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Phase transitions in high-temperature superconductors
Jack Lidmar, Theoretical Physics, Department of Physics
Royal Institute of Technology, SE-100 44 Stockholm

Abstract

Thermal uctuations and disorder strongly inuence the behaviour of high-
temperature superconductors. In particular the vortices play a key role in deter-
mining their properties. In this thesis the main focus lies on phase transitions,
both in ultra-thin �lms and in three-dimensional systems, which are driven by
vortex uctuations. The last paper concerns the inuence of antiferromagnetism
on superconductivity in a simple model. A brief review of these topics is given
in the introductory part.

The main results are:

� The phase transition in ultra-thin superconducting/superuid �lms is stud-
ied within the two-dimensional Coulomb gas model, which is known to
have a Berezinskii-Kosterlitz-Thouless transition at low vortex densities.
We construct the phase diagram from grand canonical Monte Carlo simu-
lations on a continuum, without any restrictions on the vortex density.

� The dynamical universality classes for vortices in superconductors in zero
magnetic �eld are studied by means of Monte Carlo simulations, with par-
ticular attention to the role of screening of the vortex interaction.

� We construct a formula for the k = 0 helicity modulus directly in terms
of the vortex line uctuations, which can serve as a useful way to detect
superconducting coherence in model calculations. A method for simulating
vortex lines on a continuum is developed, and used to study the melting
of the Abrikosov vortex lattice.

� We study the critical dynamics for vortices in the presence of columnar
defects. The linear resistivity and current-voltage characteristics are cal-
culated in Monte Carlo simulations, and the critical behaviour extracted
using �nite size scaling. We reconsider the scaling properties as the mag-
netic �eld is tilted away from the direction of the columns.

� The inuence of antiferromagnetic correlations on the superconducting
properties is studied in a simpli�ed lattice fermion model for superconduc-
tivity in the presence of an antiferromagnetic background. We �nd that
the superconducting critical temperature is enhanced by antiferromagnetic
order, and that a gap with dx2�y2-wave symmetry is the most stable.

Key words: Superconductivity, Vortices, Phase transitions, Strongly correlated
fermions, High-temperature superconductivity, Monte Carlo simulations.
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Preface

This thesis is based on my research done at the Department of Physics at the
Royal Institute of Technology during the period 1994{1998. The thesis is divided
in two parts.

The �rst part contains a brief introduction to the �eld of my research. Chap-
ter 1 gives a short introduction to phase transitions and critical phenomena.
Chapter 2 is a general discussion of the superconducting/superuid state of
matter. Chapter 3 briey review the special features of superuidity in two
dimensions. Chapter 4 discusses vortices in three-dimensional high-temperature
superconductors. In Chapter 5 some basic properties of the unconventional high-
temperature superconductors are summarized. Chapter 6 introduces the Monte
Carlo method, which has been extensively used throughout the work.

The second part of the thesis consists of �ve papers where my research and
the results thereof are presented.
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Chapter 1

Introduction

Much of the research has, historically, been directed towards �nding the very
smallest constituents of our world. This is the kind of research that gets big
headlines in the press. But at least an equal amount of work has gone in the
opposite direction. In nature there is very often a hierarchy of descriptions valid
on di�erent, well separated scales. We ourselves are made of biological cells. The
cells are made of molecules. Going to even smaller scales, we �nd them to consist
of atoms, each of which contains electrons and a nucleus. The nuclei in turn are
built of nucleons | protons and neutrons | which contain three quarks each,
and so on. In principle it should be possible to derive large scale phenomena, such
as properties of living cells, from the microscopic models, e.g., the dynamics of
quarks. However, in practice this is extremely di�cult and in general impossible,
and even if it could be done, such a description would be so complicated that
nothing would have been gained. Instead, each of the levels mentioned above
has its own e�ective descriptions, valid for a certain range of length scales and
energies. To learn about phenomena in the world that surround us, means to go
to large length scales and low energies, and throw away many microscopic details,
keeping only the essential features. This philosophy is inherent in this thesis.
Nature is very complicated. Yet, you will �nd many very simpli�ed models in
this thesis, which are used to describe some restricted parts of it.

When a large number of interacting particles are put together many new
and interesting phenomena emerge. These collective e�ects are not possible to
understand from the study of only one or a few particles. Phase transitions
is one such phenomenon, which we encounter in our everyday life. The most
familiar example is of course water, with its transitions between ice, liquid, and
vapour, but phase transitions occur also in many other systems, e.g., in magnets
| and in superconductors, which is the topic of this thesis. The most common
type of phase transition is a so called �rst order transition. As a controlling
parameter, e.g., temperature, is continuously varied the system may undergo
dramatic changes. At the melting of ice, e.g., there is a discontinuous jump in
the density, and a latent heat must be supplied. Right at the transition, the two
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2 Chapter 1. Introduction

phases, ice and water, coexist. A similar thing happens when water boils. In
this case, however, if a high pressure is applied, the di�erences between water
and steam along the transition line starts to diminish | their densities become
more and more similar, and the latent heat decreases | until a critical point is
reached at a pressure of 220 atmospheres and 374 �C. Above this point there is
no longer any di�erence between water and steam. Right at the critical point
the transition is continuous.

At the critical points, the behaviour is strongly inuenced by thermal uc-
tuations, leading to a highly correlated state with many unusual and interesting
properties. To study these is a di�cult problem, where there is no such sep-
aration of length scales as discussed in the �rst paragraph. Instead there are
uctuations on all scales, from the microscopic scale, up to the size of the sys-
tem, and the ones on small scales a�ect the ones on larger scales. The system
becomes self-similar. This shows up as a singular behaviour in many properties,
such as a diverging heat capacity and compressibility. In addition, the dynamics
slows down close to a critical point.

To develop methods to analyse such a system, with uctuations on many
length scales, has been a major challenge to physicists in the 20th century. How-
ever, the diverging correlation length also leads to some important simpli�ca-
tions. The microscopic details of a particular system will largely be unimportant
for the large scale properties. A coarse-grained description in terms of an or-
der parameter �eld, e.g., the local magnetization in a magnet, is often possible.
This means that the very complicated realistic descriptions of nature and sim-
pler mathematical models will show the same critical behaviour, provided they
belong to the same universality class, which usually depends only on symme-
tries and dimensionality, but not on the details of interactions. The philosophy
behind the work in this thesis, then, is not to study very complicated detailed
models of nature, but instead simple models which show complex behaviour.

The next section provides some background on the modern theory of phase
transitions, which I think is necessary in order to fully appreciate the rest of the
thesis. The focus will be on the conceptual ideas, rather than on details. Details
can be found in any of the excellent books on the subject [1]. If the reader �nds
this section too hard, he or she is advised to skip it and continue with the next
chapter, where reading will be easier again!

1.1 Scaling and renormalization

Condensed matter systems often consist of more than 1023 strongly interacting
particles. To handle such a large number of particles one usually has to rely on
statistical methods. The central object in statistical mechanics is the partition
function,

Z = Tr e��H ; (1.1)

where � = 1=kBT is the inverse of the temperature and H is the energy (or
Hamiltonian). It is convenient to absorb the factor � into the de�nition of



1.1. Scaling and renormalization 3

the parameters entering H and thus de�ne the reduced Hamiltonian H = �H .
The trace Tr denotes a summation (or an integration) over all states of the
system. The idea behind the renormalization group (RG), for which K. G. Wilson
obtained the Nobel Prize in physics in 1982 [2], is to do this summation by
successively integrating out degrees of freedom on longer and longer length scales.
This coarse-graining procedure may be carried out in many di�erent ways, e.g.,
via block spin transformations, or by integrating over short-wavelength Fourier
modes. This gives an e�ective Hamiltonian H0 describing the physics on longer
length scales, which should be left una�ected:

e�H
0

= Tr0 e�H (1.2)

Here the 0 indicates that only a partial trace over short wavelength uctuations
should be taken. During this coarse-graining the microscopic length scale that
comes with the model, e.g., a lattice spacing a, is increased by a factor `. To
be able to compare the e�ective Hamiltonian to the original Hamiltonian all
lengths have to be rescaled so that the short distance cuto� appears the same
as before the transformation, a0 = `a. (Sometimes a rescaling of the degrees of
freedom is necessary too.) The correlation length (in units of the microscopic
length) transforms as �0 = �=`, thereby replacing a system close to criticality by
a system not so close. The coarse-graining together with this rescaling de�nes
the renormalization group transformation, symbolically written as

H0 = R`(H): (1.3)

In practice this step is often very di�cult and can only be done approximately.
The conceptual picture that emerges is still very useful, however. Iterating the
transformation gives rise to a ow in the space of possible Hamiltonians { a
renormalization group ow. In this huge space there are only a few special
points of particular importance, namely the �xed points of the transformation,
i.e., points H� where

H� = R`(H�): (1.4)

In general the RG ow will terminate on one of these points, which thus deter-
mines the long distance physics. This is the beauty of the RG. The fact that
many di�erent microscopic models can ow to the same �xed point is the expla-
nation of universality. Di�erent models which ow to the same �xed point are
said to belong to the same universality class. Many microscopic details will be
irrelevant and only things like the symmetry and dimensionality matters. Close
to the �xed point the RG ow can be linearized. The Hamiltonian can often be
written as

H =
X
i

Ki�i(fSg); (1.5)
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where �i, the so called local operators, constitute a complete set of local functions
of the degrees of freedom fSg, which are multiplied by some coupling constants
Ki.

1 The RG transformation can now be written as

fK 0g = R`fKg (1.6)

and gives a ow in coupling-constant space. Linearizing around a �xed point we
�nd

K 0
i �K�

i =
X
j

�
@Ri

@Kj

�
K�

�
Kj �K�

j

�
(1.7)

In general the matrix
�
@Ri

@Kj

�
K�

will not be diagonal or even symmetric, but its

eigenvalues can be related to the critical exponents. Changing to a basis where it
is diagonal, we obtain linear combinations gn of the Ki which transform simply
as g0n = `yngn. The gn are called scaling �elds. Three di�erent behaviours are
possible close to the �xed point, depending on the sign of the exponents yn
(usually yn are called the RG eigenvalues):

� yn < 0 | gn is irrelevant and decreases under renormalization.

� yn > 0 | gn is relevant and grows under renormalization.

� yn = 0 | gn is marginal. Higher order terms determine if it is marginally
relevant or irrelevant or exactly marginal.

Since the irrelevant couplings ow to zero they can usually be neglected in the
problem,2 leading to considerable simpli�cations.

