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Abstract

Over the years electronic structure theory has proven to be a powerful method with
which one can probe the behaviour of materials, making it possible to describe and pre-
dict material properties. The numerical tools needed for these methods are always in
need of development, since the desire to calculate more complex materials pushes this
field forward. This thesis contains work on both this implementational and develop-
mental aspects.

It begins by reviewing density functional theory and dynamical mean field theory, with
the aim of merging these two methods. We point out theoretical and technical issues
that may occur while doing this. One issue is the Padé approximant, which is used for
analytical continuation. We assess the approximant and point out difficulties that can
occur, and propose and evaluate methods for their solution.

The virial theorem is assessed within the framework of density functional theory merged
with many-body methods. We find that the virial theorem is extended from its usual
form, and confirm this by performing practical calculations.

The unified theory of crystal structure for transition metals has been established a long
time ago using early electronic structure calculations. Here we implement the first-
principles exact muffin-tin orbitals method to investigate the structural properties of
the 6d transition metals. The goal of our study is to verify the existing theory for the
mostly unknown 6d series and the performance of the current state-of-the art in the
case of heavy d metals. It is found that these elements behave similarly to their lighter
counterparts, except for a few deviations. In these cases we argue that it is relativistic
effects that cause this anomalous behaviour. Palladium is then studied, taking many-
body effects into account. We find that we can reproduce experimental photoemission
spectra by these methods, as well as the Fermi surface.

The thesis ends with an investigation of the stacking fault energies of the strongly cor-
related metal cerium. In addition to providing the first ab-initio stacking fault data for
the two cubic phases of Ce, we discuss how these results could have an impact on the
interpretation of the phase diagram of cerium.
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Chapter 1

Introduction

One of the most fascinating aspects of condensed matter physics is that quite complex
phenomena can arise from a seemingly simple starting point. Matter is, at a certain
energy scale, built up of positively charged protons, neutral neutrons and negatively
charged electrons. Even though the physics of the protons and neutrons (making up
the nucleus) and electrons on their own are quite well understood, the physics that
emerge when one brings together a macroscopic amount of nuclei and electrons can be-
come very complex. For example, metals and insulators behave quite differently (metals
conduct while insulators do not) even though they are built up of the same kind of par-
ticles. Also, even more complex phenomena can be found in nature, like magnetism and
superconductivity. One of the fields in physics which try to explain these phenomena
is electronic structure theory, where the goal is to calculate energies and wave functions
of the constituent electrons in matter by solving a many-particle Schrödinger equation.
Using this information, much of the complex behaviour of matter can be explained.

Since the 1960s, density functional theory (DFT) has been one of the cornerstones of elec-
tronic structure theory [1, 2, 3]. Using many kinds of different implementations, DFT
has been able to describe several properties of real materials. One of the main merits of
DFT is that one is able to calculate properties of materials that are difficult, or even im-
possible, to probe by experimental techniques. This thesis investigates a situation where
this is the case, namely the 6d-series of the transition metals, which have not been found
in nature. Even though these elements (nr. 103-111 in the periodic table) have all been
synthesized, no macroscopic sample has ever been produced. Hence, investigation of
their electronic structure has been out of reach for experiment.

There are classes of materials where DFT has been found wanting. One such class are
systems where strong correlations are important. Here the physics is mainly governed by
the interaction between electrons, an effect that is only handled approximately in DFT.
Correlation effects are usually deemed important in systems which have incompletely
filled d- or f -shells. One example among many is the elemental metal cerium, which is
the first element that gets its f -shell occupied by one electron. The correlation between

1



2 CHAPTER 1. INTRODUCTION

f -electrons gives rise to a rich phase diagram. This thesis investigates properties of
crystal structure defects, so called stacking faults, in cerium as a function of correlation.

In parallel with DFT, many-body methods have shown great success in advancing our un-
derstanding of condensed matter. These methods have in common that they start with
a so-called model Hamiltonian, which is an approximation of the full electronic Hamil-
tonian. In these Hamiltonians, only terms which are believed to be important for the
physical effects of interest are kept. The properties of interest are then computed from
these simplified models using analytical and numerical methods. Using this approach,
advances have been made in many difficult problems. One prominent example is in
the field of strongly correlated systems. However, these many-body methods have the
drawback that they have difficulties in producing quantitative data for real materials.

Since DFT and many-body techniques complement each other, finding a way to merge
these methods is of great importance to extend the scope of electronic structure calcula-
tions towards correlated materials. Recently one of the available many-body techniques,
namely dynamical mean field theory (DMFT), together with DFT in the local density ap-
proximation (LDA), has shown great promise in describing real systems with strong
correlations [4, 5]. These so-called LDA+DMFT methods have only existed for a few
decades, and no clear picture of optimal implementation has yet emerged. Since den-
sity functional and many-body methods have evolved independently over the years,
their merging is by no means trivial. This thesis will discuss issues that may arise in the
implementation of these methods, and propose possible solutions. Applications of the
methods will also be considered.

1.1 Overview

The key ideas behind first-principles methods are given in chapter 2. Density functional
theory is introduced in section 2.1 and its implementation in the exact muffin-tin orbitals
(EMTO) method and pseudopotential methods is outlined in section 2.2. In section 2.2.3
relativistic effects within density functional theory is introduced. Section 2.3 introduces
dynamical mean field theory and gives a simple example of its application. At the
end of the section, the possibility to merge dynamical mean field theory with density
functional theory is discussed.

The EMTO method is described in chapter 3, as well as its LDA+DMFT extension. We
also present numerical investigations of the EMTO method, with an aim towards alter-
native ideas of merging EMTO with DMFT. We end this chapter with a description of
how correlation effects calculated within the EMTO+DMFT method can be ported to
other methods, which is of use in Paper VI.

In chapter 4 the numerical methods involved in the analytic continuation is outlined and
discussed. New methods are then proposed and evaluated. This gives the motivation
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to the work in Paper II.

Chapter 5 discusses the virial theorem, which provides a relation between kinetic and
potential energies, as well as pressure. The virial theorem is discussed from the view of
density functional theory, and is extended to include many-body inclusions. Practical
calculations are also presented. This chapter is connected to Paper IV.

After these more methodological chapters we proceed with applications. Chapter 6
discusses the theory of transition metals, which is related to Paper I and Paper V. We
discuss the general behaviour and trends of the transition metal series, and connect
these with the transactinide transition metals. The chapter ends with an investigation
of palladium, taking correlation physics into account.

Chapter 7 discusses the elemental metal cerium, and how correlation effects the stacking
fault energies. The stacking fault energies are then used to discuss the phase diagram
of cerium. This chapter is based on the work found in Paper III.

A summary with concluding remarks is found in chapter 8, and a summary in Swedish
is found in chapter 9.

1.1.1 Brief summary of publications

Paper I: Here the electronic structure of the transactinide 6d transition metals is investi-
gated, with special regards toward the equilibrium crystal structure. Density functional
theory within the local density approximation is used, and it is found that the 6d metals
conform with the trends seen in their lighter homolouges, with a few exceptions.

Paper II: In this paper the use of the Padé approximant for analytic continuation within
the complex plane is investigated. We find that it can be useful to decompose the ap-
proximant into a sum over its poles and use this information to filter out unphysical
poles.

Paper III: The stacking fault energies of the cubic phases of cerium is calculated in this
publication using density functional theory. Using these results, we then argue that
the stacking faults could be important to consider when investigating the dislocation
mechanisms in cerium.

Paper IV: Here the virial theorem within density functional theory combined with many-
body methods is investigated. We derive a virial theorem for this case and investigate
its fulfilment in numerical calculations.

Paper V: Palladium is a noble metal that is on the verge of being ferromagnetic. Here
we investigate the effects of electron correlation on its electronic structure using density
functional theory combined with dynamical mean field theory. We see that it is possi-
ble to capture spectral features not seen in regular one-electron theory using the above
method.



4 CHAPTER 1. INTRODUCTION

Paper VI: Here we show that it is possible to transfer electron self-energy between meth-
ods that use different basis sets to expand the Kohn-Sham orbitals. We then use this
method to calculate transport properties.



Chapter 2

Theoretical background

One of the goals of electronic structure theory is to solve the N -particle Schrödinger
equation

HΨ = EΨ, (2.1)

where Ψ = Ψ(r1, ..., rN ,R1, ...,RM) is the N -particle wave function for N electrons with
positions ri andM ions with positions Ri. Ψ is an eigenfunction of the electronic Hamil-
tonian

H =− ~2

2me

N∑
i=1
∇2

ri
− ~2

2

M∑
i=1

∇2
Ri

Mi

− e2
N∑
i=1

M∑
j=1

Zj
|ri −Rj|

+ e2

2

N∑
i 6=j

1
|ri − rj|

+ e2

2

M∑
i 6=j

ZiZj
|Ri −Rj|

, (2.2)

consisting of electrons with mass me and ions with mass Mi. The first two terms ac-
count for the kinetic energy of the electrons and the ions, respectively. The third term
represents the Coulomb interaction between the electrons and the ions, while the last
two terms corresponds to the electron-electron and ion-ion interaction, respectively.

For more than a few electrons and ions the solution of Eq. (2.1) becomes intractable and
approximations are usually made. One such approximation is the Born-Oppenheimer
approximation, which makes use of the fact that the weight of an ion is larger than the
electron mass by several orders of magnitude (Mi & 1000me). This implies that the
electrons move faster than the ions and that they can quickly readjust if the ion configu-
ration changes. The kinetic energy term from the ions drops out and the ions are viewed
as a static background.

5
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Hence Eq. (2.1) is reduced to− ~2

2me

N∑
i=1
∇2

ri
− e2

N∑
i=1

M∑
j=1

Zj
|ri −Rj|

+ e2

2

N∑
i 6=j

1
|ri − rj|

Ψ

= (T + Vext + Vint︸ ︷︷ ︸
V

)Ψ = EΨ, (2.3)

where T is the kinetic energy operator, Vext is the external potential from the static
background and Vint is the electron-electron interaction, the final two contributions
making up the potential energy V . From now on, we will use atomic Rydberg units
(~ = 2me = e2/2 = 1) throughout the thesis. Notice that in Eq. (2.3), T and Vint are
universal, i.e. they are the same for all interacting N -electron systems. It is Vext that
makes the Hamiltonian unique. Hence, giving the ionic charges Zi and positions Ri as
input, one should in principle be able to solve Eq. (2.3) for any system without further
approximations. This is the main idea of so-called first principles (or ab initio) methods.
However, more approximations can, and must often, be made. One of the most popular
ways to solve Eq. (2.3) in an approximate fashion is by using density functional theory,
which is introduced in the next section.

2.1 Density functional theory

Since its introduction in the 1960s, density functional theory has become one of the most
powerful methods in electronic structure theory. There exist several ways to derive the
DFT formalism, and we closely follow the treatment given in Ref. [6]. The foundation of
DFT rests on the seminal work of Hohenberg and Kohn [1]. In that work the Hohenberg-
Kohn theorem is introduced and proved, which states that the ground state expectation
value O = 〈Ψ|O|Ψ〉 of any operator O is a unique functional of the ground-state density
n(r), O = O[n(r)]. Hence, if we know the ground-state density of a certain N -particle
system, we could calculate ground state observables without having to calculate the
many-body wave functions. This theorem implies that no two Hamiltonians and hence
no two external potentials (since the external potential uniquely defines the Hamilto-
nian) can give the same ground-state density of a system. It should also be mentioned
that the Hohenberg-Kohn theorem can be extended to include spin-polarized densities,
as well as degenerate ground-states.

One implication of the Hohenberg-Kohn theorem is that the ground-state energy of a
system can be written as functional, since it is the expectation value of the Hamiltonian:

E[n] = 〈Ψ[n]|T + Vext + Vint|Ψ[n]〉 . (2.4)

This will be of use later on.

The Hohenberg-Kohn theorem does not give a computational method to find the ground-
state density, this is however given by the Kohn-Sham formalism [2]. The main idea of
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this formalism is to find a noninteracting system that has an external (effective) poten-
tial Veff which gives the same ground-state density as for the interacting system with
potential Vext. If the effective Hamiltonian of the noninteracting system is given by

Heff = Ts + Veff , (2.5)

then its energy functional becomes

Eeff [n] = Ts[n] +
∫
drVeff (r)n(r). (2.6)

Since the effective system is noninteracting, we can in this case obtain the ground-state
density by first solving the Schrödinger-like single-particle Kohn-Sham equations(

−∇2
ri

+ Veff (r)
)

Ψi = EiΨi, (2.7)

where the Ψi are the single-electron orbitals, and then perform the sum to get the density

neff (r) =
N∑
i=1
|Ψi(r)|2. (2.8)

The orbitals Ψi will correspond to the N lowest eigenvalues Ei, by virtue of the Pauli
exclusion principle.

Now, by construction we want that the noninteracting density should equal the inter-
acting density, n(r) ≡ neff (r). Rewriting the interacting energy functional in Eq. (2.4) in
the following way,

E[n] =Ts[n] +
(
T [n]− Ts + Vint[n]− 1

2

∫
dr
∫
dr′

n(r)n(r′)
|r− r′|

)

+ 1
2

∫
dr
∫
dr′

n(r)n(r′)
|r− r′|

+
∫
drVext(r)n(r)

≡Ts[n] + 1
2

∫
dr
∫
dr′

n(r)n(r′)
|r− r′|

+
∫
drVext(r)n(r) + Exc[n], (2.9)

will prove convenient. All information about the electron interactions (except for the
Hartree term) has been moved to the exchange-correlation energy functional Exc[n]. Ac-
cording to the Hohenberg-Kohn theorem, the ground-state density should minimize the
energy functional in Eq. (2.9). Hence, by taking the variation with respect to n(r) we get
that

δE[n]
δn(r) = δTs[n]

δn(r) +
∫
dr′

n(r′)
|r− r′|

+ Vext(r) + Vxc[n(r)] = 0, (2.10)

where Vxc[n(r)] ≡ δExc[n]
δn(r) . The same should hold for the noninteracting system, i.e.,

δTs[n]
δn(r) + Veff (r) = 0. (2.11)
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Inserting Eq. (2.11) in Eq. (2.10), we finally get that

Veff (r) = Vext(r) +
∫
dr′

n(r′)
|r− r′|

+ Vxc(r). (2.12)

The scheme is now as follows: First a guess is made for a starting density n(r) which is
used as input in Eq. (2.12). The potential Veff (r) is then used to solve the Kohn-Sham
equations (Eq. (2.7)). The single-particle orbitals Ψi thus obtained are used to construct
a new density from Eq. (2.8). This density is then used as input in Eq. (2.12) to get a new
potential, and this cycle is repeated until self-consistency is reached. The final density
will then not only be the correct ground-state density for the noninteracting system, but
also for the interacting system by construction.

This procedure is formally exact. However, no explicit form for the exchange-correlation
potential Vxc is known, and one has to resort to using approximations for this quantity.
One of the most common approximations is the local density approximation (LDA), where
the exchange-correlation functional Exc is assumed local,

Exc[n] =
∫
drεxc[n]n(r). (2.13)

Here the exchange-correlation energy per electron εxc is that for a uniform electron gas
which can be parametrized in various ways, a popular parameterization being due to
Perdew and Wang [7]. For other approximations to the exchange-correlation potential
the reader is referred to the literature [3, 6].

Before closing this section, we make a final note about the exchange-correlation energy
Exc. This energy is by its definition in Eq. (2.9) the difference between the sum of the in-
teracting kinetic energy and the potential energy, T +V , and the non-interacting kinetic
energy Ts and the classical electrostatic energy Ues = 1

2
∫
dr
∫
dr′ n(r)n(r′)

|r−r′| +
∫
drVext(r)n(r),

T + V = Ts + Ues + Exc. (2.14)

Hence, Exc will contain terms of both kinetic and potential origin. However, the exact
partitioning ofExc into a kinetic and potential part is not directly known. We can despite
this formally divide the exchange-correlation energy as

Exc = Txc + Uxc,

Txc = T − Ts,
Uxc = V − Ues, (2.15)

where we have defined the exchange-correlation parts Txc and Uxc of the kinetic and
potential energies, respectively. In section 5.2, the virial theorem will be used to derive
explicit expressions for these energies.
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2.2 The Kohn-Sham equations

At the present time there exist many different formalisms which enable the solution of
the Kohn-Sham equations (2.7), the reader is directed to the textbook of Martin for a
good review [8]. In the following subsections, two different methods that are used in
this thesis are introduced.

2.2.1 Muffin-tin methods

One popular family of methods to solve (2.7) are the muffin-tin methods. The idea be-
hind these methods is to describe the effective potential Veff by dividing space into two
parts. The first part consists of spheres of a fixed radius sR centered around the lattice
sites Ri. Inside these spheres the potential is assumed to be spherically symmetric. The
second part is the space outside the spheres, called the interstitial, where the potential is
assumed to be a constant V0. These conditions can be expressed as

Veff (r) ≈ Vmt(r) ≡ V0 +
∑
R

(VR(rR))− V0), (2.16)

where we introduce rR ≡ rRr̂R = r − R and omit the vector notation for R. VR(rR)
equals V0 for rR > sR by definition. In a lattice with translational invariance the lattice
index R will denote the atoms in the primitive cell, and the Kohn-Sham orbitals will
be indexed by the Bloch crystal momentum k. The Kohn-Sham equations are solved in
each region separately. Inside the spheres, Eq. (2.7) simplifies to a radial Schrödinger
equation and in the interstitial to a Helmholtz equation. After solving these equations
using certain expanded basis functions, the problem of solving the differential equation
(2.7) is reduced to the algebraic problem of matching expansion coefficients.

The EMTO method is part of a third generation of a larger "family" of muffin-tin orbital
methods developed by O. K. Andersen and co-workers over several decades. The first
generation consisted of the linearized muffin-tin method (LMTO) made in the 70s [9],
while the second generation tight-binding LMTO introduced the concept of screening to
improve the basis set [10]. During these years the atomic sphere approximation (ASA)
was also developed, in which the potential muffin-tin sphere volume is made to equal
the full cell volume, and hence causing the spheres to overlap and removing the inter-
stitial region. This proved to give a better description of the potential than before, but
also introduced extra terms that where cumbersome to calculate. In the third genera-
tion of the MTO methods [11], the overlapping of the spheres were kept, but now the
interstitial was also treated on an equal footing with the potential spheres.

The EMTO method used in this thesis is implemented using Greens functions, which in
real space are defined as(

ω +∇2
r − Veff (r)

)
G(r, r′, ω) = δ(r− r′), (2.17)
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where ω is an arbitrary energy.

The reader is referred to chapter 3 for a more in-depth derivation and description of the
EMTO method.

2.2.2 Pseudopotential methods

Another option for solving the Kohn-Sham single-electron equations (2.7) is provided
by the pseudopotential methods. In these methods the core states are excluded from the
calculations and focus is kept on the valence electrons, since the latter are usually con-
sidered to be the most important for the chemical bonding properties. The singular
1/r-like Coulomb potential around the ions is replaced by a smooth pseudopotential,
while the full potential is kept in the interstitial (bonding) region. The use of pseudopo-
tentials makes it feasible to use plane waves as a basis set. A disadvantage with these
methods is that information about the core states cannot be obtained, but this informa-
tion is not of interest in many applications anyway. A popular implementation of this
method can be found in the Vienna Ab-Initio Simulation (VASP) package [12], which
uses projector augmented wave (PAW) potentials [13]. In this thesis the VASP package
is used in chapter 7, where the electronic structure of cerium is calculated.

