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Abstract

The evolution towards next generation wireless networks has to serve high expec-
tations and demands, therefore ongoing research has to tackle problems that have
hitherto received less attention. A decisive step in this direction is to consolidate
cohabitation paradigms into the envisioned communication protocols. There has
been increasing interest in enabling, possibly heterogeneous, entities to coexist har-
moniously; recent studies have established theoretical gains that stem from coordi-
nated interference embedding into various network architectures. To further bridge
the gap between theory and practice we need to explore uncharted dimensions of
interference networks and, in particular, the limitations that arise in realistic sce-
narios. In this thesis, we consider the performance optimization and analysis of
interference networks where the participating links have equal or unequal quality-
of-service priorities. Link priorities are widely applied in the context of cognitive
radio systems and are reflected in the metrics and the relative weights that are
assigned to each link in the network. To integrate conditions that are encountered
in practical systems we assume scenarios where the link of interest does not know
perfectly the relevant design parameters, namely the channels, but instead has an
estimate. We propose and analyze metrics that are suitable proxies for performance
assessment in the considered scenarios and as a case-study we establish a framework
for enhanced parameter acquisition.

In the first part of this thesis, comprising the first three technical chapters,
we focus on single-user system design within the interference network. In these
chapters, the main goal is to optimize the design or analyze the performance, or
even carry out both tasks, for the target link. We consider metrics that are widely
adopted for performance assessment in wireless communications such as the in-
stantaneous achievable rate (Chapter 2), its ergodic counterpart (Chapter 3), or
the probability of decoding outage (Chapter 4). Our setups are fortuitous in that
they have direct application to the well-known underlay cognitive radio framework.
However, we provision for a wider context by occasionally casting the discussion
at the more general level of cellular networks, as in Chapter 3. The presence of
other communication links is reflected in the constraints that bound the outgo-
ing interference power of the desired system, in each respective scenario, towards
the unintended nodes. Limiting the inflicted interference is a way of mapping the
remaining participants’ quality-of-service and subsequently their priority in the net-
work. To capture realistic conditions, we pursue the aforementioned design targets



under the assumption that the system of interest has incomplete knowledge of the
channels that are involved in the problem formulation, namely in the objective and
the constraints. One of our contributions is that we propose formulations that are
tailored to the type of the available channel side-information and suitable for the,
pertinent to the model, performance assessment. In several cases, we provide novel
analytical solutions to the associated optimization problems and establish insights
that naturally extend existing results into our scenarios.

In the second thematic part, which maps to Chapter 5 of the thesis, we general-
ize our investigation to the joint design of multi-user interference networks. In this
chapter, we seek to optimize the performance of all links simultaneously and in a
way that is beneficial for all the participants in the network. Under this premise,
trade-offs inevitably arise and sets of solutions that are Pareto-optimal become the
desirable goal. Even though this area is well-documented, the assumption of in-
complete channel state information introduces a new dimension into the analysis;
to settle the arising shortcoming we stipulate and tailor to our setup the definition
of the outage rate-region, which essentially is a blend of the metrics used in the pre-
vious chapters. Thus the theoretical findings and results presented in this chapter
generalize gracefully the content of the preceding part, which can be obtained as a
snapshot of the generic model of Chapter 5. The analysis conducted in this chap-
ter, along with the conclusions we draw, indicate that we can successfully replace
orthogonal transmission schemes with cohabitation protocols.

Throughout the thesis we appeal to the availability of incomplete channel-state
information to render our models more realistic. However, the acquisition of any
necessary exterior parameters is not explicitly accounted for, in the first two parts.
To fill this gap, we present in Chapter 6 a short case-study, which is applicable to
some of the setups considered in the thesis. In particular, we investigate enhance-
ment techniques for improving the estimation of the instantaneous signal-to-noise
ratio, when viewed as a deterministic parameter. Albeit its narrow scope, this
study brings forth some interesting ideas for enhancing the quality of the available
side-information.



Sammanfattning

Utvecklingen mot nästa generations trådlösa nätverk måste stödja höga förvänt-
ningar och krav, och därför bör pågående forskning hantera problem som hittills har
givits begränsad uppmärksamhet. Ett viktigt steg i denna riktning är att konsolid-
era samexistensparadigmer i nya kommunikationsprotokoll. Ett ökande intresse
har visats för att möjliggöra potentiellt heterogena enheter att samexistera; nyligen
genomförda studier har etablerat teoretiska gränser som härletts ur koordinerad in-
terferensinbäddning i olika nätverksarkitekturer. För att stänga gapet mellan teori
och praktik behöver vi studera hittills outforskade aspekter av interferensnätverk
och, speciellt, de begränsningar som uppkommer i realistiska scenarior. I denna
avhandling undersöker vi prestandaoptimering och analys av interferensnätverk i
vilka länkar har lika eller möjligen olika QoS-prioriteringar. Länkprioriteringar
tillämpas brett inom kognitivradio-system och reflekteras via de olika metriker och
relativ viktning som tilldelas varje enskild länk. För att inkludera praktiska förhål-
landen antar vi att den betraktade länken inte har perfekt kännedom om rele-
vanta designparametrar, nämligen kanalerna, utan har istället tillgång estimat. Vi
föreslår och analyserar metriker som är lämpliga prestandamått i de betraktade
scenariorna vi etablerar ett ramverk för förhöjd parameterestimering.

I avhandlingens första del, bestående av de första tre tekniska kapitlen, fokuserar
vi på system med en användare i det betraktade interferensscenariot. I dessa kapitel
är vårt huvudsakliga mål att optimera designen eller analysera prestanda, eller dessa
bådatillsammans. We betraktar metriker som är brett etablerade för prestanda-
analys inom trådlös kommunikation, såsom momentan uppnåbar hastighet (Kapi-
tel 2), dess ergodiska motsvarighet (Kapitel 3), eller sannolikheten för avkodnings-
outage (Kapitel 4). Våra modeller är användbara på så sätt att de har direkt
tillämpning mot välkända kognitivradio-förhållanden. Vi öppnar dock upp för ett
bredare sammanhang genom att då och då diskutera ett mer generellt cellulärt
nätverk, som i Kapitel 3. Närvaron av andra kommunikationslänkar reflekteras via
de bivillkor som begränsar den resulterande interferenseffekten i den primära sys-
temet, i varje enskilt scenario. Begränsningen av den resulterande interferensen är
ett sätt att avbilda de kvarvarande användarnas QoS och deras prioritet i nätverket.
För att inkludera realistiska förhållanden, undersöker vi de nämnda designmålen
under antagandet att systemet har otillräcklig kännedom om kanalerna som inklud-
eras i problemformuleringen. Ett av våra bidrag är att vi föreslårformuleringar som
är skräddarsydda för respektive modell av kanalinformation och lämpliga för det



betraktade prestandakriteriet. I flera fall tillhandahåller vi nya analytiska lösningar
av de tillhörande optimeringsproblemen och vi etablerar ny insikt som expanderar
kända resultat till våra scenarion.

I den andra tematiska delen, motsvarande avhandlingens Kapitel 5, generaliserar
vi vår undersökning till kombinerad design av fleranvändar interferensnätverk. I
detta kapitel strävar vi efter att optimera prestanda för alla länkar samtidigt, på
ett sätt som är fördelaktigt för alla användare i nätverket. I detta fall uppstår
avvägningar och vi strävar därför efter lösningar som är Pareto-optimala. även om
denna frågeställning sedan tidigare är väl undersökt tillkommer nya dimensioner
i problemformuleringen via våra antaganden om otillräcklig kanalinformation; för
att adressera uppkomna problem formulerar vi och skräddarsyr definitionen av
outage-hastighetsregionen, väsentligen formad av en sammanlänkning av kriterier
från tidigare kapitel. Sålunda generaliserar detta kapitel avhandlingens tidigare
resultat, vilka kan erhållas som specialfall av den generella modellen i Kapitel 5.
Vår analys i detta kapitel, tillsammans med de slutsaster vi formulerar, indikerar
att vi framgångsrikt kan ersätta ortogonal transmission med samexistensprotokoll.

Genom hela avhandlingen så långt refererar vi till tillgängligheten av icke-
komplett kanalinformation för att göra våra modeller mer realistiska. Dock har
vi i de första två delarna inte diskuterat hur sådan information erhålles. För att
fylla detta gap presenterar vi i Kapitel 6 en fall-studie som är relevant för några av
modellerna tidigare i avhandlingen. Speciellt så studerar vi tekniker som förbättrar
estimeringen av momentan SNR, betraktad som en deterministisk parameter. Trots
sitt något smala fokus så leder denna studie till intressanta idéer för att förbättra
kvaliteten på tillgänglig sido-information.
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Chapter 1

Introduction

Wireless technology and mobile connectivity are pervasive trends in today’s evolving
information society. A modest projection of recent annual growth data indicates
a ten-fold growth, from 2.5 Exabytes (EB) in 2014 to 24.3 EB in 2019 [Cis15],
in the mobile traffic domain. On a similar note, the traffic generated from 4G
connections in 2014 amounted to ten times the traffic from non-4G networks. A
substantial increase is also expected in the number of mobile subscriptions, within
the next five years, with smart handsets being the dominant components of this
trend [Eri14]. These artifacts substantiate past expectations around data explosion
and provide solid evidence that this trend will carry on in the forthcoming years.
The anticipated traffic surge cannot be satisfied by incremental upgrades of today
4G standards but will instead require innovative research solutions and disruptive
business ideas in order to materialize. Such directions should eventually translate
to better quality-of-experience (QoE) for the end-users, such as increased rates,
reliability, lower latency and other quality-of-service (QoS) metrics such as privacy
and secrecy.

Accomplishing these challenging tasks has been the driver of the 5G vision
[TGW14] for anytime communications, available anywhere and between anybody
[WHG14], as illustrated in the example of Figure 1.1. Mature technologies such as
multiple-input multiple-output (MIMO) systems [Tel99] and orthogonal frequency
division multiplexing [Bol06], which are integrated in modern 4G standards have
provided efficient solutions to contemporary market needs yet further enhancement
is sine qua non for addressing future demands. The family of next generation wire-
less standards should accommodate improved QoS for the end users, which can be
summarized in the following goals [ABC14]: a) provide up to ×103 higher data rates
compared to today’s 4G networks; b) reduce the system round-trip latency down to
roughly 1 ms; and c) address the previous items at reduced financial cost and energy
consumption. Compound cellular structures will emerge especially in the context
of heterogeneous networks (HetNets) where multi-hop transmission [HKB11] will
become a key component and the role of relaying protocols will be upgraded. Some
of the keywords that are echoed in the research community as possible solutions

1
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LoS

WiFi

picocell

femtocell

60GHz

Figure 1.1: Envisioned architecture for 5G networks.

to the aforementioned challenges are cellular ultra-densification [BLM14], spectrum
sharing [BPC11], massive MIMO [LET14], and millimeter wave (mm–wave) com-
munications at 60GHz [RSM13]. These combined engineering tools can provide
the theoretical underpinning for the feasibility of 5G networks that will foster lay-
ered architectures with device-to-device traffic and seamless connectivity among
the nodes.

There are several research questions that need to be addressed such that next
generation networks can satisfy the ambitious goals set forth in order to meet the in-
creased connectivity needs. Emerging technologies need to provide a more adequate
response to familiar problems in the domains of interference management, channel
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modeling and reliability. These problems will become more acute in the context of
the aforementioned suggested directions, i.e., of cell ultra-densification, operation in
the extremely-high-frequency band (> 30GHz), etc. Albeit the substantial progress,
achieved during the recent years, in the theoretical domain of interference networks
(INs), e.g., through the introduction of new ambitious schemes such as interference
alignment [CJ08], there is space for improvement [GHH10] and there are several
practical issues to be resolved [CJK10]. In this thesis we investigate solutions for
problems pertaining to the domain of interference management and in particular to
the case where the coexisting links have unequal priorities, as in spectrum sharing
systems. We also investigate general multi-user interference networks where several
links need to act harmoniously such that joint communication can be beneficial for
the system. We attempt to address such questions assuming that incomplete or
imperfect side information for the environment is available at the nodes. Finally,
we demonstrate how to accurately obtain the necessary side-information.

1.1 Interference Management

The interference channel (IC) [Car78], depicted in Figure 1.2a, models the situation
where multiple (at least two) links are simultaneously using the common resources,
i.e., time, frequency and space, in order to establish communication between the
end nodes of each transceiver pair. The result is that each receiver sees a superpo-
sition of the desired signal, from its associated transmitter, and of unwanted signals
from other transmitters. This phenomenon arises in wireless networks due to the
broadcast nature of the wireless medium and leads to performance degradation. A
significant aspect of interference is that unilateral action of the involved parties is
likely to make matters worse; if the transmitters naively increase their output power
then they will generate even more interference onto the unintended nodes. It is not
a mere coincidence that in cellular networks many user groups, especially those
located close the cell boundary, are interference-limited rather than noise-limited
[And05]. This trend will be reinforced owing to the cell densification trend, which
translates to higher frequency reuse factors and more base stations, as well as to
the (licensed) spectrum sharing paradigm.

Interference mitigation is a formidable task and performance evaluation of en-
coding/decoding strategies is equally challenging; the capacity region is not known
even for the simplest case of the 2 × 2 general IC. The largest known achievable
rate region, for the general case, is the “Han-Kobayashi region” [HK81] whereas for
the Gaussian counterpart the capacity region has been approximated to a one-bit
gap [ETW08]. In practice, advanced schemes such as interference cancellation can
be employed at the base stations to alleviate interference but such implementations
are not always feasible at the mobile nodes which are bounded by power and pro-
cessing limitations [And05]. A common way to handle interference in the downlink
of cellular networks is resource orthogonalization, via the use of schemes such as
orthogonal time-, frequency- of space- division multiple access. The idea behind
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CSI

Link 1

Link 2

(a) Coordination with CSI exchange between
transmitters in the 2 × 2 IC.

Pareto
Boundary

R1

R2

(R⋆
1 , R⋆

2)

(b) Rate region for two links. The rate-pair
(R⋆

1 , R⋆
2) is Pareto-optimal.

Figure 1.2: The 2 × 2 interference channel.

these approaches is to divide the various domains into mutually orthogonal com-
ponents and assign these (orthogonal) resources to the users in a dedicated fashion
such that no interference is generated across the involved parties.

It is obvious that systems using resource orthogonalization protocols have to
pay high premium for interference-free communication; each transceiver pair ex-
ploits only a fraction of the available resources, which in fact diminishes with the
increasing number of users. Assuming that system resources, e.g., in the time do-
main, are split among L links then each link would only get a fraction (1/L) of the
available dimensions, known as degrees-of-freedom [ZT03]. It was shown though
that with proper pre-processing [CJ08] each pair can harvest up to (L/2) degrees-of-
freedom under certain conditions, which is a significant gain compared to existing
systems. Such results indicate that there is room for considerable progress and
hint that interference-aware processing strategies can improve system performance.
Treatment of interference through the coordination of base stations could give rise
to new paradigms, such as network MIMO, that benefit the network [GKH07]. In
general, a combination of coordination and multiple-antenna arrays at the trans-
mitters can yield substantial gains for cellular systems [GHH10], as we exemplify
in the following section using the concept of the Pareto boundary.

1.1.1 Coordination for multi-user systems

Depending on the backhaul connectivity, the nodes can exchange certain amount
of channel state information (CSI) and information messages. This information
sharing allows the base-stations (or other types of transmitters) to agree on strate-
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gies that lead to equilibrium states where the participating parties do not have
incentives to act unilaterally. These operation points, illustrated in Figure 1.2b,
are Pareto-optimal and represent the best performance that is jointly achievable if
we simultaneously optimize several objectives. In general, the achievable sum-rate
on the Pareto-boundary exceeds its counterpart that can be reached with orthogo-
nal resource allocation (ORA). The coordination can be performed either centrally
at a processing unit that collects all the available CSI or in a decentralized man-
ner where the nodes have to exchange only certain amount of information in the
process of converging to an equilibrium. The feasibility of such schemes relies on
the convenient fact that each transmitter would need CSI for only its local channel
neighborhood, as we explain later. A nice overview of existing studies and recent
advances in this thematic area can be found in [BJ13]. It has to be mentioned,
though, that most of the progress in understanding interference has been accom-
plished for single-stream transmission because similar studies for MIMO systems
are inherently more complicated. This discrepancy can be attributed to the ad-
vanced processing which is required on the receiver side and the fact that optimal
designs are more difficult to analyze.

In general, the receivers have a simple structure where the incoming interference
is treated as noise. This model is adopted for the scenarios investigated in this thesis
and, albeit its simplicity, it captures the operational paradigm in modern cellular
systems, where processing capabilities at the mobile users (downlink sink nodes) are
bounded due to battery life limitations. Moreover, we consider linear processing
functions tk and rk for the k-th link’s transmitter and receiver, respectively, as
illustrated in Figure 1.3a. For ease-of-exposition we assume that the end-to-end
(ETE) system, after the application of transmit and receive filters, is scalar. For
this scenario, the achievable rate of the k-th participating link is given as follows

Rk = log2(1 + SINRk)

where the desired signal and interference powers, involved in the signal-to-interference-
plus-noise ratio SINRk, depend on the collection of transmit filters {tk} and the
receive filter rk.1 The set of all achievable rate-tuples (R1, . . . , RK) yields the rate
region R, which is written as

R ,
⋃

{tk,rk}∈Pk

{(R1(r1, t), . . . , RK(rK , t)},

where t , [tT
1 . . . tT

K ]T and Pk delineates the set of feasible strategies for the k-th
link and which are typically expressed in terms constraints, e.g., on power or shape
(in the case of multi-stream transmission). The outermost trajectory of this region
is called the Pareto boundary (PB) because any rate-tuple R⋆ , (R⋆

1, . . . , R⋆
K) on

this line is a maximal point of the set R, as shown in Figure 1.2b. In other words, we

1If one generalizes the system model to accommodate multiple streams then we have to replace
the argument of the logarithm with a matrix determinant.
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TX1(t1)

TX2(t2)

TXK(tK)

RX1(r1)

RX2(r2)

RXK(rK)

(a) A network with K links and filtering at the
transmit and receive side.

R

R1R1,min R1,maxr⋆
1

R2

(β1R, β2R)

∑
λkRk

Boundary

(b) Illustration of various techniques for recov-
ering points on the region boundary.

Figure 1.3: Example of an interference network and the corresponding Pareto-
boundary in the 2 × 2 case.

have an equilibrium and if we wish to improve the performance of the k-th element
R⋆

k then at least one of the other components will be penalized.
Parametrization of the achievable rate-region is a well-documented area, in the

case of single-stream transmission, and Pareto-optimal transmit strategies have
been characterized for a wide range of scenarios with perfect or partial CSI [BJ13].
An interesting result, which holds irrespectively of the CSI scenario, is that steering
transmission over a suitable linear combination of each transmitter’s local channels
(or their statistics) is a necessary and sufficient condition for optimality. This ar-
tifact suggests that only local CSI is needed to achieve rate-tuples on the region
boundary, i.e., the network nodes need to acquire CSI only for their local links’
channels. Therefore we can argue that network overhead is not a barrier for de-
centralized strategies which can be implemented without the need for significant
exchange of side-information [ZC10].

There are various methods for determining the Pareto boundary. A few of these
are enlisted below for scenarios with perfect CSI and are illustrated in Figure 1.3b.
Note though that we abstract the remaining problem aspects, e.g., number of anten-
nas or explicit constraints in each Pk, and focus on the general problem structure.
We identify and present three methods for obtaining points on the boundary of R.

1. User-centric optimization (UCO): If we can find upper and lower bounds
Rk,max and Rk,min, for the achievable rate r⋆

k on the Pareto boundary of each
link, such that Rk,min ≤ r⋆

k ≤ Rk,max, then we can determine a rate-tuple on
the boundary by solving the following optimization problem

maximize
{tk,rk}∈Pk

log2(1 + SINRk(rk, t)]

subject to log2[1 + SINRj(rj , t)] ≥ r⋆
j , ∀ j 6= k.
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In this formulation, each value r⋆
j is chosen in [Rj,min, Rj,max] and only the

rate of the k-th link is maximized. We can see in the example of Figure 1.3b,
for the 2 × 2 case, that if we choose a certain value r⋆

1 ∈ [R1,min, R1,max]
then by maximizing with respect to R2 we recover the corresponding pair on
the boundary, which is signified by the intersection between the vertical line
crossing the x-axis at the pair (r⋆

1 , 0).

2. Weighted sum-rate maximization (WSR): This is a well-known approach that
corresponds to maximizing the linear combination, with non-negative weights
λk, of the individual rates. The optimization problem is formulated as

maximize
{tk,rk}∈Pk

∑

k

λk log2[1 + SINRk(rk, t)].

We see in Figure 1.2b that the solution of this problem is a hyperplane that
is tangent to R. Note that this method works only if the region is convex.

3. Rate-profile (RP): The idea is to find the intersection between any ray that
passes through the origin with the boundary. If we consider a set of non-
negative coefficients βk, which satisfy

∑
k βk = 1 then the corresponding

boundary point is found by solving

maximize
R,{tk,rk}∈Pk

R

subject to log2[1 + SINRk(rk, t)] ≥ βkR, ∀ k.

This formulation is similar to the UCO problem and is solved as a series of
convex feasibility problem. We exemplify this in Chapter 5.

Note that in the above formulation we write SINRk(rk, t) to indicate the depen-
dance of SINRk in the system’s parameters. To sweep the whole boundary we sim-
ply vary the parameters/coefficients, namely the collection of r⋆

k’s, λk’s and βk’s,
which are involved in each of the three cases. We stress here that, even though these
approaches yield the same end-result, they serve different targets, e.g., rate-profile
is more suitable for fairness solutions, and the associated problems have different
complexity. As we see later in the thesis, we can exploit certain insights to reduce
the complexity of the above-mentioned problems.

These numerical approaches implicitly assume a centralized solver that collects
all the necessary CSI and outputs a (possibly uncontrolled) sum-rate point on the
boundary along with the collection of transmit strategies that yield this particular
point. A coordinated solution is feasible at the downlink of cellular systems where
base stations are connected via high-speed connections in the backhaul. However, it
might not be easy-to-implement in heterogeneous architectures with mobile nodes
and different profiles. In that case one might opt for decentralized solutions where
each node is solving an optimization problem locally using its own available CSI and
then exchanges side-information that is necessary for coordination [ZC10]. Without
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going into technical details we mention here that to obtain such a solution one can
solve the following, pertaining to a multiple-input single-output (MISO) channel,
optimization problem [ZC10, Problem (9)]:

maximize
R,{tk,rk}

log2[1 + SINRk(rk, tk)]

subject to Qk(tk) ≤ Ik ∀ k,
(P1.1)

where Qk(tk) is function on the outgoing interference.
The merit of the three above-mentioned methods is not confined to the recovery

of the outage-region boundary but has also been demonstrated in recent studies re-
lated to WSR maximization [LZC12]. In general, WSR is an interesting but difficult
problem even in the case of linear filters [LDL11]; therefore efficient solutions are
desirable. In [LZC12] the authors establish a framework for efficient approximation
of the WSR maximization problem on the boundary of the achievable rate-region
R (but not the capacity region which is not known), by means of the RP method.

1.2 Spectrum Management in Cognitive Radio

A relatively effortless solution for the provision of better QoE has been sought in
spectrum reconfiguration. It was observed that most of the accessible spectrum
is statically assigned to different entities for exclusively use. Such rigid allocation
policies are partitioning the spectrum inefficiently, resulting in a spectrum scarcity
problem, which is not physical but rather regulatory since the assigned bands cannot
be used for other purposes even when there is no activity [FCC02]. This observation
instigated a discussion around the reconstruction of spectrum policies and rules
towards a more dynamic and flexible framework. The vehicle for this transition is
the concept of cognitive radio (CR) [Mit00] that is, in principle, a reconfigurable
entity [Hay05]:

Cognitive radio is an intelligent wireless communication system that is
aware of its surrounding environment i.e., outside world. CR devices
use the understanding-by-building methodology to learn the environment
and adapt their internal states to statistical variations in the incoming
RF stimuli by making real-time changes in certain operating parameters,
e.g., transmit-power, carrier-frequency, and modulation strategy, with
two main objectives in mind: a) maintain highly reliable communication
whenever and wherever needed; b) contribute towards efficient utilization
of the radio spectrum.

The CR paradigm encompasses two views on opportunistic spectrum usage:
a) spectrum sensing; and b) spectrum sharing. Spectrum sensing is represented in
the interweave approach whereas spectrum sharing is the nucleus of the underlay
and overlay approaches [GJM09]. In any case we distinguish between two classes
of users in a CR network:
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TXp TXs

RXp RXs

f1

f1f1

f2

f2

(a) Spectrum sensing: The black lines indicate
that operation of the secondary system is al-
lowed as long as the interference link to the pri-
mary receiver is absent. The blue line indicates
unoccupied frequency by the primary system.

TXp TXs

RXp RXs

Assist

Restrict

(b) Spectrum sharing: The colored line indicates
that the interference link should be constrained
(red link for underlay CR) or used to assist the
licensed link through advanced signal processing
(blue line for overlay CR).

Figure 1.4: Two communications paradigms for CR systems comprising one primary
(licensed) transceiver pair TXP -RXP and one secondary (unlicensed) TXS-RXS .
Communication frequencies are shown as f1, f2 (left).

1. The licensed/primary users that are the legitimate users of a particular
frequency band.

2. The unlicensed/secondary users that seek spectrum access opportunities
in accordance with a pre-specified set of rules.

The restrictions imposed on the secondary users can vary depending on the QoS
level that has to be guaranteed for the primary system. It is important for the
secondary users to have some knowledge about the network and the location of the
primary nodes in order to carry out the necessary adjustments and take decisions.
One solution that has been suggested is to use geolocation databases [GBE08] that
keep track of primary users. It is important to stress here that this refers only to
storage of the primary node location and not of the primary activity. This is par-
ticularly useful when the primary network has static users because it simplifies the
decision-making process whether spectrum sensing or sharing (under constraints).
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1.2.1 Spectrum sensing in interweave CR

The interweave approach, illustrated in Figure 1.4a, follows the orthogonalization
principle since the goal is to utilize spectrum holes or whites spaces, i.e., bands where
the licensed network is temporarily idle [TMS09]. The fundamental principle of this
approach is that the primary network should not be disturbed, hence unlicensed
activity is allowed only when there is no primary activity. This can be achieved by
periodically scanning the spectrum of interest in order to identify which frequencies
are (un)occupied [Hay09]. In the presence of a spectrum opportunity the CR devices
need to coordinate such that interference does not become a bottleneck among the
nodes of the secondary network.

A series of research problems have been identified in this area, which are pri-
marily related to the detection of primary activity [YA09]. We stress here that a
detection miss, i.e., failure to detect primary frequency occupancy, is more severe
than a false alarm, i.e., erroneously assuming primary presence. This asymmetry
is due to the priority placed on the licensed system connectivity. However, even
in the case of genie-aided flawless detection, the interweave framework would still
have further challenges to address in order to deliver maximum gains from spec-
trum re-use. If the primary receiver is located in a direction that is practically
isolated from the secondary network, then detection of primary transmission does
not necessarily entail that the spectrum cannot be utilized by a secondary node.
This indicates a certain level of conservatism in the approach which is inherent in
the orthogonal resource allocation doctrine. In light of this observation, spectrum
sharing was also promoted as an alternative/complementary candidate for efficient
spectrum utilization.

1.2.2 Spectrum sharing in underlay/overlay CR

Spectrum sharing, which is illustrated in Figure 1.4b, is a cohabitation paradigm
which supports simultaneous communication of both network parties, the primary
and the secondary. In this case, we are dealing fundamentally with an interference
network where user performance is prioritized based on spectrum license ownership.
As such, we have to deal essentially with the same arduous tasks that are intrinsic to
the interference channel and which complicate transceiver design and performance
analysis. A notable difference with traditional interference networks is that user
priorities, which are decided over spectrum license holding, translate into a hetero-
geneous set of objectives and constraints for the networks participants. As a result,
a mixed set of performance metrics has to be employed in order to summarize the
performance objectives of both licensees and opportunistic spectrum-users.

The general consensus is that the primary performance degradation, induced
from secondary operation, should be limited such that primary QoS is guaranteed
to be maintained above a pre-established threshold. This constitutes the opera-
tional framework for the underlay class of spectrum sharing networks, where the
QoS constraints are predominantly defined in terms of the interference temperature
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[KLN09, Kol06] yet several other metrics are encountered in literature [KZL11]. In
many cases the focus is placed on the secondary network since the primary perfor-
mance is ideally guaranteed by virtue of the underlay principles. Thus, the primary
network can compromise for some performance back-off such that the overall system
benefits or in exchange of a monetary reward (spectrum trading) [JZZ09].

Advanced signal processing for improved performance is envisioned in the con-
text of overlay CR systems where the coexistence is not simply neutral but collab-
orative and both parties, especially the licensed system, can benefit from spectrum
sharing. Interference cancellation techniques, e.g., dirty paper coding [Cos83] can
be employed so that the secondary unit can null the incoming interference. At
the same time the unlicensed party can act as a relay for the primary message in
order to improve its reliability [SE11]. Therefore, active cooperation is necessary
for primary message acquisition at the secondary node and for collaborative signal
reception at the primary receiver. Albeit this set of assumptions seems quixotic, ef-
ficient implementations, with promising performance, have been proposed [MLL12].

Overall, spectrum sharing is equivalent to an interference channel or network
with user priorities and these priorities translate into constraints, which reflect the
minimum acceptable QoS level for the licensed links with higher priority. Since pri-
mary performance is guaranteed, the focus is placed on the design of the secondary
network. Similarly to Section 1.1.1, let (t, r) denote the pair of transmit and re-
ceive filters for a secondary link and P be the set that contains single-user type of
constraints, e.g., on power or shape. If we factor in the incoming interference then
a typical design would be captured in the following optimization problem

maximize
t,r ∈P

log2[1 + SINR(t, r)]

subject to Qk(t) ≤ Ik ∀ k.
(P1.2)

The added inequality constraints, which are superimposed on the set P, reflect the
primary system’s QoS guarantees and examples of such mappings Qk(t) would be
primary achievable rates or primary failure events. The simplest mapping though,
which is adopted in this thesis, is one on the outgoing interference as mentioned in
problem (P1.1).

1.3 Practical Considerations

A critical aspect in physical layer design of communications systems is the modeling
context, i.e., the set of assumptions under which a particular scheme is studied. It
is useful and insightful to initiate the analysis under idealistic assumptions in order
to determine the best attainable performance for a given metric. Such assessment
can act as incentive for further investigation but it does not necessarily carry over
to realistic conditions because it might be difficult to access the exact design param-
eters. In that case, a training-based or (semi-)blind estimation process allows for a
partial acquisition of the parameters of interest. Exact recovery can be inhibited by
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TX RX
x[n] y[n]

channel

u[n] v[n]
(h[n], u[n], v[n])

h[n]

Figure 1.5: A single-user link with a stochastic process that generates realizations
h[n] of the channel, as well as the CSI sequences u[n], v[n] for the transmitter TX
and the receiver RX, respectively.

either the additive noise that corrupts the estimation process or the time-varying
nature of the wireless network, which renders the obtained estimates outdated.

To bridge the gap between theory and practice one has to begin with replacing
the ideal components with models that portray more closely the conditions encoun-
tered in a practical implementation, where system parameters have to be estimated.
In that case though, the original metrics, for which performance is optimized and
assessed, might not be meaningful and one would have to shift the scope; a QoS
metric that is used under perfectly known parameters would have to be replaced by
a proxy that reflects the uncertainty. Thus, in non-ideal setups one has to account
for a wider set of assumptions that will have an impact on performance, since the
latter might exhibit remarkable sensitivity to parametric uncertainty [BN00]. Sys-
tem design and optimization under model mismatch errors has merit on its own for
two reasons [BBC11];

i. Tractability: A design that is tractable over ideal conditions might be in-
tractable once we incorporate parametric uncertainty since the structure of the
problem changes in a way that is not always favorable.

ii. Conservativeness: A design that incorporates uncertainty should provide
solutions that are feasible for a (typically) larger parameter space, compared
to the ideal case, hence rendering the solution more conservative.

Tackling these issues is essential in order to maintain affordable computational com-
plexity without significantly compromising the performance. However, this criti-
cally depends on the uncertainty characterization because it influences the problem,
hence a suitable model is usually sought such that the above two items are addressed
in a desired way.

In the context of interference networks, the set of modeling assumptions typ-
ically addresses the CSI, whose availability (at the transmitter) allows for power
allocation and, in the case of multiple antennas, spatial precoding. A simple model
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that describes CSI is presented in Figure 1.5 where an i.i.d. process generates at
time-instant n the triplet (h[n], u[n], v[n]) that comprises the instantaneous channel
h[n], the CSIT u[n] and the CSIR v[n], where the last two components are the re-
sult of estimation. Transmitter CSIT is obtained either through direct estimation,
by exploiting channel reciprocity in time-division duplex systems, or via feedback
link from the receiver, in frequency-division duplex systems.

In general, performance of wireless networks can be assessed in terms of achiev-
able rates with reliability guarantees, power consumption, energy efficiency, secrecy,
etc. Message sharing across the involved parties can result in performance enhance-
ment but this set of assumptions falls outside the general scope of the thesis, hence
it is only marginally considered. A recurrent theme is the impact of CSI uncertainty
on system performance and the metrics that would be suitable candidates for the
provision of meaningful results. Prior to that discussion it is insightful to glance at
the implications of CSI imperfections on problem formulation. In what follows we
exemplify this through the following optimization problem

minimize
x

f(x)

subject to g(x, h) ≤ 0,
(P1.3)

where f, g : CN → R are arbitrary smooth convex mappings that are pertinent to
problems in wireless communications. The vector x ∈ CN stands for the problem
variable and h ∈ CN is a commonly adopted notation as the channel vector.

1.3.1 Models for CSI uncertainty

One can broadly identify two groups of CSI imperfections: a) deterministic CSI
uncertainty; and b) stochastic CSI uncertainty. The reference point for discussing
the two classes is the following model

h = ĥ + e, (1.1)

where ĥ denotes the available estimate (constant or time-varying) and the vector e
represents the error. Classification into the two above-mentioned groups depends
on the characterization of e. In this thesis, we investigate problems with stochastic
CSI and explore the achievable performance, yet for the sake of completeness we
briefly discuss both classes below.

Deterministic CSI uncertainty

In this case we assume that the vector e is a priori known to belong to some set Ud,
e.g., a sphere with radius r described as Ud(r) , {e : ‖e‖2 ≤ r}. Herein, the goal is
to establish a solution that is feasible for all possible values of h, which are induced
by the perturbation e. Our toy example (P1.3) would change to the following one:

minimize
x

f(x)

subject to g(x, h) ≤ 0 ∀ h ∈ Ud.
(P1.4)
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Such designs are known as robust and have been extensively studied in the do-
main of robust optimization literature [BGN09]. The challenge is to reformulate
the constraint in order to reach a tractable characterization of the feasible set that
incorporates the information in Ud. This is feasible for cases where the uncertainty
set has certain structure, e.g., when it is an ellipsoid or a box.

Stochastic CSI uncertainty

In this case, which captures both analog and digital CSI models, we assume that the
vector e is stochastic and follows some distribution, e.g., e ∼ CN (0N , σ2

eIN ) where
σ2

e is the variance of each vector element. Since we deal with stochastic quantities,
a probabilistic framework is appropriate for performance assessment. Similarly to
the previous case we want to robustify the solution against uncertainty, yet now in
a probabilistic sense. A way to pose such a problem is the following

minimize
x

f(x)

subject to Pr[g(x, z) ≤ 0|ĥ] ≤ ǫ,
(P1.5)

where the value ǫ corresponds to a given tolerance and z , [z1 . . . zK ] is a vector
whose elements zk are mappings of the respective elements of ek of e.2 The left-
hand-side of the probabilistic constraint in (P1.5) is evaluated with respect to the
distribution of z. In many cases, it is not possible to obtain an analytical-form for
the probability, which is involved in the inequality. However, even in the scenario
where a closed-form solution can be found, the final expression may be rather
complicated thereby hindering any further development. One way to tackle this
obstacle involves sacrificing optimality for tractability. This can be achieved by
replacing the probability with a tractable bound that is easily computable, e.g.,
a bound that is a convex function [NS06]. Another alternative is to replace the
probabilistic term with the expected value of its argument. This can be more
relevant in the case where the CSI consists of the channel distribution moments
(long-term statistics), i.e., the mean or the covariance of z. We investigate such
cases in the following chapters.

Existing studies have focused on the derivation and the use of Bernstein-type of
bounds.3 Here we present a general framework [NS06] which can easily be tailored
to the CSI model of Eq. (1.1), when the elements of e (and hence z) are i.i.d. We
assume that g(x, z) is separable in zk’s, e.g., let g(x, z) = g0(x) +

∑
k gk(x)zk for

some functions {gk} that are convex on x. If we define the quantity

Φ(z) = log{E[exp(g0(x) +
∑

k

gk(x)zk]},

2Here we replaced the vector h with z in the second argument of the function g in order to
ease the ensuing exposition and make the statement more general.

