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Abstract

The amount of data that our digital society collects is unprecedented. This
represents a valuable opportunity to improve our quality of life by gaining in-
sights about complex problems related to neuroscience, medicine and biology
among others. Topological methods, in combination with classical statistical
ones, have proven to be a precious resource in understanding and visualizing
data. Multidimensional persistence is a method in topological data analysis
which allows a multi-parameter analysis of a dataset through an algebraic
object called multidimensional persistence module. Multidimensional persis-
tence modules are complicated and contain a lot of information about the
input data. This thesis deals with the problem of algorithmically describing
multidimensional persistence modules and extracting information that can be
used in applications. The information we extract, through invariants, should
not only be efficiently computable and informative but also robust to noise.

In Paper A we describe in an explicit and algorithmic way multidimen-
sional persistence modules. This is achieved by studying the multifiltration of
simplicial complexes defining multidimensional persistence modules. In par-
ticular we identify the special structure underlying the modules of n-chains
of such multifiltration and exploit it to write multidimensional persistence
modules as the homology of a chain complex of free modules. Both the free
modules and the homogeneous matrices in such chain complex can be directly
read off the multifiltration of simplicial complexes.

Paper B deals with identifying stable invariants for multidimensional per-
sistence. We introduce an algebraic notion of noise and use it to compare
multidimensional persistence modules. Such definition allows not only to
specify the properties of a dataset we want to study but also what should be
neglected. By disregarding noise the, so called, persistent features are identi-
fied. We also propose a stable discrete invariant which collects properties of
persistent features in a multidimensional persistence module.
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Sammanfattning

I dagens digitala samhälle genererar vi mer data än någonsin tidigare. Det-
ta ger oss en fantastisk möjlighet att förbättra vår livskvalitet genom att få
en djupare insikt i problemställningar inom neurovetenskap, medicin, biologi
etc. Kombinationen av topologiska och statistiska metoder har visat sig vara
ett omistligt verktyg för att visualisera och skapa förståelse för stora data-
mängder. Multidimensionell persitens är en metod inom topologisk dataanalys
som gör det möjligt att studera datamängder genom algebraiska objekt kal-
lade multidimensionella persistensmoduler. Dessa moduler är komplicerade
objekt och innehåller mycket information om datamägden som represente-
rar dem. I denna avhandling angriper vi problemet att algoritmiskt beräkna
multidimensionella persistensmoduler och utvinna information av värde för
tillämpningar. Den information vi erhåller, genom invarianter, bör inte bara
vara effektivt beräkningsbar utan också vara okänslig mot brus.

I artikel A beskriver vi multidimensionella persistensmoduler på ett expli-
cit och algortimiskt vis. Vi åstadkommer detta genom att studera de simpli-
ciella komplex som definierar dessa moduler. Speciellt identifierar vi den un-
derliggande struktureren hos moduler av n-kedjor av sådana multifiltreringar
och utnyttjar den för att beskriva multidimensionella persistensmoduler som
homologin av kedjekomplex av fria moduler. Både de fria modulerna och de
homogena matriserna i kedjekomplexen kan direkt avläsas från multifiltre-
ringen av simpliciella komplex.

Artikel B handlar om att identifiera stabila invarianter för multidimen-
sionell persistens. Vi introducerar en algebraisk beskrivning av brus och an-
vänder detta för att jämföra multidimensionella persistensmoduler. En sådan
definiton gör det inte bara möjligt att specificera vilka egenskaper hos en
datamängd som vi vill studera utan också vilka vi vill ignorera. Genom att
ignorera brus kan de så kallade persistenta kännetecknen bli identifierade.
Vidare föreslår vi en diskret invariant som samlar egenskaperna hos de persi-
stenta kännetecknen för en multidimensionell persistensmodul.
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1 Introduction

As we accumulate more and more data, the need for robust mathematical tools
and methods to extract information from high dimensional and possibly noisy data
is growing. In this thesis we address such problems through a topological and
homological approach that builds on the notion of persistence. Over the last decade
persistence and topological methods to study big data sets have gained a lot of
attention due to groundbreaking results of, among others, Herbert Edelsbrunner
and Gunnar Carlsson (see [7],[15]). The study of a data set using topological
methods is commonly called topological data analysis (TDA for short). We see
TDA as a three step process:

• From data to geometry: A geometric object, often a nested family of simplicial
complexes, is built from the dataset. Such an object reflects features of the
data points and correlations between them.

• From geometry to algebra: A homology calculation is performed on the ge-
ometric object. The data set is now represented by a functor indexed by
a poset category with values in the category of vector spaces. In this step
we lose some information on the data, but gain methods for comparing the
information we have extracted.

• Computation of invariants: We identify an invariant for the algebraic ob-
ject representing our dataset. Datasets can now be compared through their
algebraic signature.

Since the ultimate goal of TDA is to compare and understand complex datasets
through their algebraic signatures, we aim for invariants which are: easily com-
putable, easily comparable, informative on the dataset, intuitive to interpret and
stable with respect to small perturbations on the dataset. Stability with respect
to noise is particularly important when dealing with real world applications. If the
three steps in TDA are performed through continuous transformations, stability of
the invariant is guaranteed. The introduction is organized as follows :

Section 1.1 is devoted to a precise description of the first two steps in topological
data analysis. We start by modeling different ways in which a dataset amenable
to topological data analysis can be described. This is our input and we call it a
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data system. Many topologies can be defined on data systems, any one gives a way
to measure how close or how far apart two data systems are. We then describe
some constructions for the geometric object associated to data systems and how to
transform this in an algebraic object. Once the association of an algebraic object
to a data system is defined, closeness of data systems can be measured in terms of
a topology in the algebraic context.

In Section 1.2 we present some well known and successful methods in topolog-
ical data analysis and show how they fit into our framework. In doing this we
will address, through examples, the last step in TDA: computation of invariants.
Particular attention will be given to understanding which methods lead to stable
invariants and how such invariants can be used in applications.

Multidimensional persistence is a method in TDA introduced by G.Carlsson
and A.Zomorodian in 2009 (see [5], [6]). Within this method a multidimensional
persistence module is associated to a data system. A multidimensional persistence
module is a functor from Nr, the poset of r-tuples of natural numbers, to VectK the
category of vector spaces with coefficients in a field K. Equivalently a multidimen-
sional persistence module can be seen as an Nr-graded module over the polynomial
ring K[x1, . . . , xr] graded by Nr. Functors from Nr to VectK do not admit a finite
classification. This implies that a discrete invariant completely describing multi-
dimensional persistence modules is not possible, as it was for the barcode in the
case of single persistence (see [5],[26]). Nevertheless a complete invariant can be
computed, as well as informative discrete invariants. Furthermore, for applications
it is not a complete classification of multidimensional persistence we should aim for,
but rather stable discrete invariants. The aim of this thesis is to present a compre-
hensive approach to study calculable invariants for multidimensional persistence.

Paper A (see [12]) deals with the last two steps in TDA. Exploiting the fact that
multidimensional persistence modules are built from a nested family of simplicial
complexes, we propose an algorithmic and combinatorial way to compute a presen-
tation of such modules. Our algorithm generalizes the one in [6], where the authors
deal with special families of simplicial complexes called one-critical complexes.

In paper B we concentrate on the last step of TDA and identify ways of con-
structing stable invariants for multidimensional persistence. We introduce an alge-
braic notion of noise which defines a family of metric topologies on multidimensional
persistence modules. Such topologies then induce topologies on data systems and
can be used to declare which parts of a data system should be considered as noise
and therefore neglected. In this setting we define a discrete invariant for multi-
dimensional persistence which is stable with respect to noise. The same method
can be used to define a stable invariant starting from any numerical invariant for a
multidimensional persistence module.
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1.1 Topological Data Analysis

We start this section with a precise definition of the structure we expect our data
to have. A description of the first two steps in topological data analysis will follow.
This description will help us to contextualize the work of this thesis as the last
step of a simplification process for complex datasets. The symbol Rn represents
the poset of n-tuples of non negative real numbers with partial order given by
(v1, . . . , vn) ≤ (w1, . . . , wn) in Rn if and only if vi ≤ wi in R for every 1 ≤ i ≤ n.

Data Systems
The input for TDA is what we call a data system. A data system U consists of:

1. a finite set U called the data;

2. a non-empty sequence of metric spaces {(Xi, di)}1≤i≤n and functions called
measurements {mi : U → Xi}1≤i≤n;

3. a sequence of metric spaces {(Yj , lj)}1≤j≤k and functions {fj : U → Yj}1≤j≤k
called filters;

4. for any filter, a choice of a finite non-empty subset Rj ⊂ Yi whose elements
are called reference points.

Most of the ways in which data are commonly presented fit into our framework:

1.1.1 Example. A point cloud is a finite set of points in a Euclidean space X,
usually a subset of Rn (see, [26]). We denote with d1 the Euclidean distance on
X. A point cloud is a data system with a finite set U and a unique measurement
m : U → (X, d1).

1.1.2 Example. Amultifiltered data set is given by a point cloud and n−1 real
valued functions defined on the point cloud (see, [5]) . This corresponds to a data
system consisting of a finite set U , one measurement m : U → (X, d1) and one filter
f : U → Rn−1 with reference point 0 ∈ Rn−1, or equivalently n−1 filters fj : U → R
for 0 ≤ j ≤ n− 1 all with reference point 0 ∈ R. A concrete realization of this data
system is used in [1] for the classification of radiological images from hepatic lesions.
The data U in this case is a finite set of points representing a sample of pixels in
the image of a lesion. The measurement d : U → R2 is the natural embedding of
the pixels in the image as points of R2, a set of contiguous pixels is identified as
the boundary of the lesion. The filter function f := (f1, f2) : U → R2 respectively
assigns to each pixel the intensity value of this pixel measured on a greyscale, and
the distance of such pixel from the boundary of the lesion.

1.1.3 Example. An interesting instance of a multifiltered dataset is a point cloud
with a density, (see [6],[26]). A point cloud with a density consists of a data
system with one measurement m : U → (X, d1) and one filter f : U → [0, 1] ⊂ R
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with reference point r ∈ R. The filter f corresponds to a probability density
estimator. Let α be a positive real number which we call a smoothing parameter.
For x in U , denote with ρ(x) the number of elements y in U such that d(x, y) ≤ α.
An example of a probability density estimator is the function with values 1/ρ(x) for
any x in U . This type of data system is useful if we are interested in understanding
the shape of a point cloud, i.e. if the data points lie on some geometric object.

A data system is a complicated object that contains a lot of information. The
goal of TDA is to extract some of this information. This is done by assigning certain
invariants to the data system. To understand the stability of these invariants one
needs to be able to compare data systems. There is not, however, a universal way
of doing this. One can choose different topologies on a data system that reflect
different aspects and needs. We will now recall a standard way of comparing data
systems of the same type, i.e., with the same number of measurements and filters.
Let a and b be elements in U , x an element in Xi, and R a subset of Yj . We
use the following notation: di(a, b) := di(mi(a),mi(b)), di(a, x) := di(mi(a), x),
lj(a, b) := lj(fj(a), fj(b)), and lj(a,R) := min{lj(fj(a), y) | y ∈ R}. Let ε be a
positive real number. We say that two data systems U and U ′ are ε-close if there
are functions A : U � U ′ :B such that:

1. A is ε-continuous, i.e., for any a and b in U , and any i and j:

|d′i(A(a), A(b))− di(a, b)| < ε |l′j(A(a), R′j)− lj(a,Rj)| < ε

2. B is ε-continuous, i.e., for any a and b in U ′, and any i and j:

|di(B(a), B(b))− d′i(a, b)| < ε |lj(B(a), Rj)− l′j(a,R′j)| < ε

3. the compositions AB and BA are ε-close to the identities, i.e., for any a in
U , b in U ′, and any i:

di(BA(a), a) < ε d′i(AB(b), b) < ε

For example, a point cloud with arbitrary many points whose pairwise distance
is smaller than ε, is ε-close to any point cloud containing one single point.

Here are some basic properties of the notion of closeness for data systems:

1.1.4 Proposition. Let U , U ′ and U ′′ be data systems.

1. If U and U ′ are τ -close, then they are ε-close for any ε ≥ τ .

2. If U is ε-close to U ′ and U ′ is τ -close to U ′′, then U is (ε+ τ)-close to U ′′.

3. If U and U ′ are ε-close, then there exists 0 < τ < ε, such that U and U ′ are
τ -close.
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Proof. The first statement is clear from the definition. The second statement follows
from the simple inequality |x + y| ≤ |x| + |y| for any real numbers x and y. The
third statement is a consequence of the finiteness of U and U ′.

A key consequence of these properties is that the collections of all data systems
ε-close to U , which we denote by B(U , ε), form a base for a topology which is the
content of:

1.1.5 Corollary. Assume U belongs to B(U ′, ε′) and B(U ′′, ε′′). Then there is a
positive real number τ such that B(U, τ) ⊂ B(U ′, ε′) and B(U, τ) ⊂ B(U ′′, ε′′).

Proof. Let 0 < τ ′ < ε′ and 0 < τ ′′ < ε′′ be real numbers such that U is τ ′-close
to U ′ and τ ′′-close to U ′′. Set τ = min{ε′ − τ ′, ε′′ − τ ′′}. Since τ + τ ′ ≤ ε′ and
τ + τ ′′ ≤ ε′′, any data system which is τ -close to U is ε′-close to U ′ and ε′′-close to
U ′′.

Our definition of a data system requires the data to a be a finite set. In practice,
data systems most often model a matrix of statistical relational data or the result
of some experiment on a finite sample. Nevertheless many methods in TDA, as for
example Persistent Homology and Multidimensional Persistence (see Section 1.2),
can be applied to real valued functions defined on a topological space.

The study of real valued functions finds many natural applications. One of
the most developed is the study of digital shapes within the context of computer
graphics or computer vision (see [3]). Here the goal is to produce a shape descriptor
for a topological space X by analyzing the sublevel-sets of continuous functions
φ : X → Rn, as first proposed in Size theory, (see [18]). A different but nevertheless
interesting application of studying real valued functions is scalar field analysis,
where persistent homology is used to simplify a real valued function by successive
cancellation of its critical points.

It is possible to extend the definition of data system allowing the data to be
a topological space. Since we are interested in the sublevel-sets of the function
φ : X → Rn, the corresponding data system will be a topological space X with one
filter φ : X → Rn with reference point 0 ∈ Rn. For computational reasons X is
often considered to be a simplicial or cellular complex, the input for TDA in this
case is therefore already a geometric object. In the step: from data to geometry,
we will still treat separately the data based input and the geometrical one. Both
will lead to a nested family of simplicial complexes and therefore the treatment will
be united from that step on.

Stability questions are naturally phrased using this type of input. A standard
topology on the set of functions of the form f : X → Rn is the metric topology
induced by the max-norm, denoted by || · ||∞. As we will see, such topology is often
used to measure stability of the invariants associated through methods in TDA to
a continuous function f : X → Rn.
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From data to geometry
The starting point of TDA is to construct a family of geometric objects representing
our data system. Consider a data system U with finite data set U , n measurements
{mi : U → (Xi, di)}1≤i≤n and k filters {fj : U → (Yj , lj , Rj)}1≤j≤k (see 1.1). Given
α := (α1, . . . , αn) in Rn and β := (β1, . . . , βk) in Rk, we can define a relation on
the set U in the following way:

1.1.6 Definition. We define the elements u and v in U to be (α, β)-close and
denoted it by u ∼(α,β) v, if :

• di(u, v) ≤ αi for 1 ≤ i ≤ n,

• for 1 ≤ j ≤ k, there exists a reference point rj ∈ Rj such that lj(u, rj) ≤ βj
and lj(v, rj) ≤ βj .

This relation is symmetric by definition but not reflexive in general. It is in fact
possible that for some filter fj0 : U → (Yj0 , lj0 , Rj0), where 1 ≤ j0 ≤ k, an element
u in U is such that lj0(u, rj0) > βj0 for any rj0 in Rj0 . Fixed (α, β) in Rn ×Rk we
use the relation ∼(α,β) to associate a simplicial complex to a data system.

Recall that a finite simplicial complex X is a collection of subsets of a finite
set X0, called the set of vertices of X, such that: for any x in X0, {x} ∈ X and if
σ ∈ X and τ ⊂ σ, then τ ∈ X. An element σ in X is called a simplex of dimension
|σ| − 1.

1.1.7. TheVietoris-Rips complex on U at scale (α, β) in Rn×Rk is the simplicial
complex R(α,β)(U) with set of vertices:

R(α,β)(U)0 := {u ∈ U | there exists rj ∈ Rj such that lj(u, rj) ≤ βj , for 1 ≤ j ≤ k.}

A subset {u0, . . . , ut} of R(α,β)(U)0 is a t-simplex, if ui ∼α,β uj for any 1 ≤
i, j ≤ t. Note that if the data system is a point cloud, i.e a data system with one
measurement m : U → (X, d1) (see Example 1.1.1), our construction is equivalent
to the Vietoris-Rips complex on the set of points m(U) in the metric space (X, d1)
at scale α ∈ R.

1.1.8. The Čech complex on U at scale (α, β) in Rn×Rk is the simplicial complex
C(α,β)(U) with set of vertices:

C(α,β)(U)0 := {u ∈ U | there exists rj ∈ Rj such that lj(u, rj) ≤ βj , for 1 ≤ j ≤ k.}

A subset {u0, . . . , ut} of C(α,β)(U)0 is a t-simplex, if there exists an element v in U
such that v ∼α,β ui for any 1 ≤ i ≤ t.

Note that if the data system U does not contain filters, for any scale α in Rn,
the set of vertices for the Vietoris-Rips complex or the Čech complex on U at scale
α is equal to the set U . In some applications it is instead useful to consider a
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set of vertices which varies according to the value of the scale. This was one of
our motivations to introduce filters in the definition of a data system. In [9] for
example, the set U is a set of pixels of a natural image. The data is presented as
a point cloud with a density (see Example 1.1.3) and therefore is equipped with a
measurement m : U → (X, d) and a filter f : U → [0, 1] ⊂ R. Images are studied
at different density scales. A pixel is therefore a point in the simplicial complex at
scale (α, β) according to its value of the density function. In particular the pixels
which are among the top β% densest are in the simplicial complex at scale (α, β).
This can be obtained by our Vietoris-Rips or Čech construction by considering as
a filter, a ranking of the points in U defined by f .

The following is a variation of the above constructions we will describe in the
case of one measurement and one filter.

1.1.9. Let U be a data system with one measurement m : U → (X, d) and one
filter f : U → (Y, l, R) with reference points R = {r1 . . . rk}. Consider (α, β) in R2

such that for any ri in R the exists rj in R with l(ri, rj) < 2β. For any reference
point r ∈ R, consider the set Ur of elements v in U such that l(v, r) ≤ β. We can
now take a partition of Ur as the union of the sets U1

r , . . . , U
n(r)
r . One possible

way of partitioning the set Ur is through the connected components of the Čech or
Vietoris-Rips complex on m(Ur) in the metric space (X, d) at scale α in R. Any
metric clustering algorithm on m(Ur) in (X, d1) also produces a partition of the
set. Considering U with discrete topology, the family {U ir}r∈R,1≤i≤n(r) is trivially
an open covering of U . We denote by N(α,β)(U) the nerve of such covering and call
it the Nerve complex on U at scale (α, β) in R2.

Recall that a morphism between two simplicial complexes f : X → Y is a map
of sets f : X0 → Y0 such that f(σ) is a simplex in Y for any simplex σ in X. A
morphism f : X → Y is a monomorphism if and only if the function f : X0 → Y0 is
injective. If there is a monomorphism f : X → Y we say that X is a subcomplex
of Y . Finite simplicial complexes and morphisms between them form a category
we denote with the symbol SC.

By construction the Vietoris-Rips complex and the Čech complex share the
property that if α1 ≤ α2 in Rn and β1 ≤ β2 in Rk then the simplicial complex at
scale (α1, β1) is naturally included in the simplicial complex at scale (α2, β2). This
is not the case for the nerve construction in 1.1.9:

1.1.10 Example. Consider the data system U , represented in Figure 1.1, consisting
of one measurementm : U → (R2, d) and one filter f : U → (R, l, {a, b, c}) with three
reference points. The image of U in R2 is the set of points describing the boundary
of a puzzle piece, the filter f associates to x ∈ U the first coordinate of m(x) in
R2 and the three reference points a, b and c are visualized as the green, yellow and
blue point respectively. The distances d and l are standard Euclidean distances in
R2 and R, respectively. In Figure 1.1(A) we represent the geometric realization
of the nerve complex N(ε,v)(U) (see 1.1.9) for some ε in R such that for each u in
U there exists at least one u′ in U with d(u, u′) ≤ ε and a choice of v in R. As we

7



(A) ( )( )( ) (B) )( )(

Figure 1.1

can see, Ub is naturally divided in two clusters Ub1 and Ub2 , when embedded in R2,
while both Ua and Uc correspond to one cluster each. The edges in the simplicial
complex N(ε,v)(U) correspond to the non empty intersection of Ub1 and Ub2 with
both Ua and Uc. In Figure 1.1(B) the geometric realization of the nerve complex
N(ε,w)(U) for some w > v is represented. At this scale, any one of the sets Ua, Ub
and Uc corresponds to one cluster in R2. There is a 2-simplex in N(ε,w)(U) because
Ua∩Ub∩Uc 6= 0. The number of vertices in N(ε,w)(U) is smaller than the number of
vertices in N(ε,v)(U) therefore there is no monomorphism N(ε,v)(U)→ N(ε,w)(U).

1.1.11 Definition. Let (I,≤) be a poset and C a category. A multifiltration is
a functor F : I → C such that for any v ≤ w in I, the morphism F (v ≤ w) is a
monomorphism.

The inclusions between simplicial complexes at different scales defined by the
Vietoris-Rips or Čech construction define a multifiltration indexed by Rn+k and
with values in SC. This is the standard construction we use to associate a multi-
filtration of simplicial complexes to a data system.

Multifiltrations of simplicial complexes built from a data system are well be-
haved functors. Since the data U of a data system is a finite set, we can assume the
morphisms of the associated multifiltration to be isomorphisms on some domains
of Rn+k. This concept is explained formally and more generally by the definition
of a tame functor.

1.1.12 Definition. Let n be a positive natural number, α in Rn and C an arbi-
trary category. A functor F : Rn → C is α-tame if and only if F (αw ≤ v) is an
isomorphism for any w in Nr and v in Rn such that αw ≤ v and ||v − αw|| < α. A
functor is said to be tame if it is α-tame for some α in Rn.

A tame functor F : Rn → C is identified by a functor indexed by Nn with values
in C and a scale representing the maximum α in Rn such that F is α-tame. Homo-
logical properties of tame functors can be computed from the corresponding functor
indexed by Nr, as explained in Paper B. In particular, the projective dimension of
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a tame functor is finite. The definition of a tame functor therefore gives a conve-
nient framework to address stability questions on functors whose invariants can be
computed working with a discrete indexing category. Furthermore a multifiltration

Figure 1.2: Graphical representation of a tame functor F : R2 → C.

of simplicial complexes built from a data system with n measurements and k filters
is a compact object in the category of functors indexed by Rn+k with values in
SC. Equivalently the colimit of such a multifiltration is a finite simplicial complex,
as follows from the fact that the data U of a data system is a finite set. We are
therefore not interested in all functors indexed by Rn+k, but rather the compact
and tame ones. The following is the most common way to build a multifiltration
of topological spaces starting from a real valued function on a topological space.

1.1.13. Let X be a topological space and φ : X → Rn a filter with one refer-
ence point 0 ∈ Rn. For r in Rn, consider the sublevel-sets, φ−1(−∞, r] := {x ∈
X | φ(x) ≤ r} with the topology induced by X. The sets {φ−1(−∞, r]}r∈Rn to-
gether with inclusions φ−1(−∞, r1] → φ−1(−∞, r2], whenever r1 ≤ r2, define a
multifiltration of topological spaces. For computational reasons, X is often con-
sidered to be a simplicial complex. Various conditions on X and φ are present in
literature to ensure the well behaved nature of the associated multifiltration. In
[14], for example, the authors consider tame functions of the form φ : X → R as the
input for persistent homology. Let k be a natural number and Hk(X) the k-singular
homology of X with coefficients in a field. A function φ : X → R is said to be tame
if :

• the vector spaces Hk(φ−1(−∞, r]) are finite dimensional for any k ∈ Z and
any a ∈ R.

• for finitely many r in R and any ε > 0 in R, the map induced in homology by
the inclusion φ−1(−∞, r − ε]→ φ−1(−∞, r + ε] is not an isomorphism.

Note that tame functors, as defined in 1.1.12, are not tame functions on objects
according to the above definition. Nevertheless, using the sublevel-set construction,
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a tame functor determines a tame and compact multifiltration of topological spaces.
Examples of tame functions are Morse functions defined on compact manifolds or
piecewise linear functions on finite simplicial complexes. The definition of a tame
function is introduced in [14] in order to construct a persistence diagram, which
is a complete invariant for persistent homology (see Section 1.2), and prove its
continuity. As successively proved in [13] only the first condition identifying a tame
function is needed to such propose. Sublevel-sets of functions the form φ : X → Rn
are characterized through the rank invariant in [19]. The only assumption needed
in to prove stability of the rank invariant, in such article, is for φ : X → Rn to be
a continuous function.

Other indexing categories than Rn or Nn are successfully used in TDA.We define
the reduced comparability graph of a poset (I,≤) as the graph with vertices
the elements in the set I, and an edge between two vertices x and y if and only if
x ≤ y or y ≤ x and there is no element v in I such that x ≤ v ≤ y or y ≤ v ≤ x .