There are two di�erent types of �xed points, non-critical and critical ones,
depending on whether the �xed point is stable or unstable. The critical �xed
points describe continuous phase transitions, while the non-critical describe the
bulk of a single phase, e.g., a completely ordered system (at low T ), or a com-
pletely disordered state (at high temperature). The number of relevant eigenval-
ues gives the number of bare parameters that require �ne-tuning in order to hit
the critical �xed point. For the critical point between water and vapour, e.g.,
the temperature and pressure have to be adjusted, since there are two relevant
eigenvalues.

Since the partition function is invariant under the RG ow, the free energy
density f = �L�d lnZ transforms as

f(fKg) = `�df(fK 0g) + g(fKg): (1.8)

The function g is the part of the renormalized Hamiltonian which is independent
of the degrees of freedom. Since it results from the integration over a �nite

1New interactions, not present in the original Hamiltonian, will usually be generated during
the coarse-graining. Therefore the number of coupling constants is in principle in�nite.

2Unless they are dangerously irrelevant, see [1].
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number of short-distance degrees of freedom it contains no singularities. The
singular part of the free energy therefore has the scaling form3

fs(g1; g2; : : :) = `�dfs(`
y1g1; `

y2g2; : : :); (1.9)

from which critical exponents are easily derived by taking the appropriate deriva-
tive. As an example, consider a system with one relevant coupling t = (T �
Tc)=Tc. Then the heat capacity cv / @2f(t)=@t2 = `2yt�df 00(t`yt), and choosing
t`yt � 1 we �nd a divergence at Tc,

cv / t��; � = 2� d=yt: (1.10)

Let us also look at the behaviour of the correlation length:

�(t) = `�(`ytt) = t�1=yt�(1): (1.11)

where in the last equality, ` was chosen so that `ytt = 1. Thus, when the
�xed point is approached as t ! 0, the correlation length diverges to in�nity if
yt > 0, i.e., for critical �xed points, and goes to zero for non-critical ones. The
correlation length exponent is therefore � = 1=yt.

1.2 Finite size scaling

An important special case is obtained if we include a �nite size L into our con-
siderations. Then L�1 is like a relevant scaling �eld with eigenvalue 1. Close to
the critical point the singular behaviour will be cut o� at a length scale ` � L,
and

fs(g1; g2; : : : ; L
�1) = L�d ~fs(L

y1g1; L
y2g2; : : :): (1.12)

For the heat capacity we then get

cv = L2yt�dF (tLyt) (1.13)

so that the singular behaviour is rounded and the divergence is replaced by a
peak with �nite height at a shifted temperature. This and similar formulas are
extremely useful to extract the critical behaviour from computer simulations,
and have been used a lot in the papers of this thesis.

1.3 Critical dynamics

As the correlation length grows on approaching the critical point, the dynamics
of the system will slow down. The dynamical critical exponent z is de�ned by

� � �z; (1.14)

3We may assume that the scale factor ` can take arbitrary values as long as ` > 1.
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where � is the time scale for critical uctuations, which shows up in dynamic
quantities such as resistivity. In contrast to the critical exponents de�ned ear-
lier, this one does not follow from the statistical mechanics alone, but depends
on the equation of motion as well. For problems in classical and quantum me-
chanics the dynamics is de�ned by the Hamiltonian of the system. However, in
the problems considered here, we are interested in the dynamics of an e�ective
system, where many degrees of freedom are treated only in a statistical way.
In these cases an equation of motion often has to be imposed independently
of the microscopic Hamiltonian, e.g., as in hydrodynamics of uids. There can
therefore be several dynamic universality classes, with di�erent values of z, for
one single Hamiltonian [3]. Again, these will be insensitive to many microscopic
details in the equations of motion, and depend only on things like symmetries
and conservation laws. The dynamic exponents for various models are studied
in two of the papers in the thesis.



Chapter 2

Superconductivity and

superuidity

The phenomena of superuidity and superconductivity are two of the few in-
stances in nature where quantum e�ects have visible, and sometimes spectacular
e�ects, on macroscopic scales. Superconductivity was discovered in 1911 by
Kamerlingh Onnes when he found that the resistivity of mercury dropped to
zero at very low temperatures [4]. Later on superconductivity has been found
in numerous other materials. The most well known property of these is the zero
resistance. If a current is set up in a superconducting circuit it will persist for-
ever. An equally remarkable property of these materials is that they are perfect
diamagnets, i.e., they completely expel magnetic ux. This is the Meissner ef-
fect. The properties of superuid helium (discovered by Keesom in 1932 [5]) are
not less spectacular. Below the so called lambda point at 2.17K, 4He becomes
a liquid with no viscosity and in�nite heat conductivity. Moreover, at very low
temperatures a superuid contained in a rotating bucket will not rotate along
with the walls! This refusal to rotate is the superuid analog of the Meissner
e�ect in superconductivity.

A huge theoretical e�ort has been spent on these two major problems in
condensed matter physics over the years. It took quite a long time until a
satisfactory understanding had been achieved, and there are still many open
problems in this area. The London theory, developed by the brothers F. and H.
London [6] in 1935, was one of the �rst successful attempts which could describe
many of the electromagnetic properties. The need to incorporate quantum ef-
fects in the theory led Ginzburg and Landau to postulate a description in terms
of a phenomenological complex-valued wave function in 1950 [7]. It was not
until 1957, however, when Bardeen, Cooper, and Schriefer introduced their fa-
mous BCS theory [8], that a consistent microscopic picture of superconductivity
emerged. Later on it was shown by Gorkov [9] that the theory of Ginzburg and
Landau indeed could be microscopically justi�ed from the BCS theory close to

7



8 Chapter 2. Superconductivity and superuidity

the transition temperature. Most properties of conventional low temperature
superconductors are well understood in terms of the BCS theory and its strong
coupling versions, like the Eliashberg theory [10].

This situation changed dramatically in 1986 when superconductivity with an
unusually high transition temperature was discovered in La2�xBaxCuO4 [11].
After that an explosion of activity in this �eld led to the synthesis of mate-
rials with higher and higher critical temperatures. These new materials show
many unusual properties and it was soon realized that the theories developed
so far could not explain the origin of high temperature superconductivity [12].
In addition to the high transition temperature these materials have many odd
normal state properties, like for instance a resistivity linear with temperature.
The understanding of the physics in these materials is still far from complete,
and the search for new materials reaching higher and higher critical tempera-
tures is intense. There are several reasons that the new materials are di�erent
from the conventional superconductors. They are based on insulating ceramic
compounds rather than on metals. Their layered structures make them highly
anisotropic. The superconducting coherence length is very short making them
extremely type II. The fact that the phenomenon takes place at higher tem-
peratures means that thermal uctuations will be much more important than
in low temperature superconductors, leading to a whole new world of exciting
phenomena, which continue to challenge physicists around the world.

2.1 The superconducting/superuid state

When a material becomes superconducting as the temperature is lowered it un-
dergoes a thermodynamic phase transition to a new state of matter, in principle
not much di�erent from the common phenomenon of solidi�cation of water as
the temperature is lowered below the freezing point. Usually when a material
undergoes a phase transition some symmetry is spontaneously broken. In the
case of, e.g., water the translation symmetry is broken and we get solid ice. An-
other well known example is taking place in ferromagnetic materials below the
Curie temperature, where the magnetic moments spontaneously order along a
certain direction, thereby breaking the rotation symmetry. In superconductors
and superuids, however, the broken symmetry is a very unusual kind of sym-
metry of intrinsically quantum mechanical origin, corresponding to the phase of
the quantum mechanical wave function. This symmetry is known as a gauge
symmetry.

In quantum mechanics courses we learn that the phase of the wave function
most often drops out of calculations of observables. In the ordered state of a
superconductor or of superuid helium the presence of this broken gauge sym-
metry has far reaching consequences, even on macroscopic scales, such as the
dissipation less ow of current, and the expulsion of magnetic ux (the Meissner
e�ect) in the case of superconductors.

In a �rst approximation these phenomena can be described as the Bose con-
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densation of a system of non-interacting bosons. What happens is that at low
enough temperatures the ground state orbital of the system becomes occupied
by a macroscopic number of particles. If we �rst consider the atoms in superuid
4He, they have spin zero and therefore obey Bose-Einstein statistics. Of course
the electrons in a metal carry a spin of one half and therefore are fermions obey-
ing Fermi-Dirac statistics. How is then a Bose-Einstein condensation possible in
this case? The resolution is that two electrons of opposite spin and momenta
form a pair (a so called Cooper pair). This new composite \particle" then carries
a total spin which is an integer (in the most common case the spin is zero) and
therefore should be a boson. Such a pairing also accounts for the superuidity
of 3He, which is a fermion. For this pairing to take place there has to be an
attraction between the electrons, which at �rst sight seems very odd since they
are repelling each other by the strong Coulomb repulsion. This repulsion is,
however, screened by the other electrons in a metal and the interaction between
the electrons and the phonons of the lattice may in fact produce an e�ective
attractive interaction between the charged quasiparticles. In order to take ad-
vantage of the attraction the electrons close to the Fermi surface rearrange so
as to lower the energy. This results in the opening up of a gap � in the single
particle excitation spectrum. The formation of pairs shows up in the expectation
value of the amplitude hck"c�k#i, which is zero in the normal phase, but acquires
a non-zero value in the superconducting phase (ck� is the fermion annihilation
operator). In the BCS theory this quantity is calculated in a self consistent mean
�eld approximation of a very simple model, leading to a pairing state and a gap
with s-wave symmetry. In the novel high-temperature superconductors and in
certain other unconventional superconductors there is now an increasing amount
of indications that the pairing state is di�erent, with a d-wave symmetry or even
more complicated. Many of these unconventional materials also have phases in
which the electrons order antiferromagnetically. Paper V of this thesis discusses
the e�ect of coexisting antiferromagnetic correlations and superconductivity in
a mean �eld treatment.

To describe phenomena on longer length scales and non-equilibrium situa-
tions the Ginzburg-Landau theory is more suitable than the microscopic BCS
theory. In this theory the superconducting/superuid phase is described by a lo-
cal complex-valued order parameter  (r). Loosely speaking this order parameter
can be regarded as the quantum mechanical wave function of the macroscopically
occupied ground state orbital (the Bose condensate).

