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 Abstract 
The objectives of this thesis are to understand the electronic structures of oxides and 

oxynitrides for photocatalytic water splitting, examine the Casimir interaction between 
oxides, and explore possible approach to bridge the Casimir force and material properties for 
advanced material research. The studies were performed in the framework of the density 
functional theory, many-body perturbation theory, i.e, the GW approximation and Bethe-
Salpeter equation, as well as the Casimir-Lifshitz approach.  

The thesis consists of two sets of results. In the first part (papers I−VI), the electronic 
structures of oxynitrides, i.e., ZnO−GaN and ZnO−InN, with different compositions and 
local structures have been studied. The oxynitrides reduce the band-gap energies 
significantly compared to the binary counterparts, enabling the oxynitrides to act as visible 
light active photocatalysts. Formation of cluster--like structures further reduces the band-gap 
and delocalizes the valence bands, benefiting higher optical absorption. Furthermore, the 
energy levels between oxynitride and water were aligned using a surface model adapted 
from semiconductor heterostructure. 

In the second part (papers V−IX), the electronic structures of oxides as well as the 
Casimir interactions have been examined. In particular, we investigated the differences of 
optical and electronic properties between SnO2 and TiO2 polymorphs in terms of band-edge 
characters and electron-phonon coupling. In addition, we synthesized a mesoporous material 
possessing two types of pore structures (one is hexagonal ordered with pore diameter of 2.60 
nm and the other is disordered with pore diameter of 3.85 nm). The pore framework contains 
four-coordinated titanium and oxygen vacancies, verified by both experimental 
measurements and density-functional theory calculations. Utilizing the predicted properties 
of the materials, we studied the Casimir interactions. A stable equilibrium of Casimir force is 
achieved in planar geometry containing a thin film and porous substrates. Both the force and 
equilibrium distance are tuned through modification of the material properties, for instance, 
optical properties and porosity. Furthermore, we adapted this concept to study the 
interactions between gas bubbles and porous SiO2 in water. A transition from repulsion to 
attraction is predicted, which highlights that the bubbles may interact differently at different 
surface regions. 

 

Key words: photocatalysis; water splitting; oxynitrides; dielectric function; first-principles 
calculation; density functional theory; electronic structures; Casimir interaction  

 

 



 

 ii 

 

Sammanfattning 
Syftet med denna avhandling är att förstå elektronstrukturer i oxider och oxynitrider för 

fotokatalytisk vattensplittring, undersöka Casimir-växelverkan mellan oxider, samt att 
utforska möjliga tillvägagångssätt för att överbrygga Casimir-krafter och materialegenskaper 
inom avancerad materialforskning. Studierna utfördes inom de teoretiska ramarna för 
täthetsfunktionalteorin och mångpartikelsteorin, vilket involverar GW approximation och 
Bethe-Salpeter-ekvationen, och en Casimir-Lifshitz-modell. 

Avhandlingen består av två uppsättningar av resultat. I den första delen (artiklarna I−VI) 
studerades elektronstrukturerna i oxynitriderna ZnO−GaN och ZnO−InN, med olika 
sammansättningar av nitrider och zinkoxid, och även material med lokala kristallstrukturer. 
Tillsättning av galliumnitrid eller indiumnitrid i zinkoxid minskar avsevärt det elektroniska 
bandgapet jämfört med det rena oxidmaterialet. Detta gör att oxynitrider kan absorbera större 
del av det synliga solljuset och därmed fungerar bättre som fotokatalysator. 
Klusterformationer av nitrider i oxidmaterialet minskar ytterligare bandgapet och 
delokaliserar valensbanden ännu mer; detta är en fördel då det ger en högre optisk absorption 
för en mindre koncentration av nitriden. Energinivåerna för valensbandsmaximum och 
ledningsbandsminimum hos oxynitriderna har modellerats, och med rätt nitridkoncentration 
och klusterformationer kan energierna anpassas för optimerad funktionalitet. 

I den andra delen (artiklarna V−IX) har elektronstrukturerna hos oxider och Casimir-
växelverkan undersökts. I synnerhet studerades skillnaderna i de optiska och elektroniska 
egenskaperna mellan SnO2- och TiO2-polymorfer och då egenskaperna hos 
energibandkanterna och hos elektron-fonon-kopplingen.  

Dessutom syntetiserade vi ett mesoporöst material med två olika typer av porstrukturer 
(en är sexkantig kristallstruktur med pordiameter på 2,60 nm och den andra är i kristallin 
oordning med pordiameter på 3,85 nm). Porstrukturerna innehåller fyrkoordinerade titan- 
och syre-vakanser, och detta bekräftas av både de experimentella mätningarna och 
beräkningarna. Med hjälp av de beräknade egenskaperna hos oxiderna så har vi studerat 
Casimir-växelverkan. Vi har funnit en stabil Casimir-kraft i jämvikt för ett system med en 
plan geometri som innehåller en tunn film och ett porösa underlag. Både kraften och 
jämviktsavståndet kan kontrolleras genom modifiering av materialegenskaperna, till 
exempel, de optiska egenskaper och/eller porositet hos oxiden. Vi utnyttjade detta koncept 
för att studera samspelet mellan gasbubblor och poröst SiO2 i vatten. En övergång från 
repulsion till attraktion kunde förutses, vilket demonstrerar att bubblorna kan växelverka på 
olika sätt vid olika ytregioner. 
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Chapter	  1	  	  

About	  the	  thesis	  	  

This chapter gives an overview of the thesis, in particular covers the research 
background, motivation and framework of the thesis.  

1.1 Background 

Converting solar energy into chemical energy is an ultimate way to obtain 
fuel sustainably. The yearly average solar irradiance per second reaching a 
plane outside of the atmosphere of the Earth is roughly 1367 W/m2, which also 
known as solar constant [1]. When the solar energy passes through the 
atmosphere and reaches the surface of Earth, there are about 25−30% energy 
losses due to absorption and scattering of the atmosphere. Taking into account 
the effects of the seasons, latitudes, nights, as well as the climate, the average 
solar irradiance reaching the surface of Earth is about 200 W/m2 [2]. Therefore, 
the annual energy power reaching the surface of Earth is about 2.2×108 TWh 
[2, 3], which meets the annual world energy consumption. However, efficiently 
harvesting and storage solar energy is still a big challenge. Therefore, direct 
conversion of solar energy into fuels, which are relatively easy for both storage 
and transportation, is urgently desirable. Undoubtedly, fossil fuels are still 
irreplaceably dominating the fuel energy market, but the increment of 
renewable fuels in the future is clear, especially with the development of the 
fuel cell technologies that could catalyze the renewable fuel technologies. 
Figure 1.1 shows an outlook of the fuel energy consumption and increments 
predicted by BP Energy [4]. In the coming twenty years, the renewable fuels 
are expected to be continuously increasing. 
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Figure 1.1 The outlook of the fuel energy consumption and increments in twenty years. 
Published by BP Energy in January 2014 [4]. 

The natural way to convert solar energy into chemical energy is natural 
photosynthesis in which the plants convert solar energy into carbohydrates and 
other complex biomass. Artificial photosynthesis, which refers to any scheme 
that converts solar energy into chemical energy [5], is a potential technology 
for solar fuel generation. Direct split of water into oxygen and hydrogen, which 
currently is the most active area in artificial photosynthesis, is regarded as a 
cleanest way to obtain hydrogen. Historically, the concept using hydrogen 
generated from water as fuel was first launched by Jules Verne in 1874 in the 
book “The Mysterious Island” where he claimed that “water will be the coal of 
future” [6]. Since the discovery of the first water splitting photoelectrochemical 
cell based on TiO2 and Pt in 1972 [7], solar driven hydrogen generation from 
water has becomes practically available. Recently, with the lack of energy and 
environment challenge, the solar driven water splitting becomes more and more 
attractive [8-10].  

1.2 Motivation  

At current stage, the development of photocatalytic water splitting is 
obstructed by lack of cheap, efficient, and robust photocatalysts. Quantum 
mechanics based modeling is an essential tool to accelerate the development of 
photocatalysts, particularly in identifying the electronic structures, band-gap 
energies (Eg), and band-edge positions. On the other hand, the van der Waals 
and/or Casimir interaction at semiconductor/water interface as well as between 

© BP 2014
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semiconductors can also be important in designing and fabricating device and 
system. Therefore, this thesis aims to computationally study the electronic 
structures and optical properties of oxide semiconductors for photocatalytic 
water splitting. The van der Waals and Casimir interactions are also studied in 
the framework of Casimir-Lifshitz theory. Although it is not really from first-
principles and still far away from realistic modeling, the main purposes of this 
part are to use the calculated dielectric functions to study the van der Waals and 
Casimir interactions, and explore possible approaches to bridge the Casimir 
interaction and materials properties. 

1.3 Framework of the thesis 

This thesis possesses three parts and seven chapters therein. The part I, 
introduction, gives an overview of the research statement, computational 
methods applied in the research works. It consists of five chapters: after 
background introduction in this chapter, the research statement of 
photocatalytic water splitting is presented in Chapter 2. In Chapter 3, the 
computational methods, for instance, density functional theory (DFT), many-
body perturbation theory, and phonon calculation are presented. Thereafter, the 
optical properties and dielectric functions are presented in Chapter 4. In 
Chapter 5, the van der Waals and Casimir interactions, which exist between 
any materials at nanoscale, are briefly discussed. The part II, summary of the 
papers, consists of one chapter that summarizes published papers and 
comments on further work. The part III, compilation of scientific papers, 
consists of eight papers and one manuscript.  
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Chapter	  2	  

Computational	  methods	  

Solid materials are composed of a large number of electrons and nuclei that 
govern the properties of the materials. In order to theoretically model the 
properties from first-principles, the many-particle Schrödinger equation should 
be solved. In practice, it is difficult to solve this equation directly due to the 
coupling of different interactions and the larger number of particles involved in. 
Therefore, different approximations have been presented to solve the many-
particle Schrödinger equation. This chapter summarizes the key approximations 
used in the research work, including Born-Oppenheimer approximation, Hartree-
Fock approximation, density functional theory, and, one- and two-particle 
excitation methods.  

2.1 Many-particle Schrödinger equation 

For a material consisting of a large number of electrons and nuclei, the static 
many-particle Schrödinger equation excluding the relativistic interaction is 
 HeNΨ(R,r) = EeNΨ(R,r),   (2.1) 

where Ψ(R,r)  is the many-particle wavefunction of the system with a set of 
nuclear coordinates R as well as electron spatial and spin coordinates r, the 
eigenvalue EeN is the energy of the system, HeN is the Hamiltonian with the 
form 

 
 
HeN = − !2

2MII
∑ ∇2 − !2

2mei
∑ ∇2 +VNN −VeN +Vee,   (2.2) 

where 
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VNN = 1
2

ZIZI 'e
2

R I −R I 'I≠I '
∑

VeN = ZIe
R I − rii

∑
I
∑

Vee =
1
2

e2

ri − ri 'i≠i '
∑

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

,   (2.3) 

denote the Coulomb interactions between nuclei-nuclei, nuclei-electrons, and 
electrons-electrons, respectively, I and i denote the Ith nucleus and ith electron, 
MI and ZI are the mass and charge of the Ith nucleus, respectively, me is the 
electron mass,  −!

2∇2 2MI  and  −!
2∇2 2me are the kinetic energy operator of 

corresponding nucleus and electron, respectively. For sake of simplicity, the 
1/4πε0 term is set to 1. The charge density of this many-particle system is 

 neN = Ψ(R,r) 2 .  (2.4) 

The two-particle operators in the HeN involve a large number of summation 
terms. Moreover, it is not straightforward to apply single- and two-particle 
operators to the many-particle wavefunction. The approximation that decouples 
the movement of nuclei and electrons is therefore introduced.  

2.2 Born-Oppenheimer approximation 

Consider the movement of nuclei is much slower than that of electrons due 
to their larger masses (the mass for one proton and electron is M = 2 ×10−27 kg 
and me = 9 ×10−31 kg, respectively), the interactions between nuclei and 
electrons can be decoupled using the Born-Oppenheimer approximation [11]. 
Within this approximation, the electrons are regarded instantaneously adjusting 
their positions to follow the movement of the nuclei. Concerning the movement 
of electrons, the nuclei are treated fixed in their instantaneously coordinate R. 
Consequently, the many-particle wavefunction is written as a product of the 
nuclei and electron wavefunctions. In the simplest approximation, one assumes 
that [12]  
 Ψ(R,r) =ψ (r;R)Φ(R),   (2.5) 

where Φ(R) is the nuclear wavefunction, ψ (r;R) is the many-electron 
wavefunction with nuclei at coordinates R. Inserting Eq. (2.5) into Eq. (2.1), 
the many-particle Schrödinger equation becomes 
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 HeNψ (r;R)Φ(R) = EeNψ (r;R)Φ(R).  (2.6) 

Multiplying ψ *(r;R)  to both sides of Eq. (2.6) and integrating over the 
variables r, one gets  

 ψ *(r;R)HeNψ (r;R)Φ(R)dr∫ = EeN ψ *(r;R)ψ (r;R)Φ(R)dr∫ ,   (2.7) 

which can be further derived as 

 ψ *(r;R)Heψ (r;R)Φ(R)dr∫ + ψ *(r;R)HNψ (r;R)Φ(R)dr∫ = EeNΦ(R),  (2.8) 

with  

 

 

He = − !2

2mii
∑ ∇2 − ZIe

R I − rii
∑

I
∑ + 1

2
e2

ri − ri 'i≠i '
∑

HN = − !2

2MII
∑ ∇2 + 1

2
ZIZI 'e

2

R I −R I 'I≠I '
∑

⎧

⎨
⎪
⎪

⎩
⎪
⎪

,  (2.9) 

where He is many-electron Hamiltonian at the nuclear coordinates R, HN is the 
nuclear Hamiltonian, and HeN = He + HN. The many-electron Schrödinger 
equation is 
 Heψ (r;R) = Ee(R)ψ (r;R),   (2.10) 

where Ee(R) is the total energy of the many-electron system at nuclear 
coordinates R. This is the fundamental equation for many-electron system. The 
charge density of the system is 

    n(r;R) = ψ (r;R)
2
.   (2.11) 

Inserting Eq. (2.10) into Eq. (2.8) and taking the derivative of the product, Eq. 
(2.8) is written as  

 TN +T '+T ''+VNN + Ee(R)[ ]Φl (R) = EeNΦl (R),   (2.12) 

with  

 

 

TN = − −!2

2MI

∇2

I
∑

T ' = − −!2

2MII
∑ ψ l

*(R,r)∇ψ l (R,r) ∇

T '' = − −!2

2MII
∑ ψ l

*(R,r)∇2 ψ l (R,r)

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

.  (2.13) 
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Ignoring the T '  and T ''  terms [11, 13], the nuclei Schrödinger equation within 
Born-Oppenheimer approximation becomes 

 TN +VNN + Ee(R)[ ]Φl (R) = EeNΦl (R),   (2.14) 

with Ee(R) is the total energy of many-electron system at nuclear coordinates R 
as stated above. The VNN and Ee(R) at different nuclear coordinates R form a 
curve that is normally called potential energy surface  
 EP (R) =VNN (R)+ Ee(R). (2.15) 

If the potential energy surfaces of a system at different states are well separated 
in the whole nuclear coordinates (non-degenerated), the system is the Born-
Oppenheimer system; if the potential energy surfaces degenerated at some 
point, the system is called Jahn-Teller system (Figure 2.1). 

 
Figure 2.1 Schematic illustration of the one-dimensional non-degenerated (left panel) and 
degenerated (right panel) potential energy surfaces, R is the nucleus coordinates and R0 is 
the equilibrium coordinates. E0, E1, and E2 are the ground, first, and second excited states 
respectively. The figure is regenerated from reference [14] 

Within the Born-Oppenheimer approximation, the many-particle 
Schrödinger equation can be solved approximately. However, due to the 
decoupling of electrons and nuclei (neglecting of the T '  and T ''  terms), the 
electron-phonon coupling is excluded. 

2.3 Hellmann-Feynman force 

The force acting on individual nucleus I in the electronic ground state is the 
first-derivative of the total energy Ee(R) to the nuclear positions R. This force 
can be further calculated from the Hellmann-Feynman theorem stating that the 
first derivative of the eigenvalue E(λ) of a parametric dependent Hamiltonian, 

R 

E E2(R) 

E1(R) 

E0(R) 

R 

E2(R) 

E1(R) E0(R) 

E 

R0 R0 
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H(λ), is given by the first derivative of the expectation value of the first 
derivative of the Hamiltonian [13, 15]: 

 
  

∂E(λ)
∂λ

= ψ (λ) ∂H (λ)
∂λ

ψ (λ) .   (2.16) 

To calculate the force using the Hellmann-Feynman theorem, simply 
specifying the general parameter λ to be the nuclear coordinates R. In the 
follow paragraphs, a briefly derivation of the Hellmann-Feynman force is 
presented.  

Considering the many-electron system in Eq. (2.10), the nuclear coordinates 
R can be regarded as external parameters. Multiplying    ψ l ' (r;R)  to Eq. (2.10), 
one gets  

 ψ l ' (r;R) He(λ)ψ l (r;R) = Ell ' (R)δ ll ' ,   (2.17) 

where l and l’ denote the different quantum states. Deriving both sides of the 
above equation with respect to the parameter R:  

 

∂ψ l ' (r;R)
∂R

He(R)ψ l (r;R) + ψ m ' (r;R)
∂He(R)
∂R

ψ l (r;R)

+ ψ l ' (r;R) He(R)
∂ψ l (r;R)

∂R
= ∂Ell ' (R)

∂R
δ ll ' .

 (2.18) 

Inserting Eq. (2.10) to (2.18): 

ψ l ' (r;R)
∂He(R)
∂R

ψ l (r;R) + (Ee,l ' − Ee,l )
∂ψ l ' (r;R)

∂R
ψ l (r;R) = ∂Ell ' (R)

∂R
δ ll ' .  (2.19) 

In the case of l = l’, the second term on the left side of Eq. (2.19) vanishes, 
thus:  

 ψ l (r;R)
∂He(R)
∂R

ψ l (r;R) =
∂Ee,l (R)

∂R
= F.  (2.20) 

This is the expression of the Hellmann-Feynman force stating that the force F 
acting on nuclei can be calculated through the first derivative of Hamiltonian 
He(R). Using the expression of the many-electron Hamiltonian He, the 
Hellmann-Feynman force acting on nucleus I can be written as (for sake of 
simplicity, the quantum state l is omitted): 
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FI = − ∂Ee(R)
∂R I

= − ψ (r;R) ∂He(R)
∂R I

ψ (r;R)

= − n(r;R) ∂VNe(r;R)
∂R I

∫ dr − ∂VNN (R)
∂R I

.

