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Abstract

Testing cost is one of the major contributors to the manufacturing
cost of integrated circuits. Logic Built-In Self Test (LBIST) offers
test cost reduction in terms of using smaller and cheaper ATE, test
data volume reduction due to on-chip test pattern generation, test
time reduction due to at-speed test pattern application. However, it is
difficult to reach a sufficient test coverage with affordable area overhead
using LBIST. Also, excessive power dissipation during test due to the
random nature of LBIST patterns causes yield-decreasing problems
such as IR-drop and overheating.

In this dissertation, we present techniques and algorithms address-
ing these problems.

In order to increase test coverage of LBIST, we propose to use on-
chip circuitry to store and generate the “top-off” deterministic test pat-
terns. First, we study the synthesis of Registers with Non-Linear Up-
date (RNLUs) as on-chip sequence generators. We present algorithms
constructing RNLUs which generate completely and incompletely spec-
ified sequences. Then, we evaluate the effectiveness of RNLUs gener-
ating deterministic test patterns on-chip. Our experimental results
show that we are able to achieve higher test coverage with less area
overhead compared to test point insertion. Finally, we investigate the
possibilities of integrating the presented on-chip deterministic test pat-
tern generator with existing Design-For-Testability (DFT) techniques
with a case study.

The problem of excessive test power dissipation is addressed with
a scan partitioning algorithm which reduces capture power for delay-
fault LBIST. The traditional S-graph model for scan partitioning does
not quantify the dependency between scan cells. We present an algo-
rithm using a novel weighted S-graph model in which the weights are
scan cell dependencies determined by signal probability analysis. Our
experimental results show that, on average, the presented method re-
duces average capture power by 50% and peak capture power by 39%
with less than 2% drop in the transition fault coverage. By comparing
the proposed algorithm to the original scan partitioning, we show that
the proposed method is able to achieve higher capture power reduction
with less fault coverage drop.
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Sammanfattning

Kostnaden för testning är en av de största faktorerna för till-
verkningskostnaden för integrerade kretsar. Logic Built-In Self Test
(LBIST) ger lägre kostnad för testning medelst användning av mind-
re och billigare ATE, samt volymminskning av testdata p̊a grund av
on-chip genererade testmönster och minskad testtid tack vare “at-
speed” testmönster. Det är dock sv̊art att uppn̊a tillräcklig testtäckning
med överkomligt overheadyta vid tillämpning av LBIST. Om̊attlig ef-
fektförlust under testet p̊a grund av pseudoslumptestmönster orsakar
dessutom problem s̊asom IR-släpp och överhettning.

I denna avhandling presenterar vi tekniker och algoritmer som be-
handlar dessa problem.

För att öka testtäckning av LBIST, föresl̊ar vi att använda on-chip
kretsar för att lagra och generera “top-off” deterministiska testmönster.
Först studerar vi syntes av register med icke-linjär update (RNLUs)
som on-chip sekvensgeneratorer. Vi presenterar algoritmer som kon-
struerar RNLUs för generering av helt och ofullständigt specificerade
sekvenser. Sedan utvärderar vi hur effektivt RNLUs genererar deter-
ministiska testmönster on-chip. V̊ara experimentella resultat visar att
vi kan uppn̊a högre testtäckning med mindre overheadyta jämfört med
testpunktinsättning. Slutligen undersöker vi möjligheterna att integre-
ra den presenterade on-chip deterministisk testmönstergenerator med
befintliga Design-For-Testability (DFT) tekniker med en fallstudie.

Problemet med om̊attlig effektförlust under testet angripas med en
scanpartitioneringsalgoritm som minskar inf̊angningseffekten för delay-
fault LBIST. Den traditionella S-kurva-modellen för scanpartitionering
kan inte kvantifiera beroendet mellan scanceller. Vi presenterar en algo-
ritm som tillämpar en ny vägd S-kurva-modell där vikterna represente-
rar beroendet mellan scanceller som bestäms med hjälp av signalsanno-
likhetsanalys. V̊ara experimentella resultat visar att den presenterade
metoden i genomsnitt minskar den genomsnittliga inf̊angningseffekten
med 50% och den maximala inf̊angningseffekten med 39% med mind-
re än 2% nedg̊ang i överg̊angsfeltäckning. Med en jämförelse av den
föreslagna algoritmen till den ursprungliga scanpartitioneringen vi-
sar vi att den föreslagna metoden kan uppn̊a större minskning av
inf̊angningseffekten med mindre nedg̊ang i överg̊angsfeltäckning.
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Chapter 1

Introduction

1.1 Challenges in Logic Built-In Self Test

The most effective way to ensure the correctness of functionality of a certain
device is to test it. For Application-Specific Integrated Circuits (ASICs),
testing becomes a significant topic itself. Modern ASIC manufacture tech-
nology allows integration of billions of gates into a single chip, and requires
an efficient, automated way to test it. Testing is also becoming a key cost
factor in ASIC production. It is reported that testing cost can be over one
third of the product cost [30].

The typical way to test a digital circuit is to apply certain stimuli (called
test vectors or test patterns) to the input of the circuit, and analyze the re-
sponses extracted from the output of the circuit. In order to read and
write the internal state of the circuit, the memory elements in the circuit
are configured into scan chains so their content can be accessed. It is a
widely adopted method today to apply test vectors generated by Automatic
Test Pattern Generation (ATPG) software using an external Automatic Test
Equipment (ATE) [48, 63]. However, this method uses costly equipment
which is not available after the manufacturing process. For applications re-
quiring high reliability and security, continuous testing is necessary through
the entire life-cycle of the product.

1
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The concept of Built-In Self Test (BIST) has been around for decades [48].
Logic Built-In Self Test (LBIST) uses on-chip circuitry to generate test pat-
terns and analyze test responses, partially or completely eliminating the need
for an ATE. It provides a low-cost solution to the post-production in-field
testing problem. LBIST can also be used in conjunction with traditional
external testing methods to reduce the testing cost [73, 38].

LBIST has several drawbacks preventing its use by many ASIC vendors,
including

1. difficulty to reach a sufficient test coverage with affordable area over-
head, and

2. excessive power dissipation during LBIST.

The latter puts the circuit in an abnormal state, which may create new
faults that are not observed in normal usage and reduce the yield.

In this dissertation, we address the first problem by introducing an area-
efficient method for embedding deterministic test patterns on-chip. We ad-
dress the second problem by proposing an improved scan partitioning algo-
rithm, effectively reducing the power dissipation.

1.2 On-Chip Test Pattern Generation

The on-chip Test Pattern Generator (TPG) is a key part of LBIST. The first
requirement for a good TPG is area efficiency, because the chip area directly
relates to the cost of the ASIC. For this reason, LBIST makes heavy use of
Linear-Feedback Shift Registers (LFSRs) for their compact size and the abil-
ity to generate long and random bit vectors. However, LFSR-generated test
patterns may not provide acceptable test coverage due to the existence of
Random-Pattern-Resistant (RPR) faults. Test Point Insertion (TPI) pro-
vides an effective solution to the problem of RPR faults [20].

Test coverage can be further increased by storing deterministic ATPG
patterns in an on-chip memory and using them to compliment the LFSR-
generated pseudo-random patterns [35]. These deterministic patterns (also
called “top-off” patterns or “top-up” patterns) target only the faults not
detected by LFSR patterns. However, the size of the memory required to
store these patterns can be prohibitively high.

We approach this problem with an area-efficient deterministic sequence
generator which we call Register with Non-Linear Updates (RNLU). Instead
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of storing the deterministic test patterns explicitly, RNLUs generate them
on-the-fly. We also exploit the fact that deterministic test patterns contain a
large number of unspecified bits, to further compact the size of RNLUs. Ad-
ditionally, we combine this method with existing design-for-test techniques
for an optimal testing solution.

1.3 Test Power Reduction

The power dissipation of a circuit during test is typically much higher than
during its normal operation. This is because more flip-flops are updated
at each clock cycle during test. As a result, the circuit under test may
suffer from overheating or IR-drop, decreasing the reliability and also the
yield [43].

For stuck-at fault model, the overheating and IR-drop problems are less
severe if the clock frequency is decreased. However, for delay fault testing,
such as the transition fault model, the capture power cannot be reduced in
this way because it requires an exact clock period between the two consec-
utive capture clock ticks.

For ATPG patterns, it is possible to make the test patterns power-
friendly using the unspecified bits in the patterns [69]. However, LFSR
patterns are not power-friendly due to their random nature. Instead, we can
partition the scan cells and do a shift or capture action for only one partition
in each clock cycle. This method is known as scan partitioning [57].

Scan partitioning effectively reduces capture power for delay fault test-
ing, but as the trade-off, the test coverage is reduced. This is because the
scan cells updated first might affect the values of the scan cells updated
later. Such phenomenon is known as capture violation [13]. The key to scan
partitioning algorithms is to minimize capture violation, in other words, to
minimize the dependencies between partitions.

By analyzing the dependencies between scan cells in existing designs,
we observed that the degree of dependencies varies substantially. However,
this variation is not taken into account by the traditional scan partitioning
algorithms.

For example, scan cell a relates to b with 50% likelihood, while b relates to
c with 1% likelihood. Then, to make two partitions, we prefer putting a and
b in the same partition, rather than putting b and c in the same partition.
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However, with traditional scan partitioning algorithms, these choices are
considered equally effective.

Therefore, we introduce a new scan partitioning algorithm which consid-
ers the degree of dependencies between scan cells. We use signal probability
analysis to estimate the degree of dependency. The presented algorithm is
called Signal Probability Enhanced Partitioning (SPEP).

1.4 Overview and Contributions of the Author

This dissertation is a collection of papers focusing on topics related to Logic
BIST. The papers included in this dissertation are as follows.

Paper A Nan Li and E. Dubrova. Synthesis of Power- and Area-Efficient
Binary Machines for Incompletely Specified Sequences. In Proceedings
of 2014 19th Asia and South Pacific Design Automation Conference
(ASP-DAC), pages 634–639, Singapore, Jan 2014.

Paper B Nan Li and E. Dubrova. An Algorithm for Constructing a Min-
imal Register with Non-Linear Update Generating a Given Sequence.
In Proceedings of 2014 IEEE 44th International Symposium on Multiple-
Valued Logic (ISMVL), pages 254–259, Bremen, Germany, May 2014.

Paper C Nan Li and Elena Dubrova. Area-Efficient High-Coverage LBIST.
Microprocessors and Microsystems, 38(5):368–374, July 2014.

Paper D Nan Li, E. Dubrova, and G. Carlsson. Evaluation of Alternative
LBIST Flows: A Case Study. In Proceedings of 32nd Nordic Microelec-
tronics Conference (NORCHIP’2014), pages 1–5, Tampere, Finland,
Oct 2014.

Paper E Nan Li, E. Dubrova, and G. Carlsson. A Scan Partitioning Al-
gorithm for Reducing Capture Power of Delay-Fault LBIST. In Pro-
ceedings of Design, Automation and Test in Europe Conference and
Exhibition (DATE), 2015, pages 842–847, Grenoble, France, March
2015.

