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Abstract 
 

When creating a muffler to be installed on a noise generating machine, the design parameters as 

well as the placements of sound attenuating elements has to be optimized in order to minimize the 

sound coming out of the equipage. This is exemplified in a small project task for students of a 

basic course in optimization at KTH. The task is however flawed, since both the way in which the 

optimization problem is formed is overly simplistic and the algorithm used to solve the problem, 

fmincon, does not cope well with the mathematical complexity of the model, meaning it gets stuck 

in a local optimum that is not a global optimum. This thesis is about investigating how to solve 

both of these problems. The model is modified to combine several frequencies and adjusting them 

to the sensitivity to different frequencies in the human ear. By doing this, the objective is changed 

from the previous way of maximizing Dynamic Insertion Loss 𝐷𝐼𝐿 for a specific frequency to 

minimize the total perceived sound level 𝐿𝐴. The model is based on the modular design of TMM 

from four-pole theory. This divides the muffler into separate parts, with the sound attenuating 

elements being mathematically defined only by what T matrix it has. The element types to choose 

from are the Expansion Chamber, the Quarter Wave Resonator and the Helmholtz Resonator. The 

global optimization methods to choose from are Global Search, MultiStart, Genetic Algorithm, 

Pattern Search and Simulated Annealing. By combining the different types of sound attenuating 

elements in every way and solving each case with every global optimization method, the best 

combination to implement to the model is chosen. The choice is two Quarter Wave Resonators 

being solved by MultiStart, which provides satisfactory results. Further analysis is done to ensure 

the robustness of chosen implementation, which does not reveal any significant flaws. The purpose 

of this thesis is fulfilled. 

 

Keywords: Muffler Optimization, Four-pole Method, Transfer Matrix Method (TMM), 

Global Search, MultiStart, Genetic Algorithm, Pattern Search, Simulated Annealing 
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Sammanfattning 

 

När man skapar en ljuddämpare som ska installeras på en ljud-genererande maskin bör 

designparametrarna samt placeringarna av ljuddämpande element optimeras för att minimera 

ljudet som kommer ut ur ekipaget. Detta exemplifieras i en liten projektuppgift för studenter till 

en grundkurs i optimering på KTH. Uppgiften är dock bristfällig, eftersom både det sätt som 

optimeringsproblemet är utformat är alltför förenklat och den algoritm som används för att lösa 

problemet, fmincon, inte klarar av modellens matematiska komplexitet bra, vilket menas med att 

den fastnar i ett lokalt optimum som inte är ett globalt optimum. Detta examensarbete handlar om 

att undersöka hur man kan lösa båda dessa problem. Modellen är modifierad för att kombinera 

flera frekvenser och anpassa dem till känsligheten för olika frekvenser i det mänskliga örat. Genom 

att göra detta är målet ändrat från det tidigare sättet att maximera den dynamiska insatsisoleringen 

𝐷𝐼𝐿 för en specifik frekvens till att minimera den totala upplevda ljudnivån 𝐿𝐴. Modellen bygger 

på den modulära designen av TMM från 4-polsteori. Detta delar upp ljuddämparen i separata delar, 

med ljuddämpande element som matematiskt endast definieras av vilken T matris de har. De 

elementtyper att välja mellan är expansionskammare, kvartsvågsresonator och 

Helmholtzresonator. De globala optimeringsmetoder att välja mellan är Global Search, MultiStart, 

Genetic Algorithm, Pattern Search och Simulated Annealing. Genom att kombinera de olika 

typerna av ljuddämpande element på alla sätt och lösa varje fall med varje global 

optimeringsmetod, blir den bästa kombinationen vald och implementerad i modellen. Valet är två 

kvartsvågsresonatorer som löses genom MultiStart, vilket ger tillfredsställande resultat. Ytterligare 

analyser görs för att säkerställa robustheten av den valda implementationen, som inte avslöjar 

några väsentliga brister. Syftet med detta examensarbete är uppfyllt. 

 

Nyckelord: Ljuddämparoptimering, 4-polsmetoden, Transfer Matrix Method (TMM), 

Global Search, MultiStart, Genetic Algorithm, Pattern Search, Simulated Annealing 
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NOMENCLATURE 

Notations 

Symbol Description 

𝑎 Duct diameter (𝑚) 

𝑐, 𝑐𝑠 Speed of sound (𝑚/𝑠) 

𝑓, 𝑓𝑠 Sound frequency (𝐻𝑧) 

𝑘, 𝑘𝑠 Acoustic wave number (𝑟𝑎𝑑𝑖𝑎𝑛𝑠/𝑚) 

𝐿, 𝐿𝑠 Length (𝑚) 

𝐿𝐴 A-weighted sound level (𝑑𝐵(𝐴)) 

𝐿𝑝 Sound pressure level (𝑑𝐵) 

𝐿𝑊 Sound power level (𝑑𝐵) 

𝑝 Acoustic pressure (𝑃𝑎) 

𝑄 Volume flow rate (𝑉3/𝑠) 

𝑆, 𝑆𝑠, 𝑆𝑒 Cross-sectional area (𝑚2) 

𝑇 Transfer matrix 

𝑉0 Resonator cavity volume (𝑚3) 

𝑥 Placement (𝑚) 

𝑍 Acoustic impedance (
𝑘𝑔

𝑚4𝑠
) 

𝑍𝑠 Side branch impedance (
𝑘𝑔

𝑚2𝑠
) 

𝑍𝐾 Source impedance (
𝑘𝑔

𝑚4𝑠
) 

𝑍𝐿 Termination impedance (
𝑘𝑔

𝑚2𝑠
) 

𝜆 Sound wavelength (𝑚) 

𝜌0 Density (𝑘𝑔/𝑚3) 
  

Abbreviations 

𝐷𝐼𝐿 Dynamic Insertion Loss 

EC Expansion Chamber 

FEM Finite Element Method 

HR Helmholtz Resonator 

IL Insertion Loss 

QWR Quarter Wave Resonator 

TL Transmission Loss 

TMM Transfer Matrix Method 
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1. INTRODUCTION 
 

1.1. Background 

This thesis came to be from a problem in a small project task that was to be made by undergraduate 

students in a basic optimization course. To exemplify the practical use of optimization methods, a 

few dimensions in a simplified model of a 3 𝑚 reactive muffler was to be decided in order to 

minimize noise at the end of the muffler, see Figure 1. 

Figure 1. Basic muffler model. 
 

However, a big problem arose for many students. Since the model, while being simplified, still 

was mathematically complex enough to produce results that were only locally optimal but not 

globally. Depending on what start solution was used in the algorithm, a wide set of different 

solutions was produced that did not appear to relate to the start solutions in a simple manner. 

So a basis for a Master’s thesis was constructed to address mainly this problem. 

 

 

1.2. Purpose 

The first and foremost objective of the thesis is to modify the muffler task so that a specific chosen 

global optimization method can be applied to the model in a good way. The second objective is to 

make the model more advanced in the aspect of noise and vibration, but this is marginal compared 

to the first one. The physical representation of the muffler can be changed. As can be seen in Figure 

1, the sound attenuating element used is a Quarter Wave Resonator, but that does not necessarily 

have to be the case in the new modified model. Other types of elements can be used instead if it 

makes the model better susceptible to global optimization methods. A big emphasis is put on the 

time efficiency of the algorithms, but also on the general investigation of the selected sound 

attenuating elements, global optimization methods and scientific articles utilizing the methods. 
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1.3. Delimitations 

In order to maintain a proper difficulty level in the different academic fields throughout this thesis, 

some delimitations has to be introduced. Since this project mainly revolves around the academic 

field of mathematical optimization, the focus remains in that area. While I do have basic 

knowledge in the field of noise and vibration control, it is not sufficient for constructing a model 

which has all the details necessary for it to be considered an advanced muffler model. Even if I 

did, it would not be smart to introduce too many physical phenomena. This since the more 

complexity the model has, the harder it is for the optimization algorithm to handle it in a reasonably 

good manner. An example is the type of overall muffler modelling considered, namely the modular 

Transfer Matrix Method (TMM) based on plane wave theory. This splits the muffler into different 

simple parts instead of a more complex method using, for instance, a Finite Element Method 

(FEM) which would allow the shape to be more arbitrary. 

 

The global optimization methods considered in this thesis are only the ones that exist in the Global 

Optimization toolbox in MATLAB. They are: 

 Global Search 

 MultiStart 

 Genetic Algorithm 

 Pattern Search (also known as Direct Search) 

 Simulated Annealing 

 

There is also a Multiobjective Genetic Algorithm Solver but as the name implies, it is only 

interesting for optimization problems where there are several objective functions within the same 

problem. 

 

 

1.4. Method 

To get a good overview off the working process, it will be written in a numbered list. It is as 

follows: 

1. Perform the original project task from the basic optimization course in order to find out 

where the problem lies. 

2. Study the different types of sound attenuating elements used in muffler designs in order to 

implement them. 

3. Study the different optimization methods in order to be able to understand why they behave 

the way they do. 

4. See which methods others has used in scientific articles when optimizing mufflers and how 

successful they were. 

5. Modify the model by taking into account some more effects from phenomena in the field 

of noise and vibration control in order to make the model better and more relevant. 

6. Implement to the model the collection of sound attenuating elements and global 

optimization methods by which it can be solved and experiment with combinations of all 

elements with all methods in order to see which ones behaves best from an optimization 

point of view. 

7. Decide on a muffler design format and the best optimization method to be used on it. 

8. Further analyze the chosen implementation to ensure the robustness of it.  
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2. FRAME OF REFERENCE 
 

The frame of reference in this thesis consists of the following four areas: 

 Sound and vibration control 

 Sound attenuating elements 

 Global optimization methods 

 Methods used in muffler optimization articles 

 

The theory described in this section can be found in full using the general references at the end of 

the thesis. This is however an attempt at bringing up the relevant parts of the information in a 

compressed format. The basis for most of the theory is the book “Ljud och Vibrationer” (Noise 

and Vibrations) [1] which is the book for the basic course at KTH, so if no specific reference is 

given for a certain piece of theory, that is where it is taken from. 

 

 

2.1. Sound and vibration control 

There are two different types of mufflers: reactive and absorptive. They reduce the amount of 

acoustic energy transmitted in separate ways. A reactive muffler uses added elements where the 

sound waves enter and come back in a way in which they destructively interfere with the incoming 

wave through the duct and thereby reducing the wave power. An absorptive muffler instead uses 

special sound attenuating material on the inside walls that just absorbs the acoustic energy of the 

waves and turns it into heat. Since this is a mathematical thesis, only the former type is considered 

here. 

 

Insertion Loss (𝐼𝐿) is defined as the difference in sound pressure level 𝐿𝑝 at some point in an 

acoustic system between two systems of mufflers, installed separately [2]. Often, as in this thesis, 

the comparison is at the end of a muffler between one system without added sound attenuating 

elements (plain pipe) and one system with added sound attenuating elements (𝐼𝐿 = 𝐿𝑝,𝑤𝑖𝑡ℎ𝑜𝑢𝑡 −

𝐿𝑝,𝑤𝑖𝑡ℎ). Here however, we will use Dynamic Insertion Loss 𝐷𝐼𝐿 which is 𝐼𝐿 with airflow involved 

(exhaust from an engine). They are often virtually identical and can be assumed to be the same 

[3]. The Dynamic Insertion Loss 𝐷𝐼𝐿 can be used to calculate the sound pressure level in the 

selected point in the system with sound attenuating elements according to  

 𝐿𝑝,𝑤𝑖𝑡ℎ = 𝐿𝑝,𝑤𝑖𝑡ℎ𝑜𝑢𝑡 − 𝐷𝐼𝐿. (2.1.1) 

 

Transmission Loss (TL) is sometimes used as a measure of muffler performance. It is defined as 

the difference in sound power level 𝐿𝑊 between the incoming wave from the source and the 

outgoing wave from the end of the muffler (𝑇𝐿 = 𝐿𝑊,𝑖𝑛 − 𝐿𝑊,𝑜𝑢𝑡) [4]. A downside of this measure 

is that is does not take into account the connection to the sound source and the termination 

environment. Take for instance two muffler systems A and B. Even though A has a better TL and 

is better in a certain application, there could be another application where B is better suited. 

Therefore, TL is more of a general measure than the more applied measure of IL. 
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The four-pole theory, or Transfer Matrix Method (TMM), describes how you can derive the 

relation between four variables of an acoustic system: acoustic pressure 𝒑𝑖𝑛 and volume flow rate 

𝑸𝑖𝑛 into the system, and acoustic pressure 𝒑𝑜𝑢𝑡 and volume flow rate 𝑸𝑜𝑢𝑡 out of the system. In 

order to achieve this, we need to analyze a single element within the acoustic system first. 

How to derive the way in which the variables 𝒑𝑖𝑛, 𝑸𝑖𝑛, 𝒑𝑜𝑢𝑡 and 𝑸𝑜𝑢𝑡 of an element relate to each 

other is optional but one way is to convert the acoustic system into an electric circuit. Exactly how 

that works can be seen in detail in [1], Page 385, but the result will have the format 

 [
𝒑𝑖𝑛

(𝑖)

𝑸𝑖𝑛
(𝑖)

] = [𝑻𝑖] ∗ [
𝒑𝑜𝑢𝑡

(𝑖)

𝑸𝑜𝑢𝑡
(𝑖)

], (2.1.2) 

where i refers to element i. The matrix which connects these four variables is called a T matrix (T 

from Transfer) and is the four-pole of the system. 

The acoustic pressure and volume flow rate out of one element is the same as into the next element, 

i.e. 

 𝒑𝑜𝑢𝑡
(𝑗−1)

= 𝒑𝒊𝒏
(𝑗)

, (2.1.3) 

 

 𝑸𝑜𝑢𝑡
(𝑗−1)

= 𝑸𝒊𝒏
(𝑗)

. (2.1.4) 

Because of this, the T matrix for the whole system is a multiplication of all the element T matrices, 

i.e. 

 [𝑻] = ∏ [𝑻𝑖]𝑖 . (2.1.5) 

The relation between the four variables of the whole system can then be written as 

 [
𝒑𝑖𝑛

𝑸𝑖𝑛
] = [𝑻] ∗ [

𝒑𝑜𝑢𝑡

𝑸𝑜𝑢𝑡
]. (2.1.6) 

 

Octave bands are intervals of frequencies, used since analysis of a sound on a frequency by 

frequency basis is not effective. The bandwidth of every interval is defined as an octave (from the 

field of music), meaning the higher band frequency is double that of the lower band frequency, i.e. 

𝑓𝑢𝑝𝑝𝑒𝑟 = 2 ∗ 𝑓𝑙𝑜𝑤𝑒𝑟, hence the phrase octave band is used. In order to have tighter intervals 

between octave band frequencies, 
1

3
 octave bands are often utilized, inserting two more frequencies 

between every entry in the octave band. 

