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Abstract

The aim of the thesis is to investigate the alloying and temperature effects
on the mechanical properties of body-centered cubic (bcc) random alloys. We
employ the all-electron exact muffin-tin orbitals method in combination with the
coherent-potential approximation. The second-order elastic constants reflect the
mechanical properties of materials in the small deformation region, where the
stress-strain relations are linear. Beyond the small elastic region, the mechanical
properties of defect-free solids are described by the so called ideal strength.
These two sets of physical quantities are the major topic of my investigations.

In part one (papers I and II), the elastic constants and the ideal tensile strengt-
hs (ITS) are investigated as a function of Cr and Ti for the bcc V-based random
solid solution. We find that alloys along the equi-composition region exhibit the
largest shear modulus and Young’s modulus, which is a result of the opposite
alloying effects obtained for the two cubic shear elastic constants C′ and C44.
The classical Labusch-Nabarro solid-solution hardening (SSH) model extended
to ternary alloys predicts a larger hardening effect in V-Ti than in V-Cr alloy.
By considering a phenomenological expression for the ductile-brittle transition
temperature (DBTT) in terms of Peierls stress and SSH, we show that the pre-
sent theoretical results can account for the observed variations of DBTT with
composition. Under uniaxial [001] tensile loading, the ITS of V is 12.4 GPa and
the lattice fails by shear. Assuming isotropic Poisson contraction, the ITSs are
36.4 and 52.0 GPa for V in the [111] and [110] directions, respectively. For the
V-based alloys, Cr increases and Ti decreases the ITS in all principal directions.
Adding the same concentration of Cr and Ti to V leads to ternary alloys with
similar ITS values as that of pure V. We show that the ITS correlates with the
fcc-bcc structural energy difference and explain the alloying effects on the ITS
based on electronic band structure theory.

In part two (paper III), the alloying effect on the ITS of four bcc refractory
HEAs based on Zr, V, Ti, Nb, and Hf is studied. Starting from ZrNbHf, we
find that the ITS decreases with equimolar Ti addition. On the other hand, if
both Ti and V are added to ZrNbHf, the ITS is enhanced by about 42 %. An
even more captivating effect is the ITS increase by about 170 %, if Ti and V
are substituted for Hf. We explain the alloying effect on the ITS based on the
d-band filling. We explore an intrinsic brittle-to-ductile transition, which arises
due to an alloying-driven change of the failure mode under uniaxial tension. Our
results indicate that intrinsically ductile HEAs with high intrinsic strength can
be achieved by controlling the proportion of group four elements to group five
elements.

In part three (papers IV and V), the ITS of bcc ferromagnetic Fe-based ran-
dom alloys is calculated as a function of compositions. The ITS of Fe is calcu-
lated to be 12.6 GPa under [001] direction tension, which is in good agreement
with the available theoretical data. For the Fe-based alloys, we predict that V,
Cr, and Co increase the ITS, while Al and Ni decrease it. Manganese yields a
weak non-monotonic alloying behavior. We show that the previously established
ideal tensile strengths model based on structural energy differences for the non-
magnetic V-based alloys is of limited use in the case of Fe-bases alloys, which is
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attributed to the effect of magnetism. We find that upon tension all investigated
solutes strongly alter the magnetic response of the Fe host from the unsaturated
towards a stronger ferromagnetic behavior.

In part four (paper VI), the temperature effect on the ITS of bcc Fe and
Fe0.9Co0.1 alloy is studied. We find that the ITS of Fe is only slightly tempe-
rature dependent below ∼ 500 K but exhibits large thermal gradients at higher
temperatures. Thermal expansion and electronic excitations have an overall mo-
derate effect, but magnetic disorder reduces the ITS with a pronounced 90 %
loss in strength in the temperature interval ∼ 500 - 920 K. Such a dramatic
temperature effect far below the magnetic transition temperature has not been
observed for other micro-mechanical properties of Fe. We demonstrate that the
strongly reduced Curie temperature of the distorted Fe lattices compared to
that of bcc Fe is primarily responsible for the onset of the drop of the intrin-
sic strength. Alloying additions, which have the capability to partially restore
the magnetic order in the strained Fe lattice, push the critical temperature for
the strength-softening scenario towards the magnetic transition temperature of
the undeformed lattice. This can result in a surprisingly large alloying-driven
strengthening effect at high temperature as illustrated in our work in the case
of Fe-Co alloy.
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Sammanfattning

För att tillhandahålla teoretiska riktlinjer vid optimering och modellering av
mikromekaniska egenskaper hos teknologiskt viktiga övergångsmetallegeringar,
så har vi i denna avhandling fokuserat på legerings- och temperatureffekter på
mekaniska egenskaper hos kroppscentrerat kubiska (engelska: body-centered cu-
bic, bcc) legeringar, genom att använda den exakta muffin-tin orbitalmetoden i
kombination med den koherenta potentialapproximationsmetoden. Andra ord-
ningens elastiska konstanter beskriver de mekaniska egenskaperna hos material
vid små deformationer, där dragprovskurvan är linjär. Vid större deformationer
så beskrivs mekaniska egenskaper hos dislokationsfria solida material av den
ideala styrkan.

De elastiska konstanterna och ideala dragstyrkorna (ITS) har undersökts som
funktion av Cr och Ti för bcc V-baserade solida lösningar. Legeringar som be-
finner sig längs med ekvimolarregionen finns ha de största skjuvningarna och
Youngsmodulerna som ett resultat av de motsatta legeringseffekterna hos de två
kubiska skjuvelasticitetskonstanterna C′ och C44. Klassiska modeller för solid
lösningshärdning (engelska: solid-solution hardening, SSH) förutspår en större
härdning i V-Ti än i V-Cr legeringar. Genom att betrakta ett fenomenologiskt
uttryck för den spröda-till-duktila övergångstemperaturen (engelska: ductile-to-
brittle transition temperature, DBTT) i termer av Peierlsstress och SSH, så visas
det att de nuvarande teoretiska resulaten kan ta hänsyn till variationerna i DB-
TT som funktion av sammansättning. Vid uniaxial [001] dragbelastning är den
ideala dragstyrkan hos V 12.4 GPa och gittret ger vika genom skjuvning. Genom
att anta isotrop Poissonkontraktion är den ideala dragstyrkan 36.4 respektive
52.0 GPa för V i [111]- och [110]-riktningarna. För V-baserade legeringar så ökar
Cr och minskar Ti den ideala dragstyrkan i alla principalriktningar. Tillägg av
Cr och Ti i lika koncentration till V leder till terniära legeringar med liknande
ideal dragstyrka som hos rent V. Effekten av legering på den ideala dragstyrkan
förklaras genom den elektroniska bandstrukturen.

Effekten av legering på ITS hos fyra bcc refraktoriska högentropilegeringar
(engelska: high entropy alloys, HEA) baserade på Zr, V, Ti, Nb och Hf har
studerats. Hos ZrNbHf visar det sig att ITS minskar med ekvimolar addition av
Ti. Å andra sidan, om både Ti och V adderas till ZrNbHf så ökar ITS med runt
42%. En ännu mera slående effekt är ökningen av ITS på 170% om Ti och V
byts ut mot Hf. Legeringseffekten på ITS förklaras med d-bandets fyllnad. En
spröd-till-duktil övergång hittas i termer av felmoder under uniaxial spänning.
Dessa undersökningar antyder att duktila HEAs med hög ideal dragstyrka kan
uppnås genom kontroll av proportionen av grundämnen från grupp fyra och
grupp fem i det periodiska systemet.

ITS hos bcc ferromagnetiska Fe-baserade legeringar har beräknats som funk-
tion av sammansättning. Den ideala dragstyrkan hos Fe i [001]-riktningen beräk-
nas till 12.6 GPa, i överensstämmelse med tillgänglig data. För Fe-baserade lege-
ringar så förutspår vi att V, Cr, och Co ökar den ideala dragstyrkan, medan Al
och Ni minskar den. Mangan ger ett svagt icke-monotont beteende vid legering.
Vi visar att det begränsade användandet av de tidigare använda ideala dragstyr-
kemodellerna, som baseras på strukturella energiskillnader, för Fe-baserade le-
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geringar beror på magnetism. Vi finner att för alla undersökta lösningar under
spänning så ändras den magnetiska responsen hos Fe-baskomponenten från det
omättade till det starkare ferromagnetiska beteendet.

Temperatureffekten på ITS hos bcc Fe och Fe0.9Co0.1 studeras. Vi finner att
ITS endast visar ett svagt temperaturberodende under ∼ 500 K, men att den vi-
sar stora temperaturgradienter vid höga temperaturer. Termisk utvidgning och
elektroniska exciteringar har överlag en måttlig effekt, men magnetisk oordning
minskar ITS med en markant förlust i styrka på 90% i temperaturintervallet
∼ 500 − 920 K. En sådan dramatisk temperatureffekt har inte observerats i
andra mikromekaniska egenskaper hos Fe. Vi visar att den starkt reducerade
Curietemperaturen hos det förvrängda Fe-gittret, jämfört med bcc Fe, är främst
ansvarigt för påbörjan av förlusten i styrka. Legeringar som har möjligheten att
delvis återställa den magnetiska ordningen i det belastade Fe-gittret ökar den
kritiska temperaturen för det upp uppmjukande styrkescenariot mot den magne-
tiska övergångstemperaturen hos det odeformerade gittret. Detta kan resultera i
överraskande stora legeringsdrivna styrkeökningar vid höga temperaturer, vilket
visas i vårt arbete på Fe-Co legeringar.
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Chapter 1

Introduction

1.1 Vanadium-based Alloys

With the development of technological productivity, the demand for energy in-
creases rapidly. Therefore, it is important to exploit new energy resources, for
example fusion energy. Developing fusion energy demands, among many other
factors, designing materials for fusion reactors. Successful development of struc-
tural material is one of the most important tasks for the realization of fusion
power systems. Vanadium-based alloys have been identified as a leading can-
didate material for fusion structure applications [1, 2]. This is because certain
vanadium alloys exhibit decent thermal creep behavior, high thermal conduc-
tivity, good resistance to irradiation-induced swelling and damage, and long op-
erating lifetime in the fusion environment [1–6]. Considerable efforts have been
made to find optimal V-based alloy compositions that can endure the extreme
environments of fusion reactors. The available experimental data indicate that
reasonable properties can be achieved by introducing a few percent titanium
(Ti) and chromium (Cr) into the vanadium (V) matrix. Consequently, the V-
Cr-Ti system has attracted a broad interest, and in particular the compositions
with 0-15 at.% Cr and 0-20 at.% Ti have been intensively investigated. Previous
studies of the V-based alloys were mainly focused on the ductile-brittle tran-
sition temperature before or after irradiation, swelling properties, and impact
toughness as a function of Cr and Ti concents. As a promising structure material
for fusion reactors, V-based alloys must not only withstand radiation damage
but should also keep intrinsic mechanical properties and structural strength. It
is well known that the elastic properties and structural strength of materials
can be used to characterize their mechanical deformation and structural stabil-
ity under external loading. For example, the bulk modulus (B) is used to unveil
the average bond strength, and the phenomenological ratio of bulk modulus
and shear modulus (B/G) is often employed to give a rough measure of the
ductile/brittle characteristics of materials. Thus it is necessary to study these
fundamental mechanical properties for further optimization of the composition
of V-based alloys.
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1.2 Refractory High-entropy Alloys

Recently developed high-entropy alloys (HEAs) represent a new field in metal-
lurgy and have attracted great attention in the scientific community due to their
appealing properties for a wide range of applications [7, 8]. Different from tradi-
tional alloys which contain one or two principal elements, HEAs are composed
of several equimolar or near equimolar elements [7]. The solid solution phases
of HEAs often are face-centered cubic (fcc), hexagonal-close packed (hcp) or
body-centered cubic (bcc), which is due to a high mixing (or configurational)
entropy. HEAs consisting of refractory metallic elements (Ti, Zr, Hf, V, Nb,
Ta, Cr, Mo, and W) are single bcc phase and have been in the focus of sev-
eral experimental studies [9–18], which should be attributed to their novel high
temperature properties. High strength and good ductility are essential demands
on the mechanical performance of structural materials. Most previous experi-
mental works focussed on compressive properties of refractory HEAs. Although
the tensile properties are more important for engineering applications, they have
hardly been investigated hitherto. On the theoretical side, due to the large num-
ber of principal elements (three to thirteen) in the solid solution single phase,
it is a big challenge to investigate the properties of the HEAs by conventional
ab initio atomistic simulation methods. Here, based on the coherent-potential
approximation (CPA), we investigate the compositional effect on the intrinsic
strength/ideal strength of four HEAs in bcc phase composed of the refractory
elements Ti, Zr, Hf, V, and Nb. The present study offers a guideline to design
intrinsically ductile refractory HEAs having a carefully tailored strength level.

1.3 Iron and Iron-based Alloys

Iron is one of the most abundant elements in the universe and constitutes the
major component of earth’s core [19]. Processed iron is the main ingredient in
steels and other ferrous materials, whose technology is a central pillar in today’s
industrial world. Beyond the obvious practical interests, the physical properties
of Fe have attracted great attention in many fields of sciences. Magnetic order
in solid iron emerges with the formation of a crystalline lattice. The stable bcc
phase (α-Fe) is characterized by long-range ferromagnetic (FM) order below
Curie temperature (TC). The fcc structure appears in the phase diagram at
temperatures above 1189 K in the paramagnetic (PM) state (γ-Fe). Modeling
the temperature effect on the attainable strength of Fe determined by complex
micro-structural properties associated with defects like vacancies, dislocation
networks, and grain boundaries, is an enormous task for ab initio methods.
Fortunately, there are several atomic-level properties which are accessible for ab

initio methods. One relatively new physical characteristic of ideal defect-free
crystals is the intrinsic ideal tensile strength (ITS) which is recognized as key
parameter in fracture theory and defect nucleation. Although the ITS of Fe
has been widely studied [20–25], so far all investigations were limited to 0 K.
Extending these investigations to high-temperatures will broaden the possibility
for assessing the impact of ITS in high-temperature mechanical properties of
micro/nano-scale materials.

Steel is essentially iron and carbon alloyed with certain additional elements.
The additional elements play a central role in designing specific materials with
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desired properties, such as, Cr significantly improves corrosion resistance, and
manganese (Mn) improves hardenability, ductility and wear resistance [26]. With
the addition of more than 12% Cr, the steel becomes stainless. Stainless steels
are the most widely used engineering materials due to their excellent mechani-
cal and chemical properties. For example, Fe-Cr alloys form the basis of ferritic
and martensitic stainless steels. These alloys have been considered as the pri-
mary structural materials in the first wall and blanket structure of future fusion
reactors [27].

Today a detailed mapping of the elastic parameters of Fe as a function of
composition, magnetic state and temperature is available. A large number of
works focused on the effects of various typical solute atoms on the mechanical
properties of Fe in the small deformation region, where the stress-strain relations
are linear [29–34]. In contrast to that, the ideal tensile strength describes the
mechanical properties beyond the elastic regime and thus gives information
about large structural changes upon loading. To further optimize Fe-based
alloys, it is important to investigate the alloying effect on the structure strength.





Chapter 2

Theory

2.1 First-principles Theory of the Electronic Struc-
ture

First-principles calculations of the electronic structure are based on the laws
of quantum mechanics and only employ natural constants and some reason-
able approximations to investigate the properties of materials. By solving the
Schrödinger equation for solids, we can understand electronic, magnetic, me-
chanical, and optical phenomena of solid materials.

The time-independent Schrödinger equation is

ĤΨ = EΨ, (2.1)

where Ψ = Ψ(r1, . . . , rN ,R1, . . . ,RM ) denotes the many-body wave function for
N electrons and M nuclei with positions ri, i = 1 . . .N , and Rj , j = 1 . . .M ,
respectively.

The Hamiltonian Ĥ describing a solid formed by interacting electrons and
nuclei is given by [35]

Ĥ = − ~
2

2me

N
∑

i

∇2
ri

− ~
2

2

M
∑

j

∇2
Rj

Mj
−

N
∑

i

M
∑

j

e2Zj

|ri − Rj|

+
1
2

N
∑

i6=j

e2

|ri − rj | +
1
2

M
∑

i6=j

e2ZiZj

|Ri − Rj| , (2.2)

where ~ stands for the reduced Planck constant, e denotes the elementary charge,
me is the mass of electrons and Mj are the masses of the nuclei with the atomic
number Zj . The first term and the second term in the previous equation are the
kinetic energy operators for electrons and nuclei, respectively. The third term
describes the interaction between electrons and nuclei (Coulomb potential). The
last two terms express the electron-electron and nucleus-nucleus interactions.
Due to the huge number of interacting electrons and nuclei in solids (of the order
of the Avogadro number), it is impossible to solve the Schrödinger equation for
the Hamiltonian given in Eq. (2.2). Thus, we have to introduce approximations.
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The first step to overcome this objection is given by the Born-Oppenheimer
(BO) approximation [36]. Since the masses of nuclei are much larger than the
mass of electrons (Mj & 1000me), one can assume that on the timescale of
nuclear motion, the electrons subsystem is always in its stationary state. Thus,
one can separate the kinetic energy of the nuclei and consider the electrons to
move in the external potential, Vext, generated by static nuclei. With the BO
approximation, we can simplify Eq. (2.1) to



− ~
2

2me

N
∑

i

∇2
ri

−
N

∑

i

M
∑

j

e2Zj

|ri − Rj| +
1
2

N
∑

i6=j

e2

|ri − rj |



 Ψ =

(T̂ + V̂ext + V̂ee)Ψ = EΨ, (2.3)

where the operators T̂ , V̂ext and V̂ee denote the kinetic energy, electron-nucleus
interaction energy, and electron-electron interaction energy, respectively. The
wave function Ψ in the previous expression depends only parameterically on Rj .
Once the Schrödinger equation (2.3) is solved, the nucleus-nucleus interaction
energy is added to the total electronic energy E.

