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Schwinger Terms from External Field Problems

Christian Ekstrand, Theoretical Physics, Department of Physics
Royal Institute of Technology, SE-100 44 Stockholm, Sweden

Abstract

The current algebra for second quantized chiral fermions in an external �eld
contains Schwinger terms. These are studied in two di�erent ways. Both are
non-perturbative and valid for arbitrary odd dimension of the physical space,
although explicit expressions are only given for lower dimensions.

The thesis is an introductory text to the four appended research papers.
In the �rst two papers, Schwinger terms are studied by realizing gauge trans-
formations as linear operators acting on sections of the bundle of Fock spaces
parametrized by vector potentials. Bosons and fermions are mixed in a Z2-graded
fashion. Charged particles are considered in the �rst paper and neutral particles
in the second. In the the third and the fourth paper, Schwinger terms are iden-
ti�ed with cocycles obtained from the family index theorem for a manifold with
boundary. A generating form for the covariant anomaly and Schwinger term is
obtained in the third paper. The �rst three papers consider Yang-Mills while
the fourth (in cooperation with Jouko Mickelsson) also includes gravitation.

Key words: Schwinger terms, external �eld problems, higher dimensions, chiral
anomaly, Z2-grading, index theory.
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Preface

This thesis will be about Schwinger terms. It is terms that appear in equal time
commutators of currents in quantum �eld theory. As a mathematical physicist
I �nd it hard to write a thesis about this subject. Both the physical and math-
ematical aspects should preferably be covered. I have decided to focus on some
of the mathematical tools that the Schwinger term and the closely related chiral
anomaly have in common. This is part of what I have learned during the years
1994{1999 as a graduate student at the Royal Institute of Technology.

The following conventions and assumptions will be made throughout the
thesis: All manifolds are assumed to be second countable and Hausdor�. They
are assumed to be paracompact whenever a partition of unity argument is needed.
In�nite-dimensional manifolds are also considered unless stated otherwise. The
physical space (-time) M is real while all other manifolds and (mathematical)
�elds are assumed to be complex if nothing is said about them. All manifolds,
�bre bundles and sections are assumed to be smooth unless explicitly stated
otherwise. The restriction operator to local neighbourhoods will be suppressed
when convenient.

The content of the thesis will now be described briey. Chapter 1 contains
a short introduction to anomalies. Basic ideas behind index theorems and de-
terminant bundles are reviewed in 2. Mathematical ideas which are not very
well-known are used there, and the text can therefore be considered as quite
`heavy'. The reader who is satis�ed with a short discussion about the (family)
index theorem should therefore not read this chapter but rather consult section
2 in Paper IV or some of the various physics articles that reviews the matter, for
instance [1{5]. The cohomological meaning of transgression, and related homo-
morphisms, is covered by chapter 3. This chapter is independent of the previous
one and is not absolutely necessary for the rest of the thesis. Then, in chap-
ter 4, the mathematical structure of a gauge theory is developed. This part is
independent of the previous chapters. It is further explained how the family
index theorem can be applied. Using these results, the chiral anomaly and the
Schwinger term are calculated in chapter 5. Finally, in chapter 6, the Schwinger
term is de�ned and discussed. It is done by viewing it as an obstruction in the
lift of the action of the gauge group from the space of gauge connections to the
Fock bundle. This chapter is independent of the previous ones.

The thesis contains four appended research papers, henceforth referred to as
Papers I{IV. Complementary material to Papers I and II can be found in chapter
6. Chapter 2{5 serves as background material for Papers III and IV.
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Chapter 1

Introduction

According to Noether's theorem there is a conserved current associated with
each symmetry in a classical �eld theory. There are several known cases where
the conservation of a current does not survive the procedures of quantization
and renormalization. This phenomenon is called a `quantum anomaly'.

Since the concept of symmetry is important, the occurrence of an anomaly
often has drastic consequences. It can change the physical contents in an unex-
pected and interesting way or it may even ruin a theory. For `ordinary' sym-
metries, like scale invariance, an anomaly simply has the consequence that the
symmetry in question is absent from the full theory. This is a surprising result,
but not fatal to the theory. Gauged symmetries are very di�erent. These are
not true symmetries, but rather redundancies in our description of the system.
When gauge degrees of freedom becomes anomalous, we �nd that they are not
redundant after all. The requirement of the absence of anomalies can serve (and
do serve) as a guideline in model-building of gauge theories. An example [6] of
a case where this has been used is in superstring theory where the requirement
of the cancellation of anomalies leaves only two possible options for the gauge
group, SO(32) and E8 �E8.

One prominent example of this general phenomenon is the axial vector current
(chiral) anomaly. The transformation of massless fermion �elds by an axial phase
leaves the Lagrangian invariant both for free and for gauge coupling fermions.
In the latter case, the symmetry is destroyed on the quantum level.

The history of the chiral anomaly is quite long. As early as 1949 it gave Stein-
berger [7] problems when he computed Feynman graphs for the �0 !  decay.
Independently, Fukuda and Miyamoto [8] performed similar calculations. Later
on, Schwinger [9] and Johnson [10] showed that the conservation of the axial cur-
rent was violated for appropriately regularized current operators. However, the
importance of their results was not noticed at the time. In the sixties the belief
in the axial symmetry caused severe problems. Using PCAC (Partial Conserva-
tion of the axial current { partial since the involved fermions are not massless)

1



2 Chapter 1. Introduction

Sutherland [11] and Veltman [12] stated a theorem that predicts a strong sup-
pression of the �0 ! 2 decay, in contradiction with experiments. This puzzle
was solved by Adler [13] and by Bell and Jackiw [14] when they derived the
anomaly using Feynman diagrams for QED and the linear �-model [15]. This
gave a correct numerical value for the decay rate, upon inclusion of a factor 3
due to the SU(3)-color degrees of freedom. Indeed, it was in this connection that
Gell-Mann [16] �rst introduced the SU(3) gauge group, which is a basis for QCD.
The knowledge of how to derive the axial anomaly had soon additional physical
applications, for example 't Hooft's [17] resolution of the U(1) problem in QCD.
Methods of how to derive the anomaly using dispersion relations [18] and path
integrals [19] were developed. It was also realized that the chiral anomalies are
related to zero-eigenvalue modes of Dirac operators.

Another example of a well studied anomaly is the Schwinger term. It is an
anomalous term appearing in the equal time commutators of Gauss law gen-
erators. It is closely related to current algebras, which was originally used to
describe hadronic processes. Schwinger terms were �rst discussed by Goto and
Imamura [20] and by Schwinger [21]. It is closely related to chiral anomalies.
The relation between the two features may be investigated using techniques of
Bjorken [22] and, Johnson and Low [23] (BJL) for determining commutators
in perturbation theory. Another link, established by Mickelsson [24] and Fad-
deev [25], is through the descent equations [26].



Chapter 2

Index Theorems, Family

Index Theorems and the

Determinant Line Bundle

The Atiyah-Singer index theorem relates geometrical properties of a vector bun-
dle with analytical properties of certain operators thereon. Thus, it provides a
connection between two di�erent branches of mathematics and is a fundamental
theorem with many applications. The theorem was proven in [27] for manifolds
without boundary and in [28] for manifolds with boundary. The extension to a
family of operators is called the family index theorem and was proven in [29] for
manifolds without boundary and in [30, 31] for manifolds with boundary. The
methods used to derive the index theorems have gone through dramatic changes
since they were �rst considered in sixties. By now, there exist several di�erent
proofs of these theorems. Here, a way of proving them, using heat kernel meth-
ods and superconnections, will be reviewed. These methods can also be applied
to the determinant line bundle. This was done in [32, 33] for manifolds without
boundary and in [34, 35] for manifolds with boundary. The main ideas behind
these results will also be reviewed.

The proofs of the main theorems in this chapter are rather technical and it
is impossible to get room for all the details in a thesis about physics. Therefore,
only the main ideas of the proofs will be considered. The interested reader
is encouraged to consider [36{39], as well as the original articles, for a more
thorough treatment. The reader who only wants enough knowledge about index
theorem to understand the content of the forthcoming chapters is recommended
to not read this chapter, but instead consult section 2 in Paper IV or some of
the references [1{5].

Superconnections and related operators will be considered in section 2.1.
Using properties of these, together with heat kernel techniques, a proof of the
index theorem and a proof of the family index theorem will be reviewed in section

3



4 Chapter 2. Index Theorems, Family Index Theorems. . .

2.2 and section 2.3, respectively. The determinant line bundle will be considered
in section 2.4.

2.1 Connections, Superconnections and Dirac

Operators

Consider a �nite-dimensional Z2-graded vector bundle E = E+ � E� on an 2n-
dimensional manifold M . In this �rst section of the chapter, n is allowed to be
a half-integer. Let 
(M; E) denote the space of di�erential forms on M with
values in E . It can be decomposed as


(M; E) =

2nX
�=0


�(M; E); 
�(M; E) = 
0 (M;^�T �M 
 E) ;

where 
0( � ) denotes the space of sections. 
(M; E) is provided with a Z2-
structure according to


�(M; E) =
X
i


2i(M; E�)�
X
i


2i+1(M; E�):

A superconnection on E is by de�nition an odd-degree, �rst-order di�erential
operator A on 
(M; E) (actually the superconnection is de�ned on the germs of
this space) satisfying

A(f ^  ) = (dMf) ^  + (�1)deg ff ^A 

for

f 2 
0 (M;^T �M) =

2nX
�=0


0 (M;^�T �M) and  2 
(M; E):

The wedge product is de�ned be the usual convention:

f 0 ^ f 00 = f 0 
 f 00 � f 00 
 f 0; (2.1)

if f 0 and f 00 are 1-forms. Superconnections are closely related to ordinary connec-
tions, also called covariant derivatives, which are �rst-order di�erential operators
r : 
0 (M; E)! 
0 (M;T �M 
 E) (de�ned on germs) ful�lling

r(f ) = (dMf)
  + fr (2.2)

for  2 
0 (M; E) and f a function on M .
Notice that A is determined by its restriction to 
0 (M; E). It can be written

as a sum A =
P2n

�=1A[�] where A[�] is the part of A that maps 
0 (M; E) to


�(M; E). F = A2 2 
 (M;End(E)) is called the curvature of A. The main
ideas concerning characteristic classes can be generalized in a straight forward



2.1. Connections, Superconnections and Dirac Operators 5

way to the Z2-graded case considered here. For example, the Chern character
ch(A)=str(exp(iF=2�)) is in cohomology independent of A; this motivates the
notation ch(E) for it. The supertrace `str' has been de�ned in Paper I. The
curvature r2 of r is a 2-from de�ned by extending r to a superconnection and
restricting the resulting curvature to 
2 (M;End(E))

Make from now on the additional assumptions thatM is an oriented Riemann
manifold and that E is a module for the Cli�ord bundle C(M) with the Cli�ord
action c. From a local oriented orthonormal frame fe�g

2n
�=1 of the tangent bundle

TM , with dual frame fe�g2n�=1, a local section i
[(2n+1)=2]e1 �:::�e2n of C(M) can be

constructed, where [(2n+1)=2] = 2n=2 if 2n even and [(2n+1)=2] = (2n+1)=2 if
2n is odd. This section is independent of the choice of frame and can be extended
to a global section of C(M) called the chirality operator and often denoted by
�. Assume that the Z2-structure in E is given by the rule c(�) = �1 on E�.

A is said to be a Cli�ord superconnection if

[A; c(s)] = c(rC(M )s); s 2 
0 (M;C(M)) ; (2.3)

where rC(M ) is the Levi-Civita connection on M extended to C(M) and [�; �]
denotes the supercommutator (which has been de�ned in Paper I). The concept
of a Cli�ord connection is de�ned by replacing the supercommutator with the
commutator in this formula. The existence of a Cli�ord superconnection and
Cli�ord connection can be shown by using a partition of unity argument.

Denote by EndC(M)(E) the set of endomorphisms of E that supercommutes
with the action of C(M). Using the isomorphism End(E) ' C(M)
EndC(M)(E)
the curvature F of the superconnection A decomposes as

F = RE + F E=S ; RE(e�; e�) =
1

4

X
�0;�0

g (R (e�; e�) e�0 ; e�0) c(e
�
0

)c(e�
0

);

where R is the Riemannian curvature and g(�; �) is the Riemannian structure
of M . This equation can be viewed as the de�nition of the twisting curvature
F E=S 2 
2(M;EndC(M)(E)), a form whose notation becomes clear when M is a
spin manifold an S is the spinor bundle.

