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Abstract 

A nonlinear finite element analysis was performed for an axial loaded reinforced concrete 
column subjected to biaxial bending taking into account second-order effects. According to 
Eurocode there are two ways to take second-order effects into consideration: nonlinear FE 
analysis and hand calculation based on the simplified methods explained in Eurocode 2. 
Since simulating this kind of structures in ABAQUS is difficult, several simulations were 
made to find the correct model with satisfying accuracy.  

The nonlinear analysis focused on material modelling of concrete and its nonlinear 
behaviour. The simulation took into consideration the inelastic behaviour of concrete along 
with the confinement effect from transverse reinforcement.  

The finite element model was verified by comparing the obtained results from FEA to the 
results from a benchmark experiment. The mean values needed for simulating the FE model 
was derived from the mean compressive strength of concrete. After verification, another FE 
model using design parameters was analysed and the results were compared to the results 
from calculations based on simplified methods according to Eurocode 2 to see how much 
they agreed with each other. In a parametric study, the effect of eccentricity, compressive 
and tensile strength of concrete, fracture energy, modulus of elasticity, column cross-
section dimension and length, steel yield stress and stirrup spacing were studied.  

A comparison between outcomes from the simplified methods and ABAQUS, calculated 
with design parameters showed that the bearing capacity from FE analysis was 21-34 % 
higher than the one obtained with the simplified methods. It is recommended that in further 
studies, analyse different slender reinforced concrete column with different L/h with FE-
simulation to investigate if FEA always gives a more accurate result. For this case, and 
probably for columns with complex geometries, a finite element analysis is a better choice.  

 

 

Keyword: Second-order, nonlinear, slender reinforced concrete column, ABAQUS, FE 
analysis, curvature method, nominal stiffness method, eccentrically loaded, benchmark 
experiment, parametric study. 
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Sammanfattning 

En icke-linjär finitelementanalys för en armerad betongpelare utsatt för tvåaxlig böjning 
genomfördes med hänsyn till andra ordningens effekter. Enligt Eurokoder finns det två sätt 
att iaktta andra ordningens effekter: icke-linjär analys och handberäkning baserad på de 
förenklade metoderna förklarad i Eurokod 2. Eftersom det är svårt att simulera den här 
typen av konstruktioner i ABAQUS, så har flera simuleringar utgjorts för att finna ett 
modell med acceptabelt noggrannhet.  

Den icke-linjära analysen fokuserade på korrekt materialmodell av betong och dess icke-
linjära beteende. Modellen tog hänsyn till betongens oelastiska beteenden och inkluderade 
fleraxiella effekten.  

Finitelementmodellen verifierades genom att jämföra de erhållna resultaten från FEA till 
resultaten från ett försök. Värden som behövdes för att simulera FE-modellen härleddes 
från betongens medeltryckhållfasthet. Efter att referensmodellen var verifierad, ytterligare 
en FE-modell, som inkluderade designparametrar, analyserades och resultaten jämfördes 
med resultaten från beräkningar baserade på förenklade metoderna enligt Eurokod 2 för att 
se hur mycket de stämde överens med varandra. I en parameterstudie har effekten av 
excentricitet, tryck- och draghållfasthet av betong, brottenergi, elasticitetsmodul, pelarens 
tvärsnittsdimension och längd, stålsträckgränsen och centrumavstånd på byglar studerat. 

En jämförelse mellan resultaten från de förenklade metoderna och ABAQUS, beräknade 
med designparametrar visade att bärighetförmågan från FE-analys var 21-34% högre än 
den som erhålls med de förenklade metoderna. Det rekommenderas att i fortsatta studier, 
analysera flera slanka armerade betongpelare med olika L/h med FE-simulering för att 
undersöka om FEA alltid ger ett nogrannare resultat. För denna studie, och förmodligen för 
pelare med komplexa geometrier, är en FE-analys ett bättre val. 

 

 

Nyckelord: Andra ordningens effekt, icke-linjär, slank armerad betongpelare, ABAQUS, 
FE-modellering, krökningsmetoden, styvhetsmetoden, excentrisk last, utvärderingsförsök, 
parameterstudie 





vii 
 

 

Preface and acknowledgements 

This study was carried out during spring semester and was submitted to the Division of 
Concrete Structures at School of Architecture and the Build Environment at KTH Royal 
Institute of Technology for the degree of Master of Science in Civil Engineering. 

My thanks and appreciation go to my supervisor Håkan Hansson who has supported me 
with patience and good advices throughout the entire period of this work.  

A special gratitude goes to Tobias Gasch for providing excellent guidance and knowledge 
about ABAQUS and answering all my questions about this software. 

My gratitude also goes to my examiner Professor Anders Ansell who gave valuable lectures 
throughout the master program and helped me find the subject for this master thesis.  

I would like to thank my colleagues at Bjerking AB for encouraging me with their best 
wishes.  

 
 
 
 
 
 
 
 
 
 
 
 
 
Stockholm, June 2015 
 
Nessa Yosef Nezhad Arya 





 

ix 
 

Table of contents 

 
Abstract  ............................................................................................................................. iii 

Sammanfattning  ............................................................................................................... v 

Preface and acknowledgements  ............................................................................... vii 

Table of contents  ............................................................................................................ ix 

Symbols and notations  .................................................................................................. xi 

1.  Introduction  ............................................................................................................... 1 

1.1  Background ........................................................................................................... 1 

1.2  Aim and objectives ............................................................................................. 2 

1.3  Methodology ......................................................................................................... 2 

1.4  Brief description of contents........................................................................... 3 

2  Theoretical background and literature study  .............................................. 5 

2.1  Material behaviour ............................................................................................. 5 

2.1.1 Confined reinforced concrete columns ............................................................. 5 

2.1.2 Compressive behaviour of concrete .................................................................. 8 

2.1.3 Tensile behaviour of concrete ........................................................................... 9 

2.1.4 Reinforcing steel ............................................................................................. 10 

2.2  Design methods for axial loaded members according to Eurocode ... 10 

2.2.1 General method ............................................................................................... 12 

2.2.2 Stiffness method ............................................................................................. 15 

2.2.3 Curvature method............................................................................................ 17 

2.2.4 Biaxial bending ............................................................................................... 18 

3  Benchmark experiment from Cukurova University  ................................. 21 

3.1  Test specimen..................................................................................................... 21 

3.2  Test setup ............................................................................................................ 22 

3.3  Test results.......................................................................................................... 23 

4  Finite element simulation  ................................................................................... 25 

4.1  ABAQUS ............................................................................................................. 25 



 

x 
 

4.1.1 Concrete elements and constitutive relations .................................................. 25 

4.1.2 Reinforcement elements and constitutive relations ........................................ 30 

4.2  Design of the finite element model ............................................................. 30 

4.2.1 Geometric model ............................................................................................. 30 

4.2.2 Material input data .......................................................................................... 31 

4.2.3 Step and time .................................................................................................. 33 

4.2.4 Boundary conditions and load cases ............................................................... 34 

4.2.5 Meshing .......................................................................................................... 34 

4.3  Verifications ....................................................................................................... 36 

4.3.1 Convergence check ......................................................................................... 36 

4.3.2 Verification of confinement ............................................................................ 37 

4.3.3 Loading speed ................................................................................................. 38 

4.4  FE Results ........................................................................................................... 38 

4.4.1 Analysis in ABAQUS ..................................................................................... 38 

4.4.2 Parametric studies ........................................................................................... 43 

5  Simplified design methods  ................................................................................. 45 

5.1  Calculation process .......................................................................................... 45 

5.2  Results from nominal stiffness method...................................................... 47 

5.3  Results from curvature method..................................................................... 47 

6  Evaluation of results  ............................................................................................ 49 

7  Discussion and conclusion remarks  ................................................................ 51 

7.1  Finite element analysis ................................................................................... 51 

7.2  The simplified design methods according to Eurocodes ...................... 52 

7.3  Conclusions ........................................................................................................ 52 

7.4  Future Work ........................................................................................................ 53 

List of references  ........................................................................................................... 55 

Appendix A  Input data for concrete and steel models  ............................... 59 

Appendix B  Complementary finite element results ..................................... 63 

Appendix C  Input file for the reference model  ............................................. 65 

Appendix D  General FE theory  ........................................................................... 73 

Appendix E  Confinement effects  ......................................................................... 77 

Appendix F  Excel spread sheets for the simplified methods  ................... 79 

 



 

xi 
 

Symbols and notations 

Latin upper case letters 

Ac Cross-sectional area of concrete 

As Cross-sectional area of reinforcement 

C  Constant which depends on the distribution of the curvature  

Ec  Elastic modulus of concrete 

Ecm Longitudinal modulus of elasticity of concrete 

Es  Elastic modulus of steel 

Ic  Moment of inertia of the area of concrete 

Is  Moment of inertia of the area of steel 
´   Effective confinement index 

Kc  Factor for effect of cracking and creep 

Ks  Factor for contribution of reinforcement 

M Total bending moment 

M0/M01/M02 First order moment 

M2 Second-order moment 

MEdy  Design moment around y-axis, including second-order moment  

MEdz  Design moment around z-axis, including second-order moment 

MRz/y  Corresponding moment resistance of cross section 

Mu Ultimate moment resistance 

My  Design moment in y-direction including second-order effect 

Mz  Design moment in z-direction including second-order effect 

N Axial force 

NB Nominal buckling load 

NEd Design value for applied axial load 

NRd  Design axial resistance 

 

Latin lower case letters 

1/r Curvature 

a Exponent in interaction formula for biaxial bending 



 

xii 
 

b Width of cross-section 

bc  Core dimensions to centrelines of hoop 

beq Equivalent width of an arbitrary cross-section 

c Factor depending on curvature distribution 

c0 Factor depending on distribution of first moment or curvature 

c2 Factor depending on distribution of second moment or curvature 

d Effective depth or height 

d’ Distance between tensile and compressive reinforcement 

dc Compressive damage parameter/ core dimensions to centrelines of hoop 

dt Tensile damage parameter 

ey  Eccentricity with respect to bending around the y-axis 

ez  Eccentricity with respect to bending around the z-axis 

fb0 The initial equibiaxial compressive yield stress 

fc Longitudinal compressive concrete stress 

/ ´  Unconfined concrete strength 

  Compressive strength of confined concrete 

fc0 The initial uniaxial compressive yield stress 

fcd Design value of concrete compressive strength  

fcm  Mean compressive concrete strength  
´   Effective confinement pressure at peak stress 

fyd Design yield strength of reinforcement 

fyh  Yield strength of transverse reinforcement 

h Depth or height of cross-section 

heq Equivalent height of an arbitrary cross-section 

i  Radius of gyration, /  

ke Confinement effectiveness coefficient 

l Length of compression member 

l0 Effective length, buckling length  

m Relative moment  

n  Relative normal force 

nbal Relative normal force at maximum moment resistance 

nu Maximum relative axial force 

r Curvature radius  
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rm Moment ratio 

s´ Spacing distance of stirrups 

  Distance between adjacent longitudinal bars 

x Height of compressive zone 

y Total deflection  

 
Greek letters 

β /  parameter taking into account the distribution of first order moment 

δ Deflection  

 Elastic compressive strain of concrete 

 Plastic strain of concrete 

   Inelastic (crushing) strain 

 Total strain 

  Unconfined concrete strain at maximum strength  

εc1  Strain at average compressive strength 

εc2  Concrete strain on the opposite side (see Figure 2.2-4) 

εcu  Ultimate strain 

εs2  Strain in the tensile reinforcement  

εm   Mean strain 

εnom Nominal strain 

εpl Logarithmic plastic strain, true plastic strain 

εyd Strain corresponding to design value of reinforcement yield strength  

λ Slenderness ratio 

λlim Limit for slenderness ratio 

λy  Slenderness ratio with respect to y-axis 

λz  Slenderness ratio with respect to z-axis 

μ Viscosity parameter 

  Ratio of area of longitudinal reinforcement to area of core of section 

  Ratio of the volume of confining steel to the volume of confined concrete  

σc Concrete compressive stress 

σnom Nominal stress 

  Effective creep ratio  

ω Mechanical reinforcement ratio incl. all the reinforcement in the cross-section 
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1. Introduction 

 Background  1.1

An axial loaded member supports an axial force, passing from end to end of the member’s 
cross-section. When designing reinforced axial members, supporting compressive loads and 
subjected to biaxial bending, one must ensure that neither instability nor material failure 
occur, so that the structure can safely accomplish its function and it will not deflect more 
than accepted. The design must take both local and global analyses into consideration and 
include construction imperfections, moments from second-order analysis, effect of member 
curvature, material nonlinearities, creep and shrinkage [6], [24]. 