2.2 Density Functional Theory

In this section, we briefly present the basics of non-relativistic density functional
theory for a non-spin-polarized system following Refs. [35, 37]. Atomic units
(~ = me = e = 1) are used throughout.

Even for a system of N interacting electrons moving in a static external
potential (Eq. (2.3)), it is impossible to solve the Schrödinger equation directly.
The very powerful tool to solve Eq. (2.3) for the ground state is by means of
density functional theory (DFT). Within DFT, the many-electron problem is
reduced to an effective single-electron problem and the electron density n(r)
as the main variable is introduced. DFT is based on two important theorems,
which were formulated by Hohenberg and Kohn (HK) [38]:

Theorem I: For any system of interacting particles in an external
potential Vext(r), the potential is determined uniquely, except for a
constant, by the ground state density n0(r).

Theorem II: A universal functional for the energy E(n(r)) in terms
of the density n(r) can be defined, valid for any external potential
Vext(r). For any particular Vext(r), the exact ground state energy of
the system is the global minimum value of this functional, and the
density n(r) that minimizes the functional is the exact ground state
density n0(r).

With the HK theorems, the energy functional can be defined as

E(n(r)) = F (n(r)) +
∫

Vext(r)n(r)dr, (2.4)

where the first term on the right hand side is a universal functional of the
electron density, and the second term describes the interaction with the external
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potential. The Hohenberg-Kohn functional F (n(r)) is called universal functional
because it does not depend on Vext.

Even though the HK theorems are very powerful, they do not provide a way
of computing the ground-state density of a system in practice. One still needs to
find a good method to carry out DFT calculations. Luckily, in 1965, Kohn and
Sham (KS) turned DFT into a practical tool for rigorous calculations [39]. They
assumed that the ground state density of the system of interacting electrons
equals the electron density of a fictitious auxiliary system of non-interacting
electrons. Based on KS’s idea, the universal functional is usually formulated as

F (n(r)) = Ts(n(r)) + EH(n(r)) + Exc(n(r)), (2.5)

where the fist term and the second term on the right hand side are the ki-
netic energy of a non-interacting system of electrons and the Hartree energy
(classical electron-electron interaction), respectively. The third term is the
exchange-correlation energy, which contains two parts: the first part is the
energy difference between the real kinetic energy and the kinetic energy of the
non-interacting reference system; the second part is the energy difference be-
tween the true electron-electron interaction energy and the classic Coulomb
energy.

By applying the variational principle, the famous KS single-particle equations
are obtained [35]

[

−1
2

∇2 + Veff((n(r)); r)
]

ψi(r) = ǫiψi(r). (2.6)

The effective potential is

Veff = Vext(r) +
∫

n(r′)
|r − r′|dr′ + Vxc(r), (2.7)

where the exchange-correlation potential is defined as Vxc = δExc(n(r))
δn(r) . The

electron density can be obtained from the occupied single-electron orbitals

n(r) =
occ.
∑

i

|ψi(r)|2. (2.8)

The electronic energy (total energy) is given by

E =
occ.
∑

i

ǫi − EH + Exc −
∫

Vxc(r)n(r)dr. (2.9)

The only unknown term in the KS equations is the exchange-correlation en-
ergy functional defined in Eq. (2.5). Since the accuracy and the predictive power
of DFT are limited by the employed approximations to describe exchange and
correlation, modeling Exc represents a very important challenge in the field of
DFT. In general, for a non-spin-polarized system, the local-density approxima-
tion (LDA) for the exchange-correlation energy is written as

Exc ≈ ELDA
xc (n) =

∫

n(r)ǫxc(n(r))dr, (2.10)
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where ǫxc is the exchange-correlation energy density. The LDA was found to
reproduce the ground properties of many systems with high accuracy. Espe-
cially, the bulk properties of 4d and 5d transition metals, oxides, and so on,
or surface properties of metals are very well described [35, 37]. However, there
are situations where the LDA is inappropriate, the most spectacular failure of
it happens in the case of 3d transition metals. For example, the LDA can not
predict the lowest-energy crystal and magnetic structure for pure Fe.

To overcome the limitations of LDA, the so called generalized-gradient ap-
proximation (GGA) has been developed. Within the GGA, the exchange-
correlation energy depends not only on the local electron density, but also on
its local density gradient ∇n(r)

Exc ≈ EGGA
xc (n) =

∫

n(r)ǫxc(n(r),∇n(r))dr. (2.11)

The GGA predicts ground states of solids, including those of 3d metals, which
are in closer agreement with experiments than the corresponding LDA results.
The LDA in the parameterization of Perdew and Wang [40] and the GGA in
the parameterization of Perdew, Burke and Ernzerhof [41] are two very popular
exchange-correlation functionals.

2.3 Exact Muffin-tin Orbitals Method

Finding an accurate and efficient method to solve the KS equations is a big
challenge in computational materials science. Nowadays, there are several dif-
ferent methods available, such as full-potential methods or muffin-tin orbitals
methods. In this thesis, mainly the Exact Muffin-Tin (MT) Orbitals Method
(EMTO) [42–44] is employed, which is the 3rd generation method in the MT
family. The EMTO method is an improved screened Korringa-Kohn-Rostoker
(KKR) method [42], where the full potential is represented by overlapping MT
potential spheres. Inside these spheres, the potential is spherically symmetric
and constant in between.

In the EMTO program, the effective single-electron potential, called MT po-
tential VMT, is approximated by spherical potential wells VR(rR) − V0 centered
on lattice sites R with potential radius sR plus a constant potential V0 (V0 is
called MT zero). We can rewrite Eq. (2.7) as follows

Veff ≈ VMT = V0 +
∑

R

[VR(rR) − V0], (2.12)

with the notation rR = r − R, rR = |rR|. For the above MT potential, to solve
the KS equations, we expand the KS orbital ψi(r) in terms of exact MT orbitals
ψ

a

RL(ǫi, rR), viz.
ψi(r) =

∑

RL

ψ
a

RL(ǫi, rR)υa
RL,i, (2.13)

where υa
RL,i are expansion coefficients. These coefficients are determined in

such a way, that the above expansion should be a solution for the KS equations
(Eq. (2.6)) in the entire space. L represents a multi-index, L = (l,m), where l
and m are the orbital and magnetic quantum numbers, respectively.
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The exact MT orbitals are constructed using different basis functions at dif-
ferent regions of space. Inside the MT potential spheres (rR ≤ sR), the par-
tial waves φa

RL(ǫi, rR) are chosen as the basic functions, which are solutions
of the radial scalar-relativistic Schrödinger equation. In the interstitial region,
the screened spherical waves ψa

RL(ǫi − υ0, rR) are employed as basic functions,
which can be obtained from the solution of the Schrödinger equation at constant
potential υ0. The boundary condition for the Schrödinger equation are given
in conjunction with non-overlapping spheres (hard spheres) centered at lattice
sites R with radii aR (aR < sR). By means of hard spheres, screened spherical
waves are localized in space (this is the concept of screening).

The partial waves and screened spherical waves are connected by introducing a
third type of basis function: free-electron wave functions with pure lm character.
They are matched continuously and differentiable to the partial waves at sR and
continuously to the screened spherical waves at aR.

The final expression for the exact MT orbitals is

ψ
a

RL(ǫi, rR) = φa
RL(ǫi, rR) + ψa

RL(ǫi − υ0, rR) − ϕa
RL(ǫi, rR)YL(rR). (2.14)

The solution of the KS equations in the EMTO method are found by solving
the so-called kink-cancelation equation [45].

2.4 Coherent-potential Approximation

It is a difficult task to treat correctly random alloys by theoretical means. One
possible way is that we can build supercells, the distributions of different ele-
ments are random in the supercells, however, the above method is very time-
consuming for non-trivial case, thus we should find another simple way to deal
with it. Fortunately, the coherent-potential approximation (CPA) [45–48] is
assumed to be the most powerful technique to treat systems with random dis-
order, i.e., substitutional random alloys. The CPA is based on the assumption
that the alloy may be replaced by an ordered effective medium, the parameters
of which are determined self-consistently. The impurity problem is treated in
the single-site approximation. This means that one single impurity is replaced
in an effective medium and no information is provided about the individual
potential and charge density beyond the sphere or polyhedra around this impu-
rity. Nowadays, with the CPA method, numerous applications [43, 49–54] have
shown that one can accurately calculate lattice parameters, elastic constants,
mixing enthalpies, etc., for random alloys.

Now, we illustrate the principle idea of the CPA within the conventional MT
formalism. We consider a substitutional alloy AaBbCc, . . . , where the atoms A,
B, C, . . . are randomly distributed on the underling crystal structure. Here, a, b,
c . . . are the atomic fractions of the A, B, C, . . . atoms, respectively. We use the
Green function g and the alloy potential Palloy to describe the above system.
In a real alloy, due to the environment, the alloy potential shows variations
around the same type of atoms. In the CPA method, there are two important
approximations. First, it assumed that the local potentials around a certain type
of atom from the alloy are the same, i.e., the effect of the local environment is
neglected. These local potentials are described by the potential functions PA,
PB, PC, . . . . Second, the system is replaced by a monatomic set-up described by
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the site independent coherent potential P̃ . In terms of Green functions, the real
Green function g is approximated by the coherent Green function g̃. For each
alloy component i = A, B, C, . . . a single-site Green function gi is introduced.

In the following, we will show the main steps to build the CPA effective
medium. First, the coherent Green function is calculated from the coherent
potential with an electronic structure method

g̃ = [S − P̃ ]−1, (2.15)

here S is the structure constant matrix corresponding to the underlying lattice.
The Green functions of the alloy components gi are determined by substituting
the coherent potential of the CPA medium by the atomic potential Pi, which is
given by

gi = g̃ + g̃(Pi − P̃ )gi, i = A, B, C, . . . . (2.16)

The previous equation is the Dyson equation in real space. At last, the average
of the individual Green functions should reproduce the single-site part of the
coherent Green functions, i.e.,

g̃ = agA + bgB + cgC. (2.17)

The above three equations are solved iteratively, and the output g̃ and gis
are used to determine the electronic structure, charge density and total energy
of random alloys. The implementation of the CPA in the EMTO method is
described in Ref. [45].

2.5 Disordered Local Moment Model

We use the disordered local moment model (DLM) [55, 56] to deal with the para-
magnetic state. Within the DLM picture, each alloy component is described by
its spin-up (↑) and spin-down (↓) components, i.e. A −→ A ↑ A ↓. Consider
the temperature effect, the reduction of magnetic long-range order in the FM
state can be described in a similar way by the partially disordered local moment
(PDLM) model [57, 58]. In the PDLM model, a ferromagnetically ordered com-
ponent of an alloy A can be represented by a random binary alloy A1−x ↑Ax ↓
with the concentration, x, varying from 0 to 0.5. This PDLM model allows one
to model the intermediate magnetic states of a system with 0 < x < 0.5, where
x = 0.5 and x = 0 correspond to a completely disordered magnetic state and
ordered magnetic state, respectively.



Chapter 3

Mechanical Properties of
Materials

3.1 Elastic Properties

The mechanical behavior of solids is usually defined by constitutive stress-strain
relations. In the region where Hooke’s law is obeyed, the relationship between
the stress σij and strain ǫkl can be expressed by

σij =
∑

kl

cijklǫkl, (3.1)

where i, j, k and l are indices running from 1 to 3. The cijkl are called elastic
constants and are a fourth-order elasticity tensor, which, in general, has 34 = 81
components. Due to the symmetry cijkl = cijlk = cjikl = cklij , the number of
independent elastic constant reduces to 21 [59, 60]. Sometimes, it is convenient to
use matrix notation (Voigt notation), so that the 21 constants can be arranged
in a symmetric 6 × 6 matrix. Employing the Voight notation, we can write
Eq. (3.1) as

σα =
∑

β

cαβǫβ , (3.2)

where the new α and β indices run from 1 to 6. The number of elastic constants
can be further reduced by crystal symmetry. For cubic crystals, there are three
independent parameters: C11, C12, and C44.

In this thesis, the C11 and C12 are obtained from the tetragonal shear modulus
C′ = (C11 − C12)/2 and the bulk modulus B = (C11 + 2C12)/3. The bulk
modulus is determined from an exponential Morse-type function to computed
total energys [61]. To obtain the two cubic shear modulus C′ and C44, volume-
conserving orthorhombic and monoclinic deformations can be applied on the
conventional cubic cell [62]. For the tetragonal shear modulus C′, the following
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orthorhombic deformation is used:
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which leads to the energy change

∆E(δ0) = 2V C′δ2
0 +O(δ4

0). (3.3)

The C44 shear modulus is determined from the monoclinic distortion
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with energy change
∆E(δm) = 2V C44δ

2
m +O(δ4

m). (3.4)

Here δ is the strain parameter. We considered six distortions δ=0.00, 0.01, ..., 0.05
in the elastic constants calculation.

From the single-crystal elastic constants, the polycrystalline shear modulus
(G) can be obtained by the arithmetic Hill average [63], GH = 1/2(GR + GV ),
where the Reuss and Voigt bounds [45] are

G−1
R = 2/5(C′)−1 + 3/5(C44)−1, (3.5)

and
GV = 2/5C′ + 3/5C44. (3.6)

For cubic solids, the polycrystalline bulk modulus is equivalent with the single-
crystal one. The polycrystalline Young’s modulus (E) can be expressed as
E = 9BG/(3B +G).

3.2 Solid-solution Hardening

Hardness is a very important mechanical property, which can be used to measure
the resistance of solid matter to various kinds of permanent shape change when
a force is applied. To improve the hardness of a pure metal, we can use different
ways to harden it, such as work hardening, solid-solution hardening (SSH) by
interstitial atoms or by substitutional atoms, and refinement of grain size. In
this thesis, we only consider the strengthening caused by substitutional solute
atoms and leave out the effect of an interstitial solute.

The SSH is due to dislocation pinning by the randomly distributed solute
atoms, which has been described by different models [64–68]. The Labusch-
Nabarro (LN) semiempirical model [66–68] is often used to describe the hard-
ening mechanism in alloys. In the LN model, the dislocation pinning is mostly
determined by the size misfit and elastic misfit parameters. They are calculated
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from the concentration dependent Burgers vector or lattice parameter, and the
shear modulus. According to the LN model, the SSH varies as

∆τ = const.× c2/3 × ε
4/3
L , (3.7)

where const. is a host-specific constant number (does not depend on c and the
size of the misfit), the Fleischer parameter εL is expressed by

εL = [(ε
′

G−LN)2 + (αεb)2]1/2, (3.8)

with
ε

′

G−LN = εG/(1 + 0.5|εG|), (3.9)

with α being a parameter (usually, the value of α is between 9 and 16, in
this thesis we adopted α = 10), and εb and εG are the volume and modulus
misfit parameters, respectively. These parameters can be obtained from the
composition-dependent lattice constants and shear modulus of binary alloys,
viz.,

εb = [δ(b)/δ(c)]/b(0) and εG = [δ(G)/δ(c)]/G(0), (3.10)

where b is Burger’s vector (lattice parameter), G is the shear modulus, and c is
the atomic fraction of the solute atom.

3.3 Ideal Strength

The elastic constants describe mechanical properties of materials in the small
deformation region, where the stress-strain relations are linear. Beyond the
elastic region, we may use the ideal strength to describe mechanical properties
of materials. The ideal strength is the possible maximum strength of an ideal
single crystal, which is an intrinsic property of a solid material. This strength
can offer insight into the correlation between the intrinsic chemical bonding
and the crystal symmetry, and has been accepted as an essential mechanical
parameter of single crystal materials [20, 24, 69, 70]. The ideal strength plays
an increasingly important role in understanding the mechanical behavior of solid
materials. Below we give a few relevant examples where the significance of the
ideal strength in materials science has been recognized.

1, In the theory of fracture, the local inhomogeneous stress distri-
bution close to the tip of a crack, and thus the cleavage behavior of
materials, is related to the ideal strength. The stress necessary for
the nucleation of a dislocation loop can be identified with the ideal
shear strength and the local stress for nucleation of a cleavage crack
should overcome the tensile value [71].

2, According to the failure modes, the ideal strength determines
whether a solid will behave in an intrinsically brittle or ductile man-
ner [72, 73].

3, The ideal strength is an important factor in defining the point at
which coherency breakdown occurs at a particle matrix interface [74]
and in defining dislocation core radii [75, 76].
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4, In applications where large deformation occurs without disloca-
tion movement or for materials with very low defect density, the ideal
strength is of particular interest. Examples comprise the deforma-
tion behavior of whiskers, the mechanical properties of nanowires
or nanopillars, and nanoindentation experiments on thin films and
nanostructures [77–83]. The plastic deformation behavior of a mul-
ticomponent solid solutions based on the Ti-Nb binary (called "gum
metals") is believed to be governed by the ideal strength rather than
conventional dislocation mobility [84].

5, The values of ideal strength can be used for calibration or checking
of semi-empirical interatomic potential that are used for study of
extended defects [85].

6, Finally, since the ideal strength sets the upper limit to the at-
tainable strength, its knowledge enables researchers to assess the
gap remaining between the ideal strength and the best achievable
strength of advanced engineering materials.

In some cases the measured maximum strength approximates the theoret-
ically predicted one. Table 3.1 shows the calculated ideal strength and the
experimental maximum strength (taken from Refs. [77, 79, 80]) for uniaxial and
shear loadings. From Table 3.1, we can see that compared to the theoretical ten-
sile strength σms the experimental data are somewhat lower. A possible reason
is that the observed failure initiated at the surface and, therefore, the measured
value might not represent the actual bulk strength. For the shear strength Tss,
the theoretical and experimental values are reasonably close. The above results
indicate that a good correspondence between the atomistic ideal strengths and
experimental maximum strengths can be achieved.

