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Abstract

This thesis explores higher order complexes over distributive lattices and their
properties. Computer programs were written to handle these very complex
objects, in particular programs that input posets, transform them to distributive
lattices, derive the higher order complex of said lattices and then compute their
homology groups and ideally also checks if they are shellable. The results of
the computer aided exploration inspired proofs of more general results about
second order complexes of distributive lattices.

Sammanfattning

Det här examensarbetet undersöker högre ordningskomplex över distributiva
lattice samt deras egenskaper. Datorprogram skrevs för att hantera dessa väldigt
komplexa objekt, speci�kt program som tar emot pomängder, transformerar
dem till distributiva lattice, tar fram deras ordningskomplex samt beräknar
homologigrupper och kollar om de är skalbara. Resultatet av den datorstödda
utforskningen ledde till att mer generella resultat kring dessa kunde hittas.
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1 Introduction

�Are k-th order complexes of �nite distributive lattices necessarily shellable?�
This question was raised by Anders Björner at a seminar attended by Jonas

Sjöstrand. When I asked Jonas for a research project for my master's thesis, he
passed on Björner's question to me. It turned out to be an excellent subject,
for I had to study many di�erent branches of mathematics just to understand
what the question was about. My intention in the �rst part of this thesis is to
explain all these concepts and to give illustrative examples.

My �rst reaction to the research question was �Why would anyone want to
know the answer to that strange question?� and trying to �nd that out, I learnt
more interesting maths. Now I know that a shellable complex is homotopi-
cally equivalent to a wedge of spheres, which means that its homology groups
are easily calculated and that there is no torsion. These concepts will also be
introduced in the thesis.

It was clear from the beginning that computer programs would be an impor-
tant tool for the investigations. Five Java programs were written and computer
runs gave interesting results, such as the answer �No� to Björner's question.
More interesting than that is an analysis of whether the counterexample is a
solitaire or belongs to a family of such examples, and I was able to describe such
a family.

The programming involved choosing representations for the combinatorial
objects and algorithms for the properties and transformations. These imple-
mentation issues will be addressed as we go along. The program code is not
part of the thesis but may be downloaded by following the instructions in the
Appendix.

My project resulted in some results, some conjectures and some inspiration
to further investigation. Though the subject is complex and my thesis will be
very �nitely distributed, I hope that someone will take over where my trek ends.
It was an exciting trip!
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Part I

Background

2 Topology

2.1 Topology

Topology is the study of the general structure of geometrical objects. In topol-
ogy, we don't distinguish between a sheet of paper and a folded paper swan. Two
objects are said to be topologically identical if we can continuously transform
one into the other without cutting it apart or gluing it together. For exam-
ple, the letter L can be transformed into the letter M just by extending it and
bending it twice so in topological terms they are indistinguishable. However, if
we try to transform L into O, then we would need to join the two endpoints of
L in order for it to be a full circle, so they are di�erent. In the same way the
letter A can never become the letter Ä, since we would need to cut o� parts of
it to create the extra dots. So an essential part of topology is about studying
holes in spaces. There are many kinds of holes, the hole in O is very di�erent
from the hole in i. We will classify the holes by the number of dimensions we
need to create them. The hole in i is no di�erent from the hole in :, so as
zero-dimensional points create such holes, we call them zero-dimensional holes.
But it is impossible to create holes such as the one in O without at least one-
dimension. In the same way, if we have two-dimensions we can create a sphere
and so on. This isn't an entirely accurate description of topology and it breaks
down for more complex examples, but it gets you the general idea.

2.1.1 Examples

Sphere

We create a sphere by rotating a circle around its diameter. The sphere thus
envelopes a volume, so it has a two-dimensional hole.
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Torus

We create a torus by rotating a circle around an axis outside the circle, so we
basically create a circle of circles. The torus envelopes everything inside the
circles, so it has a two-dimensional hole. At the same time it is still a circle of
circles, which gives us two one-dimensional holes. All of it is only one connected
part, so it has no zero-dimensional holes.

Klein bottle

We create a Klein bottle by rotating a circle around an axis while turning around
that circle only halfways during the rotation. This creates a twist which makes it
impossible to di�erentiate between the inside and outside. Thus it can no longer
envelope a volume, so we have no two-dimensional holes by that de�nition. But
it is still a closed surface so in a way it has a hole. As for lower dimensions, in
one direction it is still a circle similarly to the torus so that is a one-dimensional
hole. But in the other direction there is no longer a nice circle so it becomes
complicated, this is what we later will call Torsion.

3 Complex

Since it is hard to work with continuous spaces we make discrete representa-
tions of them instead. We do this by deforming the space into complexes of
points, lines, triangles, tetrahedrons and their higher dimensional equivalents
geometrical simplices. If we replace the geometrical simplex by its subset of
endpoints (four points for a tetrahedron etc.) we get a (combinatorial) simplex.
Each such subset is called a simplex and the total collection of simplices is called
a simplicial complex. Notice that we take the faces of a tetrahedron as their
own simplices, and the edges of those triangles as their own simplices etc. This
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means that if a subset is a simplex then for it to be a simplicial complex all
subsets of that subset must also be simplices. After this process we are left with
a lossless discrete topological description of the original space.