 

Plane wave propagation is a central concept in noise and vibration control of ducts which is the 

assumption that the sound pressure is constant over the cross-sectional area and only varies with 

the length of the duct. This is considered to be true when the duct diameter is less than half the 

sound wavelength, i.e. 

 𝑎 <
𝜆

2
=

𝑐

2𝑓
⟺ 𝑓 <

𝑐

2𝑎
. (2.1.7) 

For instance, for a diameter of 0.05 𝑚, the maximal frequency will therefore be 𝑓 =
343

2∗0.05
𝐻𝑧 =

3430 𝐻𝑧. 
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2.2. Sound attenuating elements 

The three most common types of sound attenuating elements in reactive mufflers are: 

 Expansion Chamber 

 Quarter Wave Resonator 

 Helmholtz Resonator 

 

Firstly, it should be mentioned that the only thing that changes mathematically in the model when 

changing/adding a sound attenuating element is the T matrix of it. 

 

Before describing the elements, the T matrix of a plain pipe is written for comparison purposes. It 

is 

 𝑇 = [
𝑐𝑜𝑠(𝑘𝐿)) 𝑖𝑍𝑠𝑖𝑛(𝑘𝐿)

𝑖𝑠𝑖𝑛(𝑘𝐿)/𝑍 𝑐𝑜𝑠(𝑘𝐿)
], (2.2.1) 

where 𝑘 =
2𝜋𝑓

𝑐
 is the acoustic wave number. 

 

An Expansion Chamber is an increase and decrease of the cross-sectional area of the duct, starting 

from placement 𝑥1 and ending at 𝑥2. This attenuates the sound since an immediate change in 

geometry results in a reflection of a part of the incoming sound wave. Why a decrease of the cross-

sectional area at the end of the element is good is not only for obvious practical reasons, but also 

for avoiding pressure drop in the duct which would otherwise occur. A simple view of a muffler 

with an Expansion Chamber can be seen in Figure 2. 

Figure 2. Basic muffler model with an Expansion Chamber. 

 

The T matrix of an expansion chamber has the same structure as the plain pipe has, but with a 

slightly different impedance (from the change in cross-sectional area): 𝑍𝑒 = 𝜌0𝑐/𝑆𝑒 instead of 𝑍 =
𝜌0𝑐/𝑆. This leads to the T matrix being 

 𝑇𝑒 = [
𝑐𝑜𝑠(𝑘(𝑥2 − 𝑥1)) 𝑖𝑍𝑒𝑠𝑖𝑛(𝑘(𝑥2 − 𝑥1))

𝑖𝑠𝑖𝑛(𝑘(𝑥2 − 𝑥1))/𝑍𝑒 𝑐𝑜𝑠(𝑘(𝑥2 − 𝑥1))
]. (2.2.2) 
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A Quarter Wave Resonator is a side branch, with length 𝐿𝑠 and cross-sectional area 𝑆𝑠, attached 

to the main duct, going either parallel or perpendicular to it. A part of the sound wave propagates 

into the resonator, and at the end it is reflected back and returns to the main duct where it interferes 

with the main progressing wave. If the phase of the reflected wave is opposite the phase of the 

main wave, the energy of the reflected wave will counteract the main wave maximally. This 

happens when the impedance 𝑍𝑠 = −𝑖𝜌0𝑐𝑠 cot(𝑘𝑠𝐿𝑠) = 0 which leads to the length of the 

resonator being an uneven multiple of a quarter wavelength, i.e. 

 𝐿𝑠 = 𝑛𝜆𝑠/4, 𝑛 = 1, 3, 5, …. (2.2.3) 

This is why it is called a Quarter Wave Resonator. A simple view of a muffler with a Quarter 

Wave Resonator can be seen in Figure 1. The T matrix structure is completely different for a side 

branch which is reasonable since it is an element that is added without changing the geometry of 

the main duct (except for the hole). The T matrix has the format 

 
𝑇𝑠𝑓 = [

1 0
𝑆𝑠/𝑍𝑠 1

]. (2.2.4) 

 

A Helmholtz Resonator is like the Quarter Wave Resonator a side branch attached to the main 

duct. It consists of a cavity with volume 𝑉0 as well as a neck with length 𝐿𝑠 and cross-sectional 

area 𝑆𝑠. It works analogous to the “spring/mass system” of classical mechanics, where the cavity 

acts as the spring and the neck as the mass. When a sound wave comes in through the neck, it 

pushes the air into the cavity, creating a compression. This will, like a spring, bounce air back 

through the neck to the main duct and counteract the main wave in the same way a Quarter Wave 

Resonator does. The phases will thus be opposite when the impedance 𝑍𝑠 = 𝑖𝜔𝜌0𝐿𝑠 +
𝜌0𝑐𝑠

2𝑆𝑠

𝑖𝜔𝑉0
= 0 

which leads to the frequency being 

 
𝑓𝑟 =

𝜔

2𝜋
=

𝑐𝑠

2𝜋
√

𝑆𝑠

𝐿𝑠𝑉0
. (2.2.5) 

This is the natural frequency of the Helmholtz Resonator. A simple view of a muffler with a 

Quarter Wave Resonator can be seen in Figure 3. 

Figure 3. Basic muffler model with a Helmholtz Resonator. 
 

The format of the T matrix is the same as for other side branches, i.e. the same as in Equation 

(2.2.4). 
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2.3. Global optimizations methods 

As mentioned in Section 1.3, the global optimization methods considered in this thesis are: 

 Global Search 

 MultiStart 

 Pattern Search (also known as Direct Search) 

 Genetic Algorithm 

 Simulated Annealing 

 

The theory in this section is taken from the MATLAB documentation of global optimization 

methods [5] [6]. 

 

Global Search and MultiStart are two similar optimization methods. They are gradient-based, 

meaning every iteration step from start point to local minimum is chosen by considering the 

gradient of the objective function at each point. Therefore they need the objective and constraint 

functions to be continuous and differentiable. The actual solver used to lead a start point towards 

an optimum can be a simple standard one, like fmincon, but these algorithms uses multiple start 

points across the feasible area. The main differences between the two methods are: 

 Global Search uses a scatter-search mechanism for generating start points while MultiStart 

uses uniformly distributed start points within bounds, or user-supplied start points. 

 Global Search analyzes start points and rejects the points that are unlikely to improve the 

best local minimum found so far. MultiStart runs all start points (or, optionally, all start 

points that are feasible with respect to bounds or inequality constraints). 

 Global Search uses fmincon while MultiStart gives a choice of a local solver: fmincon, 

fminunc, lsqcurvefit or lsqnonlin. 

 Global Search only calculates the several local optima one point at a time, utilizing only 

one processor thread, while MultiStart can run in parallel, distributing start points to 

multiple processor threads for simultaneous calculations. 

 

Global Search is in other words a more simple method which does not require the user to have 

extensive knowledge of the optimization problem at hand (and especially more efficient if a single 

threaded processor is used). MultiStart instead offers more customization, useful for instance if 

the user has reason to believe none of the start points in Global Search might successfully converge 

towards the real global optimum.  
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Pattern search is a family of methods that does not use gradients or higher derivatives, hence the 

relevant functions in an optimization problem does not have to be continuous or differentiable. 

The ones included in the MATLAB Global Optimization Toolbox are generalized pattern search 

(GPS), generating set search (GSS), and mesh adaptive search (MADS). They all have in common 

that the algorithms approaches a global optimum by the iterative process of looking at a set of 

points in an area around the current point, called a mesh, to find one that has a better objective 

function value. If the option Complete poll is on, the point with the best objective function value 

is selected, the downside being longer computational time. The mesh is formed by adding the 

current point to a scalar multiple Δ𝑚 of a set of vectors {𝑣𝑖} called a pattern. The dimension of 

each vector is the number of independent variables in the objective function, N, and the number of 

vectors is commonly 2N (maximal positive basis set) or N+1 (minimal positive basis set). The 2N 

vector pattern consists of N vectors and their N negatives, while the N+1 pattern consists of N 

vectors and one vector which is the sum of the others. The differences between the three methods 

are: 

 GPS uses fixed-direction vectors 

 GSS is identical to GPS, except when there are linear constraints, and when the current 

point is near a linear constraint boundary 

 MADS randomly selects the vectors that form the pattern 

 

The scalar Δ𝑚 is in every iteration multiplied either by 2 if a point in the mesh has a better objective 

function value (successful poll) or 0.5 if all are worse (unsuccessful poll). These are however 

default values that could be changed by the user. 

 

Genetic Algorithm receives its name from the biological process of evolution. It, like Pattern 

Search, does not use gradients or higher derivatives, enabling application even on functions which 

are discontinuous or non-differentiable. A population of randomly generated candidate solutions 

are evolved towards a global optimum. In order for this to work, the solutions has to have genetic 

representations which often consists of arrays of binary bits. The population changes in an iterative 

process, and within each iteration the population is called a generation. The first generation can 

either be completely randomly selected or “seeded” in an area where the user believes the global 

optimum is probably found. When a generation is “born”, the “fitness” of each individual is 

evaluated. The fitness function is usually the objective function of the optimization problem that 

is to be solved. Those which have a low fitness are discarded while the others are approved for 

breeding the next generation. This selection is however stochastic, meaning some of the less fit 

solutions might not be discarded, the reason being genetic diversity within the genetic pool. To 

form a new generation, pairs (or larger groups) of “parent” solutions form a “child” solution with 

a new genetic identity by combining the identities of both parents, using a combination of genetic 

operators: crossover (combining the vectors of several parents), mutation (introducing random 

changes to a single parent) and elite children (individuals with a high fitness survives unaltered). 

This process continues until the new generation has an appropriate size. The fitness of a generation 

generally increases with every iteration since only the solutions with a good fitness (along with a 

few bad ones) can breed, just like in biological evolution. 
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Simulated Annealing receives its name from the physical process of heating a material and then 

slowly cooling it in order to decrease internal tensions and other defects. It begins by randomly 

generating a single point. The algorithm then randomly generates another point but the distance to 

it from the previous point is based on a probability distribution with a scale proportional to the 

temperature, i.e. as the temperature goes down, it is more likely to generate a point closer to the 

previous one. The acceptance of this point is however not deterministic. If it has a better objective 

function value, it will be accepted, but a worse point can also be accepted based on another 

probability distribution, depending on the temperature and the difference in objective function 

value. The reason for this is to avoid getting stuck in a local minimum. If the point is unaccepted, 

the algorithm just tries with another point generated in the same way. How fast the temperature 

decreases depends on the annealing schedule which consist of a few parameters set by the user. If 

none of the stopping criteria of the algorithm are met by the time a certain number of new points 

has been accepted, the temperature is raised, called reannealing. This is again a safety precaution 

against getting stuck in a local optimum; since the process is stochastic, even a restart from the 

very same first point could result in a convergence to a completely different area where the global 

optimum might be situated. A downside of this method is the inability to use general constraints; 

only fixed lower and upper bounds are possible. 

 

Most of these optimization methods has some common stopping criteria that are general, for 

instance: number of iterations, computational time and change in objective function value between 

iterations. Some has however specific ones, for instance: mesh size for the Pattern Search and stall 

time limit for the Genetic Algorithm. 

 

When considering multiobjective optimization, a solution is called Pareto optimal if no other 

solution exists that is better with respect to at least one objective function and equal with respect 

to other objective functions. Similarly, a solution is called non-dominated, if no other solution 

within a group of (possibly non-optimal) solutions exists that is better with respect to at least one 

objective function and equal with respect to other objective functions [7]. Non-dominated is a 

more correct term to use when referring to an optimal solution computed by a numerical 

optimization algorithm, since it is compared to a finite number of other solutions. A numerical 

algorithm cannot guarantee a Pareto optimal solution since it is discrete with approximations, 

meaning that between the computed solutions there might be some that are a tiny bit better but has 

not been revealed by the algorithm. 
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2.4. Methods used in muffler optimization articles 

Following are summaries of a few articles regarding optimizations of mufflers using different 

optimization methods. Although some of these divulges more information in other aspects, only 

the relevant parts for this thesis has been included. 

 

(I) Multiobjective muffler shape optimization with hybrid acoustics modelling [7] 

By: Tuomas Airaksinen & Erkki Heikkola 

 

The focus of this paper lies on two things: an alternative method of modeling a muffler and a 

specific genetic algorithm by which to optimize it. The modeling method is a hybrid of wave based 

modal solution for the uniform sections and a Finite Element Method (FEM) solution for the non-

uniform sections, but that aspect is not very interesting for us since we use the Transfer Matrix 

Method (TMM). 

The interesting part is the optimization of the muffler. The optimization method used in this paper 

is a genetic algorithm, described in Section 2.3, which is called NSGA-II (Non-dominated Sorting 

Genetic Algorithm-II), taken from K. Deb et al. [8]. It is mainly addressed to multiobjective 

optimization problems where other multiobjective evolutionary algorithms (MOEAs) has been 

criticized mainly for: 

I. Their O(MN3) computational complexity (where M is the number of objectives and 

N is the population size) 

II. Their non-elitism approach 

III. The need to specify a sharing parameter 

 

All these difficulties are nonexistent in the NSGA-II. 

 

The goal of the optimization is to maximize transmission loss (TL) at multiple frequency ranges 

simultaneously by adjusting chosen shape parameters of the muffler. This task is formulated as a 

multiobjective optimization problem with the objective functions depending on the solution of the 

simulation model. The number of objective functions in a multiobjective optimization problem 

can in theory be any number, but the ones used in this paper are 

 
𝑓1(𝑥) = −

1

𝑛𝜔
∑ 𝜏(𝑥, 𝜔𝑖)

𝑛𝜔
𝑖=1  and 𝑓2(𝑥) = −

1

𝑛𝜄
∑ 𝜏(𝑥, 𝜄𝑖)𝑛𝜄

𝑖=1 , (2.4.1)  

where 𝜔 and 𝜄 are chosen vectors of frequencies and 𝜏 is given by 

 𝜏(𝑥, 𝑓) = min (𝑇𝐿(𝑥, 𝑓), 𝑇𝐿𝑚𝑎𝑥). (2.4.2)  

The transmission loss function 𝑇𝐿(𝑥, 𝑓) depends on the simulation model itself which in turn 

depends on the parameters decided by the optimization algorithm, meaning the whole process is 

iterative. A maximum limit 𝑇𝐿𝑚𝑎𝑥 exists since a transmission loss function could have narrow 

infinite peaks which the algorithm would converge to if the limit was not used. 

The use for two objective functions is the possibility for them to represent separate specific 

frequency ranges within a larger spectrum, where one would like to have high TL without 

necessarily needing high TL in the frequency range between them. For example, in the spectrum 

of 1200 – 2000 Hz, it might be more interesting to have high TL in the edges than the middle, then 

𝜔 = [1200, 1250, 1300] and 𝜄 = [1900, 1950, 2000] can be chosen. 