  (2.21) 

Differentiating the Hellmann-Feynman force with respect to the nuclear 
coordinates, one gets the Hessian of the Born-Oppenheimer energy surface: 

 

∂2Ee(R)
∂R I ∂RJ

= − ∂FI
∂RJ

= ∂n(r;R)
∂RJ

∫
∂VNe(r;R)

∂R I

dr + n(r;R) ∂
2VNe(r;R)
∂R I ∂RJ

∫ dr + ∂2VNN (R)
∂R I ∂RJ

.
  

  (2.22) 

Calculating Eq.   (2.22) requires calculation of ground state charge 
density nR(r) and the linear response of nR(r) to the displacement of nuclear 
position [15-17]. This Hession matrix also called the matrix of interatomic 
force constants C. With the help of force constant, one gets the phonon 
frequencies ω through 

 
   
det 1

M I M J

∂2 E(R)
∂R I ∂R J

−ω 2 = 0.  (2.23) 

2.4. Hartree-Fock approximation 

Although the interactions between electrons and nuclei are decoupled 
through Born-Oppenheimer approximation, it is still a challenge to solve the 
many-electron Schrödinger equation. One possible solution is to separate   ψ (r)  
(omit R for simplicity, the same for n(r) follows) into a set of one-electron 
wavefunctions then solve the one-electron Schrödinger equation. The first 
approach is Hartree approximation in which   ψ (r)  is represented as a product of 
a set of one-electron wavefunctions. Exchange of the positions of any two 
electrons does not change the wavefunction. A further improvement of the 
Hartree approximation is the Hartree-Fock approximation in which the many-
electron wavefunction is represented by an anti-symmetrized Slater 
determinant of a set of one-electron wavefunctions. Exchanging the positions 
of any two electrons changes the sign of   ψ (r) . Within the Hartree-Fock 
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approximation, the exchange term is added in the Hamiltonian but the 
correlation is not included. 

2.4.1 Hartree approximation 

The many-electron wavefunction of a N-electron system in Hartree 
approximation is represented as 

  ψ
H (r) = φ1(r)φ2 (r)!φN (r),   (2.24) 

where    φi (ri )  (i=1···N) is the one-electron wavefunction of ith electron at 
coordinate ri, ψ H (r)  is the wavefunction in the Hartree approximation. The 
total energy within the Hartree approximation is 

 
EH = ψ H (r) He ψ

H (r)

= φi (ri ) Hi φi (ri )
i
∑ + 1

2
φi (ri )φi ' (ri ' )

e2

ri − ri '
φi (ri )φi ' (ri ' )

i≠i '
∑ ,

 (2.25) 

where Hi is the one-electron Hamiltonian 

 
 
Hi = − !

2

2mi

∇2 − ZIe
R I − riI

∑ . (2.26) 

The Schrödinger equation in the Hartree approximation can be obtained 
through variation of the wavefunction with respect to the total energy 
(assuming 

 
φi φ j = δ ij ) [18, 19]: 

 Hi +VH( ) φi (ri ) = Ei
H φi (ri ) ,   (2.27) 

with 

 VH = φi ' (ri ' )
e2

ri − ri '
φi ' (ri ' )

i '
∑ ,   (2.28) 

is the Hartree potential describing the Coulomb repulsion between electrons. 
Multiplying φi (ri )  to Eq. (2.27) and summing over all the electrons, the total 
energy in Eq. (2.25) becomes 

 EH = Ei
H

i
∑ − 1

2
φi (ri )φi ' (ri ' )

e2

ri − ri '
φi (ri )φi ' (ri ' )

i≠i '
∑ .   (2.29) 

In the Hartree approximation, the exchange of any two one-electron 
wavefunctions does not change ψ H (r) . The next major improvement of the 
Hartree approximation is called Hartree-Fock approximation, where the many-
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electron wavefunction is represented by an anti-symmetrized Slater 
determinant of a set of one-electron wavefunctions. 

2.4.2 Hartree-Fock approximation 

Hartree-Fock approximation constructs a wavefunction in an anti-symmetric 
way. The many-electron wavefunction can be expressed in the form of Slater 
determinant  

 

   

ψ HF (r) = 1
N !

φ1(r1) φ1(r2 ) ⋅⋅⋅ φ1(rN )

φ2(r1) φ2(r2 ) ⋅⋅⋅ φ2(rN )

⋅ ⋅ ⋅
⋅ ⋅ ⋅
⋅ ⋅ ⋅

φN (r1) φN (r2 ) ⋅⋅⋅ φN (rN )

,  (2.30) 

where    φi (ri )  (i=1···N) is the one-electron wavefunction of ith electron at 
coordinate ri. The total energy EHF  in Hartree-Fock approximation is: 

 

EHF = ψ HF (r) He ψ
HF (r)

= φi (ri ) Hi φi (ri )
i
∑ + 1

2
φi (ri )φi ' (ri ' )

e2

ri − ri '
φi (ri )φi ' (ri ' )

i≠i '
∑

− 1
2

φi (ri )φi ' (ri ' )
e2

ri − ri '
φi ' (ri )φi (ri ' )

i≠i '
∑ .

  (2.31) 

Using the variational principle, one gets the Schrödinger equation within the 
Hartree-Fock approximation  

 Hi +VH +Vex( ) φi (ri ) = Ei
HF φi (ri ) ,   (2.32) 

with  

 Vex = φi ' (ri ' )
e2

ri − ri '
φi (ri ' )

i '(i≠i ')
∑   (2.33) 

is the exchange potential, The summation is only for electrons with same spin. 
The total energy within the Hartree-Fock approximation therefore is 
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EHF = φi (ri ) Hi φi (ri ) + φi (ri ) VH φi (ri )
i '(i '≠i )
∑ − φi (ri )φi ' (ri ' )

e2

ri − ri '
φi (ri ' )φi ' (ri )

i '(i '≠i )
∑

= Ei
HF

i
∑ − 1

2
φi (ri ) VH φi (ri )

i '(i '≠i )
∑ + 1

2
φi (ri )φi ' (ri ' )

e2

ri − ri '
φi ' (ri )φi (ri ' )

i≠i '
∑ ,

 

(2.34) 

which includes the exchange interactions.  

2.5 Density functional theory 

In the Hartree and Hartree-Fock approximations, the many-electron 
wavefunction is approximated as a product of a set of one-electron 
wavefunctions. In density functional theory (DFT), it shifts to approximate the 
ground state electron density and Hamiltonian. The DFT shows that the ground 
state energy of a many-electron system can be expressed as a functional of the 
ground state density and minimization of this functional can, in principle, 
determine the ground state energy. Moreover, it shows that all other physical 
properties of a many-electron system at ground state are unique functional of 
the ground state density. However, how to construct the functional was not 
stated. Kohn and Sham [20] provided a way to approximate the ground state 
functional of a many-electron system.  

2.5.1 Hohenberg-Kohn theorems 

The DFT is based on the two theorems named the Hohenberg-Kohn 
theorems that can apply to any interacting system in an external potential [21]. 
In this thesis, I only state the two theorems without proven (the statement of 
this theorems are based on text from Electronic structure: basic theory and 
practical methods [22]).  

Theorem I: For any system of interacting particles in an external potential 
Vext(r), the external potential Vext(r) is a unique functional of the ground state 
density n0(r), except for a constant, that is: 
 Vext (r) = F[n0 (r)].   (2.35) 

Theorem II: For any particular potential, the exact ground state energy is 
the global minimum value of this functional and the density that minimizes the 
functional is the exact ground sate density.  

For a many-electron system with nuclei fixed at certain coordinates, the 
electron-nucleus potential VeN(r) in Eq. (2.3) can be regarded as an external 
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potential, Vext(r). From the Hohenberg-Kohn theorems, the external potential 
Vext(r) is uniquely determined, except for a constant, by the ground state density 
n0(r) if it is known. Consequently, the Hamiltonian He is uniquely determined 
by the ground state density. The relations established from the Hohenberg-
Kohn theorems are illustrated in Figure 2.2. The ground state energy thus is in 
the form of functional of the ground state density 

 

E0[n0 (r)] = ψ [n0 (r)] He ψ [n0 (r)]

= ψ [n0 (r)]T +Vee +Vext ψ [n0 (r)]
= T [n0 (r)]+Vee[n0 (r)]+Vext[n0 (r)],

  (2.36) 

where the T[n0(r)] is the kinetic energy of the many-electron system, Vee[n0(r)]  
is the electron interaction energy, and Vext[n0(r)] is the energy of external 
potential. 

 
Figure 2.2 Schematic illustration of the Hohenberg-Kohn theorems. The external potential 
Vext(r) determines the states    ψ i (r)  of the system including the ground state   ψ 0 (r)  that 
determines the ground state density n0(r). With the ground state density n0(r), the external 
potential Vext(r) is determined according to the Hohenberg-Kohn theorems. The figure is 
regenerated from reference [22]. 

The Hohenberg-Kohn theorems provide a way to obtain the ground state 
properties from the ground state density solely, which, in turn, is determined by 
the ground state wavefunctions that is unknown. In 1965, Kohn and Sham 
stated an approach that replaces the many-body problems by an auxiliary non-
interaction electron system [20]. 

2.5.2 The Kohn-Sham approach 

In the Hartree-Fock approximation, the many-electron wavefunction is 
replaced by the Slater determinant neglecting the correlation interactions. In the 
Hohenberg-Kohn theorems, the wavefunction keeps the same as the many-

  ψ 0(r)

   n0(r)

   ψ i(r)

   Vext (r)

Hobenberg�Kohn 
theorems 
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electron wavefunction, the total energy of ground state is determined by the 
electron density n0(r) as shown in Eq. (2.36). However, the form of energy 
functional E[n0(r)] is still unkown. Kohn-Sham approach, which takes the idea 
from both the Hartree-Fock approximation and the Hohenberg-Kohn theorems, 
replaces the many-electron system by a non-interaction auxiliary system that 
can be solved. Kohn-Sham ansatz [20] assumes that the exact ground state 
density of a many-electron system can be represented by the ground state 
density of an auxiliary system (Kohn-Sham system) of non-interacting 
electrons; the corresponding Hamiltonian is chosen to have kinetic operator 
TKS and effective potential Veff. The relation between full interacting many-
electron system and the non-interacting system is schematically illustrated in 
Figure 2.3.  

 
Figure 2.3. The schematic illustration of the Kohn-Sham ansatz: the fully interacting system 
contains the many-body interactions, which can be represented by the non-interaction system 
based on the Hohenberg-Kohn theorems and the Kohn-Sham ansatz, which contains the 
Hartree interactions and leaving the exchange-correction interactions in the effective 
potential Veff (indicated by grey area).  

The Hamiltonian of the Kohn-Shan system is chosen to have form of H = T 
+ Veff , where T is the kinetic operator of non-interaction electron system and 
Veff is an effective potential acting on one electron at coordinate r. Assume that 
the wavefunction has Hartree-like form 

  ψ
KS (r) = φ1

KS (r1)φ2
KS (r2 )!φN

KS (rN ),   (2.37) 

where φ1KS (r1)  is the one-electron wavefunction of the Kohn-Shan system. The 
ground state density has expression of 

 n0
KS (r) = φi

KS (ri )
i
∑ 2

= n0 (r),   (2.38) 

full interacting particle  Kohn-Sham particle 

Same ground-state  
density n0(r) 

Fully interacting system Non-interacting system 
Hohenberg-Kohn theorems 

and Kohn-Sham ansatz 
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which is equal to the exact ground state density n0(r) of many-electron system 
according to the Kohn-Sham ansatz. Consequently, these two systems have the 
same total energy 

 E0
KS[n0

KS (r)] = E0[n0 (r)] = T [n0 (r)]+Vee[n0 (r)]+VeN [n0 (r)].  (2.39) 

Reforming the expression of the total energy in Eq. (2.39) 

  

E0[n0 (r)] = T [n0 (r)]+Vee[n0 (r)]+VeN [n0 (r)]
= T KS[n0 (r)]+V

KS[n0 (r)]+VeN [n0 (r)]
+{(T [n0 (r)]−T

KS[n0 (r)])+ (Vee[n0 (r)]−V
KS[n0 (r)])},

  (2.40) 

where TKS and VKS are kinetic and potential energy of the auxiliary system, 
which have the same expression of Hartree approximation 

 
 
T KS[n0 (r)] = φi

KS

i
∑ (ri ) −

!2∇2

2me

φi
KS (ri ) ,   (2.41) 

and 

 V KS = φKS e2

ri − ri '
φKS

i
∑ .   (2.42) 

In Eq. (2.40), the TKS, VKS, and VeN terms can be calculated using the methods 
stated in the Hartree approximation. The remaining part, which can not be 
calculated exactly, is defined as exchange-correlation energy Exc[n0(r)] that 
includes many-body interaction and part of the kinetic energy 

 Exc[n0 (r)] = (T [n0 (r)]−T
KS[n0 (r)])+ (Vee[n0 (r)]−V

KS[n0 (r)]),   (2.43) 

Minimization total energy E0 with respect to the wavefunction    φi
KS (r)  using the 

variatrional principle 

 δ
δφi

KS (ri )
E[n0 (r)]− Ei φi

KS (ri ) φi
KS (ri ){ } = 0.   (2.44) 

Inserting Eq. (2.40) into Eq. (2.44) and re-writing the total energy 

 δ
δφi

KS φi
KS∑ Hi φi

KS + 1
2

φi
KSφi '

KS

ii '
∑

e2

ri − ri '
φi
KSφi '

KS + Exc − λ φi
KS φi

KS⎧
⎨
⎩

⎫
⎬
⎭
= 0.  (2.45) 

The variation of Exc is 

 δExc[n0 (r)] = Vxc∫ (r)δn0 (r)dr = Vxc∫ (r)δ φi
KS (ri )φi

KS (ri )
i
∑ dr,   (2.46) 
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with the exchange-correlation potential Vxc (r) is  

 Vxc(r) =
δExc[n0 (r)]
δn0 (r)

.   (2.47) 

Using the variational calculation of Eq. (2.45) together with the Eqs. (2.46) and 
(2.47), the Kohn-Sham equation is obtained 

 
 
− !

2∇2

2me

+VeN (r)+VH (r)+Vxc(r)
⎡

⎣
⎢

⎤

⎦
⎥φi

KS (r) = Eiφi
KS (r).  (2.48) 

To analogy to the Schrödinger equation of the non-interaction system, the 
summation of VeN(r), VH(r), and Vxc(r) terms in Eq. (2.48) generally is written 
as one effective potential Veff(r) 

 
   Veff (r) =VeN (r)+VH (r)+Vxc(r).   (2.49) 

The ground state total energy therefore is 

 E0 = Ei
i
∑ − 1

2
φi 'φi '∑ e2

ri − ri '
φi 'φi ' + Exc[n0 (r)]+ Vex∫ n0 (r)dr.  (2.50) 

If the exchange-correlation potential is known, the Kohn-Sham equation 
determines exactly the electron density and ground state energy. Unfortunately, 
the exchange-correlation potential is unknown and it should be solved 
approximately. 

2.5.3 Approximations to the exchange-correlation functional 

There are several approximations for the exchange-correlation energy, Exc, I 
only briefly present the local density approximation (LDA), generalized 
gradient approximation (GGA) as well as Heyd-Scuseria-Ernzerhof (HSE) 
hybrid functional in this thesis. 

Local density approximation 

The idea of LDA comes from homogeneous electron gas in which the 
density is a constant in the whole space. In LDA, a small space dr3 of a system 
is approximately treated to be a constant with density of n0(r). The exchange-
correlation energy at this position r, therefore, is written g[n0(r)]. The 
exchange-correlation energy in the whole space is 

 
   Exc

LDA[n0(r)] = n0(r)g[n0(r)]dr3∫ .   (2.51) 
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Within this approximation, the exchange-correlation energy depends only on 
the local electron density. It is expected that it is good approximation for solids 
close to homogeneous electron gas. LDA also works very well for many solids 
with properties away from the homogeneous electron gas. However, one 
common problems of LDA is over-estimation of the binding energy, and under-
estimation of the lattice constant in most cases. 

Generalized Gradient Approximation 

GGA takes the gradient of the density as a variable of the exchange-
correlation functional [23] 

 
   Exc

GGA[n0(r)] = n0(r)g[n0(r), ∇n0(r) ]dr3∫ ,   (2.52) 

where ∇|g[n0(r)]| is the gradient of the density n0(r). GGA exists in many 
forms, PW91 by Perdew and Wang [24] and PBE by Perdew, Burke and 
Enzerhof [25]. Comparing to LDA, GGA reduces the over-estimation of 
binding energy and improves agreement with experiments. Actually, in many 
cases GGA leads to under-estimation of the binding energy. 

HSE hybrid functional 

In LDA and GGA approximation, the exchange and correlation functional 
are approximated calculated. Mixing the Hartree-Fock exchange energy with 
the Kohn-Sham correlation energy, the exchange-correlation functional can be 
better described. Marsman et al [26, 27] split the Hartree-Fock exchange 
energy into long- and short-range parts. They replaced the long-range part by 
the long-range term of PBE and mixed the short-range part with short-range 
term of PBE. This type of hybrid functional is called HSE. The exchange-
correlation functional within HSE is 

   Exc
HSE = aEx

HF ,SR (u)+ (1−α )Ex
PBE ,SR (u)+ Ex

PBE ,LR (u)+ Ec
PBE (u),   (2.53) 

where   Ex
HF ,SR  is the short-range Hartree-Fock exchange energy,   Ex

PBE ,SR  and 

  Ex
PBE ,LR  is the short- and long-range PBE exchange energy, respectively,  Ec

PBE  is 
the PBE correlation energy, α is the mixing coefficient and u is the screening 
parameter to determine the long- and short-range interaction.  

Figure 2.4 shows the relaxation volume of rutile TiO2 using both LDA and 
HSE methods, the corresponding lattice constants are also presented. HSE 
gives the lattice constants a = 4.592 Å and c = 2.948 Å, which have good 
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agreement with the experimental measurements of a = 4.5936 Å and c = 2.9587 
Å [28]. 

 
Figure 2.4 The primitive cell volume of rutile TiO2 relaxed using both LDA and HSE 
methods. The minimum volume from LDA is 60.7232 Å3, the corresponding lattice 
constants are a = 4.5105 Å, c = 2.9847 Å. The minimum volume from HSE is 62.27 Å3, the 
corresponding lattice constants are a = 4.592 Å, c = 2.948 Å.  

