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Summary. A simple parallel numerical algorithm with P1/P1 velocity-pressure elements for 
solving the incompressible Navier-Stokes equations is proposed. In order to circumvent the 
Babuška-Brezzi condition (i.e. inf-sup condition), a velocity-pressure separation strategy 
following the idea of projection method is presented. Thus, the velocity and pressure terms 
are separated using operator-splitting, dividing the problem into two individual governing 
equations. The velocity equation is solved using an extension form of the position-state 
separation method (POSS), which has very good performance to solve convection-diffusion-
reaction equations. The parallel computation of the method is easy to implement. Classical 
numerical experiments are conducted which show the efficiency, robustness and accuracy of 
the method. 

 
 
1 INTRODUCTION 

Over the past half-century, several numerical methods have been developed to solve the 
incompressible Navier-Stokes equations. Among them, the most efficient and accurate 
solutions are based either on finite element method (FEM) or finite volume method (FVM) 
using contour adapted mesh [1]. For example, there are two popular commercial packages 
COMSOL [2] and ANSYS Fluent [3], which are mainly based on FEM and FVM, 
respectively. Due to the prosperity of this subject, it is impossible to review even one of these 
two methods in a short paper. Thus, let us focus on the main ideas. 

Finite element method, one of the most popular methods, faces two main sources of 
instabilities or difficulties when solving Navier-Stokes equations: 1) the advection term, 
especially in the cases where convection dominates (i.e. with high Reynolds number); 2) the 
highly-coupled velocity and pressure fields [4]. The finite element methods most used to 
solve incompressible Navier-Stokes equations are the Streamline Upwind / Petrov-Galerkin 
(SUPG) method [5] or its variants. These methods introduce the upwind finite differences to 
reach stability. In addition, SUPG circumvents the Babuška-Brezzi condition and thus non-
staggered grid could be used [6, 7]. However, this method will produce oscillations at 
boundary and interior layers, making it unstable in flows with very high Reynolds number [8, 
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9]. In fact,  non-physical negative values of density and oscillations may occur even for 
ordinary flows [9]. 

FVM is more robust when dealing with the advection terms. High order discretization 
scheme or ‘flux limit’ procedures have to be applied to avoid excessive diffusion. To 
overcome the strong coupling between the velocity and pressure fields, the Semi-Implicit 
Method for Pressure Linked Equations (SIMPLE) is often used on staggered grids. However, 
FVM will require extensive efforts to properly calculate the fluxes through element 
boundaries in irregular meshes. 

In order to handle the difficulties associated to the advection term, the recently proposed 
Position-State Separation Method (POSS) [10] is here used. Numerical experiments show that 
POSS is much easier to implement than some other high-resolution FEM and FVM when 
computing convection-dominated flows, without increasing the computation time or 
resources. This paper will follow the basic idea of POSS to solve the velocity flows field. In 
order to handle the strong velocity-pressure coupling, the pressure field is solved in a Poisson 
equation obtained by enforcing the incompressible condition following the projection method. 
More particularly, the parallel computation of the proposed method will be discussed in 
details. Numerical experiments have shown that the proposed parallel position-state 
separation based projection method is efficient, robust and accurate. 

The outline of this paper is as follows. In section 2, the ideas of projection method and 
POSS are reviewed and the new algorithm is proposed. Section 3 includes several classical 
numerical experiments. Conclusions are given in the last section. 

2 MODEL AND METHOD 

2.1 BASIC MODEL 
The incompressible Navier-Stokes equations which describes the motion of a fluid are 

given by 

𝜕𝒖
𝜕𝜕

+ (𝒖 ∙ ∇)𝒖 = −
1
𝜌
∇𝑝 + 𝜈∆𝒖 + 𝒇 

(1) 

∇ ∙ 𝒖 = 0 (2) 

where 𝒖 is the unknown velocity vector, 𝜌 is the density, p is the pressure, 𝜈 is the viscosity 
and 𝒇 is the components of a given, externally applied force. 

2.2 REVIEW OF THE PROJECTION METHOD 
One of the most effective methods of solving the incompressible Navier-Stokes equations is 

the projection method, which was originally proposed by Chorin [11]. The main advantage of 
the projection is that it decouples the computation of the velocity and the pressure field using 
Helmholtz–Hodge decomposition or operator splitting. The detailed review of projection 
methods can be found in [12]. 
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The basic steps of Chorin’s projection method are as follows: 

1) Compute the intermediate component 𝒖∗ of the velocity field by ignoring the 
pressure gradient term of equation (1) as 

 
𝜕𝒖
𝜕𝜕

= −(𝒖 ∙ ∇)𝒖 + 𝜈∆𝒖 + 𝒇  (3) 

2) Compute Poisson equation for pressure: 

 ∆𝑝𝑛+1 =
𝜌
∆𝜕
∇ ∙ 𝒖∗ (4) 

where ∆𝜕 is the time step solving equation (3) and 𝑝𝑛+1 is the pressure of next time step. 

