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SUMMARY IN SWEDISH  

Så kallade “nondetects”, på svenska ofta benämnda som ”värden under 
detektionsgränsen” eller ”censurerade värden”, är koncentrationer av organiska eller 
oorganiska kemiska ämnen som ligger mellan noll och laboratoriets detektions- eller 
kvantifieringsgränser. Mätningarna anses vara alltför oprecisa för att rapporteras eller 
statistiskt omöjliga att skilja från den signal erhålls vid en nollkoncentration (s.k. vitt 
brus), så värdet rapporteras vanligen som mindre än ett analytiskt tröskelvärde, 
t.ex.”<1”. I samband med kartering av markföroreningar, är det vanligt med 
censurerad värden insamlade analysdata. Betydelsen av censurerade värden har 
ignorerats i det förflutna. Efter tragedin då rymdfärjan Challenger exploderade 1986 
(vilket delvis berodde på felaktigheter i hanteringen av censurerade värden), började 
man på allvar urforska betydelsen av sådana värden. 

Det vanligaste sättet att ta itu med censurerade värden är att ersätta dem med det värde 
som motsvarar hälften av detektionsgränsen. Det finns även statistiska analysmetoder 
som kan hantera censurerade värden. Tre sådana beskrivs i texten, maximum-
likelilhood-uppskattning (MLE), ROS-metoder (regression on-order statistics), och 
Kaplan-Meier-metoden. Dock räcker det inte med att använda någon av dessa fyra 
metoder för att kunna få ett medelvärdes 95-procentiga övre konfidensniva 
(95UCLM), som är det viktigaste indexet i samband med riskbedömningar av 
markföroreningar. Ytterligare tre metoder, Students t-fördelning, Bootstrap och 
Chebyshevs teorem kan användas för att skapa 95UCLM-värden. 

I denna studie har datamängder med censurerade värden hämtats från 
Annedasprojektet. Stora datamängder, för vilka laboratoriedata med verkliga värden 
fanns, delades upp i mindre datamängder med olikaurvalsstorlek och med olika 
antagna gränser för censurerade värden. 95UCLM-värden för de olika datamängderna 
genererades med hjälp av programvaran ProUCL, som kan använda alla de metoder 
som nämnts ovan för att generera 95UCLM-värden. Två datamängder med 95UCLM-
värden jämfördes, ett som beräknats från datamängden med censurerade värden, och 
ett från verkliga laboratorievärden.  

Jämförelsen av 95UCLM-värden visade att det fanns skillnader mellan datamängder 
med censurerade värden och datauppsättningar med verkliga lab-värden. 
Användningen av verkliga lab-värden minskade 95UCLM-värdena jämfört med data 
som erhölls med censurerade värden. Skillnaden var relaterad till två faktorer, 
urvalsstorlek och gränsen för de censurerade värdena (”detektionsgränsen”). Ju högre 
gränsen var för de censurerade värdena, desto större var 95UCLM värdet. Skillnaden 
minskade både vid användning av mycket små och mycket stora urvalsstorlekar.  

Detta arbete visar betydelsen av de censurerade värdena. Såväl urvalsstorleken som 
gränsen för censurerade värden påverkar medelvärdenas 95-procentiga övre 
konfidensnivå, och därmed även det slutliga beslutet av åtgärdsbehov i samband med 
riskbedömning av förorenade områden. 
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SUMMARY  

Non-detects, also called “less-thans”, “censored observations”, are low concentrations 
of organic or inorganic chemicals with values known only to be somewhere between 
zero and the laboratory’s detection/reporting limits. Measurements are considered too 
imprecise to report as a single number or statistically indistinguishable from the signal 
of zero (white noise), so the value is commonly reported as being less than an 
analytical threshold, for example ‘‘<1’’ (Helsel, 2006). In the field of soil contaminants, 
it is common to see the existence of nondetects from the collected sample data. The 
significance of nondetects was always ignored in the past. Until the space shuttle 
Challenger explosion tragedy happened in 1986, which was mainly due to the failure of 
analyzing data set with nondetects, people began to explore the significance of 
nondetects again. 

The common way to deal with nondetects is to substitute them by half of detection 
limits. Three more statistical analysis methods are involved to handle with nondetects 
and elaborated in the text including maximum likelilhood estimation (MLE), regression 
on ordered statistics (ROS) and Kaplan-Meier. However, knowing these four methods 
are not enough for computing 95% upper confidence limit of the mean (95UCLM), 
which is the main index in the field of risk analysis of soil contaminants. Three more 
calculation methods including Student’s t distribution, bootstrap and Chebyshev are 
involved to generate 95UCLM values. 

The data sets containing censored observations that used in this study were derived 
from the Annedal project, where the actual lab values were obtained from the lab. 
Large data sets were subsampled into small data sets with different sample size and 
censoring level. 95UCLM values of different data sets were generated with the help of 
proUCL software, which could use all the methods mentioned above to generate the 
corresponding 95UCLM values. Two 95UCLM values of proper statistical methods 
were chosen for each data set, which were calculated from the data set with nodetects 
and the data set with actual lab values separately.  

Comparison of 95UCLM value differences from the data sets with nondetects and 
data sets with actual lab values showed that using actual lab values could reduce the 
95UCLM value compared with data set with nondetects and the 95UCLM value 
difference was related with two factors which were sample size and censoring level. 
The higher the censoring level was, the bigger the 95UCLM value difference became. 
Either too large or too small sample size would reduce the 95UCLM value difference.   

This paper proves the significance of nondetects. With a data set with certain sample 
size and censoring level, knowing the actual lab values instead of nondetects may 
affect the final decision in risk assessment of soil contaminants. 
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ABSTRACT 

In the sample data of soil contaminants, the existence of nondetects is a common 
phenomenon. Due to their small values, they are always ignored. However, they form 
an essential part of the sample distribution and arbitrary changes of their values will 
affect the properties of the distribution, for example, the 95% upper confidence limit 
of the mean (95UCLM), which is an important index in risk assessment, is strongly 
related with the sample distribution. Statistical analysis methods for nondetects 
involve substitution by half of the detection limit (DL/2), maximum likelihood 
estimation (MLE), Kaplan-Meier and regression on ordered statistics (ROS). The 
significance of nondetects was examined in this study. Two large data sets of cadmium 
(Cd) and mercury (Hg) containing censored observations in Annedal’s park were used, 
where the censored observations were known from the laboratory. Large data sets 
were subsampled into small data sets with different sample sizes and censoring levels. 
The 95UCLM value of each data set was calculated by use of the statistical software 
ProUCL 4.1.00. Through comparison, it was found that in most cases the 95UCLM 
value calculated with lab values was lower than that of the censored observation for 
each data set. The difference in 95UCLM values between the data set with nondetects 
and the data set with lab values varied in each sample and was found to be related to 
sample size and to the censoring level. The higher the censoring level was, the bigger 
the 95UCLM value difference became. Either too small or too large a sample size 
would reduce the difference between the 95UCLM values. This result helps in certain 
cases, when the 95UCLM value of the sample data is a little lower than the threshold; 
using the lab values instead of nondetects to recalculate the 95UCLM value may 
supply a manageable and economic tool to classify the contaminated area. 

Key words: Nondetects; Soil contaminants; 95UCLM; Risk assessment; DL/2; 
MLE; Kaplan-Meier; ROS. 

1. INTRODUCTION 

In the field of environmental chemistry, non-detects, also called “less-
thans”, “censored observations”, are low concentrations of organic or 
inorganic chemicals with values known only to be somewhere between 
zero and the laboratory’s detection/reporting limits. Measurements are 
considered too imprecise to be reported as a single number or 
statistically indistinguishable from the signal of zero (white noise), so the 
value is commonly reported as being less than an analytical threshold, for 
example ‘‘<1’’ (Helsel, 2006). As the values of nondetects are so small, 
they were considered useless for data analysis in past times. In 1983, the 
American Society of Testing Materials (ASTM) committee regarding 
intralaboratory quality control claimed that results reported as “less 
than” or “below the criterion of detection” were virtually useless for 
either estimating outfall and tributary loadings or concentrations for 
example. However, three years later, in 1986, the space shuttle 
Challenger exploded after 73 seconds liftoff from Kennedy Space 
Center, killing all the seven astronauts on board and severely damaging 
the US space program. The reason was mostly due to the failure of 
analyzing data where the original data was modified ignoring the 
existence of censored observations. With the censored observations 
included, any trend of the data set becomes much clearer and this helps 
predict the consequences in unknown situations. Maybe the tragedy 
could have been avoided given that the distribution of data set had been 
properly analyzed. “The vast store of information in censored 
observations is contained in the proportions at which they occur” as 
remarked by Helsel (2011). This means that valuable information 
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regarding the whole distribution of a data set can be obtained from the 
proportion of nondetects. The existence of nondetects is not 
meaningless. They are an essential part of the data distribution.  

The values of nondetects can also affect the calculation of descriptive 
statistics, which quantitatively describes the main features of a collection 
of data. In descriptive statistics, summary statistics is commonly used to 
summarize a set of observations, in order to communicate a large 
amount of data as simply as possible. In summary statistics, statisticians 
try to describe the observations in a measure of location such as mean 
and percentiles, a measure of statistical dispersion such as variance, 
standard deviation and standard error, a measure of the shape of the 
distribution like skewness and kurtosis. A measure of certainty in any of 
the statistical measures, described as a confidence interval (CI) and upper 
confidence limit of the mean (UCLM), which is a prominent feature used 
in environmental risk assessment. Values of individual observations have 
to be involved to correctly calculate the descriptive statistics. However, 
methods to estimate summary statistics for data sets with nondetects are 
available, some to be described below. Nevertheless, in certain situations, 
it becomes important to know the values of nondetects.  

