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Summary 
The primary goal of this project is to develop an experimental setup for testing 
membrane materials. The membranes tested are all porous, hydrophilic and non-
selective. The secondary goal is that the module finds use as an educational tool for 
learning about diffusion on a university level 

The final setup consisted of two modified 250 ml polyethylene bottles with a wide neck 
joined together with a flange pinning the test object in between. In the experiments one 
side is loaded with a sodium chloride solution, while the other is loaded with pure 
deionized water. The conductivity change is then monitored in the chamber loaded with 
deionized water using a conductivity probe.  

Two test subjects are tested, an alpha Cellulose filter and a polycarbonate membrane. 
The mass transfer coefficient are determined to be 8.99*10-6 ± 3.90*10-6 [cm/min] and 
3.62*10-5 ± 1.49*10-6 [cm/min] respectively. 

The large inconsistencies in the alpha cellulose filters results in large standard 
deviations, whereas the polycarbonate is very consistent and therefore have very small 
error bars. Meaning that the largest error in this design originates from inconsistencies 
between samples of the test subject. 

The setup is suitable as an educational tool due to short run times of one hour, the 
generated data only requires simple linear regression to extract mass transfer 
coefficients from the slope. The experiment can be varied further by adjusting 
temperature and stirring. 
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Sammanfattning 
Det primära målet med det här projektet är att utveckla en experimentell uppställning 
för att testa membran. Alla testade membran är porösa, hydrofila och icke-selektiva. Det 
sekundära målet är att uppställningen kan användas som ett pedagogiskt verktyg för 
kurser i masstransport. 

Den slutliga uppställningen består av två modifierade 250 ml polyeten flaskor med vid 
hals, ihopsatta med en fläns som håller testobjektet på plats emellan flaskorna. I 
experimenten fylls en av kamrarna med saltlösning och den andra med avjoniserat 
vatten, konduktiviteten mäts i kammaren som laddas med avjoniserat vatten. 

Två objekt testades, ett alfacellulosa filter och ett polykarbonat membran. 
Massöverförings koefficienter bestämdes till 8.99*10-6 ± 3.90*10-6 [cm/min] för 
alfacellulosa filtret och 3.62*10-5 ± 1.49*10-6 [cm/min] för polykarbonat membranet. 

Det finns stora variationer i alfacellulosa materialet vilket leder till stora 
standardavvikelse i körningarna på alfacellulosa filtret, medan polykarbonat 
membranen var identiska och därmed har väldigt små felstaplar. Därmed kunde det 
fastslås att stora avvikelser nästan bara beror på variationer i testobjektet. 

Uppställningen lämpar sig för undervisning eftersom körningstiden är kort (1 timme) 
och massöverföringskoefficienten kan tas fram med linjär regression. Experimentet kan 
bland annat varieras genom att ändra temperatur och omrörning   
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1. Introduction 
Diffusion is a natural phenomenon of great importance to life itself and the world we see 
today. Diffusion is something we have come to understand better and exploit for various 
applications, such as controlled release medicines and various separation processes. [1] 

Cellular life forms have evolved to control diffusion with the use of cellular membranes. 
Humans have in turn developed synthetic membranes from different types of materials, 
hoping to gain better control of chemical and physical processes. In order to know 
whether or not these developed membranes have the desired properties for a certain 
usage, tests needs to be conducted.  

Such tests have been conducted previously, such as during the mid-1960s when the 
diffusion cell seen in Figure 1 was used in the pioneering work of Colton at MIT to test 
potential hemodialysis membranes. Later resulting in a better understanding of how 
different solutes can be removed using the dialysis membranes. [2] 

 
Figure 1: Schematic of a setup used for testing biocompatible membrane in a water system, mid 1960s [2]. 

The main goal of this project was to design a system usable for testing the overall 
diffusion through different membranes at ambient conditions. The secondary goal was 
that the module finds use as an educational tool for learning about mass transfer on a 
university level. The employer for this project was KTH – Royal Institute of Technology 
located in Stockholm. A copy of the original project description can be found in 
Appendix I. 

The project was limited to the diffusion of Sodium Chloride between two water phases 
with the membrane acting as a barrier. The concentration changes were monitored by a 
conductivity meter. The project was also limited to testing porous non selective 
membranes made from hydrophilic materials in order to keep the run times as short as 
possible and allow diffusion purely driven by a concentration gradient. The experimental 
findings were described by a simple model based on a differential mass balance 
equation. 

The design was done based on ease of stirring, simplicity, shape, size of available 
membranes and experiment time. 
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1.1. Membranes in commercial applications 
Membrane filters acts as barriers denying passage for certain species. A normal coffee 
filter is an example of this as it does not allow the coffee powder to flow through, while 
added water does. If a filter with large pore size can filter coffee powder, one could think 
that smaller species can be filtered using a smaller pore size. 

Membrane technologies have applications in several fields.  In waste water treatment 
membrane filtering can be used to separate small particles and/or large organic 
molecules, these includes viruses, oils and proteins etc. [3]   

In general, membrane systems have the advantages of not requiring chemicals other 
than eventual anti scaling chemicals, membrane modules only require pumps or 
compressors to increase the pressure and they do not produce a new waste. [4] 

Filtration with different pore sizes are distinguished by names, where the biggest ones 
after normal filtration is called Microfiltration. [3] Microfiltration (MF) has a pore size 
ranging between 200-10000 nm, and can reject relatively large colloidal and suspended 
solids. [5] Most MF systems operate as a common filter in dead-end mode, meaning that 
all of the solution is fed directly through the filter. This causes a build-up of rejected 
particles and eventually limits the flow drastically. In order to prevent this, the filter 
must be cleared from particles, in the industry this is done by backwashing. During 
backwash the filtrate is fed backwards, backwashing is done periodically and it is also 
common to send an air pulse to agitate the suspended solids in conjunction with the 
backwash. [3] An illustration of a filtration cycle can be seen in Figure 2. 

 
Figure 2: Dead end filtering particle accumulation followed by backwash 

Another common operating condition is cross flow filtration where the feed enters 
parallel to the membrane. This operating condition produces two outlet steams, a filtrate 
commonly called permeate and a concentrate referred to as retentate, an illustration of 
this can be seen in Figure 3. [3] 

The tangential flow gives rise to shearing forces that clear the membrane of particles to a 
certain extent, but backwashes is usually still necessary as particles foul the membrane.  
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In continuous processes the cross flow setup is used. If one flow through provides 
insufficient separation, several membranes can be linked in a series and recirculation 
can also be employed in conjunction to this for increased effect. [3] 

 
Figure 3: Membrane filtration with cross flow operating condition 

The size category smaller than MF filters is ultrafiltration (UF). UF is said to have a pore 
size between 1-20 nm. [5] As a result UF can retain 90 % of macromolecules such as 
dextran or proteins. There is a large variety of UF applications, these include 
concentrating protein solution, recovery of oil wastes and removal of particles before 
reverse osmosis (RO) modules. [3] 

As an example on how MF and UF systems can be used, consider the case of oil 
emulsions in water. In this case UF can be used to enable water reuse. MF is also an 
alternative, but is more likely to have an oil breakthrough as oil droplets easily pass 
through the pores if operating pressure is too high. The tighter pores of UF ensure a 
steady permeate quality and higher separation, though it requires higher operating 
pressure and offers a lower flux than MF. [6] 

The last two categories use very similar membranes, these are Nanofiltration (NF) with a 
pore size range of 0.5-2 nm, and RO with a pore size range of 0.1-1 nm. The main 
difference is that RO and NF membranes use different polymers to produce the thin film 
layer on the surface of respective membranes. Since NF membranes use the polymers 
that is more permeable to solutes, NF membranes can be said to simply be leaky RO 
membranes. [3] An overview of the membrane size ranges can be seen in Figure 4. 