Closely related with superconnections is the concept of Dirac operators. They
are odd-degree, �rst-order di�erential operators D on 
0(M; E) such that the
principal symbol � of D2 ful�lls

�(D2)(x; �) = j�j2; x 2M; � 2 TxM:

Every Dirac operator D de�nes a Cli�ord action cD of T �M on E by

cD(dMf) = [D; f ];

for functions f on M .
From the usual identi�cation map c�1 between C(M) and 
0 (M;^T �M) an

identi�cation c of 
(M; E) and 
0 (M;C(M)
 E) is obtained. A Dirac operator
can then be de�ned as the composition of


0(M; E)
A
�! 
(M; E)

c
�! 
0 (M;C(M)
 E)

c
�! 
0(M; E) (2.4)
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and it turns out that every Dirac operator with cD = c can be written like this.
Thus, the set of Cli�ord superconnections is in bijective correspondence to the
set of Dirac operators with cD = c. By replacingA with r in (2.4) it is seen that
every Cli�ord connection is associated with a Dirac operator. Observe though,
the converse is not true.

With respect to the decomposition E = E+ � E� the Dirac operator can be
written as

D =

�
0 D�

D+ 0

�
: (2.5)

For a Fredholm operator D+, the (analytic) index of D is de�ned by

indD = dim kerD+ � dim cokerD+:

Notice that D self-adjoint gives cokerD+ = kerD� which implies that the index
can be interpreted as the (super)dimension of the superspace kerD = kerD+ �
kerD�.

2.2 Index Theorems

Some basic facts concerning index theorems will now be reviewed when M is
without boundary, respective when it has a boundary.

Consider a compact oriented Riemannian manifold M of even dimension 2n.
Let E be a �nite-dimensional module for the Cli�ord bundle C(M), provided
with a Z2-grading by �. Below, a Dirac operator D on E will be considered
together with an L2-metric in 
0 (M; E) that is naturally induced from a given
metric in E , where a metric in a vector bundle is de�ned as a smooth family of
non-degenerate inner products on its �bres.

2.2.1 for Manifolds without Boundary

Assume thatM is without boundary and that D is self-adjoint. Spectral decom-
position of D2 gives a simple proof of the McKean-Singer formula [40]:

indD = str
�
e��D

2
�
; 8� > 0: (2.6)

From this it can be seen that the index is independent of D and depends only on
E (and M). In terms of the heat kernel < xj exp(��D2)jx0 > of D2, x; x0 2 M ,
the right hand side of (2.6) can be rewritten as

str(e��D
2

) =

Z
M

str < xje��D
2

jx > : (2.7)

The heat kernel can be de�ned as the solution of the so-called heat equation
together with a certain boundary condition. Using the known expression for the
heat kernel on R2n with D2 replaced by 4, the Laplacian, an approximative
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solution of the heat equation for
�
M;D2

�
can be constructed. Together with the

error term, a better approximation can be constructed. A recursive procedure
gives then a sequence that converges in a suitable norm to the heat kernel on
M . For details of the construction, see [36]. The sequence is rather complicated,
but when inserting it into (2.6) and (2.7), and letting � ! 0, it simpli�es to

indD =

Z
M

�
Â(M)ch(E=S)

�
vol.

(2.8)

with

Â(M) = det1=2
�

iR=4�

sinh(iR=4�)

�
ch(E=S) = 2�nstr

�
c(�) exp

�
F E=S=2�

��
: (2.9)

The notation [ � ]vol. means the part of the argument that is a 2n-form. Actu-
ally, the limit � ! 0 does only exist for self-adjoint Dirac operators associated
with a Cli�ord connection, but since the index is independent of D it follows
that the index theorem (2.8) is true for all self-adjoint Dirac operators. Most
mathematicians prefer to have the factor (2�i)�n on the right hand side of eq.
(2.8), see for instance [36]. This is the result of a di�erent convention in the
de�nitions of Â(�) and ch(�).

Special cases of (2.8) are the Gauss-Bonnet theorem, the Hirzebruch signature
theorem, the Riemann-Roch theorem and the Atiyah-Singer index theorem. The
latter is obtained when M is a spin manifold. The Cli�ord module E can then
be written as E = S
W where S is the spinor bundle and W is a vector bundle
on which the Cli�ord action is trivial. In this case, (2.8) becomes

indD =

Z
M

�
Â(M)ch(W)

�
vol.

:

2.2.2 for Manifolds with Boundary

Consider now the case when D is a associated with a Cli�ord connection andM
has a boundary @M . Assume that in a collar neighbourhood N ' [0; 1]� @M of
@M the metric in M is of product type:

g = (dM t)
2
+ g0;

where g0 is the pull-back of a metric in @M and t 2 [0; 1] is the normal inward
coordinate. Assume also that there is an identi�cation between Ef0g�@M = E@M
and Eftg�@M so that the `+'-part of the Dirac operator in N can be written as

D+ = c (dM t)

�
@

@t
+D0

�
; (2.10)
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where D0 is a self-adjoint Dirac operator on E+
@M

. Since D+ has an in�nite-
dimensional kernel, boundary conditions have to be imposed. Consider �rst the
boundary condition

P0 = f 2 
0
�
M; E+

�
;P+ j@M = 0g;

where P+ is the spectral projection of D0 corresponding to non-negative eigen-
values.

With D�jP00 the adjoint of D
+jP0 the McKean-Singer theorem (2.6) holds for

the operator

DjP0 =

�
0 D�jP00

D+jP0
0

�
:

As for the case when M is without boundary, knowledge about the heat kernel
of (DjP0)

2
gives a way to reach the index theorem. However, it is di�cult to

perform a direct calculation of the heat kernel on a manifold with a boundary.
Instead, there are di�erent tricks that can be made. The one that will be used
here is built on the following ideas:

Extend all structures to the double ofM , i.e. the manifold obtained by gluing
a copy of M with reversed orientation together with M along the boundary. As
in the previous section, the heat kernel can be obtained there since the double
does not have any boundary. Multiplying it with a real function being zero
everywhere except in (one of the copies) M and being one in M n N gives an
approximation of the heat kernel in all ofM except close to the boundary. Extend
then N to a cylinder R+ � @M . It is not too di�cult to obtain an expression
for the heat kernel on this cylinder. By multiplying it with a real function
that is zero everywhere except in N and that is one close to the boundary, an
approximation of the heat kernel in a neighbourhood of @M is obtained. Patching
the two approximative heat kernels together in an appropriate way and letting
the McKean-Singer parameter � ! 0 gives an approximation that converges
to the heat kernel on M with respect to some suitable norm. The details of
these arguments can be found in [37]. Inserting the obtained heat kernel in the
McKean-Singer formula gives

indDjP0
=

Z
M

�
Â(M)ch(E=S)

�
vol.

�
1

2

�
� + dim kerD0

�
:

The last term, coming from the boundary, contains the �-invariant. It is de�ned
as a renormalized sum over the sign of the nonzero D0-eigenvalues.

For the boundary condition

P� = f 2 
0
�
M; E+

�
; P+;� j@M = 0g;

where P+;� is the spectral projection of D0 corresponding to eigenvalues � �,
the relation

indDjP� = indDjP0 + ind (P�P0 : ranP0 ! ranP�)

holds. In fact, this formula is true for all pseudo di�erential projections which
have the same principal symbol as P0 [37].
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2.3 Family Index Theorems

Consider a �bre bundle �M :M! B provided with a connection. This means
a decomposition of the tangent bundle at every x 2 M into a horizontal and a
vertical part: TM = THM�T (M=B). Assume that every �bre is di�eomorphic
to a �xed compact oriented Riemannian manifold M of even dimension 2n. Let
E be a �nite-dimensional module for the Cli�ord bundle C(M=B), with the
Cli�ord action c, provided with a Z2-grading by the corresponding chirality
operator. A given metric in E naturally induces an L2-metric in 
0 (Mz; EjMz

),
with Mz the �bre of M at z 2 B. At last, let D be an operator on 
0(M; E)
that consists of a family of Dirac operators fDzgz2B , Dz = Dj
0(Mz;EjMz )

. This
setting corresponds to the case of the (non-family) index theorems parameterized
by elements z 2 B in a suitable nice way. Notice that no restriction is put on
the dimension of B. It can thus be in�nite-dimensional.

2.3.1 for Manifolds without Boundary

For details of the arguments in this section, consult [36].
Here, it will further be assumed that M is without boundary and that Dz

is self-adjoint for all z 2 B. The case when the (super)dimension of kerDz is
constant over B will be considered at �rst.

It is straight forward to extend the de�nition of a superconnection to the
case of it being an operator on the space 
0 (M;E) ;E = (��

M
(^T �B))
E . The

superscript of an asterix of a function will denote the pull-back as the subscript
will denote the push-forward. Let A be such a superconnection with A[0] = D

and A� the rescaled superconnection: A� = �1=2D + A[1] + ��1=2A[2] + :::

The Chern character of the index bundle IndD, de�ned as the Z2-graded vector
bundle kerD, can then be written as

ch (IndD) = ch
�
P0A[1]P0

�
= lim

�!1
ch (A� ) = ch (A� ) ;

where P0 denotes the projection in E onto IndD. The �rst equality holds since
P0A[1]P0 is a superconnection on IndD. The third equality holds since the
cohomology of the Chern character is constant along such one-parameter orbits.
The second equality is a generalization of the McKean-Singer formula to the case
of families.

An expression for ch (IndD) can be obtained by calculating ch (A� ) in the
limit � ! 0. However, as for the non-graded situation, this limit does only exist
for certain superconnections. An example of when the limit exist is given by the
so-called Bismut superconnection, whose construction now will be reviewed:

E can be considered as a Cli�ord module for C0(M) ' ��
M

(^T �B) 

C(M=B) where the Cli�ord action c0 is given by c for vertical vectors and
by exterior multiplication for horizontal vectors. Let rE;� be the sum of a
Cli�ord connection in E and the connection in ��

M
(^T �B) coming from the

Levi-Civita connection in B. Due to the change in the volume form along the
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�bres of M ! B, this is not a Cli�ord connection for C(M). However, it can
be made such by a simple modi�cation: rE;0 = rE;� + 1

2
c0(&), for a certain

& 2 
1
�
M;^2T �M

�
. In terms of a local orthonormal frame ffig of M, with

dual frame ff ig, the Dirac operator A =
P

i
c0
�
f i
�
rE;0
fi

is also a superconnec-
tion on E with A[0] = D. Using the Bismut superconnection A, lim�!0 ch (A� )
can be calculated and an explicit expression is obtained:

ch (IndD) =

Z
M=B

Â (M=B) ch (E=S) ; (2.11)

which is called the family index theorem. Â is de�ned as in (2.9) but with the
curvature in M=B coming from the connection rM=B de�ned by restricting
rgM to T (M=B), where rgM is the Levi-Civita connection on M with respect
to the metric gM = (��

M
gB) � gM=B . It can be shown that rM=B is in fact

independent of the choice of Riemann metric gB on B. ch (E=S) is de�ned as in
(2.9) with respect to the twisting curvature F E=S 2 
2

�
M;EndC(M=B)(E)

�
The situation when the (super)dimension of kerDz varies over B can be

treated with K-theory. In this case, the index bundle is a formal vector bundle
de�ned by IndD = kerD+ 	 kerD�. The Chern character for IndD can be
de�ned and using the result when dim kerDz = const., it can be shown that the
family index theorem (2.11) holds in this case as well.

2.3.2 for Manifolds with Boundary

Let M have a boundary and let every element in the family fDzgz2B be asso-
ciated with a Cli�ord connection. Assume that there is a collar neighbourhood
of @Mz for each z 2 B such that the metric and the module EjMz

is of product
type there, i.e. of the form described in section 2.2. This implies that every D+

z

can be decomposed as in eq. (2.10). Let IndDjP� be the family fIndDz;P�gz2U� ,
where IndD = kerD+ 	 kerD� is the index bundle in the sense of K-theory and
U� = fz 2 B;� =2 spec

�
D0
z

�
g. The notation means that every operator D+

z

will be restricted to the domain f 2 
0(Mz; E
+jMz

)jPz;� j@Mz
= 0g, while

D�

z will be restricted to f 2 
0(Mz; E
�jMz

)j(1�Pz;�)c
+
z (dMz

tz)
� j@Mz

= 0g,
where Pz;� is the spectral projection of D0

z
corresponding to eigenvalues � �. It

will be assumed that the Dirac operators Dz;� are self-adjoint. The family index
theorem for manifolds with boundary then takes the form:

ch (IndDjP�) =

Z
M=B

Â (M=B) ch (E=S)�
1

2
�̂P� ; z 2 U�:

In the same language as is used in this chapter, together with the b-calculus of
Melrose [41], this formula has been derived in [38]. The relative index theorem:

IndDjP� � IndDjP�0 = ran (P�0 � P�) ; z 2 U��0 ;
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where U��0 = U�\U�0 , was also proven in this article. It was further shown that
when dim kerD0

z
is independent of z 2 B it is possible to choose P� = P0 and

that this implies

ch (IndDjP0
) =

Z
M=B

Â (M=B) ch (E=S)�
1

2

�
�̂ + ch

�
ker D0

��
;

where �̂ is a form closely related with the �-invariant. Details of the above
construction together with explicit expressions of �̂P� and �̂ can be found in [38].

