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Abstract

At the time of the 50th anniversary of the Kohn-Sham method, ab initio cal-
culations based on density functional theory have formed an accurate, efficient,
and reliable method to work on the properties of engineering materials. In this
thesis, we use the exact muffin-tin orbitals method combined with the coherent-
potential approximation to study the mechanical properties of high-technology
materials. The thesis includes two parts: a study of long-range chemical order
effects and a study of alloying effects on the mechanical properties of alloys.
In the first part, we concentrate on the impact of chemical ordering on the me-

chanical properties. The long-range order effect on the elastic constants behaves
in a very different way for non-magnetic materials and ferromagnetic materials.
For non-magnetic Cu3Au, the long-range order effect on the elastic constants
is very small. The Debye temperature does not show a strong chemical order
dependence either. For a ferromagnetic material, on the other hand, the long-
range chemical order produces considerable influence on C ′ in the ferromagnetic
state, but negligible effect on C ′ in the paramagnetic state. The lattice param-
eter, bulk modulus B, and shear elastic constant C44 change slightly with the
degree of long-range order for both magnetic states. The Young’s modulus E
and the shear modulus G increase significantly with the degree of order in the
ferromagnetic state, but the effect becomes weak as the system approaches the
random regime.
In the second part, the alloying effect of Mn/Ni on the lattice parameter,

elastic constants, surface energy, and unstable stacking fault (USF) energy of
bcc Fe is examined. The calculated results show that the lattice parameter of
ferrite Fe is slightly altered upon Ni/Mn alloying the trend of which can be
explained by the magnetism-induced pressure. Nickel addition decreases C ′ but
has a negligible effect on C44, whereas manganese addition increases C44 and
has a weak influence on C ′. In both systems, the bulk modulus B shows a
smooth second order variation. On the other hand, the surface energy and the
unstable stacking fault energy decrease by adding Mn or Ni to Fe. For both
planar fault energies, Ni shows a stronger effect than Mn. Segregation seems to
have a minor effect on the surface and USF energies for dilute Fe-Ni and Fe-Mn
alloys. The ductility can be estimated using available physical parameters via
traditional phenomenological criteria like the Pugh ratio B/G, the Poisson ratio
ν, the Cauchy pressure C12 − C44, and the Rice ratio γs/γu.

According to dislocation theory, a dislocation can not directly cross a general-
type grain boundary with rather disordered interface. Therefore, the study
of dislocations is assumed to be limited to single-crystals. Several theoretical
studies indicate that the cleavage plane is {001} in bcc crystals. Based on
these information, we suggest that the resolved single-crystal tensile strength
E{001} and the resolved single crystal shear strength G{110}〈111〉 should be
used to describe brittle cleavage and dislocation movement rather than poly-
crystalline parameters such as B and G. We demonstrate that all shear moduli
G{lmn}〈111〉 associated with the 〈111〉 Burgers vector take the same value
3C44C

′/(C ′ + 2C44), which could in fact explain the observed multiple slip in
bcc systems. Due to the discrepancy between the resolved single-crystal elas-
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tic constants and the averaged polycrystalline elastic constants, the Pugh ratio
B/G and the traditional criteria based on polycrystalline elastic constants lead
to large differences for magnetic systems. Finally, we propose a new measure
of the ductile-brittle behavior based on the ratio σcleavage/Gresolved which gives
the right experimental trend for the Fe-Mn and Fe-Ni systems.
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Sammanfattning

Vid Kohn-Sham-metodens 50-årsjubileum så har nu ab initio beräkningar ba-
serade på täthetsfunktionalteori skapat en noggrann, effektiv och tillförlitlig
metod för att bestämma egenskaper hos ingenjörstekniska material. I denna av-
handling använder vi den exakta muffin-tin-orbitalsmetoden kombinerad med
den koherenta potentialapproximationen för att studera mekaniska egenskaper
hos högteknologiska material. Avhandling innehåller två delar: en studie av ke-
misk ordning med lång räckvidd och en studie av legeringseffekter på mekaniska
egenskaper hos legeringar.
I den första delen så koncentrerar vi oss på den kemiska ordningens påver-

kan på mekaniska egenskaper. Effekten av lång räckvidd på elastiska konstanter
beter sig väldigt olika för icke-magnetiska material och för ferromagnetiska ma-
terial. För icke-magnetiskt Cu3Au så är effekten av lång räckvidd på de elastiska
konstanterna väldigt liten. Debyetemperaturen visar inte heller något starkt be-
roende av den kemiska ordningen. För ferromagnetiska material å andra sidan
så påverkar den långa räckvidden avsevärt C ′ i den ferromagnetiska fasen, men
effekten är försumbar på C ′ i den paramagnetiska fasen. Gitterkonstanten, bulk-
modulen B, och skjuvelastiska konstanten C44 ändras något för båda magnetiska
faserna. Youngsmodulen E och skjuvmodulen G ökar avsevärt med graden av
ordning i den ferromagnetiska fasen, men effekten avtar när systemet närmar
sig oordning.
I den andra delen så undersöks legeringseffekten av Mn/Ni på gitterkonstant,

elastiska konstanter, ytenergi och instabil staplingsfelsenergi hos bcc Fe. De
beräknade resultaten visar att gitterkonstanten hos ferritiskt Fe ändras något
under Ni/Mn-legering, vilket kan förklaras med hjälp av det magnetiskt på-
tvingade trycket. Tillägg av Ni minskar C ′ men har en försumbar effekt på
C44, medan tillägg av mangan ökar C44 samt har en svag påverkan på C ′. I
båda systemen så uppvisar bulkmodulen B en slät andra ordningens variation.
Å andra sidan så minskar ytenergin och den instabila staplingsfelsenergin (eng-
elska: unstable stacking fault, USF) genom tillägg av Mn och Ni till Fe. För
båda planfelsenergierna så uppvisar Ni en starkare effekt än Mn. Segerationen
verkar ha en mindre effekt på yt- och USF-energin för utspädda Fe-Ni- och Fe-
Mn-legeringar. Duktiliteten kan uppskattas genom tillgängliga fysikaliska para-
metrar via traditionella fenomenologiska kriterier som Pughförhållandet B/G,
Poissonförhållandet ν, Cauchytrycket C12 − C44 och Riceförhållandet γs/γu.
Enligt dislokationsteori så kan inte en dislokation korsa en korngräns. Alltså

antas studiet av dislokationer begränsas till enkelkristaller. Flertalet teoretiska
studier indikerar att klyvningsplanet är {001} i bcc-kristaller. Baserat på den-
na information så föreslår vi att den planupplösta enkelkristallina dragstyrkan
E{001} och den planupplösta enkelkristallina skjuvstyrkan G{110}〈111〉 bör
användas för att beskriva spröd klyvning och dislokationsrörelser, snarare än
flerkristallina parametrar så som B och G. Vi demonstrerar att alla skjuvmo-
duler G{lmn}〈111〉 samhörande med 〈111〉-Burgersvektorn antar samma värde
3C44C

′/(C ′ + 2C44), vilket skulle förklara den observerade multipla glidningen
i bcc-system. På grund av avvikelsen mellan planupplösta enkelkristallina elas-
tiska konstanterna och de genomsnittliga flerkristallina elastiska konstanterna,
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så leder Pughförhållandet B/G och de traditionella kriterierna baserat på de
flerkristallina elastiska konstanterna till stora skillnader för magnetiska system.
Slutligen så föreslår vi ett nytt mått för det duktila-spröda beteendet baserat på
förhållandet σcleavage/Gresolved, vilket ger rätt experimentell trend för Fe-Mn-
och Fe-Ni-system.
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Chapter 1

Introduction

The mechanical performance of materials are of concern to a number of groups
with different interests such as producers, consumers, research organizations,
and government agencies. Consequently, mechanical properties have been widely
investigated using diversified approaches. From an uniaxial tensile strain test,
one of the most widely used procedures to characterize mechanical performance,
a material’s stress-strain curve is obtained, which may be split into two parts:
before yielding and after yielding. Elastic properties govern the stress-strain
relation before yielding and the fracture mode characterizes the general defor-
mation process after yielding.

1.1 Elastic Properties

The elastic properties play an indispensable role in the application of an al-
loy. The elastic performance is sensitive to various internal and external con-
ditions, such as alloying addition, temperature, applied force, fatigue, ordering
and so on. On an atomic scale, macroscopic elastic strain is manifested as subtle
changes in the interatomic spacing. The elastic constants are a measure of the
resistance to separation or shear of adjacent atoms. In this thesis, we focus on
the ordering effect which is important for the obvious reason namely that for
instance chemical ordering upon decreasing temperature rearranges the atomic
positions and thus changes the interatomic interactions. Ultimately, it is the
interaction between the individual atoms that determines the elastic properties.
It is well known that multi-component systems forming a random solid solution
at high temperature may transform to an ordered single phase upon lowering
the temperature. Some experimental [1, 2] and theoretical [3] works have shown
that the ordering transformation may have sizable effects on the basic proper-
ties of alloys ranging from the electronic structure to macroscopic observable
quantities [4]. Therefore, shedding light on how elastic constants respond to the
ordering effect is particularly important.
On the other hand, the coupling between magnetic moment and ordering

effect makes this topic even more interesting and leads to some unexpected
results. In the Ni3Fe system, Himuro et al. [5] reported that the magnetic
ordering increases the stability of the L12 phase and the chemical ordering
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stabilizes the ferromagnetic state. Likewise in the FeGa system: Ref. [6] shows
that B2-like chemical ordering of FeGa was thought to be the primary reason
for the strong enhancement of magneto-elastic coupling.
On the theoretical side, most of the available ab initio calculations of the elas-

tic properties have been performed for ordered structures, and thus their rele-
vance for the actual partially or fully disordered solids is questionable. However,
the ordering degree is difficult to control and to measure accurately in experi-
ment. In theoretical simulations, disordered alloys may be represented by big
super cells containing minimum hundreds to thousands atoms. Further, it is
difficult to properly capture the ordering degree in super cells calculations. Due
to the above difficulties, the ordering effect on the mechanical properties are still
not clear. Fortunately, with the advent of the modern ab initio computational
alloy theory [7–10], one is now able to model the random regime as well. Nu-
merous applications demonstrate the success of this approach when focusing on
chemically and magnetically disordered solid solutions [8, 11–22]. However, the
complete ignorance of the ordering effects in such alloy studies may also lead
to inconsistent between theory and observations. One question of particular
interest is to what extent the mechanical characteristics of metallic alloys are
influenced by the degree of chemical ordering, and to what extent the magnetic
effects would change the impact of the chemical ordering effect.

1.2 Ductile vs. Brittle: an Ab initio Approach

The plastic properties of engineering alloys are determined by a series of mech-
anisms controlling the dislocation glide (such as elasticity, grain size, texture,
grain boundary cohesion, solid solution and precipitation hardening). Describ-
ing such phenomena using merely ab initio calculations is not feasible. On the
other hand, the mechanical properties are closely related to several material
parameters which are within reach of such theoretical tools. In particular, the
fracture work depends on the surface energy, elastic energy, and plastic en-
ergy [23]. Following the relationship between the crack and the surface energy
(γs), and the plastic deformation and the unstable stacking fault (USF) en-
ergy (γu), Rice [24] proposed that the brittle-ductile behavior can be effectively
classified by the γs/γu ratio. In body-centered cubic (bcc) system, plastic de-
formation shows various kinds of complexity due to its intricate dislocation core
structure, multiple slip systems and the cross slip between them. According to
the Peierls-Narbarro model, the shear stress necessary for moving a dislocation
in the lattice can be estimated as τp = 2G/(1− ν) exp[−2a/(b(1− ν))], where G
is the shear modulus, and ν the Poisson ratio. Here a represents the character-
istic interlayer distance, and b is the Burgers vector. For a fixed structure, a/b
depends only on the slip system. Accordingly, the greatest a and the shortest b
give the lowest resistant stress, which corresponds to the most likely slip system.
Usually, such slip systems have the closest packed atomic plane and the closest
packed slip direction. In the bcc lattice, this is the {110}〈111〉 slip system, i.e.,
slip occurs along the 〈111〉 direction on the {110} planes. A recent molecular
dynamics study [25] showed that other plane families such as {112} and {123}
can be also efficient in bcc Fe.
According to the model from Pugh [23], the ductility of materials can be
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characterized by the ratio between the bulk modulus B and the shear modu-
lus G. Ductile materials usually possess B/G > χP ≡ 1.75, whereas brittle
materials have typically B/G < χP. The Pugh ratio is often used in modern
computational materials science to assess and predict trends at relatively low
calculation cost. One can easily establish a qualitative connection between the
Pugh criterion and that of Rice. The surface energy is known to correlate with
the cohesive energy [26–30], which in turn is to a large degree proportional to the
bulk modulus since larger cohesive energy requires larger curvature of the bind-
ing energy curve. The USF energy represents the energy barrier upon shifting
one half of the crystal over the other half. The slope of the so defined γ-surface
is expected to be proportional to γu (maximum of the curve) and also to the
Peierls-Narbarro stress. Assuming a constant Poisson ratio, for a fixed lattice
the latter is given merely by the shear modulus. Hence, at least on a qualitative
level one may expect that γs/γu and B/G should follow similar trends, e.g.,
upon alloying. The above correlations is carefully investigated in the present
thesis in the case of Fe-Mn and Fe-Ni alloys.
For an isotropic polycrystalline material the two elastic moduli B and G

determine the Poisson ratio ν = (3B/G − 2)/(6B/G + 2). Consequently, the
Pugh criterion imposes the constraint ν > (3χP − 2)/(6χP + 2) ≈ 0.26 for the
Poisson ratio of ductile materials. The polycrystalline bulk and shear moduli
are derived from single-crystal elastic constants by Hill averaging of the Voigt
and Reuss bounds [10]. In the case of cubic crystals, these two bounds are
related to Pugh’s ratio by

B

G
=

 5
( 2

3Z
−1 + µ

)
(2Z−1 + 3)−1 (Voigt)

1
5
( 2

3Z
−1 + µ

)
(3 + 2Z) (Reuss)

, (1.1)

where Z ≡ 2C44/(C11 − C12) is the Zener anisotropy ratio. Hence, for both
limiting cases, the Pugh ratio increases linearly with µ ≡ C12/C44. For isotropic
crystals Z = 1 and thus the Pugh criterion for ductility requires µ & 1.08. For
weakly anisotropic lattices (Z ∼ 2, which is the case of the present alloys),
the above condition modifies to µ & 0.92 or µ & 1.07 corresponding to the
Reuss or Voigt value, respectively. For this anisotropy level, the Hill average
requires µ & 0.99 for ductile materials. The above defined µ parameter is
closely connected to the Cauchy pressure (C12 − C44) = C44(µ − 1). Negative
Cauchy pressure (i.e., µ < 1) implies angular character in the bonding and thus
characterizes covalent crystals while positive Cauchy pressure (µ > 1) is typical
for metallic crystals [31]. In other words, if the resistance of the crystal to shear
(C44) is larger than the resistance to volume change (C12), the system shows
covalent features and vice versa. This condition based on the Cauchy pressure
is in line with the one formulated by Pugh.
As all of these criteria have the same background, they should give similar

results. Interestingly, experiments indicate that Mn softens the ferritic phase
(solid solution softening) at low temperature. But the polycrystalline shear
modulus G of ferritic Fe-Mn increases with Mn concentration. According to
the ductility analysis based on above criteria for the Fe-Mn system, Pugh’s
ratio and Rice’s ratio give opposite answers. In order to resolve this apparent
contradiction, we focus on the alloying effect of Ni and Mn on ferritic Fe-based
dilute alloys with the aim to understand the possible mechanisms behind the
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well-known facet cleavage problem in duplex stainless steel (DSS) alloys, which
to a large extent limits their engineering applications.