In the field of risk analysis of environmental contaminants, and in the 
investigation of contaminated land, such as brownfield areas in 
particular, it is common to encounter a complex contamination situation 
where several contaminants are present and distributed differently in the 
area. The need for manageable and economic (time saving) tools to 
classify the contaminated area is therefore essential. It is common 
practice to compare the mean level of each contaminant with a threshold 
level (riktvärde) that is specific for the land use. Of course, the true mean 
level of contamination at each site is not known, but only estimated as 
the mean value of the samples (data set). To compensate for this lack of 
knowledge, the threshold value is instead compared with the 95% upper 
confidence limit of the mean (95UCLM). This value represents a level 
that incorporates the true mean value at the site with a 95% confidence, 
in other words, the true mean value exceeds the 95UCLM value in less 
than 5% of the sites. 

It may be pointed out that a central feature of risk philosophy (as in 
scientific philosophy as well) is the acknowledgement of the fact that 
there is no absolute certainty or an absolute safety. The degree of safety 
is stated in the probability of an unwanted event and the uncertainty 
associated with that probability as well as any uncertainty regarding the 
effect of that unwanted event. 

1.1. Descriptive statistics 
Descriptive statistics is the quantitative description of a data set 
summarizing the observations either for forming the basis of the initial 
description of the data as part of a more extensive statistical analysis, or 
for a particular investigation. Parameters like mean and variance are one 
part of descriptive statistics. Knowing how to calculate these parameters 
is essential for further data analysis where nondetects are being involved. 

 Mean and Percentiles 1.1.1.

Mean, usually referring to the arithmetic mean, is the average value 
obtained by adding up the figures and dividing by the number of 

observations. For a sample of size n with values denoted by   ,   , . . . , 

  , the mean   ̅can be expressed by  
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 ̅  
          

 
 

 

 
∑                                               

 

   

 

The symbol of ∑, the Greek capital letter sigma is often used to 
represent summation. A percentile is the value of an observation below 
which a certain percent of observations fall. For example the 10th 
percentile is the value of an observation below which 10 percent of 
observations can be found and where 90 percent of observations have 
higher values. The commonly used percentiles are 25th percentile, 50th 
percentile and 75th percentile, which are also called the first quartile (Q1), 
the median quartile (Q2) and the third quartile (Q3) respectively.  

 Variance, Standard Deviation and Standard Error 1.1.2.

The variance and standard deviation are used to measure the extent to 
which the observations spread out from the mean. The variance of a 
population is defined as the mean squared deviation from the population 
mean. The standard deviation is the square root of the variance. The 
sample mean squared deviation is the sum of the squared deviations 

from the sample mean divided by the sample size ( ). However, in 
practice, the sample variance is calculated as the sum of the squared 

deviations from the sample mean divided by (   ). The reason why we 

divide by (   ) rather than by    is that the sample mean squared 
deviation tends to underestimate the population variance (Sparks, 2000). 
The general formula is given by  

 

  √
 

   
∑     ̅  
 

 

                                                                

 

The corresponding standard deviation is denoted by s. The standard 
deviation is used to measure the spread of the individual observations, 
while the standard error refers to the spread of the sample mean 
calculated from sample observations of the population. The standard 

error is calculated as standard deviation ( ) divided by square root of the 

sample size ( ),  /√ .  

The variance and standard deviation are both measures of the variation 
in the population from which the samples are taken. They don’t vary 
intrinsically with the size of the sample. The calculation results of 
variance and standard deviations from samples with different sample 
sizes but of the same population are similar to each other. However, the 
standard error is a measure of how precisely e.g. the mean is measured in 
a particular sample. It is strongly related with the sample size. The larger 
the sample size is, the smaller the standard error becomes.  

 Skewness and kurtosis 1.1.3.

Skewness describes the degree of the distribution of sample away from 
symmetry. Either positive or negative, it is used to depict the skewness 
of a distribution. Positive skew is accompany with  a long tail which is 
towards the positive end of the distribution, while the negative skew 
shows the opposite situation where the long tail appears in the lower 
classes and tends to the negative end. Shapes with different types of 
skew (Fig. 1) are always compared with normal curve which has no skew. 
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A related concept with skewness is that of kurtosis, which describes the 
degree to which values are clustered closely about central or mean value. 
A distribution with high kurtosis has a large fraction of values clustered 
tightly about the mean value; on the contrary, a distribution with low 
kurtosis tends to have a wider spread values implying fewer values close 
to the mean, but the extreme values do not deviate from the mean value 
as much as those of a distribution with high kurtosis. The normal curve, 
which has no kurtosis, is called mesokurtic curve. A distribution with 
higher kurtosis than that of mesokurtic curve is the leptokurtic curve, 
which is tall and skinny. The opposite pattern which is low and plain can 
be seen from the platykurtic curve with a relatively smaller kurtosis. 

The different shapes with skew (Fig. 1) and shapes with kurtosis (Fig. 2) 
give us a strong visual effect. However, besides the qualitative 
description of skewness and kurtosis, both properties can be quantified, 
as extensions of the formula for variance. Skewness is measured as the 
average of third power deviations from the mean. Kurtosis is similarly 

derived from the fourth. Given the sample size ( ) and from  i to  n, in 
mathematics,   

Skewness      i   ̅ 3/      

Kurtosis      i   ̅ 4/      

Skewness and kurtosis are both important considerations for making 
inferences about the sample observations. For example, the effects of 
medical treatment or differences between groups of survey data. They 
can help analyzers to understand the sample data better. 

Fig. 1. Shapes with different types of skew (ALLPsych online). 

Fig. 2. Different types of kurtosis (ALLPsych online). 
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 Confidence Interval and Upper Confidence Limit  1.1.4.

A confidence interval (CI) is a kind of interval estimate of a population 
parameter and is used to indicate the reliability of an estimate. It contains 
a range of values that act as good estimates of the unknown population 
parameter. However, it may sometimes omit the real value of the 
population parameter. This is related to the confidence level or to the 
confidence coefficient, which indicates the probability that the 
confidence range captures this true population parameter given a 
distribution of samples. The confidence level is expressed as a 
percentage. A 95% CI of the population mean, which is commonly used 
in statistics, expresses that the estimated interval covers the true 
population mean with 95% probably. While the calculation of the CI is 
based on the sample data, it reflects the uncertainty in estimating the true 

parameter of the original population. Given the mean of the sample ( ̅) 
and the standard deviation (s) with the sample size of n, the 95% CI of 
the population mean is expressed as 

                                          ̅      
 

√ 
                                                                                                                                                     

This is originally derived from the normal distribution (further 
description in 1.2.1), and it is often used for estimating the population 
mean assuming that the sample data follows the normal distribution. The 
constant 1.96 is also derived from the assumption of normal curve, but is 
usually replaced by t0.025, n-1 (denoting the upper 2.5% point of Student’s 
t-distribution with n-1 degrees of freedom), which creates wider intervals, 
especially in small sample size, to allow for extra uncertainties. The t 
value can be obtained from statistical tables or packages, such as t0.025, 
5 = 2.57 and t0.025, 30 = 2.04. Besides the impact of confidence level, 
the CI is also affected by the sample size (n) and the sample standard 
deviation (s) as shown in formula (3). The interval estimated differs from 
sample to sample. An increased sample size will decrease the estimated 
interval and a large value of standard deviation tends to cause larger 
intervals (Sparks, 2000).  

The upper confidence limit (UCL) is used to estimate the limit of a 
population parameter, only considering the upper confidence limit. The 
common usage of UCL is to estimate the population mean, which is 
UCLM, the upper confidence limit of the mean. This is commonly used 
in environmental data analysis where the value of UCLM is compared 
with a threshold value. Using the t distribution, the 95% UCL of the 

mean is  ̅   0.05, n-1 
 

√ 
. It is presented as a single value, the maximum 

value of the confidence range. Note that t0.05, n-1 denotes the upper 5% 
point of Student’s t-distribution with n-1 degrees of freedom instead of 
the 2.5%, used in two tailed CIs. This is because in 95UCLM the 5% 
outside the 95% range shall be larger than the upper confidence limit.  

1.2. Non-detects in risk assessments of contaminated soils  
In the mapping of soil contaminants, nondetects commonly appear in 
the data set collected. Even though the nominal values of nondetects are 
very low, they may constitute a large fraction of data sets. For a data set 
containing a large percentage of nondetects, the mean value of the data 
set will largely depend on the values that substitute the nondetects, thus 
the confidence interval (CI) of the mean generated from the data set will 
also be affected by the substitution values. The mean value and the CI of 
the mean are the main index for (long term) risk assessments. In the 
mapping of soil contaminates, the sample mean value is used to compare 
with the threshold which is set by the officials for further decision 
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management. However, the use of the 95% upper confidence limit of the 
mean (95UCLM) becomes more prevalent and recommended. The 
appearance of nondetects brings trouble in calculating the 95UCLM and 
poses potential risk for decision-making concerning contaminated soils.  

 UCLM instead of the mean 1.2.1.

In soil contaminants, using UCL of the mean instead of the mean of the 
samples is because it’s more conservative (safe). The mean of a 
population is by 95% probability lower than the UCLM of samples from 
the population, while the sample mean can be larger or smaller than the 
population mean. Especially in small sample sizes where random events 
have a larger effect on the sample population, the sample mean may 
substantially differ from the actual population mean, which may lead to 
wrong decision. Thus the comparison between UCLM and the reference 
threshold becomes reasonable and meaningful.  

