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Abstract—Uncertainties faced by operators of power
systems are expected to increase with increasing amounts
of wind power. This paper presents a method to design
efficient importance sampling estimators to estimate the
operating risk by Monte-Carlo simulations given the
joint probability distribution describing the wind power
and load forecasts. The operating risk is defined as
the probability of violating stability and / or operating
constraints. The method relies on an exisiting framework
for rare-event simulations but takes into account the
peculiarities of power systems. In case studies, it is shown
that the number of Monte-Carlo runs needed to achieve
a certain accuracy on the estimator can be reduced by
up to three orders of magnitude.

Index Terms—Wind power, Importance sampling,
Rare-event simulation, Monte-Carlo

I. INTRODUCTION

With larger penetrations of wind power entailing
larger forecast errors, a switch to probabilistic meth-
ods based on operating risks has been advocated.
Advantages with such probabilistic methods is that
they consider the joint probability distribution of the
uncertain parameters such as wind power and load [1],
[2]. In contrast, today’s deterministic methods usually
are worst-case methods, which only consider a few
possible values of the uncertain parameters, and do
not consider the probabilities associated with these
values. Several works have begun developing tools
using probabilistic methods, in which the system is
operated in order to keep some operating risks very
low [3]–[6]. These operating risks are an essential part
of the probabilistic framework being developed and
are defined as probabilities of violating stability or
operating constraints. Therefore, in these probabilistic
frameworks, the estimation of very low probabilities
is required. The corresponding problem falls into the
category of rare-event simulations. Monte-Carlo tech-
niques are traditionally used to estimate probabilities,
but crude Monte-Carlo simulations are computation-
ally demanding when used to estimate the probabil-

ities of rare events. This computational demand is
not acceptable in power system operations since the
computation should be performed close to real time.
To address this issue, analytical approximations have
been proposed in the literature that can be evaluated
very fast [3]–[6]. However, even in this case, there is
a need for assessing the robustness and the accuracy
of these approximations, which can only be done by
performing Monte-Carlo simulations.

In this paper, an importance sampling technique
which allows for a significant speed-up of Monte-Carlo
simulations is proposed. The technique is based on
results from [7] that have been applied in other fields
such as telecommunication theory [8], in which the
problem of computing the probability of rare events
also arises. To the knowledge of the authors of this
paper, however, this technique has never been applied
to power systems before.

The use of the proposed importance sampling tech-
nique is an essential piece in the probabilistic frame-
works being proposed in the literature to address the
challenges brought about by large amounts of wind
power, because it substantially decreases the computa-
tion time to estimate the very low operating risks and
assess approximations of these risks.

II. OPERATING RISKS AND ESTIMATION

A. Background

Power systems are traditionally operated according
to the N-1 criterion, i.e. so that operating constraints
are fulfilled after some critical contingency occurs.
This can be expressed as

hi(u, ζ) =[hi0(u, ζ) . . . hinop
(u, ζ)]T ≤ 0,

i = 0, . . . , nc,
(1)

where nop is the number of operating constraints
considered, hij represents operating constraint j after
contingency i has happened (i = 0 is for the pre-
contingency case), u ∈ U ⊂ Rnu are controllable



parameters such as generator’s active power production
and ζ ∈ Rl are stochastic system parameters such
as load and wind power production. Examples of
operating constraints are power flow equations and
transmission limits.