2.4 The Determinant Line Bundle

The determinant line of a �nite-dimensional superspace V = V + � V � is de-
�ned by detV = (detV +)

�


 (detV �) , with `det' on the non-graded spaces V �

meaning the top exterior product. Here, bundles of such determinant lines will
be considered in an in�nite-dimensional setting.

Consider the �bre bundleM! B with �bres di�eomorphic to a �xed �nite-
dimensional compact oriented Riemannian manifold M without boundary. Let
Mz be the �bre in M at z 2 B and let D be an operator on 
0 (M; E), where
E = E+�E� is a �nite dimensional Z2-graded vector bundle onM, such that the
family fDzgz2B , Dz = Dj
0(Mz ;EjMz )

, consists of self-adjoint elliptic operators
on 
0 (Mz; EjMz

) of the form (2.5).

The operators Dz have discrete spectrum and �nite-dimensional kernels and
cokernels. The determinant line bundle of the family fDzgz2B is the bundle
with �bre �

det kerD+
z

�
�



�
det cokerD+

z

�
: (2.12)

Since the dimension of kerD+
z
may jump as z varies, this expression does not

yet de�ne a line bundle on all of B. To circumvent this problem, an alternative
de�nition of the determinant line bundle will be made, in the spirit of Quillen [42].

Set V� = fz 2 B;� =2 spec((Dz)
2)g, � > 0, and V(�;�0) = V� \ V�0 for

� < �0. A given metric in E induces an L2-metric in each Hz = 
0 (Mz; EjMz
).

With respect to this metric, let Pz;�, z 2 V�, and Pz;(�;�0), z 2 V(�;�0), denote the

spectral projections of (Dz)
2
corresponding to eigenvalues less than �, respective

eigenvalues in the interval (�; �0).

On V(�;�0) there is a vector bundle H(�;�0), with �bre Hz;(�;�0) = Pz;(�;�0)Hz ,
from which the line bundle detH(�;�0), with �bre detHz;(�;�0), can be constructed.

The line bundle is trivial since there is a nowhere-vanishing section detD+
(�;�0)

,

where D+
(�;�0)

= D+jH(�;�0)
. In a similar way, there is a vector bundle H� on V�,

with �bre Hz;� = Pz;�Hz, from which the line bundle detH� can be constructed.
However, this line bundle is not necessary trivial.

Using the triviality of detH(�;�0), the line bundle detH� on V� can be extended
to all of B by identifying a section  of detH� over V(�;�0) with the section

 
detD+
(�;�0)

of H�0 . The obtained line bundle over B is called the determinant
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line bundle DET(D) associated to the family fDzgz2B and is actually the same
bundle as the one described in (2.12). However, the problem in the jump of
dim kerD+

z does no longer remain.
If all operators in the family fDzgz2B have zero index, there is a section

detD+
�
, D+

�
= D+jH�

, over V� , which can be extended to a section detD+ over
B, by the recipe above. The section vanishes precisely when Dz is not invertible.

Since the L2-metric in Hz induces a metric in Hz;� and therefore also in
detHz;�, there is a well-de�ned metric j � j� in detH�. However, the metric does
not extend to all of B since for z 2 V(�;�0), j � j� and j � j�0 di�er by a factor

��detDz (�;�0)

�� = mY
i=1

�
1=2

i
;

where 0 < � < �1 � ::: � �m < �0 is an enumeration of the eigenvalues of D�

z
D+
z

between � and �0. This discrepancy was corrected in [32] by a zeta function
regularization [43]. The zeta function � (t;D�

z D
+
z ; �) admits a meromorphic

extension in t to the whole complex plane. Its derivative at t = 0 ful�lls

� 0
�
0; D�

z D
+
z ; �

�
= � 0

�
0; D�

z D
+
z ; �

0
�
�

mX
i=1

log�i:

Thus, the Quillen metric, de�ned as

j � jQ = e��
0(0;D�z D

+
z ;�)=2j � j�

on V�, extends to all of B.
Assume now further that there is a connection in M! B, that M has even

dimension 2n, that E is a module for C(M=B) with grading coming from the
corresponding chirality operator, and �nally that the family fDzgz2B consists
of Dirac operators. This is the same presumptions as were made for the family
index theorem for manifolds without boundary.

With these assumptions, Bismut and Freed constructed in [32] a natural
connection on the determinant line bundle, compatible with the Quillen metric.
Using the analytic techniques developed by Bismut in [44], they derived in [33]
the following result for its curvature:

FDET = �2�i

 Z
M=B

Â (M=B) ch (E=S)

!
[2]

;

where ( � )[k] means the part of the argument that is a k-form. This implies

ch (DET)[2] =

 Z
M=B

Â (M=B) ch (E=S)

!
[2]

; (2.13)

which also could have been obtained directly from the index theorem by a zeta
function regularization as in [45].
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The situation whenM has a boundary can be treated in parallel, see [34,35].
The same assumptions as was made for the family index theorem for manifolds
with boundary will be used. It is then possible to mimic the Bismut-Freed
construction for the operators Dz;P� . The result is

FDET,P� = �2�i

 Z
M=B

Â (M=B) ch (E=S)�
1

2
�̂P�

!
[2]

; z 2 U�: (2.14)

When dim kerD0
z
is independent of z 2 B it is possible to choose P� = P0 and

this implies

FDET,P0 = �2�i

 Z
M=B

Â (M=B) ch (E=S)�
1

2

�
�̂ + ch

�
ker D0

��!
[2]

:

Again, eq. (2.14) is consistent with

ch (DET,P�) =

 Z
M=B

Â (M=B) ch (E=S)[2] �
1

2
�̂P�

!
[2]

; z 2 U�

which could have been derived directly from the family index theorem. The
relative index theorem in section 2.3.2 corresponds to:

ch (DET;P�)� ch (DET;P�0) = ch ran (P�0 � P�)[2] ; z 2 U��0 :
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Chapter 3

Line Bundles, Transgression

and Anomalies

The previous chapter ended with a discussion about the physically important ob-
ject called the determinant line bundle. This is the motivation for studying line
bundles and related objects in this chapter. Focus will be on the map that assign
the curvature on a given line bundle and the map that `transgresses' the curva-
ture. Especially, the induced homomorphisms in cohomology will be considered.
This will then be generalized to higher order de Rham and �Cech cohomology.
For the case of line bundles, an alternative description of the composition of the
two maps will be gives. This explains why the chiral anomaly is obtained by
transgression of a curvature. Important references are [46{48].

3.1 Line Bundles

Complex line bundles L ! B will be considered. Two such line bundles L and
L0 are said to be equivalent if there exist a di�eomorphic bundle map from L
to L0. A line bundle is said to be trivial if it is equivalent to the direct product
B�C. For example, every line bundle over a contractible space is trivial. Clearly,
triviality is equivalent with the existence of a global nowhere vanishing section
of the bundle.

A line bundle L can be described by an open cover fU�g�2I of B, for a
countable index set I (actually it is enough with a �nite index set, see proposition
4.1 in [49]) and local non-vanishing sections s� : U� ! LjU� . The sections
are related by s� = g��s�, for the transitions functions g�� : U�� ! C�,
U�� = U� \ U�. It implies that g�� = g�1

��
. All covers fU�g�2I that will be

considered are assumed to be locally �nite and good. With a good cover is meant
that all nonempty �nite intersections of the sets in the cover are contractible.
Every cover of B has a re�nement with a locally �nite and good subcover when
dim(B) < 1. However, for B in�nite-dimensional this is in general not true,

15
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see [48] and references therein. In the following, when considering di�erent line
bundles on B, the cover is assumed to be �xed while the transition functions
are allowed to vary, depending on the line bundle they describe. This is possible
since the U�'s are contractible. The choice of a �xed cover is convenient for the
following, though not necessary.

By construction, the transition functions obey the cocycle relation g��g� =
g� on U�� = U� \ U� \ U . It is easy to see that L and L0 are equivalent if
and only if the quotient (g=g0)�� := g��=g

0

��
is a coboundary (�h)�� := h�=h�

for some set of functions h� : U� ! C�. Thus, the cocycle relation modular the
coboundary relation, describing the �Cech cohomology �H1(fU�g�2I ;C

�), can be
used to classify line bundles in equivalence classes. From this it follows that
�H1(fU�g�2I ;C

�) is independent of the (locally �nite and good) cover justifying
the new notation �H1(B;C�).

The class of sets of transition functions is equipped with a group structure
given by an abelian multiplication (gg0)�� := g��g

0

��
, describing L 
 L0, an

inverse (g�1)�� := (g��)
�1, describing the dual line bundle L�, and an identity

(gid.)�� : U�� ! 1, describing B � C. This structure can be carried over to
�H1(B;C�), making it an abelian group.

The line bundle �L : L ! B de�nes a principal bundle �
L
� : L� ! B, with

structure group C�, as the complement of the zero-section of L, equipped with
the natural right action. Conversely, given a principal bundle L� with structure
group C�, the line bundle L = L� �C� C is the associated bundle to L� by,
where �0 2 C� acts on L� � C as �0(p; �) = (p�0 �1; �0�). Thus, a bijective
correspondence between line bundles with �bres C and principal bundles with
structure group C� has been established. This means that principal bundles
with structure group C� also can be classi�ed by �H1(B;C�). For example,
triviality of L� is equivalent with the existence of a global section of it.

There exist a bijective correspondence between the set of connections r on
L and the set of connections A on L�. It is given by the claim that

rs = (s�A)
 s (3.1)

should hold for any local non-vanishing section s of L. This follows from section
4.2 if s is written as [(s

L
� ; 1)], where s

L
� is a local section of L�. There, it will

also be shown that the curvatureK = r2 ful�llsKs = (s�F )
s, where F = dLA

is the curvature corresponding to A. Therefore, Ks = (dBs
�A)
s. From section

4.2 (or from eq. (2.2) and (3.1)) it follows that (sf)�A = s�A + f�1dBf which
implies that dB(sf)

�A = dBs
�A, where f is a local C�-valued function on B.

Thus,
Ks0 = (dBs

�A)
 s0; (3.2)

for s0 = fs. It is therefore locally possible to identify K with dBs
�A for any

local section s of L�.
Since the curvature is a closed 2-form on B it represents an element [K] 2

H2(B;C). It will now be shown that there is a di�erent representation of this
element that has a simple expression in terms of the transition functions on L.
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On U�, the curvature K� = dBs
�

�
A will be compared with

�K� = dB
X
2I

�dB log g� ; (3.3)

where f��g�2I is a partition of unity subordinate to the cover, that is, a set of
functions �� : B ! [0; 1] such that

P
�2I

��(z) = 1, 8z 2 B and the support

of �� is contained in U�. Observe that dB log g�� = g�1
��
dBg�� is well-de�ned

although there is an ambiguity in the de�nition of the logarithm. Using the fact
that �K�� �K� = 0 on U��, the local 2-form �K� can be extended to a global form
�K on B such that �KjU� = �K�, 8� 2 I . Notice that the form

�� = s�
�
A�

X
2I

�dB log g�

on U� de�nes a global form since

�� � �� = (g��s�)
�A� s�

�
A�

X
2I

�dB (log g� � log g�)

=
dBg��

g��
�
X
2I

�dB log g�� = 0:

Thus, the relation
dB�� = K� � �K�

can be extended to all of B: dB� = K� �K. This means that K and �K represents
the same cohomology class in H2(B;C). The cohomology class of K depends
therefore only on the line bundle L, or equivalently, on the transition functions,
and not on the choice of connection r.

From eq. (3.3) it is seen that if fg��g�;�2I is trivial, g�� = h�=h�, then

�K� = �dB

0@X
2I

�dB logh

1A :

The right hand side does not contain the index �. This implies that the global
2-form �K is exact. Thus, it has been shown that equation (3.3) generates a map
in cohomology:

�H1(B;C�)! H2(B;C);

which maps the �Cech cohomology class of the transition functions to the de
Rham cohomology class that its curvature belongs to. From eq. (3.3) it is
seen that it is a homomorphism with respect to the ordinary (additive) group
structure in the de Rham cohomology H2(B;C). From the same equation it
is clear that �K (or K) satis�es the integrality condition, i.e. its integral over
a closed oriented surface in B is always equal to 2�i times an integer, [50, 51].
Recall that a representative of the second Chern character is given by i=2� times
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the curvature. Thus, the second Chern character for a line bundle is inH2
0 (B;C),

the subgroup of H2(B;C) consisting of representatives whose integral over any
closed surface in B is equal to an integer. Consider now the homomorphism

�H1(B;C�)! H2
0 (B;C) (3.4)

that maps a line bundle to its second Chern character (which of course is equal
to the total Chern character subtracted by the identity). It will now be proven
that this map is onto, or equivalently, that for every element [i �K=2�] 2 H2

0 (B;C)
there exists transition functions such that (3.3) holds. Since �K is closed, �K� is
exact on U�: �K� = dB��. Further, the 1-form �� � �� is closed on U�� and
therefore also exact: ����� = dB��� . It implies that ���+����� is constant
on U�� . That �K satis�es the integrality condition is equivalent with

��� + �� � �� 2 2�iZ

on U�� . Therefore, fg�� := exp ���g��2I obeys the cocycle relation. Since

�� � �� = dB log g�� =
X
2I

�dB(log g� � log g�);

the forms

�0
�
= �� �

X
2I

�dB log g�

can be patched together to a global form �0 such that �0jU� = �0�. Thus,
�K� = dB�� and dB

P
2I

�dB log g� represent the same cohomology class in

H2(B;C). It has thus been proven that eq. (3.4) is an epimorphism (a surjective
homomorphism).