3.1 Examples

a b

cd d

d

Sphere

The above �gure shows a simplicial complex for a sphere. The three d nodes are
the same node so the outer triangles wraps it together to a (hollow) tetrahedron,
which topologically is a sphere.

a b c

d e f

g h i

a b c

a

d

g

a

Torus

The complex above with 9 nodes represents a torus. Notice that it wraps around
at both sides.

a b c

d e f

g h i

a c b

a

d

g

a
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Klein bottle

The Klein bottle looks similar to the torus with the di�erence that it twists one
of the wrap arounds. Here to do that we just switched b and c at the edge. This
allows us to change the orientation of a simplex by following a path that passes
this twist.

3.2 Data representation of simplicial complexes

The nodes the simplices consist of are represented as numbers starting from 0.
The simplices are represented as sorted arrays of nodes (numbers). A complex
is then a set of these simplices. To make sure that the complex is legal the
subsets of each simplex is also included, but the maximal simplexes (the facets)
are enough to specify the complex. See program ComplexGen in the Appendix.

4 Homology

Simplicial complexes are still very complex objects but have some simple charac-
teristics. Homologies are transformations from simplicial complexes to a product
of cyclic groups. This transformation is not lossless but it is invariant under
homeomorphisms and independent of the triangularization so it states some-
thing fundamental about topological spaces. The resulting structure is so simple
that we can describe it by a small set of numbers, which we call Betti numbers
and torsion coe�cients. A simpli�ed interpretation of these values would be
that the Betti numbers are the number of holes of the corresponding dimension
while the torsion coe�cients describe twisted holes that aren't really holes.

4.1 Examples

All of these examples are connected compounds so the zeroth Betti number is
always one.

Sphere For a sphere the homology group H2 is Z. So for a sphere, H2 has
Betti number 1 which shows us that spheres have a two dimensional cavity
within them. The other homology groups are trivial with Betti number zero.

Torus For a torus the homology group H2 is Z and H1 is Z2. So for a torus
H2 has Betti number 1 and H1 has Betti number 2.

Klein bottle For the Klein bottle the homology group is H1
∼= Z ⊕ Z2. So

for a Klein bottle H1 has Betti number 1 and torsion coe�cient 2.
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4.2 De�nitions

A complex C is a family of ordered point sets called simplices which includes all
subsets of each simplex. For a simplex 4 ∈ C the dimension dim4 is |4| − 1.
De�ne the free module generated by the set of i-dimensional simplices to be Ci.

Boundary operator De�ne the boundary operator ∂i to be a transformation
from Ci to Ci−1 given by:

∂i4 =

i+1∑
j=1

4j (−1)
j+1

where 4j is obtained from 4 by deleting its j'th point.

Homology The i'th homology group Hi of C is:

Hi = ker ∂i/∂i+1Ci+1

The homology can be described by its Betti number β and its torsion coe�cients
{Ti}. This is done by rewriting Hi to the unique form:

Hi = Zβ ×
∏
ZTi

where each Ti must be a divisor of every Tj , j > i.

4.3 Computation

4.3.1 Getting the matrix for ∂i

First, partition the simplices of the complex by size. The matrix for ∂i will
have one column for each i-dimensional simplex and one row for each (i− 1)-
dimensional simplex. Each column is given by the de�nition of ∂i, so it will
consist of ones, zeroes and minus ones.

Example on a triangulation for the sphere

The triangulation from 3.1 has these layers:

C2 = [{1, 2, 3} , {1, 2, 4} , {1, 3, 4} , {2, 3, 4}]
C1 = [{1, 2} , {1, 3} , {1, 4} , {2, 3} , {2, 4} , {3, 4}]

Then the boundary operator on a 3-simplex works as follows:

∂2 ({1, 2, 3}) = {1, 2} − {1, 3}+ {2, 3}

If we take the basis for these to be in that order we can construct the matrix
for this ∂2:
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∂2 =


1 1 0 0
−1 0 1 0
0 −1 −1 0
1 0 0 1
0 1 0 −1
0 0 1 1


4.3.2 Operations used to reduce a matrix to Smith normal form

Since this space only allows integers, the operations on the matrix need to be
altered a bit.

Row and column operation

The row and column operations are treated as normal except that only integer
multiples are allowed. So rows can be swapped with, added to or subtracted
from rows, columns can be swapped with, added to or subtracted from columns
and both can be multiplied by an integer. Here is an example where the �rst
row is added to the second row:(

2 −2
−2 5

)
→
(

2 −2
−2 + 2 5− 2

)
=

(
2 −2
0 3

)
Finding the smallest entry

To �nd a non-zero element with the smallest absolute value, iterate through the
elements in the matrix. Take the above matrix as an example then the smallest
element is:

smallest

(
2 −2
0 3

)
= a11 = 2

Check divisions

If there is another nonzero element for which the smallest element is not a
divisor then their greatest common denominator is an even smaller number,
obtainable using row and column operations. Therefore to make sure that the
truly smallest element has been found check if the smallest element is a divisor
of all other elements in the matrix. Continuing with the example then:

nonmultiple

(
2 −2
0 3

)
= a22 = 3

Get the greatest common denominator

This is done using Euclid's algorithm. If a smallest element and the nonmultiple
share row or column proceed as normal. Otherwise add the column containing
the non-divisible element to the column containing the smallest element. This
will not change their greatest common denominator and now they are on the
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same column so Euclid's algorithm can be performed using row operations. So
here is the last part of the example:

1. Smallest is a11 and the non-divisor is a22, they do not share row and
column. However a12 is also a smallest element and does share column
with a22, so Euclid's algorithm gets performed on them.

