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Abstract

A collisionless model for fast-ion transport in a tokamak
reactor is derived from first principles, and a new orbit-
following code is developed to simulate this model. Re-
sults from the model applied on two scenarios of DT fu-
sion plasmas, one from ITER and one from JET, are com-
pared, and the prompt losses as well as the effects of orbit
shapes are quantified; it is shown that both the prompt
losses and the orbit effect on confined particles are very
small in both reactors. Although some problems are still
present, the method presented shows potential for fur-
ther investigating orbit effects.

Sammanfattning

En modell för kollisionsfri transport av högenergetiska
joner i tokamaks har tagits fram, och en ny banlösande
kod har utvecklads för att simulera denna model. Resul-
tat från modellen applicerad på två scenarion med DT-
plasma, ett från ITER och ett från JET, jämförs, och ome-
delbara förluster samt effekter av inneslutna banors form
kvantifieras; både ban- och omedelbara förluster visas va-
ra mycket små i båda reaktorerna. Även om mindre pro-
blem återstår att lösa, har metodent pontential för att vi-
dare undersöka baneffekter i fusionsplasman.
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Chapter 1

Introduction

1.1 The case for fusion energy

The world energy consumption is growing rapidly, and the growth is not about to
slow down [1]. Most forecasts predict that the world’s population will stop growing
at a size about 30% larger than today’s. However, the energy consumption per
capita will keep growing as people in developing countries approach the western
world in standard of living. As a consequence, theworld’s total energy consumption
will continue to increase, as seen in figure 1.1a.

At the same time fossil fuels, constituting a large majority of the world’s en-
ergy production today, do not provide a sustainable way forward due to their effect
on the global climate [2]. The European Commission released a report in 2006
[3], in which they explore several scenarios for energy production in Europe un-
til the year 2100, depending on e.g. research spending and focus. In their most
optimistic, “high renewable case”, only roughly 50% of the energy comes from re-
newable energy sources, as shown in figure 1.1b. In order to meet the remaining
50%, we must explore alternative ways to produce energy. Fusion energy might be
one such alternative.
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Figure 1.1: Global energy consumption in the 21st century.
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Figure 1.2: Triple product as described by equation (1.1) for the threemost commonly con-
sidered fusion reactions; DD,DTandD 3He. In order to produce enoughpower
to sustain itself, the reactor need to run under conditions above the curve.

1.2 The path to fusion energy

The fusion research efforts today can be separated into two types of fusion reac-
tors: inertially and magnetically confined fusion devices. Research on inertially
confined fusion is mainly carried out in national facilities around the world, with
the largest facility currently in operation being theNational Ignition Facility in Cal-
ifornia, USA. The European Union, on the other hand, is focusing on magnetically
confined fusion, through the current experiment at the Joint EuropeanTorus (JET)
in Culham, England, and the ITER experimental reactor which is under construc-
tion in southern France in a collaboration project between the EU and several in-
ternational partners1.

A necessary criteria for amagnetic confinement fusion reactor to be able to pro-
duce energy is the so-called Lawson criteria, after J.D. Lawson who first published
it in 1957 [4]. It is derived from requiring balance between power losses and the
heating provided by fusion products, and is commonly expressed in terms of the
so-called triple product neTτ , where ne is the electron number density, T is the
temperature, and τ is the energy confinement time of plasma energy, which can be
described as the characteristic time it takes for the energy released in fusion reac-
tions to escape the plasma. For a fusion reactor to produce enough power to sustain
itself, it needs to run under conditions where the triple product satisfies [5]

neTτ > f · T 2

Yheating · ⟨σv⟩
(1.1)

f is here a number that depends on densities of fuel ions, ⟨σv⟩ is the thermal re-
activity for the reaction, and Yheating is the energy of the charged fusion products.

1Specifically, the partners are the EU, India, Japan, South Korea, Russia, USA and China. Formore
information about ITER, see http://iter.org.

http://iter.org


1.3. FAST ION CONFINEMENT 3

Any energy given to neutrons is ignored, as they will be unconstrained by the mag-
netic field and thereby immediately lost, and thus not contribute to heating the
plasma. Figure 1.2 shows these curves for three of the most commonly considered
reactions, calculated using cross-sections from Bosch and Hale [6], showing that
the most promising fuel combination is Deuterium-Tritium (DT), in the following
reaction:

2
1D+ 3

1T→ 4
2He (3.5MeV) + 1

0n (14.1MeV) (1.2)

Asmentioned, only the energy given to the created alpha particle can be used to
further heat the plasma, and it is estimated that as much up to 80 % of the heating
power in ITER will be supplied by fusion alpha particles [7]. It is therefore inter-
esting to investigate the confinement properties of potential fusion reactors with
respect to alpha particles.

1.3 Fast ion confinement

Since the dynamics of alpha-particles is easily generalized to a more general de-
scription of so-called fast ions, the focus of this thesis project has been to accurately
model high-energy ion orbits in a realistic plasma equilibrium. Information about
these orbits can then be used as a tool to model confinement of fast ions; for ex-
ample, accurate measurements of the orbit widths are important in full transport
modeling.

To this purpose, a computer program was developed which simulates fast ion
orbits in a generic reactor chamber, given a general description of the reactor and
itsmagnetic field configuration. Although several limiting assumptions weremade
in the model used in this project, these were implemented in isolated modules,
making it relatively easy to refine the model later.

The program was then used to simulate alpha-particle movement in both ITER
and JET, investigating the particle orbit shapes in the reactor as well as the power
losses from imperfect confinement.





Chapter 2

Theory

2.1 Modelling the movements of a particle cloud

There are many ways to model a large ensemble of particles used across many dis-
ciplines of physics, several of which are commonly used in plasma physics. De-
pending on what approximations one is willing to accept, one usually ends up with
either a single particle model, a fluid model, or a kinetic description. The latter
takes the shape of a kinetic equation on the form

Df(X; t)

Dt
≡ ∂f

∂t
+
∂X

∂t
· ∂f
∂X

= C(f) + S(X; t) +A(f) (2.1)

whereX is a vector in six-dimensional phase-space and f(X; t) is the distribution
function which describes the probability of finding a particle near X at time t. It
is defined such that, in Cartesian coordinates, f(r,v, t)d3rd3v is the number of
particles in a small phase-space volume d3rd3v around (r,v) at time t; in other
words, integrating in velocity space, we obtain∫

f(r,v, t)d3v = n(r, t),

the number density of particles in real space [8].
The three terms on the right-hand side of (2.1) are the collision operatorC(f), a

source termS(X; t) and a sink termA(f)whichdescribes creation and annihilation
of particles, respectively. Observe that ”annihilation” doesn’t necessarilymean that
a particledisappears; for example, anα-particle created in aDT-reaction could col-
lide with another ion and fuse again, creating another particle (the fusion product)
and annihilating the alpha particle. We will assume C(f) ≡ 0, corresponding to a
collisionless model; because the mean time between collisions is much longer than
the time scales we will consider, this approximation will have very little effect on
the results. With no collisions, there is also no process in which the fast ions can be
annihilated except by hitting the reactor wall; thus, we will consider also A(f) ≡ 0
and model wall losses in a different way.

5
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The factor ∂X/∂t is easy to identify in the case of charged particles in an elec-
tromagnetic field. If we letX = (r,v) where r and v are the position and velocity
of the particle, respectively, then

ṙ = v,

v̇ =
Ze

m
(E + v ×B) .

The acceleration comes from the Lorentz force F = Ze (E + v ×B), whereE and
B are the electric and magnetic fields, and Ze and v are the charge and velocity of
the particle, respectively.

In this thesis project, this kinetic description was used to develop a model for
where fusion particles are created, focusing specifically on the source term S(X; t)
as outlined in section 2.4. However, to follow theparticles’movement in the plasma,
a single particle model was used to describe ∂X/∂t, as described in the next sec-
tion.