 

Feed 

Permeate 

Retentate 
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Figure 4: Size range of membrane pores and filtrate species. [7] 

RO membranes are applied in desalination processes, where they allow for rejecting over 
95 % of present salts and thereby fulfill the drinking water requirement for these species. 
A normal recovery for such a process is 50-60 %, meaning that about half the feed water 
finally becomes drinking water. The earlier parts of the production line are mainly aimed 
at preserving the RO membranes in order to prevent fouling. Such pretreatment can be 
UF membranes to handle particles, disinfection to prevent bio fouling and adsorption to 
remove chlorine. These pretreatments vary with the material used for RO membranes. 
As an example, cellulose acetate membranes have a fair chlorine tolerance while thin 
film membranes have a poor tolerance. The thin film membrane might therefore need a 
pretreatment reducing chlorine levels. [6] 

Commercial membrane materials are most commonly polymeric or cellulose based as 
these materials have the lowest manufacturing costs [8].  As such, membranes are 
present in large number of materials. Micro- and ultra- filters for example can be made 
from materials such cotton, wool, cellulose, fiberglass and polypropylene. [9] 

UF filters are also often made of polysulfonates, polyacrylonitriles, polyamides and also 
from ceramic material (zirconium oxides). Polysulfonates also find use in RO 
membranes, but in this case it is used as a supporting layer instead of being an active 
layer. [9]  RO membranes are highly specialized with a large variety of active layers, all 
depending on the selectivity towards certain species. For water desalination RO 
membranes can be made from cellulose acetate as it has a large rejection rate towards 
the salt ions. But this is far from being the only material choice, a lot of effort has been 
aimed towards making more durable, more resistant and more effective desalination 
membranes. This led to the development of thin film membranes where robust polymers 
such as polyamide and polyurea are used. [6] 
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2. Theory of diffusion 
Diffusion is the transport of molecules from one place to another due to random 
motions; these motions eventually makes solutions homogeneous. It can also be 
described as a natural force trying to minimize concentration differences where diffusion 
is said to go from a higher concentration to a lower concentration.  

Making a solution homogeneous purely based on diffusion can take a long time, as in the 
case of placing a few copper sulfide crystals at the bottom of a water filled bottle. The 
color from the crystals will slowly spread to the rest of the bottle over the course of 
several years if it remains unstirred. [1] 

There are two basic mathematical models available to describe the speed of diffusion. 
The first model is called Fick’s law which often is used in the fields of physics, physical 
chemistry and biology. The common expression is seen in equation (1a). [1] 

𝐽 = −𝐴 ∗ 𝐷 𝑑𝐶
𝑑𝑍   (1a) 

Equation (1a) describes the flux J [𝑚𝑜𝑙𝑒
𝑆 ], with a diffusivity coefficient D [𝑐𝑚2

𝑆 ], the area 
where the mass transfer occurs A [𝑐𝑚2], the difference between two concentration dc 
[𝑚𝑜𝑙𝑒

𝑐𝑚3 ]  and the distance between those concentrations dZ[𝑐𝑚] . [1] 

The second model uses a mass transfer coefficient denoted k, instead of the diffusivity. 
The coefficient can also involve more parameters depending on the application. An 
expression with the mass transfer coefficient can be seen in equation (1b). [1] 

𝐽 = −𝐴 ∗ 𝑘 ∗ 𝑑𝐶   (1b) 

2.1. Steady state diffusion over a thin film 
The diffusion over a thin film is the basis of many diffusion problems and the model is 
easily modified to answer other diffusion problems as well, such as the diffusion over a 
thin membrane. 

In order to better understand this model, concentration profiles are visualized in Figure 
5. In the figure C1 and C2 are the concentrations of the diffusing species in the solution 
on respective sides of the film. C1* and C2* are the concentration of the diffusing species 
at the film surface. 
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Figure 5: Concentration profile over a thin film with thickness L. The profile at the left is for well mixed conditions unlike the 

profile to the right which is not stirred. 

The diffusion in both cases seen in Figure 5 are both driven by the concentration 
difference of the film surfaces(𝐶1∗ − 𝐶2∗). 

When putting numbers into the diffusion expressions, it is easier to deal with the well 
mixed case because the concentration at the film surface can be said to be the same as in 
the bulk solution, which is easier to measure. Dealing with the unmixed case becomes 
more difficult as the concentration at the very surface of the film is more difficult to 
measure accurately. 

To find the flux over a thin film, we write a mass balance over the film as follows. 
(𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛) = (𝑀𝑎𝑠𝑠 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑖𝑛𝑡𝑜 𝑙𝑎𝑦𝑒𝑟 𝑍) − (𝑀𝑎𝑠𝑠 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑜𝑢𝑡 𝑜𝑓 𝑙𝑎𝑦𝑒𝑟 𝑍 + 𝑑𝑍) 

The diffusion occurs at steady state, meaning that the accumulation equals zero. 

The flux J with units [ 𝑚𝑜𝑙𝑒
𝑐𝑚2∗𝑠] from Fick’s law enables us to describe the balance as 

0 = 𝐴(𝐽𝑍 − 𝐽𝑍+∆𝑍) , where A is the area [𝑐𝑚3] of the film, giving the expression a unit of 
[𝑚𝑜𝑙𝑒

𝑆 ]. 

The expression can also be written 0 = −𝐴(𝐽𝑍+∆𝑍 − 𝐽𝑍), and by dividing with the volume 
of the film expressed as 𝐴((𝑍 + ∆𝑍) − 𝑍) the expression shortens to the following. 

0 = − (𝐽𝑍+∆𝑍 − 𝐽𝑍)
((𝑍 + ∆𝑍) − 𝑍) 

When the film becomes very thin the equation can be shortened yet again to  
0 = − 𝑑𝐽𝑍

∆𝑍  which is then combined with Fick’s law resulting in 0 = +𝐷 ∗ 𝑑2𝐶
∆𝑍2 

The boundary conditions for this final differential equation is the following. 

Starting at Z=0 : C=C1 and ending at Z=L : C=C2. 

This differential equation is solved in Appendix II and results in equation (7g). 

𝐶 = (𝐶2 − 𝐶1) ∗ 𝑍
𝐿 + 𝐶1  (7g) 
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Equation (7g) shows the concentration at position z in the film, and describes the 
concentration profile in the film. 

2.2. Two film theory 
It is common in separation processes to have materials diffusing between phases, and 
due to differences in the phases, diffusion speed differs as well. In two film theory these 
differences is described by each phase having a resistance to mass transfer. The sum of 
these resistances can in turn be lumped into an overall resistance. [10] 

Consider the transfer between two phases over a membrane, as seen in Figure 6. 

In the figure C1 and C2 are bulk concentrations in phase 1 and 2 respectively, C1i and C2i 
are interface concentrations, and C* is the concentration that would be in equilibrium 
with the bulk concentration C2. 