A diagram presenting the structure of the dissertation is shown in Fig-
ure 1.1. In the diagram, solid arrows represent dependency of knowledge,
while dotted arrows represent comparable improvement.
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Test Coverage Increase for LBIST
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Chapter 1
Introduction

Chapter 2
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Figure 1.1: Structure of the dissertation.
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The rest of the dissertation is organized as follows.
Chapter 2 provides the necessary background knowledge for this disser-

tation.
Chapter 3 introduces the state-of-the-art of the topics covered in this

dissertation.
Chapter 4–8 introduce Papers A, B, C, D, and E, respectively.
Chapter 4 introduces Paper A. In Paper A, we present an algorithm

synthesizing RNLUs for incompletely specified sequences. We use a two-step
approach to synthesize an RNLU. At the first step, the sequence is specifies
using an “Inherit” algorithm. At the second step, we use the original RNLU
synthesis algorithm to synthesize the completely specified sequence. The
author’s contribution to this paper includes the algorithm, switching activity
analysis, the experiments, and writing the paper.

Chapter 5 introduces Paper B. Paper B presents an area-efficient RNLU
synthesis algorithm that dramatically reduces the size of an RNLU. We re-
design the state assignment strategy of the original algorithm so that the
support set of the updating functions are minimized. The author’s con-
tribution to this paper includes the algorithm, expected size analysis, the
experiments, and writing the paper.

Chapter 6 introduces Paper C. In Paper C, we revisit the problem of
RNLU synthesis for incompletely specified sequences. Based on the work of
Paper B, we develop an algorithm which is able to fully utilize the unspecified
bits in the sequence, and constructs much smaller RNLUs. These RNLUs
are so compact that they can be used as on-chip deterministic test pattern
generators, increasing the test coverage of LBIST to a sufficient level. The
author’s contribution to this paper includes the algorithm, expected size
analysis, the experiments, and writing the paper.

Chapter 7 introduces Paper D. Paper D presents a case study on an
real design from our industrial partner. In the case study, we evaluated
various DFT techniques and their combined effect. The results are expected
to open up more possibilities in using LBIST. The author’s contribution to
this paper includes the experimental results on the case study and writing
the paper.

Chapter 8 introduces Paper E. In Paper E, we present the SPEP al-
gorithm, an improvement to existing scan partitioning algorithms based on
signal probability analysis. We introduce the weighted S-graph model and
incorporated the dependency information gathered from signal probability
analysis. An efficient algorithm for dependency calculation is implemented.
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The author’s contribution to this paper includes the idea of the weighted
S-graph model, dependency calculation, implementation of the algorithm,
and writing the paper.

Chapter 9 summarizes the dissertation and suggests the directions for
future work based on this dissertation.





Chapter 2

Background

In this chapter, we present the scientific background required for this dis-
sertation, including basic notations, definitions, and examples. Most of the
material is based on [9, 10, 49].

2.1 Usage of Symbols

Throughout this dissertation, we use lower-case letters a, b, c, f, g, x, y, etc.
to denote scalar values, variables, and functions, and bold lower-case letters
a,b, c,x,y, etc. to denote vectors and tuples. We use upper-case letters
A,B,C, S, T , etc. to denote sets and sequences.

2.2 Sets, Relations, and Functions

Definition 2.1. A set is a collection of distinct objects. Each object a in
a set A is a member of A, denoted by a ∈ A. The cardinality of a set A is
the number of members of A, denoted by |A|. A set with no members is an
empty set, denoted by ∅.

Definition 2.2. Set A is a subset of set B if and only if ∀a ∈ A : a ∈ B,
denoted by A ⊆ B. Set A is a proper subset of set B if and only if A ⊆ B

9
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and A 6= B, denoted by A ⊂ B.

Definition 2.3. The intersection of sets A and B is {x|x ∈ A and x ∈ B},
denoted by A ∩ B. The union of sets A and B is {x|x ∈ A or x ∈ B},
denoted by A ∪B. The difference of sets A and B is {x|x ∈ A and x /∈ B},
denoted by A \B.

Definition 2.4. The Cartesian product of sets A and B is a set of all ordered
pairs (a, b) where a ∈ A and b ∈ B, denoted by A×B.

Definition 2.5. A binary relation R between sets A and B is a subset of
A×B. For a ∈ A and b ∈ B, (a, b) ∈ R is denoted by aRb.

Definition 2.6. A function f from set A to set B, denoted by f : A→ B,
is a binary relation where every a ∈ A is the first element of one and only
one ordered pair (a, b) of the relation.

2.3 Boolean Functions

Notation

Let B denote the Boolean domain:

B = {0, 1}.

For x ∈ B, x (or x′, NOT(x)) denotes the Boolean negation of x:

x = 1 ⇐⇒ x = 0.

For x, y ∈ B, x · y (or xy, AND(x, y)) denotes the Boolean conjunction of x
and y:

x · y = 1 ⇐⇒ x = 1 and y = 1.

For x, y ∈ B, x+ y (or OR(x, y)) denotes the Boolean disjunction of x and y:

x+ y = 1 ⇐⇒ x = 1 or y = 1.

For x, y ∈ B, x⊕ y (or XOR(x, y)) denotes the exclusive disjunction of x and
y:

x⊕ y = (x · y) + (x · y).
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Definition 2.7. A (completely specified) Boolean function, or switching
function, is a function of the form f : Bn → B, where n is the number of
variables.

Definition 2.8. The truth table of a Boolean function f is an exhaustive
list of pairs (x, f(x)), where x ∈ Bn. A truth table entry is an (x, f(x)) pair
in the truth table.

Example 2.1 (Truth table). The truth table of a Boolean conjunction
function (AND function) f = x · y is shown below.

x y f

0 0 0
0 1 0
1 0 0
1 1 1

Definition 2.9. An incompletely specified Boolean function is a function
of the form f : Bn → B ∪ {−}. The “−” symbol represents a don’t-care
condition. For convenience, we denote B ∪ {−} by B∗.

Definition 2.10. An incompletely specified Boolean functions f∗ is specified
into a (possibly incompletely specified) Boolean function f with the same
number of variables n, if

∀x ∈ Bn : f∗(x) = − or f∗(x) = f(x).

Example 2.2 (Incompletely specified Boolean functions). Consider a two-
variable incompletely specified Boolean function f with truth table

x y f

0 0 0
0 1 0
1 0 −
1 1 1

f can be specified into x ·y by changing − to 0, or into x by changing − to 1.
It cannot be specified into x+ y, since for the input condition (x, y) = (0, 1)
the value of the function cannot be changed.
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Definition 2.11. The on-set of a Boolean function f is XON = {x ∈
Bn|f(x) = 1}. The off-set of a Boolean function f is XOFF = {x ∈
Bn|f(x) = 0}. The don’t-care-set of a Boolean function f is XDC = {x ∈
Bn|f(x) = −}.

Definition 2.12. A cube c for an n-variable Boolean function is an ordered
n-tuple (c1, c2, · · · , cn) ∈ Bn

∗ . An input condition (x1, x2, · · · , xn) ∈ Bn

matches a cube c iff

∀i ∈ {1, 2, · · · , n} : ci = − or ci = xi.

Definition 2.13. A cover of a set of input conditions X of an n-variable
Boolean function f is a set of cubes C = {c1, c2, · · · , cm}, that

∀x ∈ X : (∃c ∈ C : x matches c), and

∀x ∈ Bn \X : (∀c ∈ C : x does not match c).

Example 2.3 (Cubes and covers). Consider a two-variable Boolean function
f with a truth table

x y f

0 0 1
0 1 1
1 0 0
1 1 -

C1 = {(00), (01)} is a cover of the on-set of f . C2 = {(0−)} is also a cover
of the on-set of f . C3 = {(11)} is a cover of the don’t-care-set of f .

2.4 Graphs

Definition 2.14. A graph is an ordered pair G = (V,E), where V denotes
a set of vertices or nodes, and E denotes a set of pairs of vertices, called
edges. An edge represents a connection between a pair of vertices. A graph
is directed if its edges are ordered pairs of vertices. A graph is undirected if
its edges are unordered pairs of vertices.

Definition 2.15. A directed graph is acyclic if there is no vertex that can
be reached twice by traversing through the graph following the directions of
the edges.
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Definition 2.16. A graph is weighted if we assign a number, the weight, to
every edge of the graph.

2.5 Binary Decision Diagrams

Binary decision diagrams provide a way to efficiently store and manipulate
Boolean functions [59]. They were originally proposed in [42, 2], and later
developed and popularized in [11].

Definition 2.17. Let f be an n-variable completely specified Boolean func-
tion. A Binary Decision Diagram (BDD) D for f is a directed acyclic graph
consisting of terminal nodes (with no outgoing edges) labeled by constants
0 and 1, and the non-terminal nodes each labeled by a variable of f . The
BDD has a starting node called the root. Each non-terminal node has two
outgoing edges: the 0-edge (also called low-edge or else-edge) and the 1-edge
(also called high-edge or then-edge). In the diagram, typically the 0-edges
are marked with dashed lines, and 1-edges are marked with solid lines. To
compute the value of the function using a BDD, we traverse along a path
from the root to a terminal node. At each node, we follow the 0-edge if the
corresponding variable of the node is assigned 0. Otherwise, we follow the
1-edge. The constant value of the terminal node we reach in the end is the
calculated value of the function.

Definition 2.18. Let f be an n-variable completely specified Boolean func-
tion, and D be a BDD for f . We call D an Ordered Binary Decision Diagram
(OBDD) for f if

1. for all paths from the root to a terminal node, each variable appears
at most once, and

2. the variables traversed on each path follow the same order, i.e., there
exists a permutation π of 1, · · · , n so that for an edge from a node
labeled by xi to a node labeled by xj , we must have π(i) < π(j).

Theorem 2.1. Any Boolean function can be represented by an OBDD for
any variable order.

We refer to [28] for the proof.
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Reduction Rules

The following rules reduces an OBDD into a canonical form.

1. Remove any non-terminal node with 0- and 1-edges pointing to the
same node v and redirect the incoming edges to v.

2. Merge all terminal nodes with the same label. Merge two nodes which
are labeled with the same variable, their 0-edges pointing to the same
node, and their 1-edges pointing to the same node.

Theorem 2.2. For any Boolean function f and any variable ordering π,
there is a unique reduced OBDD for f with respect to π.

We refer to [28] for the proof.

Example 2.4 (BDD, OBDD, and reduced OBDD). Consider a Boolean
function f = x ⊕ y ⊕ z. Figure 2.1 shows a (unordered) BDD, an OBDD,
and a reduced OBDD for f .

For the rest of the dissertation, we consider only OBDDs, and refer to
them simply as BDDs.
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Figure 2.1: BDD, OBDD, and reduced OBDD for function f = x⊕ y ⊕ z.

2.6 Feedback Shift Registers

Definition 2.19. An n-stage Feedback Shift Register (FSR) is a synchronous
device consisting of n binary storage elements called stages, connected in a
single chain [26]. Each stage has a single input and a single output, and
is able to store one bit of information. The collection of the values stored
in the n stages is the state of the FSR. A clock signal synchronizes the
updates of all stages. At every tick of the clock signal, each stage updates
its stored bit to the input value. The start of the chain is connected to a
signal calculated by a Boolean function called the feedback function, based
on the values stored in some or all n stages. The general structure of an
FSR is shown in Figure 2.2.