Table 2.1 The calculated and experimental measured lattice constants, in units of Å, and 
internal parameters u of rutile SnO2 (r-SnO2), rutile TiO2 (r-TiO2), anatase SnO2 (a-SnO2), 
and anatase TiO2 (a-TiO2).  

  LDA  HSE  Expt. 
 a c a c a c 

r-SnO2 4.713 3.229 4.737 3.186 4.737 3.186 
r-TiO2 4.511 2.985 4.592 2.948 4.594 2.962 
a-SnO2 4.022 9.947 3.975 10.203 3.933 10.573 
a-TiO2 3.720 9.711 3.766 9.636 3.785 9.514 

2.5.4 Kohn-Sham equation in reciprocal lattice   

The reciprocal space 

For ideal crystal described in real space in terms of the primitive lattice 
vectors, a1, a2, and a3, any lattice vector R is constructed from the primitive 
lattices 
 R = n1a1 + n2a2 + n3a3,   (2.54) 

with n1, n2, and n3 are integers. The reciprocal primitive lattice vectors, b1, b2, 
and b3, defined from the primitive lattice vectors are 

 b1 =
2π (a2 × a3)
a1 ⋅(a2 × a3)

, b2 =
2π (a3 × a1)
a1 ⋅(a2 × a3)

, b3 =
2π (a1 × a2 )
a1 ⋅(a2 × a3)

,   (2.55) 
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The reciprocal lattice vector G, analogy to the real space lattice vector R, is 
constructed from the reciprocal primitive lattice vectors 
 G = m1b1 +m2b2 +m3b3,   (2.56) 

with m1, m2, and m3 are integers. Obviously, the following relations hold 

 
ai ⋅b j = 2πδ ij ,

Ri ⋅G j = 2πl, l = n1m1 + n2m2 + n3m3

⎧
⎨
⎪

⎩⎪
,   (2.57) 

The Bloch theorem  

In ideal crystal, the potential Veff(r) has the crystal periodic property: 

   
Veff (r) =Veff (r + R) . The eigenfunctions of the Hamiltonian, He, can also be 
simultaneous the eigenfunciton of the translation operator TR (He and TR 
commute to each other): 

 
Heφi

KS (r) = Eφi
KS (r)

TRφi
KS (r) = cRφi

KS (r)
⎧
⎨
⎪

⎩⎪
,   (2.58) 

where cR is the eigenvalue with exponential form 

 cR = e
− ik⋅R ,   (2.59) 

with  
 k = k1b1 + k2b2 + k3b3.   (2.60) 

Thus, the eigenfunction of TR can be written in exponential expression [18] 

 TRe
i(k+G)⋅r = e− ik⋅Rei(k+G)⋅r = cke

i(k+G)⋅r .   (2.61) 

Consider that the commutation of TR and He, the eigenfunction of He can be 
written as expansion over all eigenfunctions of TR corresponding to the same 
eigenvalues of TR 

 φk
KS (r) = αk (G)

G
∑ ei(k+G)⋅r = eik⋅ruk (r),   (2.62) 

with 

 uk (r) = uk (r +R) = αk (G)
G
∑ eiG⋅r .  (2.63) 

The Eqs. (2.62) and (2.63) show that the Kohn-Sham wavefunction is a product 
of    exp(ik ⋅r)  and a periodic function, uk (r) , with periodicity of R. This is the 
well-known Block theorem, which also has another equivalent expression 
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 φk
KS (r +R) = eik⋅rφk

KS (r),   (2.64) 

where the k also is a wave vector of the plane wave exp(ik⋅r). The 
wavefunction in a crystal, therefore, does not decay but extends throughout the 
crystal and behaves like a plane wave exp(ik⋅r) modified by the periodic 
function uk(r). 

The Born-van Karman boundary condition  

Generally, crystal consists of a large number of primitive cells (N→∞ ), the 
Born-von Karman boundary condition is therefore valid 

 φk (r) = φk (r + N ja j ),   (2.65) 

where Nj is the number of unit cells in j direction which built up the crystal and 
ai is the lattice constant in j direction. From the Bloch theorem and the 
boundary condition in Eq. (2.65), one gets the kj = nj/Nj with nj is any integer. 
The vector k is the reciprocal lattice vector in Eq. (2.60). The charge density 
within the Bloch theorem has the same periodicity as the crystal lattice: 

 
nk (r +R) = ϕk (r +R) |ϕk (r +R) = uk

* (r +R)uk (r +R)

= uk
* (r)uk (r) = nk (r).

  (2.66) 

The Schrödinger equation in Eq. (2.48) can also be written in reciprocal space. 
Inserting the expression of the wavefunction and potential in reciprocal space 
in Eqs. (2.62) and (2.63) to Eq. (2.48), one gets 

 
 
− !

2∇2

2me

+ VG 'e
iG '⋅r

G '
∑

⎛
⎝⎜

⎞
⎠⎟

unk+Ge
i(k+G)⋅r

G
∑ = Enk unk+Ge

i(k+G)⋅r

G
∑ .  (2.67) 

and [12] 

 
− !

2

2me

(k +G)2 unk+Ge
i(k+G)⋅r

G
∑ + VG 'unk+Ge

i(k+G+G ')⋅r

GG '
∑ = Enk unk+Ge

i(k+G)⋅r

G
∑ .  

 (2.68) 

Replacing the reciprocal vector G +G ' in Eq. (2.68) by G ''  ( G ''  also is a 
reciprocal vector, therefore replacement does not loose generality). For 
simplicity, changing the notation G ''  to G , the Eq. (2.68) can be re-written as 

 
− !

2

2me

(k +G)2 unk+Ge
i(k+G)⋅r

G
∑ + VG 'unk+G−G 'e

i(k+G)⋅r

GG '
∑ = Enk unk+Ge

i(k+G)⋅r

G
∑ ,  

 (2.69) 



 

 23 

and 

 
 
ei(k+G)⋅r

G
∑ − !

2

2me

(k +G)2unk+G + VG 'unk+G−G '
G '
∑

⎛
⎝⎜

⎞
⎠⎟
= ei(k+G)⋅r Enkunk+G( )

G
∑ .  (2.70) 

 
Multiplying exp[i(k+G)r] to both sides of Eq. (2.70), one gets 

 
 
− !

2

2me

(k +G)2unk+G + VG 'unk+G−G '
G '
∑

⎛
⎝⎜

⎞
⎠⎟
= Enkunk+G .   (2.71) 

Analogically, replacing the reciprocal vector G −G '  by G ''  and changing the 
notation to G ' , Eq. (2.71) becomes 

 
 

− !
2

2me

(k +G)2δGG ' +VG−G '
⎛
⎝⎜

⎞
⎠⎟
unk+G '

G '
∑ = Enkunk+G .  (2.72) 

2.6 Many-body perturbation approach 

When one interests in the response of materials to the external field, the 
knowledge of excited states need to be added. The excited state can be 
described through including the many-body interactions. In this section, the 
concept of Green function and general route in solving it are introduced in 
section 2.6.1, and 2.6.2, respectively. The way of overview the Green function 
is inspired from the lecture notes and presentation from C. Friedrich and A. 
Schindlmayr [29]. Then the GW approximation and calculation of band-gap 
energy using GW are presented in section 2.6.3 and 2.6.4, respectively. Finally, 
the BSE that includes two-particle interactions is presented in section 2.6.5. 

2.6.1 Concept of one-particle Green function 

Suppose the ground state of a many-body N-electron system at time t’ is 

  ψ 0

N (t ') , adding one electron into the system at (r’, t’), the final state describing 
the system with one extra electron at (r, t) is  

 
    ψ

N+1(t) = a(r)e− iH (t−t ')/!a†(r ')ψ 0
N (t ') ,   (2.73) 

where    a
†(r ')  is creation operator describing creation one electron at the 

position r’ at time t’,    e− iH (t−t ')/!  is evolution operator taking the system from time 
t’ to t (t > t’),    a(r)  is annihilation operator describing annihilation one electron 
at the position r and time t. 
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The one-electron Green function, Ge(rt, r’t’), is defined so that     iG
e(rt,r 't ')  

is the probability amplitude for the propagation of this additional electron from 
place and time (r’, t’) to (r, t): 

 
    
Ge(rt,r 't ') = − i

!
ψ 0

N (t) a(r)e− iH (t−t ')/!a†(r ')ψ 0
N (t ') θ(t − t '),   (2.74) 

where θ  is a step function with the form 

 
  
θ(t '− t) =

1 if t > t '
0 if t < t '
⎧
⎨
⎩

. (2.75) 

The time-independent creation and annihilation operators in Eq. (2.74) can be 
expressed as time-dependent in Heisenberg picture whereas the time-dependent 
states in Eq. (2.74) become time-independent 

 

    

ψ 0
N

H
= eiHt /! ψ 0

N (t)
S

a(r,t)H = eiHt /!a(r)S e− iHt /!

a†(r ',t ')H = eiHt '/!a†(r ')S e− iHt '/!

⎧

⎨
⎪⎪

⎩
⎪
⎪

,   (2.76) 

Thus, the one-electron Green function in Eq. (2.74) in the Heisenberg picture is 

 
    
Ge(rt,r 't ') = − i

!
ψ 0

N a(rt)a†(r 't ')ψ 0
N θ(t − t '),   (2.77) 

where   ψ 0

N  is the ground state wavefunction in the Heisenberg picture that is 
time-independent,    a(rt) and    a

†(r 't ')  are annihilation and creation operator in 
the Heisenberg picture. Removing one electron (adding one hole) from the N-
electron system, the Green function becomes 

 
    
Gh(r 't ',rt) = − i

!
ψ 0

N a†(r 't ')a(rt)ψ 0
N θ(t '− t).   (2.78) 

Combining Eqs. (2.74) and (2.78), one gets  

 

    

G(rt,r 't ') = Ge(rt,r 't ')−Gh(rt,r 't ')

= − i
!
ψ 0

N Ta(rt)a†(r 't ')ψ 0
N ,

  (2.79) 

where T is the time-ordering operator. Assuming that   ψ
i

N ±1{ }  is the complete 
set of state vectors of the (N±1)-electron system, define  
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ϕ i
N−1(r) = ψ i

N−1 a(r)ψ 0
N

ϕ i
N+1(r) = ψ 0

N a(r)ψ i
N+1

⎧
⎨
⎪

⎩⎪
,   (2.80) 

and  

 
  

ε i
N−1 = E0

N − Ei
N−1

ε i
N+1 = Ei

N+1 − E0
N

⎧
⎨
⎪

⎩⎪
,   (2.81) 

where    ψ i
N±1(r)  is the ith excited state of the (N±1)-electron system,   E0

N  is the 
ground state energy of N-electron system,   Ei

N+1  and   Ei
N−1  are i-th state energy 

of (N+1)- and (N-1)-electron system, respective,   ε i
N+1(  ε i

N−1) is the excitation 
energy of adding (removing) one electron to (from) N-electron system. 
Inserting 

  ψ i
N ±1

i∑ ψ i
N ±1 = 1 into Eq. (2.79), one gets the expression of Green 

function in the form of linear combination 

 

    

G r,r ';τ( ) = − i
!

ϕ i
N+1 r( )

i
∑ ϕ i

N+1* r '( )e− iEi
N+1τ /!θ τ( )

+ i
!

ϕ i
N−1 r( )

i
∑ ϕ i

N−1* r '( )e− iEi
N−1τ /!θ −τ( ).

  (2.82) 

where the summation takes over the ground and all excited states of the (N+1)- 
and (N-1)-electron system, respective. Taking the Fourier transform of the step 
function  θ(τ ) , the Green function in Eq. (2.82) is written to the Lehmann 
representation 

 
    
G(r ',r;ω ) =

ϕ i
N+1(r)ϕ i

N+1*(r)
!ω − ε i

N+1 + iηi
∑ +

ϕ i
N−1(r)ϕ i

N−1*(r)
!ω − ε i

N−1 + iη
,

i
∑  (2.83) 

where η  is a positive infinitesimal. The sums run over the ground state and all 
excited states. In the case of the non-interacting system, the   ε i

N±1  is the one-
electron energies. Taking the imaginary part of Eq. (2.83), one gets the so-
called spectral function 

 
    A(r,r ';ω ) = ϕ i (r)ϕ i

*(r ')δ (!ω − ε i
N±1)

i∑ .  (2.84) 

It can be used to extract experimental spectra, such as inverse and direct 
photoemission spectra. Eq. (2.79) can also be expressed in terms of Dyson 
equation (I only tough the formula of the Dyson equation to introduce the self-
energy, for the derivation and details of Dyson equation, please see [30]): 
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G(r,r ';ω ) = G0(r,r ';ω )

+ G0(r,r ';ω )∫∫ Σ(r '',r ''';ω )G(r ''',r ';ω )d 3r ''d 3r ''',
 (2.85) 

where G0 is the Green function of non-interaction system, the frequency 
dependent Σ  is the self-energy operator that contains all the many-body 
exchange-correlation effects. Inserting Eq. (2.83) into Eq. (2.85), the Green 
function is rewritten to the form of quasiparticle equation that is similar to the 
Schrödinger equation (concept of quasiparticle will be described in section 
2.6.2): 

 
    Hiϕ i

N±1(r)+ ∑(r,r ';ε i / !)∫ ϕ i
N±1(r ')d 3r ' = ε i

N±1ϕ i
N±1(r),   (2.86) 

where Hi is the one-electron Hamiltonian, the    ϕ i
N±1(r)  and   ε i

N±1  are the 
quasiparticle wavefunction and eigenvalue, respectively, which can be 
calculated as long as the self-energy is known. 

2.6.2 Hedin’s equations 

Hedin [31] proposed a method to express the self-energy in terms of 
dynamically screened Coulomb potential and Green function. I will summarize 
the screened Coulomb potential before presenting the Hedin equations. Adding 
one electron to the N-electron system at r, the repulsive Coulomb interaction 
creates a Coulomb holes around this electron to screen the interaction between 
the added electron and others. Ensemble that contains the added electron at r as 
well as the Coulomb holes around it is called quasiparticle. The interaction 
between added electron and other electrons therefore behaves like the 
interaction between quasiparticle and electrons. Figure 2.5 schematically 
illustrates the interaction between electron and quasiparticle. When one 
electron is added at position r, it creates Coulomb holes at r’’, the bare 
interaction v (r, r’) between electrons at r’ and r therefore been screened as the 
interaction between electron at r’ and quasiparticle at r, which includes the 
electron at r and holes at r’’. The screened Coulomb potential can be calculated 
through 

 
   W (r,r ') = ε −1(r,r '')∫ υ(r '',r ')dr ''.  (2.87) 

With the concept of quasiparticle and screen Coulomb potential, the Hedin’s 
equations, where the self-energy is determined through following coupled 
equations, is expressed as 
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  ∑(12) = i G(14)∫ W (1+3)Γ(423)d(34),   (2.88) 

 
  W (12) =υ(12)+ υ(42)∫ P(34)W (13)d(34),   (2.89) 

 
  P(12) = −i G(23)∫ G(42)Γ(341)d(34),   (2.90) 

 
  
Γ(123) = δ (12)δ (13)+ δ ∑(12)

δG(45)
G(46)∫ G(75)Γ(673)d(4567),   (2.91) 

where the 1, 2, and 3 … represent (r, t), (r’, t’), and (r’’, t’’) …, 1+ = (r, t+δ), P 
is the polarizability, Γ is the vertex function. The equations above should be 
solved self-consistently form a close circle (Figure 2.6) 

 
Figure 2.5 Scheme of quasiparticle created by adding one electron in the many-body N-
electron system. The blue label at r and r’ are the added electron and original electrons, the 
black + presents the induced Coulomb holes, the orange presents the quasiparticle. The 
interaction v(r, r’’) is the bare interaction between electrons at r and r’’, v(r’’, r’’) is the bare 
interaction between electron r’’ and induced Coulomb holes nind at r’’, W(r, r’’) is the 
screened interaction between electron at r’’ and quasiparticle at r. The figure is regenerated 
from reference [29]. 

 
Figure 2.6 Schematic illustration of Hedin’s equations. Setting Γ to be a δ-function gives rise 
to the self-consistent GW approximation: construction P from G0 directly.  
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2.6.3 GW approximation 

The simplest approximation to the Hedin’s equations is assuming that the 
vernex function is a delta function: Γ(123) = δ(12)δ(13). Consequently, the P 
and W can be determined from the G0 

   P
0(12) = −iG0(12)G0(21+ ),   (2.92) 

   ∑(12) = iG(12+ )W (12),   (2.93) 

That is, the self-energy is a product of G and W. This is so-called GW 
approximation. A schematic illustration of the many-body electron system after 
quasiparticle approximation is shown in Figure 2.7.  

 
Figure 2.7 Schematic illustration of quasiparticle approximation: the fully interacting system 
is represented as a weakly interacting system including the  screened electrons and holes.  

Setting  ∑(12) = 0 , the second term on the left side of Eq. (2.86) vanishes and 
it becomes the Hartree approximation. If the screened Coulomb potential is not 
considered, that is, W(12) = υ(12), then Σ(12) = iG(12)υ(12), which is the 
Hartree-Fock approximation. If Σ(12) = Vex(12)δ(12), it becomes DFT 
approach. 

2.6.4 Band-gap energy from GW 

The fundamental band-gap is defined as the minimum energy difference 
between one electron removing and addition energy in a many-body N-
electrons system 

 Eg = min E (N −1)− E0 (N )⎡⎣ ⎤⎦ − E (N +1)− E0 (N )⎡⎣ ⎤⎦{ },   (2.94) 

where E0(N), E(N−1), and E(N+1) are the total energy of N-, (N−1)-, and 
(N+1)-electron system, respectively. The process is schematically shown in 

quasi-particle 

Same excitation spectra 

Weakly interacting system 

quasi-hole 
screened interaction 

full interacting particle 

Fully interacting system 
Green’s function and  

quasiparticle approximation  
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Figure 2.8. The fundamental band-gap is related to the one electron addition 
and removing energies, therefore, it can be directly calculated using the GW 
approximation addressed above. 

 
Figure 2.8 Schematic illustration of electron addition and removal: (a) the N-electron system 
at initial state where the valance bands are fully occupied; (b) removing one electron from 
the valence band to the vacuum; (c) adding one electron from vacuum to the conduction 
band. The black dot and circle represent the electron and hole, respectively.  