The N-1 criterion is a deterministic criterion, where
the stochastic system parameters are given a defined
value according to forecast. Traditionally, the load
has been the largest source of uncertainty and system
operators have been able to forecast it accurately
enough to assume reasonable values to be used in (1)
[9]. With larger amounts of wind power, however, the
forecast errors on ζ increase [2], leading to the need for
accounting for the whole joint probability distribution
of ζ. The N-1 criterion can then be reformulated into
an operating risk. In this paper, the operating risk from
[6] is considered. Let Di(u) be the stable operation
domain after contingency i has occurred, i.e. the set
of all ζ for which all operating constraints hold in
the pre- or post-contingency system i given that the
controllable parameters take on the value u:

Di(u) = { ζ | hi(u, ζ) ≤ 0}. (2)

The operating risk Rζ(u) given the probability fore-
casts on ζ and the value of the controllable parameters
u is defined as [6]:

Rζ(u) =

nc∑
i=0

qiP
[
ζ /∈ Di(u)

]
(3)

where qi is the rate of contingency i > 0, q0 =
1−

∑nc

i=1 qi, and ζ is now a Rl-valued random vector
with joint distribution given by probabilistic forecasts.
Other formulations of operating risks include [3]–[5].

The challenge when using (3) is the computation
of the probabilities P

[
ζ /∈ Di(u)

]
of violation of at

least one operating constraint in the pre- or post-
contingency case i, since the stable operation domains
Di(u) in general cannot be analytically described.
Monte-Carlo simulations can be used to estimate
these probabilities. Approximations have also been
developed [6], but, even in this case, Monte-Carlo
simulations need to be run to assess their accuracy.

B. Estimation by crude Monte-Carlo simulation

A crude Monte-Carlo estimate after N runs for the
probabilities µ = P

[
ζ /∈ Di(u)

]
of violation of at

least one operating constraint is given by

µ̂N =
1

N

N∑
k=1

1
{
ζk /∈ Di(u)

}
, (4)

where ζk are samples drawn from the joint probability
distribution given by wind power and load forecasts.
Recall that since system operators aim at maintaining
a secure operation of power systems, the considered
probabilities of constraint violation are in general very

small, 10−4 and less. For estimation of such very
small probabilities, the relative width of the confidence
interval is generally considered [10] as a measure of
accuracy of the Monte-Carlo estimate. It is defined as
εr(N) = µ̂N/µ. For a given number N of samples, a
confidence interval at 100 · (1−α) % can be given as
follows, when µ is very small [10]:

P
[
|εr| ≤ wNr

]
= 1− α ⇐⇒ wNr ≈

z1−α/2

µ
√
N
, (5)

where wNr is called relative half-width, and z1−α/2 is
the 1−α/2 quantile of a standard normal distribution
N (0, 1). The confidence interval above states that,
after N iterations, it can be estimated that µ lies in
the interval [µ̂N (1−wNr ), µ̂N (1 +wNr )] with (1−α)
probability: P

[
|µ̂N − µ| ≤ wNr µ

]
= 1 − α. The rel-

ative half-width can be used as a stopping criteria in
Monte-Carlo simulations, which are stopped when a
pre-defined wr is reached [10]. The number N0 of MC
runs necessary to achieve a certain relative half width,
will be proportional to 1/µ, which makes the estima-
tion of rare events computationally demanding since µ
will be very small. Instead of using crude Monte-Carlo
simulations, an importance sampling technique can be
used to reduce N0.

III. ESTIMATION OF THE OPERATING RISK BY
IMPORTANCE SAMPLING

A. Importance sampling for rare-event simulations

The estimation of the probabilities of violation of
at least one operating constaint belongs to the class
of rare-event simulations. In [7] and more compre-
hensively in [10], an importance sampling technique
is presented for speeding up Monte-Carlo simulations
of such problems. The remainder of this section is a
review of this technique.

The general problem of interest is the estimation
of very small µ = P [X ∈ E] = E [1{X ∈ E}], for
some random vector X with known joint probability
distribution f and some set E. When using importance
sampling, samples X̃k are drawn from another prob-
ability distribution g, called the importance sampling
(IS) distribution, to estimate µ as

µ̃N =
1

N

N∑
k=1

1{X̃k ∈ E}f(X̃k)/g(X̃k). (6)

Note that limN→∞ µ̃N = µ. When choosing a
good IS distribution g, two rules apply: g should be
concentrated on the set E of interest, and should follow
the variations of f on E. The first criteria allows for
hitting more often the set of interest while the latter
prevents the variance of the estimate from blowing up,
which would lead to an unreliable estimate.