2. Euclid's algorithm using row operations, creating a new smallest element
at a22:(

2 −2
0 3

)
→
(

2 −2
0 + 2 3− 2

)
=

(
2 −2
2 1

)
4.3.3 Reducing the matrix to Smith normal form

The algorithm used is taken from [4] and can be described as:

1. Find the non-zero element with the smallest absolute value.

2. Check if the value is a divisor of all other elements.

3. If an element is found which the smallest element does not divide create
their greatest common denominator and restart from step 1.

4. Move the smallest element to the top left corner by swapping its row and
column, multiply it with -1 if it is negative.

5. Use the smallest element at the corner to eliminate all non-zero elements
on the same row and column.

6. If the matrix has more than one column or row left continue with step 1
using this matrix, but ignoring the topmost row and leftmost column.

Full Example

Take the same ∂2 as above, so we start with this matrix:

a =


1 1 0 0
−1 0 1 0
0 −1 −1 0
1 0 0 1
0 1 0 −1
0 0 1 1


Now we �nd the smallest element, we can take the �rst a11 for that. Since it
has absolute value 1 it is a divisor for all other elements. Now we move it to
the top left corner, but it is already there so it is done. Now we use it to zero
out the rows and columns:
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1 1 0 0

−1 + 1 0 + 1 1 0
0 −1 −1 0

1− 1 0− 1 0 1
0 1 0 −1
0 0 1 1

 =


1 1 0 0
0 1 1 0
0 −1 −1 0
0 −1 0 1
0 1 0 −1
0 0 1 1




1 1− 1 0 0
0 1 1 0
0 −1 −1 0
0 −1 0 1
0 1 0 −1
0 0 1 1

 =


1 0 0 0
0 1 1 0
0 −1 −1 0
0 −1 0 1
0 1 0 −1
0 0 1 1


The next step works in the same way but now we treat a22 as the upper left
corner so:

1 0 0 0
0 1 1 0
0 −1 + 1 −1 + 1 0
0 −1 + 1 0 + 1 1
0 1− 1 0− 1 −1
0 0 1 1

 =


1 0 0 0
0 1 1 0
0 0 0 0
0 0 1 1
0 0 −1 −1
0 0 1 1




1 0 0 0
0 1 1− 1 0
0 0 0 0
0 0 1 1
0 0 −1 −1
0 0 1 1

 =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 1
0 0 −1 −1
0 0 1 1


Now when we go through the steps we take a43 as the smallest element, to move
it to the corner a33 we need to swap the third row with the fourth row:

1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 0
0 0 −1 −1
0 0 1 1


Now we take the elimination step again:

1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 0
0 0 −1 + 1 −1 + 1
0 0 1− 1 1− 1

 =


1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 0
0 0 0 0
0 0 0 0
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1 0 0 0
0 1 0 0
0 0 1 1− 1
0 0 0 0
0 0 0 0
0 0 0 0

 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0


And now since there is nothing left in the matrix the algorithm is �nished!

4.3.4 Getting β and {Tj}

It is easy to get these from the Smith normal form. The number of zero ele-
ments on the diagonal corresponds to the dimension of ∂i's kernel. The nonzero
elements on the diagonal corresponds to ∂i's image. Thus the torsion coe�cient
of Hi are the diagonal elements larger than zero of the matrix one step higher
and the Betti number is the number of zeroes at this level minus the number of
nonzeroes at the previous level.

Example

Take ∂2 as above and ∂3 to be nothing since we have no higher simplices we get:

smith (∂2) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 , smith (∂3) = (∅)

Thus ∂2 has a kernel of 1 while ∂3's image has dimension 0 so we have β2 = 1.
This example has no torsion, but assume that the boundary operators looked
like this instead:

smith (∂2) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 , smith (∂3) =


3 0
0 0
0 0
0 0


Then ∂2 still has a kernel of 1 while ∂3's image has dimension 1. Thus we have
β2 = 0. The torsion coe�cients are all entries in smith (∂3) larger than 1, so
we have T21 = 3.

5 Shellability

Shellability is a nice property for if a simplicial complex is shellable then we
know that it looks like a set of spheres of arbitrary dimensions glued together,
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which is a relatively simple structure. Note that shellability depends on how
you triangulate, for example you can �nd an unshellable triangularization of a
sphere.[3]

5.1 De�nitions

In a simplicial complex, a simplex not contained in a simplex of higher dimension
is called a facet. Two facets are called neighbours if you only have to add one
element to one of them for it to cover the other. A shelling S is a sequence

of facets {40,41, ...} where for each i > 0 the complex
⋃
k<i

24k

⋂
4i is a pure

complex with dimension one less than 4i. A simplicial complex is said to be
shellable if it has a shelling containing all its facets.[5]

5.2 Examples

Here we show stages of shellings. The dark parts are the current partial shelling.
The newest addition to the shelling is has a lighter tone and the intersection
between the new and the old is white.

Shellable

As we see here we can add triangles and always keep the intersection as a
complex of the next lower dimension.

