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Abstract

The transport properties in quasicrystals are remarkably di�erent from
crystalline and amorphous metals. The resistivity, �(T ), is large and
the temperature dependence of the resistivity is strong with an in-
creasing �(T ), with decreasing temperature. The magnetoresistance
is much larger than in most metals. These anomalous features are not
consistent with Boltzmann theory. The strong increase of �(T ) with
decreasing temperature has led to suggestions that quasicrystals may
be insulating. Quantum Interference E�ects, QIE, in the weakly lo-
calized regime can describe the observed �(T ) and magnetoresistance,
but QIE are expected to break down as the temperature increases and
for large enough resistivity.

The magnetoresistance and �(T ) in AlCuFe withR=�(4K)=�(300K)
6 2:15 have been studied in the temperature range 0.08 - 280 K in
magnetic �elds up to 12 T. The magnetoresistance and �(T ) were
described by QIE up to 280 K and at least 150 K, respectively.

The transport properties in AlPdRe have been investigated. It was
found that the description of the magnetoresistance in terms of QIE
breaks down in samples with high resistivity and R & 23. A metal-
insulator transition has however not been observed. The conductivity
saturates and is �nite at all temperatures measured, i.e., down to
130 �K. Further, the magnetoresistance was studied in both ingot
and meltspun samples, but an insulating state could not be veri�ed.
Di�erences in the magnetoresistance between the two types of samples
were observed, but could not be correlated to structural di�erences.

Isotropic transport properties have been observed in single grain
AlPdMn. Di�erences between samples in the magnetoresistance and
�(T ) were attributed to changes in Mn concentration along the growth
direction.

�8-Cu5Sn4 is quasiperiodic along 1 dimension, but it has large struc-
tural similarities with crystalline Cu6Sn5. �(T ) was compared and the
observed di�erences were attributed to the quasiperiodic order.
Key words: quasicrystals, quantum interference e�ects, electron-electron interaction,

weak localization, metal-insulator transition, variable range hopping, resistivity, magne-

toresistance, 1D quasiperiodicity, AlCuFe, AlPdRe, AlPdMn, CuSn.
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Preface

This thesis is about electronic transport in quasicrystals. The work
has been made during the years 1994-1999 at the Department of Solid
State Physics, Royal Institute of Technology, Stockholm. Part of the
work has been made at research visits at University of Virginia, at Lab-
oratoire d'Etudes des Propri�et�es Electroniques des Solides, Grenoble,
and at the EU Ultra Low Temperature Facility in Bayreuth. The �rst
part of the thesis is an overview of the �eld of transport properties
in quasicrystal and a summary of the papers included in the thesis.
The second part consists of papers, which have been published, are
in press or have been submitted for publication. The papers below
are arranged in chronological order, but in the summary in Sec. 5.2
they are collected into subgroups according to the di�erent problems
studied. They are referred to in the text as Paper number.
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Chapter 1

Introduction

The �rst report of a quasicrystal was in 1984 by Shechtman, Blech,
Gratias and Cahn [1]. Quasicrystals are not periodic in space, i.e, they
lack translational symmetry, and they have rotational symmetries as
5- and 10-fold symmetries, which in classical crystallography were be-
lieved to be inconsistent with an ordered structure. The �rst report
was therefore received with scepticism among many physicists. Since
the �rst discovery several quasicrystalline systems have been discov-
ered. The �rst systems were thermodynamically metastable systems.
They showed large structural disorder and it was di�cult to distin-
guish the properties of the intrinsic quasicrystalline order. It was not
until in the late 1980's that several stable high quality quasicrystals
were discovered, e.g., icosahedral AlCuFe [2] and AlPdMn [3]. These
systems showed structural order with peaks in X-ray di�raction of
widths comparable to crystalline materials and it was discovered that
the quasicrystalline order remarkably changed the mechanical, mag-
netic and electrical properties.

Characteristic transport properties of these quasicrystals are a high
resistivity, an increasing resistivity with decreasing temperature, a
large magnetoresistance at low temperatures, and strongly tempera-
ture dependent Hall and Seebeck coe�cients. The strong temperature
dependence is often characterized by the resistance ratio,
R = �(4K)=�(300K), and the values in quasicrystals are in the range
1-280 with resistivities at room temperature in the range 1-20 m
cm.
This should be compared to crystalline and amorphous metals with
resistance ratios of 10�5 (high purity Cu) and 1, respectively and re-
sistivities of a few �
cm at room temperature and 100-200 �
cm,
respectively. Further, the resistivity in quasicrystals usually increases
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with increasing structural order, opposite to the e�ect in crystalline
metals.

Quantum interference e�ects, QIE, inuence the transport proper-
ties at low temperatures in most quasicrystals. QIE are derived for
disordered materials implying that in spite of the high structural order,
quasicrystals are electronically disordered. However, in the most high
resistive quasicrystal, (i)-AlPdRe, the description with QIE breaks
down as the resistivity increases. During several years it has been a
debated question if high resistive quasicrystals are insulating and the
question still remains unsolved.

The large magnitude of the resistivity and the increase in resistivity
with increasing order is perhaps one of the most intriguing question in
quasicrystals. QIE does not itself explain explain the large resistivity.
Theoretically, band calculations predict a pseudo gap and a spiky den-
sity of states, N(E) [4, 5]. A low density of states at the Fermi level,
N(EF), has experimentally been veri�ed although no spikeness has
yet been observed [6{8]. It has been shown that the electronic speci�c
heat coe�cient, (/ N(EF)), decreases with increasing resistivity as
 / 1=

p
� [9], but the decrease cannot solely explain the high resistiv-

ity. There are further several recent theoretical models which predict a
large increasing resistivity with increasing order, e.g. Refs. [4, 10{12].
The area of electron transport is thus vivid, experimentally as well as
theoretically.

The number of commercial applications of quasicrystals are still
few, 15 years after the �rst report of a quasicrystal. The only com-
mercial application on the market today is to my knowledge a marten-
sitic alloy with quasicrystalline precipitates, which results in a steel
with both high strength and ductility. The material is used to make
surgical tools [13]. An application that has been suggested for several
years is a non-stick, abrasion- and high temperature resistant coating
in cookware. As far as I know this has not yet reached the market.
There are further a number of a possible future applications such as
solar absorber coatings, thermal barrier coatings, hydrogen storage
materials, and thermoelectric devices [14].

Electronic transport in quasicrystals is the subject of this the-
sis. Quantum interference e�ects and their breakdown have been
studied in (i)-AlCuFe and in (i)-AlPdRe. The transport properties
in (i)-AlPdMn have been found to be isotropic. The resistivity in
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quasiperiodic �8-Cu5Sn4 was found to be much enhanced compared
to the comparable crystalline Cu6Sn5. The thesis has been outlined
as follows. Chapter 1 is brief introduction to quasicrystals. The aim
is to introduce the reader to the concepts of quasicrystals, i.e., how
they can be described, atomic disorder and stability of formation. In
chapter 2 the electron transport theories are described. The mech-
anisms, the validity requirements, and the contributions to conduc-
tivity, �(T ) and to the magnetoconductivity, ��(B) are discussed.
Theories in the weakly localized regime are treated as well as theories
in the strongly localized regime. Chapter 4 introduces the reader to
the di�erent experimental techniques which have been employed. The
preparation process, the characterization and measurement techniques
are presented. Chapter 5 briey reviews some aspects of the present
experimental situation, including a brief summary of the papers, ap-
pended in the last part of the thesis.
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Chapter 2

Crystallography

In 1984 there was a paradigm shift in the theory of crystallography.
Older textbooks in basic solid state physics claim that crystals can
only consist of building blocks, called unit cells, which are repeated
periodically in the structure. This results in structures with a limited
number of symmetries allowed, e.g. 2-, 3-, 4- and 6-fold rotational
symmetries, while symmetries such as 5-, and 10-fold axes are not
allowed. In 1984 Shechtman, Blech, Gratias and Cahn [1] reported of
an AlMn-alloy, which showed a 10-fold point symmetry in an electron
di�raction pattern. The AlMn alloy had an icosahedral symmetry
with 12 5-fold, 20 3-fold and 30 2-fold axes. This structure is well
ordered although it lacks the periodicity typical for ordinary crystalline
materia.

Crystallography is not the topic of this thesis, but this chapter will
serve as in introduction to the concept of quasicrystals.

2.1 The Fibonacci Chain

The Fibonacci chain is an example of a 1 dimensional quasicrystal. It
can be constructed from two di�erent segments, one long and one short
which are hereafter denoted L and S, respectively. The constructing
rule is to replace S with L and L with LS, in the following way.

S
LS
LSL

LSLLS
LSLLSLSL

LSLLSLSLLSLLS
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LSLLSLSLLSLLSLSLLSLSL
...

The chain will have no periodicity if the ratio L/S is irrational. In the

Fibonacci chain the irrational ratio is the golden mean � = 1+
p
5

2
=

1:618:::. One can prove that [15]:

xn = n+
1

�
int
hn+ 1

�

i
(2.1)

As seen above the whole chain can be constructed with the simple
constructing rule and the chain is thus well de�ned without having
any periodicity.

2.2 Tilings

In 1 dimension a Fibonacci chain was created with the help of a sim-
ple constructing rule. In higher dimensions the procedure is similar.
The lattice is created from at least two building blocks and the blocks
are tiled according to the given rule. An example of this is the Pen-
rose pattern, which was invented by Penrose several years before the
discovery of quasicrystals, Fig. 2.1. [16]

There are two di�erent construction methods for the Penrose pat-
tern, a and b, shown in Fig. 2.1. Method a: The two building blocks,
two rhombohedra of di�erent shape, are put together in a way that
the arrows along the sides matches arrows of the same kind. Method
b: Big elements are replaced with smaller ones according to the dea-
tion algorithm in Fig. 2.1. Note the �ve fold rotational symmetry in
the �gure and that it is preserved on a larger scale. It is possible to
put the blocks together without any construction rule. This method
is called random tiling. The long range order will be preserved but
there will be some space un�lled by the building blocks.

It has recently been suggested that the structure can be described
by one unit cell, which is repeated periodically in the structure [18,
19]. The cells are allowed to overlap with a certain pattern. This
model has some experimental veri�cation in the decagonal quasicrystal
Al72Ni20Co8 [20].
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Figure 2.1: a. The Penrose pattern constructed by two building blocks with certain

rules, e.g. either a: by matching rules [15], or b: by a deation algorithm, where

big blocks (broken lines), are replaced with smaller ones (solid lines), after [17].

2.3 Hyperspace

In order to describe a classical crystal in the reciprocal space the recip-
rocal lattice vector can be written as G = hqx+ kqy + lqz. (h; k; l) are
the Miller indices and (qx; qy; qz) are the reciprocal basis vectors. In
quasicrystals the number of independent reciprocal lattice vectors ex-
ceeds the spatial dimensions. It is therefore necessary to describe the
structure in a space with a higher dimension, the hyperspace. A 6 di-
mensional space is needed to describe an icosahedral symmetry and the
reciprocal lattice vector is thenG = (h+h0�)qx+(k+k0�)qy+(l+l0�)qz,
where � is the golden mean. The structure can then be described
in the same sense as in classical crystals, but with 6 Miller indices
(h; h0; k; k0; l; l0). Transformation from a higher dimensional space to
the physical space is achieved by a an appropriate projection method.

Two di�erent projections from 2D to 1D are shown in Fig. 2.2. The
2D space consists in this case of a simple periodic grid and the physical
space is along a line in the grid. Along the line in panel a there is a slice
and the points that fall within the slice are projected perpendicularly
onto the line which results in a sequence of points. The dimension
perpendicular and parallel to the line are sometimes referred to as
the perpendicular and the parallel space, respectively. The sequence
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e 1

e 2

R 1 par

R 1 perp

L
S

a
S

S

S

S

L
L

L
L

L

L
L

S

Figure 2.2: The projection of 2 dimensional hyperspace, into a 1 dimensional physical

space with two methods. a: A slice method, after Ref. [21]. b: A method with atomic

surfaces, after Ref. [15].

is aperiodic only if the slope of the line is irrational. The Fibonacci
chain is achieved if the slope is arctan 1

�
� 31:7o. Another method of

projecting the 2D space into 1D is seen in Fig. 2.2b. In this picture the
width of the zone has been replaced with a line segment associated
with each vertex point. The intersection of the line segments with
R1par gives an aperiodic sequence of long and short segments as in
the previous method. Point like particles as atoms are in the higher
dimensional space represented with a 3D area. The line segments
in Fig. 2.2b are therefore often referred to as atomic surfaces. This
treatment can be generalized to higher dimensions and a quasiperiodic
space can then be transformed to a periodic space with the double
dimension.

The decoration of the structure is far more di�cult. The decora-
tions of the perfect quasicrystals AlPdMn and AlCuFe are rather well
known [11, 22]. These structures can partly be explained either by
packing of clusters or dense atomic planes. An i-AlPdMn quasicrystal
is considered in the following description.

In the cluster approach the structure consists mainly of two di�er-
ent pseudo Mackay clusters, Fig. 2.3 [11]. The pseudo Mackay clusters
consist of an inner cubic core (1), an intermediate icosahedron (2), and
an outer icosidodecahedron (3). The clusters di�er in their chemical
composition. One consists of 6 Mn and 6 Pd atoms in the icosahe-
dron and 39 Al atoms elsewhere, and the other of 20 Pd atoms in the
icosidodecahedron and 31 Al atoms at the other sites. These clusters

8



Figure 2.3: A pseudo Mackay cluster, from [11]

combine and build up the structure by forming clusters of clusters. It
results in a ination with the icosahedral symmetry preserved.

In another approach dense atomic planes are stacked quasiperiod-
ically. All planes are di�erent but a limited number of characteristic
planes can be identi�ed [22]. Within a small variation of chemical
composition and order, most planes can be attributed to one of these
characteristic planes. These planes are shown to be orthogonal to a
�ve fold axis. There are also some planes orthogonal to a two fold
axis, but these are less dense.

2.4 Atomic Disorder

In addition to the phonon disorder there is also a kind of physical
disorder called phasons in quasicrystals. Phonons can be regarded as
a displacement of the atomic surfaces along the physical space, causing
strain in the material, which relaxes via atomic vibrations, phonons.
Phason disorder is due to displacement along the perpendicular space,

9



R 1 parR 1 par

Figure 2.4: The Projection from 2 to 1 dimensional space illustrating di�erent kinds

of disorder. a: small (bounded) random uctuations, b: large (unbounded) uctua-

tions, after Ref. [23].

Fig. 2.4, causing strain that does not relax with vibrations but with
atomic jumps, phasons. The phasons can be divided into two main
categories. Firstly, random phasons are random displacements along
the perpendicular space. The displacements are in this case small
and close to the line and the long range order is preserved. In X-ray
di�raction it results in broadening of the peaks, but as long as the
uctuations are small the peaks are not shifted. If the uctuations
becomes large the quasicrystalline symmetry is lost. Secondly, there
are linear phasons, which can be viewed as small shifts in the slope
of the line along the parallel space. The quasicrystalline structure is
then replaced by a classical crystal structure with a large unit cell.
In a di�raction pattern this is seen as a shift of the positions of the
peaks. These crystals are called approximants and they have similar
properties as quasicrystals.