In [10], the key idea in designing efficient im-
portance sampling probability densities is to identify
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so called minimum rate points associated with the
original density f and the set of interest E. We now
assume that the original probability density f is that
of a multivariate Gaussian random variables N (m,Σ).
All definitions below are therefore restrictions of the
general ones in [10] for the special case when f is a
multivariate Gaussian probability density.

Definition 1. A point ν ∈ E is a minimum rate point
of E if ν = arg maxx∈E f(x), i.e. if it is a point in E
which maximizes the probability density f .

Definition 2. A minimum rate point ν is a dominating
point of the set E if ν is a unique point such that

1) ν is on the boundary of E
2) E ⊂ H(ν) = {x | θTν (x − ν) ≥ 0}, where

θν = Σ−1(ν −m) is tangent to the level curve
{x | f(x) = f(ν)} of f at ν.

A dominating point ν is a minimum rate point such
that all points in E lie in the half space H(ν). Once
a dominating point ν has been identified, if it exists,
then an efficient IS distribution g is N (ν,Σ), obtained
by shifting f to ν. The IS distribution g thus defined
is asymptotically optimal in the sense that the variance
of the corresponding IS estimator in (6) goes to zero
as the probability µ to be estimated goes to zero.

Remark 1. In the derivation above, the two main
difficulties are to find a minimum rate point ν of E and
to prove that this minimum rate point is a dominating
point, i.e. that it lies on the boundary of E and that E
is contained in the half space H(ν) defined above.

B. Application to the estimation of operating risks

For power system applications, as mentioned above,
the random vector ζ consists of the future wind power
productions and load levels. In the operating risk
defined in (3), the probabilities of interest are

µi(u) = P
[
ζ ∈ Ei(u)

]
(7)

where Ei(u) = {ζ | ζ /∈ Di(u)}.
The efficient IS distribution g proposed above is

valid when the original probability distribution is
Gaussian. Studies have shown, however, that wind
power forecast errors are not Gaussian distributed [11],
[12]. In the following, we assume that the wind power
production at each node is modelled by a given random
variable Wk, with known cumulative distribution FWk

.
Studies have indicated that, for example, beta distribu-
tions are possible candidates for FWi [11], [12]. The
vector ζ of wind power productions and load levels
can be written as

ζ = [W1, . . . ,Wnw
, p1, . . . , pnl

], (8)

where nw is the number of wind power plants, and p1

to pnl
are the load levels of the nl loads in the system.

Each Wk can be expressed as a function of a
standard normal random variable Xk ∼ N (0, 1) as
follows [13], [14]

Wk = P inst
k F−1

Wk
(Φ(Xk)), (9)

where P inst
k is the installed capacity of wind power

plant k. This transformation uniquely defines Wk from
Xk, and vice versa. The vector X = [X1 . . . Xnw

] is
therefore Gaussian N (0,Σw) with the diagonal terms
of Σw equal to 1 and the off-diagonal terms describing
the correlation between the wind power injections, see
[13], [14]. Let

ζ̃ = [X1, . . . , Xnw
, p1, . . . , pnl

]. (10)

Then,

ζ = γ(ζ̃), (11)

with γ : Rl → Rl is defined from (9) for the Wk and
leaves the load levels pk unchanged.

The probabilities of interest in (7) can now be
written

µi(u) = P
[
ζ̃ ∈ Ẽi(u)

]
, (12)

where Ẽi(u) = {ζ̃ | ζ̃ /∈ D̃i(u)} and D̃i(u) =
{ζ̃ | γ(ζ̃) ∈ Di(u)}, i.e. D̃i(u) is the stable operation
domain in the ζ̃ space.