2.2.3 Relativistic effects

Beginning from Eq. (2.1), the non-relativistic (NR) Schrödinger equation was taken as
a starting point for the electronic structure calculations. If relativistic effects are to be
taken into account, then one should instead start from the 4-vector Dirac equation [14],
describing both electrons and positrons. This is usually denoted as a fully relativistic (FR)
treatment of the electronic structure problem, and has been implemented into the EMTO
method [15]. However, relativistic effects can also be implemented in a perturbative
manner using a Foldy-Wouthuysen transformation [6, 14] to decompose the 4-vector wave
function into a two-component wave function for the electron. If we reintroduce the
original units, and use that the momentum can be written as p = i~∇, then the new
Hamiltonian becomes

H = p2

2me

+ V (r)− p4

8m3
ec

2 + ~2

8m2
ec

2∇
2V (r) + s · (∇V (r)× p)

2m2
ec

2 , (2.18)

where s = σ/2 is the spin of the electron. The first two terms constitute the nonrela-
tivistic Hamiltonian used before. The third term is the relativistic mass increase of the
electron. The fourth term is the Darwin term and is a correction to the Hamiltonian
from the finite extension of the electron, due to quantum fluctuations. The last term is
the spin-orbit interaction, which is due to the interaction of the electron spin with the
magnetic field stemming from its own orbital motion. The mass enhancement and Dar-
win terms are collectively called the scalar relativistic (SR) terms, since they are scalar
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quantities. The spin-orbit term on the other hand couples to the spin, and is hence a
vector quantity. Keeping only the SR terms in the electronic structure calculations will
be referred to as using the scalar relativistic approximation.

Relativistic terms can become important when heavy elements are involved. This is
because the electrons can reach high velocities close to a heavy nucleus, enhancing
relativistic effects. In section 6.2 relativistic effects will be further discussed when we
investigate the heavy 6d transition metals.

2.3 Dynamical mean field theory

2.3.1 Introduction

In parallel with the development of density functional theory, model Hamiltonian meth-
ods have also been used to study the many-body electronic stucture problem. The phi-
losophy of these methods is to simplify the electronic Hamiltonian in Eq. (2.2), while
still retaining the physics that one is interested in. Even though the model Hamiltonian
is in some ways simpler than Eq. (2.2), its solution might still be a difficult task, and
exact solutions are often rare. For a review of some of the most popular model Hamil-
tonians the reader is directed to the book by Yamada [16]. One famous example is the
Hubbard model [17], in which the electrons are assumed to be screened to the point of
making their interaction with each other purely local. The Hamiltonian takes the form

HHubb =
∑

k

∑
σ

εknkσ + U
∑
i

ni↑ni↓, (2.19)

where niσ is the occupation operator for site i and spin σ, εk is the dispersion and U is
the energy cost (due to Coulomb repulsion) to put two electrons of opposite spin on the
same site. Due to the term containing U , the electrons in the lattice will be correlated,
and the solution of the problem will not be straightforward. In the case d = 1, where d is
the dimension of the system, an exact solution was found by Lieb and Wu [18]. Another
interesting case was found by Metzner and Vollhardt [19], who considered the limit
d→∞. In this limit, it can be shown that the self-energy Σ(k, ω) becomes independent
of the momentum k: Σ(k, ω) = Σ(ω). Hence the interacting Greens function of the
system becomes

G(k, ω) = 1
ω + µ− εk − Σ(ω) , (2.20)

and the only momentum dependence comes from the dispersion.

Another famous model Hamiltonian is the one stemming from the Anderson impurity
model (AIM),

HAIM =
∑

k

∑
σ

εknkσ +
∑
σ

εdnσ + Und↑nd↓ +
∑

k

∑
σ

[Vkdc
+
kσdsigma + h.c.]. (2.21)



12 CHAPTER 2. THEORETICAL BACKGROUND

Figure 2.1. Schematic picture of going from the lattice to the impurity. An atomic
site is singled out and placed in a bath of electrons. Note that this mapping
will become exact in the d =∞ limit.

The model was introduced by P. W. Anderson in order to model the effects of magnetic
impurity atoms in non-magnetic metals [20]. The first term is the kinetic energy of free
(conduction) electrons and the second term is the kinetic energy of the electrons on a
single impurity site, denoted by d. If two electrons of opposite spin occupies this site,
they will feel the Coulomb repulsion U , as modeled by the third term. The connection
between the impurity site and the free conduction electrons is given by the last term,
where Vkd is the matrix element for the transition between the impurity state and the free
conduction states. c+

kσ (ckσ) creates (annihilates) a conduction electron with momentum
k, and d+

σ (dσ) creates (annihilates) an impurity site electron. It can be shown [20, 21]
that the main features that enter into this model can be captured by the hybridization
function ∆(ω) = ∑

k
|Vkd|2
ω−εk

, which enters the non-interacting Greens function as G =
ω+µ−∆(ω). Since G is a representation of the free "bath" of electrons that the impurity
is submerged in, it is sometimes called the bath Greens function. The Green function for
the fully interacting impurity problem can then be constructed as G−1

imp(ω) = G−1(ω) −
Σimp(ω), once the self-energy Σimp is known. Notice that a big difference between the
Hubbard and the Anderson model is that the Hubbard model is a lattice model, while
the Anderson model is a single impurity model.

Not long after the discovery of the behaviour of the Hubbard model at d → ∞, it was
noticed that one could map the lattice model to the impurity model [22, 23], figure 2.1.
To achieve this, we make the assumption that the local (momentum integrated) Greens
function of the lattice model should equal the Greens function for the impurity, or in
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equations,
G(ω) =

∑
k

G(k, ω) ≡ Gimp(ω). (2.22)

Gimp(ω) is a functional of the hybridization function and the impurity self-energy, and
to determine these functions we will have to create a self-consistency condition for
Gimp(ω). To proceed, we now make the dynamical mean field theory approximation that
the lattice self-energy is local (independent of momentum k) and equal to the impurity
self-energy, Σ(ω) = Σimp(ω). The approximation of locality for the lattice self-energy
will become exact in infinite dimensions, as shown in Ref. [19]. We then from Eq. (2.22)
get that

Gimp(ω) =
∑

k

1
ω + µ− εk − Σimp(ω) =

∑
k

1
ω + µ− εk +G−1

imp(ω)− G−1(ω)

=
∑

k

1
∆(ω)− εk +G−1

imp(ω)
, (2.23)

hence giving us a self-consistency condition for the impurity Greens function.

2.3.2 Implementation

Since we now have a self-consistency condition in Eq. (2.23), we can go on and construct
an algorithm for the implementation of the DMFT cycle:

1. Begin with a local Greens function G(ω) from a lattice model, and a starting guess
for the self-energy.

2. Construct the bath Greens function G(ω) = [G−1(ω) + Σ(ω)]−1.

3. Compute a new self-energy Σ[G], as a functional of G.

4. With the new self-energy, compute the lattice local Greens function by G(ω) =∑
k

1
ω + µ− εk − Σ(ω) .

5. Go back to step 2 and repeat until self-consistency is reached.

One issue that we have not yet discussed is how to compute the self-energy of the impu-
rity model (step 3 above). There today exist many ways in how to do this both numer-
ically and analytically, and after the invention of DMFT this has become a truly active
field of research. The reader is referred to the review articles Refs. [4, 5, 24, 25] for more
information.
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Figure 2.2. The density of states of the Bethe lattice at half-filling, as a function
of increasing Coulomb repulsion U . Second order self-energy diagram in
upper left corner.

We will now see a simple example of the DMFT cycle in action. First, note that

G(ω) =
∑

k

1
ω + µ− εk − Σ(ω) =

∞∫
−∞

DOS(ε)
ω + µ− ε− Σ(ω) dε, (2.24)

where we introduced the density of states DOS(ε) = ∑
k δ(ε − εk). Let us now start the

DMFT cycle by considering a model semi-elliptic density of states as our non-interacting
starting point. The DOS can be seen plotted in figure 2.2 (black line), and has a bandwith
equal to W = 1 in some arbitrary energy unit. We assume that the band is half-filled
and that the Fermi level is at zero energy. For the self-energy, we will use perturbation
theory to second order in U , which can be visualized by the Feynman diagram in the
upper left corner of figure 2.2. The self-consistently calculated density of states for a
range of U -values can be seen plotted in figure 2.2.

Several interesting features can be observed. AsU is increased, spectral weight is shifted
away from the centre of mass towards higher energies, creating a three-peak structure.
The peak in the middle is pinned at the Fermi level, and has constant height, indicating
that the system is metallic. Between U = 2 and 2.9 (green and blue line) the middle
peak has disappeared, and the system now consists of two bands separated by roughly
U units of energy. The density of states is zero around the Fermi level, and the system
is an insulator. A Mott metal-insulator phase transition has occured [26]. The physical
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mechanism behind the transition can be understood as follows: If no interaction be-
tween the electrons in the Hubbard model is assumed, then the electrons can doubly
occupy any site in the lattice (as long as Pauli exclusion is respected, i.e. if their spins
differ) without any cost in energy. The system will therefore favor itinerant behaviour
since this will lower the kinetic energy. As U is increased, the interaction energy will
eventually be of the same order as the kinetic energy (which is roughly equal to the
bandwidth W ). Double occupation of lattice sites will now be energetically costly, and
at a critical value of U the system will become an insulator. As a final remark on this
issue, one should note that this kind of metal-insulator transition can not be captured
by single electron approaches like density functional theory.

In the derivations of the DMFT above, the systems under consideration were consid-
ered to be single band models, i.e. only a single orbital existed for each lattice site. It
is however possible to generalize these models to become multi-orbital, and hence to
be closer in reality to actual materials. If one looks at Eq. (2.24), it is seen that the
only quantity that enters into the expression for the impurity Greens function that con-
tains any information about the underlying lattice model is the density of states. In the
example above we assumed that the DOS was semi-elliptic, but from a first outlook
nothing hinders us from using a density of states derived from a density functional the-
ory calculation of a realistic material. In the recent decades much work has been done
in this direction, and the method is commonly called the LDA+DMFT method [5, 24].
If a energy-independent (static) self-energy is assumed the formalism simplifies greatly
(but the dynamics is lost), since a static Σ then only shifts the LDA eigenvalues by a
constant, as can be seen from Eq. (2.24). This approach is usually called LDA+U [27].

In the next subsection we will introduce an impurity solver that has found use for real-
istic materials, and which has also been employed in this thesis.

2.3.3 The FLEX solver

One way to find an approximate answer for the self-energy of the impurity problem
is by the use of many-body perturbation theory. Here we assume that our system is
described by a Hamiltonian H = H0 + λH1, where H0 can be solved exactly and where
λ is a small parameter coupling to the perturbation H1. If we assume that the Coulomb
interaction is our perturbation, then it can be shown that the Greens function G for the
whole system can be expanded in a sum of terms consisting of products of the non-
interacting Greens function G0 and the Coulomb interaction U . These terms can be
visualized by so called Feynman diagrams (as is shown in several textbooks like Ref.
[28], to name one). Instead of expanding G in a series of diagrams, it is usually more
convenient to express the self-energy Σ = G−1

0 −G−1 as a perturbation series. The idea is
then to choose subsets of diagrams, depending on the relevant physics of the problem,
to approximate Σ. One example of this we saw in the last section, where we used the
second order diagram.
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It is possible to include even more diagrams, involving scattering between different
particles, and also infinity order summations of diagrams. One method which does this
is the fluctuation exchange (FLEX) approximation, first developed by Bickers, Scalapino
and White [29, 30] to investigate high-Tc superconductivity. The FLEX was later adopted
into the DMFT impurity solver framework by Lichtenstein and Katsnelson [31, 32, 33].
The FLEX includes the second order diagrams, but also the infinity series of bubble di-
agrams, which has the result that the Coulomb interaction is screened. Also, infinite
series of ladder diagrams are summed. Note that the formalism can be extended to
treat the multi-orbital case as well. The relevent diagrams included in the FLEX ap-
proximation are outlined in figure 2.3. The version of FLEX used in this thesis treats the
particle-hole and particle-particle scattering on different footing, due to their different
role in magnetism [34]. In (a) the particle-particle T -matrix is defined through a recur-
sive equation consisting of ladder-type diagrams. Note that the solid lines correspond
to bath Greens functions G and the dashed lines corresponds to the bare Coulomb in-
teraction. The T -matrix is then used to construct the "Hartree"-like self-energy ΣTH(ω)
and the "Fock"-like self-energy ΣTF (ω), as illustrated in (b) and (c). For the particle-hole
channel a random-phase approximation (RPA) summation of particle-hole bubble dia-
grams is performed to construct an effective interaction (bold dashed line) in (d). Note
that in our implementation the thin dashed lines now corresponds to the static limit of
the T -matrix for the RPA summations. The particle-hole self-energy ΣP−H(ω) is con-
structed from the Fock like diagram in (e). The full self-energy is a sum of all the above
parts,

Σ(ω) = ΣTH(ω) + ΣTF (ω) + ΣP−H(ω). (2.25)

Since SPTFLEX is a perturbative solver, it is only applicable in the weak-coupling (small
U/W ) regime. It is however computationally cheap, and this fact combined with its
multi-orbital formulation makes it a good DMFT impurity solver for realistic materials,
as long as care and consideration is taken.
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Figure 2.3. Diagrams included in the SPTFLEX approximation: (a) The particle-
particle T -matrix, obtained by ladder type summations. (b) The "Hartree"-
like and (c) the "Fock"-like contribution to the self-energy. (d) The RPA-like
screened effective interaction. (e) The particle-hole self-energy. See text for
detailed explanation.



Chapter 3

The exact muffin-tin orbitals method

Density functional theory implemented through the Kohn-Sham scheme has provided
the community of computational physicists and chemists with a formidable tool, since
it reduces the solution of the many-body Schrödinger equation to that of single-particle
equations. Even though this provides a large reduction of complexity, the issue still
remains of how to solve the Kohn-Sham equations. These equations are one-particle
equations, but are dependent on (in a solid state environment) a periodic array of strong
Coulomb potentials. One method to solve this problem was introduced in the last chap-
ter, namely the exact muffin-tin orbitals (EMTO) method. In this chapter, we will scru-
tinize the construction of the EMTO method, while at the same time pointing out how
many-body effects are included.

Section 3.1 constructs the basis functions within the EMTO method, and shows how the
Greens function for the method can be obtained. Section 3.2 describes how many-body
effects can be added to the method, while section 3.3 shows developments that might
prove useful for future implementations.

3.1 Constructing the method

In the following we present the construction scheme for the exact muffin-tin orbitals
method [35, 36, 37, 38, 39]. This method allows the muffin-tin spheres to overlap,
which has been shown to produce a better approximation to the full potential than non-
overlapping spheres [35, 40, 41]. In the EMTO method the Kohn-Sham orbitals Ψi are
expanded in exact muffin-tin orbitals ψ̄aRL centered around atomic sites R, viz.

Ψi(r) =
∑
RL

ψ̄aRL(Ei, rR)vaRL,i, (3.1)

where vaRL,i are the expansion coefficients, chosen such that Eq. (3.1) solves the Kohn-
Sham equations in all space. We use the formalism that L ≡ (l,m), where l and m are

18
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s

Figure 3.1. Sketch of the geometry used in the EMTO method. The grey a-spheres
are centered around the atomic sites Ri, ... and are not allowed to overlap.
The potential spheres of radius s (dashed circles) can overlap. Note also
that the formalism that we introduce can be generalized to allow different
radii for the a- and s-spheres at different atomic positions R.

the orbital and magnetic quantum numbers, respectively. The EMTO basis functions
can be seen as linear combinations of other types of functions, each satisfying their own
geometrical constraints and boundary conditions within the solid. We go through each
of these in turn, and then describe how to combine them to find the true Kohn-Sham
orbitals.

3.1.1 The screened spherical waves and the slope matrix

The screened spherical waves are defined for the geometry sketched in figure 3.1. As-
sume that we around each atomic position R (note that we drop the index on the atomic
position Ri → R) place a sphere of radius aR. These spheres we call the a-spheres or hard
spheres. The a-spheres can differ in radius depending on position R but are not allowed
to overlap each other, for reasons that will become clear later on. For notational sim-
plicity we will assume that all spheres have the same radius aR = a. In the region
inbetween the a-spheres, which we call the a-interstitial, we assume that the potential
equal the muffin-tin zero V0 (introduced in Eq. (2.16)). Also assume that the energy E is
arbitrary, i.e. not necessarily a Kohn-Sham eigenvalue. The Kohn-Sham equation (2.7)
will then simplify to (

−∇2 + V0 − E
)

Ψ ≡
(
−∇2 − κ2

)
Ψ = 0, (3.2)
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i.e. to the Helmholtz equation within this region. Inside the a-spheres the potential
is assumed infinitely repulsive, and hence the screened spherical waves will not enter
inside the a-spheres. The solution of the Helmholtz equation for the radial part of a
function f(r),

d2(rf(r))
dr2 =

[
−κ2 − l(l + 1)

r2

]
rf(r), (3.3)

are the spherical Bessel and Neumann (or Hankel) wave functions (see Appendix A for
definitions). Given a spherical wave function centered around a point R, it is possible
to expand that function about another site R′ as

nRlYRL = nRlYRLδR′R −
∑
L′
jR′l′YR′L′S

0
R′L′RL, (3.4)

where S0 is the so called (bare) KKR structure constants. This (one-center) expansion
is exact as long as the angular index summation is taken to infinity. The KKR structure
constants have the form

S0
R′L′RL(κ2) = −8π

∑
L′′
CLL′L′′

(2l′′ − 1)!!
(2l′ − 1)!!(2l − 1)!!(−1)l[−(κw)2]

l′+l−l′′
2 nL′′(κ2,R −R′).