3Bernstein type of inequalities are derived on the basis of the following observation: For a
random variable X it holds that E{eX} ≥ E{Ix≥0} = Pr(X ≥ 0), where IΩ is the indicator
function of the event Ω.
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then for t > 0 it holds that Φ(t−1z) ≥ p(z), where p(z) , Pr[g0(x) +
∑

k gk(x)zk >
0]. A stronger result, which has been proven in [NS06], is the following

inf
t>0

[tΦ(t−1z) − t log β] ≤ 0 implies p(z) ≤ β.

Let Λk(x) , log{E[egk(x)zk ]} denote the logarithmic moment generating function
of zk and recall that if gk is convex in x then the composition tgk(t−1x) is convex.
We can now postulate the following convex relaxation of the original problem.

minimize
x

f(x)

subject to inf
t>0

{g0(x) +
∑

k

tΛk[t−1gk(x)] − t log β} ≤ 0.

The above problem can be solved efficiently using numerical methods and its so-
lution is always feasible for the original problem. This approach was exploited in
[XTW14], yet an alternative and simpler bound is employed in Chapter 5.

A note on parametric estimation

Acquisition of side-information requires resource allocation in order to obtain esti-
mates of the parameters of interest. We introduce the approach that is adopted in
this thesis via the following scalar model

y = x + w, (1.2)

where x ∈ X is the parameter of interest that belongs to a set X , w is the noise
and y the observed sample with conditional pdf p(y; x). Depending on the nature
of the parameter x, i.e., stochastic or unknown deterministic,4 we employ different
types of estimators [Kay93]. For instance, the uncertainty model that is described
by (1.1) arises when we treat the parameter h as stochastic and obtain an estimate
ĥ using the minimum-mean squared-error (MMSE) criterion, that is part of the
so called Bayesian framework [Kay93, Chapter 10], yet this is out of this thesis’
scope. In this thesis we consider the estimation framework for the case where the
parameter x is unknown but deterministic. In that case an intuitive direction is to
opt for an estimator x̂ that is accurate in the mean sense, i.e., that has the property
E{x̂ − x} = 0. Estimators that fulfill this condition are called unbiased and their
accuracy, measured in terms of achievable variance Var(x̂) , E{|x̂ − x|2} (which
is equivalent to the mean-square error for the class of unbiased estimators) can be
lower-bounded, under certain “regularity” conditions, as follows

Var(x̂) ≥ E{∂2p(y; x)/∂x2}.

4Note that the deterministic/stochastic classification depends on properties of the parameter
x whereas the CSI classification depends on the assumption for the estimation error e.
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Figure 1.6: Mind map of the concepts explored in the thesis.

The right-hand-side (RHS) of the above inequality is known as the unbiased Cramer-
Rao bound (UCRB) and estimators that achieve it are called efficient. A standard
choice for deterministic parametric estimation is the maximum-likelihood estima-
tor (MLE) x̂ML, which is defined as x̂ML , arg maxx∈X p(y; x). The choice of the
MLE is based on its established performance guarantees [Tre68]: a) convergence in
probability to the true parameter x (consistency); b) being efficient whenever such
an estimator exists; and c) being always asymptotically efficient. The MLE is of
particular interest because it is amenable to algebraic manipulations as discussed
in Chapter 6.

1.4 Outline of the Thesis and Contributions

The focus of the thesis is on performance analysis and theoretical characterization
of various aspects of interference networks. In this section we elaborate on the
content of each chapter and the respective contributions.

1.4.1 Walking through the thesis

An overview of the main ideas explored in this thesis is available in the mind-map
of Figure 1.6, where we visualize the connections among the various ideas and the
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CR Gen. IN Imp. CSI Est.
Ch. 2 ✓ ✻ ✓ ✗

Ch. 3 ✻ ✓ ✻ ✗

Ch. 4 ✓ ✻ ✻ ✗

Ch. 5 ✻ ✓ ✓ ✗

Ch. 6 ✗ ✗ ✓ ✓

Table 1.1: Overlap of the thesis chapters and the main concepts: The mark ✓
indicates that the particular concept is the basic content of the chapter, ✻ implies
that the concept is applicable and ✗ suggests that the concept is not part of the
chapter. The abbreviations CR, Gen. IN, Imp. CSI and Est. stand for Cognitive
Radio, General Interference Networks, Imperfect CSI and Estimation.

aspects that arise in each case. In Chapters 2-4 we focus on single-user performance.
The scope of these chapters fits the underlay profile which is explicitly stated in
Chapters 2 and 4 yet their content, especially that of Chapter 3, fit interference-
limited cellular networks. The analysis is extended to more general interference
networks in Chapter 5. The impact of incomplete (imperfect) CSI on system design
is explicitly addressed in Chapters 2 and 5. In Chapters 3 and 4 line-of-sight (LoS)
fading conditions are assumed yet connections are drawn with the case of imperfect
CSI. We stress here, without going into analytical details, that the system model
for LoS communication can be equivalent from a technical point-of-view to that of
stochastic CSI uncertainty, as expressed by Eq. (1.1), when the channel estimate ĥ
is available at the transmitter. Finally, in Chapter 6 we switch to side-information
acquisition for receiver design, which is especially relevant for the system model
of Chapters 3 and 5. We delve into this lesser, yet non-trivial, system aspect by
investigating ways to outperform well-established estimation methods. The extent
to which the content of the chapters is related to the various concepts is illustrated
in Table 1.1, where we indicate the degree of overlap between the chapters and the
main ideas explored in the thesis.

Chapter 2

In this chapter we study a scenario that is typical to underlay spectrum sharing
and investigate the performance that is achievable by a secondary link under inter-
ference temperature constraints, which represent the guaranteed QoS for licensed
receivers. Moreover, the unlicensed system has to combat signal perturbations that
disturb its communication due to incoming interference from the primary network.
We assume that the secondary transmission is based on combined precoding and or-
thogonal space-time block coding (POSTBC) and we assess numerically the impact
of imperfect CSI on system setup and its performance.
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Context and prior work

MIMO technology [Tel99] is a candidate for realizing spectrum sharing networks,
by virtue of the new dimensions it introduces in system design, e.g., precoder opti-
mization under performance criteria such as rate maximization [RLT98]. Extensive
research, exploiting the benefits of MIMO technology, has also been carried out in
the field of space-time block codes (STBCs) [TSC98a]. This class of codes has the
potential to harvest the intrinsic diversity-multiplexing trade-off in MIMO systems
and their orthogonal counterpart, namely the OSTBCs [TSC98b], which possess
orthogonality properties. In the pioneering work of [JSO02], precoding was jointly
considered with orthogonal STBCs (OSTBCs), coined as POSTBC, to enhance sys-
tem performance by constructively combining their properties. Follow-up studies
have addressed efficient designs for certain classes of channels [ZG02, PVT09] as
well as applicability of the POSTBC concept into related STBC classes, e.g., quasi-
orthogonal STBCs [LJ05]. These existing results, featuring the merits of POSTBC
in single user networks, advocate extensions to cognitive radio networks (CRNs),
where new aspects emerge.

In the context of underlay CRNs, the POSTBC design is optimized under pri-
mary QoS constraints. Special cases of the generic problem have been addressed;
precoding for underlay CRN with various QoS constraints was solved in [Zha09]
whereas [GLT11],[ZWO09] treated the case with deterministic CSI uncertainty. A
nice overview of the relevant literature can be found in [ZLC10]. Albeit previous
efforts brought great understanding into the problem there are still open questions.
In particular, suitable joint modeling of stochastic CSI uncertainty and interference,
unraveling the various POSTBC design aspects in the context of CRNs, is lacking
from previous studies.

Contributions

We conduct an extensive study of POSTBC for underlay CRNs in the presence of
imperfect CSI. The precoder optimization problem is formulated under the pairwise
probability-of-error criterion with instantaneous interference power constraints. In
light of the general problem intractability we split the analysis into two derivatives
of the initial model, which highlight the dual role of interference without sacrific-
ing theoretical insights: a) the cognitive Z-channel where primary QoS constraints
enforce control of the secondary transmit power and steering direction; b) the cog-
nitive S-channel, where primary interference disturbs the secondary transmission.
To incorporate the available side information we adapt the precoding design cri-
terion to account for primary interference and further propose a CSI-dependent
parametrization for the QoS constraints. Under these premises we analyze the
structure of the resulting precoder design and further propose, for certain prob-
lem instances, simple algorithmic implementations. From our analysis, we gain
theoretical insights into the manifold impact of CSI imperfections and interference
on the scheme’s properties. Finally, we evaluate numerically the performance, un-
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der our framework, in order to assess the suitability of the scheme as a candidate
architecture. The chapter is based on the following published material:

• [SRC12a]: E. Stathakis, M. Skoglund and L. K. Rasmussen, “On combined
beamforming and OSTBC over the cognitive radio Z-channel with partial
CSI,” in Proc. IEEE International Conference on Communications (ICC),
Ottawa, Canada, Jun. 2012, pp. 2380 - 2384.

• [SRC12b]: E. Stathakis, M. Skoglund and L. K. Rasmussen, “On combined
beamforming and OSTBC over the cognitive radio S-channel with partial
CSI,” in Proc. of International Conference on Cognitive Radio Oriented Wire-
less Networks (CROWNCOM), Stockholm, Sweden, Jun. 2012, pp. 30 - 35.

• [SRC13]: E. Stathakis, M. Skoglund and L. K. Rasmussen, “On beamforming
and orthogonal space-time coding in cognitive networks with partial CSI,”
IEEE Transactions on Communications, vol. 61, no. 3, pp. 961 - 972, Mar.
2013.

Chapter 3

In this chapter, we consider a multi-node network, where a multi-antenna base-
station TX communicates with its desired receiver RX, while a cluster P of unin-
tended nodes, possibly located at the cell border, is disturbed by the TX-RX (TR)
communication. To limit the performance degradation on the unintended nodes,
we impose a constraint on the total interference that is inflicted at the nodes of the
set P. The TR link is subject to LoS fading whereas the propagation environment
for the cross-links, to the undesired nodes, is shadowed. The TX node optimizes
its precoding strategy to achieve the ergodic capacity under a constraint on the
admissible outgoing interference power. For this setup, we obtain a computation-
ally efficient expression for the TR link capacity and further derive the average
bit-error-rate, which is associated with our transmission scheme.

Background

Past studies, based on experimental data [Val05], indicate that the SINR in a cell
is typically 2dB, and less than 0dB for a fraction of the users (∼ 10%). These
findings advocate interference-power constrained rather than transmit-power con-
strained designs because, in interference-limited environments (ILEs), systems will
not operate with full power in order to avoid inflicting excessive interference. An
approach, which is suitable for ILEs, involves the optimization of a chosen QoS
metric subject to sum interference constraints that are imposed to protect a cluster
of cross-link receivers [Gas07]. This framework is simple and captures the main
shortcoming that is responsible for performance degradation in modern INs. It is
also fortuitous in that it has wide application in the area of underlay CR systems
[GJM09], such as the scenario investigated in Chapter 2. In this paradigm, the
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ergodic capacity of the Gaussian channel, under an ergodic interference power con-
straint was established in [GS07], while more sophisticated schemes were studied
in [MA07, KLN09].

A common assumption, in this research area, is one of shadowed fading environ-
ments. However, the trend in cellular architectures is oriented towards small-scale
units, e.g., femtocells [CAG08] or their CR counterpart [ANC11], which admit more
generic channel characterization like LoS modeling. The area of single-hop INs
and underlay CR networks with LoS links, i.e., Rician fading [FFL01], is largely
uncharted even for elementary architectures. In the context of CR systems, few
interesting studies include [SGS08, NED12, HS10], however the contributions are
limited to the provision of numerical [SGS08] or asymptotic results [NED12]. Sta-
tistical characterization of environments with LoS fading was provided in [HS10],
though that setup addressed the single-antenna case and was not motivated by a
practical scenario. A recurring obstacle in similar studies is the complicated algebra
that impedes analytical evaluation of performance.

Contributions

We tackle the problem of analytical performance assessment for a fundamental
network architecture, where reliable communication is sought for a link between
a multi-antenna base station and its associated receiver (the TR link) while any
unintended neighboring-cell users are protected via the imposition of interference
power constraints on the TR link. In this setup, we study precoder optimization
to achieve long-term capacity of the TR link while conforming to an ergodic sum-
interference power constraint (ESIPC). The main contributions are summarized in
the following points:

(Po1): We show that the optimal linear precoder is rank-one, i.e., beamforming is
the optimal transmit strategy for the considered network utility function.

(Po2): We derive an analytical expression, with predictable computational complex-
ity, for the long-term capacity.

(Po3): We present algebraic approximations for the cases where the system operates
at high signal-to-noise ratio (SNR) or when the propagation environment is
nearly shadowed. These results subsume existing results in literature [SGS08,
HS10, DEJ10].

(Po4): We derive metrics, which are relevant for the assessment of short-term and
long-term performance, such as the distribution of the receive SNR and the
average bit-error-rate (BER).

In particular, we capitalize on the rank-one optimality result (Po1) to reduce the
problem to power allocation and emphasize how the F -distribution arises in the
stochastic characterization of the network because of its gravity in analytical deriva-
tions. In light of this technical observation, we cast the power allocation and the
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associated capacity formulas in a mathematical form whose numerical evaluation
is exact and can be carried out in predictable computation time. To capture other
aspects we derive QoS metrics such as the distribution of the TR link SNR and the
average BER, since these metrics are good performance proxies for finite-size con-
stellations, e.g., M-PSK. The chapter is based on the following published material:

• [SRC14b]: E. Stathakis, L. K. Rasmussen and M. Skoglund, “Closed-form
capacity formula for multi-antenna cognitive radio networks with asymmetric
fading,” in Proc. IEEE International Conference on Communications (ICC),
Sydney, Australia, Jun. 2014, pp. 2141 - 2146.

• [SRC14c]: E. Stathakis, L. K. Rasmussen and M. Skoglund, “Closed-form ca-
pacity result for interference limited environments with mixed fading,” IEEE
Transactions on Communications, vol. 63, no. 6, pp. 2374 - 2387, Jun. 2015.

Chapter 4

In this chapter we study a dual-hop underlay network structure where a single
transceiver pair utilizes a half-duplex amplify-and-forward (AF) relay to establish
end-to-end communication while controlling the outgoing interference. Similarly to
Chapter 3, the unlicensed nodes, i.e., the transmitter and the relay, obey trans-
mit power constraints. Assuming perfect CSI and LoS communication for certain
links, we analyze the outage probability of the system and investigate asymptotic
performance.

Context and prior work

Reliability is known to improve with the use of relays that cooperate with the source
to forward the message to the intended destination. The well-documented merits
of (non-)regenerative relaying strategies [LT04] motivated extensions, to the un-
derlay framework, of the decode-and-forward [BB11] and the AF [DBJ11] schemes.
Capacity-achieving power allocation for AF CR relay systems was considered in
[XA12]. Common denominator in this research area has been the assumption
of shadowed communication environments. Similar to our previous claim though,
around the model discussed in Chapter 3, we are driven by the fact that contem-
porary trends in networking are promoting operation in small-scale architectures
such as femtocells [CAG08]. The propagation environment, in such architectures, is
likely to be subject to Rician fading [FFL01]. This fading scenario has been inves-
tigated for conventional dual-hop AF networks [SB14] but it has escaped attention
for CR relay networks, where performance analysis remain an open problem.

Contributions

We settle this task for the dual-hop AF relay network where the secondary nodes
obey peak interference power constraints, which limits the instantaneous interfer-
ence to the primary system below a fixed threshold. The secondary links are subject
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to LoS fading, whereas the cross-links to the primary receiver experience Rayleigh
fading. A key for analyzing the AF scheme is the entanglement in the stochastic
characterization of the non-central F-distribution [Kay98], similar to our approach
in Chapter 3. We provide a closed-form result for the outage behavior of the net-
work, analyze the impact of the Rician factor and discuss variations of the setup.
The chapter is based on the following published material:

• [SRC14a]: E. Stathakis, L. K. Rasmussen and M. Skoglund, “Characteriza-
tion of outage performance for cognitive relay networks with mixed fading,”
in Proc. of 48th Asilomar Conference on Signals and Systems, Pacific Grove,
CA, USA, 2014.

Chapter 5

In this chapter we generalize the scope of the thesis to a multiuser IN, where inde-
pendent senders transmit their information simultaneously, using linear precoding.
Assuming that the transmitters have access to an analog estimate of their local
channels and that the receivers treat interference as noise, we assess performance
via the achievable outage rate region (ORR), which comprises the set of rate-tuples
that are attainable with certain probability. Network operation is sought on the
region boundary for jointly optimal performance but such system optimization is
intractable. To tackle this shortcoming we resort to bounds, on the outage prob-
ability, that can be computed efficiently. We show that if we restrict our system
to single-stream transmission then the associated Pareto-optimal beamforming vec-
tors are selected to judiciously balance the desired signal power and the interference
power, based on the quality of the estimated channel state.

Context and prior work

Transmit coordination is beneficial for an IN [LJ08] since it enables operation on
the PB, which is the best “consensus” trajectory on the achievable rate region
(ARR) among the links, as discussed in Section 1.1.1. Characterization of Pareto-
optimal beamforming for the multiple-input single-output (MISO) IC when the
transmitters have perfect local CSI was established in [JL08, MJ11, SCP11, BZG10]
and exploited thereafter to obtain insights into more difficult problems such as sum-
rate maximization [LDL11, LZC12].

In practice perfect CSI is rarely available since: a) the channel changes rapidly
or b) the channel estimates are inaccurate/outdated. In the former case (a), the
transmit nodes might have access only to long-term statistics; this scenario was
studied in [LLJ08, BZG10], where the authors parametrize the ergodic ARR for
single-stream transmission assuming availability of the channel covariance matrix.
In the latter case (b), where the nodes have an imperfect estimate of the instan-
taneous state, there is no guarantee that a chosen rate can be instantaneously
supported with probability one. To account for this shortcoming we need to factor
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the concept of system outage into the analysis and design the network transmit
strategies such that a rate-tuple is achievable with certain probability, thus intro-
ducing the concept of an outage region. In [LKL09, LKL13] the authors discuss
definitions of outage-rate regions for perfect and statistical CSI, though the case of
imperfect CSI has remained an open topic. In [LCL13] and [PSK12], the authors
maximize the sum-rate in an IC under outage constraints for the cases of statis-
tical and imperfect CSI, respectively. However, a method for parametrizing and
efficiently computing (or approximating) the whole boundary is still missing.

Contributions

The main theme of this chapter revolves around the characterization and computa-
tion of the outage-rate region for beamforming and imperfect CSI. If the transmitters
have access to analog CSI, then an outage occurs when the chosen communication
rate is not instantaneously supported. We characterize the structure of the beam-
forming vectors that yield rate-tuples on the boundary for given outage probability
specifications. In contrast to [LLJ08, BZG10] we accomplish this task without ex-
plicitly evaluating the objective but instead by involving the concept of stochastic
dominance [Wol99]. Our study reveals that, similarly to [JL08, Eq. (5)], the POBF
vectors balance the desired signal and the outgoing interference power, yet a point
of departure from previous results is that transmission at full power is not neces-
sary for achievability of rate-tuples on the boundary. Albeit our result simplifies
the computation of the region boundary, the problem is still difficult, hence the
development of an efficient method, which is scalable with the number of users,
is indispensable. To address this task we use tractable bounds, on the outage
probability, and solve a relaxed (convex) problem that yields an inner bound on
the achievable ORR. We show how one can recover rank-one solutions and further
evaluate the corresponding achievable rates. The chapter is based on the following
material:

• [SJR15a]: E. Stathakis, J. Jaldén, L. K. Rasmussen and M. Skoglund, “Out-
age region characterization for beamforming in MISO interference networks
with imperfect CSI,” accepted to IEEE Signal Processing Letters.

Chapter 6

In the case of the MISO channel, discussed in Chapters 3 and 5, the receiver needs
to know the SNR in order to decode the received signal, therefore obtaining an
accurate estimate is an indispensable step for close-to-theoretical performance. In
this chapter, we construct an SNR estimator that is superior to the conventional
MLE, outlined in Section 1.3. In particular, we discuss an affinely modified version
of the MLE that uniformly outperforms, over all SNR values, the traditional MLE
in terms of the mean-square error (MSE). We also demonstrate that in scenarios
where the SNR is known to lie in some given set, then the MSE can be further
reduced.
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Context and prior work

The problem of SNR estimation is relevant in many practical systems, e.g., optical-
fiber systems, satellite and radar communications. The problem of accurately recov-
ering the SNR from a noisy data sequence was addressed early in [GT68]. Various
estimators, tailored to the signal model, have been proposed in later studies, such
as the MLE [WGM06] and the decision-directed estimator [EM84]. The MLE is
a natural choice for parameter recovery, since it has provable performance guar-
antees and works well in practice, though further improvement is desirable. The
performance of an estimator, for the model (1.2), is typically assessed by the MSE
between the estimator and the actual parameter. An enhanced estimator would be
designed to achieve a lower MSE than the MLE, in other words it should dominate5

the MLE.

Efforts, in this direction, focused on the construction of affinely modified ver-
sions of the MLE due to analytical tractability. Direct minimization of the MSE
was successfully applied in a specific estimation problem in [SM90], though this
approach is by no means universal and often yields unrealizable estimators. The
benefits of affinely modified versions of the MLE were highlighted in the work of
[Eld06, Eld08] where a general framework, addressing parametric vector estima-
tion was established. For certain families of MSE functions, the sought modified
estimators were obtained as the solution to a min max optimization problem. This
approach is universal in the sense that it always returns a realizable estimator. The
ideas explored within this framework were also applied in the SNR problem [Eld08,
Section VII] but the design was based on the unbiased Cramer-Rao bound and
its biased counterpart, rather than the actual MSE expressions. However, the ac-
tual MSE formulas are different than the Cramer-Rao bounds because for the SNR
problem an efficient estimator, i.e., an estimator that attains the UCRB, does not
exist. It also turns out that the framework of [Eld06, Eld08] is non-informative for
many variations of the SNR estimation problem, because it does not yield unique
estimators.

Contribution

We elaborate on the construction of an affinely modified MLE (AMMLE) that out-
performs the conventional SNR MLE, in terms of MSE. The analysis is based on
the actual MSE expression for the SNR MLE, which captures performance more
accurately than the UCRB. Naive MSE minimization is not applicable hence the
approach of [Eld08] is adopted. Our analysis, though, is based on different tech-
niques that yield the desired estimator in closed-form, hence obviating the need
for solving an optimization problem. Capitalizing on the fact that the MLE is
not efficient we investigate the existence of an AMMLE that dominates the UCRB

5If x̂1, x̂2 are estimators for the same parameter x, then x̂1 is said to dominate x̂2 if MSE(x̂1) ≤
MSE(x̂2), where MSE(x̂k) , E{(x̂k−x)2}, k ∈ {1, 2}, holds for all possible values of the parameter
x with strict inequality for at least one value.
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within a priori known bounds for the SNR. To achieve this we extend the original
min max framework [Eld06, Eld08] to accommodate efficient numerical solution of
the resulting optimization problem. All results are extended to the MIMO model
to capture the vector case, which is relevant to Chapters 3 and 5. The chapter is
based on the following published material:

• [SJR14]: E. Stathakis, J. Jaldén, L. K. Rasmussen and M. Skoglund, “Uni-
formly improving maximum-likelihood SNR estimation of known signals in
Gaussian channels,” IEEE Transactions on Signal Processing, vol. 62, no. 1,
pp. 156 - 167, Jan. 2014.

1.4.2 Contributions not included in this thesis

The following publications are contributions that have not been included in this
thesis:

• [SSR10]: E. Stathakis, N. Schrammar, L. K. Rasmussen and M. Skoglund,
“On performance trade-offs in cognitive networks,” in Proc. of IEEE Interna-
tional Conference on Wireless Information Technology and Systems (ICWITS),
Hawaii, USA, Aug. 2010, pp. 1 - 4.

• [SWR12]: E. Stathakis, C. Wang, L. K. Rasmussen, and M. Skoglund, “Low
complexity adaptive antenna selection for cognitive radio MIMO broadcast
channels,” in Proc. of IEEE Global Communications Conference (GLOBE-
COM), Anaheim, USA, Dec. 2012, pp. 3844 - 3849.

In [SSR10] we use the linear finite-field deterministic model [ADT11], which is a
network modeling tool, in order to evaluate the performance of multi-hop strategies
for the uplink relay channel. In [SWR12] we employ the concept of opportunistic
interference alignment [PFL10] in order to develop a simple and adaptive antenna
selection algorithm for sum-rate maximization of a secondary multi-antenna trans-
mitter. The distinct elements of that work, compared to this thesis, is that in
[SWR12] we assume channel correlation in time and that interference to the pri-
mary system should be suppressed.

1.5 Copyright Notice

Parts of the material presented in this thesis are partly verbatim based on the thesis
author’s joint works which are previously published or submitted to conferences
and journals held by or sponsored by the Institute of Electrical and Electronics
Engineer (IEEE). IEEE holds the copyright of the published papers and will hold
the copyright of the submitted papers if they are accepted. Materials (e.g., figure,
graph, table, or textual material) are reused in this thesis with permission.
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1.6 Notation and Acronyms

1.6.1 Notation

Here we summarize some notations which are used in the thesis. We use CN , RN

for the N -dimensional set of complex and real numbers and use R+ and R++ for
the non-negative (positive) orthant in the case of real numbers. The complex
Stiefel manifold of N × K unitary matrices is written as UN×K . The cone of
N × N hermitian positive semidefinite (definite) matrices is written as SN

+ (SN
++),

with associated generalized inequality � (≻). For a set S, we write card{S} and
SN for the cardinality and N -fold Cartesian product, respectively. The symbol ⊗
stands for the Kronecker product.

Bold lower case letters denote vectors and bold upper case letters denote matri-
ces. We denote the N -length all-zero (all-one) vector as 0N (1N ) and the N ×N zero
(identity) matrix as 0N (IN ), respectively. The operators (·)⋆, (·)T and (·)H stand
for conjugate, transpose and conjugate transpose (hermitian), respectively, of their
vector/matrix arguments. The symbol ‖ · ‖ is the Euclidean norm for vectors. We
write vec(X), tr(X), ker(X), ‖X‖F , |X|, σ(X) to denote the vectorized form (con-
catenation of columns), trace, kernel, Frobenius norm, determinant and spectral
radius of a matrix X with appropriate dimensions, e.g., being square in the case of
trace or determinant. Finally, we use the non-linear operator {x}+ , max{x, 0}.

1.6.2 Acronyms

In this thesis we make use of the following nomenclature
ARR Achievable rate-region
AF Amplify-and-forward
BER Bit-error-rate
bpcu Bits per channel use
CIC Cognitive interference channel
CR Cognitive radio
CRN Cognitive radio network
CSC Cognitive S-channel
CSI Channel state information
CZC Cognitive Z-channel
ESIPC Ergodic sum-interference power constraint
ETE End-to-end
HetNet Heterogenous network
IC Interference channel
IN Interference network
IPC Interference power constraint
LHS Left-hand-side
LoS Line-of-sight
MIMO Multiple-input multiple-output



1.6. Notation and Acronyms 27

MISO Multiple-input single-output
MLE Maximum-likelihood estimator
MMSE Minimum mean square-error
MRT Maximum-ratio transmission
MSE Mean square-error
ORA Orthogonal resource allocation
ORR Outage rate-region
OSTBC Orthogonal space-time block code
NLoS Non-line-of-sight
npcu Nats per channel use
PB Pareto boundary
pdf probability density function
PEP Pairwise error probability
POBF Pareto-optimal beamforming
POSTBC Precoding and orthogonal space-time block coding
PSM Projected Subgradient Method
PU Primary user
RP Rate profile
QoE Quality-of-experience
QoS Quality-of-service
RHS Right-hand-side
RP Rate profile
SDP Semidefinite program
SINR Signal-to-interference-plus-noise ratio
SNR Signal-to-noise ratio
UCRB Unbiased Cramer-Rao bound
WSR Weighted sum-rate





Chapter 2

Single-hop Underlay Networks with Multiple

Primary links

In this chapter, we study one of the fundamental CR architectures, that comprises
several primary links and a single-hop secondary link, whose end nodes are equipped
with multiple antennas. Contemporary licensed systems are seldom designed for
concurrent operation when they are spatially collocated, hence future underlay
networks would probably have to deal with the interference inflicted on a single
primary link. However, in the interest of developing a general framework we shall
assume an arbitrary number of ad-hoc primary links that are simultaneously active
and communicate over the same frequency. Given that primary QoS protection is
one of the main design aspects, we devote a significant fraction of this chapter into
analyzing models for interference temperature constraints.

Our discussion on interference temperature modeling is instigated by the fact
that imperfect analog CSI has manifold implications in wireless systems: a) it
causes performance degradation with respect to the ideal CSI case, where all nodes
have perfect knowledge of the environmental parameters; and b) performance as-
sessment metrics need to be chosen carefully. The second item has certain gravity
because in the case of instantaneous analog CSI some metrics are less suitable for
performance assessment, due to the stochastic nature of the CSI. In this chapter
we propose a simple way for CSI-based interference modeling that can be used to
serve the requirement of primary QoS protection, within the underlay paradigm.
Our proposed approach is heuristic, yet it leads to a simple design and has a nice
probabilistic interpretation.

This chapter is organized as follows: In the two following sections, namely Sec-
tions 2.2 and 2.3, we introduce the system and the imperfect CSI model, provide a
detailed discussion on the implications of interference and construct the optimiza-
tion framework. In Sections 2.4 and 2.5 we analyze two complementary aspects of
the optimized design and we conclude the chapter with numerical assessment of the
considered setup.

29
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2.1 Network Model

We consider the network depicted in Figure 2.1a, with a set K , {1, . . . , K} of
independent primary transceiver pairs TXP,k − RXP,k(PRk), k ∈ K and one sec-
ondary pair TXS −RXS (TR link). Each primary link PRk is spatially coupled with
the unlicensed TR link, effectively inducing multiple cognitive interference channels
(CICs). The basic CIC is illustrated in Figure 2.1b and consists of two source-to-
destination links, one primary and one secondary. From this fundamental topology
we can extract two derivatives, namely the cognitive Z-channel (solid cross-line)
and the cognitive S-channel (dotted cross-line).

The k-th link PRk is equipped with Mk transmit, Nk receive antennas and the
secondary link is supplied with M transmit and N receive antennas, respectively.
We denote the TR link channel by H ∈ CM×N , the TXS − RXP,k(SPk) cross-
channels by Gk ∈ CM×Nk and the TXP,k − RXS(PSk) cross-channels by Fk ∈
CMk×N , k ∈ K. Note that the matrix elements [H]Hij , [Gk]Hij and [Fk]Hij correspond
to the channel between transmit antenna i and receive antenna j. The channels are
quasi-static block fading and are statistically described by their vectorized coun-
terparts. In particular, we have h , vec(H) with h ∼ CN (m, K), gk , vec(Gk)
with gk ∼ CN (mz

k, Kz
kk) and fk , vec(FH) with fk ∼ CN (ms

k, Ks
kk), where the el-

ements of the triplets (m, mz
k, ms

k) and (K, Kz
kk, Ks

kk) correspond to the mean and
covariance of each distribution. We adopt the Kronecker-product model to charac-
terize the covariance matrices, i.e., K , KR ⊗ KT , where KR ∈ SN

++, KT ∈ SM
++

describe row-wise and column-wise covariance, because it is a good approxima-
tion of practical MIMO channel models [YBO04] and it also facilitates analytical
results. The remaining matrices are defined, in a similar fashion, i.e., Kz

kk ,
Kz

R,kk ⊗ Kz
T,kk, Kz

R,kk ∈ S
Nk
++, Kz

T,kk ∈ SM
++ and Ks

kk , Ks
R,kk ⊗ Ks

T,kk, Ks
R,kk ∈

SN
++, Ks

T,kk ∈ S
Mk
++ for the k-th cross-channels gk and fk, respectively.

2.1.1 Side information

We assume that the receiver RXS knows h perfectly1 whereas the secondary trans-
mitter TXS has analog CSI that is obtained by exploiting channel reciprocity to
train the transmitter, in time-division duplex systems. Acquisition of each SPk

cross-link CSI, at the TR link nodes, can be realized by overhearing primary for-
ward/backward training, assuming knowledge of the primary communication pro-
tocols. Training-based CSI is implemented by sending sequences of pilot signals.

We model CSI uncertainty by means of the joint distribution hc , [hT ĥT ]T , be-
tween the actual channel h and its associated estimate ĥ. This CSI model emerges
when we employ a training scheme similar to [CJK10, Section II.B.1]. We can then
characterize channel uncertainty via the conditional distribution of h̃ , h|ĥ, whose
statistics depend on those of hc. Therefore, if we assume that hc ∼ CN (mc, Kc)

1Our analysis can be extended to the case of imperfect receiver CSI without influencing the
theoretical conclusions, therefore it is obviated.
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Figure 2.1: The network model.

then h̃ ∼ CN (m̃, K̃) with its first two moments obtained from mc, Kc [Kay93, The-
orem 10.2]. The conditional mean m̃ contains information about the true channel
h whereas the covariance matrix K̃ is a measure of the estimation error. For ease
of presentation, we restrict the analysis to the case where the CSI is a function of a
single parameter δ ∈ [0, 1]. We shall refer to δ ∈ [0, 1] as the CSI quality indicator
(QI) for the TR link channel and it maps to asymptotic CSI cases as follows:

i. no CSI:2δ → 0, m̃(δ) → 0MN , K̃(δ) → K;

ii. perfect CSI: δ → 1, m̃(δ) → h, K̃(δ) → 0MN (σ[K̃] → 0).

In the ensuing analysis, we omit the argument δ for brevity. We model the SPk and
PSk channel estimates as ĝk ∼ CN (m̂z

k, K̂z
kk), f̂k ∼ CN (m̂s

k, K̂s
kk)3 with associated

mean vectors m̂z
k, m̂s

k and covariance matrices K̂z
kk, K̂s

kk. Finally, we define the con-

ditional cross-link CSI as g̃k , gk|ĝk ∼ CN (m̃z
k, K̃z

kk), f̃k , fk|f̂k ∼ CN (m̃s
k, K̃s

kk)
where CSI quality is reflected on the indicators δz

k and δs
k that are defined similarly

to δ, introduced above. There is a trade-off between estimation accuracy and the
amount of training resources that affects the throughput but here we only focus on
error performance and omit the training stage. As a general comment though, we
note that obtaining instantaneous channel estimates for multi-user multi-antenna
system requires the allocation of non-negligible amount of communication resources.

In certain CR architectures, especially those arising in the context of the overlay
paradigm, we need further operational assumptions such as non-causal availability

2This condition is equivalent to knowing the primary transceiver geometry.
3Matrices K̂z

kk
, K̂s

kk
follow the Kronecker-product model, similar to their counterparts

Kz
kk

, Ks
kk

for the actual channels gk, fk.
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of primary messages {mp,k} at the cognitive nodes. Scenarios where this is real-
izable have been described in [GJM09, SMG10]. For example, a decoding failure
event at some node RXP,k would initiate a retransmission phase driven by an ARQ
protocol. In that case, successful decoding of mp,k at the cognitive transmitter
would render its knowledge non-causal during the primary retransmission round.
Non-causal availability of mp,k at node TXS facilitates the application of interfer-
ence management techniques through transmit pre-processing. We stress here that
in some cases, which are of interest and examined in this chapter, the non-causal
availability of mp,k’s, at the transmitter TXS , can be obviated.

2.2 Precoder Design

The TXS node transmits codewords of the form C = WC̄, where W ∈ CM×M

denotes the precoding matrix and C̄ ∈ CM×L is an OSTBC matrix, spanning L
consecutive time slots, with rate Rc = M/L. Here, we consider rate-one (L = M)
OSTBC designs [TSC98b], for simplicity-of-exposition, but the analysis can be
directly extended to any other code-rate.4 An OSTBC design is a mapping that
translates the r-length data-bearing vector c , [c1 . . . cr]T into the matrix C̄, where
the elements ci belong to some finite alphabet. Based on this description and the
channel model we can write the received signal Y at the receiver RXS as

Y = HHC +

K∑

k=1

FH
k C̃k + N, (2.1)

where N is white noise described by n , vec(N), with n ∼ CN (0MN , σ2
nIMN ). The

summation term corresponds to the incoming interference, from the primary nodes
that send messages C̃k ∈ UMk×M , e.g., which could be the columns of a matrix
drawn from an OSTBC design. We assume that primary precoding information is
integrated in Fk. To formulate the general design problem, we need to carry out
two tasks: a) characterize the various aspects of interference in the network and;
b) derive the secondary link performance metric.

2.2.1 Interference management

Interference is an intrinsic component of the CIC with several implications into
design and performance. From the TR link point-of-view, outgoing interference is
taken into account as a constraint while incoming interference is a perturbation of
the desired signal, as shown in Eq. (2.1), and has to be mitigated.

