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Abstract 

This study is devoted to the determination of a high resolution gravimetric 

geoid model for Uganda based on the optimal combination of terrestrial and 

satellite gravity anomalies using the method of Least Squares Modification 

of Stokes’ formula with additive corrections. Specifically the study 

investigates the current status of the existing Uganda Vertical Network 

relative to the requirements of a modern height datum and includes a 

detailed evaluation and validation of terrestrial gravity data, several digital 

elevation models and some recent global geopotential models. Finally a new 

height datum based on a gravimetric quasigeoid model and Global 

Navigation Satellite Systems (GNSS)/levelling is proposed. 

In this thesis, the Uganda Gravimetric Geoid Model 2014 (UGG2014) is 

computed from several datasets which, include 7839 terrestrial gravity data 

points from the International Gravimetric Bureau, the 3 arc second Shuttle 

Radar Topography Mission digital elevation model and a recent Gravity field 

and steady-state Ocean Circulation Explorer-only global geopotential model. 

To compensate for the missing gravity data in the target area, the surface 

gravity anomalies extracted from the World Gravity Map 2012 were used. 

Outliers in the terrestrial gravity data were detected using the cross-

validation technique which, also estimated the accuracy of the remaining 

terrestrial gravity data as 9 mGal. Based on 12 GNSS/levelling data points 

distributed over Uganda, the root mean square fit of UGG2014 before and 

after the 4-parameter fit is 16 cm and 9 cm, respectively.  

The study has revealed that the heights of the Uganda Vertical Network are 

normal-orthometric heights for which the quasigeoid is the closest 

approximation to the zero reference surface. Consequently, the Uganda 

Gravimetric Quasigeoid Model 2014 (UGQ2014) was derived from the 

UGG2014 with the quasigeoid-geoid separation computed from the Earth 

Gravitational Model 2008 complete to degree/order 2160 of spherical 

harmonics. The root mean square fit of UGQ2014 versus GNSS/levelling is 15 

cm and 8 cm before and after the 4-parameter fit, respectively, which shows 

that the quasigeoid model fits GNSS/levelling better than the geoid model. 

Thus a new height datum based on UGQ2014 and GNSS/levelling was 
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determined as a practical solution to the determination of heights directly 

from GNSS. Evaluated with 4 independent GNSS/levelling points, the root 

mean square fit of the new height datum is 5 cm better than using the 

quasigeoid model alone. With an average parts-per-million of 29 in the 

relative test, the new height datum satisfies the precision and accuracy 

requirements of third order precise levelling. Overall, the results show that 

UGG2014 and UGQ2014 agree considerably better with GNSS/levelling than 

any other recent regional/global gravimetric geoid models. Therefore, both 

gravimetric solutions are a significant step forward in the modelling of a “1-

cm geoid” over Uganda given the poor quality and quantity of the terrestrial 

gravity data used for computation. 

Keywords: Geoid model, GNSS/levelling, KTH method, Uganda, Uganda 

Vertical Network, Quasigeoid model 
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CHAPTER ONE: INTRODUCTION 

According to Torge and Müller (2012, p.2),   the objective of geodesy 

with respect to the planet Earth may be described as follows: 

“To determine the figure and external gravity field of the Earth, 

as well as its orientation in space, as a function of time, from 

measurements on and exterior to the Earth’s surface.”                                                                         

This objective adequately summarises the role of Geodesy to society.    

Broadly, Geodesy can be divided into Physical geodesy and 

Geometrical geodesy. Physical geodesy utilizes measurements and 

characteristics of the Earth’s gravity field as well as theories regarding 

this field to deduce the shape of the geoid and in combination with arc 

measurements, the Earth’s size (DMA, 1984). On the other hand, 

Geometrical geodesy (also referred to as geographic, ellipsoidal 

geodesy) involves the use of geometrical relationships measured in 

various ways e.g. triangulation, trilateration, electronic surveys, etc. 

aimed at deducing the size and shape of the Earth and the precise 

location of specific positions on the Earth’s surface (DMA, 1984).  Thus 

the boundary-value problem of geodesy incorporates the 

determination of a physical (gravity part) and mathematical surface of 

the Earth (Torge and Müller, 2012, p.2). 

The mathematical figure of the Earth was in 1873 designated as the 

geoid by J.B Listing (1873) and can be visualised as the surface that 

coincides with Mean Sea Level (MSL) over the oceans, and over the 

continents it generally lies below the physical surface of the Earth, 

where it coincides with the water level in imaginary canals cutting 

across the continents and interconnecting the surrounding oceans 

(Banerjee, 2011, p.353).  Therefore, the geoid can be defined as the 

equipotential surface of the Earth’s gravity field, which best 

approximates MSL at rest (Sideris, 2011, p. 356).  However, MSL is not 

an equilibrium surface in the Earth’s gravity field due to ocean currents 
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and other quasi-stationary effects such as Sea Surface Topography 

(SST). The permanent SST, which ranges globally from -1.8 m to +1.2 

m (LeGrand, et al., 2003) is the difference between the actual mean 

sea level and the geoid (Vèronneau, et al., 2006). Consequently, the 

geoid as a gravity field quantity is also affected by variations with time, 

and has to be regarded as a time-dependent quantity such that a geoid 

definition has to refer to a certain epoch of MSL (Torge and Muller, 

2012, p. 77). Subsequently the definition of the geoid has been refined 

by Burša et al. (2002) as the level surface, which optimally fits MSL 

(corrected for SST) at either one tide gauge or a selected set of tide 

gauges used for defining the vertical datum of national or regional 

height systems. 

Over the last 30 years, the importance of the geoid has increased 

substantially due to the widespread use of Global Navigation Satellite 

Systems (GNSS) for positioning and navigation. GNSS, unlike 

traditional surveying instruments, has the ability to provide three-

dimensional coordinates (latitude, longitude and height) anywhere in 

the world, any time irrespective of the weather. However the GNSS-

determined heights are geometrical heights, which cannot be used in 

surveying and engineering projects as they do not define hydraulic 

head. Their conversion into the physically meaningful orthometric 

heights requires the geoid. Therefore, the geoid is of particular 

importance given that it is the reference surface for orthometric 

heights, which are often referred to as heights above MSL. 

1.1 Applications of the geoid 

1.1.1 Conversion of ellipsoidal heights into orthometric heights 

The conversion of ellipsoidal heights into orthometric heights is 

perhaps the major application of the geoid as far as surveyors and 

engineers are concerned. As shown in Figure 1.1, the ellipsoidal 
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heights can be transformed into orthometric heights using the simple 

geometrical relationship: 

H=h-N                            (1.1) 

where H, h and N are orthometric, ellipsoidal and geoid heights, 

respectively. 

 

Figure 1.1:The relationship between orthometric height, ellipsoidal 

height and geoid height 

In principle, Eq. (1.1) can be used to compute the orthometric heights 

provided ellipsoidal and geoid heights can be precisely determined 

from GNSS observations and a gravimetric geoid model, respectively. 

This GNSS technique of height determination commonly referred to as 

GNSS/levelling has over the last several decades provided a viable 

alternative to the conventional height determination technique of 

spirit levelling because of the ease with which the ellipsoidal heights 

can be precisely determined using GNSS observations. However, the 

inherently simple geometrical relationship given by Eq. (1.1) is never 

fulfilled due to numerous errors, systematic distortions and datum 

inconsistencies inherent among the triplet of height data (Jiang and 

Duquenne, 1996; Ollikainen, 1997; Featherstone et al., 1998). In 

practice, the determination of orthometric heights based on Eq. (1.1) 
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requires the incorporation of a parametric corrector surface model, 

whose role is to absorb the datum inconsistencies and any systematic 

distortions that exist in the height data sets (Kotsakis and Sideris, 1999; 

Fotopoulos, 2013; Kiamehr and Sjöberg, 2005a). 

1.1.2 Vertical datum 

The role of a vertical datum is to provide a reference surface from 

which all heights are measured. The geoid is one of the fundamental 

vertical datums used in geodesy, since it is a reference surface for 

orthometric heights. This means that a geoid model forms the basis 

for all development projects in which heights are needed. All projects 

involving the impounding, transport and distribution of water are 

critically dependent upon the appropriate vertical datum, being used 

(Merry, 2003). Unlike an artificial datum, the geoid is ideal as a datum 

for heights, since it represents a continuous surface known 

everywhere across the entire country (Vèronneau, et al., 2006).  This 

guarantees the continuity of heights across borders and coastline 

zones and has applications in the demarcation of national and 

international boundaries (Vaníček, 2009).  

1.1.3 Earth’s gravity field 

The Earth’s gravity field contains the most direct information about 

the mass density distribution within the Earth (Vaníček, 2009). It 

therefore forms a basis for the exploration of oil, gas and other 

underground minerals. Because geoid determination is essentially an 

analysis and manipulation of gravity data, the geoid can therefore also 

provide information relevant to mineral exploration. In addition, 

accurate gravity data also has applications in Earth sciences, for 

example, in oceanography and satellite dynamics for the 

determination of satellite orbits. In oceanography, the geoid is the 

surface relative to which slopes must be calculated to determine 

geostrophic currents (Hughes and Bingham, 2006). Thus the geoid 
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offers an insight into how gravity affects ocean circulation and sea 

level; hence it contributes to climate change studies. 

1.1.4 Geodynamical applications 

The geoid is also important in the modeling of geodynamical 

phenomena like polar motion, Earth rotation and crustal deformation. 

It is useful in the interpretation of precursors to geo-hazards such as 

earthquakes, volcanoes, landslides, tsunamis and their mitigation 

(Ulotu, 2009). Its geophysical applications are useful in areas like 

tectonic plate movement studies and earthquake forecasting and 

mitigation. Kiamehr and Sjöberg (2006a) have reported that in Iran, 

72% of the earthquakes occurred in areas with a lateral geoid slope of 

at least 5 %, indicating a strong correlation between the horizontal 

gradient of the geoid and the earthquake/tectonic activities. 

1.1.5 Unification of vertical datums 

Because of differences in SST at tide gauge sites and differences in 

measuring techniques, national vertical datums of many African 

countries differ from each other. The implication is that there are 

delays in the implementation of regional projects in areas such as 

transportation, communication, water and electricity reticulation grids 

and other projects that require use of heights. Therefore, the 

determination of a precise gravimetric geoid model over Uganda 

represents a significant step in eliminating these differences as it forms 

the basis for the determination of regional geoid models. 

1.2 Previous gravimetric geoid models in Uganda 

Although the scientific and economic applications of a geoid model are 

numerous as highlighted above, it is surprising that no efforts have 

been directed to the determination of a local geoid model for Uganda 

as of today (2014). The few geoid models that geographically cover 

Uganda are either global or regional geoid models, which have not 
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been independently evaluated using external data in Uganda so as to 

determine their accuracy and possible use. 

1.2.1 A high resolution gravimetric geoid model of the Eastern 

African region  

The gravimetric geoid model of the Eastern African region is a regional 

geoid model determined for Kenya, Uganda and part of Tanzania, 

whose boundaries are latitude 5  S 5  N     and longitude 

29  E 42  E     (Gachari and Olliver, 1998). The geoid model was 

determined using the remove-compute-restore technique. The 

computation process involved removing the long-wavelength 

components as given by the Ohio State University 1991 (OSU91A) 

geopotential model from the free-air gravity anomalies and using the 

residual anomalies on 34,272 data grid points to compute the geoid 

heights based on the one-dimensional Fast Fourier Transform. The 

residual geoid heights together with the indirect effect were then 

added to the OSU91A geoid heights to give the final gravimetric geoid 

at a contour interval of 0.5 m (Gachari and Olliver, 1998). The following 

datasets were used (Gachari and Olliver, 1998):  

 The coefficients of the OSU91A geopotential model complete 

to degree and order 360. 

 A set of 2.5΄x2.5΄ 19,106 mean free-air gravity anomalies, 

Bouguer anomalies and heights compiled by the University of 

Leeds. 

 A set of marine gravity observations from the University of 

Oxford. 

 Sea surface altimeter heights from Seasat, Geosat/ERM, ERS-1 

and TOPEX/Poseidon 

 A 1- km resolution Digital Terrain Model (DTM) covering a large 

area of Kenya from Leicester University 



7 
 

 The TerrainBase 5΄ DTM obtained from the US National 

Geophysical Data centre. 

For independent verification, gravimetric geoid heights were 

computed on 25 points with Doppler observations. Differences were 

then determined between the Doppler geoid heights and the 

computed gravimetric geoid heights. From this comparison, it was 

concluded that the geoid was accurate to about 10 cm in Western 

Kenya and 20 cm elsewhere (Gachari and Olliver, 1998). This model 

had two major limitations. Firstly, no Doppler points were found in 

Uganda, hence its accuracy could not be independently verified and 

secondly, the accuracies of the Doppler observations (for which 

heights were determined using trigonometric heighting) are generally 

between 1 to 3 m, meaning that the computed differences between 

the Doppler geoid heights and the gravimetric geoid model heights are 

only accurate to the same level. Thus the geoid model could only be 

assumed to be accurate to approximately 20 cm in Uganda, which is 

not good enough. 

1.2.2 African Geoid Project geoid model 

The African Geoid Project (AGP) is an attempt to produce a uniform 

geoid model for Africa (Merry, 2003). It was initially established as a 

project of the Committee for Developing Countries of the International 

Association of Geodesy (IAG). In July 2003, the project was taken over 

as a project of Commission II (Gravity Field Commission) of the IAG.  A 

preliminary geoid model for Africa was computed in 2003 (Merry et 

al., 2005). In this model, the gaps in the 5' terrestrial gravity data set 

were filled using the EGM96 (Lemoine et al., 1998), and the geoid was 

computed in the following steps: 

i) The long-wavelength components of the height anomalies 

(quasi-geoid) were  computed using the EGM96 geopotential 

model; 
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ii) The short-wavelength component was computed using 

reduced gravity anomalies in a two-dimensional convolution 

representation of the Stokes' integration; 

iii) The terrain effect (Molodensky term) was computed using the 

Global Land One-km Base Elevation Digital Elevation Model 

(GLOBE) (Hastings and Dunbar, 1998); 

iv) The height anomalies were converted to geoidal heights using 

Rapp (1997) spherical harmonic representation of the 

separation between the two surfaces. 

The validation of the resultant geoid model AGP2003 with 

GNSS/levelling data from Algeria, Egypt and South Africa showed 

biases ranging from -17 cm to +124 cm with standard deviations 

ranging from 9 to 80 cm (Merry et al., 2005).  The potential sources of 

the biases were discussed in Merry (2003) and include the following:  

 Errors in the long wavelength components of EGM96;  

 Differences in the GPS reference frame used; 

 Biases in the vertical datums used in the different countries; 

and 

 Cumulative systematic errors in the levelling networks. 

In addition, this model has not been independently evaluated in 

Uganda or any of the neighbouring countries. Thus its accuracy cannot 

be expected to be better than in any of the above three countries. 

1.3 The quasigeoid as an alternative to the geoid 

The major limiting factor to geoid determination stems from the geoid 

dependence on the topographic mass distribution, which are only 

partly known (Sjöberg, 2013). To avoid this problem, in 1945 

Molodensky suggested that the physical surface of the Earth and its 

external gravity field can be determined from surface measurements 

only, without needing the geoid (Molodensky et al., 1962). 

Subsequently many countries especially in Europe adopted the normal 
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heights and their related reference surface the quasigeoid (Sjöberg, 

2013).  Following Vaníček et al., 2012, the interrelationship between 

the quasigeoid, the geoid and the reference ellipsoid is shown in Figure 

1.2. As shown, the quasigeoid coincides with the geoid over the oceans 

and lies a vertical distance ζ  (the quasigeoid height) above or below 

the reference ellipsoid. 

Figure 1.2: The relationship among the quasigeoid (QG), the geoid (G) 

and the reference ellipsoid (R.E).  

Molodensky’s approach deals only with the external field and needs 

only to know the geometry of the external field (Vaníček et al., 2012). 

Thus all computations are done on an approximative surface known as 

the telluroid, which is displaced from the Earth’s surface by the 

quasigeoid height. Compared to the geoid, the quasigeoid is not an 

equipotential surface, which diminishes its applicability as a tool for 

geophysical interpretation. In addition, Molodensky’s approach to 

quasigeoid determination cannot be applied with high accuracy 

especially in mountainous terrains due to the convergence problems 

in the Molodensky series (Sjöberg, 2013). 
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1.4 Research objectives and author’s contribution 

A geoid model is clearly very important not only in the geodetic 

sciences but also in many other economic and scientific fields. It is very 

crucial in the sustainable development of the country as many 

development projects such as roads, railway lines and hydropower 

dams require reliable and accurate height information. In addition 

geoid determination has become much more crucial due to the 

widespread use of GNSS for positioning and navigation. Compared to 

traditional surveying techniques, GNSS offers time and cost savings in 

three-dimensional positioning. However, without a gravimetric geoid 

model, GNSS can only be used for the determination of the latitude 

and longitude as the ellipsoidal height has no physical meaning. For 

many developing countries such as Uganda, the following challenges 

limit the possibility of determining a gravimetric geoid model:  

i) The absence of an existing local geoid model, which could 

form the basis of a new study. To date there has been no 

documented determination of a local geoid model for 

Uganda. Currently global geoid models, for example, 

EGM96 (Lemoine et al., 1998) and EGM2008 (Pavlis et al., 

2008) are the ones used in Uganda. However, the accuracy 

of these models has not been independently validated in 

Uganda. A preliminary evaluation (Ssengendo et al., 2011) 

has shown that the accuracy of the global geoid models on 

comparison with GNSS/levelling ranges from 0.20 m to 1.0 

m. This is outside the range acceptable for most 

engineering and surveying projects. 

ii) The National Mapping Agency in Uganda (Surveys & 

Mapping Department) currently has no up-to-date 

information relating to the status of the vertical network. 

For example, there is no information related to the number 
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of primary benchmarks that still exist or even their current 

state. In fact, the existing vertical network has been 

neglected to the extent that in the last 40 years no efforts 

have been undertaken towards its maintenance and/or re-

establishment. In addition, the absence of co-located 

GNSS/levelling points means that there is no independent 

data set that can be used to validate global geoid models. 

iii) The poor quality and quantity of the terrestrial gravity data 

over Uganda. Currently the terrestrial gravity data archived 

by the International Gravimetric Bureau (BGI) is on average 

distributed as one gravity data point per 65 square 

kilometres.  

These arguments among others make gravimetric geoid determination 

in Uganda seem like an impossible undertaking. However, recent 

studies (Nsombo, 1996; Hunegnaw, 2001; Abdalla, 2009; Ulotu, 2009) 

have shown that it is possible to compute a gravimetric geoid model 

of a country using the method of Least Squares Modification of Stokes 

formula with Additive corrections (LSMSA) commonly referred to as 

the KTH method. This method compensates for the lack of terrestrial 

gravity data by combining different datasets including terrestrial 

gravity, satellite gravity anomalies and digital elevation models. In 

addition, new advances from the satellite gravity missions of CHAMP, 

GRACE and GOCE have provided gravity data on a global scale at very 

high resolution such that deficiencies in local terrestrial gravity data 

can be compensated for. This has opened new avenues for geiod 

determination especially for areas with sparse terrestrial gravity data.  

1.4.1 Research objectives 

The main objective of this study is to compute a precise gravimetric 

geoid model for Uganda by using the KTH method to optimally 

combine terrestrial and satellite gravity data. The resultant gravimetric 

geoid model will then be used together with GNSS/ levelling to define 
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a new height datum for Uganda. Specifically, this study will address a 

number issues related to gravimetric geoid determination including: 

1. A detailed study of the existing Uganda Vertical Network to 

identify the type of heights used in Uganda, the nature of 

corrections that were applied to the spirit-levelled height 

differences, the number of primary benchmarks that still exist 

presently and the general status of the vertical network. 

2. Use GNSS to determine the three-dimensional coordinates of 

some old Fundamental Benchmarks, which can serve as an 

independent data set for the evaluation of the Digital Elevation 

Models (DEM) and Global Geopotential Models (GGM). In 

addition this data set will serve as fixed points for future 

densification. 

3. The evaluation and validation of the different datasets 

required for gravimetric geoid determination including the 

detection and removal of outliers from the terrestrial gravity 

data, the evaluation and identification of the most suitable 

DEM for use in Uganda and the evaluation of GGMs to select 

the most suitable model from which to extract the long-

wavelength gravity data. 

4. To use the parametric corrector surface idea to generate a 

corrective surface as a practical solution for the determination 

of physically meaningful heights directly from GNSS 

observations. 

1.4.2 Author’s investigation and contribution 

Although the KTH method has been successfully applied in a number 

of countries such as Iran (Kiamehr, 2006), Tanzania (Ulotu, 2009), 

Central Turkey (Abbak et al., 2012) and was used for the official 

gravimetric quasigeoid of Sweden (Ågren et al., 2009), the present 

study considers an area with unprecedented very limited terrestrial 

gravity data. Compared to Central Turkey, where there was one gravity 
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data point per 22 km2, the situation in Uganda is worse with only one 

gravity data point per 65 km2. Thus the author’s major investigation 

has centred on the optimal combination of very sparse terrestrial 

gravity data with the satellite gravity data to achieve a centimetre 

accurate gravimetric geoid model. In addition, this study uses the 

GOCE-only GGM for the long-wavelength part of the gravity field 

thereby highlighting the significant contribution of the GOCE satellite 

mission to the gravity field recovery, especially for areas with very 

limited terrestrial gravity data.  

Through this research, a detailed analysis of the Uganda Vertical 

Network was undertaken culminating in the identification of 14 

Fundamental Benchmarks of the primary network, which were 

observed using GNSS and adjusted with the Bernese GNSS processing 

software. In addition, the first ever gravimetric geoid and quasigeoid 

models over Uganda have been computed, which remarkably fit 

GNSS/levelling significantly much better than any of the existing 

regional/global gravimetric models. To provide a practical solution to 

the GNSS heighting problem, a new height datum based on a 

combination of a gravimetric quasigeoid model and GNSS/levelling has 

also been determined. Overall, the procedure used especially as 

regards the vertical network analysis and the validation and evaluation 

of the various datasets can form the foundation for the establishment 

of a new and modern vertical datum for Uganda. This procedure can 

also be adopted by a number of African countries that share similar 

challenges to gravimetric geoid determination. 

1.5 Thesis outline 

In chapter two, the necessary background information regarding 

gravimetric geoid determination is presented. Specifically, the 

modification of Stokes’ formula is discussed with a general overview 

of the most common modification methods. The necessary effects that 

is topographic, downward continuation, atmospheric and ellipsoidal 
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effects that must be applied in order to satisfy Stokes integration are 

also discussed. 

The focus of chapter three is the presentation of the major 

components of the KTH method with particular emphasis on 

highlighting the differences between the KTH method and the more 

common Remove-Compute-Restore (RCR) techniques. The necessary 

formulae for the additive corrections are presented as well. 

The discussion in chapter four begins with a review of the different 

height systems: spirit-levelled heights, geopotential number, dynamic 

heights, orthometric heights, normal heights, and normal-orthometric 

heights. The existing Uganda Vertical Network is then reviewed with 

particular emphasis on its current status. Consequently three viable 

options (levelling-only datum, geoid-only datum and combined 

datum) for the definition of a new and modern vertical network are 

reviewed. The GNSS/levelling network established as part of this study 

is also presented. 

Chapter five is dedicated to the validation and evaluation of the 

different datasets required for gravimetric geoid determination. Both 

DEMs and GGMs are evaluated using GNSS/levelling and subsequently 

the most suitable models are selected. However, the major focus of 

this chapter is the detection and elimination of outliers from the 

terrestrial gravity data largely based on the cross-validation technique. 

The chapter concludes with the determination of the final grid of 

surface gravity anomalies based on a combination of terrestrial gravity 

data and the World Gravity Map 2012 surface free-air gravity 

anomalies. 

Chapter six addresses in detail the computation of the Uganda 

Gravimetric Geoid Model 2014 (UGG2014). A number of important 

computational options, namely signal and error degree variances, 

choice of cap and determination of least squares modification 

parameters are discussed. The determination of the approximate 
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geoid height as well as the additive corrections is discussed in detail. 

The chapter also provides the internal and external evaluation of 

UGG2014 plus its comparison to some combined GGMs and regional 

geoid models. 

Chapter seven shows how a gravimetric quasigeoid model can be 

determined from the gravimetric geoid model. This is informed by the 

theoretical understanding of the quasigeoid as a closer approximation 

to the zero-reference surface for normal-orthometric heights, which 

are the heights used in Uganda.  A comparison of the approximate and 

“strict” formula for the computation of the quasigeoid-geoid 

separation (QGGS) is undertaken, highlighting the possible errors that 

may propagate into the final quasigeoid model on account of using the 

approximate formula to compute QGGS. 

Chapter eight focuses on the determination of a new height datum as 

a practical solution to the determination of heights directly from GNSS. 

Three parametric modelling options (4-parameter model, 5-parameter 

model and 7-parameter model) are tested with both the gravimetric 

geoid and quasigeoid models. A criteria for assessment of the 

performance of the different modelling options is briefly presented 

and applied to the Uganda Gravimetric Quasigeoid Model 2014 

(UGQ2014). The chapter concludes with the presentation of the new 

height datum based on a combination of UGQ2014 with 

GNSS/levelling. 

Chapter nine summarises the main conclusions of this research and 

presents recommendations for future work in order to improve the 

precision and accuracy of the gravimetric geoid/quasigeoid model 

over Uganda. 
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CHAPTER TWO: MODIFICATION OF STOKES’ FORMULA FOR 

GRAVIMETRIC GEOID DETERMINATION  

By far the most important formula of physical geodesy was published 

by George Gabriel Stokes in 1849 (Stokes, 1849). Stokes’ formula 

makes it possible to determine the geoid height from gravity data. 

However, in its original form the formula only applies for a reference 

ellipsoid that has the same potential as the geoid, encloses a mass that 

is numerically equal to the Earth’s mass and has its centre at the centre 

of gravity of the Earth (Hofmann-Wellenhof and Moritz, 2006, p.105). 

These conditions cannot be fulfilled for any reference ellipsoid. Hence 

Stokes’ formula must be modified for an arbitrary reference ellipsoid. 

In addition, the integration in Eq. (2.1) must be carried out over the 

whole Earth, which requires complete coverage of gravity data over 

the entire Earth surface. This is not possible as gravity data currently 

covers only parts of the Earth’s surface (Sjöberg, 2013), which 

necessitates that the area of integration be limited to a spherical cap 

around the computation point. Therefore, the focus of this chapter is 

on how Stokes’ formula has been modified by several geodesists to 

achieve its original objective i.e. determining the geoid from gravity 

data. In section 2.1, an overview of the different methods of 

modification of Stokes’ formula is presented with particular emphasis 

on how the parameters of modification are determined by each 

method. Sections 2.2-2.5 discuss the necessary corrections that must 

be applied to terrestrial gravity data so that the disturbing potential T  

determined by Stokes’ formula satisfies Laplace’s equation.   