2.2 Single particle motion in electromagnetic fields

In order to understand confinement in a fusion plasma, it is necessary to have some
intuition for the mechanics of charged particle motion in electromagnetic fields. A
full quantitative derivation of all guiding equations is out of scope for this text;
this chapter will attempt to give a qualitative description of the various processes
which guide particle motion, and simply present the quantitative results. For a full
derivation based onNewtonianmechanics, please refer to e.g. Freidberg [9], or see
Helander and Sigmar [10] for a derivation based on analytical mechanics.

2.2.1 Gyro-motion and gyro-center drifts

Charged particles in an electromagnetic field will be accelerated by the Lorentz
force F , given by

F = Ze (E + v ×B) .

The v × B component makes it natural to decompose the motion in a parallel
and perpendicular component with respect toB, denoted v∥ and v⊥, respectively.
While the parallel component will be unaffected by the magnetic field, the perpen-
dicular component will experience an acceleration perpendicular to both itself and
the magnetic field. With no electric field and a homogeneous magnetic field, the
result will be that the particle gyrates in circles or helices (depending on whether
v∥ ̸= 0) around the magnetic field lines, a phenomenon known as gyro-motion. In
weakly inhomogeneous magnetic fields, the motion perpendicular to the magnetic
field can be described as the gyro-motion vg(t) superimposed on a gyro-center
drift motion vd, where both vg and vd are perpendicular to the magnetic field.
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Figure 2.1: Gyro-orbits around a homogeneous magnetic field.

The gyro orbit is characterized by its radius, known as the Larmor radius rL =
mv⊥/ |Ze|B, and by the gyro-frequency ωc = ZeB/m, wherem is the mass of the
particle, and v⊥ is the component of the velocity of the particle perpendicular to
the magnetic field. This allows us to write the position of the particles as

x(t) = xc(t) + rL sin (ωct± ϕ0)
y(t) = yc(t) + rL cos (ωct± ϕ0)
z(t) = zc(t)

(2.2)

The coordinate system is aligned with the magnetic field along z. Note that ωc can
be both positive and negative, depending on the charge of the particle. We will
refer to the entire argument of the trigonometric functions as the gyro-phase or
gyro angle, ϕ = ωct+ ϕ0.

The coordinate R = (xc(t), yc(t), zc(t)) is the position of the gyro-center, and
will be the main object of study in this chapter. Because the gyro-motion and the
drift motion have different time-scales, it is much more efficient to numerically
solve for the time-evolution of the guiding center coordinate.

Another effect of the gyro-motion is that the particle trajectories will approxi-
mately follow magnetic field lines, as illustrated in figure 2.1, since vd ≪ v∥. Thus,
to obtain good confinement properties in a magnetic fusion reactor is intimately
linked with closing the field lines onto themselves inside the reactor chamber [9],
so that particles following a field line exactly will never hit the reactor wall. The
drift motion will still enable particles to be lost, but by clever design of the mag-
netic field, the drift contributions can be made to cancel each other; this is the
basic principle of both tokamak and stellarator configurations. In section 2.3 we
will explore this notion further.

The effect of an electric field

In the case when E ̸= 0, we consider the parallel and perpendicular (with respect
to B) components of E separately. The parallel component will simply yield an
acceleration of the particle along the magnetic field line.

The perpendicular component, E⊥, on the other hand, will accelerate a pos-
itively charged particle moving along E⊥, increasing its gyro-radius. When the
gyro-orbit turns the particle around to move against E⊥, the field slows the parti-
cle down again, decreasing the gyro-radius. As a result, the Larmor radius of the
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orbit will vary over one cycle, resulting in a gyro-center drift given by

vE =
E ×B

B2
. (2.3)

Note that this drift velocity is directed in the same way regardless of the sign of the
particle charge. This is because the force from the electric field and the orientation
of the gyration both depend on the sign of the charge. It is also independent of the
particle mass; thus, ions and electrons will drift with the same velocity.

It is easy to show that this can be generalized to any force F driving a constant
acceleration,

vF =
1

q

F ×B

B2
,

which can be used to take the effect of e.g. gravitation into account. However, due
to the smallmasses of the particles and the strong fields in the reactor, gravitational
effects are negligible in the context of magnetic confinement fusion.

The effect of inhomogeneities in the magnetic field

If themagnetic field has a gradient perpendicular to the field, the changes inB over
one gyro-cycle will have a very similar effect on the gyro orbit as the electric field
described above, since rL ∝ B−1. The result is known as the∇B-drift, given by

v∇B =
v2⊥
2ωc

B ×∇B
B2

. (2.4)

Finally, we note also that curvature in the magnetic field lines gives rise to a
curvature drift

vκ =
v2∥

ωc

Rc ×B

R2
cB

. (2.5)

Here, Rc is the curvature of the magnetic field, defined by (b · ∇)b = −Rc/R
2
c ,

where b = B/B. Physically, this force corresponds to the centrifugal force acting
on the particle when it travels freely along a curved magnetic field line.

Note that this model is valid only if the inhomogeneities are sufficiently small,
i.e. when e.g. Rc ≪ rL. This is no problem in our application, where rL ∼ a few
cm.

Summary of gyro-center drifts perpendicular toB

In conclusion, we can express the motion of the particle as a combination of a fast
gyro-motion, around the magnetic field lines; a fast parallel motion, along the
magnetic field lines; and a slower drift motion, across the magnetic field. Averag-
ing the particle position over a gyro-orbit, we find that the parallel anddriftmotions
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alone give a much simpler description of the movement of the particle through the
reactor plasma. Without much loss of accuracy, we still know its position within
a distance of rL, and with the help of equation (2.2) we can even reconstruct the
gyro-orbits around the (approximate) location of the gyro-center.

We will focus the investigation of alpha-particle movement on the guiding cen-
ter motion, since this is a problemwhich is much easier to solve numerically due to
the slower time scale. Adding the results (2.3)-(2.5), we find that cross-field drift
of the gyro-center can be expressed as(

dR
dt

)
⊥
= vd =

E ×B

B2
+

v2⊥
2ωc

B ×∇B
B2

+
v2∥

ωc

Rc ×B

R2
cB

(2.6)

2.2.2 Constants of motion

The first constant of motion we will consider is, naturally, the total energy of the
particle, given by

H =
mv2

2
+ ZeΦ

whereΦ is the electrostatic potential. We will consider only configurations with no
electric field, and therefore drop the potential term ZeΦ, leavingH = mv2/2.

To every nearly periodic motion one can also associate a second adiabatic in-
variant [10], i.e. an approximate constant of motion. The movement of a charged
particle in a magnetic field consists, as we’ve noted, of a rapid oscillation superim-
posed on a slow drift. It can be shown that themagnetic moment, given by

µ ≡ mv2⊥
2B

,

is an adiabatic invariant corresponding to this motion. Using this expression, we
can split the total energy in a “parallel” and “perpendicular” component and write
the perpendicular component in terms of µ:

H =
mv2∥

2
+ µB (2.7)

One important consequence of equation (2.7) is that the particle can never enter
regions where µB > H , since this would require v2∥ < 0 which is obviously impos-
sible. The physical effect countering this is usually referred to as themirror force,
which reflects particles trying to enter regions of stronger magnetic field, and can
be expressed as

Fmirror = −µb · ∇B
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This force yields an equation for the parallel motion of the guiding center of the
particle as (

d2R
dt2

)
∥
=

dv∥
dt

= − µ
m
b · ∇B (2.8)

Together with (2.6) this equation describes the motion of the gyro-center.

