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Sammanfattning

Vid konstruktion och användning av förbränningsutrustning observeras ofta in-
stabiliteter i förbränningsprocessen. Dessa så kallade termo-akustiska instabiliteter
kan orsaka buller och vibrationer samt lokala termiska och mekaniska belastningar
i förbränningskammaren och de uppstår ofta vid mager förbränningen.

Nätverksmodeller används ofta att förutsäga när instabiliteter uppträder och
i dessa modeller är hela systemet indelat i olika delsystem och de akustiska ljud-
fältsstorheterna används som ingående och utgående parametrar. Löser man hela
modellen, så får man de komplexa egenfrekvenser som ger information om när
systemet är instabilt för vissa operativa förhållanden. I de här modellerna är det
kritiskt att veta hur varje delsystem påverkar det akustiska ljudfältet om man vill få
korrekta förutsägelser av de frekvenser där systemet kommer att vara instabilt.

Ett areasprång är ett element som man ofta hittar i förbrännings-utrustning.
Dess akustiska egenskaper är välkända utan strömning, men med strömning kan
växelverkan mellan strömning och akustisk tillkomma och påverka de akustiska
egenskaperna. Denna inverkan är komplex att modellera och det finns behov av
noggranna mätdata för att validera sådana modeller.

Denna avhandling presenterar experimentellt bestämda akustiska egenskaper
för ett areasprång, men fokus är på förbättringar av de experimentella tekniker och
metoder som används för att få precisa och noggranna mätdata för akustiska de-
lelement i planvågsområdet. Den experimentella noggrannheten hos mätuppställ-
ningen bedöms genom att mäta upp en bekant impedans. Flera felkällor identifieras
och metoder att utvärdera felen presenteras. Dessutom visar det sig att mikrofonim-
pedansen påverkar mätresultaten och impedansen begränsar mätnoggrannheten i
fallet med mätningar utan strömning. Precisionen av mätuppställningen bestäms
med hjälp av en multivariat analys som jämförs med en Monte-Carlo analys. Det
visar sig att det är lämpligt att använda en multivariat analys för att bestämma
noggrannhets-intervaller för de uppmätta spridningskoefficienterna för areasprång-
et. Problemet att bestämma noggrannhet för det uppmätta komplexa ljud trycket
behandlas också. Med hjälp av ett ramverk baserat på Hilbert-transformen, härleds
uttryck för uppskattning av noggrannheten i det uppmätta ljud trycket baserat på
bakgrundsljudets spektrum.

De erhållna kunskaperna används sedan för att bestämma de akustiska egen-
skaperna för ett areasprång. De uppmäta resultaten är inom 1.5% för absolutvärdet
och 1 grad för fasen, jämfört med analytiska modeller i fallet utan strömning. Med
strömning är noggrannheten något sämre, beroende på strömningsgenererat brus,
men resultaten stämmer fortfarande bra överens med modellen. Dessutom obser-
veras en plötslig ljudsabsorption för högre strömhastigheter och låga frekvenser.
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Abstract

During the design and commissioning of combustion equipment, combustion
associated instabilities are commonly encountered. These thermo-acoustic instabil-
ities can cause undesirable noise, vibrations, local thermal and mechanical stresses
in the combustor and are prominent in lean combustion.

An often used mathematical tool to predict the instability in combustors is the
so called network model where the system under study is subdivided in several
subsystems and the acoustic state variables are regarded as the input/output of
these subsystems. Solving this system of equations gives rise to the complex Eigen-
frequencies of the system which tell if the complete system will have an unsta-
ble/stable response for specific operating conditions. In such a model it is critical
to know what the influence of each subpart is on the acoustic wave propagation
to correctly predict the unstable frequencies of the system. The area expansion is
a common element found in combustors and the acoustic properties of the area
expansion under quiescent conditions are well known, however in the presence of
flow, acoustic flow interactions may occur. These interactions change the acoustic
properties and are challenging to model and accurate experimental data is needed
to validate the modelling.

In this study, measurements of the aero-acoustic properties of an area expansion
are presented, however the focus is on the experimental techniques and methods
used to obtain accurate and precise measurement data in the plane wave frequency
regime. The measurement accuracy of the setup used to determine the passive
aero-acoustic properties of the area expansion is assessed by measuring a known
impedance. Several sources of errors are identified and methods to account for
these error sources are given. It is shown that the microphone impedance affects the
measurement results and the upper limit of the measurement accuracy for quiescent
measurements is governed by this error. The measurement precision of the setup
is assessed using a multi-variate analysis and compared with results obtained from
a Monte-Carlo simulation. Also the problem to determine the uncertainty of the
measured complex pressures receives attention. Using a framework based on the
Hilbert-transform, expressions are derived which estimate the uncertainty on the
measured complex value from the background signal spectrum.

The obtained knowledge is used to determine the scattering matrix of the area
expansion. For the quiescent case, the measured results agree within 1.5% of the
absolute values and within 1 degree in comparison with the analytical models. In
the case with flow, the errors are slightly larger due to the increased flow-noise
but a good correspondence with analytical models is found. Also a sudden sound
absorption at high flow speeds and low frequencies is observed.
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CHAPTER1

Introduction

Combustion is the largest source of power generation (electrical and mechanical) and
depends mainly on the use of fossil fuels. In the last three decades the consumption
of fossils fuels has raised environmental concerns and has led to policies towards the
reduction of pollutant emissions (NOx, SOx, etc.) and promotion of sustainable en-
ergy production. A significant reduction of the NOx emissions is achieved by lowering
the combustion temperature by oxidizing premixed fuel lean mixtures. In an attempt
towards sustainable energy production, projects are started to increase the share of
renewable fuels in the natural gas feed.

During the design and commissioning of combustion equipment, combustion as-
sociated instabilities are commonly encountered. These thermo-acoustic instabilities
can cause undesirable noise, vibrations, local thermal and mechanical stresses in the
combustor and are prominent in lean combustion. In severe situations, the oscillations
can lead to an off-design operation of the combustor and serious damage to the hard-
ware. Many efforts are dedicated to avoid these oscillations. However, because of the
requirements to operate combustors in a wide range of working regimes and the vary-
ing composition of the fuel feed, it is extremely difficult to eliminate all occurrences of
instabilities.

Lord Rayleigh hypothesized already in 1878 how heat release fluctuations could
affect acoustic fluctuations. This criterion is known as the Rayleigh’s criterion and
described by the following statement[67, §322g ]

If heat be periodically communicated to, and abstracted from, a mass of air
vibrating in a cylinder bounded by a piston, the effect produced will depend
upon the phase of the vibration at which the transfer of heat takes place. If
heat be given to the air at the moment of greatest condensation or to be taken
from it at the moment of greatest rarefaction the vibration is encouraged. On
the other hand, if heat be given at the moment of greatest rarefaction, or ab-
stracted at the moment of greatest condensation, the vibration is discouraged

This criterion shows that when the heat release is modulated an acoustic oscillation

1



2 CHAPTER 1. INTRODUCTION

can be fed with energy. If this heat release is in turn modulated by the created acoustic
waves an instability forms where the amplitude of modulation continuously increase.
The amplitude of the oscillation will eventually stabilize due to energy loss mechanisms
such as viscosity, heat transfer and acoustic energy losses by radiation. When the oscil-
lations reach their maximum amplitudes, they are said to be in a limit-cycle-oscillation.
In summary, the onset of an instability is governed by the phase between the heat re-
lease oscillation and the acoustic pressure and the maximum attainable amplitudes are
governed by non-linear processes.

An often used mathematical tool to predict the instability in combustors is the so
called network model where the system under study is subdivided in several subsystems
and the acoustic state variables are regarded as the input/output of these subsystems.
Supplying the acoustic end conditions, the complete model can be written as a ho-
mogeneuos system of equations. This system can then be solved to obtain the complex
eigenfrequencies of the system which give information if the complete system will have
an unstable/stable response for specific operating conditions [34, 50, 62].

In such a model it is critical to know what the influence is of each subpart on the
acoustic wave propagation to correctly predict the unstable frequencies of the system.
A common subpart that is found in combustors is the area expansion, which is the focus
in this study. The acoustic properties of the area expansion under quiescent conditions
are well known, but when there is a flow present, acoustic flow interactions may occur
which change the acoustic properties and these interactions are challenging to model.

The acoustic properties of the area expansion without the presence of mean flow
have been studied and the foundation of the main theory was laid by John Miles in 1944
[54]. The acoustic properties in the plane wave region are governed by the excitation
of higher order modes at the area expansion. These higher order modes are evanescent
and lead to a phase shift of the transmitted and reflected wave. A review on the various
methods to compute the acoustic properties using the theory of John Miles was written
by Kergomard and Garcia [41]. Simplified models or approximate expressions for the
lumped impedance are proposed by several others [9, 39, 57].

In the presence of a mean flow, a recirculation zone will be formed just downstream
of the area expansion because the flow has to suddenly expand to follow the geometry
(figure 1.1). This recirculation creates an unstable shear layer which is susceptible to
acoustic forcing, creating a pathway for sound to interact with the flow. These interac-
tions take place in the immediate vicinity of the edge downstream of the area expansion
[76].

The analytical modelling of the acoustic phenomena has received relatively much
attention throughout the years. The most recent models are those proposed by Boij [14–
17] for rectangular geometries and Kooijman [44, 45] for rectangular and cylindrical
geometries. The models show that the interaction between the hydrodynamic field and
the acoustic field is largest under specific conditions, prevailing at a certain Strouhal
number. The Strouhal number represents the relationship between the time scales of
the acoustics field and the flow field. Furthermore, the models show that the interaction
can be seperated in three regimes and these regimes are governed by the Strouhal
number, for large Strouhal numbers the acoustic time scale is much shorter than that of
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Figure 1.1: Schematic representation of the hydrodynamic and acoustic processes
present at a sudden area expansion.

the flow field, and convection is the main effect of the flow on the acoustic properties.
When the Strouhal number tends to zero , the acoustic field is almost stationary in
comparison with the unsteady flow field. In the region where the Strouhal number is
around 1, the time of scales of the two fields, the acoustic and the hydrodynamic are of
the same order of magnitude leading to an interaction between the flow field and the
sound field. [16]. Also several numerical results have been published which investigate
the flow-acoustic interactions at the area expansion [31, 42].

On the other hand the amount of experimental work performed on the flow-acoustic
interaction in the area expansion is rather limited. Ronneberger studied experimentally
the acoustic properties of the area expansion the second half of the last century [69,
70] and more recently renewed interest in this phenomena sparked an experimental
paper on the sound absorption by Dupére [29].

There is a lack of data on the aero-acoustic properties of the area expansion to val-
idate the predictions of the flow-acoustic interaction of the recent models. The goal of
this study is to obtain more experimental data in the regions of interest, ensure that this
data is accurate and obtain information on the precision and accuracy and compare the
information with the recent modelling. This thesis focusses on obtaining accurate and
precise experimental data of the aero-acoustic properties of the area expansion. First
the accuracy of the measurement setup is addressed. The accuracy is affected by bias
errors and the techniques used to validate the measurement results obtained from the
setup and the reduction of bias errors will be presented in the first part. Thereafter the
precision of the measurement setup, which is related to the random error of the mea-
surement, will be estimated using a multi-variate analysis and a Monte-Carlo analysis.
A large part is dedicated to the estimation of the uncertainty in the measured (complex)
pressures which is not trivial. The thesis concludes with the obtained experimental data
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of the (aero-)acoustic properties of the area expansion.

Contributions and division of work

The main contributions of this licentiate thesis can be summarized as follows

• A detailed investigations of the bias error in the current measurement setup show-
ing the importance of various error sources.

• A linear error analysis is successfully applied to determine the uncertainty in
the measured scattering matrix coefficients. Guidelines when the condition of
linearity is not satisfied are given.

• A methodology to determine the variance in measured transfer-functions using a
stepped sine excitation.

• Accurate measurements of the acoustic properties of the area expansion and mea-
surements of the flow-acoustic interaction in the area expansion. The results are
in agreement with theoretical models.

The contribution of the work can be summarized as follows, Luck Peerlings coded the
measurement routines, performed the measurements, coded the post processing meth-
ods and analysed the results. Hans Bodén and Susann Boij supervised the work and
discussed ideas.
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Measurement method

In this chapter the methods to determine the scattering matrix and the experimental
setup are described. The chapter starts with introducing the acoustic theory needed
to explain the concept of the scattering matrix. Then the measurement setup is intro-
duced and the steps that are taken to obtain the scattering matrix explained. The last
section deals with the comparison of the models available in literature to determine the
wavenumber, which is an important parameter in the determination of the scattering
matrix.

2.1 Theory

Fluid mechanics is governed by the transport of mass, momentum and energy. In this
section the governing equations that describe the conservation of these quantities used
to derive the inviscid wave equation. The interested reader is referred to a more in
depth discussions of the governing equations and the relation to acoustics to [26, 60,
68] The first equation is the mass conservation equation, also called the continuity
equation. The continuity equation in differential form is given by:

∂ ρ

∂ t
+
∑

i

∂

∂ x i
ρvi = 0, (2.1)

wherein ρ the density is of an infinite small fluid parcel, x i the spatial coordinate in the
ith principal direction and vi the velocity of the fluid parcel in the ith principal direction.
The second equation is the conservation of momentum. This equation comes several
in forms, all varying in the physical processes that they take into account. The most
general form is the Cauchy equation of motion given by:

ρ
Dvi

Dt
=
∑

j

ei

∂ σi j

∂ x j
. (2.2)

5
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Herein is D/Dt the material derivative, ei the unit vector in the ith direction andσi j the
local stress tensor. The third equation is the energy equation which gives the relation
between the rate of change of net energy within a moving fluid particle as a result of
the work performed on the fluid particle and the energy flux to the fluid particle. The
Fourier-Kirchoff Neumann energy equation gives this relation in mathematical terms:

ρ
D
Dt

�

1
2

v2 + u
�

=
∑

i j

∂

∂ x j
σi j vi −

∑

i

∂

∂ x i
qi , (2.3)

where u is the internal energy per unit mass and qi the energy flux vector in the ith
principal direction. To close the problem a last set of equations is needed, these are the
constitutive equations which give the relations between the dynamical and thermo-
dynamical variables, σi j , qi , u,ρ.

The next sections will deal with specific situations where the general equations can
be reduced, such that a solution to the set of equations can be derived. First the inviscid
case is treated and the wave equation derived. Using the wave equation, the concept of
the acoustic transfer matrix can then be introduced. Thereafter the viscid case is treated
concisely to introduce the concept of the acoustic boundary layer, the associated non-
dimensional numbers and the influence of viscosity and boundary conditions on the
wave propagation in ducts.

Inviscid wave propagation

For the inviscid case, the stress tensor reduces to a diagonal tensor in which only the
pressure contributes to momentum changes of a fluid parcel. The momentum equation
reduces then to:

ρ
Dvi

Dt
= − ∂ p

∂ x i
, (2.4)

in which p is the pressure acting on the fluid parcel. The Fourier-Kirchoff Neumann
energy equation can be reduced by assuming that there is no heat conduction, e.g. the
process under consideration is adiabatic. Then using the ideal gas relations, the energy
equation reduces to

Ds
Dt
= 0, (2.5)

which shows shows that the entropy of that fluid parcel remains constant. The next
step is to linearise the above equations around an ambient state which is quiescent and
to neglect the higher order terms. The relation for the energy equation can be rewritten
using the constitutive relations which are the ideal gas law and the two thermodynamic
laws to obtain the relation between the density and the pressure. We obtain then five
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equations and five unknowns ρ′, v′i , p′ which govern the acoustic field in a medium:

∂ ρ′

∂ t
+ρ0

∂ v′i
∂ x i

= 0,

ρ0

∂ v′i
∂ t
= −∂ p′

∂ x i
,

p′ = c2ρ′, c2 ≡
�

∂ p
∂ ρ

�

0
.

(2.6)

The solution to an acoustic problem is given by the above system of equation together
with the appropriate boundary conditions.

The above set of equations can be reduced to one equation, the so called wave
equation [60]:

∑

i

∂ 2p′

∂ x2
i

− 1
c2

∂ 2p′

∂ t2
= 0. (2.7)

Here there is only one acoustic variable p′, however the second acoustic variable v′ is
implicitly present in the boundary conditions of the problem.

Often the above wave-equation is represented in the Fourier-domain, which im-
plies that the acoustic variables have an harmonic time dependence, e.g. a constant
frequency, and that their relative phase and amplitude are invariant to time. In the
Fourier domain form, the wave equation is also called the Helmholtz equation:

∑

i

∂ 2p ′

∂ x2
i

− k2p ′ = 0. (2.8)

Herein is k the so called wave number and defined as k = ω/c and p ′ the complex
pressure disturbance. Also in this form, the second acoustic variable u ′i is implicitly
known through the boundary conditions. For the remainder of this thesis, complex
numbers are denoted with the bold and italic typeface and the superscript ′ will be
dropped to simplify the notation.

Viscous wave equation
In the previous sub section, the wave equation was derived in the case of inviscid adia-
batic wave propagation. The inclusion of viscosity and heat conduction and thereafter
obtaining a solution to the set of equations is not a straightforward task. The derivation
can be found in [60, Chap. 10] and will not be discussed here. However, the solution
gives some insight in the properties of the acoustic field and these properties will be
highlighted. The solution shows that the acoustic field can be represented as the su-
perposition of three velocity fields each associated with a different mode, the acoustic
mode, the vorticity mode and the entropy mode:

~v = ~vvor + ~vac + ~vent . (2.9)
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Far away from solid boundaries, the acoustic mode is dominant, however close to
boundaries the entropy and vorticity mode become important. The boundary layer
thickness for the vorticity and entropy mode is a measure for how far the vorticity and
entropy fields extend from a disturbance and is given by,

lvor =
�

2µ
ωρ

�1/2

, (2.10)

lent =

�

2κ
ωρcp

�1/2

= lvorPr−1/2. (2.11)

The importance of these boundary layer thicknesses will become apparent in the com-
ing section where the influence of flow on the acoustic propagation is described. The
governing parameter in that situation is the ratio between the acoustic boundary layer
layer and the viscous boundary layer.