At long length scales this gives an e�ective description in terms of a Ginzburg-
Landau free energy functional:

L[ ] =

Z (
1

2m

����
�
~

i
r� q

c
A

�
 (r))

����
2

+ � j (r)j2 + �

2
j (r)j4 + B2

8�
� B�H

4�

)
ddr

(2.1)
This equation applies for a charged superuid, i.e., a superconductor, interacting
with an electromagnetic �eld through the vector potentialA(r) and the magnetic
induction B = r�A, in an applied �eld H. Then m = 2me is twice the mass
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of the electron since they form Cooper pairs, q = 2e is twice the electron charge,
and c the speed of light. The di�erence between a superconductor and superuid
helium is that electrons carry charge while the helium atoms are electrically
neutral. In the case of a neutral superuid there is therefore no coupling to the
electromagnetic �eld, and m is the mass of the helium atom. The parameter
� is temperature dependent and can be taken to be proportional to T � TMF

c ,
where TMF

c is the mean �eld transition temperature, and � can be regarded as
constant. In writing Eq. (2.1) the normalization has been chosen such that the
number density of superuid bosons (or superconducting Cooper pairs) is given
by �0 = j (r)j2. In the superconducting/superuid state (with true long-range
order) the order parameter  will spontaneously acquire a non-zero expectation
value, h i 6= 0. This is often referred to as o�-diagonal long-range order, since

� (r) (r0)

�! 

� (r)

� h (r0)i 6= 0 as jr� r0j ! 1.
In the following the similarities between superconductors and superuids will

be emphasized and they will be treated in a uni�ed way as far as possible.
The Ginzburg-Landau description will be used as the starting point for a more
detailed discussion of superconductivity and superuidity in two dimensions in
the next chapter, and of three-dimensional high-temperature superconductors in
chapter 4.



Chapter 3

Two-dimensional superuids

and superconductors

The subject of superconductivity and superuidity in two dimensions is not a
question of only academic interest. The theories developed to describe these
systems have successfully been tested on real superconducting and superuid
ultra-thin �lms. The layered structure of the new high-temperature supercon-
ductors also provide motivation for this subject.

Superconductivity and superuidity in two dimensions is di�erent in many
respects from the three dimensional case. Thermal uctuations become much
more important in lower dimensions and will in fact totally destroy the o�-
diagonal long range order in two dimensions. It is remarkable, that despite this,
there still exists a phase transition from a disordered state to a state, which does
not have long range order, but merely quasi-long range order with algebraic decay
of correlations. This is the celebrated Berezinskii-Kosterlitz-Thouless (BKT)
transition [13]. The reason why this happens will be given below.

To describe this we need to look for something else than a non-zero value of
h i to characterize superuidity. If we consider a �nite rectangular superuid
system of size L in the low-temperature phase and twist the phase � of the order
parameter on one side of the sample, keeping it �xed on the opposite side, this
will cost a �nite amount of (free) energy �f � 1

2�s(�=L)
2. This property de�nes

the (macroscopic) superuid density �s or the spin-sti�ness, which is a measure
of the rigidity of the system with respect to phase twists. The corresponding
quantity in the XY -model is called the helicity modulus. This can still be �nite
even though there is no long range order and h i = 0. As the system is heated
above the transition temperature, �s drops to zero and the system looses its
rigidity. I will now discuss all this in more detail starting from the Ginzburg-
Landau theory.

11
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In the Ginzburg-Landau (GL) description of a superconductor, Eq. (2.1),
there are two important length scales entering, the GL coherence length

� =

s
~2

2mj�j ; (3.1)

which sets the length scale for variations of j (r)j, and the magnetic penetration
depth

� =

s
mc2�

16�e2j�j (3.2)

setting the length scale on which the magnetic �eld is screened out. In bulk su-
perconductors � typically ranges between 102 and 103�A, but in thin �lm super-
conductors the screening is less e�ective due to the con�nement of the screening
current in the plane. This leads to a perpendicular penetration depth � � 2�2=d
[14], which can be very large for thin samples (d is the thickness of the super-
conductor), e.g., of the order of the experimental sample size. In the following
we will therefore consider the limit �!1, in which the coupling to the vector
potential can be ignored and the superconductor can be treated as a neutral
superuid.

The mean �eld solution is obtained by minimizing Eq. (2.1) with respect to
a constant  giving

j j2 = �0 =

� ��
� if � < 0

0 � > 0
(3.3)

and a mean �eld transition temperature TMF
c given by �(T ) = 0. To re�ne

this result uctuations must be taken into account. In general, uctuations
will lower Tc and especially in 2D they have a dramatic e�ect. Because of the
rotation symmetry long wave length uctuations in the phase cost very little
energy. The important uctuations below TMF

c are thus phase uctuations, while
uctuations in the magnitude of  can be ignored, since they will not inuence
the critical properties. In a �rst approximation we then set  (r) =

p
�0e

i�(r),
with a constant �0 determined by the mean �eld solution, Eq. (3.3). Below TMF

c

we then have the following e�ective action

L[ ] =

Z �
~
2

2m
jr (r)j2 + � j (r)j2 + �

2
j (r)j4

�
d2r

�
Z

~
2

2m
�0 (r�)2 d2r+ constant: (3.4)

The partition function is now given by a functional integral over �:

Z =

Z
D�e��L[�] =

Z
D�e�K

2

R
[r�(r)]2d2r (3.5)
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where we de�ne the bare spin-wave sti�ness K = ~
2�0=(mkBT ), and the inte-

gration variables [�(r)] are restricted to the interval (��; �). A short-distance
cuto� r0 must be imposed on the con�gurations entering Eq. (3.5) to give a �nite
answer. This can be done, e.g., by only integrating over �(k) with jkj < r�10 .
Physically Eq. (3.4) will give a good description only on length scales longer than
the GL coherence length �, which thus de�nes the microscopic cuto� r0. At low
temperatures one may expect that there are only slow variations in �(r) about
an ordered state. If this is the case one may assume that the integration interval
can be extended to the whole real line without a�ecting the result, i.e., that it is
justi�ed to ignore the periodicity of the phase variables [�(r)]. The integral then
becomes a Gaussian integral and correlation functions can easily be evaluated.
In particular the correlation function measuring o�-diagonal long-range order
characteristic of the superuid phase becomes

G(r) = h �(r) (0)i =
D
�0e

�i[�(r)��(0)]
E
= �0e

� 1

2 h[�(r)��(0)]2i (3.6)

with
1

2



[�(r) � �(0)]2

�
=

1

K

Z
ddk

(2�)d
1� eik�r

k2
� 1

2�K
ln(r=r0); (3.7)

where the last equality holds in 2D and r0 is a short distance cuto�. This then
gives an algebraic decay of the correlation function,

G(r) � r��(T ): (3.8)

with a temperature dependent exponent �(T ) = 1=(2�K(T )). Since the corre-
lation function decays to zero as r ! 1 there is no true long range order, but
on the other hand it does not decay exponentially as correlations usually do in
a disordered phase. What we have here is instead quasi long range order. The
absence of spontaneous symmetry breaking of continuous symmetries in two-
dimensional systems is a very general feature, known as the Mermin-Wagner
theorem [15].

The slow algebraic decay in Eq. (3.8) is the same sort of power law behavior
as observed at critical points, but with a critical exponent that depends on the
temperature. This can be viewed as there being a whole line of critical �xed
points on which the renormalization group ow lands. In this respect the system
will be in a critical state for all temperatures low enough for the approximations
involved to hold.

The excitations taken into account in the above treatment are called spin-
waves, and as we have seen they lead to quasi long range order at all tempera-
tures. Clearly something must be missing, since at high enough temperature we
expect a completely disordered phase. In the next section I will discuss other ex-
citations, neglected in the above treatment, which above some temperature will
cause the system to undergo a phase transition to a new phase with exponential
decay of correlations.
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(b) (c)(a)

(d)
(e)

Figure 3.1. Examples of excitations in a two-dimensional superuid: (a) Smooth
spin-wave excitation, (b) vortex with s = +1, (c) vortex with s = �1, (d) vortex
with s = +2 and (e) a neutral vortex-antivortex pair.

3.1 Vortices

What we ignored in the calculation of the correlation function Eq. (3.8), was the
fact that the variables [�(r)] are phases, and thus invariant under the addition of
2�s, for integer s. This leads to a new class of topological excitations, so called
vortices, in addition to the spin-waves (see Fig. 3.1). A vortex is a con�gura-
tion of the phase such that the line integral along a closed path surrounding it
becomes, I

C

r�(r) � dl = 2�s: (3.9)

In order for � to be single valued, s has to be an integer. This integer s counts
how many times the phase winds by 2� as one walks around the vortex and
de�nes the vorticity or topological charge of the excitation. Note that since a
vortex excitation cannot be created or destroyed by a continuous rotation of the
spins, they are topologically stable. The presence of a vortex shows up as a
�-function singularity in

r�r�(r) = 2��(r)ez: (3.10)
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|ψ(r)|
2

0

ξ

Figure 3.2. Schematic plot of the magnitude of the order parameter j (r)j in a vortex.

The singular behavior in the phase at the center of a vortex is possible only if
the magnitude of the order parameter j (r)j goes to zero at the center. This
suppression of the order parameter is shown in Fig. 3.2. The vortex will thus have
a core region at its center, whose size is of the order of the coherence length �,
where the material is in the normal state. The energy required to create a single
vortex has two contributions: The core energy Ec coming from the depletion of
the magnitude of j (r)j at the center of the vortex, and an \elastic" part from
the slow gradient of the phase outside the core. The �rst part can crudely be
estimated by the loss of condensation energy ��0 + ��20=2 � �2=(2�) times the
core area � �2 giving Ec � ~

2�0=4m. To estimate the second part let us consider
one isolated vortex, e.g., the one in Fig. 3.1(b), in a system of size L. The phase
is given by �(r) = � and the corresponding velocity �eld by v = r� = 1

re�,
leading to an energy

Eel
kBT

=
K

2

Z L

�

(r�)2d2r = �K

Z L

�

1

r
dr = �K ln(L=�) (3.11)

For an in�nite system, L!1, this energy thus diverges, but, as will be shown
below in Eq. (3.18), pairs of zero total vorticity cost only a �nite amount of
energy. These pair excitations will therefore be present at any �nite temperature
and must necessarily be taken into account.

Considering a completely general con�guration �(r) of spin-waves and vor-
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tices we can split the velocity �eld, r� = v, into a longitudinal part and a
transverse part, r� = vk + v?, with

r� vk = 0; r � v? = 0; (3.12)

so that they can be expressed as

vk = rU; v? = r�Wez: (3.13)

Then the transverse part v? is completely speci�ed by the vortices,

r�v? = r�(r�Wez) = �r2Wez = 2�
X
i

si�(r�ri)ez = 2�q(r)ez ; (3.14)

where ri denote the positions of the vortices with vorticity si and we introduced
the topological charge density q(r). Now the Landau free energy of a con�gura-
tion becomes (the cross term between vk and v? vanishes)

�L[�] =

Z
K

2

�
v2k + v2?