The UCLM calculation may be derived from the normal or Gaussian 
distribution (Z-distribution), which is the foundation of statistics. The 
normal probability density function is a bell-shaped curve 

                                         
 

 √  
   [ 

 

 
 
   

 
  ]                              (4) 

where exp means the exponential function, and   can be any value with 

the range from minus infinity to plus infinity (i.e.       ). The 

parameters   and   represent the population mean and standard 

deviation, while the constant   √  ⁄  makes the total area under the 
curve equal to 1.  

An important property of any normal distribution is that the area under 

the curve between any multiples of standard deviation ( ) on each side 

of the mean ( ) doesn’t depend on the value of   and  . For example, 

the probability between     and     is 0.683 and the probability 

becomes 0.954 if the interval is from      to     . In other words, 
for a random sample observation from a normal distribution, the 
probability that it falls within one standard deviation from the mean is 

0.683. In practice, the range         , which includes 95% of the 
probability, is commonly used. The reason of choosing 95% instead of 
other percentages as the standard is arbitrary, but it’s feasible. Maybe 5% 
error in estimation is commonly acceptable by statisticians.  

In repeated random samples of size n from a normal distribution, the 
mean of the sample distribution is equal to the population mean, while 
the former variance is equal to the population variance divided by the 

sample size (   ⁄ ) ), as stated by the central limit theorem. Further, the 

sample distribution is also a normal distribution and the sample mean ( ̅) 

falls within the interval        √ ⁄  in 95% cases. This result can 
also be turned around for estimating the population mean, which 95% 

probably falls within the interval  ̅       √ ⁄ . However, in real cases, 

the population standard deviation ( ) is replaced by the sample standard 

deviation (s) which is easily known, and the formula   ̅       √ ⁄  is 

modified as  ̅   0.025, n-1 
 

√ 
 to help estimate the population standard 

deviation.  

The sample distribution has to be normally distributed, while the 
population distribution can be any kind of distribution when applying 

the formula  ̅   0.025, n-1 
 

√ 
. This is because of the central limit theorem, 

which claims that a large number of independent random samples drawn 
from the same distribution are approximately normally distributed 
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regardless of the original distribution. Knowing the sample mean and 
standard deviation, the estimation of population mean can be achieved 
within a certain interval with 95% probability (Sparks, 2000). The 95% 

upper confidence limit of the mean (95UCLM), which is  ̅   0.05, n-1 
 

√ 
,  

is a useful tool to estimate the population mean and compares with the 
threshold as a standard for soil contaminants.  

 UCLM calculation  1.2.2.

Knowing the importance of UCL instead of using the sample mean, how 
to calculate UCL precisely becomes a crucial task left for statisticians. In 
this report, three methods are used for computing UCL, which are 
Student’s t distribution, bootstrap and Chebyshev theorem. A simple 
background introduction is given separately. The UCL computing 
formulas are shown and explained to give readers a better understanding. 

Student’s t-distribution 

Student’s t distribution or t distribution was published by William Sealy 
Gosset (1908), who named the distribution with his pseudonym 
“Student”. It’s a family of continuous probability distributions that are 
mainly used to estimate population parameters in situations where the 
sample size is small and the population standard deviation is unknown. 

Given n observations   , let 

  
 ̅   

 √ ⁄
                                                                          

where   represents the population mean,  ̅ is the sample mean,   is the 
estimator of population standard deviation or sample standard deviation. 
Student’s t distribution is regarded as “best” for usage when the 
population standard deviation is unknown. It is (Figure 3) symmetric and 
bell-shaped, as a normal distribution, but has heavy tails on both sides.  

The t distribution has a parameter called the degree of freedom (df), 
which is the number of independent values that are free to vary in the 
estimation of population parameter. df is equal to (n-1).  When the df 
increases, the t distribution tends to mimic the normal distribution. In 
other words, the t distribution is more wide when the sample size (n<20) 
is small and is more like a normal distribution when the sample size is 
large. Combined with the confidence intervals and the degree of freedom, 
a t distribution table with different probabilities is generated. Beyer 

Fig. 3. Comparison between t distribution and normal 
distribution. 
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(1987) gave a probability table (Table 1) using 60%, 70%, 90%, 95%, 
97.5%, 99%, 99.5%, and 99.95% one sided confidence intervals.  

The parameter “r” represents the degree of freedom. As an example, if 
r=3 and the confidence interval is equal to 97.5%, the probability of T 

being less than 3.18 is 0.975 or                     . In our 
case where the 95% confidence intervals are constructed, Student’s t 
distribution helps estimate the unknown population standard deviation 

   using the sample standard deviation  . For a (   )100%, UCL of 

the population mean,   is given by      ̅         √ ⁄ , where   

represents the significance level opposite to the confidence level. 

Bootstrap  

The Student’s t distribution is based on the assumption that the sample 
distribution is parametric. However, under many circumstances in the 
environmental field, the sample data set doesn’t fit any well defined 
distribution. In this situation, we have to find other solutions. Bootstrap 
is such a method to deal with data without concerning the data 
distribution. 

Bootstrap was originally derived from Rudolf Erich Raspe’s story “The 
Surprising Adventures of Baron Munchausen”, where, in fact, the Baron 
pulled himself out of a swamp by his bootstrap. This was an absurdly 
impossible action in the early 19th century. Later on, bootstrap was used 
for representing a self-sustaining process that proceeded without external 
help.  

In statistics, bootstrap uses the given data itself sufficiently in order to 
extract large store of information. The bootstrap technique has a good 
estimate of the precision of the sample estimate of population 
parameters but uses very simple methods. The basic theorem is that 
given the sample data set (x1, x2, …, xn), we randomly resample from the 
original data set to form a new data set. Each new data set consists of the 
same number of observations as the sample data set. So we might have 
x*1=x3, x*2=x5, x*3=x3,…, x*n=x9. Each observation of the sample data 
set might be chosen from zero to n times. Then the bootstrap data set 

(x*1, x*2,…, x*n) is transformed to a bootstrap replication of  ̂, where 

Table 1. The t distribution table generated by Beyer in 1987. 

R 90% 95% 97.5% 99.5% 

1 3.078 6.3134 12.71 63.66 

2 1.886 2.920 4.303 9.925 

3 1.638 2.353 3.182 5.841 

4 1.533 2.132 2.776 4.604 

5 1.476 2.015 2.571 4.032 

10 1.372 1.812 2.228 3.169 

30 1.310 1.697 2.042 2.750 

100 1.290 1.660 1.984 2.626 

∞ 1.282 1.645 1.960 2.576 
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 ̂       . The quantity of       is the result of applying the same 
function s(*) to x* as was applied to x. For example, if s(x) is the sample 

mean  ̅, then s(x*) is the mean of the bootstrap data set,  ̅     
  ⁄ 

  
(Efron & Tibshirani, 1993). We repeatedly resample from the sample 

data set until B times so that we get B bootstrap replications of  ̂. The 
iteration times (B value) should be large enough so that the results 
calculated from the bootstrap method can be reliable. 2000 times of 
iteration is commonly used with the help of computer. Using these 
bootstrap data sets properly, we can have a good estimate of the 
population parameters. 

In our case where the UCL of the mean is computed, s(x*) becomes the 
mean value of bootstrap data set.  As we have B independent bootstrap 
data sets, B mean values are calculated from these data sets and then 
ranked from the smallest to the largest. For an instance of B equal to 
2000, 95% UCLM is the 1990th ordered value in the rank list. This 
method is called bootstrap percentile, which uses the value of a given 

percentile in the bootstrap data set. The percentile interval ( ̂    ̂  ) of 

intended coverage     , is obtained directly from these percentiles, 

                  ( ̂    ̂  )  (  ̂
   

   ̂
     

)            

Similar to bootstrap percentile, the bootstrap bias-corrected and 
accelerated (BCA) method also uses the percentiles of the bootstrap 

distribution but involves two numbers  ̂ and   ̂ , called the acceleration 

and bias-correction. The BCA interval of intended coverage     , is 
given by 

    ( ̂    ̂  )  (  ̂
    

   ̂
    

)                         

where 

    ( ̂  
 ̂      

   ̂  ̂       
)  

    ( ̂  
 ̂        

   ̂  ̂         
)                     

Here Φ(·) is the standard normal cumulative distribution function and 

     is the 100 th percentile point of a standard normal distribution. For 

example               and              . Formula (8) looks 

complicated, but it is easy to compute. Notice that when  ̂ and   ̂  equal 
zero, then  

    (    )                  (      )                   

so the BCA interval becomes the same as percentile interval. Non-zero 

values of  ̂  and   ̂  will change the percentiles used for the BCA 
endpoints. These changes help correct certain deficiencies of the 
standard and percentile methods. 

The bootstrap standard method to compose a confidence interval for a 

parameter   is given by 

 ̂     ̂                                                        

where  ̂ is an estimated parameter value and   ̂ is the estimated standard 
error. The value of k is taken from the standard normal table. As we 
have mentioned in normal distribution (1.2.1), k is equal to 1.96 if the 
confidence level is 95%. The whole formula is quite similar to normal 
distribution. However, without assuming the sample data set is normally 
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distributed, the estimated values of  ̂  and   ̂  are calculated using 
bootstrap method. 

On the basis of the bootstrap standard method, the bootstrap t method 
is derived using t value instead of the constant k. The t value is similar to 
that in the Student’s t distribution but without using the (n-1) degrees of 
freedom or assuming the t distribution. The bootstrap t table is built by 
generating B bootstrap samples and then computing the bootstrap 
version of t for each. The bootstrap table consists of the percentiles of 
these B values. The “bootstrap t” method can adjust the confidence 
interval to account for skewness in the underlying population or other 

errors when  ̂ is not the sample mean (Efron & Tibshirani, 1993). 