Second-order effects, also known as P-delta effects, arise when an eccentric axial force 
(self-weight or applied load) or an axial load and a horizontal load cause a bending moment 
and an additional displacement arise. These effects occur especially if the column is 
slender. Second-order effects are negligible if the impact from them are small and for this 
Eurocode 2 has identified limits for slenderness ratios in relation to the loads. The 
importance of time dependent effects like creep grows when second-order effects are 
present. Thus, neglecting second-order effects and underestimating deformations may in 
some cases result in an unsafe design [2], [3], [4], [5]. 

Nonlinearity, which means that the reaction is not proportional to the action, always exists, 
but is insignificant in many situations. However in some structures it is critical when yield 
stress is reached and the material may yield. Buckling is a common problem which cannot 
be analysed with first-order linear analysis. The reason is that no structure is perfect and 
imperfections must be considered in nonlinear analysis. Geometry, material properties 
(stress-strain relationship), contact areas between surfaces, boundary conditions and large 
deformations are nonlinear and therefore problems related to these categories must be 
solved by an iterative process [1].  

For concrete columns linearly elastic conditions in the ultimate limit state are not common 
because of the following reasons:  

 the flexural stiffness is influenced by cracking  
 the material responses are nonlinear 
 deformations are affected by creep [2] 
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Because of the degree of complexity, nonlinear analysis has not been used in daily practical 
design. However, nowadays computer programs have the capacity of solving these 
problems [1], [3].  

 Aim and objectives  1.2

The main goal of this project was to verify a nonlinear 3D finite element model based on a 
benchmark study using mean material properties to investigate the behaviour of slender 
columns affected by second-order effect.  

After verification, different design approaches such as the simplified methods according to 
Eurocode and FE analysis in ABAQUS, using design parameters, were studied and the 
results were compared. In addition, the influence of different parameters, like cross-section 
dimension, slenderness, support type, etc. on second-order effects were investigated.  

 Methodology  1.3

A literature study of existing analyses and works was done to achieve a better 
understanding of the problem and review the research that has already been done.  

Simplified design were performed according to methods provided by Eurocode [4]. There 
are two simplified methods for calculation of second-order effects [2], [3]:  

 The nominal stiffness method: linear analysis is modified considering cracking, 
creep and nonlinearity.  

 The curvature method: the second-order moment is calculated with regard to the 
curvature 1/r.  

In this project the behaviour of the structure was analysed with ABAQUS. One reason for 
using ABAQUS was that second-order elements perform effectively in bending-dominated 
problems. All input data used in ABAQUS was based on design guidelines in Eurocode 2 
[4]. To verify the FE models, these were compared to results from different experimental 
tests accessible in the literature [12], [17]. 

A selection of parameters were presented to study the influence of eccentricity, 
compressive and tensile strength of concrete, fracture energy, modulus of elasticity, column 
cross-section dimension and length, steel yield stress and stirrup spacing. Figure 1.3-1 
shows the work flow of this study.  
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Figure 1.3-1 Work Process 

 Brief description of contents 1.4

To summarize this study the content of the report is presented shortly below.  

Chapter 1 explains nonlinearity, second-order effects and the background of designing 
slender concrete columns. It defines the aim of the project and the methodology used to 
achieve this goal. 

Chapter 2 contains literature study and presents the theoretical aspects including material 
data and design aspects of second-order effects. Simplified methods according to EC2 and 
calculation procedure are clarified and an explanation is offered for how to take biaxial 
bending into consideration [4]. 

Chapter 3 discusses an experimental program from Cukurova University, describes the test 
specimen, the equipment used and the test setup [17]. This chapter also includes the test 
results from these experiments. 

Chapter 4 presents the primary focus of this study which was FE modelling, and discusses 
different ways to model reinforced concrete in ABAQUS. The procedure of designing a 
model, creating the geometry and using a complete material data is presented and a 
parametric study is done to investigate the effect of different parameters. 

Chapter 5 illustrates the calculation procedure described in chapter 2 for comparison 
between results from the experiments in chapter 3 and the FE analysis in chapter 4.  
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Chapter 6 summarize and compares the obtained results.  

Chapter 7 discusses the results from ABAQUS and the simplified methods and deals with 
conclusions and recommendations for future works.  

List of references gives literature references used in this report.  

In order to keep this report concise, much of the input data and FE theory is covered in the 
appendixes. Appendix A contains input data for the simulated model and calculated values 
for compressive and tensile behaviour of concrete. Appendix B includes some extra 
complementary figures showing different results. Appendix C presents the ABAQUS input 
file of the analysed model. Appendix D covers general FE theory. Appendix E presents an 
example of the influence of increased concrete strength due to confining effect (This is an 
effect that is not allowed according to Eurocode. However, this strength increase may 
increase the load bearing capacity of an axial loaded member). In Appendix F calculations 
from the simplified methods are illustrated.   

 



2.THEORETICAL BACKGROUND AND LITERATURE STUDY  

 

5 
 

2 Theoretical background and 
literature study 

 Material behaviour 2.1

This section covers the behaviour of concrete and reinforcing steel by introducing the 
confinement effect, the compressive and tensile behaviour of concrete; and stress-strain 
curve of reinforcement.  

 

2.1.1 Confined reinforced concrete columns 

The strength of compressed concrete increases significantly in zones where the ratio of 
transverse reinforcement (closed ties/hoops) is increased. The transverse reinforcement 
could be of any type: spiral, circular or rectangular hoops. The yield strength of the 
reinforcement, the spacing of hoops, the longitudinal reinforcement and the compressive 
strength of the concrete are the key parameters involved [13], [28].  

 
 
Figure 2.1-1 Confining stress distribution for two different cross-ties arrangements [5] 

Confinement occurs when the lateral expansion of concrete (due to load transfer) is 
restrained by transverse reinforcement in the perimeter which generates internal radial 
pressure acting on the concrete core. The restrained lateral expansion increases the ductility 
and enhances the axial deformation capacity of concrete. As it is illustrated in Figure 2.1-1, 
a tighter spacing of cross-ties evens the stress distribution, limits the tensile pressure on the 
perimeter and improves the confining effect. Since the cover concrete is outside of the ties 
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and therefore unconfined, it becomes ineffective when the compressive strength is reached 
[5], [21], [28].  

 
Figure 2.1-2 Stress-strain curve for monotonic loading of unconfined and confined concrete 
[28] 

The confining effect leads to a higher compressive strength in the concrete. However, 
according to Eurocode it is not allowed to include this increase in the calculations. For 
information, the longitudinal compressive stress fc (see Figure 2.1-2) for monotonic loading 
for confined concrete is defined as: [28] 

	      (2-1) 

Where: 

  is the compressive strength of the confined concrete  

      (2-2) 

 εc is the total strain 

 1 5
´

´ 1     (2-3) 

 ´  is the unconfined concrete strength 

  is the unconfined concrete strain (=0,002) 

      (2-4) 

 5000 ´  is the tangent modulus of elasticity of concrete (2-5) 
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´

     (2-6) 

 ´ ´ 1,254 2,254 1
,
´ 2 ´   (2-7) 

     (2-8) 

  is the yield strength of transverse reinforcement 

  is the ratio of the volume of confining steel to confined concrete 

 
∑

 is the confinement coefficient (2-9) 

 bc and dc are core dimensions to centrelines of hoop, where bc ≥ dc 

  is the ratio of area of longitudinal reinforcement to area of core of section  

  is the distance between adjacent longitudinal bars 

 n is the number of longitudinal bars 

 s´is the spacing distance of hoops 

The parameters are shown in Figure 2.1-3.  

 
Figure 2.1-3 Confined core for rectangular hoop reinforcement [28] 
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The effective confinement index is given by: [25] 

´
´

´       (2-10) 

Where: 

 ´  is the effective confinement index 

 ´  is effective confinement pressure at peak stress 

 ´ is unconfined concrete strength 

2.1.2 Compressive behaviour of concrete  

The compressive strength is defined as the peak value of the nominal compressive stress 
that a specimen is exposed to during a load test. Up to the point of 30-40% of the 
compressive strength, the stress-strain curve of normal concrete is assumed linear. In the 
next stage, micro cracks grow leading to reduced resistance to deformation. At this stage, 
the curve is no longer linear and increases slowly up to 70-75% of the ultimate compressive 
strength (see Figure 2.1-4). Additional bond cracks between the aggregates and the cement 
paste decrease the macroscopic stiffness and matrix cracking starts. After reaching the 
highest value, softening occurs, the stress-strain curve declines and crushing failure occurs 
at the ultimate strain [7], [30].  

 

Figure 2.1-4 Stress-strain curve at uniaxial compressive loading [7] 
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2.1.3 Tensile behaviour of concrete  

According to fracture mechanics, there are three different crack deformations: crack-
opening mode (tensile), sliding mode (shear) and tearing mode. Crack opening mode failure 
is the most common for concrete. The tensile behaviour of concrete is brittle. At first, small 
micro-cracks occur caused by poor bond between aggregates and cement paste. At loads 
higher than the tensile strength, the crack propagation becomes unstable without any 
increase in load and the stress has to decrease to achieve a stable crack growth. For the 
period of the descending part of the stress-strain curve all micro-cracks occurs within the 
fracture process zone and the material is softening. Micro-cracks join each other and form 
macro-cracks which can be detected by the eye [7]. 

The tensile curve defining the descending curve may be divided into two parts (see Figure 
2.1-5): the elastic strain (ε) and the nonlinear displacement (w) due to crack opening.  The 
crack opening displacement is connected to a material property called fracture energy that 
describes the resistance of concrete subjected to tensile stresses.  Fracture energy is the total 
energy to open a unit area of crack to produce a stress free crack and relates to the area 
under the stress displacement curve. Fracture energy is influenced by the age of concrete, 
the water/cement ratio, the maximum aggregate size, the tensile capacity of the member 
and the shape of the softening behaviour in the concrete. According to Model Code 2010 
[16] the fracture energy for ordinary normal weight concrete is between 50 and 200 N/m 
and may be estimated according to [5], [7], [14]: 

73 ,  [N/m]    (2-11) 

Where: 

 fcm is the mean concrete strength [MPa] 

 
Figure 2.1-5 Illustration of tensile curve of concrete due to uniaxial tensile loading [7] 
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2.1.4 Reinforcing steel  

Design of reinforcement should be based on the stress-strain curve indicated in section 
3.2.7 of Eurocode 2 (see Figure 2.1-6) [4]. To prevent local failure and buckling of 
longitudinal reinforcement, to avoid shear failure and to protect the concrete core, the bars 
should be bounded inside stirrups [5].   

 

Figure 2.1-6 Stress-strain curve for reinforcing steel. A represents the idealized behaviour 
and B illustrated the design curve. k = (ft / fy)k [4]. 