2.1 Modification of Stokes’ formula 

The original form of Stokes’ formula is given by Heiskanen and Moritz 

(1967, p.94) as:  

 
4

R
N gS d



 


                              (2.1) 
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To determine the geoid height  N , Stokes’ formula integrates the 

gravity anomaly g  over the mean Earth sphere of radius R  with 

weights provided by Stokes’ function, which can be written in spectral 

form as:  
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                (2.2) 

where   is the geocentric angle, d  is an infinitesimal surface 

element of the unit sphere   ,   is normal gravity on the reference 

ellipsoid and  cosnP   are Legendre polynomials on the sphere. 

As pointed out earlier, in its original form Stokes’ formula is not 

applicable thus a number of modifications have evolved, which are 

discussed in geodetic literature (e.g. Molodensky et al., 1962; Wong 

and Gore, 1969; Meissl, 1971; Forsberg, 1984; Vaníček and Kluesberg, 

1987; Sjöberg, 1986; 1991; 2003a; 2005a, Featherstone et al., 2004; 

Ellmann, 2004; Ågren, 2004; Ulotu, 2009; Sanso and Sideris, 2013). 

However, the pioneer modification was presented by M.S. 

Molodensky (Molodensky et al, 1962), who proposed to truncate 

Stokes’ integral to a cap around the computation point and to 

compensate for the truncation bias by adding a low-degree spherical 

harmonic series from a GGM. 

Based on the orthogonality relations of spherical harmonics when 

integrated over the unit sphere (Hofmann-Wellenhof and Moritz, 

2006, p.21-22), Eq. (2.1) can be written as (Sjöberg, 2003a): 
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where ng  are the Laplace harmonics of g  defined by (Heiskanen 

and Moritz, 1967, p.97) as:  
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 LS   is the modified Stokes function given as: 
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and L   is the selected maximum degree of the arbitrary modification 

parameters ns . 

Introducing a spherical cap 
0 limited by the spherical angle 

0  and 

centred at the computation point for Stokes’ integration, Eq. (2.3) can 

be written as (Sjöberg, 2003a): 

   
0

*

22

L
L L

n n n

n

c
N S gd c Q s g



 
 

                (2.7). 

Here L

nQ  are Molodenskii’s truncation coefficients given by:  
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0   otherwise

  2*

  
ns if n L
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             (2.11). 

nkE  can be computed by the recurrence relations of Paul (1973) and 

Hagiwara (1976). 

Equation (2.7) is the modified Stokes formula, which combines gravity 

anomaly data in the near-zone around the computation point with a 

spherical harmonic expansion of the gravity field ng  by a GGM. In 

theory, this formula would yield the same geoid height from error-free 

gravity data as the original Stokes’ formula dependent on the choice 

of the modification parameters ns  (Sjöberg, 2011a). However there is 

no error-free data such that in practice the modification tunes the 

weighting between the erroneous terrestrial gravity data and the 

GGM. 

Sjöberg (2003a; 2011a) has presented Eqs. (2.12a, b) as the general 

geoid estimator: 
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or , written in spectral form, 
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where T

ng   and GGM

ng  are the input gravity anomaly data i.e. 

terrestrial and GGM derived Laplace gravity anomalies, respectively.
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Equation (2.12a) is a further modification of Eq. (2.7) as it takes into 

account the fact that the GGM is known only to a finite degree M  and 

since integration is limited to a spherical cap, this leads to a truncation 

bias. In addition the true gravity anomaly and spherical harmonic 

expansion of the gravity field are replaced by estimates Tg  

(terrestrial gravity anomaly) and GGM derived gravity anomaly

 GGMg . nb  are arbitrary parameters that provide more degrees of 

freedom to this estimator compared to the parameters  *L

n nQ s  as 

used in Eq. (2.7). 

Note that because Tg  and GGMg  include various types of errors, 

the general geoid estimator (Eqs. 2.12a, b) will also be subject to the 

following errors (Sjöberg, 2003a): 

1. A truncation bias due to the limited cap-size and/or the limited 

degree of expansion of the GGM, 

2. Observation errors 
T  and GGM

n  from the errors of the input 

gravity anomaly data.  

Based on Eqs. (2.12a, b), Sjöberg (2003a) has presented Table 2.1, 

which summarises  the most common methods of modifying Stokes’ 

formula discussed in geodetic literature cited above. Here 2

n   and 2

ndc  

are the global error degree-variances for Tg  and GGMg , 

respectively, nu  and nv  are given by (Sjöberg, 2003a): 
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with 
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Table 2.1: A comparison of the parameters of some methods of 

modifying Stokes’ formula (Sjöberg, 2003a). 

Method L   M   nb   nra   ns   nh   

Molodensky M   A* 
ns   

nrE    
nQ   

Meissl (1971) 0 0    cS     

Wong & Gore M   A* M

n nQ s    2

1n 
  

 

Remove-

Compute-

Restore  

0 A* 
nQ      

Spectral 

combination 

M   A* 
ns    2

2 2

2

1

n

n nn dc



 
   

Sjöberg 

(1986) 

   A* 2

1
nu

n 
  

 2

1
nv

n 
  

 

Vaníček & 

Kleusberg 

(1987) 

L M   A* ;2ns n L    

;L

nQ L n M    

nrE    
nQ   

Least Squares 

(unbiased) 

A* A* *L

n nQ s    A*  

Least Squares 

(biased) 

A* A* A*  A*  

A*= arbitrary 

The rationale behind most of the modification methods is either to 

reduce the truncation error, which arises as a result of limiting the 

integration area of the original Stokes’ formula to a cap or to filter out 

the low-degree spectrum from Stokes’ integral by the high frequency 

residual gravity anomaly data, and to represent this part of the 
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spectrum by the long-wavelength harmonics GGM

ng (Sjöberg, 2011a). 

However, these modifications are based on the assumption of no 

systematic errors among the data, which is clearly suspect at least for 

the terrestrial gravity data. Thus over the last couple of years the least 

squares technique has gained prominence due to the fact that it uses 

least squares to minimise the effects of the various error sources 

(Sjöberg, 2005a). For a detailed discussion of the various modification 

methods, the reader can consult the references cited above. 

2.2 Topographic reduction in gravimetric geoid determination 

The determination of the geoid by Stokes’ formula requires that the 

disturbing potential T   must be harmonic outside the geoid, that is, 

T  must satisfy Laplace’s equation 0T    (Heiskanen and Moritz, 

1967, p.92). This means that the topographic masses above the geoid 

are either removed or reduced by some reduction method. In 

accounting for the topography four types of topographic effects must 

be applied to the surface gravity anomalies, that is, the direct 

topographic effect on gravity, which  accounts for the removal of the 

topographic masses above the geoid, the downward continuation 

effect for the analytical continuation of the surface gravity anomaly to 

sea level, the primary indirect topographic effect for the restoration of 

the masses after Stokes integration and the “secondary indirect 

topographic effect” (SITE) which, transforms corrected gravity 

anomalies on the geoid into corrected gravity anomalies on the co-

geoid prior to Stokes integration. All published reduction methods 

which have been proposed must take into account the above four 

effects thus the different   methods differ in the way the four effects 

are applied.  

2.2.1 Helmert's second method of condensation 

Helmert proposed two methods for the redistribution of the 

topographic masses on or below the geoid. In the first method the 

topography is condensed to form a surface layer parallel to the geoid 
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and located at a depth of 21 km below the geoid (Heck, 2003).In the 

second method the topography is condensed so as to form a surface 

layer on the geoid so that the total mass remains unchanged i.e. the 

topographic masses of volume density ϱ are shifted and condensed to 

a surface layer of surface density К=ϱH along the plumb line (Tziavos 

and Sideris, 2013, p.363). 

For an arbitrary point P on the Earth’s surface, the true topographic 

potential 
tV  and the condensation potential 

cV  according to 

Helmert’s second condensation method can be described by the 

surface integrals (Sjöberg, 2000): 

   , ,t

PV P f r H t d


              (2.14a) 

and 
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              (2.14b) 

where G  ; G =gravitational constant and  = constant 

topographic density, 
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cost              (2.15d), 

Sr R H              (2.15e). 
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Here H   is orthometric height of integration point, R  is radius of sea-

level, Pr is the geocentric radius of P and  is the geocentric angle.  

Using Eqs. (2.14 a-b) and Eqs. (2.15 a-e), Sjöberg (2000, 2001) showed 

that the direct and primary indirect topographic effects on the geoid 

height can be written in spectral form as 
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                      (2.16b) 

respectively, where 0  is the normal gravity at sea level and 2

nH  is the 

Laplace spherical harmonic defined by Heiskanen and Moritz (1967, p. 

30). 

As part of the topographic reduction, the Helmert gravity anomaly 

must be corrected for the secondary indirect topographic effect so as 

move the gravity anomaly from the surface of the geoid to that of the 

co-geoid. The SITE on the gravity anomaly can be computed in units of 

mGal using the simple formula given by Heiskanen and Moritz (1967, 

p.142): 

0.3086He He

Ig N                  (2.17) 

where the factor 0.3086 (in mGal/m) is the free-air correction factor 

and the primary indirect topographic effect is in metres. By inserting 

Eq. (2.17) into Stokes’ integral, Sjöberg (2015) has shown that the SITE 

on geoid height can be written in spectral form as 
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            (2.18)  
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Overall, the Helmert gravity anomaly is one of the most widely used 

gravity anomalies in geoid determination because it is very simple to 

compute since it approximates the free-air anomaly and has a very 

small indirect effect on the geoid height of about 1 m per 3 km of 

average elevation (Heiskanen and Moritz, 1967, p.151). However, it is 

not smooth and therefore cannot be easily interpolated and/or 

extrapolated. 

2.2.2 The complete Bouguer reduction 

The complete Bouguer reduction is used to completely remove the 

masses between the Earth’s surface and the geoid. It is composed of 

the simple Bouguer correction, which is the direct topographic effect 

on gravity anomaly where the Earth’s surface is assumed to be 

completely flat, horizontal, and the masses between the geoid and the 

Earth’s surface have a constant density and the terrain correction, 

which accounts for the irregular surface of the Earth.  

The attraction for an infinite Bouguer plate usually called the simple 

Bouguer attraction  BA  can be written as (Hofmann-Wellenhof and 

Moritz, 2006, p. 135): 

P2 HBA G                (2.20) 

where G  is the universal gravitational constant,   is the standard 

density and PH  is the topographic height of point P on the Earth’s 

surface. Substituting for 14 3 2 16,672.59 10  G x m s kg    and

32.67 gcm  , the attraction becomes 

P0.1119H   mGalBA                (2.21) 

for PH  in metres. 

To account for the irregular nature of the Earth’s surface, the Bouguer 

gravity anomaly at the geoid can be computed as: 
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B B tg g F A A                   (2.22) 

where g  is the measured gravity at point P  on the Earth’s surface,   

is the normal gravity on the reference ellipsoid, tA  is the terrain 

correction and F  is the free-air reduction, which is used to transfer a 

gravity measurement from the Earth’s surface to the geoid and can 

expressed as (Hofmann-Wellenhof and Moritz, 2006, p. 134): 

P

P

0.3086H
H

F


  


            (2.23)   

Since the indirect effect is very large i.e. order of ten times the geoid 

height, Bouguer anomalies are not used for geoid determination, 

however, they have perfect geometrical meaning and are also large 

and smooth hence Bouguer anomalies are very useful for interpolation 

(Heiskanen and Moritz, 1967, p.150). 

2.2.3 Isostatic reduction 

The theory of isostasy assumes equilibrium within each column of the 

Earth down to a certain level of compensation i.e. the visible mass 

surplus in the mountain areas and the mass deficiency in the ocean 

areas are compensated somehow so that the masses of the crust and 

the masses immediately below are kept in balance. On the one hand, 

the Pratt-Hayford system assumes the existence of a compensation 

surface at 100 km below the geoid such that the mass of each column 

from the compensation surface to the Earth‘s surface will be equal so 

that mass compensation is achieved by varying the densities of the 

columns (Hofmann-Wellenhof and Moritz, 2006, p.142). On the other 

hand, the Airy-Heiskanen system assumes that the density of the crust 

with thickness T is equal to the standard density 
0 =2.67 g𝑐𝑚−3 such 

that mass compensation is achieved by changing the border between 

the crust and the mantle (Heiskanen and Moritz, 1967, pp. 133-136). 
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Depending on the isostatic reduction used, the isostatic anomaly  Ig   

can be computed as: 

/I PH AHg g F A                   (2.25) 

where ,g   and F  are the measured gravity on the Earth’s surface, 

normal gravity on the reference ellipsoid, the free-air reduction and 

/PH AHA  is either the Pratt-Hayford or Airy-Heiskanen direct 

topographic effect. 

Isostatic anomalies are very smooth, representative and independent 

of topography and therefore the most accurate and suitable for 

interpolation (Heiskanen and Moritz, 1967, p.142). However, the 

indirect effect is larger and may reach 10 m hence Isostatic anomalies 

are rarely used in geoid determination (Torge, 2001, p 268).  

2.2.4 Residual Terrain Model (RTM) 

In the RTM method, the contribution of the topography is removed by 

choosing a smooth mean elevation surface and computationally 

removing the mass surplus above this surface,  which are then used to 

fill the mass deficiency below the surface (Forsberg, 1984).  The mean 

elevation surface is used to define an implicit reference density model 

which has crustal density e.g. 2.67 g/cm3 up to the reference level such 

that the masses above and below the mean elevation surface have the 

same density (Forsberg & Tscherning, 1997). The reference surface 

could be defined by a global spherical harmonic expansion of the same 

degree and order such that the topographic effect can be taken as a 

terrain corrected Bouguer reduction to the reference level (Forsberg, 

1984) i.e.  the masses above the geoid are first removed by the 

complete Bouguer reduction and then are restored with the reference 

Bouguer plate.  

Topographic removal by the RTM has a number of advantages; one the 

RTM gravity anomalies are smoother and therefore easier for 
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interpolation. Secondly, the indirect effect on the geoid of the RTM 

reduction is very small compared to the indirect effect on the geoid of 

the Helmert second condensation method plus no assumption is 

needed about Isostatic compensation as with the Isostatic reductions 

(Tziavos and Sideris, 2013, pp.366-369).  

The  major drawback of the RTM method is the need to compute 

special corrections; first is the correction for the truncation bias 

especially for cap sizes less than 10˚ for which Sjöberg (2005a) has 

shown that the RTM method is biased by the term   2G H    and 

secondly for stations below the reference surface, the gravity potential 

will no longer be a harmonic function  hence requiring a special 

correction (harmonic correction) to restore its harmonicity (Tziavos 

and Sideris, 2013, p. 368).  

2.2.5 KTH method 

In the KTH method the approximate geoid heights are determined 

using the unreduced gravity anomalies i.e. without removal/reduction 

of topographic masses. Subsequently, the final geoid heights are 

determined by adding the additive corrections, which include the 

combined topographic correction, the downward continuation effect, 

the total atmospheric correction and the total ellipsoidal correction. In 

this way, the KTH method is independent of the choice of method of 

reduction of topography used as the effect of the reduction cancels 

out in the summation of the direct and indirect effects on the geoid 

(Sjöberg, 2003d). The KTH method is implemented in the KTH 

approach to modelling the geoid, which is known as the Least Squares 

Modification of Stokes formula with Additive corrections (LSMSA), and 

is the subject of chapter three in this sequel.  

The main advantage of the KTH method is the simplicity of the 

combined topographic effect on the geoid and the fact that it does not 

include any terrain effect in opposition to the direct and indirect 
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topographic effects (Sjöberg, 2003d). However, integration in the 

Stokes’ formula is somewhat problematic when it comes to gridding 

and interpolation of the unreduced gravity anomalies. In practical 

computations this has been solved by using the remove-compute-

restore technique, that is, the effect of the topographic masses are 

removed using any of the other methods then the residual gravity 

anomalies are used for interpolation and gridding and finally the 

topographic masses are restored before Stokes integration (cf. Ågren, 

2004; Kiamehr, 2006; Ulotu, 2009;).  

2.3 The Downward Continuation effect 

Gravity is measured on the Earth’s surface and after the removal of 

topography, the topography-corrected gravity anomalies must be 

downward continued to sea level so as to satisfy the requirements of 

Stokes’ formula. Therefore, the role of the downward continuation 

(DWC) correction is to move the gravity station from the Earth’s 

surface to the geoid.  

The gravity anomalies analytically continued down to sea level  *g  

can be obtained from the gravity anomalies at the Earth’s surface 

 g  by solving Poisson’s integral equation (Heiskanen and Moritz, 

1967, p.317-318): 

2 2 *

3

(1 )

4

t t g
g d

D





 
                 (2.26) 

where 

t R r               (2.27a) 

r R H                (2.27b) 

21 2 cosD t t               (2.27c) 
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To determine *g  Poisson’s integral equation can be solved either 

using successive approximations as explained in Heiskanen and Moritz 

(1967, p.303-307) or by the use of an iterative method based on the 

alternative expression of the integral equation (see Heiskanen and 

Moritz, 1967, Eq. 8-87). The major challenge to the precise solution of 

the integral equation is the need to provide some kind of smoothing 

in order to avoid numerical instabilities (Sjöberg, 2003e). Using surface 

blocks of 5' 5'x  resolution, Martinec (1998) obtained satisfactory 

results for the Canadian Rocky Mountains although for smaller blocks 

(e.g. 30'' 60''x ) the solution became numerically unstable. To avoid 

this instability, the KTH method computes the DWC correction directly 

on the geoid height as shown in Section 3.2.2. 

2.4 The atmospheric correction 

The most common approach to atmospheric correction was proposed 

by Ecker and Mittermayer (1969; see Sjöberg, 1999) and consists of 

three components as summarized in Moritz (1980a, p. 422-425): 

1. Add the atmospheric correction 
2( )g GM r r      to the 

measured surface gravity, where M(r) is the atmospheric mass 

outside a sphere of radius r. 

2. Form the gravity anomaly in the usual way i.e. .g g g      

3. Use the resultant gravity anomaly to determine the geoid. 

 

This approach assumes that the Earth is approximately spherical with 

a spherical layering of the atmosphere and all the space above the 

geocentric sphere through the computation point is assumed to 

consist of the atmosphere implying that the ellipsoid-spherical 

approximation for the Earth’s surface is assumed negligible (Sjöberg, 

1999). This approach is applicable to the original Stokes’ formula. 

However in practical geoid determination Stokes’ formula is truncated 

to a spherical cap 
0  of geocentric angle 

0 , and this leads to a 

truncation bias of the direct atmospheric effect (Sjöberg, 1999). 
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Sjöberg and Nahavandchi (2000) have shown that the truncation bias 

monotonically increases and decreases between and outside 
0 39   

and 
0 118  , which shows that for the truncated Stokes integral the 

IAG approach (based on Ecker and Mittermayer, 1969) leads to a 

truncation bias much larger than the total atmospheric effect. This 

error arises from the large constant atmospheric gravity at sea level 

which, cancels in the original Stokes’ formula but remains in the 

truncated Stokes’ formula (Sjöberg, 1999). To solve this problem, 

Sjöberg (1999) has proposed the following solutions: 

1. The atmospheric gravity correction 
2( )g GM r r      applied 

to measured gravity can be replaced by 

 2( ) ag GM r r      where a  is the atmospheric gravity 

at sea level. By using this new correction the effect of the bias 

can be reduced. 

2. The truncation bias 
dirN  of the direct atmospheric effect can 

be computed using the formulas below and then used to 

correct the biased results. 

 0 02.76dirN Q                (2.28) 

where 

 

 

0 0
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0 0 0 0 0 0 0 04 5 6 7 6 (1 ) 1
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t t t t t t Int t

 

      
        (2.29a) 

0 0cost              (2.29b) 

3. Compute the total atmospheric correction directly on the geoid 

height as adopted in the KTH method of geoid determination 

(see Section 3.2.3).  
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2.5 The ellipsoidal correction 

Stokes’ formula is based on the spherical approximation of the Earth’s 

figure such that the surface gravity anomalies must be referred to the 

mean Earth sphere with radius R. This approximation leads to an error 

of the order of the Earth’s flattening times the geoid height i.e. 

 1 300 N , which reaches several decimetres globally (Sjöberg, 

2003c; Ellmann, 2005). For 1-cm geoid accuracy, the solution to 

ellipsoidal Stokes boundary-value problem is approximated by (Huang 

et al., 2003): 

(1)

0T T T                (2.30) 

where 0T  is the spherical approximation to the disturbing potential 

determined by Stokes’ formula,  is the square of either the first 

numerical eccentricity  2e  or second numerical eccentricity  
2

'e , 

 1T is the correction that accounts for the ellipticity of the boundary.  

 

Based on Eq. (2.30) Huang et al., (2003) have numerically compared 

four solutions to the ellipsoidal Stokes boundary-value problem (i.e. 

Molodensky et al., 1962; Moritz, 1974; Martinec & Grafarend, 1997; 

Fei & Sideris, 2001) and concluded that whereas the Martinec & 

Grafarend method is the most complex solution, it is also the most 

accurate. This is because the other three solutions are subject to an 

approximation error, which is related to the first degree components 

of the surface spherical harmonics (Huang, et al., 2003). These 

approximations are minimised in the KTH method of geoid 

determination by computing the total ellipsoidal correction on the 

geoid height as shown by Sjöberg (2003b; 2004) and briefly discussed 

in Section 3.2.4 of this thesis. 
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CHAPTER THREE: THE LEAST SQUARES MODIFICATION OF STOKES 

FORMULA WITH ADDITIVE CORRECTIONS  

The Least Squares Modification of Stokes Formula with Additive 

Corrections (LSMSA) is the geoid/quasigeoid determination technique 

that was developed at the Royal Institute of Technology (KTH), Division 

of Geodesy & Satellite Positioning in Sweden and as such is commonly 

called the KTH Method. The method has gradually evolved since 1984 

mainly due to the works of L.E. Sjöberg (e.g. Sjöberg 1984, 1991, 2000, 

2001, 2003 a-e, 2005 a-b). In addition, a number of geodesists have 

contributed to the development of the KTH method by investigating 

various issues. For example, Fan (1989) discussed the use of Global 

Geopotential Models (GGM) and integral formulas for geoid 

determination, Nahavandchi (1998) investigated the effect of 

topographic corrections on precise gravimetric determination, 

Hunegnaw (2001) concentrated on the downward continuation of the 

gravity anomalies in the KTH method and Ågren (2004) carried out 

numerical investigations with a major emphasis on the optimum 

combination of GOCE data and terrestrial gravity data using synthetic 

Earth gravity models and also improved the error degree variance 

model of the terrestrial gravity anomalies. Other researchers have also 

used the KTH method in the determination of precise gravimetric 

geoid models in particular areas, for example, Nsombo (1996) in 

Zambia, Ellmann (2004) in the Baltic countries, Kiamehr (2006) in Iran, 

Ulotu (2009) in Tanzania , and Abdalla (2009; 2012) in Sudan and New 

Zealand. The discussion in this chapter focuses on the most important 

concepts and formulae of the KTH method with particular emphasis on 

the Additive corrections. For more details the interested reader is 

referred to the works cited above. 
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3.1 The Least Squares Estimator of the KTH method 

The Least Squares Estimator of the KTH method is given by Sjöberg 

(2003a) as:  

   
0

,

04

M
L M L L GGM

n n n

n

T a e

comb dwc tot tot

R
N S gd c Q s g

N N N N



 


   



     

  


           (3.1) 

where 
0 is the spherical cap, R is the mean Earth radius,   is mean 

normal gravity on the reference ellipsoid,  LS   is the modified 

Stokes’ function, 2c R  , ns  are the modification parameters, M is 

the maximum degree of the GGM, L is the maximum degree of 

modification of Stokes’ function, L

nQ  are the Molodensky truncation 

coefficients, g  is the unreduced surface gravity anomaly, GGM

ng  is 

the Laplace surface harmonic of the gravity anomaly determined by 

the GGM of degree n. The estimator in Eq. (3.1) is the so-called 

combined estimator (Sjöberg, 2003a), which means that the truncated 

Stokes’ formula is applied to the unreduced surface gravity anomaly 

plus the long-wavelength part of the gravity field from a GGM after 

which the final geoid height is determined by adding a number of 

additive corrections, that is, T

combN - the combined topographic 

correction, dwcN -the downward continuation correction, a

totN - the 

total atmospheric correction and e

totN - the total ellipsoidal 

correction.  

 

In Eq. (3.1) the final geoid height consists of the approximate geoid 

height (first row of the equation), which is computed without gravity 

reductions plus the combined/total effects (direct and indirect) for 

topographic, atmospheric, ellipsoidal and down ward continued 

corrections (second row of the equation). This is a significant 

departure from the more common RCR techniques where the direct 
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effects are removed prior to Stokes integration and are then restored 

on the geoid height after integration as indirect effects (see Eq. 3.2). 
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(3.2) 

Because of the difference in how the direct and indirect effects on 

gravity are considered. The KTH method has the following advantages 

over the RCR techniques. 

i) The KTH method uses least squares to minimize the effects of 

the various error sources i.e. terrestrial gravity data, GGM and 

truncation. Such a criteria is not used in the RCR techniques 

(Sjöberg, 2005a). 

ii) In Eq. (3.2), all the direct effects must be computed prior to 

Stokes integration otherwise the equation cannot be solved; 

that is, the geiod height cannot be computed. This is not the 

case in Eq. (3.1), which is more flexible, i.e. the approximate 

geoid height can be computed even if the data required to 

compute the direct and indirect effects is not available. 

Thereafter the additive corrections can be computed 

whenever the data for them becomes available without 

repeating the entire computational procedure.  

iii) The KTH method is numerically efficient; for example, the 

combined topographic effect is very simple, the DWC effect on 

the geoid height is numerically stable and there is no bias in the 

total atmospheric effect (Sjöberg, 2005a). 

3.2 The Additive corrections 

3.2.1 The Combined Topographic corrections T

combN  

Following Sjöberg (2000; 2001) and Nahavandchi & Sjöberg (1998; 

2001) the combined topographic effect on the geoid height can be 
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computed as the sum of the direct and indirect topographic effects 

plus the zero-and first degree topographic effects: 

         
0,1 0,1

T T T T T

comb dir I dir IN P N P N P N N         (3.3) 

where  T

dirN P  is the total direct topographic effect on geoid height 

,  T

IN P   is the total indirect effect on the geoid height,  
0,1

T

dirN  is 

the zero- and first degree direct topographic effects on the geoid 

height and  
0,1

T

IN  is the zero- and first degree indirect topographic 

effects on geoid height.  These four effects are given by the following 

equations (for detailed derivations the reader can consult the 

publications cited above):  

a) The total direct topographic effect  T

dirN P   
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H  = orthometric height of the integration point  

  = geocentric angle. 

b) The total indirect topographic effect  T

IN P   
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where 
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c) The zero- and first degree direct topographic effects 
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d) The zero- and first degree indirect topographic effects 
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                  (3.9) 

By inserting Eqs.  (3.4), (3.6), (3.8) and (3.9) into Eq. (3.3) the combined 

topographic effect on the geoid height becomes: 
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         (3.10) 

As pointed out earlier, this formula is very simple and computationally 

efficient. Most importantly the combined topographic effect does not 

include the terrain effect since the terrain effects cancel out due to the 

summation of the direct and indirect topographic effects. Unlike the 

traditional RCR technique where the modified Stokes' integral is 

performed on smoother reduced gravity anomalies, in the KTH 

method the unreduced surface gravity anomalies, which are known to 

be rough are used. This increases the numerical errors of Stokes 

integration (discretisation errors). These errors can be reduced 

significantly by following the procedure below (Sjöberg, 2003d; Ågren, 

2004; Kiamehr, 2005a): 

i) Reduce the surface gravity anomalies using a smoothing 

topographic correction e.g. the simple Bouguer correction. 
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ii) Use the smoother reduced gravity anomalies to interpolate to 

a denser grid. 

iii) Restore the effect of the topography on to the grid nodes of 

the denser grid.  