Chapter 2

Elastic Properties of
Materials

2.1 Elastic Constants
Elastic properties are characterized by single-crystal and poly-crystalline elas-
tic constants. In ab initio calculation, single-crystal elastic constants can be
extracted from constitutive stress-strain relations or internal energy-strain rela-
tions. In this thesis, the latter one is applied. Polycrystalline elastic constants
are estimated from single-crystal elastic constants by some effective theoretical
averaging methods [10, 32].

2.1.1 Single-crystal Elastic Constants
The adiabatic elastic constants are expressed as the second order derivatives of
the internal energy with respect to the components of the stain tensor ekl(k, l =
1, 2, 3), viz.

Cijkl = 1
V

∂2E

∂eij∂ekl
, (2.1)

where E stands for the internal energy and V denotes the atomic volume. The
elastic constants form a fourth-rank tensor, which can be arranged in a 6 × 6
matrix with maximum 21 independent elements [33, 34]. In a cubic lattice there
are only three independent elastic constants which are C11, C12, and C44. C11
and C12 are connected to the bulk modulus (B) as

B = 1
3(C11 + 2C12) (2.2)

and to the tetragonal shear constant (C ′) as

C ′ = 1
2(C11 − C12) (2.3)

Therefore, we are free to choose any three independent ones out of C11, C12, C44, C
′

and B. In the present thesis, we choose B, C ′ and C44, then the other two (C11
and C12) can be extracted using the equations (2.2) and (2.3).
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Figure 2.1: Illustration of the orthorhombic and monoclinic distortion of the fcc struc-
ture. oabc represents the fcc coordinate system. The orthorhombic distortion
was applied through changing the length of a, b, and c. Monoclinic distortion
was accomplished as an orthorhombic one in (o′a′b′c′)coordinate system by
changing the length of a′, b′, and c′.

The bulk modulus and the equilibrium volume are derived from the equation
of state, obtained by fitting the total energy data calculated for seven different
cubic lattice constants (a) by a Morse-type of function [35]. Since the total
energy depends on volume much more strongly than on small lattice strains,
volume-conserving distortion applied on the unstrained conventional cubic unit
cell are usually more appropriate to calculate C ′ and C44. Here, we employ the
following orthorhombic distortion (Do) for C ′ calculations:

Do + I =


1 + δo 0 0

0 1− δo 0

0 0 1
1−δ2

o

 , (2.4)

which leads to the energy change

4 E(δo) = 2V C ′δ2
m +O(δ4

o), (2.5)

where O stands for the neglected terms. The shear modulus C44 can be obtained
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from the monoclinic distortion

Dm + I =


1 δm 0

δm 1 0

0 0 1
1−δ2

m

 , (2.6)

and
4 E(δm) = 2V C44δ

2
m +O(δ4

m). (2.7)

Both distortions are schematically shown in Fig. 2.1 for fcc lattice distortion.
The distortion for bcc can also be viewed from Fig. 2.1 but taking (o′a′b′c′)
as original lattice with the same length of a′, b′, and c′. In order to suppress
the error, the total energy E(δ) are computed for six small distortions δ =
0, 0.01, ..., 0.05. Then the elastic constants are extracted by linear fitting of
internal energy E with respect to δ2.
Bulk modulus and equilibrium volume is derived from the equation of state.

In my works, the total energies are fitted by an exponential Morse function

E(ω) = a+ be−λω + ce−2λω (2.8)

in which ω is the average Wigner-Seitz radius and λ, a, b, and c are Morse fitting
parameters which are independent of each other. For V = 4πω3/3, the pressure
P can be expressed by

P = −∂E(V )
∂V

= 1
4πω2

∂E

∂ω
= xλ3

4π(ln x)2 (b+ 2cx), (2.9)

where
x = e−λω. (2.10)

The equilibrium Wigner-Seitz radius, defined by V0 = 4πω3
0/3, is obtained from

the condition P (ω0) = 0 as

ω0 = − lnx0

λ
with x0 = − b

2c . (2.11)

From Eq. (2.9), we get the bulk modulus as a function of the Wigner-Seitz
radius as

B(ω) = − xλ3

12π ln x [(b+ 4cx)− 2
ln x (b+ 2cx)] (2.12)

which gives the equilibrium state bulk modulus at ω0

B0 = − cx2
0λ

3

6π ln x0
(2.13)

2.1.2 Polycrystalline Elastic Constants

Polycrystalline materials in which the single crystal grains are randomly ori-
ented, can be considered as quasi-isotropic or isotropic from the point of view of
macroscopic statistics. Due to the limitation of ab intio simulations on polycrys-
talline materials, we deduce these parameters from the obtained single-crystal
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elastic constants using some theoretical averaging methods [32]. One of the most
effective and widely used method is the Hill average which takes the arithmetic
average of the results of Voigt, and Reuss estimation,

BH = BV +BR
2 , and GH = GV +GR

2 , (2.14)

where
BV = C11 + 2C12

3 , and BR = BV , (2.15)

and

GV = C11 − C12 + 3C44

5 , and GR = 5(C11 − C12)C44

4C44 + 3(C11 − C12) , (2.16)

where subscripts H, V and R represent Hill, Voigt, and Reuss average method.
For an isotropic polycrystalline metrical, only two independent elastic constants
are used to characterize its elastic properties. Young’s modulus (E) and Pois-
son’s ratio (ν) can be expressed by

E = 9GB
3B +G

, and ν = 3B − 2G
6B + 2G. (2.17)

In an isotropic polycrystalline material, the sound velocity is isotropic except
that the longitudinal branch and two transversal branches are different. The
longitudinal velocity can be expressed by G and B

ρv2
L = B + 4

3G, , (2.18)

and the transversal velocity is related to the polycrystalline G

ρv2
T = G, (2.19)

where ρ is the density. These velocities are used in the conventional Debye
model with Debye temperature defined as

ΘD = ~
kB

(
18π2

V

)1/3( 1
v3
L

+ 2
v3
T

)−1/3
, (2.20)

~ and kB are the reduced Planck constant and the Boltzmann constant respec-
tively.

2.2 The Long-range Order
In the ordered L12 structure, there are three A atoms sitting at the face centered
positions and one B atom located at the origin. In partially ordered structures,
the degree of long-range order is controlled by changing the composition at the
face centered positions as A1−xBx and at the origin as A3xB1−3x, represented
by the formula unit (A1−xBx)3(A3xB1−3x). Accordingly, we changed x from 0
(corresponding to A3B in the structure of L12) to 0.25 (corresponding to the
completely disordered A0.75B0.25 alloy in the fcc structure). In my work, we
focus on the theoretical study of cubic systems which have fcc sites occupation
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in the completely disordered state, and L12 structure in the fully ordered state.
First, we define the degree of order S,

S = (p− r)/(1− r) (2.21)

p = 1− 3x (2.22)

where r is the concentration of B atoms in the system, and p represents the
probability of finding an B atom at corner sites in the L12 structure.

2.3 Order-disorder Transition Temperature

In the completely disordered system, the fcc sites are occupied by A and B atoms
with probabilities 3/4 and 1/4, respectively; in the ordered L12 structure, the
corner sites are occupied by atom A and the face centered sites by atom B. The
order-disorder transition temperature (To) can be estimated using the Bragg-
Williams-Gorsky approximation [36]. According to that, the degree of order S
could be expressed as

S(U, T ) = 1− [4p(1− r)(ep − 1) + 1] 1
2 − 1

2r[1− r(ep − 1)] , p = U/kBT, (2.23)

where T is the temperature and U is an average increment in the potential energy
when one B atom is interchanged with a A atom (interchange will not affect the
degree of order S). Assuming a linear relationship between the order parameter
and the energy cost U , viz. U = U0S, where U0 is the maximum interchange
energy corresponding to S = 1, one can solve Eq. (2.23) for a given T . For the
critical temperature of the order-disorder transition (where S vanishes) we get
To ≈ 0.21U0/kB .

2.4 Surface Energy and Unstable Stacking Fault
Energy

The schematics of the USF and surface model are illustrated in Fig. 2.2. For
USF (panel a), we show a top view along the [110] direction of the two atomic
layers next to the stacking fault. The slip direction for the second (filled open
circles) atomic layer is also shown. For the surface model (panel b), we show
the side view along the [001] direction of the two surface atomic layers (filled
circles) and the two empty layers (empty circles) mimicking the vacuum.
The surface energy (γs) of chemically homogeneous alloys (without segrega-

tion) can be extracted from total energy calculations for slabs following the
method proposed by Fiorentini and Methfessel [37]. No reference to separately
computed bulk total energies is made in this approach. Instead, the reference
bulk energy per layer is deduced from a linear fit to the slab total energy versus
the slab thickness. Slabs with 8, 10, and 12 atomic layers separated by 6 vac-
uum layers were used. According to Punkkinen et al. [38] the surface relaxation
effects are small for the {110} surface facet of Fe and have an insignificant effect
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Figure 2.2: Illustration of the unstable stacking fault (panel a) and surface model
(panel b) in bcc lattice.

on the magnitude of the surface energy. Our calculations confirmed this find-
ing, and therefore here we omitted the effect of relaxation in all surface energy
calculations.
The USF energy (γu) is obtained in the following way. First, the total energies

of 16, 20, and 24 layers thick supercells (each containing two USF) are calculated,
and the bulk energy per layer is extracted from a linear fit to the energy versus
thickness. Because the USF seriously disturbs the atomic arrangement in the
vicinity of the stacking fault plane, structural relaxations perpendicular to the
fault plane have to be taken into account. We consider the relaxation effect for
pure bcc Fe and found that the first inter-layer spacing at the USF increases by
approximately 4%. For the Fe-based alloys, we keep the Mn/Ni content below
10%, which is expected to have a small additional effect on the layer relaxation.
Therefore, we use the structural relaxation obtained for pure Fe for all binaries
considered here.
We also consider the effect of segregation on the surface energy and the USF

energy. To this end, we vary the composition of the atomic layers next to the
stacking fault or at the surface. Unfortunately, the above described method to
compute the formation energies based entirely on the slabs/supercells with dif-
ferent sizes is not applicable when the chemical concentration profile is no longer
homogeneous. Instead, all segregation studies are performed for a slab/supercell
with fixed size and the impact of segregation is interpreted with respect to the
homogeneous slab/supercell with the same size. In that way, possible numer-
ical errors associated with the reference system are kept at minimal level. In
particular, the effect of segregation on the USF energy is derived by subtract-
ing the energy of the supercell without USF from the energy of the supercell
with USF, both with segregation on the slip planes. The surface energy for the
chemically inhomogeneous systems is computed following the method proposed
in Ref. [39] based on the grand canonical ensemble and involving the effective
chemical potentials.



Chapter 3

Theoretical Methodology

3.1 First-Principles Theory of the Electronic Struc-
ture

Solids are composed of numerous positively charged nuclei and negatively charged
electrons and the interactions among these particles mainly decide most of the
properties of materials. In order to understand materials properties by cal-
culating the interaction energy, one first has to solve the multi-particle time-
independent quantum-mechanical Schrödinger equation

ĤΨ = EΨ, (3.1)

where Ψ = Ψ(r1, . . . , rN ,R1, . . . ,RM ) denotes the many-body wave function for
N electrons and M nuclei with positions ri, i = 1 . . . N , and Rj , j = 1 . . .M ,
respectively.
The many body Hamiltonian Ĥ is [40]

Ĥ = − ~2

2me

N∑
i

∇2
ri
− ~2

2

M∑
j

∇2
Rj

Mj
−

N∑
i

M∑
j

e2Zj
|ri −Rj |

+ 1
2

N∑
i 6=j

e2

|ri − rj |
+ 1

2

M∑
i 6=j

e2ZiZj
|Ri −Rj |

, (3.2)

where ~ stands for the reduced Planck constant, e denotes the elementary charge,
me is the mass of electrons and Mj are the masses of the nuclei with the atomic
number Zj . The first term and the second term in the previous equation are the
kinetic energy operators for electrons and nuclei, respectively. The third term
describes the interaction between electrons and nuclei (Coulomb potential). The
last two terms express the electron-electron and nucleus-nucleus interactions.
If we want to directly solve this equation, we would meet two main problems.

One is that we have roughly 1022 nuclei and 1023 electrons even in a solid
material with the volume of 1cm3. The other serious one arises from the two
body interaction term which rules out the method of separation of variables.
Therefore, we have to apply some approximations and simplify the many-body
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equation. The first step to overcome these obstacles is given by the Born-
Oppenheimer (BO) approximation [41]. Given that nuclei, which are much
heavier than electrons (Mj & 1000me), move so slow that all electrons can
respond to the nuclei moving instantaneously. We can assume that on the
timescale of nuclear motion, electrons are moving around some fixed nuclei.
Based on this assumption, we will take the variable separation

Ψ = Ψ(r1, . . . , rN ,R1, . . . ,RM ) ≈ Ψ(r1, . . . , rN )Θ(R1, . . . ,RM ), (3.3)

Substitute Eq. (3.3) into Eq. (3.1), we got− ~2

2me

N∑
i

∇2
ri
−

N∑
i

M∑
j

e2Zj
|ri −Rj |

+ 1
2

N∑
i 6=j

e2

|ri − rj |

Ψ =

(T̂ + V̂ext + V̂ee)Ψ = EΨ, (3.4)

where the operators T̂ , V̂ext and V̂ee denote the kinetic energy, electron-nucleus
interaction energy, and electron-electron interaction energy, respectively. The
wave function Ψ in the previous expression depends only parameterically on Rj .
After solving the equation (3.4), the nucleus Schrödinger equation can be dealt
with the potential energy V = URiRj + E.