4Even though rate-one OSTBC designs exist only for M , {2, 4, 8} antennas, the case of
array sizes M ′ /∈ M can be treated as in [JSO02]. The idea is to design the precoding matrix

W ∈ C
M′×M′

and adapt it by picking the M columns with the highest power, where M ≤ M ′ is

the element of M closest to M ′. The resulting precoder W′ ∈ C
M′×M utilizes all the antennas

without sacrificing the code-rate.
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Managing outgoing interference

A stringent rule is the maintenance of a minimum QoS level at the primary receivers,
which translates to bounds on the interference power P int

k = ‖GH
k WC̄‖2

F that is
experienced at the k-th primary receiver. In particular, we impose a constraint of
the form P int

k ≤ Γk, where Γk is the maximum interference that is allowed at RXP,k.
In the absence of perfect CSI, the cognitive transmitter TXS can only obtain an
estimate of the inflicted interference. If we average over the estimation noise we
obtain P̃ int

k , E{‖GH
k WC̄‖2

F |Ĝk} which reads as

P̃ int
k (W)

(a)
= bE{tr(GH

k ZGk)|Ĝk} (b)
= bE{(gH

k (IN ⊗ Z)gk)|ĝk}
(c)
= btr[(IN ⊗ Z)R̃z

kk] = btr(ZΘz
k).

In the above series of equalities, (a) follows after defining Z , WWH and invoking

the orthogonality of C̄, i.e., C̄C̄H = bIM , where b ,
∑M

i=1 |ci|2 depends on the input
symbols ci; (b) follows from the identities tr(AHB) = vec(A)Hvec(B), vec(ABC) =(
CT ⊗ A

)
vec(B) for matrices A, B and C of proper dimensions; and (c) follows by

reformulating the quadratic as a trace, interchanging E(·) with tr(·) and defining
R̃z

kk , E{gkgH
k |ĝk} ≡ E{g̃kg̃H

k }. It obviously holds that R̃z
kk = K̃z

kk + m̃z
k(m̃z

k)H

implying that, by construction, Θz
k consists of the sum of the M × M diagonal

blocks of matrices K̃z
kk and m̃z

k(m̃z
k)H .

Let us now have a closer look at the interference power constraint (IPC) P̃ int
k ≤

Γk. A solution W satisfying P̃ int
k (W) ≤ Γk cannot be guaranteed to meet the

constraint P int
k (W) ≤ Γk with probability one, due to CSI mismatch, hence the

actual QoS constraint would be violated in some cases. The violation corresponds
to a primary outage event, hence the constraint Pout , Pr(P int

k ≥ Γk) ≤ ǫk, where ǫk

is some tolerance level, is a meaningful measure of the cognitive system’s compliance
to the underlay setting assumptions. For a general MIMO system though, analytical
evaluation of Pout is challenging except for some special cases [PUT09]. A heuristic
approach is to render the RHS of the IPC an increasing function f : R2 → R of
the CSI quality measure δz

k, i.e., define Ik = f(δz
k, Γk) such that Ik ∈ [0, Γk]. For

example, f(δz
k) ∈ {δz

kΓk, (δz
k)2Γk} are two simple functions that penalize the RHS

of the IPC in different ways, depending on how severe a violation is for the primary
system. This heuristic modeling has a nice interpretation in terms of the Markov
bound on the probability Pout. To see this consider the following Markov inequality

Pr{btr(GH
k ZGk) ≥ Γk|Ĝk} ≤ P̃ int

k /Γk. (2.2)

If we enforce the RHS of inequality (2.2) to be less that δz
k (equivalently (δz

k)2) then
the outage constraint Pout ≤ δz

k (equivalently Pout ≤ (δz
k)2) will always be satisfied.

This is a simple bound on the outage probability that is tractable and which is
CSI-quality dependent. One can also choose the bound, on the outage probability,
to be independent of δz

k. We mentioned an example of such bounding techniques,
in Section 1.3.1 and also apply another technique in Chapter 5.
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Remark 1: The IPC P̃ int
k ≤ Ik can be analytically written as tr(ZΘ̃z

k) ≤ 1/b, Θ̃z
k ,

1
Ik

Θz
k. When no CSI is available for the k-th cross-link, implying that Ik → 0 then

σ[Θ̃z
k] → ∞, since by definition it holds that σ[Θz

k] > 0, for δz
k → 0. If we apply

the interlacing theorem [HJ10] on the matrices Θ̃z
k and K̃z

kk, where K̃z
kk = 1

Ik
Kz

kk,

we obtain σ[(K̃z
kk)−1] → 0. This characterization of the cross-link CSI indicates

underlying similarities with the no CSI definition in [JSO02].

Managing incoming interference

The interference caused from the primary links is captured by the summation term
in Eq. (2.1) and is, from a system point-of-view, equivalent to colored noise. Inter-
ference mitigation strategies require different levels of side information, as stated in
Section 2.1.1; however we shall see later that, under some mild practical assump-
tions, the amount of side-information is reasonable for certain cases. We begin by
restating (2.1) in its vectorized form

y = (CT ⊗ IN )d +

K∑

k=1

(C̃T
k ⊗ IN )fk + n, (2.3)

where d , vec(HH), n , vec(N). Observe that d ∼ CN (md, Kdd) has the same
statistics as h with properly permuted moment elements, i.e., Kd = KT ⊗ KR.
The same holds for the channel estimate d̂ ∼ CN (m̂d, K̂dd) and its associated
conditional variable d̃ = d|d̂ ∼ CN (m̃d, K̃dd). For Eq. (2.3) we define the noise-

plus-interference vector e ,
∑K

k=1(C̃T
k ⊗ IN )fk +n and the conditional distribution

ẽ , e|T ∼ CN (m̃e, K̃ee), where T , {C̃k, f̂k}K
k=1. It can then be shown [SRC12b,

Lemma 1] that ẽ =
∑K

k=1(C̃T
k ⊗ IN )f̃k + n, which is a convenient form for the

evaluation of the noise-plus-interference stochastic properties.

2.2.2 Performance criterion

The TR link, whose propagation model is given by Eq. (2.3), is designed such that
it minimizes the probability Pr(Ck → Cl, |Ck, d, d̂, T ) of choosing codeword Cl

when codeword Ck was sent. Conditioning on the network side-information, at the
transmitter, we can bound the pairwise-error probability (PEP) as follows

Pr(Ck → Cl, |Ck, d, d̂, T ) =Q
{[

1
2 dH

(
(∆C⋆

kl ⊗ IN )K̃−1
ee (∆CT

kl ⊗ IN )
)

d
] 1

2
}

= Q
{[

1
2 dH

(
(W ⊗ IN )Q(WH ⊗ IN )

)⋆

d
] 1

2
}

≤ e−dH A(Q,W)d, (2.4)

where Q(x) denotes the Q-function ∆Ckl , W∆C̄kl, ∆C̄kl , (C̄k − C̄l) and
Q , (∆C̄kl ⊗ IN )K̃−⋆

ee (∆C̄H
kl ⊗ IN ). The inequality follows from the definition
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A(Q, W) , 1
4 [(W ⊗ IN )Q(WH ⊗ IN )]⋆ and the application of the Chernoff bound

on the Q-function. To average over all channel realizations we integrate both sides
of (2.4) using the conditional marginal distribution p

d|d̂(·|·). If we proceed as in

[JSO02, Section III], then it turns out that minimizing Pr(Ck → Cl, |Ck, d, d̂, T )
is equivalent to maximizing the minimum, over all (k, l) pairs, of

ℓkl(W, ∆C̄kl) = log |A(Q, W) + K̃−1
d | − m̃H

d K̃−1
d [A(Q, W) + K̃−1

d ]−1K̃−1
d m̃d.

(2.5)

To construct the design problem we incorporate the power constraint and the IPCs,
described above. The composite problem can be cast as

maximize
Z∈D

min
∆C̄kl∀k 6=l

ℓkl,

where D , {Z � 0, tr(Z) ≤ 1, tr(ZΘz
k) ≤ Ik/b, k = 1, . . . , K} is a convex set, with

a unit transmit power constraint (without loss of generality). However, the non-
convexity of the objective makes it difficult to analyze the general problem but we
can still obtain insights, for the role of interference, by splitting the investigation
into the cognitive Z-channel (CZC) and the cognitive S-channel (CSC). The CZC
(CSC) is obtained from the CIC, when the PSk(SPk) links are inactive, e.g., due
to fading. In the case of the Z-channel, the active cross-links are factored in the
cognitive link design as QoS constraints, expressed by tr(ZΘz

k) ≤ Ik/b, that have
to be satisfied at each node RXP,k. On the other hand, interference management
for the CSC model relies on stronger assumptions compared to the CZC, i.e., non-
causal knowledge of each primary user’s message {mp,k}K

k=1. These assumptions are
necessary in order to combat or alleviate the impact of the incoming interference,
which is represented by the summation term in Eq. (2.3).

2.3 Transmitter Design for the Cognitive Z-Channel

2.3.1 Precoder design aspects

In this section we specialize the analysis into the CZC model. In this case T = ∅
and it can be checked that Eq. (2.5) is equivalent to

ℓkl(Z) = log |(IN ⊗ Zαkl) + K̃−1| − m̃HK̃−1[(IN ⊗ Zαkl) + K̃−1]−1K̃−1m̃,

where αkl , µ2
kl

4σ2
n

, µkl , ‖C̄k − C̄l‖F . In this case we can determine ℓz(Z) ,

min∆C̄kl∀k 6=l ℓkl; it corresponds to the pair (k, l) with the smallest Euclidean dis-

tance and is parametrized with α , µ2
min

4σ2
n

, where µmin , min{µkl ∀ k 6= l}. Thus

we retrieve the objective [JSO02, Eq. (13)], which is concave in Z, resulting in the
following optimization problem

maximize
Z∈D

ℓz(Z). (P0)
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Problem (P0) is convex [BV02] and can be efficiently solved. Once we have the
optimal Z, then we can obtain W from the eigen-decomposition Z = UZΛZUH

Z ,
as W = UZΛ

1/2. Albeit its convexity, (P0) does not facilitate the development
of analytical algorithms, like water-filling. It is possible, though, to obtain the
optimal point in closed-form for various instances of (P0) in order to characterize
the resulting precoder choice. In the following we examine two extreme scenarios,
in terms of TR link CSI.

When the TR link channel is unknown to the secondary transmitter, i.e., when
δ → 0, m̃ → 0MN , K̃ → K then the objective function ℓz(Z) tends to ℓz

1(Z) ,
log |(IN ⊗ Z)α + K−1| and (P0) becomes

maximize
Z∈D

log |(IN ⊗ Z)α + K−1|. (P1)

In order to analyze (P1) we let ηo , [ηo
k]Kk=0 be the optimal Lagrange dual vari-

able, associated with the power constraint and the IPCs, and define T , ηo
0IM +∑K

k=1 ηo
kΘk, with decomposition T = UT ΛT UH

T . Using the definition of the co-

variance matrix K = KR ⊗ KT we set R , K
1/2

T T−1/2, Ẑ , T
1/2ZT

1/2, with

respective decompositions R = URΣRVH
R , Ẑ = UẐΛẐUH

Ẑ
, and also let KR =

UKR
ΛKR

UH
KR

. The optimal precoder is given by the following proposition.

Proposition 2.1. The optimal point, solving (P1), is Zo
1 = T− 1

2 VR{ΛẐ}+VH
R T− 1

2 ,
where ΛẐ is a properly selected power loading matrix and {·}+ denotes the element-
wise maximum of the matrix entries and zero.

Proof. Given in Appendix 2.B.

Corollary 2.1. When the TXS , RXS antennas are uncorrelated, i.e., K = σ2
hIMN ,

then we have Zo,u
1 = UT Λ

− 1
2

T {NIM − 1
α̃ ΛT }+Λ

− 1
2

T UH
T , where α̃ , σ2

hα.

Proof. If K = σ2
hIMN then the result immediately follows by noting that, in this

case, VR ≡ UT and ΛẐ has the closed-form solution ΛẐ = {NIM − 1
α̃ ΛT }+.

When the transmitter TXS knows perfectly the TR link channel, i.e., δ →
1, m̃ → h, K̃ → 0MN then, from [JSO02], the objective function ℓz(Z) tends to
ℓz

2(Z) , tr(ZHHH) and the optimization problem becomes

maximize
Z∈D

tr(ZHHH). (P2)

Let Θ , HHH , D , ηo
0 + 1

b

∑K
k=1 ηo

kIk and T′ , (1/D)T where T is defined as in
Proposition 2.1. The optimal value for (P2) is described from the following result.

Proposition 2.2. The optimal value of problem (P2) is the maximum generalized
eigenvalue λgen

max of the pair of matrices (Θ, T′).

Proof. Given in Appendix 2.C.
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Moreover, it is known that when N = 1 then the optimal transmit strategy
is rank-one [WES, Lemma 1] and, in this case, it will coincide with the principal
generalized eigenvector wg

2 of the pair of matrices (Θ, T′), which is associated with
λmax. In fact we observed, in our numerical experiments, that the optimal transmit
strategy is rank-one for the majority of the considered scenarios. This observation
along with Proposition 2.2 suggest that single-stream transmission, steered in the
direction of wg

2 can be a good heuristic and it further simplifies ML detection at
the receiver. We hasten to add here that the optimal precoder Zo

2, for Problem
(P2), lies in the span of its local (TR and SPk link) channel statistics.

These asymptotic results, on the precoding design Problems (P1) and (P2),
exhibit interesting similarities, analyzed further in Section 2.3.3. The same analysis
can be performed to more specific, yet widely practical, channel models in order to
obtain insights for certain scenarios.

2.3.2 A simplified channel model

In order to capture a non-asymptotic case we adopt a simple statistical model for
the channels and their associated estimates.5 In particular, following [JSO02], we
assume channel matrices with i.i.d. zero-mean Gaussian elements, i.e., h, ĥ ∼
CN (0MN , σ2

hIMN ) and gk, ĝk ∼ CN (0MN , σ2
gk

IMNk
) ∀ k. The cross-covariance

matrices of the pairs (h, ĥ), {(gk, ĝk)}K
k=1 are given as K̄ , Khĥ = δσ2

hIMN

and K̄z
kk , Kgkĝk

= δz
kσ2

gk
IMN , respectively. We can then calculate the statis-

tics6 of the vectors h̃, {g̃k}K
k=1 and plug them into ℓz(Z). This yields ℓz

3(Z) =
N log |Zᾱ + IM | − tr[(Zᾱ + IM )−1Ȳ] and the original optimization problem be-
comes

maximize
Z∈D

N log |Zᾱ + IM | − tr[(Zᾱ + IM )−1Ȳ], (P3)

where ᾱ , ασ2
h(1−|δ|2) and Ȳ , |δ|2

σ2
h

(1−|δ|2)
ĤĤH . Letting T be given as in Section

2.3.1, we further define S , T
1/2, Φo as the optimal dual variable associated with

Z � 0, T̄ , T − Φo and S̄ , T̄
1/2. Characterization of the optimal solution follows

from the next proposition.

Proposition 2.3. The optimal point, for (P3), is Zo
3 = 1

2 S̄−1
[
NIM + (N2IM +

4
ᾱ S̄ȲS̄)

1
2

]
S̄−1 − 1

ᾱ IM .

Proof. Given in Appendix 2.D.

As stated in Appendix 2.A, Φo cannot be directly related to some physical
quantity. Below we provide a suboptimal solution that involves quantities which
can be interpreted in terms of the system parameters.

5In this special case it may be possible to make the OSTBC design CSI-dependent.
6m̃ = δĥ, K̃ = σ2

h
(1 − |δ|2)IMN , m̃z

k
= δz

k
ĝk, K̃z

kk
= σ2

gk
(1 − |δz

k
|2)IMNk

, Θz
k

= Nkσ2
gk

(1 −

|δz
k

|2)IM + |δz
k

|2ĜkĜH
k
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Corollary 2.2. The point Zsub
3 =

[
1
2 S−1

{
NIM +(N2IM + 4

ᾱ SȲS)
1
2

}
S−1− 1

ᾱ IM

]+
,

where [·]+ denotes projection onto SM
+ , is feasible for (P3).

Proof. The proof-line follows that of Proposition 2.3, provided in Appendix 2.D,
having S̄ replaced by S and the resulting point being projected onto SM

+ .

The motivation for Zsub
3 relies on the following two performance guarantees.

1) It holds that Zsub
3 � Zo,u

1 (see Corollary 2.1 for the definition of Zo,u
1 ) with

equality for δ → 0, i.e., when no CSI is available for the TR link. Since the
function ℓz

3(Z) is monotone-increasing in SM
+ we infer that the upper bound on the

error probability Pr(Ck → Cl, |Cl, ĥ), achieved with Zsub
3 , will be lower than that

achieved by the optimal solution Zo,u
1 , which is the result of no CSI case. Thus if

the bit-error-rate gap between no and full CSI cases is not large then we expect
this solution to perform well [SRC12a].
2) The log | · | term in ℓz

3(Z) enforces Z ≻ − 1
ᾱ IM , where ᾱ is directly proportional

to the SNR. In the high SNR regime, when ᾱ → ∞, we will have Z ≻ 0, i.e., the
solution lies in the interior of SM

+ . In this case Φo = 0M implying Zo
3 ≡ Zsub

3 .

2.3.3 Implications of the precoding solutions

These analytical results provide insights, into the precoding solutions, that help
assess how the CSI quality and interference affect the design. Two aspects are
highlighted:
1) The CSI-based primary QoS constraint modeling, proposed in Section 2.2.1, re-
sults in a transmit power back-off when the cognitive transmitter has uncertainty
around the actual cross-channels. As inferred from the IPC formulation, the size of
the feasible set D is proportional to each cross-link CSI quality indicator δz

k. In the
limit, when no CSI is available for at least one pair, e.g., δz

k → 0 for the cross-link
SPk, then D = ∅ and the node TXS remains idle.
2) The structure of the precoding solutions indicates that the (sub)optimal design
is weighting interference over all SPk links with the TR link statistics. The pre-
coding matrix projects the interference subspace, associated with the eigenvectors
of matrix T, onto the TR link channel subspace (or its statistics), which is associ-
ated with the eigenvectors of matrices K, H or Ĥ. This projection corresponds to
balancing the dimension-wise SINR for rate maximization under interference and
power constraints. Similar conclusions hold for user-wise optimization in decentral-
ized interference networks where connections are drawn between the SINR and the
interference constraints, see [ZC10, Problem (9)].

It can be inferred, from the results of this section that, given ηo (and/or Φo),
recovery of a precoding (not necessarily optimal) solution for the various cases
(P1)-(P3) is carried out by matrix decompositions. In light of this observation,
an iterative algorithm can be constructed based on the Projected Subgradient
Method (PSM) [Ber99], which is much simpler to implement than interior-point
based solvers [GB14]. The idea is to start with any feasible dual vector η � 0, then
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solve the primal (inner) maximization problem in (A1) (see Appendix 2.A), update
η using the associated subgradients and iterate this procedure until it converges,
which is guaranteed by the strict concavity of the primal objectives {ℓz

i (Z)}3
i=1.

PSM-based algorithms are slower than interior points, since they are based on sub-
gradients. However, when the primal problem, which is the crucial step essentially
carrying most of the computational workload, can be efficiently solved then PSM-
based algorithms offer tractable implementations, described in Algorithm 1.

Algorithm 1 : PSM for POSTBC

1: Choose ζ, {η
(1)
k }K

k=1 and stepsize rule αk;
2: Set k = 1, ℓz

i (Z(0)) = −∞
3: repeat

4: T(k) := η
(k)
0 IM +

∑K
k=1 η

(k)
k Θk;

5: Calculate Z(k); % The expressions for Z(k), ℓz
i (Z(k))

6: Calculate ℓz
i (Z(k)); % depend on the examined case

7: s
(k)
k := Ik/b − tr(Z(k)Θk), k = 1, . . . , K;

8: η
(k+1)
k := [η

(k)
k − αks

(k)
k ]+, k = 1, . . . , K;

9: ∆l := |ℓz
i (Z(k)) − ℓz

i (Z(k−1))|; k := k + 1;
10: until ∆l ≤ ζ
11: Z(k) = UΛUH ; W = UΛ1/2

2.4 Transmitter Design for the Cognitive S-Channel

In this section the analysis is specialized in the CSC model, where no IPCs are
present. Herein, we are interested in the case where the second-order statistics
K̃ee, of the noise-plus-interference vector e, conditioned on the set T (defined in
page 34), can be expressed as K̃ee = K̃T,ee ⊗ K̃R,ee [Dog03], for some matrices
K̃T,ee ∈ CM×M and K̃R,ee ∈ CN×N . This scenario still captures a significant
fraction of practical cases, as reported later in the section, and also substantially
simplifies the problem. In this case the matrix A(W, ∆C̄kl) becomes

A(W, ∆C̄kl) = 1
4 (WΩWH)⋆ ⊗ K̃−1

R,ee, (2.6)

where Ω , ∆C̄klK̃
−⋆
T,ee∆C̄H

kl. Eq. (2.6) introduces a favorable structure on the

function ℓkl(W, ∆C̄kl) which, combined with the minmax inequality, leads to the
following CSC precoding design problem

maximize ℓs(W, ∆C̄kl)

subject to tr(WWH) ≤ 1,
(P4)

where ℓs(W, ∆C̄kl) = ℓ(W, ∆C̄kl) with matrix A(W, ∆C̄kl) given by Eq. (2.6).
Problem (P4) admits asymptotic analysis, with respect to the TR link CSI, similar
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the one carried out in Section 2.3.1. When the TXS node is oblivious of the instan-
taneous cognitive link channel then the cost function ℓs tends to ℓs

1(W, ∆C̄kl) ,
log | 1

4

(
WΩWH

)⋆ ⊗ K̃−1
R,ee + K−1

dd | and problem (P4) becomes

maximize log | 1
4

(
WΩWH

)⋆ ⊗ K̃−1
R,ee + K−1

dd |
subject to tr(WWH) ≤ 1.

Recalling that Kdd = KT ⊗ KR we define P , K
1/2

R K̃−1
R,eeK

1/2

R = UP ΛP UH
P and

KT = UKT
ΛKT

UH
KT

. Further, if W = UW ΣW VH
W and Ω = UΩΛΩUH

Ω then the
following result holds.

Proposition 2.4. For the asymptotic case of no CSI for the cognitive TR link, the
optimal point is Wo

1 = U⋆
KT

ΣW VH
Ω , where ΣW is a properly chosen power loading

matrix.

Proof. The proof is similar to that of Proposition 2.1, thus omitted. The interested
reader is referred to [SRC12b, Proposition 1].

When the TXS node has perfect knowledge of the TR link channel then, arguing
as in [JSO02, Appendix I.C], it turns out that ℓs(Z) tends to

ℓs
2(W) = dH

[(
WΩWH

)⋆ ⊗ K̃−1
R,ee

]
d = tr

(
WΩWHHK̃−1

R,eeHH
)

= tr(WΩWHΨ),

where Ψ , HK̃−1
R,eeHH with decomposition Ψ = UΨΛΨUH

Ψ . For this extreme
case, the optimal point is given by the next proposition.

Proposition 2.5. For the asymptotic case of full CSI for the cognitive TR link,
the optimal point is Wo

2 = uΨ,1uH
Ω,1 where uΨ,1, uΩ,1 are the principal eigenvectors

of matrices UΨ and UΩ.

Proof. Given in Appendix 2.E.

It is not surprising that we obtain results similar to the ones reported in Section
2.3.1. The reason is that ℓz(Z) and ℓs(W) have similar dependence on their respec-
tive variables. This hints that we can relate and merge the theoretical conclusions
obtained from the individual analysis.

2.4.1 Comments on the CSC model

The optimal solutions for the aforementioned problems can be efficiently computed.
The downside is that we have to provision for the worst case, hence problem (P4)
has to be solved for all possible combinations of codeword pairs Ck, Cl. However
this complexity can be affordable in practice, if the constellation (alphabet) cardi-
nality and the transmit antenna array size M are small and we exploit potential
symmetries that might arise for certain pairs (k, l).
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In certain cases, significant computational savings are possible. For uncorrelated
primary transmit antennas and Mk ≥ L ∀ k, with L defined in Section 2.2 as the
code span, we can write K̃ee = IM ⊗ K̃R,ee for some matrix K̃R,ee. This yields
A(Z) = ( µkl

4 )Z ⊗ K̃−1
R,ee and, invoking the high SNR approximation, the error

probability is dominated by the smallest Euclidean distance codewords. Therefore
it would be sufficient to solve problem (P4), and its asymptotic counterparts, for
only µmin = min{µkl ∀ k 6= l} (as in Section 2.2.1). Interestingly, the non-causal

knowledge of the primary messages C̃k ∀ k can be removed from TXS , as seen from
the resulting expression A(Z). Therefore, under these moderate assumptions both
the overhead and problem complexity are greatly simplified. If we further assume
uncorrelated primary receive antennas then it is easily shown that ℓz

3(Z) is retrieved
and only the noise variance differs due to the contribution of nodes TXP,k.

The conclusions stated in Section 2.3.3, regarding the optimal precoder design,
can be extrapolated here. It is further seen, from ℓs

1(W), ℓs
2W, that K̃T,ee mainly

corrupts the orthogonality of the transmit codeword matrices whereas K̃R,ee influ-
ences the transmit directions and the power allocation. Therefore the role of the
precoder is twofold: a) compensate for the dual impact of the noise; and b) recover
the orthogonality loss, incurred on the OSTBC matrix, to steer transmission for
SINR balancing.

2.5 Numerical Results

In this section we present numerical results to illustrate how the system performance
is affected by the various parameters. We are primarily interested in the qualitative
assessment of cross-link CSI impact so we focus scenarios where the TR link channel
is perfectly known. We separately investigate the two network models, namely the
CZC and the CSC.

2.5.1 Results for the cognitive Z-channel

We adopt the setup that was discussed in Section 2.3.2 and model the RHS of
each IPC with two functions, a linear f1(δz

k) = δz
kΓk and a quadratic f2(δz

k) =
(δz

k)2Γk, where we set Γk = M . The fading coefficient is σ2
h = 1 for the cognitive

TR link channel and σ2
gk

= 1 for each cross-link channel. The input alphabet is
BPSK, hence b = M which follows from its definition in Section 2.2.1, and the
OSTBC designs are taken from [TSC98b]. The results are plotted with respect to
(w.r.t) to the nominal SNR (NSNR) that is P/σ2, where P , E‖HHC‖2

F = MN
and σ2 , E‖N‖2

F = MNσ2
n denote the average received signal and average noise

power, respectively, under the implicit assumption of full-power transmission, i.e.,
‖Wo‖2

F = 1. In general, the optimal precoder Wo will not satisfy ‖Wo‖2
F = 1 so

the results should be presented w.r.t to the noise variance, yet NSNR is chosen as
a consistent, across the different setups, way of representation.
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Figure 2.2: BER performance in the CZC for a system with (M, N, N1) = (2, 2, 1)
antennas and BPSK modulation.

Figure 2.2a illustrates the impact of cross-link CSI quality and of IPC modeling
choice. For moderate values of the CSI QI δz

1 performance degradation is not severe
and the achievable BER is sufficiently good for practical scenarios. It is obvious
that penalizing the RHS of the IPC with the linear function f1(δz

1) incurs some per-
formance back-off which is not severe, even for δz

1 = 0.5. However, using f2(δz
1) for

IPC modeling renders the BER more sensitive to CSI quality fluctuations. Overall
though, we can argue that the TR link demonstrates robustness against channel
uncertainty. The superiority of the POSTBC scheme against the individual strate-
gies such as OSTBC and single-mode precoding, i.e., conventional beamforming
(CBF), is further inferred from the numerical results in both Figures 2.2a, 2.2b.
When we do not exploit the available side-information for spatial precoding then
the system experiences major performance loss as seen in Figure 2.2a. In the case
of CBF, shown in Figure 2.2b, where the system can take advantage of the network
CSI, there is a performance gap; the proposed POSTBC scheme outperforms CBF
and the difference is increasing as δ decreases.

The influence of multiple primary users (PUs), on the BER, is shown in Fig-
ure 2.3a. One can expect that as the number of users increases then the system
will experience some performance loss since the set D of feasible solutions shrinks.
However, this loss is less than 1dB for (δz

1, δz
2) = (0.7, 0.7) or (0.5, 0.5) compared

to the achievable BER performance for the corresponding case with one primary
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Figure 2.3: BER performance (left) and primary outage (right) for a system with
(M, N, N1, N2) = (2, 2, 1, 1) antennas, BPSK modulation and δ = 1.

user. This indicates that the cognitive system can perform sufficiently well in the
presence of additional primary links, which translate as extra IPCs.

In Figure 2.3b we see the primary outage Pout, with all curves being essentially
SNR independent since the latter is not part of the optimization problem (P2).
It is observed that modeling the RHS of the IPCs with f2(·) results in lower Pout

because f2(δz
k) ≤ f1(δz

k) for any given δz
k ∈ [0, 1]. Moreover the aggregate primary

outage when two links are active is naturally higher than that of a network with
one primary link, if we assume the same function fi(·) for the IPCs. An interesting
observation relates to the fact that Pout is not constant but instead varies with δz

k

and the reason is that the CSI quality indicator δz
k is involved in both sides of the

IPCs. As expected the primary outage never exceeds the respective value of δz
1,

which is a bound on the primary outage Pout as explain earlier in Section 2.2.1
using Eq. (2.2). For small values of the QI δz

k, the RHS function fi(·) of the IPCs
is rather tight thereby limiting primary outage. For high δz

k, the IPC RHS is looser
but the channel estimation accuracy is higher and as we see the variations in the
resulting primary outage Pout are smaller when δz

1 > 0.5. A reason is that, in this
regime, the estimation uncertainty term has a smaller contribution hence the error
perturbation does not affect significantly the mean interference power. We need to
stress here though that if we want to impose a bound on Pout that is independent
of the CSI quality, then we need to aim for IPC models whose RHS is constant.

Combination of these results yields an interesting trade-off. The TR link per-
formance enhancement suggests relatively loose IPC modeling whereas low primary
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Figure 2.4: BER performance for a system with (M1, M) = (2, 2) antennas, c =
0.5, INR = 0dB, δ = 1 and BPSK input modulation. Dotted lines correspond to
OSTBC only (no precoding), dashed lines correspond to conventional beamforming
(no OSTBC) and ρ ≡ δs

1.

outage Pout requires tight IPC modeling. The selection of fi(·) influences this trade-
off in both directions, hence its choice depends on how the system compromises
these contradicting elements. Moreover, multiple primary links have a negative im-
pact on the previous two quantities but at the same time the network serves more
PUs. Therefore, the interplay between these system aspects, i.e., BER, Pout and
number of PUs, is complicated and suggests careful parameter selection.

2.5.2 Results for the cognitive S-channel

We consider the scenario described in Section 2.3.1, with uncorrelated antennas at
the primary transmitters TXP,k. The receive correlation matrix is Ks

R,11 = (1 −
c)σ2

f1
IN + cσ2

f1
1N1T

N , i.e., the non-diagonal elements have correlation (normalized

with σ2
f1

= 1
M1

) equal to c ∈ [0, 1). In a similar fashion we model the TR link

channel statistics, whose second order moment KR is defined as Ks
R,11 but σ2

fk
is

replaced by σ2
h = 1. We further define the INR , σ2

I

σ2
n

, the SINR , P
σ2

I
+σ2

n
with

P, σ2
n defined as in Section 2.5.1 and σ2

I , E‖F1C̃1‖2
F as the interference power.

The CSI quality indicators for the TR and the PS1 links are δ, δs
1, respectively.

Figures 2.4-2.6 illustrate the BER performance for different parameter setups.
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Figure 2.5: BER performance for a system with (M1, M, N) = (2, 2, 2) antennas,
INR = 0dB, δ = 1, QPSK input modulation and ρ ≡ δs

1.

In Figure 2.4 we can observe the impact of δs
1 when the number of primary antennas

increases from N = 2 to N = 4. We see that for each value of the array size N , the
performance gap between the two CSI levels δs

1 = 1 and δs
1 = 0.75 is constant. This

implies that the BER is not fundamentally affected by the primary receive antenna
array size, i.e., changing N will induce a BER shift but it will not influence the
trend. Finally, observe that without precoding the system exhibits a consistent
BER loss (∼ 2dB for all SINR values) and the same holds for a system that uses
conventional precoding, without OSTBC.

Figure 2.5 provides a basic understanding of the impact of correlation, which
is expressed via the coefficient c. Increasing the value of c causes degradation be-
cause the coefficient affects the condition number, i.e., the eigenvalue spread of the
channel matrix H. However, it is seen that the performance gap is decreasing with
diminishing δs

1, i.e., the gap between the δs
1 = 1 and δs

1 = 0.75 scenarios is larger
than the gap induced by the shift from δs

1 = 0.75 to δs
1 = 0.5. In Figure 2.6 we

can see that as the interference term becomes dominant, δs
1 becomes more influen-

tial. For instance, the BER is lower for INR = 20dB compared to the case where
INR = 0dB. However, the corresponding performance back-off for δs

1 : 0.75 → 0.5
is smaller for INR = 0dB, due to the pronounced role of interference in the case of
20dB. Of course, all these curves serve as upper bounds since they correspond to
δ = 1, yet we are mainly interested in the qualitative impact of cross-link CSI and
correlation c.
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(no OSTBC) and ρ ≡ δs

1.

2.6 Summary and Conclusions

In this chapter, we considered the combination of precoding and space-time coding
with application to a multi-antenna CR network. Due to the lack of perfect CSI,
a suitable model for primary QoS service protection, which takes into account the
instantaneous estimate as well as the CSI quality, was constructed. The main goal
was to delve into the secondary system optimization, yet a considerable part of the
analysis was dedicated for studying interference in conjunction with the impact of
imperfect CSI.

To better identify the combined implications of imperfect CSI and interference
we isolated two network models, namely the Z- and the S-channel, and separately
investigated each sub-class. The secondary performance metric was adapted to ac-
count for primary interference while the primary QoS constraints were tailored to
the quality of the available CSI. Our heuristic modeling of primary QoS constraints
can be interpreted as a bound, derived from the Markov inequality, on the prob-
ability that the instantaneous interference exceeds some admissible threshold. A
more practical approach, though, would involve constant-valued probabilities for
the events of excessive interference. Such approach, along with more sophisticated
bounds is considered in Chapter 5, where we exploit existing results that bound
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quadratic forms of standard random variables to develop tighter approximations to
the associated probability specifications.

Among the optimization problems that we studied in this chapter, we identified
certain cases of interest where either the optimal or a judiciously selected subopti-
mal solution admit closed-form solutions. The associated precoding matrices can
then be found via simple algorithmic implementations based on the sub-gradient
method. Numerical results indicate that, albeit the back-off from single-user perfor-
mance, induced by the CRN properties, the secondary system achieves reasonable
performance.

2.7 Appendices

2.A Proof methodology for the results of Section 2.3

For the general problem (P0) the optimal value p⋆ is written as

p⋆ = min
η�0

max
Z�0

L(Z, η) = max
Z�0

min
η�0

L(Z, η) = max
Z�0

L(Z, ηo), (A1)

where L(·) is the partial Lagrangian function for (P0) and its derivatives (P1)-(P3),
where the cone constraint Z � 0 is implicit, η is the dual vector associated with the
transmit power constraint and the IPCs and ηo is its optimal counterpart. From
(A1), we can obtain the point Zp by solving ∇ZL(Z, ηo) = 0M ; in other words,
we solve the associated Karush-Kuhn-Tucker conditions for the respective problem.
The solution of this equation is then projected onto the set SM

+ to obtain Z̃proj.
This approach will not yield the optimal point Zo, in general, but we show that
Z̃proj is indeed optimal for some cases, herein. Otherwise, one can always construct
the Lagrangian L′(Z, η, Φ) and solve ∇ZL′(Z, ηo, Φo) = 0M , where Φ ∈ SM

+ is
the dual variable associated with Z � 0 and Φo denotes its optimal counterpart.7

The latter approach always returns Zo, because (A1) becomes an unconstrained
maximization, i.e., p⋆ = max L′(Z, Φo, ηo), and the objective function is strictly
concave.

2.B Proof of Proposition 2.1

Invoking the quantities defined in Section 2.3.1, the optimal value p⋆
1 of (P1) is

written as

p⋆
1 = max

Z�0
log |(IN ⊗ Z)α + K−1

R ⊗ K−1
T | − tr(ZT)

= max
Ẑ�0

log |(KR ⊗ K
1/2

T T−1/2ẐT−1/2K
1/2

T )α + IMN | − tr(Ẑ)

≤ max
ΛẐ �0

log |(ΛKR
⊗ ΣRΛẐΣR)α + IMN | − tr(ΛẐ),

7The dual variable Φ does not have a physical interpretation, except that it controls the
eigenvalues of Zo, whereas the vector elements {ηo

k
}K

k=0 can be interpreted as “prices” of the
associated constraints.
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where the inequality is the Hadamard inequality, satisfied with equality when UẐ =
VR and the last expression is separable in the diagonal elements λẐ,i of ΛẐ . Thus,
the methodology described in Appendix 2.A can be employed for the recovery of a
feasible point. In other words we solve the Karush-Kuhn-Tucker conditions for the
expression above, inside the maximization, with respect to ΛẐ and then project
the solution to the non-negative orthant. This solution is of the water-filling type
hence similar arguments can be invoked to show that this solution is optimal

2.C Proof of Proposition 2.2

If we invoke the matrix T′ and the scalar D, defined in Section 2.3.1, then we can
write the optimal value p⋆

2 of (P2), in terms of the partial Lagrangian, as follows

p⋆
2 = min

{ηk}K
k=0

max
Z�0

tr[(Θ − DT′)Z] + D.