Using synthetic Earth gravity models, Ågren (2004) showed 

numerically that this approach reduces the discretisation errors 

significantly in the KTH method provided a Digital Elevation Model 

(DEM) with higher resolution than the denser grid is available. 

Vermeer (2008) has questioned the exactness of Eq. (3.10) for realistic 

terrains given that the topographic bias is usually evaluated as the 

difference between internal and the analytically downward continued 

external geopotential, evaluated at sea level. However, the internal 

and external series of spherical harmonics does not always converge 

inside the topography and even if they do converge the topographic 

bias is known (cf. Wang, 1997) to contain additional terms beyond the 

two terms in Eq. (3.10). However, as discussed in Sjöberg (2008) and 

(2009), Eq. (3.10) corresponds to the negative of the so-called 

topographic potential bias, which in this case is the “strict” combined 

effect on the geoid height. 

3.2.2 The Downward Continuation (DWC) correction (
DWCN ) 

Stokes’ formula requires that the surface gravity anomalies corrected 

for topography be reduced to sea level. This leads to the effect of 

downward continuation (DWC) on gravity anomaly ( DWCg ). In the 

KTH method, the DWC correction is computed as an additive 

correction.  

Following Sjöberg (2003e), the downward continuation effect on geoid 

height is given by: 

 
0

*

04

L L

dwc

R
N S g g d



  


                (3.11) 



39 
 

where *g  is the downward continued gravity anomaly 

Eq. (3.11) can be decomposed into a Bouguer shell effect and a terrain 

effect such that the downward continuation effect becomes: 

, ,L B L te L

dwc dwc dwcN N N                (3.12) 

where 

 
1

, *

2

1

n

B L B L

dwc dwc n n n

n P

R
N N c s Q g

r
 






  
      
   

         (3.13a) 

2

0 0

3
2

B P P P P
dwc P

P P

H g H H g
N

r H
 

 

  
    

 
         (3.13b) 

  
0

,

04

te L L

dwc P Q Q

Q

R g
N S H H d

H


  


 
   

 
           (3.14) 

In the equations above, P and Q are the points on the Earth surface 

and the running point on the sphere, respectively,  Pr R H P  , 
P  

is defined by Bruns’ formula, i.e. 
P PT  where PT  is the disturbing 

potential for point P and   is the normal gravity at the normal height 

of point P and ng  the Laplace harmonics in the sum in Eq. (3.13a) is 

taken from a GGM, which requires the upper limit of the sum to be set 

equal to or below its maximum order. 

3.2.3 The total atmospheric correction  a

totN  

Following Sjöberg (2001) the direct atmospheric effect on the gravity 

anomaly at an arbitrary point P  is given by  

 
 2 a
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(3.15) 
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where 

P Pr R H                (3.16a) 

 aV P  is the potential of the atmosphere at point P , which can be 

expressed as 
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                     (3.16b) 

with 

*

0  = the density at sea level 

2v   is a constant 

1

4
n nmH HY d






   ; 
nmY  = fully normalized spherical harmonics.  

After inserting Eq. (3.16b) into Eq. (3.15) and considering the 

orthogonality relations of spherical harmonics, the direct effect on the 

geoid height becomes (Sjöberg 2001; 2011): 
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             (3.17) 

Similarly substituting 
Pr R  in Eq. (3.16b), the indirect atmospheric 

effect on geoid height becomes (Sjöberg 2001; 2011): 
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               (3.18) 

By adding Eqs. (3.17) and (3.18) plus the contribution of the zero-and 

first-degree terms, the total atmospheric correction on the geoid 

height becomes (Sjöberg and Nahavandchi, 2000; Sjöberg 2001; 2011):  
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where  
0,1

a

totN  is the contribution of the zero-and first-degree terms 

given by  
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           (3.20). 

As discussed by Sjöberg (2001), in the KTH method the atmospheric 

effect is dependent on the type of GGM used in the modification such 

that  

 If the GGM is created only from terrestrial data, the 

atmospheric effects are given by Eq. (3.19) in which case both 

the zero-and first-degree effects vanish. 

 If the GGM includes satellite data to degree and order M  and 

the modification is to degree L M  , then the total 

atmospheric effect on the geoid height becomes: 
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            (3.21) 

3.2.4 Ellipsoidal correction  e

totN  

Following Sjöberg (2003a, b; 2004) the computation of the ellipsoidal 

correction to Stokes’ formula can be summarized as consisting of 3 

components; 

1. Adding both a geometrical and physical correction to the 

original gravity anomaly g  to reduce it to 0g , which is 

consistent with the boundary condition. 
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2. Carrying out the Stokes’ integration on the sphere of radius a  

rather than R , which yields the corrections 
0kN and 

  0

ea r g

r

 


  to Stokes’ formula G , respectively.  

3. The conversion of the disturbing potential between the 

spheres of radii a and 
er  

Here 0g , 
0N and G  as defined by Eqs. (3.22), (3.23) and (3.24), 

respectively, and  k a R R   is a scale factor and 

2 21 coser a e    is the radius of the reference ellipsoid. 
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G G g                               (3.24) 

where 

 
0

0

e

r a

g
G g a r g G

r




 
        

 
            (3.25) 

 

Subsequently the ellipsoidal correction to the geoid height can be 

computed from (Sjöberg, 2003b; 2004): 
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which can be converted to the harmonic series 
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             (3.27) 

where e

ng  is the Laplace harmonics of the ellipsoidal correction to 

the gravity anomaly, which can be decomposed into a series as shown 

by Sjöberg (2003c and 2004).  
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Ellmann (2005) has numerically compared this method to the methods 

presented by Martinec & Grafarend (1997) and Fei & Sideris (2000; 

2001) and found out that the ellipsoidal corrections of Martinec-

Grafarend are almost twice as large as the Sjöberg and Fei-Sideris 

methods, whose corrections are numerically equal.  Overall, the 

ellipsoidal correction to the modified Stokes’ formula is usually a few 

millimetres,  if a small cap-size (a few degrees) is used and can 

therefore be neglected if the accuracy of the geoid heights is at the cm 

level.  

3.3 Gravity anomaly error degree variances 

One of the major challenges of the KTH method is the determination 

of the error spectrum of the surface gravity anomaly, which is not 

directly available.  The method assumes that all errors are random 

with expectation zero, but gravity data usually includes systematic 

errors, which show up as correlation of the data. Ideally, such 

systematic effects should be removed prior to adjustment, and much 

care should be spent on cleaning the data from gross and systematic 

errors (see Sect. 5.3). However, remaining data will still include 

undetected errors.  

Ågren (2004, Sect. 2.4.2) investigated three different models of 

estimating the surface gravity anomaly error degree variances namely 

the uncorrelated model (white noise), the reciprocal distance 

covariance function and the correlated model. In the uncorrelated 

model (white noise), it is assumed that the observation noise is 

uncorrelated and can therefore be approximately modelled by band-

limited white noise with constant degree-order variances  
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up to the Nyquist degree NM  (see Rummel, 1997; Jekeli and 

Rapp,1980). The Nyquist degree NM  is defined by Ågren (2004) as




, where   is the block size of the gravity anomaly grid in question. 

On this basis the degree variances of the gravity anomaly can be 

derived from  
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          (3.29) 

provided the number of potential coefficients between 2 and NM  is 

equal to  
2

1 4NM   , where 
2  is the given variance of  0C . Using 

this model, Ågren (2004) pointed out that numerically the resulting 

degree-order standard deviations for 1   mGal and 3600NM 

seemed overly optimistic when compared to the GOCE-model. He 

concluded that this may be due to the presence of systematic errors 

which are not well modelled by the white-noise model especially in the 

lower part of the spectrum. Thus he tested the second model based 

on the reciprocal distance covariance function of Moritz (1980a) and 

Sjöberg (1986), which is assumed to model the systematic errors much 

better. 

The reciprocal distance covariance function in closed form is given by 

Sjöberg (1986) as:  
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       (3.30) 

where k <1 is a parameter to be determined and  0C  is the 

variance, which can also be defined from the geocentric angle  c as  
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 0

2
c

C
C   ,             (3.31) 

where 
c  is the correlation length defined as that geocentric angle 

where the covariance decreased to half the magnitude of the variance. 

The degree variances can then be computed by comparing the general 

formula of the covariance function,  
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              (3.32) 

with the reciprocal distance covariance function in Eq. (3.23) such that 

   2 0 1 ,n

n C k k                 (3.33) 

where the parameter k can be determined iteratively from the 

equation 
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         (3.34) 

Once k  and  0C  have been determined then 2

n  can be 

determined using Eq. (3.33). 

From numerical computations by Ågren (2004), the reciprocal distance 

model exhibited very little variance at the higher degrees. To avoid this 

problem, Ågren (ibid) proposed a third model, i.e. the correlated 

model, which is a combination of the white noise model and the 

reciprocal distance covariance function. The correlated model 

provides more realistic results for the gravity anomaly degree 

variances since it preserves some of the “white" character of the noise 

and at the same time as the power is kept below the Nyquist degree 

 NM  . In addition, it yields degree-order standard deviations that are 

realistic in comparison to GOCE and models the situation when the 
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terrestrial data are affected by long-wavelength systematic errors that 

decrease with the degree (Ågren, 2004). The correlated model consists 

of the band-limited white noise contributing half of the total variance 

with the other half contributed by the difference between reciprocal 

distance model and the uncorrelated part (Ågren, 2004). 

The degree variances based on the correlated model are given by 

(Ågren, 2004, Eq. 2.20): 
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where the reciprocal distance constants rdc  and 
rd  are chosen so 

that  
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is fulfilled and that the reciprocal distance and band-limited white 

noise curves agree at the degree ,rdM  
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CHAPTER FOUR: HEIGHT SYSTEMS, THE VERTICAL NETWORK AND 

GNSS/LEVELLING DATA 

In a three-dimensional coordinate system, the position of a point is 

specified by the latitude, longitude and height. The latitude and 

longitude define the horizontal position of the point with respect to a 

reference ellipsoid. The height, on the other hand, defines the vertical 

distance of the point from a reference surface. Thus a height system is 

defined by Featherstone and Kuhn (2006) as “a one-dimensional 

coordinate system used to express the metric distance (height) of a 

point from some reference surface”. From this definition it is clear that 

the realization of the different height systems is dependent on the 

reference surface selected and the path along which the height is 

measured (Featherstone and Kuhn, 2006). This chapter discusses the 

most common height systems used in the world with particular 

emphasis on the applicable height system in Uganda. It also focuses on 

the Uganda Vertical Network, its connection with the height system 

and the state of GNSS/levelling data in the country. 

4.1 Height systems 

4.1.1 Spirit-levelled height differences 

Traditionally the difference in height between two points A and B on 

the Earth’s surface is practically measured using the technique of spirit 

levelling. However, as explained in Heiskanen and Moritz (1967, pp. 

160-162), over a loop levelling circuit the algebraic sum of all the 

measured differences in height will not be rigorously equal to zero as 

one would expect.  This non-zero misclosure in a circuit is a result of 

the dependence of the spirit levelling observations on the route taken 

and also the differences in the direction of the gravity vector at points 

A and B (Heiskanen and Moritz, 1967).  Thus without gravity 

observations, the results of spirit levelling do not lead to physically 

meaningful differences in height hence potential differences can only 
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be determined by combining the spirit-levelled height differences with 

gravity observations over the levelling route and at the points A and B.  

4.1.2 Geopotential numbers 

In general, heights must define hydraulic head i.e. water must not flow 

between two points of the same height, linearly decrease from the 

centre of the Earth and be path independent i.e. should not depend 

on the path taken from the centre of the Earth to the point of interest 

(Meyer et al., 2006). Because geopotential numbers satisfy all the 

above requirements, they are regarded as the natural measure of 

height thus forming the basis for the definition of the different height 

systems (Heiskanen and Moritz, 1967, Chapter 4).  

The geopotential number  PC of a point P on the Earth’s surface is 

defined by Heiskanen and Moritz (1967, p. 162) as the difference 

between the Earth’s gravity potential  PW at point P and potential on 

the reference geopotential surface chosen  0W . Mathematically, the 

geopotential number is given by the integral: 

P

P 0 P

0

C = =W -Wgdh                  (4.1) 

where g is the gravity measured along the plumbline and dh  is the 

difference in height. Although geopotential numbers are considered a 

natural measure of height, their use in practice is curtailed by the fact 

that they cannot be observed directly and are also in non-metric units; 

i.e. they are measured in geopotential units (g.p.u), where 1 g.p.u =1 

kGal m (Heiskanen and Moritz, 1967, Chapter 4). 

4.1.3 Dynamic heights 

For conversion in to metric units, geopotential numbers are divided by 

a constant 0  to obtain dynamic heights. The dynamic height is given 

by (Heiskanen and Moritz, 1967, p.163): 
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dyn P
P

0

C
H


                   (4.2) 

where 0  is the normal gravity for an arbitrary latitude, usually taken 

to be 45°. However, dynamic heights have no geometrical meaning, 

change with variations in gravity and the dynamic correction applied 

to spirit-levelled height differences can be very large if the chosen 

value is not representative of the region of operation (Heiskanen and 

Moritz, 1967). For practical purposes dynamic heights are rarely used 

with many geodesists preferring to use either orthometric or normal 

heights. However, spirit-levelled height differences can be converted 

into dynamic height differences by adding the dynamic correction such 

that (Heiskanen and Moritz, 1967, p.163): 

dyn

AB AB ABH v DC                    (4.3) 

Here 
ABv  is the total measured geometric height difference between 

points A and B on the Earth’s surface and 
ABDC  is the dynamic 

correction: 

B
0

AB

A 0

i
i

g
DC v







                 (4.4) 

where ig  is the (variable) force of gravity at each levelling observation 

station, 
0   is normal gravity at latitude 45 , and 

iv  are the observed 

changes in geometric height along each section of the leveling line. 

4.1.4 Orthometric heights 

According to Hofmann-Wellenhof and Moritz (2006, p.169), 

“orthometric heights are the natural ‘heights above sea level’, that is, 

heights above the geoid.” Unlike dynamic heights, orthometric heights 

have both a physical meaning and a clearer geometrical interpretation, 

that is, the curved-line distance reckoned along the plumbline from 
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the geoid to the point of interest.  The orthometric height for a point 

P on the Earth’s surface can be defined as the positive upward distance 

from the geoid to the point measured along the plumbline (the 

perpendicular line that intersects all equipotential surfaces of the 

Earth’s gravity field). As shown in Figure 4.1, the plumbline is not a 

straight line rather it has a slight curvature and relies on gravity in two 

ways. Firstly, the curve starts from the geoid and hence has a direct 

relationship with gravity and secondly, the plumbline stays 

everywhere perpendicular to equipotential surfaces through its 

passage so the shape of the curve is determined by the orientation of 

the equipotential surfaces (Abdalla, 2012).  

 

Figure 4.1: The orthometric height  OH  and geoid height N: a straight 

line distance reckoned along the ellipsoidal surface normal from the 

point 0Q   on the surface of the ellipsoid to the point 0P   on the surface 

of the geoid (Featherstone and Kuhn, 2006). 

Following Heiskanen and Moritz (1967, p.166), the orthometric height 

of P  OH  is defined as:  
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O PC
H

g
                   (4.5) 

where PC  is the geopotential number of P and g  is the mean value 

of gravity along the plumbline in the interval between the geoid and 

the surface point P. Thus to compute the orthometric height of P,  g  

must be measured inside the topography, which currently is not 

possible (cf. Tenzer et al., 2005; Strange, 1982). This has led to a 

number of methods of approximating g , resulting in different 

approximations of the orthometric height (e.g., Helmert, 1890;  Hwang 

and Hsiao, 2003; Tenzer et al., 2005; Sjöberg, 2006b). 

The most common approximation of the orthometric height is the 

Helmert orthometric height (Helmert, 1890), which is based on 

approximating the mean gravity inside the Earth using the Poincare-

Prey gravity reduction (Heiskanen and Moritz, 1967, pp.166-167) such 

that  

PC
H

0.0424Hg



                 (4.6) 

where g  is the observed gravity at the surface point P in Gals and H is 

the Helmert orthometric height in kilometres.  

In practice, spirit-levelled height differences can be converted into 

orthometric height differences by adding the orthometric correction 

such that (Heiskanen and Moritz, 1967, p.168): 

AB AB ABH v OC                     (4.7) 

Here  
ABv   is the total measured geometric height difference between 

points A and B on the Earth’s surface and  
ABOC   is the orthometric 

correction given by Heiskanen and Moritz, (1967, p.168, Equation (4-

33)) as: 



52 
 

B
0 0 0A B

AB A B

A 0 0 0

H Hi
i

g g g
OC v

  


  

  
                (4.8) 

where  and i ig v  retain the same meaning as for dynamic height 

correction, 0  is the normal gravity at 45  latitude, 
A B and g g  are the 

average gravity values along the plumblines at A and B, and 

A BH  and H   are the orthometric heights of points A and B. 

The heights used in Uganda have been incorrectly assumed to be 

orthometric heights (IGN, 2003) even though there is no historical 

evidence to show what type of approximation of orthometric heights 

was used. However, given the fact that the Uganda Vertical Network 

(UVN) was observed from 1930 to 1972 without corresponding gravity 

measurements along the levelling routes, it is clear that UVN heights 

are neither pure nor approximate orthometric heights. This is also 

backed by a review of geodetic/primary levelling carried out by the 

British Directorate of Overseas Surveys (DOS) in other countries (e.g. 

Kenya (Loxton, 1952), Tanzania (Dyus, 1965), Sri Lanka (Price, 1932; 

Abeyratne et al., 2010) and Australia (Featherstone and Kuhn, 2006)), 

which show that normal-orthometric heights (discussed later) were 

adopted in these and many other countries due to the absence of 

gravity observations along the levelling routes.  Therefore, it is fair to 

assume that the UVN heights are normal-orthometric heights based 

on the normal-orthometric correction of Bomford (1971, p. 230).  

4.1.5 Normal heights 

In practice pure orthometric heights cannot be realized due to the 

requirement to measure gravity inside the topography. To avoid this 

problem, in 1945 Molodensky (Molodensky et al., 1962) introduced 

the concept of normal heights and the corresponding surfaces i.e. the 

telluroid and the quasigeoid. 
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Figure 4.2: The normal height, normal-orthometric height and their 

relationships to the telluroid and quasigeoid (Featherstone and Kuhn, 

2006). 

The normal height of point P on the Earth’s surface  NH  can be 

defined as the vertical distance measured along the normal gravity 

plumbline from the reference ellipsoid (point N

0Q  ) to the telluroid 

(point Q). Clearly this definition introduces a new surface i.e. the 

telluroid which is not coincident with the Earth’s surface and is also 

not an equipotential surface like the geoid. However, following the 

Molodensky theory the telluroid is considered as the surface on which 

the normal potential 
QU  at every point Q is equal to the actual 

potential 
PW  at the corresponding point P on the Earth’s surface i.e. 

Q PU =W , provided P and Q are situated on the same ellipsoidal normal 

(Hofmann-Wellenhof and Moritz , 2006, p.297).  

As an integral, the normal height of point P on the Earth’s surface is 

defined by Heiskanen and Moritz (1967, p.171) as: 
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N PC
H


                   (4.9) 

Here   is the mean normal gravity along the ellipsoidal normal 

through point P given by (Heiskanen and Moritz, 1967, p.170) as: 
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a a
  

  
       

   

           (4.10) 

where  is normal gravity on the ellipsoid at the point of computation, 

f   is the geometrical flattening of the ellipsoid, m   is the geodetic 

parameter (ratio of gravitational and centrifugal forces at the 

equator), and 
P  is the geodetic latitude of point P.  

In practice, spirit-levelled height differences can be converted into 

normal height differences by adding the normal correction such that 

(Heiskanen and Moritz, 1967, p.171): 

AB AB ABH v NC                   (4.11) 

Here 
ABv   is the total measured geometric height difference between 

points A and B on the Earth’s surface and  
ABNC   is the normal 

correction given by Heiskanen and Moritz, (1967, p.171, Eq. 4-45) as: 

B
N NA B0 0 0

AB A B

A 0 0 0

H Hi
i

g
NC v

    


  

  
              (4.12) 

where A B and     are the average normal gravity values along the 

plumblines at A and B, and  N N

A BH  and H    are the normal heights of 

points A and B.    

Similar to orthometric heights (see Eq. 1.1), the normal height  NH   

can also be determined by GNSS as:  
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NH =h                  (4.13) 

where h is the ellipsoidal height determined by GNSS and    is the 

quasigeoid height, that is, the distance measured along the ellipsoidal 

normal between the reference ellipsoid and the quasigeoid, which by 

definition is equivalent to the height anomaly i.e. distance reckoned 

along the ellipsoidal normal from point P on the Earth’s surface to 

point Q on the telluroid (Featherstone and Kuhn, 2006).   

4.1.6 Normal-orthometric heights 

As briefly highlighted in Sec. 4.1.4, many countries including Australia 

(Featherstone and Kuhn, 2006; Filmer, 2010; Filmer et al., 2010), 

United Kingdom (Zeibart et al., 2008), New Zealand (Amos, 2007; 

Abdalla, 2012), Sri Lanka (Price, 1932; Abeyratne et al., 2010), Kenya 

(Loxton, 1952) and Tanzania (Dyus, 1965) adopted normal-

orthometric heights in order to circumvent the requirement for actual 

gravity observations along the levelling routes. The normal-

orthometric height system uses only the normal gravity field as an 

approximation of the Earth’s gravity field to derive all the necessary 

gravity-related quantities hence avoiding the need for actual gravity 

observations along the levelling route. Similar to both orthometric and 

normal heights, the normal-orthometric height  N-OH  of point P on 

the Earth’s surface is given by the integral (Filmer et al., 2010): 

N-OH
NC


                 (4.14) 

Here   is the same mean normal gravity as used in the normal height 

and 
NC  is the normal potential number (Rapp, 1961) or 

spheropotential number (Featherstone and Kuhn, 2006) which can be 

defined as (Filmer et al., 2010): 

P N-OU UNC                  (4.15) 
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where PU  is the normal potential on the Earth’s surface and 
N-OU  is 

the normal potential on the zero surface for normal-orthometric 

heights, which for practical purposes is assumed to be the quasigeoid 

(Figure 4.2). However, Filmer et al. (2010) have shown that 
NH  and 

N-0H  are not coincident, but depend on the unknown normal potential 

difference between the quasigeoid and the 
N-0H  zero reference 

surface such that the normal-orthometric heights do not refer to the 

quasigeoid, but to another, poorly defined, zero reference. Although 

the difference between the normal and normal-orthometric heights is 

generally within the 2-3 cm range as shown for Australia, it can reach 

more than 5 cm for mountainous regions (Filmer et al., 2010). 

Nevertheless given the large differences between the orthometric and 

normal-orthometric heights, which have been shown by Filmer et al., 

(2010) to approach 10 cm in Central Australia, the quasigeoid 

represents the closest approximation to the zero reference surface for 

normal-orthometric heights. 

Normal-orthometric heights, like normal and orthometric heights, can 

also be computed by adding the normal-orthometric correction (NOC) 

to the spirit-levelled height differences. There are numerous versions 

of NOC applied in different countries, such as Australia (Rapp, 1961), 

New Zealand (e.g. Amos, 2010; Abdalla, 2012) and   Sri Lanka (Price, 

1932; Abeyratne et al., 2010).   However, only the NOC based on 

Bomford (1971, p. 230) will be discussed, as it is used in Uganda. 

Similar to orthometric and normal heights, normal-orthometric 

heights can approximately be determined from GNSS since on the 

basis of Figure 4.2 

N-OH h                   (4.16) 

where h is the ellipsoidal height determined by GNSS, 
N-OH  is the 

vertical distance measured along the normal gravity plumbline from 
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the quasigeoid (point N-O

0P )  to the Earth’s surface (point P), and   is 

the quasigeoid height/height anomaly. 

4.2 Uganda Vertical Network (UVN) 

4.2.1 Precise levelling network 

Before the Second World War, the British DOS carried out precise 

levelling from the Kenyan coast (Mombasa) to Uganda. As the 

reference sea level for this exercise was in Mombasa, the datum was 

called MSL Mombasa (IGN, 2003). Thus by 1945, the heights in Uganda 

were based on the Mombasa datum. Between 1945 and 1960, the 

Mombasa datum was abandoned in favour of the New Khartoum 

datum. This was based on a precise levelling network from Egypt 

passing through Sudan to Uganda with the reference sea level 

obtained from the harbour of Alexandria. New calculations for the 

heights of all the benchmarks were subsequently carried out in the 

New Khartoum datum whose fundamental point was given as 363.082 

m above MSL at Alexandria (IGN, 2003). By 1970 the First order 

network was completed and a block adjustment was carried out by 

Uganda’s Surveys and Mapping Department (SMD)  using the 

observation equation method producing values referring to MSL 

Alexandria with a standard error of 0.00115 foot per unit weight (IGN, 

2003). The difference between the new datum and the old one was 

calculated as -0.0168 m, i.e. MSL Mombasa is 0.055 feet lower than 

MSL Alexandria at the Khartoum gauge.  

The heights in Uganda are therefore based on only one connection to 

the Egyptian Benchmark BM 9029, which is related to MSL Alexandria. 

However, check connections with Egyptian BM 927 have revealed a 

disagreement of -0.0456 m (IGN, 2003). Overall, a total of 3033 

benchmarks consisting of 70 Fundamental Bench Marks (FBM) and 

1015 town benchmarks were listed in 1972 in Uganda. The heights of 

these benchmarks were computed in the New Khartoum vertical 

datum (IGN, 2003). Figure 4.3 shows the distribution of the 70 FBMs 
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for which observations and computations had been completed by 31st 

December, 1971. Since 1971 when the computations were completed, 

no effort has been directed towards the maintenance of the 

benchmarks such that at the present time (2014) there is little 

information at SMD about the current state of the benchmarks. 

 

Figure 4.3: Distribution of Fundamental Benchmarks in Uganda (From 

SMD). The red bold lines represent the primary levelling circuits that 

were observed by 1971. The blue bold lines represent the second 

order levelling circuits that were observed.  

4.2.2 Classification of UVN 

Vertical networks are usually classified according to the precision of 

levelling, which is expressed by standard error per unit distance, that 
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is, K where   is the standard deviation in mm and K is the 

distance between benchmarks in kilometres (Vaníček and Krakiwsky, 

1982, 431). Based on this, vertical networks are therefore usually 

specified as First order network (primary), second order network 

(secondary) and third order network (tertiary). Table 4.1 shows the 

allowable misclosures for levelling in Canada, USA and Australia 

(Vaníček et al., 1980; IGN, 2003). 