3.2 Density Functional Theory
Even for a system ofN interacting electrons moving in a static external potential
(Eq. (3.4)), it is rather difficult to solve the Schrödinger equation directly. The
very powerful tool to solve Eq. (3.4) for the ground state is by means of density
functional theory (DFT). Nowadays, most of the electronic structure calculation
for solids are based on density functional theory, which was contributed by
Hohenberg, Kohn and Sham [40, 42]. Atomic units (~ = me = e = 1) are used
throughout. Within DFT, the many-electron problem is reduced to an effective
single-electron problem and the electron density n(r) as the functional variable
is introduced. DFT is based on two important theorems, which were formulated
by Hohenberg and Kohn (HK) [43]:

Theorem I: For any system of interacting particles in an external
potential Vext(r), the potential is determined uniquely, except for a
constant, by the ground state density n0(r).

Theorem II: A universal functional for the energy E(n(r)) in terms
of the density n(r) can be defined, valid for any external potential
Vext(r). For any particular Vext(r), the exact ground state energy of
the system is the global minimum value of this functional, and the
density n(r) that minimizes the functional is the exact ground state
density n0(r).

The first theorem indicates that there is a one-to-one mapping between the
ground state electron density and state ground state wave function and the
second one shows that if we know the true functional form, then the ground
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state energy could be got by variational principle. Using the HK theorems, the
energy functional can be written as

E(n(r)) = F (n(r)) +
∫
Vext(r)n(r)dr. (3.5)

The two terms on the right hand side are the universal functional of the electron
density and the Coulomb interactions between the electrons and the nuclei.
The Hohenberg-Kohn functional F (n(r)) is called universal functional because
it does not depend on the particular form of Vext.
Although HK theorems give us a powerful navigation from Schrödinger equa-

tion to its answer, we still don’t know the explicit form of the functional F (n(r)).
A practical way to write down the functional is in terms of the single-electron
wave functions, Ψi(r) which are connected with electron density in the form

n(r) =
occ.∑
i

|ψi(r)|2. (3.6)

Then the energy functional can be expressed as

E[Ψi] = Eknown[Ψi] + EXC [Ψi], (3.7)

where the known part Eknown[Ψi] includes kinetic energy, the Hartree energy
and external potential of a non-interacting system of electrons. And EXC [Ψi]
is everything else, which mainly contains two parts, kinetic energy correction
due to the independent electron approximation and exchange correlation correc-
tions between electrons. Sometimes, electron self interaction correction is also
included into EXC [Ψi]. By applying the variational principle, the famous KS
single-particle equations are obtained [40][

−1
2∇

2
ri

+ Veff(n(r); r)
]
ψi(r) = εiψi(r). (3.8)

The effective potential is

Veff = Vext(r) +
∫

n(r′)
|r− r′|dr′ + Vxc(r), (3.9)

where the exchange-correlation potential is defined as Vxc = δExc(n(r))
δn(r) .

The electronic energy (total energy) is given by

E =
occ.∑
i

εi − EH + Exc −
∫
Vxc(r)n(r)dr. (3.10)

To this step, the only difficulty left is how to specify the exchange-correlation
energy functional defined in Eq. (3.7). In fact, although the existence of exchange-
correlation is guaranteed by the Hohenberg-Kohn theorem, we still don’t know
its true form due to its complexity. Fortunately, there is one special situation
where the exchange-correlation could be produced exactly: the uniform elec-
tron gas. In this case, the electron density is constant everywhere. It seems too
imagination to approximate the real materials electron distribution. However,
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this model provides a practical way to solve the Kohn-Sham equation finally. In
order to do this more reasonably. The exchange-correlation potential at each r
is approximated from the uniform electron gas model using the same electron
density at this point of the uniform gas density

Vxc(r) ≈ V electron gas
xc [n(r)]. (3.11)

For a non-spin-polarized system, the local-density approximation (LDA) for
the exchange-correlation energy is written as

Exc ≈ ELDA
xc (n) =

∫
n(r)εxc(n(r))dr, (3.12)

where εxc is the exchange-correlation energy density. The LDA gives us a useful
way to completely define the Kohn-Sham equation, but it is crucial to remember
that the results from these equations do not exactly solve the true Schrödinger
equation because we are not using the true exchange-correlation functional [43].
However, LDA was still found to reproduce the ground properties of many sys-
tems with high accuracy. Especially for some bulk properties of 4d and 5d
transition metals and oxides, first-principle calculation based on LDA can give
a very good description [40, 42]. Based on LDA, many kinds of generalized
gradient approximation, which include the information about the local electron
density and the local gradient in the electron density ∇n(r), have been devel-
oped:

Exc ≈ EGGA
xc (n) =

∫
n(r)εxc(n(r),∇n(r))dr. (3.13)

According to our tests, for most of the Fe-based alloys, GGA produced much bet-
ter results than LDA. The LDA in the parameterization of Perdew andWang [44]
and the GGA in the parameterization of Perdew, Burke and Ernzerhof [45] are
two widely used exchange-correlation functionals.

3.3 Scattering Theory
Before we describe the specifics about the EMTO-CPA method which was used
to perform all the calculations in this thesis, it is useful to review the scattering
theory to build the foundation for the following theoretical method. Here, only
the time-independent scattering is considered.

3.3.1 Lippmann-Schwinger Equation
In space representation, the particle scattered by potential V (r) with energy
ε = κ2 satisfies the Schrödinger equation

(−∇2 + V (r))ψ(r) = κ2ψ(r) (3.14)

or taking the other form:

(∇2 + κ2)ψ(r) = V (r)ψ(r). (3.15)

In order to solve this equation, we define the Green function G0(κ2, r) which
satisfies

(∇2 + κ2)G0(κ2, r) = δ(r). (3.16)
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Then we can get the solution for ψ(r) using the following integration:

ψ(r) = ϕ(r) +
∫
G0(κ2, r− r′)V (r′)ψ(r′)dr′, (3.17)

where ϕ(r) satisfies the following equation

(∇2 + κ2)ϕ(r) = 0. (3.18)

Here, we will not go into the details about how to get the Green function and
how to integrate this equation for given boundary conditions. This process
shows that if we can define the Green function, the solution is directly given
through an integration. In Hilbert space, the Schödinger equation also can be
solved in the vector form:

| ψ±α 〉 =| k〉+ 1
Ei −H0 ± iε

V | ψ±α 〉, (3.19)

where | ψ±α 〉 and | k〉 satisfy Equation (3.15) and (3.18). This is the so-called
Lippmann-Schwinger equation and

G±0 (E) = 1
Ei −H0 ± iε

(3.20)

is called free particle Green operator. The full Green function, G, is defined as:

G±(E) = 1
Ei −H ± iε

. (3.21)

The free particle Green function G0 and full Green function are related by the
Dyson equation

G±(E) = G±0 (E) +G±0 (E)V G±(E). (3.22)

We define a T operator by

T± | k〉 = V | ψ±α 〉. (3.23)

After some simple derivations, we can get the following relationship

T±(E) = V + V G±0 (E)T±(E) (3.24)

T±(E) = V + V G±(E)V (3.25)

both equations are also called Lippmann-Schwinger equation for T operator.

3.3.2 Multiple-Scattering Theory

In the real solid, the total potential can be set as V =
∑
i V

i. Specifically, inside
the potential sphere, like aR, set V = V (r), and between the potential spheres,
in the interstitial region, set V = constant. In this case, Equation (3.24) has
the following form

T =
∑
n

Vn +
∑
mn

VnG0Vm + V G±(E)V +
∑
mnk

VnG0VmG0Vk + · · · =
∑
n

On

(3.26)
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where we introduce a new operator

On = Vn +
∑
m

VnG0Vm +
∑
mk

VnG0VmG0Vk + . . .

= Vn + VnG0
∑
m

(Vm +
∑
k

VmG0Vk + . . . )

= Vn + VnG0
∑
m

Om

(3.27)

Separating the nth term On, we get

(I − VnG0)On = Vn + VnG0
∑
m(6=n)

Om. (3.28)

According to the relation between T and V , the corresponding single-site T-
operator, tn can be expressed as

tn = (I − VnG0)−1Vn. (3.29)

Therefore, On and tn are correlated by G0 as

On = tn + tnG0
∑
m( 6=n)

Om. (3.30)

Combining the Equation (3.26) and (3.30), the total T operator can be expressed
as

T =
∑
n

tn +
∑
nm

tnG0(1− δnm)tm +
∑
nmk

tnG0(1− δnm)tmG0(1− δmk)tk

+
∑
nmkj

tnG0(1− δnm)tmG0(1− δmk)tkG0(1− δkj)tj + . . .

=
∑
mn

[tnδnm + tnG0(1− δnm)tm +
∑
k

tnG0(1− δnk)tkG0(1− δkm)tk + . . . ]

=
∑
mn

τnm,

(3.31)

where τnm is called the scattering path operator which includes all possible
scattering events between the two cells n and m. The scattering path operator
satisfies the following Dyson equations

τnm = tnδnm +
∑
k

tnG0(1− δnk)τkm. (3.32)

The Green function satisfies

G = G0 +
∑
nm

G0τ
nmG0, (3.33)
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which can be used to evaluate the confrontational space Green function. It is
essential to introduce the structural resolvent operator as

Gnm = G0(1− δnm) +
∑
kj

G0(1− δnk)τkjG0(1− δjm), (3.34)

which satisfies
τnm = tnδnm + tnGnmtm. (3.35)

Then after few simple derivations, two fundamental equations of the multiple
scattering theory are obtained

τ(ε) = t(ε) + t(ε)G0(ε)τ(ε), (3.36)

and
G(ε) = G0(ε)[I − t(ε)G0(ε)]−1, (3.37)

where
t(ε) = {tnLL′(ε)δnm}, (3.38)

G0(ε) = {Gnm0,LL′(ε)(1− δnm)}, (3.39)

τ(ε) = {τnmLL′(ε)}, (3.40)

and
G(ε) = {GnmLL′(ε)}. (3.41)

3.4 Exact Muffin-Tin Orbitals Method
Based on DFT with some reasonable approximations, the many-body Schrödinger
equation is simplified into the single-electron Kohn-Sham equations with effec-
tive potential. In order to solve the Kohn-Sham equations, lots of methods were
developed. The Exact Muffin-Tin Orbitals (EMTO) method, as the 3rd genera-
tion Muffin-Tin method, was applied in the present thesis. The EMTO method
is an improved screened Korringa-Kohn-Rostoker (KKR) method [46], where
the full potential is represented by overlapping MT potential spheres. Inside
these spheres, the potential is spherically symmetric and constant in between.
To solve the Kohn-Sham equations in the EMTO spirit, the following steps are
done:

1. Constructing the muffin-tin orbitals and constructing the Kohn-Sham or-
bitals;

2. Constructing the electron density from obtained Kohn-Sham orbital de-
duced from 1st step;

3. Solving the Poisson Equation using the electron density derived from 2nd
step;

4. Solving the Kohn-Sham equation using effective potential obtained from
3rd step;

5. Find out the ground state energy from self-consistent charge density.
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And meet the following two requirements:

1. The wave function (Kohn-Sham orbital or linear combinations of the
muffin-tin orbitals) and its first-order derivative with respect to space
variables have to be continuous everywhere because Kohn-Sham equation
includes second order partial derivative;

2. The total number of states N(εF ) below the Fermi level should be exactly
equal to the total number of electrons Ne from the system.

Within the overlapping muffin-tin approximation, the effective single-electron
potential, referred to as MT potential υMT, is approximated by spherical po-
tential wells υR(rR) inside the potential wells centered on lattice sites R with
potential radius sR and a constant potential υ0 (muffin tin zero) outside the
potential wells, which can be expressed as the following way:

υeff(r) ≈ υMT(r) = υ0 +
∑
R

[υR(rR)− υ0], (3.42)

with the notation rR = r−R, rR = |rR|.
In the case of non-overlapping potential wells, spherically symmetrically po-

tential can be derived by the averaging method:

υR(rR) = 1
4π

∫
υ(r)dr, (3.43)

for rR ≤ sR, and to the space average of the full-potential in the interstitial
region, the constant potential can be expressed as:

υ0 = 1
ΩIs

∫
Is

υ(r)dr, (3.44)

for outside the potential wells. Here, Is denotes the interstitial region and ΩIs

represents the total volume of the interstitial region, ΩIs = Ω − ΣR 4πs3
R

3 .

3.4.1 Constructing Exact Muffin-Tin Orbitals

The exact muffin-tin orbitals are constructed by different basis functions inside
the potential sphere, the partial waves and outside the screened spherical waves
satisfying the constant potential. Screened spherical waves are derived by solv-
ing the Kohn-Sham equations outside the aR potential sphere with constant
potential υ0, namely Helmholtz equation in spherical coordinate system,

{∇2 + κ2}ψaRL(κ2, rR) = 0 (3.45)

where κ2 ≡ ε − υ0, and ε is the energy eigenvalue of the Kohn-Sham equation.
The screened spherical wave around site R with energy κ2 is expressed by:

ψaRL(κ2, rR) = faRl(κ2, rR)YL(r̂)δRR′δLL′ +
∑
L′

gaR′l′(κ2, r′R)Y ′L(r̂R′)SaR′L′RL(κ2),

(3.46)
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where the first term denotes the scattering wave expanded around its own site
R, and the second sum term represents the scattering waves expanded around
site R′ (R′ 6= R).

The partial waves are derived by solving the Kohn-Sham equation with spher-
ical potential υR(rR), the radial part fulfills

∂2[rRφRl(ε, rR)]
∂rR

2 = [ l(l + 1)
r2
R

+ υR(rR)− ε]rRφRl(ε, rR) (3.47)

and the spherical harmonic equation for angular part. The partial waves can be
expressed as:

φaRl(ε, rR) = Na
Rl(ε)φRl(ε, rR)YL(r̂R). (3.48)

The normalization function Na
Rl(ε) would be determined by matching condi-

tions. The partial waves are defined for any real or complex energy ε with
rR ≤ sR.

Due to the overlapping potential spheres, in the district, aR ≤ r ≤ sR, as a
buffered district, an additional free-electron solution with pure (lm) is needed
to effectively connect the screened spherical wave and partial wave.

ϕaRl(ε, rR) = faRl(κ2, rR) + gaRl(κ2, rR)Da
Rl(ε), (3.49)

where Da
Rl(ε) is the logarithmic derivative of ϕaRl(ε, rR) calculated for rR = aR.