1.1.14 Example. In zigzag persistence (see [8],[24]) a multifiltration indexed
by a poset with reduced comparability graph of the form :

• • . . . • •

is used to study a point cloud (see 1.1.1). We call such a multifiltration a zigzag.
Given a point cloud with a density, zigzags allows to compare the values of a density
estimator to the variation of the smoothing parameter (see 1.1.3). Let 1/ρ be a
density estimator built with smoothing parameter r ∈ R and let be p a natural
number. As explained in [8], we can order the points of the point cloud according
to their value of the density estimator and denote withXp

r the top p% of points with
respect to this ranking. If r 6= s in R there is no relation between the sets Xp

r and
Xp
s . Nevertheless, given a sequence r1 < r2 < . . . < rn in R, the sets {Xp

ri
}1≤i≤n

can be compared using the following diagram of sets where the morphisms are
inclusions:
Xp
r1

Xp
r1
∪Xp

r2
Xp
r2

. . . Xp
rn−1

Xp
rn−1

∪Xp
rn

Xp
rn

Applying the Vietoris-Rips or Čech complex construction to the sequence we obtain
a multifiltration of simplicial complexes which will then be studied in the following
step of TDA. In the same spirit, it is possible to perform topological bootstrapping
on a point cloud (see [8]). This method consists in studying a point cloud m : U →
(X, d1) through a set of subsets {Ui}1≤i≤n of the set U . The subsamples of U can
then be compared through the zigzag of sets:

U1 U1 ∪ U2 U2 . . . Un−1 Un−1 ∪ Un Un

As before, the above diagram of sets determines a zigzag of simplicial complexes
which combines the information contained in samples Ui and Ui+1 for 1 ≤ i ≤ n−1.
Topological bootstrapping is an efficient method for studying topological features
of a large point cloud.
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From geometry to algebra

The first step in the TDA process can help us to visualize the data and under-
stand intricate relations, (see [22]). In particular, the Vietoris-Rips or Čech com-
plex construction determines a nested family of simplicial complexes which encodes
properties and relational information between the points of our data. Nevertheless,
if we are interested in comparing and classifying data systems automatically, we
should push the data analysis one step further. Identifying the isomorphism class
of a simplicial complex has an extremely high computational complexity cost. For
example, the best known algorithm for identifying if two graphs with n vertices are
isomorphic has run time 2O(

√
nlogn). If the aim is to compare large datasets it is

therefore necessary to simplify the information contained in our multifiltrations of
simplicial complexes by concentrating on some feature. We can, for instance, track
how connected components vary within the family of simplicial complexes.

1.1.15. Recall that a simplicial complex X is connected if it cannot be repre-
sented as the disjoint union of two or more non empty subcomplexes. The set
of connected components of a simplicial complex X, denoted by π0(X), is
the set whose elements are the maximal connected subcomplexes of X with re-
spect to the inclusion. Note that a monomorphism f : X → Y induces a function
π0(f) : π0(X) → π0(Y ). We denote with π0 the associated functor from the cate-
gory of simplicial complexes and monomorphisms between them to the category of
sets.

The composition of a tame multifiltration of simplicial complexes F : Rn → SC
with the π0 functor yields a tame functor π0F : Rn → Sets. Note that π0F is not
necessarily a multifiltration. If n = 1 and F (0)0 = F (v)0, for every v ∈ R, the
tame functor π0F : R → Sets is a dendogram, up to a scale given by a positive
real number. Dendograms represent a hierarchical clustering of a dataset. Such
objects are widely used in data analysis, but all the information they contain is
not usually stored and compared, since this task is computationally expensive as in
the case of general graphs. Therefore we can informally say that π0F still contains
too much information of our data system. Most commonly a dendogram is used
to determine a single partition of a data set which is informative about its global
structure. The choice of the right partition is not unique and TDA proposes to
overcome this problem by considering the whole dendogram in a simplified form.
The simplification is performed by composing the dendogram with the linear span
functor. Let K be a field. The K-linear span functor K : Sets→ VectK assigns
to a set S the vector space K(S) =

⊕
S K. The composition with the linear span

functor is a simplification process in the sense that non-isomorphic functors with
values in the category of sets can become isomorphic after such a composition.

1.1.16 Example. The dendograms D1 : {0, 1, 2} → Sets and D2 : {0, 1, 2} → Sets
represented in the following figure are not isomorphic.
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D1 D2

Figure 1.3

Nevertheless the K-linear spans of D1 and D2 are respectively:

KD1 = ⊕4
i=1K

(
1 1 0 0
0 0 1 1

)
−−−−−−−−−−−−→ ⊕2

i=1K

(
1 1
0 0

)
−−−−−−−→ K.

KD2 = ⊕4
i=1K

(
1 1 1 0
0 0 0 1

)
−−−−−−−−−−−−→ ⊕2

i=1K

(
1 1
0 0

)
−−−−−−−→ K.

Both KD1 and KD2 are therefore isomorphic to the functor :

F = ⊕4
i=1K

(
1 0 0 0
0 1 0 0

)
−−−−−−−−−−−−→ ⊕2

i=1K

(
1 0
0 0

)
−−−−−−−→ K.

If the multifiltration F : Rn → SC is tame and compact the same holds for the
functor Kπ0F : Rn → SC. The first claim follows from the fact that Kπ0 is a func-
tor and therefore the image of an isomorphism under Kπ0 is still an isomorphism.
Since the K-linear span commutes with colimits (see paper A, point 2.7) if F is
compact, the colimit of F is a finite simplicial complex, the colimit of π0F is a finite
set and the colimit of Kπ0F a finite dimensional vector space. The second claim
now follows from Proposition 2.11 and Proposition 4.1 in Paper B which respec-
tively characterize compact functors indexed by Nn and compact tame functors in
terms of the corresponding functors indexed by Nn.

The advantage of studying the connected components of a multifiltration of
simplicial complexes within the category of vector space valued functors is that
this category is abelian. Note that the category of K-vector space valued functors
indexed by Nn is equivalent to the category of Nn-graded modules over the polyno-
mial ring in n-variablesK[x1, . . . , xn]. From the decomposition theorem of a module
over a principal ideal domain it follows that any compact functor F : N → VectK
can be written as the direct sum of finitely many indecomposable functors of the
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form:
K(n,m) := 0→ 0→ . . .→ K → K → . . .→ K︸ ︷︷ ︸

n ... m

→ 0→ . . . .

K(n,∞) := 0→ 0→ . . .→ K → K → . . .→ K → K → . . .︸ ︷︷ ︸
n n+1 ...

The decomposition is unique up to isomorphism and therefore defines a complete
invariant from the set compact functors F : N→ VectK to the set of finite multisets.
Recall that a multiset on X is a function X → N. A multiset φ : X → N is said
to be finite if φ(x) 6= 0 for finitely many x ∈ X.

1.1.17 Definition. Let F : N→ VectK be a compact functor with decomposition
F = ⊕n∈S1K(n,∞) ⊕(n,m)∈S2 K(n,m), where S1 and S2 are respectively finite
multisets on N and N2. The set {S1 : N→ N, S2 : N2 → N} is the so called barcode
of F .

1.1.18 Example. Consider the dendograms D1, D2 : {0, 1, 2} → Sets in Example
1.1.16. The K-linear spans of D1 and D2 are isomorphic and can be written as
KD1 ' KD2 ' ⊕2

i=1K(0, 1) ⊕K(0, 2) ⊕K(0, 3). The barcode of such functors is
therefore given by the finite multiset S2 on {0, 1, 2}×{0, 1, 2} with values S2(0, 1) =
2, S2(0, 2) = 1, S2(0, 3) = 1 and S2(v) = 0 otherwise.

In the case that n = 1, the method described in 1.1.15 essentially leads to an
algebraic representation of a hierarchical clustering of a dataset. The problem of
choosing a level of resolution for the cluster structure can now be avoided by identi-
fying the clusters corresponding to the indecomposable components of the functor
F : N→ VectK of the form K(n,∞) or K(n,m) for m− n >> 0. Such clusters are
called persistent features and identify the robust connectivity structure of the
data system.

The idea of considering the variation of the connected components in a tame
multifiltration F : Rn → SC can be generalized to considering the variation of ho-
mology classes of the simplicial complexes in the multifiltration. This generalization
of clustering is particularly useful in understanding higher order correlations within
a data system.

1.1.19. We start by briefly recalling the definition of simplicial homology. Let
X be a simplicial complex and < an order on the set X0 of vertices of X. For
n ≥ 0, the symbol Xk denotes the set of strictly increasing sequences x0 < · · · < xk
of elements in X0 for which the subset {x0, . . . , xk} ⊂ X0 is a simplex in X. Such
a sequence is called an ordered simplex of dimension n. For 0 ≤ i ≤ k + 1, by
forgetting the i-th element in a sequence x0 < · · · < xk+1 we get an element in Xk.
The obtained map is denoted by di : Xk+1 → Xk. By applying the K-span functor
and taking the alternating sum of the induced maps we obtain se sequence:

KXk+1
∂k+1:=

∑k+1
i=0

(−1)idi

−−−−−−−−−−−−−−→ KXk

∂n:=
∑k

i=0
(−1)idi

−−−−−−−−−−−−→ KXk−1
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where for k = 0, the K-vector space KX−1 is taken to be trivial. It is a standard
fact that the composition ∂n∂k+1 is the trivial map and hence the image im(∂k+1) is
a submodule of the kernel ker(∂k). The quotient ker(∂k)/im(∂k+1) is called the k-
th homology of X, with coefficients in K, and is denoted by Hk(X,K). Note that
if X → Y is a monomorphism of simplicial complexes it is possible to construct an
induced map of homology vector spaces that we denote by Hk(f,K) : Hk(X,K)→
Hk(Y,K). Therefore Hk(−,K) is a functor from the category of finite simiplicial
complexes and monomorphisms between them to the category of K-vector spaces.

Let F : R → SC be a tame and compact multifiltration. The composition
HkF : R → VectK is a tame and compact functor of vector spaces. Since HkF is
tame, it can be completely described by a real number (the maximal α in R such
that HkF is α-tame) and the barcode of the corresponding functor indexed by Nn
(see 1.1.15). The barcode, in this case, allows to identify homology classes which
are persistent along the multifiltration. Such features are considered robust shape
characteristics of the data system within the theory of persistent homology (see,
[26] and Section 1.2).

Let Z : I → SC be a zigzag of simplicial complexes (see 1.1.14). The compo-
sition of Z with the k-th homology functor yields the functor of K-vector spaces
HkZ : I → VectK . By Gabriel’s theorem, zigzags of vector spaces can be com-
pletely described by a finite multiset m : N2 → N (see [2],[8]). P.Gabriel proved in
fact that vector space valued functors indexed by posets whose reduced compara-
bility diagram is a Dynkin-Coxeter diagram of type An, Dn, E6, E7 or E8 admit
a finite decomposition as a direct sum of indecomposable functors. By definition,
if |I| = n, the reduced comparability graph of a zigzag Z : I → VectK is An, i.e a
path with n nodes and n − 1 edges. We denote the elements of I with {1, . . . , n}.
Given two natural numbers 1 ≤ l,m ≤ n the functor KI(l,m) : I → V ectK with
values :

KI(l,m)(v) =
{
K if l ≤ v ≤ m in I
0 otherwise

and with isomorphisms between adjacent copies of K and 0 otherwise, is in-
decomposable. Furthermore all indecomposable functors indexed by I and with
values in VectK are of this form. The decomposition of a zigzag Z : I → VectK is
therefore completely described by a multiset of pairs of natural numbers. Note that
any subset of N with n elements is also of type An. As a particular case of Gabriel’s
theorem we therefore obtain the barcode of a compact functor F : N→ VectK .

Let n be a positive natural number and F : Rn → SC a tame and compact
multifiltration. The functor HkF : Rn → VectK is tame and compact. Such functor
cannot be written as a finite sum of indecomposables, uniquely up to a permutation
of the addends. Compact functors of the form Nn → VectK in fact correspond to
finitely generated Nn-graded modules over the polynomial ring in several variables
which do not admit a finite classification. Examples of non complete invariants for
such functors will be described in the following section within the framework of
multidimensional persistence (see [5], [6]).
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1.2 Methods in Topological data analysis

In this section we describe some of the most popular methods in TDA. The focus
will be on describing applications of such methods and understanding how the
methods fit in the pipeline of TDA described in the previous section.

Mapper
The mapper algorithm introduced by G.Singh, F.Memoli, and G.Carlsson in [22]
captures the shape of high dimensional data through a simplicial complex. Such
method can be applied to a data system U consisting of one measurement m : U →
(X, d1) and one filter f : U → (Y, l1). The nerve complex in 1.1.9 is the most basic
mapper construction. Note that mapper generally allows for any open covering
of the metric space (Y, l1) while in 1.1.9, for simplicity, we used only coverings of
(Y, l1) by balls of the same radii. The mapper algorithm follows only the first step
in the TDA pipeline, the data analysis in this case is therefore of an exploratory and
qualitative type. Nevertheless data visualization, after appropriate transformations,
proved to extremely powerful.

In [23] M.Nicolau and coauthors combined data transformation and mapper in
the so called Progression Analysis of Disease (PAD) method and applied it to study
breast cancer transcriptional genomics data. The data was preprocessed in order
to highlight the degree of aberration of cancer tissue from normal tissue. Map-
per was then performed using a filter function which quantified such information.
Two groups in the data showed extremely aberrant molecular profile. One of the
groups identified a new type of breast cancer with extraordinary survivor rate. An
extremely sophisticated visualization tool inspired by the mapper algorithm is Iris
by the Ayasdi company. Open source implementations of the mapper algorithm
are also available, a complete and flexible one has been realized by D. Mullner and
A.Babu, (see [21]). The mapper algorithm is very versatile and probably the most
popular method in TDA.

Ongoing work between the computational topology group at Kugliga Tekniska
Högskolan and Karolinska Institutet deals with a specialization of mapper focused
on biologically driven questions such as the identification of cell populations and
markers which are informative about primary immunodeficiencies. Flow cytometry
is a technology that simultaneously measures, using a laser, multiple physical char-
acteristics of cells as they flow in a fluid. The combination of cell measurements
with respect to specific markers characterizes their role. Furthermore identify-
ing subgroups that display a specific behavior is crucial in understanding disease
mechanisms and in disease diagnosis. A common procedure, called gating, is to
manually identity relevant cell subsets from the flow cytometry data. The rapid
technological development of flow cytometry instruments drastically is increasing
the size and dimension of data produced. It is evident that an automatic clas-
sification of subpopulations is needed to analyses such data. The Citrus (cluster
identification, characterization, and regression) software is the state of the art for
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the problem of automatically identifying cell subpopulations in flow cytometry data
(see [4]). Such method performs a hierarchical clustering of the data and a two di-
mensional visualization using t-Distributed Stochastic Neighbor Embedding which
is a non linear dimensionality reduction technique. Each cluster is now identified
by a region in the plane and most importantly by a cell population according to
the measurements of the markers and other biological information of data points in
the cluster. Such representation is commonly used for diagnosis and for identifying
the densities of cell populations that are characteristic of some specified immuno-
logical disease. The same pipeline as in Citrus can be followed with the mapper
algorithm. Chosen a filter function, it is in fact possible to cluster the data and
visualize it. The visualization in this case is a graph and not a landscape which
identifies the cluster structure in the dataset. The goal with the mapper algorithm
is not only to identify significant cell populations within the dataset, and therefore
perform automated gating, but also tracing connections between populations using
the geometrical structure that the mapper visualization offers.
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Figure 1.4: Mapper’s representation of a data system U with a data of 50, 000
elements, 16 measurements representing the expression value of markers and one
filter function representing the expression value with respect to the CD3 marker.
The x-axis ranges over the values of the CD3 marker. The x coordinate of the
center of each cluster is anchored to the average CD3 value of the elements in such
group. As we can see, there are two distinct groups of nodes corresponding to:
CD3+ cells on the right side of the plot and CD3− cells left side. Color code is
based on the proportion of cases and the proportion of controls in each cluster.
Dark blue corresponding to all cases, red corresponding to all controls and white
corresponding to equal percentage of cases and controls.
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Persistent Homology
In persistent homology, simplicial homology is used as an effective tool for shape
recognition. The input for persistent homology can be, for example, a data system
U with one measurement m : U → (X, d) (see [16]) or a real valued function defined
on a topological space φ : X → R (see [18]). Robust shape characteristics of the
set m(U) in (X, d) or of the topological space X are studied through a tame and
compact multifiltration of simplicial complexes, indexed by R. If the input is the
finite data system U , the multifiltration is built using the Vietoris-Rips or Čech
construction (see 1.1.7 and 1.1.8). If the input is the function φ : X → R and X is
a simplicial complex, the multifiltration is defined by the sublevel sets of φ. Note
that the condition of X being a simplicial complex, a cellular complex or a cubical
complex is verified in most applications. Applying the homology, with coefficients
in a field, to the multifiltration yields a compact and tame functor of vector spaces.
Such functors are completely classified by the barcode (see 1.1.17). The barcode
detects topological features that are in many successive steps of the filtration: these
are called persistent features and considered robust connectivity features charac-
terizing the shape of the point cloud or the manifold under consideration. The
meaning of such topological features depends on the context.

Let R̃2 := {R±∞}×{R±∞} be the extended real plane. A barcode is sometimes
represented as a multiset on R̃2 with values in N∪∞ called persistence diagram.
The persistence diagram associated to the barcode {S1 : R → R, S2 : R2 → R} is
the multiset P : R̃2 → N ∪∞ with values

P (x, y) =


S1(x) if x ∈ R and y =∞
S2(a, b) if x ∈ R, y ∈ R and x 6= y
∞ if x ∈ R, y ∈ R and x = y
0 otherwise

The standard distance used to compare persistence diagrams is the bottleneck
distance, (see [14]). Given two points p = (p1, p2) and q = (q1, q2) denote with
||p − q||∞ := max{(p1 − q1), (p2 − q2)}. The bottleneck distance between two
persistence diagrams P1 and P2 is defined as dB(P1, P2) := infγsupx||x − γ(x)||
where x ∈ P1 and γ ranges over all the bijections from P1 to P2. The persistence
diagram D(φ) associated to a tame and continuous function φ : X → R is stable to
small perturbations of φ with respect to the max-norm, (see [14]). More precisely,
given a simplicial complex X and tame and continuous functions φ, ψ : X → R,
then supx|φ(x)− ψ(x)| ≥ dB(D(φ), D(ψ)).

One remarkable application of persistent homology was the identification of
topological structure in a high dimensional dataset of natural images [9]. The
considered data set was an ensemble of 4 ·106 high contrast patches (3×3 inches in
size) from a data base of outdoor images. The authors divided the dataset in regions
according to density estimations and discovered a 2-dimensional high density subset
whose persistent homology is that of a Klein bottle. Theoretical explanations were
accompanied by computations of barcodes using the software Plex [25].
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Multidimensional Persistence
Multidimensional persistence is a generalization of persistent homology that allows
a multi-parameter analysis of a data set or of the shape properties of a topologi-
cal space. Such theory was first introduced by G. Carlsson and A. Zomorodian to
study multifiltered data sets in the context of TDA , (see [5][6]) and by P. Frosini
and A.Mulazzani with applications to shape recognition of topological spaces, (see
[20]). The input for multidimensional persistence is a data system U with both mea-
surements and filters or a continuos function φ : X → Rn defined on a topological
space X. We assume for simplicity that the data system contains n1 measure-
ments, n2 filters and n1 + n2 = n . As in the case of persistent homology, the
Vietoris-Rips or Čech complex construction associates to a data system U a tame
and compact multifiltration of simplicial complexes F : Rn → SC (see 1.1.7 and
1.1.8). Note that in [5] the authors actually define a compact multifiltration of the
form F : Nn → SC starting from a multifiltered dataset. We have extended such
functor to a tame multifiltration in order to address stability questions and unify
the treatment with [20]. A multifiltration F : Rn → SC can aslo be obtained by
considering the sublevel sets of a continuous function φ : X → Rn (see 1.1.13).

(0,0) (1,0) (2,0)

(0,1) (1,1) (2,1)

(0,2) (1,2) (2,2)

Figure 1.5: A toy multifiltration F : N2 → Spaces

Let K be a field. Applying homology with coefficients in K to F : Rn → SC
one obtains a tame and compact vector spaced valued functor HkF : Rn → VectK ,
usually called a multidimensional persistence module. Such objects do not admit
finite classification since this is the case for compact functors indexed by Nn and
with values in V ectK . Nevertheless robust and computable invariants for mul-
tidimensional persistence can still be enough informative for applications. The
only invariant for functors of the form G : Rn → VectK which is currently used
in the context of multidimensional persistence is the rank invariant (see [6]),
also called persistent Betti number function, (see [20]). Denote by ∆+ the
set {(u, v) ∈ Rn × Rn | u ≤ v}. The rank invariant associates to a functor
G : Rn → VectK a function βG : ∆+ → N∪∞ defied by βG(u, v) := dimKImG(u ≤
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w). Note that if G is compact then G(v) is a finite dimensional space for any
v in Rn and therefore βG assumes values in N. With βφ we denote the rank
invariant of the multidimensional persistence module defined by the continuous
function φ : X → Rn. The standard distance used to compare rank invariants is
themultidimensional matching distance. The multidimensional matching dis-
tance between the rank invariants of two tame and compact functors F,G : Rn →
VectK takes into account the bottleneck distances between the persistence diagrams
of F and G restricted to all possible lines in Rn. By denoting with G<v,w> the re-
striction of the functor G to the line spanned by v and w in Rn we can define the
multidimensional matching distance between F and G as:

Dmatch(βG, βF ) := sup(u,v)∈Rn×RndB(G<u,v>, F<u,v>).

If the input for multidimensional persistence is a continuous function φ : X → Rn,
a remarkable property of the multidimensional matching distance is that of being
stable under small perturbations of the input function. It was in fact proved in [10]
that given two continuous functions φ, ψ : X → R defined on a triangulable space
X, then supx|φ(x)− ψ(x)| ≥ Dmatch(βφ, βψ).
An algorithm for computing an approximation of the multidimensional matching
distance, with desired precision, has been proposed by A.Cerri and P.Frosini in [11].

An invariant for multidimensional persistence which does not rely on considering
linear subspaces of Rn is the set of Betti diagrams. We define such invariant for
functors of the form F : Nn → VectK . Let i be an element in Nn. The symbol
K(i,−) : Nn → VectK denotes the functor with values

K(i, v) =
{
K if v ≥ i
0 otherwise

and such that any morphism between two non zero values is the identity. This
functor is called free on one generator. Let {Vi}i∈Nn be a sequence of K-vector
spaces. Functors of the form ⊕i∈NnK(i,−) ⊗ Vi are called free. A free functor
F = ⊕i∈NnK(i,−) ⊗ Vi is called of finite type if all the vector spaces Vi are finite
dimensional.

1.2.1 Definition. Let F = ⊕i∈NnK(i,−)⊗Vi be a free functor of finite type. The
Betti diagram of F is the multiset bF : Nn → N given by bF (i) := dimKVi.

Recall that the category Fun(Nn,VectK) of vector space valued functors indexed
by Nn is equivalent to the category of Nn-graded modules over the polynomial ring
R := K[x1, . . . , xn] with the standard Nn-grading. The following corresponds to
Hilbert’s syzygies theorem (see [17]) .

Theorem. Every compact functor F : Nn → VectK admits a minimal free resolu-
tion of length n:

0 −→ Fn
dn−→ Fn−1 . . .

d1−→ F0
d0−→ F −→ 0

where the free functors Fi are of finite type for 0 ≤ i ≤ n.
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1.2.2 Definition. Let F : Nn → VectK be a compact functor. For 0 ≤ i ≤ n, the
i-Betti diagram of F , denoted by biF , is the Betti diagram of the free functor Fi in
the minimal resolution of F .

A crucial property of Betti diagrams is that such multisets are independent from
the chosen minimal resolution and therefore define an invariant.

We propose the set of Betti diagrams {biF }1≤i≤n of the multidimensional per-
sistence module F : Nn → VectK as an useful invariant for multidimensional persis-
tence. Betti diagrams do not tell us about persistent features in a multifiltration of
simplicial complexes. Nevertheless such multisets identify points in a multifiltration
where homological features appear for the first time (b0

F ) and points where such
features are annihilated or are identified (b1

F ). A useful property for applications is
that Betti diagrams can be computed locally:

1.2.3 Proposition. Let F : Nn → VectK be a compact functor and {biF }1≤i≤n its
set of Betti diagrams. For any v in Nn consider the Kozul chain complex:

F•(v) := F (v− (e1 + . . .+ en))→ . . .⊕ri,j=1F (v− ei− ej)→ ⊕ri=1F (v− ei)→ F (v)

Denote with Hi(F•(v)) the i-th homology of the chain complex F•(v). For every
v ∈ Nn, we have that biF (v) = Hi(F•(v))

Proof. We denote with the same symbol F the Nn-graded R-module associated to
the the functor F . The proposition above is the explicit form of the well known
formula in commutative algebra biF (v) = dimKTorRi (F,K)v, (see [17]).

As explained in detail in paper B, Betti diagrams are not only invariants for
functors of the form F : Nn → VectK but also for tame and compact functors. It is
therefore possible to talk about the stability of Betti diagrams.

Because of their local nature, Betti diagrams are not stable invariants. Already
for the case n = 1, small variations of the data system can determine great variations
within the cardinality of the sets b0

F and b1
F . A stable invariant, such as the rank

invariant or the barcode, can instead be constructed by matching the elements in
such multisets. A bar in a barcode is in fact given by a pair (a, b) where a is in b0

F

and b is in b1
F or by (a,∞) for some a in b0

F . For n > 1 a pairing between the Betti
diagrams of a multidimensional persistence module, defining a stable invariant is
not known. Nevertheless the computation of Betti diagrams can be informative
about features of one single data system or auxiliary to the computation of a stable
invariant such as the rank invariant.

1.2.4 Example. In this example we compute the 1-Betti diagrams of three mul-
tidimensional persistence modules representing point clouds. Consider three data
system with one measurement f : U → R2 (or equivalently one data system with
three measurements defined on it). Each data system is visualized as a set of points
in R2. Fixed a positive rational number ε, for each data system we compute the
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Vietoris-Rips complex (see 1.1.7), at scale nε, for n ∈ N2. This determines a multi-
filtration of simplicial complexes and a multidimensional persistence module. The
1-Betti diagrams associated to the multifiltration are represented above as scatter
plots. Every nε in Q2 such that b1

M (nε) 6= 0 is represented by a point in the scatter
plot with position nε and color corresponding to the value b1

M (nε) ∈ N.