 
Figure 6: Films where mass transfer occurs 

There is mass transfer occurring in these three films with the thickness L1,LM and L2. 
Which in this case translate into two films and a membrane in-between these which in 
the following also is described as a film. 

The transfer rate in and out of each film is set to be the same, meaning that the following 
can be said about each film. Here k denotes mass transfer coefficients and r the transfer 
rate. 

𝑟 = 𝑘1(𝐶1 − 𝐶1𝑖)  (2a) 

𝑟 = 𝑘𝑀(𝐶1𝑖 − 𝐶2𝑖)  (2b) 

𝑟 = 𝑘3(𝐶2𝑖 − 𝐶2)  (2c) 

An overall mass transfer coefficient K is used to describe the transfer rate between the 
bulk phases with an overall driving force in (2d). 

𝑟 = 𝐾(𝐶∗ − 𝐶1)  (2d) 

Rearranging (2d) to solve for K and then inversing it, gives an expression that describes 
a resistance rather than a transfer, in the following manner. 

C1 

C2 

L1 LM L2 

C1i 

C2i 

C* 
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1
𝐾 = (𝐶∗−𝐶1)

𝑟    (2e) 

The overall driving force (𝐶∗ − 𝐶1) can be written as (𝐶1 − 𝐶2𝑖) + (𝐶∗ − 𝐶2𝑖) + (𝐶2𝑖 − 𝐶2). 
Putting this into (2c) and expanding gives: 
1
𝐾 = (𝐶1−𝐶2𝑖)

𝑟 + (𝐶∗−𝐶2𝑖)
𝑟 + (𝐶2𝑖−𝐶2)

𝑟   (2f) 

The transfer rates are then substituted using (2a),(2b) and (2c). 
1
𝐾 = (𝐶1−𝐶1𝑖)

𝑘1(𝐶1−𝐶1𝑖) + (𝐶∗−𝐶2𝑖)
𝑘𝑀(𝐶1𝑖−𝐶2𝑖) + (𝐶2𝑖−𝐶2)

𝑘3(𝐶2𝑖−𝐶2)   

Crossing out denominators against the numerators, yields the following: 
1
𝐾 = 1

𝑘1
+ (𝐶∗−𝐶2𝑖)

𝑘𝑀(𝐶1𝑖−𝐶2𝑖) + 1
𝑘3

  (2g) 

(𝐶∗−𝐶2𝑖)
𝑘𝑀(𝐶1𝑖−𝐶2𝑖) can either be expressed with an equilibrium constant m like this 𝑚

𝑘𝑀
 or by 

saying that the transfer is steady state and that the membrane is so thin that the 
concentration 𝐶∗ = 𝐶1𝑖, and would give the final expression in (2h)  
1
𝐾 = 1

𝑘1
+ 1

𝑘𝑀
+ 1

𝑘3
  (2h) 

In case the system in question have well mixed conditions on both side of the membrane, 
the liquid layers becomes very thin, and can be omitted [11], making K equal to kM. 

2.3. A mass balance model for the membrane module 
Diffusion over a membrane is very similar to diffusion over a thin film, the difference 
being that for membranes the area not available for mass transfer can be taken into 
consideration. This can be done with the partition coefficient H which is the 
concentration inside the membrane divided by that in the nearby solution. For a porous 
membrane H can be said to be equal to the void fraction. [1]  

Here, the simplest membrane module is considered, consisting of two well mixed 
chambers with no in flux or out flux, separated by a membrane. A schematic of this 
module is seen in Figure 7. In the vicinity of the membrane the concentration profile is 
like that of Figure 5 where initially C1 > C2, which results in a flux from the left chamber 
to the right. 

 
Figure 7:  Diffusion in a closed, well mixed membrane module, the loading chamber has concentration C1 to the left and receiving 

chamber with concentration C2 to the right. 
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The mass balance over the membrane can be written as follows. 

𝑉1
𝑑𝐶1
𝑑𝑡 =  −𝐴 𝐷𝑒𝑓𝑓

𝐿 (𝐶1 − 𝐶2) (3) 

𝑉2
𝑑𝐶2
𝑑𝑡 =  +𝐴 𝐷𝑒𝑓𝑓

𝐿 (𝐶1 − 𝐶2) (4) 

Equation (3) describes the concentration change in the loading chamber over time, while 
equation (4) is an expression for the increase of the diffusing component over time in the 
receiving chamber. 

If the system is closed, an overall mass balance can be formulated. Denoting by M of 
component in the system, we can write: 

𝑉1 ∗ 𝐶1 + 𝑉2 ∗ 𝐶2 = 𝑀  (5) 

Solving C1 from equation (5) gives. 

𝐶1 = 𝑀−𝑉2∗𝐶2
𝑉1

   (6) 

Using (6) to substitute C1 in (4), we get: 

𝑉2
𝑑𝐶2
𝑑𝑡 =  𝐴 𝐷𝑒𝑓𝑓

𝐿 (𝑀−𝑉2∗𝐶2
𝑉1

− 𝐶2) (7) 

(7) is divided by V2 and simplified to the following form. 
𝑑𝐶1
𝑑𝑡 = −𝑎 ∗ 𝐶1 + 𝑏  (8)  

Where the coefficients a and b are: 

𝑎 = 𝐴 𝐷𝑒𝑓𝑓
𝑉1 ∗ 𝐿 (1 + 𝑉1

𝑉2
)  𝑎𝑛𝑑 𝑏 = 𝐴 ∗ 𝐷𝑒𝑓𝑓 ∗ 𝑀

𝑉1 ∗ L ∗ 𝑉2
 

In this case an overall mass transfer coefficient 
𝐷𝑒𝑓𝑓

𝐿 =̇ 𝐾 is used, making the constants 

reads as 𝑎 = 𝐴 K
𝑉1

 (1 + 𝑉1
𝑉2

)  𝑎𝑛𝑑 𝑏 = 𝐴∗K∗𝑀
𝑉1∗𝑉2

. 

The expression is then solved to fit the initial condition, namely t=0, C2=C20, where C20 
is the starting concentration in the receiving chamber.  

The detailed solution for these conditions can be found in appendix III, resulting in 
equation (9).The final function that describes the change in concentration is equation 
(9). 

𝐶2(𝑡) = 𝑏
𝑎 + (𝐶20 − 𝑏

𝑎) 𝑒−𝑎∗𝑡 (9) 

Equation (9) is the expression that will be used in this study to interpret the 
experimental findings. As an example the plot of this function for a solution where 160 
grams of sodium chloride is initially loaded in a module with 250 ml solutions in both 
chambers can be seen in Figure 8. 
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Figure 8: Plot of equation (9), shows how C2 evolves over time for a system with 250 ml solutions and 160 grams of salt added. 

At times close to zero or in the interval where the curve can be said to be linear in the 
initial evolution, a linearization of equation (9) can be done as seen in Appendix IV. 
Resulting in equation (10). 

𝐶2(𝑡) = 𝐶20 − (𝐶20 ∗ 𝑎 − 𝑏) ∗ 𝑡  (10) 

In the case when C20=0, (10) can be written as follows. 