For the value p⋆
2 to be finite, the matrix (Θ−DT′) should be negative semidefinite,

otherwise we can choose the columns of Z along the eigenvectors associated with
any positive eigenvalue and make the function arbitrarily large. Based on this
observation we can express the dual problem as

minimize
D,{ηk}

D

subject to Θ � DT′, D = η0 + (1/b)
K∑

k=1

ηkIk.

We can see from the cone constraint of the above problem that the scalar value
D should be lower bounded by the maximum generalized eigenvalue λgen

max of the
pair of matrices (Θ, T′), which is positive since Θ � 0 and T′ ≻ 0. Therefore,
for any choice of {ηk}, the value of D is lower bounded by λgen

max(Θ, T′). Since the
remaining constraint is homogeneous in the problem variables, we can choose D to
be on the boundary which implies that D = λgen

max.

2.D Proof of Proposition 2.3

The optimal solution p⋆
3 to (P3) can be written, in terms of the Lagrangian, as

p⋆
3 = max N log |Zᾱ + IM | − tr[(Zᾱ + IM )−1Ȳ] − [tr(ZT̄) − D]︸ ︷︷ ︸

L′(Z,Φo,ηo)

,

where T̄ always satisfies T̄ ≻ 0 otherwise it is easy to show that p⋆
3 = ∞, which

is a contradiction since p⋆
3 < ∞ due to bounded σ(Z). In order to retrieve Zo

3 we
need to solve ∇ZL′(Z, ηo, Φo) = 0 which is equivalent to finding the solution to
the following equation

−(Zᾱ + IM )−1Ŷ(Zᾱ + IM )−1 − N(Zᾱ + IM )−1 + ᾱ−1S̄2 = 0.
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This equation is quadratic in (Zᾱ + IM ) and it also holds that Ŷ, S̄2 ∈ SM
+ . There-

fore, its solution, extending the scalar case, is the one provided by Proposition 2.3
[VP06, Section IV.B].

2.E Proof of Proposition 2.5

If we invoke [Kri69, Theorem 1] we find that ℓs
2(W) ≤ tr(ΣW ΛΩΣW ΛΨ), with

equality for VW = UΩ and UW = UΨ. Letting µ , [σ2
W,1 . . . σ2

W,M ]T and

ν , [λΩ,1λΨ,1 . . . λΩ,M λΨ,M ]T , where (σW,k, λΩ,k, λΨ,k) denote the k-th diagonal
elements of the triplet (ΣW , ΛΩ, ΛΨ), yields the following problem

maximize µT ν

subject to µT
1M = 1.

(P5)

Since the elements of ν are ordered in descending order of magnitude it is easy to see
that the optimal solution to the above problem is p⋆

5 = ν1. Equivalently the optimal
point, that solves (P5), is µ = [1 0 . . . 0] which yields σW,1 = 1, σW,k = 0, k 6= 1.
Therefore the optimal precoding vector in this case would be Wo

2 = uΨ,1uH
Ω,1,

where uΨ,1 and uΩ,1 denote the principal eigenvectors of matrices UΨ and UΩ,
respectively.





Chapter 3

Interference-limited Networks with Mixed

Fading

In this chapter, we consider a setup that is similar to that of the previous chapter
and again we focus on the design and optimization of a single link that operates in
a multi-user environment. The goal is to optimize the performance of the system
of interest in the given network setup and with specific CSI assumptions. However,
there are a few differences compared to our previous investigation. A technical
dissimilarity is that the utility function is optimized across time and the objective
of the design is the ergodic capacity.

The main difference with the previous chapter, though, is that here we as-
sume that communication takes place in an interference-limited environment, where
power control is dictated only by the bound on the outgoing interference and not the
transmitter’s own power limitations. This implies that the interference power con-
straint, protecting the system, is dominating the transmit power constraint, whose
contribution into the overall performance is obviated. Even though this approach
corresponds to a relaxation of a practical design, where transmit power constraints
cannot be neglected, it still yields a good approximation and facilitates algebraic
manipulations, which lead to analytical results. The mathematical analysis can
otherwise be more cumbersome, as we explain later in the chapter. A significant
gain that stems from simplifying the model of Chapter 2 is that we are able to
derive analytically the ergodic capacity formula, which would not be feasible for
the ergodic analog of previous chapter’s setup.

Another notable difference lies in CSI modeling, since here we assume perfect
transmit CSI for the link of interest and further consider explicitly the presence
of LoS component in the propagation environment. Later in the chapter, we ar-
gue that there exists a connection between the LoS model and the imperfect CSI
model, represented by Eq. (1.1). At this point, we simply hasten to add that if we
consider the model as in Eq. (1.1) then the instantaneous channel, conditioned on
its estimate, has the stochastic behavior of a channel with Rician fading. One of
our technical contributions here is that we spotlight the role of the F -distribution
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in stochastic modeling of networks with Rician fading and derive new results that
simplify the task of computing and evaluating associated metrics.

The chapter is organized as follows. The network model and the problem setup
are presented in Section 3.1, whereas theoretical analysis of the scheme is carried
out in Sections 3.2 and 3.3. A thorough numerical analysis is provided in Section
3.4, where we discuss the implications of the various system components into its
performance.

3.1 System Setup and Problem Statement

3.1.1 Network model

Let us consider the multi-node communication network, depicted in Figure 3.1.
The setup comprises a link between a source node TX, with M antennas, and its
single-antenna destination node RX, as well as undesirable interference inflicted to
an external cluster P of single-antenna nodes PXn, where n = 1, . . . , N . The TX-
RX (TR) transmission has to adhere to certain operational requirements, e.g., it
should not severely degrade the aggregate QoS at the cluster of nodes. To guarantee
a minimum service level, the TR transceiver architecture is designed with account
for these limitations.

Let h =
√

K
K+1 hLoS + hNLoS denote the TR link channel, with Rician factor K,

LoS component hLoS that satisfies ‖hLoS‖2 = M [FFL01] and non-LoS (NLoS) com-
ponent hNLoS ∼ CN (0M , σ2

hIM ), where σ2
h = 1

K+1 . The Rician factor quantifies the
contribution, to the channel, of the LoS component relative to its NLoS counterpart.
In particular, the higher K is the more concentrated the channel will be around the
mean and in the limit, as K tends to infinity, the channel becomes deterministic.
Moreover, we define the matrix G = [g1 . . . gN ]H ∈ CN×M as the collection of all
TX-PXn (TPn) link channels, with gn ∼ CN (0M , σ2

gIM ) ∀ n = 1, . . . , N . All the
stochastic quantities in the network are assumed to be independent in both time
and space domain.

3.1.2 Transceiver architecture and power control

The transmitter employs linear precoding to communicate its message. During the
k-th block, the node TX: a) rotates the information-bearing vector t[k] using a
matrix U[k] (not full-rank in general) with orthonormal columns; and b) it allocates

power to each stream using a diagonal matrix Λ
1
2 [k] = diag(

√
λ1[k], . . . ,

√
λM [k]).1

The composite vector that is sent over the channel can be expressed as x[k] ,

Λ
1
2 [k]U[k]t[k] with covariance Q , E{x[k]xH [k]}. Note that the elements of t[k]

are assumed to be independent along all dimensions, i.e., time and space. The
received signal ys[k] at the destination RX is written as

ys[k] = hH [k]x[k] + n[k], (3.1)

1The cardinality of t[k], i.e., the number of streams, equals the number of non-zero diagonal
elements of Λ[k].
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Figure 3.1: An interference network with a base station TX communicating with
its desired receiver RX and interfering with a cluster P of unintended nodes.

where k is the time index, in symbol intervals, and n[k] ∼ CN (0, σ2) denotes
the additive white noise process. We stress here that indexing the sequence x[k]
implies that both the information sequence t[k] and the precoding strategy, i.e.,
the matrix Q[k], are time-variant. Therefore, the transmission strategy is dynamic
and adapted on a slot-by-slot basis to serve a certain design target. To simplify the
ensuing exposition, we shall occasionally drop the indices unless explicit account is
needed to clarify parts of the analysis.

The choice of the transmit precoding strategy should reflect the PXn QoS guar-
antees, which are imposed to protect the unintended receivers from excessive in-
terference. These guarantees essentially translate into constraints on the instan-
taneously inflicted sum-interference temperature Ii , tr(G[k]Q[k]G[k]H) or its
ergodic counterpart Ia , E{Ii}, where the average is over time. In other words,
a design has to always satisfy Ii ≤ Qth (correspondingly Ia ≤ Qth), where Qth

represents the highest admissible interference level. In this chapter we adopt the
ESIPC for our design, i.e., Ia = E{tr(G[k]Q[k]G[k]H)} ≤ Qth, yet our analysis is
applicable to the case with Ii ≤ Qth, which corresponds to the constraints adopted
in the previous chapter.

The design is based on the CSI that is available at the nodes TX and RX.
We assume that the transmitter knows the instantaneous TR-link channel h[k]. To
satisfy the ESIPC, the system further needs information for the cross-link channels.
Since learning G is a challenging task that requires many resources, as mentioned
is Section 2.1.1, we assume that the system does not know G but instead learns
a lower-dimensional (less than N × M) function of it z = f(G). In particular, if
G is not known then TX designs the rotating matrix U independently of it. Once
the spatially strategy U[k] is determined, we can compute the directional sum-
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interference z[k] ,
∑N

n=1 ‖UH [k]gn[k]‖2, which is used for power control.2 The
receiver knows only the instantaneous SNR.

We assume that the stochastic nature of the environment, i.e., the distribution
of the relevant system parameters, is known. To characterize the ergodic capacity
under an ESIPC, we rely on the following lemma.

Lemma 3.1. Under the given CSI modeling assumptions, the capacity-achieving
covariance matrix Qo[k] is rank-one, i.e., Qo[k] = P (y[k], z[k])wo[k]wH

o [k], with
principal eigenvector given as wo[k] = h[k]/‖h[k]‖ and y[k] , ‖h[k]‖2, z[k] ,
‖G[k]wo[k]‖2. Then the capacity-achieving power allocation strategy P ⋆(y[k], z[k])
is the solution to the following optimization problem

maximize
P (y[k],z[k])

Ey,z

{
log

[
1 +

y[k]P (y[k], z[k])

σ2

]}

subject to Ey,z{z[k]P (y[k], z[k])} ≤ Qth.

(P0)

where Ey,z{·} denotes the expectation over the distribution of y and z. The ergodic
capacity does not increase even if the receiver has the same CSI as the transmitter.

Proof. Given in Appendix 3.A.

We infer that the optimal vector wo is essentially maximum-ratio transmission
(MRT) in the direction of the TR link channel [TV05] and that the optimal precod-
ing vectors are not coupled in time. Therefore the aforementioned CSI scheme that
was briefly sketched in footnote 2, where z[k] is measured at the nodes of P and
then fed back, can be easily realized. Once wo[k] is available, each node PXn can
measure, during single-slot training, zn[k] = |gH

n [k]wo[k]|2 and then simultaneously
feeds the value back to TX. We stress that the CSI assumptions define the transmit
strategy domain; under the current CSI model, the stochastic quantities h[k], z[k]
are the causally acquired input at the precoder. However, if side-information about
the cross-link channel matrix G[k] was available, then the domain of wo[k] could
be extended to include the extra information.3

Lemma 3.1 reduces the precoder searching space to that of one dimensional func-
tionals P (y, z) and the optimization Problem (P0) is convex in P (y, z). However,
this observation does not imply that it can be solved efficiently using numerical
techniques, such as interior-point methods that are implemented in existing numer-
ical software packages, e.g., CVX [GB14]. The reason is that the optimal policy
P ⋆(y, z) is a functional, implying that (P0), when viewed in the vector space, is an
infinite-dimensional problem.4

2The quantity z can be obtained by measuring zn , ‖UHgn‖2 at every node PXn and then
feeding it back simultaneously.

3If the rows of G[k] had known (and fixed) covariance then this side-information could be
incorporated in the precoder domain.

4 Albeit this deficiency one can still solve (P0) approximately, by exploiting the ergodicity of
the channel. For example, one can generate a “large” block of i.i.d. channels and solve (P0) by
averaging over many such realizations. In the next section we settle this disparity by providing a
closed-form expression for the integrals involved in (P0).
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3.2 Performance Analysis of the Scheme

In this section we elaborate on the solution of (P0) by introducing a crucial math-
ematical insight and then present the main result.

3.2.1 Preliminaries

The power allocation functional P ⋆(y, z), which solves (P0) for any continuous
distribution, is found by the Karush-Kuhn-Tucker conditions and it is P ⋆(y, z) ={

1
zµ − σ2

y

}+

[GS07], where µ is the Lagrange dual variable associated with the

ESIPC. Given that the inequality is tight at the optimum, the Lagrange multiplier
is found by solving the equation

Ey,z{zP ⋆(y, z)} = Qth. (3.2)

If we plug the expression for P ⋆(y, z) into the objective function of (P0) and Eq.
(3.2) then, after trivial manipulations, we find that the resulting expressions are
functions of γ̄ , y

z . We conclude that stochastic characterization of γ̄ is a critical
step towards the solution of our problem.

3.2.2 An insightful mathematical result

Let χ2
2N (λ) denote a (non-)central chi-square distribution with non-centrality pa-

rameter λ, 2N degrees-of-freedom and further consider the quantities

ỹ ,
y

σ2
h/2

, z̃ ,
z

σ2
g/2

=
wH

o GHGwo

σ2
g/2

=

N∑

k=1

|gH
k wo|2
σ2

g/2
.

To obtain the distribution of γ̄, defined above, we exploit two observations:

(O1): z̃ ∼ χ2
2N (0) and ỹ ∼ χ2

2M (λ), where the non-centrality λ is determined from
the definition of h as λ = 2MK.

(O2): The random variables (RVs) ỹ and z̃ are independent.

Since ỹ and z̃ are both functions of h, (O2) seems counter-intuitive. To see why
it holds we define the vector z̄ , [z̄1 . . . z̄N ] with elements z̄n , gH

n wo, where gH
n

are the rows of G. Let us denote the density functions of a general RV X and of
a CN (µ, σ2)-distributed RV as fX(x) and φ(x, µ, σ2), respectively. We can then
determine the density function of z̄n as

fz̄n
(x) =

∫ ∞

−∞
fz̄n|h(x|h)fh(h)dh

(a)
=

∫ ∞

−∞
φ(x, 0, σ2

g)fh(h)dh = φ(x, 0, σ2
g)

where (a) holds because the distribution of z̄n conditioned on h is zero-mean Gaus-
sian with variance σ2

g , hence it is independent of h. Since the elements of z̄ are
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independent of h it follows that z̃ = (2/σ2
g)‖z̄‖2 is independent of h and conse-

quently of ỹ.

Next we define the quantity c , Mσ2
h

Nσ2
g

that allows us to express the stochastic

quantity γ̄ as γ̄ = 2M
2N

σ2
h/2

σ2
g/2

ỹ
2M

z̃
2N

= cγ, where γ ,
ỹ/(2M)

z̃/(2N)
. This characterization is

insightful because in this form we recognize that γ ∼ F2M,2N (λ, 0) [Kay98], i.e., γ
has a non-central F -distribution whose density function fγ(x) is given by

fγ(x) = e− λ
2

∞∑

n=0

(λ/2)n( M
N )Mn

B(Mn, N)n!

xMn−1

[1 + M
N x]Mn+N

, (3.3)

where B(m, n) denotes the Beta function [AS72, Eq. (6.2.1)] and, for brevity, we
have defined Mn , M +n. This characterization simplifies the technical part since:
i) it settles any ambiguities around the independence of ỹ, z̃, which is a critical point
in the analysis; and ii) we have to deal with one stochastic quantity. Moreover, our
result generalizes the single-antenna (M = N = 1) counterpart, derived in [HS10,
Eq. (19)]. One can further tailor our result to the reverse scenario, with a NLoS TR
link and LoS TPn links. In that case the corresponding random variable γinv , 1

γ ,

can be recovered directly from Eq. (3.3), through a transformation of variables.
It is worthwhile pointing out that a key element, that led to Eq. (3.3), was the

selection of the channel model itself. In other words, the analysis is less intuitive if
one adopts, similarly to [SGS08], the Rician distribution to characterize the channel
gains {|hk|}M

k=1. If we let I0(x) be the zero-order modified Bessel function of the
first kind [AS72, Section 9.6] then the probability density function (pdf) of each
individual component can be written as [Pro00, Ch. 2]

f|hk|(x) = 2(K + 1)xe−K−(K+1)x2

I0(2x
√

K(K + 1)). (3.4)

Strictly speaking, working with the above model should eventually lead to Eq.
(3.3). However, tailoring an appropriately parametrized non-zero mean Gaussian
random vector to the LoS link channel is insightful in introducing the non-central F -
distribution. This conclusion is otherwise obscure, under the umbrella of Eq. (3.4),
since one has to view γ as the ratio of independent (non-)central chi-square random
variables in order to proceed with a tractable stochastic characterization. This was
also observed in [HS10] but our particular architecture, with MRT beamforming,
has an inherent connection with these statistics. Therefore, we can argue that a non-
zero mean Gaussian model is more appropriate for LoS communication modeling
while it is possible to translate it into the equivalent Rician model of Eq. (3.4), to
draw conclusions on practical aspects.

3.2.3 Capacity results

As pointed out in Section 3.2.1, recovery of µ relies on solving Eq. (3.2). To further

assist the mathematical exposition we define γ0 , µσ2

c , Q̃ , cQth

σ2 and the following
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Q̃ =
e−λ/2γ−1

0

( λ
2 )M Γ(N)

N∑

k=0

N−1∑

m=0

(
N

k

)
(M + N − 1)!

(
N−1

m

)

(M + N − 1 − k)!

(−1)m

( λ
2 )m

{ L∑

l=0

L!

l!
(−1)L−l

×
[(λ

2

)l

e
λ
2 − x̃l

0ex̃0

]}
− e− λ

2 ( M
N )

( λ
2 )M−1Γ(N)

N∑

k=0

N∑

m=0

(
N

k

)
(M + N − 1)!

(
N
m

)

(M + N − 1 − k)!
(3.6)

× (−1)m

( λ
2 )m

(
δLEi(x)

∣∣∣
λ/2

x̃0

+ δ̃L

{ L−1∑

l=0

(L − 1)!

l!
(−1)L−1−l

[(λ

2

)l

e
λ
2 − x̃l

0ex̃0

]})

function h : R → R

h(γ0) , Eγ

{
1

γ0
− 1

γ

}+

. (3.5)

Using the above definitions we can recast Eq. (3.2) as h(γ0) = Q̃, a form which is
tailored to the stochastic profile described in the previous section. Solution of the
integral, involved in h(γ0) = Q̃, is provided in the following Proposition.

Proposition 3.1. Let f(x)|ba , f(b) − f(a) and δ(m) be the Kronecker delta,
i.e., δ(m) = 1 for m = 0 and zero otherwise. Then, the optimal γ0 (equivalently
µ) that solves (P0) is found as the solution to Eq. (3.6) (see top of the page),

where L , M + N − 1 − k + m, x̃0 , λ
2

M
N γ0

1+ M
N γ0

, δL , δ(m), δ̃L , 1 − δL and

Ei(x) , −
∫∞

−x
e−t

t dt is the exponential integral [GR07, 8.211.1].

Proof. Given in Appendix 3.B.

We note here that an alternative solution to Eq. (3.2) is available in [SRC14a,
Eq. (2)]. That result has a simpler form compared to Eq. (3.6) but the simplicity
comes at the expense of expressing the solution in terms of infinite series, which
is undesirable from an implementation point-of-view, as we argue later. Several
methods can be implemented for solving Eq. (3.6) but, prior to that discussion, it
is useful to look into its monotonicity properties. If we rewrite h(γ0) in its integral

form as h(γ0) =
∫∞

γ0
( 1

γ0
− 1

γ )fγ(x)dx then its first order derivative h(1)(γ0) , ∂h(γ0)
∂γ0

is found as [Kap02]

h(1)(γ0) = − 1

γ2
0

Pr(γ > γ0) < 0, ∀ γ0. (3.7)

The above equation asserts that h(γ0) is a strictly monotone-decreasing function
of its argument. Capitalizing on the monotonicity property, one can implement
Newton’s method to obtain the root of Eq. (3.6), by starting from a point close
to zero and using Eq. (3.7) to update the running estimate. Alternative methods

would be bisection or high-resolution grid search within a given interval S(k)
γ0 ,
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[(k − 1)δ, kδ], where δ is some positive quantity. One can initiate the search from

the set S(1)
γ0 and further update k in an incremental fashion, as k → k + 1, until

the unique root is retrieved. To settle the numerical solution of Eq. (3.6) we note
that, albeit its complicated form, it involves elementary functions5 and thus can be
easily evaluated.

Since Qth is indirectly related to the objective of (P0) it is useful to analyze
the sensitivity of h(γ0) on perturbations of γ0. A qualitative sensitivity analysis
can assist in assessing how shifts in the threshold-to-noise (TNR) ratio q , Qth

σ2 ,
translate into shifts in γ0. This information is insightful because γ0 controls the
water-filling level and subsequently the power allocation. For sufficiently large
values of q, i.e., in the high-TNR region, γ0 will be very small and |h(1)(γ0)| will
be very large. Therefore h(γ0) decays rapidly with increasing γ0, in this regime,
implying that γ0 changes slightly in order to compensate for a linear increase in
q (equivalently Qth). On the contrary, when the system operates in the low-TNR
region γ0 attains large values and the derivative converges to zero very fast,6 which
implies that the decremental steps of h(γ0) are very small. Thus, at the low-TNR
regime, γ0 should decrease significantly such that linear shifts in q induce similar
changes in h(γ0).

Given the value of γ0, that solves Eq. (3.6), we can proceed to characterize the
TR link ergodic capacity by plugging this value into the objective of (P0). The er-
godic capacity is established in closed-form expression in the following proposition.

Proposition 3.2. For a given γ0, the objective function of (P0) is given in closed-
form by Eq. (3.8) (see top of next page), where L1 , M + N − 1 − k + m, L2 ,
N − 1 + m and γ̃0 , M

N γ0. The term B(x; a, b) corresponds to the incomplete

Beta function [AS72, Eq. (6.6.1)], while I(x; a, b) , B(x;a,b)
B(a,b) denotes the regularized

incomplete Beta function [AS72, Eq. (6.6.2)]. Finally, CEu ≈ 0.57721 is the Euler
constant [GR07, 8.367.1].

Proof. Given in Appendix 3.C.

An alternative representation of the system capacity is given by [SRC14a, Eq.
(3)], which is much simpler than (3.8) but it involves infinite series. The proof of
(3.9) is omitted and the interested reader is referred to [SRC14a, Appendix 2] for
a detailed derivation. We need to stress here that in the case of (3.9), one needs to
characterize the truncation error that arises in the implementation of the infinite
series since only a finite number T of terms will be considered eventually. If we set
θ ≡ λ

2 = KM in Lemma 3.2, which is established in the appendix, we find that
selecting the truncation index T to satisfy T > eKM guarantees an exponentially
decreasing trend in the truncation error. However the linear dependence of T on K

5The only non-trivial component is the exponential integral term but, as long as M is greater
than one, this term will not be considered in the evaluation.

6In fact the derivative h(1)(γ0) converges to zero exponentially fast, owing to the properties
of the tail probability of the F -distribution [WG93].
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implies that evaluation of the truncated version of Eq. (3.9), albeit accurate, has a
variable computational cost that depends on K, i.e., the physical properties of the
propagation environment.

The main merit of Eq. (3.9) lies in that we can exploit it to further simplify
the capacity when network parameters, such as the TNR q or the Rician factor K,
attain extreme values. To see how large values of q influence the ergodic capacity
we factor in the monotonicity properties of h(γ0), described earlier. Recalling that
γ0 is very small when the system operates in the high-TNR regime, we conclude
that log γ0 will be the dominating term in Eq. (3.9) and that it can be approximated
by Eq. (3.10) (where we include more terms for better algebraic approximation).
Another asymptotic case arises when the LoS component is weak, i.e., the Rician
factor K is sufficiently low, such that the original expression can be simplified into
Eq. (3.11). When the network propagation environment is completely shadowed,
then setting λ = 0 in Eq. (3.11) yields [DEJ10, Eq. (8)] (the equivalence follows
after some algebraic manipulations) which is a special case of our general capacity
formula (3.8). Moreover, if we set M = N = 1 in Eq. (3.9), which corresponds
to a single-antenna source TX and single-element set P, then the generic capacity
formula reduces to

Csa = log K − log γ0 − Ei
( K

1 + γ0

)
+ CEu. (3.12)

Eq. (3.12) settles a previously open question, i.e., the solution of [SGS08, Eq. (23)].
Note here that [SGS08, DEJ10] are studies for cognitive radio networks, implying
that our network model is particularly relevant in this area and subsumes existing
results as special cases.

We stress that Eqs. (3.6) and (3.8) yield the exact solution of Problem (P0),
which can otherwise be solved approximately with numerical integration since the
expectations, involved in (P0), are performed over fγ(x) that contains an infinite
series (see Eq. (3.3)). Thus, our main result, apart from its mathematical merit, is
a tractable alternative for implementation compared to other methods, e.g., numer-
ical integration or simulation via channel realization (see footnote 4), which result
in approximate solutions.

It is worth pointing out that the expressions in Eqs. (3.6) and (3.8) have pre-
dictable computational complexity. To see the benefit of this we compare the abso-
lute execution time tex of Eqs. (3.8) and (3.9) (a similar comparison can be carried
out between (3.6) and its counterpart [SRC14a, Eq. (2)]). As a figure of merit, we
report in Table 3.1 the runtime tex that is spent in MATHEMATICA [Wol12] for
the evaluation of these equations, averaged over 103 runs. Overall, we observe that
Eq. (3.8) is evaluated at least 50 times faster than (3.9) when T = 102, up to more
than 5 × 103 times faster when T = 103. The execution time of (3.9) increases
polynomially with T , which indicates that for setups where large values of T are
indispensable, e.g., due to large K, the time savings from Eq. (3.8) will be substan-
tial. Note here that the Rician factor is not a design parameter but a fundamental
component of the propagation environment.



3.3. On Practical Applications 61

3.2.4 Connections to imperfect CSI

The setup considered in this chapter can also be modified to capture certain sce-
narios with imperfect CSI of the TR link channel. To see this, let us consider
the case where the node TX has an estimate ĥ of the instantaneous channel
h ∼ CN (0M , σ2

hIN ). We stress that in this alternative system model, we assume
Rayleigh fading for the TR link. Invoking the training scheme of [CJK10, Section
II.B.1], which is detailed in Section 5.1, we end up with the following CSI model

h = ĥ + e,

where e corresponds to the Gaussian-distributed estimation error. In this case,
the conditional distribution of h, given ĥ, is Gaussian with non-zero mean. In the
interest of simplicity and ignoring any optimality principles, we simply extrapolate
the transmission scheme of Lemma 3.1, i.e., we assume single-stream transmission
with the unit-norm beamforming vector given as w = ĥ/‖ĥ‖. We can then opt
for a power policy that, conditioned on the instantaneous estimate ĥ, maximizes
the expected rate under an constraint on the expected interference power, averaged
over all possible values of the estimation error vector e. For such a problem one
can follow the development of this section to obtain the corresponding results.

3.3 On Practical Applications

In this section, we investigate system aspects that are interesting from a practical
point-of-view. To realize our transceiver strategy one needs to implement Gaussian
coding schemes that span infinitely long transmission blocks. However, in practice
the propagation environments can be quasi-static and the symbols are chosen from
finite alphabets. Therefore, metrics such as the outage probability or the average
BER become relevant performance indicators.

3.3.1 Outage probability

The short-term (within the channel coherence-time window) QoS is assessed through
the probability Pout(x) , Pr(ρ ≤ x) that the instantaneous received SNR ρ ,
P ⋆(y,z)‖h‖2

σ2 cannot support the transmission rate R, which satisfies x , eR − 1.
There is a connection between the outage probability and the distribution function
Fρ(x) of ρ, which is highlighted in the following proposition.

Eq. (3.9) [SRC14a, Eq. (3)]
Eq. (3.8)

T 100 250 500 1000
Time (msec) 275.63 1713.5 7323.78 35850.12 5.63

Table 3.1: Absolute calculation time (msec) for M = 3, N = 2, K = 10dB and
various values of T . The formulas are evaluated at x = 0.1.
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Proposition 3.3. Let Fγ(x) ,
∫ x

0
fγ(x)dx, where fγ(x) is defined in Eq. (3.3), be

the distribution function of the random variable γ and g(x) ,
M
N γ0(x+1)

1+ M
N γ0(x+1)

. The

distribution function of the received SNR ρ can be expressed as follows

Fρ(x) = Fγ [γ0(x + 1)], x ≥ 0. (3.13)

For sufficiently large values of the TNR q, it holds that g(x) → 0 and the SNR
distribution can be approximated as

Fρ(x)≈̇e−KM [g(x)]M [1 − g(x)]N−1

MB(M, N)
. (3.14)

Proof. Given in Appendix 3.D.

A mathematical subtlety, hidden in Eq. (3.13), is the presence of a mass point
at x = 0, since Fρ(0) > 0. Therefore, the density function fρ(x) cannot be obtained
in the conventional fashion, through differentiation of Fρ(x). Instead we need to
use the Dirac delta operator, in a similar fashion to [ROB05, Eq. (66)]. In the
context of outage, we interpret the above result as follows; for a fixed Rician factor
K, the probability that the system cannot support the transmission rate decreases
polynomially, with order M , which can be viewed as the counterpart to diversity
order. We further see that for small x and fixed M , Fρ(x) decays exponentially fast
with respect to K.

3.3.2 Average error probability

The average BER is derived on the basis of practical modulation schemes. Among
the various methods for evaluating the BER, see [TV05, Ch. 3], we use the following
(approximate) formula

Pe = Eρ

[
αQ
(√

βρ
)]

, (3.15)

where Eρ(·) denotes expectation with respect to ρ, Q(x) is the Q-function (tail of
the Gaussian distribution) and α, β are constellation-specific values. The average,
over the transmission block, BER is given in the following result.

Proposition 3.4. Let x̄0 ,
M
N γ0

1+ M
N γ0

and L0 , M + n + N − 1 − k + l. Then the

average BER of the TR link, which is designed according to (P0), is given by

Pe =α
e− λ

2

2

√
β

2x̄0

∞∑

n=0

Mn+N−1∑

k=Mn

k∑

l=0

( λ
2 )n
(

Mn+N−1
k

)(
k
l

)

n!
(−1)l

Ψ[ 1
2 , 3

2 − L0; β
2x̄0

]

(1 + M
N γ0)L0

,

(3.16)

where Ψ[ 1
2 , 3

2 −L0; β
2x̄0

] ,
Γ(L0− 1

2 )

Γ(L0) Φ( 1
2 , 3

2 −L0; β
2x̄0

)+
Γ( 1

2 −L0)

Γ( 1
2 )

(
β

2x̄0

)L0− 1
2

Φ(L0, L0 +

1
2 ; β

2x̄0
) [GR07, 9.21-2] and Φ(a, b; x) denotes Kummer’s confluent hypergeometric

function [GR07, 9.210-1].
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Proof. Given in Appendix 3.E.

Similar to the treatment of Eq. (3.9), the infinite series in Eq. (3.16) has to
be truncated. To characterize the truncation error we invoke again Lemma 3.2 as
well as Eqs. (3.13) and (D1) (see Appendix 3.D) in order to obtain the distribution
function of ρ as follows

Fρ(x) = e− λ
2

∞∑

n=0

(λ/2)n

n!
I

[
Mn, N ;

M
N γ0(x + 1)

1 + M
N γ0(x + 1)

]
.

Noting that I(a, b; x) ≤ 1 for any non-negative x, one can exploit Lemma 3.2
(θ ≡ λ

2 ) to show that truncating Eq. (3.16) to the first T terms will induce an
approximation error that decays exponentially fast with T , when T > MKe. Thus,
one can rely on this partial result to make a proper selection of the truncation
parameter T , such that Eq. (3.16) can be approximated with very high accuracy.
Numerical results support this statement (see Section 3.4).

3.4 Numerical Results

In this section we investigate numerically different setups in order to quantify the
impact of the system parameters into its performance, assessed by the metrics de-
rived in the previous sections. To maintain consistency across the different scenarios
we set hLoS = 1√

2
(1 + j)1N , where j ,

√
−1. The simulated curves, corresponding

to the solution of (P0), are generated with CVX [GB14], assuming a block length
of 2.5×103 independent channel states and averaging over ten transmission blocks.
The theoretical curves are obtained with MATHEMATICA [Wol12] using a gradi-
ent search method (function FindRoot) and the capacity unit is nats per channel
use (npcu). To obtain the BER results we truncated the infinite series to the first
T = 100 terms, unless otherwise stated. This choice guarantees, for the setups
considered herein, that the truncation error will be infinitesimal.

We begin the numerical investigation with focus on capacity and the associated
dual variable γ0, through Figure 3.2. It follows from Figure 3.2a that the ergodic
capacity scales slowly with increasing TNR q, since the multiplexing gain is bounded
by the single antenna at node RX. One can see that for small values of the Rician
factor, i.e., K ∈ {−20dB, −10dB} the resulting capacity curves practically coincide.
A small gain, with respect to the aforementioned curves, is observed when the
Rician factor increases to K = 0dB, yet the gap becomes more salient when the
contribution of the LoS component increases further to 10dB and 20dB, because
randomness and dispersion of the power around the desired steering direction has a
marginal effect in the transmission. The dual to ergodic capacity is the water-level
γ0, depicted in Figure 3.2b where one can observe precisely the trend described
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Figure 3.2: Experimental versus theoretical results for a network with M = 3, N =
2 and different values of the Rician factor K.

in Section 3.2.3.7 In the low-TNR regime, the water-level exhibits the predicted
superlinear trend, which becomes more pronounced as K grows large. On the
contrary, when the system operates in the high-TNR regime one can see that γ0

converges to zero rather slowly. Finally, we observe that the asymptotic expressions
(3.10) and (3.11), for small K and high SNR, approximate the exact result quite
well in the regime of interest.

In Figure 3.3 we see how the TR link capacity evolves with respect to the Rician
factor and different values of the TNR. We see that, with K increasing, the TR link
capacity has an incremental trend but the increments vary in magnitude depending
on the operating TNR. When TNR = 0dB, the performance is essentially the same
for any value of the Rician factor because in this regime the noise is the limiting
factor and channel statistics do not have a major impact. This trends changes when
TNR is 10dB or 20dB, where noise is less influential, and it is seen that the CR
network experiences rate improvement with respect to K. A reason is that with
increasing K the MRT beamforming direction contains less randomness which is
reflected in the concentration of the distribution around the mean, the latter having
a proportional connection to the average received power. Therefore, with increasing
TNR the system can benefit from a higher K.

7We skip the curve corresponding to K = 20dB because it clutters the figure, yet for the
sake of completeness we mention for q ∈ {0, 3, 6, 12}dB, the water-level γ0 takes on the values
{40.73, 25.27, 14.47, 7.816}.
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Figure 3.3: Capacity of a network with M = 2, N = 1 plotted against the Rician
factor K, for different TNR values. The truncation index for Eq. (3.9) was set to
T = 102 for K ≤ 10dB and to T = 500 otherwise.

The impact of the parameters M and N on capacity is illustrated in Figure 3.4.
In this figure we see the achievable performance when we simultaneously increase
both the TX array length M and the number N of nodes in P, while keeping a
constant gap d , M − N . Adding one element at both ends entails a penalty into
the system capacity because the power back-off that is induced by the extra node
in P is not equalized by adding an extra transmit antenna at the node TX. The
capacity penalty is more severe for small values of M but the suffered capacity loss
becomes negligible in the regime where d is small compared to M and N . In fact
as both M and N increase and the ratio M/N approaches one, we observe that the
resulting rate does not change significantly.

A different point-of-entry into the system is provided via numerical evaluation of
short-term performance, shown in Figures 3.5a and 3.5b. In Figure 3.5a one can see
that with increasing Rician factor the probability of outage exhibits a consistent
improvement, i.e., for each value of N we observe a gap of approximately 1dB
between the K = 0dB and K = 10dB cases. However, for fixed K and increasing
N the performance gap is diminishing. The major conclusion to draw here is that
high-TNR performance conforms with the insights of Eq. (3.14), i.e., diversity is not
affected by the cardinality of P and all curves exhibit the same slope at high-TNR.
We note here that, in the high-TNR region, there is good agreement between the
formula-driven curves (Eq. (3.13)) and their asymptotic counterparts (Eq. (3.14)),
yet the latter do not exhibit a monotonic trend. The reason is that the dominant
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Figure 3.4: Capacity versus number of transmit antennas M for a network with
TNR q = 10dB, various pairs (K, d) and N given as N = M − d. Dotted curves,
plotted on top of the associated solid lines, correspond to theoretical results (Eq.
(3.8)).

summand depends not only on the argument g(x) (see Eq. (3.14)) but also on the
non-centrality parameter λ (see condition (D2) in Appendix 3.D). For moderate
values of the argument g(x), the condition (D2) might not be satisfied therefore
approximation of the summation with the first term might not be valid, resulting
in the observed behavior. The impact of K on diversity is highlighted in Figure
3.5b, where we see that for K = 10dB the outage probability curve has a very steep
slope. For fixed M we can argue, on the grounds of Figures 3.5a and 3.5b, that the
system greatly benefits, in terms of outage, from large K.