Recently, a lot of works about the ideal strength calculations were pub-
lished [24, 69, 70, 86–95], but they just focused on pure elements, compounds,
or ordered alloys. There is no study on the ITS of random alloys. To predict
the optimized random alloy configuration with excellent mechanical properties,
it is necessary to investigate the alloying effect on the ITS of pure elements.

3.4 Methodology for Ideal Strength Calculation

In this section, we present the methodology of ITS calculation with EMTO. The
ground state structure of all elements and alloys considered in this thesis is bcc.
We apply a uniaxial tensile strain ǫ along a specific crystalline direction which
mimics a certain tensile stress σ. To make sure that no internal forces remain
in the crystal in directions perpendicular to the applied stress, for each value of
the strain, we relaxed the deformed structures. From the above steps, we can
obtain energy versus strain and stress versus strain curves. The first maximum
on the stress-strain curve defines the ITS σm for the selected strain path. The
stress σ is given by [94]

σ(ǫ) =
1 + ǫ

Ω(ǫ)
∂E

∂ǫ
, (3.11)
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Table 3.1: Theoretical ideal strength and experimental maximum strength for uniaxial (σm) and shear (Ts) loadings in different directions and shear
systems (taken from Refs. [77, 79, 80]).

element σm (GPa) Ts (GPa)
theory experiment theory experiment

W 32.4 [110] 28.3 [110] 22.8-24.0 <111>{110} 22.1-23.3 <111>{110}
Mo 31.9 [110] 19.8 [110] 17.6-18.8 <111>{110} 15.8-16.7 <111>{110}
Fe 27.7 [111], 12.6 [100] 13.1 [111], 5 [100]
Cu 9.3 [100] 6 [100] 2.16 <112>{111} 1.65 <112>{111}
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where E is the total energy per atom and Ω(ǫ) is the volume per atom at a given
tensile strain. The engineering strain ǫ of the simulation cell in the direction of
the applied uniaxial force F̂ is defined as

ǫ =
l‖ − l0

l0
, (3.12)

where l‖ and l0 denote the length of the cell parallel to F̂ in the final state and in
the initial state (without any force), respectively. The initial state corresponds
to the equilibrium bcc structure with energy E0. We define the uniaxial strain

energy ∆E(l‖, F̂) as the total energy change upon deforming the material in the
direction along the applied force, and relaxing it with respect to the dimensions
in the plane perpendicular to F̂, viz.,

∆E(l‖, F̂) = min
a1,a2

E(a1,a2, l‖) − E0. (3.13)

The minimization is done with respect to the pair of unit cell vectors {a1,a2} ⊥
F̂.
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Figure 3.1: Illustration of the lattice distortion of the bcc structure due to an applied
uniaxial stress the [001] direction. (a) The unit cell in the absence of strain is
bcc (in the bct delineation cbct/abct = 1). For finite strain, the lattice sym-
metry is distorted to bct (b), and becomes fcc for cbct/abct =

√
2. To describe

the bifurcation from the primary tetragonal to the secondary orthorhombic
strain path, the fct reference frame is used.

The symmetry of the bcc structure will reduce during tension in different
ways for different directions. First, we chose the [001] axis to be the direction of
the applied force for 〈001〉 ITS calculations. The symmetry of the bcc lattice is
reduced to the body-centered tetragonal (bct) one on the primary deformation
path, see Fig. 3.1. Increasing the axial ratio cbct/abct from 1 to

√
2 transforms

the bcc lattice into the face-center cubic (fcc) lattice while the crystal remains
bct during the transformation. This transformation corresponds to the Bain
transformation or tetragonal deformation [96]. If we do not constrain the tetrag-
onal symmetry under [001] tension, there is a secondary branching away from
the Bain path before the fcc structure is reached, which is called orthorhom-
bic deformation path. The observed orthorhombic branching is triggered by a
vanishing shear modulus. That is, if the reference frame is bct with x-, y-, and
z-axes coinciding with the [100], [010], and [001] directions, respectively, the
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Figure 3.2: The sketches of two failure modes of bcc crystal under [001] tension. (a):
failure by cleavage and (b): failure by shear.

instability condition reads cxyxy ≤ 0, cxyxy being a shear elastic constant of the
bct structure. This instability condition seems to lower the bct symmetry to
monoclinic symmetry, but in fact a higher symmetry of the lattice, face-centered
orthorhombic (fco) symmetry, can be found by redefining the orientation and
size of the unit cell. In the fco reference frame, branching originates from face-
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Figure 3.3: Illustration of the lattice distortion of the bcc structure due to an applied
uniaxial stress in the [110] direction. (a) and (b) show the undistorted lattice
and the distorted lattice, respectively. Both the fco unit cell used in the
computation and the (undistorted and distorted) bcc cell are sketched.

centered tetragonal (fct) symmetry, see Fig. 3.1. The instability condition reads
C = (c′

xxxx − c′
xxyy)/2 ≤ 0 in the fct reference frame (the two instability condi-

tions are identical, merely expressed in the different coordinate systems). C is
also referred to as a shear modulus.

There are two failure modes for a bcc solid under [001] tension, which depend
on where the orthorhombic branching happens. If the branching happens before
the maximum stress is reached along the tetragonal deformation path, we say
that the material fails by shear. If the branching happens after the maximum
stress is reached along the tetragonal deformation path, the material fails by
cleavage [23]. A sketch of the above mentioned two failure modes is shown in
Fig. 3.2.

Straining the bcc structure along the [110] axis reduces the lattice symmetry
to fco guiding symmetry. In the absence of strain, the fco lattice parameters
fulfill afco = bfco =

√
2cfco, see Fig. 3.3 for a detailed illustration. Here, strain is

applied to bfco ≡ l‖. Assuming isotropic Poisson contraction, afco and cfco are
relaxed keeping cfco/afco fixed to the initial value of

√
2. This assumption was

used to make the computations feasible.

If uniaxial strain is applied along the [111] direction parallel to the body di-
agonal of the bcc structure, the symmetry of the lattice is reduced to trigonal
symmetry. The distorted lattice can be equivalently described by a hexago-
nal (hex) lattice or a rhombohedral lattice. Here, we chose the hex lattice, as
sketched in Fig. 3.4. The [0001] axis and the [101̄0] axis of the hex lattice are ori-
ented parallel to the [111] axis and the [11̄0] axis of the bcc lattice, respectively.
In the absence of strain, the lattice parameters of the hex unit cell and the bcc
cell are related by ahex =

√
2abcc and chex =

√

3/4abcc, where ahex denotes the
in-plane lattice parameter of the hexagonal basal plane (the distance between
two atoms of the smallest equal-sided triangle). The out-of-plane lattice param-
eter, chex, is oriented parallel to the threefold stacking axis. Bcc (111) planes
are stacked along [0001] (ABCABC stacking) and two successive planes are dis-
placed by 1/3 of chex (Fig. 3.4). For each applied strain, interatomic distances in
the (0001) planes are relaxed while the in-plane symmetry is preserved. Thus,
we assume isotropic Poisson contraction for the [111] type of ITS calculations.
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Figure 3.4: Illustration of the lattice distortion of the bcc structure due to an applied
uniaxial stress in the [111] direction. (a) shows the undistorted bcc lattice with
hexagonal delineation (a wedge representing one sixth of the conventional hex
unit is drawn), the axial ratio is chex/ahex =

√

3/8. The undistorted unit cell
projected along [111] ([0001]) is depicted in (b) to show more clearly the full
symmetry of the hex lattice. A finite strain, (c), lowers the symmetry of the
bcc lattice to a trigonal one.

According to the assumptions on the lattice geometry, we rewrite Eq. (3.13)
for tension along [001], [111] and [110] directions as

∆E prim(cbct, [001]) = min
abct

E(abct, cbct) − E0, (3.14)

∆E secon(cfco, [001]) = min
afco,bfco

E(afco, bfco, cfco) − E0, (3.15)

∆E(chex, [111]) = min
ahex

E(ahex, chex) − E0, (3.16)

∆E(bfco, [110]) = min
afco

E(afco, bfco) − E0. (3.17)

Based on the above equations in conjunction with Eq. (3.11), we can obtain
the ITS along [001], [111] and [110] directions. The strain energies as well as
the volume of each state of strain were fitted to polynomial fit functions and
differentiated to obtain the stress as a function of strain.





Chapter 4

Magnetism

A part of our work deals with ferrite and ferritic alloys. Magnetic order in
solid iron emerges with the formation of a crystalline lattice. The stable body-
centered cubic (bcc) phase (α-Fe) is characterized by long-range ferromagnetic
(FM) order below TC = 1044 K. When the temperature is above the Curie
temperature and below 1183 K, bcc Fe is paramagnetic (PM). In the following,
we introduce some basic notions of intinerant ferromagnets.

4.1 Stoner Model

The Stoner model is a simplified band model for itinerant electron magnetism,
which can be used to describe spontaneous ferromagnetic order of a metal in
the ground state [97]. This can be demonstrated by the rectangular d-band
model of Fig. 4.1. Starting from the nonmagnetic state, the spin up and down
channels have the same number of electrons, n+ and n−, and identical density

e e

eF

g+(e) g-(e) g+(e) g-(e)

Nonmagnetic

e

g+(e) g-(e)

Ferromagnetic

e+
e-

eF

Δe

(a) (b) (c)

n+ n- n+ n- n+ n-

Figure 4.1: The Stoner model for a rectangular density of states. (a) Nonmagnetic
density of states split into the two subbands for the two spin directions. (b)
and (c) density of states showing splitting of energy bands.
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Figure 4.2: The total density of states of nonmagnetic bcc Fe. The vertical dashed

line indicates the Fermi level.

of states, g+(e) and g−(e), which is shown in Fig. 4.1(a). Imagine we move a
small number of electrons from the spin down channel to the spin up channel 1

as illustrated in Fig. 4.1(b). Since the Fermi energy for both subbands has to
be the same (both spins have the same chemical potential), the above electron
transfer causes a redistribution of electrons, which is displayed in Fig. 4.1(c).
Here, e+ − e− = ∆e is called band splitting, and the number of transferred
electrons is g+/−(eF)∆e/2. Based on this result, we can write the total kinetic
energy (band energy) change as,

∆Ekin =
∫ ∆e/2

0

g+(0)ede−
∫ 0

−∆e/2

g−(0)ede =
1
4
g+/−(0)(∆e)2, (4.1)

where we set eF = 0. In the Stoner model, the energy difference between a
ferromagnetic and a nonmagnetic state contains two parts. The first part is
the increase of band energy due to the reoccupation of states near the Fermi
level, which is described above. The second part is the decrease of the exchange
energy contribution. The total energy difference can be described as,

U =
1
4
g+/−(0)(∆e)2 − 1

4
Iµ2 =

1
4
µ2/g+/−(0) − 1

4
Iµ2 (4.2)

where the first term is the total kinetic energy (band energy) change, and the
second term is exchange energy. I is the Stoner parameter calculated from the

1For a small number of transferred electrons, one can assume that g+/−(e) = g+/−(eF) +
O(e) in the absence of singularities.
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intraatomic exchange interaction and µ is magnetic moment. Due to symmetry,
the exchange energy should only have even order terms of µ, and the lowest
order approximation is proportional to µ2. According to the above equation,
the nonmagnetic state will be unstable to ferromagnetism if U < 0, which means,

Ig+/−(0) > 1 (4.3)

which is the famous Stoner criterion for the spontaneous onset of ferromag-
netism in the ground state. According to this model, if the Stoner criterion is
not fulfilled, then spontaneous ferromagnetism will not occur. A large g+/−(0)
or I is favorable for the occurrence of ferromagnetism. However, I is an in-
traatomic quantity and rather insensitive to atomic geometry (crystal struc-
ture) [97, 98].

Figure 4.2 displays the density of states of nonmagnetic bcc Fe computed
for the theoretical lattice parameter (2.84Å). The lattice parameter was ob-
tained within the Perdew-Burke-Ernzerhof (PBE) [41, 99] parameterization of
the generalized-gradient approximation (GGA) to describe exchange and corre-
lation. We can see that there is a big peak at the Fermi level, which corresponds
to g+(0) = 23 Ry−1. Using the literature Stoner I = 0.068 Ry [98], we arrive at
Ig+/−(0) = 1.56, which is larger that 1. Thus, the Stoner criterion is fulfilled.

4.2 Finite Temperature Properties of Iron and
Iron-based Alloys

In this section, we elaborate on how to compute the Curie temperature (TC)
of ferromagnetic Fe and dilute Fe-alloys. To this end, the itinerant electron
system is mapped on a classical Heisenberg spin model. The parameters of the
Heisenberg Hamiltonian (interatomic exchange interaction) are determined by
means of first principle calculations. This task may be considered as a three-step
procedure. First, we perform a self-consistent electronic structure calculation
for the ground state collinear spin structure. Second, we employ the magnetic
force theorem [100] to compute the magnetic exchange interactions (Jij) of
the classical Heisenberg model. In the third step, we solve the Heisenberg
Hamiltonian for TC by means of classical Monte Carlo (MC) simulations.

4.2.1 Heisenberg Model and Magnetic Exchange

The Heisenberg model is spin model for ferromagnetism and other phenomena.
The physical motivation for the mapping of an itinerant electron system on
a classical Heisenberg Hamiltonian is given by the adiabatic hypothesis. The
adiabatic hypothesis assumes that the time scale of the magnetic moment dy-
namics in a solid is much slower than the adaptation of the electronic system
under the perturbation of temperature or external magnetic field [101, 102]. The
directions of magnetic moments are treated as classical variables.

The classical Heisenberg Hamiltonian in the quadratic approximation in the
relativistic case can be written as [103]

H = −1
2

∑

i6=j

eiJijej , (4.4)
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Figure 4.3: Exchange interaction J0j for bcc Fe as a function of reduced distance.
R0j denotes the distance between atom j and atom i ≡ 0, and abcc is the
theoretical lattice constants of bcc Fe.

where Jij are 3 × 3 matrices, and the ei’s are unit vectors. Jij is conveniently
decomposed into the following contributions

eiJijej = Jijei · ej + eiJ S
ij ej + Dij(ei × ej), (4.5)

where the first and second terms are the isotropic and symmetric relativistic
anisotropic exchange interactions, respectively, and the third term is antisym-
metric relativistic anisotropic interaction (Dzyaloshinsky-Moriya (DM) interac-
tion). The DM interaction is identically zero for crystal lattices with inversion
symmetry like the here considered bcc and bct structures. The anisotropic ex-
change is a small relativistic correction to isotropic exchange and neglected in
the following [104]. We have the first term left, which is

Jij =
1
3

Tr(Jij) =
1
3

(J xx
ij + J yy

ij + J zz
ij ). (4.6)

So, the classical Heisenberg Hamiltonian in the nonrelativistic case is described
as,

H = −1
2

∑

i6=j

Jijei · ej. (4.7)

For Fe-based random alloys, Fe1−cMc, M denoting the solute, we employed
effective alloy exchange interactions [100]. That is, Jij =

∑

α,β cαcβJ
αβ
ij , where

α, β = (Fe, M), Jαβ = Jβα, and cα(β) is the atomic concentration.
Several methods have been proposed to compute the magnetic exchange en-

ergy Jij , for example, the frozen magnon approach [101] or the magnetic force
theorem [100]. In our work, we employed the latter one, which is implemented
in EMTO. As an example, the J0js of bcc Fe are shown in Fig. 4.3. From
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Fig. 4.3, one can see that the dominating interactions are from the first and
second nearest-neighbors shells. With increasing the distance, the interactions
become weaker and can change sign. From the inset figure, we can see that
the J0j parameters are long range and show a Ruderman-Kittel-Kasuya-Yosida
(RKKY) oscillating behavior [105, 106].

4.3 Curie Temperature

There are several approaches to determine TC of the Heisenberg Hamiltonian
in Eq. (4.7). The simplest analytic estimate for TC is based on the mean-field
approximation (MFA) [97] (here for a Bravais lattice),

kBT
MFA
C =

1
3

∑

j 6=0

J0j , (4.8)

where kB is the Boltzmann constant. Generally, the MFA gives larger TC values
compared to experimental data, because the MFA neglects fluctuations [97]. To
get more reliable TCs, commonly used approaches are the analytic random-phase
approximation [101] and classic MC simulations. Here, MC simulations with the
UppAsd program package [107] were performed to determine TC. Because of
the stochastic nature of MC methods, good statistical accuracy might require
to simulate several ensembles. Here, to achieve the necessary accuracy, five
ensembles and 30000 MC steps were used, 10000 steps for the initial phase in
order to bring the system into thermal equilibrium, and 20000 steps for the
measurement phase.

To obtain accurate TCs without finite size effect (simulation box), the Binder’s
method was used in our work. With this method, the Curie temperature was
derived from the crossing point of the fourth order Binder cumulant [108],

U4 = 1 −
〈

M4
〉

3 〈M2〉2 , (4.9)

where M is the absolute magnetization per site, and 〈Mn〉 is the ensemble
average of the n’th moment of M .

From a plot of U4(T ) for different sizes of the simulation box one can obtain TC

by identifying the common intersection point of these plots to which the system
converges (for too small systems there are correction terms which prevent all
curves from having one common fixed point). As an example, the cumulants U4

of bcc Fe for various sizes of the simulation box are depicted in Fig. 4.4. The
common intersection point is at TC = 1066 K.