𝐶2(𝑡) = 𝑀
𝑉1

∗ 𝐴∗𝐾
𝑉2

∗ 𝑡  (11) 

𝑀
𝑉1

 is the initial concentration in the loading chamber C10, this enable us to rearrange the 
expression as follows. 
𝐶2(𝑡)
𝐶10

= 𝐴∗𝐾
𝑉2

∗ 𝑡  (12) 

Equation (12) can then be used for plotting the experimental data, and extracting the 
mass transfer coefficient K from the slope of a linear regression.   
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3. Development of the experimental setup 
The development of the setup was done with the aim to realize the generic module as 
shown in Figure 7.  

The requirements set for this setup were that it should be able to test available lab size 
membrane sheets, be mixed by the magnetic stirrers present in the lab and also have a 
simple analytical method to monitor the mass transfer. 

The setup schematic can be seen in Figure 9. 

 
Figure 9: Setup schematic adapted for the lab 

It turned out that a setup fulfilling these requirements already had been built for a KTH 
project testing supported liquid membranes with acids solutions. [12] The setup was 
built from two polyethylene bottles with a wide opening. A flange was mounted on the 
opening such that the two bottles could be connected at their openings. The membrane 
is placed in the flange between the two bottles. Furthermore, a hole was cut into one of 
the walls in both bottles for mounting the probe and filling in the solutions. It was 
possible to duplicate the setup from [12] but using a different membrane, probe and 
solutions. It also made it simpler to place an order in the workshop to build replicas, as 
the worker already knew how to build them. The flanges were also made from 
polyethylene. 

3.1. Conductivity meter 
A conductivity meter is used to measure the conductivity in a solution. This is useful as 
ionic strength affects the conductivity. Different ions can have inhibiting or increasing 
effect, but dissolving salts always lead to an increase in conductivity and the amount of 
dissolved ions can be correlated. [13] 
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For this project the purchase of a conductivity meter was investigated in order to be used 
in the experiments. It was found that there are two kinds of conductivity meters 
available. The conductivity meters are either stationary or handheld, where the 
stationary generally is about two times more expensive than the hand held (over 10 000 
SEK). The stationary type can usually be connected to a computer to export a large 
amount of measurement points, as well as offering a large number of options and preset 
profiles. 

No handheld conductivity in the searched price range with the function to be directly 
linked to a computer was found. The handheld are simpler in design and need the user 
to manually click a bottom every time a measurement is desired. 

Another option that was considered was to look for a conductivity probe that could be 
directly connected to an analog computer port present at the lab, but the idea was 
abandoned since there was not time to adapt a computer program for this purpose. 

The final choice was a Mettler Toledo“FG3-Kit FiveGo™” which is a handheld 
conductivity meter, seen in Figure 10. 

 
Figure 10: Mettler Toledo FG3-Kit FiveGo conductivity meter [14]. 

 All the investigated conductivity meters were able to measure in an appropriate range, 
but this one was chosen due to its design, ability to self-calibrate, store data points and 
compensate for different temperatures. [15] 

3.2. Commercial membranes for filtration in the lab 
In this project the purchase of filters and membranes to be tested were investigated, this 
was done by browsing the web pages of suppliers and finally by making phone calls to 
the customer service for further details. The filters should be cheap, porous and 
hydrophilic. With these requirements the aim was to test one cellulose based 
membrane/filter and one polymer based. 
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It was found that a large amount of filters and membranes is sold in circular sheets with 
typical diameter between 45 and 150 mm.  

The items purchased were an alpha-cellulose based filter commonly used to filter 
crystals in lab and a polycarbonate membrane with a 0,2 µm pore size. Pictures of these 
can be seen in Figure 11 & 12. 

 
Figure 11: The alpha-cellulose filter seen to the left, with the box it was delivered in seen to the right.  

(~5.0 cm diameter) 

 
Figure 12: The polycarbonate membranes was delivered in the box seen to the left, the membrane itself is seen to the 

right. (~4.5 cm diameter) 

3.3. Theoretical Predictions 
A few important characteristics to consider when developing an experimental setup is 
the reliability of the test, safety concerns, sustainability and the time it takes to finish a 
run. 

In the case of this experiment where deionized water and sodium chloride was used, 
safety is not a concern. The particular experiments neither generates pressing issues of 
sustainability and use of resources, due to the fact that it is a lab scale experiment and 
the chemicals used are harmless. A bigger concern is the time needed for the 
experiment, as diffusion can take a very long time.  The final form of the mass balance is 
used to simulate the evolution of the concentration. With the following values for the 
mass balance, Deff is the diffusion speed of sodium ions in water, taken from [1].  
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The volume and transfer area were measured for the setup. 

𝐷𝑒𝑓𝑓 = 1,33 ∗ 10−5 [𝑐𝑚2

𝑠 ] , 𝑉2 = 250 [𝑐𝑚3] 

𝐿 = 0.02[𝑐𝑚], 𝐴 = 10,75[𝑐𝑚2], 𝑉1 = 250 [𝑐𝑚3] 
The resulting graph can be seen in Figure 13. 

 
Figure 13: Simulation of the chambers concentration change over time, for 160 g NaCl initially in the loading 

chamber. 

The time it takes for the chambers to equilibrate is around T=100[min] = 1.7 [h] based 
on the figure. This is a short time, and it is very sensitive to changes in diffusion speed 
and film thickness. Ions are one of the fastest moving species in water [1], so it is not 
shocking that the equilibrium time is short.  

When a membrane is used the equilibrium time is expected to be much longer, because 
the membrane is much thicker than the film thickness used in this prediction, this is 
especially true for the alpha cellulose filter, combining the extra thickness with a winding 
pore network reduces the diffusion speed and thus increases the equilibrium time. 
Another factor is that the whole transfer area will not be available to the ions as 
membrane material occupy some space, meaning that the effective transfer area is lesser 
than the measured membrane area. 

In terms of concentration, the experiments are limited by the solubility of the salt. 
Which in the case of sodium chloride is 357 g/L [16].  

It was assume that a starting concentration of half the saturation is a good starting point, 
and then the first few runs will be carried out until the concentration in the right 
chamber is about 1/10 of the solubility. 

A high concentration in the donor cell was chosen in order to have a high driving force 
for diffusion through the membrane, i.e. to reach detectable salt concentrations in the 
receiver cell in reasonable time 

0,00

2,00

4,00

6,00

8,00

10,00

12,00

0 20 40 60 80 100 120

Conc. [Mole/L]

Time [min]

C2(t)  simulation

C1 (loading cell)

C2 (receiver cell)



15 

 

4. Experiments 
The final setup used for the experiments is seen in Figure 14. 

 
Figure 14: Picture of the setup showing how it was mounted when tests were conducted. 

Due to the measuring range of the conductivity meter the concentration range was 
limited to keep 0 to 80 gram/L of NaCl in the receiving chamber. 

A calibration curve was made for the concentration of sodium chloride versus 
conductivity in order to correlate the measured conductivity to a concentration. The data 
measurement points was plotted and fitted with a polynomial expression as seen in 
Figure 15. 

 
Figure 15: Calibration curve for conductivity versus Sodium Chloride concentration at standard room temperature. 
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The calibration curve was based on data collected by measuring 75 ml of deionized 
water, then continuously adding a known amount of salt and measure the conductivity 
after the salt dissolved. The conductivity was measured 3 times per test bellow 1 mole/L 
and then 5 times for the higher concentration as the result fluctuated more in the higher 
end. The mean value was taken for each point and was then plotted to produce Figure 
15. It turns out that the conductivity meter has very low deviation between 
measurements. The largest standard deviation of all the measurements was 0.7 ms/cm. 