 Design methods for axial loaded members 2.2
according to Eurocode 

This section describes what second-order effects are and how it can be calculated according 
to Eurocode 2, describing the general method and the simplified methods [4]. 

Second-order effects, also called P-delta effects, are growing bending moments as a result 
of deflections in slender members, subjected to compressive forces in longitudinal direction 
together with a transverse load (see Figure 2.2-1). These effects influence displacements 
and internal stresses in the structure. Second-order moment can also arise because of an 
eccentricity in the axial load. Since columns have a tendency to buckle, second-order 
effects need to be considered [5], [11].  

The displacement due to second-order effects is obtained in an iterative process up to the 
point where second-order moments are so small that they do not affect the displacement 
anymore. Creep can be considered by calculating creep deformations under long-term load 
and then studying the structure for added loads up to design load. Another approach is to 
use the effective creep ratio applied directly on the design load [2], [9].   

According to Eurocode 2 [4], second-order effects must be taken into account when 
designing these structural elements by either nonlinear analysis (with a nonlinear material 
model) or by the simplified methods described in sections 2.2.2 and 2.2.3 in this report. 
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The second-order moment is calculated as [2]: 

∆ ∙ ∆      (2-12) 

Where:  

  is the total deflection    (2-13) 

 r is the radius of curvature 

 C is a constant which depends on the distribution of the curvature 

 
Figure 2.2-1 Column deformed in double curvature [9] 

Dividing the total curvature into first order and second-order deflections, the second-order 
moment can be expressed as [2]:  

∆
∆ ∆

    (2-14) 

Where:  

 (1/r)0 and C0 relates to the first-order deflection 

 (1/r)Δ and CΔ relates to the second-order deflection 

According to Euler buckling theory of compressive members, it is assumed that the 
member is free of imperfections and when it is deformed the plane section will remain 
plane [5]. 

According to Eurocode 2, second-order effects may be neglected if they are less than 10% 
of the corresponding first order effects [4]. For isolated members second-order effects may 
also be neglected if the slenderness ratio λ is below λlim [10]: 

20 ∙ ∙ ∙ √       (2-15) 
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Where: 

 1/ 1 0,2     (2-16) 

 √1 2     (2-17) 

 1,7     (2-18) 

 /     (2-19) 

 /     (2-20) 

 /     (2-21) 

rm should be positive if M01 and M02 give tension on the same side; if not, it should be 
negative. For braced members rm it is equal to 1 [4].  

The slenderness ratio λ is defined as [4]: 

 	 /        (2-22) 

Where: 

 l0 is the buckling length (as illustrated in Figure 2.2-2) 

 /  is the radius of gyration    (2-23) 

 
Figure 2.2-2 Buckling lengths for different boundary conditions [4]  

2.2.1 General method 

This section describes the general method to calculate second-order effects including both 
material and geometric nonlinearity and it is used for all types of cross-sections, boundary 
conditions, stress-strain relationships and axial load. Deformation compatibility and 
equilibrium are fulfilled, deflection is calculated using double integration of the curvature 
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and tension stiffening can be taken into account by adjusting the stress-strain curve of the 
reinforcement. 

The cross-section of a concrete structure can be subdivided into a numbers of concrete and 
reinforcement elements parallel to the bending axis as shown in Figure 2.2-3 . Subdivision 
is made only in one direction for uniaxial bending and in two directions for biaxial bending. 
Confinement from stirrups, surrounding steel or carbon fibre weave can be handled by 
giving the concrete different properties in different parts of the cross section. The stress for 
each element is then determined as a function of the strain consistent with the stress-strain 
relationship for the material. The tensile strength and strain hardening for concrete can 
either be counted in or ignored. If tensile strength is included, tension stiffening 
(contribution from concrete in tension between cracks) should be considered [2], [3], [18].  

 
Figure 2.2-3 Cross-sectional study through subdivision. Subscripts “y” and “z” denote the 

direction in which the moment causes deflection [3] 

The structure is also divided into sections in the longitudinal direction and the curvature is 
obtained in every section (see Figure 2.2-4) [2]: 

     (2-24) 

Where: 

 εc1 is the strain at average compressive strength 

 εc2 is the concrete strain on the opposite side  

 εs2 is the strain in the tensile reinforcement  

 x is the height of the compression zone 

 h is the height of the cross section 

 d is the effective height 
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The curvature gives the deflection and additional deflections affect the curvature which 
must be then calculated again and the iterations continue until the calculation converges. 
For small slenderness (l0/h < 20) material failure occurs and for large slenderness 
(l0/h > 20) instability failure is often reached first [2].  

 

Figure 2.2-4 Second-order analysis of slender concrete column [2] 

Increased slenderness results in higher total moment M over the first order moment M0. The 
difference Mu-M0 (mu-m0) is the second-order moment. Axial load N and moment M are 
given as [9], [18]: 

  and      (2-25), (2-26) 

By plotting the maximum value of n on the interaction curve, a point for certain slenderness 
is found. If stability failure occurs before ultimate bending moment failure, the second-
order moment is below “nominal second-order moment” (Mu-M0). Regarding a cross-
section's ultimate resistance, the cross-section can be designed by adding the “nominal 
second-order moment” to the first-order moment, even in cases where stability failure 
occurs [9].  

The total moment (see Figure 2.2-5) including second-order moment is [9]: 

     (2-27) 
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Where: 

 1/r is the curvature (the most important deformation parameter) 

 l is the length 

 c is factor depending on curvature distribution 

      

Figure 2.2-5 Deformations and moments in a pined-pined column with centric (left figure) 
and eccentric (right figure) load [9] (modified) 

2.2.2 Stiffness method  

This method can be used for single columns, piers, walls and whole structures if 
appropriate stiffness values are given for connecting horizontal structures. The method 
takes into account effect of cracking, creep and nonlinear curves [2], [10].  

The curvature 1/r is stated in terms of nominal flexural stiffness EI [9]: 

      (2-28) 

For a pined-pined column with a length l = l0, the second-order moment is [9]: 

∙    (2-29) 

The total moment is [2], [9]: 

1     (2-30) 
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Where: 

 NB = /   is nominal buckling load   (2-31) 

 / , parameter considers the distribution of   
 first order moment     (2-32) 

The factor c0 can be chosen according to Table 2.2-1:  

Table 2.2-1 The factor c0 depending on the distribution of M0 [18] 

M0 constant parabolic, convex sine wave triangular parabolic, concave

C0 8 9,6 π2 12 16 

The stiffness is equal to the summation of different contributions from concrete and 
reinforcement and takes into account cracking, creep and nonlinear curvatures and is 
expressed as [4]:  

     (2-33) 

Where: 

 Ec is the Elastic modulus of concrete 

 Es is the E-modulus of steel 

 Ic is the moment of inertia of the area of concrete 

 Is is the moment of inertia of the area of steel 

 Kc is a factor for effect of cracking, creep, etc. 

 Ks is a factor for contribution of reinforcement 

If / 0,002 [2]: 1 

Kc =	       (2-34) 

Where:  

 /20	with fck in [MPa]   (2-35) 

 ∙ 0,20 (If λ is undefined,  ∙ 0,3 0,20) (2-36) 

  is the effective creep ratio  

If 0,001 [2]: 0 

0,3/ 1 0,5      (2-37) 



2.THEORETICAL BACKGROUND AND LITERATURE STUDY  

 

17 
 

2.2.3 Curvature method  

The curvature 1/r, which is independent of the moment, is a fixed value, based on assuming 
that reinforcement reaches the tensile yield limit on the tension and compression sides of a 
column [4]: 

,
		 	 	 	 2‐38 	

Where:  

 /     (2-39) 

 d is the effective depth  

To take creep into account a factor  is used [11]: 

1 ∙ 1	 	 	 	 	 2‐40 	

Where:  

 0,35 /150    (2-41) 

 
Figure 2.2-6 Assumed variation of curvature. The continuous line represents the moment 
and the dashed line represents the curvature Kr (1/r0) [10] 

The factor Kr (see Figure 2.2-6) is used to reduce the curvature when tensile yielding is not 
reached under large axial force [4]: 

/ 1	 	 	 	 2‐42 	

Where: 
 n = NEd/(Acfcd) is relative normal force   (2-43) 

 nu = 1+ω is the maximum relative axial force  (2-44) 
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 nbal ≈ 0,4Acfcd is value of n at maximum moment resistance (2-45) 

 ω = Asfyd/( Acfcd)    (2-46) 

 

2.2.4 Biaxial bending  

Biaxial bending is bending in two directions at the same time. When this occurs 
imperfections must be taken into account in the bending direction where their effect is most 
critical.  If the resulting bending moment satisfies the following criterion, biaxial bending 
can be neglected and no additional action is needed [4]: 

/ 2      and  / 2   (2-47), (2-48) 

/

/
 ≤ 0,2      or   

/

/
 ≤ 0,2   (2-49), (2-50) 

Where: 

 λy is the slenderness ratio with respect to y-axis 

 λz is the slenderness ratio with respect to y-axis 

 ey = MEdy/NEd is the eccentricity with respect to bending around the y-axis  (2-51) 

 ez = MEdz/NEd is the eccentricity with respect to bending around the z-axis (2-52) 

 MEdy is the design moment about y-axis, including second-order moment  

 MEdz is the design moment about z-axis, including second-order moment  

 ∙ √12 is the equivalent width of an arbitrary cross-section (2-53) 

 ∙ √12 is the equivalent height of an arbitrary cross-section (2-54) 

 
Figure 2.2-7 Definition of eccentricities ey and ez [4] 
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The value a is equal to 2 for elliptical and circular cross-sections. For rectangular sections, 
it is chosen according to Table 2.2-2 [2]: 

Table 2.2-2 The factor a for rectangular sections [4] 

NEd/NRd 0,1 0,7 1,0 

a 1,0 1,5 2,0 

Where: 

 ∙ ∙  is design axial resistance  (2-55) 
 
The values between given points are obtained by linear interpolation.  

 
Figure 2.2-8 Illustration of equation for biaxial bending [9] 
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3 Benchmark experiment from 
Cukurova University 

One purpose of this study was to compare the results from a benchmark experiment to FE 
results. For this purpose the experiment presented in this section was chosen. An 
experimental analysis of the behaviour of reinforced concrete columns subjected to biaxial 
bending and axial load is done by Dundar, Tokgoz, Tanrikulu and Baran at Cukurova 
University in Turkey. The goal of their examination is to investigate the load-deflection 
behaviour of slender reinforced concrete columns [17]. 

This experiment was chosen among many other reviewed papers (e.g. [6], [13], [31], [32], 
[33], [34], [36]). The slenderness of the chosen column is small (l0/h = 8,7 < 20). The 
reason why this column was chosen is because of the available data about the experiment. 
The other experiments studied lacked some data such as amount of reinforcement, concrete 
and reinforcement strength, cross-section dimension, etc. and if too many variables are 
assumed the obtained results are not trustworthy. 

 Test specimen 3.1

Testing techniques influence the boundary condition and frictional forces are developed to 
restrain the specimens loaded surface. The bearing strength increases with decreasing 
loaded area due to multiaxial compressive state of stress and varies with the distribution of 
the normal stress parallel to the load surface. The structure loses its loading capacity in 
areas of stress concentrations. The modulus of elasticity decreases, the nonlinear behaviour 
of concrete become noticeable and cracking in these regions cause stress redistribution 
[26].  