�
d2r =

Z
K

2

�
(rU)2 + (rW )2

	
d2r

=

Z
K

2

�
(rU)2 �Wr2W

	
d2r (3.15)

The �rst term is nothing but the Gaussian spin-wave Hamiltonian considered
in the previous section. This contributes only a smooth part to the partition
function. To treat the other term we introduce the Green function G(r) =
� ln jrj, which solves r2G(r � r0) = �2��(r� r0) in 2D. Then

W (r) = (G � q)(r) =
Z
G(r � r0)q(r0)d2r0 (3.16)

and L becomes the Hamiltonian of the two-dimensional Coulomb gas:

�L[q] =
K

2

Z
(G � q)(r)2�q(r)d2r = �K

Z
q(r)G(r � r0)q(r0)d2rd2r0 (3.17)

However, the approximation j j = constant is not good in the vortex core, where
it must be zero. This fact can be taken into account in an approximate way
by replacing the �-functions by �nite charge distributions f(r) with a spatial
extension r0 of the order of the coherence length �: q(r) =

P
i sif(r� ri). This

gives a short-distance regularization of the Coulomb gas model without which
the system would be unstable. Then the Hamiltonian can be written as

H =
1

2

X
i6=j

siV (ri � rj)sj +
1

2
~V (0)

 X
i

si

!2

; (3.18)

with an interaction which conveniently can be expressed as V (r) = ~V (r) �
~V (0); ~V = f � G � f . Since ~V (0) is divergent in an in�nite system, the system
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has to be neutral,
P

i si = 0. The interaction between the \charges" si then has
the asymptotics V (r) � � ln(r=r0) as r !1, where r0 is a measure of the size
of the \charge distribution" f(r). The partition function of the Coulomb gas is

Z =

1X
N=0

1

(N !)2

0
@ 2NY
j=1

Z
d2rj
�

1
A e��(H��2N); (3.19)

where only neutral con�gurations are included:
P

i si = 0. The temperature of
this model is related to the original temperature by �CG = 1

TCG
= 2�K, and the

chemical potential � = �Ec where Ec (the core energy) is the \non-electrostatic"
contribution to the creation energy of a vortex. The phase space division � is
usually taken to be equal to the microscopic cuto� r20 .

To discuss the superuid properties of the system we consider the e�ect of
imposing a gradient in the phase. This can be done by changing the periodic
boundary conditions �(L) = �(0) for the phases in, say, the x-direction to twisted
boundary conditions �(L) = �(0) +�. The spin sti�ness (which is proportional
to the superuid density �s) measures the response of the system to a such a
twist. This change in the boundary conditions can be absorbed by rede�nition
of the phase variables, �(r) ! �(r) � �x=L, whereby the spin sti�ness can be
evaluated as

�s � L2
@2f

@�2

����
�=0

: (3.20)

After some tedious but straightforward algebra this quantity can be mapped to
the inverse of the dielectric constant in the Coulomb gas, which is given by

��1 =
�s
�0

= lim
k!0

�
1� 2�

k2L2T
hq̂(k)q̂(�k)i

�
; (3.21)

where q̂(k) is the Fourier transform of the charge distribution. From this we see
that the presence of vortices leads to a decrease of the macroscopic superuid
density. In the Coulomb gas this corresponds to an increased screening of the
long range logarithmic interaction.

We have just seen how the problem of superuidity or superconductivity
in thin �lms can be mapped onto the two-dimensional Coulomb gas model.
Similarly one can show that the XY -model can be mapped onto the lattice
version of the Coulomb gas. It should be mentioned that the Coulomb gas
model has a much wider range of applicability than just to describe topologi-
cal defects in superuid and superconducting �lms. Examples of other physical
systems are Josephson-junction arrays, two-dimensional melting, double-layer
quantum Hall systems, surface roughening transitions etc. For reviews see, e.g.,
Refs. [16, 17, 18, 19].
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3.2 The Berezinskii-Kosterlitz-Thouless
phase transition

A simple energy-entropy argument, due to Kosterlitz and Thouless [13], explain-
ing why there is a phase transition in this system will now be presented. Consider
one vortex in a system of size L. From Eq. (3.11) the energy is (expressed in the
Coulomb gas language)

E =
1

2�
ln

�
L

a

�
(3.22)

while the entropy is the logarithm of the number of places to put the vortex, i.e.,

S = ln

�
L

a

�2
: (3.23)

The free energy then becomes

F = E � TS =

�
1

4�
� T

�
ln

�
L

a

�2
: (3.24)

For generality a dielectric constant � has been inserted in the above equations.
The competition between energy and entropy thus leads to a phase transition at
Tc =

1
4� . For T < 1

4� there will be a free energy cost to create a vortex, while for
T > 1

4� the state of lowest free energy contains vortices. Although this argument
is very naive it actually holds also in a more detailed analysis provided that �
is interpreted as the fully renormalized dielectric constant. Thus the following
picture emerges: At low temperatures all thermally excited vortices are bound
in neutral pairs and the system has a non-zero spin-wave sti�ness, i.e., a �nite
superuid density, even though there is no long-range order in the phase. As
the temperature is raised the vortices will unbind and free vortices will appear.
Since they are free to move around in response to applied super currents they
will cause dissipation and the system will cease to be superuid.

3.3 Renormalization group equations

In this section I will detail the Kosterlitz renormalization group equations and
discuss some extensions. Imagine going through a coarse-graining procedure of
the system. If all vortices are tightly bound in pairs of opposite vorticity, the
system will renormalize to a system with less and less vortices, and �nally the
spin-wave theory from the beginning of this chapter becomes applicable. In this
case the only e�ect of the vortices is to renormalize the superuid density. The
vortices integrated out in this way do however contribute to the screening of the
interaction between the vortices still left on longer length-scales. If the density
of vortices is high enough, this renormalization of the dielectric constant will
�nally lead to the unbinding of vortices on longer length scales, by the argument
of Sec. 3.2.
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Consider now doing a real-space renormalization, where pairs with separation
in the interval (a; r) are integrated out, with a being the microscopic cuto�.
The e�ect of this is to renormalize the interaction between the pairs on longer
length scales. In order to examine this, let us introduce a length scale dependent
dielectric constant, �(r), which is due to the polarization of pairs with separation
less than r. Rewriting Eq. (3.21) in real space, but taking into account only these
pairs, gives

��1(r) = 1 +
�2

T

Z r

a

hq(r0)q(0)i r03dr0: (3.25)

In this equation � 1
2 hq(r)q(0)i 2�rdr can be interpreted as the density of pairs

with separation between r and r+dr, each with a polarizability � = r2=2T . The
product of these integrated over all separations less than r gives a total linear
polarization �0 and ��1 = 1 � 2��0. The renormalization of the interaction
can then, within a linear response approximation, be described by replacing the
\bare" Coulomb interaction V by V=�. This change of the dielectric constant
in the Hamiltonian can be absorbed by a renormalization of the temperature.
Thus we de�ne a scale dependent temperature by T (r) = �(r)T . The e�ective
interaction between the Coulomb gas charges is then approximately given by

U(r) = �
Z r

a

dr0

�(r0)r0
: (3.26)

To lowest order in the fugacity z = e�=T the correlation function in Eq. (3.25)
only involves the Boltzmann factors for a single neutral pair, z2eU(r)=T , and is
therefore given by (see Eq. (3.19))

hq(r)q(0)i = �2z2

a4
exp

�
U(r)

T

�
: (3.27)

The renormalization of the fugacity z is then determined by the requirement
that the correlation function for the remaining pairs not integrated out is left
una�ected. A scale dependent fugacity is therefore de�ned by

z2(r) = z2(a)
� r
a

�4
exp

�
U(r)

T

�
: (3.28)

Putting everything together we get

��1(r) = 1� �2

T

Z r

a

dr0

a

r03

a3
2z2(a) exp

�
U(r0)

T

�

= 1� 2�2

T

Z r

a

z2(r0)dr0

r0
: (3.29)

Di�erentiating with respect to l = ln(r=a) now gives the following renormaliza-
tion group (RG) equations:

d

dl

1

T (r)
= �2�2z2(r)

T 2
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d

dl
z(r) =

z(r)

2

�
4� 1

T (r)

�
: (3.30)

These equations are equivalent to the Kosterlitz RG equations [20]. To solve
them we set x(l) = 1� 1=4T (l) and y = �z=2T . Then

dx

dl
= 2y2

dy

dl
= 2xy; (3.31)

giving the solution x2 = y2 + C, where C is a constant determined by the
initial conditions x(l = 0); y(l = 0). Figure 3.3 shows the resulting RG ow in
the (T; z)-plane. The dashed line shows typical starting points determined by
(T0; e

�Ec=T0). For starting points to the left of the thick line the ow goes to
regions of lower and lower fugacity and �nally ends on the T -axis. This is a line of
�xed points, with the properties described by the Gaussian spin-wave theory, but
with a renormalized spin-wave sti�ness. In this case the renormalization ow will
take the system to a state with a �nite dielectric constant �(r !1), which thus
possesses a �nite rigidity �s, i.e., it is superuid, and with correlations decaying
according to Eq. (3.8), but with an exponent � given by �(T ) = T�(r ! 1).
For starting points to the right of the thick line in Fig. 3.3 the RG ow goes to
larger and larger fugacity, where the approximations �nally break down. One
can show, however, that this leads to a phase with in�nite dielectric constant so
that the long range Coulomb interaction gets screened and the correlations decay
exponentially. At the temperature Tc = 1=4� the inverse of the dielectric constant
drops discontinuously from 4Tc to 0. The magnitude of this jump is universal [21],
which has been experimentally veri�ed in thin �lms of superuid 4He [22]. The
value of Tc actually agrees with the simple energy-entropy argument given above.