Definition 2.20. An FSR is a Linear Feedback Shift Register (LFSR) if
there exists Boolean constants c0, c1, · · · , cn−1 so that its feedback function
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xn−1 xn−2 x0

f

· · ·

· · ·

Figure 2.2: Structure of an FSR.

f can be expressed as

f(x0, x1, · · · , xn−1) =

n−1⊕

i=0

cixi.

Otherwise, the FSR is a Non-Linear Feedback Shift Register (NLFSR).

Definition 2.21. A maximal-period LFSR is an n-stage LFSR of which the
sequence of states has a period 2n − 1.

The all-zero state is not in the main state cycle, since for the feedback
function f of an LFSR, it always holds that f(0, 0, · · · , 0) = 0.

Definition 2.22. Given an LFSR with feedback function

f(x0, x1, · · · , xn−1) =
n−1⊕

i=0

cixi,

the characteristic polynomial (also known as generator polynomial or feed-
back polynomial) g(x) of the LFSR is a polynomial over the finite field
GF(2):

g(x) = xn +

n−1∑

i=0

cix
i.

Definition 2.23. A polynomial g(x) of degree n over GF(2) is primitive if
the smallest integer k for which g(x) divides xk + 1 is 2n − 1 [46].

Theorem 2.3. An n-stage LFSR with characteristic polynomial g(x) has a
period 2n − 1 if g(x) is primitive.

We refer to [26] for the proof.
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Figure 2.3: Structure of an RNLU with degree of parallelization p.

2.7 Registers with Non-Linear Update

Definition 2.24. A Register with Non-Linear Update (RNLU, also known
as binary machine) is a generalization of an NLFSR, in which the chain
connections are no longer required, and each stage has its own updating
function.

The structure of an RNLU is shown in Figure 2.3. Similar to an FSR, a
n-stage RNLU consists of n binary stages. Each stage i ∈ {0, 1, · · · , n− 1}
has an updating function fi which calculates the new value of stage i:

x+
i = fi(x0, x1, · · · , xn−1).

Definition 2.25. The degree of parallelization of an RNLU is the number
of output bits generated at each clock cycle.

For an n-stage RNLU with degree of parallelization p, 1 ≤ p ≤ n.

2.8 Circuit Testing Techniques

Design for Testability (DFT) is a methodology to add testability features
into circuit design, to cope with the ever increasing testing difficulty [71].

2.8.1 Scan Chains

One of the most common DFT techniques for sequential circuits is the use of
scan chains. The objective is to increase the controllability and observability
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of the internal circuit states. With this technique, we can configure the scan
cells (flip-flops) to form a chain like a shift register, and switch between
this mode (scan mode) and normal operational mode with a “scan-enable”
signal. In scan mode, we can inject external test data from a “scan-in”
input, and read out the values of the scan cells through the “scan-out”
output. The clock cycles in scan mode that the test data is shifted in or out
are called shift cycles. The clock cycles in normal mode that the behavior
of the circuit is captured are called capture cycles. This allows us to change
and/or capture the internal state of the circuit so the circuit becomes easier
to test.

It is possible to have multiple scan chains in a design to increase the
efficiency of shifting in/out. A full scan design has all the internal flip-flops
belong to one of the scan chains. A partial scan design has some flip-flops
not connected to any scan chain.

2.8.2 Automatic Test Pattern Generation

Automatic Test Pattern Generation (ATPG) is a technique used to find a
set of test vectors to allow an Automatic Test Equipment (ATE) to check
whether a circuit is malfunctioning. A full scan design can be considered
as purely combinational. For such designs, ATPG algorithms such as the
D-algorithm [58], path-oriented decision making [25], and fanout-oriented
test generation [22] are available. The test set for a partial scan design can
be generated using sequential ATPG algorithms [51, 52].

Fault models are used to model manufacturing defects in integrated cir-
cuits. Two of the commonly used fault models are:

1. single stuck-at fault model, which assumes a single line in the circuit
is stuck at a logic zero or a logic one;

2. transition fault model, which assumes certain (rise or fall) transitions
passing through a single line are delayed past the next clock tick.

For a certain fault model, there are a fixed number of faults in a circuit.
Some of the faults may not be detectable. Given a set of test vectors, test
coverage is defined as the number of detected faults divided by the number
of detectable faults, while fault coverage is defined as the number of detected
faults divided by the number of all faults.
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Figure 2.4: The typical structure of LBIST.

A set of test vectors generated by an ATPG algorithm is called a de-
terministic test set. Targeting certain test coverage, a deterministic test set
with minimum number of test vectors is the minimal test set.

2.8.3 Logic Built-In Self Test

Built-In-Self-Test (BIST) attempts to reduce the raising complexity of ex-
ternal testing by incorporating test generation and response capture logic
on-chip [48]. On-chip circuitry usually works at a much higher frequency
than a tester. So, by embedding the test pattern generator on chip, we can
reduce test application time. In addition, by embedding the output response
analyzer on chip, we can reduce time to compute the circuit response.

There are different types of BIST. Logic BIST (LBIST), on which we
focus in this dissertation, is used for testing random digital logic [17, 54].
Memory BIST (MBIST) is designed for testing memories [62].

As shown in Figure 2.4, LBIST typically employs a Pseudo-Random
Pattern Generator (PRPG) to generate test patterns that are applied to
the circuit’s internal scan chains, and an output response compactor for
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obtaining the compacted response of the circuit to these test patterns, called
signature [6]. Faults are detected by comparing the computed signature to
the expected “good” signature.



Chapter 3

Previous Work

3.1 Embedding Deterministic Test Pattern
On-Chip

There are several strategies for generating deterministic test patterns on-
chip.

The first strategy is to store the deterministic patterns in an on-chip
memory [35, 33]. The stored deterministic pattern can also be encoded
first, which can later be decoded on-chip [65]. Run-length codes record
only the lengths of consecutive 0’s (or 1’s) to reduce the size of the stored
patterns [34, 12]. Dictionary-based coding schemes partition the patterns
into symbols, and use an additional dictionary to store all unique symbols
so they can be accessed with their indices [55, 45, 27]. The symbols can also
be assigned variable-length code words, where the lengths are based on the
frequency of the symbols’ occurrences [32].

LFSR reseeding is another strategy to generate deterministic test pat-
terns based on the linearity of LFSRs. Since deterministic patterns contains
a large number of unspecified bits, LFSR-generated sequences can be used
to “match” the deterministic sequences. When mismatch occurs, the LFSR
is set to a pre-determined state, called a seed, and continues generating a
matching sequence. The seeds are calculated by solving a system of linear

21
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equations. The probability that a pattern can be successfully encoded in a
seed is over 99.9999% if the LFSR size is at least Smax + 20, where Smax is
the maximum number of specified bits in a pattern [38]. The seeds can be
either stored in a memory, or generated with a reseeding circuit on-chip [3, 4]
Several approaches are presented to increase to encoding efficiency, includ-
ing using variable-length seeds and multiple polynomials [29, 53], and partial
dynamic reseeding [39].

The third approach transforms pseudo-random LFSR patterns into de-
terministic patterns through a mapping circuit that is put in between the
LFSR and the circuit under test. A major class of pattern mapping tech-
niques includes bit-flipping [73] and bit-fixing [66] techniques. With bit-
flipping BIST, the mapping circuit implements a bit-flipping function which
evaluates to 1 whenever a flip of a bit is needed [73]. The bit-fixing logic
generates signals controlling the bits to be fixed to 0, fixed to 1, or un-
changed [66].

Register with Non-Linear Updates (RNLUs, also known as binary ma-
chines [26, 19]) can also be used to generate deterministic test patterns
on-chip. The first RNLU synthesis algorithm with the minimum number of
stages for a given sequence was presented in [19]. This algorithm assigns
a unique integer for each bit in the sequence with the same parity. These
integers are interpreted as the states of the RNLU.

Algorithm [19] is later extended to RNLUs generating multiple bits per
clock cycle [18]. To synthesize an RNLU with degree of parallelization p,
every p bits are grouped together and considered as a 2p-ary number. Each
group xi is assigned a unique integer si so that si ≡ xi (mod 2p). These
integers s0, s1, · · · are interpreted as the states of the RNLU.

3.2 Capture Power Reduction

Two types of methods can be used to reduce capture power in scan-based
test. The first type reduces capture power by making test patterns power-
friendly [69, 56]. These methods can only be applied to external test as they
utilize the large portion of unspecified bits in ATPG patterns.

The second type is scan partitioning (also called segmented scan), in
which only a subset of scan cells are activated in shift and capture cycles [57,
74, 36]. Ideally, the power consumption is reduced by a factor of n if the scan
consists of n partitions. As a price to pay for the reduced capture power,
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the test application time is multiplied by the number of partitions. It is also
possible that test coverage decreases, because the former captured scan cells
might affect the values captured by the latter ones. This is a phenomenon
known as capture violation. The technique presented in [44] copes with
capture violation problem by allowing partitions to be captured in different
order. The scan partitioning problem can be modeled as minimization of the
number of violation edges in the S-graph. An S-graph (or data dependency
graph [57]) of a sequential circuit is a directed graph, of which the vertex set
is the set of flip-flops in the circuit, and an edge from vertex u to v represents
a combinational path from flip-flop u to flip-flop v. An efficient S-graph
partitioning algorithm based on mixed integer programming is presented
in [13].

For LBIST, reducing power consumption normally involves modification
of the test structures. In [23], gating logic is used to partially mask scan
cell activities. A low power BIST scheme based on circuit partitioning is
presented in [24]. A substitute for an LFSR is introduced in [1] to generate
power-aware pseudo-random patterns. In [7], a scan partitioning method
based on controllability/observability analysis is presented. However, all
of the above methods that reduce capture power for LBIST target stuck-
at fault model. Their applicability and efficiency for delay fault model is
unknown.





Chapter 4

RNLUs for Incompletely
Specified Sequences

Paper A targets a major problem related to generating deterministic test
patterns on-chip: how to make use of the fact that test patterns are very
sparse. Original RNLU synthesis algorithm considers only completely spec-
ified binary sequences. Therefore, a natural solution is to first optimally
specify the don’t-cares in the test pattern, and then apply the RNLU syn-
thesis algorithm for the completely specified pattern. In Paper A, we present
an “Inherit” algorithm for specifying don’t-cares, and compare the chip area
and dynamic power consumption of the algorithm with other specifying
methods.

In this chapter, we provide complementary information to Paper A, in-
cluding motivation and additional experimental results. We also present
details of the synthesis flow of the updating functions which is not included
in the paper.

4.1 Sparseness of Deterministic Test Patterns

Deterministic test patterns are calculated with Automatic Test Pattern Gen-
eration (ATPG) algorithms. Starting from the well-known D-algorithm [58],

25
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Figure 4.1: Percentage of specified bits in deterministic test patterns for
design DMA.

most ATPG algorithms targeting a specific fault set generate test patterns
containing a fair amount of don’t-care bits.

Figure 4.1 shows the percentage of specified bits in each pattern of a
deterministic test set for the design DMA in IWLS2005 benchmark set [5],
obtained with commercial ATPG software. The test set contains 145 test
patterns, which are displayed in the graph in the order of generation. As
we can see, although the first few patterns are heavily specified, the test set
contains a long “tail” of extremely sparse patterns. The average percent-
age of specified bits is below 10%. Therefore, it is essential to utilize the
sparseness of the test patterns in order to optimize a circuit that generates
them.
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4.2 Comparing Various Methods for Specifying
Don’t-Care Bits

In Paper A, we present a two-step synthesis strategy of an RNLU generating
an incompletely specified sequence. At the first step, the don’t-care bits are
specified to certain values defined by the specifying method; then, at the
second step, an RNLU generating the fully specified sequence is synthesized.