Figures 3.6a and 3.6b contain results pertaining to the BER of the system.
From Figure 3.6a it can be inferred that the rate at which the probability-of-error
drops depends both on M and K. When the TR link is nearly shadowed, i.e.,
K = −10dB, the system can still achieve reasonable detection performance. How-
ever, substantial improvement takes place when either of the parameters, M or
K, increases. Keeping K fixed and varying M indicates that the array size has a
strong impact on detection performance since the improvement is twofold, both in
the slope and offset of the curves. The alternative system snapshot, obtained by
fixing M and letting K vary, shows that the Rician factor influences the BER slope
only when the LoS components outweighs its shadowed counterpart (K = 10dB).
Figure 3.6b provides another visual aid in fleshing out the role of K. The main
message, embedded in this figure, is that K is mostly influential in reducing the
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Figure 3.5: Outage probability for a network with rate R = 2 bits per slot. Dotted
curves, plotted on top of the associated solid lines, correspond to theoretical results
(Eq. (3.13)) and dashed curves correspond to asymptotic results (Eq. (3.14)).

average error probability, at high TNR. We further observe that the BER saturates
after a certain threshold value for K and the BER curve is flattening. The thresh-
old indicates that the channel LoS component is sufficiently dominant such that
the BER performance is mainly driven by the beamformer and not the power allo-
cation policy. This interpretation also explains why the threshold value increases
with TNR. Finally, we note that for all considered scenarios we have practically
perfect agreement between theoretical and numerical results even in the case of
BER, where we truncated the series in Eq. (3.16) under the guidelines of Lemma
3.2 to properly select the truncation index T .

3.5 Summary and Discussion

In this chapter we studied a multi-node interference network employing a transmit
precoding strategy which is shown to achieve the ergodic capacity under an ES-
IPC. For the network under consideration, we showed that restriction to rank-one
transmit strategies is optimal and in fact the optimal steering vector is the MRT
beamformer. The results can be briefly summarized in the following points: i) we
emphasized the role of the F -distribution as an algebraic tool for performance anal-
ysis in environments with Rician fading; ii) we provided an efficient characterization
of the optimized utility function by exploiting a technique to reshape infinite sums
into a finite number of terms; and iii) we derived “practical” QoS metrics such
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Figure 3.6: Simulated (CVX) and theoretical (Eq. (3.16)) average BER plotted
against the TNR (left) and the Rician factor K (right) for QPSK modulation
(α, β) = (1, 1).

as the distribution of the TR link SNR and of its associated average BER. When
the series representation could not be obviated we complemented the analysis with
approximation guarantees for the truncation error.

Numerical simulations substantiate our theoretical predictions, which are based
on some complicated algebraic expressions, and further assisted in quantifying the
impact of the network parameters into the TR link’s performance. The network
contains several different elements that need to be factored in the analysis and
our numerical experiments capture several such important aspects. Fixing some of
networks parameters, e.g., the number of transmit antennas for the link of inter-
est, the number of nodes or the Rician factor, allows to obtain snapshots of the
system performance with respect to the remaining parameters and opt for the best
trade-off, depending on the designer’s freedom to select the values of the remaining
system components. We discussed and derived seemingly incompatible metrics, i.e.,
ergodic-capacity, which requires Gaussian codes, versus BER, whose derivation is
based on finite constellations schemes. However, we believe that these metrics are
complementary to each other and in fact bridge the gap between theoretical limits
and practical implementations. Finally, as we noted in Section 3.2.4, the framework
developed in this chapter can potentially be interpreted in the context of imperfect
analog CSI, as expressed by Eq. (1.1).
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3.6 Appendices

Lemma 3.2. The series ST , e−θ
∑∞

n=T
θn

n! , where θ is a parameter, satisfies
ST < CT (eθ/T )T for some constant CT and index T that satisfies T > eθ.

Proof. For the series ST we can develop the following bound

∞∑

k=T

e−θθk

k!
<

∞∑

k=T

e−θθT

T !

(
θ

T + 1

)k−T

<
e−θθT eT

√
2πTT T e

1
12T +1

1

1 − θ
T +1

<

(
e−θ

√
2π

)(
θe

T

)T
(T + 1)√

T (T + 1 − θ)
< CαT ,

where the second inequality follows by invoking
∑∞

k=0 xk = 1
1−x , |x| < 1 and

Stirling’s approximation of T ! [CLR09]. To obtain the last inequality we define

α , θe
T , which is smaller than one, C , e−θ

√
2
π and exploit the fact that the

{
√

T [1−θ/(T +1)]}−1 < 2. Thus, the series ST belongs to the family O(αT ) which
has an exponential decay with T .

3.A Proof of Lemma 3.1

We carry out the proof in reverse order, i.e., we first derive capacity for the case
where the receiver has the same CSI level as the transmitter and then show that
the capacity does not decrease when the receiver CSI is reduced to SNR only.
Our proof relies on previous work [SJ03] and we shall appeal to the corresponding
mathematical results, wherever necessary. For consistency and ease of presentation,
we adopt the notation of [SJ03], i.e., we define:

a) (uk, vk) as the i.i.d. sequence of CSI tuples at the transmitter and the receiver;

b) Pr(ω̂ 6= ω) as the probability of error, where ω, ω̂ denote the information and
the estimated messages, respectively;

c) x[k] as the precoded codeword that is a function of the message ω and the
transmitter CSI {un}k

n=1 up to instant k. The codeword should satisfy the
constraint E{tr(G[k]x[k]xH [k]G[k]} ≤ Qth.

Our CSI model can then be expressed as uk = {h[k], z[k]}. According to [SJ03,
Lemma 1], one can upper-bound, by means of the Fano-inequality, the achievable
rate R as follows

R ≤ 1

K

K∑

k=1

E{log det(IM +
1

σ2
E[H[k]x[k]xH [k]HH [k]|{vn}k

n=1)} + ǫK ,
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where K is the transmission block length and ǫK is a term that depends on
Pr(ω̂ 6= ω) and satisfies limK→∞ ǫK = 0. This bound holds under general CSI
assumptions and codeword constraints and can be further simplified depending on
the CSI availability. We consider below two separate CSI models.

For the first part of the proof we assume that the receiver and the transmitter
CSI sequences are equivalent, i.e., vk ≡ uk (availability of σ2 at the receiver is
implicitly assumed). Then, our setup fulfills the conditions of [SJ03, Theorem 1]
according to which the ergodic capacity is achieved with Gaussian codebooks and
is obtained via the solution of the following optimization problem,

maximize
W(uk)

Euk

{
log
[
1 + (1/σ2)h[k]HW(uk)W(uk)Hh[k]

]}

subject to Euk
{tr(G[k]W(uk)W(uk)HG[k]H)} ≤ Qth, (P1)

where the index k is used to emphasize the time-varying nature of the channel, as
stated in Section 3.1.2 and W(uk) = [w1(uk) . . . wM (uk)] is a weight matrix. Note
that the only difference with the setup in [SJ03, Theorem 1] is on the codeword
constraint, but it is straightforward to see that this does not affect the achievability
part and the converse [SJ03, Appendix B], hence no change is required in the
respective proof and it can be invoked in its entirety. To proceed with the solution
of (P1) we define the random vectors g̃m[k] , G[k]wm(uk). Then, Problem (P1)
can be recast as

maximize
Ls,{wm}Ls

m=1

E
{

log
[
1 + (1/σ2)

Ls∑

m=1

|hH [k]wm(uk)|2
]}

subject to E
{ Ls∑

m=1

‖g̃m[k]‖2
}

≤ Qth, (P1a)

where Ls(≤ M) is the number of streams and the expectation is taken jointly over
the distribution h[k] and the set of vectors g̃m[k] ∼ CN (0N , σ2

g‖wm[k]‖2IN ) ∀ m.
Assume that the optimal vectors w0

m(uk) are not aligned, in general, with h[k].
Then we can construct a new set of vectors w1

m(uk) = h
‖h‖‖w0

m(uk)‖ that satisfy

‖w1
m‖ = ‖w0

m‖ and subsequently the ESIPC, which depends only on the norms
of wm’s. This choice yields a higher objective value, since the new set of vectors
maximizes the inner product |hH [k]wm(uk)| according to the Cauchy-Schwarz in-
equality. It follows that the optimal vectors should be aligned with h[k] implying
that the optimal covariance matrix is rank-one, i.e., Ls = 1, and it can be de-
composed as Q(uk) = P (uk)wo(uk)wH

o (uk), where wo(uk) = h[k]/‖h[k]‖ is the
eigenvector that corresponds to beamforming in the direction of the channel and
the eigenvalue P (uk) is the allocated power to be optimized. Invoking this result
we obtain the lower-dimensional counterpart of (P1a), which is exactly Problem
(P0).

For the second part of the proof, we adopt a reduced receiver CSI model, where
the receiver knows only the instantaneous SNR, i.e., the receiver CSI sequence
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is v′
k = (1/σ2)‖hH [k]W(uk)‖2. Moreover we constrain the transmit covariance

Q(uk) = W(uk)WH(uk) to lie in the set of rank-one matrices, i.e., we consider
Q(uk) = v(uk)vH(uk).8 Upon these premises, the conditions of [SJ03, Theorem 2]
are satisfied and the capacity is given by

maximize
v(uk)

Euk

{
log
[
1 + (1/σ2)|hH [k]v(uk)|2

]}

subject to Euk
{‖G[k]v(uk)‖2} ≤ Qth. (P2)

The achievability and the converse proofs are available in [SJ03, Appendix D]. It can
be easily shown, following the line-of-proof for (P1a), that the optimal beamformer
is vo(uk) =

√
P (uk)wo(uk), wo(uk) = h[k]/‖h[k]‖, such that (P2) becomes essen-

tially equivalent to (P0) and in turn to Problem (P1). We observe that: a) (P2)
is equivalent to (P1), i.e., the capacity-achieving strategy that corresponds to the
reduced receiver CSI model v′

k is equivalent to the capacity result when vk ≡ uk;
and b) when vk ≡ uk the instantaneous SNR is implicitly available at the receiver
since it can be calculated from uk, therefore the capacity for the CSI model (uk, vk)
cannot be lower than that of the reduced CSI model (uk, v′

k). From these two
observations we infer that (P2) is indeed the capacity.

3.B Proof of Proposition 3.1

Evaluation of the left-hand-side (LHS) of the equation Eγ

{
1

γ0
− 1

γ

}+

= Q̃ involves

the solution of the following integral

I0 =

∫ ∞

γ0

(
1

γ0
− 1

z

)
fγ(z)dz =

Pr(γ ≥ γ0)

γ0
−
∫ ∞

γ0

fγ(z)

z
dz

=
1

γ0

∫ ∞

γ0

fγ(z)dz − e− λ
2

∞∑

n=0

(λ/2)n(M/N)Mn

B(Mn, N)n!

∫ ∞

γ0

1

z

(
1

1 + M
N z

)Mn+N

zMn−1dz,

where we used the definition Mn , M + n. The equation of interest involves
two integrals; the first is the complementary distribution function Pr(γ > γ0) ,
1 − Fγ(γ0). We begin with the second summand which is computed as

I1 =e− λ
2

∞∑

n=0

(λ/2)n(M/N)Mn

B(Mn, N)n!

∫ ∞

γ0

(
1

1 + M
N z

)Mn+N

zMn−1 dz

z

(a)
= e− λ

2

∞∑

n=0

(λ/2)n(M/N)

B(Mn, N)n!

∫ 1

x0

(1 − x)N xMn−2dx

=
e− λ

2

( λ
2 )M−1

∫ 1

x0

(1 − x)N

xΓ(N)

∞∑

n=0

( xλ
2 )Mn−1

n!

N−1∏

m=0

(Mn + m)dx, (B1)

8This constraint is imposed such that the number of transmit dimensions does not exceed that
of receive dimensions as required for the application of the respective result [SJ03, Theorem 2].
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where (a) follows by the change of variables x ,
M
N z

1+ M
N z

, x0 , (M/N)γ0

1+(M/N)γ0
, respectively.

In order to reach the desired result we need to reshape the infinite series into a finite
summation. This is achieved by generalizing [Gan71, Eqs. (74),(75)] as follows

∂xnex

∂xm
=

∞∑

k=0

1

k!

∂xn+k

∂xm
=

∞∑

k=0

xn+k−m

k!
(n + k) . . . (n + k − m + 1), (B2)

where we have implicitly assumed that n ≥ m, similar to the case considered in
this chapter. As pointed out in [Gan71], exchanging the order of the summation
and the differential is allowed because the resulting series is uniformly convergent.
Moreover it can be shown by mathematical induction that

∂xnex

∂xm
= ex

m∑

k=0

(
m

k

)
n!

(n − k)!
xn−k. (B3)

If we now set n , M + N − 1 and m , N in Eqs. (B2),(B3) and plug the result
back in (B1) we can obtain the desired expression of Fx(x) by following the steps
below

I1 =
e−λ/2(M/N)

( λ
2 )M−1Γ(N)

N∑

k=0

(
N
k

)
(M + N − 1)!

(M + N − 1 − k)!

∫ 1

x0

(1 − x)N

x

(xλ

2

)M+N−1−k

exp
(xλ

2

)
dx

(a)
=

e−λ/2(M/N)

( λ
2 )M−1Γ(N)

N∑

k=0

N∑

m=0

(
N
k

)
(M + N − 1)!

(
N
m

)

(M + N − 1 − k)!

(−1)m

(λ/2)m

∫ λ
2

λ
2 x0

xM+N−2−k+mexdx

=
e−λ/2(M/N)

( λ
2 )M−1Γ(N)

N∑

k=0

N∑

m=0

(
N

k

)
(M + N − 1)!

(M + N − 1 − k)!

(
N

m

)

× (−1)m

(λ/2)m

{ L−1∑

l=0

(L − 1)!

l!
(−1)L−1−l

[(λ

2

)l

e
λ
2 − x̃l

0ex̃0

]}
,

where (a) follows by the binomial expansion of the term (1 − x)N and setting
v , λ

2 x. The last equation follows by setting L , M + N − 1 − k + m, x̃0 , λ
2 x0

(
=

λ
2

(M/N)γ0

1+(M/N)γ0

)
and further using integration by parts. A special case arises when

L = 0 and it requires separate treatment.9 In that case, the final integral becomes

∫ λ
2

x̃0

ex

x
dx = Ei

(λ

2

)
− Ei(x̃0),

where Ei(x) , −
∫∞

−x
e−t

t dt is the exponential integral. Since Pr(γ > γ0) has the
same form as Eq. (B1), but without the x at the denominator, its solution can be

9This event occurs only if M = 1 and affects the solution of just one of the terms of the outer
summations, namely the one that corresponds to the triplet (M, k, m) = (1, N, 0).
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found following the same steps. For brevity, we do not repeat the calculations and
simply mention that no special case for L arises here. Therefore, as a byproduct we
obtain a finite summation formula for the distribution function of an F -distributed
random variable, which applies to the case where both nominator and denominator
have an even number of degrees-of-freedom.

Assembling the above results leads to Eq. (3.6). Thus, we have been able to
express previously established results [SRC14a], which involved infinite series, in
terms of finite summations, using (B3) and this is a novel technical contribution.
The finite representation is especially useful for solving the associated Eq. (3.6) since
one does not have to compromise accuracy by resorting to some approximation.10

3.C Proof of Proposition 3.2

The ergodic capacity is found by averaging over all possible channel states as follows

C = Eγ

{
log

[
1 +

{
cγ

λ0σ2
− 1

}+]}
=

∫ ∞

γ0

log
( z

γ0

)
fγ(z)dz

=

∫ ∞

γ0

log

(
M

N
z

)
fγ(z)dz − log

(
M

N
γ0

)
Pr(γ > γ0).

The term Pr(γ > γ0) has already been considered in Appendix 3.B. Therefore, in
order to evaluate the capacity we need to resolve only the first summand S (the
integral) which has the following form

S =e− λ
2

∞∑

n=0

(λ/2)n(M/N)M+n

B(M + n, N)n!

∫ ∞

γ0

log

(
M

N
z

)(
1

1 + M
N z

)M+N+n

zM−1+ndz

=
e−λ/2

( λ
2 )M−1Γ(N)

N∑

k=0

(
N

k

)
(M + N − 1)!

(M + N − 1 − k)!

1

( λ
2 )N

×
∫ λ

2

x̃0

(λ

2
− x
)N−1

xM+N−1−kex log
( x

λ
2 − x

)
dx, (C1)

where the second equality follows from the exact same manipulations used for the
derivation of (B3). To facilitate the solution of the above integral we split the
logarithm into two terms in order to deal with two simpler integrals. For ease of
exposition we set L1 , M + N − 1 − k + m and L2 , N − 1 + m. Then the first
resulting integral is expressed as

S1 =

N−1∑

m=0

(
N − 1

m

)(λ

2

)L2

(−1)m

∫ λ
2

x̃0

xL1ex log xdx

︸ ︷︷ ︸
S′

1

.
(C2)

10The term approximation here refers to the truncation of the sequence in a practical imple-
mentation since only a finite number of terms can be considered. We stress this to differentiate
from numerical approximation which stems from insufficient arithmetic precision.
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To reach the solution of S′
1 we perform integration by parts (viewing et and tL1 log t

as two separate functions) and using induction we obtain the following result

S′
1 =

L1−1∑

l=0

L1!

(L1 − l)!
(−1)lxL1−lex log x

∣∣∣
λ
2

x̃0

+

L1∑

l=1

L1−l∑

j=0

L1!(−1)L1−j

j!(L1 − l + 1)
xjex

∣∣∣
λ
2

x̃0

+(L1)!(−1)L1

[
e

λ
2 log

(λ

2

)
− ex̃0 log x̃0 + Ei(x̃0) − Ei

(λ

2

)]
. (C3)

In the same spirit we derive the second term of the integral. Performing the change
of variables t , λ

2 − x and defining x̂0 , λ
2 − x̃0 transforms the second term as

follows

S2 =

∫ x̂0

0

xN−1
(λ

2
− x
)M+N−1−k

e
λ
2 −x log xdx

=e
λ
2

M+N−1−k∑

m=0

(
M + N − 1 − k

m

)(λ

2

)M+N−1−k−m

(−1)m

∫ x̂0

0

tL2e−t log tdt

︸ ︷︷ ︸
S′

2

.

(C4)

Again we employ integration by parts (now viewing e−t and tL2 log t as the two
functions) and further make use of [GR07, Eqs. (4.331.1-2)]. These two combined
steps yield the following result

S′
2 =

L2∑

l=1

(L2)!

(L2 − l + 1)

[
1 −

L2−l∑

j=0

(L2 − l)!

j!
x̂j

0e−x̂0

]
− e−x̂0 log x̂0

L2−1∑

l=0

L2!x̂L2−l
0

(L2 − l)!

+L2![Ei(−x̂0) − CEu − e−x̂0 log x̂0)], (C5)

where CEu ≈ 0.57721 is the Euler-Mascheroni constant. Plugging Eqs. (C3) and
(C5) into (C2) and (C4), respectively, and the resulting expressions back in (C1)
yields Eq. (3.8) and concludes the proof.

3.D Proof of Proposition 3.3

The proof of this result relies on proper partitioning of the event Ωρ , {ρ ≤ x}.
Recalling that ρ = { γ

γ0
− 1}+ we can rewrite Ωρ as

Ωρ = I{x=0}{γ ≤ γ0 ∪ ∅} + I{x>0}{γ ≤ γ0 ∪ γ0 < γ ≤ γ0(x + 1)︸ ︷︷ ︸
γ≤γ0(x+1)

}

= I{x≥0}{γ ≤ γ0(x + 1)}.

Using this decomposition for Ωρ one can now express the distribution function
Fρ(x) as

Fρ(x) = Pr(Ωρ) = Pr[γ ≤ γ0(x + 1)] = Fγ [γ0(x + 1)],
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which holds for x ≥ 0. For the asymptotic result, we start from the following
representation of the distribution function FX(x) of an F -distributed variable X,

FX(x) = e− λ
2

∞∑

n=0

(λ/2)n

n!
I(h(x); M + n, N)

︸ ︷︷ ︸
cn

. (D1)

To construct the following argument we define . as the approximate inequality
for small values of x. The term h(x) , Mx

N+Mx is smaller than one for x ≥ 0 and

I(x; a, b) , B(x;a,b)
B(a,b) is the regularized incomplete beta function [GR07, 8.392] that,

for integer a and b, is written as I(x; a, b) =
∑a+b−1

m=a

(
a+b
m

)
xm(1 − x)a+b−1−m. For

small values of x, the inequality cn ≥ cn+1 translates to

λ
(a)

≤ 2(n + 1)
I(h(x); M + n, N)

I(h(x); M + n, N) − [h(x)]Mn [1−h(x)]N

MnB(Mn,N)

. 2(n + 1)
1

h(x)
, (D2)

where (a) follows by the property I(x; M +1, N) = I(x; M, N)− xM (1−x)N

MB(M,N) and (D2)

follows after the fact that, for small x, I(h(x); M + n, N) ≈ [h(x)]Mn [1−h(x)]N−1

MnB(Mn,N) and

further algebraic steps. For sufficiently small values of x, the inequality (D2) will
be satisfied, implying that c0 will be the dominant term of the series in Eq. (D1)

hence Fx(x) ≈ e− λ
2

[h(x)]M [1−h(x)]N−1

MB(M,N) . Substituting λ = 2MK and replacing h(x)

with g(x) yields the desired result and completes the proof.

3.E Proof of Proposition 3.4

To obtain the error probability one needs to evaluate the expectation involved in
Eq. (3.15). Some steps, towards to the solution, are shown below

Pe =α

∫ ∞

0

Q(
√

βx)fρ(x)dx

(a)
=α

[ ∫ ∞

0

Q(
√

βx)fγ [γ0(x + 1)]γ0dx + Q(0)Fγ(γ0)

]

=α

[
Q(

√
bx)Fγ [γ0(x + 1)]|∞0 +

√
β

8π

∫ ∞

0

e− β
2 x

√
x

Fγ [γ0(x + 1)]dx + Q(0)Fγ(γ0)

]

=
α

2

√
β

2π
e− λ

2

∞∑

n=0

Mn+N−1∑

k=Mn

k∑

l=0

(
k

l

)(Mn+N−1
k

)
( λ

2 )n

n!
(−1)l

∫ ∞

0

(e− β
2 x/

√
x)dx

[1 + M
N γ0(x + 1)]L0

(b)
=

α

2

√
β

2π
e− λ

2

∞∑

n=0

Mn+N−1∑

k=Mn

k∑

l=0

(
k

l

)(Mn+N−1
k

)
( λ

2 )n

n!
(−1)l

√
π

x̄0

Ψ( 1
2 , 3

2 − L0; β
2x̄0

)

(1 + M
N γ0)L0

,

where (a) follows by plugging (3.13) into (3.15) and the last equation follows by
some algebraic steps which give rise to the integral of the Ψ function.





Chapter 4

Dual-hop Underlay Networks with Mixed

Fading

In the previous chapters we investigated the slot-by-slot performance optimiza-
tion of a multi-antenna single-hop network, which was assessed via the maximum
achievable (ergodic) rate, in the presence of multiple links (in the context of CR
system these links are the primary users). In this chapter we shift the focus onto
dual-hop networks where end-to-end communication is established with the aid
of (non-) regenerative relays. Multi-hop transmission is typically introduced when
the link between the source and the destination cannot support sufficiently reli-
able communication, hence routing via alternative paths is expected to improve
the overall QoE. This observation motivates our departure from rate-maximization
as a performance metric and its replacement with the outage probability, i.e., the
probability that constant rate communication cannot be supported at any given
time instant, with a given probability. This approach is also suitable when the de-
tection is performed on a symbol-by-symbol basis or when the system has to obey
delay/processing constraints.

Similar to Chapter 3, we consider communication in an interference-limited
environment, implying that interference power constraints are the main design lim-
itations. We further assume that the nodes involved in the transmission scheme,
namely the transmitter and the relay have incomplete CSI of their local links and
that some of the network links are subject to LoS fading. These two components,
i.e., interference power constraints and Rician fading, hint that the F -distribution
will be involved in the analysis, as our experience from Chapter 3 suggests. The
entanglement of the F -distribution again allows the acquisition of an analytical
expression for the metric of interest, yet the resulting expression is in the form of
a series and further analysis is provided to rigorize the result.

The chapter is organized as follows. In Section 4.1 we describe the system
model and also give a brief summary of the non-regenerative AF scheme. In Section
4.2 we derive an expression for the system outage probability and analyze some
relevant aspects. We conduct numerical experiments in Section 4.3 to cross-check

77
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TXS TXR RXS

RXP

hsr

hsp

hrd

hrp

Figure 4.1: The basic CR relay network.

our theoretical results.

4.1 System Model

We consider the basic underlay CR relay network, depicted in Figure 4.1. In this
model, a secondary source TXS communicates independent information symbols, to
its intended destination RXS in two time-slots, via a half-duplex non-regenerative
AF relay TXR. The relay weighs the received signal to unit power and retransmits
the normalized signal with power Pr and no further processing. Communication
of the secondary network obeys certain interference constraints; in this setup these
constraints are realized by limiting the TXS and the TXR transmission powers such
that the instantaneous peak interference, which is inflicted at the primary receiver
RXP , does not exceed a predefined threshold Q.

Each of the TXS-TXR (SR) and TXR-RXS (RD) propagation environments
contains a line-of-sight component, i.e., both links experience Rician fading. The

channels of the secondary system are modeled as hν ,
√

Kν

Kν +1 hLoS
ν +

√
1

Kν +1 hNLoS
ν

where ν ∈ {sr, rd} indicates the corresponding link, hLoS
ν is a fixed quantity that

determines the channel mean and satisfies |hLoS
ν | = 1, Kν is the Rician factor and

hNLoS
ν ∼ CN (0, 1) is the non-LoS fading component, whose relative contribution to

the channel also depends on Kν . As noted in Chapter 3, the Rician factors acts as
a weight of the deterministic and the stochastic components of the channel. The
external links TXS-RXP (SP) and TXR-RXP (RP) are subject to Rayleigh fading
and the respective channels are modeled as hµ ∼ CN (0, σ2

µ), where µ ∈ {sp, rp}.
We assume that the transmitting secondary nodes, source and relay, have perfect
knowledge of their associated cross-link channel gains |hsp| and |hrp|. Moreover, all
stochastic processes in our setup are assumed to be independent.

Using the above definitions one can briefly describe the AF scheme as follows.
In phase (slot) one, the relay receives the following signal from the source node

yr = hsr

√
Pss + nr, (4.1)
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where nr ∼ CN (0, σ2
1) is additive white noise, s is the unit-power information

symbol and Ps , Q/|hsp| is the source transmit power, obeying the interference

constraint. In phase two, the relay multiplies yr with G , (
√

Ps|hsr|2 + σ2
1)−1 and

sends the normalized version of its input with power Pr. This yields the following
signal yd at node RXS ,

yd = hrd

√
PrGyr + nd, (4.2)

where nd ∼ CN (0, σ2
2) is additive white noise and Pr , Q/|hrp| is the relay transmit

power, normalized such that the IC is satisfied. Expanding Eq. (4.2) in terms of
Eq. (4.1) yields the ETE propagation model.

4.2 Performance Analysis

4.2.1 Outage characterization

An outage event occurs when the instantaneous signal-to-noise ratio (SNR), or
equivalently when the instantaneous mutual information, drops below the decoding
threshold x , (2R−1), where R is the transmission rate. Prior to characterizing the
ETE SNR γ we need some definitions. Letting σ2

sr , 0.5
Ksr+1 , σ2

rd , 0.5
Krd+1 we can

further define c1 , Q
σ2

1

σ2
sr

σ2
sp

, c2 , Q
σ2

2

σ2
rd

σ2
rp

and γsr ,
σ2

sp

σ2
sr

|hsr|2

|hsp|2 , γrd ,
σ2

rp

σ2
rd

|hrd|2

|hrp|2 . Using

these definitions we can express the SNR of the SR and RD links as γ̄1 , c1γsr and
γ̄2 , c2γrd, respectively. Finally, plugging the latter quantities in the expression
for the ETE SNR of a single AF relay system yields γ = γ̄1γ̄2

γ̄1+γ̄2+1 [LT04].
To obtain the stochastic characterization of γ one needs to integrate over several

random variables. However this task can be significantly eased by exploiting the
following key observation; capitalizing on the fact that all channels are independent
we can readily establish that γν ∼ F2,2(λν , 0), i.e., both γsr and γrd follow a non-
central F-distribution with non-centrality parameters λsr = 2Ksr and λrd = 2Krd,
respectively. Using this insight we derive the outage probability for the CR relay
system, as given by the following proposition.

Proposition 4.1. Let δ(t) be the Kronecker delta, i.e., δ(t) = 1 for t = 0 and zero
otherwise. We then define the quantities δc1

, δ(c1 −1), δm , δ(k−m−1) and their
complementary counterparts δ̃c1

, 1 − δc1
, δ̃m , 1 − δm. Using these definitions

and letting Γ(m) be the Gamma function [AS72, Eq. (6.1.1)], the outage probability
Po(x) of the CR relay network with LoS fading for the secondary links and NLoS
fading for the secondary-to-primary links is expressed by Eq. (4.3) (shown at the
top of the next page).

Proof. Given in Appendix 4.B.

To retrieve the ETE SNR density one needs to differentiate Eq. (4.3). We stress
here that Eq. (4.3) contains two infinite series, indexed by n and m, that have to be
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Po(x) =e−(Ksr+Krd)
∞∑

n=0

∞∑

m=0

Kn
sr

n!

Km
rd

m!

{( x

x + c2

)m+1

+ δc1
(m + 1)

[x(c2 − 1)

c2(x + 1)

]n+1

×
n+1∑

k=0

(
n + 1

k

)
1

(c2 − 1)k

[
δm ln

(c2

x

)
+ δ̃m

1

[m − k + 1]

[
1 −

( x

x + c2

)m−k+1]]

+δ̃c1

(m + 1)

(1 − c1)n+1

[
1

m + 1

[
1 −

(
x

x + c2

)m+1]
+

n+1∑

k=1

(
n + 1

k

)(
(−c1)k

×
( x

x + c2

)m+1 k−2∑

l=0

Γ(k − 1 − l)

Γ(k)

Γ(m + 2 + l)

Γ(m + 2)

[ c2(x + 1)

(c1 − 1)(x + c2)

]l+1

(4.3)

+
[

− c1(x + 1)

x + c1

]k m∑

l=0

Γ(k + l)

Γ(k)

Γ(m + 1 − l)

Γ(m + 2)

[ (c1 − 1)x

c2(x + c1)

]l

+
(−1)kΓ(m + k + 1)

Γ(k)Γ(m + 2)

[c1c2(x + 1)]k[(c1 − 1)x]m+1

[(c1 + c2)x + c1c2 − x]m+k+1

[
ln
[ (x + c1)(x + c2)

x(x + 1)

]

+

m+k∑

l=1

(
m + k

l

)
(−1)l

l

[
2 −

(
− (c1 − 1)x

c2(x + c1)

)l

−
(

− c2(x + 1)

(c1 − 1)(x + c2)

)l]]
)]}

truncated, for practical implementation purposes, to Tν terms, where ν is defined
as in Section 4.1. To claim an analytical solution, we need to supplement Eq. (4.3)
with convergence analysis of the induced truncation error. Based on Lemma 3.2
(see the appendix of Chapter 3) it can be established that by truncating each of the
infinite series, involved in Eq. (4.3), to Tν terms, such that Tν > eKν , the truncation
error will decay exponentially1 in proportion to ( eKν

Tν
)Tν . Thus, depending on the

value of the channel Rician factor Kν one can choose appropriately the associated
index Tν such that the resulting truncated series yields a value that is arbitrarily
close to the actual one.

4.2.2 Extensions and special cases

Here, we briefly discuss several aspects of the relay network and highlight some
interesting extensions. For convenience we define the nominal signal-to-noise ratio
(NSNR) of the SR and RD links as ρ1 , Q/σ2

1 and ρ2 , Q/σ2
2 , respectively.

Performance at high-SNR

To characterize performance at high-SNR we let both links’ NSNR scale similarly,
i.e., we assume that ρ1, ρ2 ∝ ρ for some ρ that is sufficiently large such that the

1In fact the decay rate can be larger, since Lemma 3.2 provides an upper-bound on the
truncation error.
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following two conditions are satisfied: i) ρ ≫ max{Ksr, Krd}+1 (A1); and ii) ρ ≫ x
(A2). Based on these two assumptions we derive the following expression P high

o (x)
for the outage probability in the high-SNR regime,

P high
o (x) =

2∑

l=1

e−Kl
x

c1
+

(x + 1)x

c1c2
(e−Ksr + e−Krd). (4.4)

Proof. The assumptions (A1) and (A2) are needed to guarantee that min{c1, c2} ≫
max{x, 1}. We exploit the latter condition to approximate each summation term,
associated with some pair (m, n), with its dominant arguments. To conclude the
proof, we observe that the dominant summation term corresponds to the pair
(n, m) = (0, 0).

Recalling that c1 and c2 are proportional to ρ, we infer from Eq. (4.4) that the
outage probability is inversely proportional to ρ, hence the diversity order is one,
as expected. It is important to note here that the “high-SNR” regime depends on
the value of the Rician factor. As Kν increases the nominal SNR of the associated
link should increase accordingly to ensure that condition (A1) is satisfied. Thus,
the outage probability is influenced by two components and might exhibit heteroge-
neous performance patterns. Moreover, if the secondary links are asymmetric, e.g.,
if conditions (A1), (A2) are satisfied only for the SR hop then the RD link becomes
the bottleneck and its performance will be the limiting factor. We see these effects
in Section 4.3 where we investigate asymmetric scenarios.

Lifting channel model statistics

Even though we investigate the basic LoS scenario, which corresponds to Rician
fading, one can plug more general models in our system and carry out similar anal-
ysis. To see this intuitively, let us generalize the Rayleigh distribution to a central
chi-square distribution χ2

2Mµ
(0) (for the NLoS case) and the Rician distribution to

a non-central chi-square distribution χ2
2Nν

(λ′) (for the LoS case), where Mµ, Nν are
integers, both greater than one and the subscripts µ and ν are defined as in Section
4.1. Under these premises the induced SNR random variables will be non-central
F-distributed of higher degree, i.e., γν ∼ F2Nν ,2Mµ

(2NνKν , 0). To lift the result
of Proposition 4.1 in higher order (Mµ, Nν) one can follow a line-of-proof similar
to that of Appendix 4.B, but with more tedious algebra. The truncation indices
would now be chosen to satisfy Tν > eNνKν to guarantee that the truncation error
decays exponentially.

Impact of Rician factor

By definition, the Rician factor determines the contribution of the specular compo-
nent relatively to its shadowed counterpart. The higher Kν gets the less “random”
the channel becomes and vice versa. For single-hop networks it is known that suffi-
ciently large Kν , i.e., almost no fading, is the best-case scenario in terms of outage.
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P weak
o (x) =

(1 − Krd)x

c2 + x
− (1 − Ksr − Krd)

{
(1 − c2)x

[(c1 + c2)x + c1c2 − x]

c2

(c2 + x)

+
c1c2x(x + 1)

[(c1 + c2)x + c1c2 − x]2
ln
[ x(x + 1)

(c1 + x)(c2 + x)

]}
(4.5)

We extrapolate these insights and claim that the CR network will similarly benefit
from a higher Kν . To give some mathematical intuition for this claim, we note that
the infinite series that is involved in Eq. (B1) (see Appendix 4.B), and which is
indexed by n, is decreasing in Ksr. In particular, it can be shown that the series

Sn(Ksr) =e−Ksr

∞∑

n=0

Kn
sr

n!

[
(z + 1)x

x(1 − c1) + (c1 + x)z

]n+1

=e
− (z−x)c1Ksr

(z+1)x+(z−x)c1

[
(z + 1)x

(z + 1)x + (z − x)c1

]

is strictly decreasing in Ksr, for any z > x. The term Sn(Ksr) appears in Eq. (B1),
yet its monotonicity properties are not affected by the integration, which is with
respect to z ∈ [x, ∞). Due to the symmetry of γ, relative to γsr and γrd, we can
claim the same monotonicity properties with respect to Krd. Thus, the stronger
the LoS paths get the more reliable the system will be.

Special cases

From our setup and its generalized counterpart, described earlier in the section, we
can extract several special cases. When the LoS components are extremely weak,
i.e., when Ksr and Krd attain sufficiently small values, then we obtain the following
result.

Corollary 4.1. Let the Rician factors Ksr, Krd, be sufficiently small. Then the
outage probability P weak

o (x) of the system, described in Section 4.1, is given by the
formula shown at Eq. (4.5) at the top of the page.

Proof. For sufficiently small values of Ksr and Krd the terms that correspond to
the indices n = m = 0 will dominate the double summation of Eq. (4.3). In fact
we can show that the approximation error of Eq. (B1),2 induced by neglecting the
terms for n ≥ 1 and m ≥ 1, is upper-bounded by the product KsrKrd which is
negligible according to our assumptions. Similarly, we can show that Fγrd

( x
c2

) ≈
(1 − Krd) x

x+c2
. The result then follows by retaining the relevant terms from Eq.