The RG Eqs. (3.30) can be regarded as lowest order in an expansion in z
and (1 � 1=4T ) and can therefore only be trusted close to this point. Higher
order equations have been derived. For instance, Amit et al. have worked out
ow equations using �eld theoretical methods exploiting the mapping of the
Coulomb gas to a sine-Gordon �eld theory [23]. Timm has also derived higher-
order equations [24], using more physical arguments. Of particular interest are
the equations derived by Minnhagen [25, 26], because they predict that the BKT
transition should be replaced by a �rst-order transition at high enough fugacity,
leading to a jump in the inverse dielectric constant larger than the universal.
These equations are obtained from a self consistent linear screening reasoning
and one might therefore expect that they should be valid for a wider range of
parameters. A �rst-order transition at higher values of the fugacity have also
been proposed by several others [27, 28]. There have also been suggestions
that a lattice of vortices and anti-vortices would form at high densities [29, 30].
Thus, the properties of the Coulomb gas model at high densities are not as well
understood as those at low densities. The object of Paper I is to clarify the
nature of the phase transition in this parameter regime by doing Monte Carlo
simulations.
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Figure 3.3. Renormalization group ow from the Kosterlitz RG equations (3.30).
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Chapter 4

Vortex matter in three

dimensions

In the previous chapter we considered the physics of e�ectively two-dimensional
superconductors or superuids, and found that the important excitations were
pair excitations of point vortices. Going to three dimensions, the vortices are
instead interacting elastic lines, which have a strong inuence on the phase tran-
sition [31]. Our major concern below will be vortices in high-temperature su-
perconductors, although the problem of interacting elastic lines has many other
physical realizations, e.g., in polymer physics, liquid crystals, cosmic strings,
certain quantum problems, etc.

As we shall see, each vortex in a superconductor carries a quantum �0 of
magnetic ux, and therefore a type-II superconductor placed in a magnetic �eld
shows many unusual properties. Below the lower critical �eld Hc1, the super-
conductor is in the Meissner phase, where the ux is completely expelled from
the sample. As the �eld is increased, the ux starts to penetrate in the form
of vortices. The density of vortices, in this so called mixed state, is directly
proportional to the magnetic ux density, n = B=�0. At a second higher critical
�eld Hc2, the normal cores of the vortices start to overlap, and the material
goes normal. The phase diagram, in mean �eld theory, is sketched in Fig. 4.1.
The high operation temperature of the new high-temperature superconductors,
and their short coherence length, large magnetic penetration depth, and large
anisotropy, strongly enhances the role of thermal uctuations, and modify the
phase diagram in various interesting ways.

By applying a current to the sample, which induces a Lorenz force on the
vortices, it is possible to investigate the dynamic behaviour of these line-like ob-
jects. As discussed below, motion of vortices leads to dissipation, and hence to
loss of superconductivity. The interaction with various kinds of imperfections in
the materials may inhibit this motion, and reestablish superconductivity. Imper-
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Meissner phase

Mixed phase

c1

Normal state

H

0 Tc

H    (T)c2

H    (T)

Figure 4.1. Mean �eld phase diagram of a type-II superconductor in a magnetic �eld.

fections are thus crucial for the usefulness of these new materials in technological
applications.

It has by now been realized that the vortices can be in a number of di�erent
states, such as the famous Abrikosov vortex lattice [32], vortex glasses [33], Bose
glasses [34], vortex liquid phases [35], etc. Also in zero magnetic �eld are vortex
excitations important. In this case the vortices form closed loops which, at the
the transition from the superconducting to normal state, expand and completely
�ll up the system. This condensation of vortex loops gives a complementary
picture compared the phase representation, where the transition is characterized
by the appearance of long-range order in the phase. Below I will �rst discuss
some properties of single vortex lines, and then give an introduction to some
of the di�erent phases of vortex matter. After that I will discuss some ways to
theoretically model these systems.

4.1 Flux quantization

We start again with the Ginzburg-Landau theory, Eq. (2.1). (To keep things
simple, we consider an isotropic superconductor, i.e., with equal e�ective masses
in di�erent directions. High-temperature superconductors are often strongly
anisotropic, however.) Far below the curve Hc2(T ), the uctuations in the am-
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plitude of the order parameter can be neglected, i.e., we set  (r) =
p
�0e

i�(r),
with �0 constant (except inside the core of a vortex). This gives

L[�] =

Z
d3r

(
J

2

�
r� � 2e

~c
A

�2
+
B2

8�
� B �H

4�

)
; (4.1)

where J = ~
2�0=2m. Just as in 2D a vortex is a con�guration where the phase

� winds by 2� as a closed loop around the vortex is traversed. The di�erence is
that in 3D the singularities form lines. Minimizing with respect to � gives

r� = 2e

~c
A; (4.2)

which, when integrated around the loop, implies that the encircled ux

� =

Z
S

B � dS =

Z
C

A � dr = ~c

2e

Z
C

r� � dr = hc

2e
= �0 (4.3)

is quantized in units of the ux quantum �0. In principle higher vorticities are
possible, but since they cost more energy they will decay into separate vortices.

4.2 Forces on vortices

When an external current density J is applied to the system, the vortices will feel
a perpendicular Lorenz (or Magnus) force density, FL = J�B=c (or J� n̂�0=c
for one vortex).1 If the vortices are free to move in response to this force, they will
induce an electric �eld E = B� v=c. Suppose, e.g., that the vortices are subject
only to a friction force, F� = ��v. Balancing these forces then gives the velocity
v = J�B=c�. This leads to a power dissipation P = E � J = (J�B)2=(c2�),
and �nite linear resistivity � = B2=c2� (assuming J ? B). Only if the vor-
tices are pinned, so that they cannot move, does true superconductivity persist.
Fortunately, the vortices are easily pinned by various types of disorder, and su-
perconductivity is recovered. A pinning force Fpin leads to a depinning current
density Jdep = cFpin=B. Still, since the barriers towards vortex motion will be
of �nite height, activated depinning will set in at any �nite temperature, leading
to ux creep [36], with � � e�U0=T . As will be discussed below, taking into
account interactions between the vortices will under certain circumstances lead
to in�nite barriers towards vortex motion, and hence to true superconductivity.

4.3 The vortex lattice

In this section we consider ultra clean superconductors. Figure 4.1 shows the
phase diagram obtained from a mean �eld analysis, where thermal uctuations

1In reality, the current may be non-uniformly distributed across the sample. We will mostly
be interested in the behaviour close to the phase transition, where it is reasonable to assume
that the current penetrates homogeneously.
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Figure 4.2. Schematic phase diagram of a clean high-temperature superconduc-
tor. The vortex lattice is melted over a large portion of the phase diagram.

are neglected. In the mixed state the vortices form a triangular lattice, which
vanishes at a continuous transition at the upper critical �eld Hc2. This descrip-
tion is quite accurate for conventional superconductors, where thermal uctua-
tions are small. However, in high-temperature superconductors, the enhanced
thermal uctuations can melt the vortex lattice, leading to a new phase, the vor-
tex liquid.2 The resulting phase diagram is drawn in Fig. 4.2. The line Hc2(T )
now merely marks a crossover where the magnitude of the superconducting order
parameter starts to grow. At low magnetic �elds, there should be a reentrant
behaviour as the distance between vortex lines becomes much smaller than the
magnetic penetration length �. Note that in the absence of disorder the whole
lattice can move rigidly in response to an applied current, and there will be no
superconductivity perpendicular to the magnetic �eld, unless the whole lattice
is pinned.

Two symmetries are broken in the vortex lattice phase, the transverse trans-
lation symmetry, and the gauge symmetry giving rise to longitudinal supercon-
ductivity. An interesting question, which has received considerable attention, is
whether these two symmetries are broken in one single transition or sequentially
in two separate transitions, and further what the nature of these transitions is.
Some analytic work [37, 38] and some early simulation results [39] suggested
that these symmetries were broken in two di�erent transitions. There is now
an increasing amount of evidence, both from experiments [40] and theory [41]

2From a symmetry point of view this phase is equivalent to the normal state.
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(including Paper III in this thesis), that the vortex lattice melts via a single �rst
order transition to an entangled vortex line liquid.

4.4 Vortex glasses

Disorder in various forms is always present in these materials, e.g., point defects
coming from oxygen vacancies, twin boundaries (which are naturally present in
YBCO), and grain boundaries. Vortices cost core energy, and therefore want
to sit at the defects, where the condensation energy is lower. The vortices will
therefore try to adjust to the \disorder landscape" created by impurities. Since
the disorder helps vortex pinning, which increases the critical current density, it
is also sometimes introduced arti�cially into the materials.

A. I. Larkin has shown that disorder is relevant in less than four dimensions,
and hence even the smallest amount of disorder will destroy the positional long
range order of the vortex lattice on large enough lengths [42]. In 1989, M. P. A.
Fisher proposed that this could make the vortices form a thermodynamically
distinct glass phase, the vortex glass [33], with in�nite barriers towards vortex
motion, and therefore a highly non-linear current-voltage (I-V) characteristic,
and zero linear resistivity. Depending on the strength and extension of the
disorder, several possibilities arise.

4.4.1 Bragg glass

Very weak disorder will only be a minimal perturbation of the vortex lattice,
destroying the positional lattice order only on rather long length scales [43].
It has been realized that a description purely within elasticity theory, without
dislocations, will be self-consistent for weak enough disorder [44, 45, 46]. In
this phase orientational order will persist, i.e., all vortices will have six nearest
neighbours, and there will be no large dislocation loops. Furthermore, since
it retains a nearly perfect lattice order, the structure function should exhibit
algebraically decaying Bragg peaks, which gives the name to the phase. It is
natural to expect it to melt via a �rst order transition, like the clean system.

4.4.2 Vortex glass

As the disorder increases, the elastic description will �nally break down and large
dislocations begin to form. When this happens, there are two possible scenar-
ios [31, 47]. Either, the system will be in the melted phase at all temperatures,
implying that the lower critical dimension would be larger than three, or the sys-
tem will continue to be in a glassy state, if the dislocation lines themselves are
pinned. The term vortex glass is nowadays reserved for this topologically disor-
dered glass phase, with large dislocation lines threading through the sample. It
is still not clear, theoretically or experimentally, whether point disorder alone is
enough to produce a true glass phase in the thermodynamic sense. A simpli�ed
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model for strong disorder, which has been much studied, is the so called gauge
glass, corresponding to a superconductor with a random, frozen in gauge �eld
A(r) [48]. From simulations it appears that this model has a glass phase at low
temperatures in 3D, if no uctuations in the gauge �eld are allowed [49, 50, 51].
Including these uctuations, which are weak but anyway present in the real ma-
terials, destroys the glass phase, and thus true superconductivity in this model.

However, since the gauge glass does not include any external �eld, it is not
clear if it belongs to the same universality class as a real high-temperature su-
perconductor [31]. In more realistic models, with external magnetic �eld and
disorder which couples directly to the vortex cores, the existence of a glass phase
is still an open question. Since another length scale enters the problem, namely
the vortex lattice spacing av �

p
B=�0, one might guess that the role of screen-

ing would then be less important as long as the screening length � & av. The
vortex glass, if it exists, is expected to melt via a continuous transition.