The specifying method we present is named “Inherit”, in the sense that
we keep the value of the previous bit in the sequence to specify a don’t-care
bit. The resulting sequence is likely to contain blocks of consecutive 1’s
or 0’s. This comes with two benefits. First, the sequence carries only the
necessary information; no extra entropy is introduced. Secondly, the number
of switching activities is minimized in the register storing the sequence bits,
thus reducing the power dissipation of the RNLU. A detailed description of
the Inherit algorithm can be found in Paper A, Section IV.

In the paper, we compared the Inherit algorithm with two other speci-
fying methods:

• Rand: randomly specify a don’t-care bit.

• Zeros: specify all don’t-care bits to zeros.

Circuit size comparison with other methods, which are not included in
Paper A, is presented below:

• Ones: specify all don’t-care bits to ones.

• Alt: specify odd-numbered don’t-care bits to ones, even-numbered to
zeros.

• LFSR: specify don’t-care positions according to the matching positions
in an LFSR sequence.

We performed the synthesis procedure for randomly generated sequences
with 50, 90, 95, and 99 percent of the bits filled with don’t-cares. The sizes
of the sequences range from 210 to 218. The degree of parallelization of the
RNLUs are set to 16. The experimental setup is identical to the one used
in Paper A. All circuits are mapped into mcnc.genlib library.

The comparison among all the methods is shown in Figure 4.2. Instead
of plotting circuit area directly, we use circuit area per sequence bit as the
measurement for the “density” of sequence storage.
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Figure 4.2: RNLU area per sequence bit. Comparison of different specifying
methods for sequences with various sparseness.

As we can see, the choice of the specifying method greatly affects the
circuit area of the RNLU, especially when the sequence has a large number
of don’t-care bits. The presented Inherit method shows consistent improve-
ment over other specifying methods. The only exception is for 50% specified
sequences of a small size, where the Ones method appears to be slightly su-
perior. But, since we are mostly interested in much more sparse sequences,
the benefit of using Inherit method is evident.
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4.3 Efficient Multi-Level Synthesis of Updating
Functions

The updating functions of an RNLU is implemented with a sizable com-
binational logic block, which is normally the main contributor to the area
of the RNLU circuit. Therefore, it is essential to optimally synthesize the
updating functions.

The updating functions are typically described in Sum-Of-Products (SOP)
form as sets of Boolean cubes [10]. In order to minimize the circuit size, an
efficient multi-level representation of the circuit needs to be constructed
from the two-level SOP description. Transforming a SOP description di-
rectly into an AND-OR network followed by multi-level logic optimization
is one possible approach. However, we find the SOP-converted AND-OR
network is actually a bad starting point for multi-level optimization. This
is because modern multi-level synthesis algorithms make heavy use of lo-
cal transformation, such as AIG rewriting [50], and it is difficult for these
algorithms to escape local optima while minimizing a flattened AND-OR
network, especially if the design is large and unstructured. Experimental
results will be shown later to support this observation.

In order to obtain a “good” starting point for multi-level optimization,
we first convert the SOP description into an Binary Decision Diagram (BDD)
before applying the optimization algorithms. A BDD is a compact, canonical
representation of Boolean functions in a multi-level form. Each node in the
diagram can be exactly mapped into a 2-to-1 multiplexer. Therefore, as soon
as we construct the BDD, we have also implemented a multi-level circuit for
the functions.

A k-variable Boolean function is defined by its on-set cover C containing
n cubes

C = {c1, c2, · · · , cn}.

Each cube ci is an ordered k-tuple in {0, 1,−}k. An input condition that
has a matching cube in C evaluates the function to 1; an input condition
that has no matching cube in C evaluates the function to 0.

The pseudo-code of the algorithm BuildBDD, which constructs a BDD
for a k-variable Boolean function with on-set cover C is shown in Algo-
rithm 4.1. For each cube in C, we build a BDD node for the corresponding
product term, from bottom up. Then we simply OR them together and
return the resulting node.
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Algorithm 4.1 BuildBDD(C, k): Construct a BDD for a k-variable
Boolean function with on-set cover C.

1: function BuildBDD(C, k)
2: s← ConstNode(0)
3: for all c ∈ C do
4: t← ConstNode(1)
5: for j ← 1 to k do
6: if c(j) = 1 then
7: t← CreateNode(j, t, ConstNode(0))
8: else if c(j) = 0 then
9: t← CreateNode(j, ConstNode(0), t)

10: end if
11: end for
12: s← OrBDD(s, t)
13: end for
14: return s
15: end function

In the pseudo-code, function ConstNode(c) returns a BDD node for
constant c. CreateNode(v,h, l) returns a BDD node for variable v, with
its 1-edge (then-edge) pointing to node h and 0-edge (else-edge) pointing to
node l. OrBDD(a,b) returns a BDD node for logical disjunction of a and
b. Note that the use of CreateNode function requires the BDD to be built
bottom-up. This means that variable k should be at the top of the BDD,
then comes variable k − 1, down to variable 1 at the bottom. If this is not
the case, then we need to reorder the values for loop variable j. We may also
avoid using CreateNode and use AndBDD (similar to OrBDD) instead,
but it is much less efficient.

The effect of using the BDD circuit as the starting point of optimization
is evaluated with the following experiment. For a specific number of vari-
ables, 100 Boolean functions are randomly generated by assigning 0 and 1 to
their truth tables with equal probability. Then, logic circuits are synthesized
with two approaches: 1) build two-level circuit from the SOP and optimize,
or 2) construct BDD from SOP, turn it into a multiplexer circuit, and then
optimize. We use the logic synthesis software ABC [8], in particular the
“resyn2” script [50], to perform logic optimization, and the average result is
measured in the number of And-Inverter Graph (AIG) nodes.
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Figure 4.3: Circuit size optimization for random Boolean functions in dif-
ferent representations.

We performed the experiment for functions with number of variables
ranging from 16 to 20. The results are shown in Figure 4.3. The circuits
optimized from the BDD require less than 40% of the size of the ones op-
timized directly from the SOP representation. This effectively confirms the
superiority of using BDD as the intermediate representation for synthesis of
random Boolean functions.





Chapter 5

Optimal RNLU State
Encoding Targeting Area
Minimization

Paper B presents a new state encoding technique for RNLU synthesis, based
on the idea of using non-minimal state encoding to minimize the implemen-
tation size of the updating functions. In this chapter, we complement Pa-
per B with additional analysis and data motivating the adoption of the new
state encoding algorithm. We also demonstrate the algorithm with two very
different examples: a small, intuitive example, and a large, realistic exam-
ple. Finally, we include a discussion on how to make a good choice of the
so-called state generator of an RNLU, which is not included in the paper.

5.1 Circuit Area Composition of RNLUs

In order to minimize the circuit area of an RNLU, we are interested to know
how the area of an RNLU is distributed in each of its components, namely,
the state register and the updating logic. In Paper B, we stated that the
circuit area of an RNLU is dominated by the updating logic. We provide
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additional evidence to support this observation in this section.
A k-stage RNLU consists of a k-bit state register and k k-variable updat-

ing functions. If we assume the updating functions are somewhat “random”,
according to Shannon-Lupanov bound [61, 47], the smallest implementation
of each updating function may contain over 2k/k gates. Therefore, indepen-
dently implementing the k updating functions require at least a few more
than 2k gates. On the other hand, the size of the k-bit state register is
proportional to k.

From the analysis above, we can see that the size of the state register
grows much slower (linearly) than the size of the updating functions (expo-
nentially), as the number of stages increases. This means that if a sequence
is sufficiently long, eventually, the size of the state register becomes a neg-
ligible contribution to the overall size and can be omitted.

Since individual sequences may vary significantly, it is impossible to pre-
dict the exact percentage of circuit area taken by the state register. There-
fore, we instead use random sequences for some rough estimation. We syn-
thesize RNLUs with degree of parallelization 10 for random sequences of size
ranging from 10k to 640k bits, using algorithm [18]. As the sequence size
grows, the number of stages of the RNLU increases as well. We compare
the percentage of circuit area occupied by the stage register, as shown in
Figure 5.1.

We can see from the diagram that the RNLUs synthesized in the exper-
iment have at most 1.07% being occupied by the state register. In other
words, over 98.93% of the area is taken by the updating logic. Also, as the
sequence size grows, the percentage of area consumed by the state register
decreases.

With the above information, we can conclude that in most cases, it is
more important to optimize for circuit area of the updating logic, rather
than the state register.
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Figure 5.1: Circuit area contribution of the state register.

5.2 Examples of RNLU Synthesis

5.2.1 A Simple Example

The new state encoding algorithm is elaborated in Paper B in a formal
way. In this section, we hope to reveal the gist of the algorithm with an
easy-to-understand example.

Consider the following sequence of 16 integers:

(0, 0, 1, 1, 0, 4, 1, 0, 2, 0, 1, 3, 5, 2, 3, 0).

Using algorithm [18], in order to encode each integer in a unique state,
we append to each integer another number indicating how many times the
same number has appeared before. Each element of the sequence becomes a
pair of integers. Let us say the first integer in each pair is the “data” integer,
and the second integer the “count” integer. Then, the original sequence is
extended into:

((0, 0), (0, 1), (1, 0), (1, 1), (0, 2), (4, 0), (1, 2), (0, 3),

(2, 0), (0, 4), (1, 3), (3, 0), (5, 0), (2, 1), (3, 1), (0, 5)).

Each element of the sequence is now unique. They can be encoded into
binary bit vectors.
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To encode, 3 bits are needed to represent the data integer, and another 3
bits are needed for the count integer. In total, 6 bits are required to encode
a state. After encoding, the states become:

((000 000), (000 001), (001 000), (001 001),

(000 010), (100 000), (001 010), (000 011),

(010 000), (000 100), (001 011), (011 000),

(101 000), (010 001), (011 001), (000 101)).

In order to construct the RNLU, we need to define the current-to-next state
mapping, or the updating functions:

f : B6 → B6

(000 000) 7→ (000 001)

(000 001) 7→ (001 000)

(001 000) 7→ (001 001)

(001 001) 7→ (000 010)

(000 010) 7→ (100 000)

(100 000) 7→ (001 010)

(001 010) 7→ (000 011)

(000 011) 7→ (010 000)

(010 000) 7→ (000 100)

(000 100) 7→ (001 011)

(001 011) 7→ (011 000)

(011 000) 7→ (101 000)

(101 000) 7→ (010 001)

(010 001) 7→ (011 001)

(011 001) 7→ (000 101)

others 7→ (−−− −−− )

With the new method presented in Paper B, we do the encoding with
the only difference being that the number appended to the original integer is
a unique “identifier” of its position in the sequence. The simplest approach
is to append the sequence of natural numbers. We can extend the original
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sequence into:

((0, 0), (0, 1), (1, 2), (1, 3), (0, 4), (4, 5), (1, 6), (0, 7),

(2, 8), (0, 9), (1, 10), (3, 11), (5, 12), (2, 13), (3, 14), (0, 15)).