 

The paper presents three different optimization problems, where the difference lies in the 

geometry, chosen frequency ranges and which parameters are to be fixed and which are to be 

optimized. 
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1. The first case represents a muffler with a perforated duct, where shape and perforation 

parameters are optimized. In the initial population the average values are 𝑓1 = −11.7 𝑑𝐵 

and 𝑓2 = −0.6 𝑑𝐵, but after the genetic algorithm has been completed, the values of a non-

dominated solution are 𝑓1 = −18.4 𝑑𝐵 and 𝑓2 = −30.1 𝑑𝐵. 

2. The second case represents a more complicated reverse-flow type muffler geometry. Initial 

population values: 𝑓1 = −21.3 𝑑𝐵 and 𝑓2 = −19.7 𝑑𝐵. Values of a non-dominated 

solution: 𝑓1 = −42.5 𝑑𝐵 and 𝑓2 = −62.7 𝑑𝐵. 

3. The third case is used to demonstrate the ability of optimizing the muffler in the case with 

several modes propagating in the ductwork (high-frequency case). Initial population 

values: 𝑓1 = −14.1 𝑑𝐵 and 𝑓2 = −9.1 𝑑𝐵. Values of a non-dominated solution: 𝑓1 =
−42.5 𝑑𝐵 and 𝑓2 = −42.2 𝑑𝐵. 

 

In all cases, the genetic algorithm NSGA-II does not have any apparent drawbacks. Having a 

stopping criteria of 100 computed generations, the solutions converged mainly to the same non-

dominated fronts (collection of optimal solutions) with different tested random number generator 

seed numbers which implicates that the algorithm is behaving robustly. 

 

 

(II) Noise Elimination of a Multi-tone Broadband Noise with Hybrid Helmholtz Mufflers 

Using a Simulated Annealing Method [9] 

By: Min-Chie CHIU 

 

Like the title suggests, this paper deals with the optimization of a muffler with mainly Helmholtz 

Resonators (HR) as sound attenuating elements, but in combination with a few others (one at a 

time for each case), hence the meaning of hybrid. Unlike past articles regarding mufflers with HR 

elements, this one considers attenuation of a broadband of sound frequencies (each interval being 

an octave band) plus one/two pure tones instead of a single pure tone noise and has only a 

constrained space in which to house the muffler. High pure tone noise levels are very undesirable, 

since they can be harmful to the ears and mind. The overall modeling method used in this paper is 

TMM, and the optimization method is a Simulated Annealing (SA) method, described in Section 

2.3. 

 

The goal of the optimization is, like in article (I), to maximize sound transmission loss (STL) 

(same as TL, just different notation) which can be derived using TMM as 

 

𝑆𝑇𝐿(𝑓) = 20 𝑙𝑜𝑔10 (
1

2
(𝑇11 + 𝑇12 + 𝑇21 + 𝑇22)) + 10 𝑙𝑜𝑔10 (

𝑆𝑠𝑡𝑎𝑟𝑡

𝑆𝑒𝑛𝑑
), (2.4.3)  

where 𝑆𝑠𝑡𝑎𝑟𝑡 and 𝑆𝑒𝑛𝑑 are the cross-sectional areas in the beginning and end of the muffler. 

However, unlike in article (I), the sound frequencies are here combined in a single formula, 

meaning there is only one objective function and therefore not a multiobjective optimization 

problem. Since STL is defined only for a specific frequency, the objective function is to minimize 

the overall sound power level (SWL) which combines these as 

 
𝑆𝑊𝐿𝑇 = 10𝑙𝑜𝑔10 (∑ 10

𝑆𝑊𝐿(𝑓𝑚)−𝑆𝑇𝐿(𝑓𝑚)
10

𝑚
), (2.4.4)  

where 𝑆𝑊𝐿(𝑓𝑚) is the original SWL at the inlet of the muffler, m is the index of the octave band 

frequency and 𝑆𝑇𝐿(𝑓𝑚) is the muffler’s STL with respect to the relative octave band frequency. 

The extra pure tones are added as extra 𝑓𝑚 in addition to the octave band frequencies. The 

constraint of space in which the muffler’s dimensions must remain is 0.5 𝑚 in width, 0.5 𝑚 in 

height, and 1.2 𝑚 in length. 
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The paper presents six cases, where the difference between them is whether there is a one- or a 

two-chamber HR element in the muffler, what sound attenuating element is following the HR, and 

if it is hybridized with one or two pure tones. 

1. One HR. Added element: Simple expansion element. Hybridized with one tone (130 𝐻𝑧). 

2. One HR. Added element: Tube-extended element. Hybridized with one tone (130 𝐻𝑧). 

3. One HR. Added element: Dissipative (absorptive) element. Hybridized with one tone 

(130 𝐻𝑧). 

4. Two HR. Added element: Simple expansion element. Hybridized with two tones (130 𝐻𝑧 

and 235 𝐻𝑧). 

5. Two HR. Added element: Tube-extended element. Hybridized with two tones (130 𝐻𝑧 and 

235 𝐻𝑧). 

6. Two HR. Added element: Dissipative (absorptive) element. Hybridized with two tones 

(130 𝐻𝑧 and 235 𝐻𝑧). 

 

They all have a different impact on the objective function since they all have different transfer 

matrix setups and therefore different STL. 

 

When optimizing these cases with SA, the cooling rate (kk) and number of iterations (iter) are the 

parameters by which to change the accuracy of the algorithm. The values experimented with are 

𝑘𝑘 = [0.91, 0.93, 0.95, 0.97, 0.99] and 𝑖𝑡𝑒𝑟 = [50, 100, 500, 1000]. The best combination of 

parameter values is unsurprisingly 𝑘𝑘 = 0.99 and 𝑖𝑡𝑒𝑟 = 1000. Though the obvious downside of 

using many iterations is the longer computational time. 

 

Summation of the improvements in SWL caused by the insertion of mufflers in each case with 

𝑘𝑘 = 0.99 and 𝑖𝑡𝑒𝑟 = 1000: 

1. 139.4 𝑑𝐵 → 92.9 𝑑𝐵 

2. 139.4 𝑑𝐵 → 85.0 𝑑𝐵 

3. 139.4 𝑑𝐵 → 82.5 𝑑𝐵 

4. 141.1 𝑑𝐵 → 91.1 𝑑𝐵 

5. 141.1 𝑑𝐵 → 80.4 𝑑𝐵 

6. 141.1 𝑑𝐵 → 71.4 𝑑𝐵 
 

As can be seen, the most effective sound attenuating element following the HR is the dissipative 

one, after which the tube-extended element is seen as somewhat effective, while the simple 

expansion element does not perform as well as the other two. Furthermore, the peak values of the 

pure tones are efficiently reduced which were a goal of the optimization. This can be seen in Fig. 

7-8 in the article. 

 

The hybrid mufflers inside a constrained space considered in this paper can be easily and 

efficiently optimized using the Simulated Annealing (SA) approach with the Transfer Matrix 

Method (TMM). The algorithm has no apparent drawbacks, although finding a good balance of 

SA parameters to be used (kk and iter) might be hard since increased accuracy means longer 

computational time. 
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(III) Optimal Design of an Enclosure for a Portable Generator [10] 

By: Joseph E. Blanks 

 

Good articles regarding optimization of mufflers using Pattern Search has not been published, 

suggesting it might not be a favorable method to use. However, a Master’s thesis from 1997 among 

other things investigates the acoustic optimization of an enclosure for a portable generator. The 

model is developed for an enclosure that is constructed of a solid, single panel layer with a cavity. 

The focus lies on how the material stiffness, density and source-to-enclosure distance affect the 

insertion loss (IL) and effectiveness of the enclosure, and the optimization method used is Pattern 

Search. 

 

The goal of the acoustic optimization is to maximize IL for sound frequencies from 0 𝐻𝑧 all the 

way up to 12.8 𝑘𝐻𝑧 which for each frequency is 

 

𝐼𝐿(𝑓) = 10 𝑙𝑜𝑔10 [(cos(𝑘𝑑) + (
𝜋2

4𝐾𝜔𝜌0𝑐
) sin (𝑘𝑑))

2

], (2.4.5)  

where d is the distance from the source to the panel and K depends on if boundary conditions are 

simply supported or clamped (and calculated using one of two respective formulas). Like in article 

(II), the sound frequencies are here combined in a single formula, meaning there is only one 

objective function and therefore not a multiobjective optimization problem. Unlike in article (II) 

however, sound power level (SWL) is not used but the similar concept sound pressure level (SPL), 

defined as  

 
𝑆𝑃𝐿𝑡𝑜𝑡𝑎𝑙 = 10𝑙𝑜𝑔10 (∑ 10

𝑆𝑃𝐿𝑛
10

𝑛

1
), (2.4.6)  

where the SPL for each frequency is calculated from the Insertion Loss Model using a noise SPL 

spectrum. The objective function (called performance index) in this problem is however not just 

the SPL but also the weight of the enclosure itself. So we have 

 
𝑃𝐼 = 𝑆𝑃𝐿𝑡𝑜𝑡𝑎𝑙 ∗ 𝑆𝑃𝐿𝑤𝑒𝑖𝑔ℎ𝑡 + 𝐸𝑛𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑊𝑒𝑖𝑔ℎ𝑡 ∗ 𝑊𝑒𝑖𝑔ℎ𝑡𝑤𝑒𝑖𝑔ℎ𝑡, (2.4.7)  

where 𝑆𝑃𝐿𝑤𝑒𝑖𝑔ℎ𝑡 and 𝑊𝑒𝑖𝑔ℎ𝑡𝑤𝑒𝑖𝑔ℎ𝑡 are weighting parameters set by user in order to set the 

balance of importance between the two variables. 

 

When optimizing this problem using a Pattern Search method, the step size used is √𝑖, where i is 

the number of the current iteration by which the algorithm is processing at that time. This is 

contrary to the standardized way the scalar Δ𝑚 is changed, described in Section 2.3. That does not 

necessarily mean it is bad; every problem has to be experimented with in order to find a good way 

to set/alter its parameters. Depending on the starting design variable values and the weighting 

parameters, the optimal solution is reached after 25-35 iterations. Sound pressure level has then 

gone down from 91.24 𝑑𝐵 to 75.08 𝑑𝐵. 

 

Not much is concluded regarding the Pattern Search method itself but judging by the number of 

iterations it took to reveal an optimal solution, it certainly seems fast. 
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3. THE PROCESS 
 

3.1. Original project task 

As was mentioned in Section 1.4, the first step in the process of this thesis is to perform the original 

project task to see where the problem lies. The instructions to this task can be seen in [11] 

(available only in Swedish). A brief description and solution of it is however presented here. The 

version of MATLAB used throughout this thesis is R2014a. 

 

The goal is to optimize a basic muffler model (the one illustrated in Figure 1) where a side branch 

to the pipe (called a Quarter Wave Resonator) introduces a sound attenuating effect greater than 

that of the plain pipe (reference system). The objective function is 𝐷𝐼𝐿 and the decision variables 

are 𝑥 and 𝐿𝑠, where 

 𝐷𝐼𝐿 is the Dynamic Insertion Loss which is the increase in sound attenuation in the new 

system 𝐷𝑥 compared to the reference system 𝐷𝑟𝑒𝑓, which mathematically can be expressed 

as 

 𝐷𝐼𝐿 = 𝐷𝑥 − 𝐷𝑟𝑒𝑓, (3.1.1) 

 𝑥 is the distance to the side branch, 

 𝐿𝑠 is the length of the side branch. 

 

Definitions of variables and constants in this problem can be found in [11]. 

The first thing to do is to derive an expression of 𝐷𝐼𝐿 with the decision variables included. 

We can start with the reference system. Sound attenuation can be calculated by using the “T 

matrix” 𝑇𝑟𝑒𝑓 (from four-pole theory), the main duct impedance 𝑍, the source impedance 𝑍𝐾 and 

the termination impedance 𝑍𝐿. The T matrix is given by 

 

𝑇𝑟𝑒𝑓 = [
𝑇1,1

𝑟𝑒𝑓
𝑇1,2

𝑟𝑒𝑓

𝑇2,1
𝑟𝑒𝑓

𝑇2,2
𝑟𝑒𝑓

] = [
𝑐𝑜𝑠 (𝑘𝐿) 𝑖𝑍𝑠𝑖𝑛(𝑘𝐿)

𝑖𝑠𝑖𝑛(𝑘𝐿)/𝑍 𝑐𝑜𝑠 (𝑘𝐿)
], (3.1.2) 

where 𝑘 =
2𝜋𝑓𝑠

𝑐
. 

 

The sound frequency used is taken from 𝑓𝑠 = 100𝑝1 + 10𝑝2 + 𝑝3 where 𝑝𝑖 are numbers from a 

personal number. With my numbers, it becomes 𝑓𝑠 = 231 𝐻𝑧 which is hereby used. 

The source impedance 𝑍𝐾 depends on the sound frequency and the some of these are measured 

and listed in Loudspeaker_ZK.mat where every value of 𝑍𝐾 corresponds to the frequency by 

which it was measured. 

The termination impedance 𝑍𝐿 also depends on the sound frequency but is not measured like 𝑍𝐾, 

instead it is calculated by the program FreeSpaceZ.m. 

The sound attenuation of the reference system 𝐷𝑟𝑒𝑓 can then be calculated as 

 𝐷𝑟𝑒𝑓 = 20 log|𝑇1,1
𝑟𝑒𝑓

𝑍𝐿 + 𝑇1,2
𝑟𝑒𝑓

+ 𝑇2,1
𝑟𝑒𝑓

𝑍𝐾𝑍𝐿 + 𝑇2,2
𝑟𝑒𝑓

𝑍𝐾|. (3.1.3) 

 

We can now go on to the new system 𝐷𝑥. What mathematically differentiates it from the reference 

system is the new T matrix which (from four-pole theory) needs to be divided into three parts: the 

duct before the branch 𝑇1, the branch itself 𝑇𝑠𝑓, and finally the duct after the branch 𝑇2. They are 

 
𝑇1 = [

𝑐𝑜𝑠 (𝑘𝑥) 𝑖𝑍𝑠𝑖𝑛(𝑘𝑥)
𝑖𝑠𝑖𝑛(𝑘𝑥)/𝑍 𝑐𝑜𝑠 (𝑘𝑥)

], (3.1.4) 
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𝑇𝑠𝑓 = [
1 0

𝑆𝑠/𝑍𝑠 1
], (3.1.5) 

where 𝑍𝑠 = −𝑖𝜌0𝑐𝑠 cot(𝑘𝑠𝐿𝑠), (𝑘𝑠 =
2𝜋𝑓𝑠

𝑐𝑠
), is the impedance of the side branch, 

 

 
𝑇2 = [

𝑐𝑜𝑠 (𝑘(𝐿 − 𝑥)) 𝑖𝑍𝑠𝑖𝑛(𝑘(𝐿 − 𝑥))
𝑖𝑠𝑖𝑛(𝑘(𝐿 − 𝑥))/𝑍 𝑐𝑜𝑠 (𝑘(𝐿 − 𝑥))

]. (3.1.6) 

 

The T matrix can then be assembled in this manner: 

 
𝑇 = [

𝑇1,1 𝑇1,2

𝑇2,1 𝑇2,2
] = 𝑇1𝑇𝑠𝑓𝑇2. (3.1.7) 

 

Similar to Equation (3.1.3), the sound attenuation of the new system 𝐷𝑥 can be calculated as 

 𝐷𝑥 = 20 log|𝑇1,1𝑍𝐿 + 𝑇1,2 + 𝑇2,1𝑍𝐾𝑍𝐿 + 𝑇2,2𝑍𝐾|. (3.1.8) 

 

With sound attenuation expressions for both systems, we now have 𝐷𝐼𝐿 from Equation (3.1.1). 