The inclusion of viscosity and the energy equation creates an energy loss mech-
anism for propagating waves. In the frequency domain, this results in an imaginary
component in the wave number and the wave number k becomes complex. Also, the
inclusion of the energy equation implies that more boundary conditions are needed.
The various ways to model these mechanisms of attenuation are briefly discussed in
section 2.2.

2.2 Acoustic scattering matrix

Using the inviscid wave equation in the frequency domain, the Helmholtz equation
(2.8), the concept of the acoustic scattering matrix/acoustic transfer matrix can now
be introduced.

For acoustics waves in ducts, it can be shown that the sound field can be described
with an infinite summation over the possible modes inside the duct [60]. Furthermore,
if the frequency of the acoustic disturbance is low enough, the sound field can be ap-
proximated by the first mode which has a constant modal amplitude across the duct
cross section and the sound field in the duct reduces therefore to a 1-D problem [60].
Higher order modes can be taken into account, but is out of the scope of this thesis.

For the plane wave propagation, the acoustic field is only governed by two vari-
ables p and u and the 1-D Helmholtz equation. Consider now a system in which the
disturbance at one position xa and another position xb can be approximated by plane
waves, then the relation between the two acoustic fields at xa and xb is given by the
Helmholtz equation and two boundary conditions.

The acoustic transfer matrix relates the two acoustic fields at xa and xb for any
acoustic boundary. The strength of the acoustic transfer matrix lies in the fact that
various elements can be investigated to obtain the acoustic transfer matrix separately
and these can be coupled later to determine the acoustic field of a complete system for
certain boundary conditions. There are several ways to represent the connection be-
tween the acoustic fields at xa and xb. The first that we have described is the acoustic
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transfer matrix, in this thesis the acoustic scattering matrix is predominantly used. This
representation describes the sound field not in terms of p ′ and u ′ but in terms of two
travelling wave components p+ and p−. Both representations are equivalent and the
relation between them is given by p = p++p− and u = p+−p−. There are more repre-
sentations that are used in the literature such as the Riemann-Invariants f and g [62].
All the above representations do not conserve acoustic energy when flow is present and
therefore a different representation can be used which conserves acoustic energy [10].
It should be noted that these above representations can have non-casual results, i.e.
negative phases of the matrix coefficients. The non-casual results are obtained when
the cause and response of the physical process are not correctly represented [63].

The full scattering matrix for plane waves, also called a two port model, is given by
[48]:

�

p−a
p−b

�

= S
�

p+a
p+b

�

+
�

ps
a

ps
b

�

=
�

Ra Tb→a
Ta→b Rb

��

p+a
p+b

�

+
�

ps
a

ps
b

�

, (2.12)

where the pressure p is a complex variable representing the phase and magnitude of the
waves evaluated at the cross sections x = xa, xb (see Fig. 2.1). The subscripts a, b re-
spectively denote waves at the upstream and the downstream side. The superscript+,−
respectively denote whether the wave is travelling to (+) or away from (−) the area
expansion and the superscript s denotes the acoustic perturbations generated within
the volume x ∈ [xa, xb]. All the complex quantities are assumed to be harmonic in
time (exp(−iωt) convention). The scattering matrix S characterizes the passive prop-

xa xb

p+a

p−a

p+b

p−b

psa psb

x

Figure 2.1: Notation of the waves in the area expansion.

erties of the area expansion, which gives information on how sound waves incident on
the system are altered and reflected back. As the scattering matrix only describes the
passive properties, the properties of the sound generated within the system itself are
not captured in S.

The matrix consists of four coefficients Ra, Ta→b , Rb and Tb→a, representing the
reflection coefficient at the upstream side, the transmission of waves incident on the up-
stream side towards the downstream side, the reflection coefficient at the downstream
side and the transmission from the downstream to the upstream side respectively. The
source vector ps =

�

ps
a ps

b

�T
describes the sound generated by the flow at the area ex-

pansion when there is no incident sound, i.e. the source vector is independent of the
incident sound field. The interaction between the flow field and the incident sound
field leads to an alteration of the reflected waves and as these alterations are depen-
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dent on the incident sound field, these flow-acoustic interactions are incorporated in
the scattering matrix S .

To solve for S and ps, the sound fields up- and downstream of the area expansion
have to be decomposed into the two state variables representing the travelling wave
components, p+ and p−. In this study the used frequencies are below the cut on fre-
quency of the higher order modes and the sound field in the pipes at the microphone
positions will therefore consist only of plane waves. Under this assumption the acoustic
field in the pipe can be written as:

p(x) = p+ exp(−ik+x) + p− exp(+ik−x), (2.13)

where p is the measured complex pressure at position x along the duct. The complex
wave numbers k+, k− are the wave numbers for the waves propagating towards, p+a,b,
and away, p−a,b, from the system under study respectively. The two unknown complex
pressure amplitudes p+a,b, p−a,b with respect to the cross sections xa,b = 0 can be found by
measuring at at least two positions along the duct. To be more general, when measuring
the acoustic pressure at n cross sections (xn

a,b) along the duct, the resulting system of
equations can be written in matrix form:







exp(−ik+x1
a,b) exp(+ik−x1

a,b)
...

...
exp(−ik+xn

a,b) exp(+ik−xn
a,b)







�

p+a,b
p−a,b

�

=







p1
a,b
...

pn
a,b






. (2.14)

By solving the (overdetermined) system Eq. (2.14) by (pseudo) matrix inversion, the
two unknown complex pressure amplitudes p+a,b, p−a,b can be obtained [38, 75].

To determine the scattering matrix S, an external acoustic excitation is applied that
is much larger than the acoustic fluctuations created by the system itself. By doing this,
the two port model Eq. (2.12) can be approximated as:

�

p−a
p−b

�

≈ S
�

p+a
p+b

�

. (2.15)

As the scattering matrix S contains four unknowns and the system contains only two
equations, two independent pressure fields have to be measured to solve the system
[1]. In this study the independent test cases are created by applying an upstream (I)
and a downstream (II) acoustic excitation resulting in the following system of equations
which can be solved by matrix inversion:

�

p−a
II p−a

I

p−b
II p−b

I

�

= S

�

p+a
II p+a

I

p+b
II p+b

I

�

. (2.16)

The obtained scattering matrix describes the reflection and transmission of incident
sound waves relative to the cross sections x = xa, xb (Fig. 2.1) along the upstream and
downstream duct. In this study, the cross sections of the upstream and downstream
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side have been collapsed to the position of the discontinuity in the duct. The calcu-
lated scattering matrix will therefore represent only the influence of the presence of
the discontinuity and not the wave propagation along the duct.

From the equations it becomes clear that one should know the wavenumbers k+,k−

for the waves travelling upstream and downstream in each duct to be able to perform
the wave decomposition step (2.14). There are two principal ways to determine these
wave numbers. The first is to fit the wave numbers to the experimental data using a
regression procedure [7, 59, 70, 72]. The second is to model the wave numbers. In
this thesis, the choice is made to model the wave numbers. This choice is based on
the view that any errors that are made in the measurement could be distributed into
the fitting parameters by the fitting procedure and the source of the observed error is
difficult to pin-point. Also, when one knows that the measurement data is accurate,
thereafter one can improve the measurements by a regression method.

Several factors affect the wave propagation and result in a change of the phase ve-
locity and the attenuation of the wave. In the following part, the wave propagation
constant Γ is used to describe the phase velocity and wave attenuation of propagat-
ing waves. The wave propagation constant is a measure of the phase velocity and
attenuation of the wave relative to that of a wave in free air without attenuation, e.g.
k± = ω

c Γ
± where ω is the angular frequency and c the speed of sound. The speed of

sound is calculated using the model by Cramer [24] which incorporates the effect of
temperature, humidity and barometric pressure. The real part of the wave propagation
constant governs the phase velocity of the wave and the imaginary part the attenuation
of the wave. In the next section, the conditions that affect the propagation constant
and the various models present in literature will be discussed. The models are com-
pared relatively to each other, so that an argument can be made whether it is justified
to increase the complexity of modelling and what the size is of the error that one will
obtain when a simpler model is used. First the known models for the propagation con-
stant under quiescent conditions are reviewed and compared, thereafter the influence
of flow is taken into account.

The most simple model for the plane wave propagation in a duct with a quiescent
medium is k = ω/c. The equation implies that the propagation constant Γ is real and
equal to 1 and thus the travelling wave will not attenuate. Because the goal of this
part is to compare the various models, both on wave attenuation and phase speed, our
base model should include losses. The most simple model that includes losses for plane
waves propagating in so called "wide" ducts, is known as the Kirchoff’s solution :

Γ 0 = 1+
1− ip
2Sh

�

1+
γ− 1p

Pr

�

. (2.17)

This solution is the first order approximation of the Kirchhoff ’s equation [43] with the
assumption that the helmholtz number based on the duct radius, He� 1 and that the
factor He/Sh � 1, where Sh is the shear wave number. Furthermore, γ is the ratio
of specific heats and Pr the Prandtl number. The losses that are accounted for in this
model are the losses at the wall boundary caused by the boundary conditions which
are a no-slip condition at the wall and a constant temperature at the wall.
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An improvement of the above model is the second order approximation [70], the
propagation constant for this model is given by:

Γ 2nd = 1+
1− ip
2Sh

�

1+
γ− 1p

Pr

�

− i

Sh2

�

1+
γ− 1p

Pr
− γ(γ− 1)

2Pr

�

. (2.18)

The extra term in the second order approximation is only an imaginary number, indi-
cating that only the wave attenuation is changed, but the phase velocity for the first and
second order models are the same. The exact solution for the propagation constants
was first obtained by Zwikker and Kosten [78]:

Γ = i

√

√

√ J0 (i3/2 Sh)
J2 (i3/2 Sh)

√

√

√

γ+ (γ− 1)
J2

�

i3/2
p

Pr Sh
�

J0

�

i3/2
p

Pr Sh
� . (2.19)

For which Jn is the Bessel function. An expression for the propagation constants un-
der less restrictive assumptions has been presented by Bruneau et al. [20]. Recently
experiments have been performed to proof Kirchhoff’s equation over a wide range of
governing parameters [82]. The above models can be extended to include the effects
caused by the interaction between the various constituents of air such as oxygen, ni-
trogen and water vapour. The theory to account for these phenomena is summarized
in [60] with comprehensible formulas in [47]. These interactions lead to an extra at-
tenuation and a change of the phase speed of the plane wave.

In figure 2.2 the second order model (Γ 2nd ) and the extra losses induced by relax-
ation effects (Γ fluid) are compared relatively to the first order model (Γ 0) both for the
real (left pane) and imaginary part (right pane). The figure shows lines for two differ-
ent pipe diameters, corresponding to the diameters that are used in the experimental
setup and are equal to 50 mm and 90 mm. The models have been calculated for two
cases for the humidity, 0% and 20% relative humidity (RH) where the last case corre-
sponds to the conditions encountered during the measurements. Furthermore the air
is taken to be at standard ambient conditions for temperature and pressure (SATP).
These conditions are an ambient temperature of 25 ◦C and and an absolute pressure
of 100 kPa. The left pane shows the relative change in phase speed, note that the re-
laxation effects reduce the speed of sound and therefore the scale shows the inverse
of the difference to be able to plot the lines on a logarithmic axes. The figure shows
that the change in phase speed induced by the relaxation effects is small, around 1%
at 100 Hz and decreases with frequency to 0.1 % at 10 kHz. For larger diameters the
difference are larger compared to smaller diameters, which is caused by the fact that
the first order model affects the phase speed less at larger diameters and thus relatively
the effect of relaxation effects will be larger. The right pane shows that for low fre-
quencies the second order effect has a large contribution to the wave attenuation, but
the relative contribution decreases with increasing frequency and for the higher fre-
quencies these relaxation effects become important, even at standard conditions. For
the experiments reported in this thesis, this effect could reach a relative contribution
of 5% to the wave attenuation, and should therefore be accounted for. The figure also
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Figure 2.2: Relative difference in the real and imaginary parts of the propagation con-
stants between the second order wave propagation model Γ 2nd and effects due to relax-
ation processes, Γ fluid, compared to Kirchhoff’s solution Γ 0 at SATP and two humidity
levels (RH= 0% and RH= 20 %) for plane waves propagating in pipes with a diameter
of 50 mm and 90 mm.

shows that for smaller pipes the second order loss term caused by the walls becomes
more important and that the relaxation effects become less important.

When sound waves travel through a medium which has a mean flow, the propa-
gation constant will be modified and it depends on the direction of the sound wave
relative to that of the mean flow. For the inviscid case the influence of uniform mean
flow on the wave numbers of waves parallel to the flow direction can be expressed as
k±0 = k0/1 ±M, where M is the Mach number of the flow. As for the quiescent case,
the propagation constant Γ is in this case real and equal to 1. The simplest model that
includes wave attenuation in ducts under mean flow conditions can be expressed as
[64]:

Γ±0 =
Γ 0

1±M
. (2.20)

This model will be compared relatively to two other models that are often used in the
literature to determine the influence of the mean flow on the wave propagation. The
first model is a model by Dokumaci [28]. This model assumes a uniform mean flow
and no interaction between the turbulence and the acoustic waves. The model in the
limit for large shear wave numbers is given by:

Γ±dk =
±Γ 0

1± Γ 0 M
. (2.21)

To also include the effects of sound turbulence interaction in the wave propagation
constants, several models are proposed by Ronneberger [71], Howe [35] and the most
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Figure 2.3: Relative difference in the real and imaginary parts of the upstream Γ+ and
downstream propagation constant Γ− given by Dokumaci Γ dk and Weng et al. ΓWeng
with respect to Γ+0 , Γ−0 (Eq. 2.20). Results are given for two different mean Mach num-
bers, M = 0.1 and M = 0.3.

recent model by Weng [80]. An extensive discussion and comparison of the models can
be found in [47, 80].

In figure 2.3, the top row shows the upstream propagation constants, with the left
pane showing the relative difference between the model by Dokumaci, Γ+dk, and Weng,
Γ+weng, compared to that of Γ+0 for the phase velocity. The right pane shows the relative
difference in attenuation. The bottom shows the same information for the downstream
propagation constants. The propagation constants are calculated for two flow speeds
(M = 0.1 and M = 0.3) in a pipe of 50 mm diameter. Calculations for the case of a pipe
of 90 mm in diameter show similar curves and have been omitted in the figure. The
left panes show that there is a small difference in the phase between the two models
(equal line-styles) and the difference decreases for larger flow speeds. The magnitude
of these relative differences are quit small, in the order of 0.1% and are comparable
to the effects caused by the relaxation effects. The right panes describe a completely
different picture where there is a large difference in the attenuation between the two
models. These big differences can be explained by the physics that are modelled in
Weng’s model and Dokumaci’s simplified model. In Weng’s model the pipe flow is not
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uniform and thus refraction effects are included and the turbulent sound interaction is
also modelled, which are not accounted in Dokumaci’s simplified model. The turbulent
sound interaction becomes important for large values of the dimensionless acoustic
boundary layer [71, 80] and it is inversely proportional to the frequency resulting in a
larger discrepancy between the two models at lower frequencies.

In the previous section it was shown that the influence of damping due to inter-
molecular interactions can have a significant contribution and should therefore be in-
cluded. The mean flow speed is much smaller than the average speed of the molecules,
therefore one can assume that the damping due to molecular interactions is indepen-
dent of the applied velocity profile. Therefore the contributions of the fluid interactions
can be linearly added to the propagation constant computed using Weng’s model:

Γ±tot = Γ
±
weng + (Γ fluid − Γ 0) . (2.22)

From the above comparison it becomes apparent that the simplest models are not
able to obtain good wave propagation constants, especially under flow conditions. The
influence of the turbulent interaction has a large influence on the attenuation of acous-
tic waves and should therefore be accounted for. Furthermore, the influence of relax-
ation effects on wave propagation becomes large at larger frequencies and should be
taken into account to obtain accurate measurement results. The propagation constants
will be determined by the model proposed by Weng under flow conditions and the at-
tenuation and change in phase velocity due to relaxation effects will be linearly added
to this propagation constant.

2.3 Measurement setup

Side A Side B

Nexus Nexus

VXI-DAQ

Amplifier

Muffler

P

Towards anechoic chamber

T T

Figure 2.4: Schematic of the experimental setup.

In this section, the setup used to measure the aero-acoustic properties of the sudden
area expansion is briefly introduced, together with the used measurement procedure.
In the coming chapters, more information will be given about the setup. A schematic
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of the setup is given in Fig. 2.4. It consists of two aluminium pipes of different di-
ameters connected to each other via a flange to create a sudden area expansion. The
pipe upstream of the area expansion has an inner diameter of Da = 50 mm and the
downstream pipe an inner diameter of Db = 90 mm, resulting in area expansion ratio
of η= 0.309. Both pipes have an wall thickness of 5 mm. The edge at the area expan-
sion has been carefully machined to reduce the presence of burrs and afterwards not
deburred to have the edge as sharp is possible.