Not shellable

Here when we try to add the second triangle the intersection is just a point
which is not allowed.
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5.3 Computations

5.3.1 Greedy algorithm to �nd a shelling

First order all the facets in terms of dimension. Then pick one in the highest
dimension group. Then try one of the other ones, if their intersection becomes a
pure lattice of order one less keep it, otherwise try another one. Continue with
this till you have �lled all the positions in the highest order or till you can't �t
any of the ones who are left. If the �rst level was �lled, then iterate through the
rest of the levels starting from with the highest. We know that we can't pick
a facet if it connects to an already picked facet of lower dimension, so we can
without loss of generality require that we must pick the facets by picking the
highest dimensional ones �rst.

Lemma 5.1. A complex is not shellable if it contains two facets whose intersec-
tion is not a maximal face of either facet and that is not a subset of any other
facet of the complex

Proof. Let f and g be the two facets. Now when creating a shelling for this
space either f or g must be taken �rst, since this must hold for all pairs g and
f take f �rst. Now when we take g then when we take the complex space the
intersection of f and g will be a facet in this complex, but as we stated it is not
a facet of g which means that we are never allowed to pick g after we picked f
and vice versa, which means that we can never �nd a complete shelling. �

6 Posets

A partially ordered set (poset) is just a set with a partial ordering. All posets
we will study are �nite, so we can represent them by points and directed edges.
If we take the set of subsets for which the partial order becomes a total order we
get a simplicial complex. We will study topological properties of these simplicial
complexes to learn more about them.

6.1 De�nitions

6.1.1 Poset

A partial ordering ≤ is a relation with the following properties:

1. ≤ is transitive: a ≤ b, b ≤ c⇒ a ≤ c

2. ≤ is re�exive: a ≤ a

3. ≤ is antisymmetric: a ≤ b, b ≤ a⇒ a = b

A poset (partially ordered set) is a set E with a partial ordering. Posets will be
denoted by a string of letters, the last representing this element and the others
represent all the relations. So if a ≤ b then we will write them as a and ab.
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6.2 Example

a b

c d

This is the set {a, b, c, d} with the partial order {a ≤ c, a ≤ d, b ≤ d}, in other
words a poset. The poset can be written as {a, b, ac, abd}.

6.2.1 Chain complex

A chain of a poset is a sequence of elements {ei} such that ei < ei+1. The
order complex of a poset is the complex with all the chains of the poset as its
simplexes. We denote chains by ordered strings of the original elements, so xyz
is the chain x < y < z.

6.3 Implementation

6.3.1 Data model

We model the posets by having an array for each element containing each el-
ement that this element is larger than or equal to. For example, this would
represent a poset with one minimal element 0 and two elements that are larger
than 0 but those two have no relations to each other:

[[1] , [1, 2] , [1, 3]]

So basically this is the same as the notation given above but we use arrays to
represent sets and numbers to represent elements. A database with all posets
with up to nine elements was downloaded from [1].

6.3.2 Generating order complexes from posets

First we number all elements in the poset, which is possible since it is �nite.
Then we iterate through all of its elements, creating a set of simplexes starting
from that position. We do this by iterating through all of its relations, creating
�chains� of consequently larger elements. This way we are sure to get at least
all facets, which is enough to represent the complex since we will use those to
complete the complex later.

7 Distributive lattices

A distributive lattice is a poset which can be described by a set of subsets on
a �nite set which is closed under unions and intersections. We will call an
element A of the original set dependent on another element B if all subsets
containing A also contains B. The trivial example without any dependencies
will consist of all subsets, but if we include dependencies we start to see more
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interesting things. Dependencies can be described by imposing a partial order
on the original set, so all distributive lattices can be constructed from ordinary
posets and all posets describes a distributive lattice. This is known as Birkho�'s
representation theorem.

7.1 Example

∅

a

ac

b

abc

ab

Distributive lattice, generated by the base {a, b, ac}. The last element states
that c is dependent on a.

7.2 De�nitions

De�nition 7.1. A distributive lattice is a partially ordered set where each
element can be represented as a subset of another set, the ground set, such that
the partial order is the subset relation. The subsets must be closed under set
union and set intersection. The distributive lattice must contain the elements
representing the whole set and the null set. We denote the size of an element
subset as its level.

Distributive lattices will be identi�ed by its ground set. A distributive lattice
over a ground set of order k will be called a k-lattice. A distributive lattice is
called a Boolean lattice if it is equal to the whole set of subsets.

De�nition. Alternatively lattices are posets which always have unique meets
and joins for every pair of elements. A join is de�ned as the smallest element
larger than both of these elements while the meet is de�ned similarly as the
largest element smaller than these. A distributive lattice requires the meet and
join operations to be distributive with respect to each other.

De�nition 7.2. A distributive lattice with its top and bottom elements re-
moved is called truncated.

We will work with order complexes for truncated distributive lattices. This
doesn't change the structure or shellability but allows for interesting results to
be derived from its homology groups.
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7.3 Computations

7.3.1 Creating distributive lattices from ordinary posets

This process is easy, the distributive lattice is just the set of subsets over the set
of elements in the poset where each subset is restricted by the posets relations.
In other words (or symbols):

L =
{
s ∈ 2P |∀u ∈ s, t ≤ u→ t ∈ s

}
Where L is the set of subsets that makes up the distributive lattice and P
is the generating poset. To do this we �rst group our elements depending on
how many elements they are larger than. Then we take each of those groups,
starting from the smallest, and group them pairwise with each other creating
larger elements. Put the newly created elements in the corresponding groups.
When this process is done we have created the distributive lattice.