2.2.3 Conserving the Hamiltonian nature of the system

Although equations (2.6) and (2.8) are nice to describe the particle motion intu-
itively, since it is easy to point to the physical effects that contribute to each term,
they have the disadvantage of not being Hamiltonian, due to approximationsmade
in the derivation of the curvature drift. By adding a correction term, an Hamilto-
nian expression can be found, as given by Helander and Sigmar [10]:

dR
dt

=
1

B∗
∥

(
v∥B

∗
∥ +E∗ × b+

µb×∇B
Ze

)
,

with B∗
∥ = b ·B∗, and the modified fields defined by

B∗ = B +
mv∥

Ze
∇× b

E∗ = E +
mv∥

Ze

∂b

∂t

We note immediately that when considering configurations with no external elec-
tric field and steady-state conditions,E∗ = 0. Helander and Sigmar even note that
under these conditions, we can introduce a second auxiliary field

B× = B∗ +
µ

Zev∥
b×∇B,

with B×
∥ = b ·B×, to obtain

dR
dt

=
v∥B

×

B×
∥

(2.9)

The observant reader may note that this expression has an apparent singularity
in v∥ = 0, due to its presence in the denominator of the last term of B×. It is,
however, possible to re-write equation (2.9) to eliminate this singularity; we insert
again the expressions forB× and obtain

dR
dt

=
v∥

(
B∗ + µ

Zev∥
b×∇B

)
b ·

(
B∗ + µ

Zev∥
b×∇B

) =
v∥B

∗ + µ
Zeb×∇B

b ·B∗ + b · µ
Zev∥

b×∇B
=

=
v∥B

∗ + µ
Zeb×∇B

b ·B∗ , (2.10)
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where the second term in the denominator vanishes because b · b×∇B = 0 every-
where. On this form, dR

dt does no longer have any singularities in v∥, and we will
use equation (2.10) instead of (2.6) as our equation of motion.

2.2.4 Closing the system

Equations (2.8) and (2.10) form a system of coupled differential equations with
only a few external parameters: the magnetic field, the constant of motion µ and
particle properties such as mass m and charge Ze. In order to eliminate µ as a
parameter, we will introduce the equation µ̇ = 0 to express the fact that µ is a
constant of motion.

Finally, we add the equation for the gyro-angle ϕ, dϕdt = ωc = ZeB/m, since
knowledge of ϕ allows us to reconstruct approximate gyro-orbits a posteriori; the

Larmor radius is known to be rL = mv⊥
|Ze|B = 1

|Ze|

√
2µm
B .

Thus, we end up with



Ṙ =
v∥B

∗ + µ
Zeb×∇B

b ·B∗

v̇∥ = − µ
m
b · ∇B

µ̇ = 0

ϕ̇ = ZeB/m

(2.11)

which is a closed system of ordinary differential equations describing the motion
of a particle with massm and charge Ze in a prescribed magnetic fieldB.

For notational convenience, we can note that the equation system above gives a
complete description of the particle in six-dimensional phase-space where a state
vector is given by the components ofR and Ṙ in the given coordinate system (e.g.
(x, y, z, vx, vy, vz) in Cartesian coordinates). Introducing a state vector X in the
coordinate system of (2.11), i.e. X = (R,φ,Z, v∥, µ, ϕ) allows us to write the system
on the very compact form

Ẋ = F (X) (2.12)

where F is the vector-valued function which gives the right-hand side of equation
(2.11). Notably, F depends on a number of magnetic field quantities of varying
complexity, such as B, b × ∇B and ∇ × b. In order to efficiently solve the system
(2.11) numerically, we therefore need an efficientway to evaluate these expressions.
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(a) A “hairy ball” (b) A “hairy doughnut”

Figure 2.2: Illustration of the “hairy ball
theorem” [11]. A sphere (a) can-
not be “combed smoothly”, while
this is possible on a torus (b).

Figure 2.3: Toroidal (blue)
and poloidal (red)
angles.

2.3 Introduction to magnetic confinement theory

As noted in section 2.2.1, charged particles stream freely along magnetic field lines
in the reactor, while transport perpendicular toB is much slower. Therefore, elim-
inating parallel losses is crucial to obtaining high confinement in a fusion reactor
[9]. This is done by orienting the field lines in such away that they never go through
the reactor wall.

The “hairy ball theorem” [11] indicates that the simplest imaginable reactor
chamber – something similar to e.g. a cube, a sphere or a cylinder – will not do,
since there is no way to “comb smoothly” all the field lines on such a surface, as
shown in figure 2.2a. However, it is possible to construct a geometry where this
is possible; one possible choice is a torus [8], as figure 2.2b illustrates. This is the
choice of tokamaks, such as JET and ITER.

There are several ways to shape the magnetic field to make field lines align
smoothly on toroidal surfaces; perhaps the simplest is by letting the field be toroidal
only, i.e. directed solely along the blue arrow in figure 2.3. This will not do in a fu-
sion device, however, because the drift losses will be significant. To counter this,
the fields in a tokamak are twisted poloidally, in such way that the drifts across the
magnetic field cancel out over the particle orbits.

2.3.1 Flux surfaces and flux labels

Consider a magnetic field line on a toroidal surface in a field configuration such as
the one described above. The number of poloidal twists in one toroidal lap defines
the average field-line pitch, denoted by Hazeltine and Meiss [8] as ι/2π. If ι/2π
is an irrational number, the field line will never actually close on itself, and the
toroidal surface will be densely covered by this single field line. On the other hand,
if ι/2π is rational, a single field line does not cover the surface; instead, we consider
then a set of field lines which together cover the surface densely. Such surfaces
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..
SP

.

ST

Figure 2.4: Toroidal and poloidal flux surfaces. The torus has been cut and straightened
for clarity. In general, the unwound surface need not be cylindrical, and the
integration surfaces SP and ST need not be planar; their important property
is that they attach to a flux surface, here shown as the mantle of the cylinder.

are generally referred to as flux surfaces, and one further distinguishes between
rational and irrational (or, more commonly, ergodic) flux surfaces [8].

Any function of space which is constant and unique on a flux surface, effectively
labels that surface. Two common choices of flux labels are thepoloidal and toroidal
fluxes, defined by

ψP (r) ≡
∫
SP (r)

B · dS (2.13)

ψT (r) ≡
∫
ST (r)

B · dS (2.14)

where the surfaces SP (r) and ST (r) are defined as shown in figure 2.4.
Using these flux labels, Hazeltine and Meiss [8] show that the magnetic field

can be expressed as

B =
1

2π
(∇ζ ×∇ψP +∇ψT ×∇θ) (2.15)

where ζ and θ are generalized toroidal and poloidal angles, which shall define in
detail in section 2.3.5. We can identify a decomposition of (2.15) into a poloidal
and toroidal field,

BP =
1

2π
∇ζ ×∇ψP

BT =
1

2π
∇ψT ×∇θ

This description of the magnetic field is usually referred to as the flux representa-
tion, since we have expressed the magnetic field in terms of its fluxes.

2.3.2 Equilibrium and force balance

An important result from themagnetohydrodynamicmodel of a plasma [9] is force
balance, which states that in an equilibrium the pressure gradient force is balanced
by the electromagnetic force,

J ×B = ∇p,
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a result which follows from adding the fluidmoment equations for all species of the
plasma [10]. A full derivation, or indeed a detailed understanding, of this result is
out of scope for this text, but it can be obtained through most introductory books
on the subject [10], [12], [13].

2.3.3 Axisymmetry

A useful result that follows directly from force balance and Ampère’s law in an ax-
isymmetric configuration [8] is thatB ·Rφ̂ is a flux label, so that the toroidal field
component can be expressed as

BT = I(ψP )∇ζ

where I is called a flux function, since it is only a function of a flux label, yielding
the total field

B = I(ψP )∇ζ +
1

2π
∇ζ ×∇ψP . (2.16)

Thus, given onlyψP and I(ψP ), we can form a complete description of themagnetic
field.

2.3.4 The last closed flux surface

In a tokamak, ψP will generally be shaped as a distorted paraboloid, with an ex-
treme value in the core of the plasma, encircled by flux surfaces that form the nested
tori we associate with good confinement properties. In an axisymmetric configu-
ration, the point in the R-Z plane with the extreme value of ψP is usually referred
to as themagnetic axis.