Practically, the Greens’ functions are normally constructed from the Kohn-
Sham eigenfunctions. The Kohn-Sham eigenvalues can provide a generally 
estimation of the band structure. Furthermore, in many cases, there is an almost 
overlap between quasiparticle and Kohn-Sham wavefunctions, therefore, the 
quasiparticle energy can be approximately obtained through 

 
   ε i = ε i

KS + φi

KS ∑ ε i / ! −Vxc φi

KS( ),   (2.95) 

where Vxc is the exchange-correlation potentials in Kohn-Sham approximation. 
In Figure 2.9, a comparison of calculated Eg of a number of semiconductors 
from literature using LDA and G0W0 is shown. The G0W0 well improves the Eg 
of the semiconductors listed. Although GW can relatively accurately estimate 
the Eg of most semiconductors, it is still desirable to test the calculation and 
compare with measurements. There are two parameters that are important for 
relatively accurately predict the Eg, one is the GW cutoff energy (dielectric 
matrix cutoff energy) and the other one is the empty bands in involving the 
calculation. Figure 2.10 shows the Eg of ZnO calculated using G0W0 with 
different dielectric matrix cutoff energies. With smaller cutoff energy, the Eg 

E g
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can quickly but falsely converge with respect to the number of conduction 
bands [32]. 
 

 
Figure 2.9 The Eg of semiconductors calculated from LDA, G0W0, and self-consistent GW. 
The G0W0 improves the Eg but still systematically underestimated. Self-consistent GW 
systematically gives better estimation of Eg of semiconductors with sp orbitals. The figure is 
regenerated from reference [33]. 

 
Figure 2.10 The band gaps of ZnO calculated using G0W0 (calculated using BerkeleyGW 
code) with different dielectric matrix cutoff energies. The smaller cutoff energies show false 
convergence. The figure is regenerated from reference [32]. 

The GWA is usually formulated as a perturbation theory
starting from a noninteracting Green’s function G0 for
given one-body Hamiltonian H0 ! "r2

2m # Veff . H0 is non-
interacting, so Veff is static and Hermitian but it can be
nonlocal. Because the GWA is an approximation to the
exact theory, the one-body effective Hamiltonian H$!% !
"r2

2m # Vext # VH # !$!% depends on Veff and is a func-
tional of it: the Hartree potential VH is generated through
G0 ! 1=$!"H0 & i!%, and the GWA generates !$!%.
H$!% determines the time evolution of the one-body am-
plitude for the many-body system.

QSGW is a prescription to determine the optimum H0:
we choose Veff based on a self-consistent perturbation
theory so that the time evolution determined by H0 is as
close as possible to that determined by H$!%, within the
RPA. This idea means that we have to introduce a norm M
to measure the difference "V$!% ! H$!% "H0; the opti-
mum Veff is then that potential which minimizes M. A
physically sensible choice of norm is

M'Veff( ! Tr'"V"$!"H0%f"Vgy(
# Tr'f"Vgy"$!"H0%"V( (1)

where the trace is taken over r and !. Exact minimization
M is apparently not tractable, but an approximate solution
can be found. Note thatM is positive definite. If we neglect
the second term and ignore the restriction that Veff is
Hermitian, we have the trivial minimum M'Veff( ! 0 at
Veff ! Vext # VH # Vxc where Vxc ! P

ijj ii!$"j%ijh jj.
Here !$"i%ij ! h ij!$"i%j ji, and f i; !ig are eigenfunc-
tions and eigenvalues ofH0. The second term is similarly a
minimum with !$"i%! !$"j%. An average of the
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2.6.5 Bethe-Salpeter equation  

As discussed in previous section, GW approximation can yield proper band-
gap energy of most semiconductors and insulators. However, concerning the 
spectroscopies, i.e. absorption where electron-hole pairs are created in the 
process, one particle excitation is not enough. One of the approaches to 
overcome this problem is to use Bethe-Salpeter equation (BSE) that considers 
the electron-hole interaction in excitation. The excited state, , containing the 
electron-hole interaction, can be expressed as a linear combination of free 
electron-hole pairs: 

 

   

λ = Avck
λ

vck
∑ vck

= Avck
λ

vck
∑ ack

† avk ψ ,
  (2.96) 

where ψ  is unperturbed electronics structure state, and    ack
† avk  creates a free 

electron-hole pair   vck  with an electron in the conduction state   ck  and a 
hole in the valence state   vk . Following standard computational procedure, 
using LDA eigenstates and eigenvalues Eck, and Evk with a rigid energy shift 
Δg to correct the energy gap to the GW band-gap energy. The amplitudes   Avck

λ  
and the excited energy states Eλ are determined from the two-particle 
Schrödinger equation: 

 
   
Eg Avck

λ + vck Ξ v 'c 'k '
v 'c 'k '
∑ Av 'c 'k '

λ = Eλ Avck
λ ,   (2.97) 

where kernel represents the electron-hole interactions, and it can be 
expressed as the sum of exchange ( Ξex ) and direct ( Ξdir  ) terms 

   Ξ = Ξex +Ξdir ,   (2.98) 

The matrix element of the exchange part is: 

 

   
vck Ξex v 'c 'k ' = 2× 4π

Ω
1

G
2 ck eiG⋅r vk ×

G≠0
∑ v 'k ' e− iG⋅r c 'k ' ,   (2.99) 

where Ω is the crystal volume. The factor 2 in the equation implies that only 
the singlet excited states are considered. The direct term describes the 
direct screened of the electron-hole interactions, which contain the electron-
hole correlation of the system. The matrix element of the direct term can be 
expressed as:  

λ

Ξ

dirΞ
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vck Ξdir v 'c 'k ' = − 4π
Ω

εGG '
−1 (q,ω = 0)

q+G q+G 'G,G '
∑

× v 'k ' e− i(q+G)⋅r vk vk e− i(q+G)⋅r v 'k ' δq,k−k ' ,

  (2.100) 

where   εGG '
−1  is the summarized dielectric matrix. 

The imaginary part of the macroscopic dielectric function is calculated by  

 
    
ε2(ω ) = lim

q→0

8π 2

Ωq2 Avck
λ vk e− iq⋅r ck

vck
∑

λ
∑

2

δ (ω − Eλ ),   (2.101) 

2.7 Phonons in polar materials 

Phonon frequencies are determined through Eq. (2.23) in which the force 
constants need to be evaluated. Calculation of the force constants, which are 
the Hessian of the Born-Oppenheimer energy shown in Eq.   (2.22), 
requires the evaluation of the linear response of the charge density to the 
atomic displacements. This process is quite computationally costly. 
Alternatively, the frequencies can also be calculated using the direct method 
where the force constants are calculated from the forces acting on atoms after 
small displacements.  

In a supercell, the displacement of atom i in sth primitive cell along α 
direction in Cartesian coordinate is denoted as usiα and the displacement of 
atom j in tth primitive cell along β direction in Cartesian coordinate is denoted 
as utjβ. When the displacements are quite small, the potential energy Ee(R) can 
be calculated in terms of the displacements:  

 
 
Ee(R) = E0 +

1
2

Csiα ,tjβ
siα ,tjβ
∑ uiαu jβ +!,   (2.102) 

where E0 is the energy with nuclei at equilibrium coordinates, Csiα,tjβ is the force 
constant. The force acting on atoms si arises from the displacements of all other 
atoms tj:  

 Fsi = − ∂ER

∂uiα
= − Csiα ,tjβ

tjβ
∑ utjβ .  (2.103) 

This is the relation between force and force constant. With the force calculated 
from Hellmann-Feynman theory, the force constants are calculated through Eq. 
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(2.103). The phonon frequencies are the square root of eigenvalue of the 
dynamical matrix Diα , jβ (q)  [34-36]: 

 Diα , jβ (q)
1

MiM j

Csiα ,0 jβ
s
∑ eiq⋅[R0 j−Riα ],   (2.104) 

where Rij is the equilibrium position of atom i in primitive cell s and sum over 
the infinite number of primitive cells in the crystal.  

In a polar crystal, when an ionic atom moves, it interacts with other ionic 
atoms in the crystal. If there is no free carrier, this long-range interactions will 
not be screened and cause the splitting of the longitude optical (LO) and 
transverse optical (TO) phonon modes near the center of BZ. The origin of this 
splitting can be understood from the parallel capacitor model developed by Yu 
and Cardona [37]. Consider a long wave transversal optical (TO) phonon 
propagating along the [111] direction in a zinc-blende polar crystal. The 
positive and negative ions locate on two crystal planes perpendicular to [111]. 
When the ions are excited by a TO mode, the ions move within the planes they 
belong to, which is analogous to the two plates of a capacitor moving with their 
separation fixed, as illustrated in Figure 2.11. When the ions are excited by a 
LO mode, the ions with opposite charges move oppositely, analogous to the 
two plates of a capacitor moving away/towards each other with their separation 
changed. The change in separation of the capacitor accompanies an extra force 
due to the electric field between the plates. Similarly, in the crystal, the LO 
mode is accompanied by an extra restoring force due to the Coulomb 
interaction. This additional force leads to the change of force constant hence 
the frequency. In short, in ionic crystal, the dipoles that created by the 
displacement can produce a macroscopic electric field. The long-range 
interactions of this electric field will split the optical phonon vibrational modes 
parallel and perpendicular to the electric field (so called LO−TO splitting).  

The coupling between the LO modes and macroscopic electric fields is 
quantified by the Born effective charge which is a fundamental parameter that 
relates the macroscopic polarization induced by the collective displacement of 
the atoms belonging to a certain sub-lattice. It governs the amplitude of the 
long-range Coulomb interaction between nuclei and also the origin of the 
LO−TO splitting. The Born effective charge generally is calculated from: i) the 
change of the polarization per unit cell along the direction β due to the 
displacement of the sub-lattice k along the direction α in the zero external 
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macroscopic electric field; ii) the first-derivative of the force induced on a 
nucleus k by a homogenous effective electric field at zero atomic displacement 
[19, 38]  

 
  

Zk ,αβ
* =Ω

∂Pβ

∂τ k ,α ξ=0

=
∂Fβ

∂ξα

,   (2.105) 

where Ω is the volume of the primitive cell, Pβ is the polarization, Fβ is the 
force, and ξα is the external electric field.  

 
Figure 2.11 Schematic illustration of the LO−TO splitting due to the displacements of the 
atoms in ionic crystal during the long-wavelength longitudinal optical vibration. Red arrows 
indicate the displacements of the ionic atoms or plates of capacitor, F represents the 
restoring force resulting from the displacement of the ionic atoms.  

With the help of Born charges, the long-range interactions of macroscopic 
electric field that accompanies the atoms displacement can be corrected 
through adding an non-analytical term to the dynamical matrix in Eq. (2.104) at 
long wavelength limit: 

 

   

Diα , jβ
c (q → 0) = Diα , jβ (q)+ 4

Mi M jΩ

qγ Ziγα
*

γ
∑ qγ 'Z jγ 'β

*

γ '
∑

qαεαβ
∞ qβ

αβ
∑

,   (2.106) 

where Ω  is primitive cell volume, Mi and Mi are the mass of atom i and j, 
respectively, q is wave vector, ε∞ is high frequency dielectric constant, Adding 
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this non-analytical correction to the dynamical matrix calculated from 
displacement approach, the LO−TO splitting can be calculated. The LO−TO 
splitting in turn affects the dielectric function of the crystal, which will be 
discussed in Chapter 3. An example of rutile SnO2 phonon spectra with and 
without LO−TO splitting is presented in Figure 2.12.  

 
Figure 2.12 The phonon structures of rutile SnO2 calculated using PBE functional: (a) 
excluding LO−TO splitting; (b) including LO−TO splitting. Only the frequencies along Γ−X 
and Γ−Z are presented.  
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Chapter	  3	  	  

Dielectric	  function	  

Dielectric function bridges the experimental observables, like absorption, and 
properties from electronic structure calculation, like energy level, exciton, and 
lattice vibrations. In this chapter, I generally describe dielectric function in 
semiconductors. The contents are arranged as follows: after an introduction of 
dielectric function in macroscopic continuous media in 3.1, the dielectric 
function in terms of electronic structure is presented in section 3.2 and 3.3; 
section 3.4 briefly describe the phonon contributions to dielectric function in 
polar materials.  

3.1 Dielectric function in continuous media 

The optical measurements provide a probe with the spatial resolution of the 
order of the wavelength of light. A volume of such scale generally contains 
million of atoms, the material therefore can be regarded as continuous. The 
interaction between light and a material involves several different processes. 
When light interacts with a material, a fraction of the incident light is reflected 
at the surface and the rest transmitted. The processes inside the medium induce 
absorption, luminescence, and scattering (schematically illustration in Figure 
3.1). Since this thesis mainly deals with the visible light, the nonlinear optical 
processes that involve higher-order optical interactions are not be considered 

When light interacts with material, both electron and atom will be polarized 
by the electromagnetic field and produce a dipole moment p(r,t). When these 
dipole moments arrange along certain directions, the material presents 
macroscopic polarization P(r,t). The relationship between total electric field 
and polarization P(r,t) is:  
    D(r,t) = E(r,t)+ 4πP,   (3.1) 

where D(r,t) is electric displacement. Assuming that the current density and 
electric displacement at point r and time t is proportional to the value of the 
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electrical field of the light at the same point and time (local constitutive 
regime). The relation between electric field E(r,t), electrical displacement 
D(r,t) and current density j(r,t) is: 

 
D(r,t) = ε(r,t)E(r,t)
j(r,t) =σ (r,t)E(r,t)

⎧
⎨
⎩

,   (3.2) 

where ε(r,t) and σ(r,t) are the dielectric function and optical conductivity, 
respectively, with the relation of  

 ε(r,t) = 1+ i4π
ω

σ (r,t),   (3.3) 

This equation also holds in the frequency domain: 

 ε(q,ω ) = 1+ i4π
ω

σ (q,ω ).   (3.4) 

The isotropic materials only support two types of wave: transverse and 
longitudinal. For the transverse wave, the wavevector, q, is perpendicular to the 
electric field E and the travel equation of the light is 

 E = E0e− i(ω
ε
c z−ωt ) = E0e− i(ω

κ
c z−ωt ),   (3.5) 

where E0 is the amplitude of the electric field, z is the wave traveling direction, 
andκ is the complex refraction index with  

  κ = ε = !n + i !k,   (3.6) 

where the real part   !n  is the refraction  index and imaginary part   !k  is the 
extinction coefficient that vanishes for the lossless materials. The real and 
imaginary part of the dielectric function expressed in terms of the refraction 
index and extinction coefficient thus is (full list of optical parameters listed in 
Table 3.1) 

 
 

ε1 = !n
2 − !k 2

ε2 = 2 !n !k

⎧
⎨
⎪

⎩⎪
.   (3.7) 

For longitudinal wave, the wavevector q is parallel to the electric field E and:  

 ε(q,ω )ω
2

c2
E = 0,   (3.8) 

thus the dielectric function ε = 0 . This implies that the material has no dielectric 
response to the longitudinal wave. 
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Figure 3.1 Schematic illustration of linear optical processes at the surface and in the interior 
of a material. The figure is regenerated from reference [37]. 

Table 3.1 Relationships between optical constants . 

Items Relationships 

Conductivity   σ =σ 1 + iσ 2      

Dielectric constant   ε = ε1 + iε2    ε = 1+ i4πσ ω    ε1
= 1− i4πσ

2
ω   ε 2

= 4πσ
1
ω  

Refractive index   κ = !n+ i !k   ε =κ
2     ε1 = !n

2 − !k 2

    ε 2
= 2 !n !k  

 
   !n

2 = (ε1 + ε1
2 + ε2

2 ) 2     
!k 2 = (−ε1 + ε1

2 + ε2
2 ) 2  

Absorption 
coefficient    

α = 2ω !k c =ωε2 !nc =ω c 2 ε − ε1
⎡⎣ ⎤⎦

1/2
 

Skin depth    δ = c /ω !k  

Reflectivity 
   
R = ( !n−1)2 + !k 2⎡⎣ ⎤⎦ ( !n+1)2 + !k 2⎡⎣ ⎤⎦  

Crystals can be classified to three groups depending on the response 
direction of the crystal to the light: isotropic, uniaxial, and biaxial. The uniaxial 
crystal contains an optical axis along that the light travels with the same phase 
velocity, independent to the polarization; along other crystallographic axis, the 
velocity varies with the polarization, giving rise to the birefringence 
phenomenon. The biaxial crystals have two optical axes. Crystal belong to 
isometric system, e.g., cubic, are isotropic, those belong to tetragonal and 
hexagonal are uniaxial crystals, and those belong to orthorhombic, monoclinic, 
and triclinic system are biaxial crystals.  

3.2 Dielectric function from first-principles calculation  

There are different approaches to present the calculation of dielectric 
function from first-principles. I present it following perturbation theory 

incident 

reflected 
Transmitted/absorbed 

Luminescence  

Scattered 

AIR MEDIUM 
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discussed by E. Kaxiras [18], where the Hamiltonian of the crystal is 
unperturbated and the incoming light is treated as perturbation. Within the one-
electron approximation, a many-body operator can be expressed as summation 
of one-electron operators, and the expectation of this many-body operator in 
corresponding one-electron state is the summation of the matrix element of this 
one-electron operator multiplying the one-electron density matrix: 

 
   
O = onk ,nk 'γ nk ,nk '

nk ,nk '
∑ ,   (3.9) 

where i and j denote the initial and final state, onk,nk’ is the matrix element of 
one-electron operator and is γnk,nk’ the one-electron density matrix. Within the 
first order perturbation theory, the one-electron density matrix is expressed as: 

 

    

γ nk ,nk ' =
f (Enk ' )− f (Enk )

Enk ' − Enk − !ω − ihη
Hnk ,nk '

= − eh
meω

f (Enk ' )− f (Enk )
Enk ' − Enk − !ω − ihη

⋅Et ⋅ φnk ' ∇ φnk ,
  (3.10) 

where   φnk  and    φnk '  are initial and final state, respectively, Enk and Enk’ are the 
corresponding energy level, respectively, f(Enk) and f(Enk’) are Fermi-Dirac 
distribution of electron at initial and final states, respectively, Et is the 
transversal electric field, ω is the frequency of the photons, η is an infinitesimal 
positive quantity in unit of frequency, and  is the interaction Hamiltonian 
operator describing absorption or emission of photons, Hnk,nk’ is the 
Hamiltonian interaction operator. The matrix element of the one-electron 
current operator is 

 
    
jnk ,nk ' = φnk '

−e!
imeΩ

∇ φnk ,   (3.11) 

where Ω is the volume of the cell. Taken the expression of one-electron current 
operator and one-electron density matrix, the expectation value of the total 
current is 

 
    

j = e2h2

ime
2Ωω

f (Enk ' )− f (Enk )
Enk ' − Enk − !ω − ihηnk ,nk '

∑ φnk ∇ φnk ' φnk ' ∇ φnk ⋅Et .   (3.12) 

With the relationship between current and electric field, the real part of the 
conductivity can be written as (for the mathematical derivation, see Appendix 
G in reference [18]) 
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σ 1(q,ω ) =
πe2

Ωm2ω
φnk e

−q⋅re ⋅p φnk '
2

nk,nk '
∑

×δ (Enk ' − Enk − !ω ) f (Enk )− f (Enk ' )[ ],
  (3.13) 

where e is the electrical polarization vector (the same direction as the vector 
potential of the radiation field), p is the moment operator. Using the relation 
between conductivity and dielectric function, the imaginary part dielectric 
function is 

 

 

ε2 (q,ω ) =
8πe2

m2ω 2
1
Ω

φnk e
−q⋅re ⋅p φnk '

2

nk,nk '
∑

×δ (Enk ' − Enk − !ω ) f (Enk )− f (Enk )[ ],
  (3.14) 

The real part dielectric function can be obtained from the Kramers-Kronig 
relation: 

 ε1(q,ω ) = 1+
2
π
P ω 'ε2 (q,ω ')

ω '2−ω 20
∞
∫ dω '.  (3.15) 

3.3 Transitions in semiconductors  

The wavefunction in the periodic system can be expressed in reciprocal 
space: 

 φnk (r) = e
ik⋅r α nk

G
∑ (G)eiG⋅r .   (3.16) 

The momentum matrix element in the dielectric function therefore can be 
expressed as: 

 

 

φnk e
iq⋅re ⋅p φn 'k ' = α n 'k ' (G ')[ ]*α nk (G) !e ⋅(k +G)[ ]

G,G'
∑

× ei(k−k '+q+G−G ')∫ dr,
  (3.17) 

Using the δ-function in crystal and assuming the summation performed only in 
first BZ (set G = 0, G’ = 0), the integral over all real space can be represented 
in the reciprocal space 

 
ei(k−k '+q+G ') dr∫ = δ (k − k '+ q+G)

G,G '
∑

⇒ k ' = k + q,
  (3.18) 
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where k’ and k are the reciprocal lattice vector of initial and final state, q is the 
wavevctor of the light. In the last term of the above equation, G is set to zero 
since the k’ and k are considered in the first BZ.  