Example

Take the poset {a, b, ac, bd}. Then the corresponding lattice will contain all
subsets of {a, b, c, d} for which c can't be included unless a is and d can't be
included unless b is. To do this we �rst group them in terms of how many
smaller elements each one has:

L0 : ∅
L1 : {a, b}
L2 : {ac, bd}

Now we combine the elements in the �rst level:

L0 : ∅
L1 : {a, b}
L2 : {ac, bd}

⋃
{a
⋃
b} = {ab, ac, bd}

Now we combine the elements at the second level:

L0 : ∅
L1 : {a, b}
L2 : {ab, ac, bd}
L3 : {ab

⋃
ac, ab

⋃
bd} = {abc, abd}

L4 : {ac
⋃
bd} = {abcd}

Now we are technically done but we can try combining the elements on the third
level as well:

L0 : ∅
L1 : {a, b}
L2 : {ab, ac, bd}
L3 : {abc, abd}
L4 : {abcd}

⋃
{abc

⋃
abd} = {abcd}
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Since the elements are the same there. If we write all of these on the same
line we get that the poset {a, b, ac, bd} corresponds to the distributive lattice
{∅, a, b, ab, ac, bd, abc, abd, abcd}.

7.4 Observations

Lemma 7.3. Maximal chains of truncated distributive lattices have cardinality
one less than the ground set of the lattice

Proof. This just needs that we can always add more elements as long as the
chain does not contain elements at each level. Assume that we have a chain
containing the elements X and XY , where |Y | > 1 and there are no elements
between them. Take y in Y not larger than any other element in Y , since the
poset relation is not cyclic there is always such an element. Now Xy can be
added to the chain, meaning that this chain can't represent a facet. �

Lemma 7.4. Maximal chains in a truncated distributive lattice have at most
as many neighbors as its cardinality.

Proof. Take a maximal chain XabY . If we want to move Xa while keeping
all other elements intact then the only option is to move it to Xb, since then
X, Xab and XabY will be kept intact, making any other changes will change
the other elements as well. �

8 Higher order complexes

The second order complex consists of unions of two chains from the original
order complex. Higher order than two are constructed in the same way but we
take k elements in each union for the k'th order complex.

8.1 Examples

a b c

ab ac bc

a b c

ab ac bc

These are two single chain simplexes.
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a b c

ab ac bc

This is their union making a two chain simplex.

8.2 De�nitions

We create k-th order complexes by taking all k-unions of the elements in a
normal order complex. Simplexes in such complexes will thus be denoted by
sets of chains. For example {abcd, bcda} is a union of two chains and this a
simplex in a second order complex.

Lemma 8.1. In the second order complex of a truncated Boolean lattice of rank
n, every facet has cardinality 2(n-1).

Proof. A facet will have the required cardinality as long as it has two full
non-overlapping chains. Since a chain can at most block one element per level
we want to prove that the two chains can always be extended no matter how
the other chain looks. To prove this we show that we can always extend a
chain with another element as long as only one element is forbidden on each
level. Take an incomplete chain, then there will be at least one place where the
chain has at least one level between two elements or it has missing ends. If it
is missing elements in the middle there are at least two elements it can choose
to add to it at each level, and since at most one element were forbidden we can
add said elements without concern of the other chain. In the same way we can
add elements at the ends by acting as if the chain contained either the zero set
or the full set elements. �

Lemma 8.2. In the second order complex of a truncated Boolean lattice of rank
at least three, every facet has as many neighbors as elements.

Proof. For this to be true we need to have exactly one alternate position for
every element in the facet. Take c1 and c2 to be the two chains which constitute
this facet. Let c1 contain Xd, Xde and Xdef . Now if we want to move Xde
in c1 we will have to switch out one of its elements for another, while keeping
the rest of the chain constant. Thus if c1 contains Xdef above and Xd below
the only alternative to Xde is Xdf . Now two things can happen, if c2 doesn't
contain Xdf we have already found our alternative. But if c2 does already have
it we can't move there while keeping them as a facet. What we can do though
is to let c1 take that spot and move c2 to the next spot, which will look like
this:

Xd,Xde,Xdef ∈ c1
Xf,Xdf,Xdfg ∈ c2
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Xfg

Xd

Xde

Xdef

Xf

Xdf

Xdfg

Which becomes:

Xd,Xdf,Xdef ∈ c1
Xf,Xfg,Xdfg ∈ c2

Xde

Xd

Xdf

Xdef

Xf

Xfg

Xdfg

As you can see, even though we moved both of the chains one step since c1
covered for c2 we did e�ectively move Xde to Xfg. A problem here is if Xde =
Xfg, but that can only happen if Xd = Xf and Xdef = Xdfg, which means
that we are in a Boolean 2-lattice. Thus this only holds for lattices of rank 3
and higher. Note that Xd and Xe can be the same element without it breaking
down. �

The same argument can't be used for higher orders. Indeed, take the example
for 3:

Xd,Xde,Xdef ∈ c1
Xf,Xdf,Xdfg ∈ c2
Xg,Xfg,Xfgh ∈ c3

which with the same reasoning becomes:

Xd,Xdf,Xdef ∈ c1
Xf,Xfg,Xdfg ∈ c2
Xg,Xgh,Xfgh ∈ c3
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And in the same way this would break down if Xde = Xgh since then we
wouldn't move anything around. However that would imply that h = d and
g = e which gives the original:

Xd,Xdf,Xdef ∈ c1
Xf,Xfe,Xdef ∈ c2
Xe,Xde,Xdef ∈ c3

This sequence can be found in any lattice of order 3 and higher, and similar
sequences can be found for all higher orders so order 2 chains are a special
case.
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Part II

Discoveries

9 Investigation method

Since higher order complexes in general have a very complex structure they
aren't easy to work with. To deal with them computer aids were used in order
to get a general feel of how these objects behave. With the new insights gained
more general results could be found.