Later on in the project after experiments were conducted it was found that the 
experiments conductivity range was between 0 to 11 ms/cm. As a result 10 additional 
points were added in this interval. The data was collected in the same manner as the 
previous measurements but with a 250 ml water solution instead of 75 ml. 

The data from the second calibration set perfectly matches the data from the first set. 
Both data sets used to construct Figure 15 can be found in Appendix V. 

4.1. Experimental protocol 
The following text describes the way the experiments were conducted. 

Equipment: Filter/membrane, stopwatch, conductivity meter with probe, scale, beakers, 
200 ml volumetric flask, 100 ml graded cylinder, high grade salt (99.9% NaCl, 5 mg 
iodide/100g), 2 magnet stirrers, equipped membrane module, 2 magnet stirrer plates, 
mounting arm and holder. 

The desired amount of salt was measured in a beaker. The salt was then poured into 
another beaker, deionized water was measured using the volumetric flask and the graded 
cylinder, the measured water was used to flush out any remaining salt from the 
measurement beaker and was then emptied into the dissolving beaker, the magnet 
stirrer that was to be used in the loading chamber was put in the dissolving beaker, the 
solution was stirred using the magnet stirrer until all salt had dissolved (The minimal 
advised liquid volume is 240 ml unless the module is packed). 

Another beaker was filled with deionized water, this volume should also be at least 240 
ml unless the module is packed. 
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The filter/membrane was mounted between the two chambers and sealed shut with the 
screws and nuts, (and also with the metal clips if necessary). It was made sure the filter 
covered the connecting holes properly, mounting was done by first placing a chamber in 
a vertical position, then adjust the location of the filter/membrane over the packing and 
lowering down the other chamber on top of it with the screws already in place. The 
screws were fitted to the holes and the nuts were applied while pushing the chambers 
against each other with a constant pressure in order to keep the filter/membrane in 
place. Pictures of this assembly can be seen in Figure 16.  

 
The module was then put into setup position, keeping in mind that the stirring pellets 
should have space to spin freely once the liquid is poured in. The setup positioning can 
be seen in Figure 17.  

 
Figure 17: How the chambers are aligned on the magnet stirring plates, with the probe submerged in the receiving 

chamber. 

 

Figure 16: Shows the mounting procedure, with the chamber in vertical position and filter in place, the modules 
were joined as seen to the left, then pressure where applied on top of the chambers while putting on the nuts (see 
right picture). 
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After putting the equipment in setup position the side with the conductivity meter was 
filled with the deionized water measured earlier and a stirring pellet. The conductivity 
probe was put in position with plenty of water over the measuring cell, held in place by 
the mounting arm as seen in Figure 17 .  

The conductivity in the deionized water was measured for the starting point, then the 
salt solution and stirring pellet were poured into the empty loading chamber, stirring on 
both sides were then started and the stop watch was started short after.  The stirring 
speed used was the fastest one possible which were setting 5 or slightly higher on the 
used stirring plates. 

Measurements were done every minute the first 15 minutes after which measurements 
were taken every 5 minutes until a total measuring time of one hour has passed.  
After the run, the module was emptied, deconstructed and rinsed with deionized water.  

5. Experimental Results 
Both the alpha cellulose filter from Sartorius and the polycarbonate membrane from 
Nucleopore were tested. More runs were done on the alpha cellulose filter, the extra runs 
were done in hopes to be able to determine if the system is robust by seeing how the 
system responds to changes in conditions.  

The module did not leak during the experiments even though the delivery of the rubber 
rings were severely delayed and rings of parafilm was cut and placed on both sides of the 
filter/membrane instead for all runs except run 11. 

5.1. Alpha cellulose filter 
A total of 8 runs were conducted with the alpha cellulose filter, with conditions as shown 
in Table 1. A new filter from the box was used after each run. 

Table 1: Table over run conditions, the salt is loaded in liquid volume V1 giving the initial concentration C10 in the 
loading chamber and deionized water with volume V2 was loaded into the receiving chamber. 

Run # Salt weight [g] C10 [mole/L] V1 [ml] V2 [ml] 

Run 1 40 2.8 240 240 

Run 2 80 (saturated) 5.6 245 245 

Run 3 40 2.8 245 245 

Run 4 20 1.4 245 245 

Run 5 20 1.4 245 155 

Run 6 10 0.7 245 245 

Run 10 20 1.4 245 245 

Run 11 20 1.4 245 245 
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A standardized run was set to be with a loaded amount of 20 g salt and both chamber 
volumes set to 245 ml. This run was repeated three times (run #4, #10 and #11) 

The runs showed similar profiles when put in a master plot as in Figure 18, where C10 
is the starting concentration in the loading chamber with units [mole/L] and V2 is the 
volume in the receiving chamber. Curves were fitted to each data series and the resulting 
equations were lined up with corresponding run in the figure. A larger version of Figure 
18 can be found in Appendix VI. 

 
Figure 18: Concentration in the receiver cell C2 normalized by the initial concentration in the loading cell versus time 

divided by the receiver cell liquid volume. Based on data from all runs conducted on the alpha cellulose filters. 

Figure 18 shows that the runs behaved very similarly. It shows that the setup is robust 
as the overall mass transfer coefficient is part of the slope. Seeing a lot of parallel lines in 
the figure means that the resulting mass transfer coefficient in the runs are the same as 
it should be when the stirring and mass transfer area is constant. As seen in the figure, 
run 11 deviates greatly, this is one of the standard runs and is the only run using the 
rubber ring sealing. It is unclear if this is a result of the packing, inconsistencies in the 
filter itself or other parameters. 

Run 6 in the figure initially grows very quick to then show get a slope parallel to the 
other runs, the quick initial growth could have been due to a temporary leak. 
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Repeating the standard run 3 times resulted in the master plot seen in Figure 19. 
The absolute concentration profile over the course of these experiments can be seen in 
Figure 20 

 
Figure 19: The figure shows the concentration in the receiver cell C2 normalized by the initial concentration in the 

loading cell versus time divided by the receiver cell liquid volume. Based on data from the standard run repeated 3 
times, (c10=1.4 mole/L and liquid volumes of 245 ml). 

 
Figure 20: Concentration profile for the standard runs on the alpha cellulose filters, with error bars at each 

measurement point, based on data from the standard run repeated 3 times, (c10=1.4 mole/L and liquid volumes of 
245 ml). 

From the slopes of the fitted curves in Figure 18 the mass transfer coefficient was 
determined in each case. The overall mass transfer coefficient for this filter was finally 
determined to be K=8.99*10-6 ± 3.90*10-6 [cm/min] based on all the runs. The large 
uncertainty in the measured value of K is mainly because of run #11. 

The previously developed mass balance together the found overall mass transfer 
coefficient was used to simulate the concentration evolution in the receiving cell for the 
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standard experiment. The simulation can be seen in Figure 21.  
 

 
Figure 21: Simulated evolution of the receiving chamber concentration  using the found overall mass transfer 

coefficient of the alpha cellulose filters together with the mass balance seen in equation (9),  (K= 8.99*10.6 cm/min, 
C10=1.4 mole/L).  