Figure 1.6: 1-Betti diagrams of point clouds
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2 Summary of Results

2.1 Paper A

Combinatorial Presentation of Multidimensional Persistent
Homology

This paper deals with the problem of representing in a concise and computable way
the homology of a multifiltration of simplicial complexes.

Recall that, in the first step of TDA, a multifiltration of simplicial complexes
F : Nr → SC can be associated to a data system (see 1.1.11 in Introduction).
Such multifiltration represents the interplay of measurements and filters defined
on the data. We can then compute the homology of F , with coefficients in a ring
R, to obtain a functor Hn(F,R) : Nr → R-Mod with values in the category of R-
modules. In multidimensional persistent homology (see Section 1.2 in Introduction)
such functors are studied to infer information about the data system.

Any functor indexed by Nr and with values in the category of R-modules can
naturally be seen as an Nr-graded module over the polynomial ring R[x1, . . . , xn].
A convenient way to represent the functor Hn(F,R) would therefore be to give a
minimal free presentation of the associated graded module, we denote by the same
symbol Hn(F,R). This we were unable to do directly.

The main contribution of paper A is instead to describe Hn(F,R) as the ho-
mology of a chain complex of finitely generated and free Nr-graded R[x1, . . . , xr]-
modules (see Proposition 5.2 in paper A). Furthermore all the elements in the
chain complex are explicitly described in terms of the multifiltration of simplicial
complexes F .

In order to build such chain complex we study multifiltrations of sets. We are in
fact interested, for n ≥ 0, in the multifiltration of sets Fn : Nr → Sets which assign
to any v in Nr the set F (v)n of ordered n-simplices in F (v). We discuss which are
the indecomposables in the category of multifiltrations of sets (see Corollary 3.4 in
paper A), how to decompose a multifiltration of sets as a union of indecomposables
and a combinatorial method to build a non minimal presentation of a multifiltration
of sets (see Corollary 3.11 in paper A).

The effect of considering the R-span functor on multifiltrations of sets is then
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discussed in Section 4. Here we prove that the R-span of an indecomposable mul-
tifiltration of sets is a monomial ideal in R[x1, . . . , xn] and more in general that
Nr-graded R[x1, . . . , xr]-modules that occur as R-spans of multifiltrations of sets
are the direct sums of monomial ideals. (see Proposition 4.1 in paper A). Note that
Hn(F,R) is naturally the homology of a chain complex defined by the R-spans of
the multifiltrations of sets Fn and boundary maps between them :

RFn+1
∂n+1:=

∑n+1
i=0

(−1)idi

−−−−−−−−−−−−−−→ RFn
∂n:=

∑n

i=0
(−1)idi

−−−−−−−−−−−−→ RFn−1

This and a presentation of the multifiltrations Fn is all we need to prove our main
result.

For the case of special multifiltrations called one-critical (see point 6.2 in pa-
per A), the modules associated to RFn are free. This is pointed out [6] where
the authors propose a polynomial time algorithm to compute the homology of a
chain complex of free Nr graded modules, for the purpose of having a computable
description of Hn(F,R). One of our aims has been to generalize such method for
any multifiltration.

2.2 Paper B

Multidimensional Persistence and Noise
Paper B proposes a coherent framework to identify stable invariants for multidi-
mensional persistence (see [5],[6]).

The main message we want to convey with this paper is that along with filters
and measurements in a data system, it is possible to choose what needs to be
considered as noise. Depending on these choices and disregarding the noise, we can
then extract persistent information from the data system.

We propose a definition of noise for tame and compact functors of the form
F : Qr → VectK in Section 6, along with various examples of noises such as: stan-
dard noise in the direction of a cone or a sequence of vectors, domain noise, di-
mension noise and the noise generated by a functor. Standard noise is what is
commonly interpreted as noise when r = 1 in the context of persistent homology
(see [26]).

Noise naturally leads to a pseudometric topology on the set of tame and compact
functors, as explained in Section 8. Given a tame and compact functor F and t > 0
in Q, the set of functors whose distance to F is smaller than t is denoted by B(F, t).
Through this topology we will be able to measure stability of invariants for such
functors. The topology can also be used to compare data systems according to
their associated functors.

In section 9 we introduce the basic barcode: an invariant which assigns to a
tame and compact functor F : Qr → VectK a decreasing function bar(F ) : Q→ N.
For any t in Q, the value of bar(F ) at t is the minimum among the ranks of all
the functors in B(F, t). Note that since the value of the basic barcode depends
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on the neighborhood B(F, t), such invariant depends on the choice of a noise. A
remarkable property of the basic barcode is that it is a 1-Lipschitz function:

2.2.1 Proposition. Let F,G : Qr → VectK be tame and compact. Then:

d(bar(F ), bar(G)) ≤ d(F,G)

Computing the basic barcode associated to a functor F : Qr → VectK , when
r > 1, is in general not an easy task because we do not have an explicit description
of the neighborhoods B(F, t), for t in Q. In the cases that noise is standard noise
(see Section 11), anyway we are able to find a proper subset of B(F, t) where such
minimum is achieved. Define B′′(F, t) to be the set of tame subfunctors of F , which
are contained in B(F, t).

2.2.2 Proposition.

bar(F )t = min{rank(G) |G ∈ B(F, t)} = min{rank(G) |G ∈ B′′(F, t)}

In the case r = 1, the basic barcode of a tame and compact functor F : Q →
VectK is characterized in section 10.

In Section 12 we use the basic barcode to define the notion of a denoising. A
denoising of tame and compact functor F : Qr → VectK at t is any method of
choosing an element in B(F, t) with minimal rank. Intuitively, a denoising is a
method of approximating a tame and compact functor at different scales. Given
a denoising of F , the 0-th Betti diagram of functors in the denoising determines a
new invariant for the functor F given by a family of mulitsets. Further work related
to this article will be focused on understanding when such invariant is continuous.
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COMBINATORIAL PRESENTATION OF MULTIDIMENSIONAL

PERSISTENT HOMOLOGY

W. CHACHOLSKI1 M. SCOLAMIERO F. VACCARINO2

Abstract. A multifiltration is a functor indexed by Nr that maps any mor-

phism to a monomorphism. The goal of this paper is to describe in an explicit
and combinatorial way the natural Nr-graded R[x1, . . . , xr]-module structure

on the homology of a multifiltration of simplicial complexes. To do that we

study multifiltrations of sets and R-modules. We prove in particular that the
Nr-graded R[x1, . . . , xr]-modules that can occur as R-spans of multifiltrations

of sets are the direct sums of monomial ideals.

1. Introduction

Let Nr be the poset of r-tuples of natural numbers with partial order given by
(v1, . . . , vr) ≤ (w1, . . . , wr) if and only if vi ≤ wi for all 1 ≤ i ≤ r. A functor
F : Nr → Spaces, with values in the category of simplicial complexes, is called a
multifiltration if, for any v ≤ w in Nr, the map F (v ≤ w) : F (v) → F (w) is a
monomorphism. Such a multifiltration is called compact if colimNrF is a finite
complex. Compact multifiltrations are the main objects we are studying in this ar-
ticle. By applying homology with coefficients in a ring R to F we obtain a functor
Hn(F,R) : Nr → R-Mod with values in the category of R-modules. The category
of functors indexed by Nr with values in R-Mod is equivalent to the category of
Nr-graded modules over the polynomial ring R[x1, . . . , xr]. The aim of this paper
is to describe this R[x1, . . . , xr]-module structure on Hn(F,R) in a way that is
suitable for calculations. One very efficient way of doing it would be to give the
minimal free presentation of Hn(F,R). This however we are unable to do directly.
Instead we are going to describe two homomorphisms of finitely generated and free
Nr-graded R[x1, . . . , xr]-modules A → B → C whose composition is the zero ho-
momorphism (this sequence is a chain complex), and Hn(F,R) is isomorphic to the
homology of this complex. Since the modules involved are finitely generated and
free and the homomorphisms preserve grading, these homomorphisms are simply
given by matrices of elements in R. In our case the coefficients of the matrices are
either 1, −1 or 0 and they can be explicitly expressed in terms of the multifiltra-
tion (we give a polynomial time procedure of how to do that in Section 5). One
can then use standard computer algebra packages to study algebraic invariants of
the module Hn(F,R), in particular one can get its minimal free presentation as
well as a minimal resolution, the set of Betti numbers and the Hilbert function.
These invariants can be used then to study point clouds according to the theory of
multidimensional persistence (see for example [1, 2]). Our procedure reduces the

1Partially supported by Göran Gustafsson Stiftelse and VR grant 2009-6102.
2Partially supported by the TOPDRIM project funded by the Future and Emerging Technolo-

gies program of the European Commission under Contract IST-318121.

Date: May 13, 2015.
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computation of Hn(F,R) to the computation of the homology of a chain complex
of free Nr-graded R[x1, . . . , xr]-modules. This is the starting point in [2] where the
authors explain how to calculate this homology in polynomial time. One of our
aims has been to show that such calculations can be done effectively for arbitrary
compact multifiltrations and not only for the so called one critical which are studied
in [2].

The theory of multidimensional persistence is interesting both from an applied
and theoretical point of view. From the applied perspective it is useful to construct
algorithms that characterize and distinguish multifiltrations of data sets or net-
works according to topological features (see [4]). From a theoretical point of view,
multidimensional persistence modules are Nr-graded R[x1, . . . , xr]-modules built
from a multifiltration. It is interesting to study how the combinatorial structure of
the multifiltration is reflected in the module structure and that is what we address
in this paper. We start with discussing the multifiltrations of sets in Section 3.
We recall the structure of such multifiltrations, how can they be decomposed into
indecomposable parts and how to classify the indecomposable pieces. We use it
to give an algorithm for producing a free presentation of a multifiltration of sets.
In Section 4 we then study the effect of taking the R-span functor on multifiltra-
tions of sets. We explain why the obtained multifiltrations of R-modules are rather
special and prove that they correspond to sums of monomial ideals. Since the R-
span functor commutes with colimits, free presentations for multifiltrations of sets
can be used to obtain free presentations of monomial ideals. These presentations
are used in Section 5 to obtain the desired description of the R[x1, . . . , xr]-module
structure on Hn(F,R). We conclude by pointing out, in Section 6, that for multifil-
trations indexed by N2 a presentation of the module Hn(F,R), as the cokernel of a
homogeneous homomorphism, is an easier task. In this case, the kernel of B → C
is free and therefore, given our previous results, it is sufficient to choose a set of
free generators of this kernel to find a presentation of Hn(F,R). The problem of
identifying such a set of free generators in an algorithmic and combinatorial way is
left as an open question.

2. notation

2.1. The symbols Sets, Spaces, and R-Mod denote the categories of respectively
sets, simplicial complexes, and R-modules, where we always assume that R is a
commutative ring with identity. The R-linear span functor which assigns to a set
S the free module R(S) =

⊕
S R is denoted by R : Sets→ R-Mod.

2.2. By definition a simplicial complex X is a collection of subsets of a set X0

(called the set of vertices of X) such that: for any x in X0, {x} ∈ X and if σ ∈ X
and τ ⊂ σ, then τ ∈ X. An element σ in X is called a simplex of dimension
|σ| − 1. A complex is called finite if X0 is a finite set. A morphism between two
simplicial complexes f : X → Y is by definition a map of sets f : X0 → Y0 such
that f(σ) is a simplex in Y for any simplex σ in X. A morphism f : X → Y is a
monomorphism if and only if the function f : X0 → Y0 is injective.

Let us choose an order < on the set X0. For n ≥ 0, the symbol Xn denotes the
set of strictly increasing sequences x0 < · · · < xn of elements in X0 for which the
subset {x0, . . . , xn} ⊂ X0 is a simplex in X. Such a sequence is called an ordered
simplex of dimension n. For 0 ≤ i ≤ n + 1, by forgetting the i-th element in a
sequence x0 < · · · < xn+1 we get an element in Xn. The obtained map is denoted
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by di : Xn+1 → Xn. By applying the R-span functor and taking the alternating
sum of the induced maps we obtain:

RXn+1
∂n+1:=

∑n+1
i=0 (−1)idi−−−−−−−−−−−−−→ RXn

∂n:=
∑n
i=0(−1)idi−−−−−−−−−−−→ RXn−1

where for n = 0, the R-module RX−1 is taken to be trivial. It is a standard fact
that the composition ∂n∂n+1 is the trivial map and hence the image im(∂n+1) is
a submodule of the kernel ker(∂n). The quotient ker(∂n)/im(∂n+1) is called the
n-th homology of X and is denoted by Hn(X,R). The isomorphism type of this
module does not depend on the chosen ordering on X0. Note that this is not a
functor on the entire category of simplicial complexes. However if f : X → Y is
a monomorphism, then we can choose first an ordering on Y0 and then use it to
induce an ordering on X0 so the function f : X0 → Y0 is order preserving. With
these choices, by applying f to ordered sequences element-wise, we obtain a map of
sets fn : Xn → Yn which commutes with the maps di. In this way we get an induced
map of homology modules that we denote by Hn(f,R) : Hn(X,R)→ Hn(Y,R).

2.3. The symbol R[x1, . . . , xr] denotes the Nr-graded polynomial ring with coeffi-
cients in a ring R. The category of Nr-graded R[x1, . . . , xr]-modules with the degree
preserving homomorphisms is denoted by R[x1, . . . , xr]-Mod and we use bold face
letters to denote such modules.

A monomial in R[x1, . . . , xr] is a polynomial of the form xv11 · · ·xvrr . Its grade is
given by v = (v1, . . . , vr). Such a monomial is also written as xv. An Nr-graded ideal
in R[x1, . . . , xr] is called monomial if it is generated by monomials. An Nr-graded
R[x1, . . . , xr]-module isomorphic to the ideal of R[x1, . . . , xr] generated by a single
monomial xv is called free on one generator v and denoted by < xv >. An Nr-
graded R[x1, . . . , xr]-module which is isomorphic to a direct sum of free modules on
one generator is called free. The R-module Hom(< xv >,< xw >) is either trivial
if v 6≥ w, or is isomorphic to R if v ≥ w. We use this to identify the R-module of
homomorphisms between free modules Hom(⊕t∈T < xvt >,⊕s∈S < xws >) with
the set of S × T matrices of elements in R whose (s, t) entry is 0 if vt 6≥ ws. Thus
to describe a degree preserving homomorphism between two finitely generated and
free Nr-graded R[x1, . . . , xr]-modules we need to specify:

• A matrix M of elements in R.
• Two functions, one that assigns to every row of M an element in Nr and

the other that assigns to every column of M an element in Nr. The values
of these functions are called grades of the respective rows and columns.
The grades of the columns correspond to the grades of the generators of
the domain of the homomorphism and the grades of the rows correspond
to the grades of the generators of the range of the homomorphism.

• The matrix M should satisfy the following property: the entry correspond-
ing to a row with grade w and a column with grade v is zero if v 6≥ w.

2.4. Let I be a small category. The symbol Fun(I, C) denotes the category of
functors indexed by I with values in a category C and natural transformations as
morphisms. We use the symbol NatC(F,G) to denote the set of natural transfor-
mations between two functors F,G : I → C. Recall [3] that the colimit of a functor
F : I → C is an object colimIF in C together with morphisms pi : F (i)→ colimIF ,
for any object i in I. These morphisms are required to satisfy the following uni-
versal property. First, for any α : i → j in I, pjF (α : i → j) = pi. Second, if
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qi : F (i) → X is a sequence of morphisms in C indexed by objects of I fulfilling
the equality qjF (α : i → j) = qi for any morphism α in I, then there is a unique
f : colimIF → X such that qi = fpi for any object i in I.

If I is the empty category, colimIF is called the initial object and denoted by ∅.
The initial object has the property that, for any object X in C, the set of morphisms
morC(∅, X) has exactly one element. If I is a discrete category, then colimIF is
called the coproduct and denoted either by

∐
i∈I F (i) or

⊕
i∈I F (i). The second

notation is used only in the case the coproduct is taken in an additive or abelian
category, as for example in R-Mod.

2.5. An object X in C is called decomposable if it is isomorphic to a sum X1

∐
X2

where neither X1 nor X2 is the initial object. It is indecomposable if it is neither
initial nor decomposable. An object X is called uniquely decomposable if the
following two conditions hold. First, it is isomorphic to a coproduct

∐
i∈I Xi where

Xi is indecomposable for any i. Second, if X is isomorphic to
∐
i∈I Xi and to∐

j∈J Yj , where Xi’s and Yj ’s are indecomposable, then there is a bijection φ : I → J
such that Xi and Yφ(i) are isomorphic for any i in I.

In the category of sets the initial object is the empty set, the coproduct is the
disjoint union, a set is decomposable if it contains at least two elements, and is
indecomposable if it contains exactly one element. For F : I → Sets, its colimit
is the quotient of

∐
i∈I F (i) by the equivalence relation generated by xi in F (i) is

related to xj in F (j) if there are morphisms α : i→ k and β : j → k in I for which
F (α)(xi) = F (β)(xj).

2.6. The symbol Nr denotes the poset of r-tuples of natural numbers with partial
order given by (v1, . . . , vr) ≤ (w1, . . . , wr) if and only if vi ≤ wi for all 1 ≤ i ≤ r.
The initial element (0, . . . , 0) in Nr is denoted simply by 0. Recall that the partial
order on Nr is a lattice. This means that for any finite set of elements S in Nr, there
are elements min(S) and max(S) in Nr (not necessarily in S) with the following
properties. First, for any v in S, min(S) ≤ v ≤ max(S). Second, if u and w are
elements in Nr for which u ≤ v ≤ w, for any v in S, then u ≤ min(S) and max(S) ≤
w. Furthermore any non-empty subset S of Nr has an element v such that if w < v,
then w is not in S. Such elements are called minimal in S and may not be unique.
A functor F indexed by the poset Nr that maps any morphism to a monomorphism
is called a multifiltration. We will denote the colimit of a functor F indexed
by Nr by colimF. A multifiltration F : Nr → Sets/R-Mod is called one critical
if for any element x in colimF , the set {v ∈ Nr | x is in the image of pv : F (v) →
colimF} has a unique minimal element which we denote by vx and call the critical
coordinate of x (see [2]). A functor F : Nr → Sets/Spaces is called compact if
colimF is a finite set/simplicial complex.

2.7. Let v be an element in Nr. The functor morNr (v,−) : Nr → Sets is called free
on one generator. For example morNr (0,−) : Nr → Sets is the constant functor
with value the one point set. Since Nr is a poset, the values of a free functor on
one generator are either empty, or the one point set. A functor F : Nr → Sets is
called free if it is isomorphic to a disjoin union of free functors on one generator.
Note that any free functor is a multifiltration.

Composition with the R-span functor R : Sets→ R-Mod, is denoted by the same
symbol R : Fun(Nr,Sets) → Fun(Nr, R-Mod) and called by the same name the R-
span functor. Recall that this R-span functor is the left adjoint to the forget the
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R-module structure functor. This implies that the R-span functor commutes with
colimits, in particular it maps the initial object to the initial object and commutes
with coproducts.

The functor RmorNr (v,−) : Nr → R-Mod is also called free on one generator.
A functor F : Nr → R-Mod is called free if it is isomorphic to the R-span of a free
functor with values in Sets or equivalent, if it is isomorphic to a direct sum of free
functors on one generator.

2.8. Recall that the category of functors Fun(Nr, R-Mod) is equivalent to the cate-
gory of Nr-graded modules R[x1, . . . , xr]-Mod. We are going to identify these cat-
egories using the following explicit equivalence which assigns to a functor F : Nr →
R-Mod, the Nr-graded R[x1, . . . , xr]-module given by F := ⊕v∈NrF (v), where xi
acts on component F (v) via the map F (v ≤ v+ei) where ei is the i-th vector in the
standard base. Via this identification, the free functor RmorNr (v,−) : Nr → R-Mod
is mapped to the free module < xv >.

3. Functors with values in Sets

The aim of this section is to prove several basic properties of functors of the form
F : Nr → Sets. Many of these properties are well known. We start with:

3.1. Proposition. A functor F : Nr → Sets is indecomposable (see 2.5) if and only
if the set colimF contains exactly one element.

Proof. If the values of F are not all empty, then colimF is not empty. Further more
if F = G

∐
H, then colimF = (colimG)

∐
(colimH). This shows that if colimF

contains exactly one point, then F is indecomposable. On the other hand we can
decompose F as

∐
x∈colimF F [x] where, for any point x in colimF , F [x] : Nr → Sets

is the subfunctor of F whose values are given by F [x](v) := {y ∈ F (v) | pv(y) = x}
(see 2.4). Observe that not all the values of F [x] are empty. This describes F as a
coproduct of indecomposable functors. Thus if F is indecomposable, then colimF
has to contain only one element. �

The argument in the above proof shows more:

3.2. Corollary. Any functor F : Nr → Sets is uniquely decomposable as F =∐
x∈colimF F [x].

In this paper we are not interested in all functors indexed by Nr with values in
Sets, but those that map any morphism to a monomorphism. Such functors are
called multifiltrations of sets (see 2.6) and here is their characterization:

3.3. Proposition. A functor F : Nr → Sets is a multifiltration if and only if the
map pv : F (v)→ colimF is a monomorphism for any v in Nr.
Proof. Recall that colimF is the quotient of

∐
v∈Nr F (v) by the equivalence relation

generated by xv in F (v) is related to xw in F (w), if there is u ≥ v and u ≥ w such
that F (v ≤ u)(xv) = F (w ≤ u)(xw). Note that since Nr is a lattice, the described
relation is already en equivalence relation. Thus two elements of F (v) are mapped
to the same element in colimF if and only if they are mapped to the same element
via F (v ≤ u) for some u and the proposition follows. �
3.4. Corollary. A functor F : Nr → Sets is an indecomposable multifiltration if
and only if the set F (v) has at most one element for any v in Nr and there is u for
which F (u) is not empty.
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Proof. Assume first F is an indecomposable multifiltration. By Proposition 3.1,
colimF is the one point set. The multifiltration assumption implies that F (v) is a
subset of colimF for any v (see 3.3). Consequently the set F (v) can not contain
more than one element. Since colimF is not empty, the values of F can not be all
empty either. This shows one implication.

Recall that any element in colimF is of the form pv(x) for some v in Nr and x in
F (v). Assume that colimF has at least two elements, which we write as pv(x) and
pw(y). The elements F (v ≤ max{v, w})(x) and F (w ≤ max{v, w})(y) therefore
also have to be different. Consequently the set F (max{v, w}) has more than one
element. �

Indecomposable multifiltrations of sets are therefore exactly the non empty sub-
functors of the free functor morNr (0,−) on one generator given by the origin 0 in
Nr (see 2.7).

Note that since there is a unique map from any set to the one point set, according
to 3.4 , if F : Nr → Sets is an indecomposable multifiltration, then, for any G : Nr →
Sets, there is at most one natural transformation G→ F . Thus the full subcategory
of Fun(Nr,Sets) given by the indecomposable multifiltrations is a poset. This is the
inclusion poset of all the non empty sub-functors of the free functor morNr (0,−).
Our next goal is to describe this poset. We do that using the notion of the support
of a functor F : Nr → Sets:

supp(F ) := {v ∈ Nr | F (v) 6= ∅}
For example supp(morNr (v,−)) = {w ∈ Nr | v ≤ w}. Not all subsets of Nr can be
a support. If v belongs to supp(F ), then so does any w ≥ v. Subsets of Nr that
satisfy this property are called saturated.

3.5. Proposition. The function (F : Nr → Sets) 7→ supp(F ) is an isomorphism
between the poset of indecomposable multifiltrations of sets and the inclusion poset
of saturated non-empty subsets of Nr.

Proof. Observe first that if there is a natural transformation F → G, then if F (v)
is not empty, then neither is G(v). This means that supp(F ) ⊂ supp(G) which
shows that the function F 7→ supp(F ) is a function of posets.

To define the inverse of the support function, choose a saturated subset S in Nr
and an element v in Nr. Set:

Ψ(S)(v) :=

{
{v} if v ∈ S
∅ if v 6∈ S

Since S is saturated, if Ψ(S)(v) is not empty, then neither is Ψ(S)(w) for any v ≤ w.
We can therefore define Ψ(S)(v ≤ w) : Ψ(S)(v)→ Ψ(S)(w) to be the unique map.
This defines a functor which by Corollary 3.4 is an indecomposable multifiltration.
The construction Ψ gives a map of posets between the saturated subsets in Nr and
indecomposable multifiltrations.

Note that supp(Ψ(S)) = S. Furthermore, for any F : Nr → Sets, there is a
unique natural transformation F → Ψ(supp(F )) which becomes an isomorphism
if F is an indecomposable multifiltration. This shows that Ψ is the inverse of the
support function. �

Our next step is to describe the set of saturated subsets of Nr. For any subset S
of Nr define gen(S) := {v ∈ S | if w < v, then w 6∈ S} and call it the minimal set
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of generators of S. For example gen(supp(morNr (v,−))) = {v}. Furthermore 3.5
implies that an indecomposable multifiltration F : Nr → Sets is free (necesarily on
one generator) if and only if gen(supp(F )) consists of one element. This can be
generalised to arbitrary multifiltrations:

3.6. Proposition. A multifiltration F : Nr → Sets is free if and only if it is one
critical (see 2.6).

Proof. We have a decomposition F =
∐
x∈colimF F [x]. Note that supp(F [x]) =

{v ∈ Nr | x is in the image of pv : F (v) → colimF}. Thus by definition, F is one
critical if and only if gen(supp(F [x])) are one element sets, i.e., if the functors F [x]
are free on one generator, for every x in colimF . �

Directly from the definition of the minimal set of generators it follows that: (1)
elements in gen(S) are not comparable; (2) any element in S is comparable to some
element in gen(S). This first property implies gen(S) is finite, since:

3.7. Lemma. If S is an infinite subset in Nr, then it contains an infinite chain,
i.e., a sequence of the form v1 < v2 < · · · .
Proof. We argue by induction on r. The case r = 1 is clear since N is totally
ordered. Assume r > 1. Consider the projection onto the last r − 1 components
pr : Nr → Nr−1. If the image pr(S) is finite, then for some v in Nr−1 the intersection
S ∩ pr−1(v) is infinite so it contains an infinite chain as it can be identified with a
subset of N. Assume pr(S) is infinite. By induction, it contains an infinite chain
v1 < v2 < · · · . It follows that there is a sequence of elements in S of the form
(a1, v1), (a2, v2), . . .. Define i1 to be an index for which ai1 = min{a1, a2 . . .} and
set x1 := (ai1 , vi1). Define i2 to be an index for which ai2 = min{aj | j > i1} and
set x2 := (ai2 , vi2). Note that x1 < x2. Continue by induction to obtain a chain
x1 < x2 < · · · in S. �
3.8. Proposition. The function S 7→ gen(S) is a bijection between the set of sat-
urated subsets of Nr and the set of all finite subsets of Nr whose elements are not
comparable.