The acoustic excitation is provided by loudspeakers attached to the upstream and
downstream duct far from the area discontinuity. For the measurement of the scattering
matrix, a stepped sine excitation has been used to obtain a high signal to noise ratio
under flow conditions. The reflections at the two ends of the pipe have been reduced
by connecting the upstream duct to an anechoic chamber with a horn shaped pipe and
the downstream pipe to a muffler.

The pressure fluctuations are registered by four flush mounted microphones, both
in the upstream and downstream duct, the microphones are Brüel & Kjær 1/4-inch con-
denser microphones type 4938, attached to a NEXUS signal conditioner. The distance
between the microphones and the loudspeakers and the distance between the micro-
phones and the area expansion is large, in the order of 5-10 tube diameters, to only
measure propagating waves. The microphones have been calibrated in gain and phase
relative to each other by exposing all the microphones to the same sound field in a
calibrator [46]. The distances between the microphones result in a frequency range of
100-2300 Hz where the error sensitivity of the wave decomposition is acceptable [2,
38].

The pipes have been disconnected between the loudspeaker sections and the mi-
crophone sections so that mechanically vibrations induced by the loudspeakers are not
measured by the microphones. The resulting gap has been closed using duct tape.

The flow through the sudden area expansion is created by pressurizing an anechoic
chamber. The air is redirected through slots in the anechoic chamber towards a funnel
with a small taper angle and connected to the setup. The volume velocity at the area
expansion is determined by measuring the centreline velocity of the upstream tube
using a static-pitot tube and a SWEMA3000 pressure transducer. The volume velocity
has been separately determined as function of the upstream centreline velocity. The
static-pitot tube is placed far upstream of the area expansion to avoid effects on the
flow close to the area expansion.

The temperature upstream and downstream of the area expansion has been mon-
itored by attaching thermocouples to the outside of the aluminium walls of the setup.
The acquisition of the measurement signals and the excitation of the loudspeakers are
controlled by a VXI system. Detailed information on the geometrical parameters of the
setup can be found in appendix B.

Measurement Procedure
To obtain accurate measurements, several calibrations have to be performed before the
actual measurement is conducted. In figure 2.5 the flow chart of the measurements is
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Figure 2.5: Flowchart of the acoustic measurements on the area expansion.
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given.
First the temperature sensor is calibrated against an ice-point reference made using

de-mineralized ice and measuring the boiling point of de-mineralized water. Thereafter
the microphones are calibrating by exposing them to an equal sound field in a calibra-
tor and the transfer functions w.r.t. an arbitrary microphone are calculated [46]. These
transfer functions are thereafter used to adjust the measured complex pressures. The
microphones have been calibrated at distinct pressure using a stepped sine measure-
ment procedure and controlling the amplitude of excitation. This procedure has been
repeated 5 times to check short term repeatability and finally averaged to obtain the
calibration data.

The third step is to experimentally determine the microphone positions. First the
ambient conditions are noted and then a stepped sine excitation is used as an exci-
tation source. The amplitude of the incident sound wave p+ is iteratively adjusted
to a specified value by performing the wave decomposition during the measurement.
Thereafter the pressures at the microphone positions are measured for a predetermined
time together with the temperature. The microphone positions are then fitted to the
measurement data to obtain the best agreement with an analytical model computing
the wave-numbers for each frequency using the ambient data and the measurement
temperature. This method will be described in more detail in section 3.1.1.

The actual measurement is conducted in a similar manner, first the ambient con-
ditions are measured and thereafter an excitation is applied at one side of the area
expansion. The incoming wave strength is iteratively adjusted to a specified value and
then the time signals are recorded for a pre-specified time. Thereafter the procedure is
repeated but using an excitation at the other side of the area expansion. The scatter-
ing matrix is determined by calculating the wave number for each frequency using the
models described in the previous section and the measured temperature.



CHAPTER3

Measurement accuracy

In the previous chapter a detailed analysis of the factors that affect the measurement
precision have been discussed. The other important value is the measurement accuracy
which is a measure of how close a measurement is to the true value. The measurement
accuracy is affected by bias errors which should be accounted for.

To determine and improve the measurement accuracy, measurements have to be
performed on a system for which the measured value should be known. In this study,
the accuracy for the acoustic measurements is evaluated by measuring the impedance
of a thick steel plate. Furthermore, the flow profile for the flow-acoustic measurements
has been measured to check the validity of the assumption that is fully developed.

First the setup to determine the accuracy of the acoustic measurements is described
and thereafter the various measurements performed and measures taken to increase
the acoustic accuracy are given. The second part deals with the influence of flow on
the measurements and the measures taken to account for these effects.

3.1 Acoustic accuracy

To determine and improve the acoustic accuracy, measurements have been performed
to measure the impedance of a 5 cm thick steel plate. A schematic of the setup is
shown in figure 3.1. The same setup as described in section 2.3 is used, however the
area expansion has been replaced by the thick steel plate to create a rigid ending at the
two sides of the area expansion setup (Fig. 2.4).

3.1.1 Microphone positions
The first bias error that is considered relates to the microphone positions. The micro-
phones have finite dimensions (6.35 mm in diameter), and therefore, the microphone
positions can be measured geometrically only up to a certain accuracy. The microphone
positions are acoustically determined to reduce this bias error. The acoustic centers of
the microphones are determined using the setup described above (Figure 3.1). The

19
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Nexus
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Amplifier
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Excitation section Measurement section

Figure 3.1: Schematic of the experimental setup used to determine the reflection coef-
ficient of a rigid plate.

transfer function between the two microphones is measured and a theoretical model is
fitted to obtain the microphone distances. It is similar to a method used in [40] how-
ever there is no need to place a microphone in the rigid end. Another paper describes a
similar method were two hard wall impedances at different reference sections are used
to calibrate the measurement [18]. Using such a method the wave number does not
have to be determined. However in measurements with flow, the wave numbers will
vary between the various measurements and thus one has to known the microphone
positions and the wave numbers separately.

The microphone positions are estimated by fitting the measured transfer functions
between microphones to a theoretical model. Consider a semi-infinite pipe closed
rigidly at one end, x = 0, and a sound field in that pipe which consists only of plane
waves. Then the pressure field can be decomposed in a wave travelling towards and
away from the rigid end. The pressure field as function of the axial coordinate can thus
be written as:

p = p+ exp(−ik x) + p− exp(ik x), (3.1)

with the notation based on figure 2.1. The ratio between the pressure at position x i
and x j is given by:

pi

p j
=

p+ exp(−ik x i) + p− exp(ik x i)
p+ exp(−ik x j) + p− exp(ik x j)

. (3.2)

Dividing the above expression by p+ gives rise to:

pi

p j
=

exp(−ik x i) +R exp(ik x i)
exp(−ik x j) +R exp(ik x j)

. (3.3)

where the reflection coefficient is given by R = p−/p+. This coefficient should satisfy
the imposed boundary condition at x = 0 and for a perfect rigid ending R = 1, under
the assumption that are no viscous and thermal losses at this boundary. One could
include viscous and thermal losses to determine the impedance at the rigid end [60,
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Figure 3.2: Result of using measured microphone positions ( ) and performing the
microphone position calibration ( ) on the measured reflection coefficient of a rigid
plate for the upstream side.

68], however for the frequencies of interest the effect is very small, the relative change
is in the order of O (10e−4) and therefore not included.

The model of the transfer function (3.3) is fitted, using the non-linear least squares
fitting function in matlab nonlsq (both real and complex), to each microphone combi-
nation using the calibrated measurement data. The complex wave number is calculated
using the expression for the wave propagation constant (2.19) and the model for the
speed of sound [24]. For each microphone combination, 2 distances are obtained and
after averaging these distances, the microphone separations and the distance to the
rigid surface are obtained.

A typical result of this procedure is shown in Fig.3.2. The figure shows both the
magnitude and phase of the determined reflection coefficient for the upstream side
(side A in 2.4) with and without the calibration procedure. The initial values and opti-
mized values for the microphone distances are given in table 3.1. It can be seen that the
optimization procedure affects the measured absolute value of the reflection coefficient
slightly. The effect on the phase can be more clearly seen. The calibration removes the
oscillatory behaviour of the phase caused by the error in microphone separation dis-
tance and the linear decaying trend due to the error in the distance between the rigid
plate and the first microphone. As it can be seen there is still an oscillatory component
present in the optimized results for the absolute value of the reflection coefficient. This
behaviour is related to the microphone impedance and will be treated later in this sec-
tion. It should be noted that the optimization variables xn always appear together with
the wavenumber k. As the wavenumber involves the speed of sound, it is critical that
the speed of sound is estimated precisely because any error in the speed of sound will
be taken into account in the determined positions.
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Uncertainty

The described fitting procedure yields the optimized microphone positions but the ques-
tion concerning the uncertainty of these fitted microphone positions arises. This part
explains how the uncertainty in the microphone positions is determined. The results
are used in the uncertainty analysis to determine variance in the measurement results
(section 4.2).

The transfer function expression has three variables which have an uncertainty, the
wave number k, due to the uncertainty in the speed of sound, and the two microphone
positions x i , x j which makes it difficult to say something about the uncertainty in the
parameter x i , x j directly from the fitting procedure described above. Therefore, to
assess the uncertainty in the microphone positions, equation (3.3) is rewritten using
K = x/c, where c is the speed of sound:

pi

p j
=

exp(−iωKiΓ ) +R exp(iωKiΓ )
exp(−iωK jΓ ) +R exp(iωK jΓ )

, (3.4)

where Γ is the propagation constant determined by (2.19). From the fitted values Kn,
the microphone positions can be calculated as

xn = Kn · c, (3.5)

and also the uncertainty in the microphone positions. To obtain the uncertainty, equa-
tion (4.9) is applied to (3.5). Thereafter the uncertainty in Kn is estimated from the
diagonal term of the returned covariance matrix from the fitting algorithm (nonlsq).
Together with the uncertainty in the speed of sound, determined numerically using
the model [24] and the information in section 4.2, the uncertainty in the microphone
positions is obtained. In table 3.1 the determined distances and uncertainties for the
upstream and downstream measurement are given. It can be seen that the uncertainty
is much smaller than the diameter of the microphones itself (6.35mm) and that the
relative uncertainty is around 0.02%

Table 3.1: Measured values, fitted values and uncertainties of the microphone positions.

Side A x1 x2 x3 x4

Measured value [m] 0.4800 0.5500 0.5850 0.6200
Fitted value [m] 0.4816 0.5498 0.5847 0.6113
Uncertainty σ [mm] 0.0862 0.0985 0.1046 0.1440

Side B x1 x2 x3 x4

Measured value [m] 0.4340 0.4650 0.4940 0.6780
Fitted value [m] 0.4324 0.4629 0.4934 0.6414
Uncertainty σ [mm] 0.0774 0.0830 0.0906 0.1763
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Figure 3.3: Measured reflection coefficient of the rigid plate for the upstream side. Two
cases are shown, the first where the loudspeaker and speaker section are connected
( ) and the second where the two sections are disconnected ( ).

3.1.2 Mechanical vibrations

The measurement setup consists of pipes which act as wave-guides and the micro-
phones and the loudspeakers are attached to these pipes. The whole system is suscep-
tible to mechanical vibrations, which cause vibrations of the microphone membranes
and create a bias error in the measurement results. As the vibrations are dependent
on the measurement setup itself, and particularly the mechanical connection between
the pipes and how the setup is fixed to the ground, it is out of this scope of this thesis
to go into full detail into this problem. Therefore only the relative importance on the
measurement results will be highlighted and discussed but not quantified.

Mechanical vibrations of the loudspeaker section induced by the loudspeakers can
be transported to the measurement pipe if they are rigidly connected. These mechanical
vibrations induce vibrations of the microphones themselves and affect the measured
signal. Under a single sine excitation the measured signal will be a superposition of the
measured pressure signal and the vibration signal. Because both excitations are of the
same frequency the resulting signal will also be a harmonic sine wave. Therefore the
extra linear pathway affecting the measurement results will not unveil itself even if the
propagation speed is different.

It is difficult to quantify the effect of these vibrations on the actual measurements
because the vibrations are affected by the mounting arrangement of the pipes. The
vibrations induced by the loudspeaker act on the natural resonances of the mechanical
system and most often they will appear as sharp peaks in the measurement results.
Measurements have been performed to show the effect if the measurement section is
disconnected from the loudspeakers section.

Results of such measurements are shown in figure 3.3 for the upstream section
and in figure 3.4 for the downstream section. The results show the measured reflec-
tion coefficient of the steel plate for the two cases where the measurement section and
loudspeaker are connected and disconnected. It can be seen that both phase and mag-
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Figure 3.4: Measured reflection coefficient of the rigid plate for the downstream side.
Two cases are shown, the first where the loudspeaker and speaker sections are con-
nected ( ) and the second where the two sections are disconnected ( ).
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Figure 3.5: Comparison of measured reflection coefficient of the rigid plate for the
upstream pipe where the pipe is supported by struts ( ) and where the pipe is sus-
pended from chains ( ).

nitude of the reflection coefficient are affected by the vibrations. Also the determination
of the reflection coefficient is more smooth for the case when the loudspeaker sections
are disconnected. It can be seen that for the downstream section a specific range be-
tween 1200-2000 Hz is mostly affected by the mechanical vibrations. Measurements
with an impact hammer have been done to verify this statement and have shown that
the transfer function between the loudspeaker and the impact hammer had the highest
response in this frequency range. It should be noted that the influence of vibrations de-
pends on the actual measurement setup and it is good practice to verify whether there
are significant vibrations present.

Even if the measuring sections and excitation section are disconnected, the presence
of vibrations can still be noticed. The reflection coefficient of the rigid plate has been
measured whereby the measuring section was supported on struts and by suspending
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the measuring section by chains (figure 3.5). The acoustic results should be invariant
to this change in support if they would not be affected by mechanical vibrations. The
results from the acoustic measurements are shown in figure 3.5. From this figure, it
can be seen that for the free hanging measurement case, the measurements results
are more smooth and regular compared to the results obtained from measurements
where the measurement pipe is supported on struts. As it will be shown in the next
section, the oscillatory behaviour in the measurements is linked to the finite impedance
of the microphones. Therefore the differences between the two measurements is most
probably caused by vibrations. The supports that suspend the excitation section and
measurement section are close to each other, and thus vibrations can travel from the
excitation section to the measurement section. Albeit this effect can be deemed small,
it can still be noticed in the measurements.

3.1.3 Temperature influence

To perform accurate measurements, especially for the phase, changes of temperature
during the measurement should be taken into account. In the current setup, the tem-
perature is continuously monitored and the average temperature at each excitation is
recorded and used in the post processing to determine the speed of sound. As an ex-
ample, the phase of the reflection coefficient of the steel plate is shown in figure 3.6 for
two cases, the first case is where the average temperature of the whole measurement
is taken and the second case where the average temperature at each measurement fre-
quency is used to perform the calculation. From the figure it can be seen that the phase
calculated using the frequency dependent data is smoother and the deviation from 0
degree is smaller. In the same figure, the temperature as function of measurement time
is shown, and it can be seen that during the 1.5 hour measurement, the temperature
rises by 0.8 oC, which is larger than the uncertainty in the measurement itself. This
temperature increase is small, but readily noticeable in the phase of the reflection coef-
ficient. The excitation frequency is chosen at random, otherwise the slow change of the
temperature of the measurement setup will result in a biased phase and this bias error
will affect the determination of the microphone positions using the method described
in the previous section (sec. 3.1.1).

3.1.4 Microphone impedance

As shown in the previous section, there is a bias error present that leads to an oscillation
in the determined reflection coefficient of the steel plate. Many techniques have been
described to improve the measurement of complex impedances in a duct [18, 27, 40].
The basis of all these methods is the assumption that the wave form in the duct is known
and by measuring the acoustic pressures at certain positions, the modal amplitudes
and the propagation speeds are determined. Several papers have discussed the errors
involved in these measurements, however the influence of the microphone itself on the
measurements did not receive much attention in these discussions. Some authors have



26 CHAPTER 3. MEASUREMENT ACCURACY

0 1 2 3 4
−5

0

5

10

Frequency [kHz]

∠R
[d

eg
]

0 50 100
22.4

22.6

22.8

23

23.2

Measurement time [min.]

Te
m

pe
ra

tu
re
[o

C
]

Figure 3.6: Comparison of the phase of the determined reflection coefficient of the
steel plate for the upstream pipe (left pane) using the averaged measured temperature
( ) and the averaged temperature at each frequency ( ). The temperature as
function of measurement time is shown in the right pane.
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Figure 3.7: Schematic drawing of the microphone as a three port model.

regarded this effect [58, 70], however under their measurements conditions, this effect
could be discarded.

The influence of the microphones on the wave propagation can be approximated
using a lumped parameter model. The wavelengths of the acoustic waves are much
longer than the diameters of the microphones and thus the pressure difference across
the microphone can be regarded as negligible. Therefore the microphone mounting
can be seen as a continuous pressure junction where the microphone can be seen as
a side junction with a certain impedance Zm. In figure 3.7, a schematic of the idea is
given.

Two equations describe the junction, the first is that the pressure at each junction
should be the same following from the continuity of pressure and the second is that the
acoustic volume flux is constant:

pδ− = pδ+ = pm, (3.6)

Suδ− + Suδ+ + Smum = 0. (3.7)

The relation between pm and um is given by the microphone impedance Zm. It should
be noted that this microphone impedance resembles the impedance of the microphone
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Figure 3.8: Schematic of the microphone scattering matrix model and the combination
of two elements.

where the acoustic velocity is perpendicular to the microphone. To estimate the in-
fluence of the microphone on the measurement, the scattering transfer matrix Ts is
determined which relates the two travelling wave components at each side of the junc-
tion. Using the microphone impedance the scattering transfer matrix of the microphone
section can be determined:
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. (3.8)

From the equation it can be seen that the influence of the microphone itself scales with
S−2 and thus the effect becomes more noticeable for smaller pipes (assuming that the
microphone cross section remains constant).