Under the assumption that the load levels are Gaus-
sian distributed, the new parameter vector ζ̃ in (10)
will be Gaussian distributed ζ̃ ∼ N (m,Σ). Designing
efficient importance sampling distributions to estimate
(12) now falls in the framework presented in Section
III-A. An essential part in this framework is to find
minimum rate points in Ẽi(u).

C. Algorithm for finding efficient importance sampling
distributions

For each pre- and post-contingency system i, and for
a given value of the controllable system parameters u,
the following algorithm is proposed to estimate µi(u)
in (12) with ζ̃ ∼ N (µ,Σ):

1) Find a minimum rate point ν(u) of Ẽi(u) on
the boundary ∂Ẽi(u) of Ẽi(u), i.e. ν(u) =
arg maxx∈∂Ẽi(u) φµ,Σ(x), where φµ,Σ is the
probability density function of ζ̃.

2) Define gu(x) ∼ N (ν(u),Σ) to be the impor-
tance sampling distribution, as seen in III-A.

Step 1 can be carried out by performing a search on the
stability boundary ∂Ẽi(u), beyond which one of the
operating constraints in (1) is violated. The method
from [15] to look for the most likely point on the
boundary is used for that purpose.

Remark 2. It is important to note that the second
property of a dominating point in Definition 2 is
not guaranteed since the sets Ẽi(u) in general have
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intricate shapes and need not to be contained in half
spaces. The algorithm above is able to find a mini-
mum rate point ν on the boundary of Ẽi(u) but this
minimum rate point is not, in general, a dominating
point. Therefore, it cannot be proven in general that the
resulting importance sampling distributions is more ef-
ficient than crude Monte-Carlo simulations. However,
in all the cases simulated by the authors of this article,
the importance sampling distributions designed by the
above algorithm all led to a substantial decrease in
computation time, see Section IV for the case studies.

IV. CASE STUDY IN IEEE 39 BUS SYSTEM

A. Description
The modified IEEE 39 bus system depicted in

Figure 1 is considered. The base-case parameter values
are taken from [16], [17]. Compared to the base-case
scenario, five wind power plants have been added at
nodes 11, 15, 28, 36 and 38. In the following, the base
power is 100 MW.

Figure 1: Modified IEEE 39 bus system

The stochastic parameters ζ include the production
at the five wind power plants and the ative power
consumptions of all 19 loads. We assume that the
following probabilistic forecasts for the load and wind
power are available. The loads are assumed to be
N (mL,ΣL), with mL equal to the base case loading,
and ΣL set in the case studies. The loads are assumed
to be independent. The active power productions at
the five wind power plants are modelled through (9),
where W1, W2, W3, W4 and W5 are beta distributed
β(ak, bk), and X = [X1 X2 X3 X4 X5] ∼ N (0,Σw),
with all parameters defined in table I. Results from
[18] indicate that the parameters ak and bk of the
beta distributions should be chosen rather high (20
to 80) and almost equal to each other. This has been
followed in the choice of ak and bk in Table I. The
parameters ζ̃ in (10) are therefore Gaussian distributed
N (m0,Σ0), where m0 = [0 mL] and Σ0 is block
diagonal Σ0 = diag(Σw,ΣL).

The active power productions at generators 2 and 9,
Pg2 and Pg9 are assumed to be controllable, so

Node ak bk Σw P inst
k [p.u.]

11 30 30


1 0 0 0 0
0 1 0 0 0
0 0 1 0.4 0.2
0 0 0.4 1 0.5
0 0 0.2 0.5 1


1

15 35 35 2
28 27 27 1
36 45 45 5
38 56 56 1

Table I: Parameter values for the three wind power
plants

u = [Pg2 Pg9]. Only the pre-contingency case is
considered. The operating risk from (3) can be defined
as

R0(u) = P
[
ζ̃ ∈ Ẽ0(u)

]
, (13)

with Ẽ0(u) = {ζ̃ | γ(ζ̃) /∈ D0(u)}, where γ was
defined in (11) and the stable operation domain for
the pre-contingency case D0(u) is bounded by voltage
stability constraints as described in [19].

