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Abstract

In today’s modern society, we are surrounded by a multitude of digital devices.
The number of available digital devices is set to grow even more. As the trend
continues, product life-cycle is a major issue in mass production of these devices.
Testing and verification is responsible for a significant percentage of the production
cost of digital devices. Time efficient procedures for testing and characterization are
therefore sought for. Moreover, the need for flexible and low-cost solutions in the
design architecture of radio frequency devices coupled with the demand for high
data rate has presented a challenge caused by interferences from the analog circuit
parts. Study of digital signal processing based techniques which would alleviate the
effects of the analog impairments is therefore a pertinent subject.

In the first part of this thesis, we address parameter estimation based on wave-
form fitting. We look at the sinewave model for parameter estimation which is
eventually used to characterize the performance of a device. The underlying goal is
to formulate and analyze a set of new parameter estimators which provide a more
accurate estimate than well known estimators. Specifically, we study the maximum-
likelihood (ML) SNR estimator employing the three-parameter sine fit and derive
alternative estimator based on its statistical distribution. We show that the mean
square error (MSE) of the alternative estimators is lower than the MSE of the ML
estimator for a small sample size and a few of the new estimators are very close to
the Cramér-Rao lower bound (CRB). Simply put, the number of acquired measure-
ment samples translate to measurement time, implying that the fewer the number
of samples required for a given accuracy, the faster the test would be. We also
study a sub-sampling approach for frequency estimation problem in a dual channel
sinewave model with common frequency. Coprime subsampling technique is used
where the signals from both channels are uniformly subsampled with coprime pair
of sparse samplers. Such subsampling technique is especially beneficial to lower the
sampling frequency required in applications with high bandwidth requirement. The
CRB based on the co-prime subsampled data set is derived and numerical illus-
trations are given showing the relation between the cost in performance based on
the mean squared error and the employed coprime factors for a given measurement
time.

In the second part of the thesis, we deal with the problem of phase-noise (PHN).
First, we look at a scheme in orthogonal frequency-division multiplexing (OFDM)
system where pilot subcarriers are employed for joint PHN compensation, channel
estimation and symbol detection. We investigate a method where the PHN statis-
tics is approximated by a finite number of vectors and design a PHN codebook. A
method of selecting the element in the codebook that is closest to the current PHN
realization with the corresponding channel estimate is discussed. We present simula-
tion results showing improved performance compared to state-of-the art techniques.
We also look at a sequential Monte-Carlo based method for combined channel im-
pulse response and PHN tracking employing known OFDM symbols. Such technique



allows time domain compensation of PHN such that simultaneous cancellation of
the common phase error and reduction of the inter-carrier interference occurs.



v

Sammanfattning

I dagens moderna samhälle vi är omgivna av en mängd digitala enheter. An-
talet tillgängliga digitala enheter kommer att öka ännu mer. En viktig fråga i
massproduktionen av dessa enheter är produktens livscykel. Testning och verifiering
motsvarar en avsevärd andel av produktionskostnaden för dessa digitala enheter,
varför tidseffektiva rutiner för provning och karaktärisering eftersträvas. Dessutom
har behovet av flexibla och billiga lösningar i utformningen av designarkitekturen
av radiofrekvensenheterna presenterat en utmaning på grund av störningar från
de analoga kretsarna. Studier med att använda digital signalbehandlingsbaserade
tekniker för att mildra effekterna av de analoga störningarna är på god väg.

I den första delen av avhandlingen tar vi itu med problemet av parameter-
skattning baserat på vågformsanpassning. Vi studerar en sinusvågformsmodell för
parameterskattning som används för att karaktärisera prestandan hos en digital
enhet. Det underliggande målet är att formulera och analysera ett antal nya pa-
rameterskattare som ger en mer noggrann skattning än välkända skattare. Speci-
fikt studeras Maximum-likelihood SNR-skattare som utnyttjar en treparametersi-
nusanpassning. Dessutom härleds alternativa skattare baserade på deras statistiska
fördelning. Vi visar att medelkvadratfelet (MSE) av de alternativa skattarna är
lägre än MSEn för ML-skattare när antalet sampel är få liten. Några av de nya
skattarna är mycket nära Cramér-Rao-gränsen (CRB). Enkelt uttryckt kan antalet
mätsampel översättas till mättid, vilket innebär att ju färre antal mätsampel som
krävs för en viss noggrannhet, desto snabbare skulle testet vara. Vi studerar också en
subsamplingsmetod för frekvensskattningsproblem i en tvåkanalig sinusvågsmodell
med gemensam frekvens. Koprimtalssubsampling används när signalerna från båda
kanalerna är uniformt subsamplade med koprima par av glesa samplare. Sådan
subsamplingsteknik är särskilt fördelaktigt för att sänka samplingsfrekvensen som
krävs i applikationer med krav på hög bandbredd. CRB baserat på relativt prima
samplade datamängder härleds och numeriska illustrationer visar förhållandet mel-
lan kostnad i resultat baserat på MSE och de relativt prima faktorerna för en viss
mättid.

I den andra delen av avhandlingen undersöker vi problemet med fasbrus (PHN).
Först tittar vi på ett orthogonal frequency-division multiplexing-system (OFDM-
system) där pilot-subcarriers används för gemensam PHN-kompensering, kanal-
skattning och symboldetektering. Vi undersöker en metod där PHN-statistik ap-
proximeras med ett begränsat antal vektorer för utforma en PHN-kodbok. Ett
förfarande för att välja element i kodboken som är närmast den aktuella PHN-
realiseringen med motsvarande kanalestimat behandlas. Vi presenterar simuler-
ingsresultat som visar förbättrad prestanda jämfört med existerande tekniker. Vi
tittar även på en numeriskt baserad metod (sekventiell Monte-Carlo) för kombin-
erad PHN- och kanalimpulssvarsspårning med hjälp av kända OFDM-symboler.
Sådan teknik tillåter tidsdomänskompensering för PHN så att samtidig annullering
av gemensamma fasfel och minskning av inter-carrierstörning inträffar.
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Chapter 1

Introduction

D
igital devices and systems are intrinsically integrated into our lives in such
a way that so much of our activities are dependant on them. Since our
needs are continuously evolving, new technologies and supported services

are constantly emerging. Digital signal processing (DSP) algorithms are essential
part of systems enabling seamless and efficient transformation of information from
the analog world to the digital. Fundamental theories on achievable transmission
rate, reliable delivery and processing of information in systems, such as telecom-
munications, navigation, control, biomedical, instrumentation and measurement as
well as others have set development of the digital world into motion. These theories
have been established in different contexts, for example [Sha48,Sha49,Kor97,Sch97],
and laid the ground work for the current digital world.

The number of digital devices and services has grown dramatically during the
past decade. In Europe alone, on average, there are 10 digital devices per house-
hold [Mic14] and connectivity of these devices is growing significantly. It is also
projected that by 2020 there will be 50 billion connected devices [Eri12, Emm10].
Advances in the design architecture of integrated circuits (IC) has enabled a dra-
matic drop in the cost and size of electronic devices making mass availability pos-
sible. In production of any device, the main components which make up the device
need to be tested and validated before being integrated. The tests are employed
to verify that the operating parameters of the device under test (DUT) are within
a reasonable range of the values specified during the design stage. As such, test
and verification procedures are responsible for the significant amount of the cost
incurred during product development and hence it is an important issue to deal
with [Kad04].

The need for seamless connectivity of devices and the continuous evolution of
services has helped in advancing the growth of wireless communication systems.
Great advances have been made so far pushing the rate of information exchange,
i.e. channel capacity, in systems such as wireless sensor networks, cellular and wire-
less local area (WLAN) networks high. Moreover, cheap and multi-functional RF
devices with cheaper analog components are continuously emerging. However, em-

1



2 Introduction

ploying cheap components usually results high electronic distortions. Although, it
is possible to have analog circuits with little distortion, they come at the expense
of both both power and money. Instead, low-cost solutions which perform digital
domain compensation techniques to move costs from analog to digital are employed.
The usefulness of this approach depends on the scenario at hand. In some cases,
these digital techniques may be alternatively switched on or off and only used to
increase capacity in certain scenarios. There are also cases where two communicat-
ing stations have radically different requirements in terms of cost and power. Such
a scenario could be massive machine-type connectivity (MTC) [DMP+14] where
thousands of devices communicate with one base-station. In such scenarios, it may
be worthwhile to implement complex compensation techniques at the base-station
while the devices are transmitting dirty signals.

Considering time efficiency in testing of devices and components, the first part
of the thesis discusses waveform fitting for parameter estimation and studies design
of various estimators along with analysis of performance in terms of the desired
properties for an estimator. Reducing the number of samples required for a given
estimation accuracy ultimately cuts the acquisition time and thus increase time ef-
ficiency. The second part of the thesis focuses on radio frequency (RF) and wireless
communication systems, particularly on orthogonal frequency division multiplex
(OFDM) systems. It addresses one of the challenges faced in RF systems, its de-
grading effect and develops models as well as DSP algorithms in order to mitigate
the degrading effects.

1.1 Waveform fitting

Accurate and time efficient procedures for testing and verification are essential re-
quirements in mass production of devices to keep their cost affordable. Moreover,
the need for high quality testing at radio frequency puts enormous demands on sen-
sors, instruments and intrinsic measurement devices as well as components, such as
analog-to-digital converters (ADC). For instance, in an ADC, the requirements are
related to the trade-off between the sampling frequency and the resolution required
for the application at hand. As the demand for higher bandwidth grows, there is a
need for schemes that loosens the requirements on the instrumentation. Procedures
for waveform fitting and parameter estimation have been developed in various ap-
plications to test and characterize systems, components, devices and measurement
systems. A known signal (excitation signal) with a desired characteristic (shape,
amplitude, frequency content, etc) is employed to a device under test (DUT) and
the signal measured at the output of the DUT is fitted to a known signal model
such that the model parameters are estimated. The estimated parameters are then
used as an input to the various types of figures of merit that are used to characterize
the DUT. The accuracy with which any DUT is characterized depends on the per-
formance of the employed waveform fitting procedure. However, there are always
nonidealities present within the DUT and also during measurement instances. As a
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Figure 1.1: Block diagram of a waveform digitizer with analog input s(t) and a
sampled output waveform y(n) contaminated by additive noise v(n)

result, systematic and random errors in waveform fitting and parameter estimation,
which in turn leads to imperfect characterization of the DUT, are always present.
Figure 1.1 is used to illustrate a typical measurement setup where the continuous
waveform signal s(t) is applied to a waveform digitizer, for example an ADC with a
sampling frequency of Fs. The sampled output waveform, y(n), is composed of the
pure sampled signal s(n) and an additive noise v(n). In most cases, v(n) is used to
model thermal noise and nonlinear distortions due to quantization error, sampling
jitter and other effects. The performance of the waveform fitting, therefore, greatly
depends on the given signal and noise model. In this thesis, we specifically look at
sine wave fitting. Moreover, we consider only additive noise which is also assumed
to capture the imperfections in modelling the systems in addition to the thermal
noise.

1.1.1 Parameter Estimation

Estimation and tracking algorithms are essential part of vast number of systems and
determine the overall functional performance, complexity and production cost of
the systems. In the real world, continuous time waveforms are employed to identify
a system, for e.g. in system identification [Lju98], characterize it, for e.g. character-
ization of analog devices [DLH84], channel estimation, or exchange information, for
e.g. communication systems [Rap96]. Since DSP involves information processing in
the digital domain, the continuous time waveform is discretized and a discrete time
waveform which is mathematically described by a finite set of N samples

y = (y(0), . . . , y(N − 1))
T

(1.1)

and depends on an unknown parameter θ is acquired. Parameter estimation, there-
fore, deals with extracting the values of the unknown parameter, θ, based on the
discrete sample set y employing an estimator [Kay93b]

θ̂ = g(y) (1.2)
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where g(·) is some function. The parameter of interest, θ, is said to be inferred
from the data set y which is also described by the joint probability density function
(PDF), [Kay93b]

p(y; θ) = p(y|θ)p(θ) (1.3)

where the conditional PDF p(y|θ) is referred to as the likelihood function and p(θ)
is the priori distribution. If the parameter θ is a deterministic quantity, as is the
case in classical estimation problems, then the estimation problem is defined by
the likelihood function p(y|θ). If, however, θ is a random quantity, then a Bayesian
estimator which involves the priori distribution, p(θ), is employed. Given the PDF
in (1.3), the core task in parameter estimation becomes obtaining an optimal esti-
mator, g(y), which is designed according to a number of possible criterion such that
the estimation error, e = g(y) − θ, is generally minimized in some specific sense. In
applications such as characterization of ADCs, discussed in the first part of the the-
sis, waveform fitting involves signals modelled with deterministic set of parameters
and thus classical estimation problems apply. The most commonly used perfor-
mance measure of the estimator is the mean squared error (MSE) which provides a
good analytical insight. However, a broader picture of the estimator’s performance
can be gained by studying the bias, efficiency and consistency properties of the
estimator [Kay93b] together with the MSE.

Bias

Any estimator is referred to as unbiased estimator if the difference between the
expectation of the estimator, E[θ̂(y)], and that of the true parameter, θ, is zero,

i.e. Bias = E[θ̂(y)] − θ = 0. Otherwise, it is a biased estimator. However, a biased
estimator can be asymptotically unbiased if for large number of samples, its ex-
pectation approaches the true parameter, i.e. limN→∞ E[θ̂(y)] = θ. Generally, an
unbiased estimator is preferred to biased estimator since, on average, we want to
obtain the true value of the parameter. However, as discussed in a few paragraphs,
an unbiased estimator is not always an indicator of a good estimator and there are
application where a biased estimator is desired.

Cramér-Rao lower bound and efficiency

Given the regularity conditions [Kay93b] that the joint PDF p(y; θ) is assumed
to fulfil, the Cramér-Rao lower bound (CRB) is derived to be an indicator of the

lower bound on the MSE(θ̂), which is also the covariance Cov(θ̂), of any unbiased

estimator of θ. That is, for an unbiased estimator θ̂

MSE(θ̂) = Cov(θ̂) ≥ CRB[θ]. (1.4)

CRB is given by the inverse of the Fisher information matrix J(θ) [Kay93b]

CRB[θ] = J(θ)−1, (1.5)
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where J(θ) is given by

J(θ) = E

[(
∂p(y; θ)

∂θ

)(
∂p(y; θ)

∂θ

)T ]
. (1.6)

The CRB is therefore used as a benchmark for comparing the performance of un-
biased estimators. An estimator whose MSE attains the CRB (the lower bound) is
efficient if MSE = CRB for finite number of samples or is asymptotically efficient
if MSE = CRB is true as the number of samples becomes large. Otherwise, the
estimator is not efficient. An efficient estimator is also a minimum variance unbi-
ased estimator (MVUE) [Kay93b]. The existence of an efficient estimator depends
on p(y; θ) and the class the signal model belongs to, i.e. linear or nonlinear. The
condition for the existence of an efficient estimator for a finite number of samples is
given in [IHK81,Kay93b,Sch91]. For example, it is shown that an efficient estimator
exists if the signal model is linear and the PDF p(y; θ) is Gaussian. Moreover, it
is shown in [HM00] that under some conditions, the only case in which an efficient
estimator exists is when the model is linear and Gaussian. That is when p(y(n); θ)
is given by

p(y(n); θ) =
1√

2πσ2
e

−1
2

(y(n)−s(n;θ))2

σ2 (1.7)

where s(n; θ) is a linear function of θ and σ2 is the variance of y(n).

Bias-variance trade-off and super-efficiency

A common goal in the design of an unbiased estimator is to, at best, be efficient
or obtain an MSE as close to the CRB as possible. At the expense of adding
bias, [SM90], presented an example of a biased estimator with an MSE lower than
the CRB of any other unbiased estimator of the same set of parameter. An excellent
discussion regarding the bias-variance trade-off is presented in [SO96]. It is shown
that for any given estimator, there exist other estimators with a strictly lower
asymptotic error variance. Consequently, given any efficient estimator, there exist,
what are referred to as super-efficient estimators, which have lower MSE than the
efficient estimator. However, this comes at the expense of adding bias. The bias-
variance trade-off is best learned from its relationship to the MSE. That is [Kay93b],

MSE = Bias2 + Variance. (1.8)

Since perfect modelling and at the same time acquiring infinite number of samples
does not happen, minimizing bias and variance simultaneous is impossible. Given
that both bias and variance have equal importance to an estimator’s performance
the bias-variance tradeoff is interesting to study especially in the design of super-
efficient estimators. Application specific examples of super-efficiency can be referred
in [Hän10,Nor86] .
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Consistency

For any estimator, it is desired that the amount of information gained regarding
the parameter of interest increases as the number of acquired samples increases. In
general, an estimator is consistent if as the sample size increase its variance goes
to zero, i.e. limN→∞ Var[θ̂(y)] = 0. In such a case, the MSE also decreases with
increasing number of samples. An estimator can be consistent but still be biased and
vice-versa. The MSE of an unbiased or asymptotically unbiased estimator which is
also consistent goes to zero as the number of samples increase.

1.1.2 Sine wave fitting

The availability of high quality waveform generators and the ease with which pure
sine wave signals can be generated has made their use especially popular in wave-
form fitting for testing and characterization procedures. Additionally, it is rela-
tively easy to evaluate the purity of a sine wave and the fitting enables to de-
tect errors in the DUT due to nonlinearities, random noise and aperture uncer-
tainty [IEE08,IEE12]. Targeting mass production of devices and components, where
product life cycle is valued significantly, accurate and time efficient estimation pro-
cedures based on the sine wave model is an ongoing topic in the instrumentation
and measurement community [BDP11b, Hän00, Hän10]. The degree of accuracy is
proportional to, among other things, the number acquired measurement samples
and, thus, the acquisition time as well. Therefore, the lesser the number of sam-
ples required to achieve or exceed a specified level of accuracy employing a given
procedure, the lesser will be the acquisition (measurement) time and the procedure
can be considered to be time efficient. Assessment of the estimators is based on the
desired properties discussed above.

Chapter 3 discusses signal-to-noise ratio (SNR) estimation based on the sine
wave model in a single channel measurement. In ADC testing, SNR is one of
the performance metrics used to characterize an ADC. In the single channel sine
wave model, the parameters are estimated based on the standard three- and four-
parameter algorithms [IEE08,IEE12] which employ linear and nonlinear least squares
(LS) fit of the sine wave model respectively. In Chapter 4, we focus on frequency
estimation employing the dual channel sine wave model in which the data from
each channel is subsampled. Such technique is useful for applications with high-
bandwidth requirement which puts a challenge on sampling devices such as ADCs.
Waveform fitting of a dual channel sine wave model discusses parameter estimation
based on measurement samples acquired simultaneously from two channels with
common frequency. The dual channel model is relevant in multitude of applica-
tions [HHM97,HZ10,RS08].
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1.2 RF Communication

The ever growing demand for higher data rate is driving the growth of new tech-
nologies and services which coexist together in a single RF communication device.
The continuous growth of wireless systems is especially apparent in cellular net-
works beginning with the analog (1G) standard which then evolved to the digital,
2G (GSM), 3G and recently to the 4G LTE (Long-Term Evolution) and WIMAX
standards. Cellular networks are currently co-existing with other wireless standards
such as WiFi and Bluetooth in local and personal area networks, global position-
ing system (GPS) for navigation as well as ultra wideband (UWB) systems for
short-range high bandwidth communications. Millimetre Wave technology has also
been standardized, most recently, utilizing ultra-high frequency bands to deliver
the highest data throughput to RF devices operating at around 60 GHz and other
unlicensed bands at around 38, 70, 80 and 100 GHz are also being considered for
high data rate point to point communication [PK11]. The requirement for access-
ing all existing and emerging standards using a single RF device brings about a
number of challenges in the design architecture of the devices. This, first of all, im-
plies that devices are fitted with multiple antennas to access each standard thereby
having to share the circuit board of a single device. Aside from the requirement on
the production cost, there is also a stringent requirement on the amount of power
the devices consume and the size of the device itself which consequently creates a
challenge on the circuit architecture.

1.2.1 Wireless channel

The electro-magnetic (EM) wave emitted at the transmitter is conveyed to the
receiver through the wireless channel. As the signal (EM wave) travels through the
wireless medium, there is a naturally occurring attenuation as some of the energy is
lost in the air before the signal arrives the receiver. Different frequency components
in the signal are attenuated differently. Moreover, the wireless medium is not free
from objects and in many networks, such as cellular, the transmitter is partially or
entirely hidden from the receiver by various types of obstacles. The signal arriving
at the receiver is therefore the sum the delayed and attenuated version of the signal
arriving directly from the transmitter (direct component) and a number of multipath
components which are also attenuated and delayed. The multipath components are
components of the transmitted signal that are scattered, reflected or refracted from
buildings and landscapes. These obstacles largely define the characteristic, i.e. the
frequency and phase response, of the wireless channel. However, the characteristic of
the wireless channel varies with time due to changes in the surrounding medium or
relative motion of the receiver from the transmitter. The received signal is impaired
by the multipath channel such that demodulation without knowledge of the channel
at the receiver leads to a poor bit-error-rate (BER) performance. Therefore, large
number of existing communication systems require characterization of the channel
for wireless algorithm and system design. In practice, the channel is estimated using
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Figure 1.2: Simplified illustration of the wireless communication system.

a set of measurement and channel model. Prior to modelling, channel measurements
need to be acquired in order to have a general picture of the wireless medium and to
determine crucial physical parameters required for channel modelling. Experimental
studies of channel measurements and measurement techniques in various types of
networks are presented in [SMP99, ARY95, CHS+07, WJSJ03, FAC+12]. Channel
modelling is an essential part of the problem in radio communication. Ultimately,
performance of the wireless system is determined by the channel model. Large
number of literature have been devoted to studying statistical modelling of wireless
channel variations over time and frequency [Rap96, Ber99]. Given an appropriate
statistical channel model, simulation of the communication system in Figure 1.2 and
design of receiver algorithms based on a random set of realizations of the channel
from its statistical distribution is possible. Power-delay profile, ρ(τ), is one of the
critical statistical parameters of a channel. It indicates the average power of the
channel coefficients as a function of the time delay τ . For an exponentially decaying
profile, ρ(τ), with an RMS delay spread value, τRMS, it is given by [Rap96,Ber99]

ρ(τ) = e−τ/τRMS . (1.9)
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The RMS delay spread, τRMS, for a channel with I multipath components is given
by

τRMS =

√√√√
∑I−1
i=0 P (τi)(τ2

i − τ2)
∑I−1
i=0 P (τi)

(1.10)

where P (τi) is the average power of the i-th multipath component with a time delay
of τi and τ is the mean excess delay given by

τ =

∑I−1
i=0 P (τi)τi∑I−1
i=0 P (τi)

. (1.11)

Another important parameter is the maximal Doppler frequency fdmax which is
given by

fdmax = fc
vr
c
. (1.12)

where vr is the speed of the receiver in meters per second (m/s) relative to trans-
mitter and c is the seed of light. These statistical parameters are either known a
priori or estimated.

1.2.2 RF transmitters and receivers

The transmitter block of the communication system converts the digital message
input to an RF signal which is compatible with the wireless medium. Essentially,
a transmitter modulates, up-converts and amplifies the signal that is beamed by
the antenna to the channel. The signal arriving at the receiver is picked up by
the receiver’s antenna which is then amplified, down-converted and demodulated
to obtain the digital message. The number of receiver antennas a transmitter and
receiver pair in a communication systems also determines the efficiency in power and
channel capacity. A transmitter-receiver link with a single antenna pair is referred
to as a single input single output (SISO) system and a transmitter receiver link with
multiple antenna in each is called a multiple input multiple out (MIMO) system. A
link with single antenna at the transmitter and multiple antenna at the receiver and
vice-versa are single input multiple output (SIMO) and multiple input single output
(MISO) systems respectively. In this thesis, we mainly focus on SISO systems,
however, the results obtained can easily be extended to MIMO, SIMO or MISO
systems. Along with the type of the wireless channel, the design of each component
in the transmitter ultimately contributes to the effective channel capacity of the
communication system [FZJ06, BZO13]. Given the number of available wireless
networks and the desire for long lasting power during mobility, the amount of
energy consumed by wireless systems is a major discussion point [GA09]. Design of
power efficient radio transmitters [CNT+10, WYK+05, MAEH11, CHA+11] is part
of the solution being investigated which is has interest in the so-called Green radio
project which focuses on over all energy reduction in communication systems as
part of the solution to reduce green house effect [HBF12].
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A single RF device can accommodate multiple antennas concentrated in a small
area in order to access multiple frequency bands and data services, for e.g. from
WLAN, Cellular network, Bluetooth, etc. As the trend in mass production of afford-
able and smaller radio devices continuous and with the current requirement to ac-
cess ultra-high frequency bands, design and architecture of the transmitter-receiver
end has become complex. Although, great improvements have been achieved in
speed, power consumption and cost of ICs, it comes at the cost increased electronic
leakages introduced between various parts of the circuit causing disturbances. The
challenges in dealing with the signal impairment due to disturbances from the RF
circuitry has opened up a field of study, termed Dirty RF [FLP+07], which has
been widely studied during the past decade. Dirty RF is a toolbox of solutions for
solving analog problems in digital domain. Specifically, study of the effects of analog
disturbances and the design of DSP algorithms to mitigate the effects of these dis-
turbances are the issues discussed in Dirty RF and also, partly, in this thesis. Each
analog electronic component in the transmitter and receiver has a contribution to
the disturbances causing the signal impairment. The disturbances originating from
some of the major components are summarized below.

Amplifier nonlinearity

Power amplifiers (PAs) are needed to amplify the signal power at the transmitter
before it is beamed by the antenna. RF PAs consume a large part the energy in
wireless systems. PA Efficiency, i.e. the relative amount of the DC power (biasing)
supplied in order to deliver a given amount of RF signal power, is therefore a
major concern of RF electronics designers. A large part of the DC power which
is not converted to RF power is dissipated as heat. The more efficient a given PA
is the least amount energy the system consumes and thus cutting network energy
cost as well as enabling long battery life in mobile devices. Linearity of RF PA
is a critical requirement in various wireless networks, therefore, vast number of
research is ongoing in the design of efficient linear PA [RAC+02, BCGV10] and in
minimizing the adverse effects of PA nonlinearity [CMP99]. Figure 1.3 illustrates the
power input-output relationship of a an ideal and real RF PA. In this illustration,
the output power increases linearly with the input power up until it reaches the
point in which the output power starts to behave nonlinearly in relation to the
input power. Linearity of the PA is crucial for acceptable performance especially in
higher-order modulation schemes. In multi-carrier, such as OFDM, systems, which
suffer from peak to average power ration (PAPR), the consequence of nonlinearity
is even more adverse creating an in-band distortion and a spectral regrowth which
interfere with adjacent channels (see Figure (1.4)). In the past, the most common
method which is employed for linearization of the signal was backing-off the output
power level in order to operate in the PA’s linear regions [CC06]. This solution, of
course, comes at the cost of reducing the PAs efficiency. Since, high efficiency is still
very much desirable, current solutions focus on maintaining efficiency by allowing
the PA to operate at its nonlinear region and employ DSP algorithms to linearize
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Figure 1.3: Amplifier input-output power relationship for idea and real amplifier.

the PA’s output signal. Such solutions require mathematical modelling of the PA in
order to employ linearization techniques such as digital pre-distortion of the signal
before amplification [KK01].