10 Shellability of higher order complexes on dis-

tributive lattices

When we ran our greedy algorithm to �nd shellings on 4-lattices we didn't �nd a
shelling for two cases. One had torsion so we know that it didn't have a shelling,
but the other had a trivial homology group so it needs more investigations.
During these investigations we found a general set of distributive lattices which
are not shellable.

10.1 Proofs

Lemma 10.1. There exists a (truncated) distributive lattice whose second order
complex is not shellable

Proof. All unions of chains will be in at least one facet by de�nition. A dis-
tributive lattice constructed by

{A,B,C,AD}

A B C

AD AB AC BC

ABD ACD ABC

thus must contain a facet that contains at least these elements

{B,C,BC,ABC}
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The graph with those elements marked:

B C

BC

ABC

A

AD AB AC

ABD ACD

We can only extend with these elements while keeping it as a simplex:

AB,AC,ABD,ACD

Of these we can extend with two pairs, which means that we get only these two
facets to cover the aforementioned subset.

{{B} , {A,B} , {A,B,D} , {C} , {B,C} , {A,B,C}}
{{C} , {A,C} , {A,C,D} , {B} , {B,C} , {A,B,C}}

The graph with these added in as dashed and dotted circles.

A

AD

B C

BC

ABC

AB

ABD

AC

ACD

which has two di�erent elements. Thus, by Lemma 5.1 it is impossible to �nd
a shelling. �

Furthermore we can generalise this a lot. Any distributive lattice generated
by a set containing elements like this

{{1} , {2} , {3} , {1, 4}}
⋃
X
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where X is any extension to this poset. This is of course true for its inverse as
well.

Theorem 10.2. The above result can be generalised to an in�nite family of
lattices

Proof. Let us change the scenario to this:

Xa

Xad

X

Xb Xc

Xbc

Xabc

Xab

Xabd

Xac

Xacd

Where X is the complement to abcd. Thus all lattices that can be reduced to
this structure are non shellable. �

11 Homology of higher order complexes of dis-

tributive lattices

De�nition 11.1. A topological space X with a triangulation K is anm-dimensional
pseudomanifold if:

1. K is pure of dimension m.

2. All facets share each of its maximal faces with one and only one other
facet.

3. For any two facets there is a path of facets between them. (Recall that two
m-dimensional facets are neighbours if their intersection has dimension
m-1)
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11.1 Orientation

An orientation of a simplex is a permutation of the vertices of the simplex,
two permutations representing the same orientation if one can be obtained from
the other by an even number of transpositions. A minus sign in front of the
permutation will denote the opposite orientation, so for instance −123 = 213.

An orientation of a d-simplex ∆ induces orientations of its (d− 1)-faces ∆
as follows. Write the orientation of ∆ as a permutation v0 · vd such that vd is
the single vertex not in ∆. Then v0 · vd−1 is the induced orientation of ∆. (If
d = 1, v0v1 v0 and v1v0 induces −v0.)

The orientations of two neighbouring facets are coherent if they induce the
opposite orientation of its common face. A pseudo-manifold is orientable if all
its facets can be coherently oriented at the same time.

11.2 Connectivity

Let Pn be the set of ordered pairs (a, b) of n-permutations such that {a1, . . . , ak} 6=
{b1, . . . , bk} ∀k*. Call the �rst permutation upper and the second lower. Let
Gn be the undirected graph with vertex set Pn and an edge between (a, b) and
(a′, b) and between (a, b) and (a, b′) if a′ can be obtained from a, and b′ from b,
by an adjacent transposition.

Lemma 11.2. Gn is connected if n ≥ 3.

Proof. The following steps shows that we may �nd a path from any (a, b) to any
(a′, b) in Pn. Start from (a, b) and do the following to the upper permutation.

• Move the entry bn to the �rst position by a sequence of adjacent transpo-
sitions.

• Put the other entries in the same order as in a′.

• Move the �rst entry bn the required number of steps to the right by a
sequence of transpositions.

Altering the above a bit we can construct a path from (a, b) to any (a′, b′)
through the following steps.

• Move the entry bn in the upper permutation to the �rst position by a
sequence of adjacent transpositions.

• Put the other entries in the upper permutation in the same order as in a′.

• Let x be the last entry of the upper permutation. In the lower permutation
move x to the �rst position.

• Swap the two rightmost entries in the lower permutation. (possible for
n ≥ 3)

• Move the �rst entry bn in the upper permutation the required number of
steps to the right by a sequence of transpositions.
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• Now we are at (a′, ∗) which has a path to (a′, b′) as described above.�

Theorem 11.3. The second-order complex of a truncated Boolean lattice of
rank n ≥ 3 is a pseudo-manifold of dimension 2n− 3.