In most experimental situations, the wavelength of light, e.g., infrared, 
visible, and ultraviolet, is about 103~104 Å, whereas the crystal wavevector k in 
the first BZ have a wavelength comparable to the atomic distance with an order 
of ~1 Å. Consequently, the wavevector q of the incident light is much smaller 
than k and therefore can be neglected. That is generally called long wavelength 
limitation. Taking into account the q = 0 and assume there is no other 
excitation in the material, the transition can only happen between different 
states with same k (at the same k point in BZ), which is called direct transition 
(Figure 3.2). When other excitation carrying the momentum q’ presents, 
transition between different k point will be allowed in the condition k’ = q’ + k, 
and the energy and momentum conversation can satisfied independently. If the 
transition happens within the same band but different k (n = n’; k ≠ k’), it is 
called intraband transition corresponding to electrons crossing the Fermi level 
with slightly changing the k vector. If the transition happens among different 
bands (n ≠ n’), it is called interband transition corresponding to electrons jumps 
from one band to another. If the transition happens without changing the k (k = 
k’), it is called direct transition. If the transition happens with changing the k (k 
≠ k’), it is called indirect transition. 

 
Figure 3.2 Schematic illustration of optical transitions. Left panel: the interband transition 
between valence band to conduction band where 1 is direct transition at minimal direct Eg, 2 
is direct transition at higher energy, and 3 is indirect transition. Right panel: the intraband 
transition crossing Fermi level EF. The figure is regenerated from reference [18]. 
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For the semiconductors and insulators with fully occupied valence bands and 
fully unoccupied conduction bands, the dielectric function at the long 
wavelength limit therefore is 

 
 
ε2 (ω ) =

8π 2e2

m2ω 2
1
Ω

φck e ⋅p φvk
2
δ (Eck − Evk − !ω ).

k
∑

vc
∑   (3.19) 

where v and c represent the valance and conduction bands, respectively. 
Generally, the matrix element can be approximated as a nearly constant that is 
independent on the k and the details of initial and final states, therefore, the 
dielectric function in Eq. (3.19) is determined by the term: 

  J = J0 δ (Eck − Evk − !ω )k∑cv∑ ,   (3.20) 

where J0 is the constant containing the transition matrix and other constants in 
Eq. (3.19), J is called as the joint density-of-states that is widely used in 
analysis of the optical absorption. The definition of critical points in the joint 
density-of-states is 
 ∇k (Eck − Evk ) = 0,   (3.21) 

3.4 Phonon contribution to the dielectric constant 

In the single phonon mode, the static dielectric constant is determined by the 
high frequency dielectric constant, transverse and longitudinal optical phonon 
frequencies through Lyddane-Teller-Sachs equation. For the ionic crystals with 
multiple LO−TO splitting modes, it is necessary to include the multi-phonon 
contributions. In this thesis, I modeled the phonon contributions to the 
dielectric function using Lorentz model and Kramers-Heisenberg formula with 
multi-phonon contribution: 

 
  
ε ph(ω ) = 1+

(ω LO , j
2 −ωTO , j

2 ) ⋅ε j
∞

ωTO , j
2 −ω 2 − iγ jωj

∑ ,   (3.22) 

where ωTO,j is the TO phonon frequency, γj is the damping parameter of jth 
phonon mode, respectively. When  

γ j → 0 , the imaginary part of the dielectric 
function at the transverse phonon frequency ωTO is 

 
  
ε2(ω ) = π

2
ε j
∞

j
∑

ω LO , j
2 −ωTO , j

2

ωTO , j
2 δ (ω −ωTO , j ),   (3.23) 

where ,TO jω  and ,LO jω is the LO and TO phonon frequency of jth phonon mode, 
respectively,  ε j

∞  is the high frequency dielectric constant of jth phonon mode.  
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Figure 3.3 shows the dielectric function of rutile SnO2 and TiO2 with multi-
phonon contributions. At low frequencies, the electromagnetic wave travels in 
the materials with the dielectric constant of ε0. In the zero damping limits, the 
real part becomes very large at the frequencies of ωTO, indicating a large 
polarization of the material due to the electromagnetic wave. At the frequencies 
between ωTO and ωLO, the real part becomes negative and the corresponding 
imaginary part is zero. The frequencies between this range heavily are damped 
and the electromagnetic wave completely reflected. At the frequency of ωLO, 
the real part becomes zero and so does imaginary part, corresponding to the 
longitudinal vibrations with the dielectric response equal to zero. At the 
frequencies larger than ωLO, the electromagnetic wave travels in the materials 
with high frequencies dielectric constant. 

 
Figure 3.3 The multi-phonon contributions to the real part of dielectric function in rutile 
SnO2 and TiO2 The spectra are divided into transverse ( ⊥ ) and longitudinal (||) 
components, with the corresponding LO−TO splitting calculated using non-analytical 
correction. The static and high frequency dielectric constant are also shown. 
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Chapter	  4	  

Photocatalytic	  water	  splitting	  	  

At current stage, photocatalytic water splitting is hampered by lack of 
efficient photocatalyst that has proper band-gap energy, band-edge position, and 
low overpotential. In this chapter, the ZnO-based oxynitride photocatalysts are 
studied. I focus on the research background and motivations instead of results 
that were presented in papers I−IV. 

4.1 Introduction of water splitting  

There are various approaches, depending on resources and processes, to get 
hydrogen energy. Figure 4.1 summarizes three approaches, i.e., thermolysis, 
electrolysis, and photolysis, generating hydrogen from water utilizing solar 
energy. Among them, photolysis, which split water into hydrogen and oxygen 
utilizing solar energy, involves less intermediate energy conversation steps. 
Water can be split through photoelectrochemical or photocatalytic process. For 
photoelectrochemical water splitting, a photoelectrochemical cell is required. 
The simplest photoelectrochemical cell is constructed from a single 
semiconductor and metal electrode, for example, n-type TiO2 and Pt cathode 
configuration (Figure 4.2). After photoexcitation, electrons and holes are 
generated in semiconductor, which further are spatially separated from each 
other in the presence of an internal electric field (this internal electric field 
comes from the space charger layer at the semiconductor/water interface, which 
are not discussed here). The holes travel to the surface of semiconductor and 
oxidize water at the surface, the electrons, on the other hand, transfer to metal 
electrode and reduce water. More complicated cell is tandem device scheme 
where semiconductors with different band-gap energies are fabricated in 
conjunction [39-43]. The tandem cell benefits large optical absorption and high 
efficiency but suffers from high fabrication cost [44-46]. Alternatively, 
photocatalytic water splitting requires photocatalysts and the device structure is 
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relatively simple [47]. In this thesis, semiconductors for photocatalytic water 
splitting are considered. 

 
Figure 4.1 Three approaches to generate hydrogen from water using solar energy. Photolysis 
directly splits water into hydrogen and oxygen without intermediate steps. 

 
Figure 4.2 Diagram of the photoelectrochemical cell for water splitting. Left panel: 
photoanode with metal electrode; Right panel: photocathode with metal electrode.  

In photocatalytic water splitting, the O−H chemical bonds in water 
molecules are broken and hydrogen as well as oxygen is created. The 
corresponding full reaction is 

   H2O! H2 + 1
2 O2. (4.1) 

Assume in an acidic environment, the above reaction involves two half-
reactions, namely, water oxidation (O2/H2O) and proton reduction (H+/H2): 
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   H2O+ 2h→ O2 + H+ ,  (4.2) 

   H
+ + 2e→ H2,  (4.3) 

where h and e represent the hole and electron provided by photocatalyst. When 
the reactant solution is at pH = 0, the reduction and oxidation energy, i.e., 
E0(H+/H2) and E0(O2/H2O), are respectively at 0 and −1.23 eV referring to the 
standard hydrogen electrode (SHE) [48], and at about −4.47 and −5.7 eV 
referring to vacuum. Therefore, minimum energy to convert one mole water 
into H2 and ½O2 in above condition is 1.23 eV, corresponding to the free 
energy, ΔG, of 237.2 kJ/mol [45].  

Figure 4.3 schematically shows a semiconductor photocatalysts immersed in 
water under illustration of the sun-light. If the VBM and CBM of the 
semiconductor straddle the reduction-oxidation (redox) energy levels of water, 
the excited electrons and holes can transfer to water and drive the reactions at 
the surfaces of the semiconductor (also refers to the one-step photocatalytic 
water splitting). The processes of charge generation include i) photoexcitation 
of electron-hole pairs; ii) electron-hole pairs separation and transport to the 
surfaces of semiconductor; iii) electrons and holes transfer to water, driving the 
reactions. The chargers can be annihilated through different mechanisms. Two 
major processes of charge annihilation are (a) the electron-hole recombination 
and (b) the electrons or/and holes trapping. Strategies to inhibit the charge 
annihilation generally are i) formation of nanostructure to reduce the diffusion 
length of chargers; ii) reduction of defects to prevent trapping; iii) formation of 
semiconductor composites. Readers can refer to the recent review papers for 
more details [49-51]. 

The energy difference between E0(H+/H2) and E0(O2/H2O) is about 1.23 eV. 
Therefore, in one-step photocatalytic water splitting, the minimum band-gap 
energy (Eg) of a semiconductor is about 1.23 eV excluding energy losses. In 
real photocatalytic process, the operation Eg generally is regarded to be ≥ 2.0 
eV [52] due to the energy losses (~0.4 eV) and energy barriers at surfaces 
(~0.3−0.4 eV) [9, 53]. On the other hand, the solar radiation intensity drops off 
dramatically at energy > 3.0 eV (wavelength < 400 nm; Figure 4.3), suggesting 
an upper limit to the optimal Eg is about 3.0 eV. Therefore, the favorable Eg is 
2.0−3.0 eV for one-step photocatalytic water splitting. 
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Figure 4.3 Diagram of the one-step photocatalysis. Left panel: The processes of charge 
generation and annihilation: i) electron-hole pair generation; ii) electron and hole transport; 
iii) electron and hole transfer to water; a) electron and hole recombination; b) electron 
trapping. The red and white dots represent photoexcited electrons and holes, respectively. 
The yellow circle represents the trapping center. Right panel: the VBM and CBM straddle 
the redox levels (red dashed lines) of water.  

 
Figure 4.4 Standard solar spectral irradiance distributions at air mass 1.5 (AM1.5). The 
black, blue, and red lines are the extraterrestrial, global total, and direct normal spectral 
irradiance, respectively. The data are from [54]. 

If the VBM and CBM of a semiconductor do not straddle the redox levels of 
water, two semiconductors can be connected in series with reversible redox 
mediators to enable the reactions (Z-scheme; Figure 4.5). After photoexcitation, 
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electron-hole pairs generated on both semiconductors, driven the reduction and 
oxidation reactions on each. The oxidation and reduction of the redox 
mediators occur concurrently. The reversible redox mediators are not 
mandatory in the cases where the electrons can transfer between two physically 
contacted semiconductors.  

 
Figure 4.5 Schematic illustration of the Z-scheme. After photoexcitation, the holes on the 
VBs of the semiconductor I and electrons on the CBs of the semiconductor II transfer to 
water, catalyzing the oxidation and reduction reactions, respectively; the electrons on the 
CBs of the semiconductor I and holes on the VBs of the semiconductor II transfer to the 
redox mediators (Ox/Red), balancing the charges. The red dashed lines represent the redox 
levels of water; the black dashed line represents the energy level of the Ox/Red mediators.  

Compared to the Z-scheme, the one-step photocatalysis involves simple 
device configuration but strong constraints. Therefore, the primary objective is 
to search for new photocatalysts. A large number of materials are being 
studied, of which the following three classes are the ones most promising (only 
inorganic solids are considered):  

i) Naturally occurred oxides with band-gap energies in the energy of visible 
region. Typical examples are hematite Fe2O3 (Eg ≈ 2.1 eV) [55, 56], Cu2O (Eg ≈ 
2.2 eV) [57], WO3 (Eg ≈ 2.9 eV). In these materials, the CBM is below the 
E0(H+/H2), hence, the Z-scheme was constructed.  
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ii) Post-transition metal oxides. One example is BiVO4 [58-60] which has 
higher VBs and relatively small hole effective mass.  

iii) Anion alloyed oxynitrides [61, 62] with band-edge positions straddling 
the redox levels. 

We have studied the un-conversional cation-anion co-alloying oxynitrides, 
ZnO−X (X = GaN and InN). In the follow sections, I will summary the 
research background and some properties of ZnO−X (X = GaN and InN) 
oxynitrides. Before doing so, the fundamental of properties of ZnO, GaN, and 
InN binaries are summarized in section 4.2.  

4.2 Fundamental properties of ZnO, GaN, and InN  

ZnO, GaN, and InN have three different phases: rocksalt, zincblende, and 
wurtzite. The wurtzite structure is stable at room temperature and has a 
hexagonal cell belonging to P63mc space group (No. 186). Each cation (anion) 
is surrounded by four anions (cations) that form a tetrahedron. Along the c 
direction, the cations and anions form a layer structure with the separation 
distance of u×c, where c is the lattice constant and u is the ratio between c and 
the bond length parallel to the c axis (Figure 4.6). In an ideal wurtzite structure, 
the c/a =  and u = 3/8 = 0.375. In real crystal, the structure deviates from 
the ideal structure by changing the c/a ratio and u value [63-65]. Generally, 
increasing c/a ratio reduces the u value to keep the shape of the tetrahedron. 
The lattice constants of ZnO, GaN, and InN are listed in Table 4.1. The (0001) 
surface of ZnO is a polar surface, in each Zn−O double layer (d12), there is a 
dipole perpendicular to the (0001) surface. In the pure ionic model, the charges 
on Zn and O are +2e and −2e, respectively. A surface slab with the number of 
N double layers therefore has dipole moment of m = 2Ne(1−2u)c/2 and the 
corresponding spontaneous polarization Ps = Ze(1−2u) [66]. 

3/8
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Figure 4.6 (a) the primitive cell of ZnO with wurtzite structure; (b) the top-view of the 
(0001) surface; (c) the side-view of the (0001) surface. The d12 and d23 are the distance 
between the corresponding atomic layers indicated. 

Table 4.1 The lattice constants a, c, in units of Å, and internal parameter u of ZnO, GaN, 
and, InN calculated by means of LDA, PBE, and HSE. The Zn-d electrons are treated as 
valence electrons but Ga-d and In-d are core electrons. The experimental data are also 
presented for comparison. 

  ZnO GaN InN 
     
 a 3.197 3.154 3.505 

LDA c 5.157 5.144 5.671 
 u 0.3789 0.3764 0.3789 
     
 a 3.289 3.248 3.623 

PBE c 5.308 5.282 5.834 
 u 0.3795 0.3771 0.3795 
     
 a 3.257 3.183 3.544 

HSE c 5.250 5.161 5.718 
 u 0.3795 0.3778 0.3893 
     

Expt. a 3.248−3.2501 3.1902 3.5443 
 c 5.204−5.2071 5.1892 5.7183 

1reference [63] ; 2reference [67];  3reference [68] 

Figure 4.7 shows the charge density of ZnO, GaN, and InN calculated from 
LDA. There is a mixture of the covalent and ionic bonding in ZnO and GaN. 
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InN possesses more ionic bonding characters due to the large electronegativity 
of In. The Bader charge analysis [69-71], where an atom is defined as a region, 
of ZnO, GaN, and InN calculated from the LDA charge density is presented in 
Table 4.2. 

 
Figure 4.7 Charge density of ZnO, GaN, and InN calculated by means of LDA. For better 
visualization, the figures are plotted based on (2×2×2) primitive cell.  

Table 4.2 The Bader charge analysis of ZnO, GaN, and InN. The net charges are defined as 
the number of valence electrons minus the Bader charges. For the details of the Bader charge 
analysis, please refer [69-71]. 

Structures Atoms Bader charges (|e|) Net charges (e) 
ZnO Zn 10.80 1.20 

 O 7.20 −1.20 
    

InN In 1.79 1.22 
 N 6.22 −1.22 
    

GaN Ga 1.62 1.38 
 N 6.38 −1.38 

In Table 4.3, the band-gap energies of ZnO, GaN, and InN calculated by 
means of HSE and GW0 as well as the values from literatures are listed. The Eg 
of the three binaries calculated from GW0 are in good agreement with the 
experimental measurements. HSE estimates the Eg of GaN and InN quite well 
(3.46 and 0.69 eV, respectively) but does not for ZnO (2.58 eV). The failure of 
HSE is mainly due to the incorrect estimation of the Zn 3d-like states. It is well 
known that LDA significantly overestimates the energetically positions of Zn 
3d-like states compared to the experimental measurements. The Zn 3d-like 
states are delocalized in the energy range of −4 to −6 eV below VBM (Figure 
4.8), which is about 3 eV higher than the measured value, −7 eV [72]. 
Consequently, the Zn 3d-like states hybridize the O 2p-like states thereby 
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upshift the valence bands. Although HSE corrects the overestimation, i.e., in 
the range of −5 to −6.5 eV, the Zn 3d-like states are still about 2 eV higher. 
GW0 approach, however, localizes the Zn 3d-like states at about −6.9 eV, hence 
opens the band-gap.  