4.4.3 Bose glass

One method to signi�cantly enhance the e�ects of disorder is to arti�cially intro-
duce correlated disorder into the superconductor. This can be done by irradiat-
ing the sample with heavy ions, thus producing linear damage tracks extending
through the whole system (you need a reactor to do this, so it is not going to
be cheap!). Because both the vortices and these columnar defects are linear the
pinning will be very e�cient. Whereas point disorder promotes wandering of
the vortex lines, the columnar defects will try to localize the vortices on one
column each. The e�ect will be strongest if the magnetic �eld is aligned with
the defects. If the sample is tilted, the vortices will stay on the columns, for
small tilts, leading to an in�nite tilt modulus in the glass phase.

On the theoretical side, this situation is much clearer than for point disorder,
thanks to a beautiful analogy between this system and quantum systems of
dirty bosons in (2+1)D [34] (see below). There is a correspondence between
this system and the superconductor-insulator quantum phase transition at zero
temperature in quasi-two-dimensional thin �lms, which is known to to occur [52].
This puts the existence of the Bose glass on �rm ground.

4.5 Scaling theory

Even though there presently exists no quantitatively reliable theory for the tran-
sition from the superconducting to normal state, the theory of critical phenomena
makes useful predictions about the behaviour of di�erent quantities. For strong
disorder or zero magnetic �eld, the transition is expected to be continuous and
can therefore be analyzed using scaling arguments [47]. They can be used both
to �t experiments and to analyze results from computer simulations. Assuming
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the transition to be continuous, the singularities in various quantities arise from
the diverging length and time scales,

� � jT � Tcj�� ; � � �z: (4.4)

This de�nes the correlation length exponent � and the dynamic critical exponent
z. From this various scaling laws can be inferred, as follows. Since the vector
potential enters in the combinationr�(2�i=�0)A, it scales as �

�1 [47]. The free
energy density scales as ��d (d is the dimensionality), and therefore the current
as J � @f

@A � �1�d, and the electric �eld as E = � 1
c
@A
@t � ��(1+z). The scaling

of the magnetic �eld is obtained from r�H = J, giving H � �2�d, and the ux
density scales as B = r �A � ��2. These last two expressions seem to have
been mixed up in much of the previous literature. By forming the appropriate
dimensionless combinations, we may write down the scaling laws for the helicity
modulus (or superuid density)

� =
@2f

@A2
� �2�d; (4.5)

the magnetic permeability

� = �4� @B
@H

� �d�4; (4.6)

the linear resistivity

�lin =
@E

@J
� �d�2�z; (4.7)

and the I-V characteristic

E = ��(1+z)F�(J�
d�1): (4.8)

The last equation implies a nonlinear I-V characteristic right at the critical point,
E � J (1+z)=(d�1). A �nite frequency ! enters via the combination !� � !�z,
and gives the frequency dependent conductivity

�(!) = �d�2�zG(!�z): (4.9)

For �nite system sizes the critical behaviour will be rounded when the correla-
tion length becomes equal to the linear size of the system, � ' L. This gives
formulas for �nite size scaling, which are very useful in order to analyze data
from simulations.

In the case of columnar defects, the scaling of the correlation volume is
anisotropic, �k � �� , with � = 2, which will modify the scaling laws [34, 53, 54].

From A? � ��1, Ak � ��1k , and f � �1�d��1k follows:

�? � �3���d; �k � �1+��d; (4.10)

�? � �d�3�� ; �k � �d�5+� ; (4.11)

�?lin � �d+��3�z; �
k
lin � �d���1�z; (4.12)

E? = ��(1+z)F?
� (J?�

d+��2); Ek = ��(�+z)F
k
�(Jk�

d�1): (4.13)
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4.6 The vortex interaction and
the Boson analogy

As in 2D one may go from the phase representation, Eq. (4.1), to a description
entirely in terms of vortices | the vortex representation. Paper III consider this
transformation explicitly in the continuum case. This gives the vortex Hamilto-
nian

HV =
K

2

X
ij

Z
Ci

Z
Cj

V (ri � rj)dri � drj ; (4.14)

where the sum is over the vortices and the integrals are line integrals along
the vortex lines. The energy scale is set by K = (�0=�0)

2
=4�. The London

interaction for an isotropic superconductor is given by

V (r) =
e�r=�0

4�r
(4.15)

(with r = jrj) for r � �0. A short-distance regularization must be introduced
to cut o� the 1=r divergence at r = 0. The physical reason for this is the �nite
vortex core radius given by the coherence length �0. This can be done, e.g., by
de�ning the interaction in Fourier space as

V (r) =

Z
d3k

(2�)3
e�k

2�2
0

k2 + ��20
eik�r: (4.16)

Disorder in various forms can be modeled by adding a random potential termPN
i=1

R
Ci
U(ri)dri to the Hamiltonian. The magnetic penetration depth �0 en-

ters as the screening length of the vortex interaction. As mentioned before, one
of the characteristic features of high-temperature superconductors is their large
values of �0. For a wide range of parameters, the inter-vortex separation will
be much smaller than this length, and screening can be neglected. The problem
then becomes equivalent to a neutral superuid. In zero �eld, however, screen-
ing is a relevant perturbation which thus grows under renormalization, and will
�nally a�ect the critical behaviour very close to Tc. There will in this case be a
cross-over from the neutral to charged superuid. This will, however, be visible
only extremely close to Tc.

For nearly parallel vortex lines directed along the z-axis, the interaction is
often approximated by a 2D interaction, which is local in z [34]. Denoting the
vortex positions in the xy-plane by Ri, so that ri(z) = (Ri(z); z), the Hamilto-
nian becomes [35]

H =

Z Lz

0

8<
:

NX
i=1

"

2

�
dRi(z)

dz

�2
+
1

2

X
i6=j

2"0K0

� jRi(z)�Rj(z)j
�0

�9=
; dz; (4.17)

with a line tension " = "0
2 ln�, "0 = K=4�, and a repulsive interaction which

is completely local in z. The modi�ed Bessel function K0 has the asymptotics
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Vortices T Lz �x �y �z �x �y �z
Bosons ~ ~� ��1y ��1x �z �x �y {

Table 4.1. The correspondence between vortices and bosons.

K0(x ! 0) � � ln(x); K0(x ! 1) � e�x=
p
x. Anisotropy is accounted for by

the e�ective-mass ratio 2 = m?=mk � 1. Strictly, this interaction is exact only

for parallel vortices, but it is expected to be a reasonable approximation if
��dR
dz

���
�2. In the limit of very low densities, n = B=�0 � ��2, where the average
vortex separation is much larger than the screening length, the interaction can
be approximated to be completely local, and given by Eq. (4.17), but with an
on-site interaction instead.

The partition function of the system is obtained by integrating over all con-
�gurations of vortex lines,

Z =

Z
[dr] e��HV =

Z NY
i=1

[dri] e
��HV : (4.18)

The mathematical structure in this problem leads to a very interesting analogy,
which we now discuss.

4.6.1 Boson analogy

The statistical mechanics of uctuating interacting vortex lines in 3D can be
mapped to a quantum problem of bosons in (2+1)D [35, 55, 56]. In this analogy
the vortex lines are identi�ed with boson world lines in a path integral represen-
tation of the partition function, given by Eq. (4.18), with the z-direction playing
the role of imaginary time. This means that all the knowledge that has been
collected on bosons can be directly translated to the problem of vortices by a
mere change of language. Eq. (4.17) is recognized as the non-relativistic action
for bosons in 2D interacting with a Yukawa-potential. More generally Eq. (4.14)
describes bosons interacting with advanced and retarded interactions, i.e., inter-
actions non-local in imaginary time. These can conveniently be thought of as
being generated by a (2+1)D gauge �eld [31, 37]. Note that closed vortex loops
are not excluded by the analogy. Loops, with a component along the magnetic
�eld, e.g., correspond to particle-hole excitations in the Boson picture.

The height Lz of the vortex system corresponds to ~� in the quantum prob-
lem. The thermodynamic limit, N;Lz ! 1, thus translates to ground state
properties for the bosons, and thermal uctuations in the vortex problem corre-
spond to quantum uctuations.

We obtain here a nice duality between particles and vortices, in which many
of the observables in the two problems are interchanged. The analogy is sum-
marized in Table 4.1. As in 2D superconductivity in the vortex system can be
characterized by a non-zero value of the helicity modulus (or spin-wave sti�-
ness) �, which measures the free-energy increment coming from an externally
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imposed twist in the phase of the superconducting order parameter. In Paper III
a formula for this quantity is derived in the vortex representation. It turns out
that it can be obtained from the uctuations in the projected net area of vortex
loops. In the boson language this translates to the magnetic permeability � and
the inverse dielectric constants ��1x;y (in an abstract (2+1)D electrodynamics), as
discussed in more detail in Paper III.

On the other hand, superuidity in the boson problem is characterized by a
non-zero value of the superuid density �s. In a system with periodic boundary
conditions, this can be obtained from the uctuations of the winding number
W� [57] of the boson world-lines,

�s
�0

= �boson �


W 2
?

�
~�N

: (4.19)

Here

W =
X
i

Z
Ci

dri; (4.20)

counts how many times the vortices wind around the system through the periodic
boundary conditions. Similarly the compressibility { may be obtained from the
winding number uctuations in the imaginary time direction. In the vortex
problem these quantities become the magnetic permeability perpendicular and
parallel to the z-axis, respectively. Furthermore, as we saw in sec. 4.2, vortex
ow translates to voltage, while current ow gives rise to a force �eld on the
vortices.

A crystal ground state for the bosons corresponds to the Abrikosov vortex
lattice in the vortex problem, while a superuid boson ground state is mapped
to an entangled vortex line liquid. In addition, other states have been proposed,
such as a supersolid [55, 58] and a normal liquid ground state [37, 31]. These
exotic states correspond to a vortex lattice without long range phase coherence,
and a disentangled vortex line liquid with superconducting coherence only along
the direction of the applied magnetic �eld, respectively.

Quenched disorder in the boson problem maps to correlated columnar disor-
der in the vortex problem, since it is static in imaginary time. Therefore, the
superconductor-insulator quantum phase transition (or Bose glass transition) in
dirty boson systems, is mapped to the vortex transition with columnar disorder.
By applying a perpendicular magnetic �eld to the vortex system (e.g., by tilting
the sample), which corresponds to an imaginary vector potential for the bosons,
one gets a localization problem in non-hermitian quantum mechanics, which has
received considerable attention recently [59].