In the quasicrystals there is also chemical disorder in addition to
the physical disorder as phonons and phasons. The quasicrystals are
normally a ternary system and two or more elements can often be
interchanged [24]. If there is not an exact match of the right compo-
sition there will also be a chemical disorder as sites in the structure
are not occupied by the preferred element.

2.5 Hume Rothery Phases

Crystalline metals stabilize when their Fermi surface intersects, or is
close to, the Brillouin zone due to an interaction between lattice and
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Figure 2.5: The pseudo Brillouin zone constructed from the two strongest peaks in

the di�raction pattern indexed [422222] and [422002], from Ref. [27]

the conduction electrons. The energy of the electrons close to the
Brillouin zone is lowered and a band gap is created at the Brillouin
zone. The density of the states increases below and above the band
gap. This is sometimes referred to as a Hume-Rothery mechanism and
alloys stabilized by this mechanism are called Hume-Rothery alloys.
This was empirically discovered by Hume-Rothery in 1926 [25] and
interpreted by Jones in 1937 [26].

It has been suggested that quasicrystals are Hume-Rothery alloys.
The concept of a Brillouin zone is di�cult in the icosahedral symmetry,
since the quasicrystal is aperiodic. It is however possible to construct
a pseudo Brillouin zone from the strongest peaks in the di�raction pat-
tern. The pseudo Brillouin zone of icosahedral quasicrystals is almost
spherical, Fig. 2.5, and is thus very similar in shape to the undis-
torted spherical Fermi surface. The Hume-Rothery interaction would
therefore be strong if the Fermi surface is close to the pseudo Brillouin
zone, Fig. 2.5. This requires that Q=2 = kF , where Q is the recip-
rocal lattice vector and kF is the Fermi wave vector. The reciprocal
lattice vector can be estimated from the strongest peak in the di�rac-
tion data. The Fermi wave vector can be calculated from the electron
concentration n by assuming free electrons, i.e., kF = (3�2n)1=3.

Bancel and Heiney [28] applied this to icosahedral Al-TM (TM =
transition metal) quasicrystals and found e.g. in (i)-Al6Mn an elec-
tron density of e/a=1.74 electrons per atom. It is possible to esti-
mate the e/a values from the valences of the TM metals given by
Raynor [29]. He used a theory developed by Pauling [30] for transi-
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tion metals assuming a charge transfer from the the conduction band
into the d-band. It resulted in the following negative valences: -4.66
for Cr, -3.66 for Mn, -2.66 for Fe and -1.71 for Co and -0.62 for Ni.
Tsai [31] calculated from these valences the e/a values for the sta-
ble (i)-Al-Cu-TM and (i)-Al-Pd-TM systems and found values of e=a
of approximately 1.75 in all cases. According to Tsai all stable Al
based icosahedral quasicrystals can be divided into two groups; Al-
TM with e=a � 1:75 and Zn-Mg-Al with e=a � 2:1. The fact that
many quasicrystals have approximately the same e/a value indicates
that icosahedral quasicrystals are Hume-Rothery alloys. G. Tramblay
de Laiissardi�ere et al. [32] used LMTO calculations to calculate the ef-
fect of the sp-d hybridization, which also resulted in a negative valence
of the transition metals.
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Chapter 3

Theory

Transport theories based on quantum interference e�ects in weakly
perturbed metals were shown in the 1980's to describe prominent fea-
tures in amorphous metals. In the beginning of the 90's the stable qua-
sicrystals were discovered and investigations of their anomalous trans-
port properties started. It has been shown, partly by the work in this
thesis, that in many quasicrystalline systems the transport properties
are very well described by quantum interference e�ects. The mag-
netoresistance is larger and the temperature dependence is stronger
than in amorphous alloys. The corrections to the Boltzmann conduc-
tivity are not small and the limit where the theories break down may
be approached. The most highly resistive quasicrystal, (i)-AlPdRe,
has been argued to be insulating. This has led to new problems in
analyzing data in terms of quantum interference e�ects.

In this chapter I will describe the physical origin of quantum in-
terference e�ects. Di�erent theories will be discussed concerning the
e�ect of temperature, magnetic �eld and di�erent mechanisms of scat-
tering on the conductivity. Finally the breakdown of QIE and the
metal-insulator transition will be treated. I have throughout the chap-
ter used corrections to the conductivity, ��, instead of resistivity,
��=�, because the theories are calculated as corrections to the con-
ductivity. It is however resistance that is measured, which causes
problems as discussed in chapter 4.5.

3.1 Background

Quasicrystals and amorphous metals exhibit anomalous transport pro-
perties such as negative temperature coe�cient of resistivity, (TCR),
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Figure 3.1: The temperature coe�cient of resistivity, TCR, vs. resistivity for di�er-

ent alloys [34].

��1��=�T < 0, and an anomalous magnetoresistance. Mooij [33] found
a correlation between the resistivity and the sign of TCR in amorphous
metals. Above 150 �
cm TCR is usually negative while it is positive
for smaller �-values, Fig. 3.1. These properties also exist in some
crystalline systems, but are very unusual. The classical Boltzmann
theory predicts a positive TCR at all temperatures and can thus not
solely describe the transport properties in these systems. In some alloy
systems these e�ects could be attributed to magnetic e�ects, such as
Kondo e�ect, or a sharp decrease in the density of states at the Fermi
level. These e�ects cannot however explain the anomalous transport
properties in all amorphous metals. The Boltzmann theory considers
electrons that travel long distances before they scatter. In amorphous
metals, however, the scattering events are quite frequent and the mo-
tion of the electrons is nearly random. This requires a theory, which
includes interactions between incident and scattered electron waves
and which treats the electronic motion as di�usive rather than ballis-
tic.

One important aspect in studying the transport properties in amor-
phous metals and quasicrystals is the metal-insulator transition, MIT.
The �rst theory of an MIT was suggested by Mott in 1949 [35{37]. It

14



was attributed to the low electron concentration and was later re�ned
by Hubbard to include intra atomic electron interaction [38, 39]. An-
derson [40] attributed the metal-insulator transition to disorder and
suggested that when disorder is strong the electrons become localized
in space. Well on the metallic side of the MIT it was possible to
calculate the resistivity in disordered systems by perturbation tech-
niques [41,42]. This e�ect is called weak localization, WL. The mech-
anisms in electron-electron interaction, EEI, i.e. interference between
two electron waves, and weak localization are di�erent. The EEI con-
tribution to resistivity was calculated by Altshuler and Aronov [43].
WL and EEI require the intense elastic scattering typical for disor-
dered metals to be appreciable. The theories of weak localization and
electron-interaction e�ects are usually referred to as quantum inter-
ference e�ects, QIE.

The weak localization contribution has been calculated as a correc-
tion to the Boltzmann conductivity. The conductivity in the Boltz-
mann theory can be expressed as:

� =
ne2�

m
= e2N(EF)D (3.1)

D is the di�usion constant, N(EF) is the density of states at the
Fermi level, n is the concentration of the conduction electrons, m is
the mass of the electron, and � is the elastic scattering time. The
last part of eq. 3.1 is often referred to as the Einstein relation. The
contribution from weak localization and electron-electron interaction
can be viewed as a correction to the di�usion constant and the density
of states, respectively. The corrections to the conductivity can then
be written as:

��

�
=

�DWL

D
+
�NEEI

N
(3.2)

In the expressions for the WL and EEI, the D and N for the un-
perturbed Boltzmann conductivity should be used. This problem is
di�cult to overcome, since in the regime where QIE are appreciable,
measurements of D and N are a�ected by QIE. In applications of QIE
to amorphous metals this question has been neglected since the mag-
nitude of the observed e�ects is small. For quasicrystals, on the other
hand the resistivity varies strongly with temperature and the inuence
on N and D can therefore not be neglected. This problem has been
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addressed in Papers 8, 11 and 14. Boltzmann conductivity requires
the mean free path l to be long compared to the dominating wave
length k�1F , i.e. kFl � 1. This is often at the limit of being obeyed in
the case in amorphous systems. In quasicrystals kFl is larger than 1,
approximately up to 10. The value could however be much enhanced
due to the reported atness of the bands [4], since it can be proven
from a nearly free electron model that kFl / m�D, where m� is the
e�ective mass. Nevertheless, the theories have been shown to hold for
kFl & 1 [44{46]. QIE even better describe the transport properties in
quasicrystals, such as (i)-AlCuFe [Papers 1,2,7,8], than in amorphous
metals. The QIE will however break down as the metal-insulator tran-
sition is approached. A suitable material to study this is (i)-AlPdRe
[Papers 5-6,11,14], which has resistivities in the range 0:01� 1
cm at
4.2 K.

3.2 Weak Localization

3.2.1 Back scattering

Weak localization is due to an enhanced probability of back scatter-
ing of electron waves and it is appreciable in materials with a short
elastic scattering time. In weak localization the electron waves are not
localized in space and the theory is calculated as a correction to the
Boltzmann conductivity.

The enhanced backscattering is due to interference between electron
waves going in the same path, but in opposite directions. The following
illustration of the mechanism follows the work by Bergmann [47] and
Dugdale [34,48].

Consider an electron going from A to B, Fig 3.2. The motion of the
electron is di�usive and it scatters elastically many times on its way.
The probability for the electron to reach B is calculated by summing
over all possible paths.

P (A! B) = j
X
i

Aij2 =
X
i

jAij2 +
X
i6=j

AjA
�
i (3.3)

However, when summing over all paths the phase coherence is lost
due to the di�erent lengths of the paths. There is thus no interference
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A B

O

Figure 3.2: Some possible paths of an electron traveling from A to B.

between the waves; the second term in eq. 3.3 vanishes and we get
the classical result:

P (A! B) = j
X
i

Aij2 =
X
i

jAij2 (3.4)

On the other hand in the special case when A and B is the same point
we get another result. Two electron waves traveling the same path

but in opposite directions can now interfere with each other and the
probability is twice the classical result:

P (O ! O) = j
X
i=2

Aij2 =
X
2

jAij2 +
X
i6=j

AjA
�
i = 2

X
2

jAij2 = 4jAj2

(3.5)

The enhanced probability of backscattering tends to localize the elec-
trons and increases the resistivity. This is the basic mechanism of
weak localization. Every e�ect that destroys the phase coherence of
the electron waves destroys the interference and decreases the resis-
tivity.

Inelastic scattering

The inelastic scattering destroys the phase coherence and the time be-
tween the inelastic scattering events, �ie, decreases when temperature
increases. The e�ect of weak localization thus increases as the temper-
ature is decreased and it is often only observable at low temperatures.
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In an phenomenological model by Dugdale [34] the weak localization
contribution to the conductivity has been calculated as a correction
to the density of states in the Boltzmann conductivity:

��

�0
=

�D

D
= � C

(kFl)2

h
1�

r
�0

�ie

i
(3.6)

where D is the di�usion constant, �0 is the elastic scattering time, kF
is the Fermi wave vector, and l is the elastic mean free path. As seen
in the expression (eq. 3.6) the weak localization contribution becomes
sizable when the elastic scattering is intense compared to the inelastic
scattering.

Magnetic �eld

The magnetic �eld changes the phase of the electrons by the amount
of je�=~j, where � is the magnetic ux in the loop. This was al-
ready stated by Aharonov and Bohm in 1959 [49] and predicted by
Altshuler et al. [50] in metals at low temperatures. It was �rst veri-
�ed in 1981 by Sharvin and Sharvin [51] in a very elegant experiment.
They measured the resistance along a cylinder of a magnesium �lm
and detected oscillations in the resistance due to interference between
electron path around the cylinder. The magnitude of the phase change
due to the magnetic ux is the same for both electron waves, but the
sign is opposite, because the electron waves traverse the loop in oppo-
site directions. This results in a phase di�erence, j2e�=~j, between the
waves. The magnetic ux can be estimated by � = BA = BL2 � BDt

and the phase di�erence becomes j2eBDt=~j. The size of the magnetic
�eld is sometimes given as a characteristic time �B = ~=(4eDB). The
destruction of the phase coherence increases with the �eld, which re-
sults in a negative magnetoresistance. It is useful to use �B when
other e�ects causing phase destruction, e.g., �ie, are compared to the
strength of the magnetic �eld.

Spin-orbit interaction

The electron spin was not considered in the estimate of the probabil-
ity of backscattering (eq. 3.5). The electron spins of the two waves
can be divided into two terms, the singlet and the triplet term. The
singlet term consists of two electrons with antiparallel spins, and has
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therefore the total spin j = 0 and m = 0. The electrons with oppo-
site spins interfere destructively and reduce the classical probability
and P (O ! O) = 0. The triplet term consists of three states of elec-
trons with the same spin direction. They have a total spin j = 1 and
m = �1; 0; 1. These electrons will interfere constructively and the
probability will be increased according to eq. 3.5. The total increase
increase in probability of backscattering is thus:

I = PWL � Pclassic =
1

2

�j�1�1j2 + j�10j2 + j�11j2j � �00j2
�

(3.7)

where �jm denotes the probability amplitude of the state of the elec-
tron pairs with quantum number j and m. �jm has the same size in
all possible states in the absence of spin-orbit interaction. In presence
of spin-orbit interaction this is however more complicated.

Spin-orbit scattering can be viewed as an interaction between two
dipoles, the angular orbital momentum and the spin of the electrons.
The magnitude of the interaction is determined by the electrostatic
periodic potential of the lattice and it increases with nuclear charge as
Zx. x has been assigned values in the range 2-12 [52{54]. The conduc-
tion electrons are also a�ected as they pass close to the ion core and
the spin-orbit coupling can disorient their spins. The spin scattering
depends on the direction of the electron spin and the direction of the
incident electron, which can be expressed as:

� � k � k0 = k0 � �� k (3.8)

where k and k0 are the wave vectors of the initial and �nal state, re-
spectively. � is a unit vector in the direction of the magnetic �eld
depending on the spin of the electron, + for spin up and - for spin
down. Thus for the singlet state, with electrons with initially antipar-
allel spins, the spin-orbit interaction scatters the two electrons in the
same way at each scattering event and the electrons will return unaf-
fected at the starting point. It is due to that both the direction and
the spin state is opposite for the electrons. In the triplet state however,
with electrons with parallel spins, the spin-orbit interaction scatters
the electron spin di�erently at each scattering event. The phase coher-
ence will then be destroyed. The strength of the spin-orbit interaction
is often given by the inverse of the spin-orbit interaction time, 1=�so.
The destruction of the phase coherence depends exponentially on the
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time for the loop to be traversed, e�t=�so. The interference term, eq.
3.8, can be written as:

I =
h3
2
e�t=�so � 1

2

i
j�j2 (3.9)

where � is the probability amplitude for any state jm in absence of
spin-orbit interaction. As seen in the equation, in the presence of
strong spin-orbit interaction the interference term is negative. The
electrons are thus delocalized and the resistivity is smaller than the
Boltzmann value. This is called weak antilocalization and is domi-
nant at low temperatures where the inelastic scattering is weak. The
magnetic �eld will quench the e�ect of spin-orbit interaction and the
magnetoresistance is therefore positive. Further, the spin-orbit inter-
action is assumed to be temperature independent. A more detailed
analyzes of the spin-orbit scattering and its e�ect on QIE can be found
in e.g. Ref. [34].