To �nd the kernel, assume that �K is a coboundary dB�. Then eq. (3.3) gives
that

dB
X
2I

�dB log g� = dB�� ,
X
2I

�dB log g� = �� + dB�
1
�

holds on U�, where �
1
�
: U� ! C. This implies the following relation on U�� :

dB log g�� =
X
2I

�dB(log g� � log g�)

= �� + dB�
1
� � �� � dB�

1
� = dB

�
�1� � �1�

�
, g�� = C��(� exp �

1)�� :

Thus, g�� is up to a coboundary equal to a constant C�� .

Line bundles that are described by constant transition functions over a con-
tractible cover are called at line bundles.

The result of this section will now be summarized:
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Lemma 1 Let �H1(B;C�) be the �Cech cohomology that classi�es line bundles,
�H1
0 (B;C

�) � �H1(B;C�) the subgroup which consists of elements that can be

represented by constant transition functions, and H2
0 (B;C) � H2(B;C) the sub-

group of the de Rham cohomology such that 2�i times a representative satis�es

the integrality condition. The following sequence is exact:

0! �H1
0 (B;C

�)! �H1(B;C�)! H2
0 (B;C)! 0:

The second arrow denotes inclusion and the third denotes the epimorphism that

maps the cohomology class of a line bundle to its second Chern character.

3.2 Extension to Higher Order Cohomology

It is possible to extend certain parts of the results in the previous section to the
cohomologies �Hk(B;C�) for k � 1. These are de�ned in terms of `transition'
functions g�0:::�k : U�0:::�k ! C�, U�0:::�k = U�0 \ ::: \ U�k , which are anti-
symmetric in the indices, g�0:::�i:::�j:::�k = (g�0:::�j:::�i:::�k)

�1, and the cobound-
ary operator � given by

(�g)�0:::�k+1
=

k+1Y
i=0

�
g�0:::�̂i:::�k+1

�(�1)i
; (3.5)

on U�0:::�k+1
. The symbol b means omission of the element it is over. The group

structure is de�ned by (gg0)�1:::�k+1
:= g�1:::�k+1

g0�1:::�k+1
, (g�1)�1:::�k+1

:=

(g�1:::�k+1
)�1 and (gid.)�1:::�k+1

: U�1:::�k+1
! 1. The de�nition of �Hk(B;C�)

can be modi�ed so it will be independent of the (locally �nite and good) cover
fU�g�2I , see for example [48].

The short exact sequence

0! Z! C
exp
! C� ! 0

induces an exact sequence of sheaves of local sections

0! CZ ! CC ! CC� ! 0

which in turn gives a long exact sequence in �Cech cohomology:

:::! �Hk(B;C)! �Hk(B;C�)! �Hk+1(B;Z)! �Hk+1(B;C)! :::

The cohomologies �Hk(B;C) and �Hk(B;Z) are de�ned as �Hk(B;C�), but with
(locally) constant cochains and an `additive' group structure. The fact that CC
is a �ne sheaf implies that

�Hk(B;C�) ' �Hk+1(B;Z) (3.6)



20 Chapter 3. Line Bundles, Transgression and Anomalies

A realization of this isomorphism is given by the map fg�0:::�kg 7! fh�0:::�k+1
g,

de�ned by

h�0:::�k+1
=

i

2�

k+1X
j=0

(�1)j log g�0:::�̂j:::�k+1
;

where a branch for the logarithm has been chosen. The reader is warned for
the fact that the case of a sheaf of holomorphic functions is not as easy, see, for
instance, [49].

The cohomology �Hk+1(B;C) have an additive structure just like �Hk+1(B;Z),
but in contrary to �Hk(B;C�) which has a multiplicative structure. This is cru-
cial. For instance, there exist a natural isomorphism to the de Rham cohomology:

�Hk+1(B;C)
�

! Hk+1(B;C); (3.7)

see, for example, [52]. As was seen in lemma 1, and as will be seen in lemma
2, this is not the case for multiplicative �Cech cohomology. The coboundary
operator in �Hk+1(B;C) and �Hk+1(B;Z) is de�ned as � in (3.5) but with the
product replaced by a sum. This implies that every closed representative h in
�Hk+1(B;C) would be exact with respect to

P
�
��h��0:::�k unless the restriction

to constant functions was made.

Every element in �Hk+1(B;Z) can be considered to be in �Hk+1(B;C). This
gives a non-surjective homomorphism

�Hk+1(B;Z)! �Hk+1(B;C): (3.8)

It may very well be so that a non-trivial element in �Hk+1(B;Z) is trivial in
�Hk+1(B;C). Thus, the homomorphism can have a non-zero kernel.

Under the natural isomorphism between additive �Cech cohomology and de
Rham cohomology, the image of (3.8) can be identi�ed with a subgroup of
Hk+1(B;C) which will be denoted by Hk+1

0 (B;C). The kernel of the epimor-
phism

�Hk+1(B;Z)! Hk+1
0 (B;C) (3.9)

is then equal to the kernel of the homomorphism in (3.8). To determine it,
construct the map fg�0:::�kg 7!

i

2�
�K�, where

i

2�
�K� =

i

2�
dB

X
�0;:::;�k�12I

��0dB��1 ^ dB��2 ^ :::^ dB��k�1 ^ dB log g��0:::�k�1 ;

(3.10)
from which the epimorphism is induced (if (3.6) is used). The cocycle relation
for the transition functions implies that �K� � �K� = 0 on U�� which guarantees
the existence of a global form �K such that �KjU� = �K�, 8� 2 I . To �nd the
kernel of (3.9), observe that �K trivial implies:

�K = dB� , �K� = dB��; 8� 2 I
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,
X

�0;:::;�k�12I

��0dB��1 ^ ::: ^ dB��k�1 ^ dB log g��0:::�k�1

= �� + dB�
1
�; 8� 2 I

) dB
X

�1;:::;�k�12I

��1dB��2 ^ ::: ^ dB��k�1 ^ dB log g���1:::�k�1

= dB
�
�1� � �1�

�
; 8�; � 2 I

,
X

�1;:::;�k�12I

��1dB��2 ^ ::: ^ dB��k�1 ^ dB log g���1:::�k�1

= �1
�
� �1

�
+ dB�

2
��
; 8�; � 2 I

) dB
X

�2;:::;�k�12I

��2dB��3 ^ ::: ^ dB��k�1 ^ dB log g���2:::�k�1

= dB
�
�2�� � �2� + �2�

�
; 8�; �;  2 I

) :::

) dB log g�0:::�k = dB

kX
i=0

(�1)i�k�0:::�̂i:::�k ; 8�0; :::; �k 2 I

, g�0:::�k = C�0:::�k(� exp �
k)�0:::�k ; 8�0; :::; �k 2 I:

Thus, it has been shown that �K trivial implies that the transition functions are
constant C�0:::�k up to coboundaries. The converse statement is obvious. A
generalization of lemma 1 has now been obtained:

Lemma 2 Denote by Hk
0 (B;C) the image of �Hk(B;Z) under the isomorphism

�Hk(B;C)
�

! Hk+1(B;C) and let �Hk
0 (B;C

�) � �Hk(B;C�) be the subgroup of

the �Cech cohomology that consists of elements that can be represented by constant

transition functions. Then, the following sequence is exact:

0! �Hk

0 (B;C
�)! �Hk(B;C�)! Hk+1

0 (B;C)! 0

for k � 1. The second arrow denotes inclusion and the third is the epimorphism

given by (3.6) and (3.9), and is induced by the map in (3.10).

3.3 Torsion

The kernel of the epimorphism in (3.9), or equivalently the kernel of the homo-
morphism in (3.8), is related to a phenomenon called torsion. The universal coef-
�cient theorem (see [53]) states that the abelian group �Hk(B;C�) ' �Hk+1(B;Z)
is the direct sum of a free part and a torsion part. When �Hk+1(B;Z) is �nitely
generated, the theorem takes the form

�Hk+1(B;Z) = Z� :::� Z� Zn1 � :::� Znj :

The map (3.8) means that the coe�cient �eld should be extended to C. How-
ever, if h 2 Zj , then hr = h(jr=j) = hj(r=j) = 0, for r 2 C, r 6= 0. This
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implies that the torsion pieces are in the kernel of (3.8). Thus, torsion is con-
tained by �Hk+1

0 (B;Z), the image of �Hk
0 (B;C

�) under the isomorphism in (3.6).
For further discussions about torsion (and holonomy) and relations to physics,
consult [33, 54{56]

3.4 Transgression

Let T be a Lie group which acts freely from the right on B. Then the space of
functions fB : B ! C is a Lie(T )-module with respect to the Lie derivative

(XfB)(z) = (dBfB)(Xz); X 2 Lie(T );

where Xz =
d

dt
jt=0z �exp(tX), z 2 B. Consider the additive group Ck

Lie(T )(C(B))

of k-linear skew-symmetric mappings ! from Lie(T ) � ::: � Lie(T ) (k times)
to the space of C-valued functions on B. The operator � : Ck

Lie(T )
(C(B)) !

Ck+1
Lie(T )

(C(B)) de�ned by

(�!)(z;X1; :::; Xk+1)

=

k+1X
i=1

(�1)i+1Xi

�
!
�
z;X1; :::; X̂i; :::; Xk+1

��
+

X
1�i<j�k+1

(�1)i+j!
�
z; [Xi; Xj ]; X1; :::; X̂i; :::; X̂j ; :::; Xk+1

�
;

z 2 B; X1; :::; Xk+1 2 Lie(T ) (3.11)

obeys �2 = 0 and de�nes therefore cohomologies Hk

Lie(T )
(C(B)), k � 0 [57].

The equation
a�(z;X1; :::; Xk) = �z(X1 z ; :::; Xk z) (3.12)

de�nes a homomorphism

Hk(B;C)! Hk

Lie(T )(C(B));

given by [�] 7! [a�]. This is obvious from the resemblance of de�nition (3.11)
and the formula for the exterior di�erential:

(dB�)z(�1; :::; �k+1) =

k+1X
i=1

(�1)i+1dB (�z (�1; :::; �̂i; :::; �k+1)) (�i)

+
X

1�i<j�k+1

(�1)i+j�z ([�i; �j ]; �1; :::; �̂i; :::; �̂j ; :::; �k+1) ;

where �1; :::; �k+1 2 TB.
Assume that Hk+1(B;C) = 0 and let �B denote the projection B ! B=T .

Since dB�
�

B
� = 0 for [�] 2 Hk+1(B=T ;C), there must exist a k-form �0 on B such

that ��
B
� = dB�

0. Restrict �0 to vertical vectors and apply eq. (3.12) to obtain
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a cocycle T� in Ck

Lie(T )
(C(B)). Since T maps coboundaries to coboundaries, it

induces a map in cohomology:

Hk+1(B=T ;C)! Hk

Lie(T )(C(B)); k � 0:

This homomorphism will be referred to as the transgression map, [58, 59]. It
is occasionally also referred to anti-transgression in the literature. By abuse
of language, the maps ��

B
� 7! T� and � 7! T� are sometimes also be called

transgression maps although they are only well-de�ned up to coboundaries.

3.5 A Commutative Diagram

Replace B with B=T in the epimorphism in lemma 2 and compose it with the
transgression map. A homomorphism

�Hk(B=T ;C�)! Hk

Lie(T )(C(B)); k � 1; (3.13)

is then obtained. This map is important in quantum �eld theory, at least for k =
1; 2, as will become clear in chapter 5. However, even for the simple case k = 1
it is a rather complicated map: it maps the cohomology class of a line bundle
to its second Chern character which then is transgressed under the assumption
that H2(B;C) = 0. In this section, a complementary interpretation of the
homomorphism will be given in hope to clarify the ideas behind it.