In both ITER and JET, there is a divertor chamber at the bottom of the reactor
(see fig. 2.5) which is responsible for collecting any lost material from the plasma.
The divertor is designed to sustain large heat fluxes, to allow for most of the power
to hit its relatively small area without causing damage to the reactor. In order to
facilitate this arrangement, themagnetic field is configured so that the flux surfaces
do not align as nested toruses all the way out to the wall; close to the wall, the field
lines are instead led down to the divertor, transporting charged particles there. The
layer where this happens is called the scrape-off-layer (SOL), and it is bounded by
the last flux surface in which the field lines do close on themselves, referred to as
the last closed flux surface (LCFS). These are also shown in figure 2.5.

We will often in this report use ψP as a measure of distance from the plasma
core. In order to make it easier to compare magnetic configurations in different
reactors, we will often refer to a normalized poloidal flux, defined by the mapping

ψP,normalized =
ψP − ψP,ma

ψP,lcfs − ψP,ma
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Figure 2.5: Illustration of the divertor (green), last closed flux surface (LCFS, red line) and
magnetic axis (red dot) in ITER. The scrape-off-layer (SOL) is the layer be-
tween the LCFS and the reactor wall (black).

where ψP,ma and ψP,lcfs are the poloidal flux values at the magnetic axis and LCFS
respectively, such that ψP,normalized ranges from 0 at the magnetic axis to 1 at the
LCFS.

2.3.5 Coordinate systems

Choosing a coordinate system to describe the reactor geometry turns out to be a
more difficult task than one would imagine; Sauter and Medvedev have identified
no less than 16 different conventions in use today [14]. Thus, the magnetic field
description is incomplete without a careful definition of the coordinate system.

Two types of coordinate systems are considered, as defined by Hazeltine and
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Figure 2.6: Primitive toroidal coordinates, with the toroidal angle ζ0 in blue and poloidal
angle θ0 in red [15]. The generalized toroidal coordinate system is a “distor-
tion” of this system, such that for examples surfaces of constant ρ(r) do not
necessarily have a circular cross-section.

Meiss [8] in terms of a Cartesian system (x, y, z):

Cylindrical:


R =

√
x2 + y2

φ = arctan
y

x
Z = z

Toroidal
(primitive)

:


r0 =

√
(R−R0)2 + Z2

θ0 = arctan
Z

R−R0

ζ0 = −φ

where ζ0 is the toroidal angle and θ0 is the poloidal angle, shown in figure 2.6. The
primitive toroidal coordinate system can be understood as a cylindrical coordinate
system oriented along the torus, such that r0, θ0 and φ0 correspond to R, φ and Z,
respectively. The negative sign on ζ0 is to make (r0, θ0, ζ0) a right-handed system
– see figure 2.6. Note that the surfaces of constant r0 are nested tori.

In order to use the expression (2.16) for the magnetic field, it is useful to fur-
ther generalize the toroidal coordinate system, such that the magnetic flux sur-
faces coincide with surfaces on which one of the coordinates is constant. Hazel-
tine and Meiss do this by expressing a point in space in terms of three functions
(ρ(r), θ(r), ζ(r)), for which we in general only need require that

• the Jacobian J = ∇ρ · ∇θ ×∇ζ is finite and positive everywhere,

• θ(r) is single-valued on any toroidal circuit, but changes by 2π over a poloidal
circuit, while the converse is true for ζ(r), and finally that

• ρ(r) is a flux label.

The generalized poloidal angle θ(r), can then be seen as the angular distance along
the intersection of a flux surface with the poloidal plane, while the toroidal angle
ζ(r) is similarly the angular distance along the intersection of a flux surface with a
horizontal plane. In an axisymmetric geometry, a natrual choice for ζ(r) is ζ0.

These definitions still leave quite a lot of freedom in defining themagnetic field,
and as noted above there are several choices that are in active use. Sauter and
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Figure 2.7: Illustration of the chosen coordinate systems.

Medvedev [14] define a convention system for classifying axisymmetric coordinate
systems, which they callCOCOS, based on expressing themagnetic field, in analogy
with equation (2.16), as

B = F∇φ+ σBp
1

(2π)
eBp
∇φ×∇ψref ,

where σBp describes the relative orientation of the plasma current and toroidal
magnetic field B0 with respect to the azimuthal angle φ, and eBp is effectively a
normalization factor in ψref. Besides σBp and eBp that enter in the above expres-
sion, there are two more parameters σRφZ and σρθφ which describe the right- or
left-handedness of the corresponding coordinate systems.

2.3.6 Choosing a coordinate system

In this project, the choice of coordinate convention is the same as that made by the
Integrated TokamakModelling Task Force [16] (ITM-TF), in order to ease interop-
erability between codes. The ITM-TF (and thus this project) uses COCOS 13 [17],
corresponding to (R,φ,Z) and (r, φ, θ) being right-handed systems, and

B = F∇φ−∇φ×∇ψref
2π

.

When we compare this to equation (2.16) we can identify I(r) = F (r), ζ = φ and
ψref = −ψP ≡ −ψ, yielding

B = I∇φ−∇φ×∇ ψ

2π
, (2.17)

where we have dropped the subscript P from the poloidal flux ψP = ψ for simplic-
ity. The coordinate systems are shown in figure 2.7.
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2.4 The fusion reaction

Given the two scalar functions ψ(R,Z) and I(ψ), equations (2.11) and (2.17) give
us all the information we need to determine where any individual particle will go
next, given its current state. However, in order to examine the confinement prop-
erties of the magnetic field, we want to examine not only the orbits of individual
particles, but rather the spread in time and space of a cloud of particles. This cloud
should be initialized in such a way that it mimics the physical processes in which it
is created – in the context of fast ion confinement, thatmeans wewant to distribute
the particles in our state-space according to the probability distribution for fusion
reactions. In order to correctly initialize the particles we will simulate, wemust un-
derstand where they come from; in addition to the ordinary differential equation
(ODE) system (2.11), we need a physical description of the initial condition in this
state-space.

2.4.1 The distribution function and the fusion rate

Recall the Fokker-Planck equation (2.1). Its solution is the time-evolution of the
distribution function f of particles in terms particle transport, described by the
convective derivative, as well as creation of particles described by the source term
S(X; t); annihilation of particles, A(f), and particle collisions, C(f), are ignored
in this project.

As seen in the expression, the unit of the source term is number of particles per
unit phase-space volume per unit time, indicating that we can integrate the equa-
tion in time to obtain the number of particles per phase-space volume ∆f created
in a short time ∆t. Under steady-state conditions, where S(X; t) = S(X), ∆f is
given by

∆f =

∫ t+∆t

t

Df
Dt

dt =
∫ t+∆t

t

S(X)dt = ∆tS(X).

The number of particles∆N created in the short time interval∆t is found by inte-
grating∆f over the entire phase-space, yielding

∆N =

∫
∆fdX = ∆t

∫
S(X)dX.

Letting∆t→ 0 we find the fusion rate

dN

dt
=

∫
S(X)dX (2.18)

Expressing the source term

By stating a few expectations on the initial state of an individual particle, it is pos-
sible to derive an explicit expression for S:
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• the probability of a particle being initialized at (R,φ,Z) should be propor-
tional to the reactivity of the fusion plasma there, yielding S ∝ ⟨σv⟩αβγ nβnγ
for a fusion reaction between particle species β and γ, where ⟨σv⟩αβγ is the
thermal reactivity for the reaction between β and γ yielding α particles, and
nβ and nγ are the respective particle number densities

• the initial speed should correspond to the energy E0 given to the particle by
the fusion reaction, yielding S ∝ δ(E − E0) with E = 1

2mv
2.

• the initial direction of motion should be uniformly distributed over all direc-
tions, so S should be independent of quantities like the gyro-phase ϕ, pitch
angle α = arctan v⊥/v∥ or other angular quantities describing directionality
of motion.