Development of the weak localization theory

The contribution to the temperature- and magnetic �eld dependence
of the conductivity, �(B; T ), was thoroughly treated by Hikami and
Larkin [55] in 2D systems and by Kawabata [56] and Altshuler et al.
[57] in 3D systems. The theory in 3D systems was extended to include
Zeeman spin-splitting and spin-orbit interaction by Fukuyama and
Hoshino in 1981 [58]. It was however not until 1990 that a theory was
developed which took into account both elastic and spin-ip magnetic
scattering and its �eld dependence. This was �nally done by Amaral
[59]. Throughout this chapter I will only consider 3D systems.

The weak localization contribution has been calculated as a correc-
tion to the Boltzmann conductivity, which requires the wave length
at the Fermi level � � k�1F to be much smaller than the mean free
path. On the other hand the contribution from weak localization in-
creases as kFl decreases, eq. 3.6. This may seem contradictory and it
seems clear that there must be an weak localization contribution even
if kFl � 1, but the calculated expressions may not be valid in this
limit.
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3.2.2 Conductivity

The temperature dependence of the conductivity including the spin-
orbit scattering is according to Fukuyama and Hoshino [58],

�(T )� �(0) = A[3
p
1 + t�

p
t] (3.10)

A =
e2

2�2~
p
3D�so

(3.11)

t =
3�so
4�ie

(3.12)

where e is the electronic charge, D the di�usion constant, �so the
spin-orbit scattering time, and �ie the inelastic scattering time. The
temperature dependence enters through the inelastic scattering, which
can often be described with a power law,

�ie = �0T
�p (3.13)

where p depends on the type of scattering. In electron-phonon scat-
tering p = 1 � 2 [60] or p = 2 � 4 [61{65] and in electron-electron
scattering p = 1:5�2 [66]. Experiments often give a value of p = 1�4
and sometimes a saturation of �ie at low temperatures. The saturation
has sometimes been ascribed to scattering by residual magnetic impu-
rities [67] or decoupling of the electron gas from the thermal bath [68].

The conductivity due to weak localization is plotted in Figs. 3.3,
3.4, for various values of the spin-orbit, and inelastic scattering times.
The curves have two main characteristics. Firstly, the temperature at
the minimum of the conductivity increases as the spin-orbit interac-
tion increases, i.e., �so decreases. Secondly, the conductivity exhibits a
strong temperature dependence when the inelastic scattering is dom-
inant and p is large.
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The weak localization contribution to the conductivity including
magnetic scattering is derived in the paper by Amaral [59] to be :

�(T )� �(0) = A

�
3
p
1 + t1 + t2 �

p
t1 + 3t2

�
(3.14)

A =
e2

2�2~
p
3D�so

(3.15)

t1 =
3�so
4�ie

(3.16)

t2 =
�so

2�s
(3.17)

The e�ect of magnetic scattering is seen in Fig. 3.3.
The weak localization contribution to the resistivity has earlier been

conjectured in quasicrystals up to 60 K [69{73]. Since the expression,
eq. 3.10, contains a number of parameters it is often deceivingly easy
to describe experimental data with weak localization. Eq. 3.10 only
is thus not enough to verify a weak localization contribution to the
resistivity in experimental data. In Papers 2 and 8 we have analyzed
the temperature dependence of the conductivity up to room temper-
ature in (i)-AlCuFe quasicrystals. We used reliable results from the
analyzes of the magnetoresistance [Papers 1,8] to restrict the number
of free parameters in the �t to the conductivity, �(T ).

3.2.3 Magnetoconductivity

The expression given by Amaral [59] for the weak localization contri-
bution to the magnetoconductivity including the inelastic scattering,
the spin-orbit interaction, the Zeeman spin-splitting, the magnetic
scattering (both non-spin-ip and spin-ip scattering) is :

��(B; T ) = �WL(B; T )� �WL(0; T )

=
e2

2�2~

r
e
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B

�
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�
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(3.18)
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where

 =

�
3g��BB

8eD(Bso � 3Bt
s)

�2

(3.19)

Bj =
~

4eD�j
; j =0;+;� (3.20)

1

� 0
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1

�ie
+

4

3�so
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f3(x) =
1X
n=0
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2

�
n+ 1 +

1
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�1=2
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�
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�1=2

�
�
n+

1

2
+
1

x

��1=2)

(3.23)

f3(x) is the slowly convergent Kawabata function, which has a use-
ful series expansion calculated by Ousset et al. [74]. The Kawabata
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function has the limiting values:

f3(x) =

(
x3=2=48 x� 1

0:6049 x� 1
(3.24)

The magnetic scattering enters through the characteristic scatter-
ing times for non-spin-ip-, � zs , and spin-ip-,� ts , magnetic scattering.
They can be written as:

1

� zs (B)
=

1

�s

< (Sz)2 >

S(S + 1)
(3.25)

1

� ts (B)
=

1

�s

< Sz >

2S(S + 1)

�=2

sinh2(�=2)
(3.26)

1

�s
=

2�

~
N(EF)c
J

2S(S + 1) (3.27)

� =
gs�BB

kBT
(3.28)

< Sz > = SBs(S�) (3.29)

< (Sz)2 > = S(S + 1)� < Sz > coth(�=2) (3.30)

where S is the localized spin, Bs(S�) is the Brillouin function, c is
the average atomic concentration of the magnetic impurities, 
 is the
average atomic volume of the host alloy, gs is the Land�e factor of the
magnetic impurity,o

�
and J is the exchange integral. The e�ect of

magnetic scattering on the magnetoconductivity is illustrated in Fig.
3.5.

The dependence of the magnetoconductivity on the spin-orbit and
inelastic scattering is shown in Figs. 3.5, 3.6. The magnetic �eld de-
pendence of the weak localization shows some characteristic features.
A positive ��� in the presence of strong spin-orbit interaction. At
weaker interaction��� decreases strongly at large �elds and it results
in a prominent maximum in ���(B). At weak spin-orbit interaction
the magnetoresistance is negative for all �elds. These general features
in the magnetoconductivity are not altered in the presence of EEI
described in the next section.

The e�ective Land�e factor of the host, g�, has the e�ect that it
scales the �eld, eq. 3.19. Alloys with large Land�e factors can thus
have a large e�ect in the magnetoconductivity. Icosahedral AlPdMn
seems to be such a material, [Papers 4,10,17]. Materials with large re-
sistivity, e.g. (i)-AlPdRe, also have large magnetoresistance, since the
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resistivity scales the magnetoresistance, ��=�, [Papers 5,6,9,11,12,14].
In (i)-AlPdRe the magnetoresistance can be as high as 100 % [Paper
6].

3.3 Electron-Electron Interaction

3.3.1 Background

The weak localization was due to interference of electron waves of one
single electron. At low temperatures in materials with heavy elastic
scattering, interference between scattered electrons has to be consid-
ered. The e�ect is larger in amorphous than in classical crystalline
systems. In electron-electron interaction theories, EEI, interaction be-
tween two electrons is considered. The e�ect is also called the Coulomb
anomaly. The contribution to the conductivity from EEI can be con-
sidered as a correction to the density of states. The electron-electron
interaction is only possible if the electrons moves di�usively and the
di�usive motion is created by heavy elastic scattering. Scattering of
electrons in ordered materials can be described with k0 = k + q when
one electron of wave vector k is scattered into state k0 and q is the wave
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vector e.g. of a phonon. In a disordered system the k-vectors are not
exactly de�ned but uncertain to the order of 1=l where l is the mean
free path. Classical scattering theory breaks down when the q-vector
becomes in the order of or smaller than 1=l. The electron-electron
interaction therefore becomes important when ql < 1, i.e when the
mean free path is short.

There are two contributions to EEI, from the particle-hole chan-
nel and from the particle-particle channel. The �rst one is due to
interaction between particles similar in energy and momentum. They
interact via a Coulomb interaction and this term is called the di�usion
channel. In the second term, the total momentum of the particles is
small, the k-vectors are opposite, and similar in energy. The parti-
cles interact through a phonon-mediated interaction, which may lead
to superconductivity at low temperatures. This contribution is also
called the Cooper-channel. The discussion below is restricted to the
di�usion channel, which in our work has been dominant.

The exchange term

There are two parts that contribute in the di�usion channel. The �rst
part is referred to as the exchange term. It is due to interaction be-
tween charges with a small energy di�erence and for small momentum
transfer (small q). This e�ect is dependent of the di�usion and similar
energies of the electrons. The di�usion makes energy states accessible
in k-space that in classical ballistic motion are not possible to reach.
Further, the Coulomb interaction has its maximum when q ! 0. The
change of density of states Nexc(�) can be calculated to be:

�Nexc(�) /
N(0)V (0)

(hD)3=2
p
� =

2

(hD)3=2
p
� (3.31)

where N(0) is the density of states at the Fermi level, V(0) is the
screened Coulomb potential at q ! 0, D is the di�usion constant, and
� is the energy relative to the Fermi level. This is monitored in Fig.
3.7a.

The Hartree term

The second part is called the Hartree term and is related to weak local-
ization. In electron-electron interaction there is interference between
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Figure 3.7: The singularity at the Fermi level due to a: the exchange contribution,

and b: the Hartree coupling. " is the energy around the Fermi level, i.e., " = E�EF.

two electrons, which traverse the same loop in opposite directions. The
�rst electron su�ers a phase shift when traversing the path and when
returning to the starting point it interferes with the original wave.
It can interfere constructively or deconstructively, but at the starting
point it leaves a charge pattern, which reects the phase di�erence
between the original and returning wave. Bergmann [75] calls this a
"charge hologram", since it is a record of the phase shift su�ered by
the electron wave traversing the loop. The second electron traverses
the same loop in the same direction and su�ers the same phase shift.
The phase is however restored when passing the "charge hologram"
left by the �rst electron and the interaction with the original wave
increases the amplitude of the second electron. This process not only
requires di�usive motion but also coherence.

The coherence can either be lost by a dephasing scattering mecha-
nism, e.g. inelastic scattering, or by increasing temperature due to a
mechanism described below. The e�ect of inelastic scattering in EEI
is more subtle than in weak localization. It has been thought that the
inelastic scattering would not e�ect the phase coherence in EEI due to
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the readjustment by the "charge hologram". However, as pointed out
in Ref. [75], the inelastic scattering does a�ect the EEI contribution
since the electrons traverse parts of the loop at di�erent times. The
inelastic processes do therefore not occur with the same probability
and phase for both electrons at all parts of the loop. The expressions
for the resistivity and magnetoconductivity do however not account
for the inelastic scattering [76{78]. The electrons di�er slightly in en-
ergy around the Fermi level. This energy di�erence, � corresponds to
a frequency di�erence of �! = �=~ resulting in an increasing phase
di�erence as time elapses and at a time �� ' 1

�!
= ~=�, the thermal

coherence time, the electrons have lost their coherence. The change
in the density of states due to the Hartree term is:

�NHartree(�) / �F
(hD)3=2

p
� (3.32)

The exchange term thus produces a similar singularity at the Fermi
level as the Hartree term, but with di�erent sign and an additional
factor F, which is the strength of the interaction averaged over the
Fermi surface. The Hartree term is monitored in Fig. 3.7b

The typical energy di�erence for two electrons at the Fermi level is
kBT and the energy � above can therefore be replaced by kBT . The
contribution will thus decrease as the temperature increases. The
sign of the correction to the conductivity will depend on the strength
of the Hartree coupling. For strong coupling the correction will be
negative and with a weak coupling it will be positive. The magnetic
�eld however only changes the phase through a change in energy due
to Zeeman splitting.

The Hartree term in the Cooper channel resembles the term in the
di�usion channel. However, the electron waves traverse the loops in
the opposite directions and the nature of the "charge hologram" is
quite di�erent.

3.3.2 The Di�usion Channel

The contribution to the temperature dependence of the conductivity,
�(T ), from the di�usion channel is [76,77]:

�(T )� �(0) =
e2

4�2~

1:3p
2

�
4

3
� 3

2
F�

�r
kBT

~D
(3.33)
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where

F� = �
32

3F

�
1 +

3F

4
�
�
1 +

F

2

�3=2�
(3.34)

F =

R
d
V [q = 2kF sin(�=2)]R

d
V (0)
(3.35)

V(q) is the Fourier transform of the screened Coulomb potential, F
is the average of the interaction over the Fermi surface and F� is the
Coulomb interaction parameter. The conductivity, eq. 3.33, consists
of two parts, the �rst one, the 4

3
-term, is from the exchange contribu-

tion, and the second one, the 3
2
F -term, is from the Hartree contribu-

tion. The conductivity has a characteristic
p
T dependence, Fig. 3.8.

The �rst experimental evidence of a EEI correction to the conductivity
of metals was made by Rapp et al. [79]. Due to the two contributions
in the conductivity, �(T ), the EEI-correction to the conductivity has
di�erent signs above and below F� = 8=9. In Paper 1 we report on two
(i)-AlCuFe samples, which have di�erent signs of the EEI-correction.

The contribution to the magnetoconductivity due to Zeeman split-

30



ting has been calculated by Lee and Ramakrishnan [77,78]:

��(B; T ) = � e2

4�2~

�
kBT

2~D

�1=2

F� g3

�
g��BB
kBT

�
(3.36)

where

g3(h) =

Z 1

0

d


�
d2

d
2




e
 � 1

��p

+ h+

p
j
� hj � 2

p



�
(3.37)

for which Ousset et al. [74] have given a useful series expansion. The
limits of g3 for small and large arguments are:

g3(h) =

(
0:056h2 h� 1p
h� 1:294 h� 1

(3.38)

Even if the expressions are valid at small h the e�ect will �rst become
sizable as g?�BB � kBT , i.e., B > 0:7T T if g? has the free electron
value 2.

The magnetoconductivity stems entirely from the Hartree term,
since the exchange term does not require phase coherence and is thus
not a�ected by magnetic �eld. The magnetoconductivity expressed as
��� is shown for various F� in Fig. 3.9.

F often has values between 0 and 1, which is predicted by theory
using a Thomas Fermi screening with a damped Coulomb potential.
However, there are materials with higher F, such as Pd, Pt and their
alloys [80]. F is also larger than 1 in some (i)-AlCuFe alloys as reported
in Papers 1,3, and 8. The interaction parameter F is proportional to
the Stoner enhancement factor, (1�I)�1, which enhances the e�ective
g-factor, g� [80]. The e�ective Land�e factor can be written as:

g� = g0(1� I)�1 = g0
F

2
(3.39)

where g0 = 2. This e�ect not only enhances the Zeeman spin-splitting
in EEI but also the Zeeman term in weak localization. For samples
with large F the magnetoconductivity is much enhanced in weak lo-
calization, but in EEI this e�ect is not so prominent.

In the expressions of Altshuler and Aronov, eq. 3.33, and Lee and
Ramakrishnan, eq. 3.36, spin scattering has not been included. The
e�ect of spin-orbit scattering has however been treated by Altshuler et
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Figure 3.9: The di�usion channel contribution to the magnetoconductivity, ���,

for di�erent F�, D = 0:13 cm2=s and T = 10 K.

al. [81] and Millis and Lee [80]. Millis and Lee calculated the conduc-
tivity correction at zero kelvin, �EEI(B; T = 0), which has been plotted
in Fig. 3.10 for various spin-orbit scattering times. From the �gure it
is clear that the electron-electron interaction is strongly suppressed by
spin-orbit interaction. Therefore when analyzing conductivity data in
materials with spin-orbit interaction a great caution must be taken.

