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Summary
One of the limitations of Fourier-based planar near-field acoustic holography (P-NAH) is that the
wave-field extrapolation only holds for outgoing waves, making the study of certain vibro-acoustic
sources in reverberant environments a costly and difficult procedure. The present paper is concerned
with a single-layer formulation of Fourier-based P-NAH that accounts for the presence of partially
absorbing surfaces. The underlying theory is based on the WRW model, which is a rather popular
technique in the seismic processing community. Unlike P-NAH, the WRW model proposes a solution
to the forward acoustic problem, by performing the spatial convolutions via matrix multiplications.
The aim of this paper is to investigate the use of the WRW model for inverse acoustics, particularly
in the context of P-NAH. Numerical reconstructions with baffled point sources are carried out, in-
vestigating a geometrical case with one reflector under noise-free conditions. Several combinations of
frequencies, reflection coefficients, measurement apertures and reflector positions are explored. Op-
portune observations are made regarding the influence of the propagation distances on the numerical
implementation of the Green’s functions. The source reconstructions are performed via free-field P-
NAH and via the present formulation, aiming towards a quantitative and qualitative understanding
of the influence of the partially absorbing surfaces.

PACS no. xx.xx.Nn, xx.xx.Nn

1. Introduction

Near-field acoustic holography (NAH) is an imag-
ing method used for reconstructing acoustical quan-
tities of sound sources, by means of performing near-
field pressure measurements with certain geometry,
and propagating the wave-field in the Fourier domain
[1, 2]. NAH relies on capturing the evanescent waves
present in the vicinity of the source, such that vi-
brations smaller than the acoustic wavelength can be
reconstructed from the measurements [2].

One of the limitations of planar NAH (P-NAH) is
that the wave-field extrapolation only holds for outgo-
ing waves [3, 4]. Therefore, the reconstructed quanti-
ties tend to be erroneous in situations when incoming
waves are present, such as when a reflecting surface
is near the hologram plane. This limitation can be
tackled by employing instead inverse boundary ele-
ment methods [4, 5]. However the methods are based
on solving the inverse problem in the spatial domain,
which often leads to a larger amount of operations
than NAH. More recently, a few studies have made
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use of pressure (or particle velocity) measurements at
two parallel planes, as well as pressure and velocity
measurements at a single plane [6, 7, 8]. Neverthe-
less, these approaches require twice as many sensors.
In this paper, the authors consider it opportune to
investigate the performance of a single-layer method
that is formulated in the Fourier domain.

The aim of this work is to introduce the use of a
seismic model (WRW [9]) for inverse acoustics, partic-
ularly in the context of P-NAH. The WRW model is
a rather popular technique in seismic signal process-
ing, and it has widely been used to characterise im-
pulse responses in enclosed spaces [9]. Unlike P-NAH,
WRW finds a solution to the forward acoustic prob-
lem, and proposes a numerical approximation of the
spatial convolutions via matrix multiplications. Fur-
thermore, the WRW model allows for the definition of
space-variant convolution operators; which is a classi-
cal limitation in Fourier analysis [10, 11].

In this paper, the WRW model is transformed to
the wavenumber domain, and the reconstruction with
P-NAH involves, as usual, the back-propagation of
Fourier coefficients. We emphasise the fact that the
convolution operators must be space-invariant. Var-
ious combinations of frequency, reflection coefficient,
aperture sizes and propagation distances are explored,
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and the performance of the modified inverse propaga-
tor is compared with that of free-field P-NAH.

The outline of the paper is as follows. Section 2
overviews the WRW model for the case of one reflec-
tor, followed by its application in P-NAH. The nu-
merical reconstructions are introduced in Section 3,
and the associated results are shown and discussed in
Section 4. A general discussion is presented in Section
5, and conclusions are drawn in section 6.

2. P-NAH via WRW

Let us assume that the source, the hologram (detec-
tors), and the reflecting boundary are discretised in
the planes z = zs, z = zh and z = z1, respectively, as
shown in Figure 1. The propagation of N samples of
the source pressure, Ps ∈ CN , towards the hologram
via the WRW model [9] then reads:

Ph = [Wsh + W1hR1Ws1]Ps, (1)

where Ph ∈ CN is the hologram pressure, and the
reflectivity matrix R1 ∈ CNxN contains the impulse
responses that characterise the incident and reflected
fields at z = z1. Likewise, any propagation matrix
Wab ∈ CNxN contains the Dirichlet impulse re-
sponses (Green’s functions) describing the propaga-
tion from plane za to plane zb > za.