Table 4.1: Classification of levelling networks (mm) in Canada, USA 

and Australia ( K  is the distance between benchmarks in kilometres)  

           Country 

Class 

Canada United States Australia 

Primary 

Network 

Special order : 

3 K   

First order : 

4 K   

First order class I : 

3 K   

First order class II : 

4 K   

First order :  

4 K   

 

Secondary 

Network 

Second order : 

8 K   

Second order, class I 

: 6 K   

Second order, class II 

: 8 K   

Second order : 

 8 K   

 

Tertiary 

Network 

Third order :   

24 K   

Third order : 12 K   Third order:  

12 K  

 

Based on the classification in Table 4.1, the Uganda Vertical Network 

was also classified into three groups: 
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a) The primary levelling network (First order network), which 

consisted of the 70 FBMs, which were generally placed at 

junction points of the levelling lines approximately 30-60 km 

apart. The FBMs are mushroom bronze bolts (Figure 4.4)  set in 

either solid rock (Figure 4.5) or concrete slab fixed on the 

ground (Figure 4.6) and encased in a shallow concrete chamber 

approximately 3 m below ground level. The chamber was 

covered by a concrete slab on which the name of the FBM was 

often inscribed. For each FBM a surface mark (Figure 4.7), 

which is also a mushroom bolt set in solid rock is usually set a 

few metres from the FBM. The primary network also consisted 

of 1015 Intermediate benchmarks that were established 

between the FBMs at approximately 1 km apart. This network 

was directly connected to MSL Alexandria by precise levelling 

from the Egyptian BM 927 to FBM Pakelle and subsequently to 

the other FBMs. Records obtained from The National Archives 

of the UK (TNA) show that precise level nets were carried out 

on each of the 81 level lines that cover the entire country. Each 

of these lines was also part of level circuits, which consisted of 

at least 4 level lines. Each of the circuits was adjusted 

individually and subsequently a block adjustment was carried 

out so that all the benchmarks had values referred to the MSL 

Alexandria (New Khartoum Datum).  The standard error of the 

primary network is given as 0.005 ft. per mile (about 1 mm per 

km) (IGN, 2003). This means that the permitted misclosures of 

the level lines in the network could not exceed 3 K  mm where 

K  is in km. With this misclosure, the Uganda primary network 

was at comparable levels to the First order class I of the USA

 3 K , special order of Canada  3 K   and first order of 

Australia  4 K . 
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b) The secondary network (second order network), whose 

observations were only carried out around Lake Kyoga in 

central Uganda (See Figure 4.3). These were never completed 

as the project was stopped due to political turmoil in the 

country. The line misclosures for this class was anticipated not 

to exceed  7 K  mm (TNA).  

c) The tertiary network (third order network) consisted of a 

number of ordinary benchmarks (OBM) sited on buildings 

(Figure 4.8). These were the least precise benchmarks and 

although no documentation exists on their accuracy, the 

permitted misclosures cannot be expected to have been better 

than 12 K   mm. 

 

Figure 4.4: Mushroom bolt for FBM Buteba 
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Figure 4.5: FBM Mabale set on solid rock  

 

Figure 4.6: FBM Kabale set on concrete slab fixed on the ground 
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      Figure 4.7: Surface mark for FBM Nakalama 

 

Figure 4.8: OBM 507 at Masaka Labour office 

4.2.3 UVN normal-orthometric heights 

As pointed out earlier, the heights of UVN are based on the normal-

orthometric height system although there are incorrectly referred to 



64 
 

as orthometric heights in many publications at SMD (e.g. IGN, 2003). 

Orthometric heights can only be realised if gravity observations are 

undertaken at the benchmarks and along the levelling route. Available 

records show that terrestrial gravity data was observed in different 

parts of the country between 1936 and 1975 but mostly for mineral 

exploration purposes (BGI) and therefore was not used in the 

reduction of levelling observations. Therefore, the normal-

orthometric heights of UVN were derived by adding the NOC of 

Bomford (1971, p. 230) to the precisely levelled height differences. 

This was the same procedure that was adapted in the neighbouring 

countries of Kenya (Loxton, 1952) and Tanzania (Dyus, 1965). The NOC 

in feet was computed from (Price, 1932; Abeyratne et al., 2010): 

 NOC 2 sin 2 Ma H                  (4.17) 

where 2 0.005302 a  ,   is the difference between the latitudes of 

the terminal points of the levelling section, H  is the mean height of 

the section of levelling in feet, and 
M  is the mean latitude.  

4.2.4 Current status of UVN 

One of the first activities of this study was to try to identify the 

benchmarks that were still existing. This involved visiting the 70 FBMs 

based on the information on the description cards that were obtained 

from SMD. (Figures 4.9 and 4.10 are typical examples of the 

description cards). 

The following challenges complicated this activity: 

1) Separate horizontal and vertical geodetic networks, which 

existed at the time of observation, i.e. 1960-1972, which meant 

that horizontal coordinates (latitude and longitude) were not 

observed for the benchmarks (see Figures 4.9 and 4.10). 
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2) Most of the features (mostly buildings and trees) that were 

shown on the cards no longer existed. An example is shown in 

Figure 4.10 where features like trees and maize/banana 

plantation (shamba) were used as witness marks. These could 

not be expected to still exist after more than 40 years. 

 

Figure 4.9: Description card for FBM Kasese (SMD) 

3) The complete absence of any maintenance work by the 

Surveying and Mapping agency in the country (SMD) meant 

that there was no information at the National Headquarters in 

Entebbe about the possible existence and status of the 

benchmarks. 
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Figure 4.10: Description card for FBM Dokolo 

Despite the above challenges, the author utilized the information on 

the description cards and managed to travel to 53 possible locations 

out of the 70 FBMs. From the results reported in Tables 4.2-4.4 and 

Figure 4.11, 14 points were located in good condition although only 10 

had the relevant height information, 3 points were partially destroyed 

and only one of these points had a visible surface mark which could be 

used, 15 points were completely destroyed, and for the remaining 22 

the author could not be sure if they were destroyed or the author went 

to the wrong place. In addition, 9 ordinary benchmarks were located 

in Arua, Gulu, Masaka, Mbale, Hoima, Masindi, Kasese, Entebbe, 

Kampala, Moroto and Kitgum.  7 zero order points of the Uganda 

Triangulation Network were also located in Kitgum, Lira, Kampala, 

Entebbe, Hoima,Arua and Moroto. 1 Rigorous Traverse Station (RTS) 

was also idntified in Soroti. 
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Figure 4.11: Distribution of the benchmarks and zero-order points 

identified by the study 
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Table 4.2: Location of FBMs that were identified in good condition 

Status Number 

of points 

Stations 

Good condition with 

relevant height 

information  

10 Buteba, Jinja, Mbarara, Kasese, 

Fortportal, Mabale, Mubende, 

Kiboga, Rhino Camp and Kabale  

Good condition 

without height 

information 

3 Ishasha, Yumbe and Pakelle 

 

Table 4.3: Location of FBMs that were identified although partially 

destroyed 

Status Number 

of points 

Stations 

Partially destroyed 

but with the surface 

mark still useful 

1 Nakalama 

Partially destroyed 

without visible 

surface mark 

2 Pakwach and Bukonte 

 

It is evident that approximately 80% of the FBMs were either 

destroyed or could not be located on the basis of the existing 

description cards. With the secondary network only observed around 

Lake Kyoga in the central region (see Figure 4.3) a major question 

arises as to whether the existing vertical network still meets the 

requirements of a modern height network consistent with the latest 

technology e.g. GNSS. Unfortunately the answer must be in the 

negative as without a consistent and homogeneous primary network 

UVN in its current state does not meet the requirements of the 

surveying and mapping community. 
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Table 4.4: FBMs for which the author could not be sure if they were 

destroyed or he went to the wrong location 

Status Number of 

points 

Stations 

Not sure 22 Dokolo, Soroti, Abella, 

Nakasongola, Hoima, Busunju, 

Hamurwa, Kikarara, Kyenjojo, 

Kibaliga, Tororo, Karuma, 

Okollo, Laropi, Pabo, Achwa, 

Nkonge, Mutir,Anaka, Kanungu 

and Koputh 

 

4.2.5 Options for defining a new vertical datum for Uganda 

The vertical datum is defined as “the coordinate surface to which 

heights, taken as vertical coordinates of points, are referred” (Vaníček, 

1991). In practice, the vertical datum is realised by 

international/national vertical networks, which consist of the physical 

framework of vertical reference points commonly known as 

benchmarks whose heights are precisely known. National vertical 

networks are in many countries (e.g. Zilkoski et al., 1992; Vèronneau 

et al., 2006; Rangelova, 2007; Amos and Featherstone, 2009) routinely 

replaced or upgraded every few decades in order to leverage 

technological and data advances that can result into substantial 

improvements in the upgraded/new vertical network. In Uganda the 

existing vertical network has served the country for over 40 years 

without any maintenance works by SMD. However, the emergence of 

GNSS as a positioning technique of choice has highlighted the need for 

a modern vertical network compatible with GNSS positioning. 

 Generally there are three viable options for defining a vertical datum 

i.e. a levelling-only datum, a geoid-only datum and a combined datum.  
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a) A levelling-only vertical datum 

A levelling-only vertical datum consists of a well distributed network 

of levelling benchmarks distributed over the entire country 

constrained at one or more tide gauges, with the zero reference 

surface defined either by local MSL only or MSL corrected for SST. 

Many countries in the world (cf. Merry, 1977; Vaníček, 1991; Zilkoski 

et al., 1992; Wonnacott and Merry, 2011) had or have levelling-only 

vertical datums fixed to only one tide gauge with one of the few 

exceptions being the Australian Height datum, which is fixed to 

multiple tide gauges (Filmer and Featherstone, 2012). Similarly, the 

existing UVN is a levelling-only datum fixed to the tide gauge at 

Alexandria, i.e. MSL Alexandria. Since Uganda is a land-locked country,  

any new levelling-only datum would need to be fixed to the tide gauge 

at Alexandria in Egypt, Mombasa in Kenya or Dares Salaam in Tanzania.  

Although the levelling-only vertical datum has a number of advantages 

including its application as an independent check of global/regional 

gravimetric geoid/quasigeoid models and the well-known accuracy 

and precision of levelling, the following challenges limit its feasibility 

as the basis for a new vertical datum: 

i) With Uganda being a land-locked country, it has no direct 

control over the tide gauge measurements. In addition the 

nearest tide gauge is at Mombasa approximately 1000 km 

from the Kenya-Uganda border, which would require 

precise levelling through Kenya. This would be very costly 

and time consuming in addition to being dependent on the 

political will of the Kenyan government. 

ii)  A levelling network requires continuous maintenance and 

periodic upgrades (Filmer and Featherstone, 2012), which 

have not been implemented even for the existing network 

mostly due to the high cost involved and the large landmass 

(approximately 197,100 square km) that has to be covered.  



71 
 

iii) Even though levelling is a simple and accurate technique of 

height determination, it is still subject to a number of 

systematic and gross errors, which may propagate into the 

final heights even if proper observation procedures are 

followed. 

iv) Levelling-only vertical datums are not compatible directly 

with GNSS. This means that further efforts would have to 

be directed towards the determination of gravimetric 

geoid/quasigeoid models, which can be used with GNSS to 

determine consistent heights. 

 

b) A geoid-only datum 

A geoid-only vertical datum is defined by Filmer and Featherstone 

(2012) as a datum entirely based on a specified gravimetric geoid 

model (or could be a gravimetric quasigeoid model) with the ellipsoidal 

heights referred discretely to a specific geodetic datum or reference 

frame at the stations of the reference GNSS network. The idea with a 

geoid-only datum is to completely replace the tedious and costly spirit 

levelling with GNSS height determination. However, the 

implementation of a geoid-only vertical datum requires a very 

accurate gravimetric geoid model over the entire country, which is 

nowadays usually the ‘1 cm-geoid’. To achieve the ‘1 cm geoid’ 

requires improvement in the data quality especially terrestrial gravity 

data and also improvements in the geoid computational techniques. 

Even though there have been tremendous advances in the geoid 

computational techniques (cf. Sjöberg 1991, 2003; Forsberg and 

Tscherning, 2008; Ellmann and Vaníček, 2007), the major challenges 

that still remain are the quality and quantity of the terrestrial gravity 

data in many countries, especially in developing countries where the 

available data, even if combined with satellite gravity data, cannot 

achieve the 1-cm geoid model. Nevertheless a geoid-only datum is 

most feasible for Uganda, especially in the long term, because: 
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i) Geoid-only vertical datums do not require as much 

maintenance and upgrade works as levelling-only datums 

(Filmer and Featherstone, 2012). In Uganda’s case this is 

important as the prohibitive cost of maintaining the 

levelling network has proved difficult even with the existing 

vertical network. 

ii) The geoid-only datum is compatible with GNSS, meaning 

that users are able to directly determine orthometric 

heights from the ellipsoidal height.  

iii) Compared to the levelling-only datum, a geoid-only datum 

has a longer lifespan since time-dependent gravity causes 

only small variations in the gravimetric geoid model (Filmer 

and Featherstone, 2012).  

However, the need for high quality data e.g. terrestrial gravity, DEM, 

etc. plus the requirement to sensitize the users to accept the new 

approach to height determination mean that, although the geoid-only 

datum is the most feasible, any implementation efforts must be 

undertaken gradually perhaps for a number of years before the geoid-

only datum can completely replace the levelling-only datum. 

c) A combined vertical datum 

Many studies (cf. Kearsley et al., 1993; Ahmad et al., 1993; Filmer, 

2010; Filmer and Featherstone, 2012) have discussed the concept of 

the combined datum, which can be understood as an attempt to 

combine the levelling-only and the geoid-only datums. The combined 

vertical datum is based on an accurate gravimetric geoid model, which 

is ‘forced to fit’ the levelling datum at appropriately chosen points 

across the country. Then the surface formed by the combination 

defines the zero-reference and relies on the levelling benchmarks to 

propagate the heights throughout the network. Such a vertical datum 

has the following advantages (Filmer and Featherstone, 2012): 
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i) The benchmarks of the levelling network are related to the 

vertical datum and are available to users. Hence GNSS 

height determination is possible. 

ii) The highly localised precision of levelling is maintained. 

iii) The long-wavelength systematic and gross levelling errors 

can be controlled by Nh  and SST-corrected MSL 

constraints to improve the accuracy of transformation to 

the vertical datum from GNSS ellipsoidal heights using the 

geoid heights. 

However, in the case of Uganda the combined vertical datum is still 

subject to the limitations of the levelling-only datum, meaning that 

although it can provide a practical way of solving the GNSS height 

determination problem, the reliance on the levelling network 

precludes the combined datum from being a long term solution to the 

definition of a new vertical datum for the country. 

4.3 GNSS/levelling observations 

In geoid determination, GNSS/levelling data is important for a number 

of reasons including (but not limited to) its usefulness as an external 

and independent tool for the estimation of the absolute and relative 

accuracy of GGMs and DEMs, the ability to be used to determine a 

geometric geoid model and   for refining and testing gravimetric geoid 

models since it provides the best external means of evaluating the 

accuracy of gravimetrically derived geoid models (Fotopoulos, 2013). 

Since no GNSS/levelling data could be obtained in Uganda either from 

the National Mapping Agency (SMD) or research institutes, the only 

available option was to carry out GNSS/levelling observations so as to 

obtain a sizeable number of co-located points, which could be used in 

the study. 

4.3.1 GNSS observations 

Static GNSS observations using five Trimble R7 GNSS receivers and 

Zephyr geodetic antennas were carried out in three phases from 2012 
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to 2014. The observation campaigns were planned based on the 

author’s inspection old levelling benchmarks spread over Uganda as 

discussed in Sect. 4.2.4. The 25 points observed with GNSS are shown 

in Figure 4.11. The details of the individual phases, the sessions and 

the points observed are summarised in Table 4.5.  

Table 4.5: Schedule of GNSS observations 

Phase one (10th February, 2012-18th February, 2012) 

Session Dates Points observed 

1 10th – 12th February, 

2012 (48 hours of 

observations) 

Mbarara, Jinja, Fort 

Portal, Kasese, 

Mubende 

2 13th – 15th February, 

2012 (48 hours of 

observations) 

Mbarara, Jinja, Rhino 

Camp, Fort Portal, 

Kiboga 

3 16th – 18th February, 

2012 (48 hours of 

observations) 

Mbarara, Jinja, 

Kampala, Mubende, 

Mbale 

Phase two (8th February, 2013-14th February, 2013) 

1 8th – 10th February, 

2013 (48 hours of 

observations) 

Mbarara, Kiboga, 

Entebbe, Mabale, 

Kabale, Ishasha 

2 12th – 14th February, 

2013 (48 hours of 

observations) 

Mbale, Rhino Camp, 

Pakelle, Lira, Kitgum, 

Yumbe 

Phase three (28th February, 2014- 6th February, 2014) 

1 28th-29th February, 

2014 (24 hours of 

observations) 

Kampala, Masaka, 

Arua, Buteba, 

Nakalama 

2 2nd -3rd March, 2014 

(24 hours of 

observations) 

Kampala, Gulu, 

Moroto, Hoima, 

Soroti 
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To ensure precision of the observations, the following precautions 

were undertaken: 

a) Long observation sessions ranging from 24 hours to 48 hours. 

However, there was power failure at the Gulu point, hence it 

has the shortest observation time i.e. about 9 hours. 

b) The same instruments (Trimble R7 receivers) were used for the 

entire campaign. 

c) For each of the observation sessions at least one receiver was 

stationed at a known point (or a point which had been 

previously observed). In addition, the IGS station at Mbarara 

was used as a base in phases two and three as it was inactive 

in phase one. 

d) The height of the antenna was measured three times during 

the course of the observations, that is, at the beginning of the 

observations, at the 24 hour mark and at the end of the 

observations. 

4.3.2 Processing of GNSS observations 

The scientific GNSS software Bernese v5.2 was used by this author to 

process the GNSS observations. Each session was calculated 

independently with reference to the International GNSS Service (IGS) 

permanent stations in Mbarara, Addis Ababa, Malindi, N’Koltang, 

Seychelles, Ambohimpanompo, Windhoek and Hartebeesthoek.  The 

Bernese software allows calculation of long length baselines using 

troposphere parameters, precise orbits and Earth rotation 

parameters. Using the Bernese Processing Engine, the daily solutions 

for all the stations are obtained first plus the related normal equations. 

These are merged in a least squares process in order to provide final 

reference free combined solutions. The final IGS orbits were used and 

the coordinates are based on the GRS80 Ellipsoid and the IGS 

realisation of the ITRF2008 reference frame. The statistics of the 
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internally estimated standard errors for the 25 points observed with 

GNSS (Figure 4.6) are reported in Table 4.6. 

 Overall, the results show that on average the standard errors for the 

latitudes and longitudes are 7.2 mm and 14.4 mm, respectively. As 

expected the ellipsoidal heights are worse than either of the latitudes 

or longitudes, i.e. the mean standard error is 22.2 mm. These results 

were expected since most of the observation sessions were longer 

than 24 hours and the Bernese GNSS software with capability to 

process long baselines was used for processing. However, large 

standard errors were observed at stations Pakelle and Soroti, most 

likely due to obstruction of the GNSS signals due to trees (see Figure 

4.12 which shows that FBM Pakelle is located partially under a big 

tree). 

Table 4.6: Statistics of the estimated standard errors for the 25 points 

observed with GNSS (Unit: mm) 

 
lat  lon  

H  

minimum 4 6 9 

maximum 36 88 124 

mean 7.2 14.4 22.2 

 

4.4 Concluding remarks 

This chapter has discussed several different types of height systems as 

a basis for understanding the existing height system that is currently 

used in Uganda. Although incorrectly referred to as orthometric 

heights, it was revealed that actually the existing Uganda Vertical 

Network is based on the normal-orthometric height system, since 

there is no evidence of gravity observations along the levelling routes. 

An analysis of the existing vertical network revealed its inadequacy in 

meeting the requirements of the surveying community and satisfying 
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the conditions for a modern height system. Three viable options for 

the definition of a new vertical datum were discussed with the geoid-

only vertical datum being the most feasible solution in the long run. 

Finally the co-located GNSS/levelling data necessary for the validation 

and evaluation of a number of datasets required for geoid 

determination was presented and its accuracy analysed. 

 

 

Figure 4.12: FBM Pakelle partially under a big tree 
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CHAPTER FIVE: VALIDATION AND EVALUATION OF THE DATA SETS 

REQUIRED FOR GEOID DETERMINATION 

The accuracy and resolution of a gravimetric geoid model depends on 

the geoid computational method used and the accuracy of the data 

used in its development. Over the last several years the geoid 

computational techniques (cf. Sjöberg, 1984, 1991, 2003a; Tscherning, 

1985; Forsberg and Tscherning, 2008; Ellmann and Vaníček, 2007; 

Vaníček and Featherstone, 1998) have tremendously improved to such 

an extent that in many countries the main hindrance to the goal for a 

‘1 cm geoid’ is currently the quality and quantity of the data required 

for its development. Therefore, the focus of this chapter is the data 

collection, validation and pre-processing in preparation for the 

computation of the gravimetric geoid model over Uganda. The first 

section examines Digital Elevation Models currently available and 

accessible over the study area. The Global Geopotential Models are 

then evaluated using GNSS/levelling in the second section. Lastly the 

terrestrial gravity data and the preparation of the final grid of surface 

gravity anomalies are discussed. 

5.1 Digital Elevation Models 

A digital elevation model (DEM) is a computer representation of the 

Earth’s surface that provides basic information on heights of the 

Earth’s surface and features upon it. Usually DEMs can be sub-divided 

into two groups; digital terrain models (DTM) and digital surface 

models (DSM). DTMs represent elevations of the bare ground whereas 

DSMs give elevations of the terrain and include features such as trees, 

buildings, etc. (Hirt et al., 2010).  

Height information derived from DEMs is very important in geoid 

determination, because it is used in most parts of the geoid 

computation process. Firstly, heights are required in the computation 

of the Bouguer gravity correction, which is used in the conversion of 
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the surface free-air gravity anomalies to Bouguer gravity anomalies, 

which are then used in the gridding procedure. Secondly, heights are 

required in the computation of the combined topographic correction 

and the DWC effect, which are additive corrections to the approximate 

geoid height. Thus any errors in the DEM will introduce errors in the 

gravity anomalies, the topographic correction and the DWC effect 

directly affecting the accuracy of the geoid model. Therefore, before 

deciding on a particular DEM, the accuracy of various DEMs should be 

independently verified using external data such as GNSS/levelling so 

that the most accurate accessible DEM for the particular region of 

interest is used (Kiamehr and Sjöberg, 2005a). 

5.1.1 Global DEMs over Uganda 

SRTM 

The Shuttle Radar Topography Mission (SRTM) was a collaboration 

between NASA’s Jet Propulsion Laboratory (JPL) and the National 

Geospatial-Intelligence Agency (NGA) to use a radar interferometer to 

generate a globally consistent digital elevation model (DEM) for 

latitudes smaller than 60°.Various versions of SRTM data have been 

released since 2000 (United States Geological Survey, 2013): 

1. Version 1 consisted of the original DEMs produced by the SRTM 

project with data from the STS-99 mission in Feb., 2000, and 

delivered to the NGA. This data were unedited and contained 

spurious data points in areas of low radar backscatter such as 

water bodies. 

2. Version 2 was the result of substantial editing by the NGA and 

exhibited well defined water bodies and coastlines and the 

absence of spikes and wells (single pixel errors), although some 

areas of missing data (ʻvoidsʼ) were still present.  

3. Version 2.1 is a recalculation of the SRTM3 version made by 3x3 

averaging of the full resolution edited data. Version 2 had been 

generated by masking in edited samples from the lower-
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resolution publicly released by the NGA, and contained 

occasional artifacts, and in particular a slight vertical “banding” 

in data beyond 50° latitude. These were eliminated in Version 

2.1. 

The SRTM 3D positions are referred to the WGS84 ellipsoid with the 

heights transformed to a gravity related physical height using the 

EGM96 geoid model (Lemoine et al. 1998).  

In this study three versions of SRTM data were tested: 

a) CGIAR-CSI SRTM VER4.1 

This is the latest post-processed SRTM release by the Consortium for 

Spatial Information (CSI) of the Consultative Group of International 

Agricultural Research (CGIAR), Italy. The CGIAR-CSI SRTM ver4.1 

dataset is based on version 2.1. An important feature of CGIAR-CSI 

SRTM ver4.1 is the availability of high-resolution information on 

shorelines, thus allowing the user to distinguish between land and 

ocean areas (Hirt, et al, 2010). In addition ‘holes’ and ‘voids’ in earlier 

releases were filled using advanced interpolation and patching 

methods such as kriging, inverse-distance weighting and spline 

interpolation (Reuter et al. 2007). The CGIAR-CSI SRTM ver4.1 release 

can be downloaded from (CGIAR-CSI, 2014). In terms of accuracy, 

Table 5.1 summarises the performance of SRTM data compared with 

kinematic GPS Ground Control Points (GCP) worldwide (Rodríguez et 

al., 2006). The absolute vertical accuracy is better than 10 m for all the 

areas sampled with Africa and Australia having the lowest values of 6 

m. These values are a significant improvement of the SRTM design goal 

of 16 m absolute vertical accuracy. However, the values reported in 

Table 5.1 may be optimistic for some areas since the kinematic GPS 

data was observed only along major roads, which tend to avoid 

extremely rugged terrain (Rodríguez et al., 2006). This is why 

independent evaluation using homogeneous data in a region of 

interest is important in assessing the performance of the SRTM data. 
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Table 5.1 Summary of Kinematic GPS GCP comparison with SRTM data 

(Unit: m) 

Continent Mean Std. 90% absolute 

error 

Africa 1.3 3.8 6.0 

Australia 1.8 3.5 6.0 

Eurasia -0.7 3.7 6.6 

North America 0.1 4.0 6.5 

New Zealand 1.4 5.9 10.0 

South America 1.7 4.1 7.5 

Source: Rodríguez et al., 2006 

b) SRTM 30 

SRTM30 data Version 2.0 was generated from SRTM3 data Version 2.0, 

where the water body definition was improved by the NGA. Thus, the 

SRTM30 data Version 2.0 shows the oceans at zero elevation and other 

water bodies at the elevations determined during the editing. More 

details and data can be accessed from 

http://dds.cr.usgs.gov/srtm/version2_1/. 