(3.5)
These structure constants decay slowly with respect to R, making their computation
cumbersome. To remedy this, the concept of screening was introduced in the 80s [10].
Within the KKR method, screening is commonly introduced by adding finite repulsive
potentials at the atomic sites, and using the resulting potential as the reference level
for the interstital solutions (instead of using the muffin-tin zero as reference) [42]. The
true Greens function can then be found by solving a Dyson-like equation. In our case,
we will use the infinitely repulsive a-spheres to perform the screening. To this end, we
introduce the screened spherical waves ψaRL, which we enforce to have the two boundary
conditions: ψaRL(|r−R′| = a) = YRL if R = R′ i.e. it should equal a spherical harmonic
at its own a-sphere, and ψaRL(|r−R′| = a) = 0 if R 6= R′ i.e it should vanish on the other
a-spheres. We now make a similar expansion as in Eq. (3.4),

ψaRL = faRl(κ2, r)YRLδR′R +
∑
L′
gaR′l′(κ2, r)YR′L′S

a
R′L′RL(κ2), (3.6)

where we expanded in the head functions fa(κ2, r) and tail functions ga(κ2, r) using the
screened structure constants Sa. Since fa(κ2, r) and ga(κ2, r) solve the Helmholtz equa-
tion (at energy κ2), they must be linear combinations of Bessel and Neumann functions,

faRl = t1Rlnl + t2Rljl,

gaRl = −t3Rlnl − t4Rljl, (3.7)

where we suppress the energy dependence for now. The t’s are known as the screening
constants. From our boundary conditions on the hard spheres, we have that fa(a) = 1



3.1. CONSTRUCTING THE METHOD 21

and ga(a) = 0, and for the radial derivatives we make the choice ∂fa(a)/∂r = 0 and
∂ga(a)/∂r = 1/a. Using these conditions, one can determine the screening constants,(

t1Rl t2Rl

t3Rl t4Rl

)
= 2a

2

w

(
∂jl/∂r −∂nl/∂r
jl/a −nl/a

)
. (3.8)

w is the Wigner-Seitz radius defined as

4πw3

3 ≡ Ωcell, (3.9)

where Ωcell is the volume of the unit cell per atom. To find the screened structure con-
stants Sa, we introduce another way to represent the screened spherical waves, namely
as a multi-center expansion:

ψaRL =
∑
R′L′

nR′l′YR′L′MR′L′RL. (3.10)

Inserting (3.4) into this expansion, and inserting (3.7) into (3.6), we get two different
expressions for ψa:

ψaRL =
∑
R′L′

YL′ [nl′(t1δR′RδL′L − t3SaR′L′RL)− jl′(−t2δR′RδL′L + t4SaR′L′RL)],

ψaRL =
∑

R′L′R′′L′′
Ma

R′L′RL[nl′YL′δR′R′′δL′L′′ − jl′′YL′′S0
R′L′R′′L′′ ].

By comparing the coefficients in front of the Bessel and Neumann functions we can
eliminate the M -matrix and find that

SaR′L′RL = t1Rl

t3Rl

δR′RδL′L + 1
t3R′l′

[
−S0 − t4Rl

t3Rl

]−1

R′L′RL

t1Rlt
4
Rl − t2Rlt

3
Rl

t3Rl

. (3.11)

As shown in Refs. [40, 35] Sa decays faster than the KKR structure constant matrix S0

in real space, if the radius of the a-spheres are chosen correctly. If the radial derivative
of the L′ projection of ψa is evaluated at a, we get from Eq. (3.6) that

∂ψaRL

∂r

∣∣∣∣∣
r=a

=∂f
a
Rl(κ2, a)
∂r

YRLδR′R +
∑
L′

∂gaR′l′(κ2, a)
∂r

YR′L′S
a
R′L′RL(κ2)

=1
a
SaR′L′RL(κ2), (3.12)

where the boundary conditions of the head and tail functions were used. For this reason
Sa is called the slope matrix. Since the screened spherical wave disappear inside the
a-sphere, so does its derivative, and hence (3.12) will also be the kink of that wave
function.

We now move on to the solution of the Kohn-Sham equation within the muffin-tin
spheres.
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3.1.2 The partial waves and the logarithmic derivative

Inside each muffin-tin sphere of radius s (denoted by dashed circles in figure 3.1), the
following radial Schrödinger equation has to be solved:

d2(rφRl)
dr2 =

[
l(l + 1)
r2 + Veff (r)− E

]
rφRl, (3.13)

where the φRl’s are the radial part of the partial waves φRL = φRlYRL. Actually, we
prefer to work with the scalar relativistic Dirac equation instead, as discussed in section
2.2.3. The so called SR-Dirac solver is described in Ref. [43], and is used to solve this
equation numerically on a logarithmic grid where Veff (r) is known. To proceed further,
we introduce the logarithmic derivative evaluated at a radial point s for a function f ,
defined as

D(f(s)) ≡ s

f(s)
∂f(r)
∂r

∣∣∣∣∣
r=s

. (3.14)

We could now in principle go on and match the screened spherical waves in the intersti-
tial with the logarithmic derivative (3.14) of the partial waves inside the muffin-tins at
the sphere boundaries, and then formulate the solution of the Schrödinger equation as
an algabraic condition. However, as the astute reader might have noticed, the a-spheres
and potential (s-)spheres might not necessarily coincide. Indeed, we do not want them
to! If we let the potential spheres equal the smaller a-spheres we would have a bad
approximation of the true potential, since we know from before that the spheres should
preferably overlap. We can not however let the a-spheres be as large as the overlap-
ping s-spheres, since the hard spheres are not allowed to touch due to the boundary
conditions of the screened spherical waves. In the next section we resolve this issue.

3.1.3 The kink cancellation equation

In order to have a < s, and still be able to find a matching condition, we introduce
a third (and final) wave function ϕa, called the backward extrapolated partial wave. This
function is defined in the region a 6 r 6 s and satisfies the Helmholtz equation(

−∇2 + V0 − E
)
ϕa ≡

(
−∇2 − κ2

)
ϕa = 0, (3.15)

and is enforced to match the partial wave both in value and slope at the potential sphere
boundary s. We also demand that ϕa(a) = ψa(a) = fa(a) = 1, i.e. that the backward
extrapolated partial wave should match the screened spherical wave continuously (but
not differentiably) at the hard sphere, and then normalize the partial wave to fit with
these conditions. Hence,

φaRL(E, r) ≡ Na
Rl(E)φRl(E, r)YRL,

ϕaRl(E, r) ≡ faRl(E, r) + gaRl(E, r)Da
Rl(E), (3.16)
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where Da ≡ D(ϕa(s)) is the logarithmic derivative of the backward extrapolated partial
wave at the s-sphere and Na is an energy dependent normalization function. We will
call this function the screened logarithmic derivative, since it depends on the screening
a-spheres. By using that the partial wave should match ϕa both in value and slope at the
s-sphere, the normalization function Na and the screened logarithmic derivative can be
obtained through some algebra as

Na
Rl(E) = faRl(κ2, s)

φRl(E, s)
D(faRl(κ2, s))−D(gaRl(κ2, s))
D(φRl(E, s))−D(gaRl(κ2, s)) ,

Da
Rl(E) = −f

a
Rl(κ2, s)
gaRl(κ2, s)

D(φRl(E, s))−D(faRl(κ2, s))
D(φRl(E, s))−D(gaRl(κ2, s)) . (3.17)

With this information we can finally write down the exact muffin-tin orbitals,

ψ̄aRL(E, r) = ψaRL(κ2, r) +Na
Rl(E)φRl(E, r)YRL − ϕaRl(E, r)YRl. (3.18)

This function also has the name kinked partial wave in the literature [36], and this is be-
cause it is non-differentiable (has a kink) at the a-spheres. That this is so will become
clear as we move along. Since we now have the exact muffin-tin orbitals, we can expand
the Kohn-Sham orbitals in Eq. (3.1) centered around a site R for an arbitrary (complex)
energy z as

Ψ(r) =
∑
L

Na
Rl(z)φRL(z, r)YRLv

a
RL +

∑
L

[
faRl(κ2, r)vaRL + gaRl(κ2, r)

∑
R′L′

SavaRL

]
YRL

−
∑
L

[
faRl(κ2, r) + gaRl(κ2, r)Da

Rl(z)
]
YRLv

a
RL. (3.19)

Note that the head functions fa will cancel each other, and we are left with

Ψ(r) =
∑
L

Na
Rl(z)φRL(z, r)YRLv

a
RL

+
∑
L

gaRl(κ2, r)
∑
R′L′

YRL

[
SaR′L′RL(κ2)− δR′RδL′LD

a
Rl(z)

]
vaRL

≡
∑
L

Na
Rl(z)φRL(z, r)YRLv

a
RL +

∑
L

gaRl(κ2, r)
∑
R′L′

1
a
KR′L′RLYRLv

a
RL. (3.20)

where we have introduced the kink matrix

Ka
RLR′L′(z) ≡ a(SaRLR′L′(z)− δR′RδLL′D

a
Rl(z)). (3.21)

This matrix is the kink of the kinked partial wave. By taking the radial derivative of the
kinked partial wave evaluated at a, but neglecting the partial wave (since it will be a
smooth function at a), we get that

∂ψRL(z, a)
∂r

− ∂ϕRl(z, a)
∂r

= 1
a

(SaRLR′L′(z)− δR′RδLL′D
a
Rl(z)) , (3.22)
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where (3.12) and the derivative of (3.16) was used. This is indeed the kink matrix (3.21),
barring a constant factor a2. Hence, when∑

RL

a
(
SaRLR′L′(κ2

i )− δR′RδLL′D
a
Rl(Ei)

)
vaRL,i = 0 (3.23)

is fulfilled, then the kinked partial wave will be a smooth and continuous function. A
solution of Eq. (3.23) will give the single-electron eigenvalues Ei and wave functions
Ψi. The EMTO method solves Eq. (3.23) by the Greens function method, which uses the
path operator gaR′L′RL (not to be confused with the tail functions), defined as the inverse
of the kink matrix (3.21), ∑

R′′L′′
Ka

R′L′(z)gaR′′L′′RL(z) ≡ δR′RδLL′ . (3.24)

The eigenvalues will be the poles of gaR′L′RL(z). This is a Greens function, since it is the
inverse (neglecting normalization) of the operator (z − Heff ), hence the name "Greens
function method". If we have translational symmetry, the sum over site index in Eqs.
(3.23) and (3.24) is over the atoms in the primitive cell. The kink matrix, path operator
and slope matrix will then depend on the Bloch k-vector in the first Brillouin zone (BZ).

Since the energy derivative of the kink matrix, K̇a
RLR′L′(z), gives the overlap matrix

for the EMTO basis set [37], the matrix elements of the properly normalized Green’s
function become [38, 39]

GRLR′L′(z) =
∑

R′′L′′
gaRLR′′L′′(z)K̇a

R′′L′′R′L′(z)− δR′RδLL′I
a
RL(z), (3.25)

where IaRL(z) accounts for the unphysical poles of K̇a
RLR′L′(z). These unphysical poles

arise from the screening of the logarithmic derivative (3.17), since Da diverges when
D(φRl)−D(gaRl). The scheme for the removal of these poles is described in Refs. [35, 38].
The total number of states at the Fermi levelEF is obtained by using the Cauchy residue
theorem, viz.

N(EF ) = 1
2πi

∑
RLR′L′

∮
GRLR′L′(z) dz, (3.26)

where the energy integral is carried out along a complex contour that cuts the real axis
below the bottom of the valence band and at EF (see figure 3.2). The charge density is
computed on the same complex contour [35].

3.2 Adding many-body effects

In the EMTO+DMFT method [44], the many-body effects are added to the DFT-level
Greens function through a local self-energy ΣRLRL′(z) via the Dyson equation

[GRLR′L′(k, z)]−1 =
[
GLDA
RLR′L′(k, z)

]−1
− δRR′ΣRLRL′(z), (3.27)
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Figure 3.2. Schematic picture of the contours and the analytic continuation used
in the EMTO+DMFT method. The Matsubara frequencies are denoted
by dots along the imaginary axis relative to the Fermi level EF . The k-
integrated Green’s function G(z) is calculated for points on the complex
contour, here a semi-circle. These are used as input for the analytic contin-
uation to the Matsubara frequencies, on which the many-body problem is
solved. The resulting self-energy Σ(iω) then has to be analytically contin-
ued to the points on the semi-circle.

where GRLR′L′(k, z) is now the LDA+DMFT Greens function matrix (suppressing the
vector form of R), computed on the complex contour. The k−integrated LDA+DMFT
Greens function, GRLR′L′(z) =

∫
BZ GRLR′L′(k, z)dk, is assumed equivalent with the im-

purity Greens function in accordance with Eq. (2.22). This function is analytically
continued by the Padé method [44], G(z) Padé−−→ G(iω) to the Matsubara frequencies
ωj = (2j + 1)πT , where j = 0,±1, ..., and T is the temperature. From this latter Greens
function the bath Green’s function is computed according to (see point 2 in section 2.3.2)

[GRLR′L′(iω)]−1 = [GRLR′L′(iω)]−1 + δRR′ΣRLRL′(iω). (3.28)

The many-body problem is solved on the Matsubara axis using the SPTFLEX solver de-
scribed in section 2.3.3, and the resulting self-energy is then analytically continued to
the complex contour Σ(iω) Padé−−→ Σ(z). In figure 3.2 we illustrate the contours used in
the EMTO+DMFT calculations. See section 4.1 for details concerning the Padé approxi-
mant.

3.3 The method for high imaginary energies

Several of the DMFT impurity solvers are implemented using the imaginary time Mat-
subara formalism. In practice the sums over the Matsubara frequencies are usually
truncated at around ∼ 10 − 100 Ry. Instead of using Padé approximants to analytically
continue the complex contour Greens functions as outlined above, one could also think
about calculating them directly along the imaginary axis. In this section we investigate
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Figure 3.3. Comparion ofDa using numerical and analytic Bessel and Hankel func-
tions for the tail fa and head ga functions.

some issues that might arise within the EMTO method by doing this. However, these
issues one could possibly also encounter in other methods like the KKR method, for
example.

3.3.1 The Helmholtz equation at large energies

The Bessel, Neumann and Hankel functions are all solutions to the 3d Helmholtz equa-
tion, and any linear combinations of them as well. This is as long as they are linearly
independent, which is equivalent to a non-vanishing Wronskian. However, not all of
them are numerically satisfactory combinations, as discussed by Temme [45]. To see this
for a simpler case, consider the solutions to

d2y(z)
dz2 = y(z) (3.29)

where {ez, e−z} and {sinh(z), cosh(z)} are acceptable solutions. However forRe(z)→∞
the linear combination sinh(z) − cosh(z) will have large cancellation errors. However,
the solution is stable for small z. Similar situations can happen for certain combinations
of Bessel functions. To take this into account, in this section the Bessel function will be
used for the regular (at the origin) solution, and the Hankel function will be taken as
the irregular solution.

It is known that the numerical computation of Bessel functions can be unstable for large
arguments (see for example Ref. [45]). The Bessel functions are important since they
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Figure 3.4. Schemtic picture of new expansion centers in the complex plane. In the
present implementation of EMTO, the expansion centers are never more
then two, and are purely real.

are used to construct the fa- and ga-functions in Eq. (3.17), and the slope matrix. To
investigate the stability of the Bessel algorithm, we use the analytic expression for the
non-relativistic free s-electron (v = 0) logarithmic derivative D to calculate Da. This is
done in two ways: (i) using the recursive algorithm implemented in the EMTO code,
and (ii) using the analytic expression for the Bessel and Hankel functions (simple func-
tions of sine and cosine in the case of s-states). Da calculated along the imaginary axis,
using these two approaches are compared in Fig. 3.3. The numerical Bessel functions
introduces noise around ∼ i300 Ry, while the noise starts later (∼ i600 Ry) when the
analytic functions are used. For low energies the agreement between the two methods
are good (and noise free). Hence the numerical Bessel and Hankel functions can be
deemed sufficient for our purpose, since the Matsubara sums are truncated at relatively
low energies.

3.3.2 Multi-center expansion of the slope matrix

An issue which surfaces when calculating Green’s functions for large imaginary ener-
gies in the EMTO method, is how well the slope matrix can be computed. The screened
EMTO slope matrix is related to the bare (unscreened) KKR structure constant matrix
through a matrix equation (3.11), and is expensive to calculate. To reduce the compu-
tational cost, the slope matrix and several of its derivatives are calculated at a few (1-2)
number of energy points, from which a single- or two-center Taylor expansion is created
that can be used to approximate the slope matrix at other energies. In the present im-
plementation, the slope matrix is expanded from purely real energies. This is not good
when one wants to approximate the slope matrix for large imaginary energies (i.e. far
from the real axis where the expansion centers are located). Instead, we propose to gen-
eralize the present procedure in two ways: Calculate the slope matrix (and its deriva-
tives) for general complex energies (see schematic illustration in Fig. 3.4), and construct
the approximate slope matrix using more than two expansion centers, i.e. generalize
the two-center expansion developed by Kissavos et al. [47, 48]. The centers should be
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Figure 3.5. Top row: Real (left) and imaginary (right) part of the slope matrix (Γ-
point, ss-element). Exact (black crosses) compared with approximants (see
text). Bottom row: Same as above, but the derivative of the slope matrix Ṡ.

put close and parallel to the imaginary axis. Such a generalized Taylor expansion (using
several expansion points and several function derivatives) is called Hermite interpolation
in the literature.

In Fig. 3.5 the new expansion procedure is compared with the old one, as well as with
the exact slope matrix. This was done for the ss-element of the face-centered cubic slope
matrix for the Γ-point (the ss-element of the slope matrix is the element that decays the
slowest, and hence gives the harshest numerical test). Two different kind of approxima-
tions where done:

• Two centers located at ω = 0 and ω = −20 on the real axis, using 6 derivatives
each, giving a Taylor series with 13 coefficients.

• Ten centers located equidistantly from ω = i0 and ω = i90 (corresponding to∼ i13
Ry for Wigner-Seitz radius w = 2.6 a.u., typical for copper), using 2 derivatives
each, giving a Taylor series with 29 coefficients.

As seen, the approach that uses 10-centers located in the complex plane gives a better
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Figure 3.6. Difference between EMTO [43] and KKR [49] SR-Dirac radial equation
solvers. For definition of err, see text.

fit to the exact values, compared to the 2-center approximant which diverges earlier.

3.3.3 The SR-Dirac solver and the logarithmic derivatives

In the following subsection we investigate the radial SR-Dirac solver used in the EMTO
method, to see if it is valid for high imaginary energies. We obtained a different SR-
Dirac solver used in the Budapest KKR method program package to be able to test our
solver independently1. The solver is based on the Harmon-Koelling approach [49]. We
compare the solvers by taking the absolute value of the difference between the logarith-
mic derivatives: err = |DEMTO−DKKR|. The result can be seen in Fig. 3.6. The potential
was the atomic starting potential of copper (with the s-sphere set to 2.60 a.u., equal to
the LDA Wigner-Seitz radius). As seen, there is no large difference between the solvers.

Now we investigate the EMTO SR-Dirac solver for high imaginary energies. We begin
with the scalar-relativistic solution for potential V = 0, and l = 0, when it is possible
to use an analytic solution for φ. The real part (red curve) and imaginary part (green
curve) of the screened logarithmic derivative using this solution can be seen in figure
3.7 (left part). As seen, Da shows bad behaviour for relatively low energies (starting
at about i30 Ry) and upwards. An explanation for this can be found in how the head
and tail functions (fa- and ga) are calculated. These arise from solving the Helmholtz
equation (

∇2 + z − V
)
ψa = 0. (3.30)

1The author thanks Laszlo Szunyogh for providing the KKR subroutines.
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Figure 3.7. Left: Comparion of Da(iω) for an analytic scalar-relativistic solution,
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effects. Right: Comparion of Da(iω) for an numeric scalar-relativistic so-
lution, using screening parameters that are corrected. Two different radial
meshes used, one coarse and one that was finer (smaller spacing).