However, although this beautiful analogy gives us a lot of information about
the thermodynamics of vortex lines, it can say nothing about the dynamics of
vortices.
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4.7 Models of vortices

The lack of analytical descriptions of the phase transitions in superconductors
has attracted much interest to numerical simulations. It is therefore important
that the models are straightforward to simulate on a computer in an e�cient way.
I will in this section introduce some models, which have been used throughout
this thesis, starting with lattice models, and then proceeding with a continuum
model of vortex lines.

4.7.1 The XY -model

The most straightforward way to model a superconductor is to use the XY -
model, which just is a discretization of the phase-only model, Eq. (4.1):

HXY = �
X
hiji

Jij cos (�i � �j �Aij) : (4.21)

Here �i is the phase of the superconducting order parameter, hiji denotes a

summation over nearest neighbour sites on a lattice, and Aij = 2�
�0

R j
i A � dr.

Disorder may enter the problem through either the coupling constant Jij , or
through the vector potential Aij . If Aij are uniform random numbers in [0; 2�],
we get the gauge glass model. The lattice is necessary when putting the model
on a computer, since there is no way to represent the phase �eld numerically on
a continuum. Furthermore, the lattice constant a ' �0 provides a short-distance
cuto� in the model.

In zero �eld, where Aij = 0, and at low temperatures the phases f�ig will or-
der along some spontaneously chosen direction to minimize the energy, whereas
at higher temperatures they will uctuate randomly. In a �nite magnetic �eld,
the system is frustrated by the phase shifts Aij , and will order in a more com-
plicated fashion, which is easier to analyze in the vortex representation.

4.7.2 Lattice London model

It is often useful to consider the model de�ned directly in terms of the vortex
degrees of freedom instead of the phases. The lattice London model is de�ned
by

HV =
K

2

X
ij

mi � Vijmj ; (4.22)

where K = (2�)2J , and mi 2 Z3 is the vorticity on the links of the dual lattice.
The vortices satisfy the constraint of having no free ends. In this representa-
tion the spin-waves no longer appear, since they have been integrated out. One
advantage of this representation is that the linear resistivity and I-V character-
istics is quite straightforward to calculate in simulations, using the formulas in
section 4.2.
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The vortices interact via the lattice London interaction

Vij =
1

L3

X
k

eik�(ri�rj)

��20 +
P3

�=1(2� 2 cos(k�))
; (4.23)

represented as a sum over Fourier components k� = 2�n�=L� , n� = 0; 1; : : : ; L��
1. The e�ect of electromagnetic uctuations transforms into a �nite (bare)
screening length �0. In the case of no screening (�0 !1), the divergent k = 0

component of the interaction forces the net vorticity to be zero.
The other limit, �0 ! 0, which is appropriate for low vortex densities and

for the true asymptotic critical behaviour at the zero �eld transition, is quite
interesting too. Because screening is relevant, � decreases under renormalization,
leading to an e�ectively short-range interaction. The universality class of the
transition in this case is then presumably the same as for

HV =
K�20
2

X
i

m2
i : (4.24)

This model is still non-trivial due to the constraint that m is divergence-free.
As we will see in the next subsection, these two limits are actually related by a
peculiar duality.

4.7.3 Duality relations

We now turn to the relation between the models de�ned in the previous subsec-
tions, starting from Eq. (4.21), with Jij = J . To discuss vortices in this model,
it is convenient to approximate the cosine interaction by the Villain function. It
is generally believed that this does not change the universality class of the tran-
sition. Thus we replace ��J cos(') by V�J (') in Eq. (4.21), which is de�ned
by

e�V�J (') =
1X

k=�1

e�
�J

2
('�2�k)2 : (4.25)

V�J still has the same periodicity as the cosine, but has the advantage that the
spin-waves completely decouple from the vortices. This makes possible an exact
mapping to a model de�ned entirely in terms of vortex degrees of freedom. The
statistical mechanics of the model is de�ned by the partition function

Z =

Z 2�

0

Y
i

d�ie
��HXY =

Z 2�

0

fd�ig e�
P

hiji V�J (�i��j�Aij)

=

Z 2�

0

fd�ig
X
fkig

e�
�J

2

P
i
(r�i�Ai�2�ki)

2

; (4.26)

where, on the last line, a summation variable ki� was introduced on each link
connecting nearest neighbor sites i and i + �̂ on the lattice. To simplify nota-
tion, I introduce the forward and backward lattice di�erence operators, r�fi =
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r�fi+�̂ = fi+�̂ � fi, where �̂ is a unit vector in �-direction, and write Ai� for
Aii+�̂ , etc. The lattice curl (r �W)� is the directed sum of W around an
elementary plaquette of the lattice, i.e., Wi;� +Wi+�̂;� �Wi+�̂;� �Wi;� if �; �; �
is an even permutation of x; y; z.

Vortices are introduced in a similar way as in 2D, but with r� � 2�k �A

playing the role of the superuid velocity. By splitting it into divergence-free
and rotation-free parts, r�� 2�k�A = rU +r�W, the vortices, which live
on the links of the dual lattice, can be expressed as (we choose r �W = 0)

r� (r� � 2�k�A) = r� (r�W) = �(r � r)W = 2�(m� b); (4.27)

where b is the ux in units of �0 that goes through the plaquette. The spin-waves
described by rU are integrated out exactly. Thus, we getmi�bi =

P
j GijWj ,

where G is the lattice Green function solving �(r�r)G = �. Inserting back into
the Hamiltonian gives

H =
J

2

X
i

(r�W)2i =
K

2

X
ij

(mi � bi) �Gij(mj � bj); (4.28)

where K = (2�)2J . Fluctuations in the gauge �eld can be included by adding
the electromagnetic energy to the Hamiltonian and integrating over Ai� ,

Z =

Z 1

�1

fdAi�g
X
fmig

�r�A;0�r�m;0e
��H�

�J�2
0

2

P
i
(r�A)2i : (4.29)

The result is the screened lattice London model given by Eqs. (4.22) and (4.23).
It is possible to generalize this result by taking into account anisotropy [60] and
disorder.

Yet another interesting representation can be obtained, starting from Eq.
(4.26). With the help of Poisson's summation formula, this can be rewritten as

Z =

Z 2�

0

fd�jg
X
fnjg

e�
P

j
1

2�J
n
2

j+inj �(r�j�Aj): (4.30)

By rearranging the terms in the exponent, i
P

j njr�j = �iPj �jrnj , the
integration over f�jg can be done, yielding the constraint r �nj = 0. The result
is the inverted XY -model,

Z =
X
fnjg

e�
P

j
1

2�J
n
2

j�inj �Aj�r�n;0: (4.31)

For Ai� = 0 it is thus equivalent to the lattice London model in the limit �0 ! 0,
given by Eq. (4.24), but with an inverted temperature scale. This means that the
thermodynamic properties of the superconductor in the two limits, �0 !1 and
�0 ! 0, will be simply related. For example, the correlation length exponent
� � 0:67 will be the same. However, since the mapping was between the partition
functions, it says nothing about the dynamical behaviour. Indeed, in Paper II,
this is found to di�er substantially between the models.
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Figure 4.3. Vortex con�gurations from a continuum simulation of a clean su-
perconductor. The temperature increases from left to right.

4.7.4 Continuum vortex model

Instead of using a lattice one may attempt to discretize the line integrals directly.
One immediate advantage is that arti�cial pinning to a discretization lattice is
avoided in this way.

The vortex lines can be discretized into many small straight segments �rs,
which interact with the Hamiltonian

HV =
K

2

X
ss0

V (rs � rs0)�rs ��rs0 ; (4.32)

where s and s0 enumerate the vortex segments and rs is the position of their
midpoints. The potential V is given by Eq. (4.16). This discretization should be
accurate as long as j�rj . �0.

The simplest realization of this is a system consisting of discrete z-planes,
with the vortex segments interpolating between continuous positions in each
plane. The vortices are parameterized by their discrete z-coordinate, thereby
excluding overhangs and independent loops, which should be of importance only
very close to the zero �eld Tc. This model is used to simulate the melting of the
Abrikosov lattice in Paper III. Some snapshots from the simulations are shown
in Fig. 4.3



Chapter 5

Microscopic theory of

high-temperature

superconductors

In this chapter I will give an introduction to, and some motivation for, the work
done in Paper V of this thesis. High temperature superconductivity has, since
the discovery by Bednorz and M�uller [11] in 1986, been found in several other
copper-oxide compounds, e.g., La2�xSrxCu2O4, Nd2�xCexCuO4, YBa2Cu3O6+x

and Bi2Sr2CaCu2O8. In the undoped case (x = 0) these ceramics are insulating
antiferromagnets, but when doped by changing the composition x, electrons or
holes are introduced into the materials, turning them into conductors. The oc-
currence superconductivity in these materials is quite surprising, since they are
poor conductors in their normal state. Apart from the relatively high transi-
tion temperatures, these materials have many unusual normal-state properties.
Examples are a resistivity linear with temperature, and strange temperature de-
pendences in the magnetic susceptibility, the Hall coe�cient, and in the nuclear
magnetic resonance (NMR) relaxation times. Many of these properties are very
di�erent from the predictions of Landau's Fermi liquid theory, which successfully
describes most other metals.

The phase diagram of the high-Tc cuprates has the following properties: At
very low doping these materials are antiferromagnetic Mott insulators. As the
doping is increased the antiferromagnetic long range order disappears and the
material enters a superconducting phase. Sometimes an intermediate spin-liquid
phase is present. However, strong short-range antiferromagnetic correlations
remain, also in the doping range close to the optimal doping. This is seen,
e.g., in neutron scattering experiments [12]. At a doping around x � 0:15 (in
La2�xSrxCu2O4) the superconducting transition temperature reaches a maxi-
mum and then decreases upon further doping.
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The structure of all these materials is highly anisotropic, with layers of CuO2

planes as their basic building blocks. The current belief is that superconductivity
is con�ned to the CuO2 planes, while the surrounding layers only play the role of
providing the carriers which cause the superconductivity. A CuO2 plane consists
of a square lattice of copper atoms, each surrounded by four oxygen atoms. The
most important orbitals in the CuO2 planes are the 3dx2�y2 orbit of the Cu
atoms and the 2px and 2py orbitals of the O atoms. In a �rst approximation one
can neglect everything except for the hybridized 3dx2�y2 { 2p� orbitals, which
would be localized on the Cu atoms. According to Anderson [61] the appropriate
model to study then is the two-dimensional Hubbard model:

H = �t
X
hiji�

�
cyi�cj� + cyj�ci�

�
+ U

X
i

ni"ni# (5.1)

where cyi� and ci� are the creation and annihilation operators for holes with spin

� at site i, ni� = cyi�ci� is the number operator, and hiji denotes all pairs of
nearest neighbor sites i and j. The �rst term describes hopping of the holes
between nearest neighbor sites. The second term comes from the repulsive (3D)
Coulomb interaction between the holes. Because of the screening from the other
carriers this is approximated by only keeping the on-site contribution. More
re�ned models explicitly taking into account the di�erent 3dx2�y2 Cu and 2p� O
orbitals are also possible to write down, leading to three-band Hubbard models,
etc.