As temperature increases the conditions for EEI break down. The
momentum transfer in the scattering process, the q-vector, is essential
in the exchange term. The condition ql � 1 is not valid at higher
temperatures since q increases with increasing temperature, due to
e.g. phonon scattering. Further, according to Castellani et al. [82] F
is temperature dependent and as pointed out in section 3.3.1 e�ects
of a temperature dependent inelastic scattering may be appreciable.
These e�ects are not included in the expressions, eqs. 3.33, 3.36. In
Papers 3 and 8 the decrease of the EEI part of the magnetoresistance
at increasing temperature was attributed to a vanishing Coulomb in-
teraction parameter, F�. Magnetoresistance data in (i)-AlCuFe in the
temperature interval from 80 mK to 280 K (Paper 8) was analyzed
and F� was found to vanish in the range 80-150 K.
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3.3.3 The Cooper Channel

The contribution to the magnetoconductivity from the Cooper channel
is given by [57,83]:

��(T;B) = �1

�

e2

2�2~
g(T;B)

r
eB

~
�3

�
2eBD

�kBT

�
(3.40)

where

�3(x) =

r
�

2x

Z 1

0

p
t

sinh2(t)

�
1� xt

sinh(xt)

�
dt (3.41)

1

g(T;B)
=

1

�� � �
+ ln

�
�

�kBT �

�
(3.42)

T � = max
�
T;

4DeB

kB

�
(3.43)

Here �� is the Coulomb pseudopotential, � is the electron-phonon
interaction constant. � is a cut-o� parameter, which in case of re-
pulsive interaction between the electrons is the Fermi energy and
in case of phonon-mediated attraction kB�D.  is Euler's constant,
ln() � 0:577. A useful series expansion of �3(x) was given by Ousset
et al. [74].
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The contribution from the Cooper channel in non superconduct-
ing materials is normally small and it has been neglected in most of
the analyses made in the papers. In Paper 1 its contribution to the
magnetoresistance was found to be negligible.

3.4 Metal-Insulator Transition

The quantum interference e�ects are calculated in the weakly localized
limit, i.e. when kFl � 1. Therefore they are thought to break down as
the resistivity increases and as the metal insulator transition, MIT, is
approached. The de�nition of an insulator is that the conductivity is
zero at zero kelvin. It is a debated question if some (i)-AlPdRe alloys
are insulators or not, see Refs. [84{91] and the AlPdRe papers in this
thesis, Papers 5-7, 9, 11, 12, and 14-16. The metal-insulator transition
can be classi�ed into one of two major groups, according to whether
it is due to structural e�ects or to localization of the wave function.

There are two main theories of the latter category, which will be
discussed in this chapter. Firstly, the Mott-Hubbard transition, which
is triggered by electronic correlations. It is a many-electron e�ect.
Secondly, the Anderson transition, which is a single-electron e�ect and
is caused by disorder. None of the two theories can solely explain the
MIT. On the insulating side of the MIT of the Anderson type, there are
several theories to account for the transport properties, some of them
will be described in this section. The theories below are essentially
outlined in Refs. [54,92{94].

3.4.1 Background

Mott transition

The �rst theory of a metal insulator transition was proposed by Mott
in 1949 [35, 36]. The theory in its simplest form can be described as
follows. Imagine an insulating host lattice and an impurity sublattice
having a larger period than the host lattice and with one conduction
electron per site. The electron at the impurity site would be a�ected
by a screened Coulomb potential around the positively charged ion
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(impurity):

V (r) = �e
2

r
e�r=� (3.44)

with the screening length � in the Thomas-Fermi approximation and
distance r from the ion. At a su�ciently high potential the electron
is trapped and forms a bound state with the ion. The high potential
may be due to a large lattice spacing or to a small electron density
resulting in an ine�ective screening. The transition is discontinuous
as a function of the charge density and Mott [36] calculated a value of
at which the systems crosses the MIT:

n1=3aH � 0:25 (3.45)

where n is the electron concentration and aH is the Bohr radius. The
theory has successfully described the MIT in some doped semicon-
ductors. A discontinuous transition has however not been observed,
which was attributed to disorder resulting from random positions of
the ions.

The theory was later re�ned by Hubbard [38,39], who included in-
teraction between electrons at the same site. The interaction energy
between two electrons with opposite spin at each site was denoted
U . In case of a short distance between adjacent impurities the im-
purity band is broad and the interaction U is negligible. As the dis-
tance increases the impurity band becomes smaller and two discrete
energy levels appears, E and E + U , where E is the energy level of
the impurities without intra-atomic interaction. The lower band, E,
is completely �lled in the ground state and the top band, E + U , is
empty. For small distances between the impurity atoms the system is
metallic, with one broad band, and for large distance insulating, with
two narrow bands. The Hamiltonian in the Hubbard model can be
written as:

H = t
X
i;j

(a+i"aj" + a+i#aj#) + U
X
i

ni"ni# (3.46)

where a+i� and ai� are the creator and annihilation operators, respec-
tively, and ni� = a+i�ai� is the number of states with spin � at site i. t
is the overlap energy function, between impurities and t / e�b, where
b is the distance between adjacent impurities.
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Figure 3.11: The Anderson periodically ordered potential with randomly uctuating

depths. V0 is a measure of the variation of the potential.

Anderson transition

In 1958 Anderson [40] published a theory for a metal-insulator transi-
tion resulting from disorder. The theory does not include interaction
between electrons. The essence in the theory is the assumption of a
periodic lattice of impurities with a periodic potential, V , with po-
tential wells at each site, of randomly uctuating depths, according to
Fig. 3.11.

The Hamiltonian in the Anderson model is:

H = t
X
i;j

a+i aj +
X
i

"ia
+
i ai (3.47)

where t is the overlap energy function and "i is the random site energy
at site i. The energies " are uniformly distributed in the interval
�V0=2 to V0=2. according to Fig. 3.11. The overlap energy function
t is in the same order as the bandwidth, B, of the density of states
in the crystalline state. Anderson's assumption [40] was that above
a critical uctuation (V0=B)c all states are localized and below they
are extended. The density of states in the Anderson picture is seen in
Fig. 3.12a. In the tails of the bands below Ec and above E 0

c, i.e., in
the mobility edges, the states are localized and in between the states
are extended. When the Fermi level, EF, is in the mobility edge, the
system is insulating and when EF is in the band betweenEc and E

0
c it is

metallic. In other words, for smaller values than (V0=B)c the electrons
start to �ll out the middle part of the band and the system becomes
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Figure 3.12: The density of states in the Anderson model. The energies Ec and E 0

c

are denoted mobility edges. The shaded states are localized.

a. The density of states in the original Anderson model with localized states in the

tails.

b. A pseudogap with localized states in the regime of overlapping bands.

metallic. It is possible to change EF by changing the composition of
the system, applying a strain, or a magnetic �eld and to make the
system shift from a metallic to a non-metallic state. This type of
transition is generally referred to as an Anderson transition.

In systems such as amorphous semiconductors the bands overlap
and the band gaps are smeared out, Fig. 3.12b. The density of states
is small in the overlapping region and the states are therefore localized.
The region is called a pseudogap.

Minimum conductivity and scaling theory

Io�e and Regel [95] suggested that the minimum mean free path, lmin,
should not be smaller than the de Broglie wavelength, �, of the elec-
trons. The conventional transport theory breaks down in that limit
and Mott proposed a minimum �nite conductivity followed by a sharp
drop to zero conductivity. He used the conventional Drude expression:

� =
e2k2Fl

3�2~
(3.48)

where kF is the Fermi wave vector, l the mean free path. According to
the Io�e and Regel criterium one has lmin > � and thus lmin > 2�=kF.
Inserted in eq. 3.48 the minimum conductivity is:

�min = C
e2

~lmin
(3.49)

where C is in the range 0.025 to 0.05 [96]. For a Mott transition lmin
would correspond to a minimum distance between impurities and for
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ξ

Figure 3.13: The wavefunction close to a localized impurity site. It decreases expo-

nentially with the characteristic localization length �.

an Anderson transition it would be in the same order as the lattice
constant.

In 1979 Abrahams et al. [97] suggested a scaling theory, which
was not consistent with a minimum conductivity. The parameters
determining the conductivity were the size of the sample and the
dimension, d. If d=1 or 2 the systems is insulating for any size
of the system, but in 3D the system can cross to a metallic state.
McMillan [98] extended the theory to include both localization, cor-
relation and screening. Both the theories of Abrahams and McMillan
predict a continuous transition.

Localization length

The wave function for a localized electron is damped exponentially
according to Fig. 3.13. � is the localization length and determines
the scale of the extent of the wave function. The localization lengths
is supposed to increase to in�nity as the MIT is approached from the
insulating side as (Ec �EF)

�� with � � 1.
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3.4.2 Conductivity in the Insulating Regime

The conductivity in the insulating regime can be described by:

�(T ) = �1e
�"1=(kBT ) + �2e

�"2=(kBT ) + �3e
�"3=(kBT ) + �VRH (3.50)

where "1 and "2 are the activation energies required for excitations of
carriers to a mobility edge and a Hubbard band, respectively. The
last two terms are due to thermally activated hopping between local-
ized sites. The third term is called nearest neighbor hopping, NNH.
"3 < "2 < "1 and NNH therefore becomes dominant as temperature
is decreased. At su�ciently low temperatures the last term, variable
range hopping, VRH, is larger than all other contributions. The last
two terms will below be described more in detail, partly following
Refs. [54,99].

3.4.3 Thermally Activated Hopping

The localized sites in a lattice have di�erent energies and an electron
hopping between localized states has therefore to exchange energy
with a phonon each time it hops. This kind of hopping was �rst
suggested in Refs. [100, 101]. The hopping may occur between the
nearest neighboring sites (NNH) or to more remote sites (VRH). The
energy associated with NNH hopping is the Coulomb energy from
interaction between the nearest sites, The hopping probability can be
written as

�ph exp
��2ri;j

�
� "3

kBT

�
(3.51)

where ri;j is the hopping length between site i and j, � is the localiza-
tion length, and "3 is the energy associated with the hopping.

� is large close to the MIT and the wave function from one site will
overlap many others. The electron will hop to the nearest neighbor
with the lowest energy within the volume �3 and "3

kBT
� 2

ri;j
�
. The

second term in eq. 3.51 will thus dominate the conductivity and NNH
is the main contribution to conductivity.

At su�ciently low temperatures both terms in eq. 3.51 will have
similar size. If the electrons hop a longer distance, ri;j, the number
of possible sites increases as r3i;j and the probability of �nding a site
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with a smaller energy thus also increases with r3i;j. By maximizing the
probability, eq. 3.51, the expression for Mott VRH is achieved:

� = �0e
�
�

T0
T

��
, � =

1

4
(3.52)

where

T0 = const:
1

kBN(E)�3
(3.53)

and N(E) is the density of states. Eq. 3.52 was derived by Mott [37].
It has been used with success in determining how the localization
length increases as the doping concentration increases and the MIT
is approached from the insulating side. [94]. Far on the insulating
side of the MIT electron-electron interaction becomes important and
Efros-Shklovskii [102], ES, showed that the energy di�erence between
the states is:

� = "i � "j �
e2

�ri;j
(3.54)

where � is the dielectric constant. The last term is the Coulomb
energy of the created electron-hole pair. Due to the electron-electron
interaction the parameter � in eq. 3.52 is modi�ed to � = 1

2
. As the

MIT is approached from the insulating side � increases and the Mott
VRH becomes appreciable.

A more rigorous analysis [103] than given above gives a more accu-
rate value of T0 and a value of the hopping length Rhop;
Mott VRH:

TMott
0 = T0 =

18

kBN(EF)�3
(3.55)

RMott
hop (T ) = Rhop =

3�3

8

�T0
T

�1=4
(3.56)

and ES VRH, close to the MIT:

TES
0 = T 0

0 =
T0

80
(3.57)

RES
hop = R0

hop =
�

4

�T 0
0

T

�1=2
(3.58)

The Mott and ES VRH are derived in the limit Rhop � �. It follows
from the analysis that Mott VRH should be expected for temperatures
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T > T0=1170 and ES VRH for T < T0=2000 [103, 104]. It is thus
clear from eq. 3.58 that the ES VRH is only appreciable at very low
temperatures. However, there have been reports [90,104] of Mott VRH
in the same temperature regime, or higher, than the �tted T0. The
hopping length in these reports is shorter than the localization length,
but it is unclear what physical picture that would correspond to.

Magnetic �eld

The magnetoresistance on the insulating side of the MIT has many
contributions. Analyzing the magnetoresistance is therefore di�cult,
and it may be dangerous to determine the state, metallic or insulating,
of the material only based on magnetoresistance measurements. The
description below will not be a complete survey of the theories and
it will be restricted to mechanisms a�ecting the hopping conductiv-
ity. The intention is to point out the many di�erent contributions and
thereby pointing out the big di�culties in analyzing the magnetocon-
ductivity in an insulator. The main features of the theories have been
collected in table 3.1.

Shrinkage of wave functions. The extent of the wave functions
shrink in presence of magnetic �eld. The e�ect is most prominent at
large magnetic �elds and it results in a negative magnetoconductivity
which increases exponentially in B2 at low �elds. It has been treated
theoretically both for NNH and VRH [92, 105]. A survey of both
theories has been given in Refs. [99,105].

Zeeman e�ect. Fukuyama and Yosida [107] have suggested a posi-
tive magnetoconductivity due to Zeeman e�ect. They considered hop-
ping without Coulomb interaction, i.e. Mott VRH. In presence of mag-
netic �eld, the Zeeman splitting of the energy levels will cause some
population of the larger energy level, E0 +

1
2
�BkBT , which is closer

to the mobility edge than E0. The wave functions of these states
are more extended and the magnetoconductivity is therefore positive.
This theory together with the theory of shrinking wave functions were
employed by Benzaquen [112] to describe a positive magnetoconduc-
tivity at low �elds followed by a sign change at stronger �elds.
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Model Spin-Orbit Sign of the Magnetoconductivity References

Interaction Weak �eld Strong Field

Nearest Neighbor Hopping, NNH

Shrinkage of Wave Functions � � [92, 105]

Coulomb no SO + + [106]

Interaction SO � +

Variable Range Hopping, VRH

Shrinkage of Wave Functions � � [92, 105]

Zeeman e�ect + + [107]

Independent no SO � +

Path SO � + [108,109]

Approach both cases? +? +?

Random-Matrix no SO + + [110]

Model SO � �

Correlated Path no SO + + [111]

Approach SO + +

Table 3.1: The sign of di�erent contributions to the magnetoconductivity and in-

clusion or exclusion of spin-orbit interactions have been noted in the Table. Only

the most complete references have been quoted.
? : Magnetoconductivity deeply into the insulting regime

Interference e�ects. Interference e�ects in the magnetoconductiv-
ity have been considered to play an important role on the insulating
side of the MIT. Nguyen, Spivak, and Shklovski�i [113], NSS, theoreti-
cally predicted that Aharanov-Bohm [49] like oscillations would exist
in an Anderson insulator. They showed that the dominant contribu-
tion to the conductivity is from interference from forward scattering
paths and not from backscattered paths, which are the major contri-
butions on the metallic side of the MIT. The resulting magnetocon-
ductivity was found to be positive.