However, this assumes that relativistic effects are negligible, i.e that we have no mass
enhancement (this is the only relativistic effect for a zero potential). If mass enhance-
ment is taken into account, then the Helmholtz equation is modified to

(
∇2 + z − V + (V − z)2

c2

)
ψ = 0. (3.31)

As seen, the mass enhancement term becomes important for large z, large compared to
c2. Taking this into account, the "scalar-relativistic corrected"Da can be seen in figure 3.7
(left part, blue and purple curves). We now see a much better behaviour (the noise seen
for large energies can be attributed to the use of numerical Bessel and Hankel functions).
We should hence use this correction further on.

The previous test was done using an analytic solution of the SR-Dirac equation. We
now see what happens when we use a numerical solution. The same calculation as in
figure 3.7 (left part) was done, using the "scalar-relativistic corrected"Da, but nowDwas
computed numerically (using V = 0 and l = 0). The result (real part: red, imaginary
part: green) can be seen in figure 3.7 (right part). As seen, we again have bad behaviour
for small energies, even though the mass enhancement effect is taken into account. To
try to correct this, we noticed that a finer radial mesh for the SR-Dirac solver gave a
better fit. The screened Da looks better when compared to a coarse grid, as can be seen
in figure 3.7 (right part). For more information about the radial mesh, see the book by
Loucks [50].
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3.3.4 The Greens function

In this section we put everything together to form the Greens function, which is what
we are after in the end. The test was done as follows: face-centered cubic copper (Cu)
with Wigner-Seitz radius 2.6 a.u. was run to self-consistent convergence using EMTO.
Once this calculation was completed, the Green’s function was calculated along the
imaginary axis (see Fig. 3.8) for one of the d-states (since this would be used as input
to the impurity solver in a DMFT run). This was done in two ways, using the old
2-center expansion (red) and the new 10-center expansion (blue) for the slope matrix.
The 10-center expansion used 10 equidistantly placed energy points from i0 to ∼ i13
in Rydberg units. Note that the unphysical behaviour (jagged peak for real part, large
drop for imaginary part) is pushed to higher energies for the 10-center expansion. At
the moment there is no good way to judge how accurate the Greens function is for large
imaginary energies. Optimally, some measure of the accuracy should be found.

3.4 Porting of the self-energy to other methods

We end this chapter by a short discussion of how the self-energy obtained from the
EMTO+DMFT method can be used (ported into) other methods.

As was mentioned in the introductory chapter there by now exist many methods that
use different basis sets to expand the Kohn-Sham orbitals. All these methods have ad-
vantages and disadvantages, and the choice of method is usually set by which physical
problem one has at hand. One method package that is suitable for calculations of trans-
port properties is SIESTA combined with SMEAGOL [51, 52]. At the time of writing,
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DMFT is not implemented within this framework, and hence correlated transport prop-
erties on a DMFT-level is not readily available using this method. However, recently
work towards porting self-energy from EMTO+DMFT into the SIESTA/SMEAGOL frame-
work has been initiated (see Paper VI). This makes it possible to include correlation
effects and investigate how they would influence transport.

In order to port the self-energy from the EMTO+DMFT method into the SIESTA/SMEAGOL
method a transformation matrix has to be constructed that transfers the self-energy de-
scribed by the EMTO basis set into the basis set used in SIESTA/SMEAGOL. To con-
struct this transformation matrix, the idea is to look at a quantity that can be calculated
within both methods, and from that deduce a transformation matrix that transforms be-
tween the two bases. This matrix can then be used also for the self-energy, which is
only known within EMTO+DMFT. The question is which quantity that should be used
to construct the transformation matrix. We first considered the overlap integral of the
EMTO’s, the energy derivative of the kink matrix K̇a (see Eq. (3.25)). However, this
quantity is dependent on the basis, which is seen by its dependence on the a-sphere
radius. Hence, it is not suitable for construction of the transformation matrix, and this
was also confirmed during numerical investigations. Instead, it was found that the oc-
cupation matrix was a much more suitable quantity. This is so because it is a expectation
value, and hence is basis independent. By formally demanding that nEMTO

occ ≡ nSIESTAocc ,
the transformation matrix could be constructed and used to port the EMTO+DMFT self-
energy to SIESTA/SMEAGOL, where the correlated transport properties of heterostruc-
tures could be computed. This is however not described in this thesis.



Chapter 4

Analytic continuation

In this chapter we investigate the analytic continuation needed for the many-body im-
plementation outlined in section 3.2, namely the Padé approximant, which is introduced
in section 4.1. In section 4.2.1 we discuss some of the problems and issues which surface
when one implements the Padé approximant in electronic structure theory, and discuss
possible solutions. Section 4.2.2 discusses earlier studies of the Padé approximant, and
in section 4.2.3 we investigate new methods.

4.1 Padé approximants - definition

We begin by defining the function f̃(z), a rational complex function of the form

f̃(z) :=
∑n+1
i=1 aiz

i−1∑m+1
i=1 bizi−1 = a1 + a2z + a3z

2 + · · ·+ an+1z
n

b1 + b2z + b3z2 + · · ·+ zm
, (4.1)

i.e. a quotient of two polynomials. Notice that bm+1 ≡ 1. The nominator polynomial will
be of maximum order n, n > 0, and the denominator polynomial of maximum order m,
m > 0. The polynomial coefficients are in general allowed to be complex, (ai, bi) ∈ C.
Now, we can define the type-I Padé approximant [53, 54] of order [n/m] of a function
f(z) as the function of the form f̃(z) which agrees with f(z) up to the highest possible

order. Assuming that the function f has a power series expansion f(z) =
∞∑
i=1

ciz
i−1, this

condition implies that the coefficients in (4.1) should satisfy

∞∑
i=1

ciz
i−1 −

∑n+1
i=1 aiz

i−1∑m+1
i=1 bizi−1 = cn+m+2z

n+m+1 + cn+m+3z
n+m+2 + · · · (4.2)

The problem of finding the polynomial coefficients when given the Taylor coefficients
ci = f (i−1)(0)

(i−1)! is then formulated as a linear system of equations. It can be noted that Padé

33
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approximants should in general give better approximations than Taylor expansions to
functions that contain simple poles. This is because they are rational polynomial func-
tions, and hence contain poles by default.

If the value of a function f(z) is given for a discrete set of N complex points z1, z2, ..., zN
one can construct a so-called N -point (or type-II) Padé approximant. The condition is
then that the following relation should hold:

f(z1) = f̃(z1)
f(z2) = f̃(z2)
f(z3) = f̃(z3)

...

f(zN) = f̃(zN). (4.3)

This is exactly the problem that we have when we perform the analytic continuation
outlined in section 3.2. There, we have a Green’s function G(zi) calculated for a set of
complex energies zi along a contour in the complex energy plane. This function has
to be known on the Matsubara frequencies iωj along the imaginary axis. To perform
this analytic continuation, we use the values of the Green’s function known for the
complex energies zi and construct an approximant of the form (4.1), demanding that the
relations in (4.3) should hold. Once we know G(iωj) for the Matsubara frequencies the
many-body solver can be called. After the many-body problem is solved we have a self-
energy Σ(iωj) known for the Matsubara frequencies, that we now need to know for the
energy points zi along the complex contour. Hence we now construct an approximant
for the self-energy, using the same procedure as for the Green’s function. It is hence this
type-II Padé approximant that will be our main interest, and we will refer to it simply
as a Padé approximant of order N from now on. In the next two sections we will review
two methods that can be used to construct this Padé approximant.

In this thesis the functions to be approximated have the asymptotic behaviour f(z) →
1/|z| as |z| → ∞. Hence the approximants should be of the order n = m − 1, i.e. the
denominator polynomial should be one order higher than the nominator polynomial.
To see this, consider a Green’s function G(z) in an electronic structure calculation. As
implied in chapter 3, it will have simple poles at the eigenvalues of its corresponding
Hamiltonian. Using partial fraction decomposition the Green’s function can be written
as a sum running over the eigenvalues Ei, viz.

G(z) =
∑
i

wi
z − Ei

, (4.4)

where wi is the residue (or weight) of the i’th pole. Summing this together will give a
rational polynomial function where the denominator polynomial has a order one larger
than the nominator order.
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Later in this thesis it will be important to know the poles and zeros of the approximant,
i.e. the, in general complex, roots of the denominator and nominator polynomials re-
spectively. These are found using a root-search algorithm [55, 56] for each of the two
polynomials separately, and we will denote the zeros of the approximant as pi and the
poles as qi.

4.1.1 Matrix formulation

Perhaps the most transparent way to construct a Padé approximant is by formulating
it as a matrix equation, as was done by Beach et al. [57]. Assume that we are given
a set of N function values f(z1), f(z2), · · · , f(zN) for N number of (complex) points
z1, z2, · · · , zN . The goal is to construct a [N2 − 1/N2 ] approximant. Setting M ≡ N/2,
the following system of equations should be solved:

a1 + a2z1 + · · ·+ aMz
M−1
1

b1 + b2z1 + · · ·+ bMz
M−1
1 + zM1

= f(z1)

a1 + a1z2 + · · ·+ aMz
M−1
2

b1 + b2z2 + · · ·+ bMz
M−1
2 + zM2

= f(z2)

...

a1 + a2zN + · · ·+ aMz
M−1
N

b1 + b2zN + · · ·+ bMz
M−1
N + zMN

= f(zN).

If each of the N equations are multiplied by their respective denominators, the terms
can be rearranged to give the matrix equation Av = b, where

A =


1 z1 · · · zM−1

1 −f(z1) −f(z1)z1 · · · −f(z1)zM−1
1

1 z2 · · · zM−1
2 −f(z2) −f(z2)z2 · · · −f(z2)zM−1

2
...

...
...

...
...

...
...

...
1 zN · · · zM−1

N −f(zN) −f(zN)zN · · · −f(zN)zM−1
N


and

v = [a1 · · · aM b1 · · · bM ]T

b = [zM1 f(z1) · · · zMN f(zN)]T .

The unknown coefficient vector v can then be found by matrix inversion of A. Noth-
ing can be said about the matrix A concerning sparsity and bandedness etc., hence the
matrix inversion will be of O(N3) complexity. It should also be noted that A is an ill-
conditioned matrix, making its inversion nontrivial. See Beach et al. [57] for details.
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4.1.2 Thiele algorithm

The calculation of the approximant can be speeded up by the use of recursive meth-
ods. One such method is the Thiele reciprocal difference method [53, 54, 58], which
constructs a continued fraction form of the Padé approximant:

f̃(z) =
a1

1 +
(z − z1)a2

1 +
(z − z2)a3

. . . 1 +
(z − zi−1)ai

1 + (z − zi)gi+1(z)

, (4.5)

where the ai’s are the continued fraction coefficients that makes the approximant fit to
the input data. The gi’s are defined as

g1(z) = f(z), gi(z) = gi−1(zi−1)− gi−1(z)
(z − zi−1)gi−1(z) , i > 2. (4.6)

The ai’s can be shown to be equal to ai = gi(zi) by the use of induction, viz.

gi(z) = ai
1 + (z − zi)gi+1(z) =

ai

1 + (z − zi)gi(zi)−gi(z)
(z−zi)gi(z)

=

ai
gi(zi)
gi(z)

⇔ ai = gi(zi), (4.7)

where (4.5) and (4.6) where used. Putting z = z1 in Eq. (4.5) gives f̃(z1) = a1. Putting the
rest of the points z2, z3, ... in sequence one sees that Eq. (4.5) gives the correct fit. Using
the ai’s the approximant can be evaluated at a point z using a recursive expression:

f̃(z) = AN
BN

= AN−1 + (z − zN−1)aNAN−2

BN−1 + (z − zN−1)aNBN−2
,

A0 = 0, A1 = a1, B0 = B1 = 1. (4.8)

If the number of input points is N , N being odd, f̃(z) will be a [N−1
2 /N−1

2 ] approximant.
If N is even the approximant will be of order [N2 − 1/N2 ]. The computation will be of
O(N2) complexity.

4.2 Analytic continuation in electronic structure theory

4.2.1 Possible issues concerning the approximant

Analytic continuation is a so-called ill-posed problem in numerical analysis, meaning
that its solution is very sensitive to small changes of the input values. We stress that this
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is not a feature specific to the Padé approximant, but rather to the problem of numeric
analytic continuation in general. However, if high enough precision is used during com-
putations, very accurate solutions can still be found, as was shown for the Padé approx-
imant in Ref. [57]. Electronic structure codes are usually written in low-level languages
like FORTRAN or C/C++, where high precision is usually not available. However, rea-
sonable good accuracy can still be reached, as we wish to show in this thesis.

Another issue is how to choose the order of the approximant. As is apparent from
sections 4.1.1 and 4.1.2, if one would like to approximate a function having M poles,
one should use twice as many input points N = 2M . However, usually one has no a
priori knowledge of how many poles the function has. If too few input points are used,
the approximant will obviously have difficulties in capturing the correct structure of the
function. If too many input points are used, there will be more poles in the approximant
than in the true function. Looking at the formulation in section 4.1.1, the system of
linear equations will be over-complete. If arbitrary precision is used, the approximant
will cancel a spurious pole by placing a zero of the nominator at the same location as the
pole. However, if the precision is not good enough, or if the input data is contaminated
by errors, this cancellation will not be perfect. These spurious pole-zero pairs are defects
in the approximant. As will be seen, these defects can affect the electronic structure
calculations. In principle, the defects could be removed manually from the approximant
by the operation

f̃(z)→ f̃(z)
∏
i

z − qi
z − pi

, (4.9)

where the product should run over all spurious poles and zeros.

To see how these defects can have an effect on calculations, we consider a test case of
solid hydrogen. First, fcc hydrogen is self-consistently run to convergence using the
EMTO method. After convergence the Green’s function is explicitly calculated for the
first few Matsubara frequencies. We use these function values as input to construct a
Padé approximant, and this approximant is used to calculate the density of states along
a horizontal contour close to the real axis. This approximant is then compared with the
exactly calculated density of states. The test case has a setup similar to that used in
Paper II, please see section V in Paper II for further details. This procedure of analytic
continuation is not the same as for those used in the EMTO+DMFT method, but it is
however a critical test of the approximant since it evaluates its ability to capture the fine
structure of the density of states.

In figure 4.1 (left) the density of states constructed using a N = 42 Padé approximant
is compared with the true function. Also plotted in figure 4.1 (right) is the approxi-
mant pole-zero distribution in the complex plane. Note that the approximant has an
unphysical peak situated about 0.5 Ry below the Fermi level. By studying the pole-zero
distribution one sees that a pole-zero pair situated at about 0.5 Ry below the Fermi level,
close to the real axis, is the cause for this unphysical peak. By explicitly removing this
pole-zero pair the peak disappears. As seen, these defects can indeed effect computa-
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tions done using the Padé approximant.
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Figure 4.1. Left: Density of states of solid hydrogen constructed using a N = 42
Padé approximant, using input data from the Matsubara frequencies. Ex-
act density of states plotted for comparison. Note the unphysical peak
close to the bottom of the band, due to a defect in the approximant. Inset:
Same as main figure, but with the defect removed explicitly. Right: Pole-
zero distribution of the approximant. Six poles and six zeros farther out in
the complex plane not shown. Note the defect pointed out by the arrow.

A pertinent question is how one is to decide which poles are physical and which are
spurious. The most obvious way would be to make a geometric search in the complex
plane and investigate whether a chosen pole has a zero in its neighbourhood. One of the
simplest ways would be to let the neighbourhood be a circle of some predefined radius.
However, this straightforward method has some pitfalls. It is for example not obvious
how to specify the neighbourhood in the most optimal way since the pole-zero pairs
usually have different separations. If the neighbourhood is defined too large, then more
than one zero can be present inside, leading to ambiguity or the accidental removal of
a physical zero. If on the other hand the neighbourhood is chosen too small, a spurious
pole in a pole-zero pair with a large separation could mistakenly be considered as a
true pole of the approximant. Hence, in practice, this method is difficult to implement
inside any self-consistent loop, where an algorithm would be necessary to automate the
filtering of defects. A schematic picture illustrating the geometric search is shown in
figure 4.2.

Another issue which presents itself is which kind of Green’s function that one should
analytically continue. In the present implementation it is the k-integrated Green’s func-
tion G(z) =

∫
BZ GRLR′L′(k, z)dk which is analytically continued to the imaginary axis,

as discussed in section 3.2. Numerically, this function is a sum over k-points in the ir-
reducible Brillouin zone of the k-resolved Green’s function G(k, z). The k-integrated
Green’s function is hence a sum of several (as many as there are k-points) functions,
each of which contains one or several poles. If one instead would perform the analytic
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Im(z)

Re(z)

true zero

true pole

R’

R’’

Figure 4.2. Schematic figure of a hypothetical geometric pole-zero search in the
complex plane. The picture shows a true pole and a true zero of the ap-
proximant, located along the real axis. The rest of the poles and zeros are
defects. To the left a too small neighbourhood (a circle with radius R′) is
chosen, not detecting the zero in the pole-zero pair. In the right part of the
figure the neighbourhood (circle with radius R′′) is too large. This circle
not only includes the zero belonging to the pole-zero pair, but also the zero
coming from another pair as well as a true zero of the approximant.

continuation for each of the k-resolved Green’s functions, one would construct the Padé
approximant for several simpler functions. The Bloch sum could then be performed af-
ter the analytic continuation is done. A schematic picture of this procedure is seen in
figure 4.3.

4.2.2 Previous studies

The first use of Padé approximants for analytic continuation was by Vidberg and Serene
[58] who used the Thiele algorithm to analytically continue spectral functions from the
Matsubara frequencies to the real axis. They noticed the ill-posedness of the problem
and the need for high accuracy, as well as the introduction of defective pole-zero pairs,
having similar distributions as what was found in figure 4.1. In that work it was also
concluded that an approximant could be considered good if the number of poles in the
lower half-plane remained constant on the inclusion of further input points.

Later, Beach et al. [57] made further investigations of the Padé approximant by using
the matrix formulation. They showed that thanalytic continuation of spectral functions
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Figure 4.3. Schematic diagram of the analytic continuation before (straight path) or
after (dashed path) Bloch summation. G(k, z) in the top left corner is given
for a set of points. The goal is to obtain an analytic expression G̃(z′) (lower
right corner) that can be used to approximate the true function G(z′). Fol-
lowing the straight path, the Padé approximant needs to be constructed for
each k ∈ IBZ and the Bloch sum is performed at the desired point. Along
the dashed path, only one single Padé approximant is needed.

could be performed with high accuracy by using symbolic software, enabling arbitrary
precision calculations. Further, a goodness-of-fit test was constructed by investigating
the polynomial coefficients.

The Padé approximant has also been used in the field of scattering theory by Sokolovski
et al. [55]. The functions that were approximated were of a different kind (S-matrix
elements) than the Green’s functions presented in this thesis, but spurious poles and
zeros occurred there as well. One observation done in that study was that the placement
of these defects where sensitive to the addition of random numbers to the input data,
while the placement of the true poles were more stable. Hence random numbers could
be used to separate true and spurious poles in the approximant.