Proof. For a subset T in Nr, define:

sat(T ) := {v | there is u in T such that v ≥ u}
We are going to prove that the function T 7→ sat(T ) is the inverse to S 7→ gen(S).
Since any element in S is comparable to some element in gen(S), it follows that
S ⊂ sat(gen(S)). In the case S is saturated, sat(gen(S)) ⊂ S and hence these two
sets are equal.

Consider an element v in gen(sat(T )). Since v is in sat(T ), u ≤ v for some u
in T . If u 6= v, then by definition of gen(sat(T )), u could not belong to sat(T ),
which is a contradiction. Thus u = v and v belongs to T . This shows the inclusion
gen(sat(T )) ⊂ T . Assume T consists of non-comparable elements. Let v be in T
and w < v. Then w can not belong to sat(T ), otherwise, for some u in T , u ≤ w
and we would have two comparable elements v and u in T . It follows that v belongs
to gen(sat(T )). We can conclude that T ⊂ gen(sat(T )) and hence these two sets
are equal. �
3.9. Corollary. Let R be a commutative ring with a unit. The poset of indecompos-
able multifiltrations of sets is isomorphic to the inclusion poset of monomial ideals
in R[x1, . . . , xr].
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Proof. Let F : Nr → Sets be a functor. Define Ψ(F ) to be the monomial ideal in
R[x1, . . . , xr] given by:

Ψ(F ) := 〈xv | v ∈ gen(supp(F ))〉
If there is a natural transformation F → G, then supp(F ) ⊂ supp(G). We claim

that in this case there is an inclusion:

Ψ(F ) = 〈xv | v ∈ gen(supp(F ))〉 ⊂ 〈xv | v ∈ gen(supp(G))〉 = Ψ(G)

To see this let v be in gen(supp(F )). We show that there is u in gen(supp(G)) such
that u ≤ v. That would imply xv is divisible by xu proving the claim. If v belongs
to gen(supp(G)) there is nothing to prove. Assume that this is not the case. Since
v belongs to supp(G), there is u in supp(G) for which indeed u ≤ v. In this way
Ψ defines a functor from Fun(Nr,Sets) to the inclusion poset of monomial ideals in
R[x1, . . . , xr]. The restriction of Ψ to indecomposable multifiltrations is a function
of posets.

On the other hand let I be a monomial ideal in R[x1, . . . , xr], consider the set
SI := {v ∈ Nr|xv ∈ I}. This is a saturated subset of Nr because if u ≤ v and
xu is in I then xv must also be in I. We define Φ(I) to be the indecomposable
multifiltration associated to SI (see 3.5). If there is an inclusion of ideals I ⊆
J , then SI ⊆ SJ and again by 3.5 we have an inclusion Φ(I) ⊆ Φ(J). In this
way we obtain a functor Φ between the poset of monomial ideals to the poset
of indecomposable multifiltrations. Given a functor F : Nr → Sets there is a
unique natural transformation F → Φ(Ψ(F )) and this is an isomorphism if F is
an indecomposable multifiltration as both of these functors have the same support.
If I is a monomial ideal in R[x1, . . . xr] then it is also immediate to verify that
Ψ(Φ(I)) = I. �

According to Propositions 3.5 and 3.8 the function F 7→ gen(supp(F )) is a
bijection between the set of indecomposable multifiltrations of sets and finite non-
empty subsets of Nr whose elements are not comparable. We finish this section with
giving a constructive formula for the inverse to this function. Let T be a subset
of Nr. Define FT : Nr → Sets to be a functor given by the following coequalizer in
Fun(Nr,Sets):

FT := colim


 ∐

v0 6=v1∈T
morNr (max{v0, v1},−)

π0 //

π1

//
∐

v∈T
morNr (v,−)




where on the component indexed by v0 6= v1 ∈ T , the map πi, is given by the
unique natural transformation morNr (max{v0, v1},−) → morNr (vi,−) induced by
vi ≤ max{v0, v1}.
3.10. Proposition. If T ⊂ Nr is not empty, then the functor FT is an indecom-
posable multifiltration whose support is given by sat(T ).

Proof. Let u be an element in Nr. The set FT (u) is a quotient of
∐
v∈T morNr (v, u)

and hence FT (u) 6= ∅ if and only if
∐
v∈T morNr (v, u) 6= ∅, implying the equality

supp(FT ) = sat(T ). In particular if T is non-empty, then neither is supp(FT ).
Let v0 ≤ u and v1 ≤ u be two different elements in

∐
v∈T morNr (v, u). These

inequalities give an element max{v0, v1} ≤ u in
∐
v0 6=v1∈T morNr (max{v0, v1},−)

which is mapped via πi to vi ≤ u. The elements v0 ≤ u and v1 ≤ u are therefore
8



sent, via the quotient map, to the same element in FT (u). The set FT (u) can there-
fore have at most one element and hence, according to 3.4, FT is an indecomposable
multifiltration. �

3.11. Corollary. If F is an indecomposable multifiltration, then it is isomorphic to
Fgen(supp(F )).

We can use the above construction to give a presentation of any multifiltration.
Here is a procedure of how to do that. Let F : Nr → Sets be a multifiltration.
For any v in Nr, index elements of F (v) by elements of colimF as follows: y in
F (v) has index x in colimF if pv(y) = x. Let F [x] be the subfunctor of F whose
elements have index x ∈ colimF (see the proof of 3.1). It is an indecomposable
multifiltration. Recall that F =

∐
x∈colimF F [x]. The functor F is then isomorphic

to: ∐

x∈colimF

Fgen(supp(F [x]))

Since we are going to use this presentation, we need to introduce notation de-
scribing the involved functors.

• For any x in colimF , define:

GF [x] :=
∐

v∈gen(supp(F [x]))

morNr (v,−)

KF [x] :=
∐

v0 6=v1∈gen(supp(F [x]))

morNr (max{v0, v1},−)

• Recall that there are natural transformations π0[x], π1[x] : KF [x] → GF [x]
induced by v0 ≤ max{v0, v1} and v1 ≤ max{v0, v1}.
• Since F [x] is indecomposable, there is a unique natural transformation de-

noted by pF,x : GF [x]→ F [x]. This natural transformation has the univer-
sal property describing F [x] as the colimit of the diagram:

KF [x]
π0[x] //

π1[x]
// GF [x]

By summing over all x in colimF , we obtain functors GF : =
∐
x∈colimF GF [x],

KF : =
∐
x∈colimF KF [x] and natural transformations π0, π1 : KF → GF and

pF : =
∐
x∈colimF pF,x : GF → F . The natural transformation pF has the uni-

versal property describing F as the colimit of the diagram:

KF
π0 //

π1

// GF

Although the natural transformations pF,x are unique, the construction F 7→ GF
is not functorial. Nevertheless we attempt to define it also for a natural transforma-
tion α : F → G. Consider the map of sets colimα : colimF → colimG. Since for any
v in Nr, the following square commutes, we get an inclusion α(F [x]) ⊆ G[colimα(x)]

F (v)
α(v) //

pv
��

G(v)

pv
��

colimF
colimα // colimG
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It follows that the set {w ∈ gen(supp(G[colimα(x)]) | w ≤ v} is not empty for any
v in gen(supp(F [x])). We can order this set using the lexicographical order and de-
fine wα,x,v to be the smallest element of this set. Since wα,x,v ≤ v, there is a unique
natural transformation morNr (v,−) → morNr (wα,x,v,−). Define α : GF → GG to
be the natural transformation which on the summand morNr (v,−) indexed by x
in colimF and v in gen(supp(F [x])) is given by the composition of morNr (v,−)→
morNr (wα,x,v,−) and the inclusion into GG of the summand morNr (wα,x,v,−) in-
dexed by colimα(x) in colimG and wα,x,v in gen(supp(G[colimα(x)]). Because of
these choices we obtain a commutative diagram of natural transformations:

GF α //

pF

��

GG
pG

��
F

α // G

Explicitly:

morNr (v,−)� _

summand indexed by x and v

��

// morNr (wα,x,v,−)� _

summand indexed by colimα(x) and wα,x,v

��∐

x∈colimF

∐

v∈gen(supp(F [x]))

morNr (v,−)
α //

pF

��

∐

x∈colimG

∐

v∈gen(supp(G[x]))

morNr (v,−)

pG

��∐
x∈colimF F [x]

α // ∐
x∈colimGG[x]

It is important to point out that the assignment (α : F → G) 7→ (α : GF → GG) is
not a functor. It is not true in general that β α equals β α.

4. Set valued vs. R-Mod valued functors

Let R be a commutative ring with identity. Recall that we identify the cat-
egory of functors Fun(Nr, R-Mod) with the category of Nr-graded R[x1, . . . , xr]-
modules by assigning to F : Nr → R-Mod the Nr-graded R[x1, . . . , xr]-module
given by F = ⊕v∈NrF (v) (see 2.8). Via the above identification the free functor
RmorNr (0,−) (see 2.7) is mapped to the module R[x1, . . . , xr]. Thus sub-functors
of RmorNr (0,−) are identified with Nr-graded ideals in R[x1, . . . , xr]. Among these
sub-functors there are the R-spans of indecomposable multifiltrations of sets and
among the Nr-graded ideals in R[x1, . . . , xr] there are the monomial ideals. Note
that for an indecomposable multifiltration of sets F : Nr → Sets, the Nr-graded
ideal RF ⊂ R[x1, . . . , xr] coincides with the monomial ideal Ψ(F ) given in the
proof of Corollary 3.9. It thus follows from this corollary that the sub-functors of
RmorNr (0,−) that are identified with monomial ideals are exactly the R-spans of
indecomposable multifiltrations of sets. Since monomial ideals are indecomposable
R[x1, . . . , xr]-modules, then so are the R-spans of indecomposable multifiltrations
of sets. These are the easiest indecomposable multifiltrations of R-modules. The
following is a key fact about their finite sums:
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4.1. Proposition. Let {Fi : Nr → Sets}1≤i≤n and {Gj : Nr → Sets}1≤j≤m be two
finite families of indecomposable multifiltrations of sets. If ⊕ni=1RFi : Nr → R-Mod
and ⊕mj=1RGj : Nr → R-Mod are isomorphic as functors with values in R-Mod,
then n = m, and there is a permutation σ of {1, . . . , n} for which Fi : Nr → Sets
and Gσ(i) : Nr → Sets are isomorphic for any i.

Proof. First note that if F,G : Nr → Sets are indecomposable multifiltrations, then
the map RNatSets(F,G) → NatR-Mod(RF,RG), induced by the R-span functor, is
an isomorphism of R modules (this is not true if F is a multifiltration but not
indecomposable). Consequently the R module NatR-Mod(RF,RG) is isomorphic to
R if supp(F ) ⊂ supp(G) or it is trivial if supp(F ) 6⊂ supp(G).

We proceed by induction on n to prove the proposition. Assume n = 1. Since
RF and ⊕mj=1RGj are isomorphic, then so are their colimits which as R modules
are isomorphic to respectively R and ⊕mj=1R. For commutative rings the rank of a
free module is a well define invariant and hence m = 1. The functors RF and RG1

are therefore isomorphic and by the discussion above supp(F ) and supp(G) are the
same subsets of Nr. We can then use 3.5 to get F and G are isomorphic.

Assume n > 1. Consider the subsets supp(Fi) ⊂ Nr for 1 ≤ i ≤ n and choose
among them a maximal one T with respect to the inclusion. By permuting we can
assume that:

supp(Fi) = T , if 1 ≤ i ≤ n′ and supp(Fi) 6= T , if n′ < i ≤ n

Let φ : ⊕ni=1 RFi → ⊕mj=1RGj and ψ : ⊕mj=1 RGj → ⊕ni=1RFi be inverse iso-
morphisms. Since the restriction of φ to F1 is non trivial, there is j such that
T = supp(F1) ⊂ supp(Gj). By the same argument, since the restriction of ψ to
Gj is not trivial, there is l for which supp(Gj) ⊂ supp(Fl). As we chose T to be a
maximal among the supports of Fi’s, we get l ≤ n′ and supp(Gj) = T . Again by
permuting if necessary we can assume that:

T = supp(Gi), if 1 ≤ i ≤ m′ and T 6⊂ supp(Gi), if m′ < i ≤ m

This means that φ maps the submodule ⊕n′i=1RFi ⊂ ⊕ni=1RFi to the submodule

⊕m′j=1RGj ⊂ ⊕mj=1RGj . Furthermore the restriction of φ : ⊕n′i=1 RFi → ⊕m
′

j=1RGj
is an isomorphism whose inverse is given by the restriction of ψ. We therefore
get that their colimits ⊕n′i=1R and ⊕m′j=1R are also isomorphic and hence n′ = m′.
Moreover, by taking the quotients, we obtain an isomorphism between ⊕ni>n′RFi
and ⊕mj>n′RGj . The proposition now follows from the inductive assumption. �

The above proposition can be restated in the form:

4.2. Corollary.

(1) Let {Ii}1≤i≤n and {Jj}1≤j≤m be monomial ideals in R[x1 . . . , xr]. If the
Nr-graded R[x1, . . . , xr] modules ⊕ni=1Ii and ⊕mj=1Jj are isomorphic, then
m = n and there is a permutation σ of {1, . . . , n} for which Ii = Jσ(i).

(2) Let F,G : Nr → Sets be compact multifiltrations (see 2.6). Then F and
G are isomorphic if and only if their R-spans RF,RG : Nr → R-Mod are
isomorphic.

The statement 4.2.(2) is not true if the functors F and G are not multifiltrations:
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4.3. Example. Let F1, F2 : N → Sets be functors with the same values F1(0) =
F2(0) = {a, b, c, d}, F1(1) = F2(1) = {e, f} and F1(n) = F2(n) = {g} for n ≥ 2,
however with different maps which are given by the following diagrams:

F1(0) // F1(1) // F1(2)

a �
))b

� // e � // g

c � // f
,

55

d
+

55

F2(0) // F2(1) // F2(2)

a �
))b

� // e � // g

c
,

55

f
,

55

d
+

55

Although the functors F1 and F2 are not isomorphic, their R-spans RF1 and RF2

are.

The following example illustrates the fact that not all (indecomposable) multi-
filtrations of R-modules are R-spans of (indecomposable) multifiltrations of sets.

4.4. Example. Consider the multifiltration F : N2 → R-Mod which on the square
{v ≤ (2, 2)} ⊂ N2 is given by the following commutative diagram:

R
α // R⊕R id // R⊕R

0

OO

// R

β

OO

β // R⊕R
id

OO

0 //

OO

0

OO

// R

γ

OO

and for w in N2 \ {v ≤ (2, 2)}, the map F (min(w, (2, 2)) ≤ w) is an isomorphism.
Assume further that α, β, and γ are monomorphisms and their images are pairwise
different submodules of R⊕R. Then this functor is not isomorphic to the R-span
of any functor with values in Sets. Note further that in this case F is an inde-
composable multifiltration of R-modules whose colimit is free of rank 2 (compare
with 3.1).

Being one critical (see 2.6) for multifiltrations of sets is equivalent to being free
(see 3.6). This is not true for multifiltrations of R-modules if r > 2:

4.5. Example. Consider the multi filtration F : N3 → R-Mod which on the cube
{v ≤ (1, 1, 1)} ⊂ N3 is given by the following commutative diagram:

R2 α // R4

0 //

??

R2

β
==

0

OO

// R2

γ

OO

0

OO

//

>>

0

OO

==

and for w in N3 \ {v ≤ (1, 1, 1)} the map F (min(w, (1, 1, 1)) ≤ w) is an isomor-
phism. Then this functor is one critical, it is not free, and it is not the R-span of
a multiflitration of sets.
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For bifiltrations (r = 2) we have the following positive result:

4.6. Proposition. Assume R is a field. A bifiltration F : N2 → R-Mod is free if
and only if it is one critical.

Proof. One implication holds more generally for all r. If F : Nr → R-Mod is
free, it is the R-span of a free functor G : Nr → Sets. Thus F is isomorphic to⊕

x∈colimGRmor(vx,−). Since the R-span functor commutes with colimits, we can

identify colimF with R(colimG). Consider an element y =
∑n
i=1 cixi in colimF

where xi belongs to colimG. Note that:

{v ∈ N2 | y ∈ F (v)} =

n⋂

i=1

{v ∈ N2 | xi ∈ G(v)}

It follows that this set has a unique minimal element given by max{vxi | 1 ≤ i ≤ n}.
This shows that F is one critical.

Assume now that F : N2 → R-Mod is one critical. To show that it is free it would
be enough to prove that it is the R-span of a multifiltration of sets since in this
case this multifiltration of sets would be also one critical and therefore free by 3.6.
Define G(0, 0) to be a base of F (0, 0). Since F ((0, 0) ≤ (1, 0)) : F (0, 0) → F (1, 0)
is an inclusion, we can extend that base of F (0, 0) to a base G(1, 0) of F (1, 0). We
can proceed by induction on n and define in this way a sequence of sets

G(0, 0) ⊂ G(1, 0) ⊂ · · ·G(n, 0) ⊂ · · ·
whose R-span gives the functor F restricted to N × {0} ⊂ N2. We continue again
by induction. Assume that k > 1 and we have constructed a functor:

G : N× {v ∈ N | v < k} → Sets

whose R-span is isomorphic to the restriction of F . By the same argument as
before, since F ((0, k − 1) ≤ (0, k)) : F (0, k − 1) → F (0, k) is an inclusion we can
extend the base G(0, k − 1) of F (0, k − 1) to a base G(0, k) of F (0, k). Assume
n > 0 and that we have defined a functor:

G : N× {v ∈ N | v < k} ∪ {v ∈ N | v < n} × {v ∈ N | v ≤ k} → Sets

whose R-span is isomorphic to the restriction of F . Since F is one critical the
intersection of the images of F (n − 1, k) and F (n, k − 1) in F (n, k) coincide with
the image of F (n− 1, k − 1). It follows that the induced map:

colim(F (n, k − 1)←↩ F (n− 1, k − 1) ↪→ F (n− 1, k))→ F (n, k)

is an inclusion. Here the assumption r = 2 is crucial. We can then extend the
subset:

colim(G(n, k − 1)←↩ G(n− 1, k − 1) ↪→ G(n− 1, k)) ↪→ F (n, k)

to a base G(n, k) of F (n, k). In this way we get a desired functor

G : N× {v ∈ N | v ≤ k} → Sets

whose R-span is isomorphic to F . �

We finish this section with a procedure of obtaining a free presentation of the
Nr-graded R[x1, . . . , xr]-module RF associated to the R-span of a multifiltration
F : Nr → Sets. In the first 3 steps we recall from the end of Section 3 how to build
a presentation of F .

13



• Decompose F into indecomposable components
∐
x∈colimF F [x].

• For any x, find the set Tx := gen(supp(F [x])).
• Recall that F can be described as the coequalizer of two natural transforma-

tions π0, π1 : KF → GF between free functors. Explicitly F is isomorphic
to the colimit of the following diagram:

∐

x∈colimF




∐

v0 6=v1∈Tx
morNr (max{v0, v1},−)

π0[x] //

π1[x]
//
∐

v∈Tx
morNr (v,−)




where on the component indexed by v0 6= v1 ∈ Tx, the map πi, is given by
the unique natural transformation morNr (max{v0, v1},−) → morNr (vi,−)
induced by vi ≤ max{v0, v1}.
• Since the R-span functor commutes with colimits, we get that the module
RF is isomorphic to the coequalizer of the following two maps π0 and π1

between free Nr-graded R[x1, . . . , xr]-modules (see 2.3):

⊕

x∈colimF


 ⊕

v0 6=v1∈Tx
< xmax{v0,v1} >

π0[x] //

π1[x]
//
⊕

v∈Tx
< xv >




where πi[x], on the component indexed by v0 6= v1 ∈ Tx, is given by the
inclusion < xmax{v0,v1} >↪→< xvi >. Thus the columns of the matrix
representing πi[x] have all entries zero except one which is one.
• The moduleRF is then isomorphic to the cokernel of the difference π0−π1.

Note that the columns of the matrix M(Fx) representing π0−π1 are vectors
of the form: one entry is 1, one entry is −1, and all other entires are zero.

To summarize, with a multifiltration F : Nr → Sets we have associated the fol-
lowing invariants:

(1) a set colimF ;
(2) for any x in colimF , a finite subset Tx := gen(supp(F [x])) of Nr;
(3) for any x in colimF , a |Tx| ×

(|Tx|
2

)
matrix M(Fx), representing the map

π0[x] − π1[x] whose columns are vectors of the form: one entry is 1, one
entry is −1, and all other entires are zero.

These invariants can be used to get the Nr-graded R[x1, . . . , xr]-module associated
to the R-span RF as the cokernel of the map:

⊕

x∈colimF


 ⊕

v0 6=v1∈Tx
< xmax{v0,v1} >

M(Fx)−−−−→
⊕

v∈Tx
〈xv〉




5. Functors with values in Spaces

Let F : Nr → Spaces be a multifiltration of simplicial complexes, X := colimF ,
and R a commutative ring with identity. Let us choose an ordering on the set of
vertices of X. Since F is a multifiltration, we can restrict this ordering to the set
of vertices of F (v), for any v in Nr. In this way the maps F (v ≤ w) are order
preserving and we can form a functor of ordered n-simplices to get a multifiltration
of sets Fn : Nr → Sets (see 2.2) which assigns to any v in Nr the set F (v)n of
ordered n-simplices in F (v). These functors, for various n’s, are connected via the
natural transformations given by the maps di : Fn+1(v) → Fn(v) which forget the
i-th element of an ordered simplex (see 2.2). By applying the R-span functor and
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taking the alternating sum of the induced maps we obtain a diagram of natural
transformations in Fun(Nr, R-Mod):

RFn+1
∂n+1:=

∑n+1
i=0 (−1)idi−−−−−−−−−−−−−→ RFn

∂n:=
∑n
i=0(−1)idi−−−−−−−−−−−→ RFn−1

The composition of these maps is trivial and hence we can form a homology func-
tor Hn(F,R) : Nr → R-Mod which in general may not be a multifiltration. This
could be done in two stages. First we could take the cokernel of the first dif-
ferential coker(∂n+1 : RFn+1 → RFn) and then the kernel of the induced map
∂n : coker(∂n+1) → RFn−1 or we could take the kernel of the second differential
ker(∂n : RFn → RFn−1) and then the cokernel of the induced map ∂n+1 : RFn+1 →
ker(∂n). Let us consider the case of n = 0. Recall that since RF−1 is assumed to be
the trivial functor (see 2.2), H0(F,R) is given by the cokernel coker(d0−d1 : RF1 →
RF0). This cokernel is simply the coequalizer of the two maps d0, d1 : RF1 → RF0.
As the R-span functor commutes with colimits, we then get an isomorphism be-
tween H0(F,R) and the R-span of the following functor with values in the category
of sets:

colim


 F1

d0 //

d1

// F0




This is a special property of the 0-th homology. If n ≥ 1, then it is not true in general
that the functors Hn(F,R), coker(∂n+1 : RFn+1 → RFn), and ker(∂n : RFn →
RFn−1) are R-spans of functors with values in the category of sets, even if R is a
field as the following example illustrates:

5.1. Example. Consider the two multifiltrations of spaces F,G : N2 → Spaces
which on the square {v ≤ (2, 2)} ⊂ N2 are described in Figure 1 and for w in
N2 \ {v ≤ (2, 2)}, the maps induced by (min{w1, 2},min{w2, 2}) ≤ w are the
identities.

(0,0) (1,0) (2,0)

(0,1) (1,1) (2,1)

(0,2) (1,2) (2,2)

F : Nr → Spaces

(0,0) (1,0) (2,0)

(0,1) (1,1) (2,1)

(0,2) (1,2) (2,2)

G : Nr → Spaces

Figure 1. multifiltrations with values in Spaces

In the multifiltration F : Nr → Spaces there are no 2-simplices and hence
H1(F,R) = ker(∂1 : RF1 → RF0). On the square {v ≤ (2, 2)} ⊂ N2, the func-
tors ker(∂1 : RF1 → RF0) and coker(∂2 : RG2 → RG1) are given respectively by

15



the diagrams:

R

(
1
1

)

// R⊕R id // R⊕R

0

OO

// R

(
1
0

) OO
(
1
0

)

// R⊕R
id

OO

0 //

OO

0

OO

// R

(
0
1

)
,

OO

R

(
1
0

)

// R⊕R id // R⊕R

0

OO

// R

(
0
1

) OO
(
0
1

)

// R⊕R
id

OO

0 //

OO

0

OO

// R

(
−1
−1

)OO

By Example 4.3 both of the functors are not the R-span of any multifiltration of
sets.