Classical Boltzmann statistics [107, 110, 111] is employed in classical MC sim-
ulations in UppAsd. The computed magnetization curve for Fe derived from the
present simulation does not reproduce the shape of the experimental magnetiza-
tion curve. This can be seen in Fig. 4.5 where the magnetization curves for bcc
Fe from the MC simulation and Kuz’min’s fit to the experimental data [109] are
displayed. Here, the reduced magnetization and reduced temperature have been
defined as m(T ) = Ms(T )/Ms0, Ms0 = Ms(T = 0 K), and τ = T/TC, respec-
tively. Ms denotes the saturation magnetization. In the following section, we
show how we work around this issue, since we require an accurate magnetization
curve in Chapter 8.
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4.4 Spin-wave Stiffness for Cubic Symmetry

An simple analytic expression for m(τ) was suggested by Kuz’min [109]

m(τ) = [1 − sτ3/2 − (1 − s)τ4]1/3, (4.10)

where s is defined as shape parameter, which controls the shape of the magne-
tization curve. As τ → 0, m(τ) ≈ [1 − 1

3sτ
3/2], which obeys Bloch’s 3/2 power

law at low temperature. The parameter s is related to the spin-wave stiffness
constant D, the prefactor in the quadratic magnon dispersion relation for small
wave length, viz. [109, 112],

s = 0.1758
gµB

M0

(

kBTC

D

)
3

2

, (4.11)

where g is the experimental spectroscopic splitting factor [113] and M0 is the
volume saturation magnetization. D is accessible to DFT [114]. The employed
magnetization curve in Chapter 8 was obtained based on Eq. (4.10) with shape
parameter s calculated via Eq. (4.11). Below, we illustrate how to compute the
parameter D.

Following Liechtenstein et al. and Turek et al. [100, 105, 114], we may express
D for a cubic lattice by

D =
2µB

3µ

∑

j 6=0

J0jR
2
0j , (4.12)

where R0j denotes the distance between atom j and atom i ≡ 0. It turns
out that Eq. (4.12) for D is a numerically not converging sum as a function of
distance, which is related to the long-range behavior of Jij shown in Fig. 4.3.
In practice, Eq. (4.12) is replaced by a formally equivalent expression including
a damping coefficient η, η > 0 [105, 114]

D = lim
η→0

D(η) (4.13)

D(η) =
2µB

3µ

∑

j 6=0

J0jR
2
0j exp(−ηR0j/a), (4.14)

where a is an arbitrary lattice parameter of the underlying lattice. Here, we use
abcc.

Figure 4.6 (a) displays the spin-wave stiffness (D(η)) for bcc Fe as a function
of the number of exchange parameters included in the sum on the right hand
side of Eq. (4.14). The sum is truncated for pairs outside the sphere of radius
R0j/abcc. From Fig. 4.6(a), we can see that D(0) is numerically not converg-
ing as a function of reduced distance. For finite η, the long-range oscillatory
behavior of D is damped. D(η) is converged for η ≥ 0.8 at the largest con-
sidered distances. From a plot of D(η) extrapolated to η = 0 with a second
order polynomial function [105, 114], D can be obtained. Figure 4.6(b) shows
the extrapolation of D(η) to η = 0 for bcc Fe and bcc Fe90Co10. From these

extrapolations, the computed Ds are 244 meV Å
2

and 285 meV Å
2

for bcc Fe
and Fe90Co10, respectively.

Figure 4.7 displays the MC magnetization curves for bcc Fe and Fe90Co10

with our calculated shape parameters. Clearly seen that the improved curve
shows a small deviation from the curve fitted to experiments (s = 0.35) for Fe.



28 CHAPTER 4. MAGNETISM

0 1 2 3 4 5 6 7 8

Reduced distance R
0j

 /abcc

-200

0

200

400

600

800

1000

S
p

in
-w

av
e 

st
if

fn
es

s 
D

(η
) 

(m
eV

Å
2 )

0.0
0.2
0.4
0.6
0.7
0.8
0.9
1.0
1.1

(a)

0 0.2 0.4 0.6 0.8 1

Damping coefficient η

100

125

150

175

200

225

250

275

300

S
p

in
-w

av
e 

st
if

fn
es

s 
D

(η
) 

(m
eV

Å
2 )

Fe
Fe90Co10

(b)

Figure 4.6: (a) Behavior of D as a function of reduced distance for various damping
coefficients η for bcc Fe. Curves for η ≥ 0.8 are considered converged for
R0j/abcc > 8. (b) Extrapolation of D(η) to η = 0 for bcc Fe and bcc Fe90Co10.
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coefficients η for bct Fe (c/a = 1.095). Curves for η > 0.7 are considered
converged for R0j/abct ≥ 8. (b) Extrapolation of Dxx(η) and Dzz(η) to η = 0
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4.5 Spin-wave Stiffness for Non-cubic Symme-

try

In fact, the spin-wave stiffness introduced in Eq. (4.12) is a tensor [100]

Dαβ =
2µB

µ

∑

j 6=0

J0jR
α
0jR

β
0j α, β = {x, y, z}. (4.15)

Since R2
0j =

∑

α(Rα
0j)2, it is easy to see that for cubic lattices, Dxx = Dyy =

Dzz = 3D with D defined in Eq. (4.12).
Assuming in general an anisotropic magnon dispersion relation in the form

ǫq = Dxxq2
x + Dyyq2

y + Dzzq2
z (principal axes), it can be shown that the D

entering Eq. (4.11) and the Bloch T 3/2 law is the mean geometric [112]

D = (DxxDyyDzz)1/3. (4.16)

For bct geometry, we have Dxx = Dyy, and Eq. (4.14) can be written as

Dαβ(η) =
2µB

µ

∑

j 6=0

J0jR
α
0jR

β
0j exp(−ηR0j/abct), (4.17)

here abct is a lattice parameter of the distorted structure, see Chapter 3. As an
example, Fig. 4.8 shows the spin-wave stiffness Dzz(η), Dyy(η), and Dxx(η) of
bct Fe (c/a = 1.095) as a function of reduced distance and damping coefficient.





Chapter 5

Mechanical Properties of
Vanadium and
Vanadium-based Alloys

In this chapter, we discuss the elastic constants and the ideal tensile strength
(ITS) of the bcc V1−x−yCrxTiy random alloys as a function of Cr (0 ≤ x ≤ 0.1)
and Ti (0 ≤ y ≤ 0.1) concentrations.

5.1 Structural Energy Difference

In the following parts, we will use the structural energy difference (SED) to ex-
plain the alloying effect on the tetragonal shear elastic constant C′ and on the
ITS. Thus, in this part, we give a short introduction to the SED. The SED is
the energy difference between different crystal structures for the same element.
Since transition metals crystallize in the fcc, bcc, or hexagonal-close packed
(hcp) structure, SEDs for transition metals are typically evaluated for these
three structures. It is well established [115–117] that the electronic structure
and bonding in transition metals is governed by a narrow valence d-band that
hybridizes with a broader valence nearly-free-electron sp-band. SEDs for the
transition metal series (disregarding the effect of magnetism in the present dis-
cussion) that give rise to the experimentally observed sequence of stable crystal
structures are well understood in terms of band filling within this band pic-
ture [118–120]. It is clear that mainly the gradual filling of the d-band not only
dictates crystal structure sequences in all three transition metal series, but also
trends of the equilibrium volume dependence [117, 121], the cohesive energy [118,
121, 122], the bulk modulus [123], and elastic constants [124, 125].

The tetragonal shear elastic constant C′ is often used to describe the struc-
tural stability of a cubic solid under tetragonal deformation [126] (small strain),
which can be obtained from the curvature of the total energy under a small
volume-conserving tetragonal deformation (see Eq. (3.3) on Page 12). A cor-
relation between C′ and the fcc-bcc SED for the transition metals has been
suggested by previous studies [124, 125, 127, 128]. According to that, large C′
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for the bcc phase corresponds to a more stable bcc lattice compared to the
fcc one. This correlation can be established because the tetragonal deforma-
tion which governs C′ corresponds to the constant volume Bain transformation
between bcc and fcc [125].

The distorted bct lattice of the [001] tetragonal deformation and the dis-
torted trigonal lattice of the [111] deformation coincide with the fcc lattice (at
cbct/abct =

√
2) and with the simple cubic (sc) lattice (at chex/ahex =

√

3/2),
respectively. The fcc and the sc structures of V were identified to be the nearest
symmetry-dictated maxima to the bcc phase of the respective energy versus
strain curves [127, 129–131], i.e., the uniaxial strain energy must level off to
the fcc-bcc SED and to the sc-bcc SED for an elongation along [001] and an
elongation along [111], respectively, albeit at strains larger than the maximum
strain (ǫm).

5.2 Assessing the Accuracy of the Theoretical
Predictions for Alloys

Before investigating the elastic properties of V ternary alloys, we first compare
the present elastic parameters calculated for binary V-based alloys with the
available experimental data [132–136], see Fig. 5.1. For binary V-Cr and V-Ti
alloys, the theoretical lattice constants increase (decrease) with increasing Ti
(Cr) concentration. The reason is that bcc antiferromagnetic Cr has smaller
atomic radius (1.28 Å) and hcp Ti has the larger one (1.46 Å) as compared
to that of bcc V (1.35 Å) [137]. Furthermore, the bulk modulus B and the
tetragonal shear elastic constant C′ increase (decrease) with Cr (Ti) addition.
These theoretical predictions agree well with the trends observed in experiments
(Fig. 5.1, six upper panels). At the same time, the theoretical C44 shows small
negative (positive) change with Cr (Ti) addition to V, whereas for V-Cr (V-
Ti) the experimental variation of C44 is slightly positive (negative). We will
return to the theoretical trends obeyed by C44 in Subsection 5.4.1. The discrep-
ancies become even more pronounced when comparing the theoretical and the
experimental trends for the shear modulus versus composition (Fig. 5.1, lower
panels). While theory predicts decreasing G for both V-Cr and V-Ti with in-
creasing doping level, experiments reported increasing shear modulus G upon
alloying V with either Cr or Ti.

The above deviations between theory and experiment call for a detailed inves-
tigation. Numerous previous applications confirm the accuracy of the EMTO
approach for the elastic properties of random solid solutions, and there is no a
priori reason why it should perform less accurately for the present V-based bi-
nary alloys either. The theoretical results correspond to static conditions (0 K),
and temperature might change the compositional trends to some extent. This
is a question to be investigated in the future. On the other hand, as we will
demonstrate below, the quoted experimental values for G may not correspond to
random solid solutions (as assumed in the present calculations) and are incon-
sistent with the single-crystal data. The first problem is related the miscibility
gap in the V-Ti system below 900 K. According to that, the experiments on
V-27%Ti and V-47%Ti were performed either on quenched (metastable) or on
decomposed samples. We note that since the present calculations correspond to
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completely disordered phase (modeled by the CPA), future theoretical investi-
gations taking into account the local ordering and relaxation effects are needed
be able to answer the above question.

The second concern is the inconsistency between the measured single-crystal
and the polycrystalline data. For V-Ti, it was reported that both C44 and C′

decrease and shear modulus G increases with the amount of Ti. However, ac-
cording to the Voigt and Reuss models (see Chapter 3), when both C44 and C′

decrease the G should also decrease and vice versa. One might argue that the
Voigt and Reuss bounds give upper and lower values, respectively, and the true
shear modulus might still change within these limits. But V and V-27%Ti (as-
suming a random solid solution model) are especially isotropic materials (their
experimental Zener anisotropy ratio C44/C

′ being close to 1) and thus the Voigt
and Reuss bounds are close to each other (in fact they differ by less than 1 GPa).
This averaging "uncertainty" is definitely below the measured 5 GPa increase
of G when adding 27% Ti to V, meaning that the experimental G, C44 and C′

are not consistent with each other. In order to solve this puzzle, further accu-
rate measurements on the single-crystal and polycrystalline elastic parameters
of V-based random alloys are needed.

Based on the general agreement between the present theoretical predictions
and the available experimental data from Fig. 5.1, we conclude that our the-
oretical tool is able to describe the elastic properties of V-based alloys with
sufficiently high accuracy.

5.3 Lattice Parameters

Using the EMTO-CPA method, we first calculated the equilibrium lattice pa-
rameters of V as a function of Cr and Ti, which is shown in Fig. 5.2. We can see
that Cr addition shrinks the lattice parameter of pure V, whereas Ti enlarges
it. Because of Cr and Ti have opposite alloying effects on the equilibrium vol-
ume, the lattice constants of V-Cr-Ti alloys are almost unchanged when equal
amounts of Cr and Ti are introduced into V (alloys along the main diagonal in
Fig. 5.2).

5.4 Elastic Properties

5.4.1 Single Crystal Elastic Constants

Using the above equilibrium lattice constants, we calculated the elastic constants
Cij(x, y) for bcc V1−x−yCrxTiy as a function of Cr and Ti contents. Figure 5.3
shows the present theoretical single crystal elastic constants as a function of
Cr and Ti contents (the calculation method is described in Chapter 3). From
these contours, in general, we can see that the effect of alloying on C11(x, y) is
greater than that on C12(x, y) and C44(x, y), which varies from ∼ 258 to ∼ 297
GPa. For C12(x, y) and C44(x, y), the maximum changes are about 6 GPa. The
C11(x, y) increases with increasing Cr and decreases with increasing Ti, which
has an opposite trend to C44(x, y). Different from C11(x, y) and C44(x, y), the
C12(x, y) shows a weak dependence on the Cr content.
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Figure 5.2: Theoretical lattice parameters (in Å) of V1−x−yCrxTiy (0 ≤ x, y ≤ 0.1)
alloys as a function of Cr and Ti concentrations.

We know that C′ is often used to describe the structural stability of a cubic
solid under tetragonal deformation. As seen from Fig. 5.3, C′(x, y) increases
(decreases) with increasing Cr concentration (Ti concentration), and as a result
of these opposite effects, C′(x, y) remains almost constant with increasing x
and y along the equicomposition diagonal region. According to these trends,
the V-Cr-Ti alloys become dynamically less stable with Ti addition and more
stable with Cr addition under tetragonal deformation.

Based on the volume effect, we can understand the trends of C′(x, y). From
the lattice parameters calculation, we know that Ti expands the average volume
per atom in V-Cr-Ti, which means a decreases of the average bond strength and
thus the ability of the alloy to resist the tetragonal shear. A more elaborated
explanation for the calculated trends of C′(x, y) is possible if we use the cor-
relation between C′ and the SEDs (see Section 5.1). Referring to the crystal
structure theory of transition metals, it is known that in nonmagnetic solids
with approximately three d electrons (i.e., close to bcc V) increasing (decreas-
ing) d-occupation number stabilizes the bcc (fcc) phase. In the present case, Cr
(Ti) addition increases (decreases) the d-occupation number and thus stabilizes
(destabilizes) the bcc phase. As a consequence, Cr is expected to increase and
Ti to decrease the tetragonal shear modulus. Above analysis explains the trends
of C′(x, y).

As seen from Fig. 5.3, the trend of C44(x, y) is opposite to the trend ofC′(x, y),
but it has the same trend as the lattice parameters (Fig. 5.2), which decreases
with Cr and increases with Ti addition to bcc V. The above results mean that
neither the rule of mixing (i.e., linear interpolation between the results obtained
for V and Cr and between those of V and Ti) nor the volume expansion can
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Figure 5.3: Theoretical single crystal elastic constants (in GPa) of bcc V1−x−yCrxTiy
(0 ≤ x, y ≤ 0.1) alloys as a function of Cr and Ti concentrations.

account for the predicted trend of C44(x, y). To find a good explanation for
the anomalous behavior, we started from the electronic structure. We know
that the elastic parameters are computed from the second-order derivative of
the total energy

E(δ) = E(0) + aδ2 +O(δ4), (5.1)

with respect to the strain parameter δ. Since δ ≤ 0.05, the high-order terms
O(δ4) can be neglected and then we can write

C44 ∼ ∆E(δ)/δ2, (5.2)

where ∆E(δ) = E(δ) −E(0) represents the change in total energy upon lattice
distortion. According to the force theorem [119], the total energy change with
distortion can be approximated by the change of the one-electron energy ∆Eone,
which in turn is determined by the density of states (DOS) calculated as a
function of lattice distortion. Figure 5.4 displays the DOS for pure V, V-7.5Cr
and V-7.5Ti alloys calculated in the bcc phase (without lattice distortion) and
with 5% distortion used to compute C44. For pure V, there is a peak located
approximately at −15 mRy below the Fermi level [marked by a black dashed-
dotted line in Fig. 5.4(a)]. Upon monoclinic distortion [Fig. 5.4(b)], this peak
splits and shifts toward the Fermi level, indicating a positive change in the one-
electron energy.1 Positive energy change leads to positive C44 in bcc V. In V-Cr

1In bcc V, this peak is dominated by t2g states, which splits into three one-dimensional
representations (b1g, b2g, and b3g) due to the monoclinic deformation (Eq. (3.4)).
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and V-Ti alloys the above scenario is slightly altered by alloying. Namely, the
before mentioned DOS peak moves toward lower (higher) energy levels upon
Cr (Ti) doping as compared to that in bcc V. These results indicate that the
one-electron energy change of V-7.5Ti (V-7.5Cr) is larger (smaller) than that
of V, suggesting that C44(V-7.5Cr) < C44(V) < C44(V-7.5Ti). Therefore, the
electronic structure of bcc V provides an explanation for the anomalous C44

versus composition.

5.4.2 Polycrystalline Elastic Properties

The polycrystalline elastic parameters of bcc V1−x−yCrxTiy alloys as a function
of composition are shown in Fig. 5.5. The bulk modulus B(x, y) varies between
a minimum value of 166 GPa belonging to V-10Ti, and a maximum value of 183
GPa corresponding to V-10Cr. The B(x, y) follows the opposite trend obeyed
by the lattice parameter (Fig. 5.2). The bulk modulus measures the resistance
of material to uniform compression. Alloys with larger lattice constant possess
lower average bond strength and thus they can be more easily compressed than
those with smaller lattice constants. From the investigation of the lattice con-
stant, we know that Cr decreases it and Ti increases it. These results explain
why the bulk modulus of V-Cr-Ti alloys decreases with Ti and increases with
Cr addition.