4.2.3 New developments and results

In this section we investigate the issues presented in section 4.2.1 and possible solu-
tions to them. As a test case we use solid hydrogen in the fcc structure, without adding
many-body effects. The Green’s function is calculated for the Matsubara frequencies
(temperature T = 500 K) and then analytically continued to a horizontal complex con-
tour on which the density of states is calculated. Comparison is then made with the
exactly calculated density of states, and the following error measure is introduced, viz.

Error(E) = |DOS(E)−DOSapp(E)|, (4.10)

where DOSapp(E) is the approximated density of states as a function of energy. This
is done for several different approximant orders for the k-integrated and k-resolved
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Green’s function, and the result is seen in figure 4.4. As seen the k-integrated approx-
imant gives a somewhat good fit of the true function, and is able to capture the band
width. However, it fails to capture the density of states faithfully at the band edges,
where it over- or undershoots the true value. The k-resolved approximant does in gen-
eral give a better fit than does the k-integrated approximant. The price that has been
paid is that more approximants (the same amount as the number of k-points) has to be
constructed in this former case. However, the order (i.e. the number of input points N )
can be made lower for each of these k-resolved approximants.
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Figure 4.4. Left: k-integrated approximants for the density of states compared with
exact value. The number of input points are N = 8, 16, 32 and 64. Right: k-
resolved approximants for the density of states compared with exact value.
The number of input points are N = 2, 4, 8 and 16.

There still remains the problem of how to deal with the spurious poles and zeros of the
approximant. As was discussed in section 4.2.2, Sokolovski et al. [55] used randomly
generated numbers to separate the defects from the true poles. We will proceed in a
similar manner by introducing random factors of the form:

1− ηxi, i = 1, ..., N, (4.11)

where η is a real scaling factor and the xi’s are real random numbers between −0.5
and 0.5, i.e. a random number close to 1, depending on the magnitude of η. These
random numbers are multiplied with the input Green’s functions, and the new pole-
zero distribution is compared with the original distribution (where η = 0). This is done
for the Γ-point of the N = 16 k-resolved approximant (see right figure 4.4), and the
resulting pole-zero distributions can be seen in figure 4.5, for two different values of
η. The black symbols correspond to η = 0, while red correspond to η 6= 0. The Γ-
point has a physical pole situated about 0.6 Ry below the Fermi level, and this pole is
relatively stable compared to the defective poles for η = 10−6 (left figure). For η = 10−3

the physical pole also shows a larger scattering, hence the magnitude of the random
numbers needs to be chosen with care.
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Figure 4.5. Left: Pole-zero distribution for η = 0 and η = 10−6. Right: Same as left,
but here η = 10−3.

More information can be extracted about the poles of the approximant by investigating
their residues wi. These are shown in table 4.1 for the N = 16 approximant of the Γ-
point. The true pole is marked by a star in the table, and it has a residue close to one,
with a small imaginary part. The other poles all have residues with small magnitudes,
negative values or large imaginary parts, which indicates that they are unphysical.

Table 4.1. Real and imaginary parts of the N = 16 approximant poles with respec-
tive residues. The pole i = 5 (?) is a true pole of the approximant, while the
rest (†) are spurious. The poles can be seen plotted (black, η = 0) in figure
4.5.

i Re(qi) Im(qi) Re(wi) Im(wi)

† 1 1.1449469 · 10−2 0.1360169 −2.6324331 · 10−13 −4.5109522 · 10−13

† 2 −4.0764097 · 10−2 0.3192908 −1.3977842 · 10−10 6.7675740 · 10−11

† 3 −0.5137978 1.111784 1.0184415 · 10−3 −1.3286583 · 10−4

† 4 4.0205983 · 10−3 0.2173124 −1.2889500 · 10−13 −2.2621590 · 10−13

? 5 −0.5958811 −3.5719320 · 10−6 0.9999138 4.7717123 · 10−5

† 6 −2.8055273 · 10−2 0.1243891 1.6093394 · 10−12 −6.1991449 · 10−13

† 7 1.547490 2.5824822 · 10−2 0.9696459 0.1238033

† 8 2.441888 −0.1386907 −1.142889 −0.1035025

When the true poles have been singled out, the approximant can be constructed by the
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sum
f̃(z) =

∑
i

wi
z − qi

, (4.12)

where the sum should be over physical poles only.

Here we end with a list of conclusions:

• Numerical analytic continuation is ill-posed, making it sensitive even to small er-
rors. This can in principle be remedied by computing in high precision, but this is
far from possible in many cases of interest.

• If high accuracy is needed, it is better to use the k-resolved approximant instead
of the k-integrated one. The reason is that the analytic continuation is performed
for a simpler function. The price that has to be paid is that several approximants
has to be constructed in this case.

• Due to numerical errors and lack of precision, defects might enter into the ap-
proximant. These defects can be found by root-searching, after which they can
be removed. To select out the true poles the use of random numbers and pole
residues can be used.



Chapter 5

The virial theorem

In the previous chapters, we discussed the methodology and implementation of practi-
cal schemes for the calculation of electronic structure. To be able to have confidence in
our computed results, it would be prudent to know if all the approximations we have
made (for the exchange-correlation potential, for the effective Kohn-Sham potential, for
the charge density etc.) do not violate important physical laws and relations. One such
important relation is the virial theorem, which connects kinetic and potential energy. The
theorem is briefly introduced in section 5.1, and in section 5.2 we review a derivation
made by Slater [59] for the Kohn-Sham system. Taking many-body effects into account,
we extend on the previous approach and derive a virial theorem for the quasiparticle
equation in section 5.3. The chapter ends with investigations of the virial theorem for
practical computations.

5.1 Introduction

Figure 5.1. Rudolf Clausius original formulation of the virial theorem, taken from
Ref. [60]. The capital letters X,Y, Z denotes the force components in the
respective Cartesian directions x, y, z, and the bar denotes time averaging.
Note that "vis viva" is the same as the modern definition of kinetic energy
in this particular case.

The virial theorem provides a relation between kinetic and potential energies for a large
range of physical systems, and almost has the status of a conservation law. It was first in-

44
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troduced by Clausius during the 19th century [60], see figure 5.1. Fock [61] later showed
that the virial theorem is also applicable in quantum mechanics, and the theorem has
over the years been shown to hold for many physical systems, ranging from black holes
to subatomic particles. A thorough literature review can be found in Ref. [62]. In the
case of a system of particles interacting by Coulombic forces (the case of interest for this
thesis), the virial theorem can be stated as

2T + V = 3PΩ, (5.1)

where T and V is the kinetic and potential energy respectively, P is the external pres-
sure, and Ω is the volume of the system. Hence, we see that the kinetic and potential
energies are connected by a strict relation, −V/2T = 1, at equilibrium.

Slater showed that the virial theorem holds for his Xα-method [59], a precursor to den-
sity functional methods, while later investigations [63, 64, 65] showed that the virial
theorem also holds within the Kohn-Sham density functional theory framework. In this
thesis we investigate the virial theorem for the case of included many-body self-energy
effects in density functional theory (i.e. LDA+U and LDA+DMFT) frameworks. This is
of interest due to several reasons:

• Quality check The total energy in the Kohn-Sham DFT scheme is variational w.
r. t. the charge density. This means that a small error in the density might not
lead to an error in the total energy, due to the vanishing of the first-order density
variation. However, the kinetic and potential energies are not variational, and an
error in the density that might provide a reasonable total energy might still violate
the virial theorem. Hence, the fulfillment of the virial theorem is a good quality
check on any electronic structure calculation.

• Pressure A common procedure to obtain the external hydrostatic pressure on a
system is to fit an equation of state curve to a set of energies calculated for vol-
umes at the pressure range of interest. The pressure can then be calculated us-
ing the analytical expression for the equation of state curve. This procedure has
the drawback that one has to calculate the total energy for several volumes, even
though one might only be interested in the pressure for a single volume. Another
drawback is that the choice of fitting function is somewhat arbitrary. However, if
the virial theorem holds, then the pressure P can be obtained simply for any given
volume Ω if the kinetic and potential energies are known, see Eq. (5.1).

We now proceed to derive the virial theorem within the Kohn-Sham framework, and
then extend to include many-body effects.
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5.2 The virial theorem for the Kohn-Sham method

We start with the Kohn-Sham single particle equations

(−∇2 + Veff (r))Ψi = EiΨi, (5.2)

where Veff (r) is defined in section 2.1. We can derive a virial theorem for the Kohn-
Sham scheme by applying the virial operator, r · ∇r = ∑

xj
∂
∂xj

(the sum runs over the
3 Cartesian spatial coordinates), to the Kohn-Sham equation (5.2), multiply with the
conjugate Ψ∗i from to the left, and integrate over space:∫

Ψ∗i
∑
j xj

∂
∂xj

[−∇2
rΨi]dr +

∫
Ψ∗iΨi

∑
j xj

∂
∂xj

[Veff (r)− Ei]dr +∫
Ψ∗i [Veff (r)− Ei]

∑
j xj

∂
∂xj

Ψidr = 0. (5.3)

We will closely follow the derivation by Slater [59]. By use of the conjugate of the
Kohn-Sham equation (note that this requires that Veff (r) be Hermitian, if a complex
non-Hermitian self-energy enters the potential one must use the left and right solutions,
see section 5.3) the last term on the left can be simplified to give∫

Ψ∗i
∑
j xj

∂
∂xj

[−∇2
rΨi]dr +

∫
Ψ∗iΨi

∑
j xj

∂
∂xj

[Veff (r)− Ei]dr +∫
[−∇2

rΨ∗i ]
∑
j xj

∂
∂xj

Ψidr = 0. (5.4)

Next consider the identity

∑
j

xj

(
Ψ∗ ∂3Ψ
∂x2

i∂xj
− ∂2Ψ∗

∂x2
i

∂Ψ
∂xj

)
= −2Ψ∗∂

2Ψ
∂x2

i

+ ∂

∂xi

Ψ∗2 ∂

∂xi

∑j xj
∂Ψ
∂xj

Ψ∗

 , (5.5)

which can be proved by evaluating the derivative on the right hand side. If we integrate
all over space the derivative term in the right hand side should vanish (Ψ = 0 at infinity).
The left hand side is similiar to the expressions involving the nabla operator in Eq. (5.4),
so we can rewrite Eq. (5.4), after adding a sum over occupied orbitals and multiplying
by −1, as:

2
∑
occ

∫
Ψ∗i [−∇2

rΨi]dr = 2Ts =
∑
occ

∫
Ψ∗iΨi

∑
j

xj
∂

∂xj
[Veff (r)− Ei]dr, (5.6)

where now the non-interacting kinetic energy Ts has entered. To get further, we now have
to act with the virial operator on Veff to simplify the expression (the virial of the constant
eigenvalueEi will of course be zero). This is done by Slater [59] (for theXα method, but
the derivations are more or less the same), details can be found there. For the Hartree
and external potential, analytic expressions exist, and these terms can be simplified. For
the exchange-correlation potential nothing can be done to simplify unless the explicit
form is known. We get:

2Ts =
∫
n(r)∑R

2ZR
|r−R|dr−

1
2
∫
n(r)n(r′) 2

|r−r′|drdr
′

+
∫
n(r)∑j xj

∂
∂xj
Vxc(r)dr− (∑R

∑
j Rj

∂
∂Rj

)
∫
n(r)−2ZR

|r−R|dr, (5.7)
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where the density n(r) = ∑
occ Ψ∗i (r)Ψi(r) has entered. On the right hand side we have

the negative of the electron-ion potential energy, the negative of the electron-electron
potential energy and the negative of the exchange-correlation energy and a last term.
For the last term the identity

∑
xj

∂

∂xj

(
−
∑
R

2ZR
|r−R|

)
=
∑
R

2ZR
|r−R|

−
∑
j

Rj
∂

∂Rj

(∑
R

2ZR
|r−R|

)
(5.8)

was used to go from derivatives with respect to electron position to derivatives with
respect to ion position. By adding and subtracting the ion-ion potential energy we get
the classical electrostatic potential energy Ues so that

2Ts = −Ues +
∫
n(r) ∂

∂xj
Vxc(r)dr− (∑R

∑
j Rj

∂
∂Rj

)
∫
n(r)−2ZR

|r−R|dr +∑
R,R′

2ZR′ZR
|R−R′| . (5.9)

Finally, by using the Hellmann-Feynman theorem [66], the above can be rewritten as

−
∑
R

R · ∇REtot = 3PΩ = 2Ts + Ues −
∫
n(r)r · ∇Vxc(r)dr, (5.10)

where the second equality holds for isotropic pressure. Now, by using the virial theorem
for the fully interacting system

3PΩ = 2T + V, (5.11)

and the definitions in Eq. (2.15) we can equate Eq. (5.11) and Eq. (5.10) so that

−
∫
n(r)r · ∇rVxc(r)dr = 2(T − Ts) + V − Ues

⇒ −
∫
n(r)r · ∇rVxc(r)dr = 2Txc + Uxc = Txc + Exc

⇒ Txc ≡ Tc = −Exc −
∫
n(r)r · ∇rVxc(r)dr = −Ec −

∫
n(r)r · ∇rVc(r)dr, (5.12)

since

Ex +
∫
n(r)r · ∇rVx(r)dr = 0. (5.13)

as shown in Ref. [65]. We note that if the total energy is at a minimum, it’s derivatives
with respect to the ionic positions, ∂Etot/∂R and the pressure P will be zero and the
virial theorem will reduce to −V/2T = 1, from which one can get that Etot = −T .
Hence, the deviation of the quantity Etot + T (at equilibrium volume) from zero can be
used as a check on how well the virial theorem is fulfilled. This will be done in section
5.4.
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5.3 The virial theorem for many-body extended DFT meth-
ods

We now proceed as we did for the Kohn-Sham equation, but now for the quasiparticle
(QP) equation. The QP equation can be shown to be equivalent to the equation of mo-
tion of the Greens function (see Eq. (2.17)) with explicitly added self-energy [67]. Due to
the in general non-Hermitian nature of the self-energy we get a right and left equation.
We will closely follow the notation used by Savrasov and Kotliar [68] in this section. We
will get the following two sets of right and left QP equations:

(−∇2
r + Veff (r))ΨR

jω(r) +
∫

Σ(r, r′, ω)ΨR
jω(r′)dr′ = EjωΨR

jω(r), (5.14)
(−∇2

r + Veff (r))ΨL
jω(r) +

∫
Σ(r′, r, ω)ΨL

jω(r′)dr′ = EjωΨL
jω(r). (5.15)

Here we are working on the Matsubara frequencies, and we use the shorthand iω → ω
and ψRj (r, iω) = ψRjω(r). The left and right eigensolutions are orthonormal:∫

ΨR
jω(r)ΨL

lω(r)dr = δjl. (5.16)

The Green’s function for the above QP equations can be written in Lehmann sum form
[28]:

G(r, r′, ω) =
∑
j

ΨR
jω(r)ΨL

jω(r′)
iω + µ− Ejω

. (5.17)

The density can be written as

n(r) = 1
β

∑
iω

eiω0+ ∑
j

ΨR
jω(r)ΨL

jω(r′)
iω + µ− Ejω

, (5.18)

where β is the inverse temperature. The kinetic energy will be

1
β

∑
iω

eiω0+ ∑
j

−
∫

ΨR
jω(r)∇2

rΨL
jω(r′)dr

iω + µ− Ejω
. (5.19)

We will now proceed to derive the virial theorem for the QP equation. We begin by
multiplying the right equation (5.14) with the virial operator r · ∇r, and then with the
left solution ΨL

jω(r) to get that:

ΨL
jω(r)r · ∇r

[
−∇2

rΨR
jω(r)

]
+ ΨL

jω(r)ΨR
jω(r)r · ∇rVeff (r) +

ΨL
jω(r)Veff (r)r · ∇rΨR

jω(r)−ΨL
jω(r)Ejωr · ∇rΨR

jω(r) +
ΨL
jω(r)r · ∇r

[∫
Σ(r, r′, ω)ΨR

jω(r′)dr′
]

= 0.
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The third and fourth term in the above expression can be rewritten using the left QP
equation as:

ΨL
jω(r)r · ∇r

[
−∇2

rΨR
jω(r)

]
+ ΨL

jω(r)ΨR
jω(r)r · ∇rVeff (r)

+r · ∇r(ΨR
jω(r))

[
∇2

rΨL
jω(r)−

∫
Σ(r′, r, ω)ΨL

jω(r′)dr′
]

+ΨL
jω(r)r · ∇r

[∫
Σ(r, r′, ω)ΨR

jω(r′)dr′
]

= 0.

The two terms involving ∇2
r can be simplified by using the identity (5.5). We use this

identity and integrate over r so that we get:

−2
∫

ΨL
jω(r)

[
−∇2

rΨR
jω(r)

]
dr +

∫
ΨL
jω(r)ΨR

jω(r)r · ∇rVeff (r)dr
−
∫

r · ∇r(ΨR
jω(r))

∫
Σ(r′, r, ω)ΨL

jω(r′)dr′dr
+
∫

ΨL
jω(r)r · ∇r

[∫
Σ(r, r′, ω)ΨR

jω(r′)dr′
]
dr = 0.

If we now divide the above expression with iω + µ − Ejω, and apply 1
β

∑
iω e

iω0+ ∑
j ,

we can further simplify when we recognize the expression for the kinetic energy and
density:

−2Ts +
∫
n(r)r · ∇rVeff (r)dr− 1

β

∑
iω e

iω0+ ∑
j

∫ r·∇r(ΨR
jω(r))

iω+µ−Ejω

∫
Σ(r′, r, ω)ΨL

jω(r′)dr′dr

+ 1
β

∑
iω e

iω0+ ∑
j

∫ ΨL
jω(r)

iω+µ−Ejω
r · ∇r

[∫
Σ(r, r′, ω)ΨR

jω(r′)dr′
]
dr = 0. (5.20)

The second term involving Veff (r) is equal to the term involving Veff (r) in the derivation
of the virial theorem for the Kohn-Sham equation (however, it should be noted that
Veff (r) is now a function of the left/right ω-dependent wavefunctions, not the regular
Kohn-Sham orbitals). What is new here is the last two terms involving the self-energy.
Since the other terms remain the same as before, we will now only focus on these two,
and see how they modify the virial theorem.

To be able to proceed further, we must know more about the explicit form of Σ(r, r′, ω). If
Σ(r, r′, ω) = 0, i.e. no self-energy effects, then we recover the Kohn-Sham virial theorem
in section 5.2 as we should. In order to have a non-trivial case we now decide to use the
form used by Minár et al. [69], where the QP equation was intoduced in a KKR+DMFT
context. There, the following ansatz was made:

ΨR
jω(r) =

∑
L

ΨR
Ljω(r),

ΨR
Ljω(r) = ΨR

Ljω(r)YL(r̂).