The NSS-theory was further developed by Sivan, Entin-Wohlman,
and Imry, SEI, [108,114] and later by Meir et al. [109] to include spin-
orbit interaction. They assumed only independent paths, but Meir et
al. estimated the e�ect of correlations between paths and found that it
would not change the general features of the magnetoconductivity. It
was found that the magnetoconductivity was negative for weak �elds
close to the MIT, but positive for strong �elds or deeply into the insu-
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lating regime, regardless of the strength of the spin-orbit interaction
and disorder. The theory was �rst experimentally supported by Faran
and Ovadyahu [115].

The theory by SEI [108, 114] and Meir et al. [109] is however not
consistent with the theory proposed by Pichard et al. [110]. They
studied a random-matrix model and predicted a large positive mag-
netoconductivity in systems without spin-orbit interaction, but a neg-
ative magnetoconductivity in presence of a strong spin-orbit inter-
action. The NSS theory was further criticized by Medina and Kar-
dar [111, 116{118] for being incomplete, because it did not include
correlations between paths. However, they found a positive magneto-
conductivity for all �elds and strengths of the spin-orbit interaction
when they included correlations. For a review of their results, see
Ref. [111].

Coulomb interaction in NNH. Coulomb interaction and Zeeman
e�ect in NNH was considered by Eto [106]. He found a positive mag-
netoconductivity in absence of spin-orbit interaction. In the presence
of spin-orbit interaction the magnetoconductivity was negative at low
�elds with a change of sign at stronger �elds.

3.4.4 Crossover from Weakly to Strongly Localized Regime.

The crossover from the metallic to the insulating regime has been
studied by several groups in doped semiconductors as well as conduct-
ing polymers. [104,119{123] The general idea seem to be to attribute
the transport properties on the metallic side to quantum interference
e�ects in the weakly localized regime. The screening length is sup-
posed to diverge at the MIT and the screening parameter F� is thus
supposed to vanish [119]. It has therefore been tempting to corre-
late the behavior of the conductivity �(T ) with a decreasing F� as
approaching the MIT, which has been done with success in several
papers. It must be questioned however, if the success is not due to
an overexibility in the temperature dependence of the conductivity.
Refs. [120, 122, 123] included the magnetoconductivity in the analy-
sis and they ascribed ��(B; T ) to QIE in the metallic regime. The
transport properties are normally ascribed to a vanishing Mott VRH
when the MIT is approached from the insulating side. As discussed
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above, in Section 3.4.3, a Mott VRH with Rhop � � was reported both
in doped Si:As [104] and in quasicrystalline AlPdRe [90]. This would
be a signature of a system very close to the MIT, but VRH in the
limit Rhop � � seems unphysical. The variety of magnetoconductivity
theories makes the analysis to ��(B) di�cult on the insulating side
of the MIT. It is thus di�cult solely from measurements of the magne-
toconductivity to study the crossover from a metallic to an insulating
state.
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Chapter 4

Experimental Techniques

4.1 Preparation

The samples used in the investigations have been prepared with three
di�erent methods, (i) molten, meltspun, and annealed, (ii) quenched
in an arc furnace and subsequently annealed, and (iii) as single grains
pulled with a Czochralski technique. These methods will be described
and �nally one recipe for making high quality AlPdRe will be pre-
sented.

4.1.1 Arc furnace

An arc furnace is a standard tool in preparing samples by melting.
An example of an arc furnace is shown in Fig. 4.1. It consists of a
water cooled copper plate on which the appropriate constituents are
placed. Above the sample a tip of tungsten is positioned. During
the preparation the sample and tip are kept in a low pressure argon
atmosphere inside a glass container. An arc is created between the
sample and the tip by applying a high voltage between the tip and the
plate. The arc melts the sample. In order to ensure good homogeneity
the ingot is turned around and remelted. This procedure is repeated
several times.

4.1.2 Meltspinning

Meltspinning is often employed after the preparation of the ingot in
an arc furnace and the AlCuFe samples were made by this procedure.
A melt-spinning machine is shown in Fig. 4.2. The ingot is placed in
a quarts tube, which is situated inside a water cooled RF-coil. When
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Figure 4.1: An arc furnace.

Figure 4.2: A meltspinning machine [124].

the ingot has been melted the quarts tube is pressurized and the melt
is pressed through a small hole in the bottom of the quarts tube. The
melt is then quenched against a cool rotating copper wheel and a
ribbon is formed. The quenching rate is around 106 K/s and the rib-
bons are typically 20-60 �m thick. The machine is suitable for mak-
ing amorphous metals and some types of polygrained quasicrystals.
Melt-spinning is often followed by annealing were the quasicrystalline
sample is heated in vacuum at about 800 �C.
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Figure 4.3: The Czochralski puller [125].

4.1.3 Czochralski technique

Single grain crystals are often made by a Czochralski method, Fig.
4.3. An example is the single grain AlPdMn studied in this thesis. A
small crystal seed is dipped into the melt. The seed is slightly cooler
than the melt and the solidi�cation therefore occurs on the seed as it
is pulled from the melt. The crystal tend to grow assymetrically due
to temperature gradients in the melt and this is compensated for by
rotating the seed. There are also problems with the homogeneity of
the crystal as discussed in Paper 17. A major advantage is that the
seed is not in contact with the crucible and it is thus possible to grow
high purity large single grain crystals. The diameter of the crystals
are typically in the order of some centimeters. The (i)-AlPdMn qua-
sicrystals in Papers 4, 10 and 17 were afterwards cut by spark erosion
and the �nal sample sizes were about 10 � 1 � 1 mm3.

4.1.4 Annealing

The structural quality is often improved by annealing the samples
at a high temperature. The samples are either in vacuum or in an
inert gas atmosphere during the annealing. The improvement of the
quality is easily seen as an increase in resistivity, �(T ), and a stronger
temperature dependence. The recipe is di�erent for di�erent systems.
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The quality of AlCuFe is thought to be much improved by annealing
at temperatures slightly above 800 �C. The transport properties in
single grain AlPdMn is only slightly improved by annealing which is
performed at temperatures between 600 and 800 �C. In AlPdRe the
resistivity is strongly increased by annealing.

4.1.5 Recipe for High Quality AlPdRe

High quality AlPdRe samples are prepared by either the A or the B
method described below. Method A is more thoroughly described,
since it has been used by the author during a visit in Prof. Poon's
laboratory, University of Virginia.

Method A has been developed by Prof. Poon and colleagues.
These samples are in Papers 12 and 15 designated as the A-samples
and have been made by the author.
The recipe:
1. Powder. The constituents are mixed together in their nominal
composition. The mixing must be very thorough and made in a clean
environment.
2. Pellet. The powder is carefully �lled into a pressing device and
pressed into a pellet.
3. Ingot. The pellet is melted in an arc furnace. It is very important
to keep the arc furnace clean to ensure high quality of the samples.
4. 1st Annealing. The ingot is wrapped in Ta-foil and sealed into a
quartz tube and annealed at 940 �C for approximately 12 h.
5. 1st measurement. Sample bars with the typical size 1 � 1 � 4 mm3

are cut from the ingot. The resistance ratio R = �(4K)=�(295K) is
measured. An R-value of about 30 is considered a high value at this
stage.
6. 2nd annealing. Samples with high R-values are sealed as in 4 and
subsequently annealed at around 600-650 �C for a few hours, typically
5-6 h.
7. 2nd measurement. The R-value of the samples are remeasured. The
R-value should have increased and hopefully to about 100 or above.

Method B has been employed by the lab at LEPES-CNRS, Gre-
noble, France. They have prepared the samples in Papers 1-3,5-9,11
and 14, and the samples were designated the B-samples in Papers 12
and 15. The constituents were melted in appropriate amounts in an
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arc furnace. The ingots were meltspun and thereafter annealed at high
temperatures. The ribbons were �nally slowly cooled in the furnace.
The process is described in more detail by C. Gignoux [126].

4.2 Characterization

Several characterization methods have been employed. X-ray di�rac-
tion is a standard tool in determining the quality of a quasicrystals.
Scanning electron microscopy, SEM, is also useful, especially when
studying the morphology and homogeneity of the samples. It is also
very powerful when it is combined with a possibility of determining
the composition of a small volume of the sample. ICPOES (inductive
coupled plasma optical emission spectroscopy) has been used in in-
vestigations of (i)-AlPdMn. However, none of these characterization
methods seem to be able to distinguish between samples as precisely
as transport measurements. Furthermore, also in other cases may
the simple measurement of the resistance ratio, R = �(4K)=�(300K),
serve as an initial sample characterization. X-ray di�raction, SEM,
and transport measurements used for characterization are described
in this section.

4.2.1 X-ray di�raction

X-ray di�raction is the standard technique used to characterize the
icosahedral phase. A di�ractogram for icosahedral AlPdRe is shown
in Fig. 4.4. The strongest peaks have been indexed with 6 Miller
indices, which are needed to describe the icosahedral phase, see Sec.
2.3. The peaks are as sharp as in periodic crystals. The e�ect of
di�erent kinds of disorder on the di�raction pattern were discussed in
Sec. 2.4.

4.2.2 Scanning Electron Microscopy

Scanning electron microscopy, SEM, is a useful tool when studying
the homogeneity of a sample. In the SEM-pictures it is possible to
distinguish between a primary and a possible secondary phase, and
voids. Electrons are accelerated in an electron gun and focused with
magnetic lenses on the sample. The electrons interact with the sample
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Figure 4.4: Powder di�raction of icosahedral AlPdRe. The sample has been crushed

from an ingot made with method A according to chap. 4.1.5, but annealed at high

temperatures, 940 �C, only. The strongest peaks are indexed with indices according

to e.g. Ref [127].

and electrons are emitted from the surface and detected by an elec-
tron detector. The electron beam sweeps the surface of the sample
and thereby creates a two dimensional picture. The signal from the
detector can be displayed on a cathode-ray tube, the scan of which is
synchronized with the scan of the electron beam in the microscope.
The magni�cation of the microscope is given by the ratio between
the width of the surface studied and the width of the screen. The
minimum distance which is possible to resolve is in many microscopes
about 20-50 �A. [128].

The electrons can interact with the material through several mech-
anisms. These are displayed in Fig. 4.5 together with the volume that
they probe. The two main contributions to the picture are backscat-
tered and secondary electrons. Secondary electrons are valence elec-
trons that are emitted due to interaction between the atoms and the
electrons of the beam. The backscattered electrons are electrons that
are elastically scattered from the sample. The heavier element (larger
atomic number) the higher is the intensity of the backscattered elec-
trons. With the SEM in backscattering mode it is thus possible to see
variations of the composition in the sample. The brighter the area,

50



auger electrons,
10 Å

secondary
electrons, 50-100 Å

characterist ic x-rays,
1-6 µm

flouroscent x-rays,continous x-rays

backscattered electrons,
0.5-3 µm

incident electrons

Figure 4.5: Di�erent interactions between the electrons of the beam and the material.

The microscope detects these interactions in the sample to the depths indicated in

the �gure, after Ref. [128].

Figure 4.6: An SEM picture of an (i)-AlPdRe alloy. The sample is of the ingot type

studied in Papers 11-12 and 14-16.
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the higher are the atomic numbers of the elements. An example is the
(i)-AlPdRe sample shown in Fig. 4.6, which shows the primary phase
as gray, the secondary phase as white, and holes as black areas. The
secondary phase thus consists of heavier elements than the primary
phase.

The SEM microscope is usually equipped with one or both of the
following possibilities to determine the composition of the sample.
Firstly, the energy dispersive X-ray spectrometer (EDS), which detects
the energy of the characteristic X-rays. Secondly, the wave length
dispersive detector (WDS), which detects the wave length of the X-
rays. The WDS is more sensitive than EDS.

4.2.3 Transport Measurements

It has been shown in AlCuFe [129] that the magnitude of the resis-
tivity and its temperature dependence increases as the quality of the
icosahedral phase is improved. The measured resistivity is dependent
on the shape of the sample and the error is thus rather large, about
15 %. The resistance ratio, R = �(4K)=�(295K), which reects the
temperature dependence, is easily measured more accurately. Further,
we have shown in AlPdRe, e.g. in Paper 6, that R increases almost
linearly with �(4K), see Fig. 5.2. In the study of AlPdRe R has been
used to characterize the samples, which have R-values in the range
2-180.

The resistance ratio and the magnetoconductivity have been shown
[Paper 17] to be able to distinguish between samples with di�erences
in the Mn concentration. The di�erences are possibly correlated to
magnetic scattering of the conducting electrons. SEM and ICPOES
measurements in these samples have not been able to detect any
concentration di�erences for these samples. It seems that transport
measurements are much more sensitive than any other characterizing
methods.

4.3 Low Temperature equipment

The measurements have been made in di�erent cryostats depending
on the type of measurement and the temperature range. Resistance
versus temperature measurements have been made in an ordinary 4He-
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cryostat at temperatures in the range 1.5-300 K. Magnetoresistance
measurements in this range have been made in a continuous ow cryo-
stat. At lower temperatures, 15 mK - 1.5 K a dilution refrigerator has
been used. To reach even lower temperatures, 120 �K - 15 mK, a di-
lution refrigerator combined with adiabatic nuclear demagnetization
has been employed.

4.3.1 The 4He-Cryostat

The 4He-cryostat consists of an inner part with radiation shields, a
sample holder and an outer part, which is �lled with liquid nitrogen.
Between the inner and outer parts and between the outer part and
the outside, there are vacuum spaces. The inner part of the cryostat
is �lled with 4He. 4He has a boiling point at 4.2 K at a pressure of
1 bar. To reach lower temperatures it is necessary to evaporate 4He
by pumping on the 4He-bath. Due to the latent heat of evaporation
the temperature of the bath is then decreased. With this method it
is possible to reach 1.5 K. This is however rather une�cient, since
due to the large speci�c heat of 4He about 40 % of the 4He has to be
evaporated to decrease the temperature from 4.2 to 1.3 K [130].

The sample holder has a carbon and a platinum resistor as tem-
perature sensors. The advantage with the cryostat is the simple con-
struction. The major disadvantage is that it requires time to change
sample. Since the sample holder is in the helium bath, all helium must
boil o� before it is possible to change samples.

4.3.2 The Continuous Flow Cryostat

The principle of the continuous ow cryostat is shown in Fig. 4.7.
There is one main 4He-bath thermally isolated by surrounding vacuum
spaces and a chamber �lled with liquid nitrogen. The 4He bath is
connected to the sample space by a thin inlet tube. The sample is
cooled by owing 4He from the 4He-bath through the tube and into
the sample space where the helium evaporates.

The cryostat has been improved at the laboratory with an extra
shield between the original sample space and the sample in order to
improve the temperature stability. The extra shield is used at temper-
atures above 4.2 K. At temperatures of 4.2 K and below, liquid helium
is let into the sample space and it is necessary to pump on the sample

53



Carbon
thermometer

Platinum
thermometer

Capacitance
thermometer
on shield

Sample
position

Inner vacuum
shield

Heater

He gas inlet

Sample cell

Figure 4.7: The inner part of the continuous ow cryostat with the sample holder

primarily used [131].

space to reach below 4.2 K . This is however more economical than in
the case of the 4He cryostat described above since the big 4He-bath is
not cooled in the process.