ASTER GDEM 

THE Advanced Spaceborne Thermal Emission and Reflection 

Radiometer (ASTER) is a global 1-arc elevation dataset that was 

released in June 2009 by the Japanese Ministry of Economy, Trade and 

Industry (METI) and NASA. The ASTER GDEM is based on optical 

imagery collected in space with the METI ASTER imaging device that 

was operated on NASA’s Terra satellite. The approach used for 

constructing the DEM is correlation of stereoscopic image pairs 

(Shapiro and Stockman 2001). The complete ASTER GDEM covers land 

surfaces between 83˚S and 83˚N, which is an improvement over the 

SRTM coverage. During an observation period of more than seven 

years (2000–2007), a total of about 1 260 000 scenes of stereoscopic 

DEM data of 60 km x 60 km ground areas were collected, so the 

http://dds.cr.usgs.gov/srtm/version2_1/
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topography of most regions has been sampled several times (Hirt et 

al., 2010). In this study the ASTER GDEM version 2 which was released 

in 2011 is used. Compared to the earlier release i.e. GDEM 1, GDEM2 

benefits from the inclusion of 260,000 additional scenes to improve 

coverage, a smaller correlation kernel yielding higher spatial 

resolution, and improved water masking. In addition a negative 5 m 

overall bias observed in the GDEM1 was removed in the newer version 

(Tachikawa et al., 2011).  

Table 5.2 Summary of the ICESat comparison with ASTER GDEM2 (Unit: 

m) 

Area min max mean median Std. RMSE 

Africa -267.0 1802.2 1.6 0.32 11.6 11.7 

South  

America 

-376.4 1242.9 2.2 1.8 8.5 8.8 

North 

America 

-514.4 2761.3 -2.1 -2.0 11.7 11.9 

Australia -122.5 168.2 -2.8 -3.0 7.1 7.6 

New 

Zealand 

-52.0 132.8 0.1 -0.0 8.9 8.9 

Eurasia -496.4 2347.4 -1.6 -1.6 11.8 11.9 

Greenland -

3606.7 

4152.1 235.7 109.0 535.0 584.6 

Source: Tachikawa et al., 2011 

The global performance of ASTER GDEM2 was evaluated against data 

collected by the Geoscience Laser Altimeter System (GLAS) on board 

the Ice, Cloud and land Elevation satellite (ICESat) (Tachikawa et al., 

2011). The study involved comparisons between the GDEM2 height 

data and the ICESat height data converted to WGS84/EGM96. The 

results for the regions sampled are summarized in Table 5.2 

(Tachikawa et al., 2011). With the exception of Greenland where very 

high values were observed due to ice cover, the standard deviations 
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and RMSEs of all the other regions are less than 12 m (Tachikawa et 

al., 2011). Compared with SRTM, for Africa ASTER is approximately 8 

m worse in terms of standard deviation although the ICESat elevations 

are not nearly as accurate as the kinematic GPS GCP elevations.  

Overall, based on these results and other studies in Japan and the US 

(see Tachikawa et al., 2011), SRTM DEM is still much better than the 

ASTER GDEM2. Table 5.3 summarises the spatial resolution, the 

version and the URLs of the data distributors of the DEMs evaluated 

by this study. 

Table 5.3: Summary of the DEMs evaluated by this study 

DEM Resolution URL 

ASTER GDEM 

ver2 

1” (30 m) http://www.jspacesystems.or.jp/ers

dac/GDEM/E/index.html 

CGIAR-CSI 

SRTM ver4.1 

3” (90 m) http://www.cgiar-csi.org/data/srtm-

90m-digital-elevation-database-v4-1 

SRTM30 30” (1 km) http://dds.cr.usgs.gov/srtm/version

2_1/ 

 

 

5.1.2 DEM evaluation 

The evaluation of global DEMs can be carried out by comparing the 

heights derived from one DEM with the heights of the same points 

derived from another DEM. In regions with national DEMs derived 

independently of the global DEMs, this comparison can help in 

identifying the most accurate global DEM in that particular region. 

However, the absence of a national DEM in Uganda means that the 

above method is not applicable in this study. Thus model validation 

was carried out using ground-truth data consisting of 25 

GNSS/levelling points shown in Figure 4.11. For comparison with the 

DEM-derived heights, two datasets were used. The first dataset 

comprises the 25 GNSS points but with the GNSS ellipsoidal heights 

http://www.cgiar-csi.org/data/srtm-90m-digital-elevation-database-v4-1
http://www.cgiar-csi.org/data/srtm-90m-digital-elevation-database-v4-1
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transformed to orthometric heights using EGM96 (Lemoine et al., 

1998). The advantage with this dataset is that the heights derived from 

GNSS are consistent with the vertical georeferencing of both SRTM and 

ASTER (Hirt et al., 2010). This minimises biases due to differences in 

vertical datum definition. The second dataset comprises 12 FBMs of 

the Uganda Vertical Network whose horizontal coordinates were 

determined using GNSS. The results are reported in Table 5.4 and 

presented as histograms in Figure 5.1. Of the 3 DEMs, SRTM3 gives the 

best results in terms of the mean, standard deviation and RMS of the 

differences. Its standard deviation and RMS are almost twice those of 

ASTER, which indicates that in Uganda the quality of SRTM3 is clearly 

much better than ASTER even although ASTER is at a higher resolution. 

Table 5.4 Statistics of DEM comparison with 25 GNSS-EGM96 points 

(Unit: m) 

Difference Resolution 

(‘’) 

Min Max Mean Std. RMS 

H(EGM96)-

H(ASTER) 

1 -23.62 12.74 -2.34 8.36 8.51 

H(EGM96)-

H(SRTM3) 

3 -8.48 8.95 -1.95 4.13 4.48 

H(EGM96)-

H(SRTM30) 

30 -11.16 58.85 9.30 17.82 19.77 

 

The results from the comparisons at the 12 levelling benchmarks are 

reported in Table 5.5. Again SRTM3 elevations produce the lowest 

residual error in terms of mean, standard deviation and RMS. Overall 

the statistics for both SRTM3 and ASTER are within the continent limits 

as determined by the validation teams of the DEMs (see Tables 5.1 and 

5.2). From this validation, it is clear that SRTM3 is the best DEM over 

Uganda thus it will be used in the geoid computation procedures.  
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Figure 5.1 Histograms of GNSS/EGM96 minus DEM height differences 

Table 5.5 Statistics of the DEM comparison with 12 levelling 

benchmarks (Unit: m) 

Difference Resolution 

(‘’) 

Min Max Mean Std. RMS 

 

N-OH -

H ASTER
  

1 -24.27 8.94 -3.86 9.64 10.00 

 

N-OH -

H SRTM3
  

3 -5.28 7.93 -0.73 4.29 4.17 

 

N-OH -

H SRTM30
  

30 -18.96 58.93 11.85 24.03 25.88 

 

5.2 Global Geopotential Models  

A Global Geopotential Model (GGM)  is a set of fully-normalized 

spherical harmonic coefficients nmC  of degree n and order m for the 

Earth’s gravitational potential ( , , )V r    together with several 

additional parameters such as GM the Earth’s gravitational  constant 

(product of the gravitational constant and the Earth’s mass) and a the 

semi-major axis of the reference ellipsoid (Fan, 2008,p.107).  For a 

point P, the Earth’s gravitational potential is defined by its geocentric 
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distance  Pr , geocentric co-latitude  P  and longitude  P  and can 

be expressed as (Pavlis, 2013, p. 266): 

 
1

2

( , , ) 1 ,

n
n

P P P nm nm P P

n m nP P

GM a
V r C Y

r r
   




 

  
    
   
             (5.1) 

where a is a scaling factor associated with the fully-normalised, 

unitless, spherical harmonic coefficients nmC , usually numerically equal 

to the radius of a mean-Earth ellipsoid and  ,nm P PY    are the fully-

normalised surface spherical harmonic functions defined as (Sjöberg, 

1979): 
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             (5.2) 

Here  cosn m PP   is the fully-normalised associated Legendre 

function of the first kind, of degree n   and order m . 

5.2.1 Selection of the GGMs to be evaluated 

The current GGMs, representing the Earth’s gravitational field, can be 

classified into three groups: satellite-only, combined and tailored 

gravity field models. The satellite-only GGMs are derived from the 

tracking and analysis of the orbits of artificial Earth satellites only. The 

three major satellite missions that have provided much of the data to-

date are CHAMP (Reigber, et al., 1996), GRACE (Grace, 1998) and GOCE 

(ESA SP-1233, 1999). The satellite-only models are affected by a 

number of factors including the weakening of the gravitational field 

with altitude, precision of the Earth-based range measurements to the 

satellites, the lack of continuous tracking data from the existing 

stations and difficulties in modelling non-gravitational and third body 

perturbations (Amos and Featherstone, 2003). To minimise the effects 

of the above factors, the satellite-only models are often combined 
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with terrestrial gravity data and satellite altimetry to yield high-degree 

combined GGMs. This however introduces more errors coming from 

the terrestrial gravity anomalies. In tailored GGMs, the spherical 

harmonic coefficients of the satellite-only or the combined models are 

adjusted and extended to higher degrees by using previously used or 

unused higher resolution gravity data (Kearsley and Forsberg, 1990). 

Currently a number of GGMs have been derived and made available 

freely to the scientific community and can be downloaded from the 

ICGEM website (International Centre for Global Earth Models, 2014). 

From this website 6 satellite-only models and one combined model 

were selected for evaluation. Table 5.6 gives an overview of the 

models selected. For each of the selected GGMs there is useful 

information provided in the header information of the GGM files 

downloaded from the ICGEM website. For the selected GGMs this 

information is summarised below: 

• The satellite-only models GO_CONS_GCF_2 (DIR_R5 and 

TIM_R5) include the entire observations of the GOCE mission. 

The TIM_R5 is a time-wise GOCE-only solution in a “strict” 

sense with no external gravity field information used, neither 

as reference model, nor for constraining the solution 

(Brockmann, et al., 2014). The DIR_R5 is computed using the 

direct approach combining GOCE, GRACE and LAGEOS data 

with the DIR_R4 used up to its maximum degree/order 260 as 

a-priori gravity field for the processing of the GOCE gravity 

gradients (Bruinsma, et al., 2013). 

• The DGM-1S is a satellite-only model developed with the use 

of approximately 10 months GOCE SGG data and 14  months of 

GOCE kinematic data in combination with seven years of the 

GRACE K-band ranging  data  and four years of GRACE satellites’ 

kinematic orbit data (Farahani, et al., 2013). 

• The satellite-only models JYY_GOCE04S and GOGRA04S were 

computed from the four accurate gravitational gradient 
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components of GOCE combined with the analysis of the 

kinematic orbits, and some moderate constraint in the polar 

areas (Yi, et al., 2013). JYY_GOCE04S is a GOCE-only solution 

whereas GOGRA04S is a GOCE/GRACE satellite-only combined 

model. 

• GOCO03S is a satellite-only model computed by the Gravity 

Observation Combination (GOCO) consortium. It was 

developed as a combination of 7.5 years of GRACE data, 

approximately 18 moths of GOCE , the entire CHAMP 

observations and about 5 years of Satellite Laser Ranging data 

from 5 satellites (Mayer-Gürr, et al., 2012). 

• EGM2008 is the most comprehensive representation and the 

highest resolution of the Earth’s gravitational field currently 

available. Its description and evaluation was published by 

Pavlis, et al., (2008). It combines the GRACE satellite 

gravitational model ITG-GRACE03S (Mayer-Gürr, 2007) with a 

global set of area-mean free-air gravity anomalies given on a 5 

arc-minute equiangular grid. The two data sets are combined 

by least-squares adjustment, each of them associated with an 

appropriate error variance–covariance model. EGM2008 is 

given as a series of spherical harmonic coefficients complete to 

d/o 2159, with a group of additional coefficients up to degree 

2190 and order 2159. The incorporated GRACE satellite model 

is complete up to d/o 180. The global set of area-mean free-air 

gravity anomalies is a compilation of several data sources. The 

largest part, covering all ocean areas is derived from satellite 

altimetry. On land the main data source is a set of 5 arc-minute 

mean free-air gravity anomalies and a second set with 15 arc-

minute mean values, both derived from terrestrial gravimetry. 

More details about EGM2008 can be accessed from the 

EGM2008 website (Earth Gravitational Model 2008, 2014).  
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Table 5.6: Overview of the selected GGMs 

Model Year Degree Data Reference 

GO_CONS_GCF

_2_TIM_R5 

2014 280 GOCE Brockmann, 

et al., 2014 

GO_CONS_GCF

_2_DIR_R5 

2014 300 GOCE, 

GRACE, 

LAGEOS 

Bruinsma, et 

al., 2013 

JYY_GOCE04S 2014 230 GOCE Yi, et al., 

2013 

GOGRA04S 2014 230 GOCE, GRACE Yi, et al., 

2013 

DGM-1S 2012 250 GOCE, GRACE Farahani, et 

al., 2013 

GOCO03S 2012 250 GOCE, 

GRACE, 

CHAMP,LAGE

OS 

Mayer-Gürr, 

et al., 2012 

EGM2008 2008 2190 GRACE, T, A*  Pavlis, et al., 

2008 
*. T= Terrestrial Gravity data, A= Altimetry data  

5.2.2 Evaluation and selection of GGM  

Geoid determination by the modified Stokes formula requires the 

selection of a GGM that will be used together with local gravity data in 

the combined solution. The evaluation was carried out by comparing 

the GGM derived geoid heights against values derived from 

GNSS/levelling. Such a comparison is based on the model: 

N-Oh HGPS GGM GGM

i i i i i iN N N N                   (5.3) 

where h and 
N-OH   are the ellipsoidal height and normal-orthometric 

height respectively and 
GGMN is the GGM derived geoid height. 
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To guarantee the consistency of the comparison and minimize biases 

due to differences in reference ellipsoid, tide conventions and geoid 

reference, all the GGMs used are in the Tide-Free system and use 

GRS80 as the normal field (Vergos, et al., 2013). The GGM geoid 

heights for the satellite-only models were computed using the 

MATLAB based software EGMlab (Kiamehr and Eshagh, 2008), which 

transforms the coefficients so that they refer to GRS80. For EGM2008, 

the Harmonic Synthesis Program (hsynth_WGS84.f) (Earth 

Gravitational Model 2008, 2014)   was used to generate the geoid 

heights. The descriptive statistics of the differences between the GGM 

derived geoid heights and the GNSS/levelling geoid heights are 

reported in Table 5.7.  

Table 5.7: Statistics of the differences between GGM geoid heights and 

GNSS/levelling geoid heights for 12 GNSS/levelling points (Unit: cm) 

Model Degree Min. Max. Mean Std. 

EGM2008 2190 22.5 86.7 51.3 20.6 

EGM2008 280 -30.2 69.7 15.6 37.1 

GO_CONS_GCF_2

_TIM_R5 

280 -21.9 114.9 37.4 35.3 

GO_CONS_GCF_2

_DIR_R5 

300 -21.4 116.3 35.0 38.9 

JYY_GOCE04S 230 -35.2 128.1 42.5 49.9 

GOGRA04S 230 -35.7 127.9 41.8 50.2 

DGM-1S 250 -11.1 142.8 59.2 47.7 

GOCO03S 250 -47.7 98.2 25.1 46.1 

 

The standard deviation represents the level of the agreement between 

the GGM and GNSS/levelling geoid heights and can be used to select 

the best GGM. The best agreement of GGMs with GNSS/levelling is 

EGM2008 to degree/order 2190 with the lowest standard deviation of 

21 cm. This is expected as EGM2008 is a combined GGM, which 
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includes terrestrial gravity data and is also given as a series of spherical 

harmonic coefficients complete to degree/order 2159 unlike all the 

other GGMs tested which are satellite-only models. Nevertheless, the 

satellite-only GGMs perform reasonably well with standard deviations 

at the range of 50 cm. However it is well-known that the 

GNSS/levelling data can be considered to represent the complete 

geoid spectrum whereas the GGMs are limited to their maximum 

degree and therefore will be affected by the omission error. Thus the 

comparison with GPS/levelling data will be subject to a number of 

errors including the commission and omission errors of the GGMs and 

the biases /errors from GNSS and levelling. To minimize the effect of 

all the systematic biases the absolute differences can be fitted to 

parametric models through the use of least squares (Kotsakis and 

Sideris, 1999; Kiamehr and Sjöberg, 2005a; Fotopoulos, 2013). The 

absolute differences ( )iN  are fitted using a 4-parameter model 

based on: 

T

i i i ΔN a x v               (5.4a) 

where  

 1 2 3 4   
T

x x x xx                (5.4b)  

is a vector of unknown parameters, 

 1 cos cos   cos sin  sin  
T

i i i i i i    a              (5.4c) 

is a vector of known coefficients, which depends on the latitude  i  

and longitude  i  of the points, 

 and iv  is an mx1 vector of residuals where m is the number of 

GNSS/levelling points. 
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Table 5.8: Statistics of the differences between GGM and 

GNSS/levelling geoid heights after the 4-parameter fitting for 12 

GNSS/levelling points (Unit: cm). 

Model Degree Min. Max. Mean Std. 

EGM2008 2190 -13.7 30.6 0.0 12.6 

EGM2008 280 -42.4 49.9 0.0 29.3 

GO_CONS_GCF_2_TIM_R5 280 -27.0 64.5 0.0 28.7 

GO_CONS_GCF_2_DIR_R5 280 -44.0 70.3 0.0 33.8 

JYY_GOCE04S 230 -40.8 66.6 0.0 33.1 

GOGRA04S 230 -40.6 66.1 0.0 32.9 

DGM-1S 250 -47.4 64.4 0.0 31.2 

GOCO03S 250 -43.9 54.8 0.0 29.6 

 

The results of the parametric fitting are summarised in Table 5.8. On 

average there is approximately a 30 % reduction (about 10 cm) in the 

standard deviations of all the GGMs tested, which demonstrates the 

effectiveness of the parameter fitting in minimizing the effect of 

systematic biases and errors. Again EGM2008 complete to 

degree/order 2159 has the lowest standard deviation of 13 cm, which 

as earlier noted means that it is the model that best fits GNSS/levelling 

in Uganda. For the satellite-only models, the standard deviations range 

between 28 cm and 33 cm, with the GOCE-only model 

GO_CONS_GCF_2_TIM_R5 having the best fit of about 29 cm. If the 

standard deviation of this GOCE-only GGM are compared to the 

standard deviation of EGM2008 with 
max 2159n   there is a difference 

of about 16 cm, which is expected since the spherical harmonic series 

of the GOCE model are only up to 280. However, if the comparison is 

only up to degree/order 280 for both EGM2008 and 

GO_CONS_GCF_2_TIM_R5, then the GOCE-only model is slightly 

better by approximately 1 cm. This highlights the important 

contribution of the GOCE satellite mission to the gravity field recovery 
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especially for low and medium degree terms. Overall, for the 

computation of the gravimetric geoid model, the GOCE-only model 

GO_CONS_GCF_2_TIM_R5  up to degree 280 will be used in order to 

guard against correlations that may arise between the errors in the 

GGM and the terrestrial gravity anomalies in case the combined model 

(EGM2008) is used (Ågren, 2004; Ågren  et al., 2009b). 

5.3 Gravity data  

5.3.1 Terrestrial gravity 

The terrestrial gravity data used in this study was downloaded from 

the BGI gravity database (International Gravimetric Bureau, 2013). The 

data covers the area which lies between 3 5S N   in latitude and 

28 36   in longitude. The distribution of the data is presented in 

Figure 5.2. Of the 7839 data points provided, 3624 points lie within the 

boundaries of Uganda between 1.5 4.5S N   in latitude and 

29.5 35  in longitude. The data was collected by BGI from various 

sources including Cambridge University, Lamont Doherty Geological 

Observatory, Leopoldville Metrological Service, Defence Mapping 

Agency of the USA Army, Leicester University, University of Newcastle 

upon Tyne and Department of Lands and Surveys, Entebbe, Uganda. 

All the data was observed between 1936 and 1975 using simple 

pendulums and metal spring gravimeters with an accuracy between 

(0.1 -0.5) mGal. The data is provided in form of text files that have the 

following information: 

a) data source number,  

b) latitude and longitude in decimal degrees,  

c) height in metres,  

d) observed gravity in mGal,  

e) Free-air gravity anomaly in mGal,  

f) Simple Bouguer gravity anomaly in mGal,  
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g) Validity number between 0 and 3 whereby 0 represents no 

validation, 1 represents good validation, 2 represents doubtful 

validation and 3 represents lapsed validation. 

Figure 5.2: Distribution of gravity data over Uganda and parts of the 

neighbouring countries (BGI gravity database). 

The horizontal positions of the data were extracted from 1/50000 

topographical maps that have accuracies between 25 m and 100 m. 

The heights of the gravity stations were mostly determined by 

barometrical and trigonometrical levelling with accuracies ranging 

between 5m and 10 m. From Fig. 5.2 it is clear that the gravity data is 
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sparsely distributed over the study area with practically no gravity data 

points in South Sudan and very few points in the Democratic Republic 

of the Congo (DRC). In Uganda, a uniform distribution is only observed 

in the North-Eastern part of the country in the region known as the 

Karamoja where mineral deposits were suspected leading to a lot of 

gravity measurements. 

5.3.2 Gravity reduction to GRS80  

 The BGI gravity data is issued relative to the GRS67 geodetic system 

with the normal gravity on the GRS67 ellipsoid determined to an 

accuracy of 0.004  mGal using the linear formula:  

 2 49.7803184558 1 0.005278895sin 0.000023462sin      

2.m s                   (5.5) 

However, in this study a gravimetric geoid model for Uganda is 

determined relative to the GRS80 geodetic system. Thus the first step 

is to determine the gravity anomalies relative to GRS80. Since the 

measured gravity is available, the normal gravity value on the GRS80 

reference ellipsoid can be determined using the Somigliana formula 

(Moritz, 1980b, p.131): 
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             (5.6a) 
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p e

e
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k
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                (5.6b) 

where e  is the gravity on the equator, 
p  is the gravity at the pole, a  

is the semi-major axis of the ellipsoid (Earth equatorial radius) ,b is the 

semi-minor axis of the ellipsoid (polar radius), e is the first eccentricity 

and   is the geodetic latitude. 
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Using the Taylor expansion, a linear formula denoted as the Chebychev 

approximation, which does not require a square root extraction can be 

derived from Eq. (5.6a) such that: 
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Depending on the number of terms used, Eq. (5.7) can be more 

accurate than the convectional formula, Eq. (5.8): 
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Here f  is the ellipsoidal flattening and   is the angular velocity.  

Using the numerical values given by Moritz (1980b, pp. 131-132), the 

normal gravity on the GRS 80 geodetic system can be determined to 

an accuracy of 
410

 mGal using the linear formula: 

 2 4 6 8

2 4 6 8978032.67715 1 sin sin sin sina a a a        

 mGal                 (5.9) 

where 

2 4 6

8

0.0052790414,  0.0000232718,  0.0000001262,  

and 0.0000000007.

a a a

a
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5.3.3 Computation of the surface gravity anomalies 

The classical gravity anomaly  g  for a point P on the Earth’s surface 

can be defined as the difference between the gravity 
0Pg  at point 0P  

on the geoid and the normal gravity 
Q  at point Q on the reference 

ellipsoid (Figure 5.3): 

0 QPg g                 (5.10a) 

where 

0P Pg g F                (5.10b) 

 

Figure 5.3: The classical gravity anomaly 

Here the gravity on the geoid is given by Eq. (5.10b) assuming that 

there are no masses above the geoid such that the gravity  g  

measured at point P is moved through ‘free-air’ from the Earth’s 

surface to the geoid (Hoffmann-Wellenhof and Moritz, 2006, p.134). 

F  in units of mGal is the free-air reduction given by Eq. (2.23).  
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Based on Eqs. (5.10a, b; 2.22 and 2.23), the simple Bouguer gravity 

anomaly   Bg , can be expressed as: 

Q 0.1967B Pg g H                  (5.11) 

for H in metres and the gravity anomaly in mGal. 

From Eqs. (2.22, 2.23 and 5.11), it is clear that the classical gravity 

anomaly depends on the density     of the masses between the 

Earth’s surface and the geoid and the height  H  of the surface point 

above the geoid. This involves making assumptions concerning the 

density of the masses above the geoid (Hofmann-Wellenhof and 

Moritz, 2006, p. 296). To circumvent this problem, Molodensky in 1945 

(Molodensky et al., 1962) formulated the Molodensky’s boundary-

value problem as the determination of the Earth’s surface given the 

gravity  g  and the geopotential  W  on it (Hofmann-Wellenhof and 

Moritz, 2006, p. 295).  In Molodensky’s solution, for any point P on the 

Earth’s surface (see Figure 4.2, Sect. 4.2.5), there exists a point Q on 

the ellipsoidal normal through P such that the geopotential at P is 

equal to the normal potential at Q (
QPW U ). When P moves all over 

the Earth’s surface, its one-to-one correspondence with Q will form a 

surface called the telluroid such that the height anomaly   is the 

height of point P above the telluroid (Hofmann-Wellenhof and Moritz, 

2006, p. 297). 

The gravity anomaly  Pg  at a point P on the Earth’s surface is now 

defined as the difference between the actual gravity measured at 

point P  Pg  and the normal gravity on the telluroid  Q : 

P P Qg g                   (5.12) 

Based on Eq. (5.12), the surface gravity anomalies can easily be 

determined given the normal gravity on the telluroid. However, this 
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requires the normal height of point P ( N

PH ), which is not part of the 

data provided by BGI.  

Following Moritz (1980b), the normal gravity at the telluroid point Q 

can be determined as: 

 

 

2 N

Q P

2
8 N

P

0.3087691 0.0004398sin H

        7.2125 10 Hx

  



   
          (5.13) 

where   is the normal gravity at the reference ellipsoid given by Eq. 

(5.9) and N

PH  is given by: 

 N

P P PH NH    .              (5.14) 

Here H is the topographic height of the gravity point P on the Earth’s 

surface and   P PN   is the geoid-to-quasi-geoid separation, which 

can either be computed by the approximate formula of Heiskanen and 

Moritz  (1967, pp. 327-328) or any of the improved formulas presented 

by various authors (e.g. Sjöberg, 2006, 2010, 2012; Tenzer at al., 2006; 

Flurry and Rummel, 2009). However due to the quality and quantity of 

the gravity data used in this study, the geoid-to-quasi-geoid separation 

was determined using the approximate formula: 

N Bg
H




                (5.15) 

where 
Bg  is the simple Bouguer gravity anomaly.  

Finally the surface gravity anomalies used for the computation of the 

gravimetric geoid model were then determined using Eq. (5.12) since 

the BGI gravity data included the measured gravity at the surface 

points. 
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5.3.4 The World Gravity Map 2012 Earth's gravity anomalies 

The World Gravity Map (WGM) denotes a set of high-resolution gravity 

anomaly maps and digital grids computed at global scale from 

available reference Earth’s gravity and elevation models (Bonvalot et 

al., 2012).  WGM2012 is the first release of high resolution grids and 

maps of the Earth's gravity anomalies (Bouguer, Isostatic and surface 

free-air), computed at global scale in spherical geometry. It has been 

realised by BGI in the frame of collaborations with international 

organizations such as Commission for the Geological Map of the World 

(CGMW), UNESCO, International Association of Geodesy (IAG), 

International Union of Geodesy and Geophysics (IUGG), International 

Union of Geological Sciences (IUGS) and with various scientific 

institutions. The WGM2012 gravity anomalies are derived from the 

available Earth global gravity models EGM2008 (Pavlis et al., 2008)  

and DTU10 (Anderson, 2010) and include 1'x1' resolution terrain 

corrections derived from ETOPO1 model (Amante and Eakins, 2009)  

that consider the contribution of most surface masses (atmosphere, 

land, oceans, inland seas, lakes, ice caps and ice shelves). These 

products have been computed by means of a spherical harmonic 

approach using theoretical developments carried out to achieve 

accurate computations at global scale (Balmino et al., 2012). 