This additional free-electron function continuously and differentiable connects
with the partial wave at sR and just continuously to the screened (due to the
limited number of free parameters) spherical wave at aR. Until now we con-
structed the exact muffin tin orbital which included the three parts: partial
wave, localized inside the sR; additional free-electron wave, localized in the dis-
trict aR ≤ r ≤ sR; screened spherical wave, existing outside the aR sphere, and
the penetrating spherical wave will be given special discuss.

ψ
a

RL(ε, rR) = ψaRL(κ2, rR)+Na
Rl(ε)φRl(ε, rR)YL(r̂R)−ϕaRl(ε, rR)YL(r̂R), (3.50)

3.4.2 Constructing Kohn-Sham Orbitals
After getting the muffin-tin orbital defined in Equation (3.50), the trial wave
function with energy ε, which satisfy the Kohn-Sham equation, can be expressed
as summation of the wave function ψ(ε, r) around each site R:

ψ(ε, rR) =
∑
L

υaRLN
a
Rl(ε)φRl(ε, rR)YL(r̂R)

+
∑
L

υaRL[faRl(κ2, rR) + gaRl(κ2, rR)Da
Rl(ε)]YL(r̂R)

+
∑
R′L′

υaR′L′faR′l′(κ2, rR′)YL′(r̂R′)

, (3.51)

Like the expansion in (3.46), we can expand the last term screened spherical
wave around R′ to the similar expression around R.Then we obtain

ψ(ε, rR) =
∑
L

υaRL[Na
Rl(ε)φRl(ε, rR)YL(r̂R)

∑
L

gaRl(κ2, rR)YL(r̂R)

×
∑
R′L′

[SaRLR′L′(k, κ2)− δR′RL′LD
a
Rl(ε)]υaR′L′

, (3.52)
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where,
SaQ′L′QL(k, κ2) =

∑
T

eikTSaQ′L′(Q+T )L(κ2) (3.53)

where Q′ and Q denotes two sites from the primitive cell, and T is a translation
vector of the underlying lattice. The screened spherical wave around site R
include the head and all the other tails from R′ 6= R. According to the fact
that inside the potential sphere r ≤ sR, the partial wave, the first term in
Equation (3.53) is already the solution of the Kohn-Sham equation. Therefore,
the second term should vanish in the district aR ≤ r ≤ sR. This is realized by
the so-called kink cancellation equation,∑

RL

[SaR′L′RL(k, κ2)− δR′RL′LD
a
Rl(ε)]υaRL = 0. (3.54)

We define the the kink matrix as follows:

Ka
R′L′RL(εj) ≡ a′RSaR′L′RL(k, κ2)− δR′RL′LD

a
Rl(εj). (3.55)

The solution of the kink cancellation equation (3.54) are the single-electron
energies and the wave functions expanded using exact muffin-tin orbitals. In
EMTO, the solutions are obtained from the poles of the path operator gaR′L′RL(z)
defined for a complex energy z by∑

R′′L′′

Ka
R′′L′′RL(z)gaR′′L′′RL(z) = δR′RδL′L. (3.56)

Until now, we constructed the smooth Kohn-Sham orbitals using exact muffin-
tin orbitals. The eigenvalue εj and the combination coefficients υaRL are solved
from the kink cancellation equation if the effective potential is given.
Here, we talk about the convergence of the expanding wave function. The

exact muffin-tin orbitals constructed here form a complete basis set for the
Kohn-Sham eigenvalue problem. They are defined for every lattice R and for
each L. It is found that the l summation can be truncated at lmax = 3, including
the s, p, d, f muffin-tin orbitals only. The L expansion in Equation (3.46) is
infinite theoretically. However, in practice, lhmax ≈ 8 ∼ 12 is enough to meet the
convergence requirement. For l′ > lmax, the tail functions reduces to the Bessel
function, gaR′l′ = −jl(κ2, rR′). These terms are called the higher components,
which are allowed to penetrate into the a−spheres or can be understood as
hard sphere aR = 0. For the above MT potential, to solve the KS equations,
we expand the KS orbital ψi(r) in terms of exact MT orbitals ψaRL(εi, rR), viz.

ψi(r) =
∑
RL

ψ
a

RL(εi, rR)υaRL,i, (3.57)

where υaRL,i are expansion coefficients which are determined from the condition
that the expansions are the solution of the KS equations (Eq. (3.8)) in the entire
space. L represents a multi-index, L = (l,m), where l and m are the orbital
and magnetic quantum numbers, respectively.
Before calculating the overlap matrix, we first introduce the energy deriva-

tives of wave function and the Green’s second theorem to facilitate the overlap
integration.

(Ĥ − E)|ϕ〉 = 0 (3.58)
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Making the uth derivatives with respect to energy, and we find

(Ĥ − E)|ϕ(u)〉 = u|ϕ(u)〉 (3.59)

where H is not an explicit function of the energy E.

〈ψ2 | H − E | ψ1〉 − 〈ψ1 | H − E | ψ2〉

=
∫∫∫

sphere

[ψ∗1(r)O2ψ2(r)− ψ∗2(r)O2ψ1(r)]dr

=
∫∫

surface

[ψ∗1(r)∂ψ2(r)
∂n

− ψ∗2(r)∂ψ1(r)
∂n

]S2dΩ̂

= [D{ψ2} −D{ψ1}]Sψ1(S)ψ2(S)

, (3.60)

where ψ1 and ψ2 are arbitrary function, but both are assumed to have the same
angular part Ylm(r̂). Setting now ψ2 = ϕ and ψ1 = ϕ(u), we can get

〈ϕ | H−E | ϕ(u)〉−〈ϕ(u) | H−E | ϕ〉 = [D{ϕ}−D{ϕ(u)}]Sϕ(S)ϕ(u)(S). (3.61)

With the help of Equation (3.58) and (3.59), the following result is got:

u〈ϕ | ϕ(u−1)〉 = 〈ϕ | H − E | ϕ(u)〉 = [D{ϕ} −D{ϕ(u)}]Sϕ(S)ϕ(u)(S). (3.62)

The exact muffin-tin orbital contain three parts: partial wave, backward extrap-
olated free-electron wave, and screened spherical wave. Partial wave only exist
inside the potential sphere with r ≤ sR. The overlap can be expressed as:∫∫∫

φaRL
∗(ε, rR)φaRL(ε, rR) = −sRḊ{φaRl(ε, sR)}φaRl(ε, sR)2 (3.63)

where we used equation (3.62) with u = 1. Similarly, the overlap of back-
ward extrapolated free-electron wave which was defined between s−sphere and
a−sphere, is∫ sR

aR

ϕaRl(ε, sR)2r2
RdrR =

∫ sR

0
ϕaRl(ε, sR)2r2

RdrR −
∫ aR

0
ϕaRl(ε, sR)2r2

RdrR

= −sRḊ{ϕaRl(ε, sR)}ϕaRl(ε, sR)2 + aRḊ
a
Rl(ε).

(3.64)

According to the boundary conditions, we have

D{ϕaRl}(ε, sR) = D{φaRl}(ε, sR) (3.65)

for any ε, and the corresponding energy derivatives of the wave function have
the following formula

Ḋ{ϕaRl}(ε, sR) = Ḋ{φaRl}(ε, sR). (3.66)

The overlap integral of the screened spherical waves over the a-interstitial is
obtained in a similar way, which gives the following expression∫

Ia

ψaR′L′
∗(κ2, r′R)ψaRL(κ2, rR)dr = aRṠ

a
R′L′RL(κ2), (3.67)
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where Ia represents the whole a-interstitial region. Now, we can construct the
overlap for the exact muffin-tin orbital as follows:∫∫∫

ψ
a

R′L′
∗
(ε, r)ψaRL(ε, r)dr = aRṠ

a
R′L′RL(κ2)− aRḊa

Rl(ε) = K̇a
R′L′RL(ε).

(3.68)
The total density of the system is obtained by summations of one-center den-
sities, which may be expanded in terms of real harmonics around each lattice
site

n(r) =
∑
R

nR(rR) =
∑
RL

nRL(r)YL(r̂R). (3.69)

The final form can be expressed as

nRL(rR) = 1
2πi

∮
εF

∑
L′′L′

CLL′L′′ZaRl′′(z, rR)g̃aRL′′L′(z)ZaRl′(z, rR)dz, (3.70)

where the Fermi level is fixed by

N(εF ) = 1
2πi

∮
εF

G(z)dz, (3.71)

where

G(z) ≡
∑

R′L′RL

gaR′L′RLzK̇
a
RLR′L′z −

∑
RL

(Ḋ
a
Rl(z)

Da
Rl(z)

−
∑
εD

Rl

1
z − εDRl

) (3.72)

3.5 Full Charge Density Technique
After getting the self-consistent electron density, the total energy can be ex-
actly derived according to the knowledge of DFT. One way is to directly solve
the Eq. (3.10) using obtained charge density. However, this cumbersome man-
ner also has some divergence issues. Because the Coulomb interaction are long
range force, if we directly integrate the interaction energy of electron-electron,
and ion-ion. Some divergence results are got, which is not convenient for pro-
gram calculation which always consider finite calculations. As an alternative,
in the EMTO method, full charge density technique, which avoid the diver-
gence problem while keeps the required accuracy comparing with full-potential
methods. The main idea for the full charge density technique is that we divide
the total energy contribution into two parts: intra Wigner-Seitz cell and inter
Wigner-Seitz cell. For facilitating the integration over Wigner-Seitz cell, the
shape Function Technique was used.
The total energy of the system is obtained via the full charge density (FCD)

technique using the total charge density. The space intergrals over the Wigner-
Seitz cells in Eq. (3.10) are solved via the shape function technique. The FCD
total energy is decomposed into the following terms

Etot = Ts[n] +
∑
R

(FintraR[nR] + ExcR[nR] + Finter[n]). (3.73)

where Ts[n] is the kinetic energy, FintraR[nR] is the electrostatic energy due
the charges inside the Wigner-Seitz cell, Finter[n] is the electrostatic interaction
between the cells (Madelung energy) and ExcR[nR] is the exchange-correlation
energy.
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3.6 Coherent Potential Approximation
In order to effectively investigate the ordering effect on the elastic properties,
one method to deal with the disordered alloys has to be used. At present, three
popular ways, coherent potential approximation (CPA) [47, 48], virtual crystal
approximation (VCA) [49] and special quasirandom structures (SQS) [50] are
used in lots of scientific studies. Compared to VCA and SQS, CPA has two
useful merits which would be essential in my calculation. The first one is that
alloys with any proportions of ingredients could be dealt with conveniently. Of
course, SQS also can do this job, but relative big super-cells are needed which is
computationally time-consuming. The second one directly asking me to choose
CPA undoubtedly is that CPA can more conveniently and accurately reproduce
the paramagnetic state comparing with VCA and SQS method.
The CPA was introduced by Soven for the electronic structure problem and

by Taylor for phonons in random alloys. Later, Györffy formulated the CPA
in the framework of the multiple scattering theory using the Green function
technique. The CPA is based on the assumption that the alloy may be replaced
by an ordered effective medium, the parameters of which are determined self-
consistently. The impurity problem is treated in the single-site approximation.
This means that one single impurity is replaced in an effective medium and
no information is provided about the individual potential and charge density
beyond the sphere or polyhedra around this impurity.
We consider a substitutional alloy AaBbCc, where ca, cb, cc . . . stands for

the atomic fractions of the A, B, C, . . . atoms respectively. The system can
be characterized by the Green function g and the alloy potential Palloy. There
are two main approximations within CPA. First, it is assumed that the local
potentials around a certain type of atom from the alloy are the same. Second,
the system is replaced by a monatomic set-up described by the site independent
coherent potential P̃ . According to Green functions, the true Green function g
is approximated by the coherent Green function g̃. For each alloy component i
= A, B, C, . . . a single-site Green function gi is introduced.

The CPA effective medium was constructed as follows. First, the coher-
ent Green function is calculated from the coherent potential with an electronic
structure method

g̃ = [S − P̃ ]−1, (3.74)

where S refers to as the structure constant matrix corresponding to the under-
lying lattice. The Green functions of the alloy components gi are determined by
substituting the coherent potential of the CPA medium by the atomic potential
Pi, which is given by

gi = g̃ + g̃(Pi − P̃ )gi, i = A, B, C, . . . . (3.75)

The previous equation is the Dyson equation in real space. At last, the average
of the individual Green functions should reproduce the single-site part of the
coherent Green functions, i.e.,

g̃ = cagA + cbgB + ccgC (3.76)

Three equations are solved iteratively, and the output g̃ and gi are used to
determine the electronic structure, charge density and total energy of random
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alloys. The implementation of the CPA in the EMTO method is described in
Ref. [10].
Since the impurity problem is solved within the single-site approximation, the

Coulomb system of a particular alloy component may contain a non-zero net
charge. The effect of charge misfit was taken into account using the screened
impurity model (SIM) [51, 52]. According to that, the additional shift in the
one-electron potential,

∆vSIM,i
R = −2αi

w
(QiR −

∑
i

ciQ
i
R), (3.77)

is controlled by the dimensionless screening parameter αi. Here, QiR is the aver-
age number of electrons inside the potential spheres at R, ci the concentration
of the alloy component i, and w the average atomic radius. The parameter αi is
determined from the average net charges and electrostatic potentials of the alloy
components obtained in regular supercell calculations [52]. The corresponding
SIM correction to the total energy is

ESIM = −
∑
i

ci
βαi
w

(QiR −
∑
i

ciQ
i
R)2. (3.78)

The second dimensionless parameter β is determined from the condition that
the total energy calculated within the CPA should match the total energy of
the alloy obtained using the supercell technique. For most of the alloys, the
suggested optimal values of β and αi are between ∼ 0.6 and ∼ 1.2 [51, 52].
Often, the two SIM parameters αi and α ≡ βαi are chosen to be the same [10].

3.7 Disordered Local Magnetic Moment Model
The paramagnetic state of alloys was modeled by applying the CPA technique
which is referred to as Disordered Local Magnetic Moment (DLM) [53, 54]
model. Within the DLM picture, a binary alloy A1−cBc, for example, in the
paramagnetic state is described by a four ingredients alloy

A1−cBc(paramagnetic) = A↑(1−c)/2A
↓
(1−c)/2B

↑
c/2B

↓
c/2, (3.79)

where arrows represent different spins orientation. In this way, we could conve-
niently investigate the paramagnetic state.