As a �rst step, an alternative description of line bundles will be given by
proving that �H1(B=T ;C�) ' H1

T
(C�(B)) when �H1(B;C�) = 0. The coho-

mology Hk

T
(C�(B)) is de�ned in terms of the coboundary operator �T given

by

(�T f)(z;'1; :::; 'k+1) = f(z � '1;'2; :::; 'k+1)f(z;'1; :::; 'k)
(�1)k+1

kY
i=1

f(z;'1; :::; 'i�1; 'i'i+1; :::; 'k+1)
(�1)i (3.14)

when it acts on cochains f . They are by de�nition smooth maps

f : T � :::� T| {z }
k times

! C�(B)

which gives the function B ! 1 in C�(B) whenever one of the arguments in T
equals the identity. The group structure inHk

T
(C�(B)) is given by multiplication

in C�.

Lemma 3 De�ne !0(z;X1; ::; Xk) by anti-symmetrization of

dk

dt1:::dtk

����
t1=0;:::;tk=0

i

2�
log f (z; exp(t1X1); :::; exp(tkXk))

in X1; ::; Xk 2 Lie(T ). The map f 7! !0 induces an epimorphism

Hk

T
(C�(B))! Hk

Lie(T )(C(B)): (3.15)
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Proof That the map is a well-de�ned homomorphism is easy to see. To prove
that it is onto, choose neighbourhoods UT � T and ULie(T ) � Lie(T ) = Tid.T T
such that the restriction of the exponential map exp jULie(T )

: ULie(T ) ! UT

is a di�eomorphism. Let then [!0] 2 Hk

Lie(T )
(C(B)) be given and de�ne [f ] 2

Hk

T
(C�(B)) in UT by:

f(z;'1; :::; 'k) = exp
�
�2�i!0

�
z; exp�1 jUT ('1); :::; exp

�1 jUT ('k)
��
;

where the �rst exponential map on the right hand side is with respect to complex
numbers. The fact that T is a topological group implies that its identity com-
ponent is generated by any neighbourhood of id.T , for example UT . Together
with eq. (3.14) this gives that f is well-de�ned in all of the identity component
of T . Clearly, it is then possible to extend f to all of T in such a way that it is a
representative of an element in Hk

T
(C�(B)). Application of the homomorphism

in (3.15) on the element [f ] clearly gives [!0]. The surjectivity has therefore been
proven.

�

Every [f ] 2 H1
T
(C�(B)) de�nes a principal C�-bundle B�T C

� ! B=T by
the equivalence relation

(z; �) � (z � '; f(z;')�1�) (3.16)

in B � C�. The cocycle relation f(z;')f(z � ';'0) = f(z;''0) and the fact
that f(z; id.T ) = 1, 8z 2 B, is equivalent with transitivity and reexivity, re-
spectively, of the equivalence relation. Symmetry is implied by these conditions.
The (right) action of �0 2 C� on B �T C

� is de�ned by

[(z; �)]�0 := [(z; ��0)]:

The following lemma was proven in [46] (see also [47]):

Lemma 4 The following sequence is exact:

0! H1
T
(C�(B))! �H1(B=T ;C�)! �H1(B;C�); (3.17)

where the second arrow denotes the monomorphism induced by (3.16) and the

third arrow denotes the homomorphism given by the pull-back of line bundles

with respect to �B .

Proof For f(z;') = h(z �')h(z)�1, a coboundary, (z; h(z)�1) � (z �'; h(z')�1)
so the element [(z; h(z)�1)] de�nes a global section of B�T C

�. Since the group
structure is preserved (see for example eq. (3.18)), (3.16) induces a homomor-
phism � from H1

T
(C�(B)) to �H1(B=T ;C�). Let �0 denote the homomorphism

representing the last arrow in (3.17). It is easy to check that im� � ker�0, (see
for instance eq. (3.19)). To prove the inverse inclusion, let L� 2 ker�0. Then
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the pull-back ��
B
L� = f(z; p) 2 B � L�;�B(z) = �

L
�(p)g is trivial. There-

fore, a global section B 3 z 7! (z; h
L
�(z)) 2 ��

B
L� � B � L� exists, where

hL� : B ! L� is a map between �bre bundles that projects to the identity map
on the base manifold:

B
h
L��! L�

# �B # �L�

B=T
id.
�! B=T .

De�ne f(z;') by h
L
�(z � ') = h

L
�(z) � f(z;'). Consistency of the de�nition is

equivalent with that f has to satisfy the cocycle relation and f(z; id.T ) = 1. It
is easy to see that replacing L� with another representative of �H1(B=T ;C�),
or choosing a di�erent global section of ��

B
L�, only changes f by a coboundary

in H1
T
(C�(B)). Thus, a map from ker�0 to H1

T
(C�(B)) has been constructed.

Using ��
B
(L� 
 L0�) = (��

B
L�) 
 ��

B
L0� gives the global section h

L
�

L

0� =
hL� 
 hL0� of ��

B
(L� 
 L0�) from which it is clear that the map in fact is a

homomorphism. Further, if f is a coboundary: f(z;') = h(z � ')h(z)�1, then
h
L
�h�1 is T -invariant and de�nes a global section of L� ! B=T proving its

triviality. Thus, the map is injective as well. Assume now that L� has been
constructed from f as in the �rst part of this proof. Then, a global section
z 7! (z; hL�(z)) of �

�

B
L� is given by hL�(z) = [(z; 1)]. This gives:

h
L
�(z) = [(z; 1)] = [(z � '; f(z;')�1)]

= [(z � '; 1)] � f(z;')�1 = hL�(z � ') � f(z;')
�1:

Therefore, the following diagram describes an automorphism on H1
T
(C�(B)):

H1
T
(C�(B)) �! im�

- #

ker�0,

where horizontal arrow denotes the homomorphism � and the vertical arrow
denotes inclusion. The diagonal arrow denotes the monomorphism (invertible
homomorphism) constructed above. However, the fact that the diagram is com-
mutative implies that all maps in the diagram are isomorphisms and especially
that � is injective and that im� = ker�0.

�

Corollary 1 If �H1(B;C�) = 0 then

H1
T
(C�(B)) ' �H1(B=T ;C�):

Since an element in the cohomology of line bundles on B=T can be identi�ed
with [f ] 2 H1

T
(C�(B)), it is interesting to determine the image of f under the
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isomorphism in the corollary and the homomorphism in (3.13). For the remain of
the section it will therefore be assumed that H2(B;C) = 0 and �H1(B;C�) = 0.

First, an explicit expression for the transition functions will be given in terms
of f . For this, let fU�g�2I be a locally �nite and good cover of B=T . Let
sB� : U� ! Bj

�
�1
B

(U�)
be local sections of B and f'��g : U�� ! T , be the

corresponding transition functions. This de�nes local sections of the principal
bundle L� by �B(z) 7! [(sB

�
(�B(z)); 1)] if viewing L

� as B�T C
� ! B=T , with

the equivalence relation given by f , according to the proof of lemma 4. Since

[(sB
�
(�B(z)); 1)] =

h�
sB
�
(�B(z)) � '��(�B(z));

f
�
sB� (�B(z));'��(�B(z))

�
�1
�i

= [(sB� (�B(z)); 1)] � f
�
sB� (�B(z));'��(�B(z))

�
�1
;

the transition functions in L� are given by

g��(�B(z)) = f
�
sB� (�B(z));'��(�B(z))

�
: (3.18)

The epimorphism in lemma 1 gives then the second Chern character [i �K=2�] of
L with

i

2�
�K�(�B(z)) =

i

2�
dB=T

X
2I

�B=T


dB=T log f(sB

(�B(z));'�(�B(z)))

To compute its transgression, it is useful to de�ne '� : ��1
B
(U�) ! T and

h� : ��1
B
(U�)! C� by:

z = sB� (�B(z)) � '�(z)

h�(z) = f(sB
�
(�B(z));'�(z))

Using f(z;')�1 = f(z � ';'�1) gives:

(h�h
�1
� )(z) = f(sB� (�B(z));'�(z))f(s

B

� (�B(z));'�(z))
�1

= f
�
z;'�(z)

�1
�
�1
f(sB

�
(�B(z));'�(z))

�1

= f
�
sB� (�B(z));'�(z)'�(z)

�1
��1

= f
�
sB� (�B(z));'��(�B(z))

�1
��1

which is equal to the right hand side of eq. (3.18). This implies

T
i

2�
�K(z;X) =

i

2�

X
2I

��B�
B=T

 dB logh

�
d

dt

����
t=0

z � exp(tX)

�

=
i

2�

X
2I

��
B
�B=T


d

dt

����
t=0

log f
�
sB

(�B(z));' (z � exp(tX))

�
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=
i

2�

X
2I

��
B
�B=T


�
d

dt

����
t=0

log
�
f
�
z � '(z)

�1;' (z � exp(tX))
�
f
�
z;'(z)

�1
��

=
i

2�

X
2I

��
B
�B=T


d

dt

����
t=0

log f
�
z;'(z)

�1' (z � exp(tX))
�

=
i

2�

X
2I

��B�
B=T



d

dt

����
t=0

log f(z; exp(tX))

=
d

dt

����
t=0

i

2�
log f(z; exp(tX)):

This concludes the proof of:

Theorem 1 If H2(B;C) = 0 = �H1(B;C�), then the diagram

�H1(B=T ;C�)
�

�! H1
T
(C�(B))

# #

H2
0 (B=T ;C)

T
�! H1

Lie(T )
(C(B))

is commutative. The upper horizontal map is the isomorphism in corollary 1,

the left vertical map is the epimorphism in lemma 1, the lower horizontal map

is transgression and the right vertical map is the epimorphism in lemma 3.

All the maps that occurs in the diagram have been constructed also for higher
order cohomology, with exception of the isomorphism represented by the upper
horizontal arrow. However, according to [60], there should be no problem in con-
structing such an isomorphism for the higher order cohomologies as well. Thus,
a commutative diagram exist in this case as well. This is for example important
in the understanding of bundle gerbes and Schwinger terms, see section 5.5 and
5.6.

Theorem 1 implies that the physically important homomorphism in (3.13)
for k = 1 can be understood by the epimorphism in (3.15) by identifying the
cohomology of line bundles on B=T with H1

T
(C�(B)). This important fact

motivates a reconsideration of (3.15).
Recall that if �H1(B;C�) = 0, then the cohomology class of a line bundle

L ! B=T can be identi�ed with an element [f ] 2 H1
T
(C�(B)) by a choice of a

global non-vanishing section z 7! (z; hL(z)) of �
�

B
L, where hL : B ! L is a map

between �bre bundles that projects to the identity map on the base manifold,
and de�ning f by:

hL(z � ') = hL(z) � f(z;'): (3.19)

Thus, f is the obstruction in T -invariance of hL. Further, consistency of (3.19)
is equivalent with that f represents an element in H1

T
(C�(B)). Often, the
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in�nitesimal version of eq. (3.19) is studied. This means that f is written as
f(z;') = exp(�2�i!0

T
(z;')) and the expression

!0(z;X) :=
d

dt

����
t=0

!0
T
(z; exp(tX)) =

d

dt

����
t=0

i

2�
log f(z; exp(tX))

is considered. This is precisely the form obtained by application of the epimor-
phism in (3.15) on f . The consistency of (3.19) implies then that the left hand
side of the above equation represents an element in H1

Lie(T )
(C(B)). This is the

reason for referring to the cocycle relation given by eq. (3.11) as the (Wess-
Zumino, [61]) consistency condition. The element [!] = [2�!0] 2 H1

Lie(T )
(C(B))

is often referred to as the chiral anomaly (if disregarding locality, see section
5.3). The physical importance of eq. (3.19) will be discussed in section 5.1.
From theorem 1 it is now clear that:

Corollary 2 If H2(B;C) = 0 = �H1(B;C�), then the chiral anomaly (disre-

garding locality) that belongs to a line bundle equals 2� times the transgression

of the second Chern character.

Corollary 3 The transgression map

H2
0 (B=T ;C)! H1

Lie(T )(C(B))

is a epimorphism if H2(B;C) = 0 = �H1(B;C�).

Corollary 4 If H2(B;C) = 0 = �H1(B;C�), then the homomorphism

�H1(B=T ;C�)! H1
Lie(T )(C(B));

that maps a line bundle to the transgression of its second Chern character, is an

epimorphism.

The �rst two corollaries follows directly from theorem 1 while the last is an
implication of corollary 3 and lemma 1.

I should be mentioned that corollary 2 is important from a cohomological
perspective. The fact that a representative of an anomaly is obtained from
transgression is not complicated at all and does not need the machinery of the-
orem 1. Indeed, according to eq. (3.2), the transgression of the second Chern
character iK=2� gives the form is�A=2� restricted to vertical directions in B

and viewed as a representative of an element in H1
Lie(T )

(C(B)). It is easy to

see that it corresponds to the in�nitesimal f in eq. (3.19). Since dBs
�A is the

pull-back of K, it vanishes in vertical directions. This is equivalent with that
the Wess-Zumino condition is ful�lled.