The second step is to relate the travelling wave components at a certain distance
∆x j from the microphone and those at the microphone. A schematic of the situation is
given in figure 3.8. It is found by simple matrix multiplication and is given by
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The pressure at the microphone position is given by p+j +p−j and it is intuitively pleasing
that the pressure at the microphone is only a function of the impedance at a distance
∆x j because the pressure at side 1 and 2 of the junction should be equal. The pressure
at a second microphone can be related to the impedance at the measuring cross section
xa, by multiplying two scattering transfer matrix elements (Fig. 3.8). As the relation
between the travelling wave components is known at each microphone as function of
the impedance, the wave decomposition method can be performed with the inclusion
of the microphone impedance. For the two microphone case, the pressure at two mi-
crophones is then given as:

p1 = p+1 + p−1 =
�

A11
1 +A21

1

�

p+a +
�

A12
1 +A22

1

�

p−a ,

p2 = p+1 + p−1 =
�

B11
1 + B21

1

�

p+a +
�

B12
1 + B22

1

�

p−a ,
(3.10)
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in which A is the matrix relating the pressures at xa to the pressures at x1 and matrix
B the result of the multiplication of two scattering transfer matrix elements and relates
the pressures at xa and x2. The superscripts i j denote the specific element of that
matrix. The expressions for p1 and p2 are given by:

p1 =p+a eik∆x1+

p−a e−ik∆x1 ,

p2 =p+a

�
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2
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2
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(3.11)

Also in the two microphone case, the pressure at the second microphone is only depen-
dent on the influence of the first microphone, the distance to the first microphone and
the distance between the first microphone and the measuring cross section.

Under special circumstances, the extra terms related to the microphone impedance
can become zero. Rearranging the second equation gives rise to

p2 =p+a
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.
(3.12)

It shows that when sin(kx2) = nπ, n ⊂ 0,1, 2, ... the extra terms related to the micro-
phone impedance vanish. Unfortunately this is also the moment at which the two rows
in the wave decomposition become dependent and there is no solution to wave decom-
position method (2.14). However there is another special circumstance, which arises
when measuring a surface whose reflection coefficient is equal to 1, i.e. p+a = p−a , then
the above relation can be rewritten as

p2 = p+a

�

eik∆x1+ik∆x2 + e−ik∆x1−ik∆x2+

1
2
ρc0S1

S2Z1

�

e−ik∆x1 + eik∆x1
� �

e−ik∆x2 − eik∆x2
�

�

,
(3.13)

showing that the influence of the microphone vanishes when sin(k∆x2) = nπ, n ⊂
0, 1,2, ... and cos(k∆x1) =

1
2 nπ, n ⊂ 0, 1,2, ....

In figure 3.9 the results of the measurements of the steel plate on the upstream side
are shown. The data is the same as from the figure of 3.5, however now only the first
two microphones have been used to calculate the reflection coefficient of the plate. In
the figure, the analytical model, for which the microphone impedance is modelled as
a complex constant, is plotted. Furthermore, the positions where cos(k∆x1) = 0 are
denoted by circles. It can be seen that the oscillatory behaviour of the analytical model
appears in the measurements, and that the peaks of the analytical model coincide with
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Figure 3.9: Comparison between the analytical model ( ) and the measurements
( ). The ( ) denote the frequencies where there is no influence of the micro-
phone impedance on the measurements, e.g. (cos(k∆x1) = 0. The used microphone
impedance for the model has been set to ρc0Sm/2S2Zm = 5 · 10−3(1+ 5i).

those from the measurements. It should be noted that the exact positions of the peaks
have a dependence on the imaginary part of the microphone impedance, and that the
positions of the peaks do not coincide with the positions where cos(k∆x1) = 0. The
amplitude of the oscillation in the analytical model is governed by the real part of the
microphone impedance which shows the amount of acoustic energy dissipated by the
microphone. The imaginary part has a strong influence of the phase of the reflection
coefficient (not shown in the figure).

It should be noted that for the measurements of complex impedances, one can in
generally not pick the frequencies where the influence of the microphone impedance
is not present because this is only possible for the full reflective case.

Unfortunately, at the moment methods to determine and account for the micro-
phone impedance, either by models or measurements have proven to be unsatisfactory.
Therefore the influence of the microphone impedance has to be estimated from the
measurements of the steel plate, using the multi-microphone method. As shown, the
effect is the strongest for small diameters of the measurement pipes and for the deter-
mination of the area expansion, for which the maximum frequency will be 2.3 kHz the
maximum attainable bias error can be estimated to be 2% (Fig. 3.5). As the influence
of flow on the microphone impedance itself is not known as of yet, this error is assumed
to be of the same size when flow is present.
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3.2 Convective effects

An fundamental part of the measurements is the presence of a flow. First the determi-
nation of the mean volume velocity is analysed and the bias error introduced by a non
fully developed profile is estimated. Thereafter additional effects that can be present
are discussed and it is shown that these are of no concern for the current investigation.

The wave propagation is affected by the presence of a flow in the measuring pipes
and it is therefore of great importance that the flow speed is measured accurately and
behaves as it is modelled to determine the wave propagation constants. The effect of
flow on the acoustic propagation is modelled by a single number in the theory repre-
senting the flow conditions during the measurement. In this study the averaged flow
velocity is used to characterize the flow speed. Because the flow is confined in pipes,
a boundary layer will develop and thus the flow profile will not be constant across the
radius of the pipes. Therefore to determine the mean flow velocity, the flow speed as
function of the radius has to be determined, either by experiments, numerical models
or analytical expressions.

The models that predict the propagation constants of waves assume that the flow
profile is fully developed, which means that the normalized flow profile does not change
as function of the axial coordinate in the pipe. The flow profiles have been measured
to see whether the assumption of a fully developed flow is justified and how large the
error in the determined volumetric flow rate is when using this assumption. In this
study the Reynolds numbers are in the order of Re = O (104), resulting in a turbulent
flow.

To determine the profiles, a manually operated traversing mechanism has been at-
tached to the pipes. It has the possibility to rotate around the axis of the tube to mea-
sure at different different angles across the pipe cross section. A (static)-pitot tube is
attached to the traversing mechanism to determine the flow velocity at various radii.
The measurement plane lied just outside the exit of the pipes O (0.1mm) (Fig. 3.10).
Both the flow profiles at the downstream pipe and at the upstream pipe have been
measured. The measurement time was much larger (~500 times) than the integral

P

T P

P

T P

Figure 3.10: Schematic overview of the setups used to determine the flow profiles.

time scale of the flow, the so-called eddy turn over time. The measurement range was
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constricted to be smaller than the pipe radii minus 1.5 times the tube diameter. If one
wants to measure closer to the wall, a correction should be applied which becomes
larger than 0.25% of the dynamic pressure [19, chap 3]. Before measuring, the flow is
allowed to settle, because measuring immediately after a position change will introduce
an error in the measurement value. The time constant of the measurements has been
set to 0.5s to have a measurement rate of 2 points per seconds. Compressibility effects
have been included as the highest flow speed measured is around M ≈ 0.3, leading
to a correction of 1% compared to the determined velocities using the incompressible
assumption [8]. The flow velocity is calculated using the relation

v = c0

√

√

√ 2
γ− 1

�

�

p0

pstat

�
γ−1
γ − 1

�

, (3.14)

in which c0 is the speed of sound in air, γ the specific heat capacity ratio, both obtained
from the relations given in [24], p0 the measured stagnation pressure and pstat the
static (ambient) pressure.

The flow profiles for the downstream pipe have been measured using a static pitot
tube with a diameter of 2.5 mm and three static pressure holes and the profile has been
determined 1.5 m downstream of the area expansion equivalent to around 17 pipe di-
ameters. For the upstream pipe a glass pitot-tube has been used with a diameter of
0.1 mm. The flow profile has been measured just at the exit of the upstream pipe, the
static pressure has been measured close to the exit of the tube where quiescent condi-
tions were present. The difference between the static and stagnation pressure has been
measured using a SWEMA 3000 manometer. The temperature of the flow is monitored
via a thermo-couple attached to the outer wall of the pipes and the barometric pressure
has been recorded by a BK UZ001 manometer. Technical details and an error analysis
of the measuring devices can be found in section 4.2.

In figure 3.11 the measured flow profile for the upstream side is shown for three flow
speeds corresponding to upstream Mach numbers of M ≈ 0.03, 0.15 and 0.3. The flow
profile on the upstream side shows a good agreement with that of a fully developed
turbulent profile obtained from DNS simulations [81] for all measured speeds. The
slight asymmetry that is present in the flow is caused by the loudspeakers attached
to the pipe. At the loudspeaker position, a pattern of holes has been drilled to be
able to excite the sound field, however these holes influence the boundary layer of the
pipe. The length of the pipe after the loudspeaker is too short for the boundary layer
to recover itself. The profiles have been measured across different cross sections by
turning the traversing mechanism with respect to the pipe and it can be concluded that
the disturbance of the microphones on the flow itself is small as no differences up to
the measurement accuracy have been seen in the measured profiles.

In figure 3.12 the measured velocity profile at the upstream side is shown for flow
speeds corresponding to upstream Mach numbers of M ≈ 0.03, 0.15 and 0.3. The re-
sults show that the flow velocity profile of the large pipe is not fully developed for all the
measured flow speeds, which can be explained by the close proximity of the measure-
ment plane to the area discontinuity. For the wave number models, a fully developed
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Figure 3.11: Measured flow profile of the upstream pipe for three flow speeds:( ) Umax
= 10.67 m/s, ( ) Umax = 57.93 m/s,( ) Umax = 105.0 m/s, ( ) fully developed
profile from DNS modelling (Re = 24 000) [81].
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Figure 3.12: Measured flow profile of the downstream pipe for three flow speeds:( )
Umax = 3.62 m/s, ( ) Umax = 19.31 m/s,( ) Umax = 34.23 m/s, ( ) fully developed
profile from DNS modelling (Re = 24 000) [81].
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flow profile is assumed and an error will be introduced in both the the phase velocity
and the damping of the waves. This error will be most prominent at low frequencies
where the acoustic-turbulence interactions are strong.

The relative measurement error in the total volume velocity is given by:

ε(V ) = E





ut
max

um
max

∫ 1

0 r/Rum(r)dr/R
∫ 1

0 r/Rut(r)dr/R
− 1



 , (3.15)

where ε(V ) is the relative error in the determined volume velocity, E[] the expectation
operator and ut the velocity of a fully developed profile and um the measured velocity.
The maximum velocity of the profiles is indicated with the subscript max and r/R is the
normalized radius. As only a limited amount of points can be measured and only one
measurement of the flow profile is made, the relative error of one measurement can be
approximated as,

ε(V )≈ ut
max

um
max

∑N
i=0 ri um(ri) ∆ri

∑1
j=0 r j ut(r j) ∆r j

− 1. (3.16)

The measurement error in the total volume velocity has been assessed by applying
the above equation to the measuremed data, where the factor ut

max/u
m
max is taken to

be equal to 1, which is the usual assumption that the measured centreline velocity
is the maximum (centreline) velocity of the assumed flow profile, ∆r is the distance
between the measurement points. At large radii there is a large gradient in the velocity
profile and thus the spacing between the measurement points in these regions has been
reduced to obtain more accurate results. The points ri are taken equal to r j , in this way
the error caused by the discretization should be equal for both the measured profile
and the theoretical profile. Three measurements have been done at different angles
to make sure that the bias error introduced by the asymmetry of the flow profile is
reduced. The averaged results are summarized in table 3.2. It can be seen that the
volume velocity is underestimated. The induced error can be substantial even when at
a glance the results presented in figure 3.11 seem to be quite accurate.

Table 3.2: Measured centerline velocities and their relative errors.

Measured centerline velocity 10.5 m/s 57.5 m/s 104 m/s
Relative error 1.57% 4.49% 4.68%

To avoid disturbing the flow close to the area expansion during the scattering ma-
trix measurements, the velocity far upstream of the area expansion (~3m) is being
measured using a pitot-tube (see 2.4). During the determination of the flow profiles,
the relation between the centerline velocity at the area expansion and the centreline
velocity far upstream is measured and the volume velocity for the scattering matrix
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measurements is determined using this relation and the assumption of a fully devel-
oped flow profile.

To obtain the flow, a pressure gradient has to be applied, resulting in a local increase
of the static pressure. This increase in static pressure will therefore lead to changes in
the speed of sound. The static pressure upstream has been recorded and for the highest
flow case, the needed pressure to obtain this flow speed is in the order of 1000 Pa. As
shown in the measurement precision analysis (Chapter 4), the dependence of the speed
of sound on the static pressure is negligible and no corrections have been applied.

The influence of compressibility has been addressed using the compressible rela-
tions for a one-dimensional flow with friction [8]. The friction factor has been esti-
mated [56] to be equal to f = 0.0035 and an outlet Mach number of 0.3. The velocity
between the area expansion and the last microphone in the upstream section differs
at most 1.6%. As the wave numbers are proportional to (1±M)−1 the resulting error
is at most 0.7%. In light of the error made in the determination of the flow velocity
this effect is small. Therefore the compressibility effects, such as a wave number that
depends on the position along the duct [70], are not taken into account.

Due to the relatively large Reynolds numbers Re = O (5·104), the thermal resistance
of the heat convection and heat conduction through the aluminium wall are of the same
order of magnitude [37]. The pipe walls may heat up during experiments due to the
friction between the moving fluid and the stationary wall. Thus when measuring the
temperature, the true temperature of the fluid has to be adjusted. However monitoring
the difference between the ambient temperature and the wall temperature, no large
differences where observed O (1◦C) , even at high flow speeds. This indicates that no
significant heat transfer takes place and the measured wall temperature can be assumed
to be equal to the temperature of the bulk flow.

3.3 Conclusion

This chapter dealt with the identification, quantization and where possible calibrations
to reduce the bias errors present in the current measurement setup.

Several types of bias error have been found and for errors related to the measure-
ment of the acoustic pressure, these are, in order of severity: mechanical vibrations
due to a rigid coupling between the loudspeaker section and the measurement sec-
tion, incorrect microphone distances, temperature variations and a finite microphone
impedance. For the first three error sources, their significance has been reduced by
applying corrections and improving the setup. For the last error source, the finite mi-
crophone impedance, an analytical model is presented to explain the relation of the
error in the end results however no correction could be applied to improve the results.
The sizes of the various errors have been quantified by measuring the impedance of a
steel plate and it is shown that the errors related to the measurement of the acoustic
pressure lead to an maximum bias error in the order of 2% for the frequency range of
interest.

Also, the flow profiles in the measurement sections have been measured and it is
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shown that the flow profiles are not fully developed, leading to an overestimation of
the total volume flow. This bias error is estimated to be at most 4.7 % at the highest
flow speed (M ≈ 0.3).





CHAPTER4

Measurement Precision

This section deals with the determination of the measurement precision, that is how
large is the spread in the determined scattering matrix coefficients and what is the
uncertainty associated with each measurement point.

The determination of the scattering matrix is an example of a multivariate measure-
ment where the determined quantity is based on the measurement of more than one
attribute. The next section will give a brief outline of the the step-by-step uncertainty
analysis described in [4] to determine the uncertainty of a multivariate measurement
and this analysis is applied to the determination of the scattering matrix. Furthermore
because some of the variables are complex, special considerations should be taken in
to account [32, 33]

The uncertainty in the scattering matrix can be determined using different methods.
In this section the uncertainty is calculated using a multivariate uncertainty analysis and
a Monte-Carlo simulation [23]. The multivariate uncertainty analysis gives detailed
information on the contribution of each error source in the scattering matrix but it is
an linear analysis. It could give error bounds that are not accurate when there is a non-
linear dependence of the to be determined quantity on the input parameters. On the
other hand, the Monte-Carlo simulation is a numerical analysis and does not assume
linear propagation of the errors, however it is computationally more expensive.

Uncertainty analyses in duct acoustics have had attention in literature. The first
authors to make a detailed investigation were Mats Åbom and Hans Bodén [2, 13],
they investigated the influence of errors on the end results for in-duct measurements
with and without flow. Recently a multivariate analysis and Monte-Carlo analysis of
the two microphone method has been conducted by Schultz et al. [73, 74]. It is shown
that for the two-microphone method a multi-variate analysis can be used to estimate
uncertainties.

In this chapter a multivariate analysis is used to determine the uncertainties on the
scattering coefficients using a multi-microphone method with the presence of flow. The
results are compared with Monte-Carlo simulations to determine the validity of linear
error propagation.

37
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First the theory underlying the definition of the uncertainty and the principles of the
multivariate uncertainty analysis are presented. Thereafter a detailed analysis of each
error source in the measurement of the scattering matrix is presented and finally the un-
certainties obtained from the multivariate analysis are given. The results are discussed
and compared with uncertainty estimates obtained from a Monte-Carlo simulation.

4.1 Theory

The goal of an uncertainty analysis is to state in which range, with a certain probability,
the true value of a quantity will be based on a single measurement, i.e.

ex − ku< µ < ex + ku, (4.1)

where µ is the true value of a quantity, u the uncertainty in the measurand, k the so
called coverage factor and ex the estimate of the quantity (measurement). The uncer-
tainty is defined as

u :=
Æ

var(x), (4.2)

and the variance is defined as:

var(x) := E
�

(x − E [x])2
�

, (4.3)

where E is the expected value operator. The coverage factor k is determined from the
probability density function (pdf) and the probability that the real value will be in a
certain interval around the mean value. For a symmetric pdf around the mean value,
the following relation should be solved for k with a certain known probability p to
determine the coverage factor,

p =

∫ µ+ku

µ−ku

f (x)d x , (4.4)

where µ is the average (true) value and f (x) the probability density function of the
measurement error. More information on the determination of the coverage factor for
other probability density functions can be found in [4, 32, 33].