Chebyshev theorem 

The Chebyshev theorem was named after the Russian mathematician 
Pafnuty Lvovich Chebyshev, who was considered by many as the 
founding farther of this theorem. The Chebyshev theorem describes that 
the proportion of any population that lies within k standard deviations of 

the mean is no less than (  
 

  ), where k is any positive value greater 

than 1. The probability distribution function can be shown as     

             
 

   , where   and   are the mean and 

standard deviation of a population and X represents the random variable 
(Hogg & Craig, 1978). A (   )100% UCL of the population  mean  , 

is derived by       ̅  √[      ⁄ ]  √ ⁄ .  

Given the confidence interval of 95% which means   is equal to 0.05, 

the UCL calculation using the Chebyshev theorem becomes       ̅  

√   √ ⁄ . Compared to the UCL calculation formula with normal 

distribution,  √   is much greater than 1.96, which means that the 
estimated interval generated by the Chebyshev theorem is larger. In 
other words, the Chebyshev theorem method of calculating UCL is more 
conservative compared with other statistical methods. However, the 
advantage of using this method is that it applies to any kind of 
distribution regardless of shape. In the cases where the population 
distribution is arbitrary, the Chebyshev theorem method can always be 
used as an approach to UCL. As a small sample size makes it difficult to 
assess a particular distribution and also causes bootstrap estimates of 
sample means to be biased low, the Chebyshev confidence interval may 
be the only reliable method when you are lacking a large data set. 

1.3. Statistical analysis methods for nondetects 
Knowing that the appearance of nondetects is unavoidable, how to use 
them for data analysis becomes crucial. The common method to deal 
with these nondetects is to substitute them by zero, by half the detection 
limit (DL/2) or by the DL. However, this method is arbitrary. Any 
substitution method has no scientific evidence. So it’s not surprising to 
see the sometimes bad behavior using this method. At the same time 
when substitution method was criticized, the application of nondetects 
was speeded up leaving the statistician with the task of making decisions 
on how to handle values that are only known to be less than a certain 
values. Statistical methods such as Maximum Likelihood Estimation 
(MLE), Kaplan-Meier and Regression on Ordered Statistics (ROS) were 
continuously developed using new technology. These methods help 
assign nondetects with proper values close to real values. 
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 Substitution by half of the Detection Limit 1.3.1.

The most common method to deal with nondetects continues to be 
substitution by a certain fraction of the detection limit. This substitution 
method fabricates or gives a guess to what it might be. These nondetects 
can be replaced by zero, half of the detection limit, detection limit or any 
values between zero and detection limit. According to Helsel’s research 
in 2006, within the field of water chemistry, one-half substitution was 
mostly used while in the field of air chemistry, one over the square root 
of two, or about 0.7 times of the detection limit was commonly adopted.  

The substitution method is simple and easy, however, it may lead to 
erroneous results. Therefore, it has been criticized by many statisticians 
for example: Gleit (1985) generated small (n = 5 to 15) data sets from 
normal distributions censored at one reporting limit and found that 
substitution methods had high errors—substituting the reporting limit 
performed better than one-half or zero substitution, though no reasons 
are evident. In 1986, Gilliom and Helsel had found substitution to be a 
poor method for computing descriptive statistics. Any substitution of a 
constant fraction times the reporting limits will distort the estimated 
standard deviation. However, although more than 25 years have passed 
the substitution method (especially DL/2) is still being used for soil 
contaminants. There would certainly be better ways, as stressed by Helsel 
in 2006, however, the better ways are usually complicated and will 
consume more time and increase expenses at the same time. The reason 
why the substitution method is kept is because of its simplicity and 
easiness. In some cases where the censoring level is very low, the values 
of nondetects don’t make too much difference for the final estimation of 
the mean value or CI of the mean. However, when the percentage of 
nondetects is high, a proper way to deal with them becomes very 
essential.  

 Maximum Likelihood Estimation 1.3.2.

Likelihood is similar to probability which is familiar to us. Probability is 
about what the outcomes are under the given conditions, while 
likelihood is trying to estimate the parameters according to the observed 
data. Maximum likelihood estimation (MLE), originally developed by 
R.A. Fisher in the 1920s, states that the desired probability distribution is 
the one that makes the observed data ‘‘most likely”, which means that 
one must find the value parameter vector that maximizes the likelihood 
function L (Myung, 2003). For a simple example, coin toss, the 
probability of an appearing “head” is 0.5 under normal circumstance 
which is common sense; however, MLE estimates the most likely 
probability of an appearing “head” using the given data set. The 
estimated probability may not be exactly equal to 0.5, but it fits best with 
the given data set.  

Maximum likelihood estimation (MLE) is a statistical method for 
estimating the parameters of a statistical model, which means that the 
sample data must be assumed to follow a certain distribution. Different 
parameters are computed to best fit a distribution to the detected values 
above the detection limits and to the percentage of data below each limit. 
The computation is finished by solving a likelihood function L, where 
for a distribution of two parameters α1 (the mean) and α2 (the variance), 
L(α1, α2) seeks the best to match the observed values. The function L 
increases if the fit between the estimated distribution and the observed 
data improves. The parameters of µ and σ vary in an optimization 
routine to achieve values that maximize the function L. In practice, the 
natural logarithm In(L) is maximized instead of L itself. The 
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accomplishing of maximizing In(L) is maximized by setting the partial 
derivatives of In(L) with respect to the two parameters equal to zero. 

    [  ] 

     
       

    [  ] 

     
                                     

The likelihood function L is composed of two parts, one for censored 
observation and one for uncensored (detected) observations. The 
uncensored part contains the probability density function p(x), the 
equation describing the frequency of observing individual values of x. 
The survival function S(x) represents the censored part, which is the 
probability of exceeding the value x. It is equal to 1- F(x), where F(x) is 
the cumulative empirical distribution function showing the probability of 
being less than or equal to x. In environmental contamination data, 
where censored data are represented by nondetects, the F(x) is used for 
calculating the likelihood function L. 

  ∏    ∏                                                          

For each individual observation, the decision has to be made whether 
P(x) or F(x) should be used to represent the likelihood function L, where 
the P(x) is used if the observation is detected and F(x) takes the position 
under censored situation. Only one function can be used every time as 
each observation is either censored or not. For a normal distribution, the 
P(x) is 

     
   [     {      ⁄ } ⁄ ]

 √  
                        

The cumulative distribution function for a normal distribution is 

      (
   

 
)                                                      

  is the cumulative distribution function of the standard normal 
distribution 

     
 

√  
∫                                        ⁄

 

 

 

After substituting the equations above and setting the partial derivatives 
of ln(L) equal to 0 (equation 11), the nonlinear equations are solved by 
iterative approximation using the Newton–Raphson method, which is a 
method for finding successively better approximations to the roots of a 
real valued function in numerical analysis. The solution provides the 
parameters mean and standard deviation for the distribution that best 
matches both the probability distribution function and cumulative 
distribution function estimated from the data. If the natural logarithm is 
used to compute the MLE, the estimated parameters of mean and 
standard deviation have to be converted to original parameters. The 
traditional formulas for reconversion are derived from the mathematics 
of the lognormal distribution, and are found in many textbooks, 
including Gilbert (1987) and Aitchison and Brown (1957): 

 ̂     ( ̂   
 ̂  

 

 
)                                                        

 ̂   ̂[     ̂  
    ]                                                       

where  ̂   and  ̂  
  are estimates of the mean and the standard deviation 

of the natural logarithms of the data. These formulas work quite well if 
the original data are close to the lognormal distribution (Helsel, 2005a).  
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This MLE method has been used sporadically in the environmental field. 
Two early examples are Miesch (1967) who used it for geochemistry and 
Owen and DeRouen (1980) for air quality. This is partly because of the 
complexity of calculate the mathematical formula. At that time the main 
solution was relied on Cohen’s MLE, who provided some lookup tables 
of constants needed to calculate the mean µ and standard deviation σ to 
facilitate the computation of MLE in 1961. However, nowadays with 
modern computer hardware and software, more accurate solutions of the 
maximum likelihood equations are possible with commercially-available 
statistical software.  

A specified distribution of the data set is required for computing MLE. 
Normal and lognormal distribution are commonly used in environmental 
studies. Without given the distribution of sample data set, an assumed 
distribution has to be chosen to run the MLE. The crucial consideration 
of MLE is how well the data fit the assumed distribution. Goodness of 
fit, which detects the most likely distribution of the data set, can be a 
good helper. However, without enough number of data set, the MLE 
can’t determine whether the data fit the assumed distribution or not due 
to insufficient information. It has been shown that MLE performs 
poorly for data set with less than 25-50 observations (Gleit, 1985; 
Shumway et al., 2002). 

 Kaplan-Meier Method 1.3.3.

The Kaplan–Meier estimator, also known as the product limit estimator, 
is always used for estimating the survival function from lifetime data 
(Kaplan & Meier, 1958). This method has a proper usage of censored 
data. In medical and industrial statistics, Kaplan–Meier is the standard 
method for computing descriptive statistics of censored data (Meeker & 
Escobar, 1998; Klein & Moeschberger, 2003). It is a nonparametric 
method designed to incorporate data with multiple censoring levels 
without requiring an assumed specified distribution. It is mainly used to 
estimate the percentiles, or cumulative distribution function (CDF), for 
the data set. The basic idea is that suppose S(t) is the probability that a 
member from a given population will have a lifetime exceeding t. For a 
sample of size N from this population, let the observed times until death 
of the N sample members be 

               

Corresponding to each ti is ni, the number "at risk" which is still under 
observation just prior to time ti, and di, the number of deaths at time ti. 
The Kaplan–Meier estimator is trying to achieve the nonparametric 
maximum likelihood estimate of S(t). It is in the form of 

 ̂    ∏
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When there is no censored data, ni is just the number of survivors prior 
to time ti. With censored data, ni is the number of survivors minus the 
number of losses (censored cases). It is only those surviving cases that 
are still being observed (have not yet been censored) that are "at risk" of 
an (observed) death (Costella, 2010). Every single observation at a 
certain time has a corresponding probability. If we draw an X axis with 
the time differences and a Y axis with the corresponding surviving 
probabilities, a Kaplan-Meier plot (Fig. 4) will be generated as shown 
below.  