The cryostat is equipped with a 12 T superconducting magnet,
which is situated in the 4He-space. The cryostat is therefore suitable
for magnetoresistance measurements between 1.5 K and 300 K with a
stability of �10 mK. A more thorough description of the cryostat has
been given in [132].
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Figure 4.8: Schematic of a dilution refrigerator, after Ref. [130].

4.3.3 The Dilution Refrigerator

To reach temperatures below 1.5 K an ordinary 4He-cryostat is not
su�cient and often a 3He- or a dilution refrigerator is used. The
minimum temperature with a 3He-cryostat is typically 0.3 K and with
a dilution refrigerator a minimum temperature as low as 2 mK has
been reported [130]. A schematic of a dilution refrigerator is shown in
Fig. 4.8. In the dilution refrigerator there is a mixture of 3He and 4He.
Below 0.86 K there exist two mixtures of 3He-4He, one 3He rich and one
4He rich phase, see Fig. 4.9. The energy per atom of the 4He rich phase
is higher than the 3He rich phase. The pumping causes 3He to pass the
phase boundary from the 3He rich phase to the 4He rich phase, which
takes heat from the system. The di�erence from a 4He is cryostat is
thus in principle only that in a dilution refrigerator the latent heat of
mixing is used instead of the latent heat of evaporation. The phase
boundary is situated in the mixing chamber which is positioned close
to the sample holder. It is thus mainly 3He in the dilute phase that
is pumped from the mixing chamber. The dilute phase is collected
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Figure 4.9: The phase diagram for 3He and 4He [130]. The curve with two branches

below 0.86 K is called the coexistence curve since two phases coexist down to 0 K.

The coexistence of both phases is obviously necessary for the operation down to low

temperatures.

in the still, from which mainly 3He evaporates and through pumps is
recycled down into the system. The 3He is condensed in a condenser,
the pot, and �nally through heat exchangers and high ow impedance
wires transferred to the mixing chamber. The temperature is regulated
above the base temperature by controlling the ow of 3He and by
heating with a resistive heater at the sample holder. A more extensive
description can be found in the review article by Lounasmaa [133].

The dilution refrigerator at the Department of Solid State Physics
has been used down to 30 mK and it is equipped with a 7 T su-
perconducting magnet. A dilution refrigerator at the Department of
Nanostructure Physics at KTH has also been used and temperatures
down to 15 mK have been reached.

4.3.4 Nuclear Adiabatic Demagnetization Refrigeration

In nuclear adiabatic demagnetization refrigeration the magnetic order-
ing entropy of the nucleus is used. With this method it is possible to
reduce the temperature from the mK to the �K region. A precooling
refrigerator is needed to reach the mK region, and typically a dilution
refrigerator is used.
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Figure 4.10: The entropy of the nuclear spins vs. temperature for di�erent magnetic

�elds, from [130].

By applying a magnetic �eld to a material the nuclear moments will
align and their entropy will accordingly decrease, Fig. 4.10. During
the magnetization there will be heat released which is absorbed by
the precooling refrigerator. Then the material is thermally isolated
from the precooling refrigerator and the magnetic �eld is reduced.
The entropy will remain constant, but the temperature will change.
Alternatively, the magnetization is made at a higher temperature and
the system is cooled in magnetic �eld down to the base temperature
of the precooling refrigerator.

It can be shown [130] that the relation between initial, Bi and Ti,
and �nal, Bf and Tf , magnetic �eld and temperature, respectively, can
expressed as:

Tfp
B2
f + b2

=
Ti

Bi

(4.1)

where b is an internal �eld caused by interactions of the nuclear mo-
ments and typically below 1 mT. It could therefore seem advantageous
to demagnetize to Bf = 0 T. However, after the demagnetization the
cooling power of the nuclei is proportional to B2

f =Tf and the tempera-
ture of the electrons is (Ti=Bi)(Bf + a=Bf) where a is a constant [130].
There thus exists an optimum magnetic �eld at which it is possible to
reach very low temperatures and still to have a �nite cooling power.
For further details, see [130].
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Measurements with adiabatic magnetization have been performed
at the EU low temperature facility in Bayreuth. In our measurements
the demagnetization started from 10 mK and 8T. The �nal demag-
netization �eld was 25 mT and the lowest base temperature was 130
�K.

4.3.5 Thermometry

Di�erent thermometers have been used depending on the situation.
The di�erent types of thermometers will be described, followed by a
discussion of the thermometers in the di�erent sample holders.

Platinum thermometer

In the temperature range between 20-300 K several di�erent plat-
inum resistors have been used as thermometers. The temperature
dependence of the resistivity, �(T ), is almost linear above 60 K. The
sensitivity deteriorates quickly below 40 K, but above 20 K it is still
acceptable, as can be seen in Fig. 4.11. The platinum resistor has a
large magnetic �eld dependence at low temperatures.

Carbon thermometer

Carbon resistors have a strong temperature dependence below 20 K
and are therefore useful as thermometers in this range, Fig. 4.11.
They have a strong magnetic �eld dependence and are therefore not
useful in magnetic �eld without an accurate calibration.

Carbon glass thermometer

Carbon glass thermometers have the big advantage compared to plat-
inum and carbon thermometers that they are sensitive in the whole
temperature range 1 - 300 K. They also have a small magnetic �eld de-
pendence in this range. The sensitivity is displayed in Fig. 4.11. The
thermometer that has been used has been manufactured by LakeShore.

Silicon diode thermometer

Silicon diodes are very sensitive below 20 K, but with a reduced sen-
sitivity useful up to 475 K. The magnetic �eld dependence is large
and dependent on orientation. The leads on the commercial diodes
(LakeShore Si-diodes) are magnetic and the diode must therefore be
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carefully anchored at the sample holder. The main advantage is that
the diodes are small. They have therefore been used in the thermo-
electric power sample holder, in which the space is limited.

Capacitance temperature thermometer

Capacitive sensors have a very small magnetic �eld dependence. This
makes them suitable for temperature regulation in a varying magnetic
�eld. However, they are not stable upon thermal cycling and they
should therefore be used for temperature regulation only.

Thermometers in the cryostats

Two sample holders have been equipped in the continuous ow cryo-
stat. One sample holder was equipped with a carbon thermometer for
low temperatures, < 20 K. This was suitable for magnetoresistance
measurements at 4.2 K and 1.5 K, where the temperature regulation
was not a problem. They were not useful at higher temperatures where
the strong magnetic �eld dependence of the thermometers makes it
di�cult to regulate the temperature. For these measurements a sam-
ple holder with thermometers inside a magnetic �eld cancellation coil
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was used. The space at zero �eld was approximately 20 cm above
the sample and connected to the sample with a high purity copper
rod. Even in magnetic �eld it was thus possible to regulate on a
thermometer in zero �eld. The thermometers in zero �eld are one
platinum resistor and one carbon resistor. The thermometer close to
the sample is nowadays a carbon glass thermometer, but during the
years also Ir resistors and silicon diodes have been used. At temper-
atures above 4 K an extra shield around the sample holder is used
to improve the temperature regulation. The shield is held at a few
kelvin lower temperature than the sample holder. The temperature
is currently regulated with a capacitance sensor, LakeShore CS-501,
which enables good temperature control in magnetic �eld. A platinum
resistor was previously used. The di�erence in temperature regulation
is considerably improved with the capacitive sensor.

The 4He sample holder was equipped both with a carbon and a
platinum resistor. The dilution refrigerator has been equipped with
two carbon thermometers. An Allen-Bradley 10 
 carbon resistor was
used in the temperature range 1.0 - 4.2 K. Below 1.0 K a Speer 220 

carbon resistor was used. It was calibrated against the susceptibility
of a CMN salt down to 25 mK with an accuracy of 1 - 2 %. The
thermometers in the dilution refrigerator were measured with an IT-4
AC bridge.

Thermometry in the nuclear adiabatic cryostat

The temperature down to approximately 5 mK was measured with a
carbon resistor and by measuring the susceptibility of a Pd+11ppm
Fe thermometer. The thermometers were calibrated against a super-
conducting �xed point device from the National Bureau of Standards
between 16 and 208 mK. At lower temperatures, below 5 mK, a 195Pt
thermometer was used and it was calibrated against the Pd+11ppm
Fe thermometer between 5 and 100 mK.

4.3.6 Data Acquisition

Measurements of the temperature dependence of the resistivity be-
tween 1.5 - 300 K is usually performed during the warm up of the cryo-
stat. The temperature increases slowly without any external heating
and as the temperature increases above 200 K a heater is eventually
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Figure 4.12: The contact con�guration in a 4 pole measurement.

applied. During the warm-up the resistance of the sample and the
thermometer are logged on a computer.

The magnetoresistance has been measured with two di�erent meth-
ods. The main procedure has been to increase the �eld at a constant
temperature. The measurements were either performed at continu-
ously drifting �eld or the magnetic �eld was increased in steps. In
the dilution refrigerator it has sometimes been di�cult to employ this
method since it was di�cult to stabilize the temperature. The mag-
netic �eld was then held constant and the temperature was swept.
During the measurements data have usually been logged on a com-
puter.

At the Department of Solid State Physics a measurement program
called HP-VEE has been used. It allows the user to easily control
instruments connected to a GPIB bus and it incorporates many stan-
dard features of a programming language. The program has a nice
graphical interface, which makes it easy to use.

4.3.7 Resistance Measurements

The resistance measurements were performed with an ordinary four
pole technique as shown in Fig. 4.12. Electrical contacts were made on
the samples using silver paint, Demetron D200, and thin gold wires.
For some samples the contacts were stabilized by varnish or epoxy.
The samples were either attached directly to the sample holder or
onto a copper plate, which was attached to the sample holder. The
sample holder and the copper plate were covered with a thin layer of
varnish.

The instruments used for measurements are listed in table 4.1. The
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Instrument Number of Sensitivity Internal Output
digits currents

Solartron 1 �A,
Schlumberger 7081 81

2
10 nV, 10 �A GPIB,

1 mA

Hewlett Packard 500 nA
HP34401 61

2
100 nV to GPIB

1mA

Hewlett Packard 500 nA
HP3458A 81

2
10 nV to GPIB

10 mA

Guildline 1 �A
model 9970 8 < 1nV to -

5 mA

EM Electronics
model P13 4? 50 pV? -a analog
picovoltmeter

Table 4.1: Some speci�cations for instruments used in measuring resistance. The

data are based on the speci�cations from the manufacturer, except the data (marked
?) for the EM picovoltmeter, for which the number of digits is what can be normally

resolved and the sensitivity is the best achieved in the laboratory.
a The picovoltmeter measures only voltage and has therefore no internal current

source.

measurements in the dilution refrigerator were either measured with a
Guildline Comparator bridge or an E.M. picovoltmeter together with
a current source. The bridge has a very high resolution at low cur-
rents, down to � 1�A, but it has to be operated manually. With the
picovoltmeter and the current source it has been possible to measure
resistance with a very low current. Low currents are necessary at very
low temperatures to prevent self heating of the sample. In the AlPdRe
samples a resistance of about 500 
 was frequently measured with a
current of 10 nA. This is however not a limit, since the picovoltmeter
has a sensitivity below 1 nV. It is possible from a computer both to
read the voltage measured by the picovoltmeter and to control the
current source.

In measurements above 1.5 K several instruments could be used,
either multimeters in 4-pole resistance mode or a current source to-
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gether with a voltmeter. The instruments that have been used are
listed in the table. The current sources that have been used were ei-
ther a Keithley 220 or a Keithley 2400, with output currents in the
range 50 pA - 1 A. Several samples and thermometers are normally
measured in sequence and in order to reduce the number of instru-
ments, a multiplexer was used, an HP 3421 or a Keithley 7001 switch
system equipped with a 7168 Keithley nV scanner card.

The temperature was stabilized with either a LakeShore DRC-91C,
LakeShore 340 or a temperature regulator that has been built at the
department.

4.4 Thermoelectric Power Measurements

Thermoelectric power measurements have not been presented in any
of the papers included in the thesis. However, I have constructed a
sample holder for thermoelectric power. This was made after my expe-
riences during my diploma work in Munich, 1993, where I assembled
and tested a sample holder [134]. I have also made some measure-
ments at LEPES, CNRS, in Grenoble, France [135]. P. Lindqvist, the
designer of the sample holder at LEPES, has given me many fruitful
ideas.

4.4.1 Background and Theory

Electric carriers not only transport charge but also energy. If there
exists a temperature gradient, but no electric current, there will be a
heat ow U according to:

�!
U = ��rT (4.2)

where rT is the temperature gradient and � is the thermal conduc-
tivity. To counteract the ow an electric �eld is created. This �eld is
called the thermoelectric �eld

�!
E :

�!
E = SrT (4.3)

where S is called the thermoelectric power or the Seebeck coe�cient.
S is usually measured in �V=K. It can be shown that

S = �=T (4.4)
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Figure 4.13: The arrangement for measuring thermoelectric power with method A.

To measure with method B the wires for measuring U2 are removed

where � is the heat carried by the electrons across the sample at a
temperature T. This relation is similar to the relation between the
latent heat and entropy, which correspond to � and S, respectively.
The thermoelectric power can thus be viewed as the entropy per unit
charge of the electrons. A change in the entropy should therefore be
reected in the thermoelectric power.

4.4.2 Measurements

Thermoelectric power can be measured with di�erent methods. Two
methods will be described below.

A. The temperature gradient of the sample is not measured di-
rectly. Two wires of di�erent materials are attached to each side of
the sample, see Fig. 4.13. By knowing the thermoelectric power for
the wires, S1(T ) and S2(T ), it is possible to derive the thermopower
of sample, Ss(T ), and the temperature gradient along the sample.

Ss = S1 �
S1 � S2

1� r
with r =

U2

U1

(4.5)

Measurements with this method have the advantage of being inde-
pendent of the exact temperature gradient. The wires are however
di�cult to calibrate and therefore require well known data for their
S(T ). This method is further described in Ref. [134].

B. The temperature gradient is measured by thermometers close
to the sample. With this method only one contact is necessary at each
end of the sample. The voltageU is measured for di�erent temperature
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gradients �T = T1 � T0 (notations shown in Fig. 4.13). A straight
line is �tted to U(�T ) with the slope:

dU

d�T
= Sw � Ss = �S? (4.6)

i.e.

Ss = S? + Sw (4.7)

where Sw is the thermoelectric power of the wire. The line �t compen-
sates for systematic and random errors in the temperature gradient,
�T , and the voltage U . The error in temperature could be due to e.g.
an error in the calibration or a di�erence in temperature between the
thermometer and the sample. An error in U might be due to e�ects of
thermoelectric power in other parts of the experimental set-up, which
are not a�ected by the relevant temperature gradient �T . A suitable
�T is about 10 % of the temperature below 20 K and 2 K above 20
K.

4.4.3 Sample Holder

A sample holder has been constructed at KTH to be primarily used
with technique B described above in the temperature range 1.5-300 K.
A schematic of the sample holder is shown in Fig. 4.14. Two samples
can be measured simultaneously.