Chapter 4

Assessing the Accuracy of
the EMTO Method

In order to get accurate results, establishing the reliability of the method is
essential. In this thesis, all calculations are done by EMTO. The assessment of
the accuracy for this method is performed on Cu, Au, and Fe. For Cu and Au,
the present simulated results are compared with other first principle results.
Five exchange correlation functionals are assessed. Iron as one of the most
commonly investigated metals, is often used as a model system in assessing the
performance of new exchange-correlations or new total energy simulation tools.
That is not only for its indispensable role in various technological applications,
but also because iron’s challenges are related to its magnetism and open 3d
electronic shell. We calculate the elastic constants, surface energy, unstable
stacking fault energy, magnetic moment, and lattice parameter. The accuracy is
found by comparing with other available published scientific data. This Chapter
presents results from the supplements I and IV.

4.1 Mechanical Properties of Cu and Au

According to previous studies [20, 55], the long-range order effect on the elas-
tic constants is predicted to be not significant. In order to grasp this minute
influence, we establish the accuracy of the EMTO method for the present ele-
mentary fcc Cu and Au by comparing the EMTO results with those obtained
by full-potential methods [56–61]. Because different exchange-correlation func-
tionals can give quite different results, such comparison is meaningful only if the
different methods employ the same exchange-correlation term. The theoretical
results listed in Table 4.1 were obtained using PBE (EMTO, PAW, PP) or LDA
(EMTO, FPLMTO, LAPW, PP, WIEN97, abbreviations are defined in the cap-
tion of Table 4.1). We find that for both Cu and Au, the present theoretical
lattice parameters are in good agreement with those obtained in former calcula-
tions. The different sets of single-crystal elastic constants and bulk moduli are
also in general close to each other. However, in some cases, like the LDA C44
values for Au or the LDA C11 values for Cu, the scatter of the theoretical predic-
tions is somewhat more pronounced. We take as typical numerical errors asso-
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ciated with the elastic constant calculations the deviations between the quoted
full-potential results obtained using the same exchange-correlation approxima-
tion. Within the so defined error bars, the EMTO method may be considered
having similar accuracy as the full-potential methods. Different implementa-

Table 4.1: Theoretical lattice parameter (a) (in units of Å) and single-crystal elastic
constants (in units of GPa) for fcc Cu and Au obtained using PBE and LDA
(shown in parentheses). The quoted theoretical methods are EMTO: present
results; PP: ultrasoft pseudopotential method Ref. [58]; PAW: full-potential
projector augmented wave method Ref. [59]; FPLMTO: full-potential linear
muffin-tin orbitals method a Ref. [56] and b Ref. [61]; LAPW: full-potential
linear augmented plane wave method [57]; and WIEN97: full-potential linear
augmented plane wave method Ref. [60]. The FPLMTOa, LAPW and WIEN97
calculations were performed at the reported experimental lattice parameters.

Method a C11 C12 C44 B

Cu EMTO (PBE) 3.639 162.3 124.5 85.7 137.1
PAW (PBE) 3.637 174.8 122.8 76.3 140.1
PP (PBE) 3.64 167.8 113.5 74.5 131.6

EMTO (LDA) 3.520 200.2 151.4 117.4 167.7
FPLMTOa (LDA) 3.596 193 151 82 165
LAPW (LDA) 3.61 156 106 80 133

Au EMTO (PBE) 4.175 147.3 136.1 39.9 139.8
PAW (PBE) 4.175 159.1 136.7 27.6 137.6
EMTO (LDA) 4.067 198.2 184.6 55.5 189.1
PP (LDA) 4.07 202.1 174.2 37.9 183.5

FPLMTOa (LDA) 4.062 209 175 31 186
FPLMTOb (LDA) 4.066 201.3 176.1 36.9 184.5
WIEN97 (LDA) 4.062 190.4 162.8 27.4 172.0
LAPW (LDA) 4.06 200 173 33 182

tions of the exchange-correlation approximation have significant impact on the
calculated equilibrium properties. In order to decide which functional is the
most suitable for the present study, we calculated the equilibrium lattice pa-
rameter, bulk modulus and single-crystal elastic constants of fcc Au and fcc Cu
using five different exchange-correlation approximations. The results are shown
in Table 4.2. For comparison, some experimental values are quoted in the last
column. In Table 4.2, the average errors (γ) of the three single-crystal elastic
constants, defined according to

γ =

√∑
ij (Cij(EMTO)− Cij(Expt.))2

3 (4.1)

are also listed.
A comparison between the calculated results and the experimental data in

Table 4.2 shows that for Cu all gradient-level approximations yield results in
reasonable agreement with the experimental values. This is due to the fact
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that the volume effect on elastic constants is generally quite significant. The
lattice parameter obtained using LDA deviates from the experimental value
by ∼ 2.1%, whereas the other approximations give lattice parameters close
to the experiment. In the case of Au, the PBE results deviate most from the
experimental values, the other functionals yield significantly better single-crystal
elastic constants. This is due to the fact that PBE strongly overestimates the
lattice parameter of Au. Based on the above analysis, PBEsol and AM05 are
those approximations which give the smallest error in Cij and thus all of these
approximations might be suitable for the present investigation. Considering,
however, that PBEsol is a gradient-level functional designed especially for solids,
we selected this approximation for Cu and Au related system.

Table 4.2: Lattice parameter (a) (in the unit of Å), bulk modulus and single-crystal
elastic constants (in the unit of GPa) for fcc Cu and Au using five different
exchange-correlation functionals. The experimental data are indicated in the
last column. The average estimated errors (γ) are also given in the table

System LDA PBE PBEsol AM05 LAG Expt.
Cu a 3.520 3.639 3.569 3.566 3.587 3.596 [62]

B 167.7 137.1 154.6 152.4 146.3 142.0 [63]
C11 200.2 162.3 184.2 182.4 174.6 176.2 [63]
C12 151.4 124.5 139.8 137.4 132.2 124.9 [63]
C44 117.4 85.7 103.8 105.2 98.5 81.8 [63]
γ(%) 29 8.3 16.0 15.7 10.6

Au a 4.067 4.175 4.101 4.095 4.126 4.062 [62]
B 189.1 139.8 171.7 169.0 156.8 180.3 [64]
C11 198.2 147.3 180.6 178.7 165.1 201.6 [64]
C12 184.6 136.1 167.2 164.1 152.7 169.7 [64]
C44 55.5 39.9 50.6 52.9 45.8 45.4 [64]
γ(%) 10.6 37.0 12.6 14.3 23.2

4.2 Bulk and Planar Fault Parameters Fe

Several physical parameters are calculated for pure Fe using EMTO. We assess
the accuracy of the EMTO method for the present systems by comparing the
results obtained for pure Fe with those derived from previous full-potential
calculations and the available experimental data. Results are listed in Table 4.3.
The present lattice parameter a is consistent with those from Refs. [65, 66].
All theoretically predicted equilibrium lattice parameter are, however, slightly
smaller than the experimental value, 2.866Å [67], which is due to the weak PBE
over binding. Theory reproduces the experimental magnetic moment accurately.

In Table 4.3, the present single-crystal elastic constants and the bulk modu-
lus of bcc Fe are compared with data from literature. The EMTO results are
consistent with the other theoretical elastic constants, the deviations being typ-
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ical to the errors associated with such calculations. However, compared to the
experimental data, EMTO is found to overestimate C11 by about ∼ 19%, and
underestimates C44 by ∼ 18%. The larger C11 (and the larger bulk modulus)
can be partly accounted for by the underestimated lattice parameter [72]. We
notice that the excellent agreement in Ref. [65] between the theoretical and ex-
perimental bulk moduli is somewhat suspicious since the quoted single-crystal
elastic constants results in 187 GPa for the bulk modulus (compared to 172 GPa
reported in Ref. [65]), which is close to the present finding and also to that from
Ref. [66]. The pseudopotential [69] equilibrium lattice parameter is the largest
among the theoretical predictions listed in the table, which might explain why
the pseudopotential bulk modulus is surprisingly close to the experimental value.
The EMTO surface energy is in close agreement with the full-potential re-

sult [38] and also with the semi-empirical value valid for an “average” surface
facet [71]. The present USF energy (1.08 J/m2) reproduces the full-potential
result from Ref. [68] within ∼ 10%, which is well acceptable taking account that
the present method is based on muffin-tin and full-charge density approxima-
tions. We recall that today it is not yet possible to measure the USF energy.





Chapter 5

Long-range Order Effect

Chemical ordering effects are everywhere in materials due to its nature. Abso-
lute ordering or absolute disordering is almost impossible in real materials. Dif-
ferent quenching temperatures result in the change of ordering effect. Especially
for some magnetic systems, the ordering can induce a sizable electron-correlation
effect. On the other hand, the ordering effect of alloy species has significant in-
fluences on the phase equilibrium in alloys. Since we can not bypass this issue
in material science, the related influence and its intrinsic properties should be
known in order to govern the material design. In this chapter, we focus on the
effect of long-range order on the elastic constants of alloys. In order to include
the magnetic coupling effect in the present topic, we concentrate on the study
of Cu3Au, Ni3Fe, and the Fe-Ga systems. The study is done using EMTO-
CPA by calculating the principle mechanical parameters, single-crystal elastic
constants. And we in turn estimate the polycrystalline elastic constants via
effective averaging method. We declare that due to the single-site nature, CPA
cannot account for the effect of local concentration fluctuations, short-range or-
der effect and local lattice relaxation. Therefore, only the long-range order effect
is considered. Since long-range order only produces a minute influence on the
elastic constants of the non-magnetic system, Cu3Au, however, which produce
sizable effect on magnetic system, Ni3Fe and Fe-Ga, we put more emphasis on
the second part of this chapter. The possible local concentration fluctuations,
short-range order and local lattice relaxation are beyond the present study. This
Chapter is contributed by supplements I, II, and III.

5.1 Long-range Order Effect on Non-magnetic
System

Cu3Au crystallizes in L12 structure and transforms to the random face centered
cubic (fcc) structure around 663 K. The effect of chemical ordering on the elastic
parameters of Cu3Au was studied experimentally for temperatures between 4.2
K and 300 K [55]. It was found that at 4.2 K, the Debye temperature changes
from 281.6±3.5 K to 283.8±3.5 K upon ordering. In contrast to early electrical
resistivity measurement [73], the above Debye temperatures indicate a rather
modest phonon entropy change across the order-disorder transition (∆So−dph ).
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Figure 5.1: Lattice parameter (a) and bulk modulus (B) of partially ordered Cu3Au as
a function of of the degree of long-range order. Theoretical results are shown
for α = 0.9 and α = 0.74. The low-temperature (4.2 K) experimental data are
from Ref. [55].

More recent experiments by Nagel et al. [74] using low-temperature calorime-
try, for ∆So−dph reported 0.14± 0.05kB per atom at 300 K (kB is the Boltzmann
constant), which is significantly larger than 0.06kB per atom predicted by ab
initio calculations based on inverse cluster-variation method [75]. In order to
understand this controversy, the elastic constants of Cu3Au alloys are investi-
gated.

5.1.1 Single-crystal Elastic Constants

In Fig. 5.1, the effect of long-range order on the lattice parameter and elastic
modulus is shown. The results indicate that the lattice parameter decreases and
bulk modulus increases with increasing the degree of long-range order. Similar
trends were reported in experiments as well [55], although the experimental
changes for both a and B are smaller than those predicted by the present theory.
Usually the changes in the bulk modulus correlate well with the changes in
the equilibrium volume. Namely, larger volume corresponds to smaller bulk
modulus and vice versa. In our case, the large negative slope of B(x) can be
ascribed to the overestimated positive slope of a(x). The room-temperature
experimental lattice parameters obtained for the ordered and disordered phases
are 3.7426 Å and 3.749 Å, respectively [55]. The corresponding low-temperature
(4.2 K) experimental values are 3.7303 Å and 3.7367 Å, the prior being estimated
from the room-temperature data using the same linear thermal expansion as
the one reported for the disordered phase. The present PBEsol values deviate
from the above low-temperature experimental data by −0.14% and +0.30%,
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Figure 5.2: Single-crystal elastic constants of partially ordered Cu3Au as a function of
the degree of disorder. Theoretical results are shown for α = 0.9 and α = 0.74.
The low-temperature (4.2 K) experimental data are from Ref. [55].

respectively. Fig. 5.2 exhibits the results of C ′ and C44 with respect to the
degree of long-range order. Both of them produce negligible change upon the
ordering effect. Comparing with experimental results, our theoretical study
clearly reproduces the ordering effect. However, the present value underestimate
the C ′ and overestimate the C44. The effects of long-range order on the three
elastic constants are about 2% for C11, C44 and 3% for C12, which are shown in
Fig. 5.3. These theoretical findings support the experimental observation that
the influence of the long-range order on the elastic constants of Cu3Au is very
small. Polycrystalline elastic constants are derived from single-crystal elastic
constants. So small changes in single-crystal elastic constants upon the degree
of long-range order, all of the polycrystalline elastic constants don’t show sizable
change due to the long-range order effect.

5.1.2 Debye Temperature

Long-range order obviously changes the neighbors of the atoms. Therefore, the
phonon vibrations associated with the interaction between atoms could be mod-
ified. The Debye temperature is an essential quantity which is closely related to
the phonon vibrations. The present theoretical Debye temperatures are based
on the elastic constants and thus represent to the so called elastic Debye temper-
atures. These Debye parameters are often employed in simple models of phonon
vibrations, although they might not necessarily coincide with those correspond-
ing to the full phonon spectrum (and thus account properly for the vibrational
term). Nevertheless, using the calculated Debye temperatures, we can esti-
mate the entropy change upon order-disorder transition. According to the high-
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tal data are from Ref. [55].

temperature expansion of the harmonic phonon entropy [33], for the entropy
change upon the order-disorder transition we have ∆So−dph ≈ 3kB ln Θo

D/Θd
D. In

Fig. 5.4 the Debye temperature ΘD is shown as a function of S. The results show
that the degree of long-range order has a relatively small effect on ΘD. Using
the present results, we find that the theoretical ∆So−dph varies between −0.018kB
and 0.022kB. The upper value of this prediction is surprisingly close to 0.023kB
derived from the measured elastic parameters [55]. As seen from Fig. 5.4, it
seems that Θd

D rest on the choice of SIM parameter. Namely, α = 0.9 leads
to slightly decreasing and α = 0.74 to slightly increasing ΘD with increasing
S. But, if we include the α(a) dependence on the lattice parameter a, a steady
Debye temperature line as a function of the degree of long-range order can be
obtained, in which case the results are similar with that of α = 0.74.