 

Here begins the actual optimization. We want to maximize 𝐷𝐼𝐿 by determining values of the 

decision variables 𝑥 and 𝐿𝑠, i.e. 

maximize 

such that 
𝐷𝐼𝐿(𝑥, 𝐿𝑠) 

𝑥 ∈ (0.1, 2.9) 
𝐿𝑠 ∈ (0.1, 1.5) 

(3.1.9) 

 

Optimization problems can be solved in MATLAB by using the built-in function fmincon. Since 

this function minimizes and we want to maximize, we just put a minus sign in front of the objective 

function. The correct answer will then, after the algorithm runs, be the negative of that, i.e. 

 maximize 𝐷𝐼𝐿 = − minimize (−𝐷𝐼𝐿). (3.1.10) 

 

A guess of the optimal values of the variables, also known as a start solution, is however also 

required to be inputted for the algorithm to start from. The effect of this choice will soon be 

discussed. 

 

To illustrate the relations between variables and objective functions better, 3D plots will 

henceforth be used frequently instead of regular 2D plots. 

The plot in Figure 4 shows the relation between 𝑥 [𝑚], 𝐿𝑠 [𝑚] and 𝐷𝐼𝐿 [𝑑𝐵]. 
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Figure 4. Original problem plot using 𝑥 and 𝐿𝑠. 

 

As can be seen, there are multiple local optima. Depending on the inputted start solution, the 

algorithm will converge to one of them. By experimenting with some different start solutions, the 

following results come out: 

 𝑥 = 0.3611 𝑚, 𝐿𝑠 = 0.3712 𝑚 ⟹  𝐷𝐼𝐿
𝑜𝑝𝑡 = 114.3956 𝑑𝐵 

 𝑥 = 0.3613 𝑚, 𝐿𝑠 = 1.1136 𝑚 ⟹  𝐷𝐼𝐿
𝑜𝑝𝑡 = 92.5200 𝑑𝐵 

 𝑥 = 0.3341 𝑚, 𝐿𝑠 = 1.5000 𝑚 ⟹  𝐷𝐼𝐿
𝑜𝑝𝑡 = 1.6446 𝑑𝐵 

 𝑥 = 2.5883 𝑚, 𝐿𝑠 = 0.3712 𝑚 ⟹  𝐷𝐼𝐿
𝑜𝑝𝑡 = 114.3956 𝑑𝐵 

 𝑥 = 1.1038 𝑚, 𝐿𝑠 = 1.1136 𝑚 ⟹  𝐷𝐼𝐿
𝑜𝑝𝑡 = 92.5200 𝑑𝐵 

 𝑥 = 1.1035 𝑚, 𝐿𝑠 = 0.3712 𝑚 ⟹  𝐷𝐼𝐿
𝑜𝑝𝑡 = 114.3956 𝑑𝐵 

 𝑥 = 2.5886 𝑚, 𝐿𝑠 = 1.1136 𝑚 ⟹  𝐷𝐼𝐿
𝑜𝑝𝑡 = 92.5200 𝑑𝐵 

 

The global optimal value is 𝐷𝐼𝐿
𝑜𝑝𝑡 = 114.3956 𝑑𝐵 which corresponds to one of the top points to 

the right in the plot. But sometimes the algorithm presents 𝐷𝐼𝐿
𝑜𝑝𝑡 = 92.5200 which is only a local 

optimum, not a global one, so that is a big problem. One time, it even presented a solution where 

𝐿𝑠 = 1.5000 𝑚 (the maximum allowed value of 𝐿𝑠) so clearly the algorithm needs to be improved. 

As hinted by the task description, there might be some relation between 𝐿𝑠
𝑜𝑝𝑡

 and 𝑓𝑠. Here we have 

𝐿𝑠
𝑜𝑝𝑡 = 0.3712 𝑚 and 𝑓𝑠 = 231 𝐻𝑧. The wavelength 𝜆𝑠 of the sound is speed of sound/frequency, 

i.e. 

 
𝜆𝑠 =

𝑐

𝑓𝑠
=

343

231
𝑚 ≈ 1.49 𝑚 ⟹

𝐿𝑠
𝑜𝑝𝑡

𝜆𝑠
≈

0.3712

1.49
≈

1

4
. (3.1.11) 

 

So the optimal length of the side branch is a quarter of the sound wavelength. It can even be shown 

in [1], Page 379, that the general optimal solution is 𝐿𝑠
𝑜𝑝𝑡 = 𝑛 ∗

1

4
𝜆𝑠, 𝑛 = 1,3,5 …. This side branch 

type is therefore named Quarter Wave Resonator. 
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An extension of the task is to be able to use two side branches and to optimize the muffler for two 

different sound frequencies: 𝑓𝑠
(1)

= 231 𝐻𝑧 and 𝑓𝑠
(2)

= 𝑓𝑠
(1)

+ 20 𝐻𝑧 =  251 𝐻𝑧. If there were 

only one frequency, then we could obtain the optimal value of 𝐷𝐼𝐿 in a similar manner as in the 

previous case by only including another side branch in the T matrix setup. However, since there 

are two frequencies, the optimal solution for one frequency will most probably not result in a high 

𝐷𝐼𝐿 for the other frequency. To achieve a good balance between the two cases, we want to 

maximize the lowest of the two 𝐷𝐼𝐿, i.e. 

 max (min(𝐷𝐼𝐿
(1)

,   𝐷𝐼𝐿
(2)

)). (3.1.12) 

 

The variables 𝑥𝑖 and 𝐿𝑠𝑖 corresponds to side branch 𝑖. The plot in Figure 5 shows the relation 

between 𝐿𝑠1 [𝑚], 𝐿𝑠2 [𝑚] and min(𝐷𝐼𝐿
(1)

, 𝐷𝐼𝐿
(2)

) [𝑑𝐵]. 

Figure 5. Extended original problem plot using 𝐿𝑠1 and 𝐿𝑠2. 

 

We can naturally only include two variables in a 3D plot so the ones shown are those which 

illustrates the most interesting information. Here, the resonator lengths 𝐿𝑠1 and 𝐿𝑠2 are chosen, 

hence the placements 𝑥1 and 𝑥2 are not shown. A big problem exists here though. To even be able 

to make a plot, the variables that are not shown (𝑥1 and 𝑥2) has to have values at every point in the 

plot, otherwise 𝐷𝐼𝐿 could not be calculated there. Those values are the ones that the algorithm 

presents as optimal. Since the algorithm is flawed (it might present a non-global optimum) it is of 

course not certain that the variables 𝑥1 and 𝑥2 themselves are part of the globally optimal solution. 

The plot is therefore not necessarily completely correct, it only serves as an indication to what kind 

of structure the problem has. This is of course confirmed by experimenting with different start 

solutions ⟹ new values of 𝑥1 and 𝑥2 ⟹ new plot. 

The start solution for which the plot in Figure 5 is created is 𝑥0 = [0.5 0.8 0.3 0.3] (𝑥1, 𝑥2, 𝐿𝑠1,
𝐿𝑠2) and this gives the calculated optimal solution 

 𝑥1 = 1.0049 𝑚, 𝑥2 = 1.3246 𝑚, 𝐿𝑠1 = 1.0249 𝑚, 𝐿𝑠2 = 1.1124 𝑚 

⟹ max (min(𝐷𝐼𝐿
(1)

, 𝐷𝐼𝐿
(2)

)) = 44.7193 𝑑𝐵. 
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If the start solution would instead be for instance 𝑥0 = [2.2 2.5 1.2 1.2] the plot would be different, 

see Figure 6. 

Figure 6. Alternative extended original problem plot using 𝐿𝑠1 and 𝐿𝑠2. 

 

The calculated optimal solution here is 

 𝑥1 = 0.1000 𝑚, 𝑥2 = 2.4925 𝑚, 𝐿𝑠1 = 0.1000 𝑚, 𝐿𝑠2 = 1.5000 𝑚 

 ⟹ max (min(𝐷𝐼𝐿
(1)

,   𝐷𝐼𝐿
(2)

)) = −0.5547 𝑑𝐵 

which is considerably worse than the previous case. 

 

As seen throughout this task, the problem is the algorithm in fmincon which does not cope well 

with the mathematical complexity of this model. A global optimization technique has to be 

constructed that can be adapted successfully. The different types of global optimization methods 

considered are the ones in the Global Optimization Toolbox in MATLAB, which are listed in 

Section 1.3. 
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3.2. Modifying the muffler model (noise and vibration-wise) 

As mentioned in Section 1.2, an objective of this thesis is to make the muffler model more 

advanced in the field of noise and vibration control. These are just a few modifications, and can of 

course be expanded even further by others in the future. 

 

The first thing that came to mind that could improve the model is the joining of sound pressure 

levels in different frequencies instead of keeping them separate, since real noise is rarely composed 

of just a single frequency. The way this is done is by using the formula in [1], Page 46: 

 

𝐿𝐴 = 10 log ∑ 10(𝐿𝑝𝑛+∆𝐴𝑛)/10
𝑁

𝑛=1
, (3.2.1) 

where 𝐿𝑝𝑛 [𝑑𝐵] is the sound pressure level in (
1

3
) octave band n, and ∆𝐴𝑛 [𝑑𝐵] is “A-weighting” 

in (
1

3
) octave band n, and 𝐿𝐴 [𝑑𝐵(𝐴)] is simply called sound level. A-weighting is something that 

is used to compensate sound pressure levels with how human ears perceive the noise; different 

frequencies cause different amounts of pain and discomfort. The values of ∆𝐴𝑛 can be found in a 

table in for instance [1], Page 46. If several frequencies are in the same octave band, even the same 
1

3
 octave band, they can be added separately by making a linear interpolation between the closest 

ones. The values of ∆𝐴𝑛 (most of which are negative) are not relative to the value of the sound 

pressure level 𝐿𝑝𝑛, they are absolute. This in combination with low or even negative values of 𝐿𝑝𝑛 

could result in negative values of some of the exponents in Equation (3.2.1), meaning the value of 

𝐿𝐴 also could be negative. This is apparent in many of the calculated optima in the cases in Section 

3.3. 

 

In the original project task, the goal was to minimize Dynamic Insertion Loss 𝐷𝐼𝐿. That can only 

be calculated for one frequency at a time though, so instead we use sound pressure levels 𝐿𝑝𝑛 by 

subtracting the insertion losses 𝐷𝐼𝐿𝑛 from the original sound pressure levels 𝐿𝑝𝑛
𝑟𝑒𝑓

 according to 

Equation (2.1.1), i.e. 

 
𝐿𝑝𝑛 = 𝐿𝑝𝑛

𝑟𝑒𝑓
− 𝐷𝐼𝐿𝑛, (3.2.2) 

and combining them using Equation (3.2.1). The measured values of 𝐿𝑝𝑛
𝑟𝑒𝑓

 are listed in the file 

Lp1.mat. 

 

An advantage of this modification is that there will only be one objective function. If we would 

have wanted to in the objective function combine insertion losses for separate frequencies 

otherwise, they would have been separate functions meaning the problem would have been a 

multiobjective optimization problem, which we now can avoid. This is of course a much better 

method than the one in the original project task when combining frequencies, which is to maximize 

the lowest of insertion losses 𝐷𝐼𝐿
(𝑖)

. 

 

The collection of frequencies used is in this thesis is 100, 200, 300, 400 and 500 𝐻𝑧, but is of 

course experimented with in the final model in order to ensure the robustness of it. With a diameter 

of 0.05 𝑚, the plane wave propagation assumption is true when frequencies are below 3430 𝐻𝑧.  
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The new optimization problem is now a minimization problem. For the single Quarter Wave 

Resonator configuration, it is the following: 

minimize 

such that 
𝐿𝐴(𝑥, 𝐿𝑠) 

𝑥 ∈ (0.1, 2.9) 
𝐿𝑠 ∈ (0.1, 1.5) 

(3.2.3) 

 

When sound travels in a pipe, there will exist an incompressible near field at the beginning and 

end of it [1], Page 381. This near field increases the acoustic length of the pipe. So in order to have 

a more accurate model, end corrections should be added to the geometric length, both inner and 

outer ones: 

 
𝐿′ = 𝐿 + ∆𝐿𝑖 + ∆𝐿𝑜 (3.2.4) 

 

These end corrections are generally hard to determine, but for a circular duct, the following 

expressions can be used: 

 ∆𝐿 = 0.82 ∗ 𝑎 (ending in baffle) (3.2.5) 

 

 ∆𝐿 = 0.61 ∗ 𝑎 (ending in free field) (3.2.6) 

 

If one end of a structure is closed, only one end correction should be added (for instance in a 

Quarter Wave Resonator). 
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3.3. Experimenting with optimization methods on element 
combinations 

In this section, all the combinations of sound attenuating elements will be investigated and 

presented, each being solved with every global optimization method. In order to avoid having an 

enormous number of combinations, the number of elements simultaneously in the muffler are set 

to two. The number of combinations are therefore 32 = 9, which seems like a more appropriate 

number than 33 = 27, which there would have been if there were three elements simultaneously 

in the muffler. Firstly though, before the combinations, three configurations with just one of the 

sound attenuating elements each will be investigated in order to see the behavior of the 

optimization methods with the simplest variants of the problem. There will hence be a total of 

twelve configurations to investigate. 

 

As written in Section 2.2, the sound attenuating elements to be investigated are 

 Expansion Chamber (EC) 

 Quarter Wave Resonator (QWR) 

 Helmholtz Resonator (HR) 

 

and as written in Section 2.3, the global optimization methods used are 

 Global Search 

 MultiStart 

 Pattern Search 

 Genetic Algorithm 

 Simulated Annealing 

 

Plotting can be done in at most three dimensions. Besides the objective function value, there can 

only be one variable per element to include in the plot (except from the first three single 

configurations). In order to be consistent throughout this section, the included variables are for 

each element 

 EC - 𝑆𝑒/𝑆 (ratio between the cross-sectional areas of the expanded duct and the main duct) 

 QWR - 𝐿𝑠 (length of the side branch) 

 HR - 𝑉0 (volume of the resonator cavity) 

 

The positions of the elements are therefore not included. The variables not depicted in the plots 

are set to the values calculated by the method that produces the best optimum. It is therefore not 

necessarily true that the optima produced by the worse methods can be seen as local optima in the 

plot, since they can have differently calculated optimal values of the variables not depicted. 