As an example to illustrate the relation between the uncertainty, expanded uncer-
tainty and the probability to have a certain value, consider a random quantity which
has a normal probability density function given by

f (x) =
1p

2πσ2
e−

(x−µ)2
2σ2 , (4.5)

with mean µ and variance var(x) = σ2. The standard uncertainty is equal to the square
root of the variance, u= σ, and the coverage factors for a probability of 95%, p = 0.95
is k ≈ 2. Thus with a probability of 95 % the true value µ of a measurand with a normal
distributed error value will lie within the interval

µ ∈ [ex − 2σ, ex + 2σ], (4.6)
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The expanded uncertainty, ku, depends on the form of the pdf of the measure-
ment error and there are two ways to determine the probability density function of
the measurement error. The first way gives rise to the so called A estimates where the
probability density function is determined by repeated measurements. If one can as-
sume a certain probability density function a priori, the standard uncertainty can be
estimated using a limited amount of measurements points. This limited amount of in-
formation can be characterized as the degrees of freedom which give information on
how many measurements were used to determine the uncertainty. If the number of
degrees-of-freedom is small, the standard uncertainty obtained from a sample of data
may be much smaller than the standard deviation of the underlying errors and this ef-
fect should be accounted for when calculating the expanded uncertainty [4, 32, 33].
The second method to determine the probability density function gives rise to the so
called type B estimates, where the variance is estimated using engineering knowledge
(ex. technical manuals) or experience of the measurement process. For these cases, the
number of degrees of freedom is often assumed to be infinite and thus the uncertainty
does not have to be adjusted.

To determine the scattering matrix, some measurands are complex quantities and
the above discussion has only treated real numbers thus far. Complex quantities can
be handled in a similar way [32, 33]. In this study, the measured complex numbers
are those of the complex pressures at the microphones and the errors in the real and
imaginary part are shown to be uncorrelated (see also section 5.2) and can be regarded
to be equal in size. Therefore their uncertainty can be represented using a real number,

u (x ) =

√

√u (ℜ (x ))2 + u (ℑ (x ))2
2

. (4.7)

The rest of this section will assume that the measurands are complex and the given
relations hold for complex quantities.

As we have treated the uncertainty of the measurands, the question that arises is
how the uncertainty in a measured value affects the end results. To answer this ques-
tion, the uncertainties have to be propagated from the measurands to the quantity of
interest. First the parameter value equations describing the mathematical relationship
between the desired quantity (subject parameter) and the measured quantities have to
be determined

q = f (x1, ..., xn). (4.8)

Assuming that the parameter value equation is linear around the nominal values x̄ , the
uncertainty ui(q) in the desired quantity q due to the uncertainty in x i is calculated
using a first order Taylor expansion and given as

ui(q) =

�

�

�

�

∂ q
∂ x i

�

�

�

�

u(x i). (4.9)

where the first term on the right hand side is the so called sensitivity coefficient for that
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measurand. The complex derivative is defined as [3]:

∂

∂ z
:=
�

∂

∂ℜ (z) − i
∂

∂ ℑ (z)
�

. (4.10)

The total uncertainty in the subject parameter can be determined using

u(q) =





N
∑

i=1

u2
i (q) + 2

N−1
∑

i=1

N
∑

j=i+1

ρi jui(q)u j(q)





1/2

, (4.11)

where ρi j is the covariance between the uncertainties and quantifies the correlation
between the uncertainties in measurands [4, 32, 33]. In this study the measurement
uncertainties are assumed to be uncorrelated, ρi j = 0, unless otherwise noted.

As the scattering coefficients are often expressed in radial coordinates, the uncer-
tainties have to be converted. The uncertainty can be expressed in the radial coordi-
nates when u/|x | � 1 using [32]:

u(|x |) = u(x ), (4.12)

and the uncertainty in the phase coordinate is given by

u(φ)≈ u(x )
|x | , (4.13)

where φ = arg(x ).

4.2 Uncertainty in the measurands

In this section the uncertainty in the measurands is determined. First the measurement
process is defined giving the relation between the measured quantity and the desired
quantity. Thereafter the error model is developed by identifying the error sources and
the error distributions. The information of the error model is used to determine the
sensitivity coefficients and together with the knowledge on the error sources the un-
certainty is determined. The data is condensed in the form of tables. The first part
of each table consists of all the known constants needed to determine the uncertainty,
i.e. measurement conditions and/or sensitivity components. The middle parts contains
the information on the various measurement errors, their distributions, standard un-
certainty of each measurand itself, the sensitivity components when the measurand is
used to calculate a subject parameter and the component uncertainty of the subject pa-
rameter which is the standard uncertainty multiplied with the sensitivity. The last grey
line of each table gives the information on the final output value and the uncertainty
of this output value.

To determine the aero-acoustic properties of the area expansion, the following quan-
tities have to be measured: barometric pressure, ambient humidity, ambient temper-
ature, pipe radii, microphone positions, acoustic pressures and flow velocity. In the



4.2. UNCERTAINTY IN THE MEASURANDS 41

following part, all these quantities are treated separately and the measurement un-
certainty in each measurand is presented. The sensitivity coefficients depend on the
measuring circumstances, i.e. what are the ambient conditions and the measured flow
speed. The information presented in this part is with reference to ambient conditions at
SATP (25 ◦C and 100 kPa) and a flow speed of 105 m/s (≈0.3M). The total uncertainty
is calculated using equation (4.11) assuming that there are no correlations between the
various error sources.

The frequency accuracy of the digital source in the measurement system is±0.012%
[6]. As this error is much smaller than the expected errors from the other sources it is
not taken into account into the analysis.

The barometric pressure is measured using a Brüel & Kjær barometer (type UZ
0001), which has a reading accuracy of 2 hPa. The relative humidity is measured using
a Brüel & Kjær hygrometer, which has a reading accuracy of 5% RH and the pipe radii
are measured using a Vernier calliper. For the three devices, the two common error
sources are the operator bias and the resolution error. The resolution error is assumed
to have a uniform distribution, a 100% confidence level and the error limits equal to
the reading accuracy. The operator bias is assumed to have a normal distribution with
a confidence level of 90% with error limits equal to half of the reading accuracy.

Unfortunately no information is available for the pressure gauge and the hygrome-
ter on the repeatability of the device and there is no calibration history present for all
the three devices. Therefore, no statement on other sources of error can be made. The
evaluated uncertainty in the determination of the humidity, the ambient pressure and
the pipe radii are respectively 4.81% RH and 1.93 hPa and 0.097 mm.

The positions of the microphones have been determined via a fitting procedure
described in section 3.1.1. The determined uncertainty is 0.02% of the mean value.
The variance is directly determined from the data fitting procedure and as the estimate
is based upon a large number of measurement points, the distribution is assumed to be
normal based on the central limit theory.

The temperature is measured using a thermocouple and circuit incorporating an
AD595AQ temperature chip. The output of the circuit has a sensitivity of 10 mV/K and
is attached to the VXI system. The resolution error of the VXI system is small compared
to the uncertainty of the output and therefore only the uncertainty in the measurand
is taken into account. The temperature is measured with a standard uncertainty of
0.0625 ◦C. More information on the calibration procedure and the device can be found
in appendix C.

The flow velocity is determined by measuring the pressure difference between two
ports of a static-pitot tube using a SWEMA 3000 with the SWA07 pressure probe. The
identified measurement errors of the determination of the differential pressure are the
resolution uncertainty, the reading accuracy of the device and the temperature depen-
dence of the device. Long term effects have been omitted because there is no informa-
tion on the calibration history. The accuracy of the device is ±0.3% of the read value
with a minimum of 0.3Pa. The accuracies stated in the technical documentation have
a confidence level of 95% and the probability density function is assumed to be nor-
mal. The reading resolution is 0.1Pa with an uniform probability density function and
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Figure 4.1: Relative uncertainty in the determination of the flow speed as function of
the flow speed.

a 100 % confidence interval. The temperature dependence of the probe is 0.2Pa/◦C
and this source of error is included into the total differential pressure uncertainty. The
flow velocity is determined using the relation between the flow velocity v and pressure
difference ∆p and the density ρ given by equation:

v =

√

√2∆p
ρ
=

√

√2∆pRT
p

. (4.14)

Applying equation (4.9) and (4.11) to (4.14) the uncertainty in the flow velocity due to
uncertainties in the ambient conditions can be calculated. The previously determined
uncertainties in the temperature and the absolute pressure will be used to determine the
measurement errors in these quantities. The number of degrees of freedom is calculated
using the Welch-Satterthwaite formula [4]. In figure 4.1 the relative error as function
of the flow speed is shown. It can be seen that for low velocities the relative uncertainty
becomes very large, due to the minimum uncertainty of 0.3 Pa of the measuring device.
Therefore accurate measurements (relative uncertainty smaller than 0.5%) can only be
made using the pitot-tube for larger flow speeds i.e. centreline velocities higher than
10 m/s which corresponds to a Mach number of 0.03.
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Error source Value Error limits Conf.
level

Error
dist.

Estimate
type

DOF Standard un-
certainty

Sensitivity co-
efficient

Component
uncertainty

Humidity measurement

Operator bias ±2.5% RH 90 Normal B ∞ 1.51% RH 1 1.51% RH
Resolution error ±5% RH 100 Uniform B ∞ 2.86% RH 1 2.86% RH
Output 25% RH ∞ 3.23% RH

Barometric pressure

Operator bias ±1 hPa 90 Normal B ∞ 0.61 hPa 1 0.61 hPa
Resolution error ±2 hPa 100 Uniform B ∞ 1.15 hPa 1 1.15 hPa
Output 100 kPa ∞ 1.30 hPa

Temperature

Calibration error A 5 0.0675 ◦C 1 0.0675 ◦C
Output 25 ◦C 5 0.0675 ◦C

Pipe diameter

Operator bias ±0.05 mm 90 Normal B ∞ 30.4 µm 1 30.4 µm
Resolution error ±0.10 mm 100 Uniform B ∞ 57.7 µm 1 57.7 µm
Output 50 mm / 90 mm ∞ 65.2 µm

Flow velocity

Nominal temperature 25 ◦C 5 0.0675 ◦C 176.2 mm/sK 11.89 mm/s
Nominal ambient pressure 100 kPa ∞ 1.39 hPa 0.26 mm/sPa 36.51 mm/s
Nominal pressure difference 6450 Pa
Accuracy ±0.3% min 0.3 Pa [51] ±23.19 Pa 95 Normal B ∞ 11.81 Pa 8.14 mm/sPa 96.29 mm/s
Resolution error ±0.1 Pa 100 Uniform B ∞ 58.7 mPa 7.39 mm/sPa 0.433 mm/s
Temperature dependence 0.2 Pa/◦C [51]
Temperature error ∞ 0.0675 ◦C 0.32 mm/sK 0.022 mm/s
Output 105 m/s 11 103.6 mm/s

Table 4.1: Measurement process uncertainties for various variables at SATP and a flow speed of 105 m/s.
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The acoustic pressure is measured by a chain of devices. It consists of a type 4938
BK (Brüel & Kjær) condenser microphone cartridge attached to a type 2670 BK pre-
amplifier. The output of the pre-amplifier is attached to a BK Nexus signal conditioning
amplifier and the signals are recorded by a Hewlett Packard 1432A data acquisition
card inside a VXI mainframe.

To evaluate the uncertainty in the complete measurement chain of the acoustic
pressure, the uncertainty in each module has to be calculated and the uncertainties of
the previous modules have to be propagated until the final output is reached. In the
following parts, each module is treated separately and the information about the error
sources is given for each module. The information is summarized in table 4.2.

The microphones are calibrated relatively to each other by exposing them to the
same sound field. The repeatability of this calibration gives information about the ran-
dom error present in the measurement chain such as internal noise. Such a calibration
can be seen as the microphones are calibrated against an ideal reference which has no
bias error associated with it [4, sec. 8.4]. The repeatability of the measurement pro-
cess is determined by performing the calibration several times over a short period (2
days). The repeatability of the total measurement chain is included as an error source
in the VXI system. The determined variance of the repeatability is lower than the dis-
cretization error of the VXI system, showing that the output of the microphones is very
stable.

The microphone cartridge together with the pre-amplifier is considered as a com-
plete measurement module. The relation between the input (acoustic pressure pac)
and output (voltage Umc) of the microphone is given by

Umc = Smc · pac , (4.15)

where Smc is the sensitivity of the microphone cartridge. The error sources for the
microphone cartridge are identified from the technical data sheet and these errors are
related to temperature variations and ambient pressure variations. The influence of the
humidity is not taken in to account as it is negligible [53]. Furthermore the influence
of electro-magnetic fields and vibrations have been omitted. The effect of flow noise is
not evaluated as an error source in the microphone cartridge but as an error source at
the VXI output as the flow noise is an integral part of the measurand itself. Introducing
the various error sources, the relationship between input and output can be written as

Umc =
�

Smc + St∆T + Spamb
∆pamb

�

pac , (4.16)

where St is the temperature dependence of the microphone sensitivity, ∆T the tem-
perature difference relative to the calibration temperature, Spamb

the dependence of
the microphone sensitivity on the ambient pressure and ∆pamb the difference in am-
bient pressure relative to the calibration conditions. The microphones are calibrated
relatively to each other and therefore the environmental influence on the measured
pressures depends on the environmental conditions during the calibration. After the
calibration, the measured values are not compensated for the ambient variations, lead-
ing to an additional biased error source due to changes in the ambient parameters. To
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determine the uncertainty in the microphone output, equation (4.9) has to be applied
to equation (4.16) giving rise to

εUmc
= St pacεT + Spamb

pacεpamb
, (4.17)

wherein εT the error in the temperature and εpamb
the error in ambient pressure. The

difference in the temperature at calibration and the temperature during the measure-
ments is assumed to be within 2 ◦C with an associated 95% confidence limit with nor-
mal distribution. The error limits of the absolute pressure is assumed to be 100Pa with
an associated 95% confidence limit and normal distribution. The inherent noise from
the microphone cartridge and pre-amplifier is assumed to have a normal distribution
with a 99% confidence interval. In this analysis an acoustic pressure amplitude pac of
1Pa,corresponding to 94 dB, is used to calculate the sensitivity coefficients. Using equa-
tion (4.11) and assuming no correlations between the error sources, the uncertainty of
the output of the microphone is calculated to be 1.6mV± 2.83µV.

The microphone is connected to a Nexus signal conditioning system which amplifies
the measured input from the microphone cartridge. In this analysis the amplification is
assumed to be equal to 62.5, such that the output will have a response of 100mV/Pa.
The associated errors with this device is the harmonic distortion of the output signal
caused by the amplification. The error sources is assumed to be normal distributed
and the error limits fall within a 99% confidence interval. The amplitude accuracy and
channel to channel phase match of the Nexus system are not taken into account as
these error sources are assumed to be bias errors which are accounted for during the
calibration procedure. By determining the error model and applying the error sources
the uncertainty in the output of the Nexus system is calculated to be 100mV±0.109mV

The last module in the measurement chain is the data acquisition system, consist-
ing of a VXI-mainframe with an HP1432A data acquisition module (DAQ). The DAQ
stores the information digitally and thus there is a resolution error associated with this
process. The resolution error of the VXI system depends on the measurement range of
the chosen channels. During the measurement procedure the channels are auto-ranged
to have the optimum range for the measurement. For this case, the measuring range
is set to 2V, the lowest range available to the VXI system. The repeatability of the cal-
ibration process is used to evaluate the random error of the measured pressures. It is
assumed that the short term variations in the channel to channel phase match and the
amplitude accuracy of both the Nexus system and the DAQ are taken into account in
this type A error source. The measured values are complex quantities and therefore
special considerations should be taken into account to determine the uncertainty. The
definition in [32, sec. 4]:

u(x ) =

√

√

√ 1
N(N − 1)

N
∑

i=1

|x̄ − x i |2
2

, (4.18)

has been used to determine the uncertainty. This definition assumes that the uncertain-
ties in the real and imaginary parts are equal and uncorrelated. The associated degree
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of freedom of this estimate is ν = N − 1. The calibration data that is returned is a
relative measure and therefore the obtained uncertainty has to be multiplied with the
magnitude of the pressure signal to obtain the real measurement uncertainty.

The effect of flow noise depends on the power of the excitation signal relative to the
power of the noise signal in the frequencies close to the excitation and the measuring
time (see section 5.2). Therefore one can always measure longer to decrease the error
contribution of the flow noise. For a good measurement, the uncertainty is 1% of the
measured absolute value of the complex pressure and this value is used in the analysis.
Evaluating the uncertainty on the pressure signal, the uncertainty bounds are equal
to 100mV ± 1.006mV and the effect of flow noise is the dominant contribution in this
uncertainty.
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Error source Value Error limits Conf.
level

Error
dist.