The testing method also affects the post-peak behaviour of concrete. Therefore it is 
necessary to define the material behaviour of concrete up to a peak level to take into 
account the deformation under a compressive load. Beyond the post-peak level, concrete 
behaviour is defined by the methods used to estimate the influence of macroscopic cracking 
taking place in the direction of the maximum principal compressive stress. One indication 
of the effect of boundary constraints is that the descending part of the stress-strain curve 
becomes steeper, when the constraint decreases as illustrated in Figure 3.1-1 [27]. 
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Figure 3.1-1 Effect of boundary condition on specimen behaviour [27] 

A slender column (C23) is tested experimentally under biaxial bending to determine the 
ultimate strength capacity and mid-height deflection. Normal Portland Cement and local 
aggregate is used for casting. Figure 3.1-2 illustrates the cross-section of the specimen. The 
cross-section is made of concrete, 4 longitudinal bars and a lateral tie bent into 135° hooks 
at the end [17].  

The lateral reinforcement consist of 6,5 mm diameter bars with the yield strength of 
630 MPa. The longitudinal reinforcement is arranged using 8,0 mm diameter bars with the 
yield strength of 550 MPa and the spacing of the ties is 10,5 cm, see Figure 3.1-2. The 
length of the column is 1,3 m (l0/h = 8,7) and the mean compressive strength of the 
concrete is 34,32 MPa. The load is applied eccentrically with ex = 50 mm and ey = 50 mm 
[17].  

 
Figure 3.1-2 Cross-section of the specimen [17] 

 Test setup  3.2

The specimen has pinned-pinned boundary conditions, and is tested at the Structural 
Laboratory of Cukurova University. The equipment used is 400 kN capacity HI-TECH 
MAGNUS hydraulic testing machine. To prevent local failure, reinforced brackets are 
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installed at both sides. To measure the deflection at the middle height, transducers are set 
up. An increasing compressive axial load of 1,0 kN/s is applied to the column and lateral 
displacement is logged until the load resistance drops [17].  

 Test results  3.3

Crushing occurs in the middle height of the column specimen with concrete crash in the 
compression zone and tensile cracks in the tensile zone. This behaviour is expected since 
the slenderness of the column is < 20 and therefore material failure occurs first. The 
behaviour of the column is ductile until reaching the peak load (see Figure 3.3-1). 
After reaching the peak load, the bearing capacity slowly decrease and the deflection 
increase. This result was compared to the FE model in section 4.2 [17], [35].  

 
Figure 3.3-1 Load deflection curve [17]
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4 Finite element simulation 

 ABAQUS 4.1

ABAQUS is a simulation tool based on the finite element method (FEM) and is used to 
solve static and dynamic, linear and nonlinear problems by using solid, shell and truss 
models. Nonlinear problems are solved with “combined method”, which applies loads with 
iterations in the next step to achieve equilibrium. Loads are defined as a function of time 
and the result is created through incrementing of time suggested by user. There is a wide 
library including material properties and elements. The element families that may be used 
are: two-dimensional solids, three-dimensional solids, cylindrical solids, axisymmetric 
solids, infinite elements, warping elements, membrane element, shell and beam elements 
with bending deformation [8], [29].  

ABAQUS/Standard, ABAQUS/Explicit and ABAQUS/CFD are the available products. 
ABAQUS/Standard uses implicit solutions and satisfies equations at each increment for 
static problems and equations of motion at each step time for dynamic problems. 
ABAQUS/Explicit uses explicit integration to perform the simulation at current time and 
extrapolates the equations of motion for the simulation at the next time step. To reach 
convergence automatic incrementation is recommended [19].  

ABAQUS CAE, which is a program for simulation, analysis and post-processing of FE 
models, is divided into different moduli: part, property, assembly, step, interaction, mesh, 
job and visualization for defining geometry and material properties, applying boundary 
conditions and load, generating mesh and analysing the model [7]. 

The ABAQUS version used for this study was 6.14 and all simulations were performed 
with ABAQUS/Explicit. 

4.1.1 Concrete elements and constitutive relations  

This section describes the different material models in ABAQUS for simulation of 
concrete. Modelling materials in computer programs is a challenge due to nonlinear 
properties, and requires extensive data about the material’s behaviour. In ABAQUS it is 
possible to use linear, nonlinear, isotropic and anisotropic material models. The 
deformational behaviour of reinforced concrete is simulated by using plain concrete 
cracking model, combined with rebar beam elements. Concrete constitutive models 
available to consider cracking are: smeared crack concrete model, brittle cracking model 
and concrete damaged plasticity model; and these are explained below.  
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Concrete shows either a brittle or a ductile mode of behaviour depending on the type of 
loading. In the brittle mode, micro-cracks merge to form macro-cracks representing regions 
of deformation. The brittle behaviour occurs under tension and tension-compression states 
of stress and is related with shear and mixed mode fracture mechanisms. In the brittle 
mode, micro-cracks grow uniformly and rapidly in the material, leading to localized 
deformation. The ductile behaviour on the other hand occurs under compression states of 
stress and is related with distributed micro-cracking mechanisms. It shows large plastic 
deformation before fracture and the crack spread only when the stress is increased. When 
the ultimate strain is reached, concrete goes into a degradation phase (softening behaviour) 
and the material continues to deform until failure occurs [5], [8], [12], [22].  

The smeared crack model in ABAQUS describes the behaviour under low confining 
pressures. Initially, concrete shows elastic response when it is loaded in compression (see 
Figure 4.1-1), the unload/reload response of the material is elastic. When the stress 
increases, cracking dominates the material behaviour and inelastic straining occurs. This 
continues until the ultimate stress is reached and the material softens. The existence of 
cracking affects both the stiffness and the stress in the concrete. There are two different 
approaches for smeared cracking: fixed crack model and rotating crack model. Fixed crack 
models restrict the crack direction and the crack plane assuming that all crack strain 
components are connected to all components of the crack traction vector. Rotating crack 
models postulate that the crack plane rotates and the crack remains perpendicular to the 
existing direction of the maximum principal strain [8], [12], [23].  

 
Figure 4.1-1 Uniaxial response of concrete [12] 

The brittle cracking model in ABAQUS assumes linear elastic compression behaviour and 
it is suggested when concrete is subjected to tensile cracking. Smeared cracking with fixed 
and orthogonal directions is assumed for this material model. The user defines a value for 
the number of cracks in a point and brittle failure occurs when this number is reached [8].  
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The damaged plasticity model for concrete in ABAQUS, which is a modification of the 
Drucker-Prager strength hypothesis, is a plasticity-based model that arranges for the 
analysis of concrete structures under monotonic, cyclic and/or dynamic loading. Plasticity 
is characterized by the unrecoverable deformation when all loads are removed, and damage 
is defined by the decrease of elastic constants. Plasticity should be combined with damage 
to properly characterize the nonlinear behaviour of concrete. Concrete behaves in a brittle 
way under low confining pressures and uniaxial compression (and tension). This behaviour 
changes when the confining pressure is large enough to prevent crack propagation, and 
when the concrete is subjected to multiaxial compressive stresses as shown in Figure 4.1-2.  
The material then becomes more ductile and the compressive strength increase. The 
damaged plasticity model uses the yield function of Lubliner et al., to represent different 
evolution of strength under tension and compression [7], [12], [15], [19], [20]. 

 
Figure 4.1-2 Yield surface for plane strain conditions at biaxial stress states [12] 

The inclination that the plastic potential reaches for high confining pressure is measured by 
dilation angle. It describes the behaviour of concrete under multiple stresses. Small values 
leads to brittle behaviour but greater values produce ductile behaviour. The dilation angle 
should be chosen between 25° and 40° to describe both tension and compression in biaxial 
stress states for normal grade concrete. The default value in ABAQUS is 36°.  

Other default parameters of concrete damage plasticity model under compound stress are: 

 eccentricity = 0,1 
 fb0/fc0 = 1,16  
 stress invariant ratio κ = 0,667 
 viscosity parameter μ = 0 
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The plastic potential eccentricity adjusts the shape of the plan’s meridian in the stress space 
and is calculated as a ratio of tensile strength to compressive strength. fb0/fc0 is the relation 
between the strength in the uniaxial state and the strength in the biaxial state [14], [15], 
[19].  

The stress-strain curve of concrete is specified in section 3.1.5 of Eurocode 2 (see Figure 
4.1-3) and is made of a linear-elastic region until initial yield and a plastic section (stress 
hardening followed by strain softening) is reached [4].  

When no test results are available to determine the stress-strain curve for the concrete, one 
can use the mean compressive strength fcm to plot the curve. Other quantities needed in 
order to determine the points on the graph are [15]:  

22 0,1 ,      (4-1) 

0,7 ,      (4-2) 

3,5‰ 

Where:  

 fcm is in [MPa] 

 Ecm is the longitudinal modulus of elasticity in [GPa] 

 εc1 is strain at average compressive strength  

 εcu is the ultimate strain 

If the concrete grade is higher than C50/60, the following formulas can be used [15]: 

0,0014 2 0,024 	 0,140   (4-3) 

0,004 0,0011 1 	 0,0215    (4-4) 

 

Figure 4.1-3 Stress-strain curve of concrete [4] 
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After plotting the graph, variables for compressive behaviour can be obtained. Inelastic 
(crushing) strain , which occurs due to the opening of micro cracks merging to macro 
cracks,  is determined by subtracting the elastic compressive part  from the total strain  
(see Figure 4.1-4). The inelastic strain is converted to plastic strain   by ABAQUS [15], 
[19]: 

     (4-5) 

      (4-6) 

     (4-7) 

 
Figure 4.1-4 Illustration of inelastic stress-strain curve [12] 

The post-failure behaviour is simulated with tension stiffening by applying a fracture 
energy cracking criterion (see Figure 4.1-5). To determine the stress-strain curve for 
tension, a bilinear crack opening curve is used [12], [16]. 

0,3 /  for concrete grade ≤ C50   (4-8) 

8     (4-9) 

 
Figure 4.1-5 Stress-crack opening relation for uniaxial tension [16] 
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Damage parameters/degradation variables dc / dt must be defined to describe the behaviour 
of the material. They vary from zero for an undamaged material to one for the complete 
damage. Use of damage variables above 0,99 is normally not recommended [15]. The 
compressive parameter, dc is 1 – σ / σmax, where σmax = fcm.  The tensile parameter, dt is the 
ratio between the cracking strain and the total strain [12], [19].  

4.1.2 Reinforcement elements and constitutive relations  

The rebar elements are used with standard metal plasticity models that define the behaviour 
of the reinforcement material. Reinforcement properties can be included in membrane, 
shell, surface, continuum and beam elements. The constitutive models available for 
reinforcement are: classical metal plasticity, models for metals subjected to cyclic loading, 
rate-dependent yield, rate-dependent plasticity, annealing or melting, anisotropic 
yield/creep, Johnson-Cook plasticity and dynamic failure modes. In order to model the 
bond between concrete and rebar, tension stiffening or contact elements can be used [8], 
[12].  

ABAQUS assumes the stress-strain data to be “true stress” and “true plastic strain”. True 
stress is larger than nominal stress and true strain is smaller than nominal strain [7], [24]. 

To convert the “engineering stress” to” true stress”: 

1      (4-10) 

To convert the “engineering strain” to” true strain”: 

1 	 	 	 	 	 4‐11 	

To convert the “true strain” to “plastic strain”: 

		 	 	 	 	 4‐12 	

 Design of the finite element model 4.2

Here the benchmark experiment presented in chapter 3 is simulated. The nonlinear analysis 
of the reinforced concrete column was the main part of this study and was performed in 
order to compare the results obtained from FE analysis to the experiment. Some data from 
the experiment were not available and these were instead assumed based on recommended 
values in MC10 [16].   

4.2.1 Geometric model  

The column treated in this study was simulated as best as the program allowed based on the 
available data for benchmark experiment. Concrete was simulated as a 3D deformable solid 
component, reinforcement as individual bars and supports as points with coupling 
constraint (see Figure 4.2-1).  
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The dimensions of the bars were given to the cross-section of the beam elements modelling 
the reinforcement. The length of the column was 1,3 m and it’s cross-section is illustrated 
in Figure 3.1-2.  