Samples

The samples are placed between the copper blocks, named warm and
cold in the �gure. The parts of the copper blocks that are in contact
with the sample have been sputtered with gold to prevent any e�ects
of thermoelectric power in copper oxide layers on the surface. The
samples are attached directly to the copper blocks primarily with sil-
ver paint. Cu-wires leading to the top of the cryostat are contacted
mechanically to the blocks. The cold copper block is attached to the
main part of the sample holder and should have about the same tem-
perature. The warm copper block is attached to the main part with
a thin bar of stainless steel in order to reduce heat transfer from the
warm copper block to the main part. The distance between the warm
and cold copper block can be adjusted by sliding the warm copper
block along the bar.
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Figure 4.14: A sample holder for measuring thermoelectric power. The sample

holder is made of copper, except for the bar made of stainless steel. The bar should

reduce the thermal coupling between the main part of the sample holder and the

warm block.

Heaters

There are two heaters on the sample holder. The warm copper block
has a small heater (200 
), which creates the temperature gradient.
The maximum heating power in the small heater is 0.5 W. The large
heater (25 
) is wound around the main part of the sample holder. It
is used to increase the main temperature of the sample holder. Heating
of the sample holder should be made with precaution, even if the large
heater can be used up to approximately 50 W, which is about 50 %
of the maximum output of the LakeShore 340 temperature regulator.
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Thermometry

All three copper blocks have calibrated silicon diodes, LakeShore DT-
470, as thermometers. They are positioned as close to the sample as
possible. The silicon diodes are suitable due to their small size and
they are useful in the whole temperature range. The sample holder is
also equipped with a calibrated platinum resistor placed in the main
part of the sample holder. This thermometer is not normally used.

Additional wires

There are several extra wires down to the sample holder. Some of these
may be employed for measuring with technique A described above.
They should be thermally stabilized at the main part of the sample
holder and connected to the wires leading to the sample. Suitable
wires for this are thin wires of copper and constantan.

Instruments

The temperature of the sample holder and the temperature gradient
along the samples are controlled by a LakeShore 340 temperature reg-
ulator. Two of the thermometers are measured by the temperature
regulator and the third one by a voltmeter and a Keithley 2400 cur-
rent source. The voltage along the sample is measured with an E.M.
picovoltmeter (model P13) together with a Keithley multiplexer. The
instruments are listed in table 4.1.

Data acquisition

The thermoelectric power is measured by a computer, using a program
written for HP-VEE. It controls the temperature regulator and it is
possible both to stabilize at a given temperature or to slowly increase
the temperature during measurements. If the temperature is slowly
increased the temperature gradient must change much faster in order
to measure the voltage U for di�erent temperature gradients �T . A
more thorough description of the program is given in Ref. [136].
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Calibration

The sample holder has to be calibrated before use. The thermoelectric
power of the connecting wires are not well known and there may also
be systematic errors from the experimental set up. This is compen-
sated for by measuring the thermoelectric power of a Pb-wire. The
thermoelectric power of Pb is well known in the temperature interval
1.5-300 K and the thermoelectric power of the connecting wire, Sw can
be calculated with eq. 4.7. The sample holder should be recalibrated
if the connecting copper wires have been disconnected from the copper
blocks.

4.4.4 Measurements of S(T ) in AlPdMn

Thermoelectric power was measured in single grain (i)-AlPdMn. The
samples were cut from di�erent well known positions in the original
crystal. The samples and the preparation process are discussed in
Paper 17. The samples that have been measured are in denoted 1A,
3A and 5A in Paper 17 and were cut along the 5-fold symmetry axis
at three di�erent positions along the growth direction. They were
positioned in the original crystal along the growth axis, which is the
2-fold axis, and with the length of the sample along the 5-fold axis.
The measurements in Fig. 4.15 show a positive thermoelectric power,
which is almost linear up to 60 �V/K at 280 K. From the limited
amount of data it appears that S(T ) does not depend on the position
of the sample in the original crystal. This is thus in contrast to the
behavior of the resistance ratio, R = �(4K)=�(300K), and the magne-
toresistance, which were shown to depend on the position along the
growth axis, presumably correlated to magnetic e�ects.

4.5 Analysis of Quantum Interference E�ects.

The theories of QIE are calculated as corrections to the conductivity,
��(B; T ). It is however the resistance that is measured. When ana-
lyzing the temperature dependence of the conductivity the following
expression has been used:

1

�measured(T )
= �(T ) = �0 +��WL(T ) + ��EEI(T ) (4.8)
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Figure 4.15: The thermoelectric power vs. temperature for single grain (i)-AlPdMn

samples: 1A (�), 3A (O), and 5A (�), with notation according to Paper 17.

Analyzing the magnetoresistance ��(B)=�0 is less straightforward.
Often the following approximation has been used:

��(B)

�(0; T )
� ��(0; T )��(B; T ) (4.9)

This is however only a good approximation for samples with a small
magnetoresistance, as in e.g. amorphous metals and in some qua-
sicrystals, where the magnetoresistance does not exceed approximately
10 %. However, the full expression is:

��(B; T ) =
1

�(B; T )
� 1

�(0; T )
= � ��(B; T )

�(B; T )�(0; T )
(4.10)

i.e.

��(B; T )

�(0; T )
= ��(B; T )��(B; T ) = � �(0; T )��(B; T )

1 + �(0; T )��(B; T )
(4.11)

The error in using eq. 4.9 instead of the full expression eq. 4.11
is given in Fig. 4.16. This treatment is necessary in systems with
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Figure 4.16: The error introduced by using the approximate expression (eq. 4.9) for

the correlation between ��(B; T )=�(0; T ) and ��(B; T ).

large magnetoresistance and a large temperature dependence, as in
(i)-AlPdRe [Papers 5,6,9,11,15] and in (i)-AlCuFe when studying the
whole temperature range up to room temperature [Paper 8].

As briey discussed in chap. 3.1 the di�usion constant, D, should
be calculated from the background resistivity, i.e., without contribu-
tions from QIE. We have used the Einstein relation to determine D,

D(T0) =
1

e2�(T0)N(EF)
(4.12)

where N(EF) is the density of states at the Fermi level and it has been
calculated from speci�c heat data according to:

N(EF) =
3

�2k2B
(4.13)

In amorphous metals where �(T ) is varying slowly with temperature
the correction to D is small. D has therefore routinely been calculated
at 4 K in these systems. However, in quasicrystals where �(T ) varies
strongly with temperature the correct choice of D is crucial for the
validity of the analysis. The contributions from QIE are supposed to
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vanish at higher temperatures as the momentum transfer becomes too
large and the inelastic scattering time decreases. The temperature
of the breakdown of QIE is however not known. We have adopted
two methods in our analysis. Firstly, D has been calculated with
�(T0 = 4K). At 4 K contributions from QIE are still supposed to be
dominant, but D(4K) gives a lower bound of D. Secondly, we have
used �(T0 = 4K) to calculate D(300K). At room temperature all
contribution is likely to have vanished and D(300K) therefore gives
an upper bound of D. D is therefore probably within these bounds.
The analysis of D is discussed more in detail in Papers 8 and 14. We
have, by using this technique, been able to study the breakdown of
QIE as the temperature is increased in (i)-AlCuFe [Paper 8] and as
the resistivity is increased in (i)-AlPdMn [Paper 14].

The inelastic scattering time, �ie, was allowed to vary at each tem-
perature in the analysis of the magnetoresistance, but in some cases
�ie was restricted to decrease with increasing temperature. In the
analysis of �(T ) the inelastic scattering time was assumed to vary as
�ie = �0T

�p. These assumptions are justi�ed by the theories briey
discussed in Sec. 3.2.2 and according to the theories the exponent p
is in the range 1 to 4.

The spin-orbit scattering time, �so, was assumed to be temperature
independent. The Coulomb interaction parameter F� was allowed to
decrease at higher temperatures, i.e., > 4 K. The Land�e factor, g�,
was assumed to have its free electron value, g� = g0 = 2, except in the
analysis of AlPdMn in Paper 10, where g� was a free parameter.

When �tting the data we have used two di�erent methods. The
�rst method uses a grid of parameters and calculates the rms value at
each point in the net and thereby �nds the best �t. The other method
uses the minimizing function fmins in MATLAB [137] to minimize the
rms.
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Chapter 5

Experimental Results

This chapter aims at a brief description of the current experimental sit-
uation on transport properties of the presently studied alloy systems.
Focus is on quantum interference e�ects in AlCuFe and AlPdMn and
the breakdown of QIE when approaching an apparent MIT in AlPdRe.
In Sec. 5.1 recently published papers are discussed and in Sec. 5.2 the
papers of the thesis are summarized in this context.

5.1 Brief Review of Prior Experimental Results

5.1.1 Quantum Interference E�ects

Quantum interference e�ects have successfully described the trans-
port properties in AlCuFe and AlPdMn quasicrystals. For AlPdRe
it is shown in Papers 5-6,11, and 14 in this thesis that QIE break
down as the resistivity at 4K and the resistance ratio increase above
105 �
cm and 23, respectively. In Table 5.1 the main reports of QIE
are listed and the temperature range in which weak localization and
electron-electron interaction have been analyzed. The parameters in
the contributions from weak localization, WL, and electron-electron
interaction, EEI, are:

��WL = ��(B; �ie(T ); �so; �s; g
�) (5.1)

��EEI = ��(B; T; F�; g
�) (5.2)

The di�erent parameters have been described more thoroughly in
Chap. 3. AlCuFe is diamagnetic at high temperatures and there are
several reports of analysis in terms of QIE without spin scattering,
which all show similar results. The spin scattering time, �s, is thus
much larger than �so and �ie in AlCuFe. In AlPdMn the magnetic
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Quantum Interference E�ects

System �(4K) T�(T ) T��(B) Theory Ref.

(�
cm) (K) (K)

AlCuFe 4300-7800 0.3-100 qualitative WL+EEI [72]

Al66:3Cu20:4Fe13:3 1800 2-60 2-46 WL [73]

AlCuFe 4200-9600 2-42 4-37 WL+EEI [71]

AlCuFe 5000-10500 0.1-200 0.1-200 WL+EEI [140]

AlCuFe 10000 0.15-20 1.5-41 WL+EEI [70]

AlCuFe 4500-10000 0.08-280(150) 0.08-280 WL+EEI P. 2,8

AlPdMn 9000 0.5-100 0.5-4 WL+EEI [138]

Al70Pd21Mn9 7000 0.02-100 -a WL+EEI [141]

Al70Pd21Mn9 2500 2-250 2-250 WL [142]

Al70Pd21Mn9 2500 2-120 2-110 WL(+EEI)b [143]

Al70:5Pd22Mn7:5 10000 0.1-200 0.1-200 WL+EEI [140]

Table 5.1: Selected reports of QIE in (i)-AlCuFe and (i)-AlPdMn and the temper-

ature range in which �(T ) and ��(B) have been analyzed.
a Chernikov et al. analyzed �(T ), but the positive ��(B) could not be explained.
b Saito et al. included EEI, but it did not improve the quality of the �t.

properties depend strongly on the composition [138,139]. This a�ects
the transport properties and spin scattering must be considered in
the analysis. This complicates the analysis of AlPdMn and therefore
the analyses of QIE di�er more in the results and methods than for
AlCuFe.

There are many parameters in the theories of QIE and there is al-
ways a risk in the analysis that the theories are over-exible compared
to the limited amount of data in the analysis. In this section I will
supplement Table 5.1 with a description of the di�erent analyses in
some of the reports. I have included papers of the thesis in order to
make the Table more complete, but they will be further discussed in
chap. 5.2.

Haberkern et al. [71, 144] studied AlCuFe samples with resistivi-
ties in the range 4200 - 9600 �
cm. They measured and analyzed
��(B) in the range 4-37 K and �(T ) from 2-42 K. The Coulomb in-
teraction parameter, F�, was derived from the Hall e�ect, and it was
assumed to be constant in the the whole temperature range. F� was
found to vary strongly between the samples. �ie was parameterized as
�ie = A�1 + B�1T 3=2 + C�1T 2 in Ref. [71]. In two of the three sam-
ples these analyses resulted in an unphyscial behavior of �ie even if the
absolute values of �ie were probable. They attributed the strong F�
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and the unusual temperature dependence of �ie(T ) to a strong Hume-
Rothery interaction and compared the quasicrystal to a semimetal. It
should however be hazardous to draw too much conclusions from �ie(T )
since the the temperature dependence was forced upon �ie. Further, a
constant F� for temperatures up to 40 K must also be questioned.

Matsuo et al. [73] have expanded the weak localization expression
[58] to include elastic scattering, which normally is assumed to be
much more intense than the other scattering times, i.e., �e � �ie, �e �
�so and �e � �s. �(T ) and ��(B) in single grain AlCuFe were analyzed
up to 60 K and magnetic �elds up to 8 T in the temperature range
2-46 K, respectively. They used the extended WL expression, but
they found a poor agreement for ��(B) and improbable parameters,
such as g� = 130 and �e = 8:8 as. The poor �t may be due to
the neglected EEI contribution. This was not even commented upon.
In [142] the same group used the extended expression of WL to analyze
��(B) and �(T ) in Al70Pd21Mn9. ��(B) and �(T ) were analyzed
in the temperature range 2-250 K and magnetic �elds up to 8 T.
They found an improvement in the analysis when they included spin
scattering. Essentially the same authors added EEI in the analysis
[143], but found the quality to deteriorate. The analysis was restricted
to temperatures below 120 K, but it must be questioned to have a
constant F� up to these temperatures.

Lindqvist et al. [140] made a thorough analysis of ��(B) and �(T )
in a wide range of samples, approximants, AlCuFe, AlPdMn, and
AlPdRe. ��(B) covered the temperature range 0.1-200 K and mag-
netic �elds up to 20 T. They addressed the problem of the value of the
di�usion constant, which should be calculated from the background
conductivity without any contributions from QIE. The expected de-
crease of EEI with increasing temperature was considered by taking
it to be constant up to 30 K and zero at higher temperature. They
argued that a possible magnetic contribution should be small in all
their samples.

There have been reports of QIE in several other systems than
AlCuFe and AlPdMn [9]. Biggs et al. [145] and Lalla et al. [146] an-
alyzed the magnetoresistance of AlCuRu in terms of QIE. Lindqvist et
al. [140] studied an AlPdRe sample with a resistance ratio,
R = �(4K)=�(300K) = 4. Wang et al. studied Al70Pd22:5(Re1�xRux)7:5
with R-values between 3 and 10.
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Figure 5.1: The conductivity at 4 K, �(4K), vs. �(300K), in a) annealed (i)-AlCuFe,

b) annealed (i)-AlCuRu, c) as-quenched (i)-Al70:5Pd22Mn7:5, and d) annealed (i)-

Al70:5Pd22Mn7:5, from Ref. [147].

In the papers of this thesis the resistance and the magnetoresistance
of AlCuFe have been analyzed in a wider temperature range, 80 mK -
280 K, than previously reported. QIE in AlPdRe and its breakdown as
the resistance ratio increases have also been studied. For more details,
see the papers and the summary in chap. 5.2.

