing would increase the

flutter speed. The expected solution in all cases was therefore that the

most critical perturbation is a zero mass leading to a flutter speed equal

to the flutter speed of the wing without mass balancing.

As a reference served an analysis of the full-scale system. The full-

scale analysis is computationally expensive and can only be performed

for very small uncertainty descriptions. In the present case, uncertain-

ties that could be treated were chosen. Generally, however, this ap-

proach would be infeasible, and the results only serve as a reference

for comparison to the different approximations. The Figure shows that

the full-scale computation displays a slight variation of the robust flutter

speed, which is due to inaccuracy in the µ computation.

Fixed modal base is the most simple approach because it reduces the

problem size significantly. The computational effort was lowest when
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Figure 2: Comparison of the worst-case flutter speeds for the different

approaches.

this approximation was used. For the case considered, using three eigen-

modes in the modal base gives fairly accurate flutter results if no struc-

tural uncertainty is present. As the structural uncertainty increases,

however, the modeshape variation due to structural variations leads to

a flutter modeshape that cannot be represented by the first three eigen-

modes any longer, leading to an incorrect flutter speed. For the maxi-

mum considered variation, the flutter speed is underpredicted by almost

1 m/s.

Adding two eigenmodes to the modal base increases the accuracy

significantly, along with a slight increase in computational time. The

deviation from the full-scale results is very small. There is however a

deviating trend in the graph indicating that there might be some signif-

icant deviation for increasing variations.

Modal base perturbation was performed using a linear approxima-

tion of the modeshape variation. As expected, the time needed for

computation was by far the longest compared to the other approaches.

As shown in Figure 2, the linear approximation reduces the deviation

from the full scale case especially for smaller variations compared to the

fixed-base case. As the structural variation increases, however, the lin-
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ear approximation yields increasing deviations. This is mainly due to

the actual modeshape variation not being linear with respect to struc-

tural variations. This leads to incorrect modeshape predictions as the

variation increases. An investigation was performed on the impact of

considering higher-order derivatives of the modeshape with respect to

structural perturbations. Results for a representative eigenvector are

shown in Figure 3.
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Figure 3: 3rd eigenvector perturbation due to 0.5 kg mass balancing and

modeshape estimations using Taylor expansions of different order.

The figure shows that, in this specific case, the first-order estimation

overpredicts the modeshape variation due to a fairly large mass balanc-

ing. The first-order estimation in the presented case deviates more from

the true perturbed modeshape than the unperturbed modeshape does,

implying that the first-order estimation even could increase the error.

Considering second and third-order terms improves this estimation, but

an implementation of higher-order Taylor series of matrices, as would

be required for improving (18), would increase the size of the uncer-

tainty description significantly making the problem almost infeasible to

solve.

Modal base iteration combines the small size of the uncertainty de-

scription from the fixed-base approach with the possibility to account
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for modal base variations. Computational time in this case was about

the same as for the fixed base approximation, multiplied by the number

of iterations needed. As shown in Figure 2, the flutter speed is pre-

dicted very close to the flutter speed from the full-scale case. The error

is in the order of the deviation due to the modal formulation as such.

This error is always present since the modal formulation neglects flut-

ter modeshape contributions of higher modes, and it is visible even for

zero structural variation. The worst possible perturbation computed by

(23) for updating the modal base was zero mass balancing, which is ex-

pected. The iteration converged after one step, since both the initial and

the updated modal base yielded the same worst-case perturbation and

thus fulfilled (22).

Conclusions

In this paper, the need for taking modeshape variations into account in

robust flutter analysis has been investigated. In general, when dealing

with small structural variations, the fixed modal base is sufficiently accu-

rate. Even though structural uncertainties as such can have great impact

on the flutter behavior, the impact due to modeshape variations appears

to be a secondary effect. For large variations, however, there might be

cases where the modeshape variation leads to considerable flutter speed

variations, as was shown in the case study. The main problem is that it

is not possible to tell intuitively what kind and amount of uncertainty or

structural variation eventually requires a perturbed or updated modal

base.

Using a first order Taylor expansion of the modal base is not very

useful, since in cases with small perturbations, modeshape variations

can be neglected, and in cases with larger perturbations, the linear ap-

proximation can lead to even worse results than the unperturbed modal

base. Higher-order Taylor expansions for the modeshape variation, on

the other hand, lead to an significant increase of the uncertainty descrip-

tion, making the modal reduction meaningless.

Two approaches were found for efficiently treating the modeshape

variation problem when having large structural perturbations. First,

the modal base could simply be increased by higher-order eigenmodes,

hence increasing the range of the modal base allowing for more vari-

ations of the eigenvectors. The advantage of this method is a rather

trivial implementation. One drawback is the increase of the uncertainty

description since the number of structural modes in the reduced base is
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an upper limit for the size of the uncertainty. Another problem is that

there is no guarantee that the additional modeshapes cover the varia-

tions due to a certain structural variation.

Secondly, the iterative approach turned out to be promising. The

main advantage is that a small uncertainty description is conserved in

each iteration. Drawbacks are that computational time increases, de-

pending on the number of required iterations. Further, there is no guar-

antee that the iterations finally converge, since the underlying optimiza-

tion problem is non-convex.

These two means of accounting for modeshape variations are poten-

tially applicable. Concerning the computational effort, it depends on the

nominal system and the uncertainty description which method is more

efficient. For simple structural uncertainties, the iterative method will

converge fast making the iterative method favorable. For more compli-

cated descriptions, the performance of both methods has to be investi-

gated further to make any firm statement.
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