Proof. The �rst and the second conditions in De�nition 11.1 are satis�ed ac-
cording to Lemma 8.1 and 8.2.

De�ne a map ϕ from vertices in Gn to facets of the second-order complex of
2[n]\{∅, [n]} by

ϕ(a1 · · · an, b1 · · · bn) = {{a1}, {a1, a2}, . . . , {a1, . . . , an−1}, {a1}, {a1, a2}, . . . , {a1, . . . , an−1}}.

Clearly, ϕ is surjective and adjacent vertices in Gn map to neighbouring facets.
By Lemma 11.2 Gn is connected and we conclude that the third condition of
De�nition 11.1 is satis�ed too. �

Theorem 11.4. The second-order complex of a truncated Boolean lattice of
even rank is not orientable.

Proof. There is a map ϕ from permutations of [n] = {1, . . . , n} to oriented
facets in the order complex of the truncated Boolean lattice 2[n]\{∅, [n]}, given
by

ϕ(a1 · · · an) = {a1}{a1, a2} · · · {a1, . . . , an−1}.

De�ne a map ψ from the vertex set Pn of Gn to oriented facets in the second-
order complex of 2[n]\{∅, [n]} by

ψ(a, b) = sgn(a)sgn(b)ϕ(a)ϕ(b).

It is easy to see that two adjacent vertices in Gn map to two neighbouring facets
with coherent orientations. But

ψ(a, b) = −ψ(b, a)

if n is even, and by Lemma 11.2 there is a path from (a, b) to (b, a) in Gn. We
conclude that the second-order complex of a truncated Boolean lattice of even
rank is not orientable. �

Corollary. The second-order complex of a truncated Boolean lattice of even
rank has torsion and hence is not shellable.

Proof. It is well known that if K is an non-orientable m-dimensional pseu-
domanifold, then the torsion subgroup of Hm−1 (K) is cyclic of order two, see
[2, thm 8.3].�
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Part III

Further studies

12 Conjectures

Conjecture 12.1. Non-Boolean lattices have trivial homology groups for their
second order complexes

This seems probable since every facet in a second order complex has a full
set of neighbours so removing any part of that should destroy the sphere-like
structure. Also the elements removed by adding relations are all connected,
basically puncturing the �sphere� into a ball of one dimension less.

Conjecture 12.2. Second-order complexes of truncated distributive lattices of
odd dimension are torsion free.

I have not found any orientation reversing paths for them.

Conjecture 12.3. Let A and B be second-order complexes of Boolean lattices
of rank k and k+2, respectively. Then there exists a map f taking facets in A
to facets in B such that ∆ and ∆′ are neighbours in A if and only if f (∆) and
f (∆′) are neighbours in B.
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Part IV

Appendix

13 Program

13.1 Source

The program source can be downloaded at the following link, click the �download
zip� button to the right on the page. The actual java source is under the
directory �src� once you have unzipped the �le, or you can just browse it directly
in the github interface by navigating the links.

https://github.com/Johan-S/Homology
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14 Results

14.1 Lattices

The notation is as described in 6.3.1.

14.1.1 Four

Not Shellable:

1. [[1] , [2] , [3] , [4]]

2. [[1] , [2] , [3] , [1, 4]]

1 got torsion and we proved in section 10.1 that 2 isn't shellable.

Shellable:

[[1] , [2] , [3] , [1, 2, 4]]
[[1] , [2] , [3] , [1, 2, 3, 4]]
[[1] , [2] , [1, 3] , [1, 4]]
[[1] , [2] , [1, 3] , [2, 4]]
[[1] , [2] , [1, 3] , [1, 3, 4]]
[[1] , [2] , [1, 3] , [1, 2, 4]]
[[1] , [2] , [1, 3] , [1, 2, 3, 4]]
[[1] , [2] , [1, 2, 3] , [1, 2, 3, 4]]
[[1] , [2] , [1, 2, 3] , [1, 2, 4]]
[[1] , [1, 2] , [1, 3] , [1, 4]]
[[1] , [1, 2] , [1, 3] , [1, 2, 4]]
[[1] , [1, 2] , [1, 3] , [1, 2, 3, 4]]
[[1] , [1, 2] , [1, 2, 3] , [1, 2, 4]]
[[1] , [1, 2] , [1, 2, 3] , [1, 2, 3, 4]]

14.1.2 Five

Not Shellable:

1. [[1] , [2] , [3] , [4] , [5]]

2. [[1] , [2] , [3] , [4] , [1, 5]]

3. [[1] , [2] , [3] , [4] , [1, 2, 5]]

4. [[1] , [2] , [3] , [4] , [1, 2, 3, 5]]

5. [[1] , [2] , [3] , [4] , [1, 2, 3, 4, 5]]

6. [[1] , [2] , [3] , [1, 4] , [1, 5]]

7. [[1] , [2] , [3] , [1, 4] , [2, 5]]
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8. [[1] , [2] , [3] , [1, 4] , [1, 4, 5]]

9. [[1] , [2] , [3] , [1, 4] , [1, 2, 5]]

10. [[1] , [2] , [3] , [1, 4] , [2, 3, 5]]

11. [[1] , [2] , [3] , [1, 4] , [1, 2, 4, 5]]

12. [[1] , [2] , [3] , [1, 4] , [1, 2, 3, 5]]