3) Compute the final solution of the next time step 𝒖𝑛+1 by correcting the intermediate 
velocity 

 𝒖𝑛+1 = 𝒖∗ −
∆𝜕
𝜌
∇𝑝𝑛+1 (5) 

The projection methods are usually implemented on a staggered grid or mixed elements to 
circumvent the Babuška-Brezzi condition (also called the inf-sup condition) [13], which 
means that the order of element for computing velocity field should be at least one order 
higher than that for computing pressure field. However, using staggered grids or mixed 
elements will encounter difficulties in three dimensions [6, 14]. 

For the above projection method, the restriction inf-sup condition is circumvented since 
only the gradient of pressure will be counted. It means that equal order element, for instance, 
the P1/P1 velocity-pressure element can be used. This will make matrices calculation much 
easier since the matrix integration could be obtained analytically for each element. 

2.3 REVIEW OF POSS 
Equation (3) could be seen as Convection-Diffusion-Reaction equation (CDR) [15], where 

the unknown variable is here replaced by the velocity field. For the sake of simplicity, the one 
dimension form of equation (3), also known as the Burge’s equation is here discussed as 
below 

 𝜕𝜕
𝜕𝜕

+ 𝜕
𝜕𝜕
𝜕𝜕

= 𝜈
𝜕2𝜕
𝜕𝜕2

+ 𝑓 (6) 

where the velocity 𝜕 is treated as a state of flow like other common parameters such as mass, 
concentration or density. 

The idea of POSS [15] is to separate equation (6) into two subproblems: the position 
subproblem given by 
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 𝜕𝜕
𝜕𝜕

+ 𝜕
𝜕𝜕
𝜕𝜕

= 0 (7) 

which determines the position of the unknown variable 𝜕 only and the state subproblem given 
by 

 𝜕𝜕
𝜕𝜕

= 𝜈
𝜕2𝜕
𝜕𝜕2

+ 𝑓 (8) 

which deals with the change of  𝜕. In this manner, the first order discretization of space and 
time for the 𝜕 in equation (7) is separated from other terms of the governing equation (6), 
which is ready to be solved using FEM combined with interpolation method as described in 
[15]. 

In this paper, all the equations are discretization using Galerkin method, where equation (8) 
is solved by backward differentiation formula (BDF) and other equations are solved 
explicitly. It has been pointed out that the step time is not only restricted by equation (6) but 
also depends on the coupling of the velocity and pressure field. Since this coupling is strong, 
the CFL condition for the step time is here used. Larger time step could produce stable but 
less accurate results [15]. 

Obviously, the projection method splits the velocity and pressure field. For this reason, it 
could be called Velocity-Pressure Splitting method (VEPS). Thus, the method presented in 
this paper for solving incompressible Navier-Stokes equations is named as POSS+VEPS. 

2.4 IMPLEMENTATION AND PARALLELIZATION 
The most time-consuming parts of the proposed method are the computation of the Poisson 

equation (4), the state subproblem (8) and the interpolation from the auxiliary mesh to the 
reference mesh as defined in [15]. 

The Poisson equation and the state subproblem are solved using the incomplete Cholesky 
conjugate gradient (ICCG) method [16]. The ICCG method could be matrixed or vectorized, 
making it possible for parallelization. In addition, the solution at a given time step is set as the 
initial guess solution of the next time step to accelerate the convergence. Numerical 
experiments show that this iteration strategy is 30% faster than that simply using zero vector 
as the initial guess solution. 

The projection from the auxiliary mesh to the reference mesh is done based on Delaunay 
triangulation and linear interpolation. Since the value of the mesh nodes is independent of 
others, parallel computation could be applied for the projection step [15]. 

Due to the fact that most steps of POSS+VEPS  can be vectorized, the code is programmed 
with MATLAB [17]. The parallelization of the code is performed using MATLAB Parallel 
Computing Toolbox. 
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3 NUMERICAL EXPERIMENTS 

3.1  1D BURGE’S EQUATION 
The 1D Burge’s equation test is firstly performed to validate the use of POSS to solve 

equation (3). The Burge’s equation is given by equation (6) where 𝑓 and the velocities at 
points 𝜕 = 0, 1 are set to be zero. The initial condition of velocity is given by 

 𝜕(𝜕, 0) =
2𝜈𝜈 sin(𝜈𝜕)
𝑎 + cos(𝜈𝜕) ,      𝑎 > 1 (9) 