Estimate
type

DOF Standard un-
certainty

Sensitivity coef-
ficient

Component
uncertainty

Microphone Cartridge

Acoustic pressure 1 1Pa
Microphone sensitivity 1.6 mV/Pa [65]
Temperature coefficient 0.003 dB/K [65]
Atm Pressure coefficient −0.003 dB/kPa [65]
Temperature error ±5 ◦C 95% Normal B ∞ 2.55 ◦C 1.106 µV/PaK 2.82 µV
Atm pressure error ±5 hPa 95% Normal B ∞ 2.55 hPa −1.106µV/PakPa 0.28 µV
Output 1.6 mV ∞ 2.83 µV

Nexus

Input 1.6 mV ∞ 2.83 µV 62.5 0.177 mV
Signal amplification 62.5
Harmonic distortion < 0.003% [77] 99% Normal B ∞ 1.16 µV 1 1.16 µV
Output 100 mV ∞ 0.109 mV

HP1432A

Input 100 mV ∞ 1 0.109 mV
Resolution 16bit [5] ±0.153 mV 100% Uniform B ∞ 17.6 µV 1 17.6 µV
Repeatability amplitude Normal A 6600 0.99 µV 1 0.99 µV
Flow noise SNR = 100 1 mV
Output 100 mV ∞ 1.00 6 mV

Table 4.2: Measurement process uncertainty for the acoustic pressure at SATP and a flow speed of 105 m/s.
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4.3 Uncertainty in the scattering matrix coefficients

The last step in the multivariate uncertainty analysis is to determine the uncertainty in
the final results, the scattering coefficients. To do so, the sensitivity of the scattering co-
efficients to small errors in the needed input parameters has to be computed. Therefore
a scattering matrix S is obtained from analytical models or measurements.

In this section the quasi-steady state solution for the scattering matrix of the area
expansion,

�

p−a
p−b

�

=
1

η+ 1

�

η− 1 2
2η 1−η

��

p+a
p+b

�

, (4.19)

will be used to obtain nominal values for the scattering matrix. The parameter η is the
ratio between the upstream duct cross sectional area and the downstream duct cross
sectional area. Using the results the importance of the uncertainty of each measurand
to the uncertainty in the scattering matrix can be analysed.

Using this scattering matrix S0
j j and the information of an incident sound field

p+a , p+b , the resulting out-going sound field can be reconstructed p−a , p−b . Thereafter
the complex pressures at certain positions along the duct are computed using the mod-
els for the plane wave propagation (2.13). These fictitious complex pressure are then
used again to determine the scattering matrix, however small perturbations are applied
to one of the input-parameters (x 1

i ) needed for the algorithm. The resulting scattering
matrix S1

j j is then used to numerically determine the sensitivity components for each
scattering coefficient to the variation of one input parameter i.e.

ui(S j j) =

�

�

�

�

�

S1
j j − S0

j j

x 1
i − x 0

i

�

�

�

�

�

x=x 0

u(x i), (4.20)

where ui(S j j) is the uncertainty in the output scattering coefficient S j j due to an uncer-
tainty u(x i) in parameter x i . It should be noted that the pseudo-inverse, used in the
calculation of the scattering matrix, is continuous as long as the rank of the perturbed
matrix and the nominal matrix are equal [66]. A prerequisite for the determination of
the complex pressures is that the system is (over-) determined [2, 13, 38]. This implies
full rank and therefore the matrix inversion is continuous and the derivative defined.

Another way to determine the uncertainty in a measurement is a Monte-Carlo com-
putation. In such a computation, the subject parameter is calculated many times by
sampling the input parameters from a known probability density function by an anal-
ysis such as described in section 4.2. Thereafter the probability density function of the
computed estimates of the subject parameter is determined and the uncertainty evalu-
ated. The converge of the solution has been determined by increasing the number of
scattering matrix calculations and see if the solution does not change. The advantage of
a Monte-Carlo computation is that it does not rely on linear propagation of errors and
will thus give rise to accurate error bounds even in non-linear propagation of errors,
the drawback is that it is computationally more demanding.

Two cases have been investigated, one with flow and one without flow. For both
cases the error on the measured complex pressures is chosen to be the same. This is
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done to better compare the different error sources, however during the measurements
the error in the complex pressure for the flow cases will be not comparable to that of
the no-flow case. The used parameters are given in table 4.3. The scattering matrix
has been determined using the quasi- steady state model of an area expansion (ratio
η= 3.24) without flow.

In figure 4.2 and 4.3 the results of the multi-variate analysis are shown by a stacked
area-plot. The stacked area plot shows the summed variances normalized to the ab-
solute value of the scattering coefficients and the contribution of each source can be
easily determined. To simplify the figure, some variances have been grouped together
such as the variances in the microphone positions and the complex pressure measure-
ments. The uncertainty caused by the error in ambient pressure is not shown because it
is insignificant. The square root of the relative variances gives the relative uncertainty.
For both the reflection coefficients the maximum relative uncertainty is around 1.5%;
for both the transmission coefficients the maximum relative uncertainty is around 0.4%
at 2500 Hz for the case of no flow. For the case with flow, the errors in the reflection
coefficients are comparable to those of the no flow case, however the error in transmis-
sion coefficients are higher and the maximum is around 1.2%. Also, in the same figure,
the variance of the scattering coefficients obtained from the Monte-Carlo simulation is
shown. The Monte-Carlo simulation and the multi-variate analysis show a good agree-
ment, showing that the assumption of linear error propagation is justified. In the next
subsection this will be further investigated.

The results for the no-flow case (Fig. 4.2) show that all the errors have a contri-
bution to the overall uncertainty in the reflection coefficients. For the transmission
coefficients it can be seen that the temperature and relative humidity do not have a sig-
nificant influence. This is due to the fact that the transmission coefficients relate waves
travelling in the same direction in both sides of the area expansion. Therefore, the
error introduced by the wrong wave number results in a multiplication with a constant
that is almost equal for all the waves travelling in one direction and thus it does not
affect the transmission coefficients strongly. The reflection coefficients relate the left
and right travelling waves, for which the error is different for both travelling waves and
thus an influence of the temperature and relative humidity on the overall uncertainty
can be seen. The contribution of the uncertainty of the pressure is small compared to
the other contributions. For those other contributions the error is not dominated by a
specific error source. Because the uncertainty is the square root of the summed individ-
ual variances, a significant reduction of the variance can only be obtained by reducing
all error sources.

For the flow case, (Fig. 4.3), the influence of the error in the flow speed is small
compared to the other error sources for the reflection coefficients. This can be explained
by the fact that the error in the flow speed is comparably small and that the wave
numbers scale with k± ∝ (1 ± M)−1. Because the measurements are performed for
small Mach numbers, the contribution of the velocity error is reduced compared to the
errors in the speed of sound. For the transmission case, there is a large influence of the
uncertainties in the diameters and the flow speed. As shown for the no-flow case the
contribution of the error in the ambient conditions are still small compared to those of
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Figure 4.2: Uncertainty analysis for the case of no flow. Relative summed contributions
of each error source to the total variance in the determined scattering matrix S for
each of the coefficients for a frequency range between 0.5 and 2.5 kHz. The results
determined by the multi-variate analysis are shown together with the results obtained
from the Monte-Carlo simulation (MC).

the reflection coefficients, therefore the errors in the flow speed will be the dominant
error source.

It can be noticed that for both cases the errors increase with increasing frequencies.
The sensitivity coefficients are a function of frequency and become larger at higher
frequency, amplifying the relative contribution of the uncertainties in the end results. As
can be seen in table 4.3, the relative errors in the input parameters are small, however
the uncertainties in the end results are an order of magnitude higher. Therefore, it
becomes increasingly more difficult to measure accurately even if all the individual
errors are small. This also shows that it could be more beneficial to determine all the
unknowns such as the wave number instead of trying to use models to estimate these
numbers as even small errors will become significant at high frequencies.

Also the influence of microphone spacing can be readily seen on the results, causing
a steep increase of the error at the lower frequencies. This effect can be described
using the so-called singularity factor SF [38] which characterizes the sensitivity of the
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Figure 4.3: Uncertainty analysis for the case of flow. Relative summed contributions
of each error source to the total variance in the determined scattering matrix S for
each of the coefficients for a frequency range between 0.5 and 2.5 kHz. The results
determined by the multi-variate analysis are shown together with the results obtained
from the Monte-Carlo simulation (MC).

determined propagating wave strengths to errors on the measured complex pressures.
In figure 4.4 the singularity factors as function of frequency are determined for the
microphones upstream and downstream of the area expansion. It can be clearly seen
that for both sides there are frequencies where the computed wave components are
sensitive to input errors (large SF). For low frequencies, the figure rises steeply as the
inverse become ill-conditioned [38].

In figure 4.4 the influence of the error in the upstream pressures on the determined
scattering matrix is shown by plotting the singularity factor. It is interesting to note
that the SF for the S11 and S12 are equal (not shown) and also those for S21 and S22
are equal (not shown). Furthermore, the shape of the singularity factor function for
the upstream microphones can be recognized in the variance S11 and S12, but not in
those of S21 and S22. For the influence of the downstream pressures on the determined
scattering matrix, the relations are reversed. As an example in the variance of S21 and
S22, a noticeable hump at 750Hz can be seen. This hump is also clearly present in the
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Figure 4.4: Left: Singularity factor for the microphones upstream (blue) and down-
stream side (red) for two different upstream flow speeds, M=0 (solid) and M=0.3
(dashed). Right: Contribution of the variance in the upstream pressure in the variance
of the scattering coefficients S11 and S22 under quiescent conditions and flow conditions
(M=0.3).

SF for the upstream microphones. Unfortunately, as all the scattering coefficients are a
function of the upstream and downstream pressures it becomes difficult to find a more
clear relation between the individual SF curves describing the error-sensitivity for the
upstream and downstream wave decomposition step and the overall sensitivity in the
scattering coefficients.

Table 4.3: The used mean values µ and their uncertainties σ for each parameter in the
multi-variate and Monte-Carlo analysis.

Variable RH [-] Pamb [kPa] T [◦C] U [m/s]
µ 20 100 25 105
σ 3.23 139·10−3 0.0675 260.0 · 10−3

Da [mm] x1
a[mm] x2

a [mm] x3
a [mm] x4

a [mm] Pn
a [mV]

µ 50 -0.4825 -0.55 -0.585 -0.62 -
σ 65.2·10−6 9.65·10−5 1.1·10−4 1.17·10−4 1.24·10−4 1

Db [mm] x1
b [mm] x2

b [mm] x3
b [mm] x4

b [mm] Pn
b [mV]

µ 90 1.17 1.205 1.235 1.295 -
σ 65.2·10−6 2.34·10−4 2.41·10−4 2.47·10−4 2.59·10−4 1

P+I
a [mV] P+I

b [mV] P+II
a [mV] P+II

b [mV]
µ 95 e−0.6i 5 e−0.6i 5 e−0.8i 95 e−0.8i

4.3.1 On the linear propagation of errors
In a recent paper it is argued that one should prefer to use the Monte-Carlo method
to determine the uncertainty of an impedance measurement with the two-microphone
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method [74], because the error propagation can be non-linear under some circum-
stances. As the multi-variate analysis gives more insight and is computationally faster,
the question arises under which circumstances this linear propagation is justified.

The computation of the scattering matrix from the measured pressures consists of
two steps (Sec. 2.2), the determination of the two travelling wave components and the
determination of the scattering matrix. Both steps rely on matrix inversion to solve the
system Ax = b and the relation to the input b and output x should be linear to have a
linear error propagation. Furthermore, the coefficients in the matrices itself should be
linear with respect to the error sources.

Unfortunately there are no simple expressions which should be satisfied to guaran-
tee a linear relation between the input and output for a generalized (overdetermined)
system of equations. However some guidelines can be derived for the fully determined
case by doing a Taylor expansion of the relation between the input and output. Con-
sider the case

Ax = b, A=
�

a b
c d

�

. (4.21)

The relation between x and b is given by x = A−1 b and thus when the elements of A−1

become a non-linear function of the elements of A the relation between x and b is not
linear any more. The Taylor-expansion for the upper left element of A−1 as function of
the upper left element of A is given by

A−1
11 (a+ εa, b, c, d) = A−1

11 + εa

∂ A−1
11

∂ a
+ ε2

a

∂ 2A−1
11

∂ a2
+O (ε3

a)

≈ d
Det(A)

+ εa
−cd

Det(A)2
+ ε2

a
cbd

Det(A)3
.

(4.22)

The ratio between the first and second term in the Taylor expansion of the above ex-
pression is given by

β =
−εac

Det(A)
, (4.23)

and the absolute value should be smaller than 1 to have a linear relation. It shows
that when the determinant of the matrix A comes to close to zero, any error in the
coefficients of A will non-linearly propagate to the elements of its inverse. A similar
exercise can be performed for the other elements which give equivalent results. The
second condition that should be fulfilled is that the coefficients of the matrix A itself
are linear with respect to the input. As can be seen in (2.14), the coefficients all have
the similar form of e±ik x . The ratio between the first and second Taylor term of the
expansion in k and x are given by βx = iεx k and βk = iεk x respectively. These
ratios should also be smaller than one, such that the error in the coefficients are linear
related to the input errors. The error in the wave-number is linearly proportional to the
frequency (εk ∝ f ) and thus even if the error in the speed of sound or the microphone
position is small, at high frequencies linear error propagation is no longer justified.

As an example, the results of [74] (Fig 9) show the confidence regions contours
of a measured impedance at 5 kHz for two cases where the relative uncertainty in the
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input parameters is equal to 0.01 % and 1%. For the first case, the confidence region
is circular implying linear error propagation and the second the confidence region is
warped, implying non-linear error propagation. The ratio βx has a value of respectively
0.29 and 29, showing that even for small errors, 1%, at high frequencies the factor βk
will be large and the error will not propagate linearly.

Using the above guidelines, the validity of a the multivariate analysis can be evalu-
ated. If one suspects that a linear assumption is not sufficient, the second order term
in the uncertainty expression (4.9) can be taken into account [21, 49] for the case of
uncorrelated error terms to see if there is a significant change in the calculated uncer-
tainty. To take into account correlation effects and even higher order terms becomes
non-trivial and it is best to resort to numerical methods to determine the uncertainty
[22, 23].

4.4 Conclusion

A multi-variate analysis has been used to assess the uncertainty in the measurement
results of a scattering matrix. It is shown that the linear error propagation is justified
because the results were similar to results obtained from a Monte-Carlo analysis. The
drawback of a multi-variate analysis is that it can only be used to predict linear prop-
agation of errors. Guidelines are given to assess if such a linear error propagation is
justified.

The analysis showed that the error in the scattering coefficients increases with fre-
quency and even if great care is taken to reduce all errors, linear error propagation is
not guaranteed at large frequencies.

It is shown that for the current setup, the maximum uncertainty, corresponding to
a 65% confidence interval, is at most 1.5% relative error in the measured scattering
coefficients for quiescent measurements at the highest frequencies. For the flow case,
a larger relative error is calculated, around 3%, and the largest contribution to this
error is mainly due to the uncertainty in the flow speed measurements. It should be
noted that this accuracy can only be achieved if uncertainty on the measured complex
pressures can be suppressed to reasonable levels, i.e. a signal to noise ratio of 100.

In conclusion, the multi-variate analysis is a powerful tool to evaluate the preci-
sion of a measurement procedure and gives valuable insight where one should start to
improve the measurement results.



CHAPTER5

Signal Processing

In this study, the aero-acoustic properties of the area expansion are measured using a
stepped sine excitation because of the presence of flow noise. In this way, the signal to
noise ratio can be increased, resulting in more precise measurements. In a single sine
excitation the excitation signal is time invariant and deterministic and therefore the sta-
tistical properties derived from the tools in signal processing based on non-deterministic
and time variant signals such as the coherence function become difficult to correctly
interpret.

As an example, in Fig. 5.1 the real and imaginary parts of the estimated transfer
function, H, between a microphone placed in the duct upstream of the area expansion
and the excitation signal are plotted for two measurement frequencies (1110 Hz and
2000 Hz). The measurement-time for both frequencies is 10 seconds. In these mea-
surements the error can be assumed to be on the output of the transducer alone because
the excitation signal is affected by electronic noise which is negligible compared to the
excitation amplitude. The measurements contain a flow induced tonal component in
the region of 1050-1250 Hz as seen in the auto spectral density shown in Fig. 5.1. This
tonal component is related to vortex shedding at the area expansion. Estimates of the
transfer function are calculated using the techniques described in [12]. Each instance
of the estimate for both frequencies is plotted in the scatter plot and it can be immedi-
ately seen that the distribution for both measurements is not circular and that the size
of the scattering in the real and the imaginary part of the transfer functions are not
equal. These two observations are in disagreement with the commonly made assump-
tions and theoretical result that the errors in the real and imaginary part of the transfer
function are uncorrelated and of equal size [12, 61]. The disagreement results from
the estimates not being statistically independent because of the measurement of only
one long time series, and not completely stochastic because of the presence of a tonal
component in the uncorrelated part of the signal.

In this chapter the variance of a transfer function as function of the noise levels is de-
rived which allows to estimate the variance using a separate measurement of the noise
levels. This gives an estimate of the true variance of the measurement, corresponding

55
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Figure 5.1: Scatterplot of the relative estimated transfer function between the source
and the microphone (left) and the auto spectral density at the microphone(right) for
two stepped sine measurements, fe equal to 1110 Hz ( , ) and 2000 Hz ( , ) in
an environment where a tonal component is present. Measurement time for both cases
is 10 seconds.

to the case when one would measure an infinite amount of statistically independent
instances. The relation is derived using a framework based on the Hilbert transform
and synchronous demodulation [30]. The estimated variance can be used in the multi-
variate/Monte Carlo analysis as described in the previous chapter.

First the concept of the synchronous demodulation technique is introduced and
thereafter a mathematical model to determine the expected value and variance of the
measured transfer functions is presented. The analysis is performed in the time domain
and the properties of the (co)-variances of the real and imaginary parts of the deter-
mined transfer functions follow naturally from the analysis. The analysis is performed
both in the discrete time domain and the continuous time domain such that the effect of
discretization can be estimated and that the derived expressions can be directly applied
to measuring situations.