We conclude that the source term should be proportional to

S ∝ ⟨σv⟩αβγ nβnγδ(E − E0). (2.19)

In addition, the physical interpretation of the quantity ⟨σv⟩αβγ nβnγ is the num-
ber of fusion reactions per unit volume per unit time, implying that the fusion rate
dN/dt could be expressed by integrating this quantity over all real space, i.e.

dN

dt
=

∫
⟨σv⟩βγ nβnγd

3r.

To ensure that our source term S satisfies equation (2.18), we include a factor for
the Jacobian of the velocity space, yielding∫

S(X)dX =

∫
⟨σv⟩βγ nβnγd

3r
δ(E − E0)

J(E, cosα, φv)
d3v

where we can identify

S(X) = ⟨σv⟩βγ nβnγ
δ(E − E0)

J(E, cosα, φv)
(2.20)

2.4.2 Sampling the fusion products

Using the Monte Carlo sampling technique described in detail in appendix A, we
sample a finite numberM of fast ions uniformly distributed in real space and ve-
locity direction, and give themweights according to

w(r) = ∆t · A
M
· 2πR · ⟨σv⟩βγ nβnγ (2.21)

where A is the cross-sectional area of the plasma volume in which particles can be
born. Since we can expect the number of created particles to be large in the plasma
core and very much smaller at the plasma edge, we need not consider any part of
the plasma outside of the LCFS.
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2.5 Summary of theoretical results

In this chapter, a system of differential equations was derived, which describes the
motion of the fast ions through phase-space:

Ṙ =
v∥B

∗ + µ
Zeb×∇B

b ·B∗

v̇∥ = − µ
m
b · ∇B

µ̇ = 0

ϕ̇ =
ZeB

m

(2.11)

where, in particular, B∗ = B +
mv∥
Ze ∇ × b. An expression for the magnetic field

in terms of only the poloidal flux ψ and the flux-function I(ψ), was also derived,
namely

B = I∇φ−∇φ×∇ψP
2π

(2.17)

which shall be utilized for evaluating the right-hand side of (2.11) when integrating
the system numerically.

Finally, a model for the birth of fast ions was developed, describing their initial
distribution in terms of a source term to the Fokker-Planck equation (2.1), given by

S(X) = ⟨σv⟩αβγ nβnγ
δ(E − E0)

J(E, cosα, ϕv)
(2.20)

From this distribution, initial conditions of simulated particles can be sampled us-
ing the approach described in appendix A, allowing solution of the system 2.11.
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Methods

3.1 Program structure

The simulation of alpha-particle movement has been implemented as a C++ pro-
gram, which takes input about the reactor and plasma in a generic format, allowing
for simulations of many types of reactors and magnetic configurations. Although
some limiting assumptions have been made in the current implementation, effort
has been made to modularize the program in a way such that the model can be
refined and assumptions relaxed without changing more than small parts of the
program. A schematic overview of the modules is shown in figure 3.1.

For postprocessing, a number of scripts in Julia1 were used.

3.2 Implementation details

In the C++ program, library functions have been used for several algorithms, while
the project carries its own implementation of others.

• Interpolation in 1D is performed using cubic splines from ALGLIB [19].

• Interpolation in 2D is performed using bicubic splines from WildMagic 5
[20].

• The randomnumber generator used inMonteCarlo sampling is theMersenne
Twister [21] implementation from the C++ standard library.

• ODE integration is performed using a native implementation of the standard
4th order Runge-Kutta method. An implementation of the DOPRI5 solver
[22] from the Boost library [23] is also available.

• Point-in-polygon detection, used to determine whether a point is inside or
outside the LCFS or chamber wall, is done using a native implementation of
the Winding Number algorithm [18].

1Julia is a relatively new language for scientific computing, see http://julialang.org.

21

http://julialang.org
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.........................................................

Driver

.Initiates the integration of all particles
and collects the results

..

Integrator

.

Traces the orbit of one particle,
with the possibility of adding
physical effects between time steps
(e.g. collisional “kicks”).

.

No collisional or other extra effects
implemented.

...

InitialCondition

.

Generates an initial condition for the
integration of one particle.

.

A point in the state-space defined
by (2.11), coupled with the corre-
sponding weight according to (2.21).

...

Stepper

.

Updates the state by one time-step

.

A RK4 solver.

...

ThermalPlasma

.

Evaluate plasma quantities such as
densities nD , temperatures TD and
thermal reactivities ⟨σv⟩.

.

Interpolation of input data for n and
T , parametrization by Bosch and
Hale [6] for ⟨σv⟩.

...

FinalCondition

.

Checks if the particle orbit is done.

.

The path is complete if either the
particle is no longer inside the
chamber or the poloidal loop is
closed

...

Chamber

.

Describes the shape of the chamber,
and is able to determine if a point
is inside or outside.

.

An axisymmetric chamber, described
by a polygon in theRZ-plane.
Inside/outside is determined using a
version of the winding-number algo-
rithm [18].

...

RHS

.

Evaluates the right-hand side of the
chosen equation of motion.

.

Equation (2.11)

...

B-field

.

Models the magnetic field in the
reactor, sufficiently well to evaluate
all quantities in the ODE system.

.

Based on interpolation of input data
for ψ(R,Z) and F (ψ), an axisym-
metric field is modelled using the
approach from appendix B.

.....

Interpolation

.

Interpolates input data on 1D and
2D grids

.

Cubic and bicubic splines are used
for their continuity properties.

....

Figure 3.1: Program structure. Each block represents a module which can be extended or
even replaced, with minimal changes to the rest of the program. The first part
of the description of eachmodule refers to thatmodule’s general responsibility,
while the second part comments on the specific implementation used here.
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3.3 Input data structure

The C++ program takes its input in XML format [24].
Themagnetic field is specified in terms of the poloidal fluxψ on a 2-dimensional

grid in the poloidalRZ-plane, and the flux function I on a 1-dimensional grid in ψ,
ranging from the value at the magnetic axis to the value at the LCFS. In addition,
for the magnetic axis both the location in the poloidal plane and the value of ψ is
specified, and a list of vertices in the poloidal plane specifying the location of the
LCFS is given.

Parameters of the thermal plasma, such as temperature and density of the elec-
trons and various ions, are all specified as functions of the flux label ψ. To describe
the thermal reactivity, a parametrization in ion temperature is accepted, giving the
reactivity implicitly as a functon of the flux label, as ⟨σv⟩ (Tion(ψ)).

In order to evaluate the various quantities as functions of real space, a bicubic
spline interpolation was calculated to evaluate ψ(R,Z), while cubic splines were
used for all other quantities as functions of ψ. Although not strictly important
for all quantities, cubic splines are the lowest-order splines that give continuous
second-order derivatives [25] and are therefore necessary at least for evaluating
the poloidal flux ψ(R,Z) and the flux function I(ψ), in order to ensure that the
expression (2.17) yields a well-behaved magnetic field. Furthermore, in order to
ensure that the magnetic field is well-behaved also outside the LCFS, I(ψ) was ex-
tended outwardwith a constant value, and linearly beyond the center of the plasma;
the latter mainly to avoid potential problems in case of numerical errors.

The density and temperature profiles, as well as the thermal reactivity ⟨σv⟩,
are only relevant in the plasma core, where particles can be initiated. The values
at the LCFS are much lower than in the core, so only the plasma volume inside
the LCFS has been considered for initialization of fusion alpha particles. Thus, no
extrapolation scheme such as the one outlined for I(ψ) above is necessary.

In addition to these physical quantities, a number of numerical parameters such
as number of simulated particles and initial step length are accepted.

3.4 The final condition

Although the initial conditions for the particles were discussed in 2.4, the final con-
dition used to terminate the orbit has not yet been defined. One can identify two
main categories of orbits:

• Orbits of promptly lost particles, characterized by the particle hitting the cham-
ber wall. These orbit constitute the prompt losses.

• Orbits of confined particles, characterized by the particle closing a loop in the
poloidal plane, thus returning to its initial position in RZ-space.