5.2 Long-range Order Effect on Magnetic Sys-
tem

The stoichiometric Ni3Fe undergoes a second-order paramagnetic-ferromagnetic
transition at TC = 870 K and first-order disordered fcc to ordered L12 transi-
tion at To = 780 K. The fact that the two transition temperatures are close
to each other suggests a strong interplay between the chemical and magnetic
terms. Himuro et al. [5] reported that the magnetic ordering increases the sta-
bility of the L12 phase, and the chemical ordering stabilizes the ferromagnetic
state, which implies the coupling between shear elastic constants C′ and mag-
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Figure 5.4: The Debye temperature of partially ordered Cu3Au as a function of the
degree of long-range order. Theoretical results are shown for α = 0.9, α =
0.74, and dynamic α which depends on the lattice parameter a. The low-
temperature (4.2 K) experimental data are from Ref. [55].

netic moments. The complex magneto-chemical effects make the exploration of
the physical properties of Ni3Fe alloy difficult both for experiment and theory.
The ordering transition in Ni3Fe is very slow even when the temperature is far
below the critical point, which limits the available experimental data for the per-
fectly ordered Ni3Fe system. In this thesis, we focus on the elastic constants of
paramagnetic and ferromagnetic Ni3Fe for different long-range ordering degree.

5.2.1 Single-crystal Elastic Constants

In Fig. 5.5, we parallel our results for the lattice parameter a with the experi-
mental values [76–79] and the former theoretical result [80]. The results indicate
that for the ferromagnetic state of Ni3Fe, the lattice parameter change is less
than 10−3 Å, which can, in fact, be ignored within the present estimated error
bar associated with the numerical fit of the equation of state. For the param-
agnetic state Ni3Fe, about 4.5 × 10−3Å was modified, which is slightly larger
than the one obtained for the ferromagnetic state and it might have some effect
on the volume-sensitive physical properties. That means magnetic state mainly
affects the lattice parameter in the random solid solution, and this effect almost
disappears as the system approaches the ordered state. The present result for
the chemically ordered L12 phase turns out to be in good agreement with most
of the experimental data. We also notice that on the average the agreement with
experiments is better for the EMTO results than for the FLAPW results [80].
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Figure 5.5: Lattice parameter as a function of the degree of the long-range order S
for the ferromagnetic and paramagnetic states of Ni3Fe. The experimental
results are from Ref. [76] (b), Ref. [77] (c), Ref. [78] (d) and Ref. [79] (e). The
quoted theoretical value (FLAPW) for the ordered ferromagnetic state is from
Ref. [80] (a). All experimental results refer to the ferromagnetic state.

Comparing the quoted experimental values, we observe that the milling method
slightly overestimates the lattice parameter as compared to the other values.
Chinnasamy et al. [78] reported lattice parameters between 3.563 and 3.587 Å,
depending on the milling time.

Single-crystal elastic constants for the para- and ferromagnetic states are
shown in Fig. 5.6. First, we can have a bird view of this figure. All lines repre-
senting the paramagnetic state lie horizontally, however, the lines representing
the ferromagnetic state are bend. That indicates that the elastic constants re-
spond much stronger on the long-range order in the ferromagnetic state than
in the paramagnetic state. Specifically, C11 increases by 8.3% with increasing
S from 0 to 1. At the same time, C12 slightly decreases and C44 increases with
S. However, these latter changes are substantially smaller in absolute value
than that of C11. In the paramagnetic state, all elastic constants remain almost
constant as a function of S. That is, the single-crystal elastic constants are not
affected by the degree of long-range order in the magnetically disordered state.
This finding is in accordance with the results reported for the non-magnetic
cases. Therefore, different magnetic states lead to markedly different behavior
of the elastic constants as a function of the long-range chemical order. On the
other hand, different degrees of chemical order produce quite different depen-
dence of the single-crystal elastic constants on the magnetic state. In particular,
C11 and C12 have much bigger response to the magnetic ordering effect in the
chemically ordered state than in the disordered state. But C44 behaves in the
opposite way, it has bigger response to the magnetic effect in the chemically
disordered state. When S . 0.4, the magnetic effect on C12 may be ignored,
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Figure 5.6: Single-crystal elastic constants C11, C12 and C44 plotted as a function of
the degree of order S for the ferromagnetic and paramagnetic states of Ni3Fe.
For comparison, we included the available experimental data for Ni77.82Fe
from Ref. [81] (a) (room temperature data) and Ni79.19Fe from Ref. [82] (b)
(extrapolated from lower temperature values to 0 K). All experimental results
refer to the ferromagnetic state.

but it has sizable impact on C44. When S & 0.4, the magnetic effect in C12
becomes important, but C44 keeps almost the same value for the two magnetic
states.

5.2.2 Polycrystalline Elastic Constants

The polycrystalline elastic parameters are summarized in Fig. 5.7. The present
bulk modulus B and shear modulus G are in line with the experimental and
the former theoretical values. The exception is the paramagnetic L12 phase, for
which the EMTO bulk modulus differs considerably from the FLAPW result,
which was reported to be substantially higher (by ∼ 20 GPa) than that of the
ferromagnetic state. That is because in Ref. [80] the nonmagnetic calculations
were used to model the paramagnetic state, ignoring the effect of disordered
local magnetic moments on the bulk properties. In the ferromagnetic state, the
Young’s modulus E increases nonlinearly as the degree of order S increases.
However, for the paramagnetic state, E is almost constant with S. The de-
pendence of the shear modulus G(S) on the long-range order for two different
magnetic state is similar to that of E(S). Close to the ordered state, the fer-
romagnetic Ni3Fe is much stiffer than in the paramagnetic one. Close to the
disordered state, the effect of magnetism almost disappears. The trend of the
bulk modulus is totally different from those of E(S) and G(S). Namely, B(S)
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Figure 5.7: The tetragonal shear elastic constant (C′) and polycrystalline elastic mod-
uli (B, G and E) as a function of the degree of order S for the ferromagnetic
and paramagnetic states of Ni3Fe. For reference (see the text), C′ obtained for
the hypothetical nonmagnetic (NM) systems are also shown. For comparison,
the values from Ref. [83] (a), Ref. [84] (b), Ref. [80] (c) and Ref. [84] (d) are
shown.

has a weak dependence on the degree of the long-range order and magnetism.
This may be understood from the trends of C11 and C12 in Fig. 5.6. The
ordering-induced increase of C11 is to large extent canceled by the ordering-
induced decrease of C12 in B = (C11 + 2C12)/3. For all cases, the magnitude
of the Pugh ratio of B/G is much bigger than the critical value 1.75 for the
ductile/brittle transition [23]. On this ground, we may conclude that the long-
range order and magnetism do not affect the ductility of Ni3Fe system. The
Poisson’s ratio ν and the Cauchy pressure (C12 − C44) change slightly and all
of them are far form their critical ductile/brittle values. Hence, magnetism and
the degree of order have negligible influence on the ductile/brittle property of
Ni3Fe alloys.

Given the strong elastic-chemical coupling in the ferromagnetic state, we sug-
gest that one can estimate the degree of order S using the measured elastic
modulus. Fig. 5.8 gives the relationship between the degree of order S and the
reduced shear modulus g defined as g ≡ (G − Gd)/Gd, where Gd is the shear
modulus of the fully disordered phase. We find that a simple power fit function
can accurately reproduce the calculated data. For instance, the trial function
S(g) = agb with a = 0.30559 and b = 0.46063 reproduces well the S(g) curve
up to g ∼ 10%. Then one can find the actual degree of order S by measuring
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Figure 5.8: The degree of order S plotted as a function of g ≡ (G−Gd)/Gd, where G
is the partially ordered and Gd the fully disordered shear modulus.

the shear modulus and comparing that to the fully disordered value.
Now, we turn to discuss the tetragonal shear elastic constant C ′ = (C11 −

C12)/2. The bulk modulus does not produce a large change upon long-range
order even in ferromagnetic state, C44 also gives a minute increase in the ferro-
magnetic state and almost keep constants in the paramagnetic state. According
to the linearly dependence from equations (2.2) and (2.3) among these single-
crystal elastic constants, we can conclude that the C ′ was modified significantly
in some way. For convenience of constructing the figure, C ′ is shown in the
left upper corner of Fig. 5.7 along with one experimental value reported for the
disordered FM state [83]. The results indicate that in the ferromagnetic state,
C ′ increases by ∼ 25 % when going from the disordered to the ordered state.
This change is very large, which shows that the ordered state is significantly
more stable mechanically than the disordered state. In the paramagnetic state,
C ′ changes only by ∼ 3.6 % as S increase from 0 to 1. Therefore, magnetism
affects C ′ and thus the elastic anisotropy (C44/C

′) in a very different way at
different degrees of order. In the chemically ordered state, the magnitude of
C ′ raises from 37.1 GPa to 49.9 GPa (∼ 35 %) upon magnetic ordering. The
effect is diminished as the degree of order gradually decreases. This confirms
that magnetism stabilizes dynamically the ordered state.
To get more evidence on the surprising effect of long-range order on the tetrag-

onal shear modulus C ′, our attention was given to another magnetic system
Fe0.75Ga0.25. The structure and chemical order dependence of C ′ of Fe75Ga25
were studied for A2, B2 and DO3 lattices for the nonmagnetic, paramagnetic
and ferromagnetic states. The results are shown in Fig. 5.9. All elastic con-
stants were computed at the same volume to exclude the volume effect. The
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Figure 5.9: The effects of chemical ordering and magnetism on the tetragonal shear
modulus C′ of stoichiometric Fe75Ga25 alloy. Panel a: Long range chemical
order dependence of C′ calculated for ferromagnetic (FM, black squares) and
nonmagnetic (NM, red circles) states. Panel b: Magnetic state dependence
of C′ calculated for random A2 (black squares) and ordered DO3 (red cir-
cles) phases. The magnetic ∆C′Mag = C′FM − C′NM and the chemical ordering
∆C′Ord = C′DO3 − C
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A2 contributions are also shown (blue triangles).

total energies of NM B2 and DO3 are very close to each other, suggesting that
the interaction between Ga atoms prevents them occupying the first nearest
neighbors in the bcc lattice. In the FM state, however, magnetic ordering re-
pulse Ga atoms to third nearest neighbors to form the DO3 structures. More
strikingly, C ′ of NM Fe0.75Ga0.25 increases with the chemical order from a neg-
ative value for the A2 phase (dynamically unstable) to a large positive value
for the NM DO3 (Fig. 5.9a). When spin-polarization is considered, C ′DO3

de-
creases monotonically with magnetism to a small nonzero value (Fig. 5.9b). At
the same time, magnetism will increase C ′A2 to a positive value and stabilize the
system dynamically. Namely, magnetism stabilizes A2 but destabilizes the DO3,
ordering stabilizes NM but destabilizes FM. The large contributions from ferro-
magnetism ∆C ′Mag = C ′FM−C ′NM and chemical ordering ∆C ′Ord = C ′DO3

−C ′A2
suggest a strong and complex interaction between chemistry and magnetism in
stoichiometric Fe75Ga25 alloy.

5.2.3 Debye Temperature

Fig. 5.10 illustrates the relationship between the elastic Debye temperature and
the magnetic and chemical long-range order effects. The present results for
ΘD is surprisingly close to the results by Turchi et al. [85] and Kanrar and
Ghosh [82], both measurements obtained for FeNi79.19. According to the de-
pendence of the Debye temperature on the Ni concentration as obtained in
Ref. [82], the Debye temperature of the ferromagnetic disordered Ni3Fe system
should be about ∼ 450K, which is also close to the results of the present work.
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Figure 5.10: The Debye temperature as a function of the degree of order S for the
ferromagnetic and paramagnetic states of Ni3Fe. The available experimental
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The difference between the Debye temperatures in the disordered and partially
ordered states (S = 0.69) is reported to be 7.8K [86]. This is in accordance
with the results of the present ab initio calculations. Compared to the previous
works on Cu3Au, the above change may be considered large. Due to the mag-
netic effects, the long-range order contributes more in the Ni3Fe system than in
the nonmagnetic Cu3Au to the vibration entropy change upon ordering. In the
chemically disordered state, magnetic ordering changes the Debye temperature
by ∼ 1.2% compared to 5.4% (25.4 K) found for the ordered state. The entropy
change due to order-disorder transition can be estimated from the present elas-
tic Debye temperatures. According to the high-temperature expansion of the
harmonic phonon entropy [33], for the entropy change upon the order-disorder
transition we have ∆So−dph ≈ 3kBlnΘo

D/Θd
D. Using the present results, the the-

oretical ∆So−dph changes from 0.024kB to 0.147kB due to the magnetic effects,
which indicates that magnetism strengthens the vibrational entropy effect. The
reason behind this effect is that the elastic constants depend differently on the
degree of order S for the two magnetic states. The Fe atoms have totally differ-
ent distributions for the completely disordered and the ordered structures. In
the ordered structure, the Fe atoms sit in a simple cubic sub-lattice, but in the
disordered structure, the Fe atoms occupy a face centered cubic structure.

5.2.4 Order-disorder Transition in Ni3Fe System

Using the Bragg-Williams-Gorsky approximation [36], as introduced in Sec. 2.3,
the transition temperature was roughly estimated. In the present work, we get
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U0 = 0.034333 Ry which gives To = 1138 K. This value is very close to the
Monte-Carlo result (1030 K) by Ekholm et al. [87]. According to the discussion
in Ref. [87], when the temperature is close to the transition temperature, the
magnetically ordered state is degenerate with the partially ordered magnetic
state, and at the same time lattice parameter has the corresponding change.
This would apparently decrease the value of U0 and consequently decrease the
estimated transition temperature.