The variation of the shear modulus is very small within the present composi-
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Figure 5.5: Theoretical polycrystalline elastic constants (in GPa) for V1−x−yCrxTiy
(0 ≤ x, y ≤ 0.1) alloys as a function of Cr and Ti concentration.

tional map (about 2 GPa). Along the diagonal region, the shear modulusG(x, y)
is relatively large compared to the rest of the map, and slightly increases with
increasing total solute concentration when (x+ y) > 0.1 − 0.15. This particular
saddle type of trend of G(x, y) is due to the fact that C44(x, y) and C′(x, y)
show opposite variations with alloying (Fig. 5.3) and more specifically due to
the peculiar trend of C44(x, y). The Young’s modulus E(x, y) has similar com-
position dependence as that of the shear modulus, with V-10Cr-7.5Ti having
the largest E value (136.3 GPa).

5.4.3 Ductile/Brittle Properties

The ductile/brittle behavior of V-Cr-Ti alloys is a crucial issue for the perfor-
mance of structural materials. Previously, Pugh [138] proposed a phenomeno-
logical criterion for the ductile-brittle transition by means of the B/G value: A
material is ductile when its B/G ratio is greater than 1.75; otherwise it is in the
brittle regime. The calculated values of B/G for all V-based alloys considered
here are well above 1.75 (see Fig. 5.6), suggesting that all of these alloys exhibit
excellent ductile property. Alloys with largest B/G ratios correspond to low
Ti (<3 at.%) and high Cr (>6 at.%) concentration. The high-Ti-content (>7
at.%) alloys possess the lowest B/G ratio (<3.5) with a minimum around V-
10Ti. Furthermore, we also find that the V-4Cr-4Ti alloy has marginally better
ductility (in terms of B/G) than the V-5Cr-5Ti alloy. This is consistent with
the experimental observation that at temperatures up to 400°C V-4Cr-4Ti ex-
hibits a larger uniform elongation (18%-23%) than V-5Cr-5Ti (14%-18%) [3]. In
addition, the ductile/brittle behavior of a cubic crystal can also be expressed by
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its Cauchy pressure (C12(x, y)-C44(x, y))/2: the Cauchy pressure has a positive
value if materials possess ductility, whereas for brittle materials, the Cauchy
pressure is negative. [139] As shown in Fig. 5.6, one can see that all Cauchy
pressure values are positive, which means all alloys have ductile property. Fur-
thermore, the Cauchy pressure as well as the B/G ratio from our calculations
show similar variation of ductile behaviors with the alloying element concentra-
tion.

5.4.4 Solid-solution Hardening

With the Labusch-Nabarro (LN) semiempirical model [66–68] introduced in Sec-
tion 3.2, we investigated the SSH of V-Cr-Ti alloys as a function of Cr and Ti
concentration. First, we calculated the SSH of V-Cr and V-Ti binary alloys.
We found that both Cr and Ti induce SSH in V, but Ti has a slightly larger
strengthening effect than Cr. These theoretical predictions are in line with the
observations [140, 141]. For the ternary alloys, we simply sum the effects ob-
tained for the V-Cr and V-Ti binary alloys. Figure 5.7 shows the SSH for the
V-based alloys as a function of composition. One can see that for total solute
concentrations below ∼ 10%, the SSH has relatively low values (as compared to
the dilute alloys). Obviously, the SSH increases more with Ti content than with
Cr content as a result of the larger misfit parameters obtained for a Ti-doped
system.

The experimental works usually focus on the ductile-brittle transition temper-
ature (DBTT), which is a important parameter for structural material design.
As a structure material for future fusion reactors, it needs to have good ductility
even at room temperature. Thus it is necessary to find excellent V-based alloys
with low DBTT. However, it is impossible to investigate the DBTT by theoret-
ical tools. Fortunately, it has been found that the DBTT is related to the yield
strength [142]. In an ideal crystal, the yield strength is decomposed into lattice
friction strengthening (Peierls stress) and SSH contributions. The stress needed
to move a dislocation across the barriers of the oscillating crystal potential is
the Peierls stress. In metals, this is found to be approximately proportional to
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Figure 5.8: A 3D plot of the DBTT for the ternary V1−x−yCrxTiy alloys as a function
of Cr and Ti concentrations, taken from Ref. [1].
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the shear modulus [143]. According to the above correlation, we can study the
DBTT as a function of alloying contents. In the following, we combine the shear
modulus and SSH results to investigate the alloying effect on the DBTT.

From the shear modulus shown in Fig. 5.5, we can see that alloys with high
(x+y) (above ∼ 0.15) have the highest shear modulus, indicating that these al-
loys possess the highest Peierls stress. Alloys outside of this region have slightly
lower Peierls stress. Combining this result with the SSH from Fig. 5.7, we
conclude that the yield stress should increase with both Cr and Ti addition,
and this increase should be more pronounced along the main diagonal (x ≈ y).
Hence, our results suggest that the DBTT should show nearly symmetric com-
position dependence (as a function of Cr and Ti contents) with a maximum for
the equiconcentration alloys with (x+ y) larger than 0.1 − 0.15. A very similar
DBTT map was established from experimental measurements [2], see Fig. 5.8.
From Fig. 5.8, we can see that the V-Cr-Ti alloys with total concentration of Cr
and Ti below 10% show the lowest DBTT, and that the DBTT increases with
increasing the total concentration of Cr and Ti (above 10%), which is consistent
with our prediction.

5.5 Ideal Tensile Strength

5.5.1 Ideal Tensile Strength of Vanadium

To assess reliability of our computational approach for the ITS introduced in
Section 3.3, we first calculated the ITS of pure V along the [001], [110] and [111]
directions.2 For V, it is found that the deformation starts along the Bain path,
but branches away onto an orthorhombic path before the fcc point is reached
in response to tension along [001]. Here, using our computational approach,
we investigated this bifurcation for V with the aim to reveal its impact on the
attainable ITS. Figure 5.9 shows the stress as a function of strain along the
[001] direction. Along the tetragonal deformation path, stress increases with
increasing strain up to a maximum of σm = 18.8 GPa at a strain of ǫm = 16.8%.
The significantly lower ideal stress and strain on the orthorhombic deformation
path are clearly different from those corresponding to the tetragonal deformation
path. The stress corresponding to the secondary orthorhombic path reaches a
maximum of 12.4 GPa at ǫm = 9.2%. Hence the ITS of V is limited by the
bifurcation to the secondary orthorhombic path in the [001] direction, in line
with the previous observations [70, 84].

The ideal tensile strength σm corresponding to the strain ǫm from our and
other calculations in the [001] direction and in the other two directions are
listed in Table 5.1 and Table 5.2, respectively. From Table 5.1, it can be seen
that our results are in close agreement with available literature values. From
Table 5.2 we can see that our computed maximum stress for the [110] direction
is somewhat larger than the only available theoretical data, Ref. [130]. This

2The results on the ITS shown in this part were published in Paper II [144]. Regrettably, in
Equation (1) as published in Ref. [144] a mistake slipped in: the equation for the stress misses
the prefactor (1 + ǫ). The correct equation for the stress is given in Eq. (3.11) on Page 14.
As a result, all published numerical data on the ITS are incorrect in Ref. [144], but updated
results are presented in this section. However, this mistake does neither change the presented
trends, the given explanations, nor the drawn conclusion in Ref. [144].
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Figure 5.9: The stress of bcc V along the [001] direction as a function of the applied

strain. Open symbols and closed symbols refer to the primary tetragonal
deformation path and to the secondary orthorhombic deformation path, re-
spectively.

Table 5.1: The ideal tensile strength σm and the corresponding strain ǫm of V for the
tetragonal and orthorhombic deformation paths in the [001] direction. PAW
and PP stand for the projector-augmented wave method and pseudo-potential
method, respectively.

system method
Tetragonal Orthorhombic

σm (GPa) ǫm(%) σm (GPa) ǫm(%)

V

This work 18.8 16.8 12.4 9.2
PAW Ref. [130] 19.1 18.0
PAW Ref. [70] 17.8 17.0 11.5 10.0
PAW Ref. [145] 18.9 18.2

PP Ref. [84] 17 16.0 14 12.0

may be attributed to our constraint relaxation (fixed lattice parameter ratio
cfco/afco =

√
2). If this constraint is released as done in Ref. [130], the total

energy for each lattice distortion lowers and hence the uniaxial strain-energy
curve may be shallower compared to a constraint calculation.

Figure 5.10 displays the stresses as a function of strain along all investigated
directions for V. Compared to the [001] direction, the ideal stresses are much
higher in the [111] direction and the [110] direction. From these results, we
conclude that the [001] direction is the weakest one. In the inset of Fig. 5.10
(a), we also show stress as a function of strain in the small deformation region
(ǫ ≤ 0.5%). These strain-stress relations are linear and follow Hooke’s law,
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Table 5.2: Comparison between the present and former (Ref. [130]) ideal tensile
strength σm and the corresponding strain ǫm of bcc V calculated in the [111]
and [110] directions.

element method
direction/[111] direction/[110]

σm (GPa) ǫm(%) σm (GPa) ǫm(%)

V
This work 36.4 37.0 52.0 38.6

PAW Ref. [130] 31.0 36.0 32.8 42.0
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Figure 5.10: The stress of bcc V along [001] (secondary deformation path), [111] and
[110] directions as a function of strain. The insets show the trends of stress
versus strain in the smaller strain region.

σ = E · ǫ, where E is Young’s modulus, which depends on the direction of the
applied force [59]. According to the inset figure, we obtained E[001]=200 GPa and
E[111]=110 GPa, respectively. Furthermore, we also can use the elastic constants
(C11, C12, and C44) to get Young’s modulus along different tension directions,
which can be written as [59]

E[001] = 6C′ B

C11 + C12
, (5.3)

E[111] = 3C44
1

1 + C44

3B

. (5.4)

Accordingly, using the theoretical elastic parameters of bcc V [54], we obtain
E[001]=205.3 GPa and E[111]=101.4 GPa. These values are in good agreement
with the above data derived directly from Fig. 5.10. The anisotropy between
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E[001] and E[111] at small strains is distinct from the one for the larger, non-
linear deformation region, where [110] ultimately replaces [001] as the strongest
direction.

5.5.2 Ideal Tensile Strength of Vanadium-based Alloys

Based on the same method, we investigated the alloying effect on the ITS for
the V-based alloys. Figure 5.11 shows the composition dependence of the ITS
of ternary bcc V-Cr-Ti random alloys along the [001], [111], and [110] directions
and the corresponding numerical data for selected compositions are listed in
Table 5.3. From Fig. 5.11, we can see that the ITS increases with increasing
Cr and decreases with Ti addition for all directions. Due to the opposite effect
of alloys Cr and Ti on the ITS, the ITS remains almost unchanged if equal
amounts of Cr and Ti are alloyed to V. For example, the ITS of V-5Cr-5Ti is
12.6 GPa, which is very close to the value of V. From our results, we can see that
the [001] direction is the weakest one for all investigated alloys. Table 5.3 shows
the ITS of V-Cr-Ti random alloys along the [001], [111], and [110] directions.
From Table 5.3, it can be seen that the orthorhombic deformation significantly
reduce the ITS for all V-based alloys. Li et al. [84] calculated the ITS of Ti-
V alloys along the [001] direction for concentrations of Ti ≥ 30 at.% with the
virtual crystal approximation (VCA). Their results confirm our trend, namely
that the more Ti is present in the alloy the more the ITS is decreased. To
further assess our results, we calculated the ITS of the V-30Ti alloy along the
tetragonal deformation. Our value of 10.7 GPa is close to the 10 GPa obtained
by Li et al. [84] for the same alloy composition.

5.5.3 Structural Energy Difference and Ideal Tensile Strength

In the following, we explain the alloying trend on the ITS for tension along
the [001] and [111] directions. The deformation along [001] is limited to the
primary deformation path (Bain path, bct lattices) and the deformation in re-
sponse to strain along [111] is constrained to trigonal geometries in the discus-
sion. Although the branching from the primary tetragonal deformation path
significantly reduces the ITS (for [001] uniaxial stress), the alloying effect on
the maximum stress is similar for both deformation paths (Table 5.3). Since
both deformation paths are identical before branching, the alloying effect on the
ITS can be understood based on the primary tetragonal deformation path.

For a quantitative estimation of the ITS, we below assume a state of strain
with constant volume fixed to the theoretical bcc equilibrium volume per atom,
Ωbcc. The calculated ITS (σm) is approximated by σSED

m , which is defined by

σm ≈ σSED
m =

1 + ∆ǫ
Ωbcc

∆E
∆ǫ

, (5.5)

where ∆E is the energy of the maximum closest to the bcc phase on the re-
spective strain-energy curve and ∆ǫ is the strain at constant volume necessary
to transform the bcc lattice into either the fcc lattice or into the sc lattice.
Readily one may find, ∆ǫ[001] = (1 − 0.51/3)/0.51/3 ≈ 0.260 and ∆ǫ[111] =
(1−0.251/3)/0.251/3 ≈ 0.587 for the [001] distortion and the [111] distortion, re-
spectively. Along the [001] and [111] directions, the nearest, symmetry-dictated
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Table 5.3: The ideal tensile strength σm, corresponding strain ǫm from our calculations in [001], [111] and [110] directions for vanadium-based alloys.

composition
Tetragonal/[001] Orthorhombic/[001] direction/[111] direction/[110]
σm (GPa) ǫm(%) σm (GPa) ǫm(%) σm (GPa) ǫm(%) σm (GPa) ǫm(%)

V-10Cr 21.7 17.2 14.0 9.5 37.5 36.1 53.5 38.2
V-5Cr 20.2 17.1 36.9 36.4 52.8 38.7
V 18.8 16.8 12.4 9.2 36.4 37.0 52.0 38.6
V-5Cr-5Ti 18.8 16.8 12.6 9.4 36.1 37.2 51.6 38.5
V-5Ti 17.3 16.4 35.5 36.6 50.9 39.0
V-10Ti 16.0 16.3 11.5 9.3 34.5 36.5 49.8 38.8



46

CHAPTER 5. MECHANICAL PROPERTIES OF VANADIUM AND

VANADIUM-BASED ALLOYS

0 2 4 6 8 10
0

2

4

6

8

10

[001]

 

 

T
i (

at
.%

)

Cr (at.%)

11.40

11.74

12.08

12.41

12.75

13.09

13.43

13.77

14.00

0 2 4 6 8 10
0

2

4

6

8

10

[111]

 

 

T
i (

at
.%

)

Cr ( at.%)

34.50

34.88

35.25

35.63

36.00

36.38

36.75

37.13

37.50

0 2 4 6 8 10
0

2

4

6

8

10

[110]

 

 

T
i (

at
.%

)

Cr (at.%)

49.80

50.26

50.73

51.19

51.65

52.11

52.58

53.04

53.50

Figure 5.11: The ideal tensile strength of V-based alloys along [001], [111] and [110]
directions as a function of Cr and Ti. All stress values are in GPa. The [001]
stress corresponds to the secondary (orthorhombic) path (i.e. fully relaxed
structure within the plane perpendicular to the strain), whereas the [111]
and [110] stresses correspond to isotropic Poisson contraction.

maxima to the bcc phase of pure V are fcc and sc structures, which were iden-
tified by the previous works [127, 129–131], i.e., the uniaxial strain energy must
level off to the fcc-bcc SED and to the sc-bcc SED for an elongation along the
[001] and an elongation along [111], respectively. Using Eq. (5.5), we calcu-
lated the ITS along [001] and [111] directions. We obtain σSED

m = 16.1 GPa and
σSED

m = 36.3 GPa for the [001] distortion and the [111] distortion, respectively,
their ratio being 2.25. We compared these simple estimates to our ab initio data,
where we obtained 18.8 GPa and 36.4 GPa for the respective ideal stresses, and
their ratio is 1.94.

To understand the alloying effect on the basis of band filling arguments, we
calculated the DOS for pure V, vanadium alloyed with 10 % Cr and with 10 %
Ti, as well as the DOS of the equi-composition V-5Cr-5Ti alloy (Fig. 5.12).
From Fig. 5.12 (left panel), we notice that the curves of V-10Cr and of V-
10Ti are almost rigidly shifted with respect to the one of V, while the shape
of their DOSs is merely effected by alloying vanadium with adjacent elements
in the periodic table. This rigid band shift behavior signals an increase of the
d-occupation (increase of the number of valence electrons) and a decrease of the
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Figure 5.12: Left panel, the density of states for V-based alloys show that alloying
with a single element leads mainly to a rigid band shift of the DOS. The inset
displays the complete occupied valence band of pure V. Energies are given
relative to the Fermi level which is indicated by a vertical dotted line. Right
panel, the fcc-bcc structural energy difference as a function of d-occupation
for the elements 20 to 30 in the periodic table (mostly 3d transition metals),
taken from Ref. [131]. The data is based on self-consistent non-spin-polarized
LDA calculations. The lines guides the eye.

of d-occupation (decrease of the number of valence electrons) for Cr addition
and Ti addition, respectively. Thus, alloying V with Cr and Ti changes the band
filling. The DOS of V-5Cr-5Ti is virtually not shifted with respect to the one of
V, which indicates a zero net gain in the number of d-electrons in the matrix.
It was shown [115–117] that the band filling is the most important parameter
determining structural stability in transition metals. Thus, it is straightforward
to correlate the d-band filling due to alloying to the ITS via SEDs. Figure 5.12
(right panel, taken from Ref. [131]) shows the SEDs as a function of d-occupation
for single elements. From this figure, we can see that Cr (Ti) has bigger (smaller)
SED than that of V. Based on the DOSs and the SEDs trend, we expect an
increase (decrease) of the fcc-bcc SED if more Cr (Ti) is added into pure V, and
a similar fcc-bcc SED as pure V with the same amount composition of Cr and
Ti.

Figure 5.13 displays the uniaxial strain energy for V-based alloys in the [001]
direction for the tetragonal deformation path. It is apparent that with respect
to the curve of V, the energy-strain curve rises more rapidly with increasing
Cr concentration and decreases more rapidly with increasing Ti concentration.
Furthermore, the energy-strain curve of the equi-composition alloy (V-5Cr-5Ti)
is similar to that of V. Based on the above trends and according to the behavior
of SEDs with band filling, we expect that the ITS in the [001] direction increases
(decreases) with increasing Cr (Ti) concentration.