In this study, WGM2012 surface free-air anomalies were used in the 

validation of the terrestrial gravity data and to fill-in missing data 

especially outside the boundaries of the study area, where it was not 

possible to obtain measured terrestrial gravity data. The WGM2012 

surface free-air anomalies are downloadable as 2' 2'x   regional grids 

from the BGI website (http://bgi.omp.obs-mip.fr/data-

products/Toolbox/WGM2012-maps-vizualisation-extraction). Figure 

5.4 shows the grid for the study area extracted from the WGM2012 

global model. 

http://bgi.omp.obs-mip.fr/data-products/Toolbox/WGM2012-maps-vizualisation-extraction
http://bgi.omp.obs-mip.fr/data-products/Toolbox/WGM2012-maps-vizualisation-extraction
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Figure 5.4: WGM2012 surface free-air gravity anomaly at 2' 2'x  grid 

resolution (BGI) 

5.3.5 Validation and detection of outliers in the terrestrial gravity 

data 

Several studies (e.g. Kiamehr, 2007b; Ulotu, 2009 and Danila, 2012) 

have shown that the accuracy of a gravimetric geoid model is highly 

dependent on the quality and quantity of the terrestrial gravity data 

entering into the solution. In fact Kiamehr (2007b) has concluded that 
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the choice of a proper computational method for the determination of 

a geoid model may be diminished or even meaningless as long as there 

is insufficient data quality and coverage over the study area. However, 

studies by Goodchild and Gopal (1986) and Wen et al., (2001) have 

identified that most of the existing gravity databases contain many 

erroneous points due to several reasons such as errors in 

measurements of gravity and its height, transcription errors, errors in 

the instrument calibration and base station problems. In addition, 

much of the gravity data especially for developing countries is sourced 

from many sources which are usually not consistent with each other 

and contain many duplicate points. For example, the 7839 gravity 

points used in this study are sourced from 22 different sources with 

compilation dates ranging from 1936 to 1975. Therefore, one of the 

tasks undertaken by this study was to collect all the terrestrial gravity 

data from the different sources, clean them by eliminating errors, and 

by marking suspicious data points and finally archive outlier-free data 

capable of producing acceptable results. 

Three methods were used for the detection of outliers:  

 Visual inspection,  

 direct comparison with the WGM2012 surface free-air gravity 

anomalies,  

 and the use of the cross validation approach. 

Using the visual inspection method, the gravity data points were 

arranged in ascending and descending order in order to identify 

duplicate points, that is, points with the same latitude, longitude and 

observed gravity. A total of 348 points were identified as duplicates 

and eliminated. 

In the second method, the remaining 7491 measured surface gravity 

anomalies were compared directly with the WGM2012 surface free-

air anomalies. Figure 5.5 shows a histogram of the residuals plotted 

against the number of points. It is clear that most of the measured 

surface anomalies are within  50 mGal indicating that the quality of 
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the terrestrial gravity in the study area is not very good. The residual 

value drops sharply beyond  100 mGal.  Therefore, in this study, any 

residual value more than ±100 mGal is considered as an outlier and 

based on this tolerance value, a total number of 79 data points 

representing approximately 1% of the measured data were removed.  

Figure 5.5: Histogram of residuals (differences between measured 

surface anomalies 
Pg  and WGM2012 surface free-air anomalies) 

In the third method, the cross validation approach (Geisser and Eddy, 

1979) was used to validate the remaining 7412 gravity data points. 

Cross validation is considered an objective method of assessing the 

quality of a gridding method, or to compare the relative quality of two 

or more candidate gridding methods. In addition cross validation 

results can be used to assess the spatial variation in gridding quality 

and to guide data sampling (Kiamehr, 2007b). Various authors (for 

example, Kiamehr, 2007b; Ulotu, 2009; Danila, 2012) have used the 

cross validation approach for the refinement and qualification of 

observed gravity data.  In all the above studies, the Kriging 

interpolation method (Chilés and Delfiner, 2012) gives the minimum 

standard deviation of the differences in the cross validation of 

observed gravity data. Therefore, this method is also used here. 
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Briefly, the cross validation process can be explained as follows 

(Golden Software, 2012): Given the known values at K observation 

locations in the original data set, cross validation allows you to assess 

the relative quality of the grid by computing and investigating the 

gridding errors. These errors are calculated by removing the first 

observation from the data set, and using the remaining data and the 

specified algorithm to interpolate a value at the first observation 

location. Using the known observation value at this location, the 

interpolation error is computed as: 

error IV OV                 (5.16) 

where  and IV OB  are the interpolated and observed values, 

respectively. 

Then, the first observation is put back into the data set and the second 

observation is removed from the data set. Using the remaining data 

(including the first observation), and the specified algorithm, a value is 

interpolated at the second observation location. Using the known 

observation value at this location, the interpolation error is computed 

as before. The second observation is put back into the data set and the 

process is continued in this fashion for the third, fourth, fifth 

observations, etc., all the way through up to and including observation 

N, the last observation in the data file. This process generates N 

interpolation errors. Various statistics computed for the errors can be 

used as a quantitative, objective measure of quality for the gridding 

method.  

Thus, cross validation involves four steps: 

 Select a gridding method, along with all of the defining 

parameters. 

 For each observation location, interpolate the value using the 

neighbouring data, but not the observation itself. 

 Compute the resulting interpolation errors. 
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 Assess the quality of the selected gridding method using 

various summary statistics of the errors. 

By using the cross validation approach it is possible to identify a 

tolerance value beyond which large differences would be indicative of 

possible outliers in the data. These points can be eliminated before the 

final preparation of the grid file. 

Figure 5.6: Simple Bouguer effect over the study area based on SRTM3 

DEM 

Before cross validation, the effect of topography is removed through 

the simple Bouguer reduction (Eq. 2.22) based on the topographic 

heights extracted from SRTM3 DEM. Figure 5.6 shows this effect over 

Uganda, which as expected highlights the areas where the effect 

reaches its maximum values, that is, the Rwenzori Mountains on the 

western border with DRC and Mt. Elgon on the eastern border with 
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Kenya. After the removal of the topographic effect, the contribution 

from a GGM is also removed so as to reduce the effect of regional 

trends and to make the resultant residual gravity field less irregular 

(Tziavos and Sideris, 2013, p. 353). In this study, the WGM2012 free-

air gravity anomalies  WGM2012g   were used since they were derived 

from the best-fitting GGM- EGM2008 (Sect. 5.22).  Subsequently, the 

residual gravity anomaly  .resg  was determined as:  

. WGM2012res Bg g g                 (5.17) 

Figure 5.7: Histogram of the absolute value of the residuals 

On the basis of the cross validation procedure, the absolute tolerance 

value of 35 mGal was identified, and points whose absolute value was 

greater than 35 mGal were identified as outliers and eliminated from 

further gridding process. The results of cross validation are reported in 

Figure 5.7, which shows that beyond 35 mGal the number of points 

decreased substantially compared to below 35 mGal. Hence 385 

gravity points were rejected as outliers. Overall, based on the three 

methods selected for outlier detection, a total of 812 gravity points 

representing 10.3 % of the terrestrial gravity data were rejected. 
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Table 5.9: Statistics of the surface gravity anomalies before and after 

outlier detection and removal (Unit: mGal) 

No.  Min. Max. Mean Std. RMS 

Before outlier detection 

7839 -198.8 410.9 -4.3 38.2 38.5 

After outlier detection and removal 

7027 -149.3 160.3 -5.7 34.6 35.0 

 

The statistics of the gravity anomalies before and after outlier 

detection and removal are reported in Table 5.9. The important values 

to note from the table are a reduction in the noise level (difference 

between maximum and minimum values) from 610 mGal to 310 mGal 

and reduction in the maximum values of the statistics before and after 

removal of outliers from 411 mGal to 160 mGal, which represents 

significant refinement in the gravity database. 

5.3.6 Gridding process 

As pointed out earlier in Section 3.1, the LSMSA technique works on 

the full gravity anomaly without any reduction (Sjöberg, 2003d). This 

presents a challenge as the interpolation and integration of the 

unreduced gravity anomaly is less easy than in the RCR method. To 

overcome this challenge a special interpolation technique is used in 

the gridding process of the gravity data. This technique involves first 

computing a topographic correction (e.g., the simple Bouguer 

correction); this is then used to reduce the surface gravity anomalies 

into residual gravity anomalies, which are assumed to be smoother 

than the original surface gravity anomalies (Kiamehr, 2007b). These 

are then interpolated to a denser grid and finally the topographic 

masses are restored to the grid points. With a high resolution DEM, 

Ågren (2004) has numerically shown that this interpolation technique 

reduces the discretisation errors (errors due to loss of short 
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wavelength gravity information) significantly in the LSMSA technique 

and improves the gravimetric geoid fitting with GNSS/levelling data.   

In order to compute a gravimetric geoid model for the entire country, 

the KTH method requires gravity data outside the borders of the 

country. As shown in Figure 5.2 (Section 5.3.1), there is no data at all 

in South Sudan and very few points in DRC, Rwanda and Tanzania. 

Additionally there are large data gaps in northern Kenya with only a 

few lines of points observed. These gaps were filled with free-air 

anomalies extracted from the 2’x2’ WGM2012 regional grid. 

Figure 5.8: The 60'' 60''x  predicted surface gravity anomalies over 

Uganda 

To construct the final grid, the method of Kriging with linear 

variograms is used since it has been shown by a number of studies (e.g. 

Kiamehr, 2007b; Ulotu, 2009 and Danila, 2012) to give small standard 

deviations between the estimated and the original values. By using 
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cross-validation of all gravity data in generation of the final grid, the 

accuracy of the surface gravity anomaly is estimated to be 

approximately 9 mGal. The predicted 60'' 60''x  grid of surface gravity 

anomalies is depicted in Figure 5.8. In terms of the correlation 

between the gravity anomalies and topography, the figure shows that 

the maximum range from about 110 mGal to 360 mGal, as expected 

are reported around the Rwenzori Mountains on the western border 

with DRC and around Mt. Elgon on the eastern border with Kenya. On 

the other hand, the lowest values are reported along the western part 

of the Great Rift Valley, which lies along Uganda’s border with DRC. 

Overall, there is a strong correlation between elevations and gravity 

anomalies as depicted by the gradual increase in gravity anomalies 

from the north (average elevation of about 650 m) to the south 

(average elevation of about 1400 m).  In addition the more uniform 

distribution of terrestrial gravity data in the north-eastern part of the 

country is again evident from the Figure. 

5.4 Concluding remarks 

This chapter has presented the data sets required for geoid 

determination and demonstrated the importance of data pre-

processing, validation and evaluation procedures. In particular the 

refinement of the terrestrial gravity data by detecting and removing 

outliers has improved the original accuracy of the gravity data by 

approximately 74%, which demonstrates the robustness of the 

procedures adopted in this study. Additionally, the selection of SRTM3 

DEM and the GOCE-only GGM GO_CONS_GCF_2_TIM_R5 as the best 

digital elevation model and global geopotential model, respectively 

highlights the crucial role of GNSS/levelling data in gravimetric geoid 

determination.  
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CHAPTER SIX: DETERMINATION OF UGANDA GRAVIMETRIC GEOID 

MODEL 2014 

The satellite gravity missions of CHAMP, GRACE and GOCE have 

contributed tremendously to the measurement of the Earth’s 

stationary gravity field and the modelling of the global geoid to very 

high accuracy. With the completion of the GOCE mission in November, 

2013, a purely GOCE GGM EGM_TIM_RL05 with mean global 

accuracies of 2.4 cm and 0.7 mGal in terms of geoid heights and gravity 

anomalies, respectively at a spatial resolution of 100 km was derived 

by Brockmann et al., (2014).With such unprecedented accuracy at a 

global scale, the goal of the 1 cm geoid might appear achievable 

without the use of terrestrial gravity data. However, as noted by 

Sjöberg (2011b), although the GOCE data will most likely reduce the 

commission error of the GGMs, the omission error will still prevent the 

realisation of the 1 cm geoid directly from the GGMs. Therefore, the 

focus of this chapter is the determination of the Uganda Gravimetric 

Geoid Model 2014 (UGG2014) based on a combination of terrestrial 

gravity data and the GOCE-only satellite GGM GO-CONS-GCF-TIM-R5. 

The first three sections of the chapter discuss some important 

computational options, namely gravity anomaly signal and error 

degree variances, choice of cap size and determination of the optimum 

least squares modification parameters. UGG2014 is then determined 

in Section 6.4 and evaluated internally by error propagation and 

externally using GNSS/levelling in Section 6.5.                                                                            

6.1 Signal and error degree variances 

As pointed out earlier (see Sect. 3.1), the KTH method uses least 

squares to minimize the effects of the various error sources. Thus it 

endeavours to minimize errors in the spectral domain from the surface 

gravity anomalies, errors emanating from the GGM assumed to be 

only random and errors due to truncation of the cap of integration. To 
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achieve this advantage, the KTH method requires knowledge of both 

the error degree variances and signal degree variances of the GGM 

gravity data and surface gravity anomalies, not only limited to the 

maximum degree of the GGM but to infinity for the surface gravity 

anomalies (Sjöberg, 1984, 1991, 2003a, 2003d, 2005 and Ågren, 2004). 

The error degree and signal degree variances are used to tune the 

spectral weighting of the data in order to minimize the influence of 

data errors as well as the inevitable error caused by truncation of 

integration area and/or the series of the GGM. This (least squares) 

weighting takes place in the spectrum of the data, and is ruled by the 

error and signal power spectra. As with standard least squares 

adjustment, the estimated unknowns (the geoid heights) are only 

secondary influenced by the choice of errors, while the estimated 

accuracies of unknowns are directly affected by this choice (Sjöberg, 

2003a). 

6.1.1 Error degree variances for the GGM 

The error degree variances of the GGM are usually provided together 

with the GGM up to the maximum degree of the particular GGM. The 

problem is in determining the signal degree variances for higher 

degrees. Ågren (2004, Chapter 2) numerically tested three degree 

variance models; Kaula’s  rule (Kaula, 1963, 1966), the Tscherning and 

Rapp model (Tscherning and Rapp, 1974) and the Jekeli and Moritz 

model (Moritz, 1976,1977; Jekeli, 1978). He concluded that Kaula’s 

model contains too much power in the highest frequencies which 

disqualifies it for modelling high frequencies, Jekeli and Moritz model 

seemed unrealistic as it contained no gravity anomaly power above 

degree 1800. The Tscherning and Rapp model was identified as the 

most promising as it yielded realistic values for both the gravity 

anomaly truncation RMS errors and the geoid height RMS errors up to 

degree 10800 (Ågren, 2004).  

In this study, the GOCE-only GGM GO-CONS-GCF-TIM-R5 was selected 

as the best-fitting satellite-only model over Uganda (see Sect. 5.2.1) 



112 
 

and will be used in Eq. (3.1) to provide the long wavelength part of the 

gravity field. The signal degree variances of GO-CONS-GCF-TIM-R5 and 

EGM2008 truncated to degree/order 280, which are provided 

together with the models, are presented in Figure 6.1. 

Figure 6.1: Signal degree variances nc for GO-CONS-GCF-TIM-R5 and 

EGM2008 up to degree/order 280. 

To determine the best model for the higher degrees, the three degree 

variance models were used to compute the signal degree variances 

from degree 281 to degree 10000. The results are reported in Figure 

6.2. An extract for degrees 281 to 5000 is also presented in Figure 6.3.  

From the figures, it is clear that beyond degree 2000, the Jekeli/Moritz 

model yields degree variances close to zero, showing that there is no 

gravity anomaly power above degree 2000 which is unrealistic since it 

is currently known that gravitational models can have gravity anomaly 

power complete to degree and order 2159 e.g. EGM2008 (Pavlis et 

al.,2008). Beyond degree 2500 (Figure 6.3), the Kaula model yields too 

much power (almost twice as much when compared with the 

Tscherning/Rapp model). This makes it unsuitable for modelling 

degree variances for higher frequencies. Hence of the three models 

tested, the Tscherning/Rapp model yields the most realistic signal 

degree variances for all degrees. 
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Figure 6.2: signal degree variances nc  for the Jekeli and Moritz (1978), 

Kaula (1963) and Tscherning and Rapp (1974) degree variance models 

from degree 281 to degree 10000 

 

Figure 6.3: Signal degree variances nc for the Jekeli/Moritz, Kaula and 

Tscherning/Rapp degree variance models from degree 281 to degree 

5000.  

Finally the three degree variance models are compared with EGM2008 

for degrees 281 to 1000. The results are reported in Figure 6.4. Of the 

three models, the Tscherning/Rapp model fits the degree variances of 

EGM2008 reasonably well for the frequencies in question. Therefore, 

in this study the Tscherning and Rapp (1974) model is used for the 
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determination of the degree variances for the higher degrees of the 

GGM. 

 

Figure 6.4: Degree variances nc  for the Jekeli/Moritz, Kaula and 

Tscherning/Rapp degree variance models when compared with the 

degree variances of EGM2008 (degree 281 to degree 1000). 

6.1.2 Error degree variances for the gravity anomaly data 

As pointed out earlier in Section 3.3, the error degree variances of the 

gravity anomaly can be estimated using the white noise model, the 

reciprocal distance covariance function or the correlated model. Ågren 

(2004) numerically tested the three models and concluded that the 

correlated model provides more realistic results for the gravity 

anomaly degree variances since it preserves some of the “white” 

character of the noise and at the same time the power is kept below 

the Nyquist degree  NM  . Therefore the correlated model is used to 

account for the degree variances of the gravity anomaly data. The 

standard error of the terrestrial gravity anomaly was estimated as 9 

mGal (see Sect. 5.3.6),  10800NM   since the block size of the gravity 

anomaly grid is 60''  and the correlation length is 0.2 . Figure 6.5 

shows the degree variances of the gravity anomaly data.  It is clear that 
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both the reciprocal distance model and the white noise model provide 

the gravity anomaly power for the correlated model with the 

reciprocal distance providing the power for the low degrees and the 

white noise providing the power for the high degrees of the spectrum 

up to the Nyquist degree ( NM ). Beyond  NM  , the power drops 

down to almost zero as would be expected.  

 

Figure 6.5: Signal and error degree variances for the gravity anomaly 

data. 

 

Figure 6.6: Error degree variances of GO-CONS-GCF-TIM-R5 and 

surface gravity anomaly 



116 
 

To determine the weighting scheme of the gravity anomaly data, the 

error degree variances of the satellite-only GGM GO-CONS-GCF-TIM-

R5, and the surface gravity anomaly error degree variances 

determined by the correlated model are plotted in Figure 6.6. Up to 

about degree 210, the GOCE-only model is better than the surface 

gravity anomalies. This represents the upper degree for which the 

GOCE model is believed to be better than the terrestrial gravity 

anomalies (cf. Ågren et al., 2009). 

6.2 Choice of the cap size 

Theoretically there is no optimum cap size for the numerical 

integration by the KTH method provided homogeneous gravity data is 

available (Sjöberg, 2011a). However, to reduce the effect of 

undetected systematic/gross errors in the gravity data, a limited cap 

size of a few degrees is usually used. In this study, the BGI gravity data 

covers the area between 3 5S N   in latitude and 28 36   

in longitude (see Figure 5.2). Beyond the borders of Uganda the gravity 

data is only available up to approximately 1° in the east (border with 

Kenya) and in the south (border with Tanzania). Large data gaps are 

also evident especially in the north (border with South Sudan) and in 

the west (border with Democratic Republic of Congo). As discussed in 

Sect. 5.3.6, these gaps were filled with surface gravity anomalies 

extracted from WGM2012 model (Bonvalot et al., 2012). Therefore, on 

the basis of gravity data availability, a cap size of only 1° was used for 

the determination of UGG2014 so as to optimise the available gravity 

data while at the same time reducing the influence of the WGM2012 

gravity data on the surface gravity anomalies as it is well known that 

least squares automatically includes all data in an optimum way.  

6.3 Least squares modification parameters 

The determination of the optimum least squares modification 

parameters has been studied in detail by Sjöberg (1984; 1986) and 

numerically applied successfully by Nahavandchi (1998), Hunegnaw 
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(2001), Ellmann (2001) and Ågren (2004). Sjöberg (1991; 2003) 

presented the least squares estimator of Eq. (3.1) although it was 

found that the system of equations for the estimator was numerically 

ill-conditioned. Ellmann (2004) used the Tikhonov regularisation 

(Tikhonov, 1963; Hansen, 1998) to solve the badly conditioned system 

of equations for the estimator although he did not explain the cause 

of the bad conditioning of the system.   This was investigated by Ågren 

(2004, Chapter 3), who explained that it is caused by the behaviour of 

the modified Stokes formula in the remote-zone (where it is not used 

in the modified Stokes formula). Thus many sets of modification 

parameters agree well in the near-zone and disagree in the remote-

zone (where they are harmless). Based on the studies of Ågren (ibid), 

the current (2014) KTH software package is based on solving the badly 

conditioned system using Singular Value Decomposition. In this study 

the correlated model is used in the determination of the least squares 

modification parameters.  

Using different standard errors for the terrestrial gravity data ( 1 

mGal, 5 mGal, 9 mGal and 20 mGal), the behaviour of the 

modifications parameters is numerically tested. In all cases a 

correlation length of 0.2  for the reciprocal distance model and 

10800NM   are used. The results are presented in Figures 6.7-6.10.  

From the figures it is clear that although the parameters ns  depend on 

the gravity anomaly degree variances, which are not accurately 

known, the least squares method is insensitive to the choice of the 

weights such that even with very low quality terrestrial gravity data (in 

this study  9 mGal), the resulting least squares modification 

parameters nb  are insensitive to the long-wavelength gravity anomaly 

errors and at the same time yield a low truncation error (cf. Ellmann, 

2004; Ågren and Sjöberg, 2004). This effect can also be seen in the 

geoid height RMS-values for the unbiased Least Squares Modification 

(LSM) estimator that are presented in Table 6.1, where there is an 
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increase in the RMS depending on the accuracy of the terrestrial 

gravity data. 

Figure 6.7: Modification parameters ,M

n nQ s  and nb of the LSMSA  

( 1mGal)

Figure 6.8: Modification parameters ,M

n nQ s  and nb of the LSMSA ( 

5 mGal) 
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Figure 6.9: Modification parameters ,M

n nQ s  and nb of the LSMSA ( 

9 mGal) 

 

Figure 6.10: Modification parameters ,M

n nQ s  and nb of the LSMSA (

 20 mGal) 
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Table 6.1: Estimated geoid height RMS values in cm for the LSM 

estimator determined for different accuracies of the terrestrial gravity 

data (the correlated error degree variance model is used and M L 

280) 

Accuracy of 

terrestrial gravity 

data     

All Degrees 2 M   1L    

1   mGal 

Expected Total 2.4 2.1 1.2 

Expected ( g  only) 2.1 1.8 0.1 

Expected (GGM 

only) 

1.1 1.1 - 

Truncation error 0.1 0.0 0.1 

5   mGal 

Expected Total 7.2 5.2 5.0 

Expected ( g  only) 6.3 4.2 4.8 

Expected (GGM 

only) 

3.1 3.1 - 

Truncation error 1.4 0.0 1.4 

9   mGal 

Expected Total 11.5 7.8 8.4 

Expected ( g  only) 10.3 6.3 8.1 

Expected (GGM 

only) 

4.6 4.6 - 

Truncation error 2.2 0.0 2.2 
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6.4 Determination of the Uganda Gravimetric Geoid Model 2014 

(UGG2014) 

6.4.1 Approximate geoid height  ,

0

L MN   

In Sect 3.1, Eq. (3.1) is the Least Squares Estimator of the KTH method. 

Thus geoid determination by the KTH method is composed of two 

parts. The first part is the determination of the approximate geoid 

height  ,

0

L MN  using the modified Stokes formula, which integrates the 

surface gravity anomalies and the GGM gravity data so that: 

   
0

,

0

04

M
L M L L GGM

n n n

n

R
N S gd c Q s g



 
 

                 (6.1) 

The second part is the determination of the additive corrections i.e. 
T

combN - the combined topographic corrections, dwcN -the downward 

continuation correction, a

totN - the total atmospheric correction and 

e

totN - the total ellipsoidal correction, which are discussed in Sect. 

6.4.2. 

Using the final grid of surface gravity anomalies prepared in Sect. 5.3.6 

and the selected GGM GO_CONS_GCF_TIM_R5, the approximate 

geoid height for UGG2014 was computed by Eq. (3.1). It is shown in 

Figure 6.11 as a relief map with contours at an interval of 0.5 m. On 

average the approximate geoid heights over Uganda are between -8 

m and -16 m, which means that the geoid is below the GRS80 ellipsoid 

over the entire area. As expected the highest geoid heights are found 

in the Great Rift Valley (western branch), which lies along the western 

border of Uganda i.e. border with DRC.  
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Figure 6.11: Approximate geoid heights over Uganda (contour interval 

= 0.5 m). 

6.4.2 Additive corrections 

a) The Combined Topographic correction T

combN  

The combined topographic correction T

combN is computed as (Sjöberg, 

2000, 2001):   

   
 3

22 2

3

T

comb

H P
N P H P

R






 
    

 
              (6.2) 

where H is the topographic height of the point in question (in this study 

H is extracted from the  SRTM3 DEM), R is the mean radius of the Earth,

  is the gravitational constant times the constant standard 

topographic density) and   is normal gravity of the computational 

point on the GRS 80 geodetic system determined using Eq. (5.9). 
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Figure 6.12: The combined topographic correction 

The statistics of the combined topographic corrections are: minimum 

= -2.52 m, maximum = -0.03 m, mean = -0.17 m, standard deviation = 

0.14 m and RMS = 0.22 m. The results are presented in Figure 6.12, 

where it is shown that generally the combined topographic corrections 

are within -0.2 m and -1.0 m over the study area with the lowest 

(absolute) points observed along the Great Rift Valley and the highest 

(absolute) points on the Rwenzori Mountains along the western 

border of the country. 

b) The Downward Continuation (DWC) correction (
DWCN ) 

The DWC correction is computed according to Eq. (3.12) using the 

SRTM3 DEM and the chosen GGM GO_CONS_GCF_TIM_R5 with 

M=280. The magnitude of the DWC correction in metres is illustrated 

as a 3D surface in Figure 6.13. It is clear that this correction is large 

especially around the Rwenzori Mountains along the western border 

and around Mt. Elgon along the eastern border with Kenya where it 

ranges from 1 m to 2.4 m. For the rest of the country, this correction 

is still large as it ranges between 0.4 m and -0.2 m. Overall, the 
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statistics of the DWC correction are: minimum = -0.23 m, maximum = 

2.45 m, mean = -0.002 m, standard deviation = 0.076 m and RMS = 

0.076 m. 