We now assume that F : Nr → Spaces is a compact multifiltration of spaces. It
follows that X = colimF is a finite complex. Since in general the functor Hn(F,R)
is not the R-span of a multifiltration of sets we cannot directly use the construction
in Section 4 to compute a free presentation of the module Hn(F,R). Instead our
goal is to describe the module Hn(F,R) in such a way that one can use very
efficiently standard commutative algebra software or an algorithm presented in [2]
which often is faster. As it was pointed out in [2] this efficiency is a consequence
of homogeneity and the fact that matrices involved are very simple. We proceed as
follows:

(1) Consider the decomposition Fn−1 =
∐
σ∈Xn−1

Fn−1[σ] (see 3.2). Define

Dn−1 :=
∐
σ∈Xn−1

morNr (0,−) and φ : Fn−1 → Dn−1 to be the coproduct

of the unique inclusions
∐
σ∈Xn−1

(Fn−1[σ] ↪→ morNr (0,−)). Note that

Dn−1 is a free functor.
(2) Information about F together with the presentations and natural transfor-

mations given at the end of Section 3 and in step (1) can be organized into
the following commutative diagrams for any 0 ≤ i ≤ n+ 1 and 0 ≤ j ≤ n:

GFn+1

pFn+1 //

di

��

Fn+1

di

��
KFn

π0 //
π1

// GFn
αj

��

pFn // Fn

dj

��
Dn−1 Fn−1? _

φoo

(3) This leads to the following natural transformations:

GFn+1

dn+1

��
···d0

��
KFn

π0 //
π1

// GFn
αn

��

···α0

��
Dn−1

16



(4) By applying the R-span functor and additivity we get two homomorphisms
of Nr-graded free R[x1, . . . , xr]-modules:

RKFn ⊕RGFn+1

[π0−π1
∑n+1
i=0 (−1)idi] // RGFn

∑n
j=0(−1)jαj // RDn−1

5.2. Proposition. The composition of the above homomorphisms is trivial and the
homology of this complex is isomorphic to Hn(F,R).

Proof. Consider the complex whose homology is Hn(F,R):

RFn+1

∑n+1
i=0 (−1)idi // RFn

∑n
i=0(−1)idi // RFn−1

Since φ : Fn−1 ↪→ Dn−1 is an inclusion and pFn+1
: GFn+1 → Fn+1 is a surjection,

the bottom row of the following commutative diagram is also a complex whose
homology is isomorphic to Hn(F,R):

RKFn ⊕RGFn+1

projection

��

[π0−π1
∑n+1
i=0 (−1)idi] // RGFn

pFn

��

∑n
j=0(−1)jαj // RDn−1

GFn+1

∑n+1
i=0 (−1)idipFn+1 // RFn

∑n
i=0(−1)iφdi // RDn−1

Recall that RFn is the cokernel of the map π0 − π1 : RKFn → RGFn. This
implies the top row of the above diagram is also a complex whose homology is
isomorphic to Hn(F,R) proving the proposition. �

An important fact is that the above sequence of free Nr-graded R[x1, . . . , xr]-
modules that computes Hn(F,R) can be easily and explicitly described in terms
of the original multifiltration of spaces. Here are the involved modules:

RKFn =
⊕

σ∈Xn

⊕

v0 6=v1∈gen(σ)
< xmax{v0,v1} >

RGFn =
⊕

σ∈Xn

⊕

v∈gen(σ)
< xv >

RDn−1 =
⊕

σ∈Xn−1

R[x1, . . . , xr]

and here is how to find the matrices associated to the maps in this sequence
(see 2.3 for our convention to describe homomorphisms between free Nr-graded
R[x1, . . . , xr]-modules).

• Let σ be a simplex in Xn or Xn+1. Consider the set {v ∈ Nr | σ ∈ F (v)}.
This is a saturated set and hence admits a finite minimal set of generators
which we denote by gen(σ). This set coincides with gen(supp(F [σ])) and its
elements are exactly the minimal elements of the set {v ∈ Nr | σ ∈ F (v)}.
• The matrix

[
π0 − π1

∑n+1
i=0 (−1)idi

]
is a concatenation of two matrices

one for π0 − π1 and one for
∑n+1
i=0 (−1)idi.

• The matrix for π0 − π1 is a block diagonal. The blocks are indexed by
simplices in Xn and the block corresponding to σ in Xn is of the size

|gen(σ)| ×
(|gen(σ)|

2

)
. The entry in this block indexed by v in gen(σ) and

v0 6= v1 in
(
gen(σ)

2

)
has row grade v and column grade max{v0, v1}. Its value

is 1 if v = v0, −1 if v = v1, and 0 otherwise.
17



• The rows of the matrix for
∑n+1
i=0 (−1)idi are indexed in the same way and

have the same grades as the rows of the matrix for π0 − π1. The columns
of the matrix for

∑n+1
i=0 (−1)idi are divided into blocks indexed by simplices

in Xn+1. The columns in the block corresponding to σ in Xn+1 are indexed
by gen(σ). The corresponding element in gen(σ) is the grade of the column.
Each column has exactly n + 2 non-zero entries which are either 1 or −1.
For a column indexed by v in gen(σ), the non-zero entries occur in the
row blocks corresponding to the simplices di(σ). In each such block there
is only one non-zero entry and is equal to (−1)i and occurs in the row
corresponding to the minimal element with respect to the lexicographical
order in the set {w ∈ gen(di(σ)) | w ≤ v}.
• The matrix for

∑n
j=0(−1)jαj has rows indexed by simplices in Xn−1. All

the rows have grade 0. The columns are divided into blocks indexed by
simplices in Xn. The columns in the block corresponding to σ in Xn are
indexed by gen(σ). The corresponding element in gen(σ) is the grade of the
column. The entry in this matrix in the row indexed by τ in Xn−1 and the
column indexed by v in gen(σ) for σ in Xn has value (−1)i if τ = di(σ) and
0 otherwise. Note that in any row, the entries in the same column block
have the same value but different grades.

We will now show our procedure to compute the module H1(F,R) with an
example.

5.3. Example. Consider the multifiltration F : N2 → Spaces which on the square
{v ≤ (2, 2)} ⊂ N2 is described in Figure 2 and for w in N2 \ {v ≤ (2, 2)}, the
maps induced by min(w, (2, 2)) ≤ w are the identities. The simplicial complex
X = colimF is given by the complex F (2, 2) and we choose an ordering of its
vertices as indicated also in Figure 2.

(0,0) (1,0) (2,0)

(0,1) (1,1) (2,1)

(0,2) (1,2) (2,2)0

1 2

3

0

1 2

3

0

1 2

3

1 2

3

0

1 2

3

0

1 2

Figure 2

The functors H1(F,R) : N2 → R-Mod on the square {v ≤ (2, 2)} ⊂ N2 is given
by the following commutative diagram:

R
1 // R

1 // R

0

OO

// R

0

OO

0 // R

1

OO

0 //

OO

0

OO

// R

1

OO
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We will now go through the steps presented above and construct the elements
needed in Proposition 3.11 to compute H1(F,R):

• X0 = {0, 1, 2, 3}, X1 = {0 < 1, 0 < 2, 1 < 2, 1 < 3, 2 < 3},
X2 = {1 < 2 < 3}, and Xn = ∅ for n ≥ 3.

• For an ordered simplex σ in X, the minimal set of generators gen(σ), or-
dered by the lexicographical order, is given by the tables:

σ 0 1 2 3
gen(σ) (0,2) (2,0) (0,2) (1,1) (2,0) (0,2) (1,1) (2,0) (0,2) (1,1)

σ 0 < 1 0 < 2 1 < 2 1 < 3 2 < 3
gen(σ) (0,2) (2,0) (0,2) (2,0) (1,1) (2,0) (0,2) (1,1) (0,2) (1,1)

σ 1 < 2 < 3
gen(σ) (1,2) (2,1)

• We thus have:

RKF1 2〈x(1,2)〉 ⊕ 〈x(2,1)〉 ⊕ 2〈x(2,2)〉
RGF1 4〈x(0,2)〉 ⊕ 3〈x(1,1)〉 ⊕ 3〈x(2,0)〉
RGF2 〈x(1,2)〉 ⊕ 〈x(2,1)〉
RD0 4R[x1, x2]

• The matrix associated to π0 − π1 : RKF1 → RGF1 with the block de-
composition and the column and row grades is given by:

0 < 1 0 < 2 1 < 2 1 < 3 2 < 3
(2, 2) (2, 2) (2, 1) (1, 2) (1, 2)






0 < 1
(0, 2) 1 0 0 0 0
(2, 0) −1 0 0 0 0

0 < 2
(0, 2) 0 1 0 0 0
(2, 0) 0 −1 0 0 0

1 < 2
(1, 1) 0 0 1 0 0
(2, 0) 0 0 −1 0 0

1 < 3
(0, 2) 0 0 0 1 0
(1, 1) 0 0 0 −1 0

2 < 3
(0, 2) 0 0 0 0 1
(1, 1) 0 0 0 0 −1
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• The matrix associated to
∑2
j=0(−1)jdi : RGF2 → RGF1 with the block

decomposition and the column and row grades is given by:

1 < 2 < 3
(1, 2) (2, 1)






0 < 1
(0, 2) 0 0
(2, 0) 0 0

0 < 2
(0, 2) 0 0
(2, 0) 0 0

1 < 2
(1, 1) 1 1
(2, 0) 0 0

1 < 3
(0, 2) −1 0
(1, 1) 0 −1

2 < 3
(0, 2) 1 0
(1, 1) 0 1

• The matrix associated to
∑1
j=0(−1)jαj : RGF1 → RD0 with the block

decomposition and the column and row grades is given by:

0 < 1 0 < 2 1 < 2 1 < 3 2 < 3
(0, 2) (2, 0) (0, 2) (2, 0) (1, 1) (2, 0) (0, 2) (1, 1) (0, 2) (1, 1)






0 0 −1 −1 −1 −1 0 0 0 0 0 0
1 0 1 1 0 0 −1 −1 −1 −1 0 0
2 0 0 0 1 1 1 1 0 0 −1 −1
3 0 0 0 0 0 0 0 1 1 1 1

6. Presentations of bifiltrations

Assume that R is a field. For a general multifiltration of spaces, to get a pre-
sentation of its homology, one can apply a standard algebra software to the exact
sequence given in 5.2. In the case of a bifiltration F : N2 → Spaces one can try to
be more efficient. Instead of applying the software directly to the complex given
in 5.2, one can first use the fact that the polynomial ring R[x1, x2] has the projec-
tive dimension 2. This implies that the kernel of any map between free modules
is free. In particular the kernel Z of the map

∑n
j=0(−1)jαj : RGFn → RDn−1

is free. Let φ : RKFn ⊕ RGFn+1 → Z be the map that fits into the following
commutative diagram:

RKFn ⊕RGFn+1
φ //

[π0−π1
∑n+1
i=0 (−1)idi]

33Z �
� // RGFn

The map φ : RKFn ⊕RGFn+1 → Z is a free presentation of Hn(F,R). To take
a full advantage of this idea, one would need to be able to describe in an efficient
way a set of free generators of Z. As of writing this paper, we have not found a
method for doing it.
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MULTIDIMENSIONAL PERSISTENCE AND NOISE

WOJCIECH CHACHÓLSKI, ANDERS LUNDMAN, RYAN RAMANUJAM, MARTINA
SCOLAMIERO, AND SEBASTIAN ÖBERG

1. Introduction

Topological data analysis is a study of invariants obtained using homologies of
various geometric objects associated to a data set. In order to build these geometric
objects, one needs to be given measurements on the data set. These measurements,
using for example the Čech or Vietoris-Rips constructions (see [1]), lead to a functor
X : Qr → Spaces, indexed by the poset of r-tuples of non-negative rational numbers
Qr (see 2.6), and with values in the category of simplicial complexes, where r is
the number of measurements. By applying the i-th homology with coefficients in a
field K to the values of X, we obtain a so called r-dimensional persistence module,
which is a functor Hi(X,K) : Qr → VectK with values in the category of K-vector
spaces (see [2]). Not all functors with values in the category of K-vector spaces can
be obtained in this way. The functors constructed in this way are tame (see 4.1)
and compact (see 3.10) and the sections 4 and 5 are devoted to describing their
fundamental properties. The key fact about tame functors is that they form a cat-
egory Tame(Qr,VectK) which is very similar to the category of r-graded modules
over the r-graded polynomial ring K[x1, . . . , xr]. In particular this category has
enough projectives, all projectives are free, and minimal resolutions have length at
most r (it is of global dimension r). For r = 1 (just for one measurement), similarly
to finitely generated modules over a polynomial ring in one variable, tame compact
functors split as direct sums of indecomposable. An indecomposable compact tame
functor is called a bar and a splitting into a direct sum of indecomposable is called
the barcode of a tame functor. The barcode is a complete invariant characterizing
the isomorphism type of a tame functor. The barcodes are then essential in deter-
mining what we call persistence features of a tame functor and the data set it came
from (see [8]). Determining the persistence features is the aim of the topological
data analysis and, for r = 1, the barcodes give a very convenient way of describing
and extracting such features.

Understanding relations between different measurements, for instance how gene
expression data is related to clinical information of the patients, is often crucial and
critical in applications. It is therefore important that we have ways of understanding
multdimensional persistence. The aim of this paper is to propose a way of extracting
such information out of tame functors for all r. Note that, for r > 1, the categories
of r-graded modules over the polynomial ring K[x1, . . . , xr] and Tame(Qr,VectK)
are very complicated and there is simply no realistic hope that we will be able to
find easily visualizable and calculable invariants completely describing their com-
pact objects analogous to the barcodes in the case r = 1 (see [2],[3]). That is
however not the purpose of the topological data analysis. The purpose is to extract
persistence features and not to find invariants classifying compact tame functors.
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To extract such features however we need additional information. Extracting per-
sistence features is about disregarding and forgetting information that is considered
as noise. Noise can of course mean different things in different circumstances and
in general there is no one canonical choice. This is in our minds the most impor-
tant message of this paper. To be able to understand topological multidimensional
persistence of a data set, we need not only to be given measurements on this set
but also we need to choose an appropriate noise. Depending on these choices, we
can then extract different persistent information.

A key feature of a noise is that it should be possible to measure it. Thus for any
non negative rational number ε, we should have a collection Sε of tame functors
which are ε-small. This collection is called the ε-component of the noise and its
members are called the noise of size at most ε. These collections should satisfy
certain natural constraints and the formal definition is given in 6.1. A choice of a
noise leads to a pseudometric on tame functors and hence induces a topology on
Tame(Qr,VectK) (see 8.4). For a given ε in Q and a tame functor F , we can then
consider the collection B(F, ε) of all tame functors whose distance to F is strictly
less than ε. The minimal rank among all the functors in B(F, ε) is what we call the
value of the basic barcode of F at ε. Thus the basic barcode of F assigns to ε in Q
this minimal rank, which is a natural number. We prove that this is an example of a
continuos invariant of tame functors. We can therefore use it to extract persistence
features of F . A denoising of F is any method of choosing a particular element in
B(F, ε) whose rank is the minimal one, i.e., whose rank realizes the value of the
basic barcode of F at ε. For any such denoising, its 0-th Betti diagram is then
another invariant whose values are finite multisets on Qr. One of our aims has
been to find such a denoising and we discuss in the paper various possibilities. We
would prefer to construct a denoising which is continuous with respect to F . That
however, as of writing this paper, we are unable to do.

2. Notation and Background

2.1. The symbols Sets and VectK denote the categories of respectively sets and K
vector spaces (K is always assumed to be a field). Given a K-vector space, we
denote its dimension by dimKV . The linear span functor, denoted by K : Sets →
VectK , assigns to a set S the vector space K(S) := ⊕SK with base S and to a
function f : S → S′ the homomorphism K(f) : ⊕S K → ⊕S′K given by f on the
bases.

2.2. Let I be a small category and C be a category. The symbol Cop denotes the
opposite category to C and Fun(I, C) denotes the category of functors indexed by
I with values in a category C and natural transformations as morphisms (see [5]).
We use the symbol Nat(F,G) to denote the set of natural transformations between
two functors F,G : I → C. If C is abelian, then so is Fun(I, C). A sequence of
composable morphisms in Fun(I, C) is exact if and only if its values at any object i
in I form an exact sequence in C. If C has enough projective objects, then so does
Fun(I, C).
2.3. Let X be a set. A multiset on X is a sequence {nx}x∈X of natural numbers
indexed by X. We use the symbol n• to denote such a sequence. A multiset n• is
finite if nx 6= 0 for only finitely many x in X. If n• is a finite multiset on X, then
its size is defined as

∑
x∈X nx. We say that n• is a subset of m• if nx ≤ mn for
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any x in X, and denote this relation by n• ≤ m•. The symbol Mult(X) denotes
the poset of multisets on X with the order relation given by the notion of being a
subset.

2.4. Let i be an object in a small category I. The symbol KI(i,−) : I → VectK
denotes the composition of the representable functor morI(i,−) : I → Sets with
the linear span functor K : Sets → VectK . This functor is called free on one
generator. We often omit the subscript I and write K(i,−).

Let V be a vector space. Consider the functor K(i,−) ⊗ V : I → VectK . The
Yoneda isomorphism (see [5]) states that, the function that assigns to a natural
transformation φ : K(i,−) ⊗ V → G the homomorphism φ(i) : K ⊗ V = V →
G(i) is an isomorphism between Nat(K(i,−) ⊗ V,G) and Hom(V,G(i)). A direct
consequence of this isomorphism is the fact that the functor K(i,−) ⊗ V is a
projective object in Fun(I,VectK).

Let {Vi}i∈I be a sequence of K-vector spaces indexed by objects in I. Functors
of the form ⊕i∈IK(i,−) ⊗ Vi are called free. Two free functors ⊕i∈IK(i,−) ⊗ Vi
and ⊕i∈IK(i,−)⊗Wi are isomorphic if and only if, for any i in I, the vector spaces
Vi and Wi are isomorphic. Let F = ⊕i∈IK(i,−)⊗ Vi be a free functor. The vector
spaces Vi are called the components of F . If all component are finite dimensional,
then F is called of finite type. The support of a free functor ⊕i∈IK(i,−)⊗ Vi is
the subset of the set of objects of I consisting of these i in I for which Vi 6= 0. A
free functor is said to be of finite rank if has finite support and finite dimensional
components (is of finite type). If F = ⊕i∈IK(i,−)⊗Vi is of finite rank, the number
rank(F ) :=

∑
i∈I dimKVi is called the rank of F.

Consider a free functor F = ⊕i∈IK(i,−) ⊗ Vi of finite type. The 0-Betti dia-
gram of F is by definition the multi set β0F• on the set of objects of I given by
β0Fi = dimKVi. The 0-Betti diagram of a free finite type functor determines its
isomorphism type. Note that if F is free and of finite rank, then the multiset β0F•
is finite of size rank(F ).

2.5. A morphism φ : X → Y in a category C is called minimal if any morphism
f : X → X satisfying φ = φf is an isomorphism. A natural transformation φ : F →
G in Fun(I,VectK) is called a minimal presentation of G, if F is free and φ is
both minimal and an epimorphism. Minimal presentations exist for any G and are
unique up to isomorphism: if φ : F → G and φ′ : F ′ → G are minimal presentations
of G, then there is an isomorphism (non necessarily unique) f : F → F ′ such that
φ = φ′f . Furthermore any g : F → F ′ for which φ = φ′g is an isomorphism
(minimality).

Consider a functor G : I → VectK . Choose its minimal presentation φ : F → G.
If F is of finite type, then we say that G is of finite type. If F is of finite rank,
then we say that G is of finite rank and define the rank of G to be the rank of
the free functor F and denote it by rank(G). We define the support of G to be the
support of F and denote it by supp(G). Note that G is of finite rank if and only
if it has a finite support and is of finite type. If G is of finite type, we define the
0-Betti diagram of G to be the multiset on the set of objects of I given by the
0-Betti diagram of the free finite type functor F (see 2.4) and denote it by β0G•.
Being of finite type, of finite rank, and the invariants rank(G), supp(G), and β0G
do not depend on the choice of the minimal presentation of G.

Consider a functor G : I → VectK , recall that an element g in G(i) induces a
unique natural transformation, denoted by the same symbol g : K(i,−)→ G, that
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maps 1 in K = K(i, i) to g in G(i). A minimal set of generators for F is a
sequence of elements {g1 ∈ F (i1), . . . , gn ∈ F (in)} such that the induced natural
transformation ⊕nk=1gk : ⊕nk=1 K(ik,−)→ F is a minimal presentation. A functor
has a minimal set of generators if and only if it is of finite rank, in which case the
number of minimal generators is given by rank(F ). If {g1 ∈ F (i1), . . . , gn ∈ F (in)}
is a minimal set of generators of F , then the multiset β0F : I → N assigns to an
object i in I the number of generators that belong to F (i).

2.6. Let r be a positive natural number and v = (v1, . . . , vr) and w = (w1, . . . , wr)
be r-tuples of non negative rational numbers. Define:

• ‖v − w‖ := max{|vi − wi| | 1 ≤ i ≤ r},
• v ≤ w if vi ≤ w′i for any i,
• v < w if v ≤ w and v 6= w.

We call the number ||w|| the norm of w. The relation ≤ is a partial order. We use
the symbol Qr to denote the category associated to this poset, i.e., the category
whose objects are r-tuples of non negative rational numbers with the sets of mor-
phisms morQr (v, w) being either empty if v 6≤ w, or consisting of only one element
in the case v ≤ w. Note that if v ≤ w ≤ u in Qr, then ||v−w|| ≤ ||v−u||. The full
subcategory of Qr whose objects are r-tuples of natural numbers is denoted by Nr.
Both posets Qr and Nr are lattices. This means that for any finite set of elements
S in Qr (respectively Nr), there are elements inf(S) and sup(S) in Qr (respectively
Nr) with the following properties. First, for any v in S, inf(S) ≤ v ≤ sup(S). Sec-
ond, if u and w are elements in Qr (respectively Nr) for which u ≤ v ≤ w, for any
v in S, then u ≤ inf(S) and sup(S) ≤ w. Observe that the elements inf(S) and
sup(S) may not belong to S.

Let S be a subset in Qr (respectively Nr). An element v in S is called minimal
if, for any w < v, w does not belong to S. The set of minimal elements of any
non-empty subset of Nr is never empty and is finite. Neither of these statements
are true for Qr.

The element in Qr whose coordinates are all 0 is called either the origin or the
zero element and is denoted simply by 0. The element in Qr whose coordinates
are all 0 except the i-th one which is 1 is called the i-th standard vector and
denoted by ei.

2.7. The set of all linear combinations of elements g1, . . . , gn in Qr with non-
negative rational coefficients is called the cone generated by g1, . . . , gn and de-
noted by Cone(g1, g2 . . . , gn). A cone in Qr is by definition a subset of Qr of the
form Cone(g1, g2 . . . , gn) for some non-empty sequence of elements g1, . . . , gn in Qr.
A ray is a cone in Qr generated by one non-zero element.

2.8. Let w be in Qr and C be a category. Consider the functor − + w : Qr → Qr

that maps v ≤ u to v + w ≤ u + w. The composition of − + w with a functor
F : Qr → C is called the w-translation of F and is denoted by F (−+w) : Qr → C.
Let τ be in Qr. Two functors F,G in Fun(Qr, C) are τ− interleaved if there
exist natural transformations φ : F → G(−,+τ) and ψ : G → F (− + τ) such that
ψv+τ ◦ φv = F (v ≤ v + 2τ) and φv+τ ◦ ψv = G(v ≤ v + 2τ) for any v in Qr.

2.9. The symbol R∞ denotes the poset whose underlying set is the disjoint union
of the set of non-negative real numbers and the singleton {∞}. The order on R∞
is given by the usual being smaller or equal relation for non-negative real numbers
and assuming that x ≤ ∞ for any x in R∞.
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An extended pseudometric on a set X is a function d : X ×X → R∞ such
that: (1) for any x and y in X, d(y, x) = d(x, y); (2) for any x in X, d(x, x) = 0;
(3) for any x, y, and z in X, d(x, z) ≤ d(x, y) + d(y, z). A set equipped with an
extended pseudometric is called an extended pseudometric space.

Let d be an extended pseudometric on a set X. For any positive real number t
and any x in X, B(x, t) denotes the subset of X consisting of these elements y for
which d(x, y) < t. This subset is called the open ball around x with radius t. These
sets form a base of a topology on X.

Let k be a positive real number. Given two extended pseudometric spaces
(X, dX) and (Y, dY ), a function f : X → Y is called k-Lipschitz if dY (f(x1), f(x2)) ≤
kdX(x1, x2) for any x1, x2 in X.

3. Functors indexed by Nr

The aim of this section is to recall basic properties of the category of functors
Fun(Nr,VectK): we identify its compact objects, projective objects, and discuss
minimal presentations. This is a standard material as the category Fun(Nr,VectK)
is equivalent to the category of r-graded modules over the polynomial ring in r
variables with the standard r-grading.

3.1. Semisimplicity. A functor F : Nr → VectK is semi-simple if F (v < w) is
the zero homomorphism for any v < w. For example the unique functor Uv : Nr →
VectK such that Uv(v) = K and Uv(w) = 0 if w 6= v is semi-simple. Any semi-
simple functor is a direct sum of functors of the form Uv and hence can be described
uniquely as ⊕v∈Nr (Uv ⊗ Vv) for some sequence of vector spaces Vv.

3.2. Radical. Let F : Nr → VectK be a functor. Define rad(F )(v) to be the
subspace of F (v) given by the sum of all the images of F (u < v) : F (u)→ F (v) for
all u < v. For any v ≤ w, the homomorphism F (v ≤ w) : F (v) → F (w) maps the
subspace rad(F )(v) ⊂ F (v) into rad(F )(w) ⊂ F (w). Thus these subspaces form
a subfunctor denoted by rad(F ) ⊂ F . A natural transformation φ : F → G maps
the subfunctor rad(F ) ⊂ F into the subfunctor rad(G) ⊂ G. The resulting natural
transformation is denoted by rad(φ) : rad(F )→ rad(G). Note that for any functor
F : Nr → VectK , F/rad(F ) is semisimple.

3.3. Proposition. A natural transformation φ : F → G in Fun(Nr,VectK) is an
epimorphism if and only if its composition with the quotient π : G → G/rad(G) is
an epimorphism.