Each data-identifier pair is encoded with 7 bits: 3 for the data, 4 for the
identifier:

((000 0000), (000 0001), (001 0010), (001 0011),

(000 0100), (100 0101), (001 0110), (000 0111),

(010 1000), (000 1001), (001 1010), (011 1011),

(101 1100), (010 1101), (011 1110), (000 1111)).

Compared to algorithm [18], we use one more bit to encode the data,
which seems to be a waste. However, since the appended identifiers have
guaranteed uniqueness, the domain of the updating functions can be reduced
to B4:

f : B4 → B7

(0000) 7→ (000 0001)

(0001) 7→ (001 0010)

(0010) 7→ (001 0011)

(0011) 7→ (000 0100)

(0100) 7→ (100 0101)

(0101) 7→ (001 0110)

(0110) 7→ (000 0111)

(0111) 7→ (010 1000)

(1000) 7→ (000 1001)

(1001) 7→ (001 1010)

(1010) 7→ (011 1011)

(1011) 7→ (101 1100)

(1100) 7→ (010 1101)

(1101) 7→ (011 1110)

(1110) 7→ (000 1111)

others 7→ (−−− −−−−)
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Moreover, if we divide the updating functions into two parts, one cal-
culating the data bits, the other calculating the identifier bits, we get the
following functions:

f1 : B4 → B3

(0000) 7→ (000)

(0001) 7→ (001)

(0010) 7→ (001)

(0011) 7→ (000)

(0100) 7→ (100)

(0101) 7→ (001)

(0110) 7→ (000)

(0111) 7→ (010)

(1000) 7→ (000)

(1001) 7→ (001)

(1010) 7→ (011)

(1011) 7→ (101)

(1100) 7→ (010)

(1101) 7→ (011)

(1110) 7→ (000)

others 7→ (−−−)

f2 : B4 → B4

(0000) 7→ (0001)

(0001) 7→ (0010)

(0010) 7→ (0011)

(0011) 7→ (0100)

(0100) 7→ (0101)

(0101) 7→ (0110)

(0110) 7→ (0111)

(0111) 7→ (1000)

(1000) 7→ (1001)

(1001) 7→ (1010)

(1010) 7→ (1011)

(1011) 7→ (1100)

(1100) 7→ (1101)

(1101) 7→ (1110)

(1110) 7→ (1111)

others 7→ (−−−− )

We notice that f2 can be efficiently implemented with a 4-bit binary
counter. The problem left is to implement f1, a 4-input, 3-output function,
which typically has a much more compact implementation than the 6-input,
6-output function from algorithm [18].

In general, the data (f1) part of the updating functions to be imple-
mented using the new algorithm has less number of inputs and outputs
compared to the previous encoding method. The size of the identifier (f2)
part, also called the state generator, can be ignored in most cases, because
it can be generated with very simple circuits of which the size grows much
slower than the first part. The selection of the state generators is further
discussed in Section 5.3.
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Figure 5.2: An 8-bit grayscale image. (Source: Wikipedia. Public domain.)

5.2.2 A Realistic Example

Let us try to construct a circuit that generates a grayscale image as shown
in 5.2, pixel by pixel. The dimension of the image is 150 by 200. Each pixel
is represented by 8 bits of data. In total, the (uncompressed) image contains
150 × 200 × 8 = 240 000 bits of data. Since the image is generated pixel
by pixel, every clock cycle, 8 bits should be generated. So, the degree of
parallelization of the resulting RNLU should be 8.

Here is beginning of the raw data (in hexadecimal):

00 00 00 01 00 00 00 01 01 00 00 00 00 01 00 00

03 05 02 01 00 00 00 00 00 00 03 0a 08 02 02 08

0d 0a 09 0f 15 11 0d 0e 08 02 01 01 01 06 15 2a

31 2d 24 20 21 1a 10 0d 0c 0a 12 22 22 0f 02 05

...

The sequence contains 240 000/8 = 30 000 elements, which, with the
new encoding method, require dlog2 30 000e = 15 bits for the appended
identifiers. Assuming a binary counter is chosen as the state generator, we
create the description of the updating functions in a .pla file:
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.i 15

.o 8

.type fr

000000000000000 00000000

100000000000000 00000000

010000000000000 00000000

110000000000000 10000000

001000000000000 00000000

101000000000000 00000000

011000000000000 00000000

111000000000000 10000000

000100000000000 10000000

100100000000000 00000000

010100000000000 00000000

110100000000000 00000000

...

The content of the file is fairly straightforward. The .i line indicates
15 input bits; the .o line indicates 8 output bits; the .type line means
the functions are described with on-sets and off-sets, while the remaining,
unspecified input combinations correspond to the don’t-care sets. The re-
maining lines of the file describe the corresponding output values for each
input combination. The first part of each line is the input combination, and
the second part is the output combination. Note that the least significant
bits are written first, in both the input part and the output part.

In our implementation of the algorithm, we use the all-0 identifier as an
empty state that does not hold any sequence data. The reason why we have
this empty state is that we prefer to have a transition going into the actual
first state of the sequence, so the first sequence element is also generated
from the updating functions, rather than depending on the initial values of
the storage elements.

Next step, we apply the multi-level synthesis algorithm as described in
section 4.3. The resulting AIG network contains:

• 45 671 AIG nodes

• 26 AIG levels
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Then, we add in the remaining components and interconnection, such as
the binary counter.

Finally, we do technology mapping and the design is mapped into a 90nm
commercial standard cell library. The final design:

• 23 231 cells

• 76 045.94 µm2 total cell area

5.3 Choosing a State Generator

A state generator is a self-updating sub-block of an RNLU that does not
generate output bits. Its only use is to provide a stream of unique identifiers
for all the RNLU states. The choice of the state generator is an important
consideration for the synthesis of an RNLU. Even though the state generator
itself does not normally take up much area, it determines the order of the
identifiers that are fed into the updating functions for data bits, leading to
different levels of effectiveness of logic synthesis of these functions. In this
section, we investigate the impact of state generators on the hardware cost
of the non-linear updating functions.

A good state generator should possess the following qualities:

1. The synthesized area of the state generator grows logarithmically with
the number of states it generates.

2. A state generator of size k should be able to traverse through all, or
nearly all 2k possible states.

3. If possible, the logic synthesis process should benefit from the order of
the generated state identifiers.

The first two requirements lead us to several options for state generators:
LFSRs, NLFSRs, binary counters, and Gray code counters.

LFSRs are the smallest state generators. In addition to k storage ele-
ments, only a few of XOR gates are required to construct an LFSR that
cycles through 2k − 1 states. For example, a 128-bit LFSR with primitive
generator polynomial

x128 + x77 + x35 + x11 + 1
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x0 x1 xk-1
...

...

repeat k-2 times

output

(a) Binary counters.

x0 x1 xk-1
...

...

repeat k-2 times

output

...

(b) Gray code counters.

Figure 5.3: General structure of binary counters and Gray code counters.

has only three 2-input XOR gates, and is able to cycle through 2128 − 1
states.

NLFSRs sequences are normally more unpredictable than LFSR se-
quences, typically with a higher hardware cost. Since unpredictability is
not what we are after, NLFSRs are not considered useful as state genera-
tors.

However, in one case, we might consider using NLFSRs. The all-0 state
is always missing from the state cycle generated by an LFSR. When the
number of states required is exactly a power of two, it might be desirable
to have the all-0 state included in the cycle. Doing so not only saves chip
area for one bit in the state register, but also reduces the number of inputs
to the updating functions for data bits, which is the key point of Paper B.
Cycle-joining technique can be used to join the all-0 state into the cycle of
2k − 1 states [21]. A non-linear term x1x2 · · ·xk−1 is added to the feedback
function of an k-bit LFSR, turning it into an NLFSR with a full 2k cycle,
with the cost of one additional 2-input XOR gate and (k− 2) 2-input AND
gates.

Counters are another type of state generators. A binary counter can
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Table 5.1: Hardware requirements of k-bit LFSRs, binary counters, and
Gray code counters.

storage elements XOR2 gates AND2 gates

LFSR k O(k) 0
binary counter k k − 1 k − 2

Gray code counter k 2k − 2 k − 2

be implemented in various ways. One possible implementation is shown in
Figure 5.3a, where a k-bit binary counter is implemented with (k − 1) 2-
input XOR gates and (k − 2) 2-input AND gates. Gray code counters can
be constructed by XORing each output bit of the binary counter with the
next higher bit. It means a Gray code counter requires (k − 1) additional
2-input XOR gates (as shown in Figure 5.3b).

An overview of the hardware requirements of LFSRs, binary counters,
and Gray code counters is shown in Table 5.1.

Although counters require more hardware than LFSRs, as state genera-
tors, they do have some interesting properties. When using a counter as the
state generator, the truth table of the data updating function is filled in a
very predictive order. On the other hand, LFSRs as state generators fill the
truth table in a pseudo-random order. When the number of states n is less
than a power of two, using counters as state generators allows more efficient
utilization of don’t-care values during logic synthesis.

Figure 5.4 shows the a comparison of the three types of state genera-
tors on the area of the updating functions for data bits. The RNLUs are
constructed with degree of parallelization 1.

As we can tell from the diagram, the difference can be quite significant
between LFSR and the counters. Notice that the LFSR curve jumps at the
exact points where the sequence length n is a power of two. This is likely
due to the unspecified truth table entries are not fully utilized during logic
synthesis.

On the other hand, the curves for binary and Gray code counters are
almost linear, and their results are very close to each other. Therefore,
between the two types of counters we would prefer binary counters, as they
consume slightly less resources.

LFSRs still have the advantage in the size of the state generator itself,
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Figure 5.4: Area of data updating functions with different state generators.

so they are useful for small sequences, where the area of the state generator
takes a bigger part of the overall area, or for sequences that are exactly, or
very close to, 2k − 1 bits, so the drawback of low don’t-care utilization is
less obvious.



Chapter 6

Deterministic Test Pattern
Generation with RNLUs

In Paper C, we present the technique of using RNLUs to generate determin-
istic test patterns on-chip, aiming to increase the area efficiency and test
coverage of LBIST. To achieve this, we revisited the problem of synthesizing
an RNLU for an incompletely specified sequence. We extended the RNLU
synthesis algorithm in Paper B so that it supports incompletely specified
sequences. Instead of specifying don’t-care bits before the RNLU synthesis,
the new method directly transforms the sequence with don’t-cares into a
circuit description. The don’t-cares allow logic synthesis to further reduce
the area of the RNLU.

In this chapter, we complement Paper C with an intuitive example on
RNLU synthesis for incompletely specified sequences. We also explain how
we improved the multi-level synthesis algorithm presented in Section 4.3 to
efficiently handle functions with many don’t-cares. We present complemen-
tary experimental results for sequence with different don’t-care percentage.
Finally, we demonstrate the entire flow of synthesizing an on-chip top-off
pattern generator from scratch.

45



46CHAPTER 6. DETERMINISTIC TEST PATTERN GENERATION WITH RNLUS

6.1 An Intuitive Example

Let us consider the sequence in the example in Section 5.2.1. Assume that
all of the “0”s are now replaced with a don’t-care symbol “−”:

(−,−, 1, 1,−, 4, 1,−, 2,−, 1, 3, 5, 2, 3,−).