I/Q-imbalance

Direct-conversion receivers provide the advantage of cost effective and compact
architecture by enabling down conversion of the signal with RF carrier frequency
directly to baseband signal. This has allowed immense flexibility especially in the
design of a single radio device which can access multiple standards and frequency
bands. The local oscillator (LO) in a direct-conversion receiver is set at the same
frequency as the signal carrier frequency, such that during down conversion at the
mixer, the signal carrier frequency is shifted to zero. By removing the need for the
intermediate frequency (IF) stage, there is a significant reduction in the number of
components such as the bandpass filter (BPF) and a secondary LO which would
have been required to shift the IF signal to baseband. In Direct-conversion receivers,
the need for image rejection filter is also removed. Moreover, the noise contribution
from extra LO is removed. Image rejection is instead employed using an IQ-mixer.
An IQ-mixer, illustrated in Figure 1.5, divides the incoming signal into two branch,
and apply one mixer to each of the branches such that the LO signal in one of
the mixers (In-phase branch) is at 90◦ phase shift from the other (Quadrature
branch) and hence the name IQ-mixer. If the amplitude from the LO in each is
identical and their phases are exactly 90◦ apart, then absolute image rejection is
possible. This, however, is almost impossible achieve. In practice, it is very difficult
to have identical amplitudes in the in-phase (I) and quadrature (Q) branches and
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it is not possible to obtain an exact 90◦ phase shift between the I and Q branches.
This is referred to as IQ-imbalance which ultimately distorts the received signal
and degrades the system performance. Considerable number of works have been
presented on studying the effect of IQ-imbalance and compensation techniques; few
can be found in [VRK01,ZVR08,TCdP+05] and the references within.

Phase Noise

Oscillators, specifically voltage controlled oscillators (VCOs), generate the frequency
that is used to up-convert the transmitted signal and down-convert the received sig-
nal in the I and Q branches. Coherent detection is very essential for superior per-
formance of a wireless system. In order to have coherent detection, both the LOs
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at the transmitter and the receiver have to generate identical carrier frequencies.
However, since all frequency generating circuits are noisy and unable to generate
stable frequency, it is practically impossible for the LOs at the transmitter and the
receiver to generate identical frequency. Ideally, an LO should generate a sinusoidal
signal with a fixed amplitude A and phase φ such that

V (t) = A cos(2πfct+ φ) (1.13)

and having all the power concentrated in single frequency line in the spectrum.
However, the amplitude and phase varies with time

V (t) = (A+ ǫ(t)) cos(2πfct+ φ(t) + φo) (1.14)

where ǫ(t), φo and φ(t) are, respectively, the amplitude noise, frequency offset and
phase noise. The resulting spectrum, therefore, has spectral energy leakage around
the carrier frequency fc. Figure 1.6 shows the single-side spectrum of the signal from
an ideal and real LO. In RF communication, the effect of amplitude modulation is
insignificant and largely ignored. The effect of Phase noise (PHN) and frequency
offset is, however, very much damaging. Particularly, in low cost implementation
of RF devices, cheap and noisy oscillators are the major factors for performance
degradation.

The frequency offset term, φo, is a deterministic parameter and is relatively easy
to estimate with. On the other hand, PHN is a random process which can not easily
be dealt with. In this thesis, we assume the frequency offset, φo, is known or zero
and therefore ignored.

The level of PHN is known to grow quadratically with the carrier frequency
[PRF07]. Study of its effects on RF communication systems and in particular on
future wireless systems considering high-order modulation and ultra high frequency
bands is therefore extremely important for system level design. The effects of PHN
on various systems and compensation schemes have been studied extensively and
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continue to be of high interest. The second part of this thesis focuses on PHN and,
specifically, on PHN in OFDM systems. Therefore, review of the literature on PHN
in OFDM systems is first presented in Chapter 5. Chapters 6 provides a solution for
joint channel estimation and PHN compensation in OFDM systems while Chapter
7 discusses sequential Monte-Carlo based solution for joint channel estimation and
PHN tracking.

Sampling Jitter

An ADC is a sampling device which takes in an analog input, samples it at a
sampling frequency of Fs and quantizes it for digital representation. Taking the
waveform digitizer in Figure 1.1 as an example, in the ideal case, the analog signal
s(t) is sampled at regular time intervals, t(n) = nTs, where n is an integer number
indicating the sampling instant and Ts = 1/Fs is the sampling time interval. The
samplers in real ADCs, however, can not sample at regular intervals. The signal
s(t) is instead sampled at irregular intervals t(n) = nTs + J(n) where J(n) is the
random fluctuation of the sampling time interval, which is also called jitter. Due to
its random nature, jitter is commonly quantified in terms of its root mean square
(RMS) value. Sampling Jitter, J(n), in ADCs is in fact the result of two sources
of jitters, aperture jitter and clock jitter [FLP+07]. Aperture jitter is due to the
random aperture delay in the sample and hold circuit while clock jitter is due to
oscillator phase noise in the timing clock circuit which dictates the sampler. The
SNR that can be attained by an ADC is greatly reduced due to sampling jitter.
Taking a simple example of a sinusoidal input s(t) with frequency F in Figure 1.1,
the reduction in SNR due to jitter is given by [TTK99]

SNRjit = −20 log(2πfσJ)dB (1.15)

where σJ is the RMS value of the jitter and f = F/Fs is the normalized frequency.
It is apparent from (1.15) that as the frequency, f , increases, the degradation in
SNR increases. The jitter dependant SNR for a general periodic signal input is
derived in [FLP+07]. The contribution of the sampling jitter noise from an ADC is
significant in some existing and future RF systems. The effects of sampling jitter
is especially difficult to deal with at sample level due to its random fluctuation
from sample to sample. Solution based on oversampling techniques have been pro-
posed in [PDO02] to increase the SNR. This, however, comes at the cost of limited
bandwidth. A number of works have presented DSP based solutions to combat the
effect of sampling jitter in receiver. Study of the effect of jitter on multi-carrier
systems is part of the study in Dirty RF. Few, among other works, can be found
in [SV09,SV10].

1.3 Organization and Contributions of the Thesis

This thesis is divided into two parts. The first part of the thesis focuses on parameter
estimation based on sine wave fitting while the second part of the thesis deals with
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PHN compensation in OFDM systems. The contents of each chapter in the thesis
is summarized below.

Chapter 2

Chapter 2 provides the background to the first part of the thesis, i.e. Chapter 3
and 4. It presents the three- and four-parameter sine fit algorithms and discusses
their performance. Previous works on parameter estimation based on sine wave
fitting and the application to ADC characterization is discussed. The dual channel
sine wave model is also presented and description of previously proposed parameter
estimation procedures along with their performance is discussed.

Chapter 3

Chapter 3 considers the three-parameter fit of a sine wave model for SNR estima-
tion. Estimation of SNR is of importance in a plurality of instrumentation, measure-
ment, signal processing, and digital communication applications. Under a Gaussian
noise assumption, it is known that the three-parameter fit given in IEEE Standards
1057 and 1241 coincides with the method of maximum-likelihood (ML), which is
known for its favorable asymptotic properties, i.e. in large samples. In Chapter 3,
we assume coherent sampling and derive the CRB of an unbiased estimator of the
SNR. The coherent sampling assumption allows for analytically tractable expression
as discussed in Chapter 2. Employing the three parameter fit, finite sample analysis
of ML estimator (MLE) is also studied. We establish that the MLE of SNR has a
non-symmetric F-distribution. We evaluate the MLE for finite samples and investi-
gate alternative estimators with improved performance. Parts of the contributions
in this Chapter 3 are based on the papers:

• [NHZ14] S. Negusse, P. Händel, and P. Zetterberg, “IEEE-STD-1057 three
parameter sine wave fit for SNR estimation: performance analysis and alter-
native estimators,” IEEE Trans. Instrum. Meas., vol. 63, no. 6, pp 1514-1523,
June 2014.

• [NHZ13] S. Negusse, P. Händel, and P. Zetterberg, “On SNR estimation using
IEEE-STD-1057 three-parameter sine wave fit,” in Proc. IEEE Instrumenta-
tion and Measurement Technology Conf. (IMTC), Minneapolis, USA, May
2013.

Chapter 4

In Chapter 4, the seven-parameter sine fit algorithm is studied. We consider a dual
channel signal model with common frequency. Employed as an accurate procedure
for parameter estimation. We investigate an approach in the dual channel sine
wave where the signals from both channels are uniformly subsampled with coprime
pair of sparse samplers and present analysis of the frequency estimation problem
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from undersampled measurement data thereby relaxing the demand on devices and
instruments by lowering the required sampling frequency as well as bandwidth.
The contribution in this chapter is based on the material included in the following
papers:

• [NH12] S. Negusse, and P. Händel, “The dual channel sinewave model: Co-
prime sparse sampling, parameter estimation, and the Cramér-Rao Bound,”
Measurement, vol. 45, no. 9, pp 2254-2263, Nov 2012.

• [NH11] S. Negusse, P. Händel, and P. Zetterberg, “Parameter estimation
employing a dual channel sine-wave model under sparse co-prime sampling,”
in Proc. XVIII TC4 IMEKO Symp., Natal, Brazil, September 2011.

Chapter 5

Chapter 5 gives fundamental concepts on wireless communication, OFDM systems
and channel estimation. It provides the background to the PHN problem which
is the focus of Chapters 6 and 7. Description of the time domain models for PHN
employed in performance analysis of OFDM systems is presented. Well known solu-
tions to PHN compensation are also discussed emphasising on Weiner PHN model.

Chapter 6

Chapter 6 studies a novel approach to PHN compensation in an OFDM system. We
consider a time domain domain PHN model and approximate the PHN statistics by
a finite number of realizations that we refer to as PHN “codebook”. We study design
of the codebook for a Wiener PHN and provide performance analysis. The receiver is
designed such that an augmented received signal model is used, where the codebook
index is estimated along with other parameters. We focus on a MQAM-OFDM
system with pilot sub-carriers within each OFDM symbol. Frequency selective,
fading and unknown channel is considered. Decision directed-feedback (DD-FB)
method is also studied to further enhance performance of the system. Performance
of the new approach is studied in terms the bir-error-rate (BER). The contribution
in this chapter is based on the material included in the paper:

• [NZH15] S. Negusse, P. Zetterberg, and P. Händel, “Phase-Noise Mitigation
in OFDM by Best Match Trajectories,” IEEE Trans. Comm., vol. 63, no. 5,
pp 1712-1725, May 2015.

Chapter 7

In Chapter 7, we consider estimation of channel impulse response (CIR) in the pres-
ence of PHN. We investigate a time domain based on cost reference particle filter
(CRPF) for combined channel impulse response (CIR) estimation and phase noise
(PHN) tracking in OFDM systems. The approach considered is robust in such a



way that it does not require any priori information regarding the noise in the state
and measurement equation. Moreover, it abandons all assumptions regarding the
magnitude of the PHN variance and hence no approximation is made to simplify
the model. The algorithm employs CRPF and employs Rao-Blackwellization tech-
nique for simultaneous PHN tracking and CIR estimation. The contribution in this
chapter is based on the material included in the paper:

• [NZ12] S. Negusse, and P. Zetterberg, “Cost reference particle filter in data
aided channel estimation and phase noise tracking for OFDM systems ,” in
Proc. IEEE International Conf. On Acoustics, Speech and Signal Processing,
(ICASSP 2012), Kyoto, March 2012, pp. 3153-3156.

Chapter 8

Chapter 8 is the last chapter where the thesis contribution is summarized.

1.4 Copyright Notice

Parts of the material presented in this thesis are partly verbatim based on the thesis
author’s joint works which are previously published to conferences and journals held
by or sponsored by the Institute of Electrical and Electronics Engineer (IEEE).
IEEE holds the copyright of the published papers. Materials (e.g., figure, graph,
table, or textual material) are reused in this thesis with permission.
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Chapter 2

Background

T
his chapter provides the background to the problems addressed in the first
part of the thesis. We consider a single channel and a dual channel model.
In the single channel model, ADC characterization based on the standard

sinewave fit algorithms is discussed. The dual channel model focuses on improved
parameter estimation employing sinewave model from two channels with common
frequency for relevant applications. The development of accurate and time efficient
testing procedures to characterize high resolution and wide-band ADCs is a major
interest in the field of instrumentation and measurement as well as in manufacturing
of RF devices.

2.1 ADC testing in a single channel model

ADCs are integral part of waveform recorders, oscilloscopes, communication sys-
tems and measurement instruments. Testing and verification of these instruments
inherently involves characterization of the ADC over a range of frequency bands.
An analog input signal is sampled and quantized by the ADC to obtain a digitized
waveform which is processed by a DSP algorithm. Signals which allow to capture
the transient nature of the ADC under test allow to asses its dynamic performance.
Periodic signals are most preferable because, ideally, they can excite the full dy-
namic range of ADCs and provide maximum measurement repeatability. Excitation
of the ADC under test using periodic impulse or step signal would be best suited
compared to other periodic signals for obtaining the frequency response. However,
the repeatability that can be obtained by impulse or step signal is very limited
above certain frequency. Sinusoidal signals, on the other hand, are well defined and
easy to generate over a wide range of frequencies [IEE08, IEE12]. Moreover, the
parameters of a sinewave is easily measurable and controllable. Sampled waveforms
are employed to extract the parameters of interest from which the dynamic charac-
teristic of the ADC can be determined. Linearity and spectral performance metrics
of an ADC are discussed in [IEE08,IEE12]. Linearity performance of an ADC is ob-
served from the code-size and threshold level errors which are referred as differential

21
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nonlinearity (DNL) and integral nonlinearity (INL) respectively and are expressed
in least significant bits (LSB). Histogram methods for DNL and INL testing em-
ploying linear ramp (triangular) wave and sinewave have been proposed in the
standard [IEE12]. Triangular waveforms are known to be best suited for histogram
test because a noisy measurement would still provide good result [Bla94], however,
unlike sinewaves, generating pure triangular wave signal is difficult [HP82]. INL is
used to characterize the static error of an ADC and is especially useful performance
measures in the field of image processing. DNL, on the other hand, provides the
spectral performance of an ADC employing the time variation of the analog input
signal from which dynamic characterization of the errors introduced is done.

There are a number of figures of merits which are used by the standard [IEE08,
IEE12] in order to quantify the spectral dynamic performance of an ADC. Some
of the critical figures of merit defined in the standard are summarized below for a
sinewave input s(t), an output waveform y(n) and the fitted waveform ŝ(n).

• Spurious free dynamic range (SFDR): is most commonly used to quan-
tify the performance enhancement of an ADC. Considering the DFT, Y (f),
of the sampled and noisy waveform y(n), SFDR is the ratio of the magnitude
at the fundamental frequency Y (f0) to the magnitude of the largest harmonic
or spurious frequency component Y (fsmax) given in dB by

SFDR = 20 log10

|Y (f0)|
|Y (fsmax)| . (2.1)

• Total noise: is defined as any deviation of the output waveform from the
input signal. Total noise includes random noise, quantization noise and dis-
tortion noise due to the nonlinear behaviour of the ADC causing spurious
and harmonic distortion as well as others. Total noise can be measured by re-
moving the fundamental, harmonic and spurious frequency components from
Y (f).

• Signal-to-Noise and Distortion Ratio (SINDR): is the ratio of the RMS
value of the signal to the RMS value of the total noise. That is

SINDR =
α√
2σn

(2.2)

where α is amplitude of the signal and σn is the RMS value of the noise which
is estimated from the residual error, that is

e(n) = y(n) − ŝ(n) (2.3)

by

σ̂ =

√√√√ 1

N

N−1∑

n=0

e2(n) (2.4)
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where N is the number of acquired samples. In an ideal case where the total
noise is considered to contain only random noise errors, SINDR is equivalent
to SNR. Although [IEE12] defines SNR as the ratio of the RMS-value of the
sinewave signal to the RMS of the additive noise, in this thesis, it is defined
as the ratio of the sinewave power, α2/2, to the noise power, σ2.

In an ideal waveform recorder with B bit resolution ADC, the only noise
source is the quantization error. In such a case, for a full scale sinewave exci-
tation, SNR is given in terms of the ADC resolution B as

SNR = 1.5 × 22B (2.5)

which in dB is equal to SNR = 1.76 + 6.02B dB.

• Effective number of bits (ENOB): is the number of bits, B, of an ideal
waveform recorder for which the RMS quantization error is equal to the RMS
of value of the total noise of the ADC. ENOB is given by

ENOB = N − log2

(
σ

σq

)
bit (2.6)

where σ is given by (2.4) and σ2
q = Q/12 is RMS value of the quantization

error of an ADC with a quantization step size Q.

• Total harmonic distortion (THD): is square root of the sum of squares
of a specified set of harmonic distortion components including their aliases
given as

THD =
1

N

√∑

h

|Y (fh)|2 (2.7)

where fh is a frequency component belonging to a set of harmonics {h} over
which the sum is taken.

Additional figures of merit not mentioned here can be referred in [IEE08,IEE12].
The parameters of the waveform at the output of the ADC need to be extracted
employing the sinewave fit algorithm before figures of merit such as SINDR or SNR,
total noise and ENOB can be .

2.1.1 Sinewave fitting algorithm

Due to the versatility of the signal model, sinewave fitting of acquired data is applied
in numerous engineering application. As a result, much research is continuously fo-
cused on parameter extraction based on the sinusoidal model. The sinewave fitting
algorithm, standardized by IEEE 1057 [IEE08] and IEEE Standards 1241 [IEE12],
is used as an essential tool for testing of ADCs, waveform recorders and commu-
nication electronics. Due to their advantages, in terms of both high accuracy and
low computational effort, the standards proposed the three- and four-parameter
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algorithms. If the frequency of the sinewave is known, the three-parameter sine fit
algorithm is employed to extract the in-phase, quadrature and the direct-current
(DC) components, otherwise, the four-parameter sinewave fit algorithm is employed
to estimate the angular frequency in addition to the three parameters. We will,
henceforth, refer to the three- and four-parameter sine fit algorithms as the three-
and four-parameter algorithm respectively.

The standard three- and four-parameter algorithms consider a noisy observation
vector of N -samples

y = (y(0), . . . , y(N − 1))
T

(2.8)

where T denotes the transpose operator. The vector entry y(n) in (2.8) for a given
time instant n is known to fulfill the signal model

y(n) = s(n; ν) + w(n) (2.9)

for some true ν = ν0 where s(n; ν) is the deterministic signal model parametrized
using the generic parameter vector ν, and w(n) is a zero mean additive noise with
variance σ2, which is assumed to model the imperfections and noise not captured by
the deterministic part. Further, the sinusoidal signal waveform, s(n; ν), is modelled
by

s(n; ν) = α sin(ω n+ φ) + C. (2.10)

where the parameter vector ν = (η, ω)
T

such that η = (α, φ, C, )
T

contains the
amplitude α, initial phase φ and the direct current C component while ω = 2πF/Fs
is the angular frequency, with absolute frequency, F , and sampling frequency, Fs.
The signal model in (2.10) is linear with respect to α and C but nonlinear with
respect to φ and ω. Employing some trigonometry property, (2.10) can equivalently
be re-written as,

s(n; ν) = A cos(ω n) +B sin(ω n) + C (2.11)

where A = α sin(φ) is the in-phase and B = α cos(φ) is the quadrature component
and which is nonlinear with respect to the parameter ω only. In this case, the
parameter vector ν = (θ, ω)

T
contains θ = (A, B, C)

T
and ω. The signal model

(2.11) is, therefore, more suitable for indirect estimation of α and φ.
Employing (2.11), the measurement equation in (2.9) is conveniently expressed

in vector form as
y = D(ω)θ + w (2.12)

where w is vector of the additive measurement noise and the matrix D(ω), which
is a function of the angular frequency ω, is given by

D(ω) =




cosω · 0 sinω · 0 1

cosω · 1 sinω · 1 1
...

...
...

cosω · (N − 1) sinω · (N − 1) 1



. (2.13)



2.1. ADC testing in a single channel model 25

Parameter estimation based on the model in (2.13) involves the squared error given
by

V (ν) =
1

N

N−1∑

n=0

(y(n) − s(n; ν))2

=
1

N
(y − D(ω)θ)T (y − D(ω)θ)

(2.14)

which is minimized with respect to the unknown parameters

ν̂ = (θ̂, ω̂) = arg min
ν=(θ,ω)

V (ν). (2.15)

where θ̂ and ω̂ are estimates of the parameters θ and ω respectively. Depending on
whether ω is known or unknown, the solution to (2.15) is obtained with the three-
or the four-parameter algorithm.

Three-parameter algorithm

In the three-parameter algorithm, fitting of a sinewave with a known angular fre-
quency, ω, is employed and the estimate θ̂ in (2.15) is given by the linear LS solution

θ̂ = (D(ω)TD(ω))−1D(ω)Ty. (2.16)

In reference to the three-parameter fit, we will denote the matrix D(ω) simply as D
to make the notation short. If the additive noise, w(n), in (2.9) is white Gaussian,
it is known that the LS estimator in (2.16) is also the ML estimator of θ [Kay93b].
The performance of the three-parameter algorithm depends heavily on the sampling
rate, Fs, and the number of acquired samples, N , which in turn defines the property
of the core matrix DTD [MLM12]. The matrix D needs to be full rank in order the
solution for (2.12) to be unique. Neglecting the effects of jitter, [MLM12] showed the
conditions for D to be full rank by analysing the eigenvalues of the matrix DTD.
The core matrix is shown to be singular if the frequency of the sinewave signal
is an integer multiple of half of the sampling frequency, in which case no solution
provided by the fitting algorithm. Moreover, if the number of periods acquired is
an integer number, J , i.e. coherent sampling, such that

F =
J

N
Fs (2.17)

where J and N are mutually co-prime, then the matrix DTD is diagonal and given
by [Kay93b]

DTD =




N
2 0 0

0 N
2 0

0 0 N


 . (2.18)
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It should also be noted that under the Gaussian noise assumption, the estimate θ̂
is multivariate Gaussian [Kay93b]

θ̂ ∼ N (θ ,Cov(θ̂)) (2.19)

with mean E[θ̂] = θ and covariance Cov(θ̂) given by

Cov(θ̂) =
σ2

N




2 0 0

0 2 0

0 0 1


 . (2.20)

The four-parameter algorithm

In the four parameter fit, the angular frequency ω is unknown and the standard
solution to (2.15) is obtained by iterative LS algorithm. Denoting estimate of the
angular frequency at iteration i as ω̂i, a Taylor series expansion of cos(ωn) and
sin(ωn) around ω̂i is employed such that the model in (2.11) is approximately
written in terms of the iteration as

s(n; θ,∆ωi) ≈ A cos(ω̂in)+B sin(ω̂in)−An∆ωi sin(ω̂in)+Bn∆ωi cos(ω̂in) (2.21)

where ∆ωi = ω− ω̂i. Equation (2.21) is linear in the parameters A, B, C and ∆ωi.

Using estimates of A and B from the previous iteration, i.e. Âi−1, B̂i−1, it can
therefore be expressed in a vectorize form as

s(η) = D̂iη (2.22)

where η = (A, B, C, ∆ωi)
T

and the N × 4 matrix D̂i is

D̂i =




cos ω̂i · 0 sin ω̂i · 0 1 hi(0)

cos ω̂i · 1 sin ω̂i · 1 1 hi(1)
...

...
...

cos ω̂i · (N − 1) sin ω̂i · (N − 1) 1 hi(N − 1)



. (2.23)

where hi(n) = −Âi−1n sin ω̂i · n + B̂i−1n cos ω̂i · n. At every iteration, estimate of
the parameter η is obtained by solving the LS

η̂i = (D̂T
i D̂i)

−1D̂T
i y. (2.24)

A number of solutions have been proposed on obtaining initial estimate of the
angular frequency ω̂0. Finding the location of the peak from the DFT method is
a straight forward method, while the interpolated DFT (IpDFT) was proposed
by [SPH92] for improving the resolution of the DFT and thus improved estimation.
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Algorithm 1 The Standard four-parameter algorithm [IEE08]

1: procedure
2: Obtain initial estimate of angular frequency ω̂0, ∆ω̂0 = 0

3: Initial estimate of η̂0 =
(
Â0, B̂0, Ĉ0, 0

)T

4: do
5: Start iteration i = i+ 1
6: ω̂i = ω̂i−1 + ∆ω̂0

7: Create the matrix D̂i in (2.24)

8: Compute η̂ = (D̂T
i D̂i)

−1D̂T
i y

9: while until convergence
10: return η̂ and ω̂
11: end procedure

An estimate ω̂0 can also be obtained by plugging in the LS solution in (2.24) into
(2.14) and obtain [Hän00]

g(ω) = yD(ω)(D(ω)TD(ω))−1D(ω)Ty. (2.25)

The frequency estimate is then given by maximizing

ω̂ = arg min
ω
g(ω) (2.26)

using a one dimensional grid search or iterative search method.

2.2 The dual channel model

The standardized three- and four-parameter algorithms are employed on a sin-
gle channel data. In several other applications, measurements acquired simulta-
neously from dual (two) channels are used for estimation and characterization
of systems. The dual channel model is common in, e.g. electric power calibra-
tions [VR05], [HHM97], impedance measurements [RdSS04,RJ07] and characteriza-
tion of mixers in radio-frequency receivers [Hän10,RZH11]. In this thesis, the dual
channel sinewave model with common frequency is considered. The problem can be
treated by the standard three- and four-parameter algorithms individually for each
channel. This, however, does not exploit the advantage from having two channels
(two measurement sets) with the same frequency and disregards the potential gain
in estimation performance. The signal model is given by

sk(n, θ) = Ak cos(ω n) +Bk sin(ω n) + Ck, k = 1, 2 (2.27)

where A1 and B1 are the amplitudes of the in-phase and quadrature components,
and C1 is the DC component for the first channel; while A2, B2 and C2 are the
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corresponding parameters for the second channel. The signal model is also expressed
in terms of the amplitudes α1, α2 and the phases φ1, φ2 of each channel as

sk(n; θ) = αk sin(ω n+ φk) k = 1, 2. (2.28)

In most application, the parameters of interest are the ratio of the amplitudes α1/α2

and the phase difference φ1 −φ2, for e.g. in characterization of IQ-imbalance in RF
receivers [Hän10,RZH11] as well as impedance measurement [RdSS04,RJ07]. In RF
receivers, the leakage component, which is computed from the ratio of the sum of the
squares of the DC components, C2

1 +C2
2 , to the sum of the squares of the amplitudes,

α2
1 + α2

2. In applications such as phase Doppler anemometry [HHM97], angular
frequency ω and phase difference φ1 − φ2 are parameters of interest. Uncertainties
during measurement lead to frequency deviations. Therefore, estimation of ω is
usually necessary even if it is not the primary interest. A number of procedures
have been proposed for extracting the parameters of interest from the dual channel
model, with the seven-parameter fit being the most popular.