(4.3) and carrying out straightforward algebraic steps.3

2We hasten to add here that the term (m + 1)I0, which appears in Eq. (B1), is
smaller than one. This is exploited to upper-bound the approximation error Ia ,∑

n≥1

∑
m≥1

(Kn
sr/n!)(Km

rd
/m!)(m + 1)I

(n,m)
0 .

3The simplified expressions that correspond to δc1 and its complementary event δ̃c1 are unified
in this case.
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When both links, SR and RD, are shadowed, i.e., when (Ksr, Krd) = (0, 0),
then from the expression for P weak

o we retrieve [DBJ11, Eq. (5)] that corresponds
to pure Rayleigh fading. For the generalized model, described previously in the
section, zero-forcing the Rician factors yields the equivalent Nakagami-m fading
models for integer values of the parameter m.

Multiple relays

In the presence of multiple relays, the secondary system can improve its outage
performance via cooperation. A solution that was devised for conventional non-
CR networks, involving minimum resource allocation without compromising the
maximum diversity order, is the opportunistic relay selection [BKR06] where only
the relay with the strongest ETE SNR is activated. This strategy can be intuitively
extended into the CR relay network, though the outage analysis is more involved,
due to the coupling of the different ETE SNR variables. However, based on results,
which are tailored to simpler channel models [XA12], we conjecture that the system
will still attain full diversity order, equal to the number of relays, in our scenario.

4.3 Numerical Results

In this section we investigate the impact of various system parameters into the
outage performance. In all scenarios the channel mean, for both hops SR and RD,
is fixed to hLoS

ν = (
√

2/2)(1+j), where j ,
√

−1, and the results are plotted against
the RD link nominal SNR ρ2. The values of the truncation indices Tsr and Trd are
given in Table 4.1 and they were chosen judiciously, based on the Rician factor, to
serve a dual purpose: i) guarantee good approximation of the infinite series (4.3);
and ii) avoid excessive running time.

Figure 4.2 illustrates the outage performance for the symmetric case where both
hops have identical statistical properties (Kν ≡ Ksr = Krd) and equal nominal SNR
values. We observe that when the specular component is weak, i.e., when Kν is
in the range of [−5dB, 0dB], then the system experiences only marginal gain with
increasing Kν . However, in the region where the LoS component dominates, i.e.,
Kν > 0dB, there is drastic improvement. In particular, the system greatly benefits
when the Rician factor increases from 5 to 10dB, e.g., the NSNR gain to achieve
an outage probability Po = 10−2 is approximately 6dB. In all cases, we observe
perfect match of the curves generated using Eq. (4.3) and those generated through
numerical simulations, thereby supporting our analysis.

Kν(dB) -10 -5 0 5 10 15
Tν 10 10 10 25 50 100

Table 4.1: Choice of the truncation index for various values of the Rician factors.
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Numer., Kν = −5dB

Eq. (4.3), Kν = −5dB

Numer., Kν = 0dB

Eq. (4.3), Kν = 0dB

Numer., Kν = 5dB

Eq. (4.3), Kν = 5dB

Numer., Kν = 10dB

Eq. (4.3), Kν = 10dB

Eq. (4.4)

Figure 4.2: Comparison of numerical and theoretical outage probability for trans-
mission rate R = 1 bits per channel use (bpcu), i.e., (x = 1). The (SR,SP)
and (RD,RP) pairs have identical statistical properties, i.e., ρ1 = ρ2, c1 = c2 and
Ksr = Krd (shown as Kν). The thick dotted curves correspond to high-SNR (Eq.
(4.4)).

It follows from Figure 4.2 that Eq. (4.4) is a good proxy for high-SNR outage
performance since it approximates well the generic formula (4.3), especially for low
values of the parameter Kν . This result advocates our statement that the diversity
order is one. In line with the intuitive arguments of Section 4.2.2, we observe that
the effective high-SNR regime, where performance is characterized by the NSNR
exponent, is a function of Kν and is shifted depending on the value of the LoS
components. It is noteworthy that when Kν = 10dB there exists an intermediate
NSNR regime ([6dB, 18dB]) where the outage probability decays faster than with
the inverse NSNR. This implies that for moderate NSNR values it is Kν that mainly
drives the outage performance and the system greatly benefits from large Rician
factors, in this regime.

In Figure 4.3 we show the impact of the NSNR asymmetry between the two
hops by examining two different sets of curves, which are designated by the two
ellipses. The first set corresponds to ρ1 = 0dB, i.e., the SR link is the bottleneck
while the second set corresponds to ρ1 = 20dB, hence in this case the RD link is
the bottleneck. It is seen that the system exhibits an outage floor when the first
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Figure 4.3: Comparison of numerical and theoretical outage probability for fixed
ρ1, rate R = 1bpcu (x = 1) and Ksr = Krd (shown as Kν).

hop is the limiting factor. The outage performance is very poor and only marginal
improvement can be achieved with increasing Ksr and Ksd. On the contrary, when
ρ1 > ρ2 the system does not suffer any degradation within the regime [0dB, 20dB]
and fully harvests the gains stemming from a higher factor Kν . In fact when the
LoS components dominate, i.e., when Ksr = Krd = 10dB the system experiences
substantial performance enhancement compared to the other pairs of parameters.

Figure 4.4 illustrates the outage performance for equal NSNRs and dissimilar
(Ksr, Krd) pairs. One artifact is that the CR system does not experience an outage
threshold with increasing NSNR, as in Figure 4.3, and always attains full diversity.
This is not surprising, since the specular components only affect the dispersion
of the links’ SNR around their mean, yet this dispersion is not influential when
low probability events are considered. We further observe that the system does
not benefit from a high Ksr except for the case when both Rician factors Ksr

and Ksr are high, i.e., when Ksr = Krd = 10dB. For any other pair (Ksr, Krd)
we see that imbalance between the links’ LoS strength biases performance strongly
towards the smaller Kν . Individual increments of either Ksr or Krd induce marginal
performance enhancement in the “weak LoS” region, where min{Ksr, Krd} ≤ 0dB,
but offer significant benefits in the “strong LoS” region.
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Figure 4.4: Comparison of numerical and theoretical outage probability for differ-
ent (Ksr, Krd) pairs, ρ1 = ρ2 and rate R = 1bpcu (x = 1). The dotted curves
correspond to theoretical results generated according to Eq. (4.3).

4.4 Discussion

In this chapter we explored another underlay architecture, that of a dual-hop system
with a half-duplex AF relay. This scenario is more pertinent to small-scale networks,
such as cognitive femtocells, where the involved links are likely to contain LoS path
between the end nodes. For this setup we derived the outage probability, for fixed
rate transmission, and assessed numerically the impact of different network aspects
in the overall performance. The derived expressions, albeit complicated, capture
rather accurately the system performance. This is demonstrated via comparison
with experimental results that turned out to be in perfect agreement with our
theoretical derivations. Our numerical investigation revealed a manifold interplay
between the nominal SNR of the individual links, their associated Rician factor and
the outage probability. Among our findings, we highlight the substantial perfor-
mance improvement that is exhibited by the CR network when the LoS component
dominates. Thus, we conclude that the outage behavior is indeed enhanced com-
pared to shadowed environment. Finally we note that, similar to Chapter 3, we
can tailor this setup to the imperfect CSI case but we skip the details.
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4.5 Appendices

4.A Some identities on the Gauss Hypergeometric function

In this section we provide some results pertaining to the Gauss hypergeometric func-
tion 2F1(a, b; c|x) [AS72, Eq. (15.1.1)], for the special case when the pochhammer
arguments a, c are positive integers and b is a non-negative integer. These results
will be used to simplify the 2F1(·) function, wherever it arises in the subsequent
analysis. The first result follows by setting b = 0 in [AS72, Eq. (6.6.8)]

F (1, c; c + 1|x) =cz−cB(c; 0|x), (A1)

where B(c; 0|z) is the incomplete Beta function [GR07, Eq. (8.391)]. We use Eq.
(A1) to obtain the following representation,

F (1, c; c + 1|x) =
c

xc

{ c−1∑

l=1

(
c − 1

k

)
(−1)l

l
[1 − (1 − x)l] − ln(1 − x)

}
. (A2)

We further use the following two identities,

2F1(a, 1; a + b + 1|z) =
(x − 1)b

(a + b)
2F1(1, a + b; a + b + 1|x)

B(a, b + 1)

+

b−1∑

l=0

B(a + l, b − l)

B(a, b + 1)
Γ(b + 1)(x − 1)l (A3)

2F1(a, a + b; a + b + 1|z) =
2F1(1, a + b; a + b + 1|z)

(−1)1−aB(a, b + 1)(a + b)

+
1

(1 − x)a−1

a−2∑

l=0

B(a − 1 − l, b + 1 + l)

B(a, b + 1)
(x − 1)l. (A4)

These identities are proven via recursive application of Eqs. (15.2.15) and (15.2.18)
from [AS72], which relate 2F1(a, b; c|z) to its contiguous functions. Eqs. (A3) and
(A4) can be further simplified by plugging (A2) into the right-hand-side (RHS) of
their respective expressions.

4.B Proof of Proposition 4.1

Let Fγν
(x) denote the distribution function of the F-distributed random variable

γν . Starting from the definition of γ (see Section 4.2.1) one can determine its dis-
tribution function Fγ(x) as follows [TKM06, Eq. (9)]

Fγ(x) =

∫ x

0

Pr
[
γ̄1 ≥ x(z + 1)

z − x
|z
]
fγ̄2

(z)z

+

∫ ∞

x

Pr
[
γ̄1 ≤ x(z + 1)

z − x
|z
]
fγ̄2

(z)z = Fγrd

( x

c2

)
+ I,
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I
(n,m)
0 =

1

(1 − c1)n+1

n+1∑

k=0

(
n + 1

k

)[c1c2

x

(x + 1)

(c1 − 1)

]k

×
∫ 1

x
x+c2

tk+m

{1 − [(c1x + c2x + c1c2 − x)/(c1 − 1)x]t}k
dt

=
1

(1 − c1)n+1

n+1∑

k=0

(
n + 1

k

)[c1c2

x

(x + 1)

(c1 − 1)

]k 1

m + k + 1

{[−(c1 − 1)x

c2(x + c1)

]k

×2F1

[
k, 1; k + m + 2

∣∣∣
(c1 + c2)x + c1c2 − x

c2(x + c1)

]
−
[ x

x + c2

]k+m+1

×2F1

[
k, k + m + 1; k + m + 2

∣∣∣
(c1 + c2)x + c1c2 − x

(c1 − 1)(x + c2)

]}
(B2)

where the second summand is represented as

I = e−(Ksr+Krd)
∞∑

n=0

∞∑

m=0

Kn
sr

n!

Km
rd

m!
(m + 1)I

(n,m)
0 . (B1)

The term I
(n,m)
0 corresponds to the integral shown below

I
(n,m)
0 =

∫ ∞

x

[
(z + 1)x

x(1 − c1) + (c1 + x)z

]n+1
c2zm

(c2 + z)m+2
dz

=

∫ 1

x̃

[
x + (c2 − 1)xt

x(1 − c1) + (c1x + c2x + c1c2 − x)t

]n+1

tmdt,

where x̃ , x
x+c2

and the second equality follows by the change of variables t =
z/(z + c2) and some algebraic steps. To proceed with a simplified solution of the
abovementioned integral we shall distinguish two cases:
i) c1 = 1: In this case the integral is evaluated as

I
(n,m)
0 =

[x(c2 − 1)

c2(x + 1)

]n+1 n+1∑

k=0

(
n + 1

k

)
1

(c2 − 1)k

{
δm ln

(
1 +

c2

x

)

+δ̃m
1

m − k + 1

[
1 −

( x

x + c2

)m−k+1
]}

,

where the coefficients δm and δ̃m are defined in the proposition statement.
ii) c1 6= 1: In this case, we manipulate the initial integral I0 and transform it as
follows,

I0 =
1

(1 − c1)n+1

∫ 1

x̃

[
1 +

c1c2

x
(x+1)
(c1−1) t

1 − (c1x+c2x+c1c2−x)
(c1−1)x t

]n+1

tmdt.
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To obtain the solution we expand the term inside the integral by means of the
binomial summation formula. Next, we utilize the integral representation [AS72,
Eq. (15.3.1)] of the 2F1(·) function and its linear transformation [AS72, Eq. (15.3.1)]
to obtain the end result in Eq. (B2). The Gauss Hypergeometric functions that
appear in Eq. (B2) can then be represented in terms of more elementary functions
by means of Eqs. (A3), (A4). Finally, to obtain Eq. (4.3) we unify the above cases
using δc1

, δ̃c1
and merge the two terms, which are present in the expression for the

distribution function Fγ(x).
We note here that, although the Gauss Hypergeometric function 2F1(·) is ac-

cepted as a closed-form solution for the associated integral, the benefit of obtaining
simpler representations is demonstrated in the implementation stage. The under-
lying reason is that evaluation of the elementary functions, which appear in Eq.
(4.3), leads to more accurate and numerically stable results than evaluation of Eq.
(B2), which might easily result in undesired imaginary residuals.





Chapter 5

The Multiuser MISO Interference Channel

So far in the thesis, we focused exclusively on single-user design while the perfor-
mance of any other active links in the network is simply reflected on the interference
constraints, imposed on the link of interest. In this chapter we expand the scope
and consider the joint design of cohabitating links in a general network. This is
desirable in multi-user scenarios, with several transmit-receive pairs, especially:
a) when the various transceiver pairs obey the same communication protocols; or
b) when no hierarchical classification exists in the (possibly heterogeneous) net-
work, as opposed to CR networks. In these cases, we are fundamentally dealing with
multi-dimensional problems where every single link has its own utility function. In
multi-objective optimization problems we typically end-up with set of solutions that
are Pareto-optimal, as explained in Section 1.1.1, and we opt for an operation point
that satisfies certain performance targets.

In this chapter, we assume imperfect CSI for all links in the network, in con-
trast to preceding setups. Therefore, for the reasons explained in Chapter 4, we
assess performance via link-outage, whose definition is stipulated to map our analog
CSI model into a decoding failure event in order to capture the probability that a
rate is not instantaneously supported. The reason is that CSI uncertainty renders
side-information in the network stochastic, therefore a probabilistic outage-based
approach is instrumental in assessing performance limits. Similar to previous se-
tups, interference is an integral element of the system model. However, the point of
departure is that interference does not translate to explicit constraints but instead
it is reflected in the user utility function that is expressed via the outage probability
of the instantaneous rate, the latter metric being a function of the SINR.1

This chapter is organized as follows: in Section 5.1 we describe the multi-user
channel and introduce some definitions. An optimality result concerning the charac-
terization of the outage-region for single-stream transmission is presented in Section
5.2 whereas an efficient implementation that yields a performance lower bound is
described in Section 5.3, along with numerical results.

1We need to stress that it is possible to formulate equivalent problems, e.g., problem (P1.1),
where interference is reflected on constraints but this does not fall within the scope of this chapter.
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5.1 System Model

We consider an interference network that consists of a set K , {1, . . . , K} of inde-
pendent links TRk, k ∈ K, as depicted in Figure 5.1. Each link TRk comprises a
source node TXk with Nk antennas, Nk > K,2 and its associated single-antenna
destination RXk. Each transmitter uses beamforming, i.e., it multiplies its informa-
tion symbol xk with a vector wk, to steer transmission into a certain direction. The
channel hjk ∼ CN(0Nk

, σ2
jkINk

) between transmitter TXk and the receiver RXj is
quasi-static block-fading. The received signal at node RXk can be written as

rk = hH
kkwkxk +

∑

j∈K\{k}
hH

kjwjsj + nk,

where nk ∼ CN (0, σ2) denotes noise, each vector wk satisfies the constraint ‖wk‖2 ≤
Pk and the summation term corresponds to the undesired interference. The j-th
receiver has perfect local CSI, i.e., it knows {hjk}K

k=1 whereas each node TXk

obtains, via training, an estimate of its local channels {hjk}K
j=1. We consider a

simple training scheme [CJK10, Section II.B.1] where the receivers simultaneously
transmit orthogonal sequences {sk[n]}K

k=1 of BPSK symbols, each with power Pr,j .
Assuming channel reciprocity, the training signal tk at node TXk is written as

tk[n] =
√

Pr,jhjksj [n] + zk[n],

where zk ∼ CN (0Nk
, σ2

t,kINk
) is the additive noise vector at the k-th transmitter.

The MMSE estimate of hjk is obtained as

ĥjk = E{hjktH
k }E{tktH

k }tk = [
√

NPr,j/(σ2
t,k + NPr,j)]tk, (5.1)

where N is the training sequence length. Letting ρjk ,

√
NPr,j/σ2

t,k

1+NPr,j/σ2
t,k

be the CSI

quality index (QI)3 and using Eq. (5.1) we obtain the following representation, of
the channel as a sum of its estimate and of the associated uncertainty,

hjk = ĥjk(ρjk) + fjk(ρjk), (5.2)

where fjk ∼ CN (0Nk
, σ̃2

jk(ρjk)INk
), σ̃2

jk(ρjk) , (1 − ρ2
jk)σ2

jk, is the estimation error
(channel uncertainty) associated with hjk, whose variance is a function of ρjk. In

Eq. (5.2), we write ĥjk(ρjk), fjk(ρjk) to emphasize the dependence of the MMSE

estimate ĥjk and its associated uncertainty error fjk, on the QI ρjk. The depen-
dency is dropped in the ensuing exposition, unless an explicit account is necessary
for clarity.

2If the number of users equals or exceeds the minimum number of transmit antennas then
any gains stemming from the system dimensionality reduction, through characterization of the
Pareto-optimal beamformers, are marginal.

3Under this definition, the cases of perfect and no CSI correspond to ρjk → 1 and ρjk → 0,

respectively. There is a correspondence between the QI ρjk and the training SNR ξtr , Pr,j/σ2
t,k

.
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Figure 5.1: An interference network with multiple links.

The collection of local CSI pertaining to the k-th transmitter is denoted as
Ψk , {ĥjk, ∀ j ∈ K}. Letting W , {wk : ‖wk‖2 ≤ Pk, ∀ k ∈ K} and assuming
that the interference is treated as noise at the receiver, we obtain the following
expression for the instantaneous achievable rate Rk of link TRk, conditioned on
Ψ , ∪K

k=1Ψk:

Rk(W|Ψ) = log

[
1 +

|hH
kkwk|2∑

j∈K\{k} |hH
kjwj |2 + σ2

]
, (5.3)

where W , [w1 . . . wK ]. We infer from Eq. (5.3) that Rk(W) is a random variable
over the channel uncertainty set Φk , {fkj , ∀ j ∈ K}. Note here that Ψk includes
the channels of the outgoing links from transmitter k whereas Φk contains the error
vectors of the incoming links to receiver k.

5.2 Pareto-optimal Beamforming

5.2.1 Boundary parametrization

Definition 5.1. Given a K2-tuple of channel estimates {ĥjk}K
j,k=1, we say that

the rate-tuple r = (r1, . . . , rK) is achievable with probability tuple ǫ = (ǫ1, . . . , ǫK)
if there exists a collection of beamforming vectors such that

Pr[Rk(W) < rk|Ψ] ≤ ǫk, ∀ k ∈ K. (5.4)

The outage rate region is defined as the set of all ǫ-achievable rate vectors r. More
formally, we write

Rout(ǫ) ,
⋃

W∈W
{r : Pr[Rk(W) < rk|Ψ] ≤ ǫk ∀ k ∈ K}.
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Definition 5.1 implies that for each channel realization we shall get a different
ǫ-outage rate-region R(ǫ). In the next proposition we characterize the structure
of the beamforming vectors that are Pareto-optimal, i.e., yield rate-tuples on the
boundary of Rout(ǫ).

Proposition 5.1. Rate-tuples on the Pareto boundary of the ǫ-outage region Rout(ǫ)
are achieved with vectors of the form

wPO
k = αkkĥkk +

∑

j∈K\{k}
αjkĥjk, (5.5)

where {αjk}j∈K are complex weighting coefficients.

Proof. Let Sk = span{ĥjk ∀ j ∈ K} denote the subspace spanned by the channel
estimates, associated with the outgoing links from node TXk and further define
H̃k , [ĥ1k . . . ĥ(k−1)kĥ(k+1)k . . . ĥKk] to be the composite matrix of all estimates

but ĥkk. Moreover let Π⊥
X , I − X(XHX)−1XH be the projection onto the or-

thogonal complement of the full column-rank matrix X. Assuming that the POBF
vectors admit a more generic representation than Eq. (5.5) we write

wk = αkkĥkk +
∑

j∈K\{k}
αjkĥjk +

Nk∑

l=card(Sk)+1

βlvl,

where {vl} is an orthonormal basis for S⊥
k , i.e., vl is in the orthogonal complement

of Sk. We can then construct a new set of vectors, namely W′ , [w′
1 . . . w′

k̄
. . . w′

K ],

where w′
j ≡ wj ∀ j ∈ K\{k̄} and, for some index k̄, wk̄ is replaced by the vector

w′
k̄

that is given as

w′
k̄

= wk̄ − βmvm + γejφk̄ zk̄,

where zk̄ , Π⊥
H̃k̄

ĥk̄k̄/‖Π⊥
H̃k̄

ĥk̄k̄‖ and φk̄ , arg{ĥH
k̄k̄

wk̄}. Note that m can take any

value in {card(Sk̄) + 1, . . . , Nk̄} and γ ∈ R++ is a constant that is properly chosen
such that ‖w′

k̄
‖ = ‖wk̄‖.4

To investigate the ǫ-achievable rates, associated with strategies W and W′, we
invoke the following stochastic quantities

Xjk ,
|hH

jkwk|2
σ̃2

jk

=

∣∣∣∣
ĥH

jkwk

σ̃jk
+

fH
jkwk

σ̃jk

∣∣∣∣
2

= ‖wk‖2|mjk + zjk|2

X ′
jk ,

|hH
jkw′

k|2
σ̃2

jk

=

∣∣∣∣
ĥH

jkw′
k

σ̃jk
+

fH
jkw′

k

σ̃jk

∣∣∣∣
2

= ‖w′
k‖2|m′

jk + z′
jk|2,

4The norm of w′
k̄

can be expanded as ‖w′
k̄

‖2 = ‖wk̄ − βmvm‖2 + γ2 + 2γRe{(wk̄ −

βmvm)Hzk̄} = ‖wk̄‖2 − β2
m + γ2 + 2γRe{(wk̄ − βmvm)Hzk̄}. It can be shown that the equation

γ2 + 2γRe{(wk̄ − βmvm)Hzk̄} = β2
m has at least one positive real solution with respect to γ.
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where we implicitly defined mjk ,
ĥH

jkwk

σ̃jk‖wk‖ , zjk ,
fH
jkwk

σ̃jk‖wk‖ ∼ CN (0, 1) and m′
jk ,

ĥH
jkw′

k

σ̃jk‖w′

k
‖ , z′

jk ,
fH
jkw′

k

σ̃jk‖w′

k
‖ ∼ CN (0, 1). We observe that |m′

jk| = |mjk| for all pairs

(j, k) ∈ K2\{(k̄, k̄)}. For k 6= k̄, the equality follows from the construction of
W′ whereas for k = k̄ it requires simple algebraic steps to verify that |m′

jk̄
| =

|ĥH
jk̄

(wk̄−βmvm+γejφ
k̄ zk̄|

σ̃jk̄‖w′

k̄
‖ =

|ĥH
jk̄

wk̄|
σ̃jk̄‖wk̄‖ = |mjk̄|. For the special case where (j, k) = (k̄, k̄)

it holds that |m′
k̄k̄

| =
|ĥH

k̄k̄
(wk̄−βmvm+γejφ

k̄ zk̄)|
σ̃k̄k̄‖w′

k̄
‖ =

|ĥH
k̄k̄

wk̄+γe
jφ

k̄ ‖Π⊥

H̃
k̄

ĥk̄k̄‖|
σ̃k̄k̄‖wk̄‖ = |mk̄k̄| +

γ‖Π⊥

H̃
k̄

ĥk̄k̄‖
σ̃k̄k̄‖wk̄‖ > |mk̄k̄|.

Capitalizing on the abovementioned definitions and relations we can now char-
acterize Xjk, X ′

jk. It holds that 1
‖wk‖2/2 Xjk ∼ χ2

2(2|mjk|2) and 1
‖w′

k
‖/2 X ′

jk ∼
χ2

2(2|m′
jk|2), i.e., both quantities are non-central chi-square distributed with two

degrees-of-freedom. Let Q1(a, b) denote the standard Marcum Q-function [Mar60]
with positive arguments a and b and further define F̄X(x) , 1 − FX(x) as the tail
probability, where FX(x) is the distribution function of the random variable X.
Then, we can establish the following relationships between the tail probabilities of
the aforementioned stochastic quantities.

F̄X′

jk
(x) = Pr

( 2X ′
jk

‖w′
k‖2

>
2x

‖w′
k‖2

)
= Q1

(√
2|m′

jk|,
√

2x

‖w′
k‖
)

(a)
= Q1

(√
2|mjk|,

√
2x

‖wk‖
)

= F̄Xjk
(x), (j, k) 6= (k̄, k̄) (5.6)

F̄X′

k̄k̄
(x) = Pr

( 2X ′
k̄k̄

‖w′
k̄
‖2

>
2x

‖w′
k̄
‖2

)
= Q1

(√
2|m′

k̄k̄
|,

√
2x

‖w′
k̄
‖
)

(b)
> Q1

(√
2|mk̄k̄|,

√
2x

‖wk̄‖
)

= F̄Xk̄k̄
(x), (5.7)

where (a) follows since |m′
jk|2 = |mjk|2, ‖w′

k‖ = ‖wk‖ for all pairs (j, k) 6= (k̄, k̄);

and (b) follows since |m′
k̄k̄

|2 > |mk̄k̄|2, ‖w′
k̄
‖ = ‖wk̄‖ and by the fact that the

Marcum Q-function is increasing in a for non-negative b [SBZ10, Theorem 1]. We

infer from Eqs. (5.6) and (5.7) that X ′
jk

d
= Xjk, where

d
= is equality in distribution,

for all pairs (j, k) ∈ K2\{(k̄, k̄)} and that X ′
k̄k̄

≻F Xk̄k̄, where ≻F stands for
first order strict stochastic dominance (see Appendix 5.A for definition). We now
proceed by recasting the instantaneous rate, previously expressed by Eq. (5.2), in
terms of Xjk and X ′

jk as

Rk(W|Ψ) = log

[
1 +

σ̃2
kkXkk∑

j∈K\{k} σ̃2
kjXkj + σ2

]
(5.8)

Rk(W′|Ψ) = log

[
1 +

σ̃2
kkX ′

kk∑
j∈K\{k} σ̃2

kjX ′
kj + σ2

]
. (5.9)
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For all j ∈ K\{k̄}, it holds that

Rj(W′|Ψ)
d
= Rj(W|Ψ),

whereas for the k̄-th link, the ǫ-achievable rates satisfy

Rk̄(W′|Ψ) ≻F Rk̄(W|Ψ).

The above relationship follows by the fact that X ′
k̄k̄

≻F Xk̄k̄ and application of The-

orem 5.1 (see Appendix 5.A), which is valid since
∑

j∈K\{k̄} X ′
k̄j

d
=
∑

j∈K\{k̄} Xk̄j .

The above relation implies that Pr[Rk̄(W′) < rk|Ψ] < Pr[Rk̄(W) < rk|Ψ], which
is a contradiction since W is the collection of POBF vectors.

Proposition 5.1 reveals an analogy on the structure of the POBF vectors between
the case of imperfect CSI and the original results [JL08, Eq. (5)] (see also [LJ08,
ZC10] as well as their multi-pair counterpart [BZG10]), where perfect local CSI
is available and wPO

k ∈ span{hjk ∀ j ∈ K}. The interpretation, similar to the
statements in Sections 2.3.3 and 2.4.1, is that each transmitter attempts to balance
the desired signal power and the interference power by utilizing its available CSI
in a judicious way such that the resulting rate-pairs lie on the region boundary.
This is reflected on the QI ρjk, which is a component of the channel estimate ĥjk

and which represents the degree of belief on the controlled (deterministic) and the
uncontrolled (stochastic) parts, i.e., the mean and the variance, respectively, of the
desired and the interference signals.

There is, though, a dissimilarity with the aforementioned results, since under
perfect CSI the condition hkk /∈ span{hjk, j 6= k} renders transmission with full
power, i.e., ‖wPO

k ‖2 = Pk, necessary for the achievability of rate-tuples on the
Pareto-boundary [JL08, Eq. (6)]. This result does not carry over to the imperfect
CSI case, i.e., wPO

k is not necessarily full-length even if ĥkk /∈ span{ĥjk, j 6= k}
(see example 1 in Appendix 5.B). The intuition behind this disparity is that the
mean power of the estimation error always increases with the beamformer length
so performance degradation in the direction of the unintended receivers cannot be
guaranteed, in general, in contrast to the perfect CSI case.

5.2.2 Numerical results

We apply the results of Proposition 5.1 onto a scenario with K = 2 links and the
CSI model Ψk = {hkk, ĥjk, j 6= k}, where the k-th transmitter knows perfectly its
own link’s channel and has an estimate of the cross-link channel. The network is
symmetric, i.e., ǫ1 = ǫ2 = ǫ and ρ12 = ρ21 = ρ. Letting γk , 2rk −1, the conditional
outage probability can be expressed as

Pr[Rk(W) < rk|Ψ] = Q1

[√
2|ĥH

kjwj |
σ̃kj

,

√
2[|hH

kkwk|2/γk − σ2]

σ̃kj‖wj‖

]
.
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Figure 5.2: Mean outage rate region for a 2 × 2 MISO with Nk = 4, σ2 = 10−1.

Similar to [JL08, Section IV. A], the PO beamformer direction wd
k , wk/‖wk‖ in

the 2 × 2 IC can be parametrized in terms of the MRT and zeroforcing directions,
wmrt

k , hkk/‖hkk‖ and wzf
k , Π⊥

ĥjk
hkk/‖Π⊥

ĥjk
hkk‖, with a single real coefficient

αk ∈ [0, 1]. Since on the boundary of the region at least one of the transmitters
should operate at full power, we can obtain it by varying the αk’s and the power
(beamformer length) of one transmitter while keeping the other vector fixed at full-
length. This implies that we need to search for the optimal combination within a
three-dimensional grid. The case of perfect CSI, denoted as CSIT, is plotted using
the results of [KL10]. To plot the mean outage rate-region we produce 102 indepen-
dent channel realizations; for each realization we evaluate Rout(ǫ), by varying the
αk’s and the beamformer length. We then take a number of rays that pass through
the origin and intersect the resulting, for each channel realization, Rout(ǫ). To
obtain the average ORR we find the average over the various directions (rays).

In Figures 5.2a and 5.2b we observe the impact of the channel estimation quality
and of the outage specifications on the outage-rate region. In particular, the better
the estimation gets the smaller the back-off from the perfect CSI case becomes.
An analogous conclusion holds for the outage specifications; the more reliable the
communication needs to be the smaller the region becomes. However, in both
scenarios we deduce that performance loss is not severe even under stringent outage
specifications, i.e., ǫ = 10−3 or relatively low QI index, i.e., ρij = 0.5 that can easily
be achieved even with a training SNR of 0dB in a mobile environment. We can infer
that if the direct link (TR1, TR2) channels are perfectly known then the interference
network can operate reasonably close to the perfect CSI case. Moreover, if the
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system can tolerate outage probabilities greater than 1% then the joint performance
can be quite good even for moderate values of the CSI QIs ρjk.

5.3 Efficient Boundary Computation

Albeit the parametrization, described by Proposition 5.1, simplifies the task of com-
puting the Pareto boundary5 it does not resolve the problem of efficiently computing
the whole ORR for any number K of users. For every new link in the network we
have to increment the grid search-space yet the complexity grows disproportionally.
One way to determine the boundary of Rout(ǫ) is to use the rate-profile technique
[MZC06, Section II.C.2], which we described in Section 1.1.1 and briefly outline
here again. This technique allows for the recovery of the whole boundary even if
the region is non-convex. The idea in the RP method is to find the intersection of
a ray, passing from the origin, with the corresponding sum-rate point that lies on
the boundary. If we let β = [β1 . . . βK ] ∈ RK

+ be a rate-profile vector that satisfies
1T

Kβ = 1 then the sum-rate point on the boundary, corresponding to a particular
β, can be recovered by solving the following problem,

maximize
R,{wk}

R

subject to Pr[Rk(W) < βkR|Ψ] ≤ ǫk ∀ k ∈ K
‖wk‖2 ≤ Pk ∀ k ∈ K.

(P0)

We can find the optimal value R⋆ for Problem (P0) with bisection on R. If we
define Qk , wkwH

k and further assuming that Rmin ≤ R ≤ Rmax we can solve a
series of feasibility problems as follows

find {Qk}
subject to Pr[Rk(Q) < βkR|Ψ] ≤ ǫk ∀ k ∈ K

tr(Qk) ≤ Pk, rank{Qk} = 1 ∀ k ∈ K,

(P1)

where Q is the collection of all Qk’s and the rank-one constraint follows the defini-
tion of Qk. In every iteration of the bisection algorithm R is fixed and the bounds
Rmin, Rmax are updated until Rmax − Rmin ≤ δ, where δ is the error tolerance.
Remark: Note here that if we drop the rank-one constraint from problem (P1) then
its solution returns the optimal strategy for achieving the Pareto boundary of the
largest ORR that is achievable with linear precoding when interference is treated as
noise. We stress here that beamforming does not maximize the ORR and rank-one
strategies are not optimal among the class of general-rank transmit strategies Qk,
under the assumption of imperfect CSI. However we artificially limit the discussion
to rank-one strategies because single-stream transmission and decoding is simpler
on the receiver side.

5As stated earlier, this hold true when Nk > K ∀ k.
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5.3.1 Safe and tractable bounds

In general, the expressions Pr[Rk(Q) < βkR|Ψ] cannot be evaluated in closed-form,
and even the simplest cases do not admit computationally tractable expressions.
To tackle this we employ safe and tractable approximations of the chance (probabil-
ity) constraints [BN09], i.e., we replace the outage probabilities with upper-bounds
(safe) that are convex (tractable) functions of the arguments. This yields a tight-
ened version of Problem (P1) that can be solved efficiently using off-the-shelf tools
[GB14]. To accomplish this, we use a Bernstein-type of inequality for quadratic
forms of normal random variables that was originally published in [Bec09] and ex-
tended to its complex counterpart in [WSC11]. The result of interest in summarized
in the following lemma [WSC11, Lemma 1]:

Lemma 5.1. Let e ∼ CN (0Nk
, INk

), Q ∈ S
Nk
+ and g ∈ CNk . Then for any η > 0

Prob(eHQe + 2Re{eHg} ≥ T (η)) ≥ 1 − e−η,

where the function T : R++ → R is defined by

T (Q, r, η) = Tr(Q) −
√

2η
√

‖Q‖2
F + 2‖g‖2 − ηλ+(Q), (5.10)

with λ+(Q) , max{λmax(−Q), 0}, where λmax denotes the principal eigenvalue.

Invoking the strict monotonicity of T (η) in h and Lemma 5.1, we infer that

T (Q, g, ln{1/η}) + s ≥ 0, (5.11)

is a sufficient condition for

Prob(eHQe + 2Re{eHr} + s < 0) ≤ ǫk.

To proceed with the solution of (P1), we need to bring its argument in a form that
is suitable for the application of Lemma 5.1. Letting γk , 2βkR − 1 in Eq. (5.4)
and invoking Eqs. (5.2) and (5.3), we can rewrite its argument as follows

1

γk
{σ2

e,kkfH
kkQkfkk + 2σe,kkRe{fH

kkQkĥkk} + ĥH
kkQkĥkk} <

∑

j 6=k

{σ2
e,kj f̂H

kjQjfkj + 2σe,kjRe{f̂H
kjQjĥkj} + ĥH

kjQjĥkj} + σ2.

Let us define the vectors fk , [fH
k1 . . . fH

kK ]H , ĥk , [ĥH
k1 . . . ĥH

kK ]H , gk , [−σe,k1

{Q1ĥk1}H . . . ,
σe,kk

γk
{Qkĥkk}H , . . . , −σe,kK{QK ĥkK}H ]H and the block diagonal

matrix Q̄k , blkdiag(−σ2
e,k1Q1, . . . ,

σ2
e,kk

γk
Qk, . . . , −σ2

e,kKQK), where the opera-

tor blkdiag(·) constructs a block diagonal matrix with its arguments on the main
diagonal blocks. Using these quantities, we can recast the above inequality as

f(Q̄k, gk, sk) , fH
k Q̄kfk + 2Re{fH

k gk} + sk ≤ 0, (5.12)
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where sk , ĥH
k blkdiag(−Q1, . . . , 1

γk
Qk, . . . , −QK)ĥk − σ2. Eq. (5.12) is now in

a suitable form such that Pr[f(Q̄k, gk, sk) < 0] ≤ ǫk can be relaxed to the bound
T (Q̄k, gk, ln{1/ǫk})+sk ≥ 0,6 according to (5.11). Upon introducing slack variables
and dropping the rank-one constraint, we need to solve the following relaxation of
problem (P1) [WSC11, Problem (9)], which is a semidefinite program,

find {Qk, xk, yk}
s.t. Tr(Q̄k) −

√
2 ln(1/ǫk)xk + ln(ǫk)yk + sk ≥ 0 ∀ k ∈ K

‖[vec(Q̄k)H
√

2gH
k ]H‖ ≤ xk, tr(Qk) ≤ Pk ∀ k ∈ K

ykIL + Q̄k � 0, Qk � 0, yk ≥ 0 ∀ k ∈ K, (P2)

where Q̄k, gk and sk are defined as above and L ,
∑K

k=1 Nk. Recalling that Q̄k

is block diagonal we can ease the solution of (P2) by replacing the constraint,
involving the slack variable yk, with

ykINk
− σ2

e,kjQj � 0 ∀ j 6= k.