Proof. If φ is an epimorphism, then so is πφ. Assume that πφ is an epimorphism.
If φ is not an epimorphism, then the set of v in Nr for which φ(v) : F (v) → G(v)
is not an epimorphism is not empty. Let us choose a minimal element u in this set
(see 2.6) and consider a commutative diagram with exact rows:

0 // rad(F )(u)

rad(φ)(u)
��

// F (u) //

φ(u)
��

F (u)/rad(F )(u)

��

// 0

0 // rad(G)(u) // G(u)
π // G(u)/rad(G)(u) // 0

Minimality of u implies that rad(φ)(u) is an epimorphism. Since the right side
vertical homomorphism is also an epimorphism, it follows that so is the middle
one, contradicting the assumption about φ(u). �
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As a direct corollary of 3.3 we get that rad(F ) = F if and only if F = 0. The
very same argument as in the proof of 3.3 can also be used to show:

3.4. Proposition. A functor G : Nr → VectK has finite dimensional values if and
only if G/rad(G) has finite dimensional values.

3.5. Minimal presentations. Recall that φ : F → G in Fun(Nr,VectK) is called
minimal if any f : F → F , such that φ = φf , is an isomorphism (see 2.5). For
example:

3.6. Proposition. Let φ : F → G in Fun(Nr,VectK) be a natural transformation
such that the induced morphism on the quotients [φ] : F/rad(F )→ G/rad(G) is an
isomorphism and either the values of F are finite dimensional or F is free. Then
φ is minimal.

Proof. Let f : F → F be such that φ = φf . By quotienting out radicals we obtained
a commutative triangle:

F/rad(F )

[φ] ))

[f ] // F/rad(F )

[φ]uu
G/rad(G)

Since [φ] is an isomorphism, then so is [f ]. We can then use 3.3 to conclude that
f : F → F is an epimorphism. As epimorphisms of finite dimensional vector spaces
are isomorphisms, under the assumption that F has finite dimensional values, we
can conclude that f is an isomorphism. In the case F is free, the map f splits and
F is isomorphic to F ⊕ ker(f). It follows that ker(f)/rad(ker(f)) = 0 and hence
ker(f) = 0 showing that in this case f is also an isomorphism. �
3.7. Consider a functor G : Nr → VectK . Since G/rad(G) is semisimple, it is
isomorphic to ⊕v∈Nr (Uv ⊗ Vv) for some sequence of vector spaces Vv. Let F =
⊕v∈NrK(v,−) ⊗ Vv. Note that F/rad(F ) is also isomorphic to ⊕v∈Nr (Uv ⊗ Vv).
Since F is projective, then there is a natural transformation φ : F → G making the
following diagram commutative:

F
φ //

π
��

G
π
��

F/rad(F )
' // G/rad(G)

where π’s are the quotient transformations. According to 3.6 the natural transfor-
mation φ : F → G is minimal. Since it is also an epimorphism (see 3.3) and F is free,
this map is a minimal presentation (see 2.5). Thus all functors in Fun(Nr,VectK)
admit a minimal presentation. Moreover G is of finite type (see 2.5) if and only
if Vv is finite dimensional for any v in Nr. Its support (see 2.5) is given by the
subset of Nr of all elements v for which Vv 6= 0. If G is of finite rank (see 2.5),
then its rank is given by

∑
v∈Nr dimKVv. If G is of finite type, then the multiset

Nr 3 v 7→ dimKVv ∈ N is the 0-Betti diagram of G (see 2.5). Moreover F has a
finite set of generators if and only if it is of finite rank. Note that being of finite
type, of finite rank, and the invariants supp(G), rank(G) and β0G depend only on
G/rad(G). However, the choice of a set of minimal generators for G is equivalent
to a choice of a minimal presentation F → G and hence it contains much more
information, than the semisimple functor G/rad(G).
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3.8. Corollary. A natural transformation ψ : H → G in Fun(Nr,VectK) is a mini-
mal presentation if and only if H is free and the induced morphism on the quotients
[ψ] : H/rad(H)→ G/rad(G) is an isomorphism.

Proof. Assume ψ : H → G is a minimal presentation. Let Vv be a sequence of
vector spaces such that G/rad(G) is isomorphic to ⊕v∈Nr (Uv ⊗ Vv). Consider
F = ⊕v∈NrK(v,−) ⊗ Vv and a minimal presentation φ : F → G described above.
All these natural transformations fit into the following commutative diagram:

H
ψ //

g

))

π
��

G
π
��

F
φoo

π
��

H/rad(H)
[ψ] //

[g]
44

G/rad(G) F/rad(F )
[φ]oo

Note that [φ] is an isomorphism by construction and g is an isomorphism by the
minimality assumption on ψ and φ. It then follows that [g] is an isomorphism
and consequently so is ψ. That proves one implication of the corollary. The other
implication follows from 3.6 and 3.3. �

3.9. Corollary. Any projective object in Fun(Nr,VectK) is free.

Proof. Let P : Nr → VectK be projective and φ : F → P be a minimal presentation.
As P is projective, there is a natural transformation s : P → F such that φs = idP .
This implies that s is a monomorphism. According to 3.3 s is also an epimorphism.
We can conclude that s is an isomorphism and hence P is free. �

3.10. Compact objects. Recall that an object A in an abelian category is compact
if, for any sequence of monomorphisms A1 ⊂ A2 ⊂ · · · ⊂ A such that A = colimAi,
there is k for which Ak = A.

3.11. Proposition. Let F : Nr → VectK be a functor. The following are equivalent:

(a) F is compact in Fun(Nr,VectK);
(b) F is of finite rank;
(c) F fulfills the following two conditions: (1) F (v) is finite dimensional for any

v; (2) there is a natural number n such that, for any v = (v1, . . . vr) in Nr,
the homomorphism F ((min(n, v1), . . . ,min(n, vr)) ≤ v) is an isomorphism.

Proof. Assume F is compact. If F is not of fine rank, then there is a sequence of
proper subfunctors G1 ⊂ G2 ⊂ · · · ⊂ F/rad(F ) such that colimGi = F/rad(F ).
Let Fi := π−1(Gi) where π : F → F/rad(F ) is the quotient transformation. We
obtain a sequence of proper subfunctors F1 ⊂ F2 ⊂ · · · ⊂ F such that colimFi = F
contradicting the fact that F is compact. This proves the implication (a)⇒(b).

Assume F is of finite rank. The first condition in (c) follows from 3.4. Let i be
a natural number. For v = (v1, . . . , vr) in Nr, set vi := (min(i, v1), . . . ,min(i, vr)).
Note if v ≤ w, then vi ≤ wi. Define F i(v) := F (vi) and F i(v ≤ w) := F (vi ≤ wi).
In this way we obtain a functor F i : Nr → VectK . If i ≤ j, then vi ≤ vj ≤ v. Let
F i≤j : F i → F j be the natural transformation given by the homomorphisms F (vi ≤
vj) and F i<∞ : F i → F be the natural transformation given by the homomorphisms
F (vi ≤ v). Since colimi(F

i<∞) : colim(F i)→ F is an isomorphism and F is of finite
rank, there is m such that Fm<∞ : Fm → F is surjective. From the definition it
follows that Fm≤i : Fm → Fi is also surjective. Let T := {v ∈ Nr | v = vm},

7



v ∈ T , and i ≥ m. Note that T is a finite set of all elements v in Nr such that
v ≤ (m, . . . ,m). Define:

Ki,v = ∪v≤wker

(
Fm(v) = F (v)

F (v≤wi)−−−−−−→ F (wi) = F i(w)

)

Ki :=
⊕

v∈T
Ki,v ⊂

⊕

v∈T
F (v)

Note that Ki ⊂ Kj if i ≤ j. Since T is finite, the space ⊕v∈TF (v) is finite
dimensional, and hence there is n such that Kn = Ki for any i ≥ n. For this n,
the natural transformation Fn≤i : Fn → F i is an isomorphism. It follows that so
is Fn<∞ : Fn → F proving the second condition in (c).

Assume (c). Let n be the number given by second condition in (c). To prove
F is compact consider a sequence F1 ⊂ F2 ⊂ · · · ⊂ F of sub-functors such that
F = colimFi. Since F has finite dimensional values, there is m such that, for any
w = (w1, . . . , wr) with w = wn, Fm(w) = F (w). This together with condition (2)
in (c) implies that, for any v, Fm(v) = F (v). The functor F is therefore compact
proving the implication (c)⇒(a). �

A direct consequence of 3.11 is that all the quotients and all the subfunctors of
a compact functor in Fun(Nr,VectK) are compact.

We finish this section with recalling (see [8]) the classification of compact objects
in Fun(N,VectK):

3.12. Compact objects in Fun(N,VectK). Let w ≤ u be in N. There is a
unique inclusion K(u,−) ⊂ K(w,−). The cokernel of this inclusion is denoted by
[w, u] and called the bar staring in w and ending in u. Note that such functors are
compact of rank 1 whose 0-Betti diagram is given by:

β0[u,w](v) =

{
u if v = u

0 if v 6= u

3.13. Proposition. Any compact object in Fun(N,VectK) is isomorphic to a finite
direct sum of functors of the form [w, u] and K(v,−). Moreover the isomorphism
types of these summands are uniquely determined by the isomorphism type of the
functor.

Proof. Assume not all the compact functors can be expressed as a direct sum of
bars and free functors and let G be a such a functor with minimal rank. Since G
is compact, there is l in N, such that G(l ≤ v) is an isomorphism for any v ≥ l.
Let w := min{v ∈ N | G(v) 6= 0}. Such w exists since G can not be the zero
functor. Note that w ≤ l. Choose an element x 6= 0 in G(w). Consider the set
{v ∈ N | v ≥ w and G(w ≤ v)(x) 6= 0}. If this set does not have a maximum,
define G(l) → K to be any map that maps the element G(w ≤ l)(x) to 1. This
linear map can be extended uniquely to a surjective map φ : G → K(w,−). Since
K(w,−) is projective, G is a direct sum of K(w,−) and ker(φ). As ker(φ) has a
smaller rank than G, it can be expressed as a direct sum of bars and free functors.
It would then follow G itself is such a direct sum, contradicting the assumption. We
can then define u = max{v ∈ N | v ≥ w and G(w ≤ v)(x) 6= 0} and set G(u)→ K
to be any map that maps the element G(w ≤ u)(x) to 1. This linear map can be
extended uniquely to a surjective map φ : G→ [w, u]. This map has a section given
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by the inclusion [w, u] ⊂ G which maps 1 in [w, u](w) = K to x. The functor G can
be then expressed as a direct sum [w, u]⊕ ker(φ). That leads to a contradiction by
the same argument as before. That means that such a G does not exists and all
compact functors can be expressed as direct sums of bars and free functors.

For the uniqueness, note that if G is isomorphic to
⊕

[wi, ui] ⊕
⊕
K(vj ,−),

then β0G determines the staring points wi’s and vj ’s and hence these numbers are
uniquely determined by G. Let us choose a minimal free presentation F → G. The
the ends ui’s are determined by β0ker(F → G) and hence again they depend only
on the isomorphism type of G. �

4. Tameness

Let C be a category. For any positive rational number α, we use the same symbol
α : Nr → Qr to denote the unique functor that maps an object w in Nr to αw (the
multiplication of all the coordinates of w by α) in Qr. The restriction functor along
α is denoted by α∗ : Fun(Qr, C)→ Fun(Nr, C). It assigns to a functor F : Qr → C
the composition Fα : Nr → C. This functor always admits a left adjoint (the left
Kan extension) denoted by α! : Fun(Nr, C)→ Fun(Qr, C). In this section we recall
its construction and give some examples.

For v in Qr, consider the following finite subset Bαv := {w ∈ Nr | αw ≤ v} of
Nr and define bαv := supBα(v) (see 2.6). For any w in Nr consider the following
subset Dαw = {v ∈ Qr | bαv = w} of Qr called the fundamental domain of α
at w. Note that:

(1) the fundamental domainDαw consists of elements v in Qr such that αw ≤ v
and ||v − αw|| < α i.e., if all the coordinates of v − αw are non-negative
and are strictly smaller than α;

(2) for any v in Qr, αbαv ≤ v and ||v − αbαv|| < α;
(3) for any w in Nr, w = bααw;
(4) if v ≤ u in Qr, then Bαv ⊂ Bαu and hence bαv ≤ bαu in Nr.

Let F : Nr → C be a functor. For v ≤ u in Qr, set α!F (v ≤ u) : α!F (v)→ α!F (u)
to be F (bαv ≤ bαu) (see (4) above). In this way we obtain a functor α!F : Qr → C.
This functor is constant on all the fundamental domains, i.e., F (bαv ≤ v) is the
identity for any v in Qr. Note that its restriction α∗α!F along α : Nr → Qr is
F (see (3) above). The construction (F : Nr → C) 7→ (α!F : Qr → C) is natural.
In fact for any natural transformation ψ : F → G in Fun(Nr, C), there is a unique
natural transformation α!ψ : α!F → α!G for which α∗α!ψ = ψ (this follows from
the fact that α!F is constant on the fundamental domains). The obtained functor
α! : Fun(Nr, C)→ Fun(Qr, C) is left adjoint to α∗.

Note that the function (ψ : F → G) 7→ (α!ψ : α!F → α!G) is a bijection between
Nat(F,G) and Nat(α!F, α!G) for any functors F and G in Fun(Nr, C). This follows
from the equality α∗α!F = F for any F : Nr → C and the fact that α!F is constant
on the fundamental domains.

Let G : Qr → VectK be a functor. The natural transformation adjoint to the
identity id : α∗G→ α∗G is denoted by ω : α!α∗G→ G. Explicitly, for v in Qr, the
morphism ωv : α!α∗G(v) = G(αbαv)→ G(v) is given by G(αbαv ≤ v).

4.1. Definition. A functor G : Qr → C is called α-tame if ω : α!α∗G → G is an
isomorphism, i.e., if G(αbαv ≤ v) is an isomorphism for any v in Qr. It is called
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tame if it is α-tame for some positive rational number α. The symbol Tame(Qr, C)
denotes the full subcategory of Fun(Qr, C) whose objects are tame functors.

The α-tame functors are the functors that are isomorphic to functors of the
form α!G for some G : Nr → C. These are exactly functors which are constant
on fundamental domains Dαw: a functor F : Qr → C is α-tame if and only if
F (αw ≤ v) is an isomorphism for any w in Nr and v in Qr such that αw ≤ v
and ||v − αw|| < α. For example consider the poset Nop. Functors of the form
b : Q→ Nop are called basic barcodes (see Section 9). Such a functor is α-tame if
and only if bαw = bαw+t for any w in N and any 0 ≤ t < α.

Note that the following diagram commutes for any positive rational α:

Nr n //

α

88Nr
α/n // Qr

Thus the functors α!F and (α/n)!n!F are naturally isomorphic proving:

4.2. Proposition. If G : Qr → C is α-tame, then it is also α/n-tame for any
positive natural number n.

Another operation on functors that preserve tameness is translation. Let w be
in Qr. Recall that the w-translation of F : Qr → C, denoted by F (− + w), is
the composition of F with the functor − + w : Qr → Qr that maps v ≤ u to
v + w ≤ u+ w (see 2.8).

4.3. Proposition. If F : Qr → C is tame, then so is F (−+ w) for any w in Qr.

Proof. Assume F is α-tame. Consider w = (w1, . . . , wr) in Qr. Since α and the
coordinates of w are rational, there are natural numbers m and n1, . . . , nr such that
α/m = w1/n1 = · · ·wr/nr = µ. We claim that F (− + w) is µ-tame. For that we
need to show that, for any v in Qr, F (µbµv + w ≤ v + w) is an isomorphism. Set
u := (n1, . . . , nr) in Nr. Note that w = µu, and hence bµ(v + w) = bµv + u, which
implies µbµ(v + w) = µbµv + w. The morphism F (µbµv + w ≤ v + w) is then an
isomorphism since F is also µ-tame (see 4.2). �

5. The category Tame(Qr,VectK)

In this section we describe basic properties of the category Tame(Qr,VectK)
including invariants called the 0-Betti diagrams. For that we need to discuss the
restriction α∗ and the Kan extension α! for functors with values in VectK (similar
properties hold for functors with values in any abelian category).

5.1. Proposition. Let α be a positive rational number.

(1) The left Kan extension α!K(v,−) : Qr → VectK of K(v,−) : Nr → VectK
is isomorphic to K(αv,−) and hence is free.

(2) The restriction of K(v,−) : Qr → VectK along α : Nr → Qr is also free
and isomorphic to K(min{w ∈ Nr | v ≤ αw},−).

(3) Both functors α∗ : Fun(Qr,VectK) � Fun(Nr,VectK) : α! commute with
arbitrary colimits in particular direct sums.

(4) A sequence of morphisms in Fun(Nr,VectK) is exact if and only if α! trans-
forms it into an exact sequence in Fun(Qr,VectK).

(5) If a sequence of morphisms in Fun(Qr,VectK) is exact, then so is its re-
striction via α in Fun(Nr,VectK).
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(6) A functor F : Nr → VectK is free if and only if α!F : Qr → VectK is free.
(7) If φ : F → G is a minimal presentation in Fun(Nr,VectK), then α!φ : α!F →

α!G is a minimal presentation in Fun(Qr,VectK).
(8) If F in Fun(Nr,VectK) is compact, then so is α!F in Fun(Qr,VectK).
(9) Let F : Qr → VectK be α-tame. Then F is compact in Fun(Qr,VectK) if

and only if α∗F is compact in Fun(Nr,VectK).
(10) Let 0→ F → G→ H → 0 be an exact sequence of tame functors. Then G

is compact of and only if F and H are compact.

Proof. Statement (1) and (2) are clear. Statement (3) follows from the construc-
tion and the fact that colimits in functor categories are formed object-wise. Same
argument gives (4) and (5). Statement (6) is implied by (1), (2), and (3). To prove
(7) note that by (6) and (4) we know α!F is free and α!φ : α!F → α!G is an epimor-
phism. Minimality of α!φ follows from the fact that α! induces a bijection between
Nat(F, F ) and Nat(α!F, α!F ). Since the same argument can be used to prove both
(8) and (9), we present the details of how to show (8) only. Consider a compact
functor F in Fun(Nr,VectK) and a sequence of subfunctors A0 ⊂ A1 ⊂ · · · ⊂ α!F
in Fun(Qr,VectK) such that colimAi = α!F . By taking the restriction along
α : Nr → Qr and using (3) we obtain a filtration α∗A0 ⊂ α∗A1 ⊂ · · · ⊂ α∗α!F = F
such that colim(α∗Ai) = F . As F is compact, there is n such that α∗An = F . Ap-
ply the Kan extension to get α!α∗An → An ⊂ α!F . The composition of these two
natural transformations is an isomorphism. It follows An = α!F and consequently
α!F is compact. Statement (10) follows from (9) and Proposition 3.11.

�
5.2. Proposition. Let φ : F → G be a natural transformation in Fun(Qr,VectK).
If F and G are tame, then so are Ker(φ) and Coker(φ).

Proof. Let F be α-tame and G be β-tame. Since α and β are rational numbers,
there are natural numbersm and n such that α/n = β/m. The functors F andG are
therefore µ = α/n-tame (see 4.2). Kan extensions preserve exactness (see 5.1.(3)).
The kernel Ker(φ) is thus isomorphic to µ!(Ker(µ∗φ)) and Coker(φ) is isomorphic
to µ!(Coker(µ∗φ)). �

As a corollary of 5.2, we get:

5.3. Corollary. (1) Consider an exact sequence in Fun(Qr,VectK):

0→ F → G→ H → 0

If two out of F , G, and H are tame, then so is the third.
(2) If F and G in Fun(Qr,VectK) are tame, then so is F ⊕G.
(3) Tame(Qr,VectK) is an abelian subcategory of Fun(Qr,VectK).

According to the above corollary, a finite direct sum of tame functors is tame.
Infinite direct sums however do not in general preserve tameness.

We finish the section by explaining how to compute the support, rank and 0-Betti
diagram of a tame functor G : Qr → VectK . Here is the procedure:

• Choose α in Q, such that ω : α!α∗G → G is an isomorphism. In this step
we choose a scale α for which G is α-tame.
• Find a sequence of vector spaces {Vw}w∈Nr such that α∗G/rad(α∗G) is

isomorphic to ⊕w∈NrUw ⊗ Vw.

We have now all the needed information to compute supp(G), rank(G) and β0G:
11



5.4. Proposition.

(1) supp(G) = {αw | w ∈ supp(α∗G)} = {αw | w ∈ Nr and Vw 6= 0};
(2) rank(G) = rank(α∗G) =

∑
w∈Nr dimKVw;

(3) β0G : Qr → N is given by:

β0G(v) =

{
β0(α∗G)(w) = dimKVw if v = αw for w ∈ Nr

0 otherwise

Proof. This is a consequence of two facts: first α!K(w,−) = K(αw,−) (see 5.1)
and second if F → α∗G is a minimal presentation of α∗G in Fun(Nr,VectK), then
α!F → α!α∗G = G is a minimal presentation of G (see 5.1.(7)). �

The right sides of the equalities in the above proposition a priori depend on
the choice of a scale α for which G is α-tame. However since the left sides are
independent of α, then so are the right sides.

5.5. Example. Let w ≤ u be two elements in Qr. There is a unique inclusion
K(u,−) ⊂ K(w,−). The cokernel of this inclusion is denoted by [w, u]. Numerical
invariants for functors of this type are studied in [7]. Since the free functors are
tame, according to 5.3.(1) [w, u] is tame. It is clear that [w, u] is also compact.
Note that supp([w, u]) = {w}, rank([w, u]) = 1, and:

β0[w, u](v) =

{
1 if v = w

0 if v 6= w.

Similarly to functors indexed by N (see 3.12), there is a classification for compact
and tame functors indexed by Q:

5.6. Proposition. Any compact object in Tame(Q,VectK) is isomorphic to a finite
direct sum of functors of the form [w, u] and K(v,−). Moreover the isomorphism
types of these summands are uniquely determined by the isomorphism type of the
functor.

Proof. Let G : Q → VectK be a compact and tame functor. Choose α in Q such
that G = α!α∗G. Since α∗G : N → VectK is compact, it is isomorphic to a finite
direct sum of bars and free functors (see 3.12). As α! commutes with direct sums,
we get the desired decomposition of G. Uniqueness is shown in the same way. �

6. Noise

Important step in extracting topological features from a data set is to ignore
noise. Depending on the situation, noise can mean different things. In this section
we discuss what we mean by noise for vector space valued tame functors. A key
feature of a noise is that it should be possible to measure it. Thus for any non-
negative rational number ε, we should have a collection Sε of tame functors which
are ε-small. This collection is called the ε-component of the noise and its members
are called noise of size at most ε. These collections should satisfy certain natural
constrains. Here is a formal definition:

6.1. Definition. A noise in Tame(Qr,VectK) is a sequence {Sε}ε∈Q of collections
of tame functors, indexed by rational non-negative numbers ε, such that:

• the zero functor belongs to Sε for any ε;
• if 0 ≤ τ < ε, then Sτ ⊆ Sε;
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• if 0→ F → G→ H → 0 is an exact sequence in Tame(Qr,VectK), then
– if G is in Sε, then so are F and H;
– if F is in Sε and H is in Sτ , then G is in Sε+τ .

The last requirement for the noise is called additivity.
Let {Sε}ε∈Q and {Tε}ε∈Q be noises. If, for any ε in Q, Sε ⊂ Tε, then we write

{Sε}ε∈Q ≤ {Tε}ε∈Q. With this relation, noises in Tame(Qr,VectK) form a poset.
This poset has the unique minimal element given by the sequence whose components
contain only the zero functor. It has also the unique maximal element given by the
sequence whose components contain all tame functors. Note that the intersection
of any family of noises is again a noise. This implies for example that the poset
of noises is a lattice. Moreover, for any sequence of sets {Sε}ε∈Q of tame functors,
the intersection of all the noises {Tε}ε∈Q for which Sε ⊂ Tε, for any ε in Q, is the
smallest noise containing Sε in its ε-component. We call it the noise generated
by the sequence {Sε}ε∈Q and denote it by < {Sε}ε∈Q >.

Let {Sε}ε∈Q be a noise. Define Scε := {F ∈ Sε | F is compact}. One can use
Proposition 5.1(10) to see that {Scε}ε∈Q is also a noise. We call it the compact
part of {Sε}ε∈Q. It follows that if {Sε}ε∈Q is a sequence of sets of compact tame
functors, then < {Sε}ε∈Q > consists of compact functors.

A component Sε of a noise is said to be closed under direct sums if, for any
F and G in Sε, the direct sum F ⊕G also belongs to Sε. It turns out that in general
components of a noise may not be closed under direct sums. Being closed under
direct sums is however important for some of our constructions. We will thus try
to understand under what circumstances a noise has that property. This is the
content of Section 7.

We now present several families of noises. The first two generalize what currently
is interpreted as noise in the context of persistent homology, (see [8]).

6.2. Standard Noise in the direction of a cone. Let V ⊂ Qr be a subset.
Choose u in Qr and set:

(V, u)ε :=



F ∈ Tame(Qr,VectK) |

for any x in F (u),
there is w in V such that

||w|| = ε and x is in ker (F (u ≤ u+ w))





We claim that if V is a cone (see 2.6), then the sequence {(V, u)ε}ε∈Q is a noise.
It is clear that the zero functor belongs to (V, u)ε for any ε. Let 0 < τ < ε. Since
w ≤ ε

τw, if x is in ker(F (u ≤ u + w)), then x is also in ker(F (u ≤ u + ε
τw)).

As || ετw|| = ε
τ ||w||, the inclusion (V, u)τ ⊂ (V, u)ε follows. Consider now an exact

sequence 0 → F → G → H → 0. If G is in (V, u)ε, then, by naturality of F ⊂ G
and G� H, both functors F and H are also in (V, u)ε. Assume F is in (V, u)ε and
H is in (V, u)τ . Take an element x ∈ G(u). Its image x1 in H(u) is therefore in
ker(H(u ≤ u+w)) for some w in V with ||w|| = τ . This means that G(u ≤ u+w)
takes x to an element x2 in F (u+ w) ⊂ G(u+ w). We can thus find w′ in V with
||w′|| = ε such that x2 is in ker(F (u + w ≤ u + w + w′)). It follows that x is in
ker(G(u ≤ u+ w + w′)). Since ||w + w′|| ≤ ||w||+ ||u|| = τ + ε, x is therefore also
in ker(G(u ≤ u + τ+ε

||w+w′|| (w + w′))). The assumption V is a cone guarantees that
τ+ε

||w+w′|| (w + w′) belongs to V . We can conclude G belongs to (V, u)ε+τ .