5.2.5 Electronic Structure

In order to understand why the tetragonal shear elastic constant C ′ (FM) ex-
hibits fairly large relative change, the electronic total densities (DOSs) of ordered
and disordered alloys in FM, PM and NM states of Ni3Fe alloys are analyzed.
They are shown in Fig. 5.11, upper, middle and lower panels, respectively. We
included the DOSs for the undistorted fcc and L12 lattices (red solid curves)
and also for the orthorhombic lattices obtained by applying the Do distortion
(Eq. (2.7)) with δo = 0.05 (black dashed curves). This lattice distortion is
used to compute C ′. We observe that the large NM peak near the Fermi level
(∼ 33 − 37 states/Ry) disappears in the FM and PM states, explaining the
observed spontaneous spin polarization of the system in terms of the classical
Stoner model. Furthermore, in the ordered FM state, the spin-up d channel is
fully occupied, whereas the spin-down channel shows a local minimum near the
Fermi level. This indicates strong covalent type of bonds for the ordered FM
system. The local minimum disappears in the disordered FM state, showing
that this phase is thermodynamically less stable as compared to the ordered
FM state. The occupied parts of the PM DOSs are very similar for the ordered
and disordered cases.
Elastic distortion lowers the cubic symmetry and thus splits the degenerate

Eg and T2g states of the d density of states. If the degenerate states are present
around the Fermi level (EF ), the symmetry lowering deformation usually de-
creases the one electron energy and thus the kinetic energy of the system. That
is because part of the split sub-bands move above the Fermi level and as a result
the partial spectral weight decreases. According to this scenario, larger DOS
peak at the Fermi level should yield larger negative kinetic energy change (in
absolute value) and hence result in smaller elastic parameter. For instance, the
body centered cubic Fe at high pressure is nonmagnetic and has a pronounced
DOS peak at the Fermi level, which was used to explain the calculated large
negative C ′ elastic parameter [88]. We should point out that the above argu-
ments hold assuming that the systems in question possess similar electrostatic
and exchange-correlation energy change with lattice distortion. Otherwise, the
force theorem fails [89], and the latter energy terms can very well overwrite
the changes dictated merely by the kinetic energy. In the present case, we
compare the ordered and disordered DOSs of various magnetic states to find
out the ordering effect on C ′. Here we assume that the average electrostatic
and exchange-correlation energy terms in ∆E(δo) do not change upon chemical
ordering and thus the leading energy term comes entirely from the one elec-
tron energy (i.e., the force theorem holds). We denote by D the DOS at the
Fermi level. According to Fig. 5.11, D(NM)ord >D(NM)dis (the difference being
about 3 states/Ry), suggesting C ′(NM)ord < C′(NM)dis based on the above sce-
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Figure 5.11: Total DOSs of NM, FM and PM Ni3Fe alloys for the fully ordered L12
phase (left panels) and fully disordered fcc phase (right panels). DOSs are
shown for the undistorted cubic lattices (red solid curves) as well as for 5%
orthorhombic distortions used to compute the tetragonal elastic constants C′
(black dashed curves). The energy axis is relative to the Fermi level (EF ).

nario. Next, we find that for the spin-down channels (the spin-up channels are
very similar) D(FM)ord <D(FM)dis (the difference being about 5 states/Ry),
indicating C ′(FM)ord > C′(FM)dis. Finally, D(PM)ord <D(PM)dis (the differ-
ence being about 1 states/Ry) resulting in C ′(PM)ord > C′(PM)dis. Moreover,
considering the relative differences between the ordered and disordered DOSs
at the Fermi level, we may conclude that the difference between the ordered-
disordered C ′s should be the largest for the FM state and the smallest for the
PM state. All these predictions are in perfect agreement with the actual trends
from Fig. 5.7. It is gratifying that the above simple arguments, based merely
on the total electronic density of states, can account for the fully self-consistent
results. Comparing the undistorted and distorted DOSs in Fig. 5.11, we can
reveal some further details behind the calculated ordering effects in C ′s. The
large DOS peak for ordered NM Ni3Fe located right below EF (near −0.015
Ry) splits upon lattice distortion. Part of it moves to energies above and part
of it below EF . This results in a small decrease of D(NM). No similar changes
can be seen for the disordered NM phase, which explains why C ′(NM)ord is
smaller than C ′(NM)dis. On the other hand, the spin-down D(FM) of ordered
state slightly increases with lattice distortion as a result of splitting the DOS
peaks above and below the Fermi level. Part of the local minimum is also filled
up, indicating a substantial energy increase upon lattice distortion and thus
a relatively large C ′(FM)ord. For the PM state, no significant changes in the
DOSs can be seen near the Fermi level, in accordance with the almost vanishing
ordering effect in C ′(PM).





Chapter 6

Alloying Effect

Iron based ferritic stainless steels become more and more popular and are widely
used as engineering materials, even in the kitchen due to their low price (nickel
free), good corrosion resistance (amounts of Cr). Alloying plays a central role
in material designing for various purpose, such as grain refinement, particle
hardening by forming the precipitates (Ti and Al effect in High temperature
alloys), phase stabilizing, solid solution softening and solid solution hardening.
Therefore, it would be essential to make clear the alloying effect. In this the-
sis, we focus on the mechanical effect of alloying. By studying the mechanic
related physical parameter, elastic constants, surface energy, segregation effect,
magnetic moment, and unstable stacking fault energy, while connecting these
calculated parameters with available theoretical model, we analyze the ductile-
brittle. This Chapter is contributed by supplements IV and V.

6.1 Ni/Mn Alloying Effect on the Elastic Prop-
erties

Duplex stainless steels (DSS) have achieved great success in the development of
stainless steels and have led to numerous commercial applications. They consist
of approximately equal amounts of ferrite and austenite. Though DSS success-
fully combined the merits of these two phases, the brittle cleavage problem in
the ferrite component has attracted further consideration [90]. In order to grasp
the mechanism of ductility in DSS, in this thesis we concentrate on the effect
of Mn and Ni additions on the intrinsic properties of ferromagnetic Fe. Both
alloying elements are fundamental constituents of DSS and they are primarily
responsible for the stabilization of the austenite phase in the low-carbon alloys.
According to the Pugh ratio, Cauchy pressure, Possion ratio, and Rice ratio.
We can study indirectly the ductility via studying these parameters effective
from ab initio calculations. Therefore, we will focus on the elastic constants,
surface energies and unstable stacking fault energy calculations.
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6.1.1 Lattice Parameter

The calculated equilibrium lattice parameters for bcc binary Fe1−xMnx and
Fe1−xNix alloys are shown in Fig. 6.1 for 0 ≤ x ≤ 0.1. We find that for
both binaries the lattice parameters show a weak dependence on the amount of
alloying addition x. Our results, especially the alloying trends, are in reasonable
agreement with the available experimental data [91, 92]. The lattice parameter
of bcc Fe increases with Mn addition as x increases from 0 to 0.05. When Fe is
alloyed with more than 5% Mn, the lattice parameter shows a small negative
slope as a function of x. In contrast to Mn, the lattice parameter of Fe1−xNix
monotonically increases with the Ni amount. Sutton et al. [91] reported that
the lattice parameter of Fe1−xNix is a linear function of x up to ∼ 5% Ni
with small slope and remains constant at larger concentrations. This trend is
reproduced by the present theory, although the switch from a weak positive slope
to a constant value seems to be shifted to larger concentrations (Fig. 6.1). The
overall small influence of Mn/Ni alloying addition on the lattice parameter of Fe
can be explained from the atomic volume and the magnetic moment. The atomic
volumes of Mn and Ni are very close to that of Fe. Hence, based on the linear
rule of mixing, small amounts of Mn and Ni should not affect the volume of Fe to
a large extent. On the other hand, the observed small increment can be ascribed
to the complex magnetic interaction between the solute atoms and ferromagnetic
Fe matrix. The local magnetic moments in Fe-Mn and Fe-Ni are displayed in
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Figure 6.1: Lattice parameters (in units of Å) of bcc Fe1−xMnx and Fe1−xNix alloys as
a function of composition. For comparison, the measured values by Sutton [91]
and Owen [92] are also included.
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Figure 6.2: The map of the local magnetic moments µ(x) (in units of µB) as a function
of chemical composition and lattice parameter a (in units of Å) for Fe and Mn
in Fe1−xMnx (upper panels) and Fe and Ni in Fe1−xNix (lower panels).

Fig. 6.2 as a function of composition and lattice parameter. These results were
extracted from the CPA calculations and the local magnetic moments represent
the magnetic moment density integrated within the corresponding Wigner-Seitz
cells. Around the equilibrium lattice parameters (∼ 2.84 − 2.85 Å), the Mn
moments are antiparallel to those of Fe. The magnitude of Mn local magnetic
moment µ(Mn) decreases from ∼ 1.7µB to about zero as the amount of Mn
increases from zero to 10% (Fig. 6.2, upper right panel). This trend is consistent
with the previous findings, namely that above ∼ 10% Mn, the coupling between
Fe and Mn becomes ferromagnetic [93]. At the same time, the magnetic moment
of Fe µ(Fe) is increased slightly with Mn addition up to ∼ 5% Mn, above which
a very weak decrease of µ(Fe) can be observed (Fig. 6.2, upper left panel). The
enhanced µ(Fe) expands the volume as a result of the positive excess magnetic
pressure [94]. For x & 0.05, the small negative slope of µ(Fe) leads to vanishing
excess magnetic pressure and thus to shrinking volume, in line with Fig. 6.1.
On the other hand, the Ni moments µ(Ni) always couple parallel with the Fe
moments (Fig. 6.2, lower right panel) and Ni addition increases µ(Fe) (Fig.
6.2, lower left panel). This in turn increases the excess magnetic pressure and
yields monotonously expanding volume with x. The electronic structure origin
of the alloying-induced enhancement for the Fe magnetic moment for the present
binaries is discussed in Ref. [95].
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Figure 6.3: Single-crystal elastic constants of bcc Fe1−xMnx and Fe1−xNix alloys as a
function of composition.

6.1.2 Elastic Constants

The theoretical single-crystal elastic constants and polycrystalline elastic moduli
of the Fe-Ni and Fe-Mn alloys are plotted in Figs. 6.3 and 6.4 as a function of
composition. The results indicate rather impressive alloying effects of Mn/Ni
on the elastic parameters. We find that Mn and Ni produce similar effects on
C11 of Fe. Namely, C11 decreases with x below ∼ 7% alloying addition, and
then increases at larger concentrations. But Mn and Ni give different effects on
C12. Below ∼ 6% Ni, C12 keeps constant with Ni content, and then strongly
increases with further Ni addition. On the other hand, C12 drops from 133.7
to 103.2 GPa as the Mn concentration increases from zero to ∼ 8%. At larger
concentrations, the effect of Mn on C12 changes sign. The peculiar concentration
dependencies obeyed by C11 and C12 originate mainly from the non-linear trend
of the corresponding bulk modulus shown in Fig. 6.4.
The two cubic shear elastic constants also exhibit complex trends. C ′ de-

creases with Ni addition, which means that Ni decreases the mechanical stabil-
ity of the bcc lattice. At the same time, Mn is found to have very small impact
on the tetragonal shear elastic constant. C44 increases with Mn addition, but
remains nearly constant upon alloying Fe with Ni.
The theoretical polycrystalline elastic moduli B, E, and G (Fig. 6.4) repro-

duce reasonably well the experimental trends [96] except perhaps for alloys
encompassing about 10% solute. This discrepancy is most likely due to the fact
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Figure 6.4: Polycrystalline elastic moduli of bcc Fe1−xMnx and Fe1−xNix alloys as a
function of composition. The experimental data are from Ref. [96].

that the Fe-Mn and Fe-Ni binary alloys with x & 0.05 exist as a mixture of bcc
and fcc phases. On the theory side, the lattice parameters of Fe-Ni and Fe-Mn
alloys are underestimated as a result of the employed exchange-correlation ap-
proximation (Fig. 6.1), which at least partly explains why theory in general
overestimates the elastic moduli.
On a qualitative level, the trends of the bulk moduli we understand as the

result of the interplay between chemical and volume effects. The calculated bulk
moduli of pure Ni and Mn in the bcc lattice (B(Mn)≈ 222 GPa, B(Ni)≈ 193
GPa) are both larger than that of Fe. Hence, at large concentrations the bulk
moduli of binary alloys should eventually increase. On the other hand, at low
concentrations (less than ∼ 7%), the interaction between the impurity atoms
is weak and thus the trend of the bulk modulus is mainly governed by the
volume effect. Increasing volume in turn produces a drop in the bulk modulus,
in agreement with Fig. 6.4.
The results for Fe-Ni indicate that the polycrystalline elastic moduli E and

G monotonically decrease with solute concentration. For Fe-Mn, the alloying
effect can be divided into two parts: when x is less than ∼ 0.05, G and E remain
constant with x. When x is larger than ∼ 0.05, both G and E increase with Mn
content. Since the Voigt and Reuss bounds depend only on the single-crystal
shear elastic constants, the trends of G in Fig. 6.4 directly emerge from those of
C44 and C ′ (Fig. 6.3). We recall that for isotropic crystals, G reduces exactly
to the single-crystal shear elastic constant (C44 = C ′). The Young modulus
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is a mixture of B and the Pugh ratio B/G, viz. E = 9B/(3B/G + 1), which
is nicely reflected by the trends in Fig. 6.4. For Fe1−xNix with Ni content
below ∼ 6%, B/G remains nearly constant with x, and thus the corresponding
E resembles the bulk modulus. At larger Ni concentrations, B/G increases
substantially which explain the continuous decrease of E. In the case of Fe-
Mn, B/G decreases with Mn addition which gives a strong positive slope to the
Young modulus as compared to that of B.

6.2 Surface Energy and Unstable Stacking Fault
Energy

According to the theory from Rice [24], the brittle-ductile behavior can be ef-
fectively classified by the γs/γu ratio. Therefore, the study about surface en-
ergy and unstable stacking fault energy would give some insights on the under-
standing about ductility. The calculated surface energies and USF energies of
Fe1−xMnx and Fe1−xNix are shown in Fig. 6.5 as a function of x. Both Mn
and Ni are predicted to decrease the surface energy of the {110} facet of bcc
Fe. Nickel has a stronger effect than Mn. Namely, 10% Ni addition reduces the
surface energy of Fe by 0.17 J/m2, which is about 7% of the surface energy of
pure Fe, whereas Mn lowers the surface energy by 0.07 J/m2 (about 3%). The
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Figure 6.5: Surface energy and unstable stacking fault energy of bcc Fe1−xMnx and
Fe1−xNix alloys as a function of composition. The surface energy corresponds
to the {110} facet and the USF energy to the {110}〈111〉 slip system.
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alloying effect on the surface energy can be understood on a qualitative level
using the surface energies calculated for the alloy components [38]. Nickel has
substantially smaller surface energy (considering the close-packed fcc surfaces)
than bcc Fe, and thus Ni addition is expected to reduce γs of Fe. The surface
energy of α−Mn is larger than that of Fe [94]. However, when considering the
bcc lattice, the surface energy of Mn turns out to be intermediate between those
of Ni and Fe, which is nicely reflected by the relative effects of Mn and Ni on
γs.
The USF energy shows a similar dependence on Ni/Mn alloying as the surface

energy; it decreases from 1.08 to 0.92 J/m2 upon 10% Ni addition, which is
about 15% of the USF energy of pure Fe. Compared to the effect of Ni, 10%
Mn produces a smaller change in γu (5.6%). Using the same methodology as
for Fe and Fe-alloy, we computed the USF of hypothetical bcc Mn and bcc Ni
for the present slip system and at the volume of bcc Fe. We obtained 0.63 J/m2

for Mn and 0.44 J/m2 for Ni. These figures are in line with the trends from Fig.
6.5.
The segregation effect on the surface energy and USF energy are shown in

Fig. 6.6. We find that both Mn and Ni segregate to the fault plane. Above
∼ 1% solute concentration in bulk Fe, the surface energy and the USF energy
decrease slightly with segregation of Ni/Mn to the layer at the planar fault. In
this segregation calculation we kept the volume the same as in the bulk (host
alloy). Therefore, only the chemical segregation effect is considered and the local
volume expansion effect nearby fault plane due to the segregating solute atoms
was ignored. The results show that the segregation effect on the surface energy
is larger for Ni than for Mn. Furthermore, the surface segregation effect slightly
increases with increasing Mn content in Fe-Mn dilute alloy. For the USF energy,
the segregation effect of Mn is similar to that of Ni when the concentrations are
small. However, with increasing solution amount x, the segregation of Mn to
stacking fault increases with high degree, but the effect of Ni remains almost
the same.
The surface energy and the USF energy are primarily determined by the

properties of the surface layer and the slip layers, respectively. Segregation
changes the concentration of the solute at the surface or slip plane. Because
Mn and Ni have lower planar fault energies than Fe (in the bcc structure), both
formation energies of the chemically homogeneous Fe-alloys are expected to
decrease as the Mn or Ni solute concentration increases, in line with the present
results. The effect is more pronounced for Ni since its USF/surface energy is
smaller than that of Mn.