Formulating and implementing a termination condition for promptly lost par-
ticle is relatively straight-forward: the orbit is terminated at the first step for which
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Figure 3.2: Example of confined orbit using the proposed final condition. The orbit is ini-
tialized at the green cross. All solution points along the dashed-red curve are
discarded. The blue, solid curve represents the part of the trajectory used in
the analysis

the particle position is outside of the chamber walls (as determined by the chamber
module, see fig. 3.1).

The orbits of confined particles, on the other hand, need more careful treat-
ment. The difficulty lies in setting up requirements on the state of the particle to
qualify it as sufficiently close to its initial point to have closed a loop, while at the
same time leaving room for some numerical error.

The approach that has turned out most successful has been to consider particle
orbits between so-calledmid-plane passages, where the mid-plane is defined by a
sign-change in v̇∥ (the derivative of the parallel velocity component); between two
sign-changes in the same direction (both from positive to negative, or both from
negative to positive), the particle completes one poloidal loop. Thus, the particle
orbits were integrated from the initial condition to the third mid-plane passage,
and all points before the first mid-plane passage were discarded, as illustrated in
figure 3.2.

3.5 Statistical measurements

In order to translate simulation results to verifiable quantities, each simulated par-
ticle was associated with a power contribution

∆Pi ≡ wi · P0 = wi ·
E0

∆t
(3.1)
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where wi is the weight of the particle according to equation (2.21), E0 is the initial
kinetic energy of the particle (i.e. E0 = 3.5MeV in the case of DT fusion alphas)
and ∆t is the time during which the particles were initiated. Since wi ∝ ∆t, the
physical quantity ∆Pi is again made independent of the choice of the numerical
parameter∆t.

3.5.1 Prompt losses

For promptly lost particles, the two main points of interest are where they origi-
nated, and where they hit the chamber wall.

To answer the first of these questions, the power contributions of the particles
were binned based on the value of ψ at their point of origin, and the loss fraction
determined for bin i as the lost power originating from that bin divided by the total
power originating in it,

loss fraction =

∫ ψi+1

ψi
Plost(ψ)dψ∫ ψi+1

ψi
P (ψ)dψ

. (3.2)

The cumulative power density loss, beginning at the center of the plasma and
moving outward, was also calculated based on the point of origin for the lost parti-
cles, according to

Plost,cum(ψ
∗) =

∫ ψ∗

0

Plost(ψ
′)dψ′. (3.3)

where ψ∗ is the flux function ψ normalized to [0, 1] between the magnetic axis and
the LCFS, i.e. ψ∗ = (ψ − ψmag.axis)/(ψlcfs − ψmag. axis).

In order to quantify the locations of the wall hits, the power density per wall
area was calculated according to

Pwall =

∑
i∈Wk

∆Pi

Ak
, (3.4)

whereWk denotes the set of simulated particles that hit wall segment k, and Ak is
the area of that wall segment.

3.5.2 Orbit effects

Concerning orbits of confined particles, we wish to find out how much the particle
cloud spreads out due to the shape of the orbits. In order to quantify this effect,
we can consider the standard deviation in ψ at the particle locations as a measure
of average location - if the standard deviation is 0, all the particles are in the very
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center of the plasma. Thus, we define⟨
ψ0

⟩
≡

∑
i

wiψ
0
i

σψ0 ≡
√∑

i

wi (ψ0
i − ⟨ψ0⟩)2 =

√⟨
(ψ0 − ⟨ψ0⟩)2

⟩
=

√⟨
(ψ0)

2
⟩
− ⟨ψ0⟩2 (3.5)

as the weighted mean and standard deviation of the particle distribution.
In order to compare the initial and final states, we construct a time-averaged

final location of a particle through

ψ̄i ≡
∑
k

ψi(R
k
i , Z

k
i ) ·

∆tki
Ti

, ψ̄2
i ≡

∑
k

ψ2
i (R

k
i , Z

k
i ) ·

∆tki
Ti

.

The summation in k is over each time step in an integer number of poloidal loops,
and (Rki , Z

k
i ) is the mid-point of the distance between the locations of particle i at

times tk and tk+1. In analog with σψ0 , we can now define

σψ̄ ≡
√⟨

ψ̄2
⟩
−

⟨
ψ̄
⟩2

(3.6)

The two definitions (3.5) and (3.6) allow us to define the orbital spread as the
ratio σψ̄ : σψ0 , which we shall use to quantify the effects of orbit shapes on the
particle cloud.

Finally, the difference in power density between the initial and time-averaged
were calculated, by collecting the simulated particles in bins based on their position
in ψ, summing the power contributions in each bin and dividing each value by the
volume of the corresponding flux tube. For the time-averaged particle distribution,
the time-weighted power contribution of each particle was considered.

The volume of each flux tube was calculated by finding the contour curves of ψ
for values at the two edges of the corresponding bin, and subtracting the volumes
inside the shells obtained by rotating the contour curves around the Z axis from
each other.
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Results

4.1 Input data: two case studies

In this thesis project, two sets of input data were used in the simulations. The first
data set is experimentalmeasurements from a record-breaking JET discharge [26],
which produced the highest fusion power in any fusion experiment yet. The second
is a scenario for ITER published by Bilato, Coster, Dumont et al. [27]. Neither of
these data sets were available in the structure accepted by the program (see section
3.3), and thus were pre-processed usingMATLAB to yield data in a suitable format.

Plots of the poloidal fluxψ, as well as the chamber walls and LCFS, are shown in
figure 4.1. All functions of ψ were specified on a domain ranging from themagnetic
axis to the LCFS. Figures 4.1 and 4.2 illustrate the behavior of these quantities.

The thermal reactivity ⟨σv⟩ is taken from theparametrizationproposedbyBosch
andHale [6], shown in figure 4.4. Finally, to finish the survey of the input data, the
fusion rate per volume, dn

dt = ⟨σv⟩nDnT is shown in figure 4.5.

27
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Figure 4.1: Axisymmetric geometry of JET (left) and ITER (right). The grey contour lines
describe the poloidal flux inside the chamber wall (black), and the LCFS (red).
The reactor chambers are here shown to scale, to give an impression of how
much larger ITER is compared to JET.
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Figure 4.2: The flux function I(ψ) in ITER and JET. The brighter lines indicate the behav-
ior of the extrapolation.
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Figure 4.3: Density and temperature profiles, as functions of normalized poloidal flux.
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Figure 4.4: Thermal reactivity ⟨σv⟩ for DT-fusion used in the simulation
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Figure 4.5: Fusion rate for DT-fusion in the two reactors.
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Figure 4.6: Examples of particle orbits in ITER: a lost orbit (red) and two contained orbits,
one passing (green) and one trapped (blue).

4.2 General results

As expected, we can observe both orbits of both confined and promptly lost parti-
cles. Orbits of confined particles can be further classified in passing and trapped
orbits, depending on whether v∥ changes sign during the orbit; in passing orbits
it does not, while in trapped orbits it does. Figure 4.6 shows typical examples of
these three orbit types.

4.3 Prompt losses

The promptly lost particles weremeasured according to equations (3.2)-(3.3), with
results as shown in figures 4.7 and 4.8. The power flux to thewall caused by prompt
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Figure 4.8: Cumulative power loss
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Figure 4.9: Power flux to the wall in ITER and JET.

losses, calculated as shown in (3.4), is shown in figure 4.9. Themaximumobserved
wall power flux was 5.8kW/m2 in ITER, and 6.0kW/m2 in JET.

4.4 Orbit effects

The orbital spread σψ̄ : σψ0 measured a 0.93% increase in ITER, and a 8.54% in-
crease in JET; figure 4.10 shows σψ0 and σψ̄ for both reactors. The effects of the
orbital spread can also be seen when looking at the power density in different flux
tubes, as illustrated in figures 4.11-4.12. Comparing the initial and final particle
distributions, we can see that some power has been shifted outward, confirming
our interpretation of σψ̄ : σψ0 .
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spread σψ0 , and the lower bar is σψ̄ . The orbital spread ratio σψ̄ : σψ0

measured a 0.93% increase in ITER, and a 8.54% increase in JET
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Figure 4.11: Initial and time-averaged power density distributions.before and after or-
bital spread has been taken into account. There is a clear shift outward of
particles in both ITER and JET in the high-ψ∗ region.
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Figure 4.12: Difference between the initial and time-averaged power density distribution.
The outward shift is now visible in the entire plasma volume, especially in
JET.