The aim of this section is to compare the com-
putational demand of crude Monte-Carlo simulations
(CMC) and Monte-Carlo simulations with importance
sampling (IS) to estimate (13). The computational
demand is defined as the necessary number of runs N0

to achieve a relative half-width wr for the confidence
interval at 95 %. This means that after N0 runs, the
operating risk R0(u) can be estimated to lie in the
interval [(1−wr)µ̂N0 ; (1 +wr)µ̂N0 ] withprobability
0.95, where µ̂N0 is the Monte-Carlo estimate after N0

runs using either CMC or IS.

B. Case studies

The following case studies will be performed, where
the variances ΣL of the loads are varied to reflect
different levels of uncertainty in the forecasts, and the
values of u chosen to obtain very small operating risks
in all case studies:

1) Case study 1: Standard deviation of all loads
equal to 1 % of the base case loading. The
controllable generators are set to u = [6.9 4.9].

2) Case study 2: Standard deviation of all loads
equal to 2 % of the base case loading. The
controllable generators are set to u = [7.8 5.8].

3) Case study 3: Standard deviation of all loads
equal to 4 % of the base case loading. The
controllable generators are set to u = [7 7.5].

The different case studies aim at studying the effect
of the variance of ζ̃ on the efficiency gains by using
importance sampling. Different IS distributions for ζ̃
will be used and compared in terms of N0. For all
study cases, the following four CMC and IS will be
compared:

1) CMC: the base-case probability distribution
N (m0,Σ0) defined in the previous section is
used in crude Monte-Carlo simulations.
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2) IS-1: the algorithm presented in Section III-C
is used to find the minimum rate point ν∗ on
the stability boundary. The corresponding im-
portance sampling distribution for ζ̃ is defined
as N (ν∗,Σ0).

3) IS-2: The importance sampling distibution is
defined to be N (ν2,Σ0), where ν2 = m0 +
0.8(ν∗ − m0), so that ν2 is inside the stable
operating region D0(u) and outside Ẽ0(u).

4) IS-3: The importance sampling distibution is
defined to be N (ν3,Σ0), where ν3 = m0 +
1.2(ν∗ −m0), so that ν3 is outside D0(u), and
inside Ẽ0(u).

These different distributions aim at studying the impact
of centering the IS distribution on or slightly away
from the minimum rate point ν∗.

C. Results and discussion

The results of all study cases for wr = 0.5 and
wr = 0.2 can be found in Table II. The fourth column
gives the required number N0 of MC runs needed to
achieve the desired wr. The fifth column gives the ratio
to the number of runs when using CMC. The sixth
column gives the MC estimate. The last column gives
the confidence interval at 95% with relative width wr
around this estimate. In the table, the numbers of MC
runs needed for CMC are the theoretical one, i.e. N0 =
1.962/(w2

rµ), where µ is here taken as the average of
the values computed from IS-1, IS-2 and IS-3. In case
study 3, for wr = 0.2, MC simulations with IS-1 and
IS-3 performs worse than CMC in the sense that the
desired wr is reached more slowly. Furthermore, for
wr = 0.5, IS-2 is also slower than CMC.

The design of the IS estimators IS-1, IS-2 and IS-
3 as presented in Section III-A is based on the large
deviation theory. If a dominating point exists, the IS
estimators are therefore asymptotically optimal, which
means that the smaller the probability to be estimated
the larger the gains compared to CMC. In particular,
these estimators may not be optimal for probabilities
of order 10−4, which is small but not very small, as
in case study 3, which can explain the decrease in
efficiency of the IS estimators compared to CMC [20].
For case studies 1 and 2 with very small operating
risks, IS-1 and IS-2 decreased the number of MC runs
by 3 orders of magnitudes compared to CMC.