Since the kernel of the epimorphism in lemma 1 is known, theorem 1 makes
it possible to relate the kernel of the epimorphism in lemma 3 with the kernel
of the transgressions map. This implies for example a non-zero kernel of the
epimorphism in lemma 3.
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3.6 The Cohomology of Sets of Local Line

Bundles

An example of when higher �Cech cohomology can be of use will now be given.
Let Ck

L
�(fU�g) be the class of sets of (trivial) line bundles fL

�

�1:::�k
! U�1:::�kg,

where fU�g�2I is a locally �nite and good cover of B. Its group structure is given
by fL��1:::�kgfL

�0

�1:::�k
g = fL��1:::�k 
 L

� 0

�1:::�k
g, fL��1:::�kg

�1 = f(L��1:::�k)
�1g

and fL�
�1:::�k

gid. = fU�1:::�k �C
�g(=: 1), where (L�

�1:::�k
)�1 is the dual bundle

of L��1:::�k . De�ne the homomorphism �L� : Ck

L
�(fU�g)! Ck+1

L
� (fU�g) by

�L�fL
�

�1:::�k
g =

�

k+1
i=1

�
L�
�1:::�̂i:::�k+1

�(�1)i�
:

The de�nition implies that �2
L
�fL

�

�1:::�k
g = 1 and a cohomologyHk

L
�(fU�g) can

be constructed. Also the case k = 0 will be considered. Then C0
L
�(fU�g) is the

class of trivial line bundles L� on B and �
L
�L� = fL�jU�g.

To investigate Hk

L
�(fU�g), choose sections s�1:::�k : U�1:::�k ! L�

�1:::�k
,

8k � 1. If fL��1:::�kg is the identity then choose the sections so that s�1:::�k
is the section of U�1:::�k � C� which is constant equal to 1 2 C�. De�ne
g�1:::�k+1

: U�1:::�k+1
! C� by


k+1
i=1

�
s�1:::�̂i:::�k+1

�(�1)i
= g�1:::�k+1

s�1:::�k+1
;

where fs�1:::�k+1
g are sections of �

L
�fL�

�1:::�k
g. Then �

L
�fL�

�1:::�k
g = 1 implies

that fg�1:::�k+1
g is a cocycle with respect to eq. (3.5). A di�erent choice of

sections fs�1:::�kg will change fg�1:::�k+1
g by a coboundary. Thus, every closed

element in Ck

L
�(fU�g) de�nes an element in �Hk(B;C�). However, if fL�

�1:::�k
g

is a coboundary, then

s�1:::�k = h�1:::�k 

k

i=1 (s�1:::�̂i:::�k)
(�1)i

and this gives g�1:::�k+1
= (�h)�1:::�k+1

. Thus, a map

Hk

L
�(fU�g)! �Hk(B;C�) (3.20)

has been constructed. It is clear that it is also a homomorphism. Thus, the
cohomology �Hk(B;C�) can be used to determine an obstruction in the system
of local line bundles.

Proposition 1 H1
L
�(fU�g) classi�es line bundles.

Proof The relation �L�fL
�

� g = 1 means that L�� and L�
�
agree on U�� for all

�; � 2 I . Thus, it is possible to patch the pieces fL�
�
g together to a globally

de�ned line bundle L� on B. It is also seen that exactness of fL�
�
g is equivalent

with triviality of L�.
�
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Proposition 2 H1
L
�(B) := H1

L
�(fU�g) is independent of the cover and

H1
L
�(B) ' �H1(B;C�):

Proof Every line bundle L� de�nes a cochain in C1
L
�(fU�g) by fL�

�
g =

fL�jU�g. The cochain is closed and L
� trivial implies that it is also exact. Since

it was argued in the beginning of this chapter that line bundles are classi�ed by
the �rst �Cech cohomology it follows that a map from �H1(B;C�) to H1

L
�(fU�g)

has been constructed. It is easy to see that it in fact is a homomorphism and is
the inverse of (3.20) for k = 1. Thus, the proposition is true.

�



Chapter 4

Gauge Theory and the

Family Index Theorem

The main ingredients in a gauge theory will now be de�ned. The family index
theorem is then applied in a similar way as in Atiyah and Singer's article [45].
The origin of the `Russian formula' and the BRS relations are also explained.
Complementary material for the setting up of a gauge theory can be found in [62{
66], for instance. Nicely written papers about the universal bundle construction
are [67] and the original article [45].

4.1 Gauge Connections and Transformations

Let �P : P ! M be a �nite-dimensional principal bundle with structure group
G. Assume that G is a compact semi-simple Lie group and that M is compact,
oriented and Riemannian. The bundle AdP := P �G G is de�ned by the right
action of g 2 G on (p; g0) 2 P � G by (p; g0) 7! (p � g;Adg�1g

0), where Adg =
Lg � Rg�1 : G ! G is the adjoint action and �g denotes the right multiplication
of g on P . Similarly, adP := P �G Lie(G) is de�ned by the right action of
g 2 G on (p; u) 2 P � Lie(G) given by (p; u) 7! (p � g; adg�1u), where adg =
Tid.Adg : Lie(G) ! Lie(G) is the adjoint action on the Lie algebra Lie(G) and
the isomorphism Tid.G ' Lie(G) has been used.

An element � 2 
k(P;Lie(G)) is said to be equivariant if adg�1 �� = (�g)��,
8g 2 G, and horizontal if it vanishes whenever one of its arguments is vertical.
By de�nition, a vector at p 2 P is vertical if it can be written as up, for some
u 2 Lie(G), where

up :=
d

dt

����
t=0

p � exp(tu):

The space of horizontal equivariant forms in 
k(P;Lie(G)) can be identi�ed with

31
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k(M; adP ). A connection on P is by de�nition an equivariant 1-form A that
satis�es

A(up) = u

for all p and u. The space A of connections is an a�ne subspace of 
1(P;Lie(G)).
The tangent space TAA can be identi�ed with 
1(M; adP ).

Let fu�g be a basis in Lie(G). For A� 
 u� and A0� 
 u� Lie(G)-valued
forms, for instance A;A0 2 A, de�ne

[A;A0] := A� ^ A0� 
 [u�; u� ]; (4.1)

with the Lie bracket on the right hand side. The notation A2 := [A;A]=2 will be
used in the sequel. The curvature of A 2 A can then be written as F = dPA+A

2.
Since it is a horizontal and equivariant form in 
2(P;Lie(G)), it can be identi�ed
with an element in 
2(M; adP ). It can be shown that the curvature is the
obstruction to �nding a horizontal local section of P .

The group G of gauge transformations consists of di�eomorphisms ' on P

that obeys '(p � g) = '(p) � g and projects to the identity map on M . Every
gauge transformation can be described by a section of the bundle P � G ! P

given by f(p) = (p; g'(p)), where g' is de�ned by '(p) = p � g'(p). Since
f(p � g) = (p � g;Adg�1g'(p)), G can be identi�ed with the group of sections of
AdP . This implies that the space Lie(G) of in�nitesimal gauge transformations
can be identi�ed with the space of sections of adP . The group G acts on A from
the right by pull-back: A � ' = '�A. To make the action free, it will from now
on be assumed that for a given point x0 2 M , G contains only transformations
that leaves one point (and therefore all points) in the �bre ��1

P
(x) unchanged.

This demand makes � : A ! A=G a smooth principal bundle.
The remain of this section will mainly be devoted to the construction of

a natural inner product on A and Lie(G), and a connection on A ! A=G.
Perhaps the most pedagogic way to describe it is by use of local coordinates. By
equivariance, no information is lost if describing gauge connections A by local
sections sP : UM � M ! P and working with AsP = s�

P
A 2 
1(UM ;Lie(G))

and �sP = s�
P
� 2 
1(UM ;Lie(G)), � 2 TAA. To �nd the transformation under

a change of section s0
P
(x) = sP (x) � g(x), where g : UM ! G, let ct be a curve

on M with c0 = x and d

dt
jt=0ct = �. Then:

A
s
0

P
x (�) = A

�
d

dt

����
t=0

sP (ct) � g(ct)

�
= (�g(x))�A

�
d

dt

����
t=0

sP (ct)

�
+A

�
d

dt

����
t=0

sP (x) � g(ct)

�
=

�
adg�1A

sP
�
x
(�) + (TgLg�1dMg)x(�);

from which it follows that

As
0

P = adg�1A
sP + TgLg�1dMg

�s
0

P = adg�1�
sP ; (4.2)
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where dMg 2 
1(UM ;Lie(G)) is de�ned by: dMgx(�) =
d

dt

��
t=0

g(ct). For future
need, notice that F sP = s�

P
F transforms according to:

F s
0

P = adg�1F
sP (4.3)

Similarly, a gauge transformation ' and its in�nitesimal X can be described by
functions 'sP : UM ! G and XsP : UM ! Lie(G) de�ned by:

'(sP (x)) = sP (x) � '
sP (x)

X(sP (x)) = XsP (x)sP (x):

Thus, 'sP (x) = g' (sP (x)). The transformation under s0
P
= sP � g is given by

's
0

P = Adg�1'
sP

Xs
0

P = adg�1X
sP : (4.4)

These new notations give:

(A � ')sP = ad('sP )�1A
sP + T'sP L('sP )�1dM'

sP

(XA)
sP = [AsP ; XsP ] + dMX

sP

(� � ')sP = ad('sP )�1�
sP

(� �X)sP = [�sP ; XsP ];

where the second and the fourth relations are the in�nitesimal versions of the
�rst and the third relations, respectively. The dot in the third relation denotes
the natural induced action of the group of gauge transformations on TAA. To
prove that the �rst relation implies the second, the following computation is
useful:

d

dt

����
t=0

Texp(tXsP )Lexp(�tXsP )dM exp(tXsP )x(�)

=
d2

dsdt

����
s=0=t

exp(�tXsP )(x) exp(tXsP )(c(s))

=
d2

dsdt

����
s=0=t

exp(tXsP )(c(s)) =: dMX
sP
x
(�):

That G is compact and semi-simple implies that the negative of the Killing
form is an inner product (�; �) on Lie(G), [68]. The last equation in (4.2) gives
that (�sP ; � 0 sP ) is independent of sP and can therefore be extended to an element
in 
1(M) 
 
1(M). A Riemann metric g(�; �) on M naturally induces a map

1(M)

1(M)! 
0(M). An inner product (�; �)A on A can now be de�ned by
evaluating g on the extension of (�sP ; � 0 sP ) and integrating the resulting element
in 
0(M) over all of M with respect to the volume form de�ned by g(�; �).

It is seen from the similarity between the last equations in (4.2) and (4.4) that
in a corresponding way to the construction of (�; �)A, an inner product (�; �)Lie(G)
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can be de�ned. With respect to these inner products, the adjoint of dA : Lie(G) =

0(M; adP ) ! 
1(M; adP ) = TAA, X 7! XA = d

dt
jt=0A � exp(tX), will be

denoted by d�
A
(actually, account has to be taken to the fact that Lie(G) and

TAA have to be replaced by certain complete spaces, often Sobolev spaces, see
for instance [62]). The connection a associated with the inner product on A will
now be constructed. It is the connection such that the horizontal subspace at
A 2 A is orthogonal to the vertical subspace at the same point. Thus, � 2 TAA
horizontal means that for all X 2 Lie(G), it must satisfy:

0 = (�; dAX)A = (d�
A
�;X)Lie(G) , d�

A
� = 0:

Therefore,
aA = (d�

A
dA)

�1d�
A
; (4.5)

where the operator on the right hand side is de�ned by

(d�AdA)
�1d�A� = X if � = dAX; X 2 Lie(G)

(d�
A
dA)

�1d�
A
� = 0 if d�

A
� = 0: (4.6)

4.2 An Associated Bundle

For V anN -dimensional (complex) vector space which is also a left G-module, let
V = P �G V be an associated bundle to P . Thus, V consists of elements [(p; v0)]
represented by (p; v0) 2 P � V and subject the equivalence relation (p; v0) �
(p � g�1; gv0), 8g 2 G, where gv0 denotes the action of the representative of g on
v0 (the notation v0 is used in order for vectors in V not to be confused with the
ghost which will be introduced later). A section s 2 
0(UM ;VjUM ), UM � M ,
can be written as [(sP ; sV )], where sP 2 
0(UM ; P jUM ) and sV : UM ! V .
Clearly [(sP ; sV )] = [(sP � g

�1; gsV )], where g : UM ! G and the action of g on
sV is de�ned point-wise. Every section f 
 s 2 
(UM ;VjUM ) can be written as
[(sP ; f 
 sV )] := f 
 [(sP ; sV )], where f 2 
 (UM ;^