Solution of (P2) yields a set of matrices Qo
k that are associated with a rate-

tuple (Ro
1, . . . , Ro

K) and which are always feasible for problem (P1). To recover
rank-one solutions we can use eigenvalue decomposition to express Qo

k as Qo
k =∑Nk

l=1 λk,lvk,lv
H
k,l and extract the pair (λk,l′ , vk,l′) that corresponds to the prin-

cipal eigenvalue and its associated eigenvector. However, this process leads to a
suboptimal solution, hence we need to check if every pair (λk,l′ , vk,l′) satisfies the
inequality T (Q̄k, gk, ln{1/ǫk}) + sk ≥ 0, where the arguments are now defined in
terms of the rank-one reductions λk,l′vk,l′vH

k,l′ ∀ k. If the inequality does not hold
then we iteratively reduce Ro

k by small decrements δk, as Ro
k → Ro

k − δk and check
at each stage if the inequality holds for the resulting value of γk = 2Ro

k − 1. How-
ever, one can be less conservative by initially checking, via sampling, if the k-th
outage constraint (5.4) is satisfied by the pair (λk,l′ , vk,l′), prior to proceeding to
the rate reduction step. Note that, in the ideal case where CSI is perfect, solution
of problem (P2) returns the entire achievable rate-region.

To initialize the bisection algorithm we need valid bounds. An obvious value
for the lower bound is Rmin = 0, whereas we set the upper-bound to Rmax =∑K

k=1 Rs
k(Qk), where Rs

k(Qk) is the maximum rate that is achievable when only
the k-th link is active. When σ2

e,kk = 0 then one can see that Rs
k(Qk) = log2(1 +

Pk‖hkk‖2/σ2), which is the maximum-ratio transmission solution [TV05]. How-
ever when σ2

e,kk 6= 0 beamforming is not optimal [XGA05] and instead one has
to optimize a cumbersome function [XGA05, Proposition 1]. To obviate this step
we can find a bound Rs

b,k for the optimal single-user rate Rs
k, if we let Qk =

6Observing that the quadratic terms in (5.10) involve block-diagonal matrices we can simplify

some terms as follows: sk = (1/γk)ĥH
kk

Qkĥkk −
∑

j 6=k
ĥH

kj
Qj ĥkj , ‖Q̄k‖2

F
= (σ4

e,kk
/γ2

k
)‖Qk‖2

F
+∑

j 6=k
σ4

e,kj
‖Qj‖2

F
and ‖gk‖2 = (σ2

e,kk
/γ2

k
)‖Qkĥkk‖2 +

∑
j 6=k

σ2
e,kj

‖Qj ĥkj‖2.
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∑Nk

l=1 λk,lvk,lv
H
k,l, where vk,l’s form an orthonormal basis with vk,1 = ĥkk/‖ĥkk‖

and λk,l = Pk for all l. We can find Rs
b,k by solving the equation

Pr[σ2
e,kkPk/(2σ2)χ2

2Nk
(2‖ĥkk‖2/σ2

e,kk) < γs
b,k] = ǫk, (5.13)

where γs
b,k , 2Rs

b,k − 1 and χ2
2Nk

(2‖ĥkk‖2/σ2
e,kk) corresponds to the non-central

chi-square distribution with 2Nk degrees-of-freedom and non-centrality parameter
2‖ĥkk‖2/σ2

e,kk. Eq. (5.13) can be solved numerically given that the probability in
Eq. (5.13) can be expressed in terms of the Marcum Q-function [Mar60].

5.3.2 Perfect CSI for the direct link

When the node TXk has perfect CSI for its own link then it is possible to further
reduce the complexity of the problem by exploiting the following lemma.

Lemma 5.2. Assume that σ2
e,kk = 0, which corresponds to perfect CSI for hkk.

Then it is sufficient to consider precoders Qk ∈ Sk , span{ĥjk ∀ j ∈ K}.

Proof. Let Vk ∈ UNk×K be a orthonormal matrix whose columns form an basis
for Sk and Uk ∈ U(Nk−K)×K be an orthonormal matrix, such that VH

k Uk = 0. A
precoder Qk that solves (P2) can be written in general as Qk = WkWH

k , where
Wk = VkAk+UkBk for some matrices Ak, Bk of proper dimensions. We now show
that if Qk is feasible then Q′

k = VkVH
k QkVkVH

k is always a feasible solution. To
see why this holds we examine separately each of the terms of the original constraint
(5.11).

Since σ2
e,kk = 0 and VkVH

k ĥkn = ĥkn, it holds that sn remains unchanged under
Q′

k, for all n ∈ K. Let us now analyze, with the help of the decompositions given in
footnote 6, the contribution of Q′

k onto the remaining terms, Tr(Q̄n), ‖Q̄n‖2
F , ‖gn‖2

and λmax(Q̄n), of the inequality (5.11)

i. tr(Q′
k) = tr(AkAH

k ) ≤ tr(AkAH
k ) + tr(BkBH

k ) = tr(Qk)

ii. ‖Q′
k‖2

F = ‖VH
k QkVk‖2

F = ‖AkAH
k ‖2

F ≤ ‖Qk‖2
F

iii. ‖Qkĥnk‖2 − ‖Q′
kĥnk‖2 = ‖UH

k Qkĥnk‖2 ≥ 0

iv. λmax(Q′
k) = max

‖y‖≤1,

x=VkVH
k y

xHQkx ≤ max
‖x‖≤1

xHQkx = λmax(Qk)

Note that inequality (iv.) holds only for positive semi-definite matrices because only
in this case can we relax the unit-norm constraint on x and y into an inequality. The
intermediate inequality in (iv.) holds because the constraint is tight at the optimum
(convex functions are maximized on the set boundary). For n = k the matrix Q′

k

is not present in the quantities of interest, therefore they remain unchanged, hence
(5.11) is satisfied. For n 6= k, it follows from (i)-(iv) that the term Tr(Q̄n) increases
and the terms ‖Q̄n‖2

F , ‖gn‖2 and λmax(Q̄n) are reduced hence the inequality (5.11)
is still valid and Q′

k is a feasible point.
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Capitalizing on Lemma 5.2 we can reduce the search space of Qk from CNk×Nk

to CK×K . Recalling that Q′
k = VH

k AkAH
k Vk, we can project the set Sk onto Vk

to obtain the effective channels h̄jk , VH
k ĥjk and optimize the resulting problem

with respect to Q̃k , AkAH
k . We shall refer to the resulting problem as (P2)

restricted, whereas the original problem (P2) is referred to as (P2) unrestricted.
Apart from the theoretical insight that follows from Lemma 5.2 we stress that in
scenarios where Nk ≫ K, i.e., the number of antennas is much larger than the
number of users as in large scale antenna systems [RPL13], then the complexity
gain, which is driven by the dimensionality reduction of (P2), is substantial. The
restricted problem is written as

find {Q̃k, xk, yk}
s.t. Tr(Q̄k) −

√
2 ln(1/ǫk)xk + ln(ǫk)yk + sk ≥ 0 ∀ k ∈ K

‖[vec(Q̄k)H
√

2gH
k ]H‖ ≤ xk, tr(Qk) ≤ Pk ∀ k ∈ K

ykIK2 + Q̄k � 0, Qk � 0, yk ≥ 0 ∀ k ∈ K, (P2r)

where the quantities Q̄k, gk and sk are defined as before but Qk is replaced with
Q̃k and h̄jk. The result reported in Lemma 5.2 is important because essentially it
reduces the rank of the optimal solution Qo

k, which is now bounded by K, hence
the optimal strategies are closer to being rank-one.

5.3.3 Numerical results

We consider a symmetric network where σ2
jk = 1 for all links and Pk = 1 for all

transmitters. The nominal SNR for link TRk is defined as zk , Pk/σ2 and is equal
for all links. The boundary of the ORR for single-stream transmission (beamform-
ing) is evaluated invoking the results of Section 5.2 and is denoted as CSI ORR.
The achievable region obtained by solving (P2) is denoted CSI-I, whereas solution
of the restricted counterpart (P2r) is shown as CSI-II. The construction of a rank-
one covariance matrix, obtained after an EVD on the solution of (P2) as described
earlier in Section 5.3.1, is indicated as CSI-BF. To obtain the curves of each figure
we average over 102 independent channel realizations, using the methodology de-
scribed in Section 5.2.2, and the software we used to solve (P2) and (P2r) is CVX
[GB14]. The only adjustment is that, for each channel realization, we find Rout(ǫ)
by varying the βk’s.

In Figure 5.3 we see the performance for different CSI levels and z = 10dB. It is
evident that when CSI uncertainty is reduced, then the fraction of the ORR that we
recover with our approach increases. In particular, we observe that the gap between
the (1, 0.99) and (0.99, 0.99) cases is constant (the same holds when we compare
performance between the setups with (ρkk, ρkj) = (1, 0.975) and (0.975, 0.975)).
Comparison of the (1, 0.99) and (0.99, 1) cases, which correspond to two mirror CSI
scenarios, reveals that having perfect direct link CSI is important when the weight
βk of one user is much larger than that of the other, i.e., when near-to-single user
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Figure 5.3: Mean ORR for a 2-user IC with N1 = N2 = 8, outage specifications
ǫ1 = ǫ2 = 10−2 and z = 10dB. Black curves are obtained for ρkk, ρkj ∈ {0.99, 1}
(as in the legend), whereas red curves with equivalent symbols are obtained for the
same setups but for ρkk, ρkj ∈ {0.975, 1}.

operation is favored which corresponds to β1 ≈ 1, β2 ≈ 0 or vice versa. However,
when βk’s are both bounded away from zero or one, we see that the curve for the
(0.99, 1) pair dominates its mirror pair. This advocates that achievability of better
sum-rate points would require better cross-link CSI to control the interference. If
we now compare the pairs (1, 0.99) and (1, 0.975) (or (0.99, 0.99) and (0.975, 0.975))
then we can infer that imperfect CSI for the interference link has a two-fold im-
pact on interference mitigation. The intuitive outcome is degradation when ρkj

decreases, however the performance gap between the (1, 0.99) and (1, 0.975) pairs
is not constant along every direction. We observe instead that for higher ρkj we
can achieve rate-pairs that are closer to the sum of the single-user rates (the ORR
is “more squared”).

We also observe, in Figure 5.3 that restriction to single-stream transmission
entails no loss practically, hence rank-one transmit covariance matrices are sufficient
for attaining the optimal performance, in the sense of problem (P2). The CSI-BF
strategy incurs a back-off compared to the exhaustive search (CSI ORR), which is
necessary in order to sweep the whole boundary in the case of single transmission,
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Figure 5.4: Mean ORR for a 2-user IC with N1 = N2 = 8, outage specifications
ǫ1 = ǫ2 = 10−2 and z = 0dB. Black curves are obtained for ρkk, ρkj ∈ {0.99, 1}
(as in the legend), whereas red curves with equivalent symbols are obtained for the
same setups but for ρkk, ρkj ∈ {0.975, 1}.

yet the gap is not significant. On the other hand, the computational savings with
our method are substantial, since CSI ORR requires brute-force search over a grid of
three parameters, even in this simple scenario. However, grid-search is not scalable,
once we increase the number of users or if ρkk < 1 for at least one link TRk. In
these scenarios CSI ORR will become intractable whereas solving (P2) followed by
rank-one reduction is still an affordable task.

In Figure 5.4 we reproduce the results of Figure 5.3 but for z = 0dB. We im-
mediately notice that when the system is noise-limited we can recover a significant
(higher) fraction of the original region. Note that original region is the one desig-
nated by CSI ORR and that one should not compare with the curve for perfect CSI
which is presented only for illustration purposes and completeness. The gap be-
tween the curves that correspond to CSI ORR and CSI-I for (ρkk, ρkj) = (1, 0.99) (or
(1, 0.975)) is very small. One difference with the previous scenario, where z = 10dB,
is that the region that corresponds to (1, 0.99) is a strict super-set of the region
for (0.99, 1). We conclude that, at low SNR, interference is less influential in the
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Figure 5.5: Mean ORR for a 2-user IC with outage specifications ǫ1 = ǫ2 = 5×10−2

and (ρkk, ρkj) = (1, 0.99). The number of transmit antennas is shown as M , N1 =
N2.

overall performance and rate enhancement can be achieved by aiming at better CSI
for the TRk link.

In Figure 5.5 we compare various implementations for z = 0dB and perfect
TRk link CSI. In line with Lemma 5.2, we see that the lower dimensional problem
(P2r), which is the restricted version CSI-II, and the original unrestricted version
CSI-I, obtained by solving (P2), yield identical performance. We infer that it
is sufficient to opt for steering vectors that balance the desired link power and
the outgoing interference. An interesting observation is that a higher number of
transmit antennas M , Nk, i.e., increasing the value of M from three to six, not
only enlarges the ORR but also yields an ORR whose achievable rate-pairs are each
closer to single user performance (the ORR is “more squared” as earlier observed).
A reason is that precoding over the direction of the direct link channel estimate
ĥkk becomes more attractive as a solution with an increasing number of antennas
and in the limit, when M → ∞, the products ĥH

jkĥkk and fH
jkĥkk are almost surely

zero for j 6= k.

In Figure 5.6 we illustrate the achievable sum-rate for the fairness scenario where
all links have the same weight βk = 1/K. We can see that performance improves
with increasing number of users and further we see that all implementations (CSI-I,
CSI-II, CSI-BF) yield the same rate and are therefore equivalent. In the perfect
CSI case, the sum-rate scales with the number of users, whereas in the case of
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Figure 5.6: Sum-rate for the K-user IC with N1 = N2 = 4 and ǫ1 = ǫ2 = 5 × 10−2.
Solid lines correspond to K = 4 and dotted lines to K = 2.

imperfect CSI, interference becomes eventually the bottleneck in the system and
the sum-rate saturates.

An obvious benefit of our approach is that in all the considered scenarios the
suggested design outperforms ORA, e.g., time division multiplexing. An ORA-
based approach would yield a triangular region which is designated by the origin
and the single-user operating points. Thus using our results it is possible to improve
the joint performance, and in certain cases operate close to the theoretical limits,
without being impeded by computational complexity.

5.4 Summary and Discussion

In this chapter we extended the scope of our studies to multi-objective system
design and optimization. In previous setups, the focus was placed on a single-link,
yet in this chapter we considered the joint design and outage rate-optimization of all
coexisting links. This treatment naturally lends itself to trade-off analysis since we
need to opt for the best compromise between the conflicting user objectives. This
is carried out by studying Pareto-optimal rate-pairs and by identifying the set of
strategies that can achieve points on the Pareto-boundary of the jointly achievable
outage rate-region. To tackle the analytical obstacles, which render the recovery
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of exact solutions computationally intractable, we resorted to bounds that can be
efficiently evaluated and fit into existing software packages. The bounds, albeit
not tight, still allow for performance enhancement, compared to naive resource
orthogonalization, and this enhancement will be more pronounced in the case of
massive massive antenna systems where asymptotic properties start to kick in.

The results indicate that the outage rate-region is convex, hence methods like
WSR maximization can be used to recover pairs on the boundary. This is different
from our approach which is more appropriate for fairness design and depending
on the weight allocation, i.e., the choice of βk’s, among the users. We also stress
here that there exist other bounds that satisfy the requirement of being safe and
tractable, as discussed in Section 1.3.1, yet we chose to experiment with a single
approach in this chapter.

5.5 Appendices

5.A First order stochastic dominance and its properties

We begin with the definition of stochastic dominance [Wol99]:

Definition 5.2. We say that the random variable X first-order stochastically dom-
inates (FSD) the random variable Y , written as X �F Y , when the tail probability
of X always exceeds that of Y . This is mathematically expressed as

Pr(X > z) ≥ Pr(Y > z). (A1)

If the inequality is strict for some z then the dominance is called strict (X ≻F Y ).

An FSD relationship between two random variables X and Y is interpreted as
X being unanimously preferred to Y . Below we present a useful, for our study,
property of first-order stochastic dominance.

Theorem 5.1. Let X, Y and W be non-negative random variables such that X �F

Y and with fw(w) being the density of W that is independent of X and Y . Then
it holds that u(X, W ) �F u(Y, W ) for every mapping u : R2

+ → R+ that is strictly
monotone increasing with respect to the first argument (the order is reversed for
decreasing u). Note that strict dominance is also transitive.

Proof. It holds that

Pr[u(X, W ) > z] =

∫ ∞

0

Pr[u(X, w) > z|w]fw(w)dw

≥
∫ ∞

0

Pr[u(Y, w) > z|w]fw(w)dw = Pr[u(Y, W ) > z],

where the inequality holds because the event {u(Y, w)] > z} implies the event
{u(X, w)] > z} owing to the monotonicity of the transformation u. The proof is
complete.
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5.B Example: POBF vectors are not necessarily full-length.

Consider a special case of the MISO IC with K = 2 links, where Ψk = {hkk, ĥjk, j 6=
k}, i.e., the k-th transmitter knows perfectly its own link’s channel. Moreover,
assume that each node’s CSI vectors are orthogonal, i.e., hH

kkĥjk = 0. In this
scenario, it is easy to see that wPO

k = αkhkk and that at least one of the transmitters
is at full power for operation on the Pareto boundary. Without loss of generality,
we let ‖wPO

1 ‖2 = P1 and ‖wPO
2 ‖2 = P ′

2, with P ′
2 < P2. Then, given an outage

specification (ǫ1, ǫ2), the achievable rate pairs are

{r1, r2} =
{

log
[
1 +

P1‖h11‖2

σ2 − σ̃12P ′
2 ln ǫ1

]
, log

[
1 +

P ′
2‖h22‖2

σ2 − σ̃21P1 ln ǫ2

]}

The pair {rmrt
1 , r0

2} , {log[1 + P1‖h11‖2/σ2], 0} obviously lies on the boundary
since for any positive P ′

2, there exists no vector w2 such that user 1 can achieve
single-user performance and the induced rate for user 1 will be strictly less than
rmrt

1 . This rate-pair is not achievable when both transmitters are active, thereby
establishing that transmission at full power is not necessary for Pareto-optimality.



Chapter 6

A Look at Receiver CSI: SNR Estimation

In the previous chapters the emphasis was placed on the performance analysis and
optimization of interference networks, under different levels of transmit CSI while
the receiver was assumed to have ideal CSI in all scenarios. In practice though, the
receiver CSI is also subject to imperfections that will inevitably influence perfor-
mance, hence it is imperative to deliver accurate side-information to the receiver.
This is the main theme of this chapter, where we focus on the problem of SNR
estimation. Albeit its seemingly narrow scope, availability of the SNR is essentially
the only component that the receiver needs to have in order to decode single-stream
transmission. This is particularly relevant to the case of MISO links, considered in
Chapters 3 and 5, where single-stream transmission is a natural choice by virtue of
optimality or due to the implementation ease.

The framework, developed in this chapter, is non-Bayesian and fits the class of
estimation problems where the parameter of interest is an unknown constant (see
Section 1.3 for details). In our case, the SNR is treated as deterministic during a
fading block, where the channel is fixed, hence we seek to minimize the estimation
error with respect to the current realization. During a new fading block, where
we have a new channel realization, we obtain a new estimate of the instantaneous
SNR. As mentioned in Chapter 1, the reference point for our development is the
conventional MLE, which is a suitable choice for deterministic parameter estimation
and which has been extensively studied in this context. We show how to affinely
modify the conventional MLE in order to yield a superior estimator, which is coined
the term AMMLE.

This chapter is organized as follows. In Section 6.1, we briefly review existing
results on SNR estimation under the assumption of a scalar model and we continue
in Section 6.2 with the development and analysis of the proposed framework for the
construction of the desired superior estimator. Generalization to the vector model
is given in Section 6.3. We assess the performance of the proposed estimator in
Section 6.4, where its estimation accuracy is compared to that of other, previously
studied, MLE-based alternatives.

109
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6.1 Problem Statement

6.1.1 Review of the SNR MLE

Consider the transmission of a known sequence s(n) over a noisy scalar channel.
The observed sequence x(n) at the receiver can be expressed as

x(n) = As(n) + w(n), n = 0, . . . , N − 1, (6.1)

where A is the unknown channel coefficient, w(n) is the additive white Gaussian
noise sequence with unknown variance σ2

w and N stands for the sequence length.
All quantities are assumed to be real-valued. For the model (6.1), we are interested

in recovering the average, over the entire observation period, SNR α , A2

σ2
w

. If

we define the quantities x , [x(0) . . . x(N − 1)]T , s , [s(0) . . . s(N − 1)]T and
w , [w(0) . . . w(N − 1)]T , we can recast Eq. (6.1) in the following vector form

x = As + w. (6.2)

Without loss of generality, we let the input signal have unit energy, which is equiv-
alent to the constraint 1

N

∑N−1
n=0 s2(n) = 1. The baseline method that serves as

benchmark is the MLE α̂, which is associated with the parameter α. Invoking the
invariance property [Kay93] it can be directly observed that α̂ = Â2/σ̂2

w, where
Â, σ̂2

w are the MLEs associated with the signal amplitude A and the noise variance
σ2

w, respectively. For further notational simplicity we let θ = [A σ2
w]T be the vector

of the unknown parameters. Starting from the pdf p(x; θ) which is expressed as

p(x; θ) =
1

(2πσ2
w)

N
2

exp
{

− 1

2σ2
w

‖x − As‖2
}

and invoking the necessary conditions [Kay93] that need to be satisfied by the ML
estimates we obtain the following system of equations,

∂ ln p(x;θ)
∂A

∣∣
A=Â

∂ ln p(x;θ)
∂σ2

w

∣∣
σ2

w=σ̂2
w

= 0
= 0

⇔
2(sT s)Â − 2(sT x)

− N
2σ̂2

w
+ ‖x−Âs‖2

2(σ̂2
w)2

= 0
= 0.

Thus Â and σ̂2
w are recovered from the above system, whose solution yields

Â =
sT x

‖s‖2
, σ̂2

w =
1

N
‖Π⊥

s x‖2,

where Π⊥
s , IN − ssT

‖s‖2 is the projection onto the orthogonal complement of the

space spanned by s, implying that Â2 and σ̂2
w are independent. It holds that

Â ∼ N (A, σ2
w/N) and y , 1

σ2
w

‖Π⊥
s x‖2 = 1

σ2
w

‖Π⊥
s w‖2 ∼ χ2

N−1(0), i.e., y is chi-

square distributed with (N − 1) degrees of freedom.1 It can then be shown that

1A formal proof of this statement is based on the observation that Π⊥
s is an idempotent matrix,

of rank (N −1), thus it has (N −1) unit eigenvalues. If we perform an eigen-decomposition on Π⊥
s

the result follows by invoking the invariance of Rayleigh distributed vectors, with i.i.d elements,
in unitary transformations.
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α̂ = 1
N−1 Z where Z is a random variable with single non-central F -distribution,

i.e., Z ∼ F1,N−1(Nα, 0). The MSE of α̂ was derived in previous studies [GT68] as

MSE(α̂) =
(2α2 + 4α)N + (15α2 + 10α + 3)

(N − 3)(N − 5)
. (6.3)

It should be noted here that Eq. (6.3) holds for N ≥ 6, which is a necessary
condition in order to guarantee that the first two moments of the single non-central
distribution of Z (and subsequently of α̂) are finite. Furthermore, the UCRB for α
is known [Kay93] to be UCRB(α) = 1

N (2α2 +4α) and by inspection of Eq. (6.3) we
can verify the asymptotic efficiency of α̂. Therefore, by the properties of the MLE,
α̂ will be asymptotically distributed (

α∼) as α̂
α∼ N (α, 1

N (2α2 + 4α)).

6.2 Dominating the MLE

In this section we construct a modified version of the MLE α̂ that dominates α̂, in
terms of MSE, over the entire range of admissible SNR values. Moreover, we study
the properties of such an estimator and discuss its relation to the UCRB.

6.2.1 Affinely modified MLE

The estimator under consideration is coined the term AMMLE and is defined as ᾱ ,
ρα̂+c. The class of AMMLEs was explored in [Eld08], in pursuit of estimators whose
performance beats the UCRB for a certain class of parametric estimation problems,
where the inverse Fischer information matrix is quadratic with respect to the sought
vector quantity. The property that renders the AMMLE an appealing choice is the
fact that the first two moments of the modified estimators are linear functions of
the respective moments of the MLE, hence they can be evaluated analytically. For
our current estimator ᾱ, the MSE is given by the following proposition.

Proposition 6.1. The MSE of the AMMLE ᾱ is given as

MSE(ᾱ) =
A0(ρ, c)α2 + B0(ρ, c)α + C0(ρ, c)

(N − 3)(N − 5)
, (6.4)

where the coefficients read as

A0(ρ, c) = (Nρ)2 − 2N(N − 5)ρ + (N − 3)(N − 5)

B0(ρ, c) = 6Nρ2 − 2(N − 3)(N − 5)c + 2(N − 5)(Nc − 1)ρ

C0(ρ, c) = 3ρ2 + 2(N − 5)ρc + (N − 3)(N − 5)c2.

Proof. Given in Appendix 6.A.
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The aim is to properly pick ρ and c such2 that ᾱ dominates α̂, i.e., MSE(ᾱ) ≤
MSE(α̂) ∀ α ≥ 0 with strict inequality for at least one value of α. Inspired by the
min max approach, established and analyzed in [Eld06, Eld08], we define the rele-
vant quantity ∆MSE(α, ξ) , MSE(ᾱ) − MSE(α̂), where ξ , [ρ c]T . The quantity
∆MSE(α, ξ) can now be written as

∆MSE(α, ξ) =
A1(ρ, c)α2 + B1(ρ, c)α + C1(ρ, c)

(N − 3)(N − 5)
,

where A1(ρ, c) = (Nρ)2 − 2N(N − 5)ρ + N(N − 10), B1(ρ, c) = 6Nρ2 − 2(N − 5)ρ −
2(N −3)(N −5)c+2N(N −5)ρc−(4N +10) and C1(ρ, c) = 3ρ2 +2(N −5)ρc+(N −
3)(N − 5)c2 − 3. If we set g(ρ, c) , maxα≥0[∆MSE(α, ξ)(N − 3)(N − 5)] then3 it
is readily seen that g(1, 0) = 0, which guarantees that zero is always an achievable
value for ∆MSE, over all feasible α. Thus if g(ρ, c) ≤ 0 for some pair (ρ, c) 6= (1, 0)
and ∆MSE(α, ξ) < 0 for at least one value of α then ᾱ will dominate α̂. In order to
settle the problem of determining the optimal pair (ρ⋆, c⋆) which minimizes g(ρ, c)
and thus yields the sought AMMLE, we solve the following min max problem

minimize
ξ

max
α

[∆MSE(α, ξ)(N − 3)(N − 5)]

subject to α ≥ 0.
(P1)

Problem (P1) is convex [BV02], because the objective is the point-wise supremum
of convex functions in ξ over a set. Therefore we can implement efficient numerical
solutions, such as interior-point methods, but (P1) needs to be reformulated in
standard convex form, as in [Eld08], in order to facilitate their implementation.
Remarkably, this turns out to be unnecessary because we show that the AMMLE
is one of the few cases [SM90] for which the desired estimator can be established
in closed-form as described by the following result.

Proposition 6.2. Let (ρ⋆, c⋆) be the optimal pair and p⋆ be the optimal value

for problem (P1). Then it holds that (ρ⋆, c⋆) =
({

N−10
N

}+
, −
{

N−10
N(N−3)

}+)
and

p⋆ =
{

2
(

N−2
N−3

)
(ρ⋆)2 −3

}
, implying that p⋆

α , maxα≥0 ∆MSE(α, ξ⋆) = p⋆

(N−3)(N−5) .

Proof. Given in Appendix 6.B.

An interesting aspect of the proof of Proposition 6.2 is that it is not carried out
along the lines of [SM90] which dictate direct minimization, through derivation of
the objective. In fact the proof-line is a modification of the approach proposed in
[Eld08], which involves reformulation of the inner maximization problem, in (P1),

2The values of ρ and c will probably have some underlying relation to the observation length
N . However this relation will be explicit (in closed-form) or implicit depending on the adopted
approach.

3The reason for multiplying the objective with the term (N − 3)(N − 5) is just to simplify the
exposition by studying this simpler equivalent formulation.
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Figure 6.1: Plot of the theoretical results of Proposition 6.2 for various values of
N . Theoretical values are verified through comparison with numerical solution of
(P1).

in standard convex form through its dual. The latter is facilitated via application of
the Schur complement on the epigraph form of the dual problem, which results in a
cone program [BV02]. Introduction of slack variables and linearization of the result-
ing cone constraints eventually yields an equivalent semidefinite program (SDP).
The approach, adopted herein, albeit based on the same framework provides an
alternative path to the result. Moreover our solution, given in closed-form, rather
than in the form of an optimization problem, lends itself to analysis of the esti-
mator’s properties. In particular, after obtaining the Lagrangian, in lieu of the
SDP construction steps we analyze the optimal solution by exploiting the resulting
formulation and using various key-insights we directly establish the optimal point
in closed-form. The visual certificate of Proposition 6.2 is available in Figure 6.1,
where the theoretical values are plotted against the numerical solution of (P1).

Proposition 6.2 offers a neat solution to the problem at hand that renders the
acquisition of the optimal, in the min max sense, AMMLE straightforward; once α̂,
whose computational complexity is O(N), has been constructed then ᾱ is readily
obtained after proper scaling and shifting. The optimal such parameters ρ⋆ and c⋆

are functions of the observation length alone and can easily be evaluated, in O(1)
time, for any value of N . Thus, the proposed solution to Problem (P1) is not only
theoretically tractable but also suggests that essentially no additional computations
are needed to enhance the performance of the MLE α̂. Moreover, this observation
can be exploited to reduce the complexity in applications where the MLE is updated
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online. Instead of storing the values of ρ⋆ and c⋆ for every N , that would entail
high storage needs for large sequences, one can rely on our insights to calculate the
optimal pair on-the-fly without being concerned about processing delay or higher
computational costs.

It is worth pointing out that the optimal c is not zero, in contrast to [Eld08]
where the analogue of (P1) was solved using the UCRB expression for the AMMLE
and c⋆ turned out to be zero for all N (see Section 6.2.4). We conclude that,
when the actual MSE expression is optimized, the presence of a constant term can
possibly bring some gain into the performance of the modified MLE. It is further
inferred from the closed-form solution that, for large values of N the AMMLE
converges to the MLE, i.e., ρ⋆ → 1 and c⋆ → 0. The same holds if we confine
the estimator to be simply a linear scaled version α̃ , ρα of the MLE, namely the
linearly modified MLE (LMMLE) α̃, whose optimal scaling parameter is the same
as that for the AMMLE (see Remark 2 in Appendix 6.B). Notably the structural
difference between the optimal α̂ and α̃, i.e., the term c⋆, does not have practical
implications in performance and is not reflected on the MSE results, acquired in
simulated scenarios pertaining to (P1).

6.2.2 The AMMLE versus the UCRB

In the previous section, we established a closed-form solution for the construction
of the best, in the min max sense, estimator that dominates the MLE for the es-
timation problem at hand. If the MLE is efficient then the min max approach of
[Eld08] produces a (biased) super-efficient estimator; an estimator which can re-
solve the sought parameter more accurately than what the UCRB indicates as the
ultimate achievable MSE for unbiased estimators [SO96]. This aspect is pertinent
to parametric estimation since it establishes a rigorous performance guarantee. Al-
though it was early observed [Tre68] that the MSE performance can be improved
by properly exploiting the bias-variance trade-off, inherent in any estimator, it was
not clear how, or if, a super-efficient estimator could be systematically constructed.
For a certain class of problems, this is settled by the framework proposed in [Eld08].
However, the ML estimate α̂ is biased and only asymptotically achieves the UCRB
(not efficient) implying that our design does not guarantee to enhance the MSE
further than what is dictated by the UCRB. Thus, it is interesting to investigate
the possibility of extrapolating the min max concept, using the expression for the
UCRB instead of the MSE(α̂), in order to construct a super-efficient estimator.4

To this end, we define the quantity ∆BMSE(α, ξ) , MSE(ᾱ) − UCRB(α) as

∆BMSE(α, ξ) = A2(ρ, c)α2 + B2(ρ, c)α + C2(ρ, c),

4The idea of a super-efficient estimator should be treated carefully because it might lure
the reader to erroneously relate super-efficiency with uniformly minimum variance estimation
within the class of biased estimators. The existence of such estimators holds true for the class
of the unbiased counterparts, however it is known that “asymptotically there exists no uniformly

minimum variance parameter estimator” [SO96].
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where A2(ρ, c) = A0(ρ,c)
(N−3)(N−5) − 2

N , B2(ρ, c) = B0(ρ,c)
(N−3)(N−5) − 4

N and C2(ρ, c) =
C0(ρ,c)

(N−3)(N−5) . In this context, the min max approach, yields the following optimiza-

tion problem

minimize
ξ

max
α

∆BMSE(α, ξ)

subject to α ≥ 0.
(P2)

Unlike ∆MSE(α, ξ), which is zero for (ρ, c) = (1, 0), it is not obvious if there
exists a corresponding pair (ρ, c) such that ∆BMSE(α, ξ) = 0 ∀ α ≥ 0. It is
a striking fact that it is not actually possible to find any pair (ρ, c) such that
∆BMSE(α, ξ) < ∞ ∀ α ≥ 0, as stated by the following result.

Proposition 6.3. Problem (P2) is infeasible, i.e., its optimal value is p⋆ = +∞.5

Proof. Given in Appendix 6.C.

This result indicates that there exists no pair (ρ, c) such that the optimal value of
(P2) is finite. The implication is that we cannot construct an AMMLE whose MSE
is uniformly lower than the UCRB over all α ≥ 0, in sharp contrast to the cases
studied in [Eld08]. That work considers problems for which the MLE is efficient
and for which (P1) and (P2) coincide. Therefore, it is not straightforward how to
further improve the MSE performance of the sought estimator along the direction
of affinely transforming the MLE.

6.2.3 Bounding the SNR

In most practical scenarios, the SNR is not likely to cover the entire span of (non-
negative) values but instead it will vary within some range. This observation, in
combination with the result of Proposition 6.3, motivates the investigation of a trust
region Sa,b(α) , {(α − a)(α − b) ≤ 0} for the SNR, i.e., a set of values a ≤ α ≤ b
where the SNR is a priori known to lie. Within Sa,b it might be possible to obtain
a super-efficient design, since constraining the feasible set of SNR values to [a, b]
could facilitate uniform improvement of the MSE(α̂) over the UCRB. In absence
of closed-form solutions we answer this question experimentally, through numerical
simulations. Upon defining the function fa,b(ρ, c) , maxα∈S(a,b) ∆BMSE(α, ξ) we
set up a minimization problem, similar to (P1) except for the feasible set, which is
stated below

minimize
ξ

fa,b(ρ, c). (P3)

In contrast to (P1) where the solution could be established in closed-form, it is
difficult to carry out a similar analysis for (P3). Therefore the conversion of (P3)

5Technically speaking one should replace min and max with inf and sup such that infinity can
be a feasible value for (P2).
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into standard convex-form becomes indispensable for the application of numerical
methods [GB14]. The latter is realized after the following result,

Proposition 6.4. Problem (P3) is equivalent to the following problem

minimize
η

t

subject to




−1 f1(ρ, c) f2(ρ, c)
f1(ρ, c) [Ω]11 [Ω]12

f2(ρ, c) [Ω]21 [Ω]22


 � 0

ρ2 ≤ s, c2 ≤ q, λ ≥ 0,

(P4)

where η = [ρ s c q λ t]T , f1(ρ, c) = Nρ√
(N−3)(N−5)

, f2(ρ, c) = ρ+(N−5)c√
(N−3)(N−5)

and the

remaining elements [Ω]ij, of the block-matrix Ω, are given as follows

[Ω]11 =
−2N(N − 5)ρ

(N − 3)(N − 5)
+

N − 2

N
− λ

[Ω]21 = [Ω]12 =
1

2

[
4Ns − 2(N − 5)ρ

(N − 3)(N − 5)
− 2Nc + 4

N
+ λ(a + b)

]

[Ω]22 =
2[s + (N − 5)q]

(N − 3)(N − 5)
− λab − t.

Proof. Given in Appendix 6.D.

The proof-line for this result is an extension of the approach proposed in [Eld08].
After the formulation of the cone program a different strategy needs to be adopted,
in order to construct the equivalent SDP. The AMMLE MSE expression does not fall
into the family of functions considered in [Eld08], hence the framework established
therein, albeit covering the general vector parameter case, does not include Eq.
(6.4) as a special case. A specific property that renders [Eld08] inapplicable for Eq.
(6.4) is that C0(ρ, c) contains a cross-product term between ρ and c. Thus, new
stages are introduced and different mathematical techniques are used to facilitate
the conversion of the original problem (P3) into standard-form.