 

Figure 4.2-1 Geometry of the model illustrating the concrete column and the reinforcement  

4.2.2 Material input data 

Concrete  
The nonlinear behaviour of concrete is considered for analysis. In this study, plastic 
behaviour of materials was defined and damage plasticity model for concrete was used, 
including the damaged part. The reason for not using concrete smeared cracking model was 
that the explicit FE solver cannot use it. All parameters are derived from the only known 
parameter from the benchmark experiment: mean strength of the concrete fcm. Young’s 
modulus for concrete (eq. 4-6) and data points of stress-strain curve (see Figure 4.2-2) was 
obtained based on Figure 4.1-3 using equation (4-7) as explained is section 4.1. Density of 
concrete and Poisson’s ratio are based on recommended values in MC10 [16]. For other 
parameters needed such as dilation angle, eccentricity, fb0/fc0, κ and viscosity parameter, 
ABAQUS:s default data were used. True stress of reinforcement was calculated as 
explained in section 4.1  
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Table 4.2-1 and Table 4.2-2 summarize the material data for concrete and reinforcement, 
respectively. 

The compressive behaviour for concrete including damage was defined and the input data 
used are presented in Appendix A in Table A-1. Inelastic strain was calculated using 
equations (4-10) and (4-11). ABAQUS convert the inelastic strain to plastic strain using 
equation (4-12). 

Figure 4.2-3 shows the tensile behaviour of simulated concrete with the same modulus of 
elasticity as for compressive behaviour and is defined with fracture energy. The 
displacement was obtained based on Figure 4.1-5 and the data were calculated using 
equation (2-11). The data for tensile behaviour is shown in Table A-2., and the data for 
concrete compression damage are demonstrated in Table A-3. 

 

Figure 4.2-2 Material curve for compressive behaviour of the analysed concrete 

 

Figure 4.2-3 Material curve for tensile behaviour of the analysed concrete 
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Table 4.2-1 Input material data for concrete  

 
 
 

 

 

 

 

Reinforcement 
Reinforcement was simulated as an elastoplastic material. Two different reinforcement 
qualities were used for longitudinal and lateral reinforcement with the strength 550 MPa 
and 630 MPa respectively. True stress and plastic strain were calculated as explained in 
section 4.1.2. Input values for plastic behaviour of lateral and longitudinal reinforcement 
are shown in Table 4.2-3 and Table 4.2-4. 

 
Table 4.2-2 Input material data for reinforcing steel  

Density 7800 kg/m3 [16] 

Young’s modulus 200 GPa (assumed) 

Poisson’s ratio  0,3 [16] 

 

Table 4.2-3 Input values for plastic behaviour of lateral reinforcement  

True stress [MPa] Plastic strain 

632 0 
632 0,2 

 

Table 4.2-4 Input values for plastic behaviour of longitudinal reinforcement   

True stress [MPa] Plastic strain 

552  0 
552 0,2 

 

4.2.3 Step and time  

Boundary conditions were applied for initial step and a dynamic explicit step was used for 
the load. Large strains and displacements was considered in the analyses in order to include 
second-order effects. Total time period 0,3 was used. Different time increments ware tested 
awaiting convergence.  

Density 2400 kg/m3 according to [15] for C30 
Young’s modulus 31,8 GPa (eq. 4-6) 

Poisson’s ratio 0,2 [15] 

Dilation angle 36 (default) 

Eccentricity 0,1(default) 

fb0/fc0 1,16 (default) 

κ 0,667 (default) 

Viscosity parameter 0 (default) 
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4.2.4 Boundary conditions and load cases  

The roller supports (pinned-pinned condition) were modelled using deformation controlled 
reference points with boundary condition as a tie, constraining the displacement in x-, y- 
and z-plane (see Figure 4.2-4), but allowing for rotation around these axes. Figure 4.2-4 
illustrates tie constrains.  

 

Figure 4.2-4 Connected elements with tie constraints [12] 

In order to get a good connection between the different materials it was assumed that there 
is full bond between the steel reinforcement and the concrete. The interactions between 
them were formed as embedded constraints with the steel reinforcement as the embedded 
region and the concrete as the host element.  

The point load was converted to velocity equal to 0,08 m/s applied with the eccentricities 
50 mm, to avoid convergence difficulties. Instantaneous loading may build a stress wave 
through the model, creating undesired results; therefore a smooth step was used to ramp up 
the loading from zero velocity. 

4.2.5 Meshing  

Element types are defined in the meshing module. For concrete, C3D8R-element was used 
which is an 8-node continuum 3D linear brick with reduced integration (1 integration 
point), hourglass control and distortion control. For reinforcement, a B32-element was used 
which is a 3-node (end-nodes and mid-node) 3D quadratic beam in space (see Figure 
4.2-5). The main advantages of using beam elements are the geometrical simplicity and the 
limited degrees of freedom [12].  
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Figure 4.2-5 Different elements in ABAQUS [12] 

Analysis of the reinforced concrete column requires enhanced hourglass control. Hourglass 
control can be implemented in the element to increase accuracy of the numerical model. 
Enhanced hourglass control gives higher resistance for nonlinear materials and provides 
more precise displacement results. Distortion control is another way to improve the results, 
and this is useful in cases when solid elements are present [19].  

 

 

Figure 4.2-6 Illustration of the meshed column 

With the purpose of obtaining accurate results, the same mesh size is given to all the 
elements to guarantee that the same node is shared between each two different materials. 
The mesh size was chosen based on a convergence analysis, and is set to 0,02 m (see 
section 4.3.1). This element size gives a relative accurate result, combined with reasonable 
running time for the model.  
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 Verifications  4.3

Before analysing the results from the FE simulation, it is important to determine whether 
the model is reliable or not. In this section three verifications are presented: a convergence 
check to see if the chosen size of the elements gives satisfying results, a confinement check 
to determine if the effect of confinement is included in the analysis; and a check of the 
loading rate to see if it is small enough.  

4.3.1 Convergence check 

Using numerical methods highlights the fact that the results may not be precise because of 
material properties and modelling errors. Usually, a finer mesh delivers converged results, 
and mesh dependency should not be ignored. Different mesh sizes were tested and 
compared. They were all tested with the same element type. As it is shown in Figure 4.3-2, 
the results converged until the mesh size was 0,015 when a failure occurred so that this 
finer mesh led to worse results. One reason could be that extra cracks appeared and 
decreased the strength of the concrete, which resulted in early failure. As it is seen in Figure 
4.3-1, the top and bottom of the column are damaged. 

 

Figure 4.3-1 Crack Pattern 

Mesh sizes 0,016 and 0,02 gave almost similar curve. However, simulation with finer mesh 
is more time consuming, hence it was preferred to use 0,02 which gave the best fit, but did 
not use too much time. The check was in the direction of displacement and maximum load. 
The experimental data was obtained from Figure 3.3-1 using a MATLAB script from 
MathWorks to create a reverse plot from the image [37].  
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Figure 4.3-2 Convergence analysis with different mesh sizes 

4.3.2 Verification of confinement 

In section 2.1.1 it is mentioned that the strength of the concrete increases with confinement. 
To verify that this confinement effect is included in the analysis a stress-strain curve is 
plotted to compare with Figure 2.1-2. As illustrated in Figure 4.3-3, the curve with round 
dots represent the confined concrete surrounded by stirrups and the dashed line illustrate 
the unconfined concrete. The compressive strength and corresponding strain of confined 
concrete is larger than those of unconfined concrete and it verifies that the confining effect 
is included in the analysis.  

 

Figure 4.3-3 Stress-strain relationship of confined and unconfined concrete 
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4.3.3 Loading speed  

In order to see if the loading rate influences the results, analyses with two different loading 
rates (-0,08 m/s and -0,01 m/s) were done. As illustrated in Figure 4.3-4, neglecting the 
drop from solid line, there is almost no change in the load-deflection curve. It means that 
the original velocity used (-0,08 m/s) is considered satisfactory.   

 

Figure 4.3-4 Comparison between two different loading rates 

 FE Results 4.4

Here the post-processing part of FE analysis is presented and the results from the 
simulation are shown. These results are later compared to results obtained from other 
simulations when a parametric study (see section 4.4.2) was done.  
 

4.4.1 Analysis in ABAQUS  

The results presented below are those from the FE-analysis with a mesh size of 0,02 m. All 
results are not presented here and Appendix B contains some additional figures and results. 
In this section the FE results are compared to the experimental results. Maximum load and 
deflection for the experiment are 192 kN and 4,4 mm respectively as represented in Figure 
4.4-2. The results obtained from ABAQUS were 177 kN and 6,7 mm, which shows a good 
degree of accuracy for nonlinear analysis. The ratio NABAQUS/NEXPERIMENT is 0,92.  

The mid-height deflection is shown in Figure 4.4-1. As it is seen in Figure 4.4-3 cracking 
occurs in the midheight of the column as expected. 
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Figure 4.4-1 Visualization of mid-height deflection 

 

 

Figure 4.4-2 Comparison of load-deflection curve between experiment and FE analysis 
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Figure 4.4-3 Maximum principal plastic strains 

Figure 4.4-5 shows the maximum principal plastic strain illustrating the crack opening 
direction. It is interesting to compare this figure to Figure 4.4-3. The cracking occurs in 
areas where the plastic strain is higher. It is also the same area where the longitudinal 
reinforcement is yielding. Figure 4.4-4 illustrates how the cracks are formed around the 
eccentric load representing the direction of how the column absorbs the load.  

 

Figure 4.4-4 Cracks around the load 
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Figure 4.4-5 Illustration of crack opening direction (crack width direction) 

 

 
Figure 4.4-6 Illustration of crack inclination  
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In Figure 4.4-7 the displacement of the column along the column length is illustrated.  

 

Figure 4.4-7 Path along the column edge at maximum load 

 
In addition to the FE model with mean material properties described above another model 
with design parameters included was analysed in order to take uncertainties into account in 
the same way that it is done with the simplified methods in chapter 5. The analysis resulted 
in a lower maximum load, 121 kN (see Figure 4.4-8). This load was compared to the results 
obtained from the simplified method according to Eurocode calculated with design 
parameters included and is presented in sections 5.2 and 5.3. The design factors used are 
shown in Table 4.4-1.   

Table 4.4-1 Design parameters  

αcc γc γs γce 

1 1,5 1,15 1,2 

 

 
Figure 4.4-8 Load-deflection curve of the model simulated with design values 
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4.4.2 Parametric studies 

The verified finite element model described above was used as reference (R) in a 
parametric study (see Table 4.4-2). Several eccentrically loaded columns were examined 
with different lengths, cross-section dimensions, eccentricities, concrete strength, steel 
yield stresses, fracture energy, modulus of elasticity, stirrup spacing.  

Table 4.4-2 Results of the parametric study 

Test 
no. 