5.1.2 Possible Metal-Insulator Transition

It has been a debated question if quasicrystals are insulating. It is a
tempting idea since the conductivity decreases as the temperature de-
creases. Lanco et al. [147] collected in 1992 data for AlCuFe, AlCuRu
and AlPdMn and showed that these systems have a linear relation be-
tween �(4K) and �(300K), Fig. 5.1. It indicated an insulating state
for �(300K) � 120(
cm)�1. Today we know that the most high resis-
tive quasicrystal, AlPdRe, has a conductivity at room temperature of
� 100(
cm)�1 and at 4 K a conductivity below 1(
cm)�1 (for sam-
ples with R & 100) [9]. The data for AlPdRe can thus hardly be
resolved on the �(4K)-scale of the �gure of Lanco et al.. However,
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Figure 5.2: �(4K) vs. R in (i)-AlPdRe (Fig. 5 in Paper 6)

when expanding the low � region it was observed [148] that data for
(i)-AlPdRe decrease more slowly than indicated by the line in Fig.
5.1. In this case it was found in Paper 6 that �(4K) is approximately
linear in R, Fig. 5.2, on a di�erent scale than in Fig. 5.1. In Paper 7
an extrapolation of 10log(�(0)) vs. R�1, where �(0) is the extrapolated
conductivity at 0 K, suggested that �(0) > 0 for even higher resistance
ratios. However, as illustrated by the discussion above it may be haz-
ardous to extrapolate data to unknown regimes and the extrapolation
in Paper 7 may for the same reasons have to be reevaluated. In Fig.
5.3, 10log(�(0)) vs. R�1 from Paper 7 is shown with additional data
from Paper 16. The new data suggest a sharper decease of �(0) at low
R�1 than was earlier indicated and it is still an open question if �(0)
is �nite at higher R-values.

Analyses in terms of theories applicable on the insulating side of the
MIT is one way to �nd evidence of an insulating state. As described
in Sec. 3.4 the conductivity may be described by VRH at low temper-
atures. Guo and Poon [87] showed that in Al70:5Pd21Re8:5�xMnx the
conductivity can be described by Mott VRH for x = 0 and by ES VRH
for x = 2 � 3:5. In the analysis of the x = 0 -sample an extra resid-
ual conductivity �(0) must be added to �VRH. �(0) was attributed to
impurities. The extrapolated conductivity from temperatures above
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Figure 5.3: 10log�(0) vs. R�1 for Al70:5Pd21:0Re8:5. �: meltspun samples (from

Paper 7) and � ingot samples (from Paper 16). The line is a guide to the eye for the

circles.

0.45 K suggests an MIT for x between 3 and 4. Further, for x � 4
�� could be analyzed in terms of weak localization. However, the
residual conductivity is not consistent with an MIT and it must be
further investigated if impurities can have that large e�ect. A break-
down of theories in the weakly localized regime is possibly evidence of
approaching the MIT, but not of passing into an insulating state.

Lin et al. [88] have applied the scaling theory of McMillan [98].
They found a good agreement with theory and they showed that
AlPdRe is close to the purported MIT. In their analysis they however
used the residual resistivity extrapolated from 4 K, which is hazardous
since �(T ) does not follow the same temperature dependence above
and below 4 K.

Bianchi et al. [89] studied two di�erent samples with slightly dif-
ferent composition, Al70Pd10Re20 with R � 3 and Al70Pd8:6Re21:4 with
R � 10. The �rst sample showed a minimum in the conductivity at
around 1 K and a residual conductivity of 30 (
cm)�1 extrapolated
from 40 mK. The second sample did not show any local minimum in
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the conductivity, but a tendency of saturation at around 1.7 (
cm)�1.
�(T ) in their AlPdRe samples thus showed a metallic state. They
however noticed that the R � 3 sample can be described by QIE, but
the description is not valid for the R � 10 sample.

Delahaye et al. [90] have reported results of conductivity measure-
ments down to 20 mK. They studied 3 samples with R-values of 84,
117 and 128. It was shown that the observations could be described
by Mott VRH in the temperature range 20-600 mK. They did not
have to add a residual conductivity, �(0), and the results indicated
�(0K) = 0. However, their analysis resulted in a T0 of eq. 3.53 of
about 1 mK and a hopping length, which was less than the localiza-
tion length, Rhop < �. It is not clear how that should be interpreted.
Further, even if the measured data seem convincing there are unsolved
questions. When the data fromDelahaye et al. are compared to results
for ingot samples, Paper 16 in this thesis, it becomes clear that the
conductivity in their samples have a strong temperature dependence
at low temperatures, < 0:5K, but the total temperature dependence
between 20 mK and 4 K is still weaker for their samples compared to
the ingot samples. Further, in Paper 16 it also becomes clear that 20
mK may not be low enough to settle the question if the conductivity
is zero at zero kelvin. In Paper 16 the conductivity was measured to
� 130 �K and a saturation was found below 10-20 mK.

Poon et al. [91] have presented AlPdRe samples with R-values in
the range of 270 and have thereby increased the level of R a big step
from routine values of 100. The maximum value previously reported
was 190 [149]. These samples with very high resistance ratios would
be valuable to study at very low temperatures.

5.2 Summary of Papers

The purpose with this section is to give a brief summary of the papers
in the thesis. I have grouped the papers into the di�erent systems
that have been investigated.

5.2.1 (i)-AlCuFe, Papers 1-3 and 8

The temperature dependence of the conductivity, �(T ) and the magne-
toresistance, ��(B)=�(0) were studied in two samples,
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(i)-Al62:5Cu25:5Fe12 and Al62:5Cu25Fe12:5, with resistivities at 4 K of
4500 �
cm and 10000 �
cm, respectively. �(T ) and ��(B)=�(0)
were measured in the temperature range 80 mK - 280 K. It was shown
by extensive studies that the transport properties of AlCuFe could be
attributed to weak localization and electron-electron interaction. For
��(B)=�(0) this conclusion holds for all temperatures measured, while
for �(T ) it is valid at least up to 150 K, as further described below.
The functions have a large number of parameters, which might cause
the analysis to be overexible. The di�erent methods to handle the
number of parameters, D; �so; �ie and F� to make the analyses sound
are discussed in the papers.

�so was assumed to be temperature independent. �ie was allowed to
vary freely in the analysis of ��(B)=�(0), and was supposed to follow
a power law, �ie = �0T

�p, at temperatures above 1K in the analyses of
�(T ). The power law was consistent with the results of the analysis
of ��(B)=�(0).

EEI decrease as the temperature increases, which can be attributed
to a decreasing F�. In Paper 2 it was suggested that F� decreases
linearly down to zero at and vanishes at temperatures in the range
20-30 K. In Paper 8, a more rigorous analysis in a larger temperature
interval was made and F� was found to be constant up to 10 K and
to decrease approximately linearly above 10 K vanishing in the range
80-150 K.

The contributions from QIE in a wide temperature range are very
large compared to the size of the contributions in amorphous met-
als. The di�usion constant in the analysis should be calculated from
the background conductivity without any contributions from QIE. In
amorphous metals this complication could always be neglected due to
the small e�ect of QIE. In quasicrystals however, this must be con-
sidered and we have used a method where we have calculated two
extremes of D. Firstly, QIE are expected to decrease as the tempera-
ture increases and were assumed to be negligible at room temperature.
D(300K) should in that case be an overestimate of the di�usion con-
stant. Secondly, QIE were supposed to a�ect �(T ) only up to 4 K.
A di�usion constant calculated from �(4K), D(4K), should therefore
be an underestimate of D. In Paper 8 we made analyses in terms of
both of these extremes and found evidence of QIE in ��(B)=�(0) up
to room temperature with parameter values in the same range for the
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two choices of D. The di�usion constant, D(300K) was used in the
analysis of �(T ) in Paper 8.

The magnetoresistance was analyzed in Papers 1 and 3 in the tem-
perature range 80 mK to 80 K. A di�usion constant calculated at 4 K,
D(4K), was used and excellent �ts were achieved. However, in Paper
8, a more rigorous analysis was made in a larger temperature range,
80 mK - 280 K, and using a D evaluated as described above. The val-
ues of the parameters were still in the same regime, even if the choice
of D di�ered. It was shown that QIE could describe ��(B)=�(0) at
temperatures up to room temperature 280 K, Fig. 5.4.

The temperature dependence of �(T ) was analyzed in Paper 2 and
8. In Paper 2, D(4K) and parameters from the results of the analysis
of ��(B)=�(0) in Paper 1 were used. In Paper 8, D(300K) was used
and it was found that �(T ) could be described up to at least 150 K in
the high resistive sample and up to room temperature in the low resis-
tive sample. These di�erence illustrate the sensitivity in quantitative
results to the choice of D.

5.2.2 (i)-AlPdRe

(i)-AlPdRe is the most highly resistive quasicrystal known to date
and there are samples with a large range in resistivity and R. It is
therefore a suitable material to study the purported Metal-Insulator
Transition, MIT. We have investigated such samples from three dif-
ferent aspects. Firstly, the QIE should break down as the resistivity
increases and the strongly localized regime is approached. It is there-
fore important to study such a breakdown of QIE and the change
of parameters in this region. Secondly, the de�nition of an insulator
is �(T = 0K) = 0. The conductivity in AlPdRe has therefore been
measured at very low temperatures in order to verify an insulating
state in AlPdRe. Thirdly, the transport properties in AlPdRe sam-
ples prepared with di�erent methods show di�erences, which are not
understood. A better understanding of these di�erences would hope-
fully also help us to understand the general features of the transport
properties at low temperatures.

The samples in the papers are normally characterized by the resis-
tance ratio, R = �(4K)=�(295K), instead of the resistivity. R can be
determined much more accurately and it is shown, in e.g. Papers 5
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and 16, that the resistivity at 4 K, �(4K), increases almost linearly
with R.

Breakdown of QIE, Papers 5-6,11, and 14

The breakdown of QIE has been studied in samples with a range in R
from 2-45. The magnetoresistance was measured in the temperature
range 0.21 - 4 K and in magnetic �elds up to 12 T. In Paper 5 the study
was initiated and in Paper 6 the magnetoresistance was analyzed, with
the di�usion constant D calculated from the resistivity at 4 K. It was
then possible to account for the magnetoresistance in samples with
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R 6 11. In Paper 14, the analyses were extended using the methods
of Paper 8, with two extremes in D, calculated from the resistivity
at 4 K and 300 K, respectively. (D(300K) was introduced in Paper
11.) In the analysis with D(300K) the regime for QIE was extended
above R = 13. The �t to ��(B)=�(0) in the sample with R = 23
showed signs of deterioration and at R = 45, ��(B)=�(0) could not
be described by QIE. This is partly illustrated in Fig. 5.5, where the
descriptions in terms of QIE are shown for the R = 13 and 23 samples.
The di�erent parameters and the correlation to an approach of an MIT
are discussed in Paper 14.

Finite conductivity in AlPdRe, Papers 7,9, and 16.

The study of conductivity estimates at T = 0 K was initiated in Papers
7 and 9 with samples with R-values in the range up to 60. It was
found that the conductivity saturates at low temperatures and remains
�nite in all samples. Furthermore, an extrapolation of 10log(�(0)) vs.
R�1 suggested that �(T ) would remain �nite at even larger R-values.
However, in paper 14 measurements in samples with R-values in the
range 70-180 was measured. Two samples were measured down to 0:1
mK and two down to 15 mK. The extrapolation suggested in Papers 7
and 9 (Fig. 5.3) does not hold if these results are included as discussed
above. However, �(T ) of all samples saturates at low temperatures
and remains �nite, Fig. 5.6, which suggests a metallic state for the
samples investigated. A comparison with published data on di�erently
prepared samples with di�erent results were discussed.

Magnetoresistance in high resistive AlPdRe, Papers 12 and

15

The samples in these studies were prepared with either meltspinning of
an ingot or samples cut from an annealed ingot. Both sets of samples
were subsequently annealed. The samples had R-values in the range
40-120. Samples of the two kinds di�ered remarkably both in �(T ) and
��(B)=�(0) at low temperatures. The meltspun samples had a weaker
temperature dependence and a smaller magnetoresistance and we were
not able to correlate the di�erences to the structure of the samples.
��(B)=�(0) showed qualitative similarities with samples close to the
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ingot samples. The meltspun samples show a sharper decrease at low temperatures,

but the conductivity still remains larger than for the ingot samples. (Fig. 4 in Paper

16.)

MIT, but no present theory of the magnetoresistance on the insulating
side could fully reproduce the observed ��(B)=�(0).

5.2.3 Single Grain (i)-AlPdMn, Papers 4,10,and 17

The question of anisotropy has seldom been addressed in quasicrys-
tals, which is probably due to the great di�culty in achieving homo-
genenous single grain materials. In Papers 4, 10 and 17 the question
of a possible anisotropy in the transport properties in single grained
(i)-AlPdMn was studied. ��(B)=�(0) and �(T ) were measured along
di�erent symmetry axes, 2-fold, 3-fold and the 5-fold axis. In Pa-
pers 4 and 10, results were presented indicating an anisotropy in

85



0

5

10

∆ρ
(B

)/
ρ(

0)
 (

%
)

a. 2-fold axis

0 1 2 3 4 5 6
0

5

10

position

∆ρ
(B

)/
ρ(

0)
 (

%
)

b. 5-fold axis

Figure 5.7: The magnetoresistance at 4 K and 12 T vs. the position along sample

bars in the samples cut along the 2-fold axis (panel a) and the 5-fold axis (panel b).

The growth direction is along the 2 fold axis and the 5-fold axis is perpendicular

to the two fold axis. The growth direction of the original ingot is along the arrow

indicated in the �gure, i.e., along the sample bar in panel a, and in panel b the

ordering of the samples is along the growth direction. (Fig. 5 in Paper 17.)

��(B)=�(0), but not in �(T ). However, in Paper 17 we show that
the di�erences between samples are not due to anisotropy in the qua-
sicrystals, but to a small gradient of Mn along the growth direction.
The di�erence in Mn concentration was to small to be detected in
EDX and ICPOES measurements. In the transport properties how-
ever, it resulted in a di�erence along the growth direction, of up to
40 % in ��(12T; 4K)=�(0; 4K), Fig. 5.7, and up to a 14 % di�erence
in R = �(4K)=�(300K). The transport properties were discussed in
terms of QIE. The changes in ��(B)=�(0) and �(T ) are consistent with
an increasing spin-orbit interaction as the Mn content increases, and
for the magnetoresistance in addition also to an increased magnetic
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phase-breaking scattering with increasing Mn concentration. Further,
the di�erences could not in any way be correlated between the di�er-
ent symmetry axes and the transport properties were thus found to
be isotropic.

5.2.4 �8-Cu5Sn4, Paper 13

Much of the interest in quasicrystals have concerned 3 and 2 dimen-
sional quasicrystals. There has however been no report of a 1 dimen-
sional quasicrystal. We have studied �8-Cu5Sn4, which is quasiperiodic
along one direction. It has been compared to Cu6Sn5, which has an
identical basic structure and closely related atomic structure. There-
fore it was possible to study the inuence of 1-D quasiperiodicity. The
temperature dependence of the resistivity, �(T ), was measured along
the quasiperiodic direction in �8-Cu5Sn4 and along the corresponding
direction, the c-axis, in Cu6Sn5. The resistivity was larger, � 9 times
at 4 K, and the resistance ratio, R, was higher, � 3 times, in the
quasiperiodic sample compared to the periodic sample. The similari-
ties in the structure of the samples suggest that the di�erences in �(T )
and R could be attributed to the quasiperiodic order.
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