We can observe that Equation (1) illustrates the su-
perposition of the direct and reverberant fields. Also,
it is opportune to mention that the harmonic time-
dependence e−jωt is omitted throughout the paper.

2.1. A note on space-variance

Here we wish to underline the problematic, yet likely,
event of encountering space-variant Green’s functions
in practice. An illustrative instance is a boundary per-
pendicular to the source and hologram planes. In cases
as such, the propagation matrices seldom have any en-
joyable structure, and we often require as many im-
pulse responses as spatial sampling points [10].

The opposite scenario is found in plan-parallel ge-
ometries (such as in Figure 1), in which case the
propagation matrices have Toeplitz structure and the
Green’s functions become space-invariant. Further-
more, it is a common practice to assume that the
reflecting surface is homogeneous [12], such that the
reflectivity matrix is Toeplitz and its associated im-
pulse response is also space-invariant.

One of the advantages of using Fourier analysis is
that the convolutions are performed in the frequency
domain; yet doing so is only meaningful if the system
is space-invariant [10, 11]. As a corollary, our attention
is drawn to plan-parallel reflectors today, whilst the
remaining cases offer a challenge for tomorrow.

Following the preceding note, the space-invariant
Green’s function, wab, can be drawn from the center-
most column (row) of Wab. Taking any other column
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Figure 1. The forward acoustic problem with one reflecting
surface.

(row) results in a linear phase factor in the wavenum-
ber domain (recall the shift theorem [11]). On math-
ematical grounds, at angular frequency ω, it follows
that:

wab =
jk∆r − 1

2π∆r3 |zb − za|∆
2
se
jk∆r, (2)

where j =
√
−1, k = ω/c is the acoustic wavenumber,

c is the speed of sound, and ∆s is the spatial sampling
rate. The values of ∆r =

[
x2 + y2 + (zb − za)2

]1/2
span the point-wise distances between planes za and
zb, and the real space is discretised with x = y =
[−∆sN/2, ...,∆s(N/2 − 1)]. Here we have assumed
that N =

√
N points discretise each dimension.

In a similar way we can draw the reflectivity opera-
tor r1 from R1, which depends on the incidence angle.
If a reflector with coefficient R ∈ C is locally-reacting,
then it follows that R1 is diagonal and r1 = Rδ(x, y).
Instead, a non-locally reacting reflector is charac-
terised by non-zero off-diagonal entries in R1, and
it follows that r1

∼= R sin(kix)
kix

⊗ sin(kiy)
kiy

. Here ⊗ de-
notes the Kronecker product and the wavenumber ki
depends on the incidence angle [13].

2.2. Spatial Fourier transformation

The spatial Fourier transform of Equation (2) has
an analytical definition, and it is associated with the
propagator Gab(kx, ky) = ej

√
k2−k2x−k2y(zb−za), where

the wavenumbers kx = ky = [−∆kN/2, ...,∆k(N/2−
1)] discretise the spatial Fourier domain with sam-
pling rate ∆k = 2π(N∆s)

−1 [2].
The proper numerical implementation of Gab de-

pends on the propagation distance |zb − za|, and the
acoustic wavelength λ = 2π/k. This was carefully in-
vestigated by Veronesi and Maynard [14]; however, in
this study, we use the analytical Fourier propagator
and draw conclusions of its performance.

Under these conditions, Equation (1) in the
wavenumber domain reads:

P̃h =
[
Gsh + G1hR̃1Gs1

]
P̃s, (3)

where R̃1 is the reflectivity spectrum, and P̃a denotes
the so-called angular spectrum (or Fourier transform)
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of the pressure at z = za [10]. The reflectivity spec-
trum of a locally reacting surface is flat, whereas in
the non-locally reacting case R̃1 is a low-pass filter
whose cut-off depends on the incidence angle [13].

In order to find then a solution to the inverse prob-
lem, we can multiply Equation (3) by Ghs = G−1

sh and
solve for P̃s as follows:

P̃s =
Ghs

I + GhsG1hR̃1Gs1

P̃h, (4)

where I denotes the identity matrix. Observe that the
product GhsP̃h illustrates the back-propagation per-
formed in conventional P-NAH; and, similarly, as the
signal-to-noise ratio tends to infinity, the (modified)
inverse problem becomes well-posed and no regular-
ization is necessary.

3. Numerical reconstructions

The acoustic problem is illustrated in Figure 1, where
the positions of 15 baffled point-like sources [2] are
randomly drawn from a uniform distribution in a re-
gion delimited by half of the reconstruction aperture
(see Figure 2). The baffled sources have 1 [cm] diam-
eter and transversally oscillate with a radial velocity
of 10 [cm/s]. The hologram data is calculated via the
method of image sources [15].