The seven-parameter fit algorithm

The seven parameter fit algorithm involves fitting of the signal model in (2.27) using

the N sample measurement sets from both channels y1 = (y1(0), . . . , y1(N − 1))
T

and y1 = (y1(0), . . . , y1(N − 1))
T

which are modelled as to estimate the parameter
vector β containing

β = (A1, B1, C1 ω, A2, B2, C2)T . (2.29)

The measurement set is modelled as

yk(n) = sk(n) + wk(n), k = 1, 2, n = 0, . . . , N − 1 (2.30)

where wk(n) ∼ N (0, σ2
k) is white Gaussian noise with variance σ2

k, jointly indepen-
dent between the channels (that is, circular white noise). Estimate of other param-
eters such as amplitude and phase are then indirectly obtained. An ML estimator
obtained for a Gaussian noise by minimizing the sum of the squared error [HMA95],

V (β) =

2∑

k=1

1

σ2
k

N−1∑

n=0

(yk(n) − sk(n; β))2 (2.31)

with respect to β and the noise variances σ2
1 , σ2

2 such that

β̂ = arg min
β,σ1,σ2

V (β) (2.32)

which is computationally intensive. [RS08], on the other hand, proposed the LS
estimator which is more practical since it does not take into account the noise
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variances when minimizing

V (β) =

2∑

k=1

N−1∑

n=0

(yk(n) − sk(n; β))2. (2.33)

such that β̂ = arg minβ V(β). The measurement set from each channel are stacked

into one long 2N vector y = (y1, y2)
T

which can be expressed in matrix form as

y = D(ω)γ + w (2.34)

where γ = (A1, B1, C1 A2, B2, C2)
T

contains the linear parameters, w = (w1,w2)
T

contains measurement noise from each channels and the 2N × 6 matrix D is given
by

D(ω) =

(
D(ω) 0

0 D(ω)

)
(2.35)

where D(ω) is given by (2.13). Similarly, the criterion in (2.33) is given in vector
form as

V (γ, ω) = (y − D(ω)γ)T (y − D(ω)γ). (2.36)

The criterion in (2.39) allows for a separable least squares solution [Kay] which
divides the problem into the linear and nonlinear parts. A one dimensional grid
search is employed to obtain the estimate ω [Hän08]

ω̂ = arg min
ω
g(ω). (2.37)

where g(ω) is given by

g(ω) = yD(ω)(D(ω)TD(ω))−1D(ω)Ty

= y1D(ω))(D(ω)TD(ω))−1D(ω)Ty1 + y2D(ω))(D(ω)TD(ω))−1D(ω)Ty2.

(2.38)

Estimate of the linear parameters γ is then obtained from the LS solution

γ̂ = (D(ω̂)TD(ω̂))−1D(ω̂)Ty. (2.39)

It should be noted that all the properties of the core matrix D(ω)TD(ω) discussed
in [MLM12] including (2.18) can be employed for the dual channel model as well.

2.3 Performance of sinewave fit algorithm

The performance of the three- and four-parameter algorithms is evaluated in terms
of the error performance of the residual. Analyses of the estimation performance
based on the underlying noise model are presented in [Hän00, AH06, BKM+12,
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Table 2.1: Asymptotic CRB bound on the parameters from the three- and four-
parameter algorithms

Parameter Three-parameter algorithm Four-parameter algorithm

CRB(A) 2σ
2

N
2σ2

N (1 + 3B2

A2+B2 )

CRB(B) 2σ2

N
2σ2

N (1 + 3A2

A2+B2 )

CRB(C) σ2

N
σ2

N

CRB(ω) − 24σ2

(A2+B2)N3

BDP11b]. Under the Gaussian assumption, [Hän00, AH06] employ the asymptotic
CRB to evaluate error performance of the LS fitting and detail of the derivation
can be referred from the references. Table 2.1 summarized the asymptotic CRB on
the parameters employing the three- and four-parameter algorithms.

It should be noted that under coherent sampling, the CRB of the three-parameter
fit for finite number for samples is the same as the asymptotic CRB given in Ta-
ble 2.1. The CRB characterizes the error of the LS fit even if the observation
error is not Gaussian. However, performance of LS estimator is not optimal for
fitting data from ADCs contaminated by quantization noise and other nonlineari-
ties [FK08]. In [BFSK07], it shown that methods, such as the ML estimator, which
use the specific statistical properties of the samples, can outperform LS, and for
these cases, Gaussian-based CRB is large. Based on the CRB and the parsimony
principle, [AH06] has presented a detailed comparison of the MSE performance of
the three-and four-parameter fits. Taking the Tylor-series expansion of the residual
error, y(n) − s(θ, ω), around the true values θ = θ0 and ω = ω0 [AH06] showed that
the expected value of the sum-squared of the residual errors in (2.14) is given by

E[V (ν̂)] = σ2

(
1 +

1

N
Tr

{
Cov(ν̂)CRB(ν)−1

})
. (2.40)

where V(ν) is given by (2.14) and Tr(·) denotes the trace operator. Equation (2.40)
implies that if an efficient estimator is employed such that Cov(ν̂) = CRB(ν), then
the matrix product inside the Tr(·) operator becomes an identity matrix Ip of size
p and the trace operation results in an integer number p, which is also denotes
the number of parameters to be estimated. An estimator which is not efficient on
the other has Cov(ν̂) − CRB(ν) > 0. The expectation of the sum-squared error is
therefore lower bounded by

E[V (ν̂)] ≥ σ2

(
1 +

p

N

)
. (2.41)

For a three-parameter, p = 3, fit, equation (2.41) implies hat the MSE is always
less than a four-parameter, p = 4, fit since the equation increases with the num-
ber of unknown parameters p. This, however, is only true under the assumption
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Figure 2.1: Normalized MSEs of the three-parameter (blue) and four-parameter
(red) fits for SNR = 18 dB and N = 128 samples

that the frequency is perfectly known, i.e. ω = ω0, which is not always practically
possible. Unlike the four-parameter fit, which has constant MSE independent of ω
as indicated by (2.41), the MSE of three-parameter fit should, in fact, depend on
the ω, which is input to the algorithm, such that |ω − ω0| ≤ ωδ. Therefore, [AH06]
further derived the expression for the MSE of a three-parameter fit, E[V (θ, ω)], as
a function of the input ω where an unbiased estimator is assumed to have been
employed to obtain θ. Taking the second order Tylor-series expansion of E[V (θ, ω)]
with respect to the true angular frequency ω0, the MSE for the three-parameter fit
is approximately given by [AH06]

E[V(ω)] ≈ σ2

(
1 +

3

N

)
+
N2(A2 + B2)

24
(ω − ω0)2. (2.42)

An example is given in Figure 2.1 where the MSE, E[V(ω)], normalized by σ2 and
as a function of ω is plotted for N = 128 and SNR = 18 dB with the parabolic
curve showing the dependence of the three-parameter on ω while the MSE of the
four-parameter fit is shown by the straight line since it is independent of ω. The
analysis also shows that if uncertainty on ω exceeds the range given by

|ω − ω0| >
√

24σ2

N2(A2 +B2)
, (2.43)

then a four-parameter algorithm best fits the sinewave data with smaller MSE.
However, for large sample size, the performance of the parameter estimate using a
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consistent frequency estimator followed by the three-parameter algorithm is similar
to the performance of the four-parameter fit [BDP11b]. The four-parameter fit al-
gorithm can be reduced to a separable nonlinear LS problem, which can be divided
into a separate frequency estimation part and a subsequent linear LS problem where
the remaining three parameters are estimated [Hän00,BD08,BMS+04]. Thus, since
a direct implementation of the four-parameter fit is cumbersome, for large sets of
data, it is preferred to use frequency estimation followed by the three-parameter fit.
Therefore, detailed study of the three-parameter fit is not only relevant for the case
of a sinewave with known frequency, but also as a part of the analyses in [Hän00]
and [BDP11b], where a two-stage method is employed, that is, frequency estimation
followed by three-parameter fit. An improved procedure of sinewave fitting, which
considers the effect of aliasing and multiharmonic distortion originating from elec-
tronic devices is presented in [PS96].

In the dual channel model, thorough study of the performance of the LS solution
(2.39) is given in [Hän08] including the CRB for performance assessments, and
nonlinear LS solution. Additional analysis of the performance is presented [RZH11,
VS10, RS08, RR10, RJR10] comparing the seven-parameter fit with the standard
algorithms(three- and four-parameter fit) as well as with a non-iterative method
known as ellipse fitting [JRTS06], where efficiency and performance assessments
were presented.

2.4 On parameter estimation and the sinewave model

Performance of estimators employed to extract the parameters in the sinewave
model determine the accuracy with which the dynamic quantities of electronic de-
vices, such as ADCs ENOB, SNR, and noise, are determined. In the three- and
four-parameter algorithms under the Gaussian assumption, the contribution of the
fitting error, that is

ǫf (n) = s(n; θ, ω) − s(n; θ̂, ω̂), (2.44)

in the estimation of the noise power can be made negligible relative to the residual
error, that is (2.3), by using sufficiently large number of samples, N ≥ 256 [BPD12].
As a result, the three and four-parameter sine-fit algorithms provide noise power
estimates with similar accuracy. An survey on amplitude estimators of sinusoidal
signals in colored noise and a discussion on the LS, the weighted LS and matched-
filterbank approaches to amplitude estimation can be found in [SM90]. Moreover,
under the Gaussian noise and coherent sampling assumption, the amplitude esti-
mate employing the three-parameter algorithm in finite samples is biased and obeys
a Rician distribution [Ale09] and [HHM97]. However, the biased amplitude estima-
tor beats all unbiased estimators in terms of mean square error, in a broad class
of scenarios [HHM97]. In [BDP11a], the performance and statistical properties of
ENOB estimation are discussed taking into account the fitting error provided by
the interpolated discrete Fourier transform (IpDFT) [SPH92] method. A discussion
on the ML estimator of the noise variance of a quantized output noisy signal is given
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in [MC07]. Numerical analysis of the generalized ML cost function for estimating
ADC parameters under the Gaussian noise model is presented in [BFSK07]. An ef-
ficient approximation of the method used in [BFSK07] is further studied in [SKB12]
by applying a Laplacian noise model.

In the following chapter, that is Chapter 3, the three-parameter algorithm for
SNR estimation is investigated and present study of the property of the ML estimate
for a finite sample set. In Chapter 4, the dual channel model is employed to study the
frequency estimation problem from two sets of measurements uniformly subsampled
with co-prime pair of samplers.





Chapter 3

IEEE-STD-1057 three-parameter sinewave

fit for SNR estimation

This chapter provides an exact finite sample analysis of the statistical properties
and performance of the SNR estimate, employing the three parameter sine-fit al-
gorithm under two assumptions. First, the data is assumed Gaussian. Secondly,
the data is assumed coherently sampled, that is it includes an integer number of
sinewave periods. The assumptions are restrictive, but are motivated since exact
results in terms of parameter distributions and moments can be derived giving some
insights. Theoretical analysis under non-Gaussian noise model, corresponding to the
quantization noise covering the output of an ADC, is non-tractable. Simulations are
instead used to illustrate the usefulness of the derived results for the Gaussian noise
model on a quantized sinewave data. Coherently and non-coherently sampled ex-
perimental data, originating from a 12-bit ADC, are also used to demonstrate the
practical usability of the results.

Under the Gaussian assumption, the three-parameter fit coincides with the
method of ML [Kay93b], a method that is often preferred due to its advantageous
properties in large samples. This chapter is motivated by the obtained results. We
show that the method of ML for the given scenario has a far from optimal per-
formance in finite samples, as determined by the CRB. The ML estimator suffers
both from a systematic error (bias) and a large variability (variance), leading to an
MSE significantly above the CRB. Based on the derived performance of the ML, we
propose improved estimators with a lower MSE. In particular, an estimator with-
out systematic error and estimators that minimize the MSE for high-SNR scenarios
are presented. The performance of the novel estimators are analyzed theoretically,
numerically, and experimentally, all showing superior performance compared to the
method of ML in finite samples. The alternative estimators are main contributions
of the chapter. For low sample size, they are shown to outperform the original
estimator in practical scenarios subject to non-coherent and non-Gaussian data
originating from an ADC under test.

Section 3.1 presents brief review of the three-parameter sine fit algorithm for

35
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estimation of the SNR and the CRB is derived. The finite-sample statistical prop-
erties of the SNR-estimate, including distribution, bias, and variance are studied
in Section 3.2 and introduces a set of alternative estimators in Section 3.3. Simula-
tion results are provided in Section 3.4 to confirm the theoretical findings while in
Section 3.5, the merits of the derived estimators over the original one are shown in
practical ADC testing.

3.1 SNR estimation using there-parameter sine fit

In this section, we present the set up of the SNR estimation problem in Sec. 3.1.1,
followed by the derivation of the CRB in Sec. 3.1.2.

3.1.1 SNR estimation

We consider the vector of N measurement samples, y = (y(0), . . . , y(N − 1))T ,
which is given by the measurement model in (2.15). Additionally, the signal model
in (2.17) and the parameter vector θ = (A, B, C) is used. The measurement and
signal models are re-written here for ease of reference

y(n) = s(n; θ) + w(n) (3.1)

and
s(n; θ) = A cos(ω n) +B sin(ω n) + C. (3.2)

where w(n) in (3.1) is a zero mean white Gaussian noise of unknown variance
σ2, which is assumed to model the imperfections and noise not captured by the
deterministic part. Estimate of the parameter θ is therefore obtained by the LS
solution (2.24), that is θ̂ = (DTD)−1DTy where the matrix D is defined in (2.21).

It is also noted that the LS estimator θ̂ is the ML estimator of θ [Kay93b] since
w(n) is white Gaussian.

Once θ̂ is obtained, the residual error e(n) is given by

e(n) = y(n) − s(n; θ̂). (3.3)

The ML estimator of the noise variance σ2 is given by the sample variance [Kay93b]

σ̂2 =
1

N

N−1∑

n=0

e2(n) (3.4)

An ML estimate of the SNR is finally obtained by the invariance principle of the
method of ML, that is [Kay93b]

ŜNRML =
Â2 + B̂2

2 σ̂2
=

α̂2

2 σ̂2
(3.5)
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where Â and B̂ are the first two entries of θ̂, and the estimated squared amplitude
α̂2 = Â2 + B̂2 is introduced in the second equality. Before the performance of the
ML-estimator given by (3.5) is analyzed in Section 6.3, a lower bound on the error
variance of any unbiased estimator of the SNR is derived below.

3.1.2 Cramér-Rao lower bound

The CRB is a lower bound on the covariance of any unbiased estimator [Kay93b].
The CRB of an unbiased estimator of SNR is given by the inverse of its Fisher
information, J(θ), defined by (1.6) where in this case θ is replace by SNR. In order
to derive the bound for finite sample estimate, we first invoke the coherent sampling
assumption, that is (2.17), and we also use the re-parametrize the signal model in
(2.10) re-written here

s(n; η) = α sin(ω n + φ) + C (3.6)

where η = (α , φ , C)T . The relation between η and θ is given by α =
√
A2 +B2

and φ = arctan2(B,A). For the problem at hand, α2 and σ2 are the parameters
of interest. Given the vector of measurements y ∼ N (s(η) ,Γw), where Γw = σ2I
(with I being the unity matrix of suitable order, when appropriate the order N is
explicitly given as IN ), the elements of the Fisher information matrix, J(β), of the
vector parameter β = (η , σ2)T containing the parameters of interest for the general
Gaussian noise model are given by [Kay93b]

[J(β)]i,j =

(
∂s(η)

∂βi

)T
Γ−1

w

(
∂s(η)

∂βj

)
+

1

2
Tr

(
Γ−1

w

∂Γw

∂βi
Γ−1

w

∂Γw

∂βj

)
. (3.7)

where Tr(·) denotes the trace operator, [·]i,j denotes the i,j th element of the matrix
inside the parentheses and βi denotes the i-th element of the vector β. Following
arithmetic progression in trigonometry for sum of sequences of sine and cosine
functions given by [Jef94]

N−1∑

n=0

sin(ω n + φ) =
sin(N ω/2) sin((N + 1)ω/2 + φ)

sin(ω/2)
(3.8)

and
N−1∑

n=0

cos(ω n + φ) =
sin(N ω/2) cos((N + 1)ω/2 + φ)

sin(ω/2)
, (3.9)

under the coherence sampling assumption where ω = 2πJ/N , both (3.8) and (3.9)
are equal to zero. Proper evaluation of (3.7) for coherence sampling then results in
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the diagonal matrix

J(β) =




N

2σ2
0 0 0

0
Nα2

2σ2
0 0

0 0
N

σ2
0

0 0 0
N

2σ4




. (3.10)

The inverse of (3.10) is the CRB for the unbiased estimator of the vector parameter
β, that is

CRB(β) =




2σ2

N
0 0 0

0
2σ2

Nα2
0 0

0 0
σ2

N
0

0 0 0
2σ4

N




. (3.11)

The principle of transformation for parameters [Kay93b] is then applied to obtain
the CRB for an unbiased estimator of SNR. For SNR(β) = α2/2σ2, the transfor-
mation is given by

CRB[SNR] =
∂SNR(β)

∂β
CRB[β]

(
∂SNR(β)

∂β

)T
(3.12)

where
∂SNR(β)

∂β
=

(
α

σ2
0 0

−α2

2σ4

)
. (3.13)

A direct computation of (3.12) results in the unbiased CRB of SNR given by

CRB[SNR] =
4SNR + 2SNR2

N
. (3.14)

To summarize, under coherence sampling, any unbiased estimator ŜNR of SNR

(that is an estimator for which E[ŜNR] = SNR) has an error variance, Var[ŜNR],

which is bounded from below by (3.14), that is Var[ŜNR] ≥ CRB[SNR]. One should
also note from (3.8) and (3.9) that both summations tend to zero for non-coherent
sampling as well, as N → ∞, [Kay93b], resulting the same diagonal matrix as in
(3.10) and the CRB of the SNR estimates converges quite rapidly towards (3.14).

3.2 Finite sample analysis

The N -vector notation, y = s(θ0) + w, is used for the measured data in (3.1) and

the data is assumed to be coherently sampled. Based on the properties of θ̂ that
been established, the results below follow.
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3.2.1 Properties of squared amplitude and noise power estimate

Since θ̂ is a multivariate Gaussian [Kay93b] given by (2.19), the normalized squared
amplitude α̂2 N/2σ2 is non-centrally chi-squared distributed with k = 2 degrees
of freedom and non-centrality parameter λ = Nα2/2σ2 (with α2 = A2 + B2)
[Ale09,HHM97].

For the noise power estimate, considering a vector representation e of the resid-
ual error in (3.3), one has

e = y − s(θ̂) = w −
(

s(θ̂) − s(θ0)
)
. (3.15)

Using (2.16), equation (3.15) reduces to

e = (I − D(DTD)−1DT

︸ ︷︷ ︸
Π⊥

)w (3.16)

where Π⊥ is a symmetric (that is, (Π⊥)T = Π⊥) and indempotent matrix (that is,
Π⊥ Π⊥ = Π⊥). The vector of residuals e is multivariate Gaussian N (0, Γe), and
using the symmetry as well as the idempotency properties of Π⊥, it is straightfor-
ward to show that the covariance matrix Γe = E[eeT ] = σ2 Π⊥. The sum of the
square of the residuals in (3.4) can now be expressed in a quadratic form as

σ̂2 =
eT e

N
=

wT Π⊥ w

N
(3.17)

where the second equality follows from (3.16). For a vector w comprising of N
random variables such that w ∼ N (0, σ2I) and a symmetric idempotent matrix Π⊥

with rank m, the distribution of the quadratic form Nσ̂2/σ2 is given by [Kay93b]

wT Π⊥ w

σ2
∼ χ2(m) (3.18)

where χ2(m) denotes the chi-square distribution with m degrees of freedom. For an
idempotent matrix Π⊥, the rank m equals m = Tr(Π⊥). From (3.16) one has

m = Tr(I) − Tr(D(DTD)−1DT ) = N − 3 (3.19)

where the second equality follows from the fact that the trace-operator is invariant
under cyclic permutations, that is

Tr(D(DTD)−1DT ) = Tr((DTD)−1DTD︸ ︷︷ ︸
I3

) = 3. (3.20)

3.2.2 Properties of ŜNRML

Given that the observation vector y is Gaussian with mean s(θ0) and variance σ2,

it follows from Cochran’s theorem [WMW91] that θ̂ determined from the weighted
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sample mean (2.17) and σ̂2 obtained from the sample variance (3.4) are independent
(that is, the Fisher information matrix in (3.10) is diagonal). Accordingly, let W
be a chi-square distributed stochastic variable with m = N − 3 degrees of freedom,
and let R be a non-centrally chi-squared distributed with k = 2 degrees of freedom
and non-centrality parameter λ = Nα2/2σ2 = NSNR. Then, from (3.5), the ML

estimator ŜNRML reads

ŜNRML =
2

N − 3

(
α̂2 N
2σ2

)
/ 2

(
wT Π⊥ w

σ2

)
/ (N − 3)

=
2

N − 3

( R/2
W/(N − 3)

)

︸ ︷︷ ︸
F

. (3.21)

With F as introduced in (3.21) and for the sake of the analysis, ŜNRML can be
written as

ŜNRML =
2

N − 3
F (3.22)

where F obeys the non-central F ′
2,N−3(NSNR)-distribution [Kay93a] and whose

properties are entirely determined by N and SNR. Its mean and variance are found
in standard literatures on statistics like [Kay93a]. That is, the mean and variance
of a non-central F ′

k,m(λ)-distribution, F , with degrees of freedom k > 0, m > 0 and
non-centrality parameter λ ≥ 0 are respectively given by [Kay93a]

E[F ] =
m(k + λ)

k(m− 2)
for m > 2 (3.23)

and

Var[F ] = 2
(k + λ)2 + (k + 2λ)(m− 2)

(m− 2)2(m− 4)

(
m

k

)2

for m > 4. (3.24)

Therefore, the expectation (for N > 5) of ŜNRML given by (3.22) can now be
obtained from the standard result in (3.23)

E[ŜNRML] =
N

N − 5
SNR +

2

N − 5
. (3.25)

In a similar vein, the variance (for N > 7) of ŜNRML obtained from (3.24) reads

Var[ŜNRML] = 2
(2 + NSNR)2 + (2 + 2NSNR)(N − 5)

(N − 5)2(N − 7)
. (3.26)

The MSE is given by the sum of the variance and the squared bias [Kay93b]

MSE[ŜNRML] = Var[ŜNRML] +
(

E[ŜNRML] − SNR
)2

. (3.27)
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Employing the expressions in (3.25) and (3.26) on (3.27), the MSE of the ML-
estimator becomes

MSE[ŜNRML] =
SNR2(2N + 35) + SNR(4N + 28)

(N − 5)(N − 7)

+
(8N − 40)

(N − 5)2(N − 7)
.

(3.28)

To summarize, we have shown that the ML estimator given by (3.5) in finite
samples obeys a F ′

2,N−3(NSNR)-distribution, with mean (3.25), variance (3.26)
and MSE (3.27). We can note from (3.25) that the estimator is biased, although
asymptotically (N → ∞) unbiased. As N → ∞, the variance tends to the CRB
in (3.14). In addition, as N → ∞, the F ′

2,N−3(NSNR)-distribution approaches
a normal distribution [Mui05]. The studied ML estimator of SNR is biased and
does not achieve the CRB for finite samples. While its asymptotic distribution is
Gaussian, it can also be seen from the variance in (3.26) and the CRB in (3.14)
that the ML estimator is asymptotically efficient. Moreover, since the asymptotic

variance is equal to the CRB in (3.14), it indicates that Var[ŜNRML] → 0 as N →
∞. It is then clear that the estimator ŜNRML approaches the true value SNR,
in probability, fulfilling the consistency property under the regularity conditions
described in [Kay93b].

The number of samples involved in estimating parameters is related to the
testing time of devices. Therefore, the study of estimation performance using a
small number of samples is of interest, particularly in the production testing of
large volumes of devices. The MSE of the ML estimator is well above the CRB for
small sample size. For example, for N = 24 and SNR = 10 dB, the MSE of the
ML estimator is 4.8 dB above the CRB. In the following section, the properties of

ŜNRML are further exploited to derive alternative estimators with improved MSE
performance for finite sample size leading to an estimator with MSE which is 0.4
dB above the CRB for N = 24 and SNR = 10 dB.

3.3 Alternative estimators

3.3.1 Unbiased estimation

Taking equation (3.25) into account, a scaling and shifting of the estimator in (3.5)
results an unbiased estimate (UE), that is

ŜNRUE =
N − 5

N
ŜNRML − 2

N
. (3.29)

Accordingly, the mean E[ŜNRUE] = SNR and MSE[ŜNRUE] = Var[ŜNRUE]. The
variance is directly obtained by proper scaling of (3.26)

Var[ŜNRUE] =
(N − 5)2

N2
Var[ŜNRML]. (3.30)
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From (3.30), we conclude that Var[ŜNRUE] < MSE[ŜNRML] for finite N , where

Var[ŜNRUE] = MSE[ŜNRUE]. The scaling and shifting of ŜNRML do not influence
the distribution. Not only has the bias disappeared, but also the variance has been
reduced by a factor of ((N − 5)/N)

2
, and as a result, the MSE is also reduced.

However, it is also clear from (3.29) that because of the subtractive second term,
there is a risk that the obtained estimate is negative and hence, unrealistic. This is
the price paid for the improved performance in terms of bias and variance.

A direct approach to avoid negative estimates in (3.29) is to set the negative
estimate to zero, such that

ŜNRUE+ =

{
ŜNRUE for ŜNRUE > 0

0 for ŜNRUE ≤ 0
(3.31)

where ŜNRUE+ denotes truncation of the negative estimates of the SNR to zero.

3.3.2 Minimum MSE estimation

We further investigate a direct implementation of minimizing the MSE of the SNR

estimator. Considering the estimator ŜNRMMSE = γ ŜNR where ŜNR is any esti-
mator of the SNR. It directly follows that

MSE[ŜNRMMSE] = γ2 Var[ŜNR] + (γE[ŜNR] − SNR)2. (3.32)

Minimization of the MSE with respect to γ yields [EK08]

γ =
E[ŜNR]

Var[ŜNR] + E[ŜNR]2
SNR. (3.33)

The weight γ in (3.33) is not realizable since it depends on the required pa-

rameter. However, if Var[ŜNR] is directly proportional to SNR2 in the form of

Var[ŜNR] = ρ SNR2 and E[ŜNR] = c SNR for some positive real numbers ρ and c,
then a realizable solution of the form

γ =
c

ρ+ c2
(3.34)

can be obtained. With (3.33) as a starting point, several estimators can be de-

rived using a high-SNR approximation. We derive two estimators ŜNRMMSE1 =

γMLŜNRML and ŜNRMMSE2 = γUEŜNRUE such that γML and γUE minimize the
MSE of the ML-estimator and the unbiased estimator (UE) respectively for high-
SNR.
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3.3.3 Minimizing MSE of the ML-estimator

Considering high-SNR, that is SNR ≫ 1, the expectation of the ML-estimator in
(3.25) becomes

E[ŜNRML] ≃ N

N − 5
SNR (3.35)

where ≃ denotes an approximation where only the dominant terms have been re-
tained. The variance follows from a straightforward calculation

Var[ŜNRML] ≃ 2N2

(N − 5)2(N − 7)
SNR2. (3.36)

Thus, (3.35) and (3.36) are in the form E[ŜNR] = c SNR and Var[ŜNR] = ρ SNR2

where ŜNR = ŜNRML, c = N/(N−5) and ρ = 2N2/(N−5)2(N−7). The parameter
γ is therefore,

γML =
N − 7

N
. (3.37)

Inserting (3.37) in ŜNRMMSE = γ ŜNR and replacing the estimator ŜNR by the
ML-estimator in (3.5) results in the estimator MMSE1 for high-SNR given by

ŜNRMMSE1 =
N − 7

N
ŜNRML. (3.38)

The corresponding MSE is obtained from (3.32) by inserting (3.35), (3.36) and
(3.37), resulting in

MSE[ŜNRMMSE1] =
2NSNR2 + 4SNR(N − 7)

N(N − 5)
+

8(N − 7)

N2(N − 5)
. (3.39)

3.3.4 Minimizing MSE of UE

Similarly, the variance of the unbiased estimator for high-SNR is obtained from

(3.30) in a straightforward manner. Here ŜNR = ŜNRUE with ρ = 2/(N − 7) and
c = 1, that is

γUE =
N − 7

N − 5
(3.40)

which, after inserting (3.29) and (3.40) into ŜNRMMSE = γ ŜNR, yields

ŜNRMMSE2 =
N − 7

N
ŜNRML − 2(N − 7)

N(N − 5)
. (3.41)

The MSE is computed from (3.32)

MSE[ŜNRMMSE2] =
(N − 7)2

N2
Var[ŜNRML] +

4SNR

(N − 5)2
. (3.42)
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Figure 3.1: Comparing efficiency MSE/CRB of ML-estimator (ML), unbiased esti-
mator (UE), MMSE1 and MMSE2 as a function of SNR.