 

Every optimization method will in each case be presented with two runs, using different start 

solutions 𝑥0. In order to be consistent, the first start solution will have guessed values near the 

lower boundary of them, while the second one will have values near the upper boundary. The 

boundaries themselves are set so they will be reasonable from a geometric perspective, but also 

sometimes experimented with so they will produce a presented plot where the optimum is well 

illustrated. For instance, the optimum of a Helmholtz Resonator would not be seen easily if the 

upper boundary would be set to 1 𝑚3.  

 

In all the cases with several placement variables 𝑥𝑖, linear constraints 𝐴𝑥 = 𝑏 are added to ensure 

they are placed in the right order. 
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For every optimization method, the default parameters will be used, with the exception of some 

settings that dramatically improves the results in a consistent way. 

When MultiStart is used, there are in theory four solvers to choose from: fmincon, fminunc, 

lsqcurvefit and lsqnonlin, but fmincon is the only applicable solver here. This since fminunc are 

for unconstrained problems and lsqcurvefit and lsqnonlin are for least-squares data-fitting 

problems, which neither is the case here. For start points, the function RandomStartPointSet is 

used with 30 instances. 

 

When Pattern Search is used, the standard SearchMethod is changed from default to @searchlhs 

(Latin Hypercube Sampling), which produces much more satisfactory results. 

 

When Simulated Annealing is used, linear constraints can unfortunately not be implemented. They 

are replaced by changed boundaries of the variables. If for instance, two placement variables are 

used, the pipe is divided into two equally long parts so the boundaries of the variables do not 

intersect with each other. This could of course exclude the possibility of finding the real global 

optimum. 

 

By enabling the setting UseParallel, Parallel CPU power can be utilized where it is possible: in 

MultiStart, Pattern Search and Genetic Algorithm. Elapsed computational times are also presented 

for every run, indicating how time efficient the algorithm is. The CPU used is an Intel Core i5-

2400 @ 3.1 GHz (four cores, four threads). 

 

It should also be mentioned that the methods are stochastic, meaning it is most probably not true 

that a method converges towards the same optimum in two separate runs, just because the settings 

and start solutions are the same. 
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1. Expansion Chamber 

Figure 7. Single element EC plot using 𝑥1 and 𝑆𝑒/𝑆. 

 

As can be seen in Figure 7, the maximum attenuation is obtained when the Expansion Chamber 

has the largest cross-sectional area 𝑆𝑒, but differs quite a bit with the placement 𝑥1 of it. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 1.5] 

Optimal solution: 𝑥1 = 1.2981 𝑚, 𝑥2 = 1.7957 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7644 𝑑𝐵(𝐴) 

Elapsed computational time: 21.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 9] 

Optimal solution: 𝑥1 = 1.2981 𝑚, 𝑥2 = 1.7957 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7644 𝑑𝐵(𝐴) 

Elapsed computational time: 11.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 1.5] 

Optimal solution: 𝑥1 = 1.2981 𝑚, 𝑥2 = 1.7957 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7644 𝑑𝐵(𝐴) 

Elapsed computational time: 17.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 9] 

Optimal solution: 𝑥1 = 1.2973 𝑚, 𝑥2 = 2.5309 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7430 𝑑𝐵(𝐴) 

Elapsed computational time: 15.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

 

 

 

 

 

 



 31 

 

Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 1.5] 

Optimal solution: 𝑥1 = 0.4052 𝑚, 𝑥2 = 1.5896 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 11.0256 𝑑𝐵(𝐴) 

Elapsed computational time: 1.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 9] 

Optimal solution: 𝑥1 = 1.2973 𝑚, 𝑥2 = 2.5309 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7430 𝑑𝐵(𝐴) 

Elapsed computational time: 1.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 1.2981 𝑚, 𝑥2 = 1.7957 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7644 𝑑𝐵(𝐴) 

Elapsed computational time: 14.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 1.5] 

Optimal solution: 𝑥1 = 1.2904 𝑚, 𝑥2 = 2.5258 𝑚,
𝑆𝑒

𝑆
= 9.9999 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7508 𝑑𝐵(𝐴) 

Elapsed computational time: 7.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 9] 

Optimal solution: 𝑥1 = 1.2977 𝑚, 𝑥2 = 2.5311 𝑚,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = 4.7430 𝑑𝐵(𝐴) 

Elapsed computational time: 15.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Most of the optimization methods converge towards approximately the same optimal value (at 

~4.75 𝑑𝐵(𝐴)) with minor differences except Pattern Search. Depending on the start solution, it 

can produce a bad optimum. Even though it is the fastest method, it is the most unreliable in this 

case. The computational times of the other methods are within acceptable regions. 
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2. Quarter Wave Resonator 

Figure 8. Single element QWR plot using 𝑥 and 𝐿𝑠. 
 

The plot of a Quarter Wave Resonator in Figure 8 slightly resembles the one in Figure 4, but some 

dissimilarity is to be expected since the new model has both a changed objective function as well 

as a weighted value of sound pressure levels from five frequencies instead of just one. With several 

frequencies comes several wavelengths, meaning the standard optimal length 𝐿𝑠
𝑜𝑝𝑡

 of 𝑛 ∗
1

4
𝜆𝑠, 𝑛 =

1,3,5 … is not applicable in this case. The local optima are however similarly situated at two rough 

lines of 𝐿𝑠 ≈ 0.43 𝑚 and 𝐿𝑠 ≈ 1.25 𝑚. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.3] 

Optimal solution: 𝑥 = 0.8920 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 14.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 1.2] 

Optimal solution: 𝑥 = 0.8920 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 11.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.3] 

Optimal solution: 𝑥 = 2.6070 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 4.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 1.2] 

Optimal solution: 𝑥 = 0.8920 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 4.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.3] 

Optimal solution: 𝑥 = 0.8920 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡

= 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 1.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 1.2] 

Optimal solution: 𝑥 = 1.7575 𝑚, 𝐿𝑠 = 0.4262 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8123 𝑑𝐵(𝐴) 

Elapsed computational time: 1.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥 = 2.6070 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 8.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.3] 

Optimal solution: 𝑥 = 1.7565 𝑚, 𝐿𝑠 = 0.4260 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8126 𝑑𝐵(𝐴) 

Elapsed computational time: 5.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 1.2] 

Optimal solution: 𝑥 = 2.6070 𝑚, 𝐿𝑠 = 1.2525 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 9.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Every method converges towards the same optimum of ~13.81 𝑑𝐵(𝐴) with very little difference 

with a change of the start solution. The computational times of all methods are within acceptable 

regions. 
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3. Helmholtz Resonator 

Figure 9. Single element HR plot using 𝐿𝑠 and 𝑉0. 

 

The optimal value of the resonator neck 𝐿𝑠 in a Helmholtz resonator is always the lower boundary 

of it, no matter how low it is, see Figure 9. The optimal volume 𝑉0 is however hard to illustrate if 

the upper boundary of it is set too high, so it is set to the value 0.02 𝑚3, which might seem small 

but bear in mind the unit 𝑚3; a resonator of for instance 1 𝑚3 is an extremely large one (relative 

to the pipe). Here, it is easy to see that the optimal volume is situated at ~0.006 𝑚3 = 6 𝑑𝑚3. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.1 0.00001] 

Optimal solution: 𝑥 = 2.6010 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0060 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 7.8465 𝑑𝐵(𝐴) 

Elapsed computational time: 18.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 0.9 0.019] 

Optimal solution: 𝑥 = 0.2078 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0082 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 8.3018 𝑑𝐵(𝐴) 

Elapsed computational time: 12.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.1 0.00001] 

Optimal solution: 𝑥 = 2.6010 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0060 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 7.8465 𝑑𝐵(𝐴) 

Elapsed computational time: 5.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 0.9 0.019] 

Optimal solution: 𝑥 = 0.8860 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0060 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 7.8465 𝑑𝐵(𝐴) 

Elapsed computational time: 5.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

 

 

 

 



 35 

Pattern Search 

Start solution: 𝑥0 = [0.5 0.1 0.00001] 

Optimal solution: 𝑥 = 0.2078 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0082 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡

= 8.3021 𝑑𝐵(𝐴) 

Elapsed computational time: 4.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 0.9 0.019] 

Optimal solution: 𝑥 = 2.6010 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0060 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 7.8467 𝑑𝐵(𝐴) 

Elapsed computational time: 2.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥 = 2.6010 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0060 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 7.8547 𝑑𝐵(𝐴) 

Elapsed computational time: 9.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.1 0.00001] 

Optimal solution: 𝑥 = 0.8855 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0059 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 7.8467 𝑑𝐵(𝐴) 

Elapsed computational time: 19.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 0.9 0.019] 

Optimal solution: 𝑥 = 2.6007 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 = 0.0059 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 7.8466 𝑑𝐵(𝐴) 

Elapsed computational time: 8.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Every method can converge towards the optimum of ~7.85 𝑑𝐵(𝐴) but if the start solution changes 

in Global Search and Pattern Search, the algorithm might land in another local optimum of 

 ~8.30 𝑑𝐵(𝐴). 
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4. Expansion Chamber + Expansion Chamber 

Figure 10. Dual element EC+EC plot using 𝑆𝑒1/𝑆 and 𝑆𝑒2/𝑆. 
 

With two Expansion Chamber elements, the optimum is unsurprisingly obtained when both cross-

sectional areas 𝑆𝑒1 and 𝑆𝑒2 are maximized, see Figure 10. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.4 1.5 1.5] 

Optimal solution: 𝑥1 = 0.3766 𝑚, 𝑥2 = 1.1131 𝑚, 𝑥3 = 1.6205 𝑚, 𝑥4 = 1.9025 𝑚,
𝑆𝑒1

𝑆
=

10.0000,
𝑆𝑒2

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −3.0340 𝑑𝐵(𝐴) 

Elapsed computational time: 10.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.6 1.9 2.2 2.5 9 9] 

Optimal solution: 𝑥1 = 0.4152 𝑚, 𝑥2 = 1.5852 𝑚, 𝑥3 = 2.1039 𝑚, 𝑥4 = 2.5502 𝑚,
𝑆𝑒1

𝑆
=

10.0000,
𝑆𝑒2

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −8.5287 𝑑𝐵(𝐴) 

Elapsed computational time: 16.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.4 1.5 1.5] 

Optimal solution: 𝑥1 = 0.1000 𝑚, 𝑥2 = 0.8388 𝑚, 𝑥3 = 1.0914 𝑚, 𝑥4 = 1.5836 𝑚,
𝑆𝑒1

𝑆
=

10.0000,
𝑆𝑒2

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −0.7588 𝑑𝐵(𝐴) 

Elapsed computational time: 21.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.6 1.9 2.2 2.5 9 9] 

Optimal solution: 𝑥1 = 1.2616 𝑚, 𝑥2 = 1.5308 𝑚, 𝑥3 = 2.0264 𝑚, 𝑥4 = 2.4699 𝑚,
𝑆𝑒1

𝑆
=

10.0000,
𝑆𝑒2

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −9.0883 𝑑𝐵(𝐴) 

Elapsed computational time: 15.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.4 1.5 1.5] 

Optimal solution: 𝑥1 = 0.4029 𝑚, 𝑥2 = 0.8953 𝑚, 𝑥3 = 1.3956 𝑚, 𝑥4 = 2.5449 𝑚,
𝑆𝑒1

𝑆
=

10.0000,
𝑆𝑒2

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −8.6251 𝑑𝐵(𝐴) 

Elapsed computational time: 5.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.6 1.9 2.2 2.5 9 9] 

Optimal solution: 𝑥1 = 1.0933 𝑚, 𝑥2 = 1.6429 𝑚, 𝑥3 = 2.2090 𝑚, 𝑥4 = 2.7601 𝑚,
𝑆𝑒1

𝑆
=

10.0000,
𝑆𝑒2

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −8.4121 𝑑𝐵(𝐴) 

Elapsed computational time: 4.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 1.0460 𝑚, 𝑥2 = 1.5350 𝑚, 𝑥3 = 1.9564 𝑚, 𝑥4 = 2.5119 𝑚,
𝑆𝑒1

𝑆
=

9.9913,
𝑆𝑒2

𝑆
= 9.9862 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −10.8889 𝑑𝐵(𝐴) 

Elapsed computational time: 139.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.4 1.5 1.5] 

Optimal solution: 𝑥1 = 0.2572 𝑚, 𝑥2 = 0.8000 𝑚, 𝑥3 = 1.9559 𝑚, 𝑥4 = 2.4347 𝑚,
𝑆𝑒1

𝑆
=

9.6375,
𝑆𝑒2

𝑆
= 9.6343 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −8.0519 𝑑𝐵(𝐴) 

Elapsed computational time: 12.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.6 1.9 2.2 2.5 9 9] 

Optimal solution: 𝑥1 = 0.3950 𝑚, 𝑥2 = 0.8830 𝑚, 𝑥3 = 2.0324 𝑚, 𝑥4 = 2.5451 𝑚,
𝑆𝑒1

𝑆
=

9.6319,
𝑆𝑒2

𝑆
= 9.4443 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −7.8861 𝑑𝐵(𝐴) 

Elapsed computational time: 23.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

When the number of elements (and therefore number of variables) increases, the methods diverge 

from each other more than in the single element cases and the choice of start solution has a 

significant impact on all of them (except for Genetic Algorithm, which does not require a start 

solution). The cross-sectional areas are more or less maximized for every method, but the 

placements vary. All of the methods have computational times within acceptable regions, except 

for Genetic Algorithm, which goes well over two minutes. However, it produces the best optimal 

value of −10.8889 𝑑𝐵(𝐴). 
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5. Expansion Chamber + Quarter Wave Resonator 

Figure 11. Dual element EC+QWR plot using 𝑆𝑒/𝑆 and 𝐿𝑠. 
 