Then the following representation for the self-energy was used (Eq. (12) in Ref. [69]):∫
Σ(r, r′, ω)ΨR

Lω(r′)dr′ =
∑
L

∫
ΣL′L(ω)ΨL

L′(r)ΨR
L(r′)ΨR

Lω(r′)dr′ ≈
∑
L

ΣL′L(ω)ΨR
L(r).(5.21)
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Inserting this representation of the self-energy into Eq. (5.20), one gets that the last two
terms become

− 1
β

∑
iω e

iω0+ ∑
j

∫ r·∇r(ΨR
jω(r))

iω+µ−Ejω

∫
Σ(r′, r, ω)ΨL

jω(r′)dr′dr

+ 1
β

∑
iω e

iω0+ ∑
j

∫ ΨL
jω(r)

iω+µ−Ejω
r · ∇r

[∫
Σ(r, r′, ω)ΨR

jω(r′)dr′
]
dr =

− 1
β

∑
iω e

iω0+ ∑
j

∑
L

∫ r·∇r(ΨR
jω(r))

iω+µ−Ejω
ΣL′L(ω)ΨL

jω(r)dr

+ 1
β

∑
iω e

iω0+ ∑
j

∑
L

∫ ΨL
jω(r)

iω+µ−Ejω
ΣL′L(ω)r · ∇r(ΨR

jω(r))dr = 0.

Hence, the virial theorem in this case simply becomes

−2Ts +
∫
n(r)r · ∇rVeff (r)dr = 0, (5.22)

which is equivalent in form to the virial theorem derived for the Kohn-Sham equation.
Note however that Ts and Veff are now (self-consistently calculated) functions of the
quasiparticle wavefunctions, and not the Kohn-Sham orbitals. The above virial theorem
should also be true for the LDA+U approach, since taking the static limit Σ(ω)⇒ Σ will
not influence the above derivation.

If we on the other hand retain the explicit r-dependence of the self-energy, we should
expect that the two terms containing Σ(r, r′, ω) should simplify to the Galitskii-Migdal
energy term. This was shown to be true for the GW approximation by Dahlen and van
Leeuwen [70], where they used the scaling properties of the Greens function and the
self-energy functional. In appendix B it is shown that we also get the Galitskii-Migdal
energy term from our approach.

In the next section we investigate the virial theorem within practical calculations.

5.4 The virial theorem in practical calculations

In order to verify the results presented in the previous section, we have performed elec-
tronic structure calculations for several elemental metals using the EMTO method. To
test the fulfillment of the standard Kohn-Sham virial theorem several elemental metals
ranging from lithium to lead were investigated. To verify the virial theorem within the
LDA+DMFT method, 3d transition metals where investigated. For all calculations, the
atomic core electrons where treated within the soft-core approximation, i.e. the atomic
states where updated after each self-consistent iteration of the effective Kohn-Sham
potential. The valence electron density and the Fermi energy were calculated using
complex contour integration, by solving the kink cancellation equation for 16 energy
points distributed along a semicircular contour with a diameter of 1 Ry. The k-point
integration was performed using a Γ-centered uniform mesh, containing 240 and 285
points in the irreducible Brillouin zone for the face-centered cubic (fcc) and the body-
centered cubic (bcc) structures, respectively. For the inside of the muffin-tin spheres,
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Figure 5.2. Left: The fulfillment of the virial theorem for the Kohn-Sham scheme
within the LDA, along the periodic table. The energy components were
calculated for the equilibrium volume. All the elements except Na (body-
centered cubic) were computed in the face-centered cubic configuration.
Right, top: Equation of state of copper within the LDA approximation.
Right, bottom: The curve Etot + T (red), showing the virial theorem. The
green curve is the pressure term 3PΩ (P from the equation of state curve
fit) subtracted from the red curve.

the radial Schrödinger equation was solved without any relativistic corrections. Note
that relativistic corrections will lead to a modification of the virial theorem [71]. The lo-
cal density approximation (LDA) [7] was used to approximate the exchange-correlation
functional. To obtain equilibrium volumes for each structure, the total energy for 5-
7 volumes around the equilibrium solution was calculated, and these volumes where
used to fit an equation of state curve. Once the fitted equation of state curve was ob-
tained, the equilibrium volume and the external pressure as a function of volume could
be extracted.

In Figure 5.2 (left part), sums of the energy contributions of eight elemental solids Li,
Al, Ca, Cu, Ag, Au, Pb (fcc structure) and Na (bcc structure) are plotted as function of
increasing atomic number. The red curve corresponds to Etot + Ts, i.e. the total energy
summed with the non-interacting kinetic energy. The neglect of the correlated kinetic
energy Tc gives a large deviation from zero as the atomic number is increased, indicat-
ing that Tc is on th order of 0.1 Ry −10 Ry, and that it should not be neglected when
investigating the virial theorem. The blue curve corresponds to Etot+Ts+Tc = Etot+T ,
and the deviation of this curve from zero will indicate how far away the virial theorem is
from fulfillment. The fulfillment is in general good up to silver (Z = 47), beneath which
the absolute value of the curve stays under 0.1 Ry. For the heavier elements gold and
lead (Z = 79 and 80) the fulfillment is worse, being on the order of 0.3 Ry. A possible
reason for this is that the contributions to the total energy is larger for these elements,
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Figure 5.3. Left: Same as for figure 5.2 (right part), but now within LDA+U, U =
2.5 eV and J = 0.6 eV. Right: Copper LDA+U calculation. The red and
green curve are the same as in the left part. The blue and purple curves
correspond to the red and green curves, respectively, but now including
the LDA+U enery correction as an energy term in the virial relation.

leading to errors when large numbers of different signs are added together.

In figure 5.2 (right part) a closer look is taken at the metal copper (Cu), with special
regard towards the virial theorem. In the top panel the equation of state for copper
(black curve) within the LDA [7] can be seen to give a equilibrium Wigner-Seitz radius
of ∼ 2.60 Bohr, an underestimation of the experimental radius ∼ 2.67 Bohr. In the
bottom panel the expression Etot + T (red curve) is drawn for the same volume region.
This curve crosses the zero line roughly at the LDA equilibrium volume, indicating that
Etot + T = 0 in accordance with the virial theorem. From the equation of state curve
the pressure P was extracted from a fitting function, and was then used to construct
the green curve Etot + T − 3PΩ. This curve should equal zero for all volumes if the
virial theorem is to be fulfilled away from equilibrium, and it does equal zero to a good
degree.

The same procedure was done for an LDA+U calculation of copper, figure 5.3 (left
side), and good agreement with the virial theorem was once again found. Note that the
LDA+U energy contribution does not explicitly enter into the virial relation, as shown
in the previous section. If one naively would include it into the virial relation, the agree-
ment would no longer be as good, see figure 5.3 (right side).

This ends our discussion about methodology in this thesis. We now proceed with ap-
plications of the discussed methods.



Chapter 6

Transition metals

Transition metals are those elements in the periodic table which have incompletely filled
d-shells. The first element of this kind is scandium and the last naturally occurring
element is gold. Sometimes also the group 12 elements zinc, cadmium and mercury are
included in this definition. There are many industrial important elements among the
transition metals. One example is iron, which alloyed together with carbon and other
transition metals forms various kinds of steels. The 3d series also contains metals where
electron correlations play an important role, and give rise to magnetic behaviour. As
one moves along the different d-series in the periodic table various common trends can
be observed. A discussion of these trends is the subject of the first part of this chapter.

6.1 Trends in the transition elements

6.1.1 Volume and bulk modulus

The physics of the transition metals in the n + 1 period of the periodic table are mainly
governed by the (n+1)s- and nd-electrons, where n > 3. For example, in the 3d-series the
4s and 3d electrons possess roughly the same energy. The d-electrons are in general more
localised than the s-electrons, but they still form bands and participate in the bonding
between atoms. This can be seen by studying the density of states of these metals, which
in general consists of narrow d-states superimposed over broader s- and p-states [72].

Let us first consider the volume trends seen in the different d-series. The experimental
Wigner-Seitz radii of the transition metals can be seen in Figure 6.1. For the 4d and 5d
metals the radii show a parabolic trend, with the bottom of the parabola at the group
8 elements (Ru, Os). For the 3d metals the parabolic trend shows up twice. The bulk
modulus B = V ∂2E

∂V 2 is seen plotted in the inset of Figure 6.1. Here, the trend is inverse
parabolic.

53
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Figure 6.1. The experimentally determined Wigner-Seitz radii in Bohr atomic units
and bulk modulus in GPa of the elements in the 3d, 4d and 5d series. Data
taken from Refs. [35, 73, 74].

To explain these trends, consider the atomic orbital radius. The radius for the nd-orbital
rd will be smaller than the radius rs of the (n + 1)s-orbital by a factor of ∼ n2/(n + 1)2

[72]. Hence it is the radius of the s-states that determine the radius of the atom, and
also the volume of the solid. However, the interplay with the d-electrons will determine
the effective potential felt by the s-electrons. To see this, notice that the (n + 1)s energy
level is lower than the nd energy level at the left part of the series, where d-electron
occupation is low. This can be seen by the fact that the s-states are doubly occupied
(For example, observe the atomic configuration of the group 3 elements Sc: [Ar]3d14s2

and Y: [Kr]4d15s2). This leads to ineffective screening by the d-electrons, and hence the
s-electrons feel an increased effective nuclear charge, shrinking their spatial extent. For
the group 8 elements the d-electron screening become better, and rs increases as one
goes to the end of the series.

To calculate the volume and bulk modulus using electronic structure theory, the total
energy can be calculated for a range of volumes. An equation of state can then be fitted
to these values. The equilibrium volume is the volume which minimizes this approxi-
mated equation of state, while the equilibrium total energy is the energy corresponding
to this volume. In the case of the hcp structure, one more degree of freedom except
volume is available, namely the c/a-ratio. This quantity is found by two-dimensional
energy minimization by scanning both a range of volumes and a range of c/a-ratios.
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6.1.2 Crystal structure

Trends can also be found in the crystal structures of the transition metals. Three different
structures occur at ambient conditions: body-centered cubic (bcc), face-centered cubic
(fcc) and hexagonally closed-packed (hcp). For the 4d and 5dmetals the group 3-4 metals
crystallize in hcp, group 5-6 in bcc, group 7-8 in hcp and finally group 9-11 in fcc. The 3d
elements show some discrepancies, Mn has a complex cubic structure (instead of hcp),
Fe is bcc (instead of hcp) and Co is hcp (instead of fcc).

Explanations for this trend was sought from about the 1960s using both empirical and
quantitative methods, for references to these early attempts see Refs. [75, 76]. By the
1970s it was found out that the trend can be explained using a very small set of pa-
rameters, which is quite remarkable considering the many degrees of freedom in these
metals. The theory behind these explanations is the so-called canonical band theory [76],
which assumes that the energy bands are unhybridized (i.e. no electron transfer be-
tween different angular momentum l-states) and depend only on the crystal structure.
This allows the explanation of the hcp-bcc-hcp-fcc trend by considering the d-electron
occupation and the shape of the density of states for each lattice for each group of ele-
ments. This provides the correct trend for the beginning of the series, but fails to predict
the fcc stability for high d-occupation. If hybridization is taken into account, the whole
structural trend is captured correctly [77].

To determine the crystal structure from electronic structure theory, one can calculate the
equations of state for each lattice type. The structure that has the lowest equilibrium
total energy will then be the most stable structure. In this thesis we let the fcc structure
be the reference structure, and introduce the quantityEdiff ≡ Ebcc−Efcc. If this quantity
is negative, then the bcc structure is favoured over the fcc structure. Otherwise, fcc is
favoured. A similar quantity can be defined for the hcp-fcc energy difference.

Notice that the hcp-fcc difference will in general be smaller then the bcc-fcc difference.
This is because the fcc and hcp lattices have the same number of nearest neighbours
(they differ only in next-nearest neighbours), which makes fcc structurally closer to hcp
than to bcc.

6.1.3 A classical estimation

If only classical electrostatics would play a role in the structural stabilty of matter, then
a bcc lattice would be the most stable configuration in 3 dimensions. To see this one can
use an argument given by A. W. Overhauser [78]:
Analyze the classical electrostatic energy Ues of a lattice of N point sources in a box of
length L:

Ues = 1
2
∑
i 6=j

1
|Ri −Rj|

−
∑
i

∫
dr

n

|r−Ri|
+ 1

2

∫ ∫
drdr′

n2

|r− r′|
. (6.1)
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Here Ri are the lattice vectors and n = N/L3 is the constant charge density of the uni-
form background. The first term is due to the interaction between point sources, the
second term is the interaction of the sources with the background and the third term is
the interaction of the background with itself. If the Ri’s are the sites of a simple Bravais
lattice, then the charge density can be expressed as

n(r) =
∑
i

δ(r−Ri) = n
∑
i

eiGi· r, (6.2)

where the Gi’s are the reciprocal lattice vectors. It can be shown (see appendix C) that
the electrostatic energy per particle is

Ues
N

= n

2
∑
G6=0

4π
G2 −

1
2L3

∑
q 6=0

4π
q2 . (6.3)

Note that only the first term contains information about the specific lattice structure.
Hence, for a given volume of the primitive unit cell, the crystal with the largest magni-
tude of its first reciprocal vector should be the most stable. Comparing the magnitude
of the first reciprocal vector of the bcc lattice G1,bcc ≈ 2.24n1/3π with that of the fcc lattice
G1,fcc ≈ 2.18n1/3π, one can conclude that the bcc lattice should be more stable than the
fcc lattice. This estimate will be of use later on. This problem can actually be solved
exactly, giving bcc as the most stable lattice [78].

6.2 Transactinide transition elements - the 6d metals

During the recent decades, more and more of the transactinide elements have been syn-
thesized, the most recent at the time of writing being the element 117 [79]. All of the
transactinide transition elements have been synthesized, although only a few number
of atoms at a time. These elements are quite unstable, most of the isotopes having
half-lives less then seconds, see table 6.1. Since no macroscopic sample of any of these
elements has ever been produced, no experimental study of the solid state of them ex-
ists. However, there do exist electronic structure theory studies of the transactinides
[81, 82, 83, 84], confirming that they in general have similar properties to their lighter
counterparts (or homologues) in the periodic table, with some exceptions.

In figure 6.2 the calculated Wigner-Seitz radius and bulk modulus is plotted for the 6d
metals (solid curve), together with the 4d metals (dashed curve). The computations are
done with the EMTO method, using the scalar relativistic approximation (see section
2.2.3) and the local density approximation [7]. We also mention that a similar study
was performed independently by Gyanchandani and Sikka [84], using a full-potential
method and the generalized gradient approximation. As seen, the same parabolic trend
can be seen as for the 4d and 5d metals, with the smallest volume (and largest bulk
modulus) being given by the group 8 element hassium (Hs).
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Table 6.1. The 6d transition metals. Shown are the atomic number, chemical sym-
bol, half-life of the most stable isotope, and name. The half-lives are taken
from Ref. [80].

103 Lr, 104 Rf, 105 Db,
3.6 h, Lawrencium 75.5 s, Rutherfordium 16 h, Dubnium

106 Sg, 107 Bh, 108 Hs,
21 s, Seaborgium 17 s, Bohrium 14 s, Hassium

109 Mt, 110 Ds, 111 Rg,
0.72 s, Meitnerium 7.6 s, Darmstadtium 3.6 s, Roentgenium
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Figure 6.2. Wigner-Seitz radii in Bohr atomic units and bulk modulus in units of
kBar for the 4d (dashed curve) and 6d (solid curve) metals.

Table 6.2. The calculated hcp c/a-ratios for the 6d transition metals. Comparison is
made with the full potential results of Ref. [84] where data is available.

Lr Rf Db Sg Bh Hs Mt Ds Rg
This work: 1.58 1.61 1.71 1.74 1.62 1.59 1.64 1.73 1.72
Ref. [84]: 1.55 1.58 1.61 1.58
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The c/a-ratios are tabulated in table 6.2, and are in good agreement with data taken
from Ref. [84]. It is noted that the elements Db, Sg, Ds and Rg all have large c/a-ratios,
compared with the ideal ratio c/a ≈ 1.633. However, as will be seen later, none of these
elements crystallize in the hcp structure. That the c/a-ratios can reach values far from
the ideal in metals which do not crystallize in the hcp structure was also found by Shang
et al. [85] using a projector-augmented wave method.
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Figure 6.3. Structural energy differences for the 6d metals. Inset: Structural energy
differences for the 4d metals. The scalar relativistic approximation was
used for both series.

In figure 6.3 the energy differences between the different crystal structures is seen for
the 4d and 6d metals. For the 4d metals the correct hcp-bcc-hcp-fcc trend is captured,
and good agreement is found with the data given in Ref. [76]. For the 6d metals the
topologies of the energy difference curves are similar to the ones given for the lighter
transition metals, with the marked exception of the last two metals darmstadtium (Ds)
and roentgenium (Rg), which are predicted to crystallize in the bcc structure instead of
the fcc structure. Especially roentgenium has a large energy difference between the bcc
and fcc structure, amounting to Ebcc − Efcc = −21 mRy. However, it should be noted
that also the lighter homologue of roentgenium, namely silver, is barely stable in the fcc
structure, having the calculated energy difference Ebcc − Efcc = +2 mRy. The same is
true for the other group 11 elements copper and gold as well [76].

To find an explanation for this anomalous behaviour we begin by plotting the `-resolved
density of states (DOS) for roentgenium in the bcc structure using both the SR (dashed
line) an NR (full line) approximations, see lower figure 6.4. As SR terms are taken into
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account, the bands broaden by a large amount. This effect is not as strong in silver, see
upper figure 6.4. For the d-states of roentgenium, this band broadening is so large that
the d-band crosses the Fermi level, while the lower band edge is relatively unchanged.
In the NR limit, we get that Ebcc − Efcc = +1 mRy for roentgenium, which favours the
fcc structure. This indicates that the SR terms are important in the determination of the
structural configuration.
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Figure 6.4. `-resolved density of states for the 4d-metal silver (Ag) and the 6d-metal
roentgenium (Rg) in the bcc structure, using nonrelativistic and scalar rel-
ativistic approximations. Note the large band broadening for roentgenium
when scalar relativistic terms are taken into account.

The physics behind the band broadening can be viewed in two steps [86]. First, the
relativistic effects lead to a shrinking s- and p-shell radii, which lead to a more effective
screening of the nucleus than in the nonrelativistic case [87]. Due to this improved
screening, the d-states feel a reduced attraction to the nucleus, and are more delocalised
in space. This will push the upper d-band edge to higher energies, shifting the band
upwards. Secondly, as the d-states are now more extended they have greater overlap,
which broadens the DOS. For the group 11 metals this results in a relatively unchanged
lower band edge.

The large change in the DOS for roentgenium makes it possible to explain why it favours
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the bcc phase over the fcc one, as we will now argue. First we would like to point
out the work by Singh [88], where it was shown why mercury (Hg) favours the fcc
structure over the hcp structure. There it was argued that the relativistic lowering of the
s-potential will lead to an increased hybridization between s- and p-states. It was then
argued that charge transfer from s→ p will lead to a favouring of the fcc structure.