To confirm our expectation, we calculated the SEDs of V-based alloys, and
also calculated the ITS based on the SEDs data according to Eq. (5.5). Fig-
ure 5.14 displays the correlation between the real ITS calculation and the one
obtained by SED calculation along the [001] direction. From Fig 5.14, it is
clearly seen that there is a very strong correlation between these two types of
calculations. From the above results, we infer that the alloying effect on the
ITS for the V-based alloys can be explained on the basis of SEDs. Note that
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Figure 5.13: The uniaxial strain energy of V-based alloys for a stress applied in the
[001] direction (primary deformation path). The higher the 3d-band occupa-
tion the steeper the curve progression.

the influence of the volume change due to alloying (which enters Eq. (5.5)) is
about 2 % and is not primarily responsible for the observed trend of σm since
the volume effect is much smaller than the effect of ∆E.

According to Eq. (5.5), we also calculated the ITS along the [111] direction.
Figure 5.15 shows the correlation between the real ITS calculation and the one
obtained by SED calculation along the [111] direction. From Fig. 5.15, we can
see that these two types of calculations have a strong correlation.

On the basis of our simple estimate of the ITS, we conclude with respect to
bulk V an increase of σm for the V-Cr binary alloys and a reduction of the
ITS in the case of V-Ti binary alloys. We find for the equi-composition alloy
V-5Cr-5Ti, that its ITS almost retains the ITS of pure V.
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Chapter 6

Ideal Tensile Strength of
Refractory High-entropy
Alloys

6.1 Ideal Tensile Strength of High-entropy Al-

loys

The tensile stress-strain relationships along the [001] direction for bcc ZrNbHf,
ZrVTiNb, ZrTiNbHf, and ZrVTiNbHf random alloys are shown in Figure 6.2.
The calculated ITS of the ternary ZrNbHf alloy is about 2.64 GPa, and slightly
decreases to 2.28 GPa by adding the fourth element Ti. However, if we add Ti
and V to ZrNbHf, the ITS is enhanced by nearly 42 % with respect to the value
of ZrNbHf. An even more pronounced impact of alloying on the ITS occurs if
Hf in ZrNbHf is substituted with equiatomic Ti and V, which increases the ITS
by about 170 % (to 7.13 GPa).

From our calculations, we found that the ZrNbHf, ZrTiNbHf, and ZrVTiNbHf
alloys maintain bct geometry along the [001] direction for strains up to slightly
larger than maximum strain (ǫm). Hence, these alloys fail by cleavage of the
(001) planes and are representatives of bcc materials termed intrinsically brittle

owing to their particular deformation and failure behaviors during tension (see
Chapter 3). For the ZrVTiNb alloy, a branching from bct to orthorhombic
symmetry occurs before ǫm is reached along the tetragonal deformation path,
which is due to the elastic shear instability (see Chapter 3). This branching leads
to a slight decrease of the ITS of ZrVTiNb with respect to the maximum value
on the tetragonal deformation path. The above shear instability can also be
understood as an activated shear instability of the 〈111〉{112} slip system (the
resolved shear stress reaches the ideal shear stress under superimposed tension
in [001] direction) [69]. The resolved shear stress for the 〈111〉{112} slip system
at the instability is 3.5 GPa for ZrVTiNb, which is a good estimate of its ideal
shear strength (τm) for the same slip system without superimposed tension [23].
The estimated reduced shear strength, given by τm/G〈111〉,

G〈111〉 = 6c44c
′/(2c′ + 4c44), (6.1)
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amounts to 0.1 in agreement with other bcc systems [70, 146]. Owing to this
particular failure behavior, the ZrVTiNb alloy is referred to as being intrinsi-

cally ductile, which represents the preferred failure mode over the intrinsically
brittle one (see Chapter 3). Thus, ZrVTiNbHf and ZrVTiNb display an intrin-
sic brittle-to-ductile transition in terms of their intrinsic failure mode which is
altered upon changing the composition of the alloy, i.e., removal of Hf.

We noticed that the alloy with the highest ITS (ZrVTiNb) contains two el-
ements from the fourth group and two group five elements, which is denoted
by the ratio 2:2. In contrast, alloy possessing the lowest ITS (ZrTiNbHf), has
a composition dominated by elements from group four (ratio 3:1). The alloy
with moderate ITS (ZrVTiNbHf) consists of totally five elements with ratio 3:2.
This simple analysis indicates that the ITSs of refractory HEAs are determined
by the ratio of constituent transition metal elements belonging to the fourth
group and fifth group. Obviously, the smaller is the ratio the higher is the ITS.
It further suggests that the ITS of refractory HEAs could be tuned by varying
the total number of equimolar transition metals elements.

Figure 6.1: The tensile stress as a function of strain under uniaxial stress applied along
the [001] direction for refractory HEAs. For ZrVTiNb, a branching from the
tetragonal (bct) to the orthorhombic (ort) deformation path occurs at a strain
of 12.7 % < ǫm shown more clearly in the inset; for larger strains, both the
fully-relaxed orthorhombic and the constrained to bct stress-strain curves are
plotted. Branching does not occur for the other alloys in the strain interval
shown.
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Figure 6.2: (a) The correlation between the ITS and the fcc-bcc SED for the HEAs.
(b) The correlation between the fcc-bcc SED and the average valence d-band
filling for the HEAs (solid symbols), group 4 and 5, 3d- and 4d transition
metals and their random binaries. Dashed lines guide the eye.

6.2 Structural Energy Difference and Average

d-band Filling

To understand the above ITS trends, we employed the structural energy dif-
ference (SED) model, see Section 5.5.3. Although ZrVTiNb was found to be
intrinsically ductile, we also apply the SED model to ZrVTiNb, since its ITS is
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only slightly lowered by branching as discussed above. The correlation between
the ITS and the SED is displayed in Figure 6.2(a). One can see that the ITS and
the SED correlate strongly, indicating that this SED model is indeed holds for
the presently investigated HEAs, i.e., higher fcc-bcc SED corresponds to higher
ITS.

For all three transition metal series, electronic structure theory showed that
the fcc-bcc SED itself follows a regular pattern as a function of the number
of valence d-electrons [115, 118, 119, 121]. For example, Fig. 5.12 (right panel)
displays the fcc-bcc SED as a function of d-electrons for 3d transition metals. For
a d-band filling corresponding to bulk Ti, ∆ESED < 0, but for a d-band filling
corresponding to bulk V, ∆ESED > 0, which implies that ∆ESED increases
as the number of 3d electrons increases and changes sign. Both properties of
∆ESED are confirmed by the present theory and are shown for the 3d (Ti, V)
and 4d (Zr, Nb) elements and their equimolar random solid solutions (Ti-V,
Zr-Nb) in Fig. 6.2(b). For a more elaborate analysis of the ITSs trend for
HEAs alloys, we plotted the determined ∆ESEDs for the present HEAs as a
function of the d-band filling in Fig. 6.2(b). The d-band filling of alloys was
obtained by averaging the number of valence d-electrons of the constituent in
the alloy. Clearly seen from Fig. 6.2(b), the SED of the multicomponent HEAs
follows very closely the trend of the SED inherent to the 3d or 4d transition
metal series (for the 5d series, see Refs. [119, 147]). The data for the HEAs in
Fig. 6.2(b) clearly reveals the fact that the SED rises monotonically and nearly
linear as the average d-occupation increases. This strong correlation confirms
that the SED of the present refractory HEAs is mainly determined by their
average d-occupation number. Combining the above discussion and the data
in Figs. 6.2(b), our results show that the ITS of the present refractory HEA
is correlated with their average d-occupation, i.e., the higher the d-occupation,
the larger the ITSs.

It is important to realize that, although Ti, Zr, and Hf are not stable in the
bcc structure (at ambient conditions), the HEAs composed to a major part of
elements from the fourth group are, in fact, bcc stable. This in turn suggests,
that there is great flexibility to tune the ITS of refractory HEA by varying
composition and number of constituent elements as illustrated by the present
study. The highest values of the ITS are obtained for HEA containing a large
amount of group five elements due to their high intrinsic ITS (approximately
12-14 GPa [70]). The benefit of forming HEA by alloying group four elements
to group five elements is a wide stability range of the bcc phase (in terms
of the average d-occupation number, see Fig. 6.2(b)) at the cost of lowering
the ITS. The ZrVTiNb alloy with d-occupation approximately equal to 3.15 is
intrinsically ductile as are the elements V, Nb, and Ta with larger d-occupation
approximately equal to 3.6. Given the present finding that the d-occupation is
the controlling variable for the ITS, one might expect, that HEAs with d-band
fillings larger than ∼ 3.2 are also intrinsically ductile and reach ITS values that
approach those of the group five elements, as the d-occupation approaches ∼ 3.6.



Chapter 7

Ideal Tensile Strength of
Iron and Iron-based Alloys

In Chapter 5, we investigated the ITS of nonmagnetic random vanadium-based
alloys. Based on our results, we concluded that the EMTO-CPA approach pro-
vides an efficient and accurate theoretical tool to design the ITS of nonmagnetic
bcc random solid solutions and reveal the composition dependence of this fun-
damental physical parameter. In this chapter, using the same method, we will
investigate the ITS of ferromagnetic Fe-based random alloys. In this work, the
selected solute atoms are common in commercial Fe-based steel alloys and they
represent simple metal (Al), nonmagnetic (V) and magnetic (Cr, Mn, Co, and
Ni) transition metals. The concentration of the solutes varied in the range from
0 to 10 % except for Mn where the maximum concentration was 5 %. The [001]
direction was identified as the weakest direction of bcc crystals [21–23]. Thus
we only focus on the [001] direction in this chapter.

7.1 Ideal Tensile Strength of Iron

In order to establish the accuracy of the EMTO method for the ITS of Fe, we
carried out additional ITS calculations using three different density-functional
codes. They are the projector-augmented wave (VASP) code [148], an all-
electron full-potential localized orbitals (FPLO) code [149], and an all-electron
full-potential linearised augmented-plane wave (FP-LAPW) code (ELK) [150].1

The ITSs were obtained using a strain-energy fitting function for EMTO, ELK,
FPLO and FP-LAPW codes. For the VASP calculation, we used two approaches
to get the ITS: one is from the strain-energy fitting function, the other one is
directly from the computed stress tensor [154]. Table 7.1 shows the ITS as a
function of plane wave energy cut-off for both approaches. From Table 7.1, we
can see that the ITS derived from the stress tensor is converged when the plane
wave energy cut-off is larger than 500 eV. From the fitting function data, we can
see that the ITSs show a small change with increasing energy cut-off (error bar
due to fitting). Both approaches give practically similar results.

1The VASP, ELK, and FPLO calculations were done by Stephan Schönecker. For the
computation details, see Refs. [151–153].
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Table 7.1: The ideal tensile strength (in GPa) of bcc Fe from strain-energy fitting
function and stress tensor as a function of plane wave cut-off energy (in eV)
with VASP code.

Energy cut-off 267 350 500 800 1000

fitting function 11.9 11.7 11.6 11.7 11.6
stress tensor 14.5 12.1 11.8 11.8 11.8

The ITS σm of Fe corresponding to the strain ǫm from our and other calcu-
lations are listed in Table 7.2. From Table 7.2, we can see that our data from
EMTO, FPLO, and FP-LAPW methods agree well with other results, however,
our VASP value is lower than the ones from other calculations. The likely rea-
son is that the previous PAW data were obtained with a lower-energy cut-off
(below 350 eV) from stress tensor method, however, a 500 eV energy cut-off and
a fitting function were employed in this study. Decreasing the energy cut-off to
350 eV, we found that the ITS of Fe increases to 12.1 GPa from stress tensor (see
Table 7.1) bringing it close to the ones from others PAW calculations. Using
EMTO method, we found that a bifurcation from tetragonal to orthorhombic
symmetry occurs at ǫorth = 17 %, i.e., well above ǫm = 14.1%. This result is in
accordance with Ref. [20], where the branching was reported to occur at 18%
strain.

Table 7.2: The ideal tensile strength σm and the corresponding strain ǫm in the [001]
direction of ferromagnetic bcc Fe. The present results (EMTO, FPLO, PAW,
FP-LAPW) are compared with previous projector-augmented wave (PAW) [20,
21, 155], and full-potential linearized augmented plane wave (FP-LAPW) [22]

.

element method
direction/[001]

σm (GPa) ǫm(%)

Fe

EMTO (this work) 12.6 14.1
FPLO (this work) 13.0 15.2

VASP-PAW (this work) 11.6 14.7
FP-LAPW (this work) 12.8 14.3

PAW Ref. [20] 12.6 15
PAW Ref. [21] 12.4 16
PAW Ref. [155] 12.4 14

FP-LAPW Ref. [22] 12.7 15

7.2 Ideal Tensile Strength of Iron-based Alloys

Figure 7.1a shows the concentration dependence of the ITS of the present binary
alloys along the [001] direction. The corresponding numerical data for selected
compositions are listed in Table 7.3. The ITS is found to increase with Cr,
Co and V and decrease with Ni and Al addition to Fe. For instance, when
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10% Cr, Co, or V is added to bcc Fe, the ITS of Fe increases by 12.7%, 9.5%
and 23%, respectively. If however 10% Ni or Al is added to the Fe matrix,
the ITS reduces by 13.5%. The ITS of Fe1−xMnx increases by 3% as the Mn
concentration increases from 0 to 2.5%, and then reduces by 6% when up to 5%
Mn is added to Fe.

In order to account for the possibility of a branching from the primary bct de-
formation path to the secondary orthorhombic deformation path in the present
Fe1−xMx alloys, we performed additional structural optimization as a function
of the orthorhombic degrees of freedom. We find that for all binaries consid-
ered here and for all x values, the branching occurs at strains larger than ǫm(x)
corresponding to the ideal tensile strength of alloy Fe1−xMx. For instance,
the branching points are 18 %, 18 % and 17 % for Fe0.95Co0.05, Fe0.95Al0.05 and
Fe0.95Ni0.05, respectively. These figures should be compared to the correspond-
ing ǫm values of 15.4 %, 14.9 % and 14.6 %, respectively (Table 7.3). Although
for some alloys, the branching point gets slightly closer to ǫm as compared to
pure Fe (e.g., in Fe-Co and Fe-Ni), within the present compositional interval
(x ≤ 0.1) we can exclude the bifurcation from the primary tetragonal to the
secondary orthorhombic path.

Table 7.3: Theoretical ideal tensile strength (σm, in GPa) and the corresponding strain
(ǫm, in %) calculated in the [001] direction for Fe1−xMx alloys. For pure Fe,
σm=12.6 GPa and ǫm=14.1 %.

x
σm(x) ǫm(x) σm(x) ǫm(x)

x
σm(x) ǫm(x)

Fe-Cr Fe-Co Fe-V

0.025 13.6 14.2 12.8 14.8 0.025 13.8 14.4
0.05 14.1 14.9 13.2 15.4 0.05 14.4 15.2
0.075 14.2 15.1 13.5 15.4 0.075 15.2 15.7
0.1 14.2 14.7 13.8 15.4 0.1 15.5 15.8

Fe-Ni Fe-Al Fe-Mn
0.025 12.4 14.3 12.0 14.6 0.0125 12.8 14.7
0.05 12.1 14.6 11.6 14.9 0.025 13.0 14.9
0.075 11.6 14.3 11.1 15.1 0.0375 12.6 15.0
0.1 10.9 14.6 10.9 14.8 0.05 12.2 15.1

For the V-based alloys (see Chapter 5), the alloying effect on the ITS was
explained based on the SEDs model. Hence, for the present Fe-based alloys,
we made an attempt to describe and predict the alloying effect on the ITS of
Fe-based alloys using the above provided model. We assumed a FM state for
fcc Fe and its alloys, since the FM fcc state of Fe was shown to be the near-
est maximum of the uniaxial strain energy curve [20, 22, 155, 156]. Figure 7.2
displays the correlation between the change of the ITS as a function of con-
centration, ∆σm(x) ≡ σm(x) − σm(x0), and the change of the fcc-bcc SED,
∆(∆ESED)(x) ≡ ∆ESED(x) − ∆ESED(x0), where x0 is the reference concen-
tration. The prefactor 1/Ωbcc is weakly concentration dependent and does not
change the conclusions drawn here. We can see that Al, Mn, and Ni decrease
the ITS and also decrease the SED, however, V, Cr, and Co increase the ITS
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Figure 7.1: The ITS of ferromagnetic bcc Fe1−xMx alloys as a function of concen-
tration along the fully-relaxed loading path (σm, panel a). The constrained
ITSs at a constant-volume deformation (σΩ

m, filled symbols) and with fixed-
magnetic moment along the relaxed loading path (σµ

m, open pentagons) are
shown in panel b.

but decrease the SED. We also investigated the correlation between σm and
∆ESED increasing the concentration of the solute from 5 % to 10 % (x0 = 0.05
and x = 0.10), however the result is qualitatively identical to the one depicted in
Fig. 7.2. From these results, we infer that the correlation between the SEDs and
the ITSs built in the V-based part is of limited use in the present FM Fe-based
alloys.
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Figure 7.2: The change of the ITS, ∆σm, versus the change of the fcc-bcc SED,
∆(∆ESED), for Fe1−xMx alloys assuming a FM fcc state and for a concen-
tration increase from 0 % to 5 %. Data in unshaded areas affirm a correlation
based on Eq. (5.5).
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Figure 7.3: The change of the ITS for constant volume, ∆σΩ
m, versus the change of the

fcc-bcc SED, ∆(∆ESED), for Fe1−xMx alloys assuming a FM fcc state and
for a concentration increase from 0 % to 5 % and from 5 % to 10 %. Data in
unshaded areas affirm a correlation between ∆σΩ

m and ∆(∆ESED).