We are to construct an RNLU generating a sequence of integers, with
positions marked with “−” being arbitrary values. Obviously, we can solve
the problem with the “Inherit” algorithm presented in Paper A. However,
the further we propagate the don’t-cares, the more optimization possibilities
we will have during logic synthesis. Therefore, we keep all the don’t-cares
as they are, and move on to the next phase, where we define the updating
functions. Following the example in Section 5.2.1, we construct the two
separate parts of updating functions:

f1 : B4 → B3

(0000) 7→ (−−−)

(0001) 7→ (001)

(0010) 7→ (001)

(0011) 7→ (−−−)

(0100) 7→ (100)

(0101) 7→ (001)

(0110) 7→ (−−−)

(0111) 7→ (010)

(1000) 7→ (−−−)

(1001) 7→ (001)

(1010) 7→ (011)

(1011) 7→ (101)

(1100) 7→ (010)

(1101) 7→ (011)

(1110) 7→ (−−−)

others 7→ (−−−)

f2 : B4 → B4

(0000) 7→ (0001)

(0001) 7→ (0010)

(0010) 7→ (0011)

(0011) 7→ (0100)

(0100) 7→ (0101)

(0101) 7→ (0110)

(0110) 7→ (0111)

(0111) 7→ (1000)

(1000) 7→ (1001)

(1001) 7→ (1010)

(1010) 7→ (1011)

(1011) 7→ (1100)

(1100) 7→ (1101)

(1101) 7→ (1110)

(1110) 7→ (1111)

others 7→ (−−−− )
As we can see, f2 remains the same as in the original example, since it

simply represents a binary counter. f1, on the other hand, is a less specified
version of the f1 in the example in Section 5.2.1. Since each specified bit in



6.2. MULTI-LEVEL SYNTHESIS OF INCOMPLETELY SPECIFIED FUNCTIONS47

the truth table of f1 uniquely corresponds to a bit in the original sequence,
any of them becoming a don’t-care value will potentially cause the RNLU
to output an undesirable sequence. Therefore, the current definition of f1 is
actually the least specified version possible.

Also note that this approach does not work without the “advanced”
state encoding technique presented in Paper B. With the original RNLU
encoding method, the sequence data bits appear in both left- and right-hand
side of the mapping. When the mapping is converted into a truth table, the
don’t-cares on the left-hand side create cubes, covering multiple entries in
the truth table. Different cubes may overlap, potentially causing conflicts.

With this method, the resulting definition of the updating functions
potentially has a huge number of don’t-care conditions. In the next section,
we describe in detail how we improved the multi-level synthesis algorithm
to further utilize the don’t-cares.

6.2 Multi-Level Synthesis of Incompletely
Specified Functions

In Section 4.3, we have discussed a multi-level approach for synthesizing
large, random Boolean functions using BDDs as the initial circuit represen-
tation. In this section, we extend this method to the synthesis of incom-
pletely specified functions.

A Boolean function has an on-set, an off-set, and, if specified incom-
pletely, a don’t-care set. These three sets are mutually exclusive. Therefore,
we can completely describe a function with any two out of the three sets.
For our purpose, the functions may potentially have an enormous don’t-
care set. So, we prefer using on-set and off-set to describe a function. The
input conditions belonging to neither of the two sets are considered to be
don’t-cares.

For the construction of the BDD, ideally, an edge leading to a don’t-care
condition should be redirected to one of the constant nodes in a way that
the final BDD size is minimized. Finding the minimum BDD for an incom-
pletely specified function is known to be NP-complete [60]. There exist many
heuristics for the task, most famously the “restrict” operator [16]. “Restrict”
takes two BDDs — one representing a completely specified function f , the
other representing the characteristic function c which is the inverse of the
don’t-care set — and returns a minimized BDD.
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0 1 -

0 0 x 0
1 x 1 1
- 0 1 -

(a) Required operator

0 1 2

0 0 0 0
1 0 1 1
2 0 1 2

(b) Minimum

Figure 6.1: Required ternary operator and the Minimum operator.

We take a different approach. Instead of using two BDDs to store an
incompletely specified function, we use a single Multi-Terminal Binary De-
cision Diagram (MTBDD) [15]. Compared to a BDD, an MTBDD has other
terminal nodes representing different integers besides 0 and 1 as in a BDD.

Algorithm 6.1 BuildBDD-DC(Con, Coff, k): Construct and minimize a
BDD for a k-variable incompletely specified Boolean function with on-set
cover Con and off-set cover Coff.

1: function BuildBDD-DC(Con, Coff, k)
2: s← BuildMTBDD(Con, Coff, k)
3: s← AssignDC(s)
4: return s
5: end function

As shown in Algorithm 6.1, the entire algorithm is performed in two
steps.

In the algorithm, we treat an incompletely specified function as a three-
valued function with value set {0, 1, 2}. We map the don’t-cares to the value
2. In the first step (Algorithm 6.2), we construct an MTBDD for the three-
valued function. The MTBDD is reduced using the same rules as BDD
reduction.

Note that with function MinimumMTBDD, we use the Minimum op-
erator on the ternary values. We wish to “overwrite” value 2 with 0 or 1
during construction of the MTBDD, and the Minimum operator happens to
fulfill our requirements, as illustrated in Figure 6.1. The positions marked
with “x” in Figure 6.1a is never used since we know the on-set and off-set
of a function are mutually exclusive.

The MinimumMTBDD(a,b) function takes two MTBDDs a, b, and
recursively constructs an MTBDD that represents the result of the Minimum
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Algorithm 6.2 BuildMTBDD(C1, C0, k): Construct an MTBDD for a
k-variable three-valued function with 1-set cover C1 and 0-set cover C0.

1: function BuildMTBDD(C1, C0, k)
2: s← ConstNode(2)
3: for all c ∈ C1 do
4: t← ConstNode(1)
5: for j ← 1 to k do
6: if c(j) = 1 then
7: t← CreateNode(j, t, ConstNode(2))
8: else if c(j) = 0 then
9: t← CreateNode(j, ConstNode(2), t)

10: end if
11: end for
12: s← MinimumMTBDD(s, t)
13: end for
14: for all c ∈ C0 do
15: t← ConstNode(0)
16: for j ← 1 to k do
17: if c(j) = 1 then
18: t← CreateNode(j, t, ConstNode(2))
19: else if c(j) = 0 then
20: t← CreateNode(j, ConstNode(2), t)
21: end if
22: end for
23: s← MinimumMTBDD(s, t)
24: end for
25: ReduceMTBDD(s)
26: return s
27: end function
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Algorithm 6.3 AssingDC(s): Redirect don’t-care edges in MTBDD s.

1: function AssingDC(s)
2: for all node n in s do
3: if ZeroEdge(n) = ConstNode(2) then
4: ZeroEdge(n) ← OneEdge(n)
5: else if OneEdge(n) = ConstNode(2) then
6: OneEdge(n) ← ZeroEdge(n)
7: end if
8: end for
9: ReduceBDD(s)

10: return s
11: end function

operation on the three-valued functions that a and b represents.

The key algorithm (Algorithm 6.3) works as follows: for each node in
the MTBDD, if its 0-edge, or its 1-edge points to constant 2, then this edge
is redirected to the node pointed from the other edge. This will guarantee
the node being eliminated later in the reduction. At this point, all edges to
constant 2 are redirected, so the MTBDD in fact becomes a BDD. Finally,
we reduce the BDD following standard BDD reduction rules.

6.3 Experimental Results for Various Don’t-Care
Percentage

We are interested in finding out how does the new RNLU synthesis perform
compared to previous methods, such as “Inherit”, for sequences of the same
length, but with different don’t-care proportion.

In the following experiment, we construct RNLUs generating sequences
of size 218 bits (256 kbits). The sequences has don’t-care bits randomly
distributed in them. The percentage of don’t-care bits ranges from 0 to 99%.
For each percentage value, 10 different random sequences are generated.

We compare three methods of RNLU synthesis:

INH Inherit algorithm (Paper A)

INH+ Inherit algorithm with advanced RNLU state encoding (Paper B)
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The experiment is repeated for degree of parallelization 1 and 8.

The results are plotted in Figure 6.2. As we can see, the advance RNLU
state encoding significantly improves the quality of the resulting RNLU, es-



52CHAPTER 6. DETERMINISTIC TEST PATTERN GENERATION WITH RNLUS

pecially for degree of parallelization 1. Both using the advanced encoding,
the presented method still provides decent improvement over the Inherit al-
gorithm. The improvement increases as the sequences become less specified,
up to a 60% reduction in circuit area.

These results effectively prove the performance of the presented algo-
rithm in generating incompletely specified sequences.

6.4 Top-Off Pattern Generation with RNLUs: a
Design Flow

The design flow of a deterministic pattern generator involves multiple steps
and procedures, as illustrated in Figure 6.3.

First, a full scan design is required. Necessary design information is
extracted, to create a “template” we later use to generate pseudo-random
patterns. At the same time, using a given LFSR specification (size, char-
acteristic polynomial, etc.), we simulate the LFSR and store a sufficiently
long LFSR sequence. We format the sequence according to the template we
got from the design and create a set of pseudo-random patterns.

We run fault simulation on the design using the pseudo-random patterns,
and all undetected faults are put into a Random Pattern Resistant (RPR)
fault list. Automatic Test Pattern Generation (ATPG) algorithm is run on
the design targeting the RPR fault list, to reach a pre-defined test coverage,
generating so-called “top-off” patterns.

The top-off patterns can be converted directly into a pure sequence for-
mat so that our RNLU synthesis program recognizes it. The resulting RNLU
generates all top-off patterns. Together with some very simple control logic,
the RNLU can be used as an on-chip deterministic pattern generator. This
flow corresponds to the “LBIST + RNLU” column in Table 1 of Paper C.

However, with this flow, we cannot directly control the area overhead of
the deterministic pattern generator. It depends on how many pattern are
generated with the ATPG algorithm, and how fully they are specified. We
can only roughly control it by setting a different target test coverage, but it
is far from accurate.

Therefore, we developed a greedy algorithm that selects a subset of top-
off patterns to be generated by the RNLU. We use the total number of
specified bits as a metric of the area overhead, since it has a more predictable,
almost linear relation to the RNLU circuit area. We get the “budget” of
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Figure 6.3: Design flow of an on-chip top-off pattern generator.
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specified bits, b, by a linear estimation based on the design area. For each of
the original top-off pattern P , we extract two properties: r(P ), the number
of RPR faults P detects, and s(P ), the number of specified bits in P . We
use s(P ) as a cost of each pattern, and we deduct it from b if the pattern is
selected to be generated by the RNLU.

First, we order the top-off patterns by the value r(P )/s(P ), which in-
dicates the cost-performance of the patterns. Starting from the top of the
list, we pick a pattern if it fits in the budget. When we reach the end of the
list, we have a subset of top-off patterns, Ssel, that potentially detects the
most number of faults with the give budget. We know by construction that
no other patterns can fit in the set even if some budget is left. Finally, we
synthesize an RNLU for only the patterns in Ssel.

This flow in shown in Figure 6.3 by the dashed node and arrows. It
corresponds to the column “LBIST + RNLU-S” in Table 1 of Paper C.