Our argument is similar. In the case of roentgenium we also have a s-potential low-
ering (as can be seen by observing the s-DOS in figure 6.4) when SR terms are added.
However, in this case we have a larger hybridization with the d-states, since the d-states
are now delocalised as explained earlier. This leads to a transfer of charge from the d-
states to the s-states when going from NR to SR approximations. This is seen in table
6.3 where the number of states at the Fermi level is tabulated for roentgenium in fcc
and bcc structures, using different relativistic approximations. Since the s-states have
a larger spatial extension, it is reasonable to assume that a charge transfer d → s leads
to a larger interstitial charge density. An indication of the magnitude of charge in the
interstitial can be obtained by looking at the first non-zero multipole moment Q40 of the
charge density, where the multipole moment is defined as

Q`m =
√

4π
2`+ 1

∫ (
r

w

)`
n(r)Y`m(θ, φ)dr− Zδ0,0. (6.4)

Here the integration is performed over the Wigner-Seitz cell, and Y`m is the real har-
monics while Z is the nuclear charge. Q40 is tabulated in table 6.3, where it is seen to
increase as SR terms are taken into account.

Table 6.3. Number of d- and s-states at the Fermi level and first non-zero multipole
moment Q40.

NR d s Q40 SR d s Q40
fcc Rg 9.656 0.689 0.028 fcc Rg 9.060 1.223 0.029
bcc Rg 9.650 0.693 0.030 bcc Rg 8.967 1.300 0.034
fcc Ds 8.794 0.584 0.033 fcc Ds 8.030 1.085 0.040
bcc Ds 8.807 0.583 0.036 bcc Ds 8.014 1.147 0.046

Since a large charge density in the interstitial will lead to stronger electrostatic inter-
actions between the ions, it is reasonable to assume that this will favour a bcc crystal
structure. This is because the bcc structure is the most stable configuration if only elec-
trostatics are taken into account, see section 6.1.3 for an explanation. In the case of
darmstadtium the d-states cross the Fermi level both in the NR and SR approximations
(see figure 4 in Paper I), as is also the case for the other group 10 elements. The same
mechanism of d → s charge transfer as for roentgenium applies, as is seen in table 6.3,
and the bcc-fcc energy difference equals Ebcc − Efcc = +1 mRy in the NR limit, making
fcc the most stable structure.
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To conclude this section, we note that the 6d-metals behave in much the same way as
their lighter homologues in the periodic table. However, for the noble metals anomalous
behaviour surface, which can be explained by considering how the charge density is
modified when relativistic effects are introduced.

6.3 Palladium and many body effects

We now return to one of the 4d elements, namely palladium (Pd). Palladium has the
atomic number 46, and belongs to the noble metals. Its main industrial use is as a cat-
alytic converter of exhaust fumes from automobiles, and it also finds use as a means
for hydrogen storage and in jewellery. Palladium is also very interesting from a funda-
mental electronic structure viewpoint. It has one of the largest densities of states at the
Fermi level among all transition metals, and has a high magnetic susceptibility. Even
though palladium has a large bandwidth, correlation effects are still considered to be
important. One way this can be seen is by expanding the lattice constant (which leads
to a smaller bandwidth), upon which Pd turns ferromagnetic with a moment of 0.12
µB [89]. In this section Pd is studied by LDA+DMFT to be able to take the correlation
effects into special consideration.

6.3.1 Spectral function

Due to its industrial and fundamental importance, there by now exists several experi-
mental and theoretical studies on the electronic structure of palladium. Two of the first
band-structure studies were made by Mueller et al. [90] and O. K. Andersen [91], show-
ing that methods based on one-electron theory could describe most properties of palla-
dium well. On the experimental side, photoemission spectroscopy [92] has proved use-
ful in determining the spectral functions of palladium, from early work in the 70s [93]
to recent times [94]. Even though one-electron theory has proved accurate at describing
properties of Pd, descrepencies between photoemission data and DFT calculations are
known to exist. One example is that the bandwidth obtained by LDA is broader by
∼ 0.5 eV compared with experiment. Another feature that can not be explained by one-
electron theory is satellites in the photoemission spectra. Satellites arise when the elec-
tronic structure of a system rearranges after the photoemission process, and represents
the excited states (as opposed to the ground state after photoemission, usually called
the main line). A famous example of a satellite is the "6-eV" satellite in nickel. Liebsch
used many-body theory to explain the occurence of satellites in nickel (and other mate-
rials), emphasizing the importance of different scattering channels [95, 96]. Returning to
palladium, Mårtensson and Johansson [97] predicated a satellite at 8 eV binding energy,
which was later observed experimentally at 8.5 eV binding energy by Chandesris et al.
[98]. Note that the intensity of this satellite is very sensitive to the photon energies used
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Figure 6.5. The spectral function of Pd for different values of U , within the
EMTO+DMFT(SPTFLEX) method. The black line is the LDA (U = 0) solu-
tion. Note the occurance of a satellite for higher binding energies as U is
increased.

to probe the sample, and that energies of the order of ∼ 55 eV (near the 4p core tresh-
old) is needed to clearly see the satellite. This seems to have caused some confusion
in the literature about the existence of the satellite, and about the correlation effects in
palladium in general [99].

To investigate the spectral function of palladium, we used the EMTO+DMFT method,
employing the SPTFLEX impurity solver described in section 2.3.3. Note that SPTFLEX
includes T -matrix diagrams, which are necessary to capture the satellite physics as ar-
gued by Liebsch [95, 96]. In figure 6.5 the spectral function can be seen plotted for sev-
eral values of the Coulomb interaction U . The value of the Hunds coupling J was set so
that the ratio J/U = 0.3. By looking at the LDA (U = 0 eV) results, the DOS can be seen
to be built up of three main peaks, one near the bottom of the band, one in the middle
and one near the top. The topmost peak is situated slightly below the Fermi level, and
gives rise to the large D(EF ) that is characteristic for palladium. As U is increased the
bandwidth is seen to narrow and spectral weight is shifted to higher binding energies,
creating a satellite structure. Most of the spectral weight transfer to the satellite comes
from the bottom peak, in accordance with the general theory of photoemission satellite
formation [92].

Before we close our discussion of the spectral function, we make a point about the Lut-
tinger theorem [100]. The Luttinger theorem states that the Fermi surface volume of a
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Figure 6.6. Violation of the Luttinger theorem. The inset shows a close-up of the
shifting of the low-energy peak. Note that the non-relativistic equations
were solved in this case.

system is not changed by interactions (barring symmetry breaking). This will have the
consequence that the ω = 0 value of the local Greens function G(0) (and hence the spec-
tral function A(0)) will not change with increasing correlation [101], sometimes called
"Fermi surface pinning". This phenomena can be seen in our simple model example
in figure 2.2 where the density of states at the Fermi level is constant for increasing
U , until the metal-insulator transition occurs. During a preliminary study we made of
palladium, we obtained the spectral functions in figure 6.6 (within the non-relativistic
limit, but this will be of no importance in the following argument). As can be seen the
Luttinger theorem is violated, since the peak closest to EF is shifted to higher binding
energies for increasing U , while decreasing D(EF ). In this case, the Thiele algorithm
(section 4.1.2) was used for the analytical continuations. We noticed that if we instead
used the form (4.12) for the approximant of the Greens function, i.e. summing the partial
fractions, and by excluding far away lying poles (absolute value > 1 Ry) in the complex
plane, the Luttinger theorem held. Hence, this form of the approximant was used in
the previous study, and was used also for the next section. Note that the regular Thiele
algorithm was used for the self-energy.
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Figure 6.7. Fermi surface along high-symmetry directions in the Brillouin zone.
Spectral function at constant energyA(k, EF ) for U = 0 eV (left) and U = 4
eV (right), arbitrary units. Note that the tube structure running between
the X-points is more or less insensitive to U , while a neck-like structure is
formed at L with increasing U .

6.3.2 Fermi surface

Fermi surfaces (FS) and their topologies are important for understanding many prop-
erties of metals [102]. In this thesis we have investigated the Fermi surface of Pd as a
function of increased correlation. From previous experimental [103, 104, 105, 106] and
theoretical studies [91, 90, 108, 107], the Fermi surface of Pd is understood quite well.
The FS consists of an electron sheet centered around the Γ-point, small hole pockets
around the X-points and tube-like hole sheets connected along the X −W − X direc-
tions. A smaller pocket is also found around the L-point, and is generally believed to be
due to spin-orbit coupling effects. The tube sheets provide roughly 90% of the spectral
weight at the Fermi level. Since the tubes are more or less parallel, Fermi surface nest-
ing is expected in the [110]-direction in the kx − ky-plane. Fermi surface nesting could
lead to so called Kohn anomalies [109] in the phonon dispersion relation, please see Refs.
[108, 110] for discussions of this issue.

In figure 6.7 the Fermi surface in the 100-plane can be seen plotted for Pd, both for a
LDA calculation and a U = 4 eV LDA+DMFT calculation. Note that since the EMTO
method does not provide the eigenvalues of the system we instead plot the spectral
function A(k, EF + iδ), and infer the position of the sheets from the maximas of the plot.
No drastic change in the FS is seen as U is increased. Specifically note that the hole tubes
do not visibly change their curvature, indicating that a possible Kohn anomaly would
not be affected by correlation. The most notable change can be seen in the Λ-direction
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(Γ− L), where a neck formation is formed with increasing U .

To conclude this section, we have seen, as have previous studies, that palladium is well
described within the LDA. However, by the use of density functional theory merged
with dynamical mean field theory, the description can be further improved and new
physics can be gleaned.



Chapter 7

Cerium and stacking fault energies

Cerium is a rare-earth metal (or lanthanide), meaning that it is part of the periodic table
where the elements have incompletely filled f -orbitals. These elements often show signs
of strong correlation effects, and cerium is no exception. In this chapter we will discuss
stacking fault energies, and their influence on the properties of cerium. Stacking faults are
errors in the stacking sequence of the hexagonal planes in the [111]-direction of an fcc
crystal. The chapter begins with a brief introduction to cerium and its phase diagram,
then followed by a definition of stacking faults. We end the chapter by showing compu-
tational results for stacking fault energies in cerium, and discuss their implications on
the phase diagram.

7.1 Introduction

Cerium is one of the most fascinating of the elements in the periodic table. It is the first
element to get its f -orbital occupied by an electron, and the behaviour of this electron
has over the years been shown to give rise to very interesting physics. In 1927, Bridgman
[111] observed what was to be called the volume collapse in cerium. Cerium is at ambient
conditions a metal that crystallizes in the fcc structure, this phase being called the large
volume γ-Ce. If a small pressure is applied γ-Ce will transform to the low volume
phase α-Ce (∼ 17% smaller volume than γ-Ce), while still retaining the fcc structure.
This isostructural phase transition in cerium is unique among the elements. Volume
collapse scenarios can also be found in other rare-earth metals, in those cases however
also the crystal structure will change.

The underlying reason for the volume collapse has been the object of intensive research
since its discovery, and many models of explanation has been put forward. For a review
of the models that were proposed up until the end of the 70’s, the reader is refered to the
compilation made by Koskenmaki and Gschneidner [112]. Two models has surfaced as

66
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Figure 7.1. Cerium phase diagram near ambient temperature and pressures. The
crystal structures and stacking arrangements of the γ, β, and α phases are
shown. The structure of the γ phase is projected along the close-packed
(111) planes (horizontal rows of atoms) in the [110] direction to emphasize
stacking sequences. The structure of β phase is shown along the close-
packed (001) planes [1 0 0] direction. Orbital ordering is shown for the
α-structure, as determined by perturbed-angular correlation [117].

the most likely explanation. In 1974, Johansson propsed the Mott transition model [113],
in which the f -electron is thought to change its character from being localized in the γ-
phase to being itinerant in the α-phase. In 1982 Allen and Martin proposed the Kondo
volume collapse model [114], and to this day no consenus on which model is the correct
one has been reached. In recent years, LDA+DMFT calculations has been performed
for cerium to investigate the volume collapse [115], and they show that the two models
might have more in common than previously thought. We also mention recent studies
pointing out that relativistic effects could possibly play a role in the understanding of
the volume collapse [116]. In this thesis, we make no attempt in trying to explain the
electronic origin of the volume collapse.

In figure 7.1, an older and a more recent version of the cerium temperature-pressure
phase diagram can be seen. Note that the older phase diagram (left) and the newer one
(right) show some differences. As explained, the γ-phase will collapse to the α-phase
when pressure is applied, the amount of pressure needed depending on temperature.
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Figure 7.2. Deformation and strain bands in cerium that was completely trans-
formed to α-Ce and then back to γ-Ce. From [119].

It has been purported that the α-phase might be a distorted fcc-structure (with a "cigar-
shaped" orbital ordering, see right diagram in figure 7.1) [117]. This is under debate
[118], and we have made no attempt in trying to model this structure in this thesis. If one
now in the α-phase release the pressure, the phase transformation back to γ-Ce will only
occur at a lower pressure than for the γ → α transition, i.e. the transformation shows
hysteresis effects. As seen in the left phase diagram in figure 7.1, this hysteresis effect
depends on temperature, forming a wedge-like region in the phase diagram. Zukas
et al. [119] has pointed out if the cerium metal is repeatedly cycled between γ � α,
dislocations will be introduced in the metal. An example of dislocation formation can
be seen in figure 7.2, taken from Ref. [119]. Moore et al. [120] investigated the γ � α
transition in more detail, and found that the fcc structure retains its crystallographic
orientation during the volume collapse. Therefore, interfaces between greatly varying
volumes (∼ 17%) has to be created during the γ � α transitions. To accomodate for this
mismatch between the γ- and α-lattices, dislocations (extra or missing lattice planes)
has to be introduced, which could explain the observation by Zukas et al. [119]. We will
later on argue that stacking faults are also important for the understanding of the defect
formations and hysteresis seen in the phase diagram of cerium.

If we return to γ-Ce at ambient pressure and room temperature, and then cool it down, it
will transform to the double hexagonal close-packed β-phase, having roughly the same
volume as γ-Ce [112]. It was for a long time believed that β-Ce was the standard state
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of cerium, i.e. that it was the stable phase at ambient conditions. However, in a 20 year
long study undertaken by Gschneidner et al. [121], it was found that β-Ce is metastable
at room temperature, and decays to γ-Ce with a half-life of ∼ 40 years. After that study,
the cerium phase diagram was rewritten and the γ− β transition line was lowered with
respect to temperature (see figure 7.1). We will also dicuss the metastability of β-Ce in
this thesis, taking stacking faults into account.

7.2 Stacking faults

Stacking faults are one of the most common defects in face-centered cubic metals. They
are errors in the perfect stacking sequence ABCABCABC... in the (111) direction, the
most common fault being the intrinsic stacking fault ABCAĊȦḂĊ..., where the over-
dots indicate the onset of the intrinsic stacking fault. The intrinsic stacking fault energy
(SFE) is defined as the energy needed to create the intrinsic stacking fault in an other-
wise perfect fcc stacking sequence. The formation energy needed to create an intrinsic
stacking fault at ambient pressure can be expressed as

γisf = Eisf − E0

A
, (7.1)

where Eisf and E0 are the total energies for the system with and without the stacking
fault present, respectively. A is the area of the stacking fault. The stacking fault energy is
an important material property. This energy has been correlated with several important
mechanical properties like hardening, twinability and plasticity [122, 123].

There by now exist several methods to calculate γisf using an ab-initio approach. One
of the most accurate ways is to use a supercell method, as was done for example by
Kibey et al. [124]. Another approach is to use the axial interaction model (AIM), which
maps the interaction between stacking layers to an Ising-type model [125, 126]. This
mapping gives rise to an infinite sum of interaction parameters between layers, one
sum for each kind of stacking sequence. Truncation of these sums to second order in the
interaction parameters, and subsequent elimination of the interaction parameters, gives
a first approximation to the SFE as

γ2nd
isf = 2(Ehcp − Efcc)

A
, (7.2)

while going to third order gives

γ3rd
isf = Ehcp + 2Edhcp − 3Efcc

A
. (7.3)

Efcc, Ehcp and Edhcp are the total energies for the fcc, hexagonal close-packed (hcp,
having ABABAB... stacking) and double hexagonal close-packed (dhcp, having ABA-
CABAC... stacking) structures, respectively. The AIM makes it possible to avoid cum-
bersome supercells, while at the same time making explicit the dependence of the SFE
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on energy differences between close-packed structures. This feature of the AIM will
be used in section 7.3 when the behavior of the SFE for cerium will be discussed. The
AIM model has previously been used to study stacking fault energies in transition met-
als [127], binary alloys [128] and ternary steel alloys [129]. The AIM calculations were
done in the following way: First the fcc (111) plane lattice constant a(111)

fcc ≡ afcc/
√

2 was
determined by volume minimization as described in the next subsection. The energies
for the hcp and dhcp structures were then obtained by optimizing the c lattice constant,
while keeping the in-plane lattice constant fixed, so that ahcp = adhcp = a

(111)
fcc . This was

done to model the constraint that the fcc (111) plane imposes on the faulted area [130].

7.3 Stacking faults in cerium

Cerium is used as an alloying element in steels and other industrially important alloys.
A traditional use of cerium has been in phyrophoric iron-mischmetal alloys in lighter
flints [131]. Trace amounts of cerium has been added to steels as reactive agents, bind-
ing oxygen and sulphur [131, 132, 133]. Larger amounts of cerium has also been used
in magnesium alloys to increase ductility and strength [134, 135]. Due to the practical
interest in cerium as an alloying element, an understanding of its stacking fault energy
would be of benefit for applicational purposes. As we saw earlier in this section, defor-
mations are easily induced in pure cerium during the γ � α transition, and this gives
further motivation to study the stacking faults.

In this thesis, the cerium metal was modeled using the Vienna Atomistic Simulation
Package (VASP), see section 2.2.2. The exchange-correlation functional was computed
within the generalized gradient (GGA) approximation, [139] using the Perdew-Burke-
Ernzerhof parameterization [140]. The k-point sampling for the fcc structure was done
utilizing a 29 × 29 × 29 uniform mesh centered at the Γ-point, and a 29 × 29 × 23 mesh
was used for hexagonal structures. A tetrahedron method containing Blöchl corrections
[141] was used to handle the k-point integration. A cutoff energy of 500 eV was used
for the wave functions. Spin-orbit coupling was neglected for the valence electrons.
Equilibrium volumes and bulk moduli were computed for a number of volumes around
the minimum energy, and were fit to a Morse equation of state [142].

Supercells consisted of 12 layers, and were constructed following Ref. [124], and using
ideal fcc packing between (111)-plane layers. We treated the 4f electron in α-Ce as an
itinerant valence electron using a PAW potential with valence configuration 6s25d1f 1.
The 4f electron in the γ-phase was regarded as localized. Hence we treated the 4f elec-
tron as a core electron by using a PAW potential with valence configuration 6s25d1f 0.
This approach has been employed many times in the modeling of γ-Ce, see for example
Refs. [143, 136, 144]. The 5s2 and 5p6 states were treated as semicore states for both po-
tentials. In the following, we denote the potential used to model α-Ce as the α-potential
and the potential used to model γ-Ce as the γ-potential.
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Table 7.1. Calculated and experimental volume (Å3), bulk modulus B0 (GPa) and
stacking fault energies (mJ/m2) of α-Ce and γ-Ce.