BxD 
[mm] 

L 
[m] 

fcm 
[MPa] 

Ecm 
[GPa]

Gf 
[N/m]

fctm 
[MPa]

ex, ey 
[mm] 

s   
[cm] 

fy, long 
[MPa] 

N 
[kN] 

NP/NR 

R 150x150 1,3 34,3 31,8 138 2,65 50 10,5 552 177 1 

P1 150x150 1,3 40,0 31,8 138 2,65 50 10,5 552 194 1,10 

P2 150x150 1,3 20,0 31,8 138 2,65 50 10,5 552 132 0,75 

P3 150x150 3,0 34,3 31,8 138 2,65 50 10,5 552 102 0,58 

P4 150x150 1,3 34,3 28,7 138 2,65 50 10,5 552 163 0,92 

P5 150x150 1,3 34,3 30,3 138 2,65 50 10,5 552 147 0,83 

P6 150x150 1,3 34,3 31,8 84 2,65 50 10,5 552 160 0,90 

P7 150x150 1,3 34,3 31,8 138 1,86 50 10,5 552 140 0,79 

P8 150x150 1,3 34,3 31,8 138 2,65 40 10,5 552 215 1,21 

P9 150x150 1,3 34,3 31,8 138 2,65 30 10,5 552 267 1,51 

P10 200x200 1,3 34,3 31,8 138 2,65 50 10,5 552 383 2,16 

P11 150x150 1,3 34,3 31,8 138 2,65 50 5,25 552 185 1,05 

P12 150x150 1,3 34,3 31,8 138 2,65 50 10,5 632 185 1,05 

 
 Column P1 had higher strength (40 MPa) and column P2 had lower strength (20 

MPa) than column R. Columns P1 and P2 had higher and lower load bearing 
capacity respectivly; thefore the maximum bearing capacity increase with higher 
concrte strength.  

 Column P3 was longer (3 m) and thereby more slender than column R. As can be 
seen, larger slenderness leads to smaller peak load. 

 The peak load obtained for columns P4 and P5 were lower than the one for the 
reference column R. A reduce of modulus of elasticity with 10% and 5% caused a 
decrease of maximum load with 8% and 17% respectively. 

 In column P6 the fracture energy was reduced to 84 N/m, which affected the 
maximum load with 10%. 

 By decreasing 30 % of the tensile strength in column P7 to 1,86 MPa, the maximum 
load was reduced with 21 %. 

 A smaller load eccentricity in columns P8 and P9 improved the bearing capacity 
with 21% and 51% respectively. 
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 The size of the cross section had a larger effect in column P10. A larger cross-
section (200x200 mm2) resulted in an enhance of 116% of load capacity. 

 The spacing of the stirrups in column P11 is double as tight as in column R. 
However, the increase in load is just 5%. A closer stirrup spacing did not lead to 
much higher bearing capacity. 

 In column P12 the yield strength of the longitudinal reinforcement was increased to 
632 MPa. The maximum load increased only with 5%. 
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5 Simplified design methods 

 Calculation process 5.1

For comparison of the results from the benchmark experiment and from ABAQUS, 
simplified design methods according to Eurocode was done. All calculations are done with 
short term load and the loads of serviceability limit state are not included. The effect of 
time dependent parameters and long term load can be found in other literatures [3]. The 
calculation process (Figure 5.1-1) and the obtained results are presented in this chapter.  

 

Figure 5.1-1 Flow chart of the simplified design method process 
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The calculation of the moment capacity with design values for the cross-section was made 
with the following formulas: 

      (5-1) 

	 	 	 	 	 	 5‐2 	

∙ 		 	 	 	 	 	 5‐3 	

∙ ∙ 	 	 	 	 	 	 5‐4 	

	 	 	 	 	 	 5‐5 	

	 	 	 	 	 	 5‐6 	

	 	 	 	 	 5‐7 	

 
The relative moment m is determined from the interaction diagram shown in Figure 5.1-2. 

 
Figure 5.1-2 Interaction curve between relative moment m and relative axial load n 

The limit for slenderness ratio was calculated and compared to the value for slenderness 
using equations (2-15) till (2-23) to check if second-order effects could be neglected. The 
buckling length l0 is equal to l for pinned-pinned condition (see Figure 2.2-2). The 
calculation for stiffness method and curvature method was based on equations (2-30) till (2-
36) and equations (2-38) till (2-46) respectively. A check was done for biaxial bending 
using equations (2-47) till (2-56).  
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 Results from nominal stiffness method  5.2

The results from the nominal stiffness method (section 2.2.2) are presented here and 
compared to experimental results and FE results. Figure F-1 and Figure F-2 in the appendix 
show the excel sheets using nominal stiffness method according to EC2 [4].  

Calculation procedure is described here:  

First, the first order moment for bending around x- and y-axis is calculated. The total 
mechanical reinforcement ratio and the relative normal force give the relative normal 
moment based on Figure 5.1-2, which gives the design moment. Then, the slenderness ratio 
λ is calculated to check if second order effects must be considered. The stiffness taking into 
account cracking, creep and nonlinear curvatures is calculated using equation (2-33). 

1 for 0,002 and Kc is obtained using equation (2-34). Equations (2-31) and (2-
30) give the nominal buckling load and the total moment respectively. This calculation is 
done for bending around both x-, and y-axis. Lastly, a control is done with respect to 
biaxial bending of the column.  

The maximum load NSTIFFNESS obtained from the nominal stiffness method (120 kN) was 
compared with the NEXPERIMENT from benchmark experiment (192 kN). 
NSTIFFNESS / NEXPERIMENT is 0,63. NSTIFFNESS is determined without using the design 
parameters represented in Table 4.4-1. However, design parameters are used in the next 
calculation illustrated in Figure F-3 and Figure F-4 in the appendix and the maximum load 
found was 100 kN. Comparing this to the result from ABAQUS (121 kN) gives a ratio of 
0,83 (NSTIFFNESS, DESIGN / NABAQUS, DESIGN).  

 Results from curvature method 5.3

The results from the curvature method (section 2.2.3) are presented here and compared to 
experimental results and FE results. Figure F-5 and Figure F-6 in the appendix show the 
excel sheets using curvature method according to EC2 [4].  

Calculation procedure is described here:  

First, the first order moment for bending around x- and y-axis is calculated. The total 
mechanical reinforcement ratio and the relative normal force give the relative normal 
moment based on Figure 5.1-2, which gives the design moment. Then, the slenderness ratio 
λ is calculated to check if second order effects must be considered. The curvature for the 
column 1/r, is calculated using equation (2-38) in two directions. To reduce the curvature, 
equation (2-42) is used to obtain Kr. After that the displacement is obtained which gives the 
second order moment. Lastly, a control is done with respect to biaxial bending of the 
column.  

The maximum load NCURVATURE obtained from the curvature method (100 kN) was 
compared with NEXPERIMENT from benchmark experiment (192 kN). 
NCURVATURE / NEXPERIMENT is 0,52. Comparing NCURVATURE to the load obtained from 
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ABAQUS (177 kN) gives 0,56 (NCURVATURE / NABAQUS). NCURVATURE is determined without 
using the design parameters represented in Table 4.4-1. However, design parameters are 
used in the next calculation illustrated in Figure F-7 and Figure F-8 in the appendix and the 
maximum load found was 90 kN. Comparing this to the result from ABAQUS (121 kN) 
gives a ratio of 0,74 (NCURVATURE,DESIGN / NABAQUS, DESIGN).  

When using the curvature method, a curvature 1/r0 equal to 0,055 was calculated based on 
the equation (2-38). It was interesting to compare this to the “real” curvature from FEA. 
Figure 5.3-1 illustrates the displacement along the column edge. The curve was modified to 
a calculated a polynomial equation for the curve (y = -0,0144x2 + 0,0201x – 0,00003).  

Based on the equation below the curvature was determined: 

/       (5-8) 

The obtained curvature was 0,03. So it is smaller than the assumed one. Using this value in 
calculation with the curvature method gave almost the same maximum load as before, i.e.  
100 kN.  
 
 

 

Figure 5.3-1 Modified path along the edge to obtain the curvature  
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6 Evaluation of results 

The reinforced concrete column was analysed using mean and design values for the 
material properties. The ultimate strength capacity varied dependent on which method that 
was used. The obtained results are presented in Table 6-1 and Table 6-2. A good degree of 
accuracy with a ratio of 0,92 was found between the experiment and the ABAQUS model 
with estimated mean values, which verified the simulation methodology. The nominal 
stiffness method with mean values resulted in a more accurate result compare to the 
curvature method with mean values. However, the results from the simplified method were 
in general very much on the safe side and the obtained bearing capacity with those methods 
had the half of the value of the real bearing capacity. 

Running the calculation using the simplified methods according to Eurocode with design 
values, gave a lower ultimate load capacity compared to FEA with design values (around 
74-83%). It shows that the simplified methods are more conservative and on the safe side. 
Using FEA a higher bearing capacity can be calculated for the column. 

In terms of accuracy, the use of the nominal stiffness method resulted in an increased 
calculated strength for the column this case compared to the curvature method.  

Table 6-1 Results obtained with mean values 

Method N [kN] N / Nexperiment 

Experiment 192 1,00 

ABAQUS 177 0,92 

Nominal stiffness method 121 0,63 

Curvature Method 100 0,52 

Table 6-2 Results obtained with design values  

Method N [kN] N/ NABAQUS 

ABAQUS 121 1,00 

Nominal stiffness method 100 0,83 

Curvature Method 90 0,74 
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7 Discussion and conclusion 
remarks 

 Finite element analysis 7.1

A three-dimensional finite element software was used to simulate a reinforced concrete 
column subjected to eccentrically axial load. This analysis was based on a benchmark study 
described in chapter 3. Knowledge about ABAQUS and overall understanding in finite 
element methods and material models is required to carry out accurate investigation with 
this software.  

Over 50 different models were simulated before the reference model was accurate enough 
to represent the benchmark study. The results from FE analysis were compared to the 
experimental result and showed a good accuracy.  

In this study, only column with a small slenderness was analysed. It is important to mention 
that for columns with large slenderness (l0/h > 20) the load carrying capacity decreases with 
increasing slenderness and the stiffness of the column has a larger influence.  

The results of the analyses with different parameters are shown in Table 4.4-2. When 
comparing the results following effects were observed:  

 Higher compressive strength of concrete results in higher maximum bearing 
capacity.   

 Larger slenderness leads to smaller peak load.  
 A reduce of modulus of elasticity causes a decrease of maximum.  
 Reduced fracture energy decrease the maximum load. 
 By decreasing the tensile strength in concrete, the maximum load will reduce. 
 A smaller load eccentricity improves the bearing capacity. 
 A larger cross-section results in enhance of load capacity.  
 The spacing of the stirrups does not have a large effect on the bearing capacity.  
 The yield strength of the longitudinal reinforcement has a small effect on the 

maximum load. 
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 The simplified design methods according to 7.2
Eurocodes  

The nominal stiffness method and the curvature method were used to calculate the 
column’s load capacity taking into account second order effects from axial loads. These 
two methods gave almost the same results. It is important to remember that creep was not 
included in the calculation and this parameter may affect the outcomes of stiffness method 
and curvature method.  

The results from the simplified methods with mean values were on the safe side compared 
to the experimental result and the bearing capacity from the simplified methods was          
52-63 % of the real capacity observed from experiment. 

Comparing the results from the simplified methods with design parameters to FE result 
showed that the bearing capacity from FE analysis was 21-34 % higher than the one 
obtained from the simplified methods, and this difference cannot be neglected.  

Not including creep and loads during serviceability limit state increase λlim. As illustrated in 
Figure F-2, Figure F-4, Figure F-6 and Figure F-8 λ is smaller than λlim and therefore 
second-order effects may be neglected in those calculation. However, the calculations with 
simplified methods have included second-order effects any way, since this study is about 
considering second-order effects and since these effects were included in the analysis in 
ABAQUS. Without including second-order effects, the calculation can be done by checking 
the cross-section capacity of the column. 

The curvature of the analysed model (0,03) was obtained as explained in section 5.3 and 
was compared to the calculated curvature 1/r0 equal to 0,055 based on the equation (2-38) 
in the curvature method. The calculated curvature according to the FE analysis is smaller 
than the assumed one. To check if this had any effects on the maximum load a calculation 
was done with curvature equal to 0,03. The result showed that the effect was very small and 
the results obtained were almost the same.  