Chapter 7

Case Study of Alternative
LBIST Flows

In Paper D, we present a case study on a real industrial design. We com-
bine the on-chip pattern generator design flow described in Section 6.4 with
various existing Design For Test (DFT) techniques, such as scan compres-
sion [37, 40, 68, 72] and test point insertion [20, 67, 64]. We also incorpo-
rate weighted random patterns [14], a known method that is able to improve
LBIST coverage. In the experiments, we use the on-chip Test Pattern Gen-
erator (TPG) area as a way to measure the effectiveness of combinations
of testing techniques. It also shows which techniques are suitable to be
combined with on-chip TPGs.

In this chapter, we provide more detailed introduction to each individual
technique used in Paper D. We also analyze some of the LBIST flows from
a theoretical point of view.
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Figure 7.1: Typical scan compression structure.

7.1 Testing Techniques

7.1.1 Scan Compression

Scan compression is also known as test vector compression [65]. It allows the
design to have considerably more internal scan chains than its allotted scan
inputs. Since over 95% of bits in a typical test vector are don’t-cares [31],
it is able to use an on-chip decompressor circuit to expand a “compressed”
test vector precisely into the bits required by each internal scan chain. With
the scan chains becoming shorter, test time is reduced.

The structure of a typical design with scan compression implemented is
shown in Figure 7.1.

A thorough survey on different types of scan compression can be found
in [65]. In the case study of Paper D, we use a combinational linear de-
compressor for scan compression, in which a combinational XOR network is
used as the decompressor.

7.1.2 Test Point Insertion

Test Point Insertion (TPI) technique inserts so-called test points into the
circuit. A test point is a test-mode-only flip-flop. There are two types of
test points:

• a control point that carries the stimulus to a node

• an observe point that captures the value of a node

A test point can be both a control point and an observe point at the same
time.

The typical structure of a TPI design is shown in Figure 7.2.
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Figure 7.2: Typical structure of a TPI design.

TPI introduces more controllability and observability into the design
under test. As a result, the fault coverage is increased, and the number of
test patterns required to reach a certain coverage is reduced. The price to
pay is a small area overhead for additional scan flip-flops and multiplexers,
and potentially some performance degradation.

7.1.3 Weighted Random Patterns

Weighted random patterns is a LBIST improvement where some of the
pseudo-random patterns have biased 0-to-1 ratios. Studies show that cer-
tain faults are more easily detected by such patterns than normal LFSR
patterns [14, 41]. For the ease of implementation, typically the proportion
of 0 or 1 in a biased pattern have the form 1/2k with k being an integer
greater than 1. Such patterns can be easily created by filtering the LFSR
output with AND/OR gates. Figure 7.3 shows a simple example.

By combining unweighted and weighted patterns, higher random test
coverage can be reached with fewer patterns. Area overhead for the filter-
ing gates and the additional control logic has to be paid as a cost. The
performance of the circuit is not affected by the use of weighted patterns.
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weight: 1/2
(unbiased)

weight: 1/4

weight: 3/4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 1 1 1
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· · ·

· · ·

Figure 7.3: Weighted random patterns.

7.2 Trade-Off Analysis

Let Ti be the test generation time and Ai be the area of the test pattern gen-
erator (TPG) corresponding to case i in Figure 2, Paper D, i ∈ {1, 2, 3, 4},
respectively. The test time depends on the number of test patterns and the
time to generate and apply each test pattern. The latter is determined by
the length of the longest internal scan chain and the clock period during
test. With test compression, normally we are able to shorten the lengths of
scan chains. Therefore, the time to generate and apply a single test pattern
in the cases 3 and 4 is shorter than that in cases 1 and 2. In the analysis
below, we assume that the generators constructed for cases 1 and 2 take tg
time to generate a test pattern; generators for cases 3 and 4 take tc time to
generate a test pattern, where

tg > tc.

Let Nmin, Ntop, and NPR be the number of minimal complete test patterns,
top-off patterns, and pseudo-random patterns generated by on-chip LFSR
respectively. Then the overall test time of cases 1 to 4 can be written as:

T1 = Nmintg,

T2 = (Ntop +NPR)tg,

T3 = Nmintc,

T4 = (Ntop +NPR)tc.
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For the analysis of area overhead, we assume that RNLUs are used as
the on-chip TPG. The area of an RNLU is determined by the overall number
of specified bits in the test patterns, as well as the number of bits generated
per clock cycle. We denote the expected area of an RNLU generating a
sequence with S specified bits, p bits per clock cycle, by ARNLU (S, p). Let
L be the size of uncompressed test patterns and s be the fraction of specified
bits in the uncompressed test patterns, 0 ≤ s ≤ 1. We denote the fraction of
specified bits in the top-off deterministic patterns by s∗. Let Nmin and Ntop

be the number of minimal complete test patterns and the number of top-off
patterns respectively. Finally, considering the area overhead of the LFSR
generating pseudo-random patterns, the expected area of RNLUs generating
minimal complete test patterns and top-off patterns, assuming both generate
p bits per clock cycle, can be written as

A1 = ARNLU (sLNmin, p),

A2 = ARNLU (s∗LNtop, p) +ALFSR

respectively.
It is believed that test patterns cannot be compressed to the size smaller

than the number of specified bits in the patterns [70]. In the cases with test
compression, we assume optimal compression, where the set of uncompressed
patterns are compressed into the same number of smaller patterns, with
total number of specified bits unchanged. Therefore, the expected area of
the RNLUs generating compressed test patterns will remain the same as the
generators for uncompressed patterns. However, the on-chip decompressor
circuitry costs additional area, so the overall area overhead for cases 3 and
4 can be written as

A3 = ARNLU (sLNmin, p) +Adecomp,

A4 = ARNLU (s∗LNtop, p) +ALFSR +Adecomp

respectively.
Under the above conditions, we obtain the following test times and area

overheads for the four cases in Figure 2, Paper D:

1. T1 = Nmintg

A1 = ARNLU (sLNmin, p)
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2. T2 = (Ntop +NPR)tg

A2 = ARNLU (s∗LNtop, p) +ALFSR

3. T3 = Nmintc

A3 = ARNLU (sLNmin, p) +Adecomp

4. T4 = (Ntop +NPR)tc

A4 = ARNLU (s∗LNtop, p) +ALFSR +Adecomp

Typically, NPR � Nmin, tg > tc. Therefore, for test time, we can
conclude that

T3 < T1 < T4 < T2.

For area overhead, it is always the case that

A1 < A3 and A2 < A4.

Usually, s∗Ntop < sNmin, and ALFSR � ARNLU . Therefore, it also holds
that

A2 < A1 and A4 < A3.

From the above analysis, we can conclude that the smallest area overhead
is from case 2, where pseudo-random patterns are used and the patterns are
not compressed. The shortest test time is achieved in case 3, where the
pseudo-random patterns are not used, and compressed patterns are gener-
ated with an on-chip TPG.



Chapter 8

Capture Power Reduction
with Scan Partitioning for
Logic BIST

Paper E addresses the problem of reducing capture power in delay-fault
built-in self test. Our approach is based on scan partitioning, which has
been proven to be an effective method for capture power reduction in delay-
fault testing [57, 13, 36, 74, 44]. We extend the S-graph model used in scan
partitioning by assigning weights on its edges, which are calculated through
signal probability analysis. It is reasonable to use signal probability here
because the test patterns of LBIST are pseudo-random.

In this chapter, we cover the steps for calculating signal probabilities and
dependencies, which are not included in Paper E. We also demonstrate the
algorithm with an intuitive example.
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8.1 Calculation of Signal Probabilities and
Dependencies

8.1.1 Preliminaries

Let G = (V,E) denote an directed acyclic graph that represents a combina-
tional circuit. For each node v ∈ V , I(v) denotes the fan-in set of v:

I(v) = {u ∈ V | 〈u, v〉 ∈ E}.
I(v) is an ordered multiset.

If I(v) = 0, then v represents a (pseudo-) primary input; otherwise v
represents a logic gate.

Definition 8.1. The signal probability of node v, p(v), is the probability
that v holds a logic one in the circuit, i.e.

p(v) = P (v = 1).

Definition 8.2. If I(v) > 0, the sensitivity of v to its ith input, si(v), is the
probability that the value of v changes given that only its ith input changes.

Definition 8.3. The dependency of node v on node u, du(v), is the proba-
bility that changing the value of u changes the value of v.

8.1.2 Signal Probability

As mentioned in Paper E, we assume independent inputs for each logic gate.
Then, the signal probability of any logic gate can be determined solely by
the signal probabilities of its inputs.

Below are the calculations of signal probabilities for different types of
gates used in Paper E.

Inverters

The signal probability of an inverter

g = NOT(a),

p(g) = P (g = 1) = P (NOT(a) = 1)

= P (a = 0) = 1− P (a = 1)

= 1− p(a).
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AND Gates

The signal probability of an n-input AND gate

g = AND(a1, a2, · · · , an),

p(g) = P (g = 1) = P (AND(a1, a2, · · · , an) = 1)

= P ((a1 = 1) ∩ (a2 = 1) ∩ · · · ∩ (an = 1))

= P (a1 = 1)P (a2 = 1) · · ·P (an = 1)

=
n∏

i=1

p(ai).

OR Gates

The signal probability of an n-input OR gate

g = OR(a1, a2, · · · , an),

p(g) = P (g = 1) = P (OR(a1, a2, · · · , an) = 1)

= 1− P (OR(a1, a2, · · · , an) = 0)

= 1− P ((a1 = 0) ∩ (a2 = 0) ∩ · · · ∩ (an = 0))

= 1− P (a1 = 0)P (a2 = 0) · · ·P (an = 0)

= 1− (1− P (a1 = 1))(1− P (a2 = 1)) · · · (1− P (an = 1))

= 1−
n∏

i=1

(1− p(ai)).

NAND Gates

The signal probability of an n-input NAND gate

g = NAND(a1, a2, · · · , an),

p(g) = P (NAND(a1, a2, · · · , an) = 1)

= P (AND(a1, a2, · · · , an) = 0)

= 1− P (AND(a1, a2, · · · , an) = 1)

= 1−
n∏

i=1

p(ai).
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NOR Gates

The signal probability of an n-input NOR gate

g = NOR(a1, a2, · · · , an),

p(g) = P (NOR(a1, a2, · · · , an) = 1)

= P (OR(a1, a2, · · · , an) = 0)

= 1− P (OR(a1, a2, · · · , an) = 1)

=
n∏

i=1

(1− p(ai)).

8.1.3 Sensitivity

The sensitivity of a gate g to its ith input, si(g), depends on the values of
the rest of its inputs. The combination of the values of these inputs should
“enable” the gate so the change at input i travels through the gate to the
output. For example, an AND gate is sensitive to an input only when all
remaining inputs are 1’s. If the input values are given in the form of signal
probability, the sensitivity of an AND gate is the probability that all other
inputs are 1’s.

Assume that g is an n-input gate with function F :

g = F (a1, a2, · · · , an).

Given a value combination of a1, a2, · · · , ai−1, ai+1, · · · , an, we can de-
termine whether g is sensitive to ai with Boolean derivative

dg

dai
= g|ai=0 ⊕ g|ai=1

= F (a1, · · · , ai−1, 0, ai+1, · · · , an)

⊕ F (a1, · · · , ai−1, 1, ai+1, · · · , an).