Table 4.3 The band-gap energies, in units of eV, of ZnO, GaN, and InN calculated by means 
of GW0 and HSE approaches. The data from other calculations and experimental 
measurements (in brackets) are also listed for comparison. 

 GW0 HSE Expt. 
ZnO 3.34 

(3.34a, 3.02b) 
2.58 

(2.34a, 2.5c) 
 (3.34c, 3.40d) 

GaN 3.78 
(3.00e; 3.5f) 

3.41 
(3.42e) 

(3.50g) 

InN 0.71 
(0.72h) 

0.69 (0.7i) 

a reference [73]; b reference [74]; c reference [75]; d reference [63]; e reference [76];  
f reference [77]; g reference [78]; h reference [79]; h reference [80]. 

 
Figure 4.8 Atomic angle resolution of density of states (PDOS) of Zn 3d-like states in ZnO 
calculated from LDA, HSE, and GW0. The experimental measured position of d state (black 
solid line) is about −7.0 eV below the VBM. 
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4.3 Oxynitride photocatalysts 

4.3.1 Overview of oxynitrides 

Since the discovery of the first photoelectrochemical cell for water splitting 
based on TiO2 and Pt [7], transition metal oxides has been extensively studied 
for photocatalysis due to their high stability and resistance to photocorrosion 
[81-95]. The bang-gap energies of these transition metal oxides are larger than 
3 eV in general, greatly limiting the overall efficiency of water splitting. There 
are some transition metal oxides with Eg in the energy of visible light region, 
the CBM positions, however, are below the reduction level, E0(H+/H2), hence 
unable to drive the reduction reaction (Figure 4.10). Construction of the Z-
scheme, therefore, is adopted to drive the full reaction.  

To overcome the band-gap energy problem, doping was adopted at the early 
age studies of visible light photocatalyst. Doping indeed can reduce the band-
gap energy and enable the photocatalyst to absorb visible light. However, 
partially filled mid-band states, which could promote the electron-hole 
recombination, can easily form in doped semiconductors. Such recombination 
increases the separation energy loss hence reduces the overall efficiency. 
Moreover, dopant states are normally localized or discrete, which slow the 
charge transport. Therefore, new photocatalysts beyond doping is in demand. 

 
Figure 4.9 The band-gap energies and band-edge positions of some transition metal oxides. 
The red dashed lines represent the redox level of water in in the electrochemical standard 
condition. 
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The O 2p-like states in transition metal oxide, which constitute the top 
valence bands, are generally very deep, resulting in deep VBM referring to the 
E0(O2/H2O). Nitrogen has energetically higher 2p orbital position compared to 
that of oxygen and higher stability compared to sulfur. Therefore, partially 
replacing O with N in oxide to form alloy can upshift the valence bands, 
leaving the conduction bands almost unaffected, hence reduces the band-gap 
energy. Typical examples of these anion alloys are perovskite-type oxynitrides, 
like LaTaON2 [96, 97] BaTaO2N [98], and LaTiO2N [96]. These oxynitrides 
are different from nitrogen doped oxides because nitrogen act as a constituent 
element instead of dopant [99]. Importantly, the oxynitrides are essentially 
stable in water-splitting reaction. Although a low level of N2 evolution, which 
indicates the partially decomposed of oxynitrides, was observed at the initial 
stages of the photocatalytic reaction, the production of N2 was completely 
prevented as the reaction progressing. The X-ray diffraction results of the 
corresponding photocatalysts also show no structure change before and after 
reaction operations [100].  

Generally, the cations in perovskite oxynitrides have d0 electron 
configuration that do not trap electrons diffusion nearby [101] but constitute the 
strongly localized CBM. The characters of VBs and CBs near the band-edges 
affect the carrier transport properties as well as optical absorption. The bands 
involving delocalized characters are associated with high electron/hole mobility 
whereas those involving localized characters are associated with low 
electron/hole mobility. Moreover, the flat and dense bands generally favor 
optical absorption.  

Since cation with d10 electron configuration also does not trap electrons. In 
addition, the CBs of metal oxides with d10 configuration generally constitute 
delocalized hybridized sp states, leading to a larger mobility of the electrons. 
Therefore, to design oxynitrides with d10 cations can take the advantages of 
both d10 cations and nitrogen anions. The element Zn has d10 configuration, and 
ZnO are well-studied materials for optoelectronic devices such as light emitting 
diodes and laser diodes [64, 102, 103]. The CBM of ZnO composes of highly 
delocalized sp states. Therefore, we expect that alloying ZnO with other 
nitrogen sources can be an alternative choice to get oxynitrides beyond 
perovskite.  
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4.3.2 ZnO-based oxynitrides 

The oxynitride anion alloy of ZnO (ZnO1−yNy; refs [104, 105]) has been 
explored for high-mobility, low-cost thin-film-transistor displays. This anion 
alloy easily exhibits a polycrystalline ZnO-like structure [106], amorphous, or a 
highly disordered nanocrystalline structure when the interaction between Zn 
and N is sufficiently strong [104]. Synthesis and analysis of the anion-alloy 
ZnO1−ySy reveal high crystalline morphology with wurtzite-like structure for x 
< ∼0.7 [107, 108]. However, alloying O and S implies a relatively large 
distortion of the anion positions. Therefore, ZnO−X with X being an isovalent 
binary to ZnO, is an alternative type of alloy that preserves the tetrahedral-like 
structure and, at the same time, can be used to tailor the electronic and optical 
properties through alloying. Since each Ga−N and In−N pairs are isovalent to 
the substituted ZnO pair (i.e., retaining the same number of valence electrons) 
with reasonably bond lengths matching, high concentrations of Ga−N or In−N 
pairs can be incorporated without strong local reconstruction in the crystal 
structure. Moreover, both Ga and In have d10 electron configuration. The CBM 
of both InN and GaN compose of highly delocalized sp states. Therefore, 
substitution of both the cations and the anions allows significantly altering and 
controlling the material properties while ensuring crystal stability. That is, the 
anion part of the ZnO−X alloy (N replacing O) affects the electronic structure, 
whereas the cation part of the alloy (In or Ga replacing Zn) primarily ensures 
the proper valence number in the Lewis octet rule to for the tetrahedral-like 
geometry [109]. This hypothesis is also supported by the experimental 
observations, demonstrated that the synthesized ZnO−GaN oxynitrides process 
wurtzite lattice structure as that of ZnO and GaN [110-113]. The synchrotron 
diffraction results further shown that GaN−ZnO oxynitride possesses wurtzite-
type structure with the space group of P63mc (11.5% ZnO in GaN) [114]. The 
Zn and O atoms spatially disordered distributed in the GaN host and covalently 
bonded with N and Ga, respectively. 

We therefore calculated electronic structures of the ZnO−X (X = GaN or 
InN) oxynitrides. The results reveal that cation-anion alloying causes a strong 
band-gap bowing hence significantly reduces the Eg (Figure 4.10) to visible 
light region, even with small N compositions (band-edge position will 
evaluated in section 4.4).  
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Figure 4.10 Calculated Eg of ZnO−X (X = GaN or InN) oxynitrides by means of LDA, HSE, 
and GW0 approaches. The curves are fitted using equation Eg(x) = (1︎ −x)·Eg(X) + 
Eg·(ZnO)  − b·x·(1− x), where b is the band-gap bowing parameter, X = GaN or InN. The 
black star is the experimental data. Note: the Eg from GW0 are slightly smaller, i.e., Eg(ZnO) 
= 3.10 eV; Eg(GaN) = 3.67 eV; Eg(InN) = 0.51 eV. This is because we used smaller cutoff 
energy of dielectric matrix for computational resource reasons. Later, when better 
computational resources available, they were improved: Eg(ZnO) = 3.30 eV; Eg(GaN) = 3.78 
eV; Eg(InN) = 0.71 eV. The convergence with respect to the cutoff energy was presented in 
Chapter 2.  

Furthermore, we found that ZnO−InN oxynitrides with cluster-like structures 
have smaller relative formation energy compared to that without cluster, 
indicating energetically favorable to form cluster-like structure (paper IV). 
Wang et al designed charge flow model [115, 116], where a model 
Hamiltonian was developed based on semiconductor electron counting rule, to 
model the crystal structures of ZnO−GaN oxynitrides. It shown that the 
ZnO−GaN are relatively uniform at the simulation temperature above 1100 K 
but exhibit strong short-range order, suggested as an inherent character of this 
type oxynitrides. They also shown that this character exists in other similar 
alloy systems, e.g., GaAs−ZnSe, AlN−MgO, and AlN−ZnO. Quantum Monte 
Carlo simulation also revealed [117] that the ZnO−GaN oxynitrides at high 
temperatures are in disordered phase but with strong short-range order. Further 
structure analysis suggested that this short-range order presents local clustering 
tendency, with relatively large ordering parameter at the first- and second-
neighbor shells but decay quick and beyond the third neighbor shell (20% ZnO, 
T = 1200 K; Figure 4.11).  
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Figure 4.11 The calculated short-range order parameter of ZnO-GaN oxynitride (20% ZnO, 
T = 1200 K). The C−C, A−A and C−A represent cation-cation, anion-anion, and cation-
anion pairs, respectively. The NN and NNN represent nearest and next nearest neighbors, 
respectively. Figure is from reference [117]. 

We therefore further analyzed the electronic structures of ZnO−InN with 
random and cluster-like structure, respectively. Formation of cluster-like 
structures significantly reduces the band-gap energy. Moreover, different local 
cluster-like configurations also show different band-gap energies (Figure 4.12). 
We explained that the reduction of the Eg originates from a conjunction of the 
higher energetic location of the N 2p-like states, relaxation effects, and charge 
redistribution (paper IV). 

The density-of-states of ZnO−InN alloys have semi-local character near the 
VBM, which shall be described as combination of defect-like character and a 
hybridized-like character (Figure 4.13). Interestingly, in cluster-like structures, 
the N 2p-like states are energetically delocalized, even the In−N dimers are 
spatially localized. This is due to the domination of the hybridization 
interactions in the cluster-like structure. Therefore, solely from electronic 
structure view, we believe that ZnO−InN with cluster-like structure is an 
optimum choice for water splitting. 

LI, MUCKERMAN, HYBERTSEN, AND ALLEN PHYSICAL REVIEW B 83, 134202 (2011)
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solid solution. It remains relatively constant within the range
of synthesis temperatures and cannot be removed.

C. Lattice parameters, bond lengths and band gaps

The Monte Carlo simulation based on the cluster expansion
can only predict site occupancies. It cannot provide direct
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information about coordinate relaxation or electronic structure.
However, we can obtain this information from DFT. The
investigation of lattice parameters, bond lengths, and band gaps
contains two steps. First, we conduct Monte Carlo simulation
and equilibrate the structure at a specific temperature and
concentration. Then, we randomly draw snapshots from the
simulation and use them to do DFT calculations. Due to DFT’s
limited capability of handling large structures, we restrict the
supercell to be 4 × 4 × 3, with 192 atoms. To average over the
fluctuations due to the finite size of the simulation cell, four
snapshots are taken at each temperature and concentration. We
estimate the quantities of interest, e.g., the band gap, from DFT
calculations of these snapshots.

Actual (Ga1−xZnx)(N1−xOx) samples at room temperature
do not show the ordered binary or phase-separated structures,
because low atom mobility below 900 K inhibits equilibration.
Since the temperature dependence of SRO is relatively weak
(see Fig. 4), we adopt 1200 K as a reasonable effective
equilibration temperature characterizing actual samples at
lower temperature. Although the measurements of band gaps,
etc., are conducted at room temperature, it is appropriate
to compare with theory at the higher effective equilibration
temperature.

Figure 5 shows the lattice parameters extracted from DFT
calculations of these snapshots. As comparisons, we also
considered snapshots from a MC temperature of 5000 K, which
exhibits half as much SRO (see inset of Fig. 4). In reality, the
sample would decompose at such a high temperature; we use
it here simply to study the influence of ordering. We find
the upward bowing predicted from snapshots at 5000 K to be
approximately twice that found at 1200 K. Greater disorder
causes the lattice parameters to increase. Experimentally,
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Figure 4.12 The band-gap energy versus the InN content for different ZnO−InN oxynitrides. 
The band-gap is narrowed more for structure with InN cluster-like structures (black crosses). 
The gray and yellow areas represent the estimated energy ranges for a distribution of 
different local structures. The filled red triangles are the experimental results.  

The photocatalytic performance of ZnO−GaN oxynitride have been reported 
and optimized [82, 87, 93, 94, 118]. When loaded with rhodium-chromium 
oxide nanoparticles [119], the quantum efficiency of hydrogen evolution is 
2.5% in the energy range of 2.82−2.95 eV, corresponding to wavelength of 
440−420 nm. The compound is stable and functions continuously for 35 hours 
without degradation during the experiment. The core-shell nanowire also have 
been synthesized for water splitting [120]. Unfortunately, there is no 
photocatalytic performance been reported regarding ZnO−InN oxynitride. This 
may be due to the well-known difficult synthesis of InN.  
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Figure 4.13 Local and angular-momentum resolved DOS of the ZnO−InN oxynitrides with 
(noted as ZnO:(InN)y ) and without (noted as (ZnO)1-y(InN)y ) cluster-like structures. The 
upper panels in each subfigure describe the DOS of ZnO (gray area with no line), Zn 4s-like 
(thick red line), O 2s-like (green line), and O 2p-like (blue line) states. The lower panels 
present the corresponding DOS for InN. The energies refer to the VBM of ZnO. Dotted lines 
indicate the VBM and CBM. For better visibility of s-like states, the DOS are in units of 
1/(eV × atom × orbital) and thus scaled by (2l+1)−1 where l is the azimuthal quantum 
number. 

4.4 Energy level alignment  

Early studies of photocatalysts focused on searching for different materials 
with proper band-gap energy. To make the reactions happen, the transfer of the 
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electrons and holes from the surface of the catalysts to water should be 
energetically possible. That is, the VBM and CBM should straddle the energy 
levels, E0(O2/H2O) and E0(H+/H2), as discussed in section 4.1.  

The positions of VBM and CBM calculated using periodic boundary 
condition has no common reference from different calculations, the band 
energies computed with Kohn-Sham approach are shifted due to the 
contribution of the pseudopotential at zero momentum vector when employing 
periodic boundary condictions [121]. Schemes to align the energy levels of 
semiconductor and water vary, depending on the choices of energy references, 
Two typical methods are hydrogen insertion method [122, 123], which uses 
free energy of inserted proton as energy reference and work function model 
which uses vacuum as energy reference.  

4.4.1 Alignment at the semi-surface 

The simplest method to align the energy levels of a photocatalyst and water 
is to use semi-surface slab model with vacuum as common reference. A 
schematic picture of this model is shown in Figure 4.14 where a sufficiently 
thick vacuum is supplied to eliminate short-range interactions. The long-range 
interactions can be canceled by inserting a sheet of dipoles or dipoles 
correction [124]. In this model, the VBM of a semiconductor referring to 
vacuum is  

 
  

Es,bulk −Vvac = (Vs,bulk −Vvac )+ (Es,bulk −Vs,bulk ),

= ΔV + Eb ,
  (4.4) 

where Es,bulk and Vs,bulk are the VBM and electrostatic potential of the 
semiconductor in bulk, respectively, Vvac is the potential in vacuum, ∆V is 
energy different between electrostatic potential and vacuum, and Eb is the 
energy difference between electrostatic potential and VBM. The ∆V can be 
calculated from slab model. Figure 4.15 shows an example of the determination 
of ∆V. The Eb can be determined from bulk calculation. The eigenvalues 
calculated from Kohn-Sham approach suffers from there is no physical 
meaning apart from the VBM. The energy levels from GW, however, associate 
to the energy level of removing (adding) on electron from (to) the many-body 
system. Therefore, it is physically reasonable to use the VBM and CBM from 
GW calculation to determine Eb. Analogically, the same relation holds for 
water (here water is regarded as a disordered insulator with fundamental Eg ≈ 
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8.7 eV). Consequently, the VBM difference between the semiconductor and 
water is easily obtained. The energy difference between CBM is obtained 
through adding the corresponding band-gap energies. Figure 4.16 shows the 
VBM and CBM of ZnO, InN, as well as ZnO−InN calculated using the slab 
model.  

 
Figure 4.14 Schematic illustration of the energy levels alignment. Up panel: slab model 
using vacuum as reference and the interface effect is excluded. Bottom panel:  model 
including the semiconductor/water interface.  

 
Figure 4.15 Electrostatic potential of the ZnO calculated from slab model. The black solid 
line is the two-dimensional average potential along x direction, and the red dashed line is 
one-dimensional average potential.  
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Figure 4.16 Band-edge levels of ZnO, ZnO−InN, and InN relative to the vacuum level. The 
gray areas indicate the VBM and CBM of ZnO, (ZnO)1−x(InN)x (ZnO−InN without cluster-
like structures), and InN. The presence of InN cluster-like structures (noted as ZnO:(InN)x; 
colored bars with marks) significantly shifts the VBM up and the CBM down even at low 
InN content, i.e. x = 0.063, 0.125, 0.188, and 0.25; the black dashed lines represent the 
average effect from three cluster-like types (left panel). The red dashed lines indicate the 
water redox level at pH = 0. Right panel shows the DOS for the ZnO:(InN)0.188 cluster-like, 
demonstrating that the cluster-like structures imply a broad VB dispersion and not localized 
defect states.  