�T �UM ). For every A 2 A
it is possible to assign a connection r : 
0(M;V) ! 
0(M;T �M 
 V). This is
done by:

rs := [(sP ; dMsV +AsP sV )] ; (4.7)

where it has been used that the representation of G on V naturally induces an
action of Lie(G) on V . The action of AsP 2 
1 (UM ;Lie(G)) on sV is de�ned
point-wise. The fact that�

sP � g
�1; dM (gsV ) +AsP �g

�1

gsV

�
=

�
sP � g

�1; (dMg) sV + gdMsV + gAsP sV + g
�
dMg

�1
�
gsV

�
=

�
sP � g

�1; g (dMsV +AsP sV )
�

� (sP ; dMsV +AsP sV ) ;

assures that r is well-de�ned.
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According to section 2.1, the curvature r2 of r ful�lls:

�
r2s

�
= r

�
dMx

� 


��
sP ;

@sV

@x�

��
+AsP ;� 
 [(sP ; u�sV )]

�
= � (dMx

�) ^r

��
sP ;

@sV

@x�

��
+ (dMA

sP ;�)
 [(sP ; u�sV )]

�AsP ;� ^r [(sP ; u�sV )]

=
h�
sP ;� (dMx

�) ^AsP
@sV

@x�
+ (dMA

sP ) sV �AsP ^ dMsV

�AsP ;� ^AsP ;�u�u�sV

�i
=

h�
sP ;
�
dMA

sP + (AsP )
2
�
sV

�i
= [(sP ; F

sP sV )] : (4.8)

Since F sP �g = adg�1F
sP , the curvature r2 2 
2(M;End(V)) can be identi�ed

with F . De�ne r�, � 2 TM , acting locally on 
0(M;V) by:

r�s = (rs)(�):

Then, �
r�r�0 �r�0r� �r[�;�0]

�
s

= r� [(sP ; dMsV (�0) +AsP (�0) sV )]� (� $ �0)

� [(sP ; dMsV ([�; �0]) +AsP ([�; �0]) sV )]

= [(sP ; dM (dMsV (�0)) (�) + dM (AsP (�0) sV ) (�) +AsP (�) dMsV (�0)

+AsP (�)AsP (�0) sV )]� (� $ �0)

� [(sP ; dMsV ([�; �0]) +AsP ([�; �0]) sV )]

=
��
sP ;

�
dM (AsP (�0)) (�)� dM (AsP (�)) (�0)

�AsP ([�; �0]) +AsP (�)AsP (�0)�AsP (�0)AsP (�)
�
sV
��

= [(sP ; F
sP sV )] (�; �

0) :

This implies the well-known expression for the curvature:

r2 (�; �0) = r�r�0 �r�0r� �r[�;�0]:

For given � 2 TxM , sP can be chosen such that d

dt

��
t=0

sP (ct) is vertical, i.e.
AsP
x
(�) = 0. This gives:

rs = [(sP ; dMsV )]:

If G acts irreducible on V , then every s 2 
0(UM ;VjUM ) can be written as
[(sP ; sv0)], for some sP 2 
0(UM ; P jUM ) and sv0 a map from UM to a �xed
vector v0 2 V . Eq. (4.7) becomes then

rs = [(sP ; A
sP sv0)]:
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With the usual group structures, it is then clear that A is isomorphic to the
space of connections on V . In the following, the connection related to A 2 A
through (4.7) will be denoted by rA.

' 2 G acts on 
(UM ;VjUM ) according to

'[(sP ; f 
 sV )] := [('(sP ); f 
 sV )] = [(sP ; f 
 'sP sV )] ;

where the action of 'sP on sV is point-wise. It is clear that the action is inde-
pendent of the choice of representative. It follows that

'�1(rA)' = rA�'; (4.9)

for all ' 2 G.
For the physics that is to be described later, it is necessary that the rep-

resentation of G on V is unitary with respect to an inner product (�; �)V in
V . This implies the existence of a natural metric (�; �)V on V (a smooth family
of inner products on the �bres). Its construction will now be described. Let
s = [(sP ; sV )] and s

0 = [(s0
P
; s0
V
)] be in 
0(UM ;VjUM ). De�ne g : UM ! G by

s0
P
(x) = sP (x)g(x), � 2 TUM . Then s0 = [(sP ; gs

0

V
)] and

(s; s0)V := (sV ; gs
0

V )V : (4.10)

The notation (�; �)V means here the metric in UM � V ! UM point-wise de-
�ned from the inner product in V . (�; �)V is here a map 
0(UM ;VjUM ) 


0(UM ;VjUM ) ! 
0(UM ;C) that induces a metric in V . It is straight forward
to check that de�nition (4.10) is independent of the choice of representatives.

It is now clear that ' 2 G is unitary with respect to (�; �)V . Further, it is
follows that

0 = ([(sP ; A
sP gs0

V
)] ; [(sP ; sV )])V + ([(sP ; gs

0

V
)] ; [(sP ; A

sP sV )])V
= (rA [(sP ; gs

0

V )] ; [(sP ; sV )])V � ([(sP ; dMgs
0

V )] ; [(sP ; sV )])V
+([(sP ; gs

0

V
)] ;rA [(sP ; sV )])V � ([(sP ; gs

0

V
)] ; [(sP ; dMsV )])V

= (rAs
0; s)

V
+ (s0;rAs)V � (dMgs

0

V
; sV )V � (gs0

V
; dMsV )V

= (rAs
0; s)

V
+ (s0;rAs)V � dM (gs0V ; sV )V

= (rAs
0; s)

V
+ (s0;rAs)V � dM (s0; s)

V
;

for all UM �M , s; s0 2 
0(UM ;VjUM ). A connection with the property that the
right hand side is equal to zero is called a Riemannian (or Leibnizian) connection.
This is equivalent with that the metric on V is preserved under parallel transport
with respect to rA. The equivalence is obvious if rA acting on s and s0 gives
zero. However, it is then also true in general since the right hand side is invariant
when s or s0 are multiplied with (di�erent) functions on UM . That a connection
is Riemannian implies thus that an orthonormal frame in a �bre of V gives an
orthonormal frame in any other �bre of V , by parallel transport. However, this
procedure depends on the chosen path in the base manifold if the curvature on
V is non-zero.
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Assume that M is a spin manifold. According to eq. (2.3), rA can trivially
be extended to a Cli�ord connection on E = S
V , where S is the spinor bundle
on M . The extension will also be denoted by rA. A Dirac operator DA on E
can be de�ned by its local expression:

DA =

mX
�=1

�rA;�; � := c(e�);rA;� := rA;e� ; (4.11)

according to the notation in section 2.1. A given metric in E induces an inner
product on 
0(M;E) through integration over M with respect to the volume
form determined by the Riemann metric g(�; �). Assume that the metric decom-
poses as (�; �)E = (�; �)S(�; �)V , where (�; �)S is a metric in S under which the �'s
are skew-adjoint. The fact that rA is a Riemannian Cli�ord connection implies
that DA is self-adjoint if M does not have a boundary.

4.3 The Family Index Theorem Applied to the

Universal Bundle

The vector bundles V !M and E !M can trivially (by pull-back) be extended
to vector bundles V�A and E�A onM�A, respectively. The family frAgA2A
induces a connection r on V �A. It is de�ned by:

r(s; A) = (rAs; A):

Assume that M is a spin manifold without boundary and of even dimension
2n. Assume further that the metric (�; �)V�fAg is such that rA is Riemannian
and that the metric in E � fAg decomposes as (�; �)E�fAg = (�; �)S(�; �)V�fAg,
so the �'s are skew-adjoint. Then the family fDAgA2A of self-adjoint Dirac
operators, de�ned as in (4.11), induces an operator D : 
0(M � A; E � A) !

0(M �A; E �A) by:

D(s; A) = (DAs; A):

It is now possible to apply the family index theorem in section 2.3.1 to the case
B = A, M =M �A and E = E �A. It gives

ch (IndD) =

Z
M

ch (V �A) ;

where the right hand side is trivial since r vanishes when evaluated on vectors
in TAA.

Although the family index theorem is trivial in the situation above, it will
now be shown that there is a closely related case for which it is non-trivial.
De�ne RV�A' : V �A ! V �A by

RV�A' (v;A) = ('�1(v); A � '):



38 Chapter 4. Gauge Theory and the Family Index Theorem

That RV�A
'

commutes with the action of G makes it possible to construct the

vector bundles V �G A and E �G A over M � A=G. RV�A
'

naturally induces
actions on the vector spaces 
0(M � A;V � A), 
0(M � A; T �M 
 (V � A)),

0(M �A; E�A) and 
0(M �A; T �M 
 (E�A)). Since there is no possibility
for confusion, all these actions will also be denoted by RV�A

'
. Eq. (4.9) implies

that

r �RV�A
'

= RV�A
'

� r

D � RV�A
'

= RV�A
'

�D: (4.12)

Thus, D induces an operator on 
0(M � A=G; E �G A), which by abuse of
notation also will be denoted by D. However, r does not necessary induce a
connection on V �G A. It is now possible to apply the family index theorem for
the case B = A=G, M =M �A=G and E = E �G A. It gives

ch (IndD) =

Z
M

ch (V �G A) : (4.13)

Since the Chern character only depends on the curvature, it is possible (if sup-
pressing the representation) to replace V �G A in (4.13) with a principal bundle
for which it is an associated bundle, see eq. (4.8). To �nd the curvature on
such a principal bundle, the constructions made so far in this section will be
reconsidered for V replaced by P .

Extend P ! M trivially to the principal bundle P � A ! M � A with
connection aP : 
1(P �A;Lie(G)) de�ned by

aP (p;A)(�; �) = Ap(�):

De�ne R' : P �A ! P �A by

R'(p;A) = ('�1(p); A � '):

The fact that this action commutes with the action of the structure group G

makes it possible to construct the principal bundle P �G A ! M �A=G. This
can be summarized in the following commuting diagram:

P �A �! P �G A

# #

M �A �! M �A=G.

Clearly, aP is R'-invariant:

R�
'
aP = aP :

However, since aP is non-zero on vectors of the form

d

dt

����
t=0

Rexp(tX)(p;A) = (�X(p); XA); X 2 Lie(G); (4.14)
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it does not directly induce a connection on P �G A. Instead, extend aP so that
the extension � induces a connection on P �G A. Thus, � 2 
1(P �A;Lie(G))
should be R'-invariant, satisfying �jTP = aP and being zero when evaluated on
vectors of form (4.14). Clearly � = aP + a0, for some a0 2 
1(A;Lie(G)). There
exists several a0 such that � has the given properties. An explicit example is
given by:

a0(p;A)(�; �) = aA(�)(p);

where � 2 TAA is considered as a horizontal equivariant form in 
1(P;Lie(G))
and the right hand side, being a vertical vector in P , has been identi�ed with an
element in Lie(G). It will now be proven that � de�ned by

�p;A(�; �) = Ap(�) + aA(�)(p)

indeed is R'-invariant. This invariance was shown above for the �rst term. It
will now be proven that the same is true for the second term, namely that

a'�A('
��)('�1p) = aA(�)(p); (4.15)

Eq. (4.5) and (4.6) implies that if � is such that d�
A
� = 0, then the right hand side

will vanish. To show that also the left hand side will be zero, it must be proven
that d�

'�A
('��) = 0. However, using (�1 � '; �2 � ')A = (�1; �2)A, 8�1; �2 2 TAA,

it is easy to see that it is equivalent with that

�
d�
'�A

('��); X
�
Lie(G)

= 0 ,

�
'��; '�

d

dt

����
t=0

('�1)� exp(tX)�'�A

�
A

= 0

, (�; dA(ad'X))
A
= 0

should hold for all X 2 Lie(G). Since ad' is surjective it follows that the last
relation is equivalent with d�

A
� = 0, which was the presumption. If instead

� = dAX for some X 2 Lie(G), then the right hand side equals X(p). The fact
that

'�dAX = dA�'(ad'�1X)

gives that the left hand side of eq. (4.15) becomes ad'�1X('�1p), which, by
equivariance, equals X(p). Thus, it has been proven that R�

'
� = �. Together

with the fact that � is zero on vectors of form in (4.14), this implies that �
gives a connection on P �G A. The principal bundle P �G A, together with
the connection � was �rst constructed in [45] and is often called Atiyah-Singer's
universal bundle.

Let F be the curvature of the connection � on P �G A. Eq. (4.13) becomes
then:

ch (IndD)[2k] =
1

(n+ k)!

�
i

2�

�n+k Z
M

trFn+k; (4.16)

for k any non-negative integer. Recall that the representation of G on V , for
which V �G A is an associated bundle to P �G A, has been suppressed. It has
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also been suppressed that the curvature has been pulled-back by a local section
of P �G A to a 2-form FsP�GA on M �A=G. Although the section is only local,
the pull-back can be made global because of the the form of eq. (4.16) and the
nice transformation property (4.3) of the curvature. The trace is with respect to
the induced representation of Lie(G) on V , see section 4.2.