The SNR estimator given in (3.41), MMSE2, can still result in negative values.
Therefore, the same approach discussed in (3.31) can be employed to form the
estimator given by

ŜNRMMSE2+ =

{
ŜNRMMSE2 for ŜNRMMSE2 > 0

0 for ŜNRMMSE2 ≤ 0
(3.43)

where ŜNRMMSE2+ results in non-negative estimates by setting negative values to
zero.

3.3.5 Discussion

By construction MSE[ŜNRUE] is less than MSE[ŜNRML] and it can also be verified

that MSE[ŜNRMMSE1] is less than MSE[ŜNRUE]. A plot showing the theoretical
efficiency given by the ratio of the MSE and the CRB of ML, UE, MMSE1 and
MMSE2 is given in Figure 3.1 as a function of the SNR forN = 12 and also in Figure
3.2 as a function of N for SNR = 10 dB. Although none of the considered estimators
are efficient for finite samples, it can be seen from Figure 3.2 that the performance
of MMSE2 in (3.41) approaches the CRB much faster than all other estimators
and is close to the CRB for finite samples. One may note from Figure 3.1 that a
minimum in efficiency appears around 0 dB, which is especially pronounced for ML.
This is a result of the properties of the estimate of the squared amplitude [Hän00].
The estimators MMSE1 and MMSE2 have similar performance, where MMSE2
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Figure 3.2: Comparing efficiency MSE/CRB of ML-estimator (ML), unbiased esti-
mator (UE), MMSE1 and MMSE2 as a function of N .

Table 3.1: Summary of considered estimators of signal-to-noise ratio of the form

(aŜNRML − b) when ŜNRML is given in (3.5).

Estimator Unbiased ≥ 0 a b

Maximum likelihood (ML) NO YES 1 0

Unbiased estimator (UE) YES NO (N − 5)/N 2/N

UE+ NO YES (N − 5)/N 2/N

MMSE1 NO YES (N − 7)/N 0

MMSE2 NO NO (N − 7)/N 2(N − 7)/(N(N − 5))

MMSE2+ NO YES (N − 7)/N 2(N − 7)/(N(N − 5))

outperforms MMSE1 at low and high SNRs, respectively. One may also note that
the global minima of efficiency is provided by MMSE1. A numerical optimization
of (3.39) reveals an efficiency of 1.09 at −2 dB and N = 12.

Performance of UE+ in (3.31) and MMSE2+ in (3.43) are studied using simula-
tions in the next section. However, it can be noted that by setting negative values
to zero, the variances of UE+ and MMSE2+ are reduced compared to the original
estimators UE and MMSE2, respectively. Therefore, their MSE values should also
be reduced. It should also be noted that by setting negative values to zero in (3.39),
UE+ is no longer unbiased. A summary is given in Table 3.1.
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Figure 3.3: Histogram of simulated ŜNRML normalized by (N − 3)/2, analytical
probability density function of F ′

2,N−3(NSNR) distribution (solid line) and Gaus-
sian density function with mean SNR and variance equal to CRB[SNR] for N = 12
and SNR = 0 dB.

3.4 Simulation results

The theoretical results are illustrated using simulated data. Simulations were run
to employ the standard three-parameter sine-fit algorithm on a sinewave signal
corrupted by additive white Gaussian noise and with normalized angular frequency,
ω = 0.5236. Estimates of the SNR were obtained from (3.5). In the simulation,
10,000 independent simulation runs were used for various values of N and SNR.
The simulation was implemented in Matlab R2011b, where the built-in Gaussian
random number generator was used to generate the noise vectors. The generated
random noise vector was considered to be sufficiently white, therefore no additional
whitening technique as in [MLM12] was employed.

3.4.1 Probability distribution

In Fig.3.3, the empirical distribution of the estimates provided by ML is overlaid
on the probability density function of F ′

2,N−3(NSNR); and the Gaussian density
function with mean SNR and variance equal to CRB[SNR] given in (3.14) are given
for N = 12 and SNR = 0 dB. It can be noted that there is an excellent match
between the histogram of the simulations and the F ′

2,N−3(NSNR) distribution. It
can also be seen from Fig. 3.4 plotted for N = 1044 and SNR = 0 dB, that as sample



3.4. Simulation results 47

0 100 200 300 400 500 600 700 800 900 1000
0

0.002

0.004

0.006

0.008

0.01

0.012

 

 

Histogram
Non-central F-Distribution
Gaussian density function

N−3
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Figure 3.4: Histogram of simulated ŜNRML normalized by (N − 3)/2, analyti-
cal probability density function of F ′

2,N−3(NSNR) distribution (solid line) and
Gaussian density function with mean SNR and variance equal to CRB[SNR] for
N = 1044 and SNR = 0 dB.

size increases, the distribution of ŜNRML approaches the Gaussian distribution.

3.4.2 Relative error

In Fig. 3.5, the relative error, given by δ = 100 ×
√

MSE/SNR [in percent], for the
different estimators in Table 3.1 is plotted. The derived analytical expressions for
the expectation and variance were used to compute the MSE and are compared
with simulation results. It can be seen that there is an excellent match between the
theoretical and simulated results. It can also be seen from Fig. 3.5 that minimiz-
ing the MSE of ML and UE, based on the high SNR assumption, and employing
(3.38) and (3.41) has improved the estimation performance. MMSE1 and MMSE2
have almost identical performance for SNR values above 0 dB; however, for SNR
values below 0 dB, it can be seen from Fig. 3.5 that MMSE2 performs better. Also
included in Fig. 3.5 are the relative errors of UE+ and MMSE2+, based on simu-

lations only. It can be seen that for SNR values below 0 dB, MSE[ŜNRUE+ ] is less

than MSE[ŜNRUE] and MSE[ŜNRMMSE2+ ] is less than MSE[ŜNRMMSE2] indicating
appearance of negative estimator outputs for UE and MMSE2.
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Figure 3.5: Theoretical and simulated plot of the relative error, δ = 100 ×√
MSE/SNR, in estimating SNR given as a function of SNR for N = 12.

3.4.3 Quantized data

Sinewave fit is frequently used in ADC testing, where the output of the ADC
is covered by non-Gaussian and interdependent quantization noise. Moreover, the
ADC is subject to non-linearities and the sampling process is rarely coherent. For
a pure quantized data, the LS fitting error is deterministically dependant on the
sinewave parameters and so parameter estimation using the three or four parameter
fit may result in strange errors [KB05]. On the other hand, for a noisy sinewave
input, it was shown in [BNPP00] that the overall conversion error of an ADC in
which the input is corrupted by a Gaussian noise is white and normally distributed
if the ratio of the standard deviation of the noise to the quantization step size is
above a certain threshold. In such a case, the model in (3.1) would fit the practical
scenario and theoretical results apply.

The performance of the derived estimators is investigated when a pure sinewave
signal s(n; θ) is quantized by an ideal 12-bit quantizer. The input is made to fully
cover the ADC’s dynamic range (0 dBFs) with normalized angular frequency of,
ω = 2.094. Accordingly, the noise w(n) in (3.1) is no longer random and indepen-
dent, which violates the underlying assumption based on which the properties of

ŜNRML are derived. By uniformly varying the initial phase of the sinewave, s(n; θ),
in the range (−π/2 , π/2), 10000 simulation runs were used to show the average
performance of the derived estimators. The signal to noise ratio for an ideal 12-bit
quantizer is SNRQ = 74 dB as computed by SNRQ ≃ 6.02B + 1.76 for a B-bit
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Figure 3.6: Mean values of the estimated SNR values of each estimators with cor-
responding 95% confidence intervals (denoted by bars) for a 12 bit quantized data
as a function of the number of samples, N .

quantizer [WK08]. As shown in Figure 3.6, on the average, the SNR estimates of
the derived estimators are closer to the ideal SNRQ = 74 dB value than the ML-
estimator for low number of samples N . Moreover, the 95% confidence interval
denoted by the bars at each point show that for low number of samples, N , the UE,
MMSE1 and MMSE2 estimators have a narrower interval than the ML estimator
indicating lower variance of the new estimators. In Figure 3.7, the relative error in
percentage, δ = 100 ×

√
MSE/SNRQ, is plotted showing an improvement in MSE

of the new estimators for quantized data as well. It should be noted that for the
given high SNR value used in the simulation, MMSE1 and MMSE2 show identical
performance. Therefore, although the derived estimators are derived based on the
Gaussian noise assumption, Figure 3.6 and Figure 3.7 indicate that they can still
provide improved performance over ML estimator for quantized data as well. In-
spired by the above results, the studied methods are applied to experimental ADC
testing in the next section.

3.5 Results from ADC measurement

The purpose of this section is to show the practical value of the derived estimators.
Measurement samples were collected from a 12-bit pipeline ADC AD9430, commer-
cially available from Analog Device, which can sample up to 210 MS/s. The data
sheet specified the spurious-free dynamic range (SFDR) to range from 70 to 80 dBc
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Figure 3.7: Relative error of the estimates [in percent] for 12-bit quantized data as
a function of the number of samples, N .

at 0.5 dBFS input sinewave for frequencies within its bandwidth. According to the
data sheet, the nominal value of the SNR at an input frequency of 70 MHz and 210
MS/s sampling frequency is 65 dB. A high-quality Rohde & Schwartz SMU200A
vector signal generator was used to generate an input sinewave, and Mini-Circuits
SLP filters were connected at the input of the ADC to attenuate harmonics and
spurious noise. The input frequency was 70 MHz, which was sampled at a sampling
rate of 210 MS/s. Testing of high-end ADCs is typically done in high SNR scenario.
Detailed information on the measurement set up can be found in [BH08].

In a first experiment, 500 blocks of non-overlapping samples were collected from
the ADC with each block containing N = 12 samples which correspond to 4 cycles
of the sinewave signal (coherent sampling). While in a second experiment, N = 10
samples, corresponding to 10/3 cycles (non-coherently sampled) of the sinewave
signal, were collected in 500 non-overlapping blocks. Without any underlying as-
sumption regarding the distribution, a box plot is used to illustrate the differences
between the observations of the SNR estimates using the different estimators. In
Figure 3.8 for N = 12 and Figure 3.9 for N = 10, box plots of the SNR estimates
from each block using ML and the alternative estimators are shown. The top of the
box and the bottom of the box, respectively, denote the 75th and 25th percentiles,
that is the values below which 75% and 25% of the SNR estimates appear. The
middle line in the box indicates the median of the estimates while the end bars of
the whiskers (the broken lines) above and below the box indicate the maximum and
minimum SNR estimates. Any estimate not included in the whiskers is considered
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Figure 3.8: Box plot of the observations of SNR estimates using ML and alternative
estimators for 500 blocks containing N = 12 samples.

to be an outlier (indicated by +), that is an over-estimate or under-estimate.
For short data records, Figure 3.8 shows that 5% of the estimates are outliers

which over estimate the SNR while Figure 3.9 shows that 5.6% of the estimates are
outliers. As a reference, the value of the SNR estimate (indicated by the solid line at
62.6 dB) obtained using the entire set of 256,000 measurement data is shown. It can
be seen from both Figure 3.8 and Figure 3.9 that more than 75% of ML estimates are
spread above the reference estimate while around 50% of SNR estimates obtained
using the UE estimator are spread around the reference value, that is close to the
median; which indicates a reduction in the bias compared with ML estimator. The
spread (the box) between the 75th percentile and 25th percentile for the alternative
estimators is narrower than that of the ML implying that the estimates obtained
by the alternative estimators have lower variance. Further, for the considered high-
SNR scenario, all estimates are positive, so the unbiased estimator (UE) and its
rectified variant UE+ provide identical results. The variance of SNR estimate is
further improved by MMSE1 and MMSE2. It is also noted from Figure 3.9 that the
derived estimators can be applied on non-coherently sampled data set resulting in
improved estimation performance as in coherent sampling. Using an identical setup,
an experiment with 500 blocks of non-overlapping samples each containing N = 512
samples showed that the difference, in performance, between ML estimator and the
alternative estimators disappear. Moreover, the percentage of outliers reduces to
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Figure 3.9: Box plot of the observations of SNR estimates using ML and alternative
estimators for 500 blocks containing N = 10 samples.

0.4% for N = 512 samples.

3.6 Conclusion

In this chapter, we studied the statistical properties and performance of the SNR
estimator employing the three-parameter fit under the Gaussian assumption. The
results obtained were based on coherent sampling assumption. The distribution
of the ML estimator was derived and used to obtain exact expressions for the
bias, variance, and MSE. Simulation results showed an excellent match with the
theoretical results. Although the risk of having a negative SNR estimate is present,
the ML-estimator can be used to derive an unbiased estimator, which was shown to
improve the MSE performance. The MSE was further improved by setting negative
estimates to zero, that is employing (3.31), such that the SNR estimate is always
non-negative and which consequently reduced the variance.

Moreover, two estimators each of which were derived from affine transformation
of the ML and the unbiased (UE) estimators, such that their MSEs are minimized,
were introduced. It was shown that MMSE1 in (3.38) and MMSE2 in (3.41) gener-
ally have similar performance; but MMSE2 outperforms MMSE1 at low and high
SNR values. However, since MMSE2 can still result in a negative SNR estimate, a
non-negative estimator given in (3.43) is suggested, which is shown to have a slightly
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better MSE performance than MMSE2 for SNR values below 0 dB. Employing a
quantized and non-coherently sampled data, which violates the underlying model,
it is shown that the novel estimators still provide improved performance compared
to the ML estimator. Further investigation on experimental ADC data showed that
the derived estimators outperform the ML estimator for small sample size. It is
shown that the MSE of the SNR estimates using the alternative estimators is lower
than the MSE of the SNR estimates provided by the ML estimator. Moreover, it is
shown that an improved performance, compared to the ML estimator, can be pro-
vided by the derived estimators when employed on non-coherently sampled data set
also. As indicated in the theory, the ML estimator as well as the derived estimators
have similar performance for large samples size. Performance study of estimators
with respect to the number of measured sample size is of particular interest in large
volume testing. In this paper, we have indicated that the derived estimators have
a potential to improve testing performance in practical settings as well.





Chapter 4

The dual channel sinewave model and

Coprime sparse sampling

4.1 Introduction and Motivation

Test and verification is responsible for a major cost incurred during product de-
velopment and hence it is an important issue to deal with [Kad04]. High quality
testing at radio frequency puts enormous demands on sensors, instruments and in-
trinsic measurement devices, such as the ADC. For an ADC the requirements are
related to the trade-off between sampling frequency and resolution required for the
application at hand. Moreover, as the demand for higher bandwidth grows, there
is a need for schemes that looses the requirements on the instrumentation. One
approach to loosen the requirements on the analog front-end is based on under-
sampling or sub-Nyquist sampling, combined with employing the sparseness of the
analyzed data to resolve the effects of folding or aliasing.

During recent years, there has been a boost of interest in the so called compres-
sive sampling and sensing. The underlying theory in compressive sampling/sensing
has shown that high resolution signal reconstruction is possible from sparse set ran-
dom projections [CRT06a, Don06, CRT06b, DET06, RSV08, GT07]. It follows from
the studies that sensing and acquiring signals based on sampling rates significantly
lower than the traditional Nyquist frequency for characterizing and estimating pa-
rameters of signals is possible. Employing compressive sampling/sensing presents
a major advantage in specific applications by lowering the required sampling fre-
quency and providing enough flexibility to ADCs with high bandwidth requirement
by significantly lowering the sampling rate.

In this chapter, the seven parameter dual channel model is studied under a
sub-Nyquist sampling condition, where each channel is sampled by pair of coprime
factors. Consider an absolute measurement time T = N/Fs seconds, with N being
the number of acquired samples in each channel, and Fs the Nyquist sampling
frequency. This scenario can be handled by state-of-the art methods such as the ones
in [Hän00, RS08]. Employing Nyquist sampling of the dual channel data {y1(n)}

55
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Table 4.1: Relations for a given absolute measurement time T .

Nyquist Coprime

Measurement time T T

Sampling rate Ch.1. Fs Fs/L

Sampling rate Ch.2. Fs Fs/M

Collected samples 2N(= 2T Fs) N/L+N/M

and {y2(n)}, respectively, where n denotes the discrete time instants, 2 × N data
have to be collected at a rate of Fs Hz.

Coprime subsampling corresponds to a reduction of the sampling frequency by
the factor L in the first channel, and a factor M in the second, where the L and M
are coprime integers. Using cop-rime subsampling of multiple signals was proposed
in [Xia99] for frequency estimation of periodic signals and in [VP11] for accurate
estimation of autocorrelation from a set of sparsely sampled signal. It was shown
in [VP11] that it is possible to estimate some aspects the sparsely sampled signal
at a significantly higher resolution employing coprime sampling. Accordingly, only
N/L+N/M data are collected at an arbitrarily lower rate Fs/L and Fs/M Hz, re-
spectively, and hence work with sparse set of samples. We will show that employing
the sparse set of samples to the considered dual channel model might introduce am-
biguity in frequency estimation due to aliasing caused by undersampling, in which
case it can be resolved by involving a technique that initially requires the normal-
ized angular frequency, ω to be contained in the range ω ∈ (0, π/2). The employed
technique corresponds to a reduction of the effective sampling rate by a factor L/2
in the first channel, and a factor M/2 in the second, where min(L, M) > 1 for
the under-sampled scenario. The basic setup is shown in Figure. 4.1 and Table 4.1
provides summary of notations.

The main motivation is the fact that the sought for signal parameters can be
uniquely determined, by a clever choice of under-sampling strategy with the benefit
of a min(L/2,M/2)-factor reduction of the sampling rate. A result of the sampling
strategy is that

• for a given resolution of the front-end ADCs, a lower cost unit can be employed
and

• for a given cost of the ADC, the resolution can be increased, leading to im-
proved performance

The price paid is for a given ADC resolution, less amount of data is collected lead-
ing to reduced estimation accuracy, however it may be motivated by a reduced
implementation complexity, and sampling frequency. We will apply the methodol-
ogy of [Hän00] and consider the problem at hand under the Gaussian assumption,
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Figure 4.1: Basic setup. Compared with Nyquist sampling of the channels, the
channels are down-sampled by the coprime factors L and M , respectively.

and resolve some fundamental questions on estimation accuracy and parameter
estimation, combined with some simulation results.

4.2 Problem formulation

For easy reference, the Nyquist sampled model [Hän00,RS08] in Chap. 2, Sec: 2.2 is
revisited, followed by introducing the model corresponding to coprime sub-Nyquist
sampling.

4.2.1 Nyquist signal model

The dual-channel (Nyquist sampled) signal model is given by the measurements
collected in the measurement vectors

y1 = (y1(0), . . . , y1(N − 1))T (4.1)

and

y2 = (y2(0), . . . , y2(N − 1))T (4.2)
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where the index in {1, 2} denotes the channel number, andN the number of samples
per channel. Further, T denotes the transpose operator. An additive model of the
measurements is introduced as

yk(n) = sk(n) + wk(n), k = 1, 2, n = 0, . . . , N − 1 (4.3)

where n is the running time index, wk(n) ∼ N (0, σ2
k) is white Gaussian noise with

variance σ2
k, jointly independent between the channels (that is, circular white noise).

Further, the signal of interest is modeled by (for n = 0, . . . , N − 1)

sk(n) = Ak cos(ω n) +Bk sin(ω n) + Ck, k = 1, 2 (4.4)

where A1 and B1 are the amplitudes of the in-phase and quadrature components,
and C1 is the DC component for the first channel; while A2, B2 and C2 are the cor-
responding parameters for the second channel. The angular frequency ω = 2πF/Fs,
where F is the absolute frequency in Hertz (Hz), and Fs is the sampling frequency.
The angular frequency ω is common to both channels as can be seen from (4.4),
and which for Nyquist sampling is within the interval 0 to π. For the problem at
hand, the sought for parameters are gathered in the vector:

θ =
(
A1 B1 C1 ω A2 B2 C2

)T
. (4.5)

Denoting the signal to noise ratio of each channel by SNR1 and SNR2, such that

SNRk =
A2
k +B2

k

2σ2
k

for k = 1, 2. (4.6)

One may observe that the defined signal to noise ratio is the power ratio between
the sinewave and the noise, that is excluding the power of DC level.

4.2.2 Coprime sampling

The measurements in (4.1)–(4.2) are subsampled by coprime factors L and M
respectively and a new sample set is given by picking every L:th sample of y1 in
(4.1) and every M :th sample of y2 in (4.2), that is

yL = (y1(0), y1(L− 1), . . . , y1(N − 1)︸ ︷︷ ︸
NL samples

)T (4.7)

and
yM = (y2(0), y2(M − 1), . . . , y2(N − 1)︸ ︷︷ ︸

NM samples

)T (4.8)

where we introduced NL = N/L and NM = N/M , respectively. We emphasize
that the subsampling of a longer data vector is only introduced for notational
convenience. In a practical setup, measurements are directly collected employing
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to the true frequency ω = π/5.

a reduced sampling rate as illustrated in Figure 4.1. For notational convenience
we have further denoted the sub-set of y1 by yL, which is a vector of length NL,
and sub-set of y2 by yM , which is a vector of length NM . By requirement, NL
and NM have to be integers, which can be assured by proper selection of N , or
in practice by skipping some end-part of the data. Any finite samples effects will
not be considered, because they are negligible for reasonable or large sample sizes.
Due to the different sampling rates, Fs/L and Fs/M , the angular frequency of the
sinewave components are no longer equal. In addition, the subsampling may result
in a folded component (aliasing) which will present an ambiguity in determining
the underlying un-folded frequency ω.

Let νL and νM denote the angular frequency in the subsampled channel 1 and
channel 2, respectively. The angular frequencies belong to the interval ∈ [0, π), with
an ambiguous relation to ω, that is (for ℓ = 0, . . . , L− 1)

νL =

{
Lω − ℓ π (unfolded), or

2π − (Lω − ℓ π) (folded)
(4.9)

and (for m = 0, . . . ,M − 1)

νM =

{
M ω −mπ (unfolded), or

2π − (M ω −mπ) (folded)
(4.10)

The above result is illustrated in Figure 4.2 for L = 3 and M = 4 with ω = π/5.
We have the following result.

Lemma: Consider the signal model (4.4) for k = 1, 2 undersampled by a factor
L and M , respectively. The angular frequency ω in (4.4) can be uniquely deter-
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mined from under-sampled dual channel data via the angular frequencies {νL, νM}
in (4.9)–(4.10) if and only if L and M are coprime factors, i.e. if they do not
have common divisor other than d = 1, and the angular frequency is constrained to
ω ∈ [0, π/2).

Proof: The proof follows the proof in [Xia99] closely, where the corresponding complex-
valued signal model was considered.

For a unique determination of the angular frequency ω, Lemma 1 tells us that
ω ∈ [0, π/2) which at a first glance may seem restrictive. However, this is not
the case in practice, because the process can be seen as a two times oversampling
followed by a downsampling by a factor L and M , respectively. Accordingly, we
will have a downsampling in practice for all coprime L and M larger than unity,
bounded from below by L = 2 (Nyquist sampling of the first channel) and M = 3
(down-sampling of the second channel) or vice versa. The actual downsampling
factors with respect to the Nyquist sampling frequency Fs are thus given by L/2
and M/2, respectively.

In order to resolve ω, note that for some ℓ ∈ {0, . . . , L−1}, the relation between
the sought ω and the given νL is ambiguously given by

ω ∈





νL + ℓπ

L
2π − νL + ℓπ

L

(4.11)

Thus, there is a 2L alternative solutions given by (4.11), where 2L− 1 are located
in the interval [0, π). In a similar vein, for some m ∈ {0, . . . ,M − 1}, the relation
between the sought ω and the given νM is ambiguously given by

ω ∈





νM +mπ

M
2π − νM +mπ

M

(4.12)

where 2M − 1 are located in the interval [0, π).

Example: To elaborate the above ambiguities, consider the example with ν3 =
3π/5 and ν4 = 4π/5, (corresponding to a sought for frequency ω = π/5, marked
with ↓ below). From (4.11) with L = 3, we get

ω ∈ π

15





{
↓

3, 8, 13} ℓ ∈ {0, 1, 2}

{7,
↑

12, 17} ℓ ∈ {0, 1, 2}
(4.13)
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where the underlined alternates are in the interval [0, π/2). In a similar vein for
M = 4,

ω ∈ π

20





{
↓

4, 9, 14, 19} m ∈ {0, 1, 2, 3}

{6, 11,
↑

16, 21} m ∈ {0, 1, 2, 3}
(4.14)

From (4.13)–(4.14) we note one solution for π/5 marked by ↓, but also the mirrored
false solution 4π/5, marked with ↑, which is in the interval [π/2, π), and thus can
be excluded thanks to the constraint on ω.

4.3 Estimating ω from estimates of νL and νM

The relations in (4.11)–(4.12) present an ambiguity in ω which has to be resolved to
uniquely determine its estimate. For example, employing the standard four parame-
ter sine fit algorithm on the subsampled waveforms (4.7)–(4.8), each channel would
generate estimates of the undersampled frequencies νL ∈ [0 π) and νM ∈ [0 π).
Moreover, since these estimates are possibly aliases, one of Lω and Mω or even
both fall in the range [π 2π) which as a result are folded back to the Nyquist region
[0 π).

In order to continue, we denote the estimated angular frequencies by ν̂L and
ν̂M , respectively. We do not consider any particular estimation method at the mo-
ment, so the estimates may, for example, have been obtained by applying the four
parameter fit to both channels independently. In addition, introduce the conjugate
(aliases) counterparts

ν̄L = 2π − ν̂L (4.15)

ν̄M = 2π − ν̂M (4.16)

A direct technique to resolve the unknown frequency ω, that is the estimate ω̂,
would be using (4.11) and (4.12), and form the difference

∣∣∣∣
ρL + ℓ π

L
− ρM +mπ

M

∣∣∣∣ (4.17)

where ρL ∈ {ν̂L, ν̄L} and ρM ∈ {ν̂M , ν̄M}.
In the no-error (noiseless) case with coprime L and M , the absolute difference

in (4.17) equals zero for an integer value ℓ∗ such that ℓ∗ ∈ {0, . . . , L − 1} and an
integer value m∗ ∈ {0, . . . ,M−1} also for an ρ∗

L ∈ {ν̂L, ν̄L} and ρ∗
M ∈ {ν̂M , ν̄M}. As

exemplified earlier, to resolve the ambiguity in ω̂ the solution in the first quadrant
should be taken, excluding the one in the second quadrant.
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Once {ρ∗
L ρ

∗
M} and {ℓ∗m∗} are determined, the estimates of the angular fre-

quency in the two channels are resolved from (4.11)–(4.12), that is

ω̂L =
ρ∗
L + ℓ∗π

L
(4.18)

and

ω̂M =
ρ∗
M +m∗π

M
(4.19)

Given the coprime subsampled channels (4.7)–(4.8) and the factors L and M ,
the following steps summarize the above discussion:

1. Input: estimates ν̂L and ν̂M

2. For ν̂L use equation (4.11) to form the set of possible solutions for ω. Use ν̂M
and (4.12) to form a second set set of possible solutions.