5.1 Synchronous demodulation

Synchronous demodulation is a technique to remove the influence of errors uncorre-
lated to the excitation signal [30]. Using a synchronous demodulation technique, a
reference signal can be used in the case of stepped sine excitation. This reference sig-
nal is the signal that is led to amplifier which drives the speakers. This technique is
also present in devices known as ’lock-in’ amplifiers which are designed to recover in-
formation of a so called carrier wave in low signal-to-noise ratio situations.

The idea is that the reference signal consists of a harmonic signal with a slowly
varying instantaneous amplitude and frequency. By multiplying the measurement sig-
nal with a reference signal that has two components that are orthogonal with each
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other, e.g. a real and a complex part, the result will be the projection of the mea-
surement signal on both components of the reference signal. This approach gives then
the in-phase and the out-of-phase part of the measurement signal w.r.t. the reference
signal.

To represent a (random) signal in the complex domain such that it has two orthog-
onal components, the signal has to be transformed to a so-called analytic signal X(t):

X(t) = x(t) + i x̃(t), (5.1)

where x̃(t) is the hilbert transform (HT) of x(t). The HT is one of the integral trans-
forms (such as Laplace and Fourier) and it is defined as:

H [x(t)] = x̃(t) =
1
π

∫ ∞

−∞

x(τ)
t −τdτ. (5.2)

As the analytic signal is complex, it can be represented in phasor notation:

X(t) = A(t)e jψ(t). (5.3)

This phasor notation gives the time dependent information of the measured signal, A(t)
is the instantaneous amplitude (envelope) and ψ(t) is the instantaneous phase of the
measured signal. The relation between the instantaneous phase and the instantaneous
frequency is given by [30]:

ω(t) =
dψ
dt

. (5.4)

The analytic signal of a time signal can be calculated within MATLAB using the hilbert
function. To avoid errors in the transform, induced by leakage effects, the excitation
signal should contain an integer number of oscillations in the measurement time which
can easily be attained by adjusting the measurement settings.

To obtain the in-phase and the out-of-phase part of the measurement signal w.r.t
the reference signal, r, the reference signal is represented in the complex domain by
its analytic signal r . The measurement signal m is then multiplied by the normalized
analytic signal to obtain the projection P:

P(t )= m(t) · r (t)
|r (t)| . (5.5)

The measurement signal m(t) can be written as a summation of a response signal s(t)
due to the excitation and contributions from other uncorrelated sources n(t). If the
system under study is linear, the response signal will also be a harmonic which has the
same frequency (instantaneous phase) as that of the excitation signal. The amplitude
As(t) and phase φ(t) relative to the excitation signal may be time dependent and thus
the signal can be written as:

s(t) =
1
2

As(t)
�

ei(ψ(t)+φ(t)) + e−i(ψ(t)+φ(t))
�

. (5.6)
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The projection of the measurement signal on to the analytic signal, P(t ), of the refer-
ence can now be written as:

P(t )= [s(t) + n(t)] · r (t)
|r (t)|

=
1
2

As(t)e
−iφ(t) +

1
2

As(t)e
i(2ψ(t)+φ(t)) + n(t)eiψ(t).

(5.7)

In the above equation, the properties of n(t) still have to be determined, but we first
consider the case for a noise free output n(t) = 0.

As ψ(t) is the instantaneous phase of the reference signal, which equals to ψ(t) =
ωr t for a reference signal with constant frequency (following from equation (5.4)), we
can see that the projection of the measurement signal on to the reference signal has a
fast (e2iωr t+iφ(t)) and a slowly oscillating (e−iφ(t)) term.

By applying a moving average filter, with a time length equal to half the period
of the excitation, on P the fast oscillating part can be removed from the projection.
Multiplying the result by two, and taking the complex conjugate, one obtains then the
time dependent transfer function H(t) between the input and output:

H(t) = As(t)e
iφ(t). (5.8)

This transfer function can be seen as the standard transfer function [12], where the
absolute value of the input is scaled to one. The above equation assumes that the
phase of the response of the system is only slowly varying in time. Normally the transfer
function between the input and output should be time invariant and one can take the
mean of the projection to obtain the transfer function.

The next step is to consider the influence of other signals which are not correlated
with the excitation signal. We can model those as a Fourier series where each compo-
nent has a phase θ (ωk) with a certain distribution and a known spectral power density
function Gnn(ωk):

n(t) =
∞
∑

0

Æ

2Gnn(ωk)∆ω
�

eiωt+iθ (ωk) + e−iωt−iθ (ωk)
�

. (5.9)

Introducing this in equation (5.7) results in

P(t )=
1
2

As

�

ei(2ψ+φ) + e−iφ
�

+
∞
∑

0

Æ

2Gnn(ωk)∆ω
�

eiωt+iθ (ωk)+iψt + e−iωt−iθ (ωk)+iψt
�

.
(5.10)

For brevity the (t) has been dropped. The contribution of the non-correlated sources
to the projection contains two terms, one which is oscillating fast and the second term
is only slowly oscillating when ωk ≈ ωr . Therefore when performing a measurement
to obtain the average transfer function and Gnn(ωk) is large for ωr ≈ ωk one should
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make a long measurement to ensure that the slowly oscillating part does not bias the
time average of the projection. These conditions can for example occur when one is
measuring near the frequencies of a flow generated tonal component. For the case
where ωr = ωk the noise is completely correlated with the input signal and this will
result in a biased estimate of the transfer function.

The above analysis can be easily extended to obtain information on higher harmon-
ics in the measurement signal. By taking the n-th power of the scaled reference signal
and multiplying this with the measurement signal m, the higher order projection Pn(t)
will contain a slowly oscillating component which corresponds to an angular frequency
of ω= nωr :

Pn(t) = [s(t) + n(t)]
�

r (t)
|r (t)|

�n

. (5.11)

In conclusion, the synchronous demodulation technique is an elegant way to ob-
tain the (time-dependent) transfer function between the excitation and measurement
signal. The errors induced by the signal processing are small as the only bias error that
can be introduced is when computing the analytic signal, which consists of a FFT and
inverse FFT operation on the reference signal. This reference signal has very low noise
levels and the excitation frequency is precisely known, minimizing spectral leakage.

5.2 Variance

In this section, the variance of the projection as function of the noise at the output
signal will be calculated. It will be shown that the variance on the measured complex
quantity can be estimated from the spectral power density of the noise.

To determine the variance of the transfer function between the excitation signal and
the system response, first the expected value of the transfer function has to be deter-
mined. For the analysis, it is assumed that the transfer function is time-independent
and that the input signal is a sine of constant frequency, has amplitude Ar and contains
no noise. Under these circumstances, the analytic signal can be written as

r (t )= Ar sin(ψ(t)) + Ar i cos(ψ(t)), (5.12)

and the synchronous demodulation technique can be seen as a normal frequency re-
sponse function determination at one specific frequency.

In the literature such an analysis on stepped sine measurements has been done
[79], however no information on the variance of the measurement results is given.
In [73] a detailed analysis of the determination of the uncertainty on the measured
transfer function for a finite measurement time is given using a multi-variate analysis
based on expressions for stochastic signals as derived in [12]. In [61] the probability
density function of the transfer function of a system with both input and output noise
is investigated in the frequency domain.

In this section the analysis is performed in the time-domain for a finite measure-
ment time and the relation between the real and complex part of the estimates follows
naturally from the analysis. Furthermore, it is shown that the variance of the transfer
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function depends on the spectral power distribution at the frequency of interest and
its neighbourhood. The variance is calculated both in the discrete and in the continu-
ous time domain so that the influence of the sample frequency and finite measurement
times can be investigated.

First we determine the average of the projection for a limit amount of time, τ =
N∆t, where N is the number of samples taken and ∆t the time between each signal,
to obtain an estimate of the transfer function:

eP = lim
N→∞

1
τ

N
∑

i=0

P(t i)∆t. (5.13)

Thereafter an ensemble average of these estimates is taken to obtain the expected value
of the transfer function:

E
�

eP
�

= lim
M→∞

1
M

M
∑

j=0

fP j , (5.14)

in which M is the number of statistically independent estimates used to determine the
expected value. It is shown (5.7) that the projection can be seen as a summation of
three components: a slowly oscillating component, a fast oscillating component and a
component related to an contribution in the measurement signal. The expected value
of the estimate of the transfer function can be written as a summation of these three
components under the assumption that the system under study is time invariant, the
phase and magnitude of the transfer function are not time dependent and the excitation
is of constant frequency, ψ=ωr t:

E
�

eP
�

= E
�

eP0

�

+ E
�

eP2 f

�

+ E
�

ePn

�

. (5.15)

The first component, eP0, is the expected value of the estimate of the slowly oscillating
component which is constant under the above assumptions, the second term, eP2 f , gives
the estimate of the component of the fast oscillating component and the last term ePn
gives the contribution of the noise source part to the expected value of the transfer func-
tion. The constant and fast oscillating component do not have a random components
and thus the expected value is given by:

E
�

eP0

�

=
1
2

Ase
−iφ , (5.16)

E
�

eP2 f

�

= lim
N→∞

1
τ

N
∑

i=0

1
2

Ase
i(2ωr t i+φ)∆t. (5.17)

The noise term is given by:

E
�

ePn

�

= E

�

lim
N→∞

1
τ

N
∑

i=0

n(t i)e
iωr t i∆t

�

, (5.18)
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where n(t i) is the noise model. The noise model assumes that the noise can be rep-
resented as a Fourier series with an arbitrary power spectral density Gnn(ωk) and that
each component has an arbitrary phase:

n(t i) =
1
2

∞
∑

k=0

Æ

2Gnn(ωk)∆ω
�

eiωk t i+iθk + e−iωk t i−iθk
�

. (5.19)

Inserting the above equation in the expected operator, operating on the component
associated with the noise in the projection, results in:

E
�

ePn

�

= E

�

lim
N→∞

1
τ

N
∑

i=0

∞
∑

k=0

1
2

Æ

2Gnn(ωk)∆ω·

�

eiωk t i+iθk+iωr t i + e−iωk t i−iθk+iωr t i
�

∆t

�

.

(5.20)

Because the phase θk of the Fourier components is the only random variable in the
above equation, and the expected value operator is a linear operator, the equation can
be rewritten as

E
�

ePn

�

=
1
τ

lim
N→∞

N
∑

i=0

∞
∑

k=0

1
2

Æ

2Gnn(ωk)∆ω·
�

eiωk t i+iωr t i E
�

eiθk
�

+ e−iωk t i+iωr t i E
�

e−iθk
��

∆t.

(5.21)

To evaluate the above expression, the probability density function (pdf) for θk should
be known. We assume that the pdf has a constant value and that the value of θk is
bounded by [0, 2π). Therefore the expectation of the noise term is equal to E

�

ePn

�

= 0.
The expected value of the projection is thus only a combination of the constant and
fast oscillating component. As the transfer function between the excitation signal and
the response signal is given by the constant component, the fast oscillating component
will give rise to a bias error to the expected value of the projection. Fortunately the
expected value of the fast oscillating component can be zero when the integration time
τ is exactly equal to a multiple of the period of the reference signal. Another possibility
is to measure for a very long time, as the expected value goes to zero for τ going to
infinity.

To calculate the variances of the real and the imaginary parts and the co-variances
between the real and imaginary parts, first the deviation from the expected value has
to be calculated. The deviation from the mean value is given by eP − E(eP) and can
be simplified to ePn because the constant and fast oscillating terms have no random
component. Their estimate and expected value are equal and the expected value of
the noise term is equal to zero. The covariance matrix between the real and imaginary
parts is then given by:

cov
�ℜ(eP),ℑ(eP)�=

�

E
�ℜ(ePn)2

�

E
�ℜ(ePn)ℑ(ePn)

�

E
�ℑ(ePn)ℜ(ePn)

�

E
�ℑ(ePn)2

�

�

, (5.22)
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where ℜ stands for the real part and ℑ for the imaginary part. The covariance matrix
gives information on the variance of the complex and the real parts and the covariance
between the complex and real parts.

The next step is to obtain the matrix coefficients. First the matrix coefficients are
obtained for the discrete time domain, and later the limit lim N →∞ will be evaluated
to obtain expressions in the continuous time domain.

5.2.1 Discrete time domain

The real and imaginary parts of the estimate of the noise term in the discrete time
domain are given by:

ℜ(eP) = 1
τ

N
∑

i=0

∞
∑

k=0

1
2

Æ

2Gnn(ωk)∆ω
�

cos(ω+k t i + θk) + cos(ω−k t i − θk)
�

∆t, (5.23)

ℑ(eP) = 1
τ

N
∑

i=0

∞
∑

k=0

1
2

Æ

2Gnn(ωk)∆ω
�

sin(ω+k t i + θk) + sin(ω−k t i − θk)
�

∆t, (5.24)

wereω+k =ωr +ωk andω−k =ωr −ωk. With the imaginary and real part, the variance
can be calculated. From the above equation it can be seen that each estimate is a
completely random quantity of k but not of i, therefore the cross products due to the
square are uncorrelated with each other for each k and the expected value will be equal
to zero. This means that the summation over k can be simplified using

�∑

a
�2
=
∑

a2.
Evaluating the summation and then applying the expectation operator gives rise to the
variance for the real and imaginary part of the estimate:

E(ℜ(eP)2) =E





1
τ2

∞
∑

k=0

1
2

Gnn(ωk)∆ω ·
N
∑

i=0

N
∑

j=0

�

cos(ω+k t i + θk) + cos(ω−k t i − θk)
�

�

cos(ω+k t j + θk) + cos(ω−k t j − θk)
�

∆t2

�

=
1
τ2

∞
∑

k=0

1
2

Gnn(ωk)∆ω ·
N
∑

i=0

N
∑

j=0
�

1
2

cos(ω+k (t i − t j)) +
1
2

cos(ω−k (t i − t j))

+ cos(ωr(t i + t j)) cos(ωk(t i − t j))
�

∆t2,

(5.25)
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E(ℑ(eP)2) = 1
τ2

∞
∑

k=0

1
2

Gnn(ωk)∆ω ·
N
∑

i=0

N
∑

j=0
�

1
2

cos(ω+k (t i − t j)) +
1
2

cos(ω−k (t i − t j))

− cos(ωr(t i + t j)) cos(ωk(t i − t j))
�

∆t2.

(5.26)

The covariances E(ℜ(eP)ℑ(eP)) and E(ℑ(eP)ℜ(eP)) are zero because of the orthogonality
property of the sin and cos functions when evaluating the expectation operator. From
the equation it can be seen that the variance of the real part and the imaginary part are
not equal because of the difference in the sign of the the last term.

5.2.2 Continuous time domain

To obtain the expression for the continuous time-domain, the summation over time t i
is computed by taking the limN→∞. In this limit, equation (5.13) transforms into an
integral over complex exponents and gives rise to:

ePn =
∞
∑

k=0

1
2

Æ
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1
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0
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ei(ωr+ωk)τ − 1
i(ωr +ωk)

eiθk +
ei(ωr−ωk)τ − 1
i(ωr −ωk)

e−iθk

�

.

(5.27)

The second term in the above equation has an fraction where the denominator could
be zero. The fraction is bounded for ωr →ωk by:

lim
ωr→ωk

ei(ωr−ωk)τ − 1
i(ωr −ωk)

= lim
ωr→ωk

i sin ((ωr −ωk)τ)
i(ωr −ωk)

= 0. (5.28)

The real and imaginary parts of ePn are given by:

ℜ�ePn
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=
∞
∑

0

1
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Æ

2Gnn(ωk)∆ω
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,

(5.29)
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2Gnn(ωk)∆ω

�− cos [ω+τ+ θk] + cosθk

ω+τ
+
− cos [ω−τ− θk] + cosθk

ω−τ

�

,

(5.30)
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with ω+ = ωr +ωk and ω− = ωr −ωk. In the same manner as in the discrete case,
the variance of the real and imaginary part can be calculated for the continuous case:
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(5.31)
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(5.32)

Again for the continuous time case, the covariances between the real and imaginary
part of the projection are equal to zero because of the orthogonality of the sine and
cosine functions when evaluating the expectation operator and the variances in the
real and imaginary part are not equal due to a difference in sign of the last term. As the
summation is taken over all ω, thus ω− can be equal to zero. The limits for ω− → 0
exist, and for the second term in the integrand the limit is given by:

lim
ω−→0

1− cosω−τ
ω2
−τ2

=
2sin2ω−τ/2
4(ω−τ/2)2

=
1
2

. (5.33)
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For the third term the limit is given by:

lim
ω−→0

1− cosω−τ− cosω+τ+ cos 2ωτ)
ω+ω−τ2

=

lim
ω−→0

1− cosω−τ− cosω+τ (1− cosω−τ) + sinω+τ sinω−τ
ω−ω+τ2

=

sinω+τ
ω+τ

,

(5.34)

and equation (5.31) and (5.32) are bounded and defined for allω− except forω− = 0.