The slow convergence of wr in case study 3 is due
to jumps in the IS estimate µ̂. From the definition
of the IS estimate in (6), it can be seen that a jump
can occur when, for a given MC run k, the sample
Xk is unstable and the likelihood ratio f(Xk)/g(Xk)
takes large values. This situation arises when the
sample Xk is such that it is much more unlikely under
g than under f . The two rules outlined in Section
III-A to choose IS distributions should prevent this
situation to happen by making g follows the variation

of f . The efficient IS distribution described in Section
III-A follows these rules if a dominating point can be
found. However, as discussed in Remark 2, dominating
points on the stability boundary may not exist for
power systems applications due to the intricate shape
of the unstable region. It is therefore possible that
some unstable samples Xi are more likely under f
than under g, which leads to convergence issues, as
explained above. The farther away the center of the
IS distribution is from that of the original distribution,
the more likely it is that these issues occur, which
is why IS-2 performs better than IS-1 and IS-3. The
theory presented in Section III-A predicts that IS-1 is
optimal if a dominating point can be found. However,
when such a point cannot be found, as it is the case
in the context of operating risk estimation for power
systems, IS-2 seems to be a much better choice.

Another advantage of using IS-2 is that each MC run
takes less time, since more samples lead to stability.
Each MC run consists of running the Newton-Raphson
method to check stability of the given sample. Since
instability means that the Newton-Raphson method
has not converged after a given number of iterations,
concluding on instability for one sample is more time
consuming than concluding on stability.

V. CONCLUSION

As larger amounts of wind power are integrated in
power systems, a shift to probabilistic methods that
take into account the information embedded in the
wind power and load forecasts has been advocated.
In this context, this paper presents a way to design
efficient sampling estimators which can be used to
efficiently estimate the operating risk, defined as the
probability of violating at least one operating con-
straint given a certain forecast for the wind power
and the load. It was shown in case studies that the
proposed estimators allow for a reduction of up to
three order of magnitudes, compared to crude Monte-
Carlo simulations, in the number of Monte-Carlo runs
needed to achieve a given accuracy on the Monte-Carlo
estimate.

REFERENCES

[1] M. Lauby, M. Ahlstrom, D. Brooks, S. Beuning,
J. Caspary, W. Grant, B. Kirby, M. Milligan, M.
O’Malley, M. Patel, R. Piwko, P. Pourbeik, D. Shir-
mohammadi, and J. Smith, “Balancing Act”, IEEE
Power and Energy Magazine, vol. 9, no. 6, pp. 75–85,
Nov. 2011.

[2] J. C. Smith, S. Beuning, H. Durrwachter, E. Ela, D.
Hawkins, B. Kirby, W. Lasher, J. Lowell, K. Porter,
K. Schuyler, and P. Sotkiewicz, “The Wind at Our
Backs”, IEEE Power and Energy Magazine, vol. 8,
no. 5, pp. 63–71, Sep. 2010.

[3] H. Zhang and P. Li, “Chance Constrained Program-
ming for Optimal Power Flow Under Uncertainty”,
IEEE Transactions on Power Systems, vol. 26, no. 4,
pp. 2417–2424, Nov. 2011.

5



Table II: Results of the case studies

Case Study # wr CMC / IS # N0 N0

N0(CMC) µ̂N0 Conf. int.