The structure of the plot in Figure 11 resembles the one in Figure 7 very much, even though one 

of the plotted variables is here the length 𝐿𝑠 of the Quarter Wave Resonator instead of the 

placement 𝑥1 of the Expansion Chamber. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.3] 

Optimal solution: 𝑥1 = 0.1000 𝑚, 𝑥2 = 0.6207 𝑚, 𝑥3 = 1.8251 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.4779 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −1.8020 𝑑𝐵(𝐴) 

Elapsed computational time: 21.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 1.2] 

Optimal solution: 𝑥1 = 1.3064 𝑚, 𝑥2 = 1.8178 𝑚, 𝑥3 = 2.5856 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

1.2611 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −5.3182 𝑑𝐵(𝐴) 

Elapsed computational time: 11.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.3] 

Optimal solution: 𝑥1 = 1.3059 𝑚, 𝑥2 = 1.8171 𝑚, 𝑥3 = 2.2632 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

1.2599 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −5.2510 𝑑𝐵(𝐴) 

Elapsed computational time: 11.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 1.2] 

Optimal solution: 𝑥1 = 0.9579 𝑚, 𝑥2 = 2.1253 𝑚, 𝑥3 = 2.5797 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

1.2455 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −5.7050 𝑑𝐵(𝐴) 

Elapsed computational time: 10.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.3] 

Optimal solution: 𝑥1 = 1.2496 𝑚, 𝑥2 = 2.3924 𝑚, 𝑥3 = 2.8825 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.4669 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −0.4660 𝑑𝐵(𝐴) 

Elapsed computational time: 4.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 1.2] 

Optimal solution: 𝑥1 = 1.3064 𝑚, 𝑥2 = 1.8178 𝑚, 𝑥3 = 2.5856 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

1.2611 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −5.3182 𝑑𝐵(𝐴) 

Elapsed computational time: 4.3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 0.9579 𝑚, 𝑥2 = 2.1253 𝑚, 𝑥3 = 2.5798 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

1.2455 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡

= −5.7050 𝑑𝐵(𝐴) 

Elapsed computational time: 29.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.3] 

Optimal solution: 𝑥1 = 0.6486 𝑚, 𝑥2 = 1.8312 𝑚, 𝑥3 = 2.2832 𝑚,
𝑆𝑒

𝑆
= 8.7470, 𝐿𝑠 =

1.2623 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −2.4668 𝑑𝐵(𝐴) 

Elapsed computational time: 22.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 1.2] 

Optimal solution: 𝑥1 = 0.6553 𝑚, 𝑥2 = 1.8390 𝑚, 𝑥3 = 2.2742 𝑚,
𝑆𝑒

𝑆
= 8.0032, 𝐿𝑠 =

1.2631 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −1.7720 𝑑𝐵(𝐴) 

Elapsed computational time: 13.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

There is a widespread collection of calculated optimal values from all methods. The choice of start 

solution has an effect on all of them. The best optimal value of −5.7050 𝑑𝐵(𝐴) is again produced 

by Genetic Algorithm, but also by MultiStart (albeit with only one of the start solutions). The 

computational time of Genetic Algorithm is much lower in this case (with five variables) than in 

Case 4 (with six variables). 

  



 40 

6. Expansion Chamber + Helmholtz Resonator 

Figure 12. Dual element EC+HR plot using 𝑆𝑒/𝑆 and 𝑉0. 
 

The optimal cross-sectional area of the Expansion Chamber is again maximized and the optimal 

volume is again situated at ~0.06 𝑚3, see Figure 12. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.1 0.00001] 

Optimal solution: 𝑥1 = 1.2717 𝑚, 𝑥2 = 2.4409 𝑚, 𝑥3 = 2.8820 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0131 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −10.8697 𝑑𝐵(𝐴) 

Elapsed computational time: 60.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 0.9 0.019] 

Optimal solution: 𝑥1 = 1.9969 𝑚, 𝑥2 = 2.1732 𝑚, 𝑥3 = 2.5644 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0176 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.1855 𝑑𝐵(𝐴) 

Elapsed computational time: 12.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.1 0.00001] 

Optimal solution: 𝑥1 = 1.2852 𝑚, 𝑥2 = 1.7610 𝑚, 𝑥3 = 1.9249 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0133 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −10.2730 𝑑𝐵(𝐴) 

Elapsed computational time: 12.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 0.9 0.019] 

Optimal solution: 𝑥1 = 1.2685 𝑚, 𝑥2 = 1.4407 𝑚, 𝑥3 = 2.5905 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0094 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −11.2661 𝑑𝐵(𝐴) 

Elapsed computational time: 17.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.1 0.00001] 

Optimal solution: 𝑥1 = 0.9458 𝑚, 𝑥2 = 1.4315 𝑚, 𝑥3 = 2.5740 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0063 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −13.0011 𝑑𝐵(𝐴) 

Elapsed computational time: 5.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 0.9 0.019] 

Optimal solution: 𝑥1 = 0.3694 𝑚, 𝑥2 = 1.6087 𝑚, 𝑥3 = 1.8133 𝑚,
𝑆𝑒

𝑆
= 10.0000, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0162 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −10.1492 𝑑𝐵(𝐴) 

Elapsed computational time: 9.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 0.2556 𝑚, 𝑥2 = 1.4303 𝑚, 𝑥3 = 1.8774 𝑚,
𝑆𝑒

𝑆
= 9.9325, 𝐿𝑠 =

0.0108 𝑚, 𝑉0 = 0.0123 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡

= −11.8220 𝑑𝐵(𝐴) 

Elapsed computational time: 81.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 1.1 1.5 0.1 0.00001] 

Optimal solution: 𝑥1 = 0.8859 𝑚, 𝑥2 = 1.4056 𝑚, 𝑥3 = 2.5523 𝑚,
𝑆𝑒

𝑆
= 9.1131, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0055 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −10.7233 𝑑𝐵(𝐴) 

Elapsed computational time: 14.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 9 0.9 0.019] 

Optimal solution: 𝑥1 = 0.2492 𝑚, 𝑥2 = 1.4059 𝑚, 𝑥3 = 2.5742 𝑚,
𝑆𝑒

𝑆
= 9.7006, 𝐿𝑠 =

0.0100 𝑚, 𝑉0 = 0.0129 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −11.2831 𝑑𝐵(𝐴) 

Elapsed computational time: 12.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

The optimal values calculated by all methods are in the same region, at ~ − 11 ± 2 𝑑𝐵(𝐴), with 

the best optimum −13.0011 𝑑𝐵(𝐴) produced by one of the Pattern Search runs. The 

computational time of Genetic Algorithm is high in this six variable case. 
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7. Quarter Wave Resonator + Quarter Wave Resonator 

Figure 13. Dual element QWR+QWR plot using 𝐿𝑠1 amd 𝐿𝑠2. 
 

With two Quarter Wave Resonators, the relations between the necks 𝐿𝑠1 and 𝐿𝑠2 illustrate four 

distinguishable local optima, although all of them are not necessarily global optima. In the plot in 

Figure 13, only the local optimum at 𝐿𝑠1 = 0.4084 𝑚, 𝐿𝑠2 = 0.8372 𝑚 is a global one. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.3] 
Optimal solution: 𝑥1 = 0.1000 𝑚, 𝑥2 = 0.1889 𝑚, 𝐿𝑠1 = 0.8370 𝑚, 𝐿𝑠2 = 1.2658 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = −6.9214 𝑑𝐵(𝐴) 

Elapsed computational time: 24.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 1.2] 
Optimal solution: 𝑥1 = 2.4141 𝑚, 𝑥2 = 2.6074 𝑚, 𝐿𝑠1 = 1.1782 𝑚, 𝐿𝑠2 = 1.2643 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = 3.9064 𝑑𝐵(𝐴) 

Elapsed computational time: 16.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.3] 
Optimal solution: 𝑥1 = 1.0050 𝑚, 𝑥2 = 1.8735 𝑚, 𝐿𝑠1 = 0.4084 𝑚, 𝐿𝑠2 = 0.8372 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = −9.3663 𝑑𝐵(𝐴) 

Elapsed computational time: 8.3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 1.2] 
Optimal solution: 𝑥1 = 1.6324 𝑚, 𝑥2 = 1.8046 𝑚, 𝐿𝑠1 = 0.8369 𝑚, 𝐿𝑠2 = 0.4083 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = −8.9592 𝑑𝐵(𝐴) 

Elapsed computational time: 8.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.3] 
Optimal solution: 𝑥1 = 0.6991 𝑚, 𝑥2 = 0.8924 𝑚, 𝐿𝑠1 = 1.1782 𝑚, 𝐿𝑠2 = 1.2643 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = 3.9064 𝑑𝐵(𝐴) 

Elapsed computational time: 4.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 1.2] 
Optimal solution: 𝑥1 = 2.2786 𝑚, 𝑥2 = 2.6372 𝑚, 𝐿𝑠1 = 1.1801 𝑚, 𝐿𝑠2 = 1.2560 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = 4.6861 𝑑𝐵(𝐴) 

Elapsed computational time: 4.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 0.2851 𝑚, 𝑥2 = 0.8428 𝑚, 𝐿𝑠1 = 0.4083 𝑚, 𝐿𝑠2 = 0.8370 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = −9.1607 𝑑𝐵(𝐴) 

Elapsed computational time: 16.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.3] 
Optimal solution: 𝑥1 = 0.8908 𝑚, 𝑥2 = 1.5132 𝑚, 𝐿𝑠1 = 0.8370 𝑚, 𝐿𝑠2 = 0.4083 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = −8.3599 𝑑𝐵(𝐴) 

Elapsed computational time: 10.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 1.2] 
Optimal solution: 𝑥1 = 0.5915 𝑚, 𝑥2 = 2.8673 𝑚, 𝐿𝑠1 = 0.8372 𝑚, 𝐿𝑠2 = 0.4083 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = −9.1243 𝑑𝐵(𝐴) 

Elapsed computational time: 10.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart, Genetic Algorithm and Simulated Annealing produce satisfying optimal values of ~ −
9 𝑑𝐵(𝐴), while Global Search and Pattern Search are more unreliable. None of the computational 

times are particularly long. 
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8. Quarter Wave Resonator + Expansion Chamber 

Figure 14. Dual element QWR+EC plot using 𝐿𝑠 and 𝑆𝑒/𝑆. 
 

There is not much difference in structure of the plot in Figure 14 compared to the one in Figure 

11, with a distinguishable optimum where the cross-sectional area 𝑆𝑒 of the Expansion Chamber 

is maximized. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.3 1.5] 

Optimal solution: 𝑥1 = 0.9112 𝑚, 𝑥2 = 1.3546 𝑚, 𝑥3 = 2.5261 𝑚, 𝐿𝑠 = 1.2524 𝑚,
𝑆𝑒

𝑆
=

10.0000 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −5.3050 𝑑𝐵(𝐴) 

Elapsed computational time: 13.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 1.2 9] 

Optimal solution: 𝑥1 = 0.1077 𝑚, 𝑥2 = 0.2230 𝑚, 𝑥3 = 2.4927 𝑚, 𝐿𝑠 = 1.2575 𝑚,
𝑆𝑒

𝑆
=

10.0000 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 5.1378 𝑑𝐵(𝐴) 

Elapsed computational time: 15.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.3 1.5] 

Optimal solution: 𝑥1 = 0.9574 𝑚, 𝑥2 = 2.0487 𝑚, 𝑥3 = 2.5438 𝑚, 𝐿𝑠 = 0.4889 𝑚,
𝑆𝑒

𝑆
=

10.0000 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −1.4107 𝑑𝐵(𝐴) 

Elapsed computational time: 11.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 1.2 9] 

Optimal solution: 𝑥1 = 0.5856 𝑚, 𝑥2 = 1.7023 𝑚, 𝑥3 = 2.2263 𝑚, 𝐿𝑠 = 1.2650 𝑚,
𝑆𝑒

𝑆
=

10.0000 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −3.2528 𝑑𝐵(𝐴) 

Elapsed computational time: 12.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.3 1.5] 

Optimal solution: 𝑥1 = 1.2810 𝑚, 𝑥2 = 1.8163 𝑚, 𝑥3 = 2.3118 𝑚, 𝐿𝑠 = 0.4744 𝑚,
𝑆𝑒

𝑆
=

10.0000 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 2.9792 𝑑𝐵(𝐴) 

Elapsed computational time: 4.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 1.2 9] 

Optimal solution: 𝑥1 = 1.0466 𝑚, 𝑥2 = 2.1491 𝑚, 𝑥3 = 2.5520 𝑚, 𝐿𝑠 = 0.4933 𝑚,
𝑆𝑒

𝑆
=

10.0000 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −2.3361 𝑑𝐵(𝐴) 

Elapsed computational time: 4.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 0.9118 𝑚, 𝑥2 = 1.3545 𝑚, 𝑥3 = 1.8603 𝑚, 𝐿𝑠 = 1.2526 𝑚,
𝑆𝑒

𝑆
=

10.0000 ⟹  𝐿𝐴
𝑜𝑝𝑡

= −5.2211 𝑑𝐵(𝐴) 

Elapsed computational time: 55.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.3 1.5] 

Optimal solution: 𝑥1 = 0.5664 𝑚, 𝑥2 = 1.3377 𝑚, 𝑥3 = 2.5202 𝑚, 𝐿𝑠 = 1.2612 𝑚,
𝑆𝑒

𝑆
=

9.5554 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −3.9362 𝑑𝐵(𝐴) 

Elapsed computational time: 11.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 1.2 9] 

Optimal solution: 𝑥1 = 0.3229 𝑚, 𝑥2 = 1.2763 𝑚, 𝑥3 = 2.4765 𝑚, 𝐿𝑠 = 0.4142 𝑚,
𝑆𝑒

𝑆
=

8.9996 ⟹  𝐿𝐴
𝑜𝑝𝑡 = −1.4116 𝑑𝐵(𝐴) 

Elapsed computational time: 12.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Like in the similar case but with elements on opposite sides of the pipe, the optimal values are 

scattered between roughly −5 𝑑𝐵(𝐴) and 5 𝑑𝐵(𝐴). The best optimal value −5.3050 𝑑𝐵(𝐴) is 

produced by one of the Global Search runs, but Genetic Algorithm produces an optimum very 

close to it. The other run of Global Search, however, results in a very bad optimum at 

5.1378 𝑑𝐵(𝐴). The computational time of Genetic Algorithm is long, but not as long as in some 

of the other cases. 
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9. Quarter Wave Resonator + Helmholtz Resonator 

Figure 15. Dual element QWR+HR plot using 𝐿𝑠1 and 𝑉0. 
 