 Conclusions  7.3

In this study a 3D reinforced concrete column was analysed in ABAQUS/Explicit.  This 
model took into account the second order effects as a result of additional eccentricity of the 
applied axial load, and was verified by comparing the FE results with the results from a 
benchmark study. After verification, an additional FE model, including design parameters 
according to Eurocode was simulated and the results were compared to the results to from 
the simplified methods. 

The complete study of comparison between different results showed that the outcomes from 
the simplified methods according to Eurocodes are very much on the safe side (100-
120 kN). However, the results determined from analysis in ABAQUS are more accurate 
(177 kN). The difference is about 48-77 %. These results were calculated with mean values 
and were compared to the experimental result (192 kN).  
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A comparison between results calculated with design parameters gave 90-100 kN by the 
simplified methods and 121 kN by ABAQUS. The difference is about 21-34%, which is not 
negligible.  

In conclusion, more investigations are recommended to analyse different slender reinforced 
concrete column with different slenderness ratios with FE-simulation to study if FEA gives 
a more accurate result all the time. For the case presented in this master thesis, and 
probably for columns with complex geometries, analysis with a finite element software is a 
better choice.  

The following conclusions could be drawn based on the results of the parametric study:  

 Higher compressive strength of concrete, smaller load eccentricity and larger cross-
section results in higher maximum load.  

 Larger slenderness, reduced modulus of elasticity and fracture energy and tensile 
strength of concrete leads to smaller peak load.  

 The spacing of the stirrups and the yield strength of the longitudinal reinforcement 
has a small effect on the bearing capacity.  

 Future Work  7.4

As a whole, this study has determined the damage plasticity model in ABAQUS, and was 
simulated evaluated on a benchmark experiment. Because of insufficient data about 
concrete properties some input variables were assumed during modelling of this concrete 
column. Therefore, it is recommended to set up experiments with all experimental data 
known and simulate a complete ABAQUS-model to more precisely validate the FE 
modelling technique. The slenderness of the column tested in the experiment should be 
large (l0 > 20) to make the second order effects more obvious.  

In the damage plasticity model some default values are used (see section 4.1). A study can 
be done to investigate the effect of these values on the results.  

Analyses with complex column geometries, including varied sections for different heights, 
combined loading effects, transversal loading of various types and different boundary 
conditions (e.g. connections to slabs or foundations) are also of interest.  
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Appendix A Input data for 
concrete and steel models 

A.1 
In this appendix different input values for the simulated reference model are presented.  

Table A-1 Input values for compressive behaviour of concrete 

Yield stress [MPa] Inelastic Strain 

13,7 0 
16,4 0,000085 

21,5 0,000225 

26,0 0,000383 

29,6 0,000570 

34,3 0,001017 

30,0 0,001758 

25,0 0,002215 

20,3 0,002662 

17,5 0,002950 

Table A-2 Input values for tensile behaviour of concrete 

 Yield stress [MPa] Displacement [m] 

2,65 0 
2,12 0,0000091 

1,45 0,0000165 

1,05 0,000025 

0,78 0,000035 

0,531 0,000052 

0,37 0,000074 

0,26 0,000100 

0,15 0,000155 

0,10 0,000200 

0,06 0,000230 
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Table A-3 Input values for concrete compression damage 

Damage parameter Inelastic strain 

0 0 
0 0,000085 

0 0,000224 

0 0,000383 

0 0,000570 

0 0,001017 

0,126 0,001758 

0,272 0,002215 

0,409 0,002662 

0,490 0,002950 

A.2 
In this appendix, calculated values for compressive and tensile behaviour of concrete are 
presented.  

 

Figure A-1 Calculated values for compressive behaviour of concrete 
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Figure A-2 Calculated values for tensile behaviour of concrete 
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Appendix B Complementary 
finite element results 

Complementary figures for the results in section 4.4.1 are shown here.  

As illustrated in Figure B-1, the confining stress is higher close to the stirrup for the full 
confined reinforced concrete column. Figure B-2 illustrates the stress distribution along the 
z-axis, i.e. in the axial direction of the column.  

 

 

Figure B-1 Principal confining stresses at maximum load 
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Figure B-2 Stress distribution along z-axis at maximum load 
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Appendix C Input file for the 
reference model  

The input file of the reference model is presented in this appendix.  Since the text for the 
input file was very long (181 pages), the parts including the nodes were removed.  
 
** 
*Heading 
** Job name: C23-28_M002 Model name: C23 
** Generated by: Abaqus/CAE 6.14-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** PARTS 
*Part, name=C23-Concrete 
*Node 
*Element, type=C3D8R 
*Nset, nset=C23Section, generate 
    1,  5676,     1 
*Elset, elset=C23Section, generate 
    1,  4485,     1 
*Nset, nset=Concrete, generate 
    1,  5676,     1 
*Elset, elset=Concrete, generate 
    1,  4485,     1 
** Section: C23-Section 
*Solid Section, elset=Concrete, controls=EC-1, material=CONCRETE 
, 
*End Part 
*Part, name=Hoop 
*Node 
*Element, type=B32 
*Nset, nset=HoopGeometry, generate 
  1,  40,   1 
*Elset, elset=HoopGeometry, generate 
  1,  20,   1 
*Nset, nset=Hoop, generate 
  1,  40,   1 
*Elset, elset=Hoop, generate 
  1,  20,   1 
*Nset, nset=Set-8, generate 
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  1,  40,   1 
*Elset, elset=Set-8, generate 
  1,  20,   1 
** Section: HoopSection  Profile: sixPointFive 
*Beam Section, elset=Hoop, material=LateralReinf, temperature=GRADIENTS, 

section=CIRC 
0.00325 
0.,0.,-1. 
*End Part 
*Part, name=LongReinf 
*Node 
*Element, type=B32 
*Nset, nset=LongReinf, generate 
   1,  127,    1 
*Elset, elset=LongReinf, generate 
  1,  63,   1 
*Nset, nset=Set-3, generate 
   1,  127,    1 
*Elset, elset=Set-3, generate 
  1,  63,   1 
** Section: LongReinfSection  Profile: eight 
*Beam Section, elset=LongReinf, material=LongReinf, temperature=GRADIENTS, 

section=CIRC 
0.004 
0.,0.,-1. 
*End Part 
** ASSEMBLY 
*Assembly, name=Assembly 
*Instance, name=C23-Concrete-1, part=C23-Concrete 
          0.,           0.,       0.0915 
*End Instance 
*Instance, name=LongReinf-1, part=LongReinf 
      0.0395,       0.0395,        0.973 
      0.0395,       0.0395,        0.973,       0.0395,       1.0395,        0.973,          90. 
*End Instance 
**   
*Instance, name=LongReinf-1-lin-1-2, part=LongReinf 
      0.0395,      -0.0395,        0.973 
      0.0395,      -0.0395,        0.973,       0.0395,       0.9605,        0.973,          90. 
*End Instance 
*Instance, name=LongReinf-1-lin-2-1, part=LongReinf 
     -0.0395,       0.0395,        0.973 
     -0.0395,       0.0395,        0.973,      -0.0395,       1.0395,        0.973,          90. 
*End Instance 
*Instance, name=LongReinf-1-lin-2-2, part=LongReinf 
     -0.0395,      -0.0395,        0.973 
     -0.0395,      -0.0395,        0.973,      -0.0395,       0.9605,        0.973,          90. 
*End Instance 
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*Instance, name=Hoop-1, part=Hoop 
          0.,           0.,        0.115 
*End Instance   
*Instance, name=Hoop-1-lin-2-1, part=Hoop 
          0.,           0.,         0.22 
*End Instance 
*Instance, name=Hoop-1-lin-3-1, part=Hoop 
          0.,           0.,        0.325 
*End Instance 
*Instance, name=Hoop-1-lin-4-1, part=Hoop 
          0.,           0.,         0.43 
*End Instance 
*Instance, name=Hoop-1-lin-5-1, part=Hoop 
          0.,           0.,        0.535 
*End Instance 
*Instance, name=Hoop-1-lin-6-1, part=Hoop 
          0.,           0.,         0.64 
*End Instance 
*Instance, name=Hoop-1-lin-7-1, part=Hoop 
          0.,           0.,        0.745 
*End Instance 
*Instance, name=Hoop-1-lin-8-1, part=Hoop 
          0.,           0.,         0.85 
*End Instance 
*Instance, name=Hoop-1-lin-9-1, part=Hoop 
          0.,           0.,        0.955 
*End Instance 
*Instance, name=Hoop-1-lin-10-1, part=Hoop 
          0.,           0.,         1.06 
*End Instance  
*Instance, name=Hoop-1-lin-11-1, part=Hoop 
          0.,           0.,        1.165 
*End Instance 
*Instance, name=Hoop-1-lin-12-1, part=Hoop 
          0.,           0.,         1.27 
*End Instance 
*Instance, name=Hoop-1-lin-13-1, part=Hoop 
          0.,           0.,        1.375 
*End Instance 
*Node 
      3, 0.0500000007, 0.0500000007,       1.3915 
*Node 
      1,           0.,           0.,           0. 
      2, 0.0500000007, 0.0500000007, 0.0914999992 
*Nset, nset=AllHoops, instance=Hoop-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-2-1, generate 
  1,  40,   1 
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*Nset, nset=AllHoops, instance=Hoop-1-lin-3-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-7-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-11-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-5-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-9-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-13-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-4-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-8-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-12-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-6-1, generate 
  1,  40,   1 
*Nset, nset=AllHoops, instance=Hoop-1-lin-10-1, generate 
  1,  40,   1 
*Elset, elset=AllHoops, instance=Hoop-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-2-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-3-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-7-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-11-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-5-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-9-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-13-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-4-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-8-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-12-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-6-1, generate 
  1,  20,   1 
*Elset, elset=AllHoops, instance=Hoop-1-lin-10-1, generate 
  1,  20,   1 



APPENDIX C  

69 
 

*Nset, nset=AxialLoad 
 3, 
*Nset, nset=LongReinfNew, instance=LongReinf-1, generate 
   1,  127,    1 
*Nset, nset=LongReinfNew, instance=LongReinf-1-lin-1-2, generate 
   1,  127,    1 
*Nset, nset=LongReinfNew, instance=LongReinf-1-lin-2-2, generate 
   1,  127,    1 
*Nset, nset=LongReinfNew, instance=LongReinf-1-lin-2-1, generate 
   1,  127,    1 
*Elset, elset=LongReinfNew, instance=LongReinf-1, generate 
  1,  63,   1 
*Elset, elset=LongReinfNew, instance=LongReinf-1-lin-1-2, generate 
  1,  63,   1 
*Elset, elset=LongReinfNew, instance=LongReinf-1-lin-2-2, generate 
  1,  63,   1 
*Elset, elset=LongReinfNew, instance=LongReinf-1-lin-2-1, generate 
  1,  63,   1 
*Nset, nset=Middle, instance=C23-Concrete-1 
 2764, 
*Nset, nset=RP2 
 2, 
*Nset, nset=RP3 
 3, 
*Elset, elset=_ConcreteSurface1_S2, internal, instance=C23-Concrete-1, generate 
 4417,  4485,     1 
*Surface, type=ELEMENT, name=ConcreteSurface1 
_ConcreteSurface1_S2, S2 
*Elset, elset=_ConcreteSurface2_S1, internal, instance=C23-Concrete-1, generate 
  1,  69,   1 
*Surface, type=ELEMENT, name=ConcreteSurface2 
_ConcreteSurface2_S1, S1 
** Constraint: FullBondHoops 
*Embedded Element, host elset=C23-Concrete-1.C23Section 
AllHoops 
** Constraint: FullBondLongReinfNew 
*Embedded Element, host elset=C23-Concrete-1.C23Section 
LongReinfNew 
** Constraint: RP2 
*Coupling, constraint name=RP2, ref node=RP2, surface=ConcreteSurface1 
*Distributing, weighting method=UNIFORM 
** Constraint: RP3 
*Coupling, constraint name=RP3, ref node=RP3, surface=ConcreteSurface2 
*Distributing, weighting method=UNIFORM 
*End Assembly 
** ELEMENT CONTROLS 
*Section Controls, name=EC-1, DISTORTION CONTROL=YES, 