7.3 Magnetic Effect on the Ideal Tensile Strength

Since the quoted SEDs correspond to the same bcc and fcc volumes, we look
into the ITSs obtained assuming constant-volume deformations, σΩ

m. In these
additional studies, the volumes along the deformation paths were fixed to the
respective bcc equilibrium volumes. The constrained-ITS values, σΩ

m are dis-
played in Fig. 7.1b. According to Fig. 7.1b, the constrained ITS decreases with
increasing concentration for all binaries compared to the value for pure Fe. Alu-
minum, nickel, and manganese have a stronger effect than the other elements.
Comparing σΩ

m (Fig. 7.1b) with the previously computed ITSs along the loading
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path with fully relaxed geometry (Fig. 7.1a), we realize that the ITS of pure
Fe is most significantly affected by the constant-volume constraint, i.e., it in-
creases from 12.6 GPa to 18.2 GPa. This is to a much lesser extent the case for
Fe-alloys, for which the ITS enhancements (σΩ

m − σm) are considerably smaller
than for pure Fe. Figure 7.3 displays the correlation between the change of the
constrained-ITS calculated at the constant volume, ∆σΩ

m(x) ≡ σΩ
m(x) − σΩ

m(x0),
and the change of the FM SED ∆(∆ESED)(x). Alloying effects for an increase
of the concentration of the solute from 0 % to 5 % (Fig. 7.3(a)) and for an in-
crease from 5 % to 10 % (Fig. 7.3(b)) are displayed. Interestingly, the change of
σΩ

m correlates well with the change of the SED as illustrated in Fig. 7.3.

The observed correlation may be understood by considering magnetism. Fig-
ure 7.4 shows the magnetic moments as a function of the tetragonal axial ratio
(c/a) and the Wigner-Seitz radius (w) for Fe and Fe0.9V0.1 alloy as a repre-
sentative of all investigated binary alloys. We also displayed the corresponding
uniaxial deformation path in the range ǫ:(0 - ǫm). According to the contour plots,
the magnetic moment increase ∆µ for Fe along the deformation path from ǫ = 0
to ǫm is much larger than the one obtained for Fe0.9V0.1. Namely, ∆µ is 0.3µB

for Fe and 0.08µB for Fe0.9V0.1. These numbers should be contrasted with 0.1
µB for Fe and 0.04 µB for Fe0.9V0.1, calculated along the constant-volume defor-
mation path (in the range ǫΩ:(0 - ǫΩ

m)). This behavior is universal for all present
Fe1−xMx alloys. We should note that ǫΩ

m ≈ ǫm.

The comparatively large increase of the magnetic moment in Fe along the
uniaxial deformation path with unconstrained volume and the pronounced dif-
ference between σΩ

m and σm (5.6 GPa) are related. We recall that both the
increase of the magnetic moment and the difference σΩ

m − σm for Fe-alloys are
smaller than the values for Fe. To substantiate this correlation, we recalcu-
lated the ITSs for the previously determined unconstrained strain paths but
with magnetic moments fixed to their ground state (bcc) values, i.e., the mag-
netic moments were not allowed to relax self-consistently. The fixed-moment
results σµ

m are shown in Fig. 7.1b (open pentagons). Fixing the magnetic mo-
ment increases the computed strength of Fe by 4.8 GPa. However, this increase
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is strongly diminished at higher solute concentrations: being only 0.2 GPa for
Fe0.9V0.1. Monitoring Fig. 7.1, we observe that the constrained-volume σΩ

m and
the constrained-moment σµ

m results obey very similar trends. Namely, for both
cases the resulting stresses are essentially much larger than σm of Fe (by 4.8
GPa for σµ

m and 5.6 GPa for σΩ
m) but only slightly to moderately larger than

σm of Fe0.9V0.1 (0.2 GPa for the fixed-moment and 1.7 GPa for σΩ
m).

The previously discussed test calculations for the ITS of Fe with constrained
volume and fixed-moment were cross-checked with the FPLO scheme. We ob-
tained σΩ

m = 17.1 GPa and σµ
m = 17.2 GPa meaning an increase of 4.1 GPa and

4.2 GPa with respect to the unconstrained value, respectively. We conclude that
fixing the volume but allowing for a relaxation of the magnetic moments pro-
duces essentially the same alloying effect than fixing the magnetic moment but
taking into account structural relaxations (Poisson’s effect).
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Figure 7.5: Correlation between the stress change relative to the ITS of Fe (∆ΣΩ/µ)
and the magnetic pressure change (∆Pmag) for the constrained-constant vol-
ume deformation (filled symbols) and the fixed-magnetic moment along the
relaxed loading path (open symbols). The dashed line guides the eye.

The impact of magnetism on the ITS of Fe and the Fe-alloys can be demon-
strated if we realize that the above discussed changes of the ITS are associated
with the magnetic pressure in itinerant magnets. Within the Stoner model, the
magnetic pressure, pmag, is estimated by pmag ∝ kµ2/Ω, where k stands for a
positive proportionality factor that depends on potential parameters [157, 158].
We consider the excess magnetic pressure

∆Pmag ≡ µ2
m/Ωm − µ2

0/Ω0, (7.1)

evaluated at the ITS (index ’m’) with respect to the magnetic pressure in
the ground state (index ’0’). Figure 7.5 shows the variation of the two aux-
iliary ITSs relative to the unconstrained ITS and normalized to the ITS of Fe
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(∆ΣΩ/µ ≡ (σΩ/µ
m − σm)/σm(Fe)) versus the excess magnetic pressure. Accord-

ingly, Fe exhibits the largest excess magnetic pressure, which induces a 38 %
stress increase when constraining the magnetic moment. For the fixed-volume
ITS, ∆Pmag results in a 45 % increase of the ITS of Fe. The important effect
of alloying is that the excess magnetic pressure to the ITS is gradually reduced
with the addition of any investigated soluble. It is evident from Fig. 7.5 that
this effect occurs for the ITSs derived from the constrained-volume and the
fixed-magnetic moment. Obviously, the correlation between ∆ΣΩ/µ and ∆Pmag

is almost perfectly linear. The Fe-alloys with 10 % solute concentration already
possess approximately zero excess pressure, meaning that there is only a small
contribution of ∆Pmag to the their ITSs. ∆Σµ converges to zero as ∆Pmag ap-
proaches zero (Fe-V data set) while ∆ΣΩ

m remains finite because the involved
deformation paths are different.
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Figure 7.6: Band energy cost for an increase of the magnetic moment beyond its equi-
librium value based on a rigid band analysis of the respective bcc total DOSs.

7.4 Electronic Structure

Next we investigate why the magnetic moments of the Fe-alloys become rather
insensitive to volume change compared to pure Fe. We consider the single-
particle band energies, e, of the present binaries in a rigid band model. Em-
ploying the force theorem [119, 159], we express the energy change by the
change in the band energy, ∆Eband, when the magnetic moment is increased
by ∆µ = µ− µ0 relative to the equilibrium moment, µ0. Accordingly

∆Eband ≡ Eband↑ + Eband↓

=
∫ e↑(µ)

eF

(e′ − eF)N↑(e′)de′ +
∫ e↓(µ)

eF

(e′ − eF)N↓(e′)de′, (7.2)
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is the band energy change produced by transferring (µ − µ0)/(2µB) electrons
from the minority-spin band, N↓(e), below the Fermi level, eF, to the majority-
spin band, N↑(e), above eF. All required quantities were found from the calcu-
lated spin-polarized electronic DOS at the corresponding bcc equilibrium vol-
umes of all alloys.

Figure 7.6 illustrates that the band energy cost for an increase of µ is lower for
bcc Fe than for the present binaries with x = 0.1 (x = 0.05 in the case of Mn).
We notice that the same trend was found for the bct lattice as well. Therefore,
an increase of the magnetic moment, e.g., as a result of a lattice distortions,
is energetically much more favorable in pure Fe than in Fe alloys. For pure
Fe, the contribution of N↓ to ∆Eband is approximately twice as large as the
contribution of N↑. That is because the Fermi level in bcc Fe sits at the bottom
of the pseudo gap in the minority DOS (where N↓ is small) and at the shoulder
of the majority-spin band dominated by t2g↑ states (where N↑ is relatively high),
which is shown in Fig. 7.7. In the Al, Co, and Ni containing binaries, alloying
increases mainly the impact of Eband↑ to ∆Eband exceeding significantly the
nearly concentration-independent contribution of Eband↓. With V, Cr, or Mn
addition, alloying still increases Eband↑ much more significantly than Eband↓ but
the main contribution to the increase of the band energy remains the minority-
spin band, like in pure Fe.

The common denominator for the alloying-induced increase of Eband↑ is basi-
cally due to a downshift of the Fe host states in the majority-spin band, which
can be seen in Fig. 7.8 for the present binaries with x = 0.1 (x = 0.05 in the
case of Mn). Figure 7.9 illustrates the lowering of the edge of the t2g↑ shoul-
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der with respect to the Fermi level2. While the edge of the t2g↑ shoulder is
located just above eF in Fe, it is pushed below eF for all binaries, indicating the
opening of a small Stoner pseudo gap.3 The associated microscopic mechanism
in the case of Al, V, Cr, and Mn doping originates from the hybridization of
the solute states with the unoccupied s and p bands of Fe [160]. In the case
of Co and Ni, the solutes fill up mainly the majority-spin band of Fe. Both
mechanisms lower N↑(eF), decrease the magnetic susceptibility4 and make the
ferromagnetism stronger relative to pure Fe.

7.5 Importance

From the above investigations, we highlight some important findings. Under
[001] tension, ferromagnetic Fe fails by cleavage of the (001) atomic planes at
an attainable strength 12.6 GPa, which is about 55% lower than those of the
other bcc metals with the same failure mode (Mo and W) [69, 70]. However,
by calculating auxiliary ideal strengths assuming constant volume deformation
(σΩ

m) and fixed-spin moment calculations (σµ
m) along the unconstrained deforma-

tion path, it is found that the ITS increases by about 45% and 38%, respectively.
This indicates that the low ITS of Fe originates from its weak ferromagnetic na-
ture. If Fe were a strong ferromagnet, it would possess an ideal tensile strength
of ∼ 18 GPa.

2The distance between the inflection point of t2g↑ shoulder and the Fermi level.
3The energy difference separating the top of the completely filled d-majority spin channel

and the Fermi energy for strong elemental ferromagnets is called Stoner gap [97]. In analogy,
the energy difference separating the top of the Fe d-majority spin channel in the dilute Fe-
alloys and the Fermi level may be called pseudo Stoner gap—pseudo since the DOS from the
solute atoms at the Fermi level and above is finite (in both spin channels).

4See discussion in Ref. [97], Chapter 8. The inverse susceptibility 1/χ of a ferromagnet is
proportional to (1/N↑(e↑) + 1/N↓(e↓)).
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According to the ITSs of Fe-based alloy, we show that the ITS of Fe can
be sensitively tuned by adding a small amount of simple or transition metals.
We predict that vanadium produces the largest strength enhancement among
the common substitutional dopants used in steels. Based on the analysis of
alloying-induced effects on the peculiar electronic structure of Fe, we find that
the solutes Al, V, Cr, Mn, Co, and Ni alter the magnetic response of the Fe host
during tension from the weak towards a stronger ferromagnetic behavior. The
most important finding is that in contrast to the commonly accepted scenario
based on the phenomenological Slater-Pauling curve, our results give an evidence
that a small amount of early 3d metals can also enhance the stability of the
ferromagnetic order in Fe.



Chapter 8

Thermal Effect on the Ideal
Tensile Strength of Iron

Nowadays, DFT is a very powerful theoretical tool, which leads to an excellent
parameter-free descriptions of ground-state properties of bulk metals, ordered
and disordered alloys, and thin films in many cases. However, it is a big challenge
to investigate the thermal properties of these systems at finite temperature.
The ideal strength of elements has been widely studied at 0 K based on DFT.
However, it is largely unknown how this intrinsic property of solids behaves at
finite temperature. Extending these investigations to finite temperatures will
broaden the possibility for assessing the impact of the ITS in finite temperature
mechanical properties of micro/nano-scale materials. In this chapter, we predict
the temperature effect on the ITS of bcc Fe from 0 K to the Curie temperature
(TC). To model the temperature effect, here, we take into account three basic
contributions arising from phononic, electronic and magnetic degrees of freedom.

8.1 Methodology for Magnetic Contribution

We modeled the effect of thermal magnetic disorder on the total energy by
means of the partially disordered local moment (PDLM) method (see Chap-
ter 2). The PDLM approach describes the energetics underlying the loss of
magnetic order. Connection to the temperature is provided through the magne-
tization curve which maps the computed m to T . It is important to realize that
for Fe and Fe-based alloys the thermal spin dynamics embodied in the shape of
m(τ) and in the TC value change under the presently applied uniaxial loading.
The computational details for TC and m(τ) are given in Chapter 4.

To assess the reliability of our computational approach, we calculated s, TC,
and D for bcc Fe and Fe90Co10 alloy. From Table 8.1, we can see that the com-
puted D and TC of bcc Fe agree well with the previously published theoretical
results, although the theoretical values for D are with the exception of Ref. [161]
systematically smaller than the measured ones. The presently derived shape pa-
rameter for Fe (0.42) is in line with a previous assessment (0.41, Ref. [111]), but
both theoretical assessments are larger than the value fitted to the experimen-
tal magnetization curve (0.35(2) [112]). This discrepancy is mainly due to the
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Table 8.1: Magnetic quantities used to compute the shape parameter s of the bcc
phases of Fe and Fe-Co at the theoretical equilibrium volume compared to the
available experimental and theoretical data.

M0 (kG) g D (meV Å
2
) TC (K) s

Fe 1.85 2.091 244 1066 0.42
220-2872 1015-12703 0.414

1.775 280-3306 10437 0.35(2)8

Fe0.9Co0.1 1.91 2.081 285 1286 0.43
11489

1 Experiment; Ref. [113].
2 Refs. [112, 161] and references therein.
3 Ref. [101] and references therein.
4 Ref. [111].
5 Experiment; Ref. [162].
6 Experiment; Refs. [163–166].
7 Experiment; Ref. [167, 168].
8 Fit to experimental magnetization curve; Ref. [112].
9 Experiment; Ref. [169].

underestimated D. The present TC for Fe90Co10 agrees well with experimental
values.

8.2 Methodology for Phonon Contribution and

Electron Excitation

8.2.1 Thermal Expansion

In order to take into account the effect of thermal expansion, the ground-state
bcc lattice parameter at temperature T was obtained by rescaling the theoret-
ical equilibrium lattice parameter with the experimentally determined thermal
expansion γ(T ) = aexpt(T )/aexpt(T = 0 K). The rescaled bcc lattice parameter
at a certain T , a0

T , equals atheo(T = 0 K) · γ(T ) with corresponding volume V 0
T .

Figure 8.1 shows the experimental lattice parameters of the bcc phases of Fe
as a function of temperature, which were used to obtain γ(T ). The expanded
volume can be interpreted as being stabilized by a hydrostatic stress σT . The
σT was derived from the partial derivative of the bcc total energy E with respect
to the volume V taken at the expanded lattice parameter corresponding to T ,1

σT =
∂E(V )
∂V

∣

∣

∣

∣

V 0

T

. (8.1)

1For a hydrostatic pressure, we have (σij ) = diag(−p, −p, −p) and p = −
1
3

Tr (σij). In
analogy, we refer to a hydrostatic stress as σT = −p and (σij ) = diag(σT , σT , σT ).
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The unstrained state for a given T is defined with respect to V 0
T (a0

T =c0
T ). For

a chosen strain ǫ, the distorted structure is bct with cT (ǫ) = (1 + ǫ)c0
T along the

direction of tension. aT (ǫ) relaxes, so that the associated stress perpendicular
to [001], σ⊥, fulfills

σ⊥ =
1

aT cT (ǫ)
∂E(aT (ǫ), cT (ǫ))

∂aT (ǫ)

∣

∣

∣

∣

aT (ǫ⊥)

≡ σT . (8.2)
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Figure 8.1: Experimental lattice parameters of the bcc phases of Fe as a function of
temperature. TC and Tm indicate the Curie temperature and the melting
temperature, respectively. Data were taken from Refs. [167, 168].

The strain energy E(ǫ) for a series of cT (ǫ) was computed and the stress-strain
curve is derived from the following equation,

σ(ε) =
1 + ǫ

VT (ǫ)
∂E(ǫ)
∂ǫ

− σT , (8.3)

where VT (ǫ) = cT (ǫ)a2
T (ǫ⊥)/2.

8.2.2 Lattice Vibration

To estimate the effect of explicit lattice vibrations on the ITS, we computed
the vibrational free energy as a function of strain in the vicinity of the stress
maximum within the Debye model [59] employing an effective Debye tempera-
ture ΘD which was determined from the bulk modulus B and the Wigner-Seitz
radius r [61]. The Debye temperature is estimated from the following form,

ΘD = 41.63
(

rB

M

)1/2

ΘD in units of K, (8.4)

here M is the atomic mass, B is obtained at evaluated r (the units are kbar
and a.u. for B and r, respectively). With the obtained ΘD, the vibrational free
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energy per atom in the Debye model can be described as,

Fvibr = Evibr − TSvibr (8.5)

= −kBT

[

3
(ΘD/T )3

∫ ΘD/T

0

x3

ex − 1
dx− 3 ln

(

1 − e−ΘD/T
)

− 9
8

ΘD

T

]

. (8.6)

Based on the above equation, we can obtain the vibrational free energy change
at strains near the maximum strain. Taking into account this vibrational free
energy change together with the energy change without vibrational contribution,
we can get the relative energy slope change. From the relative energy slope
change, we can estimate the stress change due to lattice vibrations.

8.2.3 Electron Excitation

The temperature-induced contribution of electronic excitations to the ITS was
considered by smearing the density of states with the Fermi-Dirac distribu-
tion [170].