13. [[1] , [2] , [3] , [1, 4] , [1, 2, 3, 4, 5]]

14. [[1] , [2] , [3] , [1, 2, 4] , [1, 3, 5]]

15. [[1] , [2] , [1, 3] , [1, 4] , [1, 5]]

16. [[1] , [2] , [1, 3] , [1, 4] , [2, 5]]

17. [[1] , [2] , [1, 3] , [1, 4] , [1, 3, 5]]

18. [[1] , [2] , [1, 3] , [1, 4] , [1, 2, 5]]

19. [[1] , [2] , [1, 3] , [2, 4] , [1, 2, 5]]

20. [[1] , [1, 2] , [1, 3] , [1, 4] , [1, 5]]

21. [[1] , [1, 2] , [1, 3] , [1, 4] , [1, 2, 5]]

It is hard to say anything about 1, I would like to say that it is not shellable
since its parent got torsion, but I can't prove it. Then we have 2, 3, 6, 7, 8, 9, 10,
11, 12, 13, 16, 17, 18 and 21 which are proved to be unshellable in section 10.2
in the same way the second case in 4 was. Thus we are left with 4,5,14,15,19,20.
These are pairwise reverses, 5 is 20 in reverse, 14 is 19 in reverse and 4 is 15 in
reverse. 5 have the same structure as a pure 4 poset, so it is not shellable. So
what is left is to prove for 4 and 14.

Shellable:

[[1] , [2] , [3] , [1, 2, 4] , [1, 2, 4, 5]]
[[1] , [2] , [3] , [1, 2, 4] , [1, 2, 5]]
[[1] , [2] , [3] , [1, 2, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [3] , [1, 2, 4] , [1, 2, 3, 5]]
[[1] , [2] , [3] , [1, 2, 3, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [3] , [1, 2, 3, 4] , [1, 2, 3, 5]]
[[1] , [2] , [1, 3] , [1, 4] , [1, 2, 3, 5]]
[[1] , [2] , [1, 3] , [1, 4] , [1, 3, 4, 5]]
[[1] , [2] , [1, 3] , [1, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [1, 3] , [2, 4] , [1, 3, 5]]
[[1] , [2] , [1, 3] , [2, 4] , [1, 2, 4, 5]]
[[1] , [2] , [1, 3] , [2, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [1, 3] , [1, 3, 4] , [1, 3, 5]]
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[[1] , [2] , [1, 3] , [1, 3, 4] , [1, 3, 4, 5]]
[[1] , [2] , [1, 3] , [1, 3, 4] , [1, 2, 5]]
[[1] , [2] , [1, 3] , [1, 3, 4] , [1, 2, 3, 5]]
[[1] , [2] , [1, 3] , [1, 3, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [1, 3] , [1, 2, 4] , [1, 2, 4, 5]]
[[1] , [2] , [1, 3] , [1, 2, 4] , [1, 2, 5]]
[[1] , [2] , [1, 3] , [1, 2, 4] , [1, 2, 3, 5]]
[[1] , [2] , [1, 3] , [1, 2, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [1, 3] , [1, 2, 3, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [1, 3] , [1, 2, 3, 4] , [1, 2, 3, 5]]
[[1] , [2] , [1, 2, 3] , [1, 2, 3, 4] , [1, 2, 3, 5]]
[[1] , [2] , [1, 2, 3] , [1, 2, 3, 4] , [1, 2, 3, 4, 5]]
[[1] , [2] , [1, 2, 3] , [1, 2, 3, 4] , [1, 2, 5]]
[[1] , [2] , [1, 2, 3] , [1, 2, 4] , [1, 2, 5]]
[[1] , [2] , [1, 2, 3] , [1, 2, 4] , [1, 2, 3, 4, 5]]
[[1] , [1, 2] , [1, 3] , [1, 4] , [1, 2, 3, 5]]
[[1] , [1, 2] , [1, 3] , [1, 4] , [1, 2, 3, 4, 5]]
[[1] , [1, 2] , [1, 3] , [1, 2, 4] , [1, 2, 5]]
[[1] , [1, 2] , [1, 3] , [1, 2, 4] , [1, 3, 5]]
[[1] , [1, 2] , [1, 3] , [1, 2, 4] , [1, 2, 4, 5]]
[[1] , [1, 2] , [1, 3] , [1, 2, 4] , [1, 2, 3, 5]]
[[1] , [1, 2] , [1, 3] , [1, 2, 4] , [1, 2, 3, 4, 5]]
[[1] , [1, 2] , [1, 3] , [1, 2, 3, 4] , [1, 2, 3, 4, 5]]
[[1] , [1, 2] , [1, 3] , [1, 2, 3, 4] , [1, 2, 3, 5]]
[[1] , [1, 2] , [1, 2, 3] , [1, 2, 4] , [1, 2, 5]]
[[1] , [1, 2] , [1, 2, 3] , [1, 2, 4] , [1, 2, 3, 5]]
[[1] , [1, 2] , [1, 2, 3] , [1, 2, 4] , [1, 2, 3, 4, 5]]
[[1] , [1, 2] , [1, 2, 3] , [1, 2, 3, 4] , [1, 2, 3, 5]]
[[1] , [1, 2] , [1, 2, 3] , [1, 2, 3, 4] , [1, 2, 3, 4, 5]]
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