α-Ce γ-Ce
Expt. [137] This work Ref. [136] Expt. This work Ref. [136]

Volume 28.17 26.47 27.74 34.361 37.72 37.31
B0 29 39 39.1 192 30 28.8
γ2nd
isf 301 58
γ3rd
isf 311 16
γsupercellisf 369 -0.2

The intrinsic stacking faults calculated using both the AIM model and the supercell ap-
proach are found in table 7.1, together with lattice constants and bulk modulii. In table
7.2 intrinsic stacking faults of other metals, collected from other sources, can be seen
for comparison. α-Ce shows the largest stacking fault between the two cerium phases,
on the order of ∼ 300 mJ/m2. This is comparable with platinum (Pt), a metal that is
known to deform by cross slip [124]. In the case of γ-Ce the SFE is lowered consider-
ably compared to α-Ce, even becoming slightly negative for the supercell calculation.
Among the other metals, silver (Ag) has an instrinsic stacking fault energy compara-
ble to that of γ-Ce (table 7.2). Silver is prone to deformation by twinning [124], and
γ-Ce has also been seen to easily twin [119]. Note that the twinning stacking fault en-
ergy (due to a twinning fault ...ABCABĊBACBA..., i.e the stacking sequence sees its
"twin" in the "mirror" Ċ, picturesquely speaking) is half that of the intrinsic stacking
fault, according to the AIM model [35]. Before we go on and try to explain the under-
lying mechanism behind the magnitude of the SFE, a word of caution is needed. In this
paragraph we predicted how cerium would deform, using its SFE and comparing with
other metals. However, to fully understand the deformation mechanisms, one should
consider the generalized SFE, which takes the energy needed to displace a stacking layer
into account. See Ref. [123] for more information. The work in this thesis can be seen as
an initial study, and the determination of the generalized SFE would be of interest for
future study to learn more about the deformation mechanisms of cerium.

It would be satisfying to understand the underlying reasons of why the stacking faults
of the two cerium phases differ so much. Two main reasons can be thought of: the
stacking fault area A decreases and the structural energy differences between fcc and
the hexagonal lattices increases, as γ → α. This results highlights the importance of
structural energy differences that have been used in the determination of the SFE. It can
be seen by inspection of the AIM approximations, Eqs. (7.2) and (7.3). The dependence
can be resolved by rewriting Eq. (7.2) as γ2nd

isf = 2∆Ehcp/A, where ∆Ehcp stands for the
hcp-fcc and difference. We investigated this difference as a function of volume, see Fig-

1Ref. [137]
2Ref. [138]
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Table 7.2. Intrinsic stacking fault energies collected from Refs. [127, 124].

γisf (mJ/m2)
Rh 750
Pt 322
Al 166
Cu 45
Ag 16

ure 7.3 (top). Recall that the in-plane hexagonal lattice constant was kept fixed while
the c lattice constant was relaxed in the SFE calculations. If the in-plane lattice con-
stant was to be decreased (increased) from its equilibrium value, the c lattice constant
would drastically increase (decrease) to unphysical values, owing to the Poisson effect.
A material with a positive Poisson ratio (the negative of the ratio of transverse to axial
strain) tends to expand (contract) in the two directions perpendicular to the direction
of compression (stretching). Therefore in-plane and c lattice constants were relaxed as a
function of volume when ∆Ehcp was computed.

Figure 7.3 (top) shows ∆Ehcp as a function of volume for the α- and γ-potentials. The
α-potential shows a maximum (∼ 6.5 mRy) around the calculated α-Ce volume. As
the volume increases, ∆Ehcp decreases to around ∼ 2 mRy around the γ-Ce volume. A
similar trend is seen for the γ-potential, with ∆Ehcp reaching a maximum (∼ 3 mRy),
close to the α-Ce volume. If the volume is decreased below the equilibrium volume of
α-Ce, ∆Ehcp decreases again. This effect has been seen in α-Ce, using the local density
approximation for the exchange-correlation potential [145]. Therefore a larger volume
(above Vα) will lead to a smaller ∆Ehcp, and hence to a smaller stacking fault energy.

By use of the so called force theorem, a comparison of the density of states for the fcc
and hcp structures provides some insight to the energy difference curves [76]. The theo-
rem states that the structural energy differences scale as the difference in the DOS at the
Fermi level, D(EF ). The physical explanation of this behavior can be found by consid-
ering the lowering of lattice symmetry by a Peierls-like distortion [146]. A large D(EF )
indicates a large number of states around EF . It is assumed, from the force theorem,
that the main contribution to the total energy comes from the one-electron energiesEone,
Eone =

∫ EF
−∞ εD(ε)dε. A system with a large number of states around EF would lower its

one-electron energy by Peierls-like distortion, since this would shift states both above
the Fermi level (which would not contribute to the one-electron energies), and below
the Fermi level. The down-shifting of states would decrease Eone, and a system could
hence lower its energy by lowering its symmetry. The final conclusion is that a system
with larger D(EF ) would be less stable and higher in energy.

The fcc and hcp DOS for the α-potential are shown for volumes close to the α and γ equi-
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Figure 7.3. Top, main: ∆Ehcp = Ehcp − Efcc as a function of volume for both the
α- (squares, solid line) and γ-potentials (triangle, dashed line). Calculated
equilibrium volume for α-Ce, Vα, and γ-Ce, Vγ , are marked by dotted lines.
Top, inset: c/a-ratio as a function of volume for both potentials. The ideal
c/a-ratio (∼ 1.633) is marked by a dotted line. Bottom, upper: fcc (solid
line) and hcp (dashed line) DOS calculated using the α-potential at the
volume V = 26 Å3. c/a = 1.75 for the hcp structure. EF is marked by a
vertical line. Bottom, lower: Same as upper, but at volume V = 38 Å3 and
c/a = 1.61 for the hcp structure.
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librium volumes in figure 7.3 (bottom). For the smaller volume (bottom, upper panel)
the Fermi level for the fcc structure can be seen to be situated in a pseudogap, while
that of the hcp structure is situated in a peak. Therefore the hcp-fcc energy difference
should be large, which is the case as seen in figure 7.3 (top). As the volume is increased
(figure 7.3 (bottom), lower panel), the D(EF ) for the fcc and hcp structures both end up
in a peak of similar height, which should decrease ∆Ehcp.
When going from γ → α, creating dislocations in both phases is relatively easy due to
the low SFE (figure 7.3). Instead, when going from α → γ, the formation of disloca-
tions is energetically more costly than before due to the large SFE that delays the phase
transformation. Hence, to a large extent the pressure hysteresis should be attributed
to the very strong volume and phase dependence of the SFE. A decreasing volume (in-
creasing pressure) will lead to an increase in the SFE making dislocation emission more
problematic. Since it is about 30% easier to compress the gamma phase compared to
the alpha phase (table 7.1), an intermediate pressure (. 1.5-2 GPa) will have a larger
SFE-enhancing effect on the gamma phase bringing the to SFEs close to each other and
thus reducing the width of the hysteretic region. However, at very small pressures this
mechanism is less effective, and the large difference between the two SFE values creates
large stresses upon the phase transition.

This raises an interesting hypothesis in that the β-phase acts as a dislocation reservoir to
accommodate the strain caused by the α − γ transition. The dhcp phase is a mixture of
fcc and hcp lattices, and its energy difference, relative to fcc is smaller than the difference
between hcp and fcc. The β-phase is barely stable on energetic grounds, and we surmise
that stacking faults can accommodate dislocations generated as a result of the large
volume mismatch between α and γ-Ce.

To conclude this chapter, we computed the stacking fault energies of the elemental metal
cerium. We found that the stacking faults differ between the two cubic phases of cerium,
and that this could have implications on the phase diagram.



Chapter 8

Concluding remarks and Future work

We have considered implementational aspects of many-body effects in first principles
calculations, where the analytic continuation of numerical data is an important task.
Even though this problem is ill-posed, and need better precision than what is usually
available in electronic structure calculations, the results presented in this thesis show
that much information can still be gained about the involved functions. The Greens
functions within the EMTO method has been investigated for complex energies of large
magnitude, and the results showed promise. In the future, it might be possible to im-
plement the whole procedure along the imaginary axis, removing the need to analyt-
ically continue functions between different contours. Furthermore, the virial theorem
was investigated and was found to be a powerful tool in the development of electronic
structure, while at the same time providing ground state properties. A possibly fruith-
ful endevour would be to continue to look at generalizations of the virial theorem, like
the stress theorem. One main goal is to find the most optimal way to implement DMFT
into the EMTO method charge self-consistently. Once a new EMTO+DMFT method is
available, methods from random alloy theory, like the coherent potential approxima-
tion (CPA), can be implemented as well. This would make it possible to calculate the
properties of a host of new materials, while taking many-body effects into account.

We have performed first principles calculations on the solid state of the 6d transition
metals and found that they share many common properties with the lighter d-metals.
We proposed that the discrepancies found in the 6d-series can be attributed to relativistic
effects, which cause changes in the charge density. Due to the nuclear instability of these
elements, the experimental verifications of these findings seem far away at the time of
writing. However, the synthesizing of heavier elements is a thriving field of research,
and one does not know what the future has in store. The 4d metal palladium has also
been scrutinized by taking many-body effects into account. This made it possible to
describe features in its electronic structure that was not seen in one-electron approaches.
For future studies it would be of interest to further probe the system and investigate its
magnetic behaviour (paramagnons), and that is just one of many interesting possibilities
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in that metal. We also investigated the lanthanide metal cerium, famous for its volume
collapse transition. Using stacking fault energies, we argued that dislocation formation
could influence the phase diagram. This study could be further extended by calculating
the generalized stacking fault energies, utilizing a LDA+DMFT method to be able to
treat both the α- and γ-phase on equal footing.



Chapter 9

Sammanfattning på svenska

Fysiken har sedan sin begynnelse försökt att upptäcka materians minsta beståndsde-
lar, vilket har gett upphov till en jakt på mera fundamentala principer och ekvationer.
Denna jakt pågår fortfarande, men vid sidan om den så fortsätter även studiet av de
redan väletablerade principerna. Materialfysiken kan sägas falla inom ramen för det se-
nare fallet. Vi kan vid det här laget beskriva den fundamentala fysiken bakom atomens
viktigaste beståndsdelar, elektronerna och protonerna, samt de elektromagnetiska kraf-
terna de emellan väl genom den så kallade Schrödingerekvationen (2.1). Problem upp-
står dock när man försöker att faktiskt lösa ekvationen för flera växelverkande partiklar
som i t.ex. enstaka molekyler och solida material. I dessa fall ökas komplexiteten hos
ekvationen, och det blir näst intill omöjligt att finna lösningar. Att flera växelverkande
partiklar ger svårlösta problem är inget nytt, och det så kallade flerkropparsproblemet har
varit känt sedan Newtons dagar. Inom materialfysiken har flertalet approximativa till-
vägagångssätt för att lösa detta problem utvecklats genom åren, och denna avhandling
berör utvecklandet och användandet av dessa metoder.

En av metoderna som rönt stor framgång är täthetsfunktionalteorin som flyttar fokus ifrån
de enskilda partiklarna till deras gemensamma täthet, vilket har visat sig ge flera för-
delar. Nästan samtidigt med täthetsfunktionalteorin så utvecklades även flerkroppars-
metoder, där Schrödingerekvationen förenklas så den kan lösas exakt eller numeriskt
med t.ex. kvantmekanisk störningsräkning. I denna avhandling använder vi dessa två
tillvägagångssätt tillsammans eller var för sig för att studera material. Vi undersöker
och utvärderar numeriska metoder som t.ex. Padé-approximanten, en klass av ratio-
nella polynom. Dessa används för analytisk utvidgning av funktioner i det komplex
talplanet. Padé-approximanter har ett nära samband med kedjebråk och partialuppdel-
ningar, och vi använder detta samband för att förbättra den analytiska utvidgningen.
Vidare så undersöker vi även virialsatsen inom täthetsfunktionalteori kombinerad med
flerkropparsmetoder. Virialsatsen ger ett strikt samband mellan energikomponenterna
i ett fysikaliskt system, och detta kan användas till att utvärdera approximationer samt
att räkna ut pålagt tryck.
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Efter dessa mera tekniska avsnitt så tillämpar vi de ovanstående metoderna på realis-
tiska material. Först ut diskuteras de transaktinida övergångsmetallerna (grundämnen
103-111), med särskild tonvikt på hur dessa metaller beter sig i jämförelse med de lättare
övergångsmetallerna. Vi finner att de har liknande egenskaper som de lättare metaller-
na, men även att deras kristallstruktur skiljer sig åt i slutet av serien. Detta beror på
att relativistiska effekter har stor inverkan på elektronernas laddningsfördelning. Vida-
re så undersöker vi även den nobla metallen palladium, en industriellt viktig metall.
Med hjälp utav våra metoder så finner vi att vi kan återge experimentella resultat ifrån
fotoemission, vilket inte kan återges med användandet av endast täthetsfunktionalteori.

Slutligen så undersöker vi det metalliska grundämnet cerium. Cerium har i över ett
halvt sekel varit ständigt aktuellt på forskningsfronten på grund utav sin unika struktu-
rella fasövergång (γ ↔ α), vilken anses bero på subtila växelverkningar mellan elektro-
nerna i metallen. Vi har undersökt så kallade staplingsfel, vilka kan sägas vara förflytt-
ningar av atomplan ifrån sina idealpositioner i kristallstrukturen. Uppkomsten av dessa
staplingsfel beror kraftigt på om cerium är i sin α- eller γ-fas, och vi påpekar att detta
kan ha betydelse vid tolkningen av fasdiagrammet.
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Appendix A

Definitions of wave functions

We will refer to to the solutions of the Bessel equation (3.3) as wave functions (not to
be confused with quantum mechanical wave functions). The solutions are the Bessel,
Neumann and Hankel functions. Within the third-generation muffin-tin method the
normalization of these functions are as follows,

jl(κ2, r) =
(
r

w

)l (2l − 1)!!
2(κr)l Jl(κr),

nl(κ2, r) = −
(
w

r

)(l+1) (κr)l+1

(2l − 1)!!Nl(κr),

for the Bessel function jl (regular at the origin) and Neumann function nl (irregular at
the origin). The Hankel function can be written as nl − ijl. Jl and Nl are the speherical
Bessel and Neumann functions as defined in Ref. [147].
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Appendix B

The Galitskii-Migdal energy in the
virial theorem

In this Appendix we show how the two terms involving the self-energy in Eq. 5.10,

I ≡ −Tr
∫ r·∇r(ψR

jω(r))
iω+µ−Ejω

∫
Σ(r′, r, ω)ψLjω(r′)dr′dr

J ≡ +Tr
∫ ψL

jω(r)
iω+µ−Ejω

r · ∇r
[∫

Σ(r, r′, ω)ψRjω(r′)dr′
]
dr, (B.1)

can be simplified to the Galitskii-Migdal energy EGM = 1
2Tr

∫
Σ(r, r′, ω)G(r, r′, ω)dr′dr.

To see this, it will be enough to investigate a simple first order (Hartree) diagram for
the self-energy, Figure B.1. We will then be able to see that the same procedure can be
done for arbitrary higher order diagrams as well. For the diagram in Figure B.1, the
self-energy can be expressed as Σ(r, r′) = G(r, r′)U(r, r′) = G(r, r′)U(|r − r′|). Inserting
this into the second term J in Eq. B.1, and evaluating the derivative, will result in

J = Tr
∫
G(r′, r)r · ∇rΣ(r, r′)drdr′ = Tr

∫
G(r′, r)r · ∇r[G(r, r′)U(r, r′)]drdr′ =

Tr
∫

r · ∇r[G(r, r′)]G(r′, r)U(r′, r)drdr′ + Tr
∫
G(r′, r)G(r, r′)r · ∇rU(r, r′)dr′dr =

−I − 1
2Tr

∫
G(r′, r)G(r, r′)U(r, r′)dr′dr.

The left term will cancel out with I in Eq. B.1, while the right term will equal

−1
2Tr

∫
G(r′, r)Σ(r, r′)dr′dr = −EGM ,

where EGM is the Galitskii-Migdal energy contribution. The same procedure works
for other diagrams as well. An important observation to make is that the irregardless
of the number of propagator and interaction lines in a self-energy diagram, only one
propagator and one interaction line will have an r-dependence. The other lines will
be functions of either r′ or internal coordinates. Hence by the product rule only two
terms will result from the differentiation of the self-energy, one term stemming from the
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Figure B.1. Feynman diagram.

differentiation of a propagtor line and a term stemming from the differentiation of an
interaction line. The former term will cancel out the I-term in Eq. (B.1), and the latter
term will contribute to the Galitskii-Migdal energy term.



Appendix C

Electrostatic lattice energy

Assuming periodic boundary conditions for the box of length L, the Fourier transform
of the V (r) = 1/r-potential to q-space can be defined as

V (r) = 1
L3

∑
q
V (q)eiq·r, (C.1)

where
V (q) =

∫
drV (r)e−iq·r. (C.2)

V (q) can be shown to equal V (q) = 4π
q2 by making the replacement V (r)→ lim

λ→0
V (r)e−λr

in the integral in Eq. (C.2), which will make it convergent. The limit λ→ 0 will be taken
only at the end of the following calculation:
The background-background energy in Eq. (6.1) can be written as

1
2

∫ ∫
drdr′

n2

|r− r′|
= n2

2L3

∑
q

∫ ∫
drdr′V (q)e−iq·r′eiq·r =

n2

2L3

∑
q
L3δ(q)

∫
dr′V (q)e−iq·r′ =

n2

2 V (q = 0)L3, (C.3)

where the definition of the delta function, δ(q) = 1
L3

∫
dreiq·r, was used. In the same way

we get for the source-background part:

−
∑
i

∫
dr

n

|r−Ri|
= − n

L3

∑
i

∑
q

∫
dre−iq·RiV (q)eiq·r =

− n

L3

∑
i

∑
q
V (q)L3δ(q) =

− nV (q = 0)N. (C.4)
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For the charge-charge interaction we use the lattice transform to get that

1
2
∑
i 6=j

1
|Ri −Rj|

= 1
2
∑
i 6=j

∫
dr
δ(r−Rj)
|r−Rj|

=

1
2L3

∑
q

∑
i 6=j

∫
drV (q)e−iq·Rjeiq·rδ(r−Ri) =

1
2L3

∑
q

∑
i,j

∫
drV (q)e−iq·Rjeiq·rδ(r−Ri)−

N

2L3

∑
q
V (q) =

n

2L3

∑
q

∑
j

∑
G

∫
drV (q)e−iq·Rjeiq·reiG·r − N

2L3

∑
q
V (q) =

n

2L3

∑
q

∑
j

∑
G
V (q)e−iq·RjL3δ(G + q)− N

2L3

∑
q
V (q) =

nN
∑
G
V (G)− N

2L3

∑
q
V (q), (C.5)

where the expression for the charge in Eq. (6.2) was used, as well as the property
eiG·Ri = 1 of the reciprocal lattice vector. Adding together the singular terms (G = q = 0)
of Eqs. (C.3-C.5) will result in a term −nV (0)

L3 that goes to zero in the thermodynamic
limit L→∞. Only now can the limit λ→ 0 be taken, giving the electrostatic energy per
particle Ues/N given in Eq. (6.3).
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