The hypothesis that V ⊆ Qr is a cone is fundamental for {(V, u)ε}ε∈Q to be a
noise. Consider for example r = 2, V to be the set union of two axes {(a, 0) | a ∈
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Q} ∪ {(0, b) | b ∈ Q}, and u = (0, 0). The tame functors F,H : Qr → VectK given
respectively by:

F (v1, v2) =

{
K if |v2| < 1

0 otherwise
and H(v1, v2) =

{
K if |v1| < 1

0 otherwise

are in (V, u)1. The functor G : Qr → VectK defined as:

G(v1, v2) =

{
K if |v1| < 1 or |v2| < 1

0 otherwise

fits into an exact sequence 0 → F → G → H → 0 but is not in (V, u)ε for any
positive rational number ε.

In general, neither (V, u)ε nor its compact part (V, u)cε is closed under direct
sums. For example consider w = (1, 0, 1) and w′ = (1/2, 1, 0) in Q3. Define
F : Q3 → VectK to be the tame functor such that F (v) = 0 if v ≥ w and F (v) =
K otherwise, with F (u ≤ v) being the identity if F (u) and F (v) are non zero.
Similarly, let G : Q3 → VectK be a tame functor such that G(v) = 0 if v ≥ w′

and G(v) = K otherwise, with G(u ≤ v) being the identity if G(u) and G(v)
are non zero. Note that F is contained in (Cone(w), 0)c1 and G is contained in
(Cone(w′), 0)c1. Although F and G are both in (Cone(w,w′), 0)c1, the functor F ⊕G
is not since there is no vector z in Cone(w,w′) such that ||z|| = 1, z ≥ w and
z ≥ w′.

The intersection of {(V, u)ε}ε∈Q for all u in Qr is called the standard noise in
the direction of the cone V and is denoted by {Vε}ε∈Q. Thus a tame functor
F : Qr → VectK belongs to the ε-component Vε if, for any v in Qr and any x in
F (v), there is w in V such that ||w|| = ε and x is in the kernel ker(F (v ≤ v + w)).

6.3. The compact part of the standard noise in the direction of a ray.
Let V be a ray (a cone generated by one element, see 2.7). Then there is a unique
w in V such that ||w|| = 1. In this case F belongs to Vε if and only if F (v) =
ker(F (v ≤ v + εw)), for any v in Qr (the map F (v ≤ v + εw) is the zero map).
For example the cokernel of the unique inclusion K(v + εw,−) ⊂ K(v,−) belongs
to Vε. Recall that this cokernel is denoted by [v, εw] (see 5.5). Note that this
cokernel is compact and hence it belongs to V cε . Furthermore any finite direct
sum ⊕ni=1[vi, εw] is also a member of V cε . We claim that {V cε }ε∈Q is the smallest
noise containing all such finite direct sums in its ε-component for any ε. In other
words {V cε }ε∈Q is the noise generated by a sequence of sets {Sε}ε∈Q, where Sε
is the set of all functors of the form ⊕ni=1[vi, εw]. We have just explained the
relation < {Sε}ε∈Q >≤ {V cε }ε∈Q. Let F be in V cε . Recall that any element x in
F (v) induces a unique natural transformation x : K(v,−)→ F (see 2.5). Since its
precomposition with K(v + εw,−) ⊂ K(v,−) is trivial, x : K(v,−) → F factors
as K(v,−) → [v, εw] → F . This, together with compactness, implies that F is a
quotient of a finite direct sum of functors of the form [v, εw] which implies F is in
the ε-component of < {Sε} >ε∈Q.

Since a direct sum of zero maps is a zero map, the collections Vε and V cε are
preserved by direct sums for any ε.

6.4. Standard Noise in the direction of a sequence of vectors. Let us
choose a finite sequence V = {v1, v2 . . . , vn} of elements in Qr. For any w in
Cone(V) = Cone(v1, v2 . . . , vn), consider the set T (w) of sequences (a1, . . . , an) of
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non-negative rational numbers such that w = a1v1 + · · · anvn. Define the V-norm
as:

||w||V = min{a1,...,an}∈T (w)||(a1, . . . , an)|| = min{a1,...,an}∈T (w)max1≤i≤nai

Set:

Vε :=

{
F ∈ Tame(Qr,VectK) | for any x in F (v), there is w in Cone(V) s.t.

||w||V = ε and x is in ker (F (v ≤ v + w))

}

One can check that ||aw||V = a||w|||V and ||u + w|||V ≤ ||u|||V + ||w|||V for any v
and w in Cone(V) and any a in Q. Exactly the same arguments as in 6.2 can be
then used to prove that {Vε}ε∈Q is also a noise. We call it the standard noise in
the direction of the sequence V.

For example let v in Qr be non-zero and V = {v}. In this case for any w in
Cone(v), ||w||V = ||w||/||v|| and Vε = Cone(v)ε/||v|| for any ε in Q.

6.5. Domain noise. Let X = {Xε}ε∈Q be a sequence of subsets of Qr with the
property that if 0 ≤ τ < ε, then Xτ ⊆ Xε. For a tame functor F : Qr → VectK
we define domain(F ) := {v ∈ Qr | F (v) 6= 0} and call it the domain of F . For
example the domain of the zero functor is empty. Set:

Xε := {F ∈ Tame(Qr,VectK) | domain(F ) ⊆ Xε}.

The fact that {Xε}ε∈Q is a noise is a direct consequence of the fact that Xτ ⊆ Xε

for any 0 ≤ τ < ε. This noise satisfies an extra condition. For any exact sequence
0 → F → G → H → 0 of tame functors, if F is in Xε and H in Xτ , then G is in
Xmax{ε,τ}. This implies in particular that both Xε and X cε are closed under direct
sums.

6.6. Dimension noise. Let N = {nε}ε∈Q be a sequence of natural numbers such
that n0 = 0 and nτ + nε ≤ nτ+ε for any τ and ε in Q. Set:

Nε := {F ∈ Tame(Qr,VectK) | for any v in Qr, dimKF (v) ≤ nε}.

The proof that {Nε}ε∈Q is a noise is straightforward and only depends on the facts
that n0 = 0, {nε}ε∈Q is a non decreasing sequence of non negative numbers, and
that an sequence of tame functors 0 → F → G → H → 0 is exact if it is object
wise exact.

More examples of noise can be produced using the property that the intersection
of an arbitrary family of noise is a noise. For example:

6.7. Intersection noise. Let L1, . . . , Ln be rays in Qr. Choose the unique wi in
Li such that ||wi|| = 1. The intersection of {Liε}ε∈Q for 1 ≤ i ≤ n is the noise
whose ε-component consists of these tame functors F : Qr → VectK for which
F (v ≤ v + εwi) is the zero map for any v and any 1 ≤ i ≤ n.

6.8. Noise generated by a functor. Let M be a tame functor and α a positive
rational number. Let < M,α > be the smallest noise such that M is in < M,α >α.
This might be interesting in cases in which one wants to declare some functor as
noise of a certain size. The collection < M,α >ε can be described inductively as
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follows:

< M,α >ε=





{0} if 0 ≤ ε < α

[M ] if ε = α[
∪n−1
i=1 < M,α >iα ∪ Ext(< M,α >(n−i)α)

]
if ε = nα for n > 1

< M,α >nα if nα ≤ ε < (n+ 1)α

where [K] denotes the set of all tame subfunctors and quotients of K and Ext(K)
denotes the collection of all tame functors G that fit into an exact sequence 0 →
F → G→ H → 0 where F and H are in [K].

7. Noises closed under direct sums

Let {Sε}ε∈Q be a noise in Tame(Qr,VectK) and F : Qr → VectK be a tame
and compact functor. Consider the collection of all subfunctors of F that belong
to Sε. Because of the compactness of F , Kuratowski-Zorn lemma implies that this
collection has maximal elements with respect to the inclusion. In general however
there could be many such maximal elements. In this section we discuss under what
circumstances there is only one maximal element in this collection. The subfunctor
corresponding to this element is the unique maximal noise of size ε inside F and
we will use it to denoise F . If it exists, we denote this maximal subfunctor by
F [Sε] ⊂ F . By definition the inclusion F [Sε] ⊂ F satisfies the following universal
property: F [Sε] belongs to Sε and, for any G in Sε, any natural transformation
G → F maps G into F [Sε] ⊂ F . Thus for any G in Sε, the inclusion F [Sε] ⊂ F
induces a bijection between Nat(G,F ) and Nat(G,F [Sε]).
7.1. Proposition. Let {Sε}ε∈Q be a noise in Tame(Qr,VectK). The component
Scε is closed under direct sums if and only if F [Sε] ⊂ F exists for any tame and
compact functor F : Qr → VectK .

Proof. Assume Scε is closed under direct sums. Let F : Qr → VectK be a tame and
compact functor and G ⊂ F and H ⊂ F be maximal, with respect to the inclusion,
subfunctors such that G and H are in Sε. Since G ⊕ H is in Scε , then so is its
quotient G+H ⊂ F . Using maximality of G ⊂ F and H ⊂ F , we obtain equalities
G = G + H = H. We can conclude that there is a unique maximal subfunctor of
F that belongs to Sε.

Assume now that, for any tame and compact functor F : Qr → VectK , there is
a unique maximal F [Sε] ⊂ F such that F [Sε] belongs to Sε. Let G and H be in Scε .
Consider (G⊕H)[Sε]. By the maximality, we have inclusions G ⊂ (G⊕H)[Sε] ⊃ H,
and thus G⊕H = (G⊕H)[Sε]. The functor G⊕H is therefore in Scε . �

7.2. Corollary. Let {Sε}ε∈Q be a noise in Tame(Qr,VectK). Assume that the
component Scε is closed under direct sums. Then, for any tame and compact functors
F,G : Qr → VectK , F [Sε]⊕G[Sε] = (F ⊕G)[Sε].
Proof. For any H in Sε, we have a sequence of bijections induced by the appropriate
inclusions:

Nat(H, (F ⊕G)[Sε]) = Nat(H,F ⊕G) = Nat(H,F )⊕Nat(H,G) =

= Nat(H,F [Sε])⊕Nat(H,G[Sε]) = Nat(H,F [Sε]⊕G[Sε])
This shows F [Sε]⊕G[Sε] ⊂ (F ⊕G)[Sε] is an isomorphism. �
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Based on the above proposition, we are going to look for noises whose compact
parts are closed under direct sums. The key example of such a noise is the standard
noise in a direction of a ray (see 6.3) or a vector (see 6.4). More generally:

7.3. Proposition. Let V be a cone in Qr and {Vε}ε∈Q be the standard noise in the
direction of the cone V . The following are equivalent:

(1) The collection Vε (see 6.2) is closed under direct sums.
(2) The collection V cε (see 6.2) is closed under direct sums.
(3) For any w1 and w2 in the cone V whose norm is ε (||w1|| = ||w2|| = ε),

there is an element w in V of norm ε (||w|| = ε) such that w1 ≤ w, w2 ≤ w.

Proof. The implication (1)⇒(2) is clear. Assume (2). We show (3). Let v and u be
elements of the cone V such that ||w1|| = ||w2|| = ε. Consider the functors [0, w1]
and [0, w2] (see 5.5). Since they belong to V cε , then, by the assumption, so does
their direct sum F := [0, w1]⊕ [0, w2]. Consider x in F (0) = ([0, w1]⊕ [0, w2])(0) =
[0, w1](0)⊕ [0, w2](0) = K ⊕K given by the diagonal element (1, 1). As F is in Vε,
there is w in V such that ||w|| = ε and x is in the kernel of F (0 ≤ w). This can
happen only if w1 ≤ w and w2 ≤ w. Thus w is the desired element.

Assume (3). We prove (1). Let F and G be in Vε. We need to show that
F ⊕ G also belongs to Vε. Choose (x, y) in F (v) ⊕ G(v). Let wx and wy be two
elements in the cone V of norm ε such that x is in ker(F (v ≤ v + wx)) and y is in
ker(G(v ≤ v + wy)). By the assumption there is w in V of norm ε with wx ≤ w
and wy ≤ w. Thus x is in ker(F (v ≤ v+w)) and y in ker(G(v ≤ v+w)). It follows
that (x, y) is in ker((F ⊕G)(v ≤ v+w)). As this happens for any (x, y), the direct
sum F ⊕G belongs to Vε. �

Exactly the same argument as in the proof of 7.3, can be also applied to show an
analogous statement for the standard noise in the direction of a sequence of vectors
in Qr:

7.4. Proposition. Let V = {v1, . . . , vn} be a sequence of vectors in Qr and {Vε}ε∈Q
be the standard noise in the direction of the sequence V. The following are equiva-
lent:

(1) The collection Vε (see 6.4) is closed under direct sums.
(2) The collection Vcε (see 6.4) is closed under direct sums.
(3) For any w1 and w2 in Cone(V) whose V-norm is ε (||w1||V = ||w2||V = ε),

there is an element w in V of V-norm ε (||w||V = ε) such that w1 ≤ w,
w2 ≤ w.

We finish this section with:

7.5. Proposition. Let V = {v1, . . . , vn} be a sequence of elements in Qr.

(1) Let V = Cone(v1, . . . , vn) and L = Cone(v1 + · · · + vn). If ||v1|| = · · · =
||vn|| = ||v1 + · · ·+ vn||, then {Vε}ε∈Q = {Lε}ε∈Q.

(2) Let W = {v1 + · · · + vn}. If v1, . . . , vn are linearly independent as vectors
over the field of rational numbers, then {Vε}ε∈Q = {Wε}ε∈Q.

Proof. (1): Set w := (ε/||v1||)(v1 + · · · + vn). By the assumption ||w|| = ε. Let
u in V be of norm ε. Thus u can be written as u = a1v1 + . . . + anvn where
0 ≤ ai ≤ ε/||v1|| for every 1 ≤ i ≤ n. It follows that u ≤ (ε/||v1||)(v1+· · ·+vn) = w.

Let F be in Vε. This means that, for any x in F (v), there exists wx in V of
norm ε such that x is in the kernel of F (v ≤ v +wx). We have already shown that
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wx ≤ w. It thus follows that x is also in the kernel of F (v ≤ v+w). As this is true
for any x, F (v ≤ v + w) is the zero map. This means Vε = Cone(w)ε

(2): Set w = v1 + · · ·+vn. Since {v1, . . . , vn} are linearly independent, ||εw||V = ε.
Let u be in Cone(v1, . . . , vn) of V-norm ε. Thus u can be written as u = a1v1 +
. . .+ anvn where 0 ≤ ai ≤ ε. It follows that u ≤ ε(v1 + · · ·+ vn) = εw.

Let F be in Vε. This means that, for any x in F (v), there exists wx in V of
V-norm ε such that x is in the kernel of F (v ≤ v + wx). We have already shown
that wx ≤ εw. It thus follows that xis also in the kernel of F (v ≤ v + εw). As this
is true for any x, F (v ≤ v + εw) is the zero map. This means Vε =Wε. �

The special case of 7.5 we are most interested in is when the vectors v1, . . . , vn
are among the standard vectors of Qr (see 2.6).

8. Topology on Tame functors

In this section we describe how a noise leads to a pseudo metric and hence a
topology on the set of tame functors with values in VectK . This metric can be used
to measure how close or how far apart tame functors can be relative to the chosen
noise. Let us choose and fix a noise {Sε}ε∈Q in Tame(Qr,VectK).

We are going to compare tame functors using natural transformations. Let
φ : F → G be a natural transformation between functors in Tame(Qr,VectK). We
say that φ is ε-equivalence if, there are τ and µ in Q such that τ + µ ≤ ε, ker(φ)
belongs to Sτ and coker(φ) belongs to Sµ. Before we define a pseudometric and a
topology on the set of tame functors, we need to prove two fundamental properties
of being an ε-equivalence. The first one is the preservation of ε-equivalences by
both push-outs and pull-backs:

8.1. Proposition. Consider the following commutative square in Tame(Qr,VectK):

H
φ

~~   
F

  

G
φ′

~~
P

(1) Assume that the square is a push-out. Then if φ is an ε-equivalence, then
so is φ′.

(2) Assume that the square is a pull-back. Then if φ′ is an ε-equivalence, then
so is φ.

Proof. As the proofs of (1) and (2) are analogous, we present only a sketch of the
argument for (1). Let K ⊂ H and F � C be the kernel and cokernel of φ and
K ′ ⊂ G and P � C ′ be the kernel and cokernel of φ′. We claim that the assumption
that the square is a push-out implies that C is isomorphic is C ′ and K ′ is a quotient
of K. The proposition then clearly follows as a component of a noise is closed under
quotients. As push-outs in the functor category are formed object wise, it is then
enough to show the claim in the category vector spaces VectK . This is left as an
easy exercise. �

The second property of ε-equivalences is additivity with respect to the scale ε:
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8.2. Proposition. Let φ : F → G and ψ : G → H be natural transformations be-
tween functors in Tame(Qr,VectK). If φ is ε1-equivalence, and ψ is ε2-equivalence,
then ψφ is (ε1 + ε2)-equivalence.

Proof. The key is to observe that the natural transformations φ and ψ induce the
following exact sequences:

0 // ker(φ) // ker(ψφ) // ker(ψ)

coker(φ) // coker(ψφ) // coker(ψ) // 0

Let τ1 and µ1 in Q be such that τ1 + µ1 ≤ ε1 and ker(φ) belongs to Sτ1 and
coker(φ) belongs to Sµ1 . Similarly let τ2 and µ2 in Q be such that τ2 + µ2 ≤ ε2
and ker(ψ) belongs to Sτ2 and coker(ψ) belongs to Sµ2

. Therefore, the image of
ker(ψφ) → ker(ψ), as a subfunctor in ker(ψ), belongs to Sτ2 and the kernel of
coker(ψφ) → coker(ψ), as a quotient of coker(φ), belongs to Sµ1

. We can then
conclude that ker(ψφ) belongs to Sτ1+τ2 and coker(ψφ) belongs to Sµ1+µ2 . Since
τ1 + τ2 + µ1 + µ2 ≤ ε1 + ε2, the transformation ψφ is (ε1 + ε2)-equivalence. �

We can use the above fundamental properties of ε equivalences to prove:

8.3. Corollary. Let F and G be tame functors and τ and µ be non-negative rational
numbers. Then the following statements are equivalent:

(1) There are natural transformations F ← H :φ and ψ : H → G such that φ
is τ -equivalence and ψ is µ-equivalence.

(2) There are natural transformations ψ′ : F → P ← G : φ′ such that φ′ is
τ -equivalence and ψ′ is µ-equivalence.

Proof. Assume (1) and apply 8.1.(1) to the following push-out square to get (2):

H
φ

~~

ψ

  
F

ψ′
  

G

φ′
~~

P

The opposite implication (2)⇒(1) follows from a similar argument by apply-
ing 8.1.(2) to an appropriate pull-back square. �

We are now ready for our key definition:

8.4. Definition. Let ε be in Q. We say that two tame functors F and G are ε-
close if there are natural transformations F ← H :φ and ψ : H → G such that φ
is τ -equivalence, ψ is µ-equivalence, and τ + µ ≤ ε.

Note that if there is an ε-equivalence φ : F → G or an ε-equivalence φ : G → F
then F and G are ε-close.

According to 8.3, two tame functors F and G are ε-close if and only if there are
natural transformations ψ′ : F → P ← G :φ′ such that φ′ is τ -equivalence and ψ′

is µ-equivalence and τ + µ ≤ ε.
It is not true that any two tame functors are ε-close for some ε in Q. For example

let r = 1 and consider the standard noise in the direction of Q. The free functor
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K(0,−) : Q→ VectK is not ε-close to the zero functor for any ε in Q. We say that
two functors are close if they are ε-close for some ε in Q.

If S0 contains a non-zero functor, then this functor is 0-close to the zero functor.
The intersection ∩ε>0Sε consists of the functors which are ε-close to the zero functor
for any ε > 0. If this intersection contains only the zero functor, then a natural
transformation is an isomorphism if and only if it is an ε-equivalence for any ε > 0.
In particular two functor are isomorphic if and only if they are ε-close for any ε > 0.

Being ε-close is a reflexive and symmetric relation. It is however not transitive
in general. Instead it is additive with respect to the scale ε.

8.5. Proposition. Let F,G,H : Qr → VectK be tame functors. If F is ε1-close to
G and G is ε2-close to H, then F is (ε1 + ε2)-close to H.

Proof. If F is ε1-close to G then we have morphisms F ← H1 :φ1 and ψ1 : H1 → G
where φ1 is a α-equivalence, ψ1 is β-equivalence, and α + β ≤ ε1. Similarly if G
is ε2-close to H we have morphisms G ← H2 :φ2 and ψ2 : H2 → H where φ2 is a
γ-equivalence, ψ2 is δ-equivalence, and γ + δ ≤ ε2. Consider the pull-back square:

H3
ψ3

!!
φ3

}}
H1

ψ1 !!

H2

φ2}}
G

From Proposition 8.1 it follows that φ3 is a γ-equivalence and ψ3 is a β-equivalence.
The natural transformation F ← H3 :φ1φ3 is a (γ+α)-equivalence and the natural
transformation ψ2ψ3 : H3 → H is a (β + δ)-equivalence by Proposition 8.2. The
claim follows from the fact that α+ β + γ + δ ≤ ε1 + ε2. �

We use the relation of being ε-close to define pseudometric (see 2.9) on tame
functors:

8.6. Definition. Let F,G : Qr → VectK be tame functors. If F and G are not
close, then we define d(F,G) := ∞. If F and G are close, then d(F,G) is defined
to be the unique non-negative real number such that for any rational ε > d(F,G),
the functors F and G are ε-close, i.e., d(F,G) = inf{ε ∈ Q | F and G are ε-close}.
8.7. Proposition. The function d, defined in 8.6, is an extended pseudometric on
the set of tame functors with values in VectK .

Proof. The symmetry d(F,G) = d(G,F ) follows from the fact that being ε-close is a
symmetric relation. Since the zero functor is in Sε for any ε, then d(F, F ) = 0. The
triangle inequality d(F,H) ≤ d(F,G)+d(G,H) is a consequence of Proposition 8.5.

�

Let τ > 0 be a positive real number and F and G be tame functors. By definition,
d(F,G) < τ if and only if F and G are ε-close for some ε < τ . Thus the open ball
B(F, τ), around F with radius τ (see 2.9), consists of all tame functors which are
ε-close to F for some ε < τ . These sets form a base of the topology induced by the
pseudometric defined in 8.6.

For the standard noise in the direction of full cone Qr, the pseudometric defined
above is related to the interleaving pseudometric introduced by M. Lesnick in [6],
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and for the case of persistent homology (r = 1) in [4]. This work in fact inspired
us towards the formulation of our noise.

9. Basic Barcodes

In this section we describe a pseudometric space of basic barcodes. This space
is the range for our invariant which we also call a basic barcode. This invariant is
a continuous function associated to a noise in Tame(Qr,VectK). Its domain is the
induced pseudometric space of tame functors, and its range is the space of basic
barcodes. Our aim in this section is to construct this invariant and show that it
is 1-Lipschitz. Throughout this section let us choose and fix a noise {Sε}ε∈Q in
Tame(Qr,VectK). All the distances and neighborhoods in Tame(Qr,VectK) are
relative to this choice, as defined in Section 8.

By definition a basic barcode is a functor f : Q→ Nop. We write ft to denote
the value of f at t in Q. Thus a basic barcode is simply a non-increasing sequence of
natural numbers indexed by non-negative rational numbers Q. In particular a basic
barcode has only finitely many values. Note that the category Fun(Q,Nop) is a
poset, and there is a natural transformation between f : Q→ Nop and g : Q→ Nop

if and only if, for any t in Q, ft ≥ gt.
Let ε be in Q. We say that two basic barcodes f, g : Q→ Nop are ε-interleaved

if, for any t in Q, ft ≥ gt+ε and gt ≥ ft+ε (see 2.8). It is not true that any two
basic barcodes are ε-interleaved for some ε. For example the constant basic barcodes
0, 1: Q→ Nop with values respectively 0 and 1, are not ε-interleaved for any ε. Two
basic barcodes f and g are called interleaved if they are ε-interleaved for some ε.
Note that f and g are 0-interleaved if and only if f = g. It is however not true that
if f and g are ε-interleaved for any ε > 0, then f = g. For example, let:

ft =

{
1 if 0 ≤ t < 1

0 if t ≥ 1
gt =

{
1 if 0 ≤ t ≤ 1

0 if t > 1

Then, although f 6= g, the basic barcodes f and g are ε-interleaved for any ε > 0.
Being ε-interleaved is a reflexive and symmetric relation. However it is not tran-

sitive. Instead it is additive with respect to the scale: if f and g are τ -interleaved
and g and h are µ-interleaved, then f and h are (τ + µ)-interleaved.

We use the notion of being interleaved to define a pseudometric on the set of
basic barcodes:

9.1. Definition. Let f, g : Q → Nop be basic barcodes. If f and g are not inter-
leaved, then d(f, g) := ∞. If f and g are interleaved, then d(f, g) is defined to be
the unique non-negative real number such that for any rational ε > d(f, g), the basic
barcodes f and g are ε-interleaved, i.e., d(f, g) = inf{ε | f and g are ε-interleaved}.
9.2. Proposition. The distance d, defined in 9.1, is an extended pseudometric on
the set of basic barcodes.