4.4.2 Alignment at the interface 

At a semiconductor/water interface, atoms and electrons will redistribute, 
resulting in a change of the electrostatic potential crossing the interface. In the 
slab model, the interaction between semiconductor and water at the interface is 
omitted. A further improvement of the slab model is to include the interface 
effect. Assuming the band alignment is due to electrostatic effects, the energy 
levels and electrostatic potential change by the same amount everywhere in 
space and their difference remains unchanged [125, 126]. Thus, the following 
relations hold (Figure 4.14):  

 
  

Es,edge −Vs,edge = Es,bulk −Vs,bulk

Ew,edge −Vw,edge = Ew,bulk −Vw,bulk

⎧
⎨
⎪

⎩⎪
,   (4.5) 

where Es,edge and Vs,edge are the VBM and the electrostatic potential of the 
semiconductor at the edge of the interface, Ew,edge and Vw,edge are the VBM and 
the electrostatic potential of water at the edge of the interface, Ew,bulk and Vw,bulk 
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are the VBM and the electrostatic potential of water in bulk. The VBM 
difference, ΔE, between semiconductor and water can be computed through: 

 

  

ΔE = Es,edge − Ew,edge

= (Es,edge −Vs,edge )+ (Ew,edge −Vw,edge )+ (Vs,edge −Vw,edge )

= (Es,bulk −Vs,bulk )+ (Ew,bulk −Vw,bulk )+ (Vs,edge −Vw,edge )

= E −V
s,bulk

− E −V
w,bulk

+ ΔVinterface ,

  (4.6) 

Thus, the key issue is to calculate the electrostatic potential changes, ∆Vinterface, 
at the semiconductor/water interface.  
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Chapter	  5	  

Casimir	  interaction	  	  

This chapter aims to tailor the Casimir force through modifying the properties 
of the materials involved in. After a description of the van der Waals and 
Casimir force in section 4.1 as well as brief description of the methods for 
computing Casimir force in section 4.2, the dielectric function on imaginary 
frequencies is summarized in section 4.3 followed by few examples.  

5.1 Background of the Casimir force 

As the distance of two neutral objects becomes very small, the Casimir force, 
arising from quantum or thermal fluctuation of electromagnetic field, becomes 
significant. Technologically, the force becomes important as devices evolving 
to nano-scale. Before describing the calculation of the force, I present a 
physical picture of the Casimir force borrowed from S. Johnson et al [127]. 
Suppose there are two neutral particles (atoms) 1 and 2 in the vacuum with 
separation distance of d (Figure 5.1). At small (typically few Å) separation, the 
spontaneous dipole moment p1 from 1 polarizes the particle 2 to produce an 
induced dipole moment p2. Consequently, a dipole-dipole interaction arises 
between particle 1 and 2. When the separation, d, is much smaller than the 
wavelength of the fluctuating electromagnetic field, the wave effects are 
negligible. The interaction excluding the wave effects is called van der Waals 
interaction that can be attractive or repulsive, depending on their directions. 
When d is much larger than the typical wavelength, the wave effect [128] 
should be considered. Furthermore, if there are more than two particles, 
particles 1, 2, and 3 for example, the initial dipole p1 induces polarization of p2 
and p3 on the particle 2 and 3, then p2 will create its own field that further 
modify p3, and so on. Coming to the macroscopic solid body, it consists of a 
large number of fluctuating dipoles interacting in a complicated way. The 
multi-scattering effect combined with wave retardation yield the Casimir force.  
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Figure 5.1 Diagram of the van der Waals, Casimir-Polder and Casimir force: a) a fluctuation 
dipole p1 induces a fluctuating dipole p2 on particle 2, leading to van der Waals forces 
between the particles; b) when the separation is large, wave effects modify the interaction, 
resulting in the Casimir–Polder forces; c) in macroscopic bodies, which consist of a larger 
number of dipoles, the interaction between the many fluctuating dipoles leads to the Casimir 
forces. The figure is from the reference [127]. 

The Casimir force was first predicted by Hendrik Casimir in 1948. It states 
that the force between two vacuum separated perfectly conducting plates is 
attractive. The force, F, is presented as [129, 130]: 

 
 
F = − ∂E

∂d
− π 2!c
240d 4

L2 ,   (5.1) 

where c is the speed of light in vacuum, d is the distance between two plates, 
and L is the length of the plates. 

5.2 The Casimir force in multilayer structure  

In the above equation, the Casmir force is based on the perfectly conducting 
metals separated by vacuum. For the real materials with finite conductivity 
other than the ideal metal, the Casimir force can be calculated from dielectric 
functions using Lifshitz’s theory [130-132]. The force between two materials 1 
and 2 separated by material 3 is (Figure 5.2): 

 
 
F(d) = − !

2π 2 dξ
0

∞

∫ dk⊥k⊥0

∞

∫ κ 3
r31
q r32

q e−2κ 3d

1− r31
q r32

q e−2κ 3dq=TE

TM

∑ ,   (5.2) 

where κ 3 = k⊥
2 − ε3u3ω

2 / c2 , r31q  and r32q  are the reflection coefficients at the 
interface of 3|1 and 3|2, respectively. A general expression of the reflection 
coefficient is: 

 rij
q = Δij

q =
κ i −γ ij

qκ j

κ i + γ ij
qκ j

,   (5.3) 
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with  

 γ ij
q =

ui u j ,      q = TE
ε i ε j ,      q = TM
⎧
⎨
⎩⎪

,   (5.4) 

where the TE and TM represent the transverse electric and magnetic modes, 
respectively.  

 
Figure 5.2 Diagram of semi-surface (left panel) and multilayer (right panel) configurations. 
In the multilayer configuration, j− represents layers on the left side of layer j (0 – (j−1) 
layers) and j+ represents layers on the right side of layer j ((j−1) – n layers).  

The Casimir force in above semi-surface configuration can be further 
generalized to the multilayer configuration, as shown in Figure 5.2. The 
retarded Casimir force on layer j per unit area includes the contribution from 
both TM and TE modes. It can be written as summation of the discrete 
imaginary frequencies ωn:  

 F = 'g(ω n )
n=0

∞

∑ = '

n=0

∞

∑ kBT
π

k⊥κ j

rj−
q rj+

q e−2κ jd j

1− rj−
q rj+

q e−2κ jd j
q=TM

TE

∑ dk⊥0

∞

∫ ,   (5.5) 

where the dj is the width of the layer j, the  rj−
s  and  rj+

s  are the reflectivity 
coefficients on the left and right side of layer j, respectively, εj and µj are the 
dielectric function and magnetic permeability of the material j. The prime on 
the summation indicates that the n = 0 term should be divided by 2, ω is the 
frequency.  

The reflection coefficient of two interfaces in multilayers configuration is 
calculated as the sum of coefficients pertaining to each optical path starting and 
ending in i. Assuming the transmission coefficient from i to j is tij, and the 
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longitudinal wave vector is k||, j = εuω / c − k⊥
2 = iκ j , a wave travelling distance dj 

must be multiplied by exp(ik||jdj) = exp(−kjaj). The reflection coefficient 
therefore is 

 

 

rijk
q = rij

q + tij
qe−κ ja j rjk

qe−κ ja j t ji
q +!

= rij
q + tij

qt ji
q rjk

qe−κ ja j (rjkrjie
−2κ ja j )n

n=0

∞

∑ =
rij
q + rij

qe−2κ ja j

1+ rij
qrjk

qe−2κ ja j
.
  (5.6) 

where the tijqt jiq − rijqrjiq = 1  and rijq = −rji
q  hold.  

In order to calculate the Casimir force from the formula addressed above, the 
dielectric function on imaginary frequency is required. It is obtained from 
dielectric function on real frequency using Kramers-Kronig relation: 

 

  

ε(iω ) =
1+ 2

π
ω ε1(ω ')−1⎡⎣ ⎤⎦

(ω ')2 +ω 20

∞

∫ dω '

1+ 2
π

ω 'ε2(ω ')
(ω ')2 +ω 20

∞

∫ dω '

⎧

⎨
⎪
⎪

⎩
⎪
⎪

.  (5.7) 

Figure 5.3 shows the dielectric function of cellulous both on imaginary and 
real frequency. The phonon contributions were excluded.  Figure 5.4 shows the 
dielectric functions of polar (rutile SnO2) and nonpolar (carbon, with diamond 
structure) materials on imaginary frequencies. Carbon is non-polar material, 
hence phonon contributions do not change the dielectric function.  

 
Figure 5.3 Dielectric function of cellulous on imaginary (blue circles) and real (red solid 
line) frequency. The static dielectric constant is marked as n = 0 term, which was calculated 
separately.   
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Figure 5.4 Dielectric function of rutile SnO2 and carbon on imaginary frequency. Both these 
with and without phonon contributions are presented. 

Tuning the attractive-repulsive Casimir force transition is technically 
important. The attractive Casimir force occurs when surface adhesion forces 
are stronger than the mechanical restoring force of the microstructure, leading 
to the stiction in the process of nanofabrication. Different approaches have 
been reported in preventing the attractive Casimir [133]. Since the first 
observation of repulsive Casimir force between silica and gold immured in 
Bromobenzene [134], repulsive Casimir force becomes interesting because it 
may be used to combat the stiction in MEMS and NEMS. Moreover, the 
repulsive force may also be used to design nanodevices with new concept. 
Furthermore, the attractive-repulsive transitions have also been achieved in 
different systems. Figure 5.5 shows stable suspension of two dielectric spheres 
in liquid using Casimir force. It has shown that the transition distances depend 
on both on the dielectrics properties and geometries [127]. Metal and 
dielectrics with small static dielectric constant are the c ommon used materials 
to generate the repulsive Casimir force. The transition from the attractive to 
repulsive with varying separation distance has been predicted [135, 136]. Using 
stable equilibrium from Casimir force, stable suspension dielectric nano-objects 
or quantum levitation may be achieved in the near future.  
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Figure 5.5 The Casimir force between two spheres immersed in liquid. The figure is from 
reference [137]. 

The above stable equilibrium are achieved in systems involves either non-
widely used materials, like topological insulator [138] and meta-materials [139, 
140], or complicated geometries, like an elongated metal particle above a thin 
metal plate with a hole [141] and particle in cylinder [142]. We achieved stable 
equilibrium force by using semiconductors and porous materials in multilayer 
geometry.  

Figure 5.6 shows scheme of a multilayer configuration as well as the 
dielectric functions of the materials involved in. The corresponding Casimir 
force is shown in Figure 5.7. A stable equilibrium Casimir force is achieved in 
Teflon-oil and rutile SnO2 configuration with force transition distance at about 
22 nm. For doped rutile SnO2, the repulsion-attraction transition becomes 
unstable. This is because heavy doped semiconductors normally have large 
plasma frequency that contributes to the interaction in low frequency region. 
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Figure 5.6. Left panel: the multilayer configuration with S denotes the rutile SnO2; right 
panel: the dielectric function on imaginary frequencies of the corresponding materials: 
Teflon (dashed black), (dashed blue), (dashed red), rutile SnO2 (solid green); and doped 
rutile SnO2 (solid black). 

Although the configuration with a nanosheet presents repulsive-attractive 
force transition and can stably suspend the nanosheet, it is difficult to 
manipulate systems with a single nanosheet without any substrate in the 
process of fabrication. We replaced the air cladding on top of the SnO2 
nanosheet with a mesoporous material (for mesoporous material, see paper VI). 
The mesoporous material consists of host medium and nanopores where its 
dielectric function can be tuned through modifying the pores structures (Figure 
5.8). There are different types of materials that can be used to adjust the 
dielectric function, here we only show concept that choosing materials with 
tunable dielectric function is a practical approach to tune Casimir force. 
Furthermore, we adapted this idea to the interaction between gas bubbles and 
silica porous materials, studied the repulsive to attractive transition with 
different sphere and pore properties. That may be used as a concept for gas 
storage, like H2 and CO2. 

Teflon Air Oil S

10
12

10
14

10
16

10
18

10
0

10
1

�(
i�

)

 � (rad/s)



 

 71 

 
Figure 5.7 The Casimir force in material combination above in multilayer configuration. The 
force in Teflon-oil-rutile SnO2 nanosheet system is in stable equilibrium (solid green), but 
unstable in Teflon-oil-doped rutile SnO2 nanosheet system (solid black). The force in 
corresponding bulk cases are also shown. 

 
Figure 5.8 The Casimir-Lifshitz force between Teflon and SnO2 thin film coated mesoporous 
silica in cyclodecane at 300 K. The porosity of the mesoporous silica is 45%. Inset: The 
dependence of the stable separation dc on the porosity of the mesoporous silica. 
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There are many different interactions in the system above, and our 
calculation is a rough prediction. But we expect our concept can help 
experimentalists to design system with tunable material properties, like doped 
semiconductor, magnetic material, and phase transition material. Moreover, the 
force can be tuned through external electrical, magnetic, or thermal field. That 
may be technologically interesting. 
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Chapter	  6	  	  

Conlusion	  and	  remarks	  

This chapter summarizes the attached papers in sequence. The topic of paper 
I−IV is oxynitrides for water splitting, paper V comparatively studied the TiO2 
and SnO2 polymorphs, and VI experimental and computationally studied the 
mesoporous materials. Paper VII−IX is about the Casimir interaction where the 
material properties in paper V and VI are used. A conclusion and perspectives 
followed after summary. 

6.1 Summary of the papers 

I Band gap reduction and dielectric function of Ga1−xZnxN1−xOx and  
In1−xZnxN1−xOx alloys 

Transition metal oxides are promising water splitting photocatalyts for their 
high stability and resistance to photocorrosion, but as most compounds are 
wide-gap materials (Eg > 3 eV) due to the deep valence bands and they are 
optical active in the ultra-violent range. Anion alloying nitrogen with transition 
metal oxides form oxynitrides that upshifts the valence bands and narrows the 
band-gap energies of transition metal oxides. The perovskite oxynitrides are 
rather well studied, and these materials constitute the strongly localized CBM 
due to d0 electron configuration of the cations which slows the electron 
transport. Alternatively, cation-anion alloying unconversional oxynitrides can 
take the advantageous of both cation and nitrogen anion. The ZnO, GaN, and 
InN binaries are well known optoelectronic materials. Therefore, alloying ZnO 
with an isovalent binary, like GaN or InN, is an alternative type of alloy that 
preserves the tetrahedral-like structure. Moreover, ZnO, GaN, and InN have 
reasonably bond lengths matching and similar bonding type (see 4.2), therefore, 
incorporating Ga−N or In−N pairs into ZnO as constituent elements should not 
completely destroy the crystal structure. Both cations and anions alloying ZnO 
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allow for flexibly controlling the material properties while maintaining 
reasonable crystal stability.  

To verify the above hypothesis, we studied the band-gap bowing of the 
ZnO−GaN and ZnO−InN oxynitrides by means of LDA, HSE and GW0 
approaches in paper I. The LDA and standard HSE hybrid functional 
significantly under-estimated the band-gap energy of ZnO due to over-
estimation of Zn 3d-like states (see section 4.2), consequently, under-estimated 
the band-gap energies of oxynitrides. The GW0 corrects the band-gap energies 
of binaries. The ZnO−GaN and ZnO−InN oxynitrides show strong band-gap 
bowing, with bowing parameter about 7.31 and 2.47 eV, respectively. This 
allows the oxynitrides to harvest light in the visible light range with relatively 
small binary constituents. The ZnO−InN oxynitrides possess larger absorption 
coefficient at the bang-gap region of 2.0−3.0 eV. 

The experimental observations shown that the ZnO−GaN oxynitride consists 
of wurtizite lattice structure but disordered atomic configuration. Although 
both binaries have Eg > 3 eV, the corresponding compounds, however, possess 
band-gap energy in the energy range of visible light, for instance, 22% ZnO in 
GaN with of 2.60 eV; 15% GaN in ZnO with of 2.50 eV. This band-gap energy 
reduction is not symmetric, that is, incorporating GaN in ZnO host reduces the 
band-gap energy much more than that of incorporating ZnO in GaN host. 

In short, the main results in this paper are summarized as: 

• Both ZnO−GaN and ZnO−InN alloys reduce the band-gap energies to 
energy of visible light region.  

• ZnO−InN alloys have larger optical absorption coefficient in the energy 
range of 0.69−6.0 eV. 

II Free exciton absorption in Ga1−xZnxN1−xOx alloys 

The free exciton effects in ZnO and GaN play an import role in 
optoelectronic devices. In direct band-gap semiconductor, the oscillator 
strengths (transition probabilities) of excitons is typically much larger than that 
of direct electron transitions [37]. ZnO has large free exciton binding energy 
(~60 meV) and persists strong free exciton absorption at and even above room 
temperature. GaN has relatively weak free exciton binding energy (~28 meV). 
Based on the understanding of character of the VBM in the ZnO-GaN alloy 
(paper I) one can argue that exciton shall significantly be weakened and maybe 
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even disappear in the alloy. In paper II, we studied the free exciton effect when 
alloying GaN with ZnO using the BSE approach. Although the crystal 
symmetry is broken and different cation-anion bonds are formed, the free 
excition absorptions in ZnO−GaN oxynitrides are not eliminated. The 
calculated imaginary parts of the dielectric functions show strong free exciton 
absorptions below the band-gap energies. The exciton absorption peak intensity 
almost linearly increases with the increase of the ZnO content. Computational 
determination of the exciton binding energy requires very a large number of k-
points, which is a computational workhorse. Therefore, we compared the 
energy difference between the exciton absorption peaks and the energy gaps Eg, 
and qualitatively estimated that the strength of excitonic coupling is weaker in 
the alloy than in both GaN and ZnO binaries. This is not supposing since the 
disordered structure could remove the symmetry, consequently weak the 
excition effect. Also, in ZnO with moderate GaN content, the VBM is primarily 
GaN-like and CBM is primarily ZnO-like and that may affect the interaction 
between the elecon and the hole of the exciton. Interestingly however, the 
exciton absorption intensity does not vanish. Instead, it increases with respect 
to the increasing of the ZnO content. 

In short, the main results in this paper are summarized as: 

• ZnO−GaN alloys show strong free exciton absorption below the 
fundamental band-gap energies.  

• The excitonic coupling strength of ZnO−GaN alloy is qualitatively weaker 
than either GaN or ZnO. 

• Interestingly, the exciton absorption intensity increases with increasing 
ZnO content. 

III ZnO−InN nanostructures with tailored photocatalytic properties for 
overall water splitting 

In the calculations, we found that both ZnO−GaN and ZnO−InN oxynitrides 
trends to form cluster-like structures. Quantum Monte Carlo simulation [117] 
revealed that ZnO−GaN are relatively uniform at the high temperature (above 
1100 K) but exhibit strong short-range order, so do other wurtzite compounds, 
e.g., GaAs−ZnSe, AlN−MgO, and AlN−ZnO [115, 116]. Our initial 
calculations shown that the cluster-like structures in ZnO−GaN oxynitrides 
have relatively small effect on the electronic structure, but that is not the case 
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for the ZnO−InN oxynitrides. The reason for smaller effect in ZnO−GaN is 
because GaN has very similar volume with similar bond lengths as ZnO, 
whereas InN has larger volume with longer and bond lengths as ZnO.  