3. Form ν̄L and ν̄M using (4.15) and (4.16).

4. For ρL ∈ {ν̂L, ν̄L} and ρM ∈ {ν̂M , ν̄M}, calculate for ℓ = 1, . . . , L − 1 and
m = 1, . . . ,M − 1 the figure of merit (4.17), and select the set {ρ∗

L, ρ
∗
M} and

{ℓ∗, m∗} giving the smallest value.

5. Calculate ω̂L and ω̂M from (4.18) and (4.19), respectively. If the obtained
quantities are in the interval (π/2, π), disregard this alternative and pick
the second solution corresponding to the smallest (4.17) for which ω̂L, ω̂M ∈
(0, π/2).

Finally, an estimate of the angular frequency is given by

ω̂ =
αL ω̂L + αM ω̂M

αL + αM
(4.20)

where αL and αM are two (positive) weights. If the signal-to-noise ratios can be
assumed equal, it is natural to take αL = αM = 0.5. If one can assume, that the
subsampling reduces the noise level due to a longer integration time, and that the
reduction is proportional to the subsampling factor, the αL = L and αM = M is a
natural choice.

4.4 Computing the Cramér-Rao Bound

The lower bound on the error variance of any unbiased estimator is given by the
CRB [Kay93b]. Under the Gaussian assumption, the CRB for the Nyquist sam-
pled model (4.1)–(4.5) was derived in [Hän00]. Depending on the implementation,
a subsampling of data may change the level of the measurement noise, for example
a sampler with longer integration time may reduce the noise level. A conservative
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assumption is that the noise level is independent of the sampling rate. In the con-
sidered scenario, the SNR in each channel is assumed to have a known relation to
the SNR of the Nyquist sampled such that

SNRL = λL SNR1

SNRM = λM SNR2

(4.21)

where λL and λM are two constant factors. For a given observation time, one may
note that the CRB will only depend on the actual number of samples collected
during the measurement period, and the signal-to-noise ratio. In particular, it will
be independent on the frequency interval of ω. To calculate the CRB, consider
the subsampled set of measurements in (4.7) and (4.8) of length NL = N/L and
NM = N/M , respectively. The methodology in [Hän00] can be employed for the
situation at hand in the derivation of CRB. The CRB proceeds by inverting the
7 × 7 Fisher information matrix given below

J(θ) = E

[(
∂ ln p(y; θ)

∂θ

)(
∂ ln p(y; θ)

∂θ

)T]
(4.22)

where yT = (yTL yTM )T , p(y; θ) = p(yL; θ) · p(yM ; θ), which is multiple of two
Gaussian pdfs with variances σ2

L and σ2
M respectively such that

p(yK ; θ) =
1

(2πσK)
NK

2

×

exp

[
− 1

2σ2
K

NK−1∑

n=0

(yK(n) − sK(n; θ))2

] (4.23)

where K = L,M , and the parameter vector θ is given in (4.5). Computing (4.22),
the elements in the matrix J(θ) are given by

[J(θ)]i,j =
1

σ2
L

NL−1∑

n=0

∂sL(n; θ)

∂θi

∂sL(n; θ)

∂θj
+

1

σ2
M

NM −1∑

n=0

∂sM (n; θ)

∂θi

∂sM (n; θ)

∂θj

(4.24)

Asymptotic CRB is derived by taking the inverse the matrix J(θ) using similar
method and applying the simplifying properties for large number of samples em-
ployed in [Hän00].

In Table 4.2, the CRBs of the seven parameter model is shown for a given abso-
lute measurement time T , comparing Nyquist sampling and the employed coprime
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Table 4.2: CRB on the estimation the seven parameters using standard Nyquist sampling (left)
and using the employed coprime sampling (right). Since ω is restricted for the subsampling, the
corresponding results have been scaled by the factor 2, that is an effective downsampling of L/2
and M/2, respectively.

Nyquist sampling Coprime sampling

A1
1
N

(
2σ2

1 +
3B2

1
SNR1+SNR2

)
L

2N

(
2

σ2
1

λL
+

3B2
1 LM

(MλLSNR1+LλM SNR2)

)

A2
1
N

(
2σ2

2 +
3B2

2
SNR1+SNR2

)
M
2N

(
2

σ2
2

λM
+

3B2
2 LM

(MλLSNR1+LλM SNR2)

)

B1
1
N

(
2σ2

1 +
3A2

1
SNR1+SNR2

)
L

2N

(
σ2

1
λL

+
3A2

1LM

(MλLSNR1+LλM SNR2)

)

B2
1
N

(
2σ2

2 +
3A2

2
SNR1+SNR2

)
M
2N

(
σ2

2
λM

+
3A2

2LM

(MλLSNR1+LλM SNR2)

)

C1
σ2

1
N

Lσ2
1

2λLN

C2
σ2

2
N

Mσ2
2

2λM N

ω 12
N3(SNR1+SNR2)

12LM

2N3(MλLSNR1+LλM SNR2)

sampling strategy where the SNR under coprime sampling is related to the SNR
in Nyquist sampling by (4.21). The table presents the outcome in estimation per-
formance under subsampling, that is for a given measurement time T the number
of acquired samples will be less than the number of samples collected in Nyquist
sampling, consequently making the CRB larger for a fixed SNR. A direct observa-
tion is that if both channels were to be subsampled with the same factor such that
L = M , then the CRB for all parameters obtained from Nyquist sampling would
increase by a factor of L/2 or M/2. In general however, when L and M are coprime,
the CRB still increases but by a non integral factor which is a function of L and
M as shown in Figure 4.3 for ω.

4.5 Dual-Channel sine fit under coprime subsampling

As described in the previous section, independent estimation of the parameters in
the two channels are possible, followed by a weighting of the two frequency estimates
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Figure 4.3: CRB of ω for varying measurement time T employing Nyquist sampling
(solid curve) and coprime subsampling (dashed curve). Here, L = 3 and M = 4,
assuming SNR in each channel remains the same after undersampling, i.e. λL =
λM = 1.

for the final estimate of the angular frequency. Here, a direct approach to estimate
the signal parameters is introduced. We use a condensation of the nonlinear LS
problem in order to obtain an estimate of ω by a one-dimensional grid search.
Moreover, in an attempt to improve accuracy, the estimate ω̂ is further the initial
value for a seven-parameter fit clone.

4.5.1 Nonlinear Least Squares

A nonlinear LS framework is provided, which is similar to the, so called, seven-
parameter fit discussed in [RS08, Hän00]. Following similar notation, we form a
generalization to solving the nonlinear least squares criterion for coprime subsam-
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pled channels. The least squares criterion given below

V (θ) =

NL−1∑

n=0

(yL(n) − sL(n; θ))2 +

NM −1∑

n=0

(yM (n) − sM (n; θ))2

(4.25)

where θ was defined in (4.5) and yL(n) and yM (n) are the sequentially numbered
entries of yL and yM , respectively. Further,

sL(n; θ) = A1 cos(Lω n) +B1 sin(Lω n) + C1 (4.26)

and

sM (n; θ) = A2 cos(M ωn) +B2 sin(M ωn) + C2 (4.27)

The least squares problem reads

θ̂ = arg min
θ
V (θ) (4.28)

In order to continue, define matrices dL and dM along with a block matrix D such
as

dL =




cosLω · 0 sinLω · 0 1

cosLω · 1 sinLω · 1 1
...

...
...

cosLω · (NL − 1) sinLω · (NL − 1) 1




(4.29)

which is of size NL × 3, and dM of size NM × 3

dM =




cosM ω · 0 sinMω · 0 1

cosM ω · 1 sinMω · 1 1
...

...
...

cosM ω · (NM − 1) sinM ω · (NM − 1) 1



. (4.30)

Further,

D =

(
dL 0

0 dM

)
(4.31)

where 0 is a zero matrix of appropriate size. Equation (4.25) can be put in a matrix
form as [HZ10,Hän00]

V (θ) = (y − D x)T (y − D x). (4.32)
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where x = (A1, B1, C1, A2, B2, C2)T is the parameter vector with the linear pa-
rameters, see [Hän00] for details. By condensing the loss function V (θ) with respect
to the linear parameters, a maximization problem given below remains [Hän00]

ω̂ = arg max
ω

g(ω) (4.33)

where g(ω) is given as

g(ω) = yTD(DTD)−1DTy
△
= gL(ω) + gM (ω) (4.34)

where yT = (yTL yTM )T , and such that

gL(ω) = yTLdL(dTLdL)−1dTLyL

gM (ω) = yTMdM (dTMdM )−1dTMyM
(4.35)

A crude estimate of ω can now be found by a grid search in the interval (0, π/2)
of (4.34) searching for the location of the global maxima. A refinement of the initial
estimate can be found by a numerical optimization, for example with the aid of
the scalar bounded nonlinear function minimization routine fminbnd provided by
MATLAB as suggested in [Hän00] and from which simulation results are provided
in the next section.

4.5.2 Linear parameters

Having obtained estimate of the nonlinear parameter ω from the subsampled set
of signals, the parameter vector x = (A1, B1, C1, A2, B2, C2)

T
which contains the

six linear parameters is estimated by calculation of the least-squares solution

x̂ =


 (dTLdL)−1dTLyL

(dTMdM )−1dTMyM


 . (4.36)

where dL and dM are formed from (4.29) and (4.30) by replacing ω with the
estimate ω̂ from (4.33). One may note, that (4.36) is nothing but two independent
usage of the three-parameter fit.

4.6 Numerical illustrations

The previous sections have theoretically investigated the problem of parameter
estimation based on subsampled data. From the discussion, two possibilities to
attack the problem have been outlined, namely (1) independent application of,
for example, the four-parameter fit to both channels, followed by resolving the
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unknown angular frequency by the method outlined in section 4.3, and (2) a direct
angular frequency estimation by solving a condensed NLS problem followed by an
independent use of the three-parameter fit for each channel.

In order to get the full picture of the considered estimation problem we will
rely on some Monte-Carlo simulations. Before that, it is worth to recap some of the
properties of the original estimation problem based on Nyquist sampled data under
the Gaussian scenario: employing the NLS results in an excellent performance with
an error variance close to the CRB; although NLS is not an implementation of
the method of maximum likelihood (ML). As concluded in [Hän00], the possible
performance gain of ML over NLS is typically not worth considering, because of
the increased numerical complexity. Accordingly, the baseline performance used in
the study is the performance under Nyquist sampling given by the NLS, and the
CRB.

Since the key issue is the resolving and estimation of the angular frequency ω,
we focus on this single parameter in the simulation study below.

4.6.1 Figure-of-Merit

Since the absolute performance of any method will depend heavily on the sample
size and the SNR, the main figure of merit used is the efficiency

χ(ω̂) =
MSE[ω̂]

CRB[ω]
(4.37)

where CRB[ω] is given according to Table 4.1 for both Nyquist sampling as well as
coprime subsampling and MSE[ω̂] is the sample mean-square-error given by

MSE[ω̂] =
1

P

P∑

p=1

(ω̂p − ω0)2 (4.38)

where P is the number of independent simulation runs, ω̂p is the estimate obtained
at the p’th simulation run and ω0 is the (true, but unknown) angular frequency.

4.6.2 Simulation settings

If not otherwise stated, the following parameters are used: Ck = 0 for k = 1, 2 and
P = 1000 simulation runs are employed in computing estimation performance based
on MSE. Moreover, the SNR is assumed to remain unaffected by the subsampling
and thus λL = λM = 1. Further, the coprime factors are considered to be related
such that M = L + 1 for practical feasibility and to obtain balance between the
channels. For the Nyquist sampled data, the method in [Hän00] is employed.

4.6.3 Indirect or direct estimation of ω

In the first example, we compare the performance of
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• 2 four parameter fits and the method in Sec 4.3, against

• direct estimation discussed in Sec 4.5
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Figure 4.4: MSE of ω for varying SNR, under coprime subsampling employing two
four parameter fits and resolving ambiguity as shown in Sec 4.3 (⋄), compared with
direct estimation Sec 4.5 (✷) and the CRB (+). Also, the MSE under Nyquist
sampling (◦) as discussed in [Hän00] together with the corresponding CRB (solid
line). Here, L = 3 and M = 4, assuming SNRL = SNRM .

The generated dual channel signal has a true angular frequency ω0 = π/3, where
L = 3 and M = 4 for a fixed number of Nyquist samples N = 24 from each
channel. Under coprime subsampling, this corresponds to NL = 16 samples in the
first channel and NM = 12 samples in the second channel as given by Table 4.1.
Figure 4.4 shows the estimation performance based on the mean squared error
(MSE) with respect to the signal to noise ratio, which is considered to be the same
for both channels such that the weighing factors in (4.20) are equal and set to
αL = αM = 0.5. It can be seen from the plot that the MSE in both methods
converge to the CRB above the same threshold in SNR.
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Moreover, for fixed N and a given pair of coprime factors L,M , if the signal to
noise ratios in both channel are equal, SNRL = SNRM with λL = λM = 1, then
the MSE under coprime subsampling is (LM)/(L+M) times larger than the MSE
under Nyquist sampling as predicted by the CRB. Given the relative complexity
associated with using the grid search in the direct estimation technique discussed
in Sec. 4.5, we will henceforth use the four parameter sine fit twice followed by the
frequency resolving technique presented in Sec. 4.3.

4.6.4 Performance versus L and M

The performance with respect to the coprime subsampling factors L andM is shown
for the computed CRB fixing N and SNR above the threshold values for which
the MSE coincides the CRB under Nyquist sampling. In Figure 4.5, with coprime
subsampling factors L and M which corresponds to throwing away (LM − M −
L)/LM×100 % of the dual channel samples for a givenN , a corresponding reduction
in performance is shown based on the difference in the MSE of the estimated ω under
Nyquist sampling and coprime subsampling. For L = 2,M = 3 corresponding to
16.6 % reduction in the number of Nyquist samples the performance was degraded
by 0.8 dB. Similarly, for L = 4,M = 5 equivalent to throwing away 55 % of the
Nyquist samples, a 3.5 dB loss in performance can be shown. A close observation on
the plot (indicated by the broken line) would reveal that for every 50 % reduction
in the number of samples, the MSE increases by 3 dB.
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Figure 4.5: Plot of the difference in performance (left) under Nyquist sampling and coprime subsampling and the required
reduction of measurement samples in percentage for a given degradation in MSE performance (right) fixing N = 120 and
SNRL = SNRM = 20 dB with respect to L and M = L+ 1.
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4.6.5 Performance versus N and SNR

Typically, nonlinear estimation problems suffer from a threshold effect, where below
the threshold (in SNR and N) a rapid performance degradation is present [Hän00].
In [QK94], an expression for the threshold in SNR below which the MSE deviates
from the CRB rapidly is given in terms of N and is generalized as a rule of thumb
to SNR×N/ logeN ≫ 1(≈ 70) such that for a given N , any SNR value below which
the rule of thumb expression approaches equality can be taken as the threshold.
Therefore, since subsampling by a factor of L and M essentially reduces the number
of samples, it obviously follows that

SNRNq.
THLD < SNRc.s.

THLD (4.39)

where SNRNq.
THLD is the threshold in SNR under Nyquist sampling while SNRc.s.THLD is

the threshold in SNR for coprime subsampling. The objective of this simulation is
to determine the relationship of the threshold value in SNR above which the MSE
almost coincides with the CRB, i.e. χ(ω̂) ≈ 1, to the given pair of coprime factors
L and M , with SNRL = SNRM . In Figure 4.6 the performance for fixed SNR and
N in both channels is shown indicating a rise in the threshold with every step
increment in L and M . Moreover, estimation performance based on efficiency is
shown in Figure 4.7 both for Nyquist sampling and coprime subsampling. It follows
from the plot that the threshold above which the MSE coincides with the CRB
increases by 2.3 dB under coprime subsampling for L = 3 and M = 4.
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Figure 4.6: Plotting performance efficiency with respect to the signal-to-noise ratio
for fixed N = 120 and coprime pair factors L = 2,M = 3 (◦), L = 3,M = 4 (⋄)
and L = 4,M = 5 (✷). SNRL = SNRM , λL = λM = 1 and ω0 = π/3
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Figure 4.7: Plot of estimation efficiency under Nyquist sampling (left) and coprime subsampling (right) with regard related
to sample size N and SNR. With L = 3,M = 4 for ω0 = π/3



4.7 Conclusion

In this chapter we investigated implementation of dual channel sinewave fit in which
the signals from each channel are subsampled by coprime factors. Analysis of the
estimation procedure and the CRB for the subsampled sequence is presented and
compared with the results obtained from the seven parameter sine-fitting algorithm
introduced in earlier works. We established that employing coprime subsampling
can greatly reduce the sampling frequency required in ADCs and thus provide a
greater flexibility. For example, by allowing a 3.5 dB degradation in performance,
it is sufficient to use only 45 % of the Nyquist sampled data.
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Part II

Phase Noise in OFDM Systems
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Chapter 5

Background

T
his chapter provides some background to baseband receiver models and
introduces the PHN problem in OFDM systems. It introduces the system
model and currently employed PHN models. The PHN problem is very much

related to channel estimation and equalization. We, therefore, give some prelimi-
naries on channel estimation.

5.1 OFDM and Dirty RF

OFDM is adopted by a number of communication standards in wireless and wired
technologies and, as it is now, it will continue to be the most preferred modula-
tion scheme in future standards. Bandwidth efficiency for high rate transmission
has made OFDM especially attractive for multimedia services such as digital video
(DVB) and audio (DAB) broadcasting, for cellular services in the 3G, 4G, 5G,
Wi-Max and for WLAN standards such as WiFi. Moreover, OFDM also provides
resilience to multipath channel fading by dividing a wideband frequency selective
channel into sections of narrow band orthogonal channels (sub-channels) which
appear to have flat frequency response. It also adopts a simple technique for com-
bating inter-symbol interference (ISI) at the receiver by prefixing a symbol with a
copy of its last few samples, i.e. cyclic prefix, in order to provide sufficient delay
between successive symbols. This makes channel equalization in OFDM easy to im-
plement and with the current advances in IC technology as well as DSP algorithms
such as FFT, OFDM transceivers are easily integrated into hand-held devices and
processors.

However, OFDM is known to be sensitive to various hardware impairments
originating in the transceiver hardware. These impairments cause nonlinear dis-
tortions and synchronization errors which greatly degrade the performance of the
system. The requirement for flexible and cheap implementation of wireless devices,
and the growing number of technologies operating at ultra-high frequency is driv-
ing the research in low-cost solutions employing DSP algorithms to mitigate the
effects of analog impairments in various systems. Depending on the origin of the

79
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impairments, baseband pre-processing at the transmitter or post-processing at the
receiver or both is implemented. Few of the impairments originate solely from the
transmitter or the receiver and some originate from both. Baseband pre-processing
of the transmitted signal is done to combat the distortion caused by high power
amplifier at the transmitter. A major drawback of an OFDM signals is that it has
high peak-to-average power ratio (PAPR) which pushes the amplifier at the trans-
mitter to its nonlinear region (see Figure 1.4) causing in-band signal distortion and
distortions in adjacent frequency bands. A good number of techniques employed for
PAPR reduction are surveyed in [JW08] and can be found in the references within.
Digital pre-distortion (DPD) techniques for multi-carrier signals are also very much
researched [KK01] techniques. DPD is implemented at the transmitter side to pro-
vide an inversely distorted input signal to the amplifier which minimizes or com-
pensates the distortion at its output. Distortions caused by IQ-imbalance [VRK01]
and sampling jitter [SV09] are, respectively, due to impairments at the IQ-mixer
and the ADCs at the receiver side. Modelling and compensation techniques of IQ-
imbalance as well as sampling jitter in OFDM are studied in [VRK01] and the
references within.

PHN originates from imperfect LOs at the transmitter and the receiver. How-
ever, the problem is mostly studied at the receiver side because as far as system
performance is concerned, the total PHN on the received signal can effectively be
considered as the sum of the PHN from the transmitter and the receiver [MES08].
In few other case, such as in cellular base stations employing expensive transmit-
ters with high quality LOs, the PHN is almost negligible. A number of other works
have studied receiver algorithms for joint compensation of some the RF impair-
ments based on appropriate baseband modelling. In this thesis, we study receiver
algorithms for PHN estimation and compensation in an OFDM system. Moreover,
we combine the PHN problem with the problem of channel estimation and propose
algorithms for joint PHN compensation, channel estimation and data detection.
We first introduce the basedband OFDM signal model considered and the effect of
PHN. We then list the different PHN models proposed and revise the problem of
channel estimation and equalization.

5.2 Baseband signal model

We consider an OFDM transmission system over a fading time varying channel with
I multipath taps employing M-QAM modulation technique. The OFDM system is
assumed to have FFT size of NFFT, of which, Np are pilot subcarriers and with a
cyclic prefix of length Ncp such that Ncp ≥ I. To obtain the m-th OFDM symbol of
duration Tsym, a stream of data bits is divided to NFFT −Np groups of M -bits which
are mapped to 2M -QAM complex symbols, Sm(k). The baseband representation of
the received time domain signal, ym(t), is given by

ym(n) = sm(n) ⊛ hm(n) + wm(n) (5.1)
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where ⊛ denotes circular convolution operation, sm(n) is the n-th sample of an
NFFT point IFFT of the complex transmitted symbol, hm(n) is the fading complex
channel instantaneous pulse response with I propagation paths, wm(n) is a zero
mean complex circular Gaussian channel noise with variance σ2

w . It should be noted
that the circular convolution operation is as a result of employing cyclic prefix at the
beginning of each OFDM symbol [SE96]. Since circular convolution of two discrete
time sequences corresponds to multiplication in frequency domain, after removing
the cyclic prefix and FFT operation on (5.1), the m-th received signal vector in
frequency domain is given by

Ym = SdmHm + Wm (5.2)

where Sdm is an NFFT × NFFT matrix representing diagonalization of the symbol
vector Sm = diag(Sm(0), .., Sm(NFFT − 1)); while Ym = (Ym(0), .., Ym(NFFT − 1)),
Hm = (Hm(0), .., Hm(NFFT −1)) and Wm = (Wm(0), ..,Wm(NFFT −1)) are vectors
of FFT coefficients of the received signal, the instantaneous channel response and
the complex Gaussian noise respectively. The time domain (5.1) and frequency do-
main (5.2) baseband models denote a PHN free received signal and imply complete
frequency and timing synchronization.

5.2.1 Phase Noise in OFDM

PHN is a multiplicative distortion occurring both at the transmitter and the re-
ceiver during up-conversion and down-conversion respectively. In baseband repre-
sentation, the PHN distortion of the m-th symbol at the transmitter and receiver

are sm(n)ejφ
Tx
m (n) and ym(n)ejφ

Rx
m (n) respectively. The received baseband signal,

rm(n), is then given by

rm(n) = (sm(n)ejφ
Tx
m (n)

⊛ hm(n))ejφ
Rx
m (n) + wm(n) (5.3)

where φTx(n) and φRx(n) are the baseband PHN processes at the transmitter and
receiver respectively. Once again, noting that circular convolution in time domain
is multiplication in frequency domain and vice-versa, the result of an FFT on (5.3)
after CP removal is

Rm = ((Sdm ⊛ aTx
m )Hd

m) ⊛ aRx
m + Wm (5.4)

where, in this case, Hd
m = diag(Hm) denotes diagonalization of the channel vector,

Sm = (Sm(0), .., Sm(NFFT − 1)) and Rm = (Rm(0), .., Rm(NFFT − 1)) are vectors
of the transmitted and PHN distorted received symbols; while the vectors aTx

m =
(aTx
m (0), .., aTx

m (NFFT − 1)) and aRx
m = (aRx

m (0), .., aRx
m (NFFT − 1)) contain the FFT

coefficients of ejφ
Tx
m (n) and ejφ

Rx
m (n) respectively given by

am(k) =
1

N

NFFT−1∑

n=0

ejφm(n)e−j2πkn/NFFT . (5.5)
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Figure 5.1: Block diagram of the OFDM system.

In this thesis, we consider PHN distortion at the receiver side only, that is

rm(n) = ym(n)ejφ
Rx
m (n). However, this would not limit the analysis provided in

this thesis since. In some cases, such as in cases where the channel h(n) is wide
sense stationary with uncorrelated scattering, the effective PHN at the receiver is
equivalent to the sum of the PHNs at the transmitter and the receiver such that

rm(n) = ym(n)ej(φ
Tx
m (n)+φRx

m (n)) [LBNZ06]. Moreover, in most practical cases, the
PHN at the transmitter is relatively small and therefore can be neglected. Detailed
analysis of (5.3) considering PHN both at the transmitter and receiver is presented

in [BRF07a]. We will henceforth drop the notation RX from ejφ
Rx
m (n) and its FFT

aTx
m and simply write ejφm(n) as well as am since it is clear that we only deal with

PHN at the receiver. Figure 5.1 shows a simplified block diagram of the OFDM
transmitter and receiver studied where PHN is applied at the receiver only. This
would reduce the signal model in (5.3) to

rm(n) = (sm(n) ⊛ hm(n))ejφm(n) + wm(n). (5.6)

The effect of PHN distortion in OFDM signal is classified into two parts and can be
best understood in frequency domain. Explicit representation of (5.6) in frequency
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domain after CP removal and applying FFT is given by [BRF07b],

Rm(k) =
1√
NFFT

NFFT−1∑

n=0

I−1∑

i=0

hm(i)sm(n− i)ej(φm(n)−2πkn/NFFT)

+
1√
NFFT

NFFT−1∑

n=0

wm(n)e−j2πkn/NFFT

= Sm(k)Hm(k) am(0)︸ ︷︷ ︸
CPE

+

NFFT−1∑

l=0
l 6=k

Sm(l)Hm(l)am(l − k)

︸ ︷︷ ︸
ICI

+Wm(k).

(5.7)

The observation from (5.7) is that the received signal has a common distortive
component, am(0), which multiplies all the subcarriers equally. This component is
known as the common phase error (CPE) and its effect (without channel noise)
can be observed from the 16-QAM constellation plot in Figure 5.3 showing the
common rotation of all the points (red points) on it. The other component is the
inter-carrier interference (ICI) which destroys the orthogonality of the subcarriers
and adds a distortion to the received signal in addition to the channel noise. The
severity of the additional distortion can be observed by comparing Figure 5.2 which
shows the 16-QAM constellation of an OFDM under AWGN only to Figure 5.3
showing a corresponding constellation with PHN and AWGN. In addition to the
rotation of the entire constellation due to CPE, Figure 5.3 shows the increase in
magnitude of total noise due to ICI. Further studies on the PHN phenomenon
and its underlying effects in various OFDM systems were studied extensively in
[Sch08,DMR00,Arm01,PRF07,SVA+14,SPDS13,PML12].

5.3 Modelling Phase-Noise

PHN is, typically, expressed in frequency domain in terms of the ratio of its single
side band spectrum S(fc + ∆f) at an offset frequency ∆f from the carrier to the
total generated power PT [Sch08]

L(f) = 10 log

(
S(fc + ∆f)

PT

)
. (5.8)

The unit is expressed in dBc/Hz, i.e. decibel below carrier per Hertz. A common
way of referring to the band of frequencies close to the carrier, that is close-in PHN,
is used in the literature for frequencies at an offset less than 1kHz. While the term
far-out PHN is used for offset values greater than 1MHz. The Leeson model [Lee66]
for the expected PSD of LOs based on known circuit parameters and the linear time-
varying (LTI) PHN model introduced by Hajimiri and Lee [LH00] are pioneering
works. The work in [LH00] investigated the relationship of the measured PSD of the
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PHN to the circuit characteristic, i.e. power-law referring to (5.8). [LH00] presents
how various internal and external noise sources of noise contribute to the total
PHN and in particular details of how pink noise (1/f) component translates into
the frequency band of PHN close to carrier as well as methods of suppressing it
are presented. Large number of works have followed trying to improve the different
models describing the contribution of circuit noise at different bands of the PSD,
e.g. [YEK10].