Proof. The symmetry d(f, g) = d(g, f) follows from the fact that being ε-interleaved
is a symmetric relation. The equality d(f, f) = 0, for any basic barcode f , is also
clear. The triangular inequality d(f, g) + d(g, h) ≥ d(f, h) is a consequence of the
additivity of the relation of being ε-interleaved with respect to the scale ε. �

Let τ > 0 be a positive real number and f and g be basic barcodes. By definition,
d(f, g) < τ if and only if f and g are ε-interleaved for some ε < τ . Thus the open
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ball B(f, τ) around f with radius τ , consists of all basic barcodes which are ε-
interleaved with f for some ε < τ . These sets form a base of the topology induced
by the pseudometric defined in 9.1.

For example, let (here π denotes the length of the circle of diameter 1):

ft =

{
1 if 0 ≤ t < π

0 if t > π

Then d(f, 0) = π, where 0 denotes the constant basic barcode with value 0.

A basic barcode f : Q → Nop is tame if it is α-tame for some α ∈ Q (see
4.1). Fixed α > 0 and t in Q, recall that bαt := max{w ∈ N | αw ≤ t} and
that f is α-tame if fαbαt = ft for any t in Q. If two tame basic barcodes f and
g are ε-interleaved for every ε > 0 then f = g. To prove this we can assume f
and g to be both α-tame for some α in Q, (see 4.2). It is then enough to show
that fnα = gnα for any n in N. Consider x < α/2, for any n ∈ N we have
fnα ≥ gnα+x ≥ fnα+2x = fnα and therefore fnα = gnα+x = gnα.

9.3. Proposition. Tame basic barcodes are dense in the set of all basic barcodes.

Proof. Let f : Q → Nop be a basic barcode and ε in Q. We will show that there
exists a tame basic barcode which is ε-interleaved to f . Define f ′ : Q→ Nop to be
ε!ε∗f (see Section 4) which is ε-tame by definition. Recall that f ′t = fεbεt. Thus
from the inequalities t < εbεt + ε and εbεt < t + ε, it follows that ft ≥ f ′t+ε and
f ′t ≥ ft+ε. The basic barcodes f and f ′ are therefore ε-interleaved. �

Recall that we have chosen a noise {Sε}ε∈Q in Tame(Qr,VectK). Together with
the the rank (see 2.5) we are going to use this noise to associate a basic barcode
to a tame and compact functor. To make the association continuous, we minimize
the rank over the neighborhoods B(F, t) of a given compact and tame functor
F : Qr → VectK . For t in Q, define:

bar(F )t :=

{
rank(F ) if t = 0

min{rank(G) |G ∈ B(F, t)} if t > 0

Since F is tame and compact, bar(F )t is a natural number. Note that rank(F ) ≥
bar(F )t for any t. Furthermore, if 0 < t ≤ s, then B(F, t) ⊂ B(F, s) and
hence bar(F )t ≥ bar(F )s. Thus the association t 7→ bar(F )t defines a functor
bar(F ) : Q→ Nop which we call the basic barcode of F .

It is important to be aware that the basic barcode of F depends on the choice of
a noise defining its neighborhoods B(F, t). The fundamental fact about the basic
barcode is that it is a 1–Lipschitz function (see 2.9):

9.4. Proposition. Let F,G : Qr → VectK be tame and compact. Then:

d(bar(F ),bar(G)) ≤ d(F,G)

Proof. It is enough to show that, for any ε in Q, if F and G are ε-close then the
corresponding basic barcodes bar(F ) and bar(G) are ε-interleaved. If F and G are
ε-close, by Proposition 8.5, any functor in B(F, t) is (t+ ε)-close to G. This implies
that B(F, t) ⊂ B(G, t + ε) and therefore bar(F )t ≥ bar(G)t+ε. In the same way,
if F and G are ε-close, any functor in B(G, t) is (t + ε)-close to F and therefore
bar(G)t ≥ bar(F )t+ε. As this happens for any t, we get that bar(F ) and bar(G)
are ε-interleaved. �
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Note that the minimal rank in the neighborhood B(F, t) of a given functor F
can be obtained by non isomorphic functors.

9.5. Example. Consider the compact and 1-tame functor F : Q2 → VectK which
is given on the square {v ≤ (2, 2)} ⊂ N2 by the following commutative diagram,
where the maps between non-zero entries are the identities:

K // K // K

K

OO

// K

OO

// K

OO

0 //

OO

K

OO

// K

OO

For w in N2 \ {v ≤ (2, 2)}, the map F (min(w, (2, 2)) ≤ w) is an isomorphism. The
basic barcode associated to F , using the standard noise in the direction of the vector
(1, 1) ∈ Q2, is 1-tame with values bar(F )t = 2, for 0 ≤ t < 2, and bar(F )t = 1 for
every t ≥ 2. The set B(F, 2) contains the following non isomorphic subfunctors of
F of rank one K((1, 0),−), K((0, 1),−) and K((1, 1),−).

Computing the basic barcode associated to a functor F : Qr → VectK is in
general not an easy task, since we do not have a formula or an algorithm which
explicitly describes the sets B(F, t) for t in Q. One strategy to calculate the value
bar(F )t is to find proper subsets of the neighborhood bar(F )t where the minimal
rank is achieved. Here is one such a subset. Let B′(F, t) be the collection of
these tame functors G for which there are natural transformations F ← H :φ and
ψ : H → G such that φ is τ -equivalence and a monomorphism, ψ is a µ-equivalence,
and τ + µ < t. Then:

9.6. Proposition. Let F : Qr → VectK be a tame and compact functor. Then:

bar(F )t = min{rank(G) |G ∈ B(F, t)} = min{rank(G) |G ∈ B′(F, t)}
Proof. Let t be in Q and F ← H : φ and ψ : H → G natural transformations of
tame functors such that φ is τ -equivalence, ψ is µ-equivalence, τ + µ < t, and
bar(F )t = rank(G). Form the following push-out diagram:

H
φ

||||

ψ

��
Imf1

ξ

""

N n

}}

G
η

����
F P

By Proposition 8.1 the morphism ξ is a µ-equivalence. Since φ is τ -equivalence,
same is true about the inclusion Imf1 ↪→ F and hence P belongs to B(F, t). As η
is an epimorphism, rank(G) ≥ rank(P ). Therefore, by the minimality of the rank
of G, rank(P ) = rank(G). �

9.7. Corollary. Let F : Qr → VectK be a compact and t a positive rational number.
Then bar(F )t = 0 if and only if F is contained in St.
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Proof. We denote with 0: Qr → VectK the functor whose values are all zero. If
F : Qr → VectK is in St then the morphism 0→ F is an t-equivalence and therefore
0 is contained in B(F, t) and consequently bar(F )t = 0. On the other hand, if
bar(F )t = 0, then by Proposition 9.6, there is a monomorphism F ←↩ H : φ such
that φ is τ -equivalence, H → 0 is µ-equivalence, and τ + µ < t. By the additivity
of noise, we can then conclude F is in St. �

Instead of trying to calculate the precise values of bar(F ), one might try first to
estimate them. This can be done using:

9.8. Proposition. Let F, F ′ : Qr → VectK be compact and tame functors. If there
is an epimorphism ζ : F � F ′, then bar(F )t ≥ bar(F ′)t for any t.

Proof. Let t be in Q and F ← H : φ and ψ : H → G natural transformations of
tame functors such that φ is τ -equivalence, ψ is µ-equivalence, τ + µ < t, and
bar(F )t = rank(G). Form the following commutative diagram, where the square
containing ξ and ψ is a push-out:

F

ζ
����

H
φoo ψ //

����

G

����
F ′ Im(ζφ)

ξ //? _oo G′

By Proposition 8.1 the morphism ξ is a µ-equivalence. Since ζ is an epimorphism,
it induces an epimorphism between coker(φ) and the quotient F ′/Im(ζφ). It then
follows that the inclusion Im(ζφ) ⊂ F ′ is a τ -equivalence. This means that G′

belongs to B(F ′, t). As G′ is a quotient of G, then rank(G) ≥ rank(G′) proving the
inequality bar(F )t ≥ bar(F ′)t. �

9.9. Corollary. Let F, F ′ : Qr → VectK be compact and tame functors. Then
bar(F ⊕ F ′)t ≥ max{bar(F )t,bar(F ′)t} for any t in Q. If the components of
the noise {Sε}ε∈Q are closed under direct sums (see Section 6), then bar(F )t +
bar(F ′)t ≥ bar(F ⊕ F ′)t for any t in Q.

Proof. The first statement is a consequence of Proposition 9.8. The inequality, in
the case the noise is closed under direct sums, follows from the fact that if G and G′

belong respectively to B(F, t) and B(F ′, t), then G⊕G′ belongs to B(F⊕F ′, t). �

Not always the basic barcode associated to a tame functor is tame. If for example
the noise {Sε}ε∈Q contains a non-zero functor F which is in Sε for every ε > 0, by
Corollary 9.7, bar(F ) is not tame. Here is an example of such a noise. Consider
the domain noise {Xε}ε∈Q (see 6.5) defined by the sequence X = {Xε}ε∈Q where
X0 = {v ∈ Qr | 0 < ||v|| < 1} and Xε = {v ∈ Qr | 0 ≤ ||v|| < 1} for ε > 0. The
tame functor F : Qr → VectK with values:

F (v) =

{
K if ||v|| < 1

0 otherwise

is in Xε for any ε > 0.
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10. Basic barcodes for the standard noise

The strategy for computing the basic barcode can be further improved in the
case of the standard noise {Vε}ε∈Q in the direction of a cone V ⊂ Qr (see 6.2).
Such a noise is fixed throughout this section. Similarly to 9.6, define B′′(F, t) to
be the collection of tame subfunctors of F , such that the inclusion G ⊂ F is an
ε-equivalence, for some ε < t in Q.

10.1. Proposition. Let F : Qr → VectK be a tame and compact functor. Then for
the standard noise in the direction of a cone:

bar(F )t = min{rank(G) |G ∈ B(F, t)} = min{rank(G) |G ∈ B′′(F, t)}
Proof. Use Proposition 9.6 to get natural transformations of tame functors F ←↩ H :
φ and ψ : H → G such that coker(φ) ∈ Vτ , coker(ψ) ∈ Va, ker(ψ) ∈ Vb, τ+a+b < v,
and rank(G) = bar(F )t =: n. Let {g1 ∈ G(v1), . . . , gn ∈ G(vn)} be a minimal set
of generators for G (see 2.5). Since coker(ψ) ∈ Va, there are vectors w1, . . . , wn in
the cone V such that ||wi|| = a and the element g′i := G(vi < vi + wi)(gi) is in the
image of ψvi+wi : H(vi+wi)→ G(vi+wi). Let hi ∈ H(vi+wi) be any element that
is mapped via ψvi+wi to g′i. Consider the subfunctor F ′ :=< φ(h1), . . . , φ(hr) > of
F generated by the elements φ(h1), . . . , φ(hr). We claim that the inclusion F ′ ⊂ F
is (τ + a + b)–equivalence, and hence F ′ belongs to B(F, t). Since rank(F ′) ≤ n,
by the minimality of the rank of G, we can conclude that rank(F ′) = n and the
proposition would follow. The inclusion F ′ ⊂ F is the image of the composition:

< h1, . . . , hn >
� � // H �

� φ // F

As φ is a τ -equivalence, it is enough to show that < h1, . . . , hn >⊂ H is (a + b)-
equivalence (see 8.2). Set H ′ :=< h1, . . . , hn >⊂ H and G′ :=< g′1, . . . , g

′
n >⊂ G

and consider the following commutative diagram:

< h1, . . . , hn > // //
� _

��

< g′1, . . . , g
′
n >� _

��
ker(ψ) �

� //

��

H
ψ //

����

G

����
ker(ψ̄)

� � // H/H ′
ψ̄ // G/G′

The square containing ψ and ψ̄ is a push-out square and therefore the natural
transformation ker(ψ)→ ker(ψ̄) is an epimorphism. It follows that ker(ψ̄) belongs
to Vb. Furthermore by definition, G/G′ is in Va and hence so is the image of ψ̄. We
can then use the additivity of the noise to conclude that H/H ′ belongs to Va+b. �

According to 10.1, to find the value bar(F )t, we need to find the minimum rank
of subfunctors of G ⊂ F for which this inclusion is an ε-equivalence for some ε < t.
Consider the functor given in Example 9.5 where bar(F )2 = 1. Note that a minimal
set of generators for F is given by any g1 6= 0 in F (1, 0) and g2 6= 0 in F (0, 1). In this
case both < g1 > and < g2 > are 2-close to F . In this example, to get the minimum
rank among functors in B(F, 2), we do not need to consider all subfunctors G ⊂ F ,
but only the subfunctors which are generated by subsets of a given set of minimal
generators for F . This turns out not to be the case in general:
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10.2. Example. Let us consider the standard noise in Tame(Q3,VectK) in the
direction of the cone Cone(1, 1, 1). Consider the compact and 1-tame functor
F : Q3 → VectK , which is given on the cube {v ≤ (1, 1, 1)} ⊂ N3 and on the
values F (1, 1, 2), F (1, 2, 1) and F (2, 1, 1) by the following commutative diagram:

K3

K3

K2 φ // K3

f1

OO

f3

//
f2

<<

K3

K //

α
==

K2

ψ
<<

K

OO

β // K2

δ

OO

0

OO

//

==

K

OO

γ

<<

where α = γ =

(
1
0

)
, β =

(
0
1

)
, φ =




1 0
0 1
0 0


, δ =




0 0
0 1
1 0


 , ψ =




0 1
0 0
1 0


 ,

f1 =




1 1 0
1 0 1
0 0 0


 , f2 =




1 1 0
0 1 1
0 0 0


 , f3 =




1 0 1
0 1 1
0 0 0


 .

The remaining maps in the diagram are specified by its commutativity. Let {g1 =
1 ∈ K = F (1, 0, 0), g2 = 1 ∈ K = F (0, 1, 0), g3 = 1 ∈ K = F (0, 0, 1)}. These
vectors form a minimal set of generators for F . Note that the vectors h1 :=
F ((1, 0, 0) ≤ (1, 1, 1))(g1), h2 := F ((0, 1, 0) ≤ (1, 1, 1))(g2), and h3 := F ((0, 0, 1) ≤
(1, 1, 1))(g3) form the standard base of F (1, 1, 1) = K3. The subfunctor < h1 +
h2 + h3 >⊂ F is 1-close to F . This follows from the following equalities f1(h1) =
1/2f1(h1 +h2 +h3), f2(h2) = 1/2f2(h1 +h2 +h3) and f3(h3) = 1/2f3(h1 +h2 +h3).
Note further that f1(h3) = 0 and that f1(h1) and f1(h2) are linearly independent.
This implies that < g2 > and < g3 > are not 1-close to F . In the same way, f2(h2)
and f2(h1) are not parallel and therefore < g1 > is not 1-close to F either.

The following is a direct consequence of Proposition 10.1:

10.3. Proposition. The basic barcode of a tame and compact functor with respect
to the standard noise in the direction of a cone is tame.

Proof. Let F : Qr → VectK be a compact and α-tame functor, for some α ∈ Q.
We claim that bar(F ) : Q → Nop is also α-tame. To prove this, it is enough
to verify that bar(F )αbαv ≤ bar(F )t for any t in Q (see, 4.1). The inequality
bar(F )αbαt ≥ bar(F )t follows from αbαt ≤ t. Given t in Q, let G be a functor in
B(F, t) such that rank(G) = bar(F )t. By Proposition 10.1, we can assume G to
be a subfunctor of F . Note that, any α-tame functor which is contained in the
standard noise of size t, for some t in Q , is also contained in the standard noise of
size αbαt. Since the cokernel of the inclusion G ⊂ F is α-tame and is contained in
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Vt then such functor is also contained in Vαbαt. This implies that G is in B(F, αbαt)
and therefore bar(F )αbαt ≤ bar(F )t. �

11. Basic barcodes for r = 1

Let us choose a noise {Sε}ε∈Q in Tame(Q,VectK). Let F : Q→ VectK be a tame
and compact functor. Recall that B′′(F, t) is the collection of tame subfunctors
G ⊂ F which belong to B(F, t) (see Section 10). In Proposition 10.1 we showed
that for the standard noise and any r, minimizing the rank over B(F, t) is the same
as minimizing the rank over B′′(F, t). For r = 1 the same is true for any noise:

11.1. Proposition. Let F : Q→ VectK be a tame and compact functor. Then for
any noise in Tame(Q,VectK):

bar(F )t = min{rank(G) |G ∈ B(F, t)} = min{rank(G) |G ∈ B′′(F, t)}

Proof. The key property of Tame(Q,VectK) we use is that, for any subfunctor G ⊂
F , rank(G) ≤ rank(F ). This is a consequence of the fact that in Tame(Q,VectK)
any subfunctor of a free functor is also free. We can use this to get natural transfor-
mations F ←↩ H :φ and ψ : H � G such that φ is an inclusion and τ -equivalence,
ψ is an epimorphism and µ-equivalence, τ + µ < t, and rank(G) = bar(F )t =: n.
The epimorphism for ψ can be archived by taking its image if necessary. Let
{g1 ∈ G(v1), . . . , gn ∈ G(vn)} be a minimal set of generators for G (see 2.5) and hi
be any element in H(vi) which is mapped via ψ to gi. Since H/ < h1, . . . , hn > is a
quotient of the kernel of ψ, the inclusion < h1, . . . , hn >⊂ H is µ-equivalence. It fol-
lows that < h1, . . . , hn >⊂ F is (τ +µ)-equivalence. As the rank of < h1, . . . , hn >
is n, the proposition follows. �

Recall that any compact and tame functor F : Q → VectK is isomorphic to
a finite direct sum of the form

⊕
i∈I [wi, ui] ⊕

⊕
j∈J K(vj ,−) (see 5.6). Further-

more the isomorphism types of these summands are uniquely determined by the
isomorphism type of F . For a positive t in Q, define:

I1 := {i ∈ I | [wi, ui] 6∈ Sε for any ε < t}

J1 := {j ∈ J | K(vj ,−) 6∈ Sε for any ε < t}

11.2. Proposition. Assume that {Sε}ε∈Q is a noise in Tame(Q,VectK) whose
components are closed under direct sums. Let F : Q → VectK be a compact and
tame functor. Then bar(F )t = |I1|+ |J1|.

Proof. Let:

F1 :=
⊕

i∈I1
[wi, ui]⊕

⊕

j∈J1
K(vj ,−) F2 :=

⊕

i∈I\I1
[wi, ui]⊕

⊕

j∈J\J1
K(vj ,−)

The functor F is isomorphic to F1⊕F2 and F2 belongs to Sε for some ε < t. We can
then use Corollary 9.9 to conclude bar(F )t = bar(F1)t. Without loss of generality,
we can therefore assume F = F1, i.e., I = I1 and J = J1.

In that case one shows that for any surjection φ : F � G where G is in Sε for
some ε < t, the kernel of φ has the same rank as F . The proposition then follows
from 11.1. �
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Assume that the components of the noise {Sε}ε∈Q in Tame(Q,VectK) are closed
under direct sums. This implies that, for any ε in Q, there exists the unique
maximal subfunctor F [Sε] ⊂ F with respect to the property that F [Sε] is in Sε
(see 7.1). Let t > 0 be in Q. For any τ ≤ µ < t, since Sτ ⊂ Sµ, we have inclusions
F [Sτ ] ⊂ F [Sµ] ⊂ F . Define F [S<t] :=

⋃
τ<t F [Sτ ] ⊂ F .

11.3. Corollary. Let {Sε}ε∈Q be a noise in Tame(Q,VectK) whose components are
closed under direct sums and F : Q → VectK a compact and tame functor. Then
bar(F )t = rank (coker(F [S<t] ⊂ F )).

12. denoising

The aim of this section is to introduce a notion of denoising for tame and
compact functors. Intuitively, a denoising is an approximation and hopefully a
simplification of such a functor that can be performed at different scales. A key
property of noise is that we can measure it (see Section 6). In the same way we
should be able to measure to what extent a functor has been denoised.

12.1. Definition. Let {Sε}ε∈Q be a noise in Tame(Qr,VectK) and F : Qr → VectK
be a tame and compact functor. A denoising of F is a sequence of functors
{denoise(F )t}0<t∈Q, indexed by positive rational numbers, such that for any t:

• denoise(F )t is in B(F, t),
• rank(denoise(F )t) = bar(F )t.

Thus a denoising of F at scale t is a choice of a functor in the neighborhood
B(F, t) that realizes the minimum value of the rank, which is given by bar(F )t.
There are of course many such choices and there seems not to be a canonical one
in general for r > 1. Different denoising algorithms highlight different properties of
the functor. Here we present some examples of denoisings.

12.2. Minimal subfunctor denoising. Let {Vε}ε∈Q be the standard noise in the
direction of a cone V ⊂ Qr, (see 6.2). In this case bar(F )t can be obtained as
the rank of some G in B(F, t) which is a subfunctor of F (see Proposition 10.1).
Among these subfunctors with minimal rank we can then choose one which is also
minimal with respect to the inclusion. We call such choice, the minimal subfunctor
denoising of F at t. For example:

12.3. Example. Consider the compact and 1-tame functor F : Q2 → VectK which
is given on the square {v ≤ (3, 3)} ⊂ N2 by the following commutative diagram,
where the maps between non-zero entries are the identities:

K // K // K // K

0 //

OO

K //

OO

K //

OO

K

OO

0

OO

// 0

OO

// K

OO

// K

OO

0 //

OO

0

OO

// 0

OO

// K

OO
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For w in N2 \ {v ≤ (3, 3)}, the map F (min(w, (3, 3)) ≤ w) is an isomorphism.
Consider the standard noise {Vε}ε∈Q in the direction of Cone(1, 1). For that noise
bar(F )2 = 2. Let {g1 ∈ F (3, 0), g2 ∈ F (2, 1) , g3 ∈ F (1, 2), g4 ∈ F (0, 3)} be
a minimal set of generators for F . Set g′1 := F ((0, 3) ≤ (1, 3))(g1) and g′4 :=
F ((3, 0) ≤ (3, 1))(g4). The subfunctor < g′1, g

′
4 >⊂ F is in B(F, 2), has the required

rank 2 and is the minimal element, with respect to inclusion, among subfunctors of
F with rank 2 in B(F, 2).

In general the minimal subfunctor denoising is not unique:

12.4. Example. Consider the compact and 1-tame functor F : Q2 → VectK which
is given for {v ≤ (3, 5)} ⊂ N2 by the following commutative diagram, where the
maps between non-zero entries are the identities:

K // K // K // K // K // K

0 //

OO

K //

OO

K //

OO

K

OO

// K

OO

// K

OO

0

OO

// 0

OO

// 0

OO

// K

OO

// K

OO

// K

OO

0 //

OO

0

OO

// 0

OO

// 0

OO

// 0

OO

// K

OO

For w in N2 \ {v ≤ (3, 5)}, the map F (min(w, (3, 5)) ≤ w) is an isomorphism.
Consider the standard noise {Vε}ε∈Q in the direction of Cone(1, 1). For that noise
bar(F )2 = 2. Let {g1 ∈ F (0, 3), g2 ∈ F (1, 2) , g3 ∈ F (3, 1), g4 ∈ F (5, 0)} be a min-
imal set of generators for F . Let g′1 = F ((0, 3) < (1, 3)) (g1) and g′4 = F ((5, 0) <
(5, 1))(g4). The subfunctors of F given by < g′1, g3 > and < g2, g

′
4 > are in B(F, 2)

and they have required rank 2. Thus they are examples of 2-denoising of F . Fur-
thermore they are both minimal with respect to inclusion.

12.5. Quotient denoising. Let {Sε}ε∈Q be a noise in Tame(Qr,VectK) whose
compact part is closed under direct sums (see 7.3 and 7.4 for when a standard noise
in the direction of a cone V ⊂ Qr or a sequence of vectors V = {v1, . . . , vn} in Qr

is closed under direct sums). For any F : Qr → VectK the exists a unique maximal
noise of size ε contained in F , F [Sε] ⊂ F (see 7.1). Given a tame and compact
functor F : Qr → VectK , define the subfunctor F [S<t] :=

⋃
τ<t F [Sτ ] ⊂ F . One

can ask if the sequence {coker(F [S<t] ⊂ F )}0<t∈Q is a denoising of F . If it is a
denoising, we call it the quotient denoising of F . Corollary 11.3 states that in the
case r = 1, this procedure always gives a denoising of F .

12.6. Example. Consider the compact and 1-tame functor F : Q → VectK which
is given on the segment {v ≤ 4} ⊂ N by the following diagram:

K3

(
1 0 1
1 1 1

)

// K2

(
1 0
0 0

)

// K2
(1 1) // K

1 // K

and such that F (4 ≤ w) is an isomorphism for any w ≥ 4. Let {Vε}ε∈Q be stan-
dard noise in the direction of the full cone Q. The basic barcode of F is 1-tame
(see Proposition 10.3) and has values: bar(F )0 = bar(F )1 = 4, bar(F )2 = 2 and
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bar(F )v = 1 for any v ≥ 3. The cokernel of the inclusion F [S<2] ⊂ F is isomorphic
to:

K2
(1 0) // K

1 // K
1 // K

1 // K

For v ≥ 3, the cokernel of the inclusion F [S<v] ⊂ F is isomorphic to:

K
1 // K

1 // K
1 // K

1 // K

Note that for r > 1, the family of functors {coker(F [S<t] ⊂ F )}0<t∈Q is not
always a denoising.

12.7. Example. Let F : Q2 → VectK be the functor defined in Example 9.5 and
{Vε}ε∈Q is standard noise in the direction of the cone Cone(1, 1). Since F (v ≤ w)
is a monomorphism for any v ≤ w in Q, the quotient denoising of F at scale t is
isomorphic to F , for any t in Q. It follows that the rank of coker(F [S<2] ⊂ F ) is
2, while bar(F )2 = 1.

Given a denoising {denoise(F )t}0<t∈Q, we can consider the family of multisets
{β0denoise(F )t}0<t∈Q. Note that in the case of quotient denoising such family of
multisets has the property that if s < t in Q then β0denoise(F )t is a subset of
β0denoise(F )s, (see 2.3). It will be the focus of future work to study the stability
of families of multisets associated to a denoising and how such invariants identify
persistent features (see [2]).
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