Chapter 5

Discussion and conclusions

5.1 Prompt losses

As expected, lost particles in ITER originate much further out from the center of
the plasma than some of the lost particles in JET, in indication of the better con-
finement properties of the magnetic field in ITER. This is not so surprising. The
toroidalmagnetic field of JET is 3.8T, and the plasma current is about 3.8MA [26],
while the corresponding numbers for ITER are 5.3T/10MA [27]; the plasma cur-
rent in ITER has been scaled up with the purpose of obtaining good confinement,
and this numerical experiment confirms that it has a positive effect. It is worth
noting, however, that only a small fraction of the power is promptly lost – approx-
imately 0.07% in iter, and 3.34% in JET.

Although the differences between JET and ITER can be explained in part by
the aforementioned differences in magnetic configuration and plasma current, it
is likely that also the peakedness of the plasma contributes; since the plasma in
ITER is better concentrated to the middle of the reactor, the fusion products are to
a higher extent created in a part of the reactor where it is relatively easy to confine
them.

5.2 Orbit effects

The results for the orbit effects roughly meet our expectations; we see a net trans-
port of particles outward from the plasma core. However, the net effect of trapped
orbit widths is very small; the difference between the initial and time-averaged
power distributions is smaller than the distributions themselves by several orders
of magnitude in the inner part of the plasma, where most of the power is concen-
trated.
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5.3 Potential for further improvements

The results presented in the previous sections did not answer all our questions con-
cerning fast-ion orbits. Althoughwe can be quite certain that the net effects of orbit
shapes is small, as indicated by the measurements of σψ̄ : σψ0 , the measurements
of differences in the power density distributions are beset with quite large uncer-
tainties, for several reasons, and only be considered as qualitative confirmation of
the expected outward-shift of the distributions.

One obvious source of error in this particular measurement is the fact that we
are examining quantities trying to detect differences several orders of magnitude
smaller than the quantities themselves.

Another possible source of error are numerical oscillations in themagnetic field,
especially outside the LCFS. Figure 5.1 shows the quantity b · ∇B ∝ v̇∥, which as
outlined in section 3.4 determines the final condition for the particle traces. As a
result of these oscillations, a significant number of traces crossed “numerical mag-
netic mid-planes”, i.e. sign-changes in v̇∥ caused by numerical error (see especially
fig. 5.1b). This was found to cause premature termination of some particle orbits.

Although not conclusively confirmed, it was hypothesized that the oscillations
originated in in the original data being produced using splines, causing oscillations
when spline-interpolated again. To mitigate this, only every 5th data point was
used when interpolating ψ(R,Z), and a smoothing filter was applied. This yielded
a less oscillatory field, but it did not help enough to completely eliminate the prob-
lem; the resulting b · ∇B is shown in figure 5.1c. All ITER results in the previous
chapter are generated after preprocessing the input data as described here; the JET
fields were not filtered, as the effect on the results was too small.

Because of the lack of better input data, it was difficult to estimate precisely how
large an effect the field oscillations had on the power density distributions. Most
of the prematurely terminated orbits were half-orbits, which will only marginally
affect the measurement of ψ̄, so the effects on σψ̄ : σψ0 is probably quite small;
however, premature orbit termination did make it impossible to reliable measure
the orbital periods.

5.4 Final remarks

In this project, a model for collisionless single particle movement in a fusion reac-
tor was developed from first principles, and applied to fast-ion transport through
computer simulation. Two case studies of DT-fusion reactors were performed, and
it was shown that orbit effects have only very little effect on the fast-ion distribu-
tions in these reactors.

The approach developed here does, despite minor remaining problems, show
promising potential for exploring fast-ion transport in general tokamak fusion de-
vices. Due to the modular structure of the simulation program and the general
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(a) JET (b) ITER, unprocessed (c) ITER, filtered

Figure 5.1: The provided indata showed large oscillations in the second-order derivatives,
yielding unphysical “numerical magnetic mid-planes”, as shown with thick
black lines. Note in particular the odd behavior aroundR = 8m in figure 5.1b.
Figure 5.1c depicts the same ITER scenario after the prefiltering was applied,
showing a much smoother magnetic mid-plane.

input format, it is possible to simulate fast-ion transport in other reactors, or to
further refine the physical modelling as well as the numerical tools.
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Appendix A

Monte Carlo sampling of uniform
distributions

Computer generation of random numbers from complicated distribution functions
is quite difficult to do efficiently (i.e. fast) and with good statistical results (i.e. un-
predictably), mainly due to the fact that no process in the computer can be truly
random; any source of true randomness must be external, and will therefore be
intrinsically slow. Because of this, one usually has to resort to sequences of num-
berswhich are created to be as unpredictable as possible, so-called pseudo-random
numbers. The terms random and pseudo-random numbers will both be used be-
low, referring to pseudo-random numbers unless otherwise is explicitly stated.

There exists a multitude of methods to generate random numbers from arbi-
trary distributions,most ofwhich split it into twoparts: first, generating a sequence
of random numbers uniformly distributed over the interval [0, 1], and then using
numbers from this sequence to generate a new sequence from the desired distri-
bution function [28]. Much work has been put into the first part of the problem –
producing high-quality pseudo-random numbers from a uniform distribution; in
this project the Mersenne Twister (MT), a state-of-the-art generator of random in-
tegers [21], has been utilized through a simple mapping i→ (i− imin)/(imax− imin),
where (imin, imax) denote the range of the MT.

This appendix will outline an approach to accomplish the second step, given an
arbitrary distribution function f from which one wishes to sample random num-
bers, and a generator of pseudo-random numbers ξ ∈ [0, 1].

A.1 A brief introduction to Monte Carlo simulations

Monte Carlo simulation is a collective name for a large range of methods, which all
use sampling of random numbers to mimic some stochastic behavior of a model
in a numerical simulation. Usually, the technique involves expressing some physi-
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cal behavior in terms of a stochastic probability distribution over the possible out-
comes, and when the behavior is simulated one samples the distribution.

There are alsoMonte Carlomethods for evaluating difficult integrals, especially
many-dimensional ones, usually based on sampling uniformly from a set of val-
ues enveloping the range of the integrand, such that the volume of the envelope is
known; the fraction of sampled values which are inside the integrand, corresponds
to the fraction of the integral value and the volume of the envelope.

The technique outlined here lies somewhere in the overlap between these two
families of methods; depending on your point of view, you might prefer to classify
it as either of them.

A.2 Uniform sampling of a general distribution function

As mentioned, random number algorithms are usually designed to produce uni-
formly distributed sequences. Therefore, it is preferable to sample uniformly in
the probability space, in a suitable coordinate system, and then transform these
samples so they are distributed according to the given distribution function.

Given a distribution function f(x), defined on some finite, n-dimensional do-
main x ∈ Dn, and with a normalization condition∫

Dn

f(x)dx = 1

we can define a stochastic function

fs(x) = f(x) · 1s(x) (A.1)

where 1s(x) is the unity distribution function defined such that ⟨1s(x)⟩ = 1, the
total volume of Dn, and consequently the expectation value

∫
1s(x)dx = V . It is

given by

1s(x) ≡
V

M

M∑
i=1

δn(x−Xi)

J(x)

where δn(x − Xi) is a product of Dirac delta functions for the coordinates of x,
Xi are independent stochastic variables distributed uniformly over Dn, M is the
number of samples and J(x) is the Jacobian of the coordinate system.