The plot in Figure 15 has a distinguishable single global optimum, but it is only illustrated if 

MultiStart is the method that produces the optimal variables not depicted. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.1 0.00001] 
Optimal solution: 𝑥1 = 2.2482 𝑚, 𝑥2 = 2.5311 𝑚, 𝐿𝑠1 = 0.4936 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉0 =

0.0154 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −6.0077 𝑑𝐵(𝐴) 

Elapsed computational time: 22.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 0.9 0.019] 
Optimal solution: 𝑥1 = 2.2829 𝑚, 𝑥2 = 2.5515 𝑚, 𝐿𝑠1 = 1.1808 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉0 =

0.0105 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −6.2809 𝑑𝐵(𝐴) 

Elapsed computational time: 20.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.1 0.00001] 
Optimal solution: 𝑥1 = 2.7835 𝑚, 𝑥2 = 2.8393 𝑚, 𝐿𝑠1 = 0.8370 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉0 =

0.0048 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −17.5256 𝑑𝐵(𝐴) 

Elapsed computational time: 9.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 0.9 0.019] 
Optimal solution: 𝑥1 = 2.0117 𝑚, 𝑥2 = 2.4932 𝑚, 𝐿𝑠1 = 0.8370 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉0 =

0.0048 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −21.7139 𝑑𝐵(𝐴) 

Elapsed computational time: 11.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.1 0.00001] 
Optimal solution: 𝑥1 = 2.7694 𝑚, 𝑥2 = 2.9000 𝑚, 𝐿𝑠1 = 0.4495 𝑚, 𝐿𝑠2 = 0.4856 𝑚, 𝑉0 =

0.0012 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 9.6120 𝑑𝐵(𝐴) 

Elapsed computational time: 13.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 0.9 0.019] 
Optimal solution: 𝑥1 = 0.3871 𝑚, 𝑥2 = 0.8231 𝑚, 𝐿𝑠1 = 0.4900 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉0 =

0.0156 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −7.8422 𝑑𝐵(𝐴) 

Elapsed computational time: 9.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 0.3712 𝑚, 𝑥2 = 0.8461 𝑚, 𝐿𝑠1 = 1.1831 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉0 =

0.0135 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.3583 𝑑𝐵(𝐴) 

Elapsed computational time: 26.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.1 0.00001] 
Optimal solution: 𝑥1 = 0.2136 𝑚, 𝑥2 = 1.8421 𝑚, 𝐿𝑠1 = 0.8371 𝑚, 𝐿𝑠2 = 0.0119 𝑚, 𝑉0 =

0.0045 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −14.7075 𝑑𝐵(𝐴) 

Elapsed computational time: 20.3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 0.9 0.019] 
Optimal solution: 𝑥1 = 0.4171 𝑚, 𝑥2 = 1.5409 𝑚, 𝐿𝑠1 = 0.8370 𝑚, 𝐿𝑠2 = 0.0328 𝑚, 𝑉0 =

0.0027 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −15.7215 𝑑𝐵(𝐴) 

Elapsed computational time: 14.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Only MultiStart can reach the illustrated global optimum of −21.7139 𝑑𝐵(𝐴) in Figure 15. The 

other ones produce somewhat satisfactory optima, but Pattern Search is again unreliable. 
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10. Helmholtz Resonator + Helmholtz Resonator 

Figure 16. Dual element HR+HR plot using 𝑉01 and 𝑉02. 

 

When two Helmholtz Resonators are paired up, the relations between the volumes 𝑉01 and 𝑉02 are 

depicted in Figure 16. The areas of optimal values can be seen in dark blue, meaning one area with 

𝑉01 ≈ 0.002 𝑚3 or another area with 𝑉02 ≈ 0.002 𝑚3. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.1 0.00001 0.00001] 
Optimal solution: 𝑥1 = 1.3380 𝑚, 𝑥2 = 2.5219 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉01 =

0.0020 𝑚3, 𝑉02 = 0.0102 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.7447 𝑑𝐵(𝐴) 

Elapsed computational time: 34.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 0.9 0.019 0.019] 
Optimal solution: 𝑥1 = 0.9971 𝑚, 𝑥2 = 2.8592 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉01 =

0.0043 𝑚3, 𝑉02 = 0.0192 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −8.4405 𝑑𝐵(𝐴) 

Elapsed computational time: 13.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.1 0.00001 0.00001] 
Optimal solution: 𝑥1 = 1.3388 𝑚, 𝑥2 = 1.8306 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉01 =

0.0020 𝑚3, 𝑉02 = 0.0156 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.6652 𝑑𝐵(𝐴) 

Elapsed computational time: 11.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 0.9 0.019 0.019] 
Optimal solution: 𝑥1 = 0.3069 𝑚, 𝑥2 = 0.7971 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉01 =

0.0191 𝑚3, 𝑉02 = 0.0020 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.6233 𝑑𝐵(𝐴) 

Elapsed computational time: 12.3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.1 0.00001 0.00001] 
Optimal solution: 𝑥1 = 1.3380 𝑚, 𝑥2 = 2.5219 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉01 =

0.0020 𝑚3, 𝑉02 = 0.0102 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.7443 𝑑𝐵(𝐴) 

Elapsed computational time: 13.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 0.9 0.019 0.019] 
Optimal solution: 𝑥1 = 2.2551 𝑚, 𝑥2 = 2.6260 𝑚, 𝐿𝑠1 = 0.0118 𝑚, 𝐿𝑠2 = 0.2344 𝑚, 𝑉01 =

0.0031 𝑚3, 𝑉02 = 0.0023 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 5.7461 𝑑𝐵(𝐴) 

Elapsed computational time: 18.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 1.3392 𝑚, 𝑥2 = 2.5124 𝑚, 𝐿𝑠1 = 0.0138 𝑚, 𝐿𝑠2 = 0.0120 𝑚, 𝑉01 =

0.0091 𝑚3, 𝑉02 = 0.0064 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −6.4966 𝑑𝐵(𝐴) 

Elapsed computational time: 88.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.1 0.00001 0.00001] 
Optimal solution: 𝑥1 = 0.3151 𝑚, 𝑥2 = 1.4934 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉01 =

0.0179 𝑚3, 𝑉02 = 0.0028 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.7447 𝑑𝐵(𝐴) 

Elapsed computational time: 13.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 0.9 0.019 0.019] 
Optimal solution: 𝑥1 = 0.6308 𝑚, 𝑥2 = 2.5213 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.0100 𝑚, 𝑉01 =

0.0185 𝑚3, 𝑉02 = 0.0040 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −8.0086 𝑑𝐵(𝐴) 

Elapsed computational time: 22.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

In this case with six variables, the computational time of Genetic Algorithm reaches a high mark, 

even though the produced optimal value of −6.4966 𝑑𝐵(𝐴) is not near the better optimal values 

of the other methods. The exception is Pattern Search which once again produces unreliable 

results, depending on the start solution. 
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11. Helmholtz Resonator + Expansion Chamber 

Figure 17. Dual element HR+EC plot using 𝑉0 and 𝑆𝑒/𝑆. 
 

The structure of the plot in Figure 17 is very similar to the opposite case in Figure 12, with an 

optimal volume 𝑉0 ≈ 0.006 𝑚3 and maximized cross-sectional area 𝑆𝑒. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.1 0.00001 1.5] 
Optimal solution: 𝑥1 = 1.2415 𝑚, 𝑥2 = 1.3952 𝑚, 𝑥3 = 2.5630 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0108 𝑚3,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −10.9459 𝑑𝐵(𝐴) 

Elapsed computational time: 35.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 0.9 0.019 9] 
Optimal solution: 𝑥1 = 0.2485 𝑚, 𝑥2 = 0.7024 𝑚, 𝑥3 = 1.8812 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0137 𝑚3,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −11.9753 𝑑𝐵(𝐴) 

Elapsed computational time: 18.9 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.1 0.00001 1.5] 
Optimal solution: 𝑥1 = 0.9151 𝑚, 𝑥2 = 1.3787 𝑚, 𝑥3 = 1.8703 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0067 𝑚3,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −12.4054 𝑑𝐵(𝐴) 

Elapsed computational time: 13.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 0.9 0.019 9] 
Optimal solution: 𝑥1 = 0.9151 𝑚, 𝑥2 = 1.3787 𝑚, 𝑥3 = 1.8703 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0067 𝑚3,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −10.9459 𝑑𝐵(𝐴) 

Elapsed computational time: 12.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.1 0.00001 1.5] 
Optimal solution: 𝑥1 = 0.2485 𝑚, 𝑥2 = 0.7024 𝑚, 𝑥3 = 1.8812 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0137 𝑚3,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −11.9752 𝑑𝐵(𝐴) 

Elapsed computational time: 6.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 0.9 0.019 9] 
Optimal solution: 𝑥1 = 0.2494 𝑚, 𝑥2 = 1.3740 𝑚, 𝑥3 = 2.5520 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0128 𝑚3,
𝑆𝑒

𝑆
= 10.0000 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −11.9833 𝑑𝐵(𝐴) 

Elapsed computational time: 9.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 0.2486 𝑚, 𝑥2 = 0.7025 𝑚, 𝑥3 = 1.8812 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0137 𝑚3,
𝑆𝑒

𝑆
= 9.9985 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −11.9642 𝑑𝐵(𝐴) 

Elapsed computational time: 130.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 1.1 0.1 0.00001 1.5] 
Optimal solution: 𝑥1 = 0.2469 𝑚, 𝑥2 = 1.3625 𝑚, 𝑥3 = 2.5353 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0124 𝑚3,
𝑆𝑒

𝑆
= 9.7534 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −11.6300 𝑑𝐵(𝐴) 

Elapsed computational time: 16.6 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [1.9 2.2 2.5 0.9 0.019 9] 
Optimal solution: 𝑥1 = 0.1938 𝑚, 𝑥2 = 1.3055 𝑚, 𝑥3 = 2.5153 𝑚, 𝐿𝑠 = 0.0100 𝑚, 𝑉0 =

0.0153 𝑚3,
𝑆𝑒

𝑆
= 9.9691 ⟹  𝐿𝐴

𝑜𝑝𝑡 = −10.3535 𝑑𝐵(𝐴) 

Elapsed computational time: 28.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

The optimal values of all the methods are in the same region, at ~ − 12.4 ± 1 𝑑𝐵(𝐴), with the 

best optimum −12.4054 𝑑𝐵(𝐴) produced by one of the MultiStart runs. The computational time 

of Genetic Algorithm is sadly over two minutes. 
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12. Helmholtz Resonator + Quarter Wave Resonator 

Figure 18. Dual element HR+QWR plot using 𝑉0 and 𝐿𝑠2. 
 

Like in Figure 15, the plot in Figure 18 has a distinguishable single global optimum, but it is again 

only illustrated if MultiStart is the method which produces the optimal variables not depicted. 

 

Global Search 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.3 0.00001] 
Optimal solution: 𝑥1 = 0.3273 𝑚, 𝑥2 = 2.5244 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 1.1840 𝑚, 𝑉0 =

0.0163 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.7184 𝑑𝐵(𝐴) 

Elapsed computational time: 13.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 1.2 0.019] 
Optimal solution: 𝑥1 = 2.0423 𝑚, 𝑥2 = 2.5244 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 1.1840 𝑚, 𝑉0 =

0.0163 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.7184 𝑑𝐵(𝐴) 

Elapsed computational time: 18.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

MultiStart 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.3 0.00001] 
Optimal solution: 𝑥1 = 2.0247 𝑚, 𝑥2 = 2.8373 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.8370 𝑚, 𝑉0 =

0.0048 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −21.6670 𝑑𝐵(𝐴) 

Elapsed computational time: 9.3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 1.2 0.019] 
Optimal solution: 𝑥1 = 0.2983 𝑚, 𝑥2 = 0.4956 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.8370 𝑚, 𝑉0 =

0.0048 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −20.8777 𝑑𝐵(𝐴) 

Elapsed computational time: 9.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 
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Pattern Search 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.3 0.00001] 
Optimal solution: 𝑥1 = 0.1000 𝑚, 𝑥2 = 1.6164 𝑚, 𝐿𝑠1 = 0.3043 𝑚, 𝐿𝑠2 = 0.1513 𝑚, 𝑉0 =

0.0005 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 10.5757 𝑑𝐵(𝐴) 

Elapsed computational time: 14.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 1.2 0.019] 
Optimal solution: 𝑥1 = 1.4697 𝑚, 𝑥2 = 2.4599 𝑚, 𝐿𝑠1 = 0.2874 𝑚, 𝐿𝑠2 = 1.1793 𝑚, 𝑉0 =

0.0005 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = 4.6701 𝑑𝐵(𝐴) 

Elapsed computational time: 4.3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Genetic Algorithm 

Optimal solution: 𝑥1 = 0.9277 𝑚, 𝑥2 = 1.1102 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 0.4828 𝑚, 𝑉0 =

0.0136 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −3.8999 𝑑𝐵(𝐴) 

Elapsed computational time: 34.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Simulated Annealing 

Start solution: 𝑥0 = [0.5 0.8 0.1 0.3 0.00001] 
Optimal solution: 𝑥1 = 1.0837 𝑚, 𝑥2 = 2.2025 𝑚, 𝐿𝑠1 = 0.0106 𝑚, 𝐿𝑠2 = 0.8345 𝑚, 𝑉0 =

0.0047 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −17.0868 𝑑𝐵(𝐴) 

Elapsed computational time: 22.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 0.9 1.2 0.019] 
Optimal solution: 𝑥1 = 0.3689 𝑚, 𝑥2 = 2.5277 𝑚, 𝐿𝑠1 = 0.0100 𝑚, 𝐿𝑠2 = 1.1825 𝑚, 𝑉0 =

0.0159 𝑚3  ⟹  𝐿𝐴
𝑜𝑝𝑡 = −9.4567 𝑑𝐵(𝐴) 

Elapsed computational time: 18.0 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Once again, only MultiStart can reach the illustrated global optimum of −21.6670 𝑑𝐵(𝐴) in 

Figure 18. The other ones produce somewhat satisfactory optima, but Pattern Search is again very 

unreliable, with optimal values for both start solutions nowhere near the ones calculated by the 

other methods. 

 

 

Choice of muffler configurations and global optimization method 

The choice of dual element muffler configuration falls on Quarter Wave Resonator + Quarter 

Wave Resonator. In the single element case, the choice falls, appropriately, on the Quarter Wave 

Resonator. The choice of global optimization method falls on MultiStart. The justifications of the 

choices can be seen in Section 5.2. 
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3.4. Further analysis of chosen implementation 

First, let us create a QWR+QWR plot using 𝑥1 and 𝑥2, with calculated optimal values of 𝐿𝑠1 and 

𝐿𝑠2, in order to see how many optimal placements exist. 

Figure 19. Dual element QWR+QWR plot using 𝑥1 amd 𝑥2. 
 

As can be seen in the plot in Figure 19, there is no distinct single global optimum. There are only 

specific placements that would result in a bad objective function value that should be avoided. 

 

An interesting thing is how the computational time of the algorithm depends on how many 

frequencies are used in the model. It is illustrated in Figure 20. 

Figure 20. Bar graph of elapsed computational time depending on number of frequencies. 
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The number of frequencies does not have a noticeable impact on the computational times. For 

instance, in some tested runs (not presented) with just one frequency, the computational time is 

more than in the case with ten frequencies. 

 

As mentioned in Section 3.2, other frequency vectors than [100 200 300 400 500] are tested to 

ensure the robustness of the model. Using the randomly chosen frequency vector 

[136 259 314 544 760], the plot and results are as following: 

Figure 21. Alternative dual element QWR+QWR plot using 𝐿𝑠1 amd 𝐿𝑠2. 