6.3 Ductile and Brittle Properties

The theoretical predictions of ductility from four criteria are shown in Fig. 6.7.
Both B/G and Poisson’s ratio indicate that Mn makes the ferrite Fe-based alloys
more brittle. According to Pugh criterion, about 4% Mn is needed to transfer
the Fe alloy from the ductile into the brittle regime. On the other hand, small
Ni addition (. 6%) keeps the good ductility of Fe whereas larger amounts of
Ni make the Fe-Ni system more ductile. The Cauchy pressure (C12 − C44)
follows very closely the trend of B/G and that of the Poisson ratio. However,
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Figure 6.6: Relative change (−[γ(x, y) − γ(0, 0)]/γ(0, 0)) of the USF energy and the
surface energy as a function of bulk concentration (x) of Mn/Ni (abscissae)
and the additional solute concentration (y) at the fault plane (ordinates) for
Fe1−xMnx and Fe1−xNix (0 ≤ x ≤ 5%) alloys.

the Cauchy pressure becomes negative at a slightly larger concentration (∼ 6%)
than the critical value in terms of B/G (∼ 4%). The small difference between
the "predictions" based on these phenomenological correlations originates from
the elastic anisotropy of the present alloys (cf. Eq. (1.1)).
According to the dislocation theory, a dislocation can not directly cross a

general-type grain boundary with rather disordered interface. Therefore, the
study about dislocation should be limited into the single-crystal. On the other
hand, theoretical studies indicate that the cleavage plane is {001} in bcc. So, we
suggest that the resolved single-crystal Young’s modulus E{001} and resolved
single-crystal shear modulus G{110}〈111〉 should be used to describe the brittle
cleavage and dislocation movement.
Within the Griffith theory of brittle fracture, the theoretical cleavage stress

is often approximated as

σcl.{lmn} =
(
Elmnγlmn
dlmn

)1/2
, (6.1)

where {lmn} stands for the cleavage plane, Elmn, γlmn and dlmn are the corre-
sponding Young modulus, surface energy and interlayer distance, respectively.
Irwing and Orowan extended the above equation (modified Griffith equation)
by including the plastic work before fracture. Here we neglect this additional
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Figure 6.7: Poisson ratio ν, Cauchy pressure (C12−C44) (in units of GPa), Pugh ratio
B/G, and Rice ratio γs/γu of bcc Fe1−xMnx and Fe1−xNix alloys as a function
of composition.

term, i.e. γlmn represents merely the solid vacuum interface energy. Us-
ing our calculated elastic constants, lattice parameters and surface energy, we
computed σcl. for Fe-Mn and Fe-Ni for the {110} plane, for which E110 =
12C ′C44B/(C11C44 + 3C ′B). The alloying-induced changes for σcl.{110} are
compared to those calculated for the surface energy in Fig. 6.8, upper panel.
Here the change ηX(x) = [X(x) − X(0)]/X(0) (X(x) stands for the cleavage
stress or the surface energy for Fe1−xMx alloy) is expressed relative to the corre-
sponding value in pure Fe X(0). It is found that ησcl.

(x) and ηγs follow similar
trends for Fe-Ni, but strongly deviate for Fe-Mn. Before explaining this devia-
tion in the case of Mn doping, we introduce the shear modulus associated with
the present slip system.
In bcc alloys, slip occurs primarily in the {110} plane along the 〈111〉 with

Burgers vector (1/2, 1/2, 1/2). The associated shear modulus can be expressed
as

G{110}〈111〉 = 3C44C
′

C ′ + 2C44
. (6.2)

We note that the above modulus in fact expresses the shear for any possible
shear plane {lmn} which contains the 〈111〉 shear direction. In the original Pugh
criteria, the averaged shear modulus G is used which in anisotropic materials
can substantially differ from G{110}〈111〉. The alloying-induced changes for
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plane.

G{110}〈111〉 are compared to those calculated for the USF energy in Fig. 6.8,
lower panel. Interestingly, we find that ηG{110}〈111〉 and ηγu

are practically iden-
tical for Fe-Ni. Both G{110}〈111〉 and γu decrease by ∼ 15% when 10% Ni is
added to Fe. Nickel substantially softens the elastic modulus associated with the
{110}〈111〉 shear which is nicely reflected by the decrease of the energy barrier
for the {110}〈111〉 slip. For Fe-Mn, ηG{110}〈111〉 and ηγu

are also close to each
other for Mn content below ∼ 5%, but show large deviations at larger concen-
trations. Adding more Mn to Fe0.95Mn0.05 further decreases the USF energy,
but G{110}〈111〉 changes slope and shows a weak increase for Fe0.9Mn0.1 rela-
tive to the value for pure Fe. We suggest that the different behaviors obtained
for Fe-Ni and Fe-Mn has to a large extent magnetic origin. That is because in
contrast to Ni, Mn is a weakly itinerant magnet and thus any (here structural)
perturbation can have a marked impact on its magnetic state.

Finally, we test the ratio between the cleavage energy and the shear modulus
associated with the slip system, λ{lmn} ≡ σcl.{lmn}/G{110}〈111〉, as a pos-
sible alternative measure of the ductile-brittle behavior. In the upper panel of
Fig. 6.9, we compare the Rice parameters (from Fig. 6.8) to λ{110}.For Fe-Ni,
we find a good correspondence between the two measures. For Fe-Mn, slightly
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larger deviation occurs at large Mn content due to the magnetic effect. Since
in bcc metals, cleavage predominantly occurs in the {100} plane, in addition to
the previously discussed cleavage stress, we also computed σcl.{100} using the
corresponding surface energy and E100 = 6C ′B/(C11 + C12). The so obtained
λ{100} parameters are shown in the lower panel of Fig. 6.9 together with the
Rice parameters calculated using the surface energy for the {100} facet. We find
that the two sets of Rice parameters (upper and lower panels) predict rather
similar effects. The situation for λ is very different: λ{100} monotonously in-
creases with Ni and decreases with Mn addition. The inconsistency between
the Rice parameter and λ obtained for the {100} plane is a consequence of the
limited information built in the Rice ratio (merely through the surface energy)
compared to the cleavage stress (involving both the Young modulus and the sur-
face energy). We conclude that in contrast to the Rice parameter, the average
λ (taking into account both cleavage planes) indicates increased brittleness for
Fe-Mn and increased ductility for Fe-Ni. For both alloys, the present predictions
based on λ are in line with the observations [90].

6.4 Tailoring Ductility by Unstable Stacking Fault
Energy

According to our ductility criterion, the ductility of a material can be tailored
by tuning the unstable stacking fault energy, surface energy, and the resolved
Young’s modulus. Here we shown the unstable stacking fault energy for the
transition metals. The calculated USF energy for the 3d and 4d metals with
nonmagnetic (NM) state are shown in Fig. 6.10, and the results for magnetic
metals are also given by scattering points. In the bcc phase, the USF energy
shows a maximum at Cr for 3d metals. And for Fe and Co (NM state), USF
energy would be negative (if include the relaxation effect) due to their unstable
bcc phase upon unstable stacking fault. Besides, the γ surface for NM state Fe
and Co shows double bump which make the energy with Burgurs vector b =
1/4〈111〉 meaningless. From Sc to Cr, the USF energy increases dramatically.
As n is larger than 4, the USF energy decreases as increasing the number of
d electrons. Both sides, Sc, and Ti, and Ni and Cu have the same level of
USF energy. The most interesting fact is that the USF energy of 4d metals
surprisingly reproduces the trend of 3d metals. Even the value for the transition
metals in the same row of the periodic table are pretty close. This strongly
proves that the USF energy is solely controlled by electronic structure.
In the FCC phase, the USF energy shows maximum at NM Fe. And V and

Cr are unstable fcc upon unstable stacking fault distortion. From Sc (nd = 1) to
Fe (nd = 6), the USF energy increases with increasing the number of d electrons
except for the unstable elements. When nd is larger than 6, the USF energy
decreases monotonously. Both sides with nd = 1 and nd = 9, the USF energies
are of the same level. The whole trend of USF energy in FCC phase is similar
that of bcc with mirror symmetry about n = 5. Due to the existence of a
close-packed plane in fcc, the USF energy of fcc is much lower than that of bcc.
Similar to the bcc case, in fcc, the USF energy of 3d and 4d metals are very
close for the metals with same nd. Again, it suggests that the USF energy is
determined by the electronic structure of fcc phase. On the whole, except the
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Figure 6.10: The USF energy of 3d and 4d transition metals in bcc and fcc phases
from super cell calculations.

unstable metals fcc or bcc, the USF energies show parabolic trend with the peak
nd = 4 for the bcc phase and nd = 6 for the fcc phase.

On the other hand, the magnetic effect is obvious on the USF energy of 3d
and 4d metals. In the bcc phase, the USF energies of Cr, Mn and Ni are revised
slightly by magnetization. However, magnetic effect produces noticeable effect
on Fe and small effect on Co. Therefore, we foresee that decreasing magnetic
moment would significantly produce a solid solution softening effect. Co also
has a similar effect, but which is much smaller than that of Fe. In fcc, due to
Cr, Mn and Fe doesn’t produce magnetic moment in FM state, only the USF
energy of FM Co and Ni are shown. The results indicate that magnetic moment
has very weak effect on the USF energy of Ni. However, Co decreases the USF
energy as the magnetic moment is included. By assuming the linear mixing rule,
we can tailor the dislocation nucleation energy by alloying preferred elements.





Chapter 7

Concluding Remarks and
Future Work

Ab initio alloy theory, formulated within the exact muffin-tin orbitals method in
combination with the coherent-potential approximation, was used to determine
the elastic properties of ordered, partially ordered, and random solid solutions.
We investigated the effect of long-range order on the elastic constants for non-
magnetic system Cu3Au and the ferromagnetic materials Ni3Fe and Fe-Ga.
For the non-magnetic material, long-range order has a small (nearly insignif-

icant) effect on the elastic constants. The tests for Cu3Au showed that the
ordering effect is about 2% for C11 and C44 and 3% for C12. Therefore, for
many practical cases, when screening the alloying or structural effects on the
elastic properties, it is sufficient to perform calculations on completely random
structures using well adapted alloy theory or on more complex ordered struc-
tures using e.g. full-potential techniques.
However, for magnetic materials, long-range order produces sizable effects

on the elastic constants in the ferromagnetic state, but this kind of influence
disappeared in the paramagnetic state. According to the results obtained for
the Ni3Fe and Fe-Ga systems, the ordering effect is mainly embodied in the
change of C ′ in the ferromagnetic state. However, C44 and the bulk modulus B
change slightly with S and magnetic state. Incidentally, the Young’s modulus
E and the shear modulus G increase significantly with the degree of order in
the ferromagnetic state, but the effect becomes weak as the system approaches
the random regime.
On the other hand, the effect of Mn or Ni alloying addition on the mechan-

ical properties of ferromagnetic bcc Fe was scrutinized. For Fe-Ni, the lattice
parameter increases nearly linearly with alloying whereas in Fe-Mn, the lattice
parameter increases up to ∼ 5 % Mn and then decreases with further Mn addi-
tion, which is related to magnetic-induced pressure. For both Fe-Mn and Fe-Ni
alloys, the elastic moduli show nonlinear trends as a function of concentration.
The surface energy and the unstable stacking fault energy decrease by adding
Mn or Ni to Fe. For both planar fault energies, Ni shows a stronger effect than
Mn. Segregation seems to have a minor effect on the surface and USF energies
for dilute Fe-Ni and Fe-Mn alloys.
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According to semi-empirical correlations based on the Poisson ratio, the Cauchy
pressure, and the Pugh ratio, we found that Mn makes the bcc Fe-based dilute
alloy more brittle and Ni makes it more ductile. However, the study of γs/γu
for the {110} surface and the {110}〈111〉 slip systems indicates that both bi-
nary alloys become more ductile with increasing solute concentration although
the relative fracture behavior is consistent with the other three criteria. This
discrepancy between the Rice and the Pugh criteria is ascribed to complex mag-
netic effects around the planar fault, which are however missing from the bulk
parameters entering the Pugh/Cauchy criterion. Using the theoretical cleavage
stress and the shear modulus associated with the dominant slip system in bcc
alloys, we introduced an alternative measure for the ductile-brittle behavior.
We found that our λ{100} ≡ σcl.{100}/G{110}〈111〉 ratio is able to capture
the observed alloying effects in the mechanical properties of Fe-rich Fe-Ni and
Fe-Mn alloys. The superior performance of λ compared to the Rice parame-
ter lies in the additional information built in the theoretical cleavage stress as
compared the surface energy.
The present results offer a consistent starting point for further theoretical

modeling of the micro-mechanical properties of technologically important tran-
sition metal alloys. Based on these achievements, we conclude that the resolved
elastic constants would be better choice to describe the solid-solution softening
or hardening. Our ratio σcl./Gre. should be confirmed by testing more materials
in further studies. Another promising research question would be to investigate
how ductility can be tailored by tuning unstable stacking fault energy, surface
energy, and Young’s modulus E[001].
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