Then, we can calculate the sensitivity si(g) by summing up the probabilities
of value combinations where dg

dai
= 1:

si(g) = P (
dg

dai
= 1)

=
∑

c∈Bn−1

P ((a1, · · · , ai−1, ai+1, · · · , an) = c) · dg
dai

∣∣∣∣
(a1,··· ,ai−1,ai+1,··· ,an)=c

.
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Below we calculate the sensitivity expressions used in Algorithm 3, Pa-
per E.

Inverter

The change of the input signal of an inverter always causes the change of
the output signal. Therefore, an inverter is always sensitive to its input, i.e.

s1(g) = s1(NOT(a)) = 1.

AND Gates

g = AND(a1, a2, · · · , an)

dg

dai
= a1 · · · ai−1 · 0 · ai+1 · · · an
⊕ a1 · · · ai−1 · 1 · ai+1 · · · an

= a1 · · · ai−1 · ai+1 · · · an

dg

dai
= 1 iff (a1 = 1) and · · · and (ai−1 = 1)

and (ai+1 = 1) and · · · and (an = 1)

si(g) = P (
dg

dai
= 1)

= P ((a1 = 1) ∩ · · · ∩ (ai−1 = 1) ∩ (ai+1 = 1) ∩ · · · ∩ (an = 1))

= p(a1)p(a2) · · · p(ai−1)p(ai+1) · · · p(an)

=
p(g)

p(ai)

OR Gates

g = OR(a1, a2, · · · , an)
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dg

dai
= a1 + · · ·+ ai−1 + 0 + ai+1 + · · ·+ an

⊕ a1 + · · ·+ ai−1 + 1 + ai+1 + · · ·+ an

= a1 + · · ·+ ai−1 + ai+1 + · · ·+ an ⊕ 1

= a1 + · · ·+ ai−1 + ai+1 + · · ·+ an

= a1 · · · ai−1 · ai+1 · · · an

dg

dai
= 1 iff (a1 = 0) and · · · and (ai−1 = 0)

and (ai+1 = 0) and · · · and (an = 0)

si(g) = P (
dg

dai
= 1)

= P ((a1 = 0) ∩ · · · ∩ (ai−1 = 0) ∩ (ai+1 = 0) ∩ · · · ∩ (an = 0))

= (1− p(a1)) · · · (1− p(ai−1))(1− p(ai+1)) · · · (1− p(an))

=
1− p(g)

1− p(ai)

NAND Gates

g = NAND(a1, a2, · · · , an)

dg

dai
= a1 · · · ai−1 · 0 · ai+1 · · · an
⊕ a1 · · · ai−1 · 1 · ai+1 · · · an

= 1⊕ a1 · · · ai−1 · ai+1 · · · an
= a1 · · · ai−1 · ai+1 · · · an

dg

dai
= 1 iff (a1 = 1) and · · · and (ai−1 = 1)

and (ai+1 = 1) and · · · and (an = 1)
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si(g) = P (
dg

dai
= 1)

= P ((a1 = 1) ∩ · · · ∩ (ai−1 = 1) ∩ (ai+1 = 1) ∩ · · · ∩ (an = 1))

= p(a1)p(a2) · · · p(ai−1)p(ai+1) · · · p(an)

=
1− p(g)

p(ai)

NOR Gates

g = NOR(a1, a2, · · · , an)

dg

dai
= a1 + · · ·+ ai−1 + 0 + ai+1 + · · ·+ an

⊕ a1 + · · ·+ ai−1 + 1 + ai+1 + · · ·+ an

= a1 + · · ·+ ai−1 + ai+1 + · · ·+ an ⊕ 0

= a1 + · · ·+ ai−1 + ai+1 + · · ·+ an

= a1 · · · ai−1 · ai+1 · · · an

dg

dai
= 1 iff (a1 = 0) and · · · and (ai−1 = 0)

and (ai+1 = 0) and · · · and (an = 0)

si(g) = P (
dg

dai
= 1)

= P ((a1 = 0) ∩ · · · ∩ (ai−1 = 0) ∩ (ai+1 = 0) ∩ · · · ∩ (an = 0))

= (1− p(a1)) · · · (1− p(ai−1))(1− p(ai+1)) · · · (1− p(an))

=
p(g)

1− p(ai)

8.1.4 Dependency

Node v depends on node u only if v has an input ai that depends on u and v is
sensitive to ai. Let us denote the event “ai depends on u” Du

i , and the event
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“v is sensitive to ai” S
v
i . In our simplified model, we estimate dependencies

assuming for each node, all the Du
i and Sv

i events are independent. Then,
the dependency of a node v with n inputs a1, · · · , an, can be calculated as
follows:

du(v) = P (v depends on u)

= P (

n⋃

i=1

Du
i ∩ Sv

i )

= 1−
n∏

i=1

(1− P (Du
i )P (Sv

i )

= 1−
n∏

i=1

(1− du(ai)si(v))

With this equation of du(v), we can iteratively calculate the dependencies
of all nodes, as described in Algorithm 2, Paper E.

8.2 An Example

In this section, we demonstrate the proposed scan partitioning algorithm on
the example of a simple sequential circuit.

Consider the sequential circuit shown in Figure 8.1. In order to test the
circuit with LBIST, first, the primary input x needs to be latched, i.e., an
additional scan cell is introduced to generate signal x in test mode. Now
there are four scan cells, which we will group them into two scan partitions.

In order to apply signal probability analysis, scan cells are treated as
primary inputs/outputs. The remaining circuit is a 4-input, 3-output com-
binational logic block. In the first step of the algorithm, we assign signal
probabilities to all the internal logic nodes of the circuit, as shown in Fig-
ure 8.2. All input signals are assigned a signal probability of 0.5. Following
topological order (from left to right in the figure), we assign the signal
probability for each gate in a single pass assuming inputs of a gate are
independent.

The second step of the algorithm is the calculation of dependencies be-
tween scan cells. To do this, we pick an input node, and calculate in topo-
logical order the dependencies on this input node for every other node in
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Figure 8.1: A sequential circuit.
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Figure 8.2: Signal probability assignment for the circuit in Figure 8.1.
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Figure 8.3: Dependencies of all nodes on input q0 for the circuit in Fig-
ure 8.1.

the circuit. This process is repeated for all input nodes. In Figure 8.3, the
dependencies of all nodes on input q0 are calculated. We may calculate the
dependencies on inputs q1, q2, and x in a similar manner.

The dependency calculation results in the dependency table shown in
Table 8.1. The last three rows of the table are the dependencies between each
pair of flip-flops. Now we can construct an S-graph with these dependencies
assigned to the edges, as shown in Figure 8.4.

Finally, we search for a balanced 2-partitioning of the S-graph so that the
sum of the weights on the edges from partition 1 to partition 2 is minimized.
With this simple example, there are six possible ways to partition the S-
graph. The sum of weights of the violation edges are shown in Table 8.2.
We can see that optimal partitioning is achieved by putting q0 and q1 in
partition 1, and putting q2 and x in partition 2.
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Table 8.1: Dependency table for the circuit in Figure 8.1.

node a p(a) dq0(a) dq1(a) dq2(a) dx(a)

q0 0.5000 1.0000 0.0000 0.0000 0.0000
q1 0.5000 0.0000 1.0000 0.0000 0.0000
q2 0.5000 0.0000 0.0000 1.0000 0.0000
x 0.5000 0.0000 0.0000 0.0000 1.0000

g1 0.7500 0.0000 0.5000 0.5000 0.0000
g2 0.7500 0.5000 0.0000 0.5000 0.0000
g3 0.7500 0.5000 0.0000 0.0000 0.5000
g4 0.5625 0.3750 0.3750 0.3750 0.3750
g5 0.6250 0.2500 0.0000 0.2500 0.7500
g6 0.2500 0.5000 0.0000 0.0000 0.5000
g7 0.3750 0.2500 0.7500 0.0000 0.2500
g8 0.5000 0.5000 1.0000 0.0000 0.2500

g9 (q0+) 0.6484 0.3420 0.2344 0.3420 0.5574
g10 (q1+) 0.6250 0.3750 0.8125 0.2500 0.3750
g11 (q2+) 0.6875 0.1250 0.3750 0.6250 0.1250

q0 q1

q2 x

0.3420

0.3750

0.1250

0.8125

0.2344

0.3750

0.6250

0.3420

0.2500 0.5574

0.3750

0.1250

Figure 8.4: Weighted S-graph model for the circuit in Figure 8.1.
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Table 8.2: Possible partitioning of the S-graph in Figure 8.4.

Partition 1 Partition 2 Num. of VEs Sum of VE weights Optimal

q0, q1 q2, x 2 0.5000 ?
q0, q2 q1, x 2 0.6250
q0, x q1, q2 4 1.0000

q1, q2 q0, x 2 0.5764
q1, x q0, q2 4 1.2918
q2, x q0, q1 4 1.3074



Chapter 9

Conclusion and Future Work

This dissertation is a collection of papers presenting algorithms improving
Logic Built-in Self Test (LBIST) from two perspectives.

First, we target the problem of increasing test coverage for LBIST. We
present in Paper C an efficient algorithm for synthesizing an on-chip deter-
ministic test pattern generator based on a Register with Non-Linear Update
(RNLU). The presented technique increases the test coverage of LBIST to
the same level as external test with a reasonable area overhead. We also
present in Papers A and B two RNLU synthesis algorithms for general se-
quences that Paper C bases on. We show that RNLUs are able to store and
generate deterministic sequences efficiently on-chip.

Secondly, we investigate the problem of excessive capture power dissipa-
tion in delay-fault LBIST. We address this problem with scan partitioning,
where we divide scan cells into different partitions which are captured sep-
arately. In Paper E, we present a scan partitioning algorithm based on a
novel weighted S-graph model. The algorithm assigns weights to the edges of
the S-graph, which represent the dependency between each pair of flip-flops,
using a signal probability and dependency analysis. We show that the pre-
sented algorithm outperforms existing capture power reduction techniques
with a smaller coverage loss.

There are a few directions for the future work based on this dissertation.
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Currently, there is not a systematic way to estimate the size of an RNLU.
In Papers B and C, the theoretical size for the best-case scenario is calcu-
lated. However, the result is far from the actual size, due to the heuristics
used for logic synthesis. The pattern selection method described in Sec-
tion 6.4 adopts an empirical estimation of RNLU size, but the set up is
fragile, and the parameters are not formally defined. Therefore, it would
be beneficial to have a mathematical model for estimating the size of an
RNLU based on various characteristics of the sequence being generated,
with empirical parameters involved as well. If such a model is available, it
will be possible to construct a deterministic pattern generator for exactly
the allowed area overhead, or even tweak the pattern selection to utilize area
more efficiently.

As the scale of the design grows, it becomes impractical to have a sin-
gle pattern generator for the entire design. It has been proved effective to
partition the design and test each partition hierarchically. It is an interest-
ing topic to investigate how RNLUs can be utilized in hierarchical testing
schemes.

When using scan partitioning to reduce testing power dissipation, the
routing overhead can be excessive if no restrictions are forced on the connec-
tions of scan cells, especially for large designs. In addition, the effectiveness
of capture power reduction depends on how the power planning is done for
the design. Therefore, an important task for future work is to develop a
model (potentially based on the weighted S-graph model) which is able to
express more design constraints, such as geometrical proximity of scan cells
and power planning.
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