Despite the enormous simpli�cations done to get the Hubbard model, few
of its properties are well understood in spite of enormous e�orts. Until new
methods are developed which can analyze the model, one reasonable attempt is
to study even simpler models, which concentrate on some aspects of the physics.
Paper V of this thesis describes such an attempt. There we study the inuence of
antiferromagnetism on superconductivity in a highly simpli�ed model consisting
of fermions on a square lattice in an antiferromagnetic background, with an
additional weak attraction. At zero doping and it is known that the Hubbard
model has antiferromagnetic long-range order in the ground state. When it is
doped the long-range order disappears, but strong antiferromagnetic correlations
remain also in the doped regime. Of course, in the physical systems we have in
mind, there is no external staggered magnetic �eld. The antiferromagnetism is
coming from the electrons themselves. This is in fact one of the main reasons
for the di�culties of the problem. The external antiferromagnetic background
in our model could, however, be viewed as a self consistent �eld produced by the
electrons, in a mean �eld approximation. In mean �eld theory an interacting
system is traded for a non-interacting system in an external �eld. If one wants
to go beyond mean �eld theory, the external �eld should instead be treated as
a dynamical �eld. There are, however, a few things one can learn also from the
simplest case of a constant antiferromagnetic background.



Chapter 6

Monte Carlo simulations

Exact solutions to problems in statistical mechanics are very rare. Usually one
has to rely on approximate methods. With the rapid development of fast comput-
ers in recent years, numerical simulations have become increasingly important.
The Monte Carlo (MC) algorithm [62] is a very versatile method, which is based
on random numbers. In this chapter I am going to give an introduction to the
application of the Monte Carlo method to problems in statistical mechanics. The
problem is to calculate thermodynamic averages,

hAi =
X
i

AiPi; (6.1)

where the sum is over all possible con�gurations i, with Ai being the value
of the observable A in the state i, and Pi is its probability. Usually we are
interested in equilibrium situations where the states are distributed according to
the Boltzmann distribution

P eq
i =

1

Z
e��Ei : (6.2)

This is a di�cult problem because of the enormous number of possible states the
system can �nd itself in. There is no chance to sum up all of these con�gurations,
so instead one has to choose the important ones. The idea behind the MC
method is to do this by generating a sequence of con�gurations fskgNk=1 which
are distributed according to the desired probability distribution P eq

i . This is
known as importance sampling. Then the average is simply estimated by

hAi = 1

N

NX
k=1

Ask : (6.3)

6.1 Markov chains

The problem is now to construct these con�gurations. The Metropolis algorithm
does this in a most elegant way, by generating them from a Markov chain [63].
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Starting from a particular state i one attempts to make a transition to a new
state j with a transition probability wji. The probability density will then evolve
according to a Master equation

Pi(t+ 1)� Pi(t) =
X
j 6=i

[wijPj(t)� wjiPi(t)] (6.4)

If the transition matrix is ergodic, i.e., if each state can be reached with a non-
zero probability in a �nite number of steps, the probability distribution will
converge to a unique stationary distribution. To make P (t) converge to P eq one
usually invokes the condition of detailed balance,

wijP
eq
j = wjiP

eq
i : (6.5)

One can show that this is su�cient to ensure convergence towards the correct
probability distribution, provided that the algorithm is ergodic.

In practice this is usually accomplished by splitting the transition probability
into an a priori probability for trial moves tij , and an acceptance probability aij ,

wij = tijaij (i 6= j); wii = 1�
X
j 6=i

wji: (6.6)

Detailed balance now follows if the acceptance probabilities are chosen so that

aji
aij

=
tij
tji

P eq
j

P eq
i

: (6.7)

In most cases the trial transition probabilities are symmetric, tij = tji, and drop
out,1 so that aji=aij = e���Eji . There are many possible choices for aij . The
most common ones are

aij = min(1; aij=aji); (6.8)

(the Metropolis choice), or

aij =
1

1 + aji=aij
: (6.9)

We are now ready to write down the

Monte Carlo algorithm

1. Start with some initial state i.

2. Try to make a move to a new state j with probability tji.

3. Calculate the acceptance probability aji and a random number r, uniformly
distributed in [0; 1].

1For an example where this does not happen, see Paper I in this thesis.
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4. If aji > r accept the move, i.e., go to state j, otherwise the new state will
be the same as the old one.

5. Measure the observables of interest.

6. Repeat steps 2{5 until the results have converged.

Measurements should not start until the probability distribution has relaxed
from the initial con�guration to P eq . Note that the rejected moves contribute
to averages in the same way as the accepted ones.

6.2 Statistical errors

An important part of every Monte Carlo work is to estimate the statistical errors.
The fact that only one or a few degrees of freedom are updated in each step means
that successive con�gurations will be highly correlated. This can be measured
by the time autocorrelation function (time here means MC time),

CAA(t) = hA(t)A(0)i � hA(t)i hA(0)i = hhA(t)A(0)ii : (6.10)

The integrated correlation time �A, de�ned by

�A = 1 + 2

1X
t=1

CAA(t)

CAA(0)
; (6.11)

gives the average number of steps to decorrelate the con�gurations. The statis-
tical error of a measured quantity A is given by

�A =

r
CAA(0)�A

N
; (6.12)

whereN is the number of steps. During a simulation �A is conveniently evaluated
as (assuming hAi = 0)

�ACAA(0) =
1

N

NX
t=1

A(t)SM (t); where SM (t) = A(t) + 2
MX
t0=1

A(t� t0): (6.13)

For this estimate to work it is important to choose N �M & � . Another way to
estimate errors is to divide the simulation into many di�erent parts and compute
averages for each part. These averages should now be uncorrelated, and when
these are averaged to get the �nal answer, the error can be estimated by the
ordinary standard deviation (i.e., Eq. (6.12) with � = 1).

Close to a critical point, the dynamics will slow down (critical slowing down),
and � � Lz. This is often a serious problem, requiring long simulations to
converge the data. In some special models, such as Ising models and XY -models
in zero �eld, smart algorithms using collective moves where several degrees of
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freedom are updated in one step, may beat critical slowing down. However, in
two of the papers in the thesis, it is exactly this critical slowing down that we
want to study.

Another source of errors comes from insu�cient equilibration before the mea-
surements start.

6.3 Dynamics

Although the MC algorithm described above was designed to calculate equi-
librium ensemble averages, we have seen that it does represent some kind of
dynamics for the system, which in fact need not be very unrealistic. If the MC
algorithm consists only of local changes, it may be appropriate as a model for
over-damped relaxational dynamics (model A in the terminology of Ref. [3]).
Close to a critical point one may also invoke arguments of universality | the
details of the equation of motion should not matter too much! An alternative
may be to use a Langevin equation to model the dynamics, but this works only
if the state space is continuous.

In this section I will describe how the Monte Carlo method can be used to
calculate dynamic quantities, e.g., the linear resistivity. Formally the solution to
the Master equation (6.4) can be written as (using a matrix notation)

P (t) = T (tjt0)P (t0) (6.14)

where

T (tjt0) =
t�1Y
t0=t0

w(t0) (6.15)

Here and in the following t denotes the discrete MC time. In contrast, the physi-
cal unit of time should correspond to one trial move per degree of freedom, tphys �
t=N , i.e., one sweep through the full system. Time ordered averages of observ-
ables are given by hA(t)i = P

iAiPi(t), hA(t)B(t0)i =
P

ij AiTij(tjt0)BjPj(t
0),

etc.
We will now consider the dynamic response of the system to a small pertur-

bation H ! H + �H = H � h(t)B. This will change the transition probabilities
wij ! wij(1 + "ij). Detailed balance gives

1 + "ij
1 + "ji

= e�h�Bij ; �Bij = Bi �Bj ; (6.16)

which, to lowest order in h, leads to

"ij � "ji = �h�Bij (6.17)

The change in the probability distribution is given by (we take t0 ! �1)

�P (t) = P (t)� Peq =

t�1X
t0=�1

T (tjt0 + 1)�w(t0)P (t0) (6.18)
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whereX
j

�wij(t
0)Pj(t

0) =
X
j 6=i

[wij"ijPj(t
0)� wji"jiPi(t

0)] = (6.19)

=
X
j 6=i

[wijPj(t
0)� wjiPi(t

0)] "ji +
X
j

�h�BijwijPj(t
0)

If equilibrium has been reached, the �rst term on the last line vanishes because
of detailed balance. This leads to

� hA(t)i = �

t�1X
t0=�1

X
i;j;k

AiTij(tjt0 + 1)h(t0)�BjkwjkPk(t
0)

= �

t�1X
t0=1

hA(t)�B(t0)ih(t0); (6.20)

where �B(t) = B(t+ 1)�B(t). This de�nes the dynamic response function

RAB(tjt0) = � hA(t)�B(t0)i (for t > t0) : (6.21)

As seen the response function satis�es a discrete version of the classical uctua-
tion dissipation theorem R(t) = ��@tC(t).

When the perturbation leads to a current, transport coe�cients may be ob-
tained from the Kubo formula. Consider a force �eld f , which couples to a total
(generalized) displacement D, perturbing the Hamiltonian by �H = �f(t)D.
For example, the force �eld can be an electric �eld and the displacement the
total dipole moment or, like in the vortex problem, it could be the Lorenz force
from an applied current, with the displacement being proportional to the elec-
tric �eld (integrated over the system). The (generalized) current density is then

J(t) = 1
N

�D(t)
�t (with �t � 1=N), and the conductivity �(tjt0) = �hJ(t)i

�f(t0) , can be

obtained from Eq. (6.20):

� hJ(t)i =
1

N�t
� hD(t+ 1)�D(t)i =

= �

tX
t0=�1

hD(t+ 1)J(t0)i f(t0)� �

t�1X
t0=�1

hD(t)J(t0)i f(t0)

=

tX
t0=�1

�(t� t0)f(t0) (6.22)

From this the DC linear conductivity can be expressed as

� =
�N

2

1X
t=�1

�t hJ(0)J(t)i : (6.23)

In a simulation this can be calculated in a similar way as the correlation time in
Eq. (6.13). The Kubo formula has been used to calculate the linear resistivity
due to vortex uctuations, in Papers II and IV of this thesis.
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