The figure tells us that it would take approximately 9000 minutes (6.25 days) for the 
chambers to equilibrate based on the results. This value was taken from the figure at the 
point where the concentration no longer visibly changes. 

5.2. Polycarbonate membrane 
The polycarbonate membrane was tested 3 times with the standard run (20g salt and 
245 ml volumes). 
This resulted in Figure 22 with the standard deviation as error bars and a linear curve 
fitted to the data points.  

 
Figure 22: Concentration profile for the standard runs on the polycarbonate membrane, with error bars at each 

measurement point, based on data from the standard run repeated 3 times, (c10=1.4 mole/L and liquid volumes of 
245 ml). 
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As seen in the figure the error bars are small, Figure 23 shows the absolute 
concentration profile in the receiving chamber as time passes. 

 
Figure 23: Concentration profile for the standard runs on the polycarbonate membrane, with error bars at each 

measurement point, based on data from the standard run repeated 3 times, (c10=1.4 mole/L and liquid volumes of 
245 ml). 

Based on the runs the overall mass transfer coefficient was found to be  
K=3.62*10-5 ± 1.49*10-6 [cm/min]. Which is close to 4 times the value for the alpha 
cellulose filter. 

Using the developed mass balance together with the overall mass transfer coefficient to 
simulate the concentration evolution results in Figure 24. 

 
Figure 24: Simulated evolution of the receiving chamber concentration  using the found overall mass transfer 

coefficient together with the mass balance seen in equation (9),  (K= 3.62*10.5 [cm/min, C10=1.4 mole/L]). 

The graph tells us that it would take approximately 2000 minutes (1.4 days) for the 
chambers to reach equilibrium. 
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6. Discussion 
In the early stages of the project, different experiments and solutes were considered. A 
setup alternative that could have been used is the classical diffusion experiment, where 
dialysis tubing is turned into a bag and filled with a salt solution. The bag is then 
submerged in deionized water with a conductivity probe submerged in order to monitor 
the change in conductivity over time. This procedure is very simple but does not allow 
testing of non-dialysis membranes as these are not available as tubes. In addition to this, 
there would be no stirring inside the bag. This would have made it more difficult to draw 
conclusions about the resistance in the membrane itself because convection in the bag 
needs to be considered. 

The chosen setup can be used for different kinds of solutes, alternatives to using salts 
could be use of acids and then measure how pH changes or to use ink and observe a 
change in color. Utilizing salts gives more flexibility in what can be determined, as it also 
could provide information about selectivity towards different ions by testing different 
salts.  

Ink is less simple to measure than salts. It could be measured with a color pallet or a 
spectrophotometer. The color pallet is very simple but too inaccurate and the 
spectrophotometer is accurate but less convenient to use.  

The setup is functional, but still has room for improvements. For the module used in this 
project the magnet stirrers were located in the far corners of the chambers due to the 
magnet stirrer plates being too large. Ideally the magnet stirrers should have been 
located closer to the filter/membrane in order to increase the turbulence at the 
filter/membrane surface. Another possibility is just like the in the work of Colton to use 
propeller stirrers located very close to the intersection on both sides (seen on page 1). 
Although, such a design would make the setup more complicated to handle and to build. 

In addition to placing the stirrers closer to each other, using larger stirring pellets would 
increase the turbulence. When the runs were conducted a 38 millimeter stirring bar with 
a 13 millimeter diameter was used in the loading cell and produced a lot of turbulence, 
while the receiving cell had a smaller stirrer that produced less turbulence. It would be 
better to use a large stirring bar in the receiving cell as well. It should be noted that air 
bubbles put into the solution by violent stirring affects the conductivity measurements as 
these bubbles enters the probe measurement cell, this could be prevented by placing the 
probe in the far end away from any vortex.  

In order to draw conclusions on the effect of the liquid films, runs can be done with 
varying stirring speed, both higher and lower than the stirring speed used for the runs in 
this thesis. Such runs were not done in this project.  

Other potential improvement involves the use of bottles with wider necks which would 
increase the exposed membrane area and quicken the concentration evolution. If this 
was combined with a smaller volume in the receiving chamber the equilibrium times 
could be made much shorter. 

The module can be used to produce consistent data, like it was done for the 
polycarbonate membrane. The results for the alpha cellulose showed large error bars, 
this could be due to inconsistencies in the filter material as cellulose materials are 
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inherently inhomogeneous. After each run a new filter was used and this makes the 
variation between each filter most apparent. The polycarbonate membrane on the other 
hand are much more consistent and as a result the error bars are small, even though a 
new filter was used for each run.  

I believe the difference in sizes of the error bars between the test objects supports the 
claim that the largest errors comes from inconsistencies in the test objects. The 
inconsistencies in the alpha cellulose filter could also be to blame for less certain results 
in the master plot including all runs, where for example run 11 deviates greatly from the 
trend. If the run variety were done with the polycarbonate membrane instead, the results 
could be said to be more reliable as it in that case more certainly could be said that 
eventual deviations or trends are not directly linked to errors as for the alpha cellulose 
filter. 

Comparing the equilibrium time from the theoretical prediction with that of the 
simulations in the results, showed that the equilibrium time with test subjects are 90 
times longer for the alpha cellulose and 20 times for the polycarbonate. Such a large 
difference is likely for the reasons mentioned in the theoretical prediction, where the 
effective transfer area and wider thickness results in a greater resistance to the mass 
transfer. The alpha cellulose membrane for example has an approximate thickness of 
half a millimeter and when it is wet it swells to larger thickness. In comparison the film 
thickness in the prediction were only 0.2 mm.  

The secondary goal of this thesis was that the module finds use in education as one of the 
lab course experiments. With the simplicity of the setup, the short lab duration of only 
one hour and data readily analyzed by a linear regression makes it suitable for this 
purpose. If the lab described in the lab protocol is insufficient as an educational lab then 
more conditions can be varied such as temperature and turbulence in the chambers to 
show how these change mass transfer resistance.   

During the project the question arose whether or not a separation of different salt ions 
could be done using this setup, despite the membranes not being able to directly reject 
ions. I think it is possible to archive separation of ions during a certain time window, 
explained as follows. Consider the case of two salts dissolved in the loading chamber, 
transferring into the receiving chamber as in the experiments. The two salts have 
different ions, one of the salts have a large cation but a small anion, while the other salt 
has a large anion but a small cation. It is known that generally smaller species diffuse 
faster than larger and that electro neutrality prevent enrichment of a certain charge.  
In this case based on the concept of electro neutrality I say that there are a certain 
number of spots available for the ions in the receiving cell. When the spots are occupied 
both chambers have the same ionic strength. After the cells are loaded the small cation 
and anion will diffuse the fastest and be the first to occupy these spots and are therefore 
enriched in the receiving cell. 
Although, I think that after a long time, the separation will be reversed as the ions 
transfer back and forth over the membrane. I also think this reversion process is much 
slower that the initial separation. With that in mind, the optimal separation has likely 
occurred between the starting point and before the ionic strength on both sides of the 
membrane becomes equal. If separation in such a manner can be achieved, it might be 
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useful as a very simple water cleaning step, although only on very small scales when 
more advanced and effective technologies are unavailable or simply too expensive.   
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7. Conclusion 
The developed setup turned out to be a useable tool for testing membranes. The small 
transfer area provide the advantage of tested membranes being cheaper, it also gives a 
large number of testable filters/membranes as these are not always available in larger 
sizes. But the small size also makes the time to observe the entire evolution to be in the 
timescale of days for the tested filter and membrane.  