Figure 6.13: The Downward Continuation Correction. 

c) The total topographic effect  T

totN  

To obtain the total topographic effects on the geoid height the 

combined topographic correction and DWC correction are 

combined such that: 
T T

tot comb DWCN N N                  (6.3) 

The magnitude of the total topographic effect  is illustrated in 

Figure 6.14. The counteracting effect of the DWC on the 

combined topographic correction is depicted by the reduction 

in the magnitude of the total topographic effect whose 

statistics are: minimum = -0.98 m, maximum = 0.14 m, mean = 

-0.18 m, standard deviation = 0.11m and RMS = 0.11 m.   
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Figure 6.14: The total topographic effect  

 

Figure 6.15: The total atmospheric correction 

 

d)  The total atmospheric correction   

The total atmospheric correction in the KTH method is 

dependent on the type of GGM used in the modification 

(Sjöberg, 2001). In this study, the GGM used is a GOCE-only 

model to degree/order 280 hence the total atmospheric 
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correction is expected to be small.  The total atmospheric 

effect on the geoid height is computed according to Eq. (3.18) 

and illustrated in Figure 6.15. As expected, the correction is 

very small (within 3 mm) with the maximum observed at the 

top of the Rwenzori Mountains and Mt. Elgon, which are the 

highest ranges over the study area. 

 

e) Ellipsoidal correction   

The ellipsoidal correction to the modified Stokes formula is 

computed according to Eq. (3.19) using the selected GGM.  The 

result is illustrated in Figure 6.16. This correction is very small 

(within 1 mm) mainly because in the KTH method, the GGM 

gravity anomaly is computed based on the Mean Earth Ellipsoid 

instead of the Mean Earth Sphere following studies of Sjöberg 

(2003a, 2003b and 2004). 

Figure 6.16: The ellipsoidal correction 
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6.4.3 The final Uganda Gravimetric Geoid Model 2014  2014UGGN  

The final geoid heights for the Uganda Gravimetric Geoid Model 2014 

(UGG2014) are obtained by combining the approximate geoid heights 

and the additive corrections according to: 

,

2014 0

L M T a e

UGG tot tot totN N N N N                   (6.4) 

The map of UGG2014 with contours at an interval of 0.5 m is illustrated 

in Figure 6.17. Within the boundaries of Uganda, the geoid heights 

range between -8 m and -17 m with a mean of -12.7 m and standard 

deviation of 2.4 m. The 3D surface view of UGG2014 is also presented 

in Figure 6.18, evidently the major geological features in Uganda, that 

is, the Rwenzori Mountains and the Great Rift Valley along the western 

border, and Mt. Elgon along the eastern border are clearly visible in 

the geoid model. 

 

Figure 6.17: The Uganda Gravimetric Geoid Model 2014 (contour 

interval = 0.5 m). 
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Figure 6.18: 3D surface view of the Uganda Gravimetric Geoid Model 

2014. 

6.5 Evaluation of UGG 2014 

The main objective of this study was to determine a gravimetric geoid 

model for Uganda by optimally combining terrestrial and satellite 

gravity data using the KTH method. This has been achieved as shown 

by the discussion in Section 6.4. However, it is well known that the 

importance of a regional gravimetric geoid model depends on how 

accurate the computed model is. This is essential since in Sect. 1.2, it 

was argued that the current regional gravimetric geoid models 

covering Uganda are accurate only to the metre level and hence 

cannot satisfy the requirements of most surveying and engineering 

applications. In addition, EGM2008 (Pavlis et al., 2012), which is the 

most comprehensive representation of the Earth’s gravitational field, 

is only accurate to the order of approximately 22 cm when compared 

with GNSS/levelling (Ssengendo et al., 2015a). This highlights the 

deficiencies even in the most high resolution GGM to-date (2014). The 

focus in this section is therefore a discussion of both the internal 
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accuracy assessment and external evaluation of UGG2014 based on 

error propagation and comparison with GNSS/levelling, respectively. 

6.5.1 Internal accuracy assessment of UGG2014 

The internal accuracy of the geoid height is based error propagation of 

three major error sources, that is, errors due to truncation of the 

integration cap, errors emanating from the observed terrestrial gravity 

data and errors stemming from the GGM. In the KTH method, the 

internal accuracy is given by the global mean square error (MSE) of the 

least squares estimator. The MSE was derived by Sjöberg (1986; 1991; 

2005a) as: 
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L

nQ = Molodenskii’s truncation coefficients given by:  

   0 0 ,

0

L
L L

n n n nk k

k

Q Q Q E s 


                (6.6c) 
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   .          (6.6e) 

For UGG2014 with 
maxn = 21600, maximum degree of modification and 

expansion L M   280 and truncation radius 
0 1  , the internal 

accuracy is estimated as 11.5 cm (see Table 6.1). Of the three error 

sources the biggest contribution of approximately 90% ( 10 cm) 

stems from the terrestrial gravity data whose, standard error was 

estimated as only 9 mGal. This emphasizes the need for good quality 

and homogeneous terrestrial gravity data in order to obtain better 

results.    

6.5.2 External accuracy assessment of UGG2014 

The internal accuracy assessment above is based on error propagation 

(assuming only stochastic errors) and therefore cannot alone be used 

to tell how good a gravimetric geoid model is. The external accuracy 

assessment on the other hand is based on independent data sets such 

as GNSS/levelling and is therefore a good indicator of the accuracy of 

the gravimetric geoid model. The assessment is usually carried out by 

comparing the gravimetric geoid model derived geoid heights with 

those obtained from GNSS/levelling. Such a comparison is based on  

GNSS/LEV UGG2014/GGM N-O UGG2014/GGMh Hi i i i i iN N N N                 (6.7) 
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where h and 
N-O

H  are the ellipsoidal and normal-orthometric heights,  

respectively. 

Figure 6.19: The GNSS/Levelling benchmarks  

Based on the above model, the statistics of the residuals for the 12 

GNSS/levelling benchmarks shown in Figure 6.19 are reported in Table 

6.2. The GNSS/levelling residuals are also illustrated in Figure 6.20, 

where it can be seen that the residuals are fairly homogeneous over 

the tested points. Based on the RMS value of 15.7 cm and assuming 

that the standard errors of the ellipsoidal and normal-orthometric 

heights are 2.2 cm and 1.0 cm (given the current state of UVN), 

respectively, by simple error propagation the standard error of 

UGG2014 can be estimated as      
2 2 2

15.7 - 2.2 - 1.0 =15.5 cm, 
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which is encouraging given the poor quantity and quality of the 

terrestrial gravity data used for its computation. 

Figure 6.20: The absolute GNSS/Levelling residuals over the 12 

benchmarks. The red arrows represent positive residuals at a scale of 

5 cm and the blue arrows represent negative residuals at the same 

scale. 

As discussed in Sect. 5.2.2, the absolute differences are subject to a 

number of systematic biases stemming from GNSS/levelling data and 

the gravimetric geoid model.  Therefore, these differences are fitted 

using a 4-parameter model based on Eq. (5.4). The 4 parameters with 

their standard errors are reported in Table 6.3. We can see that all the 

parameters are significant and contribute to the absorption of the 

systematic errors inherent in Eq. (5.3). The statistics of the parameter 
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fitting are presented in Table 6.2 and illustrated in Figure 6.21. As 

pointed out earlier the magnitude of the residuals is fairly 

homogeneous over the tested points.  By simple error propagation, 

the propagated standard error for the 4-parameter fitted gravimetric 

geoid model becomes      
2 2 2

8.7 - 2.2 - 1.0 =8.4 cm, which 

although much larger than the 1 cm standard error anticipated for 

regional gravimetric geoid models in many countries, it represents 

significant progress given the poor quality and uneven distribution of 

the terrestrial gravity data used in its determination. Overall, the 4-

parameter model has reduced the standard error of UGG2014 by 

approximately 7 cm or 47%, which shows the effectiveness of 

parameter fitting in absorbing systematic errors in the GNSS/levelling 

and the gravimetric geoid model.  

Table 6.2: The GNSS/levelling residuals over the 12 GNSS/levelling 

benchmarks before and after the 4-parameter fit (Unit: cm) 

GGM/Regional 

Geoid 

 Min. Max. Mean Std. RMS 

UGG2014 Before -14.6 36.8 9.3 13.2 15.7 

After -15.6 13.6 0.0 9.1 8.7 

EGM2008 

(
max 2190n  ) 

Before 22.5 86.7 51.3 20.6 55.0 

After -13.7 30.6 0.0 12.6 12.0 

EIGEN-6C4 

 max 2190n   

 

Before 74.2 119.2 98.4 14.2 99.4 

After -16.2 25.6 0.0 10.2 9.8 

African Geoid 

(2007) 

Before -184.6 -86.3 -129.7 36.6 134.4 

After -23.4 25.5 0.0 16.3 15.6 
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Figure 6.21: The GNSS/Levelling residuals over the 10 FBMs after the 

4-parameter fit. The red arrows represent positive residuals at a scale 

of 5 cm and the blue arrows represent negative residuals at the same 

scale. 

6.5.3 Comparison of UGG2014 with GGMs/regional geoid models 

To illustrate the significant progress of UGG2014, its absolute accuracy 

is compared with two combined GGMs i.e. EGM2008 (Pavlis et al., 

2008) and EIGEN-6C4 (Förste et al., 2014) and the regional African 

Geoid2007 (Merry, 2007). The absolute accuracy of the gravimetric 

geoid model derived heights versus 12 GNSS/levelling heights before 
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and after the 4-parameter fitting are presented in Table 6.2 and the 

estimated parameters with their standard errors are reported in Table 

6.3.  

Table 6.3: The estimated parameters of the 4-parameter model (Eq. 

5.4b) with their standard errors for UGG2014, the combined GGMs 

(EGM2008 and EIGEN-6C4) and the African Geoid (Unit: m) (
0̂ is the 

unitless aposteriori variance factor) 

 Parameter Value  Standard error 

UGG2014 

 0̂ = 0.107 

1x  218.0 10.1 

2x  -184.1 8.6 

3x  -116.8 5.3 

4x  -2.7 0.2 

EGM2008 

 max 2190n   

0̂ =0.147 

1x  441.4 19.4 

2x  -373.5 16.5 

3x  -234.5 10.2 

4x  -2.8 0.4 

EIGEN-6C4

 max 2190n   

0̂  = 0.120 

1x  252.0 12.8 

2x  -212.5 10.9 

3x  -133.8 6.7 

4x  -0.7 0.3 

African Geoid 

(2007) 

0̂ = 0.191 

1x  921.9 32.4 

2x  -783.2 27.6 

3x  -489.5 17.1 

4x  -10.1 0.7 

 

It is clear that UGG2014 has the best agreement with GNSS/levelling 

before and after the parameter fitting. Most significantly its 

agreement before the parameter fitting (15.7 cm) is more than 3 times 
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better than the best fitting global model EGM2008. The poor fitting of 

the African geoid can be explained by the quality of the data used for 

its computation, for example, the low resolution SRTM30 DEM was 

used, which most likely introduced discretisation errors which 

eventually affected the geoid heights. After applying the 4 parameter 

fit, the absolute fit of all models recovers considerably to within +1 cm 

to 7 cm the fit of UGG2014. However, this recovery is based on 

extremely larger parameters and related standard errors (see Table 

6.3), especially for the African geoid and EGM2008. This is most likely 

due to systematic errors in the global/regional gravimetric geoid 

models. 

6.6 Concluding remarks 

This chapter has described how a gravimetric geoid model can be 

computed by optimally combining terrestrial gravity data with a global 

geopotential model using the KTH method. Since the additive 

corrections were computed separately, it is evident from their 

magnitudes that the most important correction is the total 

topographic effect, which reaches an absolute maximum of 

approximately 1 m. Thus the computation of the total topographic 

effect must be carried out carefully to guard against errors, which 

would otherwise propagate directly into the final geoid heights. 

Overall, the remarkable performance of UGG2014 highlights the 

advantages of optimally combining terrestrial and satellite gravity data 

to determine a regional gravimetric geoid model. In addition it also 

emphasises the significant contribution of the GOCE satellite mission 

to gravimetric geoid determination, especially for developing 

countries where there is poor quality, quantity and uneven 

distribution of terrestrial gravity data. 
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CHAPTER SEVEN: THE GRAVIMETRIC QUASIGEOID MODEL OVER 

UGANDA 

The main objective of this study was to determine a gravimetric geoid 

model for Uganda. This has successfully been achieved as discussed in 

chapter six. However, the detailed study of the Uganda Vertical 

Network in chapter four revealed that the existing network is based on 

normal-orthometric heights for which the quasigeoid is the closest 

approximation to the zero reference surface. This chapter therefore 

focuses on the determination of a gravimetric quasigeoid model for 

Uganda based on UGG2014. The reader may question the unusual 

procedure adopted by this study i.e. determining the geoid height first 

and then computing the height anomaly by adding the geoid height 

and the quasigeoid-geoid separation instead of determining the 

quasigeoid model directly (e.g. Forsberg and Tscherning, 2008; 

Sjöberg, 2013). The answer for this rather extraordinary procedure is 

based on the historical understanding of heights and reference 

surfaces in Uganda and many other African countries. For many of 

these countries especially former British colonies, the heights of their 

respective vertical networks are incorrectly referred to as orthometric 

heights for which the geoid is the correct zero reference surface. In 

reality the heights are most likely normal-orthometric heights (e.g. 

Loxton, 1952; Dyus, 1965) for which the quasigeoid is the best 

approximation of the zero reference surface. Based on this premise, 

the procedure adopted by this study was intended to provide a 

seamless understanding of height systems and their connection to the 

proper zero reference surfaces by first determining the gravimetric 

geoid model, which is well known by most surveyors and then using it 

to determine the gravimetric quasigeoid model, which is the proper 

reference surface for normal-orthometric heights. 
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7.1 Determination of the Quasigeoid-Geoid Separation (QGGS) 

7.1.1 Approximate formula for the QGGS  

Following Heiskanen and Moritz (1967, pp.327-328), the height 

anomaly   and the geoid undulation N are related by: 

O N ON H H H
g 





                   (7.1) 

where OH  and  NH are the orthometric and normal  heights, 

respectively, g  and   are the mean gravity between the geoid and 

the Earth’s surface and mean normal gravity between the reference 

ellipsoid and telluroid, respectively.  

The term  g   is not directly available (Sjöberg, 2010) thus the 

QGGS can be computed by approximating this term by the simple 

Bouguer gravity anomaly  Bg  at the computation point (Heiskanen 

and Moritz, 1967, p.327) such that: 

0

N Bg
H




                   (7.2) 

where   in the denominator is replaced by the normal gravity for an 

arbitrary standard latitude  0  usually 45  and H  is the topographic 

height of the computation point on the Earth’s surface.  

7.1.2 “strict” formula for the QGGS 

According to Heiskanen and Moritz (1967, p.328), the approximate 

formula of Eq. (7.2) is only suited to giving an idea of the order of 

magnitude of the QGGS. Thus in order to achieve high accuracy for 

areas with rough terrain especially mountainous regions the QGGS 

must be computed by a more accurate formula. Subsequently various 

authors (Sjöberg, 2006; Tenzer et al., 2006; Flurry and Rummel, 2009; 
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Sjöberg, 2010; 2012) have presented improved practical 

computational formulas for the determination of the QGGS. Following 

Sjöberg and Bagherbandi (2012), the ““strict”” formula for computing 

the QGGS is given as: 
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Here T   is the disturbing potential at an arbitrary point  ,r   , R is 

the Earth’s mean radius, 
nmY  are the fully normalized spherical 

harmonic functions of degree n and order m, 
nmT  are the fully 

normalized coefficients of the disturbing potential, 
maxn  is the upper 

summation index of spherical harmonics, 
Q  is the normal gravity at 

the telluroid, 0  is the normal gravity at the reference ellipsoid, Pr  is 

the geocentric radius of the surface point.  * ,gT r   in Eq. (7.3b) is the 

analytically continued external type harmonic series at the geoid 

where the true potential is not harmonic.  The 3D position is defined 

in the system of spherical coordinates  ,r   , where r is the spherical 

radius and  ,    is the spherical direction with the spherical 

latitude    and longitude  . t

biasV   is the topographic bias, which 

represents the error in the analytical downward continuation of the 

external gravitational potential inside the topographic masses 

(Sjöberg, 2007) where 
0

t   is the mean topographic mass density and 
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the terms   : 1,2,3,...
n

i

nm nm

m n

H Y i


 
  

 
   define the spherical height 

functions  : 1, 2,3,....i

nH i   ; i.e.  
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where nP   is the Legendre polynomial of degree n with cost  , that 

is, the cosine of the spherical distance between spherical directions    

and 
'  . 

7.1.3 Computation of the QGGS 

a) Approximate formula 

Using the approximate formula (Eq. 7.2) with 
Bg  obtained from the 

BGI gravity data, 
0 981000  mGal and H extracted from the SRTM3 

DEM, the QGGS over Uganda was computed. The results are reported 

in Table 7.1 and Figure 7.1. As expected the QGGS is highly dependent 

on the elevation and hence the maximum values are observed around 

the Rwenzori Mountains in South-Western Uganda and Mt. Elgon in 

Eastern Uganda. The lowest values are observed along the Western 

part of the Great Rift Valley. With an average elevation of 

approximately 1170 m over Uganda, the QGGS lies between 0.1 m and 

0.3 m with an average of 0.2 m.  

Table 7.1: Statistics of the QGGS over Uganda computed using the 

approximate and the “strict” formulas (Unit: m) 

Formula Min. Max. Mean Std. RMS 

Approximate -0.1 0.7 0.2 0.1 0.2 

“strict”  -0.1 3.4 0.2 0.2 0.2 
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Figure 7.1: The QGGS over Uganda computed by the approximate 

formula 

b) The “strict” formula 

The practical computation of the QGGS based on Eq. (7.3) requires 

three types of global models, that is,  GGM, global terrain model and 

topo-density model (Sjöberg and Bagherbandi, 2012). In this study, the 

EGM08 (Pavlis et al., 2008), complete to degree 2160 together with 

the global topographic model DTM2006.0 (Pavlis et al., 2006) 

complete to degree/order 2160 are used to compute the QGGS. The 

results are reported in Table 7.1 and Figure 7.2. Overall, the QGGS 

varies between -0.1 m and 3.4 m with maximum values observed 

around the Rwenzori Mountains in South-Western Uganda and Mt. 

Elgon in Eastern Uganda. Compared to the approximate formula, the 

results of the “strict” formula are larger especially for the mountainous 

regions where the maximum values are larger by approximately 2.6 m, 

which shows the large errors that can be introduced in the QGGS due 
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to the use of the approximate formula. However, the QGGS based on 

the approximate formula provides a better representation of the 

topographic features (see Figure 7.1) over the country since it is based 

on observed terrestrial gravity.  

Figure 7.2: The QGGS over Uganda computed by the “strict” formula 

7.1.4 Comparison of the approximate and “strict” formulas 

Based on the study of Bagherbandi and Tenzer (2013), the principal 

difference between the approximate formula in Eq. (7.2) and the 

“strict” formula in Eq. (7.3) is the consideration of the surrounding 

terrain in the computation of the topographic bias compared to the 

approximate formula where only the topographic height of the 

computation point is taken into account in the functional model. 

Although the topographic bias as shown by Sjöberg (2007) is a purely 

local phenomenon that is not affected by the terrain with only the 
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Bouguer shell correction involved, the terrain is needed for the 

harmonic series expansion of Eq. (7.4c).  With EGM2008 (Pavlis et al., 

2008) complete degree/order 2160 the topographic bias can be 

estimated more accurately by the “strict” formula especially for the 

mountainous regions as shown in Figure 7.3.  

Figure 7.3: The topographic bias over Uganda computed from t

biasV   

It is evident from the figure that the topographic bias has a large 

magnitude around the two highest mountain ranges in Uganda i.e. 

Rwenzori Mountains and Mt. Elgon where it reaches the maximum 

value of 2.0 m.  Over these regions, the topographic bias contributes 

about 94% to the QGGS with the remaining 6% contributed by the 

disturbing potential terms of Eq. (7.4a). This is in line with the findings 

of Sjöberg and Bagherbandi (2012) who have shown that globally the 

contribution of the topographic bias to the QGGS is approximately 90% 

with the remaining 10% attributed to the disturbing potential terms.  
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This emphasises the importance of using the “strict” formula to 

determine the QGGS especially in mountainous regions.  

7.2 Uganda Gravimetric Quasigeoid Model (UGQ2014) and its 

evaluation 

The final height anomalies for UGQ2014 were computed from:  

 N N
i

                    (7.5) 

where i  represents the computational formula used to compute QGGS 

and N is extracted from UGG2014. Consequently two gravimetric 

quasigeoid models were determined and then evaluated using 

GNSS/levelling so as to determine the best model for Uganda. The 

results of the evaluation before and after 4-parameter fitting are 

reported in Table 7.2. 

 

Table 7.2: GNSS/levelling residuals over 12 GNSS/levelling points 

before and after the 4-parameter fit (Unit: cm) 

Formula  Min Max Mean Std. RMS 

Approximate Before -28.2 42.3 -3.7 18.5 18.1 

After -24.5 42.1 0.0 16.7 15.9 

“strict” Before -30.5 14.6 -8.6 12.8 14.9 

After -17.5 14.4 0.0 8.1 7.7 

 

From the table, it is clear that the quasi-geoid model based on the 

approximate formula is significantly less accurate than the model 

based on the “strict” formula. For example, in terms of RMS the former 

is approximately worse by 4 cm and 8 cm before and after the 

parameter fits. This is due to the better modelling of the effect of the 

terrain configuration on the QGGS hence leading to more accurate 

computation of the height anomalies. On the basis of the above 

results, the final Uganda Gravimetric Quasigeoid Model 2014, shown 

in Figures 7.4 and 7.5 is based on the “strict” formula. The statistics 
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are: minimum = -17.65 m, maximum = -4.53 m, mean =-12.57 m, 

standard deviation = 2.47 m and RMS = 12.81 m. 

 

 
Figure 7.4: The Uganda Gravimetric Quasi-geoid model 2014 (Contour 

interval = 0.5 m) 

 

Compared to UGG2014, UGQ2014 fits GNSS/levelling better by 

approximately 1 cm in terms of RMS both before and after the 4-

parameter fitting (compare Tables 6.2 and 7.2). This is most likely a 

result of the fact that the quasigeoid is theoretically the proper zero 

reference surface for normal-orthometric heights, which as earlier 

noted are the heights used in Uganda. In addition, comparing Figures 

6.18 and 7.5, it is evident that the quasigeoid model represents much 

more clearly the mountainous regions of the country; especially the 

Rwenzori Mountains and Mt. Elgon. Considering the magnitude of the 

4 parameters and their standard errors as shown in Table 7.3, it is also 
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clear that UGQ2014 provides a slightly better fit with GNSS/levelling 

than UGG2014. 

 

 
Figure 7.5: 3D surface view of the Uganda Gravimetric Quasigeoid 

Model 2014 

 

Assuming that the standard errors of the ellipsoidal and normal-

orthometric heights are 2.2 cm and 1.0 cm respectively,  then by 

simple error propagation the standard error of UGQ2014 can be 

estimated as 14.7 cm and 7.3 cm before and after the 4-parameter fit, 

which are remarkable results given the resolution of the terrestrial 

gravity data used and the current state of UVN. 
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Table 7.3: Estimated parameters and their standard errors (Aposteriori 

variance factor =
0̂ ) (Unit: m) 

 Parameter Value  Standard error 

UGG2014 

 0̂ = 0.107 

1x  218.2 10.2 

2x  -184.3 8.7 

3x  -116.8 5.4 

4x  -2.7 0.2 

UGQ2014 

0̂ =0.095 
1x  174.1 8.0 

2x  -147.8 6.8 

3x  -92.4 4.2 

4x  3.0 0.2 

 

7.3 Concluding remarks 

This chapter has demonstrated how a gravimetric quasigeoid model 

can be computed indirectly from a gravimetric geoid model using the 

quasigeoid-geoid separation. Of particular importance is the 

computation of the quasigeoid-geoid separation by either the 

approximate formula or the “strict” formula. Results have shown that 

in mountainous terrains the “strict” formula should be used in order 

to limit approximations that may propagate to the final height 

anomalies. This procedure may also have applications in studies where 

the geoid model is determined indirectly from the quasigeoid model. 

Overall, UGQ2014 is better than UGG2014 by approximately 1 cm, 

which is to be expected since the heights of the Uganda Vertical 

Network are not orthometric heights but normal-orthometric heights. 

This emphasises the importance of properly defining the height system 

in a country/region before deciding whether to compute a geoid 

model or a quasigeoid model.  
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CHAPTER EIGHT: NEW HEIGHT DATUM FOR UGANDA 

One of the major hindrances to the determination of physically 

meaningful heights directly from GNSS is the presence of various 

systematic biases and errors in the triplet of heights; that is, 

orthometric/normal heights, ellipsoidal heights and geoid/quasigeoid 

heights. In chapters six and seven, the classical 4-parameter 

transformation model, which corresponds to estimating the zero and 

first spherical harmonic degree terms as discussed by Heiskanen and 

Moritz (1967, p.99), was used to minimise the effects of systematic 

biases for UGG2014 and UGQ2014. Section 8.1 continues this 

discussion by considering a 5-parameter model and a more advanced 

7-parameter model. In section 8.2, the focus is on how to assess the 

performance of the different parametric models so as to select the 

best model for a particular region. Section 8.3 deals with the 

determination of a new height datum based on the corrector surface 

idea. Finally the new height datum is evaluated using 4 independent 

GNSS/levelling points.  

8.1 Modelling options 

There are a number of modelling options applicable to the height 

combination problem ranging from simple plane-fit models to multiple 

regression equations of various orders. In general, the choice of the 

model depends on the distribution, quality and quantity of the 

GNSS/levelling data in the area of interest (Fotopoulos, 2003). Many 

of the modelling options have been investigated by various authors 

(e.g. Haagmans et al., 1998; Kotsakis and Sideris, 1999; Featherstone, 

2000; Fotopoulos, 2003; Kiamehr, 2007). In this study, three models 

were tested ranging from the classical 4-parameter model (Heiskanen 

and Moritz, 1967, sec. 5-9) to the more complicated 7-parameter 

differential similarity transformation model (Kotsakis et al., 2001). 
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For the absolute case, the general form of the height combination 

problem can be represented by:  

T

i i i ΔN a x ε                (8.1a) 

or 

T

i i i Δζ a x v                (8.1b) 

where /i iΔN Δζ  is the difference between GNSS/levelling and model 

derived geoid heights/ height anomalies, ia  is an mx1 vector of known 

coefficients depending on the parametric model used, x is a vector of 

the unknown parameters, ε / vi i
 is a vector of residuals and m is the 

number of GNSS/levelling points.  

For the 4-parameter model ia  and x are given by Eq. (5.4). For the 5- 

and 7- parameter models T

ia x  are given by the following equations: 
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            (8.3) 

where 
2 2 21 sin ,  e  iW e   is the eccentricity and f is the flattening 

of the reference ellipsoid. 