In Dirty-RF, baseband time domain modelling of the PHN process, φ(n), is
essential for system based modelling. RF oscillators in the communication system
are considered to be either free running, i.e. running autonomously without any
any control loop or reference signal applied to it, or in phase-locked loop (PLL)
which is the free running oscillator employed in a controlled loop to stabilize the
frequency. The characteristic of the PHN generated by a free running oscillator
is different from the PHN in a PLL. In [DMR00], analytical results are presented
for computing time domain PHN from spectral PHN characteristic of oscillators,
i.e. free running and phase-locked loop (PLL) oscillators. More recent and improved
time domain models are presented in [BRF07b,Meh02]. Below, we provide the PHN
models which are most commonly employed in system modelling and especially for
PHN compensation in OFDM.

5.3.1 Phase-Noise from a Free running Oscillator

In a free running Oscillator, the VCO is running independently outside a controlled
loop. The perturbation in frequency therefore accumulates over time such that
uncertainty regarding the phase keeps growing. PHN in a free running VCO is
modelled by Wiener process which is a zero mean Gaussian random process having
a variance that grows with time. Based on this assumption, for a sampling period
of Ts at the receiver, an equivalent discrete time model of the PHN evolution from
a free running oscillator is given by

φFR(n) = φFR(n− 1) + ǫ(n) (5.9)

where ǫ(n) is a Gaussian random variable with zero mean and variance σ2
ǫ = ζTs.

The variance of the PHN process increases linearly with time at a rate ζTs where
ζ is an empirical parameter that depends on the quality of the oscillator [Sch08].
The PHN process, φFR(n)), is therefore nonstationary. The parameter ζ is related
to the single side band −3 dB bandwidth, β, of the PSD of the free running VCO
output, VFR(t) = cos(2πfc(t) + φFR(t)) whose auto-correlation function is [Sch08]

E[VFR(t)VFR(t+ τ)] = e− 1
2 ζ|τ |ej2πFcτ . (5.10)

The PSD is obtained by taking the Fourier transform of (5.10) is given by [Sch08]

SvFR
(F ) =

ζ/2

(2π(F − Fc))2 + (ζ/2)2
(5.11)
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from which the −3 dB bandwidth, β, is obtained and the parameter ζ is obtained
from

ζ = 4πβ. (5.12)

The fact that the model (5.9) depends on the single parameter, ζ, only makes it
most convenient and the reason for the popularity of Wiener process to model PHN
at the output of a free running oscillator. Majority of the studies on performance of
systems affected by PHN and compensation techniques employ Wiener PHN model
[PRF07]. Wiener PHN model however, is only sufficiently accurate. Even though
more elaborate models have been proposed, for e.g. in [YEK10], the simplicity of
the Wiener model still makes it more attractive. Moreover, it has been shown that,
in some settings, a receiver designed for the Wiener PHN model performs well for
other PHN models [CBC05]. In this thesis, we largely use Wiener PHN model.
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5.3.2 Phase-Noise from PLL

In a PLL, shown in Figure (5.4), the VCO is controlled by the phase detector and
loop filter voltage signal which contains the frequency and phase difference between
the reference oscillator signal and the feed back loop from the VCO output. In
practice, the reference oscillator is usually assumed to be of high quality. However,
the PHN generated from it still has a contribution to the total PHN generated from
the PLL and since the reference oscillator itself is free running, the PHN, φref, from
it is modelled by the Wiener process.

In modelling PLL PHN, the VCO output frequency is assumed to be locked
to the same frequency as the reference oscillator. Following such assumption, it is
shown in [Meh02] that the phase deviation, ̺(t) = φvco(t)−φref(t), between the VCO
output and the reference oscillator output can be described by Ornstein-Uhlenbeck
(OU) process [Gar94]. The variance of the process ̺(t) is, therefore, assumed to
be bounded such that the uncertainty in the phase of the PLL output grows only
as fast as the uncertainty in the phase of the reference signal phase [Meh02]. The
correlation properties of ̺(t) is derived in [Meh02] which is given by

E[̺(t1)φref(t2)] = (2πfc)
2
O∑

i=1

µie
λi min(0,t2−t1)

E[̺(t1)̺(t2)] = (2πfc)
2
O∑

i=1

νie
−λi|t2−t1|.

(5.13)
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where O = 1 +NLP denotes the incremented order, NLP, of the loop filter within
the PLL. Detailed calculation of the parameters in (5.13), λi, µi and νi for the PHN
analysis can also be found in [Meh02].

Figure 5.5 illustrates the PHN at the output of a free running VCO (red) mod-
elled by Wiener process and the PHN from a PLL (blue) and Figure 5.7 shows the
corresponding PSD for both. In Figure 5.5, the variance of the Wiener process (free
running VCO) grows at a rate of ζvcoTs = 0.05 while more parameters are required
to model the OU process. A Charge pump PLL [Meh02] is considered which is set
to have a 3dB bandwidth of Flp = 20kHz for the low pass filter, Fpd = 20kHz for
the phase detector and Fpll = 100kHz for the PLL itself. The PHN variance of the
VCO and the reference oscillator grow at a rate of ζvcoTs = 0.01 and ζrefTs = 2−9

respectively. Moreover, the center frequency of the VCO is Fc = 5GHz while the
center frequency of the reference oscillator is Fref = 100MHz and the sampling
frequency is Fs = 25MHz. It can be seen from Figure 5.5 that the PHN from the
PLL (OU process) is stable around the mean while the PHN from the free running
oscillator grows over time.

5.4 Modelling and Estimating wireless channel

Channel modelling and estimation is vastly discussed in communication system
design since accuracy of the channel information at the transmitter and the re-
ceiver greatly affects performance. Strategies in channel modelling usually employ
a physical model before arriving at a statistical model [TV05]. A typical linear time
varying model of the multipath channel is given by

h(t, τ) =
I−1∑

i=0

αi(t, τ)δ(t, τ − τi) (5.14)

where I is the number of propagation paths, αi(t, τ) is the i-th complex path gain at
time t with the corresponding path delay τi. Depending on the signal propagation
distance to the receiver, the fading characteristics of the channel is classified as large
scale fading and small scale fading [SE96]. Large scale fading is used to model the
fading characteristic of a channel for a signal travelling over a large area to reach
the receiver. The log-normal distribution of the mean signal power is used to model
the statistical property of the channel for shadowing effect in large scale fading.
Small scale fading on the other hand describes the characteristic of a channel on
the power level of the propagating signal after encountering obstacles (reflection,
diffraction, refraction...etc) near the receiver.

Small scale fading is used to describe the propagation characteristic of a channel
in RF communication. A number of mathematical models such as Rayleigh, Rician,
Nakagami, etc are well covered in the literature to describe the the statistical time
varying nature of the power of the received signal. In a wideband signal, additional
physical parameters such as delay spread, which is employed to describe the charac-
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Figure 5.7: Block type and Combo type pilot arrangements where the pilots are
indicated by red color.

teristic of the channel over the band of frequencies, and Doppler spread, which gives
description of the channel variation over time, are important in channel modelling.

5.4.1 Channel estimation in OFDM

The channel estimation problem in OFDM can be posed in time or frequency do-
main employing the models given in (5.1) and (5.2). Depending on the available
channel information and the characteristic of the channel, a number of methods are
proposed. In time domain, the channel impulse response (CIR) is estimated after
which FFT is applied on the estimated CIR to obtain the channel frequency re-
sponse in each subcarrier. In OFDM systems, and more specifically in SISO OFDM,
frequency domain channel estimation is popular [vdBES+95] where pilot symbols
are used to obtain the estimate in each subcarrier. There are two types of pilot sym-
bol arrangement in OFDM known as block and combo type as shown in Figure 5.7.
In Block type pilot arrangement, a fully known OFDM symbol, in which all subcar-
riers are used as pilot, is transmitted periodically over time. Such arrangement is
especially employed in a scenario where the channel is known to remain unchanged
or does not change very much over a number of OFDM symbols. Such arrangement
is considered in Chapter 7. In combo type arrangement, which is used in Chapter
6, pilot symbols are inserted at regular interval in the subcarriers. Combo type ar-
rangement is more suitable in fast fading channel for continuous update of channel.
A survey on channel estimation methods for OFDM systems is presented in [OA07].

The LS and the MMSE based estimations are the widely used methods in pilot
based channel estimation. The LS estimate does not take into account knowledge
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of the channel statistics and the estimate ĤLS is obtained from the pilot symbols
as [vdBES+95]

ĤLS = (Sp,d)−1
m Ym =

[
Y (0)

Sp(0)
,
Y (1)

Sp(1)
, · · · , Y (NFFT − 1))

Sp(NFFT − 1))

]
. (5.15)

Sp,d denotes diagonal matrix of pilot symbols. Equation (5.15) implies that a block
pilot symbol is used. For combo type pilot arrangement, only the channel at pilot
positions are estimated using LS. Estimate of the rest of the channel subcarriers can
be obtained employing various interpolation based techniques proposed in [SE96].
MMSE channel estimation requires knowledge of the channel statistics, specifically,
the channel correlation matrix obtained from the channel model. Given the channel
correlation matrix, CHH = E[HHH], the MMSE estimate of the channel frequency

response ĤMMSE is given by [vdBES+95]

ĤMMSE = CHH

(
CHH +

σ2
w

ES

)−1

ĤLS (5.16)

where ES = E[SSH] denotes average energy of the transmitted symbol. The MMSE

estimate obtained from ĤMMSE is more accurate than the LS estimate ĤLS. How-
ever, the complexity involved in obtaining ĤMMSE, that is the matrix inversion
in equation (5.16) is a major issue which is investigated in a number of works,
e.g. [ESdB+98]. In this thesis, we employ (5.15) and (5.16) in a scenario where
both the channel and PHN need to be estimated based on combo type pilot ar-
rangement. Time domain channel, i.e. CIR, estimation is also discussed using block
type pilot arrangement.

5.5 Previous works on PHN compensation

Similar to the channel estimation problem, vast number of frequency domain and
time domain PHN compensation techniques have been proposed for different sys-
tems. Frequency domain approaches to PHN estimation and compensation mainly
deal with the CPE and ICI components separately, while time domain approaches
attempt to compensate for both jointly. It has been shown that a significant im-
provement in performance can already be achieved with CPE correction only by
treating the ICI term as an additive Gaussian noise [PRF04,SL10,NFGL14]. How-
ever, CPE correction only is not always sufficient for high rate transmission, there-
fore ICI compensation is necessary.

Most ICI compensation techniques employ decision-directed feedback (DD-FB)
for frequency domain PHN estimation [PRF07, BRF07b, MES08, CA09, YZY06,
KMA+11]. A vast majority of works assume a known channel frequency response
[PRF07, BRF07b, YZY06, KMA+11, SVTR09, TRH+13, LL07]. For unknown chan-
nel, joint channel and PHN estimation is considered in [MES08] where an ICI
reduction scheme over a Rayleigh fading channel is presented in which the PHN



5.5. Previous works on PHN compensation 91

process within an OFDM symbol is modeled as a power series. Although the method
presented showed a significant bit error rate (BER) improvement, the cost in com-
putation is large. A less complex method is presented in [CA09] where the estimate
of channel and CPE at pilot subcarriers are interpolated to obtain channel frequency
response and CPE followed by a DD-FB loop to estimate ICI components.

A non-iterative compensation scheme in which the CPE between consecutive
OFDM symbols are interpolated linearly to estimate the time varying PHN is pre-
sented in [SVTR09, TRH+13]. In [MWH13], a method of suppressing the ICI is
presented by linearly combining the cyclic-prefix and the corresponding OFDM
samples. The linear coefficients are obtained such that the ICI power is mini-
mized. Other methods using the Bayesian framework for joint channel and PHN
estimation have been proposed in [KKE13,SDMRG08,SD C+09,NH11]. Soft-input
maximum a posteriori and extended Kalman smoother are proposed in [KKE13].
In [SDMRG08, SD C+09, NH11], Monte-Carlo methods are employed to approx-
imate the posterior probability distribution of the unknown quantities for PHN
tracking and channel estimation. Although they are shown to provide good BER
performance, Monte-Carlo methods, such as particle filters, are known for their
numerical complexity. Methods which improve on existing particle filter techniques
have been proposed in [NZ12].





Chapter 6

Phase-Noise Mitigation in OFDM by Best

Match Trajectories

6.1 Introduction

This chapter presents a novel scheme to PHN mitigation which is based on ap-
proximating the PHN statistics by a finite number of realizations, i.e. a phase-noise
codebook. The receiver then uses an augmented received signal model, where the
codebook index is estimated along with other parameters. The realization of the
basic idea depends on the details of the air interface, the PHN statistics, the prop-
agation scenario and the computational constraints. The main interest of this the
chapter lies on PHN compensation over unknown frequency selective Rayleigh fad-
ing channels using pilot subcarriers. We also investigate the performance in BER
of the studied approach employing DD-FB loop. The investigated approach can
be applied to any assumed distribution of the PHN process, φ(n). We consider a
Wiener PHN model for our study.

We study design of a codebook of K vectors representing a set of trajectories
which aim to closely match with the PHN realization. An uncountable set of possible
PHN realizations is represented by a codebook with K quantized trajectories, which
are stored at the receiver.1 The complexity of the studied algorithm is therefore
dependent on the number of trajectories in the codebook,K. For a moderately small
sized codebook, it is shown that the impact of the PHN is significantly reduced (e.g.
with K = 27, there is 60% reduction in terms of the effective PHN mean square
error (MSE), see Section 6.3.3).

We propose a solution where the trajectory that minimizes the Euclidean dis-
tance between the constellation of the received symbols at the pilot positions and
the constellation of the known pilot symbols is chosen. Additionally, a DD-FB
technique is employed such that both the estimate of data symbols from the chan-

1The technique is similar to the design of vector quantization codebook where a set of n
vectors from some m-dimensional space is efficiently represented by a codebook with a smaller set
of vectors from m-dimensional space [GG92].

93
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nel decoder and pilot symbols are used to compute the Euclidean distance. The
proposed technique can also be used for combined channel estimation and PHN
compensation schemes, in which MMSE based channel estimation is employed for
each of the vectors in the codebook. The channel estimate corresponding to the
trajectory in the codebook which best approximates the PHN realization is chosen.
We will investigate performance of the proposed technique by simulation under dif-
ferent scenarios regarding channel type, knowledge of channel and channel coding.
We observe that the method presented provides performance improvement com-
pared to previously proposed methods. Additional results based on a PHN process
modelled as Ornstein-Steinbeck (OU) is also presented to illustrate the applicability
of the proposed method for a PHN model other than Wiener process.

The chapter is organized as follows. Sec. 6.2 introduces reformulation of the
system model and an approximate model while Sec. 6.3 presents design of the
codebook for Wiener PHN along with some performance analysis. In Sec. 6.4, details
of implementation of the codebook for PHN compensation together with channel
estimation. Simulation results are shown in Sec. 6.5 and a computational analysis
of the proposed algorithm as well as some of the reference methods is given in Sec.
6.7. We end the chapter with concluding remarks in 6.8.

6.2 Proposed approach

We employ the baseband OFDM time domain and frequency domain signal model
(5.6), discussed in Chap. 5: sec. 5.2.1, where all subcarriers are M-QAM modulated.
Np pilots are inserted within each OFDM symbol at equal intervals among the
subcarriers. For ease of reference, the FFT of the m-th received symbol vector is
re-written below

Rm(k) =
1√
N

N−1∑

n=0

I−1∑

i=0

hm(i)sm(n− i)ej(φm(n)−2πkn/N)

+
1√
N

N−1∑

n=0

wm(n)e−j2πkn/N

= Sm(k)Hm(k) am(0)︸ ︷︷ ︸
CPE

+
N−1∑

l=0
l 6=k

Sm(l)Hm(l)am(l − k)

︸ ︷︷ ︸
ICI

+Wm(k).

(6.1)

where all the notations are defined in (5.7) of Chap. 5: sec. 5.2.1. Equation (6.1)
can further be written in matrix form as

Rm = AmSdmHm + Wm (6.2)

where Sdm = diag(Sm(0), .., Sm(N − 1)) is an N × N matrix representing diag-
onalization of the symbol vector Sm; and the N × N matrix Am is a unitary
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circulant matrix containing the DFT coefficients of ejφm(n), am(l − k), such that
Am(k, l) = am(l − k). Hm and Wm are vectors of the channel frequency response
and the complex Gaussian noise respectively. Estimation of the realization of the
PHN process, φm = [φm(0), · · ·φm(N − 1)]T , would enable compensation of CPE
as well as ICI.

6.2.1 Approximate model

We propose a method where the PHN realization at the m-th OFDM symbol is
approximated by one of a set ofK vectors, {ϕk}Kk=1, where ϕk = [ϕk(0), · · · , ϕk(N−
1)]T plus an initial phase offset, ψm ∈ [0, 2π). Associated with each vector, ϕk, is a
corresponding unitary circulant matrix containing its DFT coefficients denoted by
Âk. The signal model in (6.2) is then modified as

R̄m = ejψm Âkm
SdmHm + Wm (6.3)

which is an approximation of (6.2), where the PHN DFT coefficient matrix, Am,

is now replaced by ejψm Âkm
, which is a function of an index km that takes on a

value between 1 and K with equal probability. The framework can be extended
to unequal probabilities but this is left for future work. The random variable ψm,
which is assumed independent of km, is uniformly distributed and models the initial
phase of the symbol. Both km and ψm are independent from symbol to symbol. The
design of the codebook {ϕk}Kk=1 is yet to be discussed in a later section. It should
be noted that this approximate model is only used for the purpose of deriving the
algorithm. Symbols from the original model in (6.2) are used when testing and
validating the proposed algorithm by simulation.

6.2.2 Cost function

Any estimator derived in the absence of PHN can be written as

Ω̂ = arg min
Ω

C(R̄1, . . . , R̄q), (6.4)

where Ω̂ is the estimated parameter, C is some form of optimization criterion and
q is the number of OFDM symbols. It should be noted that Âkm

and its inverse

Â−1
km

are unitary circulant matrices. As a result, Âkm
is invertible and Â−1

km
Wm is

statistically identical to Wm. We may therefore generalize the criterion (6.4) as

Ω̂ = arg min
Ω,k1,··· ,kq,ψ1,...,ψq

C(e−jψ1Â−1
k1

R̄1, . . . , e
−jψq Â−1

kq
R̄q). (6.5)

for the model (6.3). This includes, for instance, maximum-likelihood estimators
where now the estimator in (6.5) is also the maximum likelihood estimator for the
model (6.3). An example of a use of the proposed new estimator would be in an
OFDM system with an equalizer and Viterbi decoder and a pilot subcarrier. In
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such a system, the optimization function could be the sum path metric. In this
case, (6.5) implies that the entire receiver is run for all possible hypotheses of
k1 . . . kq (of which there are Kq), and selects the one with the lowest path metric
(in each symbol optimizing over ψ). This implementation is generally not realistic.
A practical criterion is hard decoding of the M-QAM symbols of OFDM symbols,
where the criterion function separates into a term for each symbol individually. In
this case, the criterion function is the Euclidean distance between estimates of the
received signal point, Ŝm, at the output of the equalizer and the nearest point in
the M-QAM constellation. Here, it is realistic to sequence through a quite large size
K. Selection of the codebooks is a design problem still to be considered.

For the case where the Wiener PHN model is used, a systematic codebook
design is presented in the next subsection. For other PHN models different codebook
designs may perform better. However, the design for Wiener PHN may work well
for other PHN models as well. This is illustrated in Section 6.5.2 where results
based on a PHN modelled as OU process is presented.

6.3 Codebook design for Wiener PHN

Under the Wiener model, the PHN sample at the m-th OFDM symbol is given by

φm(n) =

mN+n∑

i=0

ε(i) = ψm +

n∑

l=0

ε(l) (6.6)

for n = 0, 1, . . . , N − 1, where ε(l) is a Gaussian random variable with zero mean
and variance σ2

ε = 2πβTsym/N (in radians2), and βTsym denotes the rate at which
the PHN variance grows in one OFDM symbol.

The objective is to construct a codebook containing a finite set of vectors which
approximate the trajectories of possible Wiener PHN realizations within one OFDM
symbol. The subscript m in φm(n) and ψm(n) is dropped for notational simplicity.
Let the N samples of the OFDM symbol be divided into J segments with L =
N/J samples per segment. Then φ̂(n) is defined as a process which is constant
in each segment. The value of the constants, λj , in each segment are set as the
sample average of φ(n) in the corresponding segment. The PHN process is therefore

approximated by φ̂(n) given by

φ̂(n+ jL) = λj =
1

L

L−1∑

ℓ=0

φ(ℓ + jL)

=
1

L

L−1∑

ℓ=0

jL+ℓ∑

i=0

ǫ(i) + ψ

(6.7)

for n = 0, · · · , L − 1 and j = 0, · · · , J − 1. This is illustrated in Figure 6.1 for
σ2
ǫ = 2π(0.01/N), N = 64 and J = 8, where the samples within each segment are
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Figure 6.1: A single Wiener PHN realization (blue) with σ2
ǫ = 2π(0.01/N) where

N = 64 and its approximation according to (6.7) for J = 8.
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approximated by the sample mean of the elements in the segment. The process,
φ̂(n), is similar to a Wiener process where each step, Xj = λj+1 − λj , occurring
every L samples, is given by

Xj =
1

L

L−1∑

ℓ=0

(
φ((j + 1)L+ ℓ) − φ(jL + ℓ)

)

=
1

L

L−1∑

ℓ=0

ℓ+(j+1)L∑

i=ℓ+jL+1

ǫ(i)

(6.8)

where the second equality follows from (6.7). The increments, Xj , are identically
distributed Gaussian random variables with zero mean and variance σ2

x given by

σ2
x = E[X2] =

1

L2

L−1∑

ℓ=0

ℓ+(j+1)L∑

i=ℓ+jL+1

L−1∑

v=0

v+(j+1)L∑

k=v+jL+1

E[ǫ(i)ǫ(k)]

=
(2L2 + 1)

3L
σ2
ǫ

(6.9)

where the auto-correlation E[ǫ(ℓ)ǫ(k)] = σ2
ǫ δ(k − ℓ) as well as arithmetic and ge-

ometric series are used to obtain the second equality. Note that for L = 1, that
is when the number of segments is equal to the number of samples, J = N , then
σ2
x = σ2

ǫ . The approximated Wiener PHN process can be re-written in terms of Xj

as

φ̂(jL + n) = λj−1 +Xj + ψ =

j∑

ℓ=0

Xℓ + ψ (6.10)

where λ−1 = 0 and X0 = 0 for j = 0.
Since the Gaussian sampling space is unbounded, the random variable X is in-

stead represented by a set of quantized samples, {x̂i}Qi=1, which represent Q regions,

{Ri}Qi=1, in the Gaussian pdf with zero mean and variance σ2
x. This implies that

the increments at the consecutive segments, j = 1, · · · , J − 1, are defined by a set
{x̂i}Qi=1 which define Q possible trajectories. That is, the second segment, j = 2,
has Q possible increments which set Q possible trajectories. In the next segment,
there will be Q possible increments on each trajectory from the previous segment
such that there are Qj−1 trajectories at the j-th segment. Therefore, at the J-
th segment, there will be K = QJ−1 trajectories representing quantized paths of
the random walk process each of which are set as a vector entry in the codebook,
{ϕk}Kk=1. The number of code vectors, K, is therefore determined by the predefined
set of quantization regions, Q, and the number of segments the symbol is divided
into, i.e. J .

6.3.1 Defining quantization regions

The quantization regions can be defined as a set of regions, {Ri}Qi=1, which divides
the Gaussian sample space intoQ regions. For ease of development, the sample space
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Figure 6.3: A single Wiener PHN realization (blue) with σ2
ǫ = 2π(0.01/N) where

N = 64 and a finite set of K = 2187 trajectories,* for J = 8 and Q = 3, which corre-
sponds to possible trajectories that the PHN realization might take for equiprobable
quantization.

is divided into a set of regions with equal areas (i.e. equiprobable). The regions are
defined as

P

[
X ∈ R1

]
= · · · = P

[
X ∈ RQ

]
=

1

Q
(6.11)

where P [X ∈ Ri] implies the probability that the random variable X is in the
region Ri. For the case when Q is odd, the sample space is partitioned by Q + 1
data points denoted by {−∞, x−r, . . . , x−1, x1, . . . , xr,∞}, as shown in Figure 6.2,
where x−ℓ = −xℓ, ℓ = 1, . . . , r and r = (Q − 1)/2. The regions at the tails of the
Gaussian pdf are given by R1 = [−∞, x−r[ and RQ = [xr,∞[, while the regions in
the middle are bounded by [xℓ, xℓ+1[. The bounding points, xℓ are given by

xℓ =
√

2σ2
x erf−1

(
2ℓ− 1

Q

)
, ℓ = 1, · · · , Q− 1

2
(6.12)

where erf−1(·) is the inverse error function. On the other hand, when Q is even, the
sample space is partitioned by 2r+1 data points denoted by {−∞, x−r, · · · , x−1, x0,
x1, · · · , xr,∞} where x0 = 0 and x−ℓ = −xℓ for ℓ = 0, · · · , r where r = Q/2. These
points are given by

xℓ =
√

2σ2
x erf−1

(
2ℓ

Q

)
, ℓ = 0, · · · , Q

2
. (6.13)
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Figure 6.4: The trajectory that best matches the PHN realization.

The plot in Figure 6.3 is shown as an example to illustrate the process for a set of
equiprobable quantization regions where Q = 3 and J = 8 while Figure 6.4 shows
the trajectory that is closest to the PHN realization. The regions can also be defined
as a set which divides the Gaussian sample space uniformly. This implies that the
codebook trajectory would have unequal probability. The development of this case
is left for future work.

6.3.2 Quantization points

Given the quantization regions, R = {R1, . . . , RQ}, the quantization points, {x̂1, . . . ,
x̂Q}, which represents each region is defined as the mean point within the region.
That is,

x̂i = E

[
X |X ∈ Ri

]
=

∫
Ri
xfX(x)dx∫

Ri
fX(x)dx

(6.14)

for i = 1, . . . , Q, where E[·] is the expectation operator and f(x) is the Gaussian
distribution function. It can be shown that (6.14) provides the set which results
in a minimum squared error quantization of the random variable X with a pdf
f(x), [GG92]. Moreover, the expected value of quantization error qerror = x− x̂ is
zero, i.e. E[x̂] = E[x]. For the Gaussian pdf with zeros mean and variance σ2

x =
(2L2 + 1)/3Lσ2

ǫ , (6.14) is given by

x̂i =
−σx

0.5
√

2π

(
exp(−0.5x2

i+1/σ
2
x) − exp(−0.5x2

i /σ
2
x)

erf(xi+1/
√

2σx) − erf(xi/
√

2σx)

)
. (6.15)
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It can be seen that the codebook will contain an all zeros entry when Q is odd.
This is attractive, since it means no correction will be done if the receiver would
have no phase noise and the SNR is high. The plot in Figure 6.3 employs (6.12) for
Q = 3 to define the quantization regions and (6.15) to obtain the quantized point
for each region.