As the runs were done in one hour, the measurements were still in the area where the 
concentration changes linearly with time and the entire course from start to equilibrium 
was not observed during the experiments. The final module consists of two modified 
polyethylene bottles, joined with flanges, four screws, four nuts and two rubber rings. 

The setup is useable as an educational tool due to overall simplicity and because run 
conditions can be varied in a several ways. The overall mass transfer coefficient is readily 
extracted with linear regression of the data plots, which is something university students 
should be able to handle. 

It can be said based on the variety of runs done on the alpha cellulose membrane, that 
the initial concentration in the loading cell and volume in the receiving cell does not 
affect the mass transfer coefficient, this is supported by the theory and proves that the 
mass balance used to evaluate the results is viable and that the testing setup is robust. 

It was found that the overall mass transfer coefficient for the alpha cellulose filter is 
8.99*10-6 ± 3.90*10-6 [cm/min]. The runs on the alpha cellulose membrane had the 
largest errors while the poly carbonate membrane had very small errors.  The large 
errors are likely due to inconsistencies in filter compositions. 

It was found that the Polycarbonate membrane has an overall mass transfer coefficient 
of 3.62*10-5 ± 1.49*10-6 [cm/min]. 

All the measurements were conducted at room temperature. 
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The thesis aims at developing and testing an experimental setup for measuring the di↵usion of a
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Di↵usion is the elementary process by which nature
minimizes concentration di↵erences of a chemical species.
The study of di↵usion is an important part in the educa-
tion of chemical engineers and chemists alike, and theo-
retical concepts studied in class are typically supported
by lab experiments that deal with mass transfer. The
present thesis aims at developing an experimental setup
to study membrane di↵usion of a solute in solution, with
the specific goal that the setup can be used later as an
educational tool, e.g. in a lab assignment in a course on
transport phenomena or separation processes. Di↵usion
in a membrane is not only interesting from an educational
point of view but also in terms of applications, namely
membrane separation processes and transport processes
in biological system. This former aspect, i.e. separation
processes based on membranes, will be included in the
research conducted within this thesis.

With respect to di↵usion in bulk fluids, a mem-
brane provides well controlled conditions and well defined
boundaries to the di↵usion process. Moreover, the inter-
action of the solute with the membrane material will in-
fluence the rate it which di↵erent solutes di↵use through
a membrane. Depending on the magnitude of this inter-
actions, the di↵erences in the rate of di↵usion can vary
by several orders of magnitude. This selectivity of mem-
brane di↵usion allows for the designing of highly e�cient
separation processes.

THESIS OUTLINE

The thesis consists of three parts. A first part is de-
voted to the gathering of information on membranes and
membrane processes. In particular, the student will iden-
tify commercial membranes suitable for the separation of
ionic species, i.e. salts, in a lab scale application. Also, in
regard of monitoring the membrane di↵usion process, in-
formation of suitable sensors and measuring devices will
be gathered, i.e. conductivity probes that allow for de-
ducing the ion concentration. The goal of this first part

FIG. 1: A possible setup of the membrane process.

is to place the orders for purchasing di↵erent membranes
and the sensor devices.

The second part deals with the actual design and as-
sembly of the experimental setup. A possible conceptual
setup is shown schematically in Fig. 1. The setup con-
sists of a storage tank containing the feed solution and
the membrane module. The feed solution is circulated
in a closed loop between the storage tank and the mem-
brane module, allowing the solute to di↵use through the
membrane. Defining the process layout and operation
principle, as well as the design of the membrane mod-
ule, are part of the thesis. For the actual building of the
module, we student will get in contact with the Schools’
mechanical workshop.

In the third part, the experimental setup will be tested
and a protocol will be developed how the setup can be
used for studying the di↵usion of a salt. For this, the
di↵erent membranes identified and purchased in part 1
shall be investigated. As an optional task and if time
allows, the separation of a mixture containing di↵erent
ionic species will be studied. Separation of ionic species
is a common tasks in the purification of salts and finds
application in the mining industry. Here, membrane pro-
cesses might o↵er a viable option to recrystallization pro-
cess.

Appendix I – Original project description
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Start date: March 23, 2015, End date: June 8, 2015 (10+1 weeks)

Supervisor: Matthäus Bäbler, babler@kth.se

Workplace: A working place at the Dept. of Chemical Engineering and Technology

will be o↵ered. Lab experiments will be done, Teknikringen 50, KTH

REPORTING

The thesis comprises a written report to be handed in
at the end of the thesis. Furthermore, two oral presenta-
tion shall be given:

1. Problem statement and plans. A first informal pre-
sentation shall be given in week 4 – 6 of the project.
The aim of the first presentation is to state the
problem and explain the plans for investigating it.

2. Final presentation. The final presentation shall be
given at the end of the project. It shall include

the major results and conclusions. It shall be pre-
sented in a clear manner such as to be accessible
for a broader audience with background in chemi-
cal engineering.

⇤ Electronic address: babler@kth.se

mailto:babler@kth.se
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Appendix II - Detailed solution of the concentration profile over a thin 
film and membrane 
We start with the differential expression 0 = −𝐷 ∗ 𝑑2𝐶

∆𝑍2, and want to find an expression 
that describes the concentration profile over the film. 

0 = −𝐷 ∗ 𝑑2𝐶
∆𝑍2  (7) 

Can be expressed as seen in (7a) to make the double integration more pleasant. 

0 = −𝐷 ∗ 𝑑
∆𝑍 ( 𝑑

∆𝑍 ∗ 𝐶)  (7a) 

Then we define  

𝜑 =̇ 𝑑
∆𝑍 ∗ 𝐶   (7b) 

This enables us to express it as 

0 = −𝐷 ∗ 𝑑𝜑
∆𝑍   (7c) 

We multiply both sides by ∆𝑍 and integrate, to get 

0 = −𝐷 ∗ 𝜑 + �̂�  (7d) 

Solving for y gives us 

𝜑 = �̂�
𝐷   (7e) 

Going back to (7b) to separate the variables and integrate for the second time as seen 
bellow. 

∫ 𝜑 ∗ ∆𝑍 = ∫ 𝑑𝐶  

Carrying out the integration and solving for C 

𝐶 = 𝜑 ∗ 𝑍 − �̂�2  (7f) 

What is left is to find the particular solution by matching the constants y and �̂�2 so that 
they fit the boundary conditions. Z=0 should give 𝐶 = 𝐶1 and Z=L should give C=𝐶2. 

For the first condition �̂�2 is solved to be �̂�2 = −𝐶1  and with the final condition together 
with the new expression for �̂�2, we find that 𝜑 = 𝐶2−𝐶1

𝐿 . 

With these new expressions (7f) is written as  

𝐶 = (𝐶2 − 𝐶1) ∗ 𝑍
𝐿 + 𝐶1  (7g) 

 

In the case of membranes the difference lie in the boundary conditions. We continue 
from expression (7f) and solve it in the same way with the boundary conditions Z=0 
gives 𝐶 = 𝐻 ∗ 𝐶10 and Z=L gives 𝐶 = 𝐻 ∗ 𝐶1𝐿. 
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This results in �̂�2 = −𝐻 ∗ 𝐶10 and 𝜑 = 𝐻∗(𝐶1−𝐶0)
𝐿  

Resulting in the following expression to describe the concentration profile. 