In matrix notation, the least squares adjustment problem becomes 

Ax =ΔN-ε                (8.4a) 
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or 

Ax =Δζ - v                 (8.4b) 

where A  is the design matrix composed of one row T

ia  for each 

observation i iΔN /Δζ .  The least squares solution to Eq. (8.4) utilizing 

the mean of the squares of the residuals becomes 

 
1

 T T
x A A A ΔN                (8.5a) 

and 

 
1

 T T
x A A A Δζ                (8.5b) 

with residuals 

    
  

-1
T T

ε ΔN Ax I - A A A A ΔN             (8.6a) 

and 

    
  

-1
T T

v Δζ Ax I - A A A A Δζ             (8.6b) 

Here the accuracy estimates (standard errors) of the estimated 

parameters are given by the covariance-variance matrix,  
x

C  : 

2

0
x x

C Q                 (8.7a) 

where  

 
-1

T

x
Q A A                (8.7b) 

and 
2

0  is the a posteriori variance factor, which can be estimated by: 
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2

0

r
 

T

ε ε
                 (8.7c) 

or 

2

0

r
 

T

v v
                (8.7d) 

with  r   being the total redundancy of the system. 

8.2 Results using absolute height data 

Table 8.1 summarises the statistics for the 4-parameter model, the 5-

parameter model and the 7-parameter model for both UGG2014 and 

UGQ2014 based on the test network shown in Figure 6.19.  

Table 8.1: Statistics of residuals at 12 GNSS/levelling points for the 3 

parametric models tested (Unit: cm) 

Model Min. Max. Mean Std. RMS 

UGG2014 

before -14.6 36.8 9.3 13.2 15.7 

4-parameter -15.6 13.6 0.0 9.1 8.7 

5-parameter -21.3 30.1 0.0 12.2 11.7 

7-parameter -17.4 32.1 0.0 11.8 11.3 

UGQ2014 

before -30.5 14.6 -8.6 12.8 14.9 

4-parameter -17.5 14.4 0.0 8.1 7.7 

5-parameter -15.7 13.4 0.0 6.7 6.4 

7-parameter -8.0 6.4 0.0 3.5 3.3 
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Table 8.2: Estimated parameters and their standard errors for 

UGG2014 (Unit: m) 

Para

meter 

4-parameter 

 

5-parameter 7-parameter 

 value SE* value SE* value SE* 

1x   218.0 

 

10.1 205.9 34.8 438.1 157.4 

2x  -184.1 

 

8.6 -174.4 29.5 264.9 96.2 

3x  -116.8 

 

5.3 -109.5 18.5 70297.8 18104.4 

4x  -2.7 0.2 4.7 

 

1.1 -36657.2 9446.9 

5x    -151.6 27.9 -59958.7 

 

15447.0 

6x      -511.8 

 

184.4 

7x      -123.7 

 

41.2 

SE* = standard error 

For UGG2014, the 4-parameter model yields the best fit between the 

gravimetric geoid model and the GNSS/levelling geoid heights. The 

addition of more parametric terms does not lead to an improvement 

in both the standard deviation and RMS. Unlike the gravimetric geoid 

model, for UGQ2014, there is an inverse relationship between the 

number of parameters and the RMS of the fit, such that as the number 

of parameters increases, the RMS decreases. Using the RMS as the 

only basis for selection of the best fitting model, the 7-parameter 

model with an RMS of 3.3 cm yields the best fit. However, as noted by 

Fotopoulos (2003), looking at only the RMS of fit may not be the best 

way of selecting the most appropriate parametric model, especially if 

it is to be used for computing heights at independent stations because 



153 
 

usually the more the parameters the lower the RMS.  An additional 

option is to look at the magnitude of the estimated parameters and 

their standard errors since they also provide valuable information 

about the performance of the parametric model. Thus from Table 8.2 

it is clear that all the parameters and their standard errors are 

significantly large for the 7-parameter model. Similarly from Table 8.3, 

the parameters 
3 4 5,  , x x x  and their standard errors are also 

significantly large for the 7-parameter model. On this basis, the 7-

parameter model is rejected leaving only the 4- and 5- parameter 

models for further comparison. 

 

Table 8.3: Estimated parameters and their standard errors for 

UGQ2014 (Unit: m) 

Paramet

er 

4-parameter 

 

5-parameter 7-parameter 

 value SE* value SE* value SE* 

1x   174.1 

 

8.0 347.7 10.4 274.8 13.7 

2x  -147.8 

 

6.8 -294.7 8.9 155.6 8.4 

3x  -92.4 

 

4.2 -185.0 5.5 57723.6 1577.9 

4x  3.0 0.2 6.9 

 

0.3 -29365.3 823.3 

5x    -162.8 8.4 -49690.6 

 

1346.3 

6x      -315.9 

 

16.1 

7x      -224.0 

 

3.6 

SE* = standard error 
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8.2.1 Assessment of the performance of parametric models 

It is evident from the results above that the gravimetric quasigeoid 

model provides a better fit than the gravimetric geoid model across all 

the modelling options tested with much lower standard deviations and 

RMS. Therefore, further performance assessment are only carried out 

for UGQ2014. Fotopoulos (2003) has investigated a semi-automatic 

procedure that can be used to assess the model performance in 

different areas. In general, the procedure is made up of the following 

steps (Fotopoulos, 2003); 

1. Using the statistics of the residuals such that the model with 

the lowest RMS is usually selected as providing the best-fit. 

However as shown above, this may not always be the best 

model since the higher the number of parameters the lower 

the RMS. Nevertheless, the RMS of the residuals should be 

interpreted as the internal precision of the model, which also 

indicates the precision of the gravimetric geoid model / 

quasigeoid model according to the GNSS/levelling benchmarks. 

2. Computing the coefficient of determination  2R  and adjusted 

coefficient of determination  2R , which measure how well 

the parametric model fit randomly selected points. 2 2 and R R  

vary between 0 and 1 with the closer the value is to one the 

smaller the residuals and hence the better the fit (Fotopoulos, 

2003). These values can be computed as follows (Sen and 

Srivastava, 1990, pp. 39-40):  
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where  iv  is computed using Eq.(8.6b) for each GNSS/levelling 

point, u is the number of parameters in the model and Δζ  is 

the mean value of the observations  

1

Δζ

Δζ

m

i

i

m




                 (8.9) 

However, 2R  can sometimes take on negative values 

especially when m is very small, which may lead to incorrect 

interpretations. This requires the user to be more critical when 

using  2 2 and R R  since either high or low values can be 

produced not because of the good or bad fit but due to chance 

and other peculiarities in the data (Fotopoulos, 2003).   

3. Computing the condition number of the matrix 
T

A A , which in 

numerical analysis describes how well/bad x  can be 

determined. If the condition number is small, then the problem 

is said to be well-conditioned, but if the condition number is 

large then the problem is said to be ill-conditioned 

(Encyclopedia of Mathematics, 2002). As an aid in the 

assessment of parametric model performance, the value of the 

condition number provides an insight on the numerical stability 

of the model over the area of interest with the most stable 

models having lower condition numbers (Fotopoulos, 2003). In 

addition, if the condition number of the system is large then 

the solution x  will be very sensitive to observation errors 

(Bjerhammar, 1973, p.350), which may be problematic 

especially if x  is to be used for computing normal-orthometric 

heights at independent points. The condition number can be 

computed as follows (Encyclopedia of Mathematics, 2002) 

max min( )Tcond  A A              (8.10) 
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where 
max min and    denote the largest and smallest 

eigenvalues of  TA A , respectively. 

4. Carryout cross-validation by following the procedure explained 

in Section 5.3.4 and then compute the average RMS by 

 
2

2

1

1
Δζ

m

i
i

im




               (8.11) 

where i  is the standard deviation. The average RMS 

computed in this way then provides a better indicator of the 

accuracy of the selected parametric model than the original 

RMS of the residuals.  

Based on the above procedure, the statistics after cross-validation for 

UGQ2014 are reported in Table 8.4 and the coefficients and condition 

numbers are also presented in Table 8.5.  

Table 8.4: Statistics of cross-validation tests for the 4- and 5-parameter 

models (Unit: cm) 

Model Min. Max. Mean Std. AVERAGE 

RMS 

4-parameter -19.9 14.4 -0.4 9.1 9.2 

5-parameter -20.6 16.5 -0.3 9.2 9.4 

 

From Table 8.4, it evident that the 4-parameter model provides a 

better fit than the 5-parameter model with its average RMS 

approximately 2 mm lower than the average RMS for the 5-parameter 

model. Although the coefficients are not very helpful because of the 

very small number of GNSS/levelling points used and the possible lack 

of enough variations in the data, the much lower condition number for 

the 4-parameter model provides further confirmation that the 4-

parameter model yields a much better fit than the 5-parameter model. 
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Based on these results, UGQ2014 with the 4-parameter model was 

selected for the subsequent determination of a new height datum. 

Table 8.5: Coefficients of determination, adjusted coefficients of 

determination and condition numbers for the 4-and 5-parameter 

models 

Model 2R   
2R    Tcond A A   

4-parameter 0.27 -0.01 73.8 10x   

5-parameter 0.18 -0.28 81.2 10x   

 

8.3 New Height Datum based on a combination of UGQ2014 and 

GNSS/levelling 

By combining the gravimetric quasigeoid model UGQ2014 and 

GNSS/levelling, a new height datum for Uganda was generated based 

on the corrective surface idea. The role of the corrector surface is to 

provide an easier way of determining the normal-orthometric height 

of a new point (P) by re-arranging Eq. (8.1b) such that: 

 N-O UGQH h ζ T

P P P P Pv   a x              (8.12) 

Here hP
 is the ellipsoidal height from GNSS, UGQζP

 is the height 

anomaly from the gravimetric quasigeoid model, the term in the 

brackets represents the effect of the corrective surface based on the 

latitude  P  and longitude  P  of point P and Pv  is the least squares 

residual error. 
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8.3.1 Selection of the interpolation method 

In order to determine the corrective surface, the 12 GNSS/levelling 

points were sub-divided into 2 groups as shown in Figure 8.1.  

 

Figure 8.1: Network of GNSS/levelling and GNSS only points used for 

the generation of the corrective surface 

Group 1 with 8 GNSS/levelling points was used for the determination 

of the 4 parameters of the model, and group 2 with 4 points was used 

as an independent check of the precision of the corrective surface. 

Using x  and the latitudes and longitudes of the 21 discrete GNSS 

points (including the 13 points which were observed by GNSS but 
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without normal-orthometric heights) the effect 
T

Pa x   for each point 

was computed. For the 8 GNSS/levelling points with the triplets of 

heights, the adjusted residual 
iv  was also computed using Eq. (8.6b).  

The selection of the best method for interpolation was based on which 

of the three methods had the lowest mean and standard deviation 

after interpolation. The minimum, maximum, mean and standard 

deviation of the grid points for each of the three methods are reported 

in Table 8.6 together with the statistics of the original 
T

Pa x  at the 21 

GNSS/levelling points. 

Table 8.6: Statistics of the Kriging, minimum curvature and radial basis 

function after interpolation (Unit: cm) 

 

Method 

Number 

of points 

Min. Max. Mean Std. 

Original 

 T

ia x   

21 -21.0 29.1 1.8 17.5 

Kriging 141151 -21.0 37.2 4.0 18.5 

Minimum 

Curvature 

141151 -42.0 106.4 4.7 25.5 

Radial Basis 

Function 

141151 -21.2 40.1 4.4 19.3 

 

It is evident that Kriging is the best interpolation method since after 

interpolation it gives the lowest mean, standard deviation and noise 

level i.e. difference between maximum and minimum values. In 

addition, the statistics of Kriging have the smallest deviations from the 
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statistics of the original
T

Pa x . Therefore, the Kriging method was 

selected for the interpolation procedures.   

 

8.3.2 Determination of the corrector surface 

To determine the corrective surface, the term 
T

Pa x   was spatially 

modelled into a grid file using the Kriging interpolation method. The 

corrector surface presented in Figure 8.2 shows that there is a north-

south trend with positive values observed in the north and negative 

values observed in south. This is most likely a result of the number of 

GNSS/levelling points used as there were more points in the south 

than in the north. Minimum values of about ±5 cm are observed in the 

central part of the country, which is also the most flat part of the 

country with average elevations of about 1100 m. 

 

Figure 8.2: Corrector surface fit for Uganda based on the 4-parameter 

model and the Kriging interpolation method 
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8.3.3 New Height Datum 

The new height datum is based on a re-arrangement of Eq. (8.12) such 

that 

N-O CH h ζP P               (8.13a) 

where 

C UGQ ζ ζ T

P P Pa v  x            (8.13b)  

 is the ‘corrected’ height anomaly. 

Equation (8.13) can be used to determine directly from GNSS the 

normal-orthometric height of any new point compatible with the 

vertical datum. By combining two grid files, that is, a grid of height 

anomalies from UGQ2014 and the corrective surface grid, a final grid 

of the new ‘corrected’ quasigeoid model (UGQ2014C) was obtained 

and is shown in Figure 8.3. A major question arises on how to 

scientifically interpret the ‘corrected’ quasigeoid model since it is no 

longer gravimetric in nature and therefore can no longer be used 

directly in geodetic, oceanographic and geophysical sciences (e.g. 

Vaníček and Christou, 1994). However, as noted by Featherstone 

(1998), the ‘corrected’ quasigeoid model provides a practical solution 

to the GNSS/levelling problem i.e. height determination directly from 

GNSS. 

8.3.4 Evaluation of UGQ2014C 

a) Absolute heights 

As an external test of UGQ2014C, the normal-orthometric heights for 

4 independent GNSS/levelling points, that is, Jinja FBM, Kasese FBM, 

Kiboga FBM and Nakalama FBM (see Figure 8.1) were computed and 

compared with the known normal-orthometric heights. The statistics 

are reported in Table 8.7 together with the statistics of using the 

gravimetric quasigeoid model UGQ2014 only.  
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Figure 8.3: The new ‘corrected’ quasigeoid model over Uganda 

(contour interval =0.5) 

Table 8.7: Validation of the ‘corrected’ quasigeoid model UGQ2014C 

and the gravimetric quasigeoid model UGQ2014 using 4 independent 

GNSS/levelling points (Unit: cm) 

Model Min. Max. Mean Std. RMS 

UGQ2014  -5.2 30.5 9.0 15.4 16.1 

UGQ2014C -12.6 16.6 -1.6 12.6 11.1 

 

 

By using the ‘corrected’ quasigeoid model, the RMS of the fit between 

the known and computed normal-orthometric heights is 11 cm, which 
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is about 5 cm (31%) better than using the gravimetric quasigeoid 

model alone.  Although all the 4 points used for the independent check 

are approximately on the same latitude, the performance of 

UGQ2014C highlights the significant contribution of the corrector 

surface as a practical solution to the GNSS/levelling problem.  

b) Relative heights 

Traditionally what is measured by spirit levelling is the height 

difference  H  between any two points on the Earth’s surface. Thus 

for selected baselines the normal-orthometric height difference 

 N-OΔH  can also be computed from relative GNSS height differences 

 h  and ‘corrected’ height anomaly differences  CΔζ   as follows: 

N-O CΔH Δζh                  (8.14) 

Then the height differences from Eq. (8.14) and spirit levelling can be 

compared so that the relative accuracy of UGQ2014C is computed in 

part per million (ppm) as follows: 

 N-OΔH
ppm

k


                (8.15) 

where k  is the length of the baseline in km and 
N-OΔH  is the 

difference between the spirit levelled height difference  N-O

LEVΔH  and 

GNSS/UGQ2014C height difference  N-O

GNSS/CΔH  given by: 

N-O N-O N-O

GNSS/C LEVΔH ΔH -ΔH               (8.16) 

The results of the relative test are presented in Table 8.8.  
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Table 8.8: Summary of the relative differences based on Eq. 8.14 

Baseline k    N-O

GNSS/CΔH    N-O

LEVΔH   
N-OΔH   ppm   

Kasese Kiboga 200 -197.27 -197.27 0.00 0.03 

Kiboga Jinja 166 11.80 11.58 -0.002 13.14 

Jinja Nakalama 40 49.86 50.15 0.003 73.16 

average 28.8 

 

Overall an average precision of 29 ppm is computed for all the 

baselines. This meets the requirements of third order precise levelling. 

However, an important conclusion from the results is the presence of 

possible systematic biases in the levelling observations. This is evident 

in the ppm of the shortest baseline, which is much larger than the ppm 

of the longest baseline. Thus the ‘corrected’ quasigeoid model can also 

be used to provide a check of the known normal-orthometric heights 

of the benchmarks. 

8.4 Concluding Remarks 

In spite of the few GNSS/levelling points used in the generation of the 

new height datum, it is encouraging that both the absolute and 

relative tests show that UGQ2014C satisfies the precision and accuracy 

requirements of third order precise levelling. It is therefore possible 

for surveyors in Uganda to use the new height datum as a practical 

solution for the determination of normal-orthometric heights directly 

from GNSS especially for most standard engineering and surveying 

applications. With a more homogeneous network of GNSS/levelling 

points it is possible that the achievable accuracy from UGQ2014C can 

be improved to reach the second class order of precise levelling. 
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CHAPTER NINE: CONCLUSIONS AND RECOMMENDATIONS 

For a developing country such as Uganda, the role of a gravimetric 

geoid/quasigeoid model is not only required in mapping and 

engineering surveys, but it is also needed in hydro power projects, the 

demarcation of international boundaries, , the management and 

mitigation of natural disasters like landslides, and a wide range of 

geographical information system applications. Its absence means that 

heights relative to mean sea level can only be determined using the 

classical spirit levelling technique, which is well known to be costly, 

labour-intensive and difficult to undertake especially in remote areas. 

Therefore the focus of this research was an investigation into how the 

sparse and unevenly distributed terrestrial gravity data in Uganda can 

be optimally combined with gravity data from the satellite missions of 

CHAMP, GRACE and GOCE in order to compute a gravimetric geoid 

model (referred to as UGG2014) that could perhaps form the 

definition of a new vertical datum to replace the existing spirit-levelled 

vertical datum. 

9.1 Conclusions 

9.1.1 Uganda Vertical Network  

Investigations into the status of the Uganda Vertical Network (Chapter 

4) revealed that for the last 40 years no maintenance work has been 

carried out by SMD to the extent that at the start of this study there 

was no information about the existence and location of benchmarks in 

the country. This research is therefore the first in-depth study of UVN. 

With approximately 80% of the primary network, which consisted of 

70 FBMs, either partially or completely destroyed, the current state of 

UVN cannot adequately meet the requirements of the surveying and 

geodetic community. This study has therefore highlighted the urgent 

need for the definition of a new vertical datum for Uganda. The 

unavailability of relevant information such as the levelling 
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observations and computations prevented a proper investigation into 

the systematic levelling errors, the precision and accuracy of the 

current network and the nature of gravity corrections that were 

applied to the levelling measurements. Nevertheless 14 FBMs were 

found still firm and well protected by the concrete slabs (see Figures 

4.8 and 4.9) such that the existing network can still be expected to 

satisfy at least the third order standard of spirit levelling.  

9.1.2 Data for gravimetric geoid determination 

The different data sets and their validation, evaluation and 

preparation for use in the determination of a gravimetric geoid model 

were described in Chapter 5. Due to the lack of any high resolution 

local DEM in the region, height information relevant to geoid 

determination was derived from the global 3-arc second SRTM DEM, 

which was shown to fit GNSS/levelling data much better than the 30-

arc second SRTM DEM and the 1-arc second ASTER GDEM.   

A number of GGMs were evaluated against GNSS/levelling data. Based 

on this comparison, it was estimated that the EGM2008 to 

degree/order 2160 provides the best fit over Uganda. However, to 

guard against correlations between data in the least squares scheme 

of the KTH method, the GOCE-only model GO_CONS_GCF_2_TIM_R5 

to degree/order 280, which had the lowest standard deviation among 

the satellite-only models, was selected to provide the long wavelength 

part of the gravity field. More importantly, the performance of this 

model was slightly better than EGM2008 up to degree/order 280, 

highlighting the important contribution of the GOCE satellite mission 

to the gravity field recovery.  

Approximately 10% of the terrestrial gravity data points were 

identified as outliers using the cross-validation technique and 

eliminated from the gravity anomaly data. To minimise the effects of 

the heterogeneous distribution of the terrestrial gravity data, large 

data gaps especially beyond the northern and western international 
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boundaries of Uganda (South Sudan and the DRC, respectively) were 

filled with surface free-air anomalies extracted from the World Gravity 

Map 2012. The final grid of surface gravity anomalies was then 

prepared using the Kriging interpolation method with its accuracy 

estimated as 9 mGal, which is a significant progress from the accuracy 

of the original terrestrial gravity data set, which was about 35 mGal.  

9.1.3 Gravimetric geoid and quasigeoid models 

The gravimetric geoid/quasigeoid models (UGG/UGQ 2014) are, with 

the exception of the African Geoid (2003) & (2007), the first regional 

gravimetric solutions dedicated to Uganda. UGG2014 was evaluated 

both internally by estimating the global mean square error and 

externally using GNSS/levelling data. The RMS of fitting between 

UGG2014 and 12 GNSS/levelling points of UVN was estimated as 15.7 

cm and 8.7 cm before and after the 4-parameter fit with the 

parametric model used to minimise the effect of systematic biases 

from levelling, GNSS and the geoid model. Although these values are 

much larger than the ‘1-cm geoid’ requirement in many countries, 

UGG2014 is still much better than any other regional/global 

geopotential model. Hence it represents significant progress given the 

poor quality and quantity of terrestrial gravity data in Uganda. For 

developing countries with sparse terrestrial gravity data, the accuracy 

of UGG2014 highlights the possibility of obtaining gravimetric geoid 

models at the cm accuracy level by combining the available terrestrial 

gravity data with satellite gravity data especially now that the GOCE 

mission has completed its entire observation period.  

Section 7.1 presents an investigation of the determination of the 

quasigeoid-geoid separation (QGGS) by comparing the approximate 

formula and the “strict” formula. Results show that using the 

approximate formula may introduce errors of up to 2.6 m in the QGGS 

especially in the mountainous areas, this translates to approximately 

4 cm in the final quasigeoid heights. Compared against GNSS/levelling, 
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the RMS of UGQ2014 was estimated as 14.9 cm and 7.7 cm before and 

after the 4-parameter fit, respectively, which are approximately 1 cm 

better than the RMS fit of UGG2014. This distinction between the 

geoid and quasigeoid is very important for many developing countries 

especially those that still use the normal-orthometric height as the 

authoritative height system since results have shown that the 

quasigeoid is much closer than the geoid to the proper reference 

surface for normal-orthometric heights. 

9.1.4 New Height Datum as a practical solution to the 

GNSS/levelling problem 

Due to the continuing improvements in positioning technology 

coupled with reductions in the prices of GNSS equipment, the 

sustainable development of a country cannot depend on the costly 

and time-consuming spirit levelling techniques to provide heights 

above mean sea level for the myriad of applications that require 

height. Therefore, this research has developed a new height datum by 

combining the gravimetric quasigeoid model with GNSS/levelling 

based on the corrective surface idea. Using this new datum the 

normal-orthometric heights of 4 independent benchmarks have been 

computed and compared with the known values. The standard 

deviation and RMS of the fit between the computed and known values 

were estimated as 12.6 cm and 11.1 cm, respectively. These results 

satisfy the requirements for third order precise levelling, which shows 

that GNSS observations coupled with the new datum can be used to 

replace spirit levelling in most engineering applications. Even though 

the ‘corrected’ quasigeoid model UGQ2014 is no longer gravimetric in 

the geodetic sense, it does, however, provide a practical solution to 

the GNSS/levelling problem by accounting for the discrepancies 

between the vertical datum and the gravimetric quasigeoid model. 
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9.2 Recommendations 

As pointed out by this research UVN can no longer meet the 

requirements of the surveying and mapping community in Uganda. 

This therefore calls for re-establishment/re-definition of a new vertical 

datum. With a total landmass of about 197,100 square km re-

establishing the spirit-levelled vertical datum is not only very 

expensive but also inappropriate as it is not consistent with GNSS. The 

best alternative is to realise a new vertical datum based on either a 

gravimetric geoid model or quasigeoid model.  

To achieve a consistent and accurate enough (for example the ‘1-cm 

geoid’) gravimetric solution would require to address the 

heterogeneous distribution of terrestrial gravity data. It is evident that 

with the available gravity distribution (i.e. 1 gravity data point per 65 

square km) it is impossible to reach the 1 cm requirement. Thus the 

requirement for high quality and evenly distributed terrestrial gravity 

data cannot be overemphasized. However, with such a large landmass, 

ground gravity measurements will be too costly and time consuming. 

Therefore, airborne gravimetry, which has been applied in countries 

such as the United States of America (National Geodetic Survey, 2015) 

and Indonesia (Pahlevi et al., 2015) is strongly recommended to 

increase the quantity and quality of terrestrial gravity data. 

One of the major challenges to this study was the absence of co-

located GNSS/levelling benchmarks, especially in the northern part of 

the country. It is therefore important that efforts should be directed 

at establishing a well distributed network of GNSS/levelling 

benchmarks that can be used to continue the validation and 

refinement of the gravimetric geoid/quasigeoid models determined by 

this research. A more homogeneous network of GNSS/levelling 

benchmarks would certainly improve the fit between the gravimetric 

solutions and GNSS, hence improving the new height datum. 
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Gravimetric geoid/quasigeoid models form a major part of the 

geodetic reference frame of any country. Their role in the sustainable 

development of the country has been reaffirmed by the United 

Nations General Assembly Resolution on the Global Geodetic 

Reference Frame, which states that: 

“The economic and scientific importance of and the growing demand 

for an accurate and stable global geodetic reference frame for the 

Earth that allows the interrelationship of measurements taken 

anywhere on the Earth and in space, combining geometric positioning 

and gravity field-related observations, as the basis and reference in 

location and height for geospatial information, which is used in many 

Earth science and societal applications, including sea-level and climate 

change monitoring, natural hazard and disaster management and a 

whole series of industrial applications (including mining, agriculture, 

transport, navigation and construction) in which precise positioning 

introduces efficiencies.” (United Nations, 2015. 

The resolution further invites Member States to: 

“Commit to improving and maintaining appropriate national geodetic 

infrastructure as an essential means to enhance the global geodetic 

reference frame, engage in multilateral cooperation that addresses 

infrastructure gaps and duplications towards the development of a 

more sustainable global geodetic reference frame and develop 

outreach programmes that make the global geodetic reference frame 

more visible and understandable to society.” (United Nations, 2015). 

For a developing country such as Uganda, the absence of the 

gravimetric models is therefore a serious hindrance to the sustainable 

development of the country. It is strongly recommended that the 

Uganda Surveys and Mapping Department should use the results of 

this research to form the foundation for the determination of a 

precise, accurate and homogeneous gravimetric geoid/quasigeoid 
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model for the entire country, which can then form the basis for the re-

definition of the Uganda Vertical Network.  

In spite of the limitations in terrestrial gravity data and challenges in 

the Uganda Vertical Network, the remarkable accuracy and precision 

of UGG2014 and UGQ2014 have laid a strong foundation for the future 

development of an accurate geoid/quasigeoid model over Uganda. In 

the short-term, the new height datum offers a practical, fast and 

relatively accurate method of determining heights directly from GNSS. 
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