6.3.3 MSE analysis

In this section, the MSE for the designed codebook is analysed. The objective is to
provide a good indication of the performance of the designed codebook for a given
J and Q. The MSE between a random PHN realization and the approximate model
introduced is given by

MSE = Eφ(n)

[
min
k,ψ

∑

n

|φ(n) − ψ − ϕk(n)|2
]

(6.16)

which is difficult to evaluate analytically. Therefore the MSE is evaluated by sim-
ulation. However, an approximate expression for the MSE, derived in Appendix
6.9.1, is given by

MSE =
(N + J)(N − J)

6J
σ2
ǫ + L(J − 1)σ2

q (6.17)

with σq given by (6.37).
Table 6.1 shows the MSE values obtained by Monte-Carlo simulations (denoted

MSEs) normalized by the MSE for the CPE correction only (i.e. MSE for J = 1).
The number of PHN realizations employed were 5000 for every codebook with var-
ious combination of J and Q resulting in K = QJ−1. The approximated theoretical
MSEa values computed according to (6.17) are also given. It can be seen that the
analytical and simulation results are similar indicating that the reasoning used in
the analytical derivation in Appendix 6.9.1 is correct. The MSE analysis assumes
that the optimum code-book entry is chosen. In order to account also for the effect
of noise and decision feedback errors, simulations of the full receiver for various
codebook sizes are performed in Sec. 6.5. These results confirm that the perfor-
mance improves with increasing codebook size. The choice of codebook size will
ultimately depend on the computational cost and performance requirements for
the application at hand. However, it is noted that complexity grows rapidly with
Q and J , thus moderate numbers such as e.g. Q = 2, J = 5 or Q = 3 and J = 4
seems to provide a good compromise.

6.4 Implementation in OFDM System

6.4.1 Known channel Response

The received signal vector after removing cyclic prefix, rm = [rm(0), · · · , rm(N −
1)]T , is multiplied by each of the K trajectories e−jϕk such that a new set of K
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Table 6.1: Approximated MSE for N = 64 as is given by (6.17) and simulated MSE
denoted by MSEs for various values of Q and J . The values are normalized by the
MSE value for CPE correction only given by MSE = (N − 1)(N + 1)σ2

ǫ/6.

Q = 2 Q = 3 Q = 4 Q = 5 Q = 6

K MSEs MSEa K MSEs MSEa K MSEs MSEa K MSEs MSEa K MSEs MSEa

J = 1 1 0.9967 1 1 0.9997 1 1 0.9998 1 1 1.0021 1 1 1.0043 1

J = 2 1 0.7353 0.7387 2 0.6095 0.6247 3 0.5674 0.5765 4 0.5432 0.5519 5 0.5302 0.5376

J = 4 8 0.4479 0.4309 27 0.3488 0.3446 64 0.3076 0.3082 125 0.2878 0.2895 216 0.2770 0.2785

J = 5 16 0.4839 0.3607 81 0.2931 0.2855 256 0.2553 0.2538 625 0.2370 0.2375 1296 0.2274 0.2279

J = 8 128 0.2631 0.2330 2187 0.1905 0.1813 16384 0.1601 0.1595 78125 0.1487 0.1482 279936 0.1441 0.1416

de-rotated OFDM signals is obtained at the receiver

R̃k
m = [e−jϕk(0)rm(0), · · · , e−jϕk(N−1)rm(N − 1)]T . (6.18)

An FFT operation on each de-rotated signal vector provides

R̃k
m = Â−1

k Rm

= Â−1
k (AmSdmHm + Wm),

(6.19)

where the N ×N circulant matrix Â−1
k is a matrix of DFT coefficients of e−jϕk(n).

Frequency domain channel equalization is applied on R̃k
m, and the criterion by

which the trajectory that best approximates the PHN realization is given by

k∗ = arg min
k

P−1∑

i=0

∣∣∣∣Ŝkm(ℓi) − Sm(ℓi)

∣∣∣∣
2

. (6.20)

where ℓi ∈ (ℓ0, . . . , ℓP−1) denotes pilot subcarriers, Ŝkm(ℓi) is an element of the
estimated symbol vector for the k-th trajectory given by

Ŝkm = η−1
k diag(Hm)−1R̃k

m (6.21)

with complex term ηk that corrects for the effective CPE which includes the offset
ψm at each symbol, the DC level of the codebook vector, ϕk, and the accumulated
quantization error. It is given by

ηk =

∑P−1
i=0 S∗

m(ℓi)R̃
k
m(ℓi)/H

k
m(ℓi)∑P−1

i=0 |Sm(ℓi)|2
. (6.22)

In a DD-FB loop in which the output of the channel decoder can be exploited, non-
pilot symbols can also be used such that the criterion in (6.22) takes into account
the decoded symbols as well

k∗ = arg min
k

N−1∑

l=0

∣∣∣∣Ŝkm(l) − Sm(l)

∣∣∣∣
2

. (6.23)



6.4. Implementation in OFDM System 103

Channel
decodingSelection of the most

Equalization and
Channel Estimation/

likely trajectory

Remove CP

Codebook

{ϕ1, · · · , ϕK}

Estimation using pilots at zeroth iteration

DD-FB i-th iteration

sinkym(n)

exp(jφ(n))

A−1

Demodulation
QAM

Modulation
QAM

Π

Π−1

Channel
encoding

FFT

Figure 6.5: Block diagram of the coded OFDM receiver with PHN compensation
and channel estimation.

for ηk given by

ηk =

∑N−1
l=0 S∗

m(l)R̃km(l)/Hk
m(l)

∑N−1
i=0 |Sm(l)|2

. (6.24)

The symbol sent to the decoder is then given by the index corresponding to Ŝk
∗

m .

6.4.2 Combined Channel Estimation and ICI Cancellation

Since the channel is not always known at the receiver, it needs to be estimated.
Assuming the channel remains stationary within the time period of an OFDM
symbol, for a codebook of size K, there will be K received signal candidates, R̃k

m,
which are given by (6.19) where the channel response, Hm(k), is considered to

be unknown. The MMSE estimate of the channel frequency response vector, Ĥk
m,

employing the k-th trajectory of the codebook is then given by [vdBES+95]

Ĥk
m = E[Hm(Hm)H ]

(
E[Hm(Hm)H ] +

σ2
w

Es
IN

)−1

Ĥk
LS,m (6.25)

where E[Hm(Hm)H ] is the autocorrelation matrix of the channel frequency re-

sponse for the given statistical model of the channel and Ĥk
LS,m is the least squares

estimate of Hk
m given by

Ĥk
LS,m = S−1

m R̃k
m =

[
R̃km(0)

Sm(0)
, · · · , R̃

k
m(N − 1)

Sm(N − 1)

]T
. (6.26)

However, since not all transmitted symbols are known at the receiver, Np pilot
symbols, fitted evenly among the N subcarriers, are employed to obtain a least
squares estimate of the channel frequency response at the pilot positions. For the
sake of convenience, the LS estimate at pilot positions are denoted by the vector,
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Ĥk,p
LS,m. Therefore, the MMSE estimate of the channel frequency response, for k-th

trajectory in the codebook, is initially obtained based on pilot symbols

Ĥk
m = E[Hm(Hp

m)H ]

(
E[Hp

m(Hp
m)H ] +

σ2
w

Es
INp

)−1

Ĥk,p
LS,m (6.27)

where (·)p denotes a vector whose elements are positioned at pilot subcarriers. A

set of K channel frequency response estimates, {Ĥk
m}Kk=1, corresponding to each

trajectory in the codebook is available at the receiver. Equation (6.23) is used to
determine the trajectory which closely matches the PHN realization, and the corre-
sponding channel estimate is then used to demodulate and obtain rough decisions
on the data symbols. After channel decoding, a decision feedback technique is then
employed to obtain (6.26) based on rough decisions on the symbols containing pilot
and decision feedback symbols, Sm, which is then used in (6.25) to compute an
MMSE estimate of Hk

m with improved accuracy.
For deeply faded channels, estimation accuracy during symbol m can be im-

proved by including previously decoded symbols, i.e., Sm−1,Sm−2, · · · ,Sm−D+1, in
the estimation vector. Therefore, taking into account D previously decoded OFDM
symbols, the MMSE estimator in (6.27) becomes

Ĥk
m = E[Hm(H)H ]

(
E[H(H)H ] +

σ2
w

Es
IDN

)−1

ĤLS (6.28)

where H = [Hm,Hm−1, · · · ,
Hm−D+1]T and ĤLS = [Ĥkm

LS,m, Ĥ
km−1

LS,m−1, · · · , Ĥkm−D+1

LS,m−D+1]T . On the initial run of
the m-th OFDM symbol, symbols at pilot subcarriers are used in order to compute
(6.27), after which the criterion in (6.20) is used to choose the best match index,
k∗, for the trajectory which closely matches the PHN realization, ϕk

∗

, as well as
the corresponding channel estimate, Ĥk∗

m . Pilot and decision feedback symbols can

then be used in the next iteration to obtain a better estimate, Ĥk
m using (6.25) or

(6.28) if using L previous OFDM symbols and (6.23) to obtain k∗. Joint channel
equalization and PHN compensation is employed on the received signal Ym such
that the symbols sent to the decoder are given by

Ŝk
∗

m = η−1
k∗ diag(Ĥk∗

m )−1R̃k∗

m (6.29)

where k∗ denotes the index of the most likely trajectory in the codebook obtained
from (6.23). Figure 6.5 shows the OFDM receiver with the proposed PHN compen-
sation and channel estimation scheme. An outline of the proposed algorithm for a
known channel response without DD-FB loop is presented in Algorithm 2. In Algo-
rithm 3, the algorithm for the combined channel frequency response estimation and
PHN compensation scheme is presented for a coded frame of NF OFDM symbols.
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Algorithm 2 The proposed receiver algorithm with no DD-FB for uncoded system
and known channel

1: procedure
2: Received m-th OFDM symbol
3: for k = 0 : K − 1 do
4: R̃k

m = Â−1
k Ym

5: Compute ηk in (6.22) using pilot symbols

6: Compute F (k) =
∑P−1
i=0 |Ŝkm(ℓi) − Sm(ℓi)|2

7: end for
8: Compute k∗ = arg mink F (k) in (6.20) to obtain k∗

9: return Ŝk
∗

m

10: end procedure

Algorithm 3 The proposed algorithm for channel estimation and PHN compen-
sation with DD-FB and channel coding

1: procedure
2: Received frame
3: do Iteration on DD-FB loop
4: do for each OFDM symbol in the frame
5: for k = 0 : K − 1 do
6: R̃k

m = Â−1
k Rm

7: if Zeroth iteration then
8: Channel estimation using pilots, (6.27)
9: Compute ηk in (6.22) using pilot symbols

10: Detected symbol for each k using (6.29)

11: Compute F (k) =
∑P−1

i=0 |Ŝkm(ℓi) − Sm(ℓi)|2
12: else
13: Channel estimation employing (6.25)
14: Compute ηk using (6.24)

15: Compute F (k) =
∑N−1

i=0 |Ŝkm(ℓi) − Sm(ℓi)|2
16: end if
17: end for
18: Compute k∗ = arg mink F (k) in (6.20) (zeroth iteration) or (6.23) to

obtain k∗

19: Select Ŝk
∗

m

20: while End of frame
21: Decode frame and deinterleave
22: Interleave, channel coding and modulation frame
23: DD-FB frame S = [S0, · · · ,Sm, · · · ,SM−1]
24: while End of iteration
25: end procedure
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Figure 6.6: BER performance of proposed algorithm compared to [MES08] for 16-
QAM and 64-QAM uncoded OFDM under AWGN channel and PHN. Correspond-
ing performance plots for an ideal case (i.e. AWGN channel no PHN) is also given.
βTsym = 0.01.

6.5 Simulation results

In this section, simulation results are given to show the BER performance of the
proposed technique under Wiener PHN. Two sets of simulation results are presented
where in the first set, the performance of the algorithm in Algorithm 2 for an
uncoded system is presented under AWGN channel. In the second set, performance
of the algorithm in Algorithm 3 is shown for a Rayleigh fading channel. Simulation
results are presented for 16-QAM and 64-QAM modulation schemes with N = 64,
Ncp = 16 and Np = 8 pilot subcarriers. The codebook size for the results presented
is K = 27, in which Q = 3 and J = 4, which from the analysis in Sec. 6.3.3
is a good compromise between complexity and performance. Perfect timing and
frequency synchronization is assumed at the receiver.

6.5.1 Uncoded System, AWGN Channel

Considering the AWGN channel, the proposed Algorithm 2 was compared with the
PHN compensation method presented in [MES08], employing 3 iterations in the
DD-FB. In the proposed method no DD-FB iterations are employed. The rate of
growth of the PHN variance βTsym is set to 0.01, and 16-QAM OFDM and 64-QAM
OFDM were considered without channel coding. The result is given in Figure 6.6.
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Table 6.2: summary of the Rayleigh channel parameters

Carrier Frequency, Fc 5 GHz

Sampling rate, Fs = 1
Ts

25 MHz

rms delay spread, τrms

Ts
120ns

Speed, v 7 km/h

Channel taps, L 10

For the 64-QAM system (dashed line), the proposed method is 2.5dB from the ideal
PHN free case at a BER of 10−2, while the method in [MES08] is 9dB from the
ideal case, i.e., an improvement of 6.5dB. In the 16-QAM system (solid line), the
proposed method is 2dB from the ideal PHN free case at a BER of 10−3, while the
method in [MES08] is 3dB from the ideal case.

6.5.2 Coded System with Fading Channel

A 10 tap Rayleigh fading channel with parameters specified in Table.6.2 is used.
Moreover, a 1/2 rate convolutional code with a constraint length of 7 is used on
the input bit stream, which is then passed on to a bit interleaver over 20 OFDM
symbols. A Viterbi decoder is used at the receiver. The PHN variance growth
rate, βTsym, is set to 0.01 for 16-QAM OFDM such that the RMS in degrees is
180
√

2πβTsym/π = 14.40; while for 64-QAM, βTsym is set to 0.005. Higher order
modulation schemes such as 64-QAM are known to be affected particularly worse
by PHN. The simulated channel is given for a normalized amplitude by [Hoe92]

Hm(k) =

I−1∑

i=0

ϕ(τi)e
j(ϕi+2πfD

i m+2π
kτi
N

) (6.30)

where αi, ϕi, f
D
i and τi are respectively the amplitude, phase, Doppler frequency

and time delay of the i-th propagation path. The time correlation for the given
channel model is defined as

Rt(m− n) = E[Hm(k)H∗
n(k)]. (6.31)

Assuming uniformly distributed angles of arrival at the mobile station, the correla-
tion follows the well known Jakes model [Jak74] such thatRt(m−n) = J0(2πfDmax(m−
n)), where J0(·) denotes the zeroth order Bessel function of the first kind, and
fDmax = (vFc/c)Tsym is the maximal Doppler frequency normalized by the OFDM
symbol duration, Tsym. Assuming an exponentially decaying power delay profile
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with normalized RMS delay spread τrms, [SE96], the correlation between different
frequency bins is given by

Rf (k − l) = E[Hm(k)H∗
m(l)]

=
1 − e−L(1/τrms+j2π(k−l))

(1 − e−L/τrms)(1 + j2π(k − l)τrms)

(6.32)

which satisfies E[|Hm(k)|2] = 1.

Channel fully known at the Receiver

Assuming that the frequency response of the channel is known at the receiver, the
performance of the proposed algorithm is presented and compared with previously
proposed techniques in [PRF07] and [MES08].

In [PRF07], a Fourier series representation is used to approximate the PHN
realization at the m-th OFDM symbol, thereby aiming to suppress all the influence
of the PHN. CPE compensation and symbol estimates are initially obtained using
pilot subcarriers, after which a DD-FB loop is employed for MMSE estimation of
the vector of Fourier coefficients of the PHN realization which is subsequently used
for ICI compensation. Similarly, in [MES08], a two stage cancellation technique is
employed in which the CPE is corrected, followed by ICI cancellation using decision
feedback symbols. The ICI cancellation technique in [MES08] is derived based on
power series expansion of the PHN over an OFDM symbol.

The results in our approach were obtained using Algorithm 3, but where step 8
and 12 are omitted since the channel is already known. The results are shown by
the solid curves in Figure 6.7 and Figure 6.8 for 16-QAM and 64-QAM respectively.

First, in Figure 6.7 (solid line), it can be seen that the performance of the
proposed algorithm without employing DD-FB is 0.5dB from the ideal case (no
PHN) for a BER of 10−4. On the other hand, for 64-QAM, Figure 6.8 shows that
the performance of the proposed algorithm is 2dB from the ideal plot for a BER
of 10−4. In both Figures, the proposed method shows performance gain in BER
compared to the previously proposed methods in [PRF07], which employs a single
iteration on the DD-FB, and the method proposed in [MES08], which is shown for 2
and 3 DD-FB iterations respectively for 16-QAM and 64-QAM. It should be noted
that no DD-FB loop is performed in the proposed approach.

Unknown Channel Response

For the case where the channel is unknown, joint channel estimation and PHN
compensation is employed according to Algorithm 3. Performance of the techniques
in [MES08] and [CA09] is also presented for comparison.

In [CA09], FFT interpolation is employed using the least squares estimates of
the joint channel frequency response and CPE at pilot positions to obtain estimates
over all subcarriers. The method also proposes estimating the CPE by averaging
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Figure 6.7: BER performance of the proposed algorithm compared to [MES08]
and [CA09] for 16-QAM OFDM. Performance plot for the ideal case (i.e. perfect
channel knowledge and no PHN) is also given. ICI cancellation technique in [PRF07]
is also shown for perfectly known channel. βTsym = 0.01

the phase displacements on pilot subcarriers which is used to remove its influence
from the estimated channel frequency response. Previously decoded symbols are
then employed for least squares (LS) estimation of the vector of Fourier coefficients
of the PHN realization for ICI compensation using previous channel and symbol
estimates. Three sets of results are presented for the method in [CA09]. The first
two results consider estimation of only one and three Fourier coefficients of the PHN
realization closest to the DC for ICI compensation thus requiring less computational
complexity. The third result requires inverting a 64×64 Toeplitz matrix to estimate
the entire vector of Fourier coefficients of the PHN realization for ICI compensation.

The proposed method as well as the method in [MES08] use D = 3 past OFDM
symbols as described in (6.23) to enhance performance of the channel estimation.
Performance plots for the unknown channel case are shown with the dashed curve
in Figure 6.7 and Figure 6.8 for 16-QAM and 64-QAM respectively. In both Figure
6.7 and Figure 6.8, the performance of the proposed technique shows improved
performance, in BER, over the previously proposed methods in [MES08], [CA09].

In Figure 6.7, the proposed method is 1.5dB from the ideal case, (no PHN and
known channel response) at a BER of 10−4 employing only 2 iterations on the
DD-FB loop. On the other hand, the method in [MES08], shown for 8 iterations, is
2.5dB from the ideal case while the method in [CA09] is far from the ideal case.

For the 64-QAM system, Figure 6.8 shows that the proposed method provides
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Figure 6.8: BER performance of proposed algorithm compared to [MES08] and
[CA09] for 64-QAM OFDM. Performance plot for the ideal case (i.e. perfect channel
knowledge and no PN) is also given. ICI-cancellation technique in [PRF07] is also
shown for perfectly known channel. βTsym = 0.005

improved performance compared to [MES08] and the method in [CA09]. With 10
iterations, the proposed methods is 3dB from the ideal case at a BER of 10−3,
while the method in [MES08] is 5dB from the ideal case for the same number of
iterations.

Performance with respect to size of K

In Figure 6.9, simulation results are presented showing the BER performance of
the proposed algorithm for various codebook size K and for βTsym = 0.01 and
βTsym = 0.05. The presented result does not employ any DD-FB loop. A 16-QAM
OFDM system with the same description as in Sec. 6.5.2 is considered assuming
known and unknown Rayleigh fading channel. It can be seen that the BER improves
a K grows. However, the relative improvement as K grows beyond K = 27 is
very small. For βTsym = 0.01, BER improves only slightly at high SNR in both
cases where the channel is assumed known and where the channel is estimated as
K increases from 27. The relative improvement in BER as K increases is more
noticeable for βTsym = 0.05, even though it is still small.



6.5. Simulation results 111

0 5 10 15 20 25

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

 

 

Eb/N0(dB)

B
E

R

K = 27, Q = 3, J = 4

K = 625, Q = 5, J = 5

K = 2187, Q = 3, J = 8

K = 1, Q = 1, J = 1

K = 4, Q = 5, J = 2

K = 16, Q = 2, J = 5

with channel estimation

known channel

βTsym = 0.01 (red)

βTsym = 0.05 (blue)

Figure 6.9: BER performance of the proposed algorithm on 16-QAM coded OFDM
for various number of codebook size.

Sensitivity to input parameters

The plots in Figure 6.10 show the sensitivity of the proposed algorithm and the
algorithm in [MES08] to the estimated channel and PHN parameters relative to the
true parameters. The rate at which the PHN variance grows is set to βTsym = 0.03
and the normalized maximal Doppler frequency is set to fDmax = 0.03. All other
Rayleigh channel parameters are kept the same as in Table 6.2. Moreover, the size
of the codebook was K = 27 with Q = 3 and J = 4 and SNR = 20dB. Both the
proposed method and the method in [MES08] use the past two symbols together
with the current symbol D = 3 for channel estimation.

It can be seen that the sensitivity of the proposed algorithm as well as the
algorithm in [MES08] to the input values of the normalized maximal Doppler fre-

quency, f̂Dmax is low except for f̂Dmax = 0. However, for higher value of D, the BER

performance is expected to be very sensitive to the input value of f̂Dmax. However,
it can be seen that the performance of both the proposed algorithm and [MES08]

is noticeably sensitive to the input values of β̂T sym. On the other hand, the method
in [CA09] does not depend at all on the channel and PHN statistics and thus the
performance remains unaffected by the estimated input parameters.
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Figure 6.10: BER performance of the proposed algorithm (black line) and the

method in [MES08] (red line) as a function of the input doppler frequency f̂Dmax for
various input values of βTsym in a 16-QAM OFDM on a Rayleigh channel where
the true fDmax = 0.03, βTsym = 0.03 and SNR = 20dB.

PLL Oscillator

The above results have been provided assuming a free running oscillator in which
the PHN is modelled by the Wiener process and based on which the codebook is
derived. In order to demonstrate the applicability for a PHN model other than the
Wiener process, we employ the proposed method using the OU process [Gar94] [see
Chap. 5, sec. 5.3.2] to model the PHN. A 16-QAM coded OFDM with the same
description as in Sec. 6.5.2 is considered assuming unknown Rayleigh fading channel
so that channel estimation is employed along PHN compensation.

In Figure 6.11, the performances of the proposed method and the method in
[MES08] is compared for various input of the PHN variance of the VCO, which is

denoted by β̂T vco, for a free running VCO and for PLL at 20dB SNR. Both methods
are derived based on the Wiener PHN assumptions. The proposed method is run in
2 DD-FB loops while the method in [MES08] is run in 5 DD-FB loops. The improved
in performance for PLL (dashed line) compared to free running VCO (solid line)
can be seen in Figure 6.11 for both the proposed as well as the method in [MES08].
It can be seen that the lowest BER for the proposed method in a PLL is achieved

around the input β̂T vco = 0.02 which then starts to increase as β̂T vco > 0.02. The
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Figure 6.11: Comparison of BER performance of the proposed algorithm and the
method in [MES08] in a free running VCO and PLL as a function of the input

β̂T vco in which the true βTvco = 0.05. A 16-QAM coded OFDM and a Rayleigh
channel where SNR = 20dB used.

increasing trend in BER can also be seen in free running VCO when β̂T vco > 0.04
for the proposed method. The BER performance of the method in [MES08], on the
other hand, seems to be stable around 5 × 10−3 in a PLL and around 9 × 10−3 in

a free running VCO for an input β̂T vco equal to 0.01 and above. For the range of

input β̂T vco values displayed, the proposed method outperforms [MES08] in both
cases when a PLL and a free running VCO is used.

6.6 Measured PHN

In order to see the practicality of the proposed technique, we looked at results in
which a real PHN process, φ(n), from a measurement set-up is multiplied with the
simulated OFDM signal in (6.1). The PHN measurements were taken by sending a
continuous wave signal using a Hittite HMC6000LP711E chip and receiving it with a
HMC6001LP711E chip, see http://hittite.com/products/index.html/category

/395. These chips were used since they represented low-cost mm-wave hardware
which is where the PHN compensation schemes are believed to be most beneficial.
The receiver and transmitter used independent clocks. The input of the transmit-
ter chip was fed by CW from a signal generator splitted into properly phased I&Q
inputs. The receiver output was sampled by a Tektronix oscillocope at 1 Gsam-

http://hittite.com/products/index.html/category
/395
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Figure 6.12: A PHN measurement sampled at 1GS/sec with the frequency offset
removed.

ple/sec. Both the transmitter and receiver chip has an integrated antenna and thus
the transmission was done over the air at close dinstance. The SNR in the mea-
surements is around 33-dB. The output of the receiver chip were connected to a
Tektronix TDS2000C Digital Storage Oscilloscope which is sampling at 1GS/sec.
Figure 6.12 shows an example of the PHN process with 50000 samples in one mea-
surement sets. The frequency offset is removed from the measurement sets before
they are used.

The proposed algorithm and the algorithms in [MES08] and [CA09] are un-
changed except for the adjustment of the phase noise variance. The measurements
were first sub-sampled by a factor of three. This gives a subcarrier spacing of 5.2MHz
which is close to the 802.11ad standard which uses 5MHz. The variance of the phase
noise is estimated by calculating the standard deviation of the phase increments
using all the available data. The variance is estimated from the measurements as

σ̂2
ǫ =

1

Nm

Nm−1∑

n=0

ǫ2(n) (6.33)

where
ǫ(n) = ∠(x(n)/x(n− 1)), (6.34)

Nm is the number of measured samples in one measurement set and x(n) is the raw
complex valued measurements. The estimated value for σ2

ǫ is 1.8 × 10−4. There-
fore, for an N = 64 subcarrier OFDM, the rate of PHN growth in one symbol is
2πβTsym = 2π(1.8 × 10−4N) = 0.072 ( in radians2). The number of measurement
sets is 200 each of which contain Nm = 16600 samples at the sub-sampled rate.
The simulation set-up considers an unknown Rayleigh fading channel. Moreover, a
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Figure 6.13: BER performance of proposed algorithm compared to [MES08] and
[CA09] for 64-QAM OFDM using measured PHN process. A performance plot for
the ideal case (i.e. perfect channel knowledge and no PHN) is also given.

64-QAM coded OFDM system is considered with the same description as in Sec.
6.5.2. Figure 6.13 shows BER performance of the proposed algorithm together with
the method in [MES08] and [CA09]. It is shown that, the proposed method is 4-dB
from the ideal case at a BER of 10−3 employing 5 iterations on the DD-FB loop.
The method in [MES08], shown for 10 iterations, is 7-dB from the ideal case while
the method in [CA09] is far from the ideal case.

6.7 Computational analysis

The proposed scheme does incur some computations which are not part of the ref-
erence schemes [MES08, CA09]. These include the multiplication with the matrix

Â−1
k in (6.19), and all the other calculations inside the loop over k in Algorithm

3. It should be noted that the channel estimation in (6.25), (6.27) and (6.28) only
requires the multiplication of the LS channel estimate with a pre-computed ma-
trix. The multiplication with Â−1

k is an operation in the frequency domain. More
efficient would be to do the codebook pre-compensation in the time domain and
do a separate FFT for each of the K possible received signals. In this case, the
number of complex multiplications to obtain R̃k

m for k = 1, ...,K is on the order
of N(1 + K

2 log2 N), rather than N(KN + 1
2 log2 N). A summary of the number of

complex additions and multiplications required by the most important equations
of our algorithm is given in Table 6.3.