8.3 Prediction of the Temperature-dependent Ideal
Tensile Strength of Iron

The change in the ITS due to electronic excitations was found to be less than
1 % at ∼ 1000 K. The computed explicit phonon contribution decreases the
ITS by approximately 5% at high temperature (664 K) and leads to about 1 %
change at lower temperature (362 K). Both of the above effects are substantially
lower than those due to the magnetic disorder and thermal expansion. Thus,
we mainly focus on the magnetic disorder and thermal expansion contributions
in the following part. The temperature effect on the ITS (σm(T )) is shown in
Fig. 8.2. At 0 K, the ITS of Fe amounts to 12.6 GPa. It remains nearly constant
up to 350 K, and decreases then by ∼ 8 % at temperature ∼ 500 K compared
to the 0 K strength. The ITS drops significantly by ∼ 90 % between ∼ 500 K
and ∼ 920 K. At temperatures above ∼ 1000 K, Fe can resist a maximum tensile
strength of ∼ 1.0 GPa. We found that Fe maintains bct symmetry during the
tension process and eventually fails by cleavage of the (001) planes [20]. In
Fig. 8.2, we also shows the ITS of Fe considering merely the thermal magnetic
disorder effect (dashed line, open diamonds). Comparing these data to the full
ITS (solid line and circles), it can be inferred that the main trend of σm(T ) is
governed by the magnetic disorder term.

To understand the onset of the significant drop of the ITS from Fig. 8.2,
we turn to analyze the Curie temperature of the distorted bct Fe. Figure 8.3
displays the Curie temperature as a function of the bct lattice parameters. One
can see that the TC of bct Fe is strongly reduced compared to that of bcc Fe
(black asterisk). From this observation, one may expect that the significance of
the lattice-distortion-induced reduction of TC compared to bcc Fe is primarily
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Figure 8.2: The ITS of bcc Fe in tension along the [001] direction as a function of

temperature (σm(T ), solid line and circles); the ITS taking into account only
magnetic disorder (dashed line, open diamonds); the ITS taking into account
magnetic disorder and neglecting the change of TC with structural deforma-
tion (σc

m, dotted line, open triangles). The Fe0.9Co0.1 alloy (stars) possesses
a slightly larger ITS at 0 K, but compared to pure Fe the ITS drastically in-
creases at high temperatures. All data are normalized to the ITS of Fe at 0 K
(12.6 GPa).

responsible for the onset of the drop of the ITS at ∼ 500 K. To confirm this
expectation, we investigated the ITS (σc

m(T )) as a function of temperature with
a constant TC for bct Fe. We chose without loss of generality the TC of bcc Fe
derived from EMTO (1066 K). The magnetic disorder effect on σc

m(T ) is shown
in Fig. 8.2 (dotted line, open triangles). Clearly see from Fig. 8.2, the drop
of the ITS is shifted to higher temperatures for σc

m(T ) compared to σm(T ).
Hence, this auxiliary ITS calculation indicates that indeed the significant drop
of the ITS from ∼ 500 K to ∼ 920 K is due to the strong reduction of TC. In
other words, lattice deformation destabilizes the magnetic order which leads to
an unexpected softening of the lattice already at temperatures far below TC of
bcc Fe. Figure 8.4 displays the sketch of local spins for the unstrained parent
lattice and for the strained lattice at high temperature, illustrating the magnetic
disorder increase with tensile strain.

We have mentioned that for Fe the thermal spin dynamics embodied in the
shape of m(τ) [related to the shape parameter s (see Chapter 4)] and in the TC

value change under structural deformation. Above, we have studied the ITS as
a function of temperature with and without considering the change in TC with
structural distortion, while in the following we access the effect of s on the ITS
of Fe at evaluated temperatures. Figure 8.5 shows the comparison of the ITS
where the change of s with structural deformation is considered (solid circles and
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Figure 8.3: Contour plot of TC of bct Fe as a function of the lattice parameters a and
c. The region where TC is shown is confined by the bcc ground state (black
asterisk) and the failure points associated with σm(T ) (stars, corresponding
numbers denoting T ). The ground state bcc structure possesses the highest
calculated TC in the region shown. The dashed line represents the hyperbola
of constant volume equal to the bcc equilibrium volume.

open diamonds, respectively) and not considered (open circles). Clearly seen
that in contrast to TC, the shape parameter s of bct Fe does not significantly
determine σm(T ). The reason is that although the individual quantities TC and
spin-wave stiffness D depend strongly on tetragonality and volume, both follow
the same characteristic trend and their combined effect on s largely cancels out
(s ∝ M−1

0 (TC/D)3/2). We found that M0 depends rather weakly on both c/a
and volume.

8.4 Comparison of the Ideal Tensile Strength

in Ferromagnetic State and Paramagnetic
State

Now, one may wonder why the ITS of PM bcc Fe is so much lower than that
of FM bcc Fe, see Fig. 8.2. In the following part, we will answer this question
based on the electronic structure. It is known that nonmagnetic (NM) bcc Fe is
unstable. Bcc iron is susceptible to the formation of sizable magnetic moments
both in the FM phase (2.2µB) and in the disordered PM phase (2.1µB), but
the mechanisms that stabilize the PM and FM magnetic phases are different.
In Chapter 4, we plotted the density of states (DOS) of NM bcc Fe and also
calculated the Stoner criterion (Ig+/−(0) = 1.56 > 1). We concluded that the
pronounced peak in the NM DOS at the Fermi level drives the onset of FM
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Figure 8.4: The sketch of local spins for the unstrained parent lattice and for the
strained lattice at high temperature, illustrating the magnetic disorder increase
with tensile strain.

order. Accordingly, the majority spin channel and the minority spin channel
populate and depopulate, respectively, thereby causing an exchange split and
moving the peak away from the Fermi level. The DOS of FM Fe at equilibrium
has been shown in Fig. 7.7, from which one can see that EF is located near the
bottom of the pseudo gap at approximately half band filling in the minority
channel. This explains the pronounced stability of FM bcc Fe reflected by a
deep minimum in the energy versus a and c map 8.6(a). The depth of this
energy minimum in connection to the ITS is best characterized by the total
energy cost to reach the ideal strain (ǫm) from the unstrained bcc phase (strain
energy), which amounts to 0.426 mRy/atom per % strain.

For the PM state, we plotted the constant-volume Bain path of PM bct
Fe for various fixed values of the local magnetic moment (µ), which is dis-
played in Fig. 8.7(a). We can see that the bcc structure is gradually stabilized
with increasing µ, and a shallow minimum is formed on the tetragonal energy
curve for the self-consistent value of the local magnetic moment (µ0 = 2.1µB).
We also calculated the total energy change for an elastic distortion of the bcc
structure corresponding to a small volume-preserving tetragonal deformation
[∆E(δ) = E(δ)−E(0)] for the corresponding µ values, see the inset of Fig. 8.7(a).
One can see that for NM Fe, ∆E(δ) is negative, but increasing µ turns ∆E(δ)
positive signaling the mechanical stabilization of PM bcc Fe upon PM moment
formation. This result reveals that the mechanical stabilization of bcc PM Fe
due to local magnetic moment formation, embodied in the trend of ∆E(δ) as a
function of µ, is in fact determined by the kinetic energy (solid symbols) and
thus by the details of the electronic structure. The above analyzes indicate that
the formation of local magnetic moments in the PM state stabilizes the bcc
structure with respect to the NM bcc lattice as shown in Fig. 8.7(a). Different
from the FM state, in the PM state, the local moment formation is due to a
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Figure 8.5: Comparison between the full and magnetic ITSs (solid circles and open

diamonds, respectively) and the ITS obtained by omitting the structure de-
pendence of "s" (open circles). All data are normalized to the ITS of Fe at 0 K
(12.6 GPa)

split-band mechanism for which the average exchange field is zero [56, 171]. The
disorder-broadened DOSs of PM Fe (Fig. 8.7(b)) reveal that the formation of
local magnetic moments effectively removes the peak at EF seen for NM Fe.
However, this disorder mechanism does not yield a comparably large cohesive
energy increase as for the FM case 8.6(b). The strain energy cost to reach ǫm

starting from the shallow energy minimum equals 0.024 mRy/atom per % strain
in the PM phase, which is approximately 18 times smaller than in the FM case.
Hence, the significantly lower ITS of PM Fe compared to that of FM Fe arises
from the differences in the magnetism-driven stabilization mechanisms and the
corresponding energy minima within the Bain configurational space.

8.5 Alloying Effect of Cobalt

In Section 7.2, we have investigated the alloying effect on the ITS of Fe at 0 K.
We found that the ITS can be sensitively turned by alloying. Here, we study how
the ITS of Fe at evaluated temperatures changes with Co addition. Following
the same procedure as described for Fe, we computed the ITS of the Fe0.9Co0.1

alloy in the high-temperature interval between 496 K and 1000 K, the data are
shown in Fig. 8.5 (stars). At temperatures below 500 K, Fe0.9Co0.1 exhibits a
∼ 10 % larger ITS than Fe. However, the strengthening impact of alloying on
the ITS becomes more dramatic in the high-temperature region.

Now, let us explore the physical origin underlying the alloying effect at high
temperatures. The alloying effect of Co on TC is mainly connected to the
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strengthening of the first nearest neighbor exchange interactions (J1) [172, 173].
Figure 8.8 shows the influence of Co on the magnetic exchange interaction en-
ergy for bcc and bct Fe and Fe0.9Co0.1 (for one representative bct structure,
with a = 2.732 Å and c = 3.109 Å). For the bcc phase, we show the influence of
Co on the eight first [J1(8)] and six second [J2(6)] nearest neighbor exchange
interactions. From Fig. 8.8(a), we can see that J1 between both similar and
dissimilar atomic species increases significantly in Fe0.9Co0.1 compared to J1 in
pure Fe. At the same time, alloying with Co weakens J2, but this effect is of
lesser importance for TC than the strengthening of J1. For bcc Fe and Fe0.9Co0.1

alloy, TCs are 1066K and 1286K, respectively. For the bct phase, we show the
alloying effect of Co on J1(8), J2(4), and J3(2) (the two third nearest neighbor
interactions), see Fig. 8.8(b). We can see that the influence of Co is a strong in-
crease of J1 and a weakening of J2 and J3 similar to the behavior of Co in the bcc
phase. For the chosen example, the TCs of Fe and Fe0.9Co0.1 amount to 707 K
and 1053 K, respectively, i.e., Co addition results in an increase of TC which
is in magnitude much more pronounced for the bct structure than the impact
of Co alloying for the bcc phase. The above results express that Co additions
restore the magnetic order in the strained lattice (both the magnetic moment
and exchange interactions are larger and more stable in the Fe-Co alloy than
in pure Fe upon structural perturbation), push the critical temperature for the
strength-softening scenario in Fe towards the magnetic transition temperature
of the undeformed lattice, which leads to a surprisingly large alloying-driven
strengthening effect at high temperatures.

Brenner measured systematically the tensile strength of bcc Fe whiskers and
determined its temperature dependence [82, 83, 174], which is shown in Fig. 8.9.
It was found that the maximum tensile strength of [001]-oriented Fe whiskers
drops by about 67 %, and the average tensile strength drops by 60 % as the tem-
perature increases from 298 K to 823 K. The failure of whiskers with diameter
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(b) Total DOS of PM bcc Fe for different local magnetic moments.
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Figure 8.8: (a) and (b) The exchange interactions J1 and J2 of bcc Fe and Fe0.9Co0.1

and J1-J3 of one representative bct structure (a = 2.732 Å, c = 3.109 Å).

< 6µm were reported to occur without appreciable plastic deformation. More-
over, the observed temperature gradient of the measured strength is stronger
than the one assuming only the thermally-activated nucleation of dislocations at
local defects [174]. On the other hand, the present results show a strong temper-
ature gradient (mainly due to magnetic disorder) that is nicely reflected in the
experimental data. The qualitative difference in the theoretical and experimen-
tal temperature dependence may be ascribed to the low strain-rate inherent in
experiment, which allows for the activation of various mechanisms (dislocation
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Figure 8.9: Tensile strength of Fe whiskers under [001] oriented from experimental

measurement.

activation, nucleation, etc.) [175–177]. We suggest to measure the ITS of Fe-Co
whiskers at elevated temperatures to investigate the here predicted difference
in the ITS between Fe and Fe0.9Co0.1. The output of such experiments could
also be used to verify the connection between the ITS and the measured tensile
strength of single-crystalline whiskers.





Chapter 9

Concluding Remarks and
Outlook

In this thesis using the exact muffin-tin orbitals method (EMTO) in combina-
tion with the coherent-potential approximation (CPA), we have investigated the
elastic properties of V-based alloys as a function of Ti and Cr concentration. The
two cubic shear elastic constants (C′and C44) follow opposite alloying trends,
which results in a local maximum in the polycrystalline shear and Young’s mod-
uli for the equi-concentration alloys. The anomalous composition dependence of
C44 has been explained using the electronic structure of bcc V. Using the phe-
nomenological correlation by Pugh, the present B/G values indicate excellent
ductility for all V-based alloys considered here. The addition of Cr increases the
bulk modulus and the ductility of V-based alloys. Both Cr and Ti enhance the
solid solution hardening (SSH) of V-based alloys but Ti has larger strengthen-
ing effect than Cr. The SSH of the ternary alloys increases with increasing the
total Cr and Ti concentration. We have used our theoretical data to explain the
changes of ductile-brittle transition temperature of V-Cr-Ti alloys as a function
of Cr and Ti concentration.

The ideal tensile strength (ITS) of pure V and Fe has been calculated by the
EMTO method. Our results are in good agreement with the available literature
calculations and confirm that our methodology has the accuracy needed for such
calculations. In the case of V-based alloys, we have obtained that Cr addition
increases and Ti addition decreases the ITS of bcc V in all three investigated
crystallographic directions ([001], [110] and [111]). As a consequence, the ITS of
V-Cr-Ti alloys remains virtually unchanged if equal amounts of Cr and Ti are
introduced into the V host. Comparing the ITSs along the [001], [111] and [110]
directions, we identify the [001] direction as the weakest one. Along the [001]
tension, there is an orthorhombic branching, which significantly decrease the
ITSs of V and V-based alloys compared to the primary tetragonal deformation.
We have shown that the observed alloying effects on the ITS can be understood
on the basis of band filling arguments and structural energy differences.

We have investigated the ITS of four single bcc-phase HEAs: ZrNbHf, ZrVT-
iNb, ZrTiNbHf, and ZrVTiNbHf. We have found that the ITS increases with
decreasing the ratio of the fourth group elements to fifth group elements. The
alloying effect on the ITS of HEAs is explained by the d-band filling. In light



80 CHAPTER 9. CONCLUDING REMARKS AND OUTLOOK

of the recent attempts connecting the intrinsic materials properties to the ex-
trinsic ductility [178], the present progress offers a guide line to design ductile
refractory HEAs with carefully tailored strength level.

For the Fe-based alloys, we have demonstrated that alloying Fe with fre-
quently utilized solutes (Al, V, Cr, Mn, Co, and Ni) with concentrations up to
10 % is an effective mean to alter the intrinsic upper bound of the mechanical
strength in tension along [001]. The ITS increases with increasing concentration
of Cr, Co, and V and decreases with Ni and Al addition to pure Fe. Manganese
shows a small but non-monotonic alloying behavior. Among the investigated
solutes, V turns out to be one of the most efficient alloying agents producing an
enhancement of the ITS by 2.3 % per atomic percent of V. All binary systems
considered here fail by cleavage under [001] loading. We have found that the
present solutes alter the magnetic response of the Fe host during tension from
the unsaturated towards a more stable ferromagnetic behavior. The underly-
ing driving force originates from the alloying induced effects on the peculiar
electronic structure of Fe.

We have discovered a strong magneto-mechanical softening of iron single-
crystals upon tensile loading. We have shown that the strength along the [001]
direction persists up to ∼ 500 K, however, diminishes most strongly in the tem-
perature interval ∼ 500 - 920 K due to the loss of the net magnetization upon
uniaxial strain. The strength in the paramagnetic bcc phase is more than 10
times lower than that in the ferromagnetic bcc phase. We have found that
Fe fails by cleavage at all investigated temperatures. The strength of Fe at
high temperatures is significantly enhanced by alloying with Co. We expect
that the large magnetic effect on the strength exists for all dilute Fe alloys and
that the magneto-mechanical softening temperature can be sensitively tuned by
proper selection of the alloying elements. In particular, solutes that strengthen
(weaken) the ferromagnetic order in the tetragonally distorted Fe increase (de-
crease) the intrinsic strength of defect-free Fe crystals at temperatures above
(below) ∼ 600 K.

Based on these achievements, we conclude that the EMTO-CPA approach
provides an efficient and accurate theoretical tool to design the mechanical
strength of bcc random solid solutions.

The works presented in this thesis give me a solid background to continue my
research along the ab initio study of the mechanical properties of metals and al-
loys. One open question is the connection between extrinsic ductility/brittleness
and intrinsic ductility/brittleness [73, 178] in bcc systems. Extrinsic ductil-
ity/brittleness is related to defects, such as the dislocation network and disloca-
tion mobility, grain boundaries, etc. In contrast, intrinsic ductility/brittleness
refers to the failure mode of an ideal infinitely large crystal without any struc-
tural imperfections. The B/G ratio employed in our work is a phenomenolog-
ical indicator to characterize the extrinsically ductile/brittle fracture behavior
of polycrystalline metals. A more elaborated measure of the extrinsic ductil-
ity/brittlness is given by the Rice theory [179], which involves the surface energy
and the unstable stacking fault energy. Although extrinsic ductility is the prop-
erty we usually experience in our daily life, one may generally argue that both
intrinsic and extrinsic ductility are important. Recently, a connection between
extrinsic and intrinsic ductility/brittleness for single elements was attempted by
Pokluda et al. [178]. Their results indicate that the tendency of an engineering
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material to brittle or ductile behavior is partially predetermined by intrinsic
properties of the crystal lattice of its basic constituents. In my future study, I
will look for a simple criterion to predict the intrinsic ductility/brittlness in bcc
alloys.
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