1

0.5

CMC 5.98 · 106 1 – –
IS-1 11200 0.019 2.84 · 10−6 [1.42; 4.26] · 10−6

IS-2 1000 0.00017 2.3 · 10−6 [1.15; 3.45] · 10−6

IS-3 12700 0.021 1.48 · 106 [0.74; 2.22] · 10−6

0.2

CMC 2.48 · 107 1 – –
IS-1 170400 0.0069 3.53 · 10−6 [2.82; 4.24] · 10−6

IS-2 73200 0.003 4.35 · 10−6 [3.48; 5.22] · 10−6

IS-3 1.28 · 106 0.052 3.41 · 10−6 [2.73; 4.09] · 10−6

2

0.5

CMC 5.65 · 105 1 – –
IS-1 600 0.001 3.78 · 10−5 [1.89; 5.67] · 10−5

IS-2 300 0.00053 2.45 · 10−5 [1.225; 3.675] · 10−5

IS-3 500 0.00089 1.93 · 10−5 [0.97; 2.9] · 10−5

0.2

CMC 2.87 · 106 1 – –
IS-1 3100 0.0011 3.06 · 10−5 [2.45; 3.67] · 10−5

IS-2 2600 0.0009 3.30 · 10−5 [2.64; 3.96] · 10−5

IS-3 13700 0.0048 3.68 · 10−5 [2.94; 4.42] · 10−5

3

0.5

CMC 25700 1 – –
IS-1 216400 8.4 5.96 · 10−4 [2.98; 8.94] · 10−4

IS-2 58600 2.3 6 · 10−4 [3; 9] · 10−4

IS-3 113500 4.4 2.21 · 10−4 [1.11; 3.32] · 10−4

0.2

CMC 209 010 1 – –
IS-1 1.53 · 106 7.3 4.49 · 10−4 [3.59; 5.39] · 10−4

IS-2 108600 0.52 4.7 · 10−4 [3.76; 5.64] · 10−4

IS-3 5.15 · 106 24.6 2.76 · 10−4 [2.21; 3.32] · 10−4

[4] R. Rajagopal, E. Bitar, P. Varaiya, and F. Wu, “Risk-
limiting dispatch for integrating renewable power”,
International Journal of Electrical Power & Energy
Systems, vol. 44, no. 1, pp. 615–628, Jan. 2013.

[5] R. Bent, D. Bienstock, and M. Chertkov,
“Synchronization-Aware and Algorithm-Efficient
Chance Constrained Optimal Power Flow”, 2013.
arXiv: 1306.2972.

[6] M. Perninge, “Stochastic optimal power flow by
multi-variate Edgeworth expansions”, Electric Power
Systems Research, vol. 109, pp. 90–100, 2014.

[7] J. Sadowsky and J. Bucklew, “On large deviations
theory and asymptotically efficient Monte Carlo esti-
mation”, IEEE Transactions on Information Theory,
1990.

[8] J. Chen and D Lu, “On importance sampling in digital
communications. I. Fundamentals”, Selected Areas in
Communications, IEEE Journal on, vol. 11, no. 3,
pp. 289–299, 1993.

[9] C. Canizares, W. Rosehart, A. Berizzi, and C. Bovo,
“Comparison of voltage security constrained optimal
power flow techniques”, in Power Engineering Soci-
ety Summer Meeting, Vancouver, BC, Canada: IEEE,
2001, pp. 1680–1685.

[10] J Bucklew, Introduction to rare event simulation.
Springer Verlag, 2004.

[11] H. Bludszuweit, J. Dominguez-Navarro, and A.
Llombart, “Statistical Analysis of Wind Power Fore-
cast Error”, IEEE Transactions on Power Systems,
vol. 23, no. 3, pp. 983–991, Aug. 2008.

[12] B. Hodge, D Lew, M Milligan, and H Holttinen,
“Wind Power Forecasting Error Distributions: An
International Comparison”, in 11th Annual Interna-
tional Workshop on Large-Scale Integration of Wind

Power into Power Systems as well as on Transmission
Networks for Offshore Wind Plants, 2012.

[13] J. Usaola, “Probabilistic load flow with correlated
wind power injections”, Electric Power Systems Re-
search, vol. 80, no. 5, pp. 528–536, May 2010.

[14] P. Pinson, H. Madsen, H. A. Nielsen, G. Pa-
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