The method in [MES08] involves some computations which are not needed in
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Table 6.3: Summary of total Number of complex operations required per OFDM
symbol and DD-FB iteration excluding the Viterbi and a few other computations.

Equation Additions Multiplications Complex inversions

(6.19) KN(N − 1) KN2 −
(6.26) − KN KN

(6.25) KN(N − 1) KN2 −
(6.24) (K + 1)(N − 1) K(2N + 1) +N KN + 1

(6.29) − 2KN K(N + 1)

(6.23) KN(N − 1) KN −

Table 6.4: Summary of total Number of complex operations required per OFDM
symbol excluding the Viterbi and a few other computations.

Method No. of Additions No. of Multiplications

Proposed method (i + 1)(KN(3N − 2) − k +N − 1) (i+ 1)(K(2N2 + 6N + 1) +N)

[MES08] i(ΛN(N − 1) +N(N − 2)(Λ − 2)(Λ − 1)/2) i(Λ(4N2 + 2N + 1) + Λ(Λ − 1)N(2N − 1)/2)

+(i+ 1)2N(N − 1) +(i+ 1)(2N(N + 1))

our algorithm for instance the successive least squares estimation of the coefficients
of the power series which approximates the PHN in addition to an N ×N Toeplitz
matrix inversion. The overall number of complex additions and multiplications for
channel estimation and PHN compensation required for one OFDM symbol by
the proposed method as well as the method in [MES08] is given in Table 6.4,
excluding the Viterbi algorithm and without taking into account the N×N Toeplitz
matrix inversion for [MES08]. The parameter Λ in Table 6.4 refers to the order
of the polynomial approximating the ICI coefficients as presented in [MES08]. It
can be seen that the complexity of both the proposed algorithm and the method
in [MES08] are linearly dependent on K and Λ respectively. For K = 27, Λ = 6
and N = 64 the proposed algorithm has a computational advantage over [MES08].
This is illustrated in Figure 6.14 which compares the measured execution time for
various number of DD-FB iterations between the proposed algorithm (Algorithm
3) and the algorithms in [MES08] for 64-QAM OFDM at 24dB SNR. No DD-FB
loop or 0 iteration for the method in [MES08] implies channel estimation with
CPE compensation which reduces the number of computations significantly. The
N ×N Toeplitz matrix inversion in [MES08] has been factored out of the measured
execution time (since we did not take into account the Toeplitz structure). Our
simulator is a Linux system (Ubuntu 11.04) running on a CPU with Intel-Core i7-
2600 and uses the IT++ library in C++ for executing the algorithms. The results
in Figure 6.14 show that, for the chosen parameter K = 27, the proposed method
provides a significantly better performance-complexity trade-off than the method
in [MES08].
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Figure 6.14: BER performance of Algorithm 3 and the algorithms in [MES08] on
64-QAM OFDM as a function of averaged execution time per frame (in sec) for
K = 27 and Λ = 6 at 24dB SNR using various number of iterations (denoted by
i∗) in the DD-FB loop.

The DD-FB stage in [PRF07] and [MES08] are not easily parallelized, while
the most computationally demanding operations in the proposed algorithm can
obviously be split into up to K parallel processors or dedicated hardware. The
algorithms in [PRF07] and [CA09] also involve an inverstion of an N×N (Toeplitz)
matrix. However, the method in [CA09] also presents a solution in which only the
ICI coefficients close to the carrier need to be estimated. This requires solving
a less complex linear system, e.g. based on tridiagonal matrix algorithm which
only requires O(N) complex operations. This makes [CA09] less computationally
complex to implement than the proposed method and [MES08]. In addition [14] has
the advantage provided by avoiding the requirement of having to know the channel
and PHN statistics. These advantages come at the cost of performance in BER as
shown in Figure 6.7 and Figure 6.8.

6.8 Conclusion

Based on a simple codebook table which approximates the phase-noise statistics by
a finite number of realizations, a novel PHN compensation approach is introduced.
The general idea can be applied to a wide range of PHN scenarios. Herein, we have
concentrated on ICI suppression in a convolutional encoded OFDM system with
scattered pilots. The complexity of the algorithm is determined by the size of the
codebook.

Using a codebook of moderate size, K = 27, for a 16-QAM uncoded OFDM
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system in which an AWGN channel and a PHN with βTsym = 0.01, which is was
considered, the proposed algorithm is 2dB from the ideal PHN free case at a BER of
10−3. Considering an identical scenario in a 64-QAM uncoded OFDM, the proposed
algorithm is 2.5dB from the ideal PHN free case at a BER of 10−2. By comparison,
the method in [MES08] is 9dB from the ideal case.

For a coded system, the codebook technique is used along with DD-FB loop
for combined channel estimation and PHN compensation. For a 16-QAM OFDM
system over a Rayleigh fading channel with βTsym = 0.01, the proposed method
is 1.5dB from the ideal case (PHN free and known channel) at a BER of 10−4

employing 2 iterations on the DD-FB loop; while the method in [MES08] is 2.5dB
from the ideal case using 8 iterations. For a 64-QAM coded system and PHN with
βTsym = 0.005, the proposed method provides a 1dB gain at a BER 10−3 employ-
ing 3 iterations in the DD-FB, compared to the method in [MES08] which uses
10 iterations. The gain obtained by the proposed method is significant compared
to the method in [CA09], which uses a pilot interpolation technique for channel
estimation. Additional results are also presented for both 16 and 64 QAM coded
systems assuming known Rayleigh channel frequency response at the receiver. The
proposed method is shown to outperform to the reference schemes without having
to employ the DD-FB loop.

The performance of the proposed method with respect to the codebook size is
also evaluated showing the relative improvement in BER as K increases. However,
for the given example, the relative improvement is very small as K increases above
27. Simulation results are also shown employing PHN from a charge pump PLL,
modelled as OU process, is also presented with the proposed method showing im-
proved performance compared to the methods in [MES08] and also demonstrating
the applicability of the proposed algorithm for a PHN process other than Wiener
process.

Therefore, with a moderately small codebook size and limited number of it-
erations on DD-FB, an improved performance as well as faster execution time is
achieved by the proposed algorithm.

6.9 Appendices

6.9.1 Proof of Equation (6.17)

Let us then first consider the case when the number of quantization regions, Q, is
infinite. In such a case, each segment of the selected codebook entry will follow the
mean of samples of the corresponding segment of the PHN realization. Thus the
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MSE for infinite Q is given by

MSE(Q=∞) =

J−1∑

j=0

L−1∑

n=0

Eφ(n)[(φ(n+ jL) − φ̂(n+ jL))2]

=

J−1∑

j=0

L−1∑

n=0

E[(φ(n + jL)2

− 2φ(n+ jL)φ̂(n+ jL) + φ̂(n+ jL)2]

=
J−1∑

j=0

L−1∑

n=0

E[(φ(n + jL)2

− 1

L

J−1∑

j=0

L−1∑

n=0

L−1∑

l=0

E[φ(n+ jL)φ(l + jL)]

=
(N − J)(N + J)

6J
σ2
ǫ

(6.35)

in which the last equality follows from the covariance of a random walk process
which is E[φ(n+ ℓ)φ(n)] = nσ2

ǫ for l ≥ 0.
When Q is finite, an additional error is introduced due to the quantization of

segment averages. As in the design of the codebook, we assume that ψ is set to
the average of the first segment and thus no quantization error occurs in the first
segment and the PHN realization crosses the first sample of each segment of the
trajectory. Additionally, by assuming that this error in each segment is identically
distributed and independent of the difference between the PHN and the codebook
trajectory, the MSE due to accumulated quantization error in each segment is Lσ2

q ,
where L = N/J and σq is the standard deviation of quantization error. The MSE
due to the quantization error over the entire trajectory is therefore, MSE(Q<∞) =
(J − 1)Lσ2

q , where (J − 1) is due to the assumption that the first segment has no
quantization error. The approximate MSE of the selected trajectory as an estimator
of the PHN realization then becomes

MSE =
(N + J)(N − J)

6J
σ2
ǫ + L(J − 1)σ2

q . (6.36)

In order to determine σ2
q , we assume that the PHN realization is exactly on one of

the codebook entries in the last sample of the previous segment. In this case, the
quantization error of the j-th segment average is equal to the quantization error of
the j-th increment, i.e., no influence of previous increments. The variance, σ2

q , of
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the quantization error is then given by

σ2
q =

Q∑

i=1

E[(X − x̂)2|X ∈ Ri]P(X ∈ Ri))

=

Q∑

i=1

P(X ∈ Ri)(E[X2|X ∈ Ri] − 2x̂iE[X |X ∈ Ri] + x̂2
i )

=

Q∑

i=1

P(X ∈ Ri)(E[X2|X ∈ Ri] − x̂2
i )

(6.37)

where the last equality follows from E[X |X ∈ Ri] = x̂i which is given by (6.15).
The conditional Expectation E[X2|X ∈ Ri] is given by

E

[
X2|X ∈ Ri

]
=

∫
Ri
x2fX(x)dx

P(X ∈ Ri)
(6.38)

where P(X ∈ Ri) =
∫
Ri
fX(x)dx. When fX(x) a Gaussian function

∫

Ri

x2fX(x)dx = σ2
x/2

(
erf(xi+1/

√
2σx) − erf(xi/

√
2σx)

)

− σx
√

2π

(
xi+1 exp(−0.5x2

i+1/σ
2
x) − xi exp(−0.5x2

i /σ
2
x)

) (6.39)

and

P(X ∈ Ri) =

∫

Ri

fX(x)dx

= 0.5

(
erf(xi+1/

√
2σx) − erf(xi/

√
2σx)

)
.

(6.40)

Equations (6.39), 6.40 and (6.15) are then used on (6.37) to obtain the variance,
σ2
q , of the quantization error.



Chapter 7

Cost Reference Particle Filter for Channel

Estimation and PHN Tracking

7.1 Introduction

In this chapter, we present a robust technique based on cost reference particle filter
(CRPF) for combined CIR estimation and PHN tracking in OFDM systems without
any priori information regarding the noise in the state and measurement equation.
Contrary to previous works, we hold no assumption regarding the magnitude of
the PHN variance and hence no approximation is made to simplify the model. The
algorithm employs CRPF along with a Rao-Blackwellization technique for CIR
estimation assuming static channel state over a number of OFDM symbols.

Various classes of particle filter (PF) based methods have gained considerable
interest in data detection, channel estimation and PHN tracking applications em-
ploying approximated PHN model assuming low PHN variance [YRK05,SDMRG08,
SD C+09]. In [SDMRG08], a marginalized particle filter algorithm was introduced
based on a state space model of the OFDM system assuming no priori knowledge
of the channel and PHN statistics. An approximation to the optimal importance
function, [DFG01], for sampling PHN instances was also derived based on a lin-
earized PHN model.

We employ CRPF, introduced in [MBD04], for robust data aided CIR estimation
and PHN tracking in an OFDM system requiring less computation than previously
introduced PF based methods. As in the previous chapter, the PHN is modelled by
Wiener process. No priori knowledge of the channel and PHN statistics is assumed,
we also do not regard knowledge of any PDF in the observation. Moreover, we re-
frain from making any assumption regarding the magnitude of the PHN variance,
therefore no linearization or approximation is done to simplify the model.

This chapter is outlined as follows. Section 7.2 briefly introduces the OFDM
received signal model and Section 7.3 will give detailed description of the employed
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algorithm for channel estimation and PHN tracking. In Section 7.4, we give numer-
ical results showing the performance of the proposed algorithm in MSE of the CIR
estimation. Section 7.5 concludes the chapter.

7.2 Channel model

Considering the baseband signal model introduced in (5.6) for the m-th OFDM
symbol, in M-QAM modulation re-written below

rm(n) = ejφm(n)
L−1∑

ℓ=0

hm(ℓ)sm(n− ℓ) + wm(n) (7.1)

where hm(ℓ) is the channel’s CIR with L propagation paths, wm is the additive zero
mean complex Gaussian channel noise with unknown variance σ2

w and φm(k) is the
PHN sample at time index n of the m-th OFDM symbol. Since the assumption
is that the channel remains static for a number of OFDM symbols and the CIR
estimation and PHN tracking is done using a training sequence which is known at
the receiver, we shall henceforth drop the symbol subindex m.

7.3 State-Space model

A standard dynamic state (DSS) space model is formulated as

xn = g(xn−1) + vn,

rn = f(xn) + wn

(7.2)

where for sample index n, xn and rn are the state and observation vectors of the
system respectively while vn and wn denote process and measurement noise of the
system. The functions g(·) and f(·) are the state transition and the measurement
functions respectively. Typically, the distribution of vn, wn and the functions g(·)
and f(·) determine the choice of methods employed for recursive estimation of the
unknown state vector xn.

7.3.1 Introducing CRPF

CRPF is within the family of PF introduced to work in the Bayesian frame-
work without requiring the noise statistics in the state and observation equa-
tion [MBD04]. In standard PF algorithm, the posterior distribution associated
with the DSS model, p(x0:n|r0:n) such that r0:n = (r0, r1, · · · , rn) and x0:n =
(x0,x1, · · · ,xn), at time index k is represented by samples (particles) with corre-

sponding weights, {xi0:n, w
i
n}NPF

i=1 where NPF is the number of particles [DFG01].
The particles in CRPFs, on the other hand are associated with the cost and risk
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functions. The cost associated with the i-th particle given the current measurement,
xi0:n|r0:n, is determined by the recursive convex sum

C(xi0:n|r0:n, λ) = λC(xi0:n−1|r0:n−1, λ) + ∆C(xin|rn) (7.3)

where λ ∈ (0, 1) is a forgetting factor which controls the contribution of past
particles while evaluating the cost function and ∆C(xi0:n|xn) is the incremental
cost function which indicates the accuracy of xi0:n|r0:n. A high value or low value
C(xi0:n|r0:n, λ) respectively indicates that the current estimate xin given the past
and current measurement r0:n is far from or close to the true value of the state xn.
Moreover, the risk function which measures the adequacy of the state at the instant
n− 1 given the new measurement is given by

R(xin−1|rn) = ∆C(g(xin−1)|rn). (7.4)

For every new observation rn+1, particles are made to randomly propagate updating
their associated cost,

Ξn+1 = {xin+1, Cin+1}Mi=1 (7.5)

where Cin+1 = C(xi0:n+1|r0:n+1, λ) and Ri
n = R(xin|rn+1). Given the risk, Ri

n, and
cost, Cin, of the i-th particle, a probability mass function (pmf), Πi

n ∝ µ(Ri
n) ,

is defined such that µ : R → [0,+∞) is a real valued monotonically decreasing
function. The concept of re-sampling which exists in standard PF algorithm is
revived in CRPF. The particles are re-sampled according to Πi

n in such a way that
x̃in = xjn with probability Πj

n and a new particle set is formed with Ξ̃n = {x̃in, C̃in}Mi=1

where C̃in = Cjn for x̃in = xjn. The steps in CRPF algorithm is outlined in Table 7.1.
Within the standard DSS model provided in (7.2), the state space representation
of the problem at hand is put in a matrix form as

xn = xk−1 + vn

rn = hkSHk e
jφn + wn

(7.6)

where the state vector xn = [φn,hn] such that hn = [h0, h1, . . . , hL−1] is a vector
with L channel taps, Sn = [sn, sn−1, . . . , sn−L+1] is the corresponding vector of
transmitted symbols and H denotes the Hermitian operator. Since the channel is
assumed static, the process noise vector is vn = [εn,0Lx1] where εn ∼ N (0;σ2

ε)
and 0Lx1 is an Lx1 vector of zeros . In the proceeding, the variances σ2

ε and σ2
w are

assumed to be unknown.

7.3.2 Rao-blackwellization

Although the state equation in (7.6) is linear in both state variables {φn,hn}, the
observation however is nonlinear in φn. Given the state variables at the time index
n, the idea behind rao-blackwellization in PFs is to integrate out and marginalize
some of the states in the posterior distribution analytically in order to improve the
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Table 7.1: Standard CRPF algorithm

Initialization: for k=0 and draw M initial particles according
to {x

i
0}M

i=1 ∼ p(x0) and setting the cost for
each to be Ci

0 = 0.
Then the recursive update for each instant n goes by the steps
1. Compute the risk and normalized pmf (function of Ri

n ) associat-
ed with each particle x

i
n by

Ri
n = λCi

n−1 + ||rn − f(g(ni
k−1))||q .

and

π(Ri
n) =

(R
i
n−min[R

j
n]M

j=1+δ)−β

∑
NPF
l=0

(Rl
n−min[R

j

k
]M
j=1

+δ)−β

where q ≥ 1 and β, δ > 0 with δ being a very small positive real
number which ensures numerical stability.

2. Resample particles based on the normalized pmf, Πi
k such that a

new particle set is formed

Ξ̃n−1 = {x̃
i
n−1, C̃i

n−1}M
i=1.

3. Particles are made to propagate based on,
x

i
n ∼ p(xn|x̃n−1)

according to the distribution of the state process noise
4. Corresponding cost of each particle is computed by

Ci
n = λCi

n−1 + ||rn − f(xi
n−1)||q

and the normalized pmf as a function of Ci
n+1 is given as

π(Ci
n) =

(C
i
n−min[C

j
n]

NPF
j=1

+δ)−β

∑
NPF
l=0

(Cl
n−min[C

j

k
]
NPF
j=1

+δ)−β

5. Estimate of the current state is finally obtained by taking the ave-
rage with respect to Πi

n

x
mean
n =

∑NPF
i=1

π(Ci
n)xi

n.

accuracy in the approximation. Moreover, it results in reduced dimension of states
and thus reduced number of particles employed in PF algorithm. The marginaliza-
tion follows from Baye’s rule

p(φn,hn|r0:n) = p(hn|φn, r0:n)p(φn|r0:n) (7.7)

in which case, p(hn|φn, rn) is analytically tractable being circular Gaussian distri-
bution with linear state variable hn. In this chapter, standard Kalman filtering is
employed for optimal estimation of the channel taps hn given the PHN estimates
obtained by CRPF algorithm.

7.3.3 CIR estimation and PHN tracking

Having separated the state variable into linear and nonlinear parts, the proposed
method relies on the available observations r0:n without a priori assumption of the
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probability distribution of the measurement noise, p(wn). The channel is static and
conditionally linear in the measurement model for which the posterior distribution
is given by p(hn|φn, r0:n) ∼ N (0, σ2

w). Sequential updating of the CIR, hn, and
the covariance matrix, Pn|n−1, of estimation error corresponding to each particle
is given by

hin|n−1 = hin−1|n−1

Pi
n|n−1 = Pi

n−1|n−1

(7.8)

for i = 1, . . . , NPF. Following which the Kalman gain Ki
n is computed by

Ki
n = Pi

n|n−1(Sne
jφi

n)H(SnPi
n|n−1Sn + σ2

wn
)−1 (7.9)

An unbiased numerical estimator of σ2
wn

was introduced in [XBD07] and is com-
puted for each particle

σ̂2,(i)
wn

=

n∑

n=0

(‖rk − (hikSke
jφi

k + χik)‖2

k − 1
−

SkP
i
k|k−1Sk

k

)
(7.10)

where χik = 1
k

∑k
n=0(rk − hik|k−1Ske

jφi
k). The state update follows in the standard

form

hin|n = hin|n−1 + Ki
k(rn − hin|n−1Sne

jφi
n)

Pi
n|n = (I − Ki

kSke
jφi

n )Pi
n|n−1

(7.11)

CRPF algorithm is employed to approximate the marginal distribution p(φn|r0:n)
using particles with their associated cost. The implementation has an advantage
over standard PF since expression of the expected posterior distribution is not re-
quired and thus computationally less demanding. In (6.8), the state and observation
noise are zero mean with unknown variances. The algorithm is therefore set to run
with initial parameters and states

λ, q, δ, β,M,

{
σ2,(i)
ε0

, σ2,(i)
w0

, φi0 ∼ p(φ0),hi0|0,P
i
0|0, Ci0 = 0

}
(7.12)

where {·} contains the parameters and states that are sequentially updated with
time and p(φ0) is a distribution from which particles are initially drawn. Given the
set of initial particles, {φi0, Ci0 = 0}Mi=1, the corresponding risk function is sequen-
tially computed for time index k

Ri
n = λCin−1 + ‖rn − hin|n−1Sne

jφi
n−1 ‖q (7.13)

In order to avoid the re-sampling stage and computation of πin(Ri
n), once again a

technique employed in [XBD07] and showed to have similar performance as the re-
sampling technique in the standard CRPF algorithm (Table 7.1) is employed. Parti-
cles are sorted in ascending order of the corresponding risks and the firstM/N parti-
cles are chosen and replicated N times forming a new particle set, {φ̃ik−1, C̃in−1}Mi=1.
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Table 7.2: CRPF algorithm for CIR estimation and PHN tracking

1. Initialize parameters and states in (7.12).
2. Proceed with the linear state (CIR) propagation stage of the Kal-

man filter in (7.8).
3. Employ CRPF algorithm as detailed in (7.13)-(7.15) and obtain final

estimate of the PHN sample at time index n by taking the average
with respect to πi

n(Ci
n), (7.16).

4. Kalman state update of the CIR follows using (7.9)-(7.11).
5. Once again final estimate of the CIR is obtained by taking the m-

ean with respect to πi
n(Ci

n) as in (7.16).

Particles are then propagated based on the state transition distribution, φin ∼
p(φn|φ̃in−1) = N (0, σ

2,(i)
εn ), for which the unknown variance σ

2,(i)
εn is computed in

time adaptive form by

σ2,(i)
εn

= σ2,(i)
εn−1

, for n ≤ 10

σ2,(i)
εn

=
n− 1

k
σ2,(i)
εn−1

+
‖φin − φ̃in−1‖2

n
for n > 10

(7.14)

and the associated cost of each particle is

Cin = λCin−1 + ‖rk − hin|nSne
jφi

n‖q (7.15)

Having computed the normalized pmf as a function of the cost, πin(Cin), the final
estimates of the CIR and the PHN sample at time index n is given by taking the
average as

ĥn =

NPF∑

i=1

πin(Cin)hin|n , φ̂n =

NPF∑

i=1

πin(Cin)φin (7.16)

The proposed algorithm for CIR estimation and PHN tracking is outlined by the
steps in Table. 7.2.

7.4 Numerical results

Performance of the proposed method was analyzed from simulations using a known
OFDM symbol with NFFT = 80 sub-carriers employing 4-QAM to modulate each
sub-carrier. Moreover, an L = 10 tap Rayleigh channel is considered and NPF = 100
particles are drawn from a uniform distribution φi0 ∼ p(φ0) = [−0.5, 0.5] to form
initial cloud of PHN samples. Corresponding to each particle, state and error co-
variance matrix in the Kalman filter are initialized by hi0|0 = 0Lx1 and Pi

0|0 = 1
LIL

respectively, where 0Lx1 is an Lx1 vector of zeros and IL is the identity matrix.
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Figure 7.1: MSE of CIR estimate as a function of SNR for a PHN variance σ2
ε =

1 × 10−3

Furthermore, the channel noise and PHN variances are initialized by values drawn

from the uniform distribution σ
2,(i)
w0 ∼ [0, 1] and σ

2,(i)
ε0 ∼ [0, 0.1] respectively. The

remaining parameters in (7.12) were set to be λ = 0.1, q = 2, δ = 0.01 and β = 2.

The MSE of the CIR estimate was taken as performance measure based on 1000
OFDM symbols and was computed

MSEh =

1000∑

n=1

L∑

l=1

(hnl − ĥnl )2. (7.17)

It can be seen from Figure 7.1 that for lower SNR values, having no priori
knowledge of the measurement distribution will have minimal relevance to the es-
timation performance. For higher SNRs, the MSE of the proposed method has a
slightly higher but comparable value compared with the MSE of the CIR estimate
employed using marginalized PHF in [SDMRG08]. Given that we made no assump-
tion regarding the probability distribution of the measurement noise when tracking
the PHN noise, the impact due to the absence of the information on the performance
is felt at higher SNRs.

7.5 Conclusions

In this chapter, we presented CRPF algorithm combined with Rao-Blackwellization
technique for robust CIR estimation and PHN tracking, making no assumptions re-
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garding the noise statistics. The outlined algorithm required no linearization or
approximation of the measurement model. Moreover, it does not require compu-
tation of the optimal importance function and employs a simplified particle re-
sampling technique. Therefore compared to previously developed PHF based tech-
niques [YRK05, SDMRG08], the presented algorithm has less computational re-
quirement with comparative performance.



Chapter 8

Conclusion

In thesis, we studied two separate problem which address the same issue, that is,
providing low-cost solutions based on DSP algorithms in the design architecture
and production of an RF device. We addressed parameter estimation based on the
sinewave model both for single channel and double channel measurement, dealing
with time efficiency as well as improving estimation accuracy. We also investigated
the PHN problem in OFDM systems and proposed solutions to joint PHN and
channel estimation.

In the first part of the thesis dealing with parameter estimation based on wave-
form fitting, Chapter 3 discussed the ML SNR estimator using the single channel
sinewave model and the three-parameter algorithm. Although the ML estimator is
known for its favourable performance in large samples, less known is the quite poor
performance in finite samples, because of its severe bias and high variance resulting
in MSE far away from the performance given by the unbiased CRB. In Chapter
3, we derived alternative estimators of SNR which were shown to outperform the
ML estimator in terms of bias, variance and accordingly also MSE both by an un-
biased estimator as well as suboptimal estimators derived by affine projections of
the MLE. For example, performance results show that a 9-dB improvement in MSE
for one of the estimators in a scenario with 12 measurement samples and SNR=
10-dB with an absolute performance 0.86-dB above the unbiased CRB. The results
obtained are not only of theoretical interest but have practical implications, for
example reducing time in product testing where the cost for the test scales with
the testing time. In Chapter 4, we employed coprime subsampling technique to
a dual channel sinewave model with common frequency focusing on estimation of
angular frequency. The underlying objective is to provide an estimation technique
which would alleviate the need for high sampling frequency in sampling devices
such ADC’s with high-bandwidth requirement. We showed that by allowing a small
degradation in estimation performance, it is possible to reduce the sampling fre-
quency significantly. For example, by allowing a 3.5 dB degradation in performance,
it is sufficient to use only 45% of the Nyquist sampled data.

In the second part of the thesis, we discussed the PHN problem and compen-

129



130 Conclusion

sation schemes focusing on OFDM systems. We showed in Chapter 6 that the
PHN statistics can be approximated by a codebook of finite number of trajectories.
We discussed design of the codebook based on the a given PHN statistics and pro-
vided implementation algorithm where the trajectory in the codebook which closely
matches the realized PHN process is chosen and used for joint PHN compensation,
channel estimation and data detection . The proposed technique employs pilot sym-
bols. Use of the technique in a DD-FB setting is also discussed. We showed that
with a moderate sized codebook, the proposed method improves the performance
in BER compared to some previously proposed methods employing similar frame-
work. Moreover, in few cases, the proposed method also improves the performance
without having to employ iteration on the DD-FB loop and also improve execution
time compared to the previous methods. In Chapter 7, we dealt with channel esti-
mation problem in OFDM systems with PHN. We employed CRPF for robust data
aided CIR estimation and PHN tracking which requirs less computation than pre-
viously introduced sequential Monte-Carlo (PF) based methods. We showed that
compared to previously developed PF based techniques, CRPF algorithm for PHN
tracking and CIR estimation algorithm has less computational requirement with
comparative performance.
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