The mean value is just the area beneath the CDF (Klein & 
Moeschberger, 2003). While the Kaplan-Meier method has been 
primarily used for data with “greater thans”, the data with “less thans” 
have to be subtracted from a large constant, or “flipped” (Helsel, 2004) 
before running the software. It is necessary to do so only because the 
commercial software is coded like that. In the future, new software 
generated may use the data with “less thans” directly. The probabilities 
of observations are not assigned to nondetects, but the number of 
nondetects has been counted for calculating the probabilities of detected 
data. 

The merit of using the Kaplan-Meier method is that there is no need to 
assume a specified distribution of a data set. It is one of the 
nonparametric methods to handle with data. Besides it has a good 
estimation of parameters when the data set has multiple detection limits. 
This is because of the product-limit (PL) estimate which can minimize 
the impact of other data when calculating the probability of each single 
observation. One caution is that estimates of the mean, but not 
percentiles, will be biased high with this method when the smallest value 
in the data set is a nondetect (Helsel, 2005). As the largest flipped value 
(the smallest value in original data) will decide the upper bound of the 
integration and a value has to be assigned to the smallest value in original 
data. The detection limit is normally used and this produces an estimated 
Kaplan-Meier mean which is positively biased in the original data as the 
true value of the last observation can be anywhere between zero and the 
detection limit. However, only this observation is biased and other 
observations are not affected. 

Fig. 4. Kaplan-Meier Plot Created by Steve Dunn fromKrishnamu
rthi in 1998.  
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  Regression on Ordered Statistics 1.3.4.

Regression on order statistics (ROS) is a simple imputation method that 
fills in nondetect data on the basis of a probability plot of detected data 
(Helsel & Cohn, 1988; Shumway et al., 2002). A probability plot is a 
graphical technique for two data sets to check the similarities between 
each other. Usually a normal or lognormal distribution will be 
represented on the plot as a straight line and observations are plotted 
individually. If the observations follow the straight line closely, it seems 
that the data set follow the specified distribution. For censored data sets, 
the nondetects will not be assigned values as this may change the 
regression line, but the proportion of data below each detection limit is 
computed so as to determine the placement of a line for each detection 
limit. A simple probability plot (Fig. 5) is shown above. 

A linear regression for the data or logarithms of the data versus their 
normal scores needs to be computed. According to the definition of 
normal scores, by fitting the line, we provide a fit to the normal 
distribution or lognormal distribution if the logarithms of the data are 
used as the y axis. The slope and intercept of the linear regression are 
decided by the detected data. Each detected data point is plotted and 
marked while the nondetects will not be shown in the probability plot. 
The distribution of the censored data is shown with a dotted line. Data 
sets with multiple detection limits can also be incorporated in this ROS 
method. The statistical software will assign values to detected data 
between different detection limits, at the same time taking into account 
the proportion of nondetects below each detection limit. A linear 
regression is made with certain values of slope and intercept. The 
intercept, the y value associated with a normal score of 0 at the center of 
the plot, equals the mean of the distribution while the slope of the linear 
regression represents the standard deviation as normal scores are scaled 
to units of standard deviation.  

One thing that needs to be observed when assuming alognormal 
distribution for the data set is the transformation bias, which occurs 
when the moment statistics (mean and standard deviation) is 
transformed from logarithm units to original units using the 
mathematical formula. To avoid the transformation bias, a robust 
approach to ROS was developed to compute the summary statistics 

Fig. 5. Example of a normal probability plot for model validation 
(U.S. Department of Transportation). 
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(Helsel & Cohn, 1988). This method behaves in a different manner with 
parametric ROS. After fitting the regression equation using the detected 
data, the censored data are assumed to follow a certain distribution. Both 
the detected and censored data are plotted in the probability plot but 
they are computed in different ways. The plotting positions for censored 
data are spread equally between exceedance probabilities. Values of 
individual censored observations are predicted from the specified 
distribution based on their normal scores. These predicted data 
combined with the detected data are used for computing summary 
statistics as if no censoring had occurred. This avoids direct 
transformation of moment statistics and reduces the transformation bias. 
However, the predicted values are only used for estimating overall 
parameters of the whole data set. They themselves are not actual values 
and they are only known to be somewhere between zero and detection 
limits. The robust ROS method has also been improved by determining 
whether the data are best fit by a lognormal, normal or square root-
normal distribution prior to performing ROS (Shumway et al., 2002). 
Through choosing the units that produced the largest log-likelihood 
statistics when fit by MLE, one can find the best fitted distribution. They 
claim that these three distributions are generally sufficient to match the 
observed shape of environmental data. Knowing the distribution of the 
data set in advance, they found that robust ROS functions as well as 
MLE for moderate (n=50) sized data sets, and better than MLE for 
small (n=20) data sets.  

 Comparison of different analysis methods for nondetects 1.3.5.

Traditional statistical methods such as the DL/2 substitution method 
and Cohen’s MLE are either without scientific evidence or out of data.  
Compared with the traditional statistical analysis methods, the new 
statistics methods including MLE, ROS and K-M methods are more 
accurate for handling data sets with nondetects. However, which new 
statistical method is the best one to use will depend on the different 
cases. Gleit (1985) used a small (n=5 to 15) data set generated from 
normal distribution censored with one detection limit to compute 
summary statistics. He found that MLE methods didn’t work well.  They 
also claimed that the substitution method had many errors. Gilliom and 
Helsel (1986) compared substitution, standard MLE and the robust ROS 
procedures for a variety of generating data shapes censored with one 
censoring level. They found that substitution worked poorly and the 
MLE method worked well when the assumed distribution matched the 
data set. All the cases were described well with the MLE method except 
gamma distributions with high standard deviation and skew, in which 
case the robust ROS method worked well. Rao et al. (1991) found that 
the MLE method produced better estimates of mean and confidence 
intervals for data sets generated from a normal distribution. However, 
when they applied MLE to the logs of air data and retransformed them 
to the original units, the results were not satisfactory. This is due to the 
transformation bias which was not recognized at that time. She (1997) 
compared the lognormal MLE, the (fully-parametric) lognormal ROS, 
Kaplan-Meier and the DL/2 substitution methods on both lognormal 
data and data from a gamma distribution. The nonparametric Kaplan-
Meier consistently was the best or close to the best method for data sets 
from both distributions. The MLE worked well for data from lognormal 
distribution when the skewness was low. For highly skewed 
distributions, the moderate (n=21) data sets resulted in poor parameter 
estimations with MLE and ROS. Shumway et al. (2002) found that the 
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robust ROS method had smaller errors than standard MLE for data 
from lognormal distributions for sample sizes of 25 and 50. 

From the literature above, it can be easily seen that different cases yield 
different results concerning what method that is the best one. This is 
related to 4 aspects: sample size, transformation bias, robustness and 
details of method computation as summarized by Helsel (2004).  The 
MLE method works better for larger sample sizes (around 50) than 
smaller sample sizes. When transforming from logs of moment statistics 
(mean and standard deviation) to original units, the transformation bias 
is unavoidable. When using data sets generated from only one 
distribution, the results may lack robustness. The details of how the 
methods are used may be also different.  For an instance of ROS, some 
studies use the fully parametric approach while others use robust ROS.  
All these four aspects will influence the estimation results and this is why 
different studies give different suggestions for how to use these 
methods. Concerning different studies, Helsel (2004) provided a table to 
show the proper choice of statistical methods under different situations 
(Table 2). 

 UCLM calculation of different methods 1.3.6.

All the methods DL/2, MLE, Kaplan-Meier and ROS are commonly 
used to deal with data sets with nondetects. Each method can compute 
UCLM by its own means so that the result value of UCLM can be 
compared with the threshold for risk assessment.  

The calculation of UCLM using DL/2 method is diverse. After 
substituting the nondetects with half of the detection limits, the newly 
generated data set can be regarded as a common data set without 
censored values. Thus, Student’s t distribution can be the best choice if 
the data set follows a normal distribution. Otherwise, bootstrap and 
Chebyshev methods can also be used, especially when the sample 
distribution does not fit a specific distribution. 

The Kaplan-Meier method uses totally nonparametric means to handle 
data sets. The Bootstrap and Chebyshev methods are suitable for 
calculating UCLM, using results from Kaplan-Meier estimates. Further, 
using the mean and standard deviation derived from the Kaplan-Meier 
method, Student’s t distribution can also become a way approach to 
UCLM.  

ROS, assuming the sample distribution to be normal or lognormal, can 
use Student’s t distribution to calculate the UCLM. Bootstrap can also 
provide a good estimate of the UCLM after the data set has been treated 
by ROS method. 

Using Student’s t distribution to estimate the UCLM is quite OK if the 
sample data is handled by MLE. Besides, based on symmetrical Type II 
censoring, Tiku (1971) proposed a method using a t distribution with (n-

Table 2. Recommended methods for estimation of summary statistics (Helsel, 
2004). 