 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.3] 
Optimal solution: 𝑥1 = 0.9255 𝑚, 𝑥2 = 2.5981 𝑚, 𝐿𝑠1 = 0.4524 𝑚, 𝐿𝑠2 = 0.6099 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = 6.9490 𝑑𝐵(𝐴) 

Elapsed computational time: 8.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 1.2] 
Optimal solution: 𝑥1 = 1.8710 𝑚, 𝑥2 = 2.2035 𝑚, 𝐿𝑠1 = 0.6100 𝑚, 𝐿𝑠2 = 0.4524 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = 6.0466 𝑑𝐵(𝐴) 

Elapsed computational time: 9.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

The plot in Figure 21 illustrates more distinguishable local optima and the algorithm converges 

towards two different ones for the two start solutions, with one being slightly better. The 

optimization method can be seen as robust regarding to changes in used frequencies. 
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4. RESULTS  
 

The results are for the selected frequency vector [100 200 300 400 500]. It is important that the 

used frequencies stays below the permitted upper boundary of the plane wave propagation 

assumption, from Equation (2.1.7), which for our pipe is 3430 𝐻𝑧. 

 

For the single element case, a Quarter Wave Resonator is chosen, which produced the following 

results with the global optimization method MultiStart: 

 

Start solution: 𝑥0 = [0.5 0.3] 

Optimal solution: 𝑥 = 2.6070 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 4.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 1.2] 

Optimal solution: 𝑥 = 0.8920 𝑚, 𝐿𝑠 = 1.2526 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡

= 13.8063 𝑑𝐵(𝐴) 

Elapsed computational time: 4.5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

For the dual element case, two Quarter Wave Resonators are chosen, which produced the following 

results with the global optimization method MultiStart: 

 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.3] 
Optimal solution: 𝑥1 = 1.0050 𝑚, 𝑥2 = 1.8735 𝑚, 𝐿𝑠1 = 0.4084 𝑚, 𝐿𝑠2 = 0.8372 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = −9.3663 𝑑𝐵(𝐴) 

Elapsed computational time: 8.3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 1.2] 
Optimal solution: 𝑥1 = 1.6324 𝑚, 𝑥2 = 1.8046 𝑚, 𝐿𝑠1 = 0.8369 𝑚, 𝐿𝑠2 = 0.4083 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡

= −8.9592 𝑑𝐵(𝐴) 

Elapsed computational time: 8.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

The method MultiStart is implemented in MATLAB with default values of its parameters but using 

the function RandomStartPointSet with 30 instances. 

 

For comparison purposes, the sound level 𝐿𝐴 used in the modified model can be applied on the 

plain pipe. The result is 24.0072 𝑑𝐵(𝐴). The change in sound level for the dual element case 

(24.0072 − (−9.3663) 𝑑𝐵(𝐴) = 33.3735 𝑑𝐵(𝐴)) might seem more than double the change in 

sound level for the single element case (24.0072 − 13.8063 𝑑𝐵(𝐴) = 10.2009 𝑑𝐵(𝐴)), but bear 

in mind that 𝑑𝐵(𝐴) is a unit on a logarithmic scale, meaning conclusions cannot be drawn the 

same way as when linear scales are used. However, a muffler with two elements lower the sound 

level substantially more than one with a single element does. 
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It is also interesting how good the standard MATLAB optimization function fmincon would 

perform on the modified model. 

 

Single element (QWR) case: 

Start solution: 𝑥0 = [0.5 0.3] 

Optimal solution: 𝑥 = 1.8789 𝑚, 𝐿𝑠 = 0.4879 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 14.6501 𝑑𝐵(𝐴) 

Elapsed computational time: 0.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.5 1.2] 

Optimal solution: 𝑥 = 2.2705 𝑚, 𝐿𝑠 = 1.2607 𝑚 ⟹  𝐿𝐴
𝑜𝑝𝑡 = 14.2926 𝑑𝐵(𝐴) 

Elapsed computational time: 0.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

Dual element (QWR+QWR) case: 

Start solution: 𝑥0 = [0.5 0.8 0.3 0.3] 
Optimal solution: 𝑥1 = 2.4483 𝑚, 𝑥2 = 2.7763 𝑚, 𝐿𝑠1 = 0.1371 𝑚, 𝐿𝑠2 = 0.6100 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = 9.9632 𝑑𝐵(𝐴) 

Elapsed computational time: 1.4 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

Start solution: 𝑥0 = [2.2 2.5 1.2 1.2] 
Optimal solution: 𝑥1 = 1.8874 𝑚, 𝑥2 = 2.7201 𝑚, 𝐿𝑠1 = 1.3980 𝑚, 𝐿𝑠2 = 0.6100 𝑚 ⟹

 𝐿𝐴
𝑜𝑝𝑡 = 13.9219 𝑑𝐵(𝐴) 

Elapsed computational time: 1.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

 

In the single element case, the produced optima are almost as good as the ones produced by 

MultiStart. However, in the dual element case, the produced optima are nowhere near the ones 

produced by MultiStart. This really confirms the need to use a global optimization method when 

designing a muffler. 

 

In article (I), Genetic Algorithm is used and is successful and robust. It is absolutely also a good 

method for us, but MultiStart is more time efficient, which is why Genetic Algorithm becomes 

only a secondary choice of method. In article (II), Simulated Annealing is also a successful 

method, but as mentioned, it does not support linear constraints. Also, the parameters kk and iter, 

which need to be fine-tuned in order to achieve a good balance between accuracy and 

computational time, makes it hard to recommend when the method is supposed to be effective for 

an arbitrary collection of used frequencies. In article (III), Pattern Search is used and as in our 

case, it is shown to be a very fast method. It is, however, too unreliable for an implementation in 

our model. 
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5. DISCUSSION AND CONCLUSIONS 
 

5.1. Discussion 

Most of the calculated optimal values of A-weighted sound levels 𝐿𝐴
𝑜𝑝𝑡

 throughout Section 3.3 are 

negative to the degree that they seem unreasonably low. The sound pressure level of 0 𝑑𝐵 

represents the threshold of human hearing, so the levels can theoretically be lower than that. 

However, the Guinness World Record of the quietest place on earth is measured to have an A-

weighted sound level of −9.4 𝑑𝐵(𝐴) [12]. The model used in this thesis with TMM is simply not 

accurate enough to replicate the results of an actual physical muffler. However, that does not 

necessarily mean that the calculated values of the variables are not near the real optimal ones. Most 

likely, the optima has just exaggerated objective function values. 

 

As mentioned in Section 3.3, the default parameters of the optimization methods are used to the 

longest extent possible without crippling the algorithms. This since it better illustrates the 

comparison of general performances of the methods. The parameters that are changed are the ones 

that increases the performance significantly and consistently without increasing the computational 

times unreasonably much. The difference in performance by fine-tuning parameters is not 

considered high enough to justify the loss of simplicity. 

 

Among the twelve muffler configuration types, some might seem redundant, like HR+QWR when 

QWR+HR already exists. However, the calculated optima of the optimization methods are 

different in all of these cases. Furthermore, two similar configurations cannot be merged into one 

by simply removing the linear constraints on the placement variables 𝑥𝑖 since the T matrix is setup 

in a specific order before the optimization. If the calculated optimal order of placements of the 

sound attenuating elements does not coincide with the T matrix setup, the result would be based 

on a flawed model. 
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5.2. Conclusions 

The reasons for choosing the element type configuration Quarter Wave Resonator + Quarter 

Wave Resonator are expressed here. The range of values may not be convex but it has a few very 

distinguishable local optima when comparing the resonator lengths. The number of variables are 

only four, meaning the number of extra plots that could be created using other variable 

combinations than 𝐿𝑠1 and 𝐿𝑠2 are low. This makes it easier to be sure of your conclusions than 

if the number of variables would have been higher. The computational time for the algorithm is 

also short. In the single element case, the Quarter Wave Resonator is good since it has a nice 

structure with two rough lines of optimal resonator lengths, even though the model weighs 

several frequencies instead of just one, which is interesting. The Expansion Chamber is always 

maximized, so even though it is easy to optimize, it is not very interesting. The Helmholtz 

Resonator often has distinguishable areas where the global optimum is situated, but is harder to 

illustrate without experimenting with variable boundaries. Furthermore, the neck of the 

Helmholtz Resonator is always minimized. 

 

The reasons for choosing MultiStart are expressed here. It produces among the best global 

optima, does not become unreliable when changing the start solution, and has relatively low 

computational times. Global Search cannot utilize multiple CPU cores and is more prone to 

unreliable results depending in the start solution. Pattern Search is fast but is very unreliable, it 

rarely produces an optimum among the best. Genetic Algorithm is a good method most of the 

times, if it were not for the increasing computational times when the number of variables 

increases. Simulated Annealing rarely produces the very best results, but is always relatively 

near one. If it were not for the downside of not being able to implement linear constraints, this 

method could have been the best. Furthermore, even though it does not utilize multiple CPU 

cores, the computational times of Simulated Annealing are low. 

 

The improvement of the modified model from the model in the original project task together 

with the chosen implementation of Quarter Wave Resonators and the global optimization method 

MultiStart cannot be understated. The model chooses to minimize the more relevant function 

sound level 𝐿𝐴, with an arbitrary number of combined frequencies together with an adjustment to 

the sensitivity of different frequencies in the human ear. The selected implementation of the 

global optimization method MultiStart solves the minimization problem with a reliability of 

finding a global minimum by a huge factor compared to the built-in MATLAB function 

fmincon. The sound attenuating elements of the type Quarter Wave Resonator still proves to be 

the more interesting ones from an optimization point of view. The collection of frequencies 

implemented in all of the investigated combinations of sound attenuating elements and global 

optimization methods is the same. However, the robustness of the selected combination has been 

tested regarding to changes in the frequency vector; both which values are used as well as the 

number of frequencies, with satisfactory results.  
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6. FUTURE WORK 
 

Other sound attenuating elements and global optimization methods than the ones investigated in 

this thesis can be implemented. The parameters of both the physical representation as well as the 

optimization methods can be altered to draw more elaborate conclusions. The modular muffler 

system using TMM can be exchanged for the more physically accurate modeling method FEM. 

An excerpt from [7] is written below in order to grasp the difference between the two modeling 

methods. 

 

“Most simulation studies and software in duct acoustics are using the transfer matrix method 

(TMM) or the four-pole method, which is based on the assumption of plane-wave propagation 

(see, e.g., Munjal 3 and Bodén and Glav 1 for more details). This assumption is reasonable in the 

low-frequency region, which is relevant in many engine applications. Finite element methods 

(FEM) provide more accurate results in a wider range of frequencies than one-dimensional plane-

wave methods. They are also more flexible with respect to geometrical details, varying material 

parameters and boundary conditions. 

FEM is more time-consuming and technically difficult than TMM, which makes it less attractive 

in practical muffler engineering (Gerges et al. 8 ). One-dimensional models remain useful in fast 

evaluation of muffler prototypes, but we believe that model-based optimization should be based 

on more accurate and reliable modelling methods, such as FEM. Otherwise the optimization results 

may be misleading.” 

  



 61 

7. REFERENCES 
 

[1] H. Bodén, U. Carlsson, R. Glav, H.P. Wallin and M. Åbom, Ljud och Vibrationer, 2001 

[2] H.M. Cota, Insertion Loss, 

http://ceenve3.civeng.calpoly.edu/cota/ENVE309/Insertion%20Loss.htm, 2012 

[3] Fantech, Noise Control Products (General Information), 

http://www.fantech.com.au/images/PDF/Catalogue/NoiseInfo.pdf, 2008 

[4] M.L. Munjal, Acoustics of ducts and mufflers with application to exhaust and ventilation 

system design, 1987 

[5] Features of MATLAB, Global Optimization Toolbox, 

http://se.mathworks.com/products/global-optimization/features.html, 2015 

[6] Documentation of MATLAB, Global Optimization Toolbox, 

http://se.mathworks.com/help/gads/, 2015 

[7] T. Airaksinen and E. Heikkola, Multiobjective muffler shape optimization with hybrid 

acoustics modelling, 

https://www.researchgate.net/publication/51622516_Multiobjective_muffler_shape_optimiz

ation_with_hybrid_acoustics_modeling, 2011 

[8] K. Deb, A. Pratap, S. Agarwal and T. Meyarivan, A fast and elitist multiobjective genetic 

algorithm: NSGA-II, http://ieeexplore.ieee.org/xpl/articleDetails.jsp?arnumber=996017, 

2002 

[9] M.C. Chiu, Noise Elimination of a Multi-tone Broadband Noise with Hybrid Helmholtz 

Mufflers Using a Simulated Annealing Method, 

http://www.degruyter.com/view/j/aoa.2012.37.issue-4/v10168-012-0061-0/v10168-012-

0061-0.xml, 2012 

[10] J.E. Blanks, Optimal Design of an Enclosure for a Portable Generator, 

http://scholar.lib.vt.edu/theses/available/etd-145110201974500/unrestricted/etd.pdf, 1997 

[11] Per Enqvist, Hemuppgift 3 – alternativ A, SF1861 Optimeringslära för T, VT 2014, 

http://www.math.kth.se/optsyst/grundutbildning/kurser/SF1861/hem3A2014.pdf, 2014 

[12] Daily Mail, Guinness World Record of the quietest place in the world, 

http://www.dailymail.co.uk/sciencetech/article-2124581/The-worlds-quietest-place-

chamber-Orfield-Laboratories.html, 2012 

 

http://ceenve3.civeng.calpoly.edu/cota/ENVE309/Insertion%20Loss.htm
http://www.fantech.com.au/images/PDF/Catalogue/NoiseInfo.pdf
http://se.mathworks.com/products/global-optimization/features.html
http://se.mathworks.com/help/gads/
https://www.researchgate.net/publication/51622516_Multiobjective_muffler_shape_optimization_with_hybrid_acoustics_modeling
https://www.researchgate.net/publication/51622516_Multiobjective_muffler_shape_optimization_with_hybrid_acoustics_modeling
http://ieeexplore.ieee.org/xpl/articleDetails.jsp?arnumber=996017
http://www.degruyter.com/view/j/aoa.2012.37.issue-4/v10168-012-0061-0/v10168-012-0061-0.xml
http://www.degruyter.com/view/j/aoa.2012.37.issue-4/v10168-012-0061-0/v10168-012-0061-0.xml
http://scholar.lib.vt.edu/theses/available/etd-145110201974500/unrestricted/etd.pdf
http://www.math.kth.se/optsyst/grundutbildning/kurser/SF1861/hem3A2014.pdf
http://www.dailymail.co.uk/sciencetech/article-2124581/The-worlds-quietest-place-chamber-Orfield-Laboratories.html
http://www.dailymail.co.uk/sciencetech/article-2124581/The-worlds-quietest-place-chamber-Orfield-Laboratories.html




TRITA -MAT-E 2015:44

ISRN -KTH/MAT/E--15/44--SE

www.kth.se


	omslag Frithiof
	Inlägg Frithiof
	School of Engineering Sciences

	MasterThesis_FredrikFrithiof
	omslag Frithiof
	Blank Page
	Blank Page
	Blank Page
	Blank Page