Problem (P4) is an SDP, in the vector variable η, and can be efficiently solved
numerically. Since the SDP is part of the estimator design phase and not of the
estimation process, it needs to be solved only once, for a given N , yielding a value
for ξ which is independent of α, thus ensuring that our estimator is realizable. Since
it cannot be guaranteed that the optimal pair (ρ⋆, c⋆) will satisfy fa,b(ρ⋆, c⋆) ≤ 0 we
experimentally establish ranges where MSE(ᾱ) is lower than UCRB(α), by solving
(P4) for different values of a, b and N . Thus we will investigate numerically only
for which values of α our proposed estimator will possess the desired attribute
∆BMSE(α, ξ⋆) ≤ 0 ∀ α ∈ Sa,b, with strict inequality for some α.
Remark 1: One can also design the AMMLE against the MSE of the unmodified
MLE over a trust region by solving (P1) over some Sa,b ⊂ R+. We note that a
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closed-form solution is not available in that case, yet one can resolve the sought de-
sign by constructing an SDP in the exact same way, as demonstrated in Proposition
6.4.

6.2.4 Comparison with previous work

In this section we analyze how the SNR estimation problem is addressed under the
umbrella of [Eld06, Eld08]. In that framework the AMMLE parameters are also
obtained by solving a min max problem but the optimization problem is based on
the UCRB rather than the actual MSE expressions. In particular, for the SNR
estimation problem with trust region Sa,b the AMMLE parameters are obtained by
solving (see [Eld08, Eq. (6)])

f⋆ = min
M,u

max
α∈Sa,b

(Mα + u)2 + [(1 + M)2 − 1]J−1(α)

= min
M,u

max
α∈Sa,b

(Mα + u)2 + M(M + 2)
(4α + 2α2)

N︸ ︷︷ ︸
f(M,u,α)

, (P5)

where the notation J−1(α) ≡ UCRB(α), M ≡ ρ − 1 and u ≡ c is borrowed from
[Eld08] to maintain consistency with the definitions therein. While (P5) provides
a useful heuristic6 for some SNR trust regions, we argue that it is inapplicable
whenever the trust region contains the zero SNR.

To see this, note first that f⋆ ≤ 0 for any Sa,b as M = 0 and u = 0 yields
f(M, u, α) = f(0, 0, α) = 0 for any α ∈ Sa,b. It also holds that f(M, u, 0) = u2 ≥ 0
for any u which implies that f⋆ ≥ 0 and thus f⋆ = 0 whenever 0 ∈ Sa,b. It
follows that the unmodified MLE obtained by choosing M = 0 and u = 0, or
equivalently ρ = 1 and c = 0, is optimal with respect to (P5) whenever 0 ∈ Sa,b.
In other words, the method of [Eld06, Eld08] is not able to identify an AMMLE
that dominates the MLE for this particular case. We hasten to add that any

solution where M ∈ [ −2(2b+4)
Nb+(2b+4) , 0] and u = 0 can in fact be shown to be optimal

with respect to (P5) when 0 = a < b, and a numerical solver can thus potentially
give a solution that differs from (M, u) = (0, 0). Thus, we can judiciously argue
that the framework in [Eld06, Eld08] is non-informative in this case, even though
[Eld08] originally proposed (P5) as a solution for the unconstrained case considered
in Section 6.2.1 where a = 0 and b = ∞. On the contrary, (P1) guarantees a
unique solution that dominates the MLE also in this case, rendering the AMMLE
(LMMLE) parameter selection process informative.

6The reason that (P5) is a heuristic is the lack of an efficient estimator for the SNR estimation
problem, as stated earlier in the section, implying that the UCRB is not equivalent to the MSE
and that the MLE is not unbiased.
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6.3 Extension to the MIMO Case

Our analysis has addressed, so far, the design of estimators applicable to scalar
models. However this is a special case of the more generic MIMO signal model,
where both the input and the output are multidimensional vectors. In this section
we extend the design, tailored to (6.1), to the vector case and generalize the associ-
ated mathematical results. For the MIMO model we consider a known signal vector
s(n) ∈ Rt×1 that is amplified by an unknown matrix A ∈ Rr×t and perturbed by
the noise vector w(n) ∈ Rr×1, where w(n) ∼ N (0r, σ2

wIr) and σ2
w is unknown. For

real-valued quantities, the noisy observation x(n) is

x(n) = As(n) + w(n), n = 0, . . . , N − 1, (6.5)

Definition of the matrices X , [x(0) . . . x(N − 1)], S , [s(0) . . . s(N − 1)] and
W , [w(0) . . . w(N − 1)] facilitates a more compact form of Eq. (6.5), which is

X = AS + W, (6.6)

where the matrix S is assumed to obey the orthogonality shape constraint 1
N SST =

It. Setting x , vec(X), τ , vec(A), w , vec(W) and H , ST ⊗ Ir yields, under
trivial manipulations, the vectorized counterpart of Eq. (6.6), expressed as

x = Hτ + w, (6.7)

For the model of Eq. (6.7), the signal-to-noise ratio is αm = ‖Hτ‖2

E‖w‖2 = N‖τ‖2

Nrσ2
w

= ‖τ‖2

rσ2
w

.

Let µ , [τ T σ2
w]T be the collection of the unknown parameters and τ̂ , σ̂2

w be their
associated ML estimates. Standard analysis on the joint pdf p(x; µ) yields

τ̂ = (HT H)−1HT x, σ̂2
w =

1

Nr
‖Π⊥

Hw‖2,

where Π⊥
H , INr −H(HT H)−1HT is again the projection onto the orthogonal com-

plement of the space spanned by the columns of H. The sought estimate is α̂m =
‖τ̂‖2

rσ̂2
w

, where ‖τ̂‖2 ∼ σ2
w

N χ2
rt(λ), λ = Nrαm is the non-centrality parameter, and

σ̂2
w ∼ σ2

w

Nr χ2
(N−t)r(0). It follows that α̂m = t

N−t Z, where Z ∼ Ftr,(N−t)r(Nrαm, 0),
generalizing the scalar case. The first two moments of α̂m are given as follows

E(α̂m) =
tr + Nrαm

(N − t)r − 2
,

E(α̂2
m) =

(Nr)2α2
m + (2Ntr2 + 4Nr)αm + (2tr + (tr)2)

[(N − t)r − 2][(N − t)r − 4]
,

where N > 4
r + t should hold for the second moment to be finite. Tedious algebraic

steps yield the following expression for the MSE of α̂m

MSE(α̂m) =
Am(t, r)α2

m + Bm(t, r)αm + Cm(t, r)

[(N − t)r − 2][(N − t)r − 4]
,
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where Am(t, r) = 2Nr + t2r2 +6tr +8, Bm(t, r) = 4Nr +2t2r2 +8tr and Cm(t, r) =
2tr+t2r2. Proper benchmarking of candidate estimators necessitates the acquisition
of the respective UCRB that, using [Kay93, Eqs. (3.30), (3.31)], can be found to be
UCRB(αm) = 1

Nr (2α2
m+4αm). Notice that this expression is a scaled, by 1

r , version
of the UCRB for the degenerate case, when r = 1, and irrespective of the value of t.
This is due to the shape constraint, imposed on the training matrix S, which results
in uncorrelated estimates and therefore a diagonal Fischer information matrix.

Capitalizing on the results for the scalar case, we can set up the min max frame-
work in order to obtain the AMMLE ᾱm , ρmα̂m +cm that uniformly outperforms
the MLE in terms of MSE. In that case one should define the equivalent, for the
MIMO case, objective gm(ρm, cm) , maxαm≥0[MSE(ᾱm) − MSE(α̂m)] and recover
the design parameters ρm, cm that minimize this function. The optimal such pair
(ρ⋆

m, c⋆
m) is determined by the following proposition.

Proposition 6.5. Let (ρ⋆
m, c⋆

m) be the set of parameters that minimize gm(ρm, cm).

Then it holds that (ρ⋆, c⋆) =
({Nr−2(tr+4)

Nr

}+
, − trρ⋆

[(N−t)r−2]

)
.

Proof. Given in Appendix 6.E.

It is clear that since a super-efficient AMMLE design is infeasible for the scalar
case (see Proposition 6.3) then it will also be infeasible for the general MIMO model.
Nonetheless, it is again possible to uniformly improve the MSE performance of the
AMMLE over the UCRB locally, by carrying out the design over a trust region.
In this case, the parameters are retrieved by setting up a semidefinite program,
following the rationale of Proposition 6.4.

6.4 Numerical Results

In this section we investigate numerically some scenarios through computer simu-
lations in order to illustrate the performance of the AMMLE designs, developed in
the previous sections. In all our setups the value of A is kept fixed and is equal
to one while the noise variance σ2

w is varying in order to change the nominal (real)
SNR. For the scenarios where a trust region is assumed we present two curves for
every estimator; one corresponds to the theoretical MSE, i.e., the MSE obtained by
plugging the pair (ρ⋆, c⋆) in Eq. (6.4) whereas the other presents the MSE based on
the truncated estimator SNR values, i.e., whenever the estimate falls outside the
given trust region Sn then it is mapped (“quantized”) to its closest boundary value
a or b. It is clear that the truncation operation can only reduce the MSE.

Figure 6.2 illustrates the performance of our proposed estimators ᾱ, α̃ against
α̂. It is obvious that our design uniformly outperforms the MLE for all SNR
values, and this performance improvement is more salient for small N where the
unmodified MLE is under-performing, i.e., its estimation accuracy is far from the
respective UCRB value. Thus, our numerical evaluation verifies that both ᾱ and
α̃ dominate α̂. Observe that the MSE performance curves of the AMMLE and the
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Figure 6.2: MSE comparison between the modified estimators (AMMLE, LMMLE)
and the traditional MLE.

LMMLE coincide, implying that the introduction of a constant is not particularly
helpful in the unconstrained case. The set S0,+∞, of feasible SNR values enforces

the “conservative” choice c⋆ = − ρ⋆

N−3 . This parametrization results in a small,
and decreasing with N , value for c, which cannot further influence the AMMLE’s
performance in practice.

A different situation is depicted in Figure 6.3 where the estimators’ MSE per-
formance is compared against the UCRB, for a certain trust region. As stated
in Section 6.2.3, the optimal pair (ρ⋆, c⋆) does not guarantee that fa,b(ρ⋆, c⋆) ≤ 0
holds, thus we check the estimators’ performance visually. According to the the-
oretical predictions the AMMLE ᾱ is expected to achieve an MSE that is lower
than the UCRB, for the designated range S1 , {−3dB ≤ α ≤ 7dB} whereas the
LMMLE is expected to fail this goal. However, we can observe that the simulated
estimators demonstrate better, than the predicted, performance due to the trunca-
tion operation. It is seen that the AMMLE ā performs better than the LMMLE ã
for the largest fraction of S1 and, in particular, for the range {−1dB ≤ α ≤ 7dB}
while MSE(α̃) < MSE(ᾱ) holds for the rest part. Therefore, the existence of the
constant term in the AMMLE is actually influential in this case. Overall, and albeit
the negative result of Proposition 6.3, we can exploit the idea of constraining the
set of admissible SNR values within reasonable bounds such that we can further
improve the estimation accuracy of the sought parameter.

Figure 6.4 shows the simulated MSE performance of our proposed (truncated)
AMMLE, designed against the UCRB (Problem (P4)) and the unmodified MLE
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Figure 6.3: MSE comparison between the modified estimators (AMMLE, LMMLE)
and the UCRB for the trust region S1 , {−3dB ≤ α ≤ 7dB} and fixed sequence
length.

MSE (see Remark 1), and the AMMLE designed using Problem (P5). Performance
evaluation of our design, when implemented against the UCRB (Problem (P4)),
is carried out under two different bounding sets, S2 , {−6dB ≤ α ≤ 6dB} and
S3 , {−6dB ≤ α ≤ 3dB}. Pertaining to the design against the URCB, one observes
that when the SNR is known to lie within S2 then both approaches, AMMLE and
AMMLE (P5), demonstrate lower, than the UCRB, achievable MSE. Albeit our
design is better in the largest part of the region, AMMLE (P5) performs better for
α ∈ [3dB, 6dB]. This actually conforms with the intuition following our previous
comment (see footnote 4), i.e., that no uniformly minimum variance estimator exists
asymptotically, within the class of super-efficient estimators. It is further observed
that AMMLE (P1), constructed by minimizing ga,b(ρ, c) , maxα∈Sa,b

∆MSE(α, ξ)
has different behavior since it is optimized against the unmodified MLE MSE.
Hence, it can perform better or worse than the other candidates in different seg-
ments of the trust region.

Another interesting observation relates to the trend of the achievable MSE
curves. Intuitively, whenever the AMMLE is designed for the set S3, it is not
expected to provide better resolution than that dictated by the UCRB over the
interval [−6dB, 6dB]. Extending the trust region to S2 ⊃ S3 results in a more con-
servative design because our framework addresses the worst-case scenario. Hence, it
follows that the maximum gap between the AMMLE MSE and the UCRB is larger
under S3 than S2 since, in the latter case, the design has to account for a wider set
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Figure 6.4: Simulated MSE performance comparison among various AMMLE de-
signs for different trust regions designated by LB and UB (correspond to a, re-
spectively b, in (P4)). The estimators indicated by AMMLE, AMMLE (P5) and
AMMLE (P1) are obtained from (P4),(P5) and minρ,c ga,b(ρ, c).

of possibilities. However, due to the provision for the worst possible case only, our
approach by no means dictates the behavior of the estimator within the designated
region. Therefore, it is not necessary that the AMMLE will exhibit uniformly bet-
ter performance under S3 and this is clearly seen in Figure 6.4, though it is still
superior for the largest fraction of S3. We can infer the existence of an inherent
trade-off between worst-case MSE behavior and best achievable performance (in
terms of improving resolution with respect to the UCRB) which, however, does not
exclusively dictate the intra-region performance.

Finally, Figure 6.5 illustrates the MSE performance of the various estimators
ᾱ, α̃ (and their counterparts based on (P5)), for a fixed SNR value, with respect
to the number of samples. It is seen that all estimators can achieve higher accu-
racy than the UCRB and all curves follow a similar trend, with increasing sequence
length. Furthermore, our proposed estimators demonstrate better performance
than their counterparts, constructed under the framework of [Eld06, Eld08] (Prob-
lem (P5)), for this SNR value. In line with theoretical predictions, we see that all
the curves converge to a single one as the number of samples grows, since the MLE
scaling converges to one and any constant shift becomes zero as N becomes very
large. Note, however, that these results do not hold, in general, for all SNR values,
given that the estimators are optimized in the min max sense and not for every
particular SNR value.
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Figure 6.5: Simulated MSE performance comparison between our estimators and
those constructed using the framework of [Eld06, Eld08] (see Problem (P5)), for
fixed SNR and different values of N .

6.5 Discussion

In this chapter, we studied the MSE performance enhancement of the conven-
tional MLE, for the SNR estimation problem. This was achieved by transforming
the original estimation process and establishing in closed-form its affinely modified
counterpart, the AMMLE, that was analytically shown to uniformly outperform
the MLE, over the entire span of SNR values. Further analysis revealed that the
AMMLE principle cannot be exploited to achieve uniformly better estimation accu-
racy than what the UCRB predicts, which remains the ultimate performance bound
for this problem. However, this barrier was bypassed by confining our search, for
feasible designs, within designated trust regions where the SNR is a priori known
to lie. The latter design was realized by solving a convex optimization problem.
Generalization to the vector case was also briefly outlined and discussed, because
it is more pertinent to practical systems.

In all cases of interest, the proposed estimator is realizable and the simulation re-
sults indicate significant performance improvement with marginally increased com-
putational cost. Albeit the MIMO case is not studied experimentally, we expect
that further aspects will arise concerning the impact of the system dimensions on
the MSE. Overall, the AMMLE appears to be a strong candidate for SNR esti-
mation in modern systems because it is easy-to-implement and it can be used to
improve SNR estimation for the setups examined in Chapters 3 and 5.
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6.6 Appendices

6.A Proof of Proposition 6.1

Let again α̃ = ρα̂ be the linearly modified (LMMLE) version of the MLE α̂. We
then have

MSE(ᾱ) = E{(ρα̂ + c − α)2}
= E{(ρα̂ − α)2} + 2cE{(ρα̂ − α)} + c2

= MSE(α̃) + 2cE{(ρα̂ − α)} + c2. (A1)

In order to provide a complete and self-contained view on how the various quantities,
involved in (A1), are evaluated we need to state the mean and the variance of an
F-distributed random variable Z ∼ Fν1,ν2

(λ, 0) [Kay98].

E[Z] =
ν2(ν1 + λ)

ν1(ν2 − 2)
, ν2 > 2

Var[Z] = 2
(ν1 + λ)2 + (ν1 + 2λ)(ν2 − 2)

(ν2 − 2)2(ν2 − 4)

(ν2

ν1

)2

, ν2 > 4.

Note that if the conditions on ν2 are not satisfied then these quantities cannot be
defined. Recalling from Section 6.1.1 that ν1 = 1, ν2 = N − 1 and λ = Nα, it
follows after algebraic manipulations that the moments of α̂ = 1

N−1 Z are given as

E[α̂] = (1+Nα)
(N−3) and E[α̂2] = N2α2+6Nα+3

(N−3)(N−5) , which are finite for N ≥ 6. Using these

two fundamental results we can show after straightforward but tedious calculations
that

MSE(α̃) =
A′

0(ρ)α2 + B′
0(ρ)α + C ′

0(ρ)

(N − 3)(N − 5)
, (A2)

where the coefficient are quadratic functions of ρ, given as

A′
0(ρ) = (Nρ)2 − 2N(N − 5)ρ + (N − 3)(N − 5) (A3)

B′
0(ρ) = 6Nρ2 − 2(N − 5)ρ (A4)

C ′
0(ρ) = 3ρ2. (A5)

Finally, we can evaluate the second term in Eq. (A1) as

2cE{(ρα̂ − α)} = 2cρ
1 + Nα

N − 3
− 2αc. (A6)

Putting together Eqs. (A2)-(A6) and carrying out simple algebraic steps yields the
result of Proposition 6.1 and completes the proof.
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6.B Proof of Proposition 6.2

In the original problem formulation, stated in Section 6.2.1, we seek to minimize the
supremum of ∆MSE(α, ξ) over all α ≥ 0, and this was formulated as the following
optimization problem

minimize
ξ

g(ρ, c), (BP1)

which is convex in ξ. The goal, onwards, is to render (BP1) amenable to analysis,
by manipulating the inner problem which is written as

maximize
α

∆MSE(α, ξ)(N − 3)(N − 5)

subject to α ≥ 0.
(BP2)

The Lagrangian for (BP2) is

L(α, λ) = A1(ρ, c)α2 + [B1(ρ, c) + λ]α + C1(ρ, c).

Instead of formulating and analyzing the dual problem, it is possible to directly
characterize the optimal solution by means of the Lagrangian. The optimal value
p⋆ of our problem (BP1) is now written, in terms of L(α, λ), as

p⋆ = min
ρ,c

min
λ≥0

max
α

L(α, λ)

= min
ρ,c

min
λ≥0

−1

4

[B1(ρ, c) + λ]2

A1(ρ, c)
+ C1(ρ, c), (B1)

where the second equality is trivially calculated from the solution of the equation
∂L(λ,α)

∂α

∣∣
α⋆ = 0 and back-substitution of the corresponding value for α⋆. A necessary

condition, such that the optimal value p⋆ is finite, is A1(ρ, c) ≤ 0 which renders the
first term in the second equality a convex quadratic function of λ. At this point
two key observations should be stated:

(O1): The polynomial function A1(ρ, c) is quadratic in ρ and independent of c.
Therefore, its roots are found as ρA1 = 1, ρA2 = N−10

N and the condition

A1(ρ, c) ≤ 0 is equivalent to N−10
N ≤ ρ ≤ 1.

(O2): The quadratic function C1(ρ, c) is jointly strictly convex in the variables
(ρ, c), which is asserted from the fact that its Hessian is positive definite, i.e.,
∇2

ξC1(ξ) ≻ 0 for N ≥ 6. Therefore, joint minimization of C1(ρ, c) over ξ is
equivalent to successive minimization over the vector elements ρ and c.

From (O2) it follows that, for any given ρ the unconstrained minimizer of
C1(ρ, c), over c, is retrieved by solving ∂C1

∂c

∣∣
cρ

= 0, which yields cρ = − ρ
N−3 .

If we plug this value of c in B1(ρ, c) then we get

B1(ρ, cρ) = 6Nρ2 − 2(N − 5)ρ + 2(N − 5)ρ − 2
N(N − 5)

N − 3
ρ2 − (4N + 10)
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= 2N

(
2N − 4

N − 3

)
ρ2 − (4N + 10)

(a)

≤ 2N

(
2N − 4

N − 3

)
− (4N + 10)

=
4N2 − 8N

N − 3
− 4N2 − 2N − 30

N − 3

= −6

(
N − 5

N − 3

)
(b)
< 0, (B2)

where (a) follows from the fact that ρ2 ≤ 1, due to the bounds stated in (O1);
and (b) is due to the condition N ≥ 6. The insightful interpretation of (B2) is
that if we select the constant c to be cρ then the supremum of B1(ρ, cρ), over
ρ, is always negative. Therefore λρ = −B1(ρ, cρ) will always be a feasible point,
forcing the quadratic term to zero, the latter being also its infimum over λ. The
point (α⋆, ρ, cρ, λρ) guarantees the attainment of the optimal values (suprema and
infima) of the various terms in Eq. (B1), in their respective variables α, λ and c.
The remaining optimization problem is a function of ρ only and it is written as

minimize
ρ

C1(ρ, cρ)

subject to A1(ρ, cρ) ≤ 0,
(BP3)

which is trivially shown, using (O1), to be equivalent to

minimize
ρ

2

(
N − 2

N − 3

)
ρ2 − 3

subject to
N − 10

N
≤ ρ ≤ 1.

(BP4)

The optimal point that solves (BP4) is ρ⋆ =
{

N−10
N

}+
and if we plug this into cρ

and the objective of (BP4) we recover the closed-form expressions for c⋆ and p⋆,
suggested by Proposition 6.2.
Remark 2: If we consider the simpler case of the LMMLE α̃, where c = 0 by
definition, then the proof can be drastically shortened. In that case, the key element
would be the fact that the roots of B1(ρ, 0) are ρB1 = 1, ρB2 = − 1

3

(
2N+5

N

)
and for

N ≥ 6 it holds that [ρA2, ρA1] ⊆ [ρB2, ρB1] which is equivalent to

A1(ρ) ≤ 0 =⇒ B1(ρ) ≤ 0. (B3)

The condition (B3) implies (B2) and the rest of the proof-line holds unchanged and
yields the exact same closed-form expression for ρ⋆.

6.C Proof of Proposition 6.3

In order to prove the infeasibility of Problem (P2) we show that p⋆ = +∞ always
holds. The inner optimization problem in (P2) involves the maximization of a
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quadratic function (in α); thus its optimal value will either be finite if the quadratic
is concave or infinite if it is convex. We can actually show that, for all possible
values of the pair (ρ, c), this quadratic is convex with respect to α. This is carried
out by considering the second-order conditions for convexity, i.e., our function will

be convex if and only if ∂2∆BMSE
∂α2 ≥ 0 ∀ α ≥ 0.

We have ∂2∆BMSE
∂α2 = 2A2(ρ, c), with A2(ρ, c) being quadratic in ρ and inde-

pendent of c. The discriminant ∆ of A2(ρ) is ∆ = 1
K [4N4(N − 5)2 − 4N3(N −

2)(N − 3)(N − 5)] = − 1
K 24N3(N − 5), where K = N2(N − 3)2(N − 5)2. Since

N ≥ 6, by assumption, then it always holds that ∆ < 0 which in turn means that
A2(ρ) has no roots in R. Moreover A2(ρ) will always be positive, since the sign of a
quadratic function, when its discriminant is negative, is identical to the sign of the
coefficient of its second-order term, which is positive in our case for N ≥ 6. Thus,
∆BMSE(α, ξ) will always be convex in α and the proof is complete.

6.D Proof of Proposition 6.4

We begin directly with the problem of interest, which corresponds to the inner
optimization problem in (P3), written as

maximize
α

∆BMSE(α, ξ)

subject to (α − a)(α − b) ≤ 0.
(DP1)

The Lagrangian for (DP1) is simply

L(α, λ) = [A2(ρ, c) − λ]α2 + [B2(ρ, c) + λ(a + b)]α + C2(ρ, c) − λab. (D1)

Let Ā2(ρ, c) , A2(ρ, c) − λ, B̄2(ρ, c) , B2(ρ, c) + λ(a + b) and C̄2(ρ, c) , C2(ρ, c) −
λab. Then, the dual problem is given, in epigraph form [BV02], from Eq. (D1) as

minimize
ξ,t,λ

t

subject to

[
Ā2(ρ, c) 1

2 B̄2(ρ, c)
1
2 B̄2(ρ, c) C̄2(ρ, c) − t

]
� 0

λ ≥ 0,

(DP2)

where we have implicitly used the Schur complement to reformulate the resulting
inequality as a cone inequality, which is in fact a quadratic matrix inequality (QMI).
For simplicity the matrix in the inequality constraint in (DP2) is referred to as
M. Irrespectively of the convexity of (BP3), the problem is still not in standard
form. The challenge is to express the QMI as a linear matrix inequality in order
to convert (DP2) into an SDP and facilitate its efficient numerical solution by
existing software [GB14]. The desired representation is obtained after the following
two-stage process.
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T1: Lifting of the cone inequality constraint M � 0 in a higher dimension such
that the variables ρ and c decouple.

T2: Introducing slack variables to replace ρ2, c2 wherever they appear in the new
description and prove tightness of the constraints, involving the slack vari-
ables, at the optimum.

The main difficulty in this process lies in the first stage (T1), because to the extent
of the authors’ knowledge there exists no standardized or structured way to carry
out this lifting. In general, we wish to determine coefficients a, b, d, f such that the
following representation is an equivalent description to M � 0 in (DP2).

P ,




−1 αρ + bc dρ + fc
αρ + bc [W]11 [W]12

dρ + fc [W]21 [W]22


 � 0.

At this point, we define the vector z = [αρ + bc dρ + fc]T . We know that since
−1 < 0 then P � 0 if and only if S � 0, where S = W + zzT denotes precisely the
Schur complement of (−1) in P. Obviously W, z should be properly chosen such
that S = M, or equivalently M = W + zzT , in order to obtain a representation
describing the set M � 0. In view of this, the coefficients a, b, d, f are selected
to map certain elements of M. In particular, letting Π , (N − 3)(N − 5) and
(a, b, d, f) = 1√

Π
(N, 0, 1, N − 5) yields




−1 Nρ√
Π

ρ+(N−5)c√
Π

Nρ√
Π

[W]11 [W]12

ρ+(N−5)c√
Π

[W]21 [W]22


 � 0 (S1)

and the quantity zzT is calculated as

zzT =
1

Π

[
N2ρ2 Nρ2 + N(N − 5)ρc

Nρ2 + N(N − 5)ρc [ρ + (N − 5)c]2

]
.

Through direct computations the elements of W are obtained as

[W]11 =
−2N(N − 5)ρ

(N − 3)(N − 5)
+

N − 2

N
− λ

[W]21 =[W]12 =
1

2

[
4Nρ2 − 2(N − 5)ρ

(N − 3)(N − 5)
− 2Nc + 4

N
+ λ(a + b)

]

[W]22 =
2[ρ2 + (N − 5)c2]

(N − 3)(N − 5)
− λab − t.

Thus (S1) is an equivalent description for M � 0. It should be noted here that
the selection of the coefficients is by no means unique; any selection would serve
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the target of stage (T1) as long as the bilinear products ρc vanish in the result-
ing description. The presence of quadratic terms in (S1) is tackled at stage (T2)
where the slack variables s and q are introduced such that ρ2 ≤ s and c2 ≤ q.
The constraint P � 0 is now relaxed as shown below and the representation (S1)
becomes

Q ,




−1 Nρ√
Π

ρ+(N−5)c√
Π

Nρ√
Π

[Ω]11 [Ω]12

ρ+(N−5)c√
Π

[Ω]21 [Ω]22


 � 0

ρ2 ≤ s, c2 ≤ q,

(S2)

where [Ω]ij are the elements of the inner block-matrix Ω and they are given as

[Ω]11 = [W]11

[Ω]21 = [Ω]12 =
1

2

[
4Ns − 2(N − 5)ρ

(N − 3)(N − 5)
− 2Nc + 4

N
+ λ(a + b)

]

[Ω]22 =
2[s + (N − 5)q]

(N − 3)(N − 5)
− λab − t.

Problem (DP2) can now be rewriten, using the description (S2), as

minimize t

subject to




−1 f1(ρ, c) f2(ρ, c)
f1(ρ, c) [Ω]11 [Ω]12

f2(ρ, c) [Ω]21 [Ω]22


 � 0

ρ2 ≤ s, c2 ≤ q, λ ≥ 0,

(DP3)

where we defined, for brevity, the functions f1(ρ, c) , Nρ√
(N−3)(N−5)

and f2(ρ, c) ,

ρ+(N−5)c√
(N−3)(N−5)

. The following lemma establishes the equivalence of the optimization

problem at hand and (DP2).

Lemma 6.1. Let η = [t ρ s c q λ]T be the optimal point for (DP3). Then ρ2 = s
and c2 = q, i.e., the quadratic constraints are tight at the optimum, implying that
(DP2) and (DP3) are equivalent.

Proof. Assume that c2 < q. Then we can construct a point η⋆ = [t⋆ ρ s c q⋆ λ]T ,
with q⋆ = q − ǫ, t⋆ = t − 2

(N−3) ǫ and ǫ sufficiently small such that the inequality

still holds. Then it is easy to see that Q(η⋆) = Q(η) � 0, i.e., η⋆ is feasible and
results in a lower objective value, which is a contradiction.

In the same spirit we show tightness of ρ2 ≤ s. If the constraint is not tight
then we can construct a point η⋆ = [t⋆ ρ s⋆ c q λ⋆]T , with s⋆ = s − ǫ, λ⋆ = λ +

1
(a+b)

4Nǫ
(N−3)(N−5) , t⋆ = t −

(
1 + 2Nab

a+b

)
2ǫ

(N−3)(N−5) and ǫ sufficiently small such that

the inequality still holds. Again Q(η⋆) = Q(η) � 0 is feasible, resulting in a
contradiction.
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6.E Proof of Proposition 6.5

The line-of-proof is identical to that of Proposition 6.2. Therefore, we briefly outline
it here and state explicitly only the key elements. Retrieval of the optimal pair
(ρ⋆

m, c⋆
m) is based on expressing the optimal value of the respective optimization

problem in terms of the Lagrangian, as in Eq. (B1). One should again exploit the
fact that the coefficient of α2

m, in the expression for ∆MSEm, is a polynomial of

ρm only, whose roots are Nr−2(tr+4)
Nr and 1. One can then repeat the step (B2) and

establish the optimization problem, as in (BP4), leading to the sought result.



Chapter 7

Conclusions and Future Work

7.1 Summary and Concluding Remarks

In this thesis we addressed problems that pertain to interference networks where
the participating links have equal or unequal QoS priorities and act on the available
CSI level. We delved into some challenging aspects of link-level performance, whose
assessment and optimization can be obscured by CSI imperfections or even by
the channel model itself, as in the case of LoS propagation. The reason is, as we
argued in the preceding chapters, that the system model can be complicated by
the stochastic nature of the side-information. In this case, one has to introduce the
probabilistic analog of the metrics that are used in the perfect CSI scenario, where
the quantities of interest are deterministic, and the analysis becomes naturally
more involved. Throughout the various chapters, we suggested different ways to
tackle such obstacles and managed to provide computationally tractable solutions
for elaborate channel scenarios or imperfect CSI models thereof. In this chapter we
summarize the findings and insights that span the topics considered in this thesis
and also suggest some ideas for future work.

A main conclusion that we draw from the study conducted in Chapters 2 and 5
is that interference management involves the availability of estimates that are as-
sociated only with the local, to each node, channels. In other words, a transmitter
needs to estimate only the channel of the outgoing links, connected to that node, in
order to achieve the pursued target, namely rate-maximization in the CZC (Chap-
ter 2) and Pareto-optimality in single-stream transmission (Chapter 5). One lesson
is that if harmonic and balanced coexistence is promoted, i.e., the admissible inter-
ference thresholds Ik are low (Chapter 2) or the user weights βk are far from zero
and one (Chapter 5), then our resources need to be allocated for obtaining better
channel estimates for the interference cross-links. On the contrary, the direct link
CSI has more gravity if nearly single-user performance is preferable for a link. The
optimal strategy involves judicious balancing of the desired link signal power and
the outgoing interference power, inflicted onto the unintended nodes. This result
extends previously established insights [ZL08, JL08] to the imperfect CSI case and
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advocates the feasibility of decentralized solutions, since the latter do not require
any CSI exchange that could significantly impair such efforts.

Even though decentralized solutions are not critical in cellular networks, where
the base stations could be connected via back-haul links, they are inevitable in het-
erogeneous environments where some transmitters might be mobile. If we compare
problems (P1.1) and (P1.2), which refer to the Pareto-optimal decentralized design
and the underlay CR design (as postulated in Chapter 2), respectively, we can ob-
serve an undeniable structural similarity. Moreover, what we call priorities, via the
distinction between primary and secondary users, in this thesis can be translated
to different fairness levels in an interference network, via the allocation of unequal
weights, e.g, βk’s in the case of the rate-profile technique (see pp. 7 and 98). The
message here is that spectrum sharing (viewed as an IC with unequal priorities) is
a precursor that promotes reconciliation with the idea of embedding interference in
future networks designs.

In general, judicious interference management can limit the performance degra-
dation, which is induced by the presence of multiple links or the imposition of con-
straints thereof. We considered different bounding techniques that facilitate consol-
idation of CSI uncertainty into the design. We employed Markov- and Bernstein-
type of bounds in Chapters 2 and 5, respectively, that led to tractable relaxations
since the original formulations, which involve probabilistic expressions, are difficult
to resolve. The main challenge in this direction is the development of tight bounds
such that the relaxation does not produce too conservative solutions. We observed
that the bounds are tighter at low SNR where noise is the limiting factor whereas
at the high power regime, where noise can be neglected, the residual (uncontrolled)
interference should be treated carefully in order to avoid significant back-off from
the respective optimal solution. The main conclusion though is that system perfor-
mance, under the cohabitation paradigm, can be superior to what can be achieved
by naive resource orthogonalization.

In Chapters 3 and 4 we studied interference scenarios where the CSI towards
the unintended nodes is limited but for the link of interest the CSI is perfect.
Upon casting the problem’s stochastic quantities in terms of channel power ratios
we demonstrate how the F -distribution can be entangled in the analysis to ease
the algebra in the case of Rician propagation. This technical insight is important
because it facilitates accurate system analysis under the extra dimension, which is
introduced by the LoS component. Albeit the benefits of a strong LoS component
are known, our theoretical (Chapter 3) and numerical (Chapter 4) results clarify
its impact into various performance metrics such as average BER or outage.

Finally, CSI acquisition is addressed in Chapter 6 where we tackle the prob-
lem of SNR estimation and which is an indispensable element in several network
models. The proposed approach is guaranteed to enhance SNR estimation accu-
racy compared to conventional approaches. Our framework is particularly useful
for enhancing scenarios where the MLE is not efficient and there is space for signifi-
cant improvement. This enhancement is more critical in under-performing regions,
where the gap between the MLE and the UCRB is large.
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7.2 Future Work

Based on the points discussed in the previous section, we can identify some direc-
tions for future work that primarily pertain to the domains of stochastic modeling
and performance analysis:

i. Interference Management: In the case of instantaneous imperfect CSI we re-
sorted to bounds on the outage formulations. Since we aim at joint perfor-
mance optimization of the coexisting links in the network, it is imperative to
come up with computationally tractable methods that produce less conserva-
tive solutions. For instance, one can measure the empirical outage probability
Pemp

out (W) that is associated with a transmit strategy W. If Pemp
out (W) is far

from its bound, say ǫ, then we can relax (increase) ǫ itself to ǫ′ and produce
a new transmit strategy W′ which would be conservative with respect to ǫ′

and still valid for ǫ. In general, rendering the solutions less conservative by
either deriving new bounds or tightening existing ones can result in significant
performance enhancement.

ii. Rician fading: It is of practical interest to investigate whether it is possible to
exploit the insights developed in this thesis, around LoS propagation, in order
to analyze more general scenarios. It is algebraically tedious yet conceptually
straightforward to generalize the setups of Chapters 3 and 4 into the case
where all links are subject to LoS fading. An interesting extension though,
which would be more practical, is to incorporate transmit power constraints.
This task is challenging yet it can be feasible when instantaneous metrics are
used, i.e., rate, power, outage, instead of their ergodic counterparts.

iii. Parametric estimation: It is worthwhile investigating if the technical roadmap
of Chapter 6 can be generalized to the vector case and subsequently be applied
to a broader class of problems. Another direction pertaining to the SNR es-
timation problem is to use non-linear processing, e.g., recursively update the
AMMLE (or LMMLE) such that in each step it minimizes the MSE [SM90].
If the resulting estimator is not realizable we can use the estimate itself as if
it were the true parameter. In that case, exact MSE analysis is complicated,
however it may still be possible to analyze the estimation error behavior. This
could result to even better estimation results.
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