Amount of available data 

Percent Censored <50 observations >50 observations 

<50% nondetects Kaplan-Meier Kaplan-Meier 

50-80% nondetects Robust MLE or ROS Maximum Likelihood 

>80% nondetects Report only % above a me-
aningful threshold 

May report high sample per-
centiles (90

th
, 95

th
) 
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k-1) degree of freedom to compute UCLM, where k is the number of 
nondetects. This is also available for Type I censoring in practice and can 
be used for MLE. This method is simple and works well. 

1.4. The purpose of this study 
Even though the statistical analysis methods may provide good estimates 
of nondetects, the real values are still unknown. The 95% upper 
confidence limits of the population mean (95UCLM) produced by the 
different methods are different to one another. Even though a proper 
95UCLM value is chosen corresponding to the data set, there may still 
be a certain variation, which in most cases tends to be large. What if we 
know the real lab values that are below the detection limits and use the 
real lab values to calculate the 95UCLM in which case the standard 
statistical methods can be used? To what extent will the results improve? 

In this study, several groups of data sets containing nondetects, where 
the real values of nondetects were obtained from the laboratory, were 
used to calculate the 95UCLM through three kinds of methods which 
were: substitution by DL/2, new statistical analysis with nondetects and 
standard statistical method with real lab values. The results were 
compared and examined to see the differences. We show that even 
though the nondetects are always being ignored, they can be of great 
significance for the final result under certain circumstances. Especially 
when the 95UCLM value is close to the threshold, given the lab values to 
reanalyze the data set may supply a good solution compared with 
resampling from the site or remediating the pollution, which is relatively 
more expensive and time-consuming.    

2. MATERIAL AND METHODS 

In this study, data samples from the Annedal project were used for 
analysis. All these data included censored observations where the actual 
values could be obtained from the lab. Certain data sets were selected 
and then subsampled artificially into more data sets with small sample 
sizes. 95UCLM values were calculated from these chosen data sets with 
the help of ProUCL software, which could use different statistical 
methods mentioned before to generate the corresponding 95UCLM 
values. 95UCLM values calculated of data sets with nondetects and with 
actual lab values were compared to see the differences. 

2.1. Data and materials  
A large data set was used with data from the Annedal project in 
Stockholm (Figure 6).  One specified site, the Annedal Park, was selected 
for data analysis. In this site, different contaminants which had the 
potential risk were chosen and appropriate data sets with nondetects 
were remained where additional data of actual values of nondetects may 
be useful for decision management. 

At Annedal Park two different soil contaminants cadmium (Cd) and 
mercury (Hg) had been analyzed. Each contaminant had been 
determined in a large group of observations including the censored ones. 
The large group was then subsampled into small data sets with different 
number of observations.  Cd contained 4 groups of data sets (Table 3) 
and Hg was made up of 3 groups of data sets (App. Table A1). All these 
data sets contained censored observations where the actual values of 
nondetects were known from the lab. These uncensored data sets with 
lab values were extracted as comparison with the censored data. All 
uncensored and censored data sets were being analyzed in further steps.  
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2.2. Methods 
The large data sets of each contaminant in Annedal Park were divided 
into several groups with different small sample sizes. For example, in this 
report the Cd data set contains 49 observations, and then 24 
observations were subsampled from this large data set to form a new 
data set of the same contaminant. By the same token, the smallest 
sample size reached 6 in this report. The subsampling process followed 
the random selection principle but satisfied some rules.  The means and 
standard deviations of data sets derived from the original data set should 
be close to each other regardless of the sample size. In other words, the 
mean value of a small data set is not very different from the mean value 
of the original data set, and the standard deviation is also similar. The 
censoring level should be kept equal, which means that the percentage of 
nondetects in one data set should not be changed when the sample size 
varies. These constraints guarantee that the data sets come from the 
same population with only changes in sample size. Then, these data can 
be used for data analysis like UCL calculation. 

UCL is the main index that we used for data analysis in this report. The 
calculation of UCL was established with the help of the statistical 
software ProUCL 4.1.00. This software is specially designed for 
environmental applications for data sets with and without nondetect 
observations. The function of computing UCL from this software was 
mainly used. This UCL function has two main options which are data 
sets with nondects and without nondetects. If the data set with 
nondetects is being used, these data must be defined with values before 
choosing, and then the section of “with nondetects” will be showed. 
After choosing this section, more options will be available including 
“normal”, “lognormal”, “gamma” and “all”. If the distribution of the 
data set is known previously, the corresponding option can be used and 
then UCL values are unique according to that distribution. Otherwise, 
“all” option is more prevalent which can detect the distribution of data 
set according to the uncensored data and generate the corresponding 
UCL values; at the same time use different statistical methods to 
generate UCL values assuming nonparametric distribution. 

Fig. 6. The site of project Annedal in Stockholm. 
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While if the data set without nondetects is being used, only the options 
for choosing distributions will be showed. After choosing the option, the 
corresponding UCL values will be generated. 

The chosen data sets were analyzed with the conventional method 
DL/2. Appropriate statistical methods were used for handling data sets 
with nondetects and standard statistical methods with actual lab values. 
Firstly, the censored data in a data set were substituted by DL/2 so that 
a group of uncensored values was obtained with observed units and 
substitution units. ProUCL was used to run the UCL with this group of 
data set. the option “all” was chosen as the distribution of the data set 
was not sure and then results of different statistical methods to calculate 
95UCLM were shown in the list; Secondly, we defined the data set by 
marking the nondetects as “0”, while the uncensored values as “1”, and 
then the data set and their corresponding definition values were selected 
for choosing option of “with nondetects”. “All” was chosen next and 
the UCL was run so that we got a list of results analyzed with 
nondetects; finally we used the actual data set where the nondetects were 
substituted by the actual values obtained from the lab to run the UCL. 
Different analysis methods produced different results and the differences 
would differ in different cases. Through comparison of different results, 
we could see the changes of 95UCLM values in different cases and 
evaluate the results. 

Each data set has a certain percentage of nondetects and a certain sample 
size. These factors may also have an impact on the 95UCLM value 
comparison. The 95UCLM values generated by data sets with different 
censoring level and sample size were compared to see their impacts. In 

Table 3. Data sets of Cd in Annedal Park with different sample sizes including both 
censored and uncensored observations. 

 

Censored data sets 

  

Actual lab values 

 

 

49 observations 

  

 49 observations 

  1.7 0.64 0.34 <0.23 <0.22 <0.2 1.7 0.64 0.34 -0.06 0.177 0.07 

1.2 0.57 0.3 0.22 <0.21 <0.2 1.2 0.57 0.3 0.22 0.17 0.052 

1.1 0.55 0.29 <0.22 <0.21 <0.2 1.1 0.55 0.29 0.027 0.17 0.05 

0.98 0.53 0.28 <0.22 <0.21 <0.2 0.98 0.53 0.28 0.01 0.14 0.05 

0.98 0.5 <0.25 <0.22 <0.21 <0.2 0.98 0.5 -0.08 0 0.119 0.04 

0.93 0.44 <0.24 <0.22 <0.2 <0.19 0.93 0.44 -0.08 0 0.112 0.03 

0.9 0.38 <0.23 <0.22 <0.2 <0.19 0.9 0.38 -0.08 -0.01 0.112 0.03 

0.7 0.35 <0.23 <0.22 <0.2 <0.19 0.7 0.35 -0.06 -0.06 0.08 0.03 

0.67 

     

0.67 

     

 

24 observations 

   

24 observations 

  1.7 0.57 0.35 <0.23 <0.21 <0.2 1.7 0.57 0.35 0.05 0.112 0.177 

0.98 0.55 0.34 <0.22 <0.21 <0.2 0.98 0.55 0.34 0.03 0.08 0.17 

0.67 0.44 0.28 <0.22 <0.21 <0.2 0.67 0.44 0.28 0.027 0.052 0.17 

0.64 0.38 <0.24 <0.22 <0.2 <0.2 0.64 0.38 -0.08 0 0.05 0.119 

 

12 observations 

   

12 observations 

  0.98 0.64 0.28 <0.21 <0.2 <0.2 0.98 0.64 0.28 -0.08 0.027 0.17 

0.67 0.57 <0.24 <0.2 <0.2 <0.2 0.67 0.57 0.05 0.052 0.112 0.03 

 

6 observations 

   

6 observations 

  0.98 0.38 0.28 <0.2 <0.2 <0.2 0.98 0.38 0.28 0.11 0.05 0.03 
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risk assessment of soil contaminants, the 95UCLM values are directly 
compared with the thresholds to make a decision. If the 95UCLM value 
is higher than the threshold, the soil is considered being polluted and 
may need to be remediated; if not, then the soil is considered safe. In this 
report, two contaminants (Table 4) were analyzed and compared with 
the standard thresholds. 

3. RESULT  

3.1. Parameter comparisons between data sets 
Large data sets of each contaminant were subsampled into small data 
sets according to the principles mentioned above. The comparison of 
parameters between different data sets of contaminants (Table 5) was 
given below.  

Through the comparison, it can be seen that the censoring level of 
different data sets in each contaminant is almost equal. The mean and 
the standard deviation are slightly different comparing with the 
corresponding parameters between different data sets in each 
contaminant; especially the standard deviation value varies relatively 
larger than the mean value. However, the range in which they vary is still 
very small and it’s acceptable. 

3.2. UCLM computed by different methods  
The calculation of UCLM involves two procedures, the pre-treatment of 
data sets with nondetects and the choice of UCLM calculation method. 
The handling of nondetects can be made by different methods, including 
DL/2 substitution, MLE, ROS and Kaplan-Meier. In this report, 
substitution by the actual values from the lab was also used as a way to 
deal with nondetects. As to the methods of UCLM calculation, Student’s 
t distribution, Bootstrap and the Chebyshev theorem can be used. 
Results of the UCLM calculation by different methods are compared 
between data sets. 