Table I shows the studies conducted to evaluate the
performance of P-NAH via WRW for various param-
eters, as well as compare it with that of free-field P-
NAH. The reflector is assumed to be infinitely large
and locally reacting. In addition, we consider non-
porous materials, i.e. R ∈ R, and, naturally, ω = 2πf .
The varying parameters are defined as follows:
• f = 100 – 3150 [Hz] (5 [Hz] steps up to 1 [kHz],

and 15 [Hz] steps up to 3.15 [kHz])

• R = 1/3, 2/3 and 1

• z1 = 4 – 200 [cm] (1 [cm] steps)

• N = 256, 128 and 64 samples
As regards signal windowing, a Tukey window mul-

tiplies the hologram pressure data as in [2]. The de-
cay rate of the window is chosen to be 0.3, which is
considered overall, so far, an adequate value in our re-
constructions. The performance of hologram extrap-
olation techniques is out of the scope, and these are
likely to improve the reconstruction.

As a quantitative measure of the reconstruction of
the algorithms, we use the root mean-square recon-
struction error (RMSRE), which is expressed as:

RMSRE =

√√√√∑
n⊂N

|P(e)
s [n]−P

(r)
s [n]|2

|P(e)
s [n]|2

, (5)

Source plane

RMSRE

Sources

Figure 2. The reconstruction aperture (solid) is twice that
where the error is calculated (dashed). The distribution of
baffled sources spans the dash-dotted region.

Table I. Numerical studies and associated parameters. The
units of f are [Hz], those of ∆s, zh and z1 are [cm], and
those of N are [samples]. ‘V’ denotes varying parameter.

Study f ∆s N R zh z1

I V 2 256 V 3 4

II V 2 V 1 3 4

III 1000 2 256 V 3 V

where P
(e)
s and P

(r)
s are the exact and reconstructed

source pressures, respectively. As depicted in Figure
2, we choose n such that the error is evaluated within
half the reconstruction aperture. However this does
not rigorously apply in Study II.

4. Results and discussion

The reconstructions in each study are performed for
100 distributions, and the corresponding values of the
RMSRE are averaged. The margins of error associ-
ated with this averaging process are calculated ac-
cording to a 95% confidence level. It is worth noting
that the scales in figures depicting source reconstruc-
tion instances correspond to the absolute value of the
pressure in [Pa].

4.1. Study I

Figure 3 shows the RMSRE versus frequency for each
reflection coefficient and each propagating operator.
For all reflection coefficients and all frequencies, the
largest margins of error equal 7.5% and 10.7% for P-
NAH via WRW and free-field P-NAH, respectively. At
a fixed frequency, these margins of error are nearly the
same regardless of the varying parameter R.

From Figure 3, the RMSRE with free-field P-NAH
decreases as the reflection coefficient decreases, as we
would expect. Yet for R = 1/3, its performance is sub-
stantially influenced by the presence of the reflector
(RMSRE ≈ 34%).
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Figure 4. Study I: Pressure reconstruction instance via the inverse WRW and the free-field propagators for f = 1000
[Hz], N = 256 and varying reflection coefficient.

10
2

10
3

10
4

0

5

10

15

Frequency [Hz]

R
M

S
R

E
 [
%

]

 

 

R = 1/3

R = 2/3

R = 1

10
2

10
3

10
4

0

50

100

150

Frequency [Hz]

R
M

S
R

E
 [
%

]

 

 

R = 1/3

R = 2/3

R = 1

Figure 3. Study I: RMSRE for varying frequency and re-
flection coefficient. P-NAH via WRW (top) and free-field
P-NAH (bottom).

In addition, Figure 4 shows the reconstruction for
one random realisation at f = 1000 [Hz] and each re-
flection coefficient. Qualitatively, the performance of
the free-field propagator approaches that of P-NAH
via WRW as R decreases. Note also that the perfor-
mance of the P-NAH via WRW does not significantly
vary with R.

A possible explanation for the slope in the RM-
SRE curves is the influence of fixed parameters. The
maximum observable wavenumber is constant at all
frequencies; hence, the available evanescent content
is greater when k is lower. Moreover, the evanescent
waves decay with the propagation distance, thus a
portion of them may have vanished before reaching
the hologram.

4.2. Study II

In this test we start with N = 256 samples, and pro-
gressively truncate the hologram aperture by choos-
ing N = 128 and 64 samples. For truncated holo-
grams, the RMSRE is calculated within the entire re-
constructed aperture. We expect that the loss of infor-
mation will introduce an error due to sources outside
the truncated aperture.