𝐶 = 𝐻 ∗ (𝐶2 − 𝐶1) ∗ 𝑍
𝐿 + 𝐻 ∗ 𝐶10 (7h) 
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Appendix III - Detailed solution to equation (8) 
After arriving at the differential equation (8) which reads as follows. 
𝑑𝐶2
𝑑𝑡 = −𝑎 ∗ 𝐶2 + 𝑏  (8) 

It should be solved to fulfill the initial condition C2(0)=C20. 

The problem is solved in two steps, first as a homogeneous problem and then the 
solution is adapted into the particular solution as a non homogeneous problem. 

As a homogeneous problem constant b is omitted from (8). 
𝑑𝐶2
𝑑𝑡 = −𝑎 ∗ 𝐶2  (8.1a) 

The variables are separated and integrated. 

∫ 𝑑𝐶2
𝐶2

= −𝑎 ∫ 𝑑𝑡  (8.1b) 

Resulting in (8.1c) where �̂� is an integration constant. 

ln(𝐶2) = −𝑎 ∗ 𝑡 + �̂�  (8.1c) 

Solving for C2 gives the general solution. 

𝐶2 = 𝜑 ∗ 𝑒−𝑎∗𝑡  (8.1d) 

𝜑 is defined as 𝑒�̂�. 

In order to adapt a particular solution we use the variation of constant method. 

First we start by deriving equation (8.1d) and comparing it with equation (8), keeping in 
mind that they should be equal somehow. 
𝑑𝐶2
𝑑𝑡 = 𝜑′ ∗ 𝑒−𝑎∗𝑡 − 𝜑′ ∗ 𝑎 ∗ 𝑒−𝑎∗𝑡  

𝑑𝐶2
𝑑𝑡 = 𝑏 − 𝑎 ∗ 𝐶2    

Comparing the expressions we can assume that 

 𝑏 = 𝜑′ ∗ 𝑒−𝑎∗𝑡   (8.2a) 

And  

 𝜑′ ∗ 𝑎 ∗ 𝑒−𝑎∗𝑡 = 𝑎 ∗ 𝐶2.  (8.2b) 

From equation (8.2a) we solve 𝜑′ and integrate to get an expression for 𝜑. 

𝜑 = 𝑏
𝑎 ∗ 𝑒𝑎𝑡 + �̂�2  (8.2c) 

�̂�2 Is an integration constant. Equation (8.2b) is then used to substitute 𝜑 in equation 
(8.1d) and solve for �̂�. We find that 

�̂� = 𝑏
𝑎 ∗ 𝑒𝑎∗𝑡 + �̂�2  (8.2d) 
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Substituting 8.2d into the homogeneous solution 8.1d gives. 

𝐶2 = 𝑏
𝑎 + �̂�2 ∗ 𝑒−𝑎∗𝑡  (8.2e) 

�̂�2 is determined so that it matches the initial condition C2=C20 at t=0, with the following 
is written from equation (8.2e) when t=0. 

𝐶20 = 𝑏
𝑎 + �̂�2   (8.2f) 

Solving for �̂�2 

�̂�2 = 𝐶20 − 𝑏
𝑎   (8.2g) 

Lastly equations (8.2c) and (8.2g) is put into (8.1d) giving the particular solution for the 
system. 

𝐶2(𝑡) = 𝑏
𝑎 + (𝐶20 − 𝑏

𝑎) ∗ 𝑒−𝑎∗𝑡  (9) 
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Appendix IV – Linearization of equation (9) 
Equation (9) is to be linearized for small times, this is done by making a Tyler expansion 
of  𝑒−𝑎∗𝑡 around t=0. 

𝑒−𝑎∗𝑡 = 𝑒−𝑎∗0 − 𝑎(𝑡 − 0)𝑒−𝑎∗0 + 𝜃(𝑡2) which in turn becomes 

 𝑒−𝑎∗𝑡 = 1 − 𝑎𝑡 + 𝜃(𝑡2), the new expression for  𝑒−𝑎∗𝑡 is substituted into equation (9) 
ignoring the 𝜃(𝑡2) term. 

𝐶2(𝑡) = 𝑏
𝑎 + (𝐶10 − 𝑏

𝑎) ∗ (1 − 𝑎𝑡) is then simplified to the final linearized form (10). 

𝐶2(𝑡) = 𝐶20 − (𝐶20 ∗ 𝑎 − 𝑏) ∗ 𝑡  (10) 
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Appendix V – Calibration data points 
Table 2: Shows the data from the first series of the calibration measurements.  

Salt [g] conc. [g/L] conc. [mole/L] Avrage Conductivity [mS/cm] stdev of conductivity [ms/cm] 
0 0,00 0,00 0,00 0,80 

0,299 3,99 0,07 13,86 0,12 
0,623 8,31 0,14 27,47 0,06 
0,961 12,81 0,22 41,07 0,06 
1,144 15,25 0,26 48,00 0,10 

1,45 19,33 0,33 59,30 0,10 
1,692 22,56 0,39 67,97 0,15 
2,036 27,15 0,46 80,53 0,59 
2,114 28,19 0,48 83,77 0,55 
2,424 32,32 0,55 93,07 0,15 
2,455 32,73 0,56 94,97 0,15 
2,886 38,48 0,66 108,20 0,10 
3,141 41,88 0,72 116,27 0,06 
3,331 44,41 0,76 121,83 0,12 
3,533 47,11 0,81 128,73 0,25 

3,75 50,00 0,86 134,67 0,12 
3,958 52,77 0,90 140,87 0,06 
4,203 56,04 0,96 147,70 0,00 
4,416 58,88 1,01 153,83 0,12 
4,608 61,44 1,05 159,54 0,28 
4,719 62,92 1,08 162,28 0,18 
4,852 64,69 1,11 166,37 0,15 
5,002 66,69 1,14 170,50 0,10 
5,125 68,33 1,17 174,00 0,10 
5,258 70,11 1,20 177,53 0,15 
5,367 71,56 1,22 180,56 0,23 
5,461 72,81 1,25 183,50 0,44 
5,572 74,29 1,27 186,28 0,22 
5,666 75,55 1,29 188,62 0,19 
5,767 76,89 1,32 191,90 0,35 
5,865 78,20 1,34 194,72 0,22 
5,959 79,45 1,36 197,02 0,13 
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Table 3: Shows the data from the second measurement series for the calibration curve 

Salt [g] conc. [g/L] conc. [mole/L] Average Conductivity [ms/cm] 
0 0,00 0,00 0,00 

0,0174 0,07 0,00 0,30 
0,1078 0,43 0,01 1,64 
0,1479 0,59 0,01 2,24 
0,2011 0,80 0,01 3,02 
0,2863 1,15 0,02 4,24 
0,4015 1,61 0,03 5,87 
0,5099 2,04 0,03 7,38 
0,5821 2,33 0,04 8,37 
0,7011 2,80 0,05 9,98 

0,768 3,07 0,05 10,85 
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Appendix VI – Large Alpha cellulose master plot 

 