The exact solution of this Burger’s equation [18] is 

 𝜕(𝜕, 𝜕) =
2𝜈𝜈 exp(−𝜈2𝜈𝜕) sin(𝜈𝜕)
𝑎 + exp(−𝜈2𝜈𝜕) cos(𝜈𝜕) ,      𝑎 > 1 (10) 

Let us fix 𝜈 = 10−3,𝑎 = 1.2. Then, the simulation is conducted for two different Courant 
numbers 𝐶1 = 2 and 𝐶2 = 0.5 from 𝜕 = 0 to 𝜕 = 50 with different number of cells: 25, 50, 
100, 250 and 500. Figure 1 illustrates the maximum error of 𝜕 as a function of the number of 
grid cells. Equation (8) is solved by first order backward differentiation formula (BDF1) and 
linear interpolation is used for POSS. As can be seen from Figure 1, this method is first-order 
accurate in space in one dimension. Note that even though POSS is free from restriction of 
CFL condition [12], for solving equation (7), using smaller Courant number will result in 
more accurate solutions, as shown in Figure 1. 

 
Figure 1. Maximum error of velocity with two different Courant number. 

3.2 LID-DRIVEN CAVITY 
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One of the most common numerical experiments for incompressible flows is the lid-driven 
cavity test as described in [4, 6, 14, 19, 20]. The geometry and boundary conditions are shown 
in Figure 2. The geometry is a square domain with size length 𝐿 = 1. 

 
Figure 2. Geometry and boundary conditions for lid-driven cavity flow. 

The simulation is performed for two different Reynolds number Re = 100, 1000 from 
𝜕 = 0 to 𝜕 = 30. About 4000 and 40000 triangle cells are used respectively. Figure 3 
illustrates the velocity profiles u and v along the vertical and horizontal centerlines 
respectively. The simulation results are in good agreement with the benchmark results 
provided in [19]. Figure 4 shows the velocity magnitude distribution when 𝜕 = 30 in color. 

  
(a) 
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(b) 

Figure 3. Velocity profile plots: a) along the vertical  and b) horizontal centerlines. The Re=100 and Re=1000 are 
plotted in black and red color. The lines and markers represent the simulation results in this paper and results by 

Ghia et al [19]. 

 
Figure 4. Color plot of the velocity distribution at time t=30. 

3.3 FLOW OVER CIRCULAR CYLINDER 
The flow over circular cylinder can be steady Re ≤ 47 and unsteady Re > 47. Several 

benchmark computations of laminar flow around a cylinder can be found in [1]. Figure 5 
illustrates the geometry and boundary conditions of the two dimensional laminar flow passing 
through a channel with the channel height 𝐻 = 0.41 𝑚 and the cylinder diameter 𝐷 = 0.1 𝑚. 
The viscosity and fluid density of the flow is set to be 𝜈 = 10−3𝑚2/𝑠 and 𝜌 = 1.0𝑘𝑘/𝑚3. 
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Figure 5. Geometry and boundary conditions for the test case of flow over circular cylinder. 

The inflow condition is given by 

 𝜕(0, 𝑦, 𝜕) =
4𝑈𝑚𝑦(𝐻 − 𝑦)

𝐻2 ,    𝑣 = 0 (11) 

with 𝑈𝑚 = 1.5𝑚/𝑠, yielding the Reynolds number 𝑅𝑅 = 𝑈�𝐷
𝑣

= 1000, where 𝑈� = 2
3
𝑈𝑚 is the 

mean velocity. Figure 6 shows the simulated? drag 𝐶𝐷 and lift ,𝐶𝐿coefficients from 𝜕 = 0.1 𝑠 
to 𝜕 = 8.0 𝑠. The average value of 𝐶𝐷���� = 3.23, the maximum value 𝐶𝐿𝑚𝑚𝑚 = 1.04, and the 
shedding frequency 𝑓 = 3.2 Hz are in good agreement with the results from other researchers 
[1]. Figure 7 shows the velocity and pressure field when 𝜕 = 8 𝑠. 

 
Figure 6. Drag and lift coefficients as a function of time. 
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Figure 7. Velocity and pressure field in color plot at time t = 8s. 

4 CONCLUSIONS 
- A simple numerical algorithm with P1/P1 velocity-pressure elements for solving the 

incompressible Naiver-Stokes equations (POSS+VEPS) is proposed. Several 
numerical experiments have shown the efficiency, robustness and accuracy of the 
method. 

- The Babuška-Brezzi condition is circumvented by using operator splitting method. 
Thus, the very simple P1/P1 element pair could be used. The matrices regarding the 
Galerkin method can be computed analytically. 

- Experiments show that the proposed method could be applied to both steady and 
unsteady flows. The code is easy to be implemented and parallelized. The code using 
C or FORTRAN language will be implemented in the future. 
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