Figure 5 shows the RMSRE versus frequency for
each aperture size and each propagating operator.
For all aperture sizes and frequencies investigated, the
largest margins of error follow 44.7% and 89.7% for
P-NAH via WRW and free-field P-NAH. At a fixed
frequency, unlike in Study I, the margins of error in-
crease as fewer samples are used.

We can observe, as in Study I, the influence of fixed
sampling parameters and propagation distances in the
slopes of the RMSRE curves. We also see that, at
lower frequencies, the first truncation to 128 samples
seems not to introduce a significant error when free-
field P-NAH is used, compared with the error already
introduced by the presence of the reflector.

Overall, the performance is considerably degraded
when the aperture is truncated, resembling the be-
haviour of conventional P-NAH when sources are
found near the edges or outside the aperture. We can
also notice this in the reconstruction instance shown
in Figure 6, for f = 1000 [Hz] and R = 1.

4.3. Study III

Figure 7 shows the RMSRE for all relevant cases of
propagating operators and reflection coefficients. Hop-
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Figure 6. Study II: Pressure reconstruction instance via the inverse WRW and the free-field propagators for f = 1000
[Hz], R = 1 and varying aperture size.
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Figure 5. Study II: RMSRE for varying frequency and
aperture size, and R = 1. P-NAH via WRW (top) and
free-field P-NAH (bottom).

ing to illustrate how the reflector position influences
the RMSRE, the x-axis in Figure 7 is the distance
zδ = 2z1 − zh, normalised with respect to λ. Note
that zδ is the distance the reflected field travels from
the source to the hologram.

For all reflection coefficients and propagation dis-
tances, the largest margins of error correspond to
7.2% and 15.5% for P-NAH via WRW and free-field
P-NAH, respectively. At fixed f , these margins of er-
ror increase, yet slightly, as z1 increases.

For R = 1 and all investigated propagation dis-
tances, P-NAH via WRW outperforms conventional
P-NAH. However, as we reach the far-field at lower
values of R, the performance via free-field P-NAH is
comparable to that of P-NAH via WRW, as expected.
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Figure 7. Study III: RMSRE for varying zδ and R, and
fixed f = 1000 [Hz].

In fact, as R is lower, the curves collapse at an earlier
distance and free-field P-NAH outperforms P-NAH
via WRW. Nevertheless, the error with free-field P-
NAH never reaches the lowest RMSRE obtained with
P-NAH via WRW.

In addition, we have no explanation for the peak
of the RMSRE curves near zδ/λ = 1.5, other than
attributing it to possible aliasing and/or wraparound
errors. According to [14], a possible reason for the
increasing RMSRE versus propagation distance could
be a numerical error introduced by the dependence of
Gab on the ratio |zb − za|/λ.

Additionally, Figure 8 shows one of the random re-
alisations for f = 1000 [Hz], R = 1 and zδ/λ = 0.2, 1.5
and 5. Unlike in Figure 7, it results difficult to draw
any trend of the performance of propagators. However
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Figure 8. Study III: Pressure reconstruction instance via the inverse WRW and the free-field propagators for f = 1000
[Hz], R = 1, N = 256 and varying zδ/λ.

we observe that, as z1 increases in this particular real-
isation, the RMSRE first increases and then decreases
with both propagators, which agrees with Figure 7.

5. General discussion

The slopes of the error curves in studies I and II could
be attributed to the fixed parameters. Notice that the
evanescent content could be equal at all frequencies
by varying ∆s and the propagation distances with f .
Nevertheless, care must be taken to avoid aliasing due
to the sampling rate and the propagation distances
[1, 3]. In a similar way, attention must be paid to
the implementation of the Green’s function. An as-
sessment of various numerical implementations is cur-
rently being done. It is also worth pointing out that
the extension to two plan-parallel reflectors may as
well be formulated via the WRW model [9], and it is
a subject of current research. Moreover, reconstruc-
tions with experimental data will soon be carried out
in order to validate the presented formulation.

6. Conclusion

We have introduced the use of the WRW model for
inverse acoustics in the context of P-NAH. The main
goal was to investigate the performance of a single-
layer formulation of P-NAH that accounts for the
presence of reflecting surfaces. The presented formu-
lation is at the moment limited to plan-parallel planes
in order to guarantee space-invariance of the Green’s

functions. Three main studies with various parame-
ters were performed, summarised in Table I. Recon-
structions of baffled point-like sources were carried
out, and the performance of P-NAH via WRW was
compared with that of free-field P-NAH.
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