 

Table 4. Reference for the standard threshold of soil 
contaminants. 

Soil Cadmium (Cd) Mercury (Hg) 

Standard threshold: 
(mg/kg) 

0.5 0.25 

Source: Swedish Environmental Agency’s genetic guideline 
values for contaminated soils sensitive land use (KM). 

 

Table 5. Comparison of parameters between different data sets 
of contaminants in Annedal Park. 

Sample 
Sample 

size 
Nondetects 

Censoring 
level 

Mean 
Standard 
deviation 

Cd 49 27 0.55 0.42 0.33 

 
24 13 0.54 0.44 0.31 

 
12 7 0.58 0.43 0.22 

 
6 3 0.5 0.41 0.26 

Hg 24 6 0.25 0.17 0.19 

 
12 3 0.25 0.2 0.22 

 
6 2 0.33 0.19 0.14 
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Table 6. Comparison of Cd 95UCLM values calculated by different methods in 
Annedal Park. 
                     Methods  

Sample size 
 
 

Student’s t 
distribution Bootstrap 

Chebyshev 
theorem  

DL/2   Tiku Standard T BCA Percentile  

                    49  0.442  0.44 0.462 0.452 0.445 

              

0.587 

24  0.477  0.469 0.547 0.505 0.476 0.681 

   12  0.483  0.463 0.516 0.48 0.463 0.711 

  6  0.605  0.527 0.852 0.587 0.57 0.933 

MLE         

49  0.279 0.33      

24        
0.351 

    0.412      

12  0.409 0.501      

6  0.57 0.66      

KM         

49  0.498   0.507 0.539 0.522 0.627 

24  0.555   0.662 0.611 0.574 0.733 

12  0.555   0.525 0.722 0.696 0.74 

6  0.671   1.263 0.98 0.98 0.971 

ROS         

49  0.457    0.468 0.453  

24  0.485    0.519 0.483  

12  0.501    0.507 0.488  

6  0.599    0.621 0.557  

Lab Value         

49  0.415  0.413 0.428 0.422 0.412 0.569 

24  0.465  0.461 0.529 0.489 0.468 0.677 

12  0.467  0.445 0.515 0.462 0.458 0.717 

6  0.6  0.525 0.842 0.619 0.563 0.942 

The rows with the same sample sizes are the same data sets; the stressed parts are 

the chosen values for 95UCLM. 

 

 

Table 7. UCLM comparison between censored and actual value data in different 
data sets of Annedal Park. 

  

Data with nondetects 

  

Lab value data 

 

 
Sample size Mean SD UCLM Mean    SD UCLM 

Cd 49 0.418 0.328 0.522(KM-P) 0.318 0.402 0.42(B-p) 

 24 0.439 0.31 0.611(KM-BCA) 0.327 0.393 0.489(B-BCA) 

 12 0.425 0.224 0.689(KM-p) 0.292 0.338 0.479(B-BCA) 

 6 0.413 0.256 0.971(KM-C) 0.306 0.357 0.942(Che.) 

Hg 24 0.167 0.19 0.238(KM-P) 0.165 0.196 0.232(B-p) 

 12 0.2 0.22 0.325(KM-P) 0.19 0.24 0.357(B-BCA) 

 6 0.19 0.14 0.47(KM-C) 0.16 0.17 0.467(Che.) 
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From the 95UCLM values of Cd in Annedal Park (Table 6), it may be 
observed that the 95UCLM values generated by different methods are 
different. However, the table contains some empty cells. While if we 
look into the data in detail, it can be found that the varying range 
between 95UCLM values may be quite large. For instance, the data set 
with 6 observations has the largest 95UCLM value of 1.263 as obtained 
by the KM-t method and the smallest vvalue of 0.525 calculated from 
the bootstrap standard method of lab values. In each method of 
handling with nondetects such as DL/2, the 95UCLM values calculated 
from the Chebyshev theorem are commonly higher compared with that 
of other calculation methods.  Between methods of handling with 
nondetects, 95UCLM values of the KM method are generally higher 
than that of DL/2, Lab Value, MLE and ROS in almost every 
calculation method. Using the MLE method, it can be seen that this 
method tends to yield small values for UCLM estimation, especially for 
the data set with 49 observations; the 95UCLM values by MLE method 
are quite small.  At the same time, the 95UCLM values by MLE vary 
largely when the sample size changes. The 95UCLM values increase with 
increased of sample size. The stressed parts of Table 6 are the suggested 
95UCLM values, based on different methods in different cases. The 
calculation of the Hg 95UCLM values is listed in Appendix Table A2.  

3.3. Comparison of UCLM values between censored and actual value 
data 

As shown above, the UCLM values computed by different methods are 
different. Which value to choose is a task for statisticians. The ProUCL 
software usually offers a reference value, which may sometimes be 
conservative to make sure that the confidence interval does cover the 
population mean. However, the statisticians must consider the properties 
of the data set and make a choice. In most cases, the chosen value 
recommended by statisticians is compared with the threshold value. 

In this report, which 95UCLM values to choose were decided using our 
knowledge of the actual values determined on the laboratory. However, 
the chosen values are also estimated values, which may still cause errors 
in estimating the properties of the data sets or tend to be large enough to 
be safe. It is of considerable interest to run ProUCL with the actual 
values obtained from the lab instead of nondetects to see if there exist 
differences between UCLM results. When comparing UCLM values of 
censored and actual lab data (Table 7), the mean and standard deviation 
values are essential to consider as the UCLM values are largely 
dependent on them. 

From the comparison of different data sets, it is obvious that the 
recommended methods can be different and involve the B-p, B-BCA, 
KM-p, KM-BCA, KM-C and Chebyshev theory. This is related to the 
sample size. In the case of large sample sizes such as 60, 49 and 24, the 
B-p, B-BCA, KM-p and KM-BCA methods are more favorable; while 
for small sample size such as 6, the Chebyshev theory is used with 
greater success. Comparing the mean values of two groups, it may be 
observed that the mean values of actual lab data are lower than that of 
censored data. The standard deviations are similar, however. The UCLM 
values of the actual lab data, which are related to both the mean and the 
standard deviation, are mostly lower than those of the data sets with 
nondetects. 
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3.4. Factors that affect the UCLM value differences 
Looking closely at the results (Table 7), the UCLM value differences 
between censored data and lab value data appear to be different when 
the sample size is changed; the censoring levels of different 
contaminants also vary. They may both have an effect on the UCLM 
value differences. 

 The effect of sample size 3.4.1.

When the UCLM value differences are related to the sample size (Fig. 7), 
it can be seen that the UCLM values are close to one another at very 
large and at very small sample sizes. When the sample size is 
intermediate, the UCLM value differences are larger.  

As discussed above, the sample size does have an effect on the UCLM 
value difference. Further, the censoring level of each data set is different. 
The data set of Cd in Annedal’s park has a high censoring level at around 
55% and the UCLM value differences are also large. While in Annedal 
Park, the Hg data set has only around 25% nondetects and the UCLM 
comparison shows that using lab values even enlarge the UCLM values. 

 The effect of censoring level 3.4.2.

Knowing that the censoring level may have an effect on the UCLM value 
differences we created several data sets with different censoring levels. 
Each data set was then subsampled into different sample sizes. The 
subsampling process also followed the rules mentioned above to ensure 
that only the sample size changes while other properties of the data set 
were kept constant. Thus, the same method was used, i.e. all the 
censored data with lab values were replaced and the ProUCL software 
was run to see the UCLM value difference change as a function of the 
censoring level and the sample size. To compare the UCLM value 
difference of censored data to lab values, the percentage gain was 
involved, which was defined as  

% gain = (  
      [   ]

      [        ]
)         (19) 

The censoring levels are not exactly 75%, 50% and 25%; they are 
approximate values. As the number of observations must be an integer, 
some small sample sizes cannot satisfy the specified censoring levels. 

Fig. 7. Relationship between (i) the 95UCLM values in censored 
data and lab values and (ii) the sample size. C and E represent 
the data sets of Cd and Hg in Annedal Park.  
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However, the varying range is quite small and can be ignored. From the 
percentage gain comparison with the change of both censoring level and 
sample size (Table 8), it can be seen that at higher censoring levels, the 
percentage gain is very high. When the censoring level is decreased, the 
percentage gain will also decrease. The same observation can be made 
even more clearly from the percentage gain trend of Cd with increasing 
censoring level and sample size (Fig. 8).  

Even though these data sets with different censoring levels are created 
artificially meaning that the properties of the original population are not 
preserved, they do show the same trend as the sample data sets above. 
The percentage gain increases at first with decreasing of sample size and 
then decreases again when the sample size is quite small.  

  

Table 8. Percentage gains of UCLM value as a function of the censoring level and 
of the sample size in Annedal Park. 

                       Censoring level     
 
Sample size   

 
 
 

75% 50% 25% 

Cd  44   16.4  

36  41.9   

30    5.1 

24  44.6 20 5.6 

12  43.2 13.9 5.2 

6  7.4 3 -1.6 

Hg  24    0.03 

12   0.11 -0.10 

8  0.19   

6   0.06 0.01 

     

Fig. 8. UCLM percentage gain trend of Cd with varied censoring 
level and sample size in Annedal Park. 
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4. DISCUSSION  

4.1. Subsampling process 
Large data sets need to be subsampled into small data sets with the 
random selection principle while satisfying two rules. One is that the 
censoring level should keep almost the same. The other is that the mean 
and standard deviation of small data sets should be close to that of the 
original data set. The first rule is easy to control, whereas the other is 
different to handle, especially concerning the standard deviation. This is 
because the standard deviation tends to be smaller when subsampling the 
original data set. According to the central limit theorem, the standard 
deviation of the sample equals that of the population divided by the 
square root of the sample size. This is true when the sample data follows 
a normal distribution and the subsamples are randomly selected. 
However, in this report the situation is different. There are human 
controls in the processes of randomly selecting data. If the standard 
deviation of sample data is quite small, observations need to be selected 
again to form the new sample data until the standard deviation is almost 
equal to that of the original data.  One observation will be only chosen 
once when subsampling to make sure the newly formed data set is made 
of different observations. The censoring level is certain so that extra 
censored data will not be used. All this is to guarantee the small data sets 
have the same distribution as the original data set with difference only in 
sample size. 