hourglass=ENHANCED 
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1., 1., 1. 
*Amplitude, name=AMP-2 
             0.,              0.,             0.2,              1.,             0.5,             0.2,             10.,             0.2 
*Amplitude, name=AMP-3 
             0.,              0.,             0.2,              1.,              5.,              1.,              6.,              2. 
            20.,              2. 
*Amplitude, name=SmoothStep, time=TOTAL TIME, definition=SMOOTH STEP 
             0.,              0.,             0.3,              1. 
** MATERIALS 
*Material, name=CONCRETE 
*Density 
2400., 
*Elastic 
 3.18e+10, 0.2 
*Concrete Damaged Plasticity 
38.,   0.1,  1.16, 0.667,    0. 
*Concrete Compression Hardening 
  1.3728e+07,          0. 
    1.64e+07,   8.506e-05 
    2.15e+07, 0.000224926 
     2.6e+07, 0.000383631 
    2.96e+07, 0.000570595 
   3.432e+07,  0.00101707 
       3e+07,  0.00175804 
     2.5e+07,  0.00221503 
    2.03e+07,   0.0026626 
 1.75032e+07,  0.00295042 
*Concrete Tension Stiffening, type=DISPLACEMENT 
 2.65447e+06,          0. 
    2.12e+06,     9.1e-06 
    1.45e+06,    1.65e-05 
    1.05e+06,     2.5e-05 
     780000.,     3.5e-05 
     530895., 5.19688e-05 
     370000.,     7.4e-05 
     260000.,      0.0001 
     150000.,   0.0001555 
     100000.,      0.0002 
      60000.,     0.00023 
*Concrete Compression Damage 
       0.,          0. 
       0.,   8.506e-05 
       0., 0.000224926 
       0., 0.000383631 
       0., 0.000570595 
       0.,  0.00101707 
 0.125874,  0.00175804 
 0.271562,  0.00221503 
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 0.408508,   0.0026626 
     0.49,  0.00295042 
*Material, name=ELASTIC 
*Density 
2400., 
*Elastic 
 1e+11, 0.2 
*Material, name=LateralReinf 
*Density 
7800., 
*Elastic 
 2e+11, 0.3 
*Plastic 
 6.31985e+08,  0. 
 6.31985e+08, 0.2 
*Material, name=LongReinf 
*Density 
7800., 
*Elastic 
 2e+11, 0.3 
*Plastic 
 5.51513e+08,  0. 
 5.51513e+08, 0.2 
** BOUNDARY CONDITIONS 
** Name: Disp-BC-1 Type: Displacement/Rotation 
*Boundary 
RP2, 1, 1 
** Name: Disp-BC-2 Type: Displacement/Rotation 
*Boundary 
RP2, 2, 2 
** Name: Disp-BC-3 Type: Displacement/Rotation 
*Boundary 
RP2, 3, 3 
** Name: Disp-BC-4 Type: Displacement/Rotation 
*Boundary 
RP3, 1, 1 
** Name: Disp-BC-5 Type: Displacement/Rotation 
*Boundary 
RP3, 2, 2 
** ---------------------------------------------------------------- 
** STEP: LoadStep 
*Step, name=LoadStep, nlgeom=YES 
*Dynamic, Explicit 
, 0.3 
*Bulk Viscosity 
0.06, 1.2 
** BOUNDARY CONDITIONS 
** Name: Velocity Type: Velocity/Angular velocity 
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*Boundary, amplitude=SmoothStep, type=VELOCITY 
RP3, 3, 3, -0.08 
** OUTPUT REQUESTS 
*Restart, write, number interval=1, time marks=NO 
** FIELD OUTPUT: F-Output-1 
*Output, field, number interval=40 
*Node Output 
A, RF, U, V 
** FIELD OUTPUT: F-Output-4 
*Contact Output 
CSTRESS,  
** FIELD OUTPUT: F-Output-2 
*Element Output, directions=YES 
DAMAGEC, DAMAGET, EVF, LE, PE, PEEQ, PEEQT, PEEQVAVG, PEVAVG, S, 

SVAVG 
** FIELD OUTPUT: F-Output-3 
*Element Output, rebar, directions=YES 
DAMAGEC, DAMAGET, EVF, LE, PE, PEEQ, PEEQT, PEEQVAVG, PEVAVG, S, 

SVAVG 
** HISTORY OUTPUT: H-Output-3 
*Output, history, time interval=0.04 
*Node Output, nset=Middle 
UT,  
** HISTORY OUTPUT: H-Output-4 
*Output, history, variable=PRESELECT, time interval=0.04 
** HISTORY OUTPUT: H-Output-1 
*Output, history 
*Node Output, nset=RP2 
RF1, RF2, RF3, RM1, RM2, RM3 
*End Step 
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Appendix D General FE theory 

In this appendix general FE theory is presented. 

Finite element method solves complex differential equations by dividing the structure into 
rectangular and/or triangular elements to represent the behaviour of the structure. In the 
pre-processing stage, the user identifies the problem and describes geometry of the 
structure, material properties, type of element, loads and boundary conditions, mesh 
density, contact conditions and time steps. Given the provided data by the user, the 
simulation program generates matrices, calculates displacements and reaction forces at each 
node, which give strains and stresses in the element integration points (Gauss points). The 
displacement [d] is calculated according to the following equation for a bar element [1], [5], 
[7]: 

	      (D-1) 

Where: 

 [k] is the element stiffness matrix 

 [f] is the force applied at the node 

The number of degrees of freedom decides the size of the stiffness matrix [7].  

When considering nonlinear material properties, the equation is solved with an iterative 
process by dividing the load into increments with the intention of increasing the load to the 
desired level. A system of equations is solved in the iterations using the model stiffness 
matrix and the force vector [7]. 

The most common types of elements with different degrees of freedom used for modelling 
geometry are: truss, beam, shell and solid elements. Physical properties for instance mass, 
thickness, modulus of elasticity and Poisson’s ratio can be given to the elements.  
Behaviour of a structure is described by a number of nodes, where the elements are 
connected, and linear or quadratic interpolations give the solution between the nodes. For 
converging to the precise solution, the choice of element type and size are essential. For 
four-noded elements only a linear interpolation is possible to calculate field variables, but 
for eight-noded elements a quadratic interpolation can also be used since three nodes are 
available along each edge. Therefore quadratic elements are better in describing bending. 
As it is illustrated in Figure D-1, four-noded and eight-noded elements can have either full 
or reduced number of integration points. The computational time decreases when using 
reduced integration and over-stiffness caused by full integration is eliminated. However, 
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the disadvantage is that the integral is not exact anymore and shear locking may occur in 
the element and hourglass modes later may happen. This effect is not wanted because 
elements distort, and the deformation modes cause no strain and stress in the midpoint of 
the element [1], [5], [7], [19], [29]. 

 
Figure D-1 Full and reduced integration points for 4- and 8-noded elements [5] 

Boundary conditions must be defined. A structure is free to float in space if no boundary 
conditions are imposed. No support or inadequate support causes singularities, which slow 
convergence. [1], [7]. 

 
Figure D-2 (a) initial mesh (b) h-refinement (c) p-refinement (d) r-refinement [1] 

FE analysis gets more accurate by using increased number of elements or higher order 
elements if the discretization is made in an appropriate manner.  As a general rule of thumb, 
distorted elements should be avoided when creating the mesh. Distortion refers to the 
original element shape, before applied loads cause displacements. It is also important to 
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always do convergence test analyses with different discretization. Accuracy achieved by 
refinement of the mesh should not require many degrees of freedom. Figure D-2 presents 
the three ways in which a mesh is refined [1], [7]: 

 h-refinement: a linear measurement that consist of adding elements of identical type 
 p-refinement: consist of adding nodes inside elements without varying the number 

of elements  
 r-refinement: rearrangement of nodes without varying the number of elements  

It is not always easy to mesh a geometry using rectangular elements. Therefore, isometric 
elements are sometimes used, which are non-rectangular quadrilateral and hexahedral 
elements. There also exist isoperimetric triangles, which are triangular elements with 
curved sides [1].  

There are always differences between results from FE analysis and the exact solution of the 
mathematical model. Modelling error (disagreement between physical structure and its 
scientific model), user error (e.g. choosing wrong element types) and software bugs 
(inaccuracy) are the reasons and should be minimised [1]. 

There are two methods to describe the load [3]: 

 Load controlled: load is the independent variable  
 Deformation controlled: deformation parameter is the independent variable  

Load control [3] 

The final deflections and bending moments are calculated stepwise in an incremental 
process:   

1) The first order bending moment is determined.  
2) The curvature as a resultant of the most recent moment is determined.  
3) The deflections by double integration of the curvatures are determined.  
4) The total bending moments with the effect of deflections are determined.  
5) The procedure from step 2 is repeated until the difference between two results is 

small.   

It is not possible to get the absolute ultimate load using this method, since the iteration will 
not converge when the load is close to ultimate load. 

Deformation control (strain control) [3] 

1) Using this method the maximum load can be found. The deformation parameter 
explained here is the curvature in the most critical section and in the most critical 
direction:  
The new curvature distribution in each direction from the previous calculation step 
is: 

,
   (D-2) 
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Where: 

x is a coordinate along the column 

cm, previous is estimated in the first calculation.  

2) Deflections are computed by double integration of the curvatures. The correct value 
of the normal force in the section is determined by satisfying the following 
condition: 

∙    (D-3) 

Where: 

εm is the mean strain 

 is the normal force 

 is the bending moment 

/  is the deflection    (D-4) 

Using derivatives of N and M with respect to ε and solving for Δε gives: 

∆ε ∙
    (D-5) 

The calculation is repeated with εm+Δε until convergence is reached.  

3) The total bending moments are calculated with the load and the deflection. 

4) The curvature is calculated with the total bending moments. 

5) Calculation is repeated until the difference between the new curvature along the 
column and the curvature from previous calculation is small.  

6)  A new critical curvature cm+Δc is selected, the procedure is repeated from step 1 
and the curvature is stepped “backwards” until the maximum load has established 
(see Figure D-3).  

 
Figure D-3 Finding the maximum load with deflection control, using (-0,3Δc) as the new 
increment when going backwards [3] 
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Appendix E Confinement effects 

As it was described in section 2.1.1, confining effect leads to higher compressive strength 
of concrete. This increase was calculated using equations (2-1) till (2-9) and is illustrated in 
Figure E-1. The strength increased from 34,32 MPa to 80 MPa. However, it is not allowed 
to take in this increase in the calculations according to Eurocode. 

 

 

Figure E-1 Calculation of higher compressive strength due to confining effect 
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Appendix F  Excel spread sheets 
for the simplified methods 

In this appendix the calculations from the nominal stiffness method and the curvature 
method are illustrated.  

 

 

Figure F-1 Nominal stiffness method with characteristic values, part 1 
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Figure F-2 Nominal stiffness method with characteristic values, part 2 

 

 

Figure F-3 Nominal stiffness method with design values, part 1 
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Figure F-4 Nominal stiffness method with design values, part 2 

 

 

Figure F-5 Curvature method with characteristic values, part 1 
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Figure F-6 Curvature method with characteristic values, part 2 

 

 
Figure F-7 Curvature method with design values, part 1 
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Figure F-8 Curvature method with design values, part 2 
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