5.2.3 Signal to noise ratio
Using the obtained values of the expected value and the variance, the signal to noise
ratio (SNR) can be calculated which is an indicator of how precise the measurement
is. The ratio can be seen as a measure for the relative uncertainty in the measurement
and is calculated using the definition:

SNR :=
|µ|
σ

. (5.35)

The variance of the (complex) estimate E
�

�

ePn

�2�

is a real number and defined as:

σ2 := E [(X − E[X])(X − E[X])∗] = E
�|X − E[X]|2� , (5.36)

where ∗ denotes the complex conjugate. Therefore the variance of the estimate can be
determined as

σ2 = E
�|fPn |2

�

= E
�

ℜ�ePn

�2�

+ E
�

ℑ�ePn

�2�

. (5.37)

5.3 Discussion

The main pillar on which the above derivation stands, is the assumption that each
estimate is statistically independent from each other. When one is measuring long time
series and cuts this into smaller pieces and there is a deterministic component present,
the phase of that component relative to the excitation phase in the Fourier analysis is
dependent on the length of the time series and of the difference in frequency. This
violates the assumption of statistically independent measurements. The way to have
truly statistically independent measurements is to start each new measurement (and
excitation) at a random time delay. In this way the phase of the unwanted component
relative to that of the excitation will also be random.

The next part of the discussion will be on the properties of the derived result. From
both the discrete and continuous representations it can be seen that the variance in the
determined projection is a function of both the noise spectrum itself and the acquisition
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Figure 5.2: Calculated H(ωk) for different cases. Plotted points are such that
cos(ω−τ)≈ 0. Excitation frequency at ωr = 300 rad/s.

parameters. Both the discrete and continuous variance can be represented as:

σ2 =
∞
∑

0

Gnn(ωk)H(ωk), (5.38)

were H(ωk) is the function describing how much of the noise at ωk is contributing to
the total variance as function of the acquisition parameters. For the discrete case, H is
given by

H =
∆t2

τ2

N
∑

i=0

N
∑

j=0

cos(ω+k (t i − t j)) + cos(ω−k (t i − t j)), (5.39)

and for the continuous case H is given by:

H = 2

�

1− cosω+τ

ω2
+τ

2
+

1− cosω−τ
ω2
−τ2

�

. (5.40)

In Fig. 5.2 H(ωk) is depicted for the continuous case for two measurements times
(τ = 5 s and 10 s). One solution for the discrete case is shown for a measurement
time of 5 seconds and an acquisition rate corresponding to three times the excitation
frequency.

The value of H close to the excitation frequency is given by the limit ωk → ωr
and equals one. The curves for the continuous case and discrete case overlap close
to the excitation frequency and deviate for frequencies far away from the excitation
frequency. The deviation is small compared to the value close to H(ωr), in the order
of O (10−6) and thus increasing the acquisition frequencies to very high values will not
affect the variance of the end result significantly. This results is in a way surprising
as increasing the sample rate implies that more information is available to obtain a
good estimate (under the assumption that each point is uncorrelated with each other).
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The only significant way to reduce the variance is by increasing the measurement time,
which results in a more narrow peak in H at ωr .

Using the continuous time model, the variance as function of the integration time
τ can be calculated and it can be shown that the variance of each estimate scales with
Var(X̃)∝ τ−1. The variance of the mean of the estimates (5.14) can be related to the
variance of each estimate when each estimate is statistically independent from each
other giving rise to:

var(X) = var(
1
M

M
∑

i=1

eXi) = E





�

1
M

M
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eXi

�2




=
1

M2
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�

M
∑

i=1

eXi
2

�

=
1
M

var
�

eX
�

,

(5.41)

and thus

var(X)∝ 1
Mτ

, (5.42)

showing that the variance of the determined transfer function is inversely proportional
to the total measurement time T = Mτ and the signal to noise ratio is therefore pro-
portional to

p
T . When performing stepped sine measurements, often the number of

averages is used to indicate the goodness of the measurement. However, it is more
appropriate to state the total measurement time and the signal-to-noise ratio for a one
second measurement as these are the two independent quantities governing the uncer-
tainty on the measurement.

In agreement with earlier results the imaginary part and the real part are uncor-
related with each other. It is often assumed that the variance is circularly distributed
[61, 73] in the complex domain, implying that the variances on the real and imaginary
part are equal. From both the discrete and continuous results, it can be seen that this
is not completely true. However, the last term that has a different sign is generally
much smaller than the other two terms, and thus the error can be approximated to be
circularly distributed.

5.4 Conclusion

A way to determine the variance of a transfer function estimate under conditions where
it is difficult to obtain a large number of statistically independent estimates is presented.
The variance of the transfer function estimate as function of the noise spectrum has
been derived and it is shown that only the measurement time and the sampling fre-
quency affect the variance and that the sampling frequency is of minor importance. The
relation between the variance and the noise spectrum has been given in the discrete
and continuous time domain for a finite measuring time and can be used to compute
the variance in real measurement situations.





CHAPTER6

Aero-acoustic properties of the

area-expansion

In this chapter the results of the measurements performed on the area-expansion will
be presented. First the measurements on the area expansion with a quiescent fluid
will be discussed. The results are shown together with uncertainty intervals and com-
pared with models published in literature. Thereafter the measurements on the area
expansion in the presence of flow are presented together with the computed uncer-
tainty intervals. The results are compared with a model by Kooijman et al. [44]. Three
flow cases will be presented for a frequency range of 100-300Hz.

In the case of no-flow several models exist to predict the influence of an area expan-
sion on the wave propagation. The most simple model is the quasi steady state model
where the acoustic volume velocity and pressure are matched at the area expansion.
The quasi steady state model fails to predict the influence of the higher order modes on
the scattering coefficients which become important at high Helmholtz numbers. For the
measured frequencies only the plane wave solution propagates in the wave guides and
thus only these modes propagate energy. At the discontinuity, higher order modes are
excited which do not propagate energy. As the total power should be conserved, they
only affect the phase of the plane wave propagation and this effects can represented
using a so called lumped parameter model.

For the area-expansion, the lumped parameter model can be deduced from the
notion that the volume velocity across the junction should be constant because the
volume intrinsically associated with the junction is in effect zero and thus the inflow
and outflow through the junction should be equal. As the volume velocity across the
area expansion is constant, the system can be written as a continuous-volume-velocity
two port [60]:

Va = Vb, (6.1)

pa = pb + Z jVa, (6.2)

wherein V is the acoustic volume velocity, p the acoustic pressure and Z j the acoustic
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Figure 6.1: Measured magnitude of the quiescent scattering coefficients relative to the
quasi steady state solution as function of frequency and downstream He number kdb.
Also the 65% (σ) and 95% (2σ) confidence intervals are shown together with three
models by Aurégan et al.[9], Kergomard et al. [41] and Peat [57].

impedance associated with the junction. This acoustic impedance is frequency depen-
dent and describes the effect of the excitation of the higher order modes on the plane
wave propagation. The scattering matrix for a continuous-volume-velocity configura-
tion with different cross sections can be written (using the wave notation given in figure
2.1) as:

�

p−a
p−b

�

=
1

η+ 1+ Sa
ρc Z j

�

η− 1− Sa
ρc Z j 2

2η+ 2η Sa
ρc Z j 1−η+ Sa

ρc Z j

�

�

p+a
p+b

�

, (6.3)

where η is the area-expansion ratio and Sa the cross sectional area of the upstream
duct. The scattering matrix reduces to the quasi steady state solution when Z j = 0.
The above formulation shows that the acoustic properties of the plane waves of the
area expansion are fully determined by knowing the acoustic impedance associated
with the junction.

In figure 6.1 and figure 6.2 the experimentally determined magnitude and phase of
the scattering coefficients are shown together with the lumped inductance models of
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Figure 6.2: Measured angles of the quiescent scattering coefficients as function of fre-
quency and downstream He number kdb. Also the 65% (σ) and 95% (2σ) confidence
intervals are shown together with three models by Aurégan et al.[9], Kergomard et al.
[41] and Peat [57].

Aurégan et al.[9] and the approximation formulae of Kergomard et al. [41] and Peat
[57]. The absolute values of the scattering coefficients are compared relative to the
quasi-steady solution to show the small influence of the impedance on the magnitude of
the scattering coefficients. The uncertainty on the measurement is calculated using the
theory and uncertainties presented in chapter 3. The measured pressures are used as
input for the model and the uncertainty on the pressure is taken from the data presented
in table 4.2.

From the figures it can be seen that the results of Kergomard et al., Peat and Au-
régan are in good agreement with the measurements and that the error induced by
the lower order model of Aurégan is small. The quasi steady state f → 0 results from
the measurement do not fully agree with the models but are within the experimental
precision. In summary it can be said that the models and the measurements are within
agreement of 1% procent for the absolute values and the phase agreement is within 1
degree of each other.

The measured scattering matrices for three two flow cases, M ≈ 0.1, 0.2 and 0.3
are given in appendix A. Only selected measurement results will be shown in this
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chapter. The uncertainty in the measuremed results are determined using the uncer-
tainties presented in chapter 3, however some adjustments have been made. As shown
in chapter 4 there is an under-determination of the mean flow speed due to a non-fully
developed flow case and the flow speed used in the determination of the scattering
matrix is adjusted to reflect this bias error. Furthermore, the uncertainty in the deter-
mined flow speed is set to be 5% of the measured flow speed to reflect this bias error.
The uncertainty in the measured acoustic pressures is accounted for by taking multiple
measurements and calculating the sample variance of the determined scattering coeffi-
cients of each measurement. This approach is being used despite the theory presented
in chapter 5, as that theory has not been proven yet. The relative uncertainty for the
lower flow speeds is small enough so that the conversion to polar coordinates can be
done to obtain the uncertainties in terms of absolute value and the phase. Care should
be taken when interpreting the uncertainties for the highest flow case, here the uncer-
tainty in the measured scattering coefficient is in the order of the absolute value of the
coefficient and the uncertainty in the phase becomes difficult to interpret.

For all the three investigated flow cases a good agreement with the model by Kooij-
man et al. [44] is seen. However, for the highest flow case and the lowest frequencies,
there is a sudden drop for the upstream reflection coefficient and the transmission
from the upstream to the downstream side, indicating that the sound incident from
the upstream side is absorbed. The other two coefficients (the downstream reflection
coefficient and the transmission coefficient from the downstream to the upstream side)
do not show this behaviour, indicating that sound incident from the downstream is
not absorbed. In figure 6.3 the upstream reflection coefficients for two flow cases are
shown to illustrate the magnitude of the drop. Even though the uncertainty is large
on the measured scattering coefficient at the highest flow speed, the model result are
outside the 95% confidence interval for the lowest frequency. Furthermore, the width
of the uncertainty region remains the same, indicating that the uncertainty due to the
flow noise on the measurement itself is constant, raising the confidence of correctness
of the measured data.

This observation is quite surprising, because the models predict a quasi steady state
solution, which seems not to be attained when the frequencies are low enough. In the
previous investigation by Ronneberger [69], the lowest frequency attained was equal
to 300 Hz for a Mach number of M = 0.3. The observation of low frequency sound
absorption of Bechert [11] could be an explanation, and in the paper it is argued that
the Kutta condition is responsible for the sound absorption. As the Kutta condition is
also applied in the model by Kooijman [44], this model should also predict the sudden
decay if it is governed by this mechanism.

Unfortunately these observations are made on the borders of the capabilities of the
current measurement setup ( f = 100 Hz and M ≈ 0.3). To increase the confidence
of the existence of this phenomena, the measurements have to be repeated and the
measurement setup improved to be able to measure at lower frequencies.
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the results from the model of Kooijman et al. [44]. The markers indicate the measured
frequencies.

6.1 Conclusion

The measurements of the quiescent area expansion have proven that the current setup
is capable accurately to measure the acoustic properties of an area expansion. The
measurement results are in agreement within the experimental accuracy of the setup.

The measurement results for the area-acoustic properties of the area expansion with
flow are in good agreement with the model by Kooijman. Also at low frequencies and
high flow speeds there is evidence of a sound absorption mechanism not predicted by
the models. More measurements have to be taken to reduce the uncertainty on the end
results and give a more clear picture on the sudden sound absorption mechanism and
the correspondence of the models over a larger range of frequencies.





CHAPTER7

Summary and Outlook

In this work a detailed investigation of a setup designed to determine the scattering
matrix of an area expansion is presented. The analysis encompassed the determination
of the accuracy and precision of the measurement results for frequencies up to the
cut-on frequency of the first higher order mode.

First a summary of the bias errors that can be present in the current measurement
setup has been given. The errors that are present when measuring the quiescent prop-
erties of the area expansion have been identified and in order of severity these are
mechanical vibrations due to a rigid coupling between the loudspeaker section and the
measurement section, incorrect estimation of microphone distances, temperature vari-
ations and the finite microphone acoustic impedance. Techniques to account for the
first three error sources have been proposed and a model to explain the presence of
the fourth has been presented. Thereafter the errors that are present under flow con-
ditions are treated and it is showed that the determination of the mean flow velocity is
the largest contributor to the overall error in the measurement results.

Random errors and their influence on the measurement results have been assessed
by performing an uncertainty analysis. It has been shown that a linear multi-variate
analysis can be successfully applied to assess the uncertainty in the determination of
the scattering matrix coefficients. Also, the difficulty to determine the variance in the
measured complex pressures has been discussed and expressions are given to deter-
mine the variance from the background noise spectrum using a methodology based on
synchronous demodulation.

Finally, the above techniques and methods have been applied to determine the aero-
acoustic properties of the area expansion. For the quiescent measurements, the results
are within 1.5% relative error in magnitude and 1 degree of phase compared to an-
alytical models. Under flow conditions, the uncertainties are larger and mainly due
to the presence of flow noise. Overall, a good agreement with an analytical model is
observed, however, a substantial difference in the scattering coefficients has been mea-
sured for the highest flow velocity, M ≈ 0.3, and in the low frequency range, f<200 Hz.
This difference may be caused by a sudden sound absorption at these conditions and
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an explanation for this sound absorption has not yet been found.
As always there is room for improvement and there are many ways to continue the

present work. It is interesting to further investigate the sudden sound absorption ob-
served at low frequencies and relatively high flow speeds. Furthermore, it is shown that
the microphone acoustic impedance affects the measurements results and to improve
the measurement precision, ways to reduce or take the influence of the microphone
impedance into account should be investigated. Also, the expressions to obtain the
variance on the complex pressures from the background noise spectrum have been de-
rived, however the validity of these expressions in real measurement situations still has
to be evaluated.
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APPENDIXA

Measured scattering matrices
In the following figures, the absolute value and phase in degrees of the measured scattering
matrix coefficients are given for three mean upstream Mach numbers. The markers indicate the
measured frequencies. The measurement results are shown together with the estimated 65% and
the 95% confidence intervals and together with the results obtained from the analytical model
by Kooijman et al. [44, 45].
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Figure A.1: Measured magnitude of the scattering coefficients for the area expansion
with a mean Mach number of M ≈ 0.1.
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Figure A.2: Measured angles of the scattering coefficients for the area expansion with
a mean Mach number of M ≈ 0.1.
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Figure A.3: Measured magnitude of the scattering coefficients for the area expansion
with a mean Mach number of M ≈ 0.2.
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Figure A.4: Measured angles of the scattering coefficients for the area expansion with
a mean Mach number of M ≈ 0.2.
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Figure A.5: Measured magnitude of the scattering coefficients for the area expansion
with a mean Mach number of M ≈ 0.3.
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Figure A.6: Measured angles of the scattering coefficients for the area expansion with
a mean Mach number of M ≈ 0.3.



APPENDIXB

Measurement setup
In this appendix a schematic of the dimensions of the complete setup is shown, all the measures
are in meters and relative to the positions of the area expansion, denoted with the red arrow,
unless otherwise denoted. The measurement setup is made of aluminium and the pipes have a
wall thickness of 5mm.
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APPENDIXC

Temperature measurement
To have a more precise temperature measurement, an electronic circuit has been designed. The
circuit is based on the AD594A thermocouple amplifier [52, 55] and designed for K-type thermo-
couples. The amplifier has a built in ice point compensator and the offset and gain of the output
can be calibrated. The schematic of the circuit is shown in C.1. The circuit is battery driven to
reduce the noise on the output signal and the output is buffered to be able to continuously read
it using the data acquisition system. The circuit has been calibrated by measuring ice water from

Figure C.1: Schematic overview of the adjustable electronic circuit to measure the tem-
perature using K-type thermocouples.

de-mineralized water and the boiling point of de-mineralized water. The dependence of the ice
point and boiling point of water are much smaller than the achievable measurement accuracy
using a thermocouple based measurement and therefore neglected.

The repeatability of the temperature measurement of the ice point and boiling point have
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Ice Point Boiling Point

Channel 1 [mV] 2 [mV] 1 [V] 2 [V]
µ -0.850 0.438 1.0076 1.0138
σ 0.280 0.406 8e-7 2e-7

Table C.1: Determined mean values and uncertainties in the temperature measurement
of the thermocouple circuit.

been determined (data in table C.1) and the measurements show that the average uncertainty in
the ice Point temperature is uip = 0.58 mV and the uncertainty in the boiling point measurement
is ubp = 0.67 mV. When calibrating, the uncertainty in the ice point will result in a bias offset,
the uncertainty in the boiling point will result in a gain uncertainty. The overall uncertainty can
be estimated by assuming that the thermocouple output voltage is linear on the whole measured
temperature range. Then the uncertainty of the temperature measurement is given by:

uT = uip
Tb

Ūbp − Ūip

+ ubp
Tb

Ūbp − Ūip

T
Tb

. (C.1)

where Ūbp and Ūip are the average voltage output when measuring the boiling point and ice
point respectively, Tb the boiling temperature of water and Ta the measuring temperature. The
uncertainty in the thermocouple measurement at Ta = 25◦C becomes uT = 0.0675◦C

The thermocouple output signal is slightly non-linear with respect to the temperature. This
effect has been taken into account to remove the resulting bias error on the measurement. The
measured thermocouple voltage is converted to the true temperature voltage ν with the help of
the published calibration data [25] and a rational polynomial function fitted [36] to this data.