4.2. Statistical analysis and calculation methods 
Values of the mean and the standard deviation can be calculated by 
different statistical analysis methods such as DL/2, MLE, ROS and 
Kaplan-Meier. Which method to use for estimating the mean was 
discussed in the introduction part. As most of the data sets we used 
contained several detection limits and the distributions were 
nonparametric, Kaplan-Meier was the most suitable method for 
estimation of the mean and the standard deviation. Values calculated 
from Kaplan-Meier were used for comparison between data sets with 
different sample sizes. However, using this method, all the data had to be 
flipped into right-censored data and the smallest value in original data set 
was assigned the value of detection limit. Thus the estimated values of 
the mean tended to be large. This is why these mean values of Kaplan-
Meier were higher than that of the lab value method (Table 7). 

 In each method of handling with nondetects such as DL/2, the UCLM 
value calculated from the Chebyshev theorem was higher compared with 
that of other calculation methods. This was also applicable to any of 
other methods including ROS, MLE, Kaplan-Meier and Lab Value 
method. The reason why the UCLM value of Chebyshev theorem tended 
to be high was that this method was too conservative. In other words, 
the Chebyshev theorem could be applied to almost any distribution 
without concerning the specific properties of the data set, which tended 
to result in a relatively wide range of confidence intervals. Compared 
with bootstrap, the Chebyshev theorem method of estimating UCLM 
was inferior and was only used when the sample size is less than 10.  

MLE was supposed to be a good estimator of summary statistics. 
However, in this report, UCLM values estimated by MLE tended to be 
extreme. Values varied largely in data sets of the same contaminant, 
which means that some values were very high while the others were 
quite low. In addition, some UCLM values could not be generated by the 
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MLE method. Therefore MLE was not recommended as a way to 
compute UCLM. 

The KM method was the one used most often for choosing 95UCLM 
values. However, the choice of the calculation method depended on the 
properties of the data set. For data sets with large sample sizes (n>20), 
KM-p was more favorable if the value difference between KM-p and 
KM-BCA was small, otherwise the KM-BCA value would be chosen. 
For data sets with intermediate sample sizes (10<n<20), KM-BCA was 
better while for data sets with small sample sizes (n<10), the Chebyshev 
method was preferred.  

4.3. 95UCLM value comparison between censored data and lab values   
An interesting observataion was that when comparing the 95UCLM 
values (Table 7), the value generated by the lab value method was in 
most cases lower than that of the statistical method with nondetects. 
After replacing the nondetects with the real lab values, the value of 
95UCLM was decreased. Some lab results were below zero, which 
indicated the existence of a bias as the concentration of soil contaminant 
could not be less than zero. This is why it is sometimes recommended 
not to use laboratory values close to the DL. This was mainly due to the 
statistically undistinguished signal of zero (white noise), which affected 
all the observations including both the censored and detected. While for 
observations with large concentrations, the concentration value created 
by white noise was too small to make sense, nevertheless for these 
observations with low concentrations, the white noise could make a 
difference and the appearance of negative laboratory values could be 
explained. The impact of white noise was unavoidable. This did not 
bring about substantial changes to the properties of data set as a whole. 
In our case, where the 95UCLM was mainly computed, the results 
showed that laboratory value method behaved quite well.  

The results also revealed that the higher the percentage of nondetects 
was, the more important was the effect of them. Given the lab values, 
not only were the calculated 95UCLM values lower than those of the 
statistical methods with nondetects; the difference between the values by 
two methods became higher when the percentage of nondetects 
increased. The 95UCLM value calculated from laboratory data would be 
much lower than that of the statistical method with nondetects in high 
censoring level. Besides the impact of censoring level, the sample size 
would also affect the 95UCLM value difference.  In our cases, if the 
sample size was too low (n<10), the 95UCLM value difference would 
almost make no sense; while for data set with large sample size (n>40), 
the 95UCLM value difference would not be so obvious.  Data set with 
certain sample size where n was around 25, behaved well for a 
comparison of the 95UCLM value. However, these two factors are 
connected to each other and have an effect on the result synchronously. 
For data set with large sample size and high censoring level, the 
95UCLM value difference can be also quite large. 

Porter, Ward and Bell (1988) discussed the merits of having actual 
measured values rather than values recorded as nondetects. Lambert, 
Peterson and Terpenning (1991) also examined the nature of nondetects 
using additional information on the actual measured values associated 
with nondetect values. They showed that valuable information might 
come from data sets with actual measured values. This study shows again 
the significance of nondetects. This may affect the final decision in risk 
assessment of soil contaminants. 
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5. CONCLUSION  

In this report, four different statistical analysis methods for nondetects 
were compared, the DL/2, MLE, ROS and Kaplan-Meier methods. 
These methods are mainly used for generating summary statistics of 
nondetects. The 95UCLM values are commonly compared to threshold 
values to decide whether the soil is polluted by contaminants. The 
95UCLM value calculation involved three methods including Student’s t 
distribution, bootstrap and the Chebyshev theorem. When four statistical 
analysis methods were combined with these three 95UCLM calculation 
methods, 95UCLM values were generated from the soil data sets with 
nondetects. 

The soil data sets were derived from the Annedal project. Two large 
groups of data sets with nodetects were chosen from Annedal Park with 
Cd and Hg contamination, where the actual values of nondetects could 
be obtained from the laboratory. Large groups of data sets were 
subsampled into small data sets with different sample sizes. With the 
help of proUCL software, 95UCLM values of different data sets with 
nondetects were generated using statistical analysis and calculation 
methods. 95UCLM values of data sets with actual lab data were also 
calculated and compared with that of data sets with nondetects. 

According to the results data sets with actual laboratory values most 
often generated lower 95UCLM values than those of data sets with 
nondetects. Besides, the 95UCLM value differences were shown to be 
affected by the sample size and the censoring level. The higher the 
censoring level was, the bigger the 95UCLM value difference became. 
Either very large or very small sample sizes reduce the 95UCLM value 
difference.   

This thesis supplies us a new way to deal with the situation in which the 
95UCLM value is just a little bit higher than the threshold value. Such a 
result may be caused by nondetects. Either decision, i.e. to remediate the 
pollution or to take more samples, will consume time and money. It is 
advised that the laboratory can be contacted again for the original 
laboratory data values and analyze the data set again without censored 
observations to see the result. This may supply a manageable and 
economic tool to classify the contaminant land. 

However, due to the limited time, the data that we used for analysis is 
not sufficient. The results showed by Hg in Annedal Park were also not 
satisfactory, which is related to the low censoring level and small sample 
size.  
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APPENDIX  

  

Table A1. Data sets of Hg in Annedal Park with different sample sizes including 
both censored and uncensored observations. 

  Censored data sets     Actual lab values   

 

24 observations 

   

24 observations 

  0.17 0.07 0.12 0.14 0.08 <0.05 0.17 0.07 0.12 0.14 0.08 0.01 

0.11 0.075 0.84 0.11 0.04 <0.05 0.11 0.075 0.84 0.11 0.04 0.03 

0.08 0.33 0.07 0.18 <0.05 <0.05 0.08 0.33 0.07 0.18 0.04 0.02 

0.49 0.27 0.49 0.13 <0.05 <0.05 0.49 0.27 0.49 0.13 0.04 0.02 

 

12 observations 

   

12 observations 

  0.12 0.11 0.84 0.49 0.17 <0.05 0.12 0.11 0.84 0.49 0.17 0.04 

0.08 0.18 0.08  0.14  <0.05 <0.05 0.08 0.18 0.08  0.14  0.01 0.02 

 

6 observations 

   

6 observations 

  0.12 0.18  0.11  0.49  <0.05  <0.05  0.12 0.18  0.11  0.49  0.02 0.02  
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Table A2. Comparison of Hg 95UCLM values calculated by different methods in 
Annedal Park. 
                     Methods  

Sample size 
 
 

Student’s t 
distribution Bootstrap 

Shebyshev 
theorem  

DL/2   Tiku standard t BCA percentile  

24  0.23  0.23 0.28 0.25 0.24 0.34 

12  0.31  0.3 0.59 0.35 0.31 0.49 

6  0.30  0.26 0.46 0.30 0.28 0.47 

MLE         

24     0.21      0.21      

12  0.29 0.30      

6  0.29 0.30      

KM         

24  0.24   0.28 0.25 0.24 0.34 

12  0.32   0.81 0.33 0.32 0.50 

6  0.32   2.16 0.31 0.31 0.47 

ROS         

24  0.23    0.25 0.23  

12  0.31    0.34 0.31  

6  0.30    0.31 0.29  

Lab Value         

24  0.23  0.23 0.27 0.25 0.23 0.34 

12  0.31  0.30 0.60 0.35 0.32 0.49 

6  0.30  0.26 0.47 0.31 0.27 0.47 

The rows with the same sizes are the same data sets; the stressed parts are the 

chosen values for 95UCLM. 

 

 

 

 