Another way of formulating a stochastic description of f is by using a weight
function, and associating each sample ofXi with a weight wi = w(Xi) such that

∫
f(x)dx =

∫
dx

M∑
i=1

w(x)

J(x)
δn(x−Xi) =

M∑
i=1

w(Xi) =
M∑
i=1

wi
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These formulations are equivalent descriptions if, and only if, they yield the same
value when integrating the distribution function over the entire volume:∫

f(x)dx =

∫
dx

∑
i

w(x)

J(x)
δn(x−Xi)

!
=

!
=

∫
dx

∑
i

f(x)

M
δn(x−Xi) =

∫
fs(x)dx

Evaluating the integral on both sides, we find

∑
i

w(Xi) =
∑
i

f(Xi)J(Xi)

M

Now, since this equality should hold regardless of the values of Xi, we must have
termwise equality, and thus

w(x) =
f(x)J(x)

M
(A.2)

where f(x) is the distribution function from which we wish to sample, J(x) is the
Jacobian for the coordinate system x, andM is the number of samples.

A.3 Application of Monte Carlo sampling on fusion
reactions

In section 2.4 it was concluded that we wish to sample initial conditions for the
fusion alpha particles from the distribution

S(X) = ⟨σv⟩βγ nβnγ
δ(E − E0)

J(E, cosα,φv)
. (2.20)

In this section, the method outlined above is utilized to accomplish this.

The Jacobian of our coordinate system

The weight function in equation (A.2) has two non-trivial components: the Jaco-
bian, and the probability distribution, the latter of which is given by the energy-
independent part of the source term (2.20). We find the Jacobian by expressing
the differential element d3rd3v/J(E)dE in our choice of coordinates through a se-
ries of substitutions, beginning by expressing the volume in real space in terms of
our cylindrical coordinates,

d3r = RdRdφdZ
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Similarly, we can express the volume in velocity space in spherical coordinates,

d3v = v2 sin θvdvdφvdθv

Substituting v =
√

2E/m yields

v2dv =

√
2E

m3
dE

which lets us identify J(E) =
√
2E/m3 in (2.20), leaving

d3v
J(E)dE

= sin θv dφvdθv

We have not yet specified the main axis of this spherical coordinate system, and
we can without loss of generality let it coincide with the magnetic field, so that
θv ≡ α, and consequentially sin θvdθv = −d cos θv = −d cosα. When making the
substitution θv → cosα a change in the integration limits is introduced which can
be used to cancel the negative sign, yielding the substitution sin θvdθv → d cosα
for our purposes.

Finally, we note that there is a linear mapping from the azimuthal angle in ve-
locity space, φv, to the gyro-phase ϕ, throughφv = ϕ± π

2 , with varying sign because
positively and negatively charged particles gyrate in opposite direction. Since the
mapping is linear, dφv = dϕ, so the volume element is

d3rd3v
J(E)dE

= RdRdφdZd cosαdϕ

and so the Jacobian is

J = R

and we find the following expression for the weight function:

w(R,φ,Z, cosα, ϕ) =
V

M
⟨σv⟩βγ nβnγR (A.3)

We should note here that this is not an exact description: when writing d3r =
RdRdφdZ we are introducing an error on the order of rL, the Larmor radius, since
(R,φ,Z) is only an accurate description of the particle’s position to this order. Sim-
ilarly, when transforming d3v we assume that the magnetic field lines are nearly
straight, in order to use ϕ to describe the direction of motion. The errors intro-
duced here will, however, be small enough not to matter in our case.
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Generating the initial particle cloud

Given the weight function (A.3), we need only generate evenly distributed particles
in each of the coordinates (R,φ,Z,E, cosα, ϕ), and associate the corresponding
weight with each particle. Using a pseudo-random number generator that gives
uniformly distributed pseudo-random numbers ξ ∈ (0, 1], the weightwi of the par-
ticle i can be sampled through the following steps:

1: Ei ← E0

2: φi ← 2πξ1
3: ϕi ← 2πξ3
4: cosαi ← 2ξ2 − 1
5: k ← 4
6: repeat
7: Ri ← Rmin + (Rmax −Rmin)ξk
8: Zi ← Zmin + (Zmax − Zmin)ξk+1

9: k ← k + 2
10: until (R,Z) inside plasma
11: wi ← V

M ⟨σv⟩ (Ri, Zi)nβ(Ri, Zi)nγ(Ri, Zi)Ri

Note that in step 4, sampling of cosα rather than α simplifies the process consid-
erably, since we can sample uniformly.





Appendix B

Evaluation of magnetic field
quantities

When solving (2.11) numerically, it is necessary to evaluate the right-hand side of
the system given nothing but the current time tk and the current solution point
(R, v∥, µ, ϕ)

k. In order to do so, expressions for the magnetic field propertiesB, b,
B,∇×b and∇B in terms of the current solution point, as well as knowledge of the
particle massm and charge Ze, are required.

The two latter quantities can be considered known constants, given by the initial
conditions in the specification of what particle orbit we are following; thus remains
the magnetic field. Since the field is prescribed by the scalar fields ψP (R,Z) and
I(ψP ), we want to express all quantities in terms of I and ψP . For notational pur-
poses, we will drop the subscript P on ψP , and let subscripts ψR and ψZ instead
denote differentiation in R and Z respectively.

Evaluating equation (2.17) explicitly we find

B = I∇φ−∇φ×∇ ψ

2π
=

1

2πR

−ψZ2πI
ψR

 (B.1)

where the column vector is understood to be in the coordinate system (R,φ,Z), i.e.

B =
[
R̂, φ̂, Ẑ

]
· 1
2πR [−ψZ , 2πI, ψR].
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We will also find the following matrix useful:

∇⊗B =



R̂ · ∂B
∂R

φ̂ · ∂B
∂R

Ẑ · ∂B
∂R

R̂ · 1
R

∂B

∂φ
φ̂ · 1

R

∂B

∂φ
Ẑ · 1

R

∂B

∂φ

R̂ · ∂B
∂Z

φ̂ · ∂B
∂Z

Ẑ · ∂B
∂Z


=

=
1

2πR2


−RψRZ + ψR 2π(RI ′ψR − I) RψRR − ψZ

−2πI −ψZ 0

−RψZZ 2πRI ′ψZ RψRZ

 (B.2)

Using Einstein notation, and letting ∂i denote the ith component of∇ in cylin-
drical coordinates (R,φ,Z), allows us to express the remaining quantities in terms
of onlyB and∇⊗B:

B =
√
B ·B =

√
BkBk (B.3)

[b]i = bi =
Bi
B

=
Bi√
BkBk

(B.4)

[∇B]i = ∂i
√
BkBk =

1

2
√
BkBk

∂iBjBj =
Bj∂iBj√
BkBk

=

=
Bj · [∇⊗B]ij

B
= [∇⊗B]ij bj (B.5)

[∇×B]i = ϵijk∂jBk = ϵijk [∇⊗B]jk =

=

[∇⊗B]23 − [∇⊗B]32
[∇⊗B]31 − [∇⊗B]13
[∇⊗B]12 − [∇⊗B]21

 (B.6)

[∇× b]i = ϵijk∂jbk = ϵijk∂j
Bk√
BlBl

= ϵijk

√
BlBl∂jBk −Bk∂j

√
BlBl

BmBm
=

= ϵijk

√
BlBl [∇⊗B]jk −Bk [∇⊗B]jl bl

BmBm
=

=

√
BlBlϵijk [∇⊗B]jk − ϵijk [∇⊗B]jl blBk

BmBm
=

=
1√
BkBk

[∇×B]i −
1

BkBk
[∇B ×B]i (B.7)
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As equations (B.3)-(B.7) show, all the necessary information about the magnetic
field required to solve (2.11) is available from just knowingB and∇⊗B, which in
turn are expressed in terms of the functions ψ(R,Z) and F (ψ) via equations (B.1)
and (B.2).

Evaluation of these algebraic expression is handled by efficient linear algebra
libraries, onceB and∇⊗B have been constructed.
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