In the previous work we calculated the band gap for ZnO−GaN and 
ZnO−InN with quasi-reandom alloy configuration, and we found that band-gap 
reduction was smaller in ZnO−GaN than in ZnO−InN mainly because of larger 
gap of GaN than in InN. In paper III, we want to better understand how 
disordering affects the band edges and the band gap. Therefore, the ZnO−InN 
oxynitrides with different local atomic configurations are studied. We modeled 
the structures by choosing different configurations of the In−N dimers. The 
relative formation energies of the ZnO−InN oxynitrides with different cluster-
like configurations are lower than the disordered configurations, suggesting 
energetically favorable formation of In−N cluster-like structure. The relative 
energy to have an In-on-Zn site far away from the N-on-O site cost about 16 
meV more compared to having them closely together. This is a direct 
consequence of Lewis’ octet rule applied to defects. The band-gap energies 
vary with respect to different local atom configurations, and cluster-like 
structures narrow the band-gap more significantly compared to that of alloying 
structures. For instance, the band-gap energy can be reduced to Eg = 1.03 eV 
for x = 0.25, which is about 0.86 eV smaller than that of the corresponding 
alloy. We calculated the band-edge positions referring to vacuum using LDA 
average static potential and GW0 band positions. The oxynitrides with cluster-
like structures show strong upshift of the VBM and downshift of the CBM 
comparing to that of disordered counters, resulting in significantly narrowing of 
the band-gap energies. This impact on the electronic structure favors thus 
visible light absorption. Although the narrowing of the band-gap is strong, the 
high-frequency dielectric constant is only weakly affected.  

Since it is expected that an isovalent alloy may contains nanoclusters, 
depending on synthesis process, we expected that the band-gap energies of 
differently synthesized ZnO−InN samples could differ. This, on the other hand, 
opens for an additional possibility to tailor the band-gap energy. The band-
edges straddle the redox potential levels of H+/H2 and O2/H2O, suggesting that 
ZnO−InN nanostructures can enhance the photocatalytic activity for overall 
solar-driven water splitting. 

In short, the main results in this paper are summarized as: 
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• Formation of cluster-like structures in ZnO−InN oxynitrides decreases the 
energy gap more than that of alloy strucctures. 

• The cluster-like structures significantly upshift the VBM and down shift 
the CBM, making them near water redox level at low InN contents. 

•  Relatively strong free exciton absorption remains in oxynitrides alloy but 
does not for those with cluster-like structure. 

IV Analysis of the semilocal states in ZnO−InN compounds 

The previous works studied the band-gap reduction, band-edge position of 
ZnO−InN oxynidtrides with different local structures, showing that formation 
of In−N cluster-like structures significantly shift the band-edge positions and 
reduce the band-gap energies. Our initial calculations shown that this is not the 
case for the ZnO−GaN oxynidtrides containing Ga−N cluster-like structures. In 
paper IV, we further analyzed the origin of the band-gap energy reduction in 
ZnO−InN oxynitride system. We compared the energy position of the N 2p-like 
states in both alloy and cluster-like structures, analyzed the relaxation effects to 
the bond length distribution and band-edge positions. Primarily, the results 
shows that the band-gap energy reduction originates from the formation of 
semi-local N 2p-like states near the VBM of ZnO host, but this alone cannot 
describe the properties. Furthermore, we constructed a model to analyze the 
charge density difference of the system before and after In−N pair substitution; 
calculated the Bader charges on each ions. The results demonstrate that the 
cluster-like structures exhibit stronger charge redistribution compared to that of 
alloys. The charges accumulate on the N ions with cluster structures, which 
further broaden the distributions of the corresponding N 2p-like states. We 
explained that the band-edge shift is due to a conjunction of the energetic 
location of the anion p-like states, relaxation effects, and charge redistribution. 
Importantly, the p-like states are energetically delocalized energy bands, 
especially for compounds with cluster-like structures, and they thus do not 
generate localized defect states. Here, the anion part of oxynitride affects the 
electronic structure, whereas the cation part ensures the proper valence number 
to form a tetrahedral-like geometry with sp3-like hybridized orbitals.  

The Zn−O and In−N bonds are all relatively stable with respect to the binary 
composition. That is, the bond lengths follow roughly the covalent radii of the 
elements, and the charge redistribution has less impact on the bonds. Thus, with 
a proper composition, these alloys can benefit from the material advantages of 
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ZnO, and at the same time one can realize materials with optimized 
functionalities. 

In short, the main results in this paper are summarized as: 

• The band-gap reduction is explained in terms of the conjunction of the 
energetic location of the N p-like states, relaxation effects, and charge 
redistribution. 

• The VBs of cluster-like structures are delocalized due to the In−N dimers 
interactions; the VBs of alloys show semi-localized characters. 

•  The Zn−O and In−N bonds are all relatively stable, that is, the bond 
lengths follow roughly the covalent radii of the elements. 

V Comparative study of rutile and anatase SnO2 and TiO2: band-edge 
electronic structure, dielectric function, and optical absorption 

SnO2 and TiO2 polymorphs are relatively mature materials. These materials 
are vitally important for various optoelectronic applications since they are 
transparent and they can be doped with high electron concentration; therefore 
there is a large number of literatures related to these materials. Despite that the 
two materials have rather different valence electron configuration (s2p2 for 
SnO2 and d2s2 for TiO2), they two compounds have similar crystal structures, 
comparable bond lengths, and electronic band-gap energies, but different 
optical absorption, static dielectric constants, and transport properties. 
Therefore it is interesting to analyze and compare the material physics of these 
two compounds. In paper V, we comparably studied the band-edge structure, 
phonon frequencies, and polarons in the polymorphs and explained the origin 
of these differences in terms of the band-edge structures and electron-phonon 
coupling.  

We calculated the band-edge structure by means of the standard HSE hybrid 
functional and GW0 approaches. The band-gap energies of both SnO2 and TiO2 
agree well compared to the experimental measurements. Spin-orbital coupling 
splits the second of SnO2 and TiO2 in rutile structure (30 and 27 meV, 
respectively). The calculated band-edge structures show that SnO2 and TiO2 
with the same crystal symmetry possess similar uppermost valance bands but 
significantly different bottommost conduction bands, that is, single and highly 
dispersive for SnO2 but dense and flat dispersive for TiO2 due to the strongly 
localized Ti-d states. The different band-edge structures result in different 
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optical absorption coefficients and effective hole masses. The optical 
absorption coefficients of TiO2, both rutile and anatase, are about three times 
compared to that of SnO2. SnO2 present small effective hole masses (about 0.25 
on average) compared to that of TiO2 (about 1.37 on average). The effective 
hole masses of TiO2 present strong anisotropic properties, i.e., rutile phase with 
1.11 and 0.57 on transverse and longitude direction, respectively; anatase phase 
with 0.42 and 3.36 on transverse and longitude direction, respectively. We 
explained the origin of this difference is the anisotropic Ti-d states that 
compose of the CBM of TiO2. 

The static dielectric function of TiO2 is about ten times larger compared to 
that of SnO2 (ε0 = 115 for rutile TiO2; ε0 = 9.5 for rutile SnO2). The calculated 
phonon frequencies show that the TiO2 have larger LO−TO splitting at Γ point 
compared to that of SnO2. We explained this difference in terms of the strong 
ionic bonding in TiO2 that results in larger Born effective charges, 
consequently, larger LO−TO splitting as well as the static dielectric constant 
compared to that of SnO2. Furthermore, TiO2, both rutile and anatase, possess 

larger polarons effective mass (rutile SnO2: 0.36; anatase SnO2: 0.31; rutile 
TiO2: 1.67; anatase TiO2: 4.02). We explained this due to the strong ionic 
bonding in TiO2 since ionic crystal generally has strong electron-phonon 
interactions. 

The main results in this paper are summarized as: 

• The SnO2 and TiO2 polymorphs have comparable band-gap energies but 
different band-edges structures: single and highly dispersive CBs for SnO2 
but flat and energetically close-lying CBs for TiO2. 

• The differences in electronic structures and effective mass come from the 
different cation valence electron configurations. 

•  TiO2 shows large LO−TO splitting and static dielectric constants due to 
the ionic bonding characters.  

VI Adjusting the electronic and optical properties of mesoporous MCM-41 
materials by Ti doping 

Solid mesoporous material generally refers the synthesized porous material 
with pore diameter typically within in 2−50 nm, depending on the synthesis 
process and surfactant sources. These type materials have large surface area 
and uniform pore structures, therefore, have potential applications in catalysis, 
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drug delivering, and DNA separation etc. In paper VI, we synthesized the 
mesoporous materials Ti-MCM-41 using abundant inorganic sources and 
mixed surfactants. The N2 adsorption-desorption and transmission electron 
microscopy results show that it possesses two types of pore structures: one is 
hexagonal ordered in two dimensions (with preferable pore size of 2.60 nm) 
and the other is distributed (with preferable pore size of 3.85 nm). The surface 
area is about 1030 m2/g. The optical absorption shows a red-shift of the 
absorption edge with increasing the Ti dopant content, which may comes from 
different defects. We analyzed the Ti-coordinates and possible defects in the 
framework of MCM-41 through combination of optical absorption 
spectroscopy analysis and the standard HSE hybrid functional calculations. We 
therefore calculated the electronic structures and optical absorptions of 
different possible structures, namely, structures with Ti-clusters, O vacancies, 
Ti substitutes (tetrahedral coordinated), and the combination of them. The 
results shown that the Ti substitutes compose of the CBM of MCM-41 (at 
about 6.5 eV referring to VBM). Formation of Ti-cluster structure slightly 
broadens the conduction bands, i.e., about 6.3 eV referring to VBM. The O 
vacancies compose of the states about 06 eV above the VBM. Formation of O 
vacancies and Ti substitutes complex slightly down shift the energetic position 
of Ti substitutes, hence red-shift the optical absorption edge. The calculated 
absorption agree very well compared to our measurements. We concluded that 
the Ti in the framework of MCM-41 is tetrahedral coordinated accompanied by 
oxygen vacancies.  

In summary, the main results in this paper are summarized as: 

• Ti doped mesoprous silica with two types of pore structures is 
synthesized: one is hexagonal ordered and the other is disordered; the 
specific surface area is about 1030 m2/g.  

• Ti ions are tetrahedral coordinated in the pore framework. 
• The red-shifts of the optical absorption edge are explained in terms of the 

electron transitions from occupied oxygen vacancies to the unoccupied Ti 
dopants.  

VII Casimir quantum levitation tuned by means of material properties 
and geometries 
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The Casimir force is generally attractive in configurations with vacuum or 
air separated materials, resulting in collapse micro- and nano-devices, like 
MEMS and NEMS. After the achievement of the repulsive Casimir force in 
SiO2, bromobenzene, and gold system [143], achieving repulsive or even stably 
equilibrium Casimir force becomes interesting, because this may bring a new 
concept in designing nanodevices. The reported stable equilibrium force are 
achieved in systems involves either non-widely used materials, like topological 
insulator [138] and meta-materials [139, 140], or complicated geometries, like 
an elongated metal particle above a thin metal plate with a hole [141] and 
particle in cylinder [142]. To be compatible with the well-established thin film 
technology, achieving stable equilibrium force in ordinary material system may 
be important for combating the stictions in MEMS and NEMS. In paper VII, 
we tailored the Casimir force through modifying the properties of the materials 
involved in. The optical properties of the materials were modeled by means of 
first-principles calculation and the phonon contributions were modeled using 
the methods presented in paper III.  

We demonstrated that a stable equilibrium Casimir force was achieved in 
multilayer configuration containing mesoporous material, SnO2 nanosheet, and 
Teflon. The equilibrium distances vary with respect to the thickness of the 
SnO2 nanosheets, typically between 3−10 nm that is beyond the chemical 
bonding region. We explained that the force sign transition is due to the finite 
thickness and retardation in conjunction effect. Furthermore, The force 
magnitude and the equilibrium distance can be tuned through doping the oxides. 
The plasma of free carriers in the doped SnO2 thin films increases the dielectric 
function at low frequencies, resulting in an enhancement of the repulsive 
contributions that increases the equilibrium separation distance.  

We further extended the configuration to surface coating on mesoporous 
substrate, which we expected to overcome the difficulties of manipulating 
nanosheet during manufactures. What’s more, the force and stable equilibrium 
distance can also be tuned trough modifying the porosity of the porous 
materials. The reason is straightforward because the dielectric function of 
mesoporous material depends on the porosity. We treated the porous material 
as a composite and modeled the dielectric function using an average volume 
model for composite. Our results shown that the stable equilibrium distances 
can be tuned within the range of about 20−80 nm with the porosity from 30% 
to 100% (air limit).  
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Our calculated force magnitude and equilibrium distance may vary with 
respect to the reality due to our crucial model of both the Casimir force, for 
example, the surface and finite size effects are not included. In addition, the 
modeled dielectric function, especially for porous materials, may also be 
different compared reality. The generosity is valid, and the concept may help 
experimentalists to designing system to combat the stiction. Moreover, systems 
with doped semiconductors probability could be further manipulated through 
tuning electrical field. 

In short, the main results in this paper are summarized as: 

• A stable equilibrium Casimir force is achieved multilayer configuration 
containing porous silica. 

• The repulsion-attraction transition is explained in terms of the finite 
thickness and retardation. 

VIII Increased porosity turns desorption to adsorption for gas bubbles 
near water-SiO2 interface 

Surfaces generated by hydraulic fracturing are mostly mineral surfaces such 
as shale, silica, etc. At industry concerning, this system can be used to store 
carbon dioxide. The formation of CO2 bubbles in water plays a key role in the 
storage of CO2 in shale systems. Moreover, CO2 bubbles are found to be highly 
stable and could provide CO2 trapping for a number of years. The physical and 
chemical picture of the CO2-shale interaction, and especially the role of system 
porosity in the interactions are not well studied. The pore structure of shale 
below the sea floor is not well known and we cannot draw any definite 
conclusions for such systems. To discuss the general trends, we used the 
concept and methods in paper VII to study the van der Waals interaction 
between of a small gas bubble and porous SiO2 in water. Different models for 
modeling the dielectric function of the porous materials are considered. At low 
porosity (< 30%), the critical distance, where the force is zero, decreases as the 
porosity increases. The force changes from attraction to repulsion as the surface 
separation decreases to the critical distance. At the porosity larger than 30%, 
the force becomes attractive at all separations. Therefore, a transition from 
desorption to adsorption of gas bubbles near porous silica in water can be 
achieved through increasing the porosity. It is possible to enhance the 
absorption of gas through increasing the porosity. 
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In short, the main results in this paper are summarized as: 

• The van der Waals force between gas bubble and porous silica show 
repulsion-attraction transition at low porosity (<30%). 

• The bubbles interact differently at different surface regions with different 
porosity. 

IX Ultrathin nanosheet induced repulsive Casimir force with two quantum 
levitation distances 

Paper IX continually studied the Casimir force in silica, silica nanosheet, and 
bromobenze configuration. Although the two silica separated by bromobenzene 
Bb have the same dielectric function, i.e., ε1 = ε2 (finite structure effect to the 
dielectric function are not considered here), the Casimir force still present force 
sign changes, with the first one from attraction to repulsion (at separation about 
3 nm) and the second one from repulsion to attraction (at separation about 16 
nm). We analyzed this force sign change in terms of retardation and thickness. 
The finite thickness of the nanosheets contributes to both force sign change 
when retardation is considered. In non-retardation case, the Casimir force only 
present a repulsion to attractive transition at about 22 nm. There is no force 
sign transition at about 3 nm. Therefore, we conclude that the finite thickness 
results in the attraction-repulsion transition at the relative larger separations, 
e.g., about 22 nm. The retardation effect, on the other hand, results in a 
repulsion-attraction at separation about 3 nm. Moreover, it also shifts the 
attraction-repulsion transition critical distance to about 16 nm. The transition 
distances increase when the nanosheet thickness increases. This critical 
distance is affected by the optical properties of the materials. It is possible to 
flexibly tune the Casimir force through thickness and optical properties of the 
nanosheets. This could give a perspective way to design nanomechianical 
devices applying the Casimir force. The main results in this paper are 
summarized as: 

•  Two levitation distances is achieved in silica and bromobenze system 
with the first levitation distance is un-stable and the second on is stable.  

• Increscent of the thickness of nanosheet increases the stable levitation 
distance. With thickness larger than 10 nm, the force behaviors similar to 
that in bulk.  
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6.2 Concluding remarks and further perspectives 

In conclusion, we studied the oxynitrides for photocatalytic water splitting 
by means of DFT, GW and BSE approaches. By alloying both cation sites and 
the anion sites, we have found a flexible to optimize energy level of both the 
VBM and the CBM. The band-gap energies and band positions meet the 
corresponding constraints of photocatalysts for water splitting. We explained 
the effects at the valence bands from the energetically higher lying N p-states 
compared to the O p-states. Furthermore, the energetically favored local 
cluster-like structure provides a flexible way to tune the band-gap energy as 
well as the band-edge characters. Thus, nano-structuring can be utilized in the 
band engineering for control the localization of the energy states near the band 
edges. Understanding the underlying material physics of these alloys can give 
insight useful for tailor-making novel oxide semiconductors for solar-energy 
applications. 

In addition, we studied the Casimir force between different materials using 
Casimir-Lifshiftz formula.  A stable equilibrium Casimir force was achieved in 
in multilayers configurations. We explained the force sign transition in terms of 
the conjunction of the finite thickness and retardation. Furthermore, we adapted 
this concept to study the van der Waals interaction between gas bubble and 
porous silica to discuss the general trends of interactions between CO2 and 
porous materials. The concept may be utilized to study the stiction in nano-
devices, interactions between earth shell and CO2 and so on. 

As a future perspective of oxynitrides for photocatalytic water splitting, the 
follow three aspects shall be considered: 

i) the phase stability and phase separation of oxynitrides; 
ii) the defects in oxynitrides, especially the formation energy of native 

defects; 
iii)  the diffusion of In−N pairs during the formation of cluster-like 

structures. 

Beyond bulk properties, the oxynitride/water interface shall be studied. 
Modeling this interface still presents fundamental challenges. This solid/liquid 
interface is quite complex, involving the semiconductor surface, an aqueous 
interface and water with dissolved ions at certain pH. Moreover, the dynamic 
electrochemical processes at the interface bring a big challenge. Practically, 
three aspects need to be considered:  



 

 87 

i). Model the bare surface of the oxynitrides and study the surface 
reconstructions.  

ii). Model the structure of liquid water.  

There are already many works in modeling water structures. However, it is 
still necessary to understand the structure before conducting interface study. 
We have initially studied the structure of water using ab initio molecular 
dynamics at room temperature. Further studies including van der Waals 
interactions will be conducted. 

iii). Modeling the oxynitride /water interface. 

Three aspects shall be considered regarding modeling of the interface: 1) 
overcome the electrostatic potential drop across the interface; 2) including the 
van der Waals at the interface; 3) consider the pH effects. 
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