4.4 The Ghost and the `Russian Formula'

Let iA : G ! A; ' 7! A � ' be the embedding of a gauge orbit through A 2 A.
For �iA = id.P � iA : P � G ! P �A, consider the connection �A = �iA

�

� on the
principal bundle P � G with right action given by (p; ') � g = (p � g; '). Clearly

�A (p;')(�; Tid.L'X) = ('�A)p(�) +X(p);

which for ' = id. gives

�A (p;id.)(�;X) = Ap(�) +X(p);

Alternatively, �A can be written as ev�A, where ev : P�G ! P is the evaluation
map de�ned by

ev(p; ') = '(p);

see [69]. The curvature of �A satis�es ev�F (p; ') = (�P�G;P )
�'�F (p; '), for the

projection �P�G;P : P � G ! P , an equation which for ' = id. is called the
`Russian formula'. The name was originally introduced by Stora in [70] for a
di�erent but related identity.

Every A 2 A de�nes a connection in the G-bundle P �G by: A(p;')(�;X) :=
Ap(�). It is thus possible to think of A 2 A as either a connection on P or on
P �G. However, it will always be clear from the context which interpretation is
used. Then:

�Aj'=id. = A+ v;

where the Faddeev-Popov ghost v : T(p;id.)P � G ! Lie(G) is de�ned as:

v(p;id.)(�;X) = X(p):

The `Russian formula' can then be written as

(dP + dG)(A+ v) + (A+ v)2 = dPA+A2: (4.17)

4.5 The BRS Algebra

For convenience, many of the notations in this section will coincide with earlier
notations. However, all elements and operators will be considered in an abstract
way in the �rst half of this section.

Let KN be anN-graded algebra and Lie(G) the Lie algebra of a �nite dimen-
sional Lie group G. Let KN 
 Lie(G) be their tensor product as vector spaces.
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Every element A 2 KN 
 Lie(G) can be written as A� 
 u� for A� 2 KN and
fu�g a basis in Lie(G). KN
Lie(G) is an N-graded algebra with respect to the
grading in KN and the bracket operation de�ned by:

[A;A0] :=
�
A�A0 � + (�1)deg(A

�)deg(A0 �)A0 �A�

�

 [u�; u�];

with the Lie bracket on the right hand side.
Let now A and F be two �xed elements of degree 1 and 2 inKN
Lie(G). The

N-graded algebra which they generate is called the Weil algebra, [71]. Often, this
algebra is considered together with the graded derivation d of degree 1, de�ned
by

dA = F �
1

2
[A;A]

dF = [F;A]: (4.18)

Notice that d increases the degree by 1 and is such that d2 = 0. Thus, it
de�nes cohomology classes Hk

Weil(d), where k � 1 is with respect to the degree
of the cochains.

Lemma 5 Hk

Weil
(d) = 0, k � 2.

Proof De�ne the degree -1 (graded) derivation d0 by d0A = 0 and d0dA =
A. Then dd0 + d0d is a degree 0 derivation such that (dd0 + d0d)A = A and
(dd0 + d0d) dA = dA. Since A and dA generates the Weil algebra it follows that
(dd0 + d0d)� = (deg0�)�, where deg0� is the number of A's and dA's (F 's) in the
homogeneous element �. Thus, if d� = 0, then � = d((deg0�)�1d0�).

�

Let now KN be an (N �N)-graded algebra so that A and F are of degree
(1; 0) and (2; 0), respective. Let v and v0 be two �xed elements in KN 
 Lie(G)
of degree (0; 1) and (1; 1). The (N �N)-graded algebra generated by A, F , v,
and v0 is called the BRS algebra, [72]. The Weil algebra is thus a subalgebra of
the BRS algebra. De�ne the degree (1; 0) derivation d on the BRS algebra by
(4.18) and

dv = v0

dv0 = 0:

It implies that d2 = 0. From the �rst relation it follows that the BRS algebra is
generated by A, F , v, and dv. Let � be the degree (0; 1) derivation de�ned by:

�A = �dv � [A; v]

�F = [F; v]

�v = �
1

2
[v; v]

�dv = [dv; v]:
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It follows that �2 = 0 and [d; �] = 0 (the anti-commutator). Thus, the operators
d, � and d+ � de�nes cohomology classes. The proof of the fact that Hk(d) = 0,
k � 2 is in analog with the proof of lemma 5, see [73] for example. With the
BRS algebra is usually meant the algebra above together with the operators d
and �.

The BRS algebra will now be used in the context of the previous section.
Notice that if the `Russian formula' (4.17) is decomposed with respect to the
bigrading given by the form part in P and G, respective, it becomes:

dGA = �dP v + [A; v]

dGv = �v2; (4.19)

where the bracket is graded. The Lie(G)-valued forms A, F , v and dP v gives
together with the bracket in eq. (4.1) a representation of the BRS algebra. Often,
the representation itself will be referred to as the BRS algebra. The operators
dG ; dP acts on the BRS algebra as the operators d and � above: They ful�ll the
relations in (4.19), and the obvious relations d2

G
= 0, d2

P
= 0, [dG ; dP ] = 0.

Assume now that P is trivial. By use of a global section of P , all forms in
the BRS algebra can be considered as forms on M . Let Cloc.(C(A)) be the set
of elements that can be written as the M integral of the trace (with respect to
a representation of Lie(G)) of a dim(M)-form in the BRS algebra. This can be
identi�ed with a subgroup of CLie(G)(C(A)), the commutative group de�ned in
section 3.4. This de�nition applies of course for an odd-dimensional M as well.
Let � be the operator on Cloc.(C(A)) de�ned by the formal identity:

�

Z
M

tr =

Z
M

tr dG : (4.20)

The notation is justi�ed since � agrees with the restriction to Cloc.(C(A)) of
the operator de�ned in eq. (3.11). The induced cohomology will be denoted by
Hloc.(C(A)). Motivated by formal identity above, dG will in the following be
denoted by � when acting on the BRS algebra.

It is sometimes convenient to consider the cohomology Hloc.(C(A)) without
the M integration. This cohomology is denoted by H(�jdM ) and the set of
cochains by C(�jdM ). A cochain is by de�nition the trace of an element in the
BRS algebra. The cocycle relation is that a cochain should be � closed if it
only contains v and � closed up to exact forms with respect to dM if it contains
any of the generators A, F or dMv. Since M is without boundary, every cocycle
(coboundary) with respect to H(�jdM ) gives a cocycle (coboundary) with respect
to Hloc.(C(A)).



Chapter 5

Chiral Anomalies and

Schwinger Terms

The mathematical machinery in the previous chapters will now be connected to
physics. To be concrete, the chiral anomaly for non-abelian Weyl fermions in an
external gauge �eld will be considered. However, similar methods can be used
to describe related phenomena, for instance the di�eomorphism anomaly. The
anomaly will be de�ned from a physical perspective and the concept of locality
is discussed. The appearance of the Schwinger term in the descent equations
is observed. It is shown how the Schwinger term can be calculated from the
family index theorem for a manifold without boundary. Explicit expressions for
the chiral anomaly and the Schwinger term are then given, with and without a
background connection. The meaning of the covariant anomaly and Schwinger
term is also discussed and explicit expressions are given. The terms of higher
ghost degree in the descent equations will also be considered. Descent equations
are given with and without a background connection as well as for the covariant
setting.

To be able to apply the mathematical methods that have been developed,
the following assumptions will be needed: M is a compact orientable Rieman-
nian spin manifold without boundary and with Â(M) = 1. Fermions will be
described by sections sV of an N -dimensional complex vector bundle V ! M .
The principal bundle P , for which V is an associated vector bundle is assumed
to have a compact semi-simple structure group G. Assume further the existence
of a metric in V � fAg, A 2 A, that is preserved under parallel transport and
a metric in the spinor bundle S under which the �'s are skew-adjoint. This
implies that the Dirac operator DA, constructed as in (4.11), is self-adjoint.

Complementary material to this chapter is [26, 74{76].

43
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5.1 The `Physical' De�nition of the Chiral

Anomaly

A simple way to compute (chiral) anomalies is through perturbation techniques.
This is a direct approach that displays many of the important features of anoma-
lies. However, it lacks a `deeper' geometrical understanding. For this, an al-
ternative interpretation of the e�ective action is needed. In the path integral
formalism, the generating functional for Weyl fermions can be written as

exp(�W (A)) =

Z
dsV d �sV exp

�
�i

Z
M

�sVD
+
A
sV d

2nx

�
;

where W is the e�ective action and M is the 2n-dimensional space-time, see
for example [74]. A closer inspection revels that it is closely related to the
`determinant' of the Dirac operator. It can be argued for that the generating
functional is described by a section of the determinant line bundle in chapter 2,
with base space B being the space A of gauge connections (potentials), [74, 75].

For ' a gauge transformation, !G(A;') is de�ned by:

exp(W (A � ')) = exp(W (A)) � exp(i!G(A;')); (5.1)

and its in�nitesimal by:

!(A;X) :=
d

dt

����
t=0

!G(A; exp(tX)):

They are both a measure of the lack of G-invariance of the phase of the generating
functional. That the invariance is broken by a phase is a common feature in
quantum �eld theory and has its roots in Wigner's theorem, [77]. The form
!(A; �) is often called the chiral anomaly, but in this thesis, the name will be
reserved for its the relevant cohomology class, to be de�ned in section 5.3.

5.2 Symmetric Invariant Polynomials

Let Q(�) be a symmetric invariant polynomial in elements � 2 
(P;Lie(G)) for

the principal bundle P
G
!M , [78]. In this section, the bundle P is not necessary

the same bundle P that has been considered earlier (and the same for G and
M). Every Q(�) can be written as a sum of products of symmetrized traces
with respect to a representation of Lie(G). To simplify notation, restrict to
homogeneous polynomials of degree n+1 and set Q(�1;�2; :::;�i�1;�

n�i+2
i

) :=
Q(�1;�2; :::;�i�1;�i;�i; :::;�i). For later applications, Q(F

n+1) will be studied
for F the curvature on P . This closed form is in 
2n+2(P ) but can because of
the invariance property be identi�ed with an element in 
2n+2(M). Let Ft be
the curvature of At = (1 � t)A1 + tA2 for A1 and A2 connections on P with
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curvatures F1 and F2. Using
d

dt
Ft = dP (A2�A1)+[At; A2�A1] =: Dt(A2�A1)

and DtFt = 0 gives that

Q
�
Fn+1
2

�
�Q

�
Fn+1
1

�
=

Z 1

0

dt
d

dt
Q(Fn+1

t
)

= (n+ 1)

Z 1

0

dt Q(Dt(A2 �A1); F
n

t
)

= dP!2n+1(A2; A1); (5.2)

where the Chern-Simons form !2n+1, [79], is de�ned as

!2n+1(A2; A1) = (n+ 1)

Z 1

0

dt Q(A2 �A1; F
n

t ): (5.3)

This equation will be used frequently throughout the chapter. It can easily
be checked that the Chern-Simons form is anti-symmetric: !2n+1(A1; A2) =
�!2n+1(A2; A1). The following `triangle formula' is also of importance:

!2n+1(A1; A2) + !2n+1(A2; A3) + !2n+1(A3; A1)

= dP�4(A1; A2; A3); (5.4)

where

�
4
(A1; A2; A3) = (n+ 1)n

Z 1

0

dt1

Z 1�t1

0

dt2 Q(A2 �A3; A1 �A3; F
0;n�1
t )

and F 0
t
is the curvature of A0

t
= t1A1 + t2A2 + (1� t1 � t2)A3. For a proof of it,

consult [80].
Recall the nice transformation properties in section 4.1 of the forms appearing

in the expressions for the Chern-simons form and �
4
. This implies that !2n+1

and �
4
can be pull-backed to M by local sections just as was made for the form

in eq. (4.16).

5.3 Transgression and Locality

Pretend for a moment that the anomaly is given by [!] 2 H1
Lie(G)(C(A)). This

de�nition agrees with the one in chapter 3 if [2�!0] = [!]. Thus, it is possible
to use ideas therefrom for the computation of the anomaly. Eq. (5.1) de�nes
a line bundle on A=G. This is equal to the determinant line bundle on A=G
constructed from the invariance relation (4.12). Corollary 2 then states that the
chiral anomaly is obtained by 2� times the transgression of the Chern character
of the determinant line bundle DET on A=G. This is true since A contractible
implies that H2(A;C) = 0 = �H1(A;C�). Using eq. (2.13) in combination with
the result (4.16) for eq. (2.11), gives:

2�ch (DET)[2] = 2�
1

(n+ 1)!

�
i

2�

�n+1 Z
M

trFn+1: (5.5)
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The computation of the chiral anomaly is as easy for trFn+1 as for any
symmetric invariant polynomial. For generality, all calculations will therefore
from now on be performed in terms of Q instead of the (symmetrized) trace.
The advantage is that the computations can then also be used for other kinds of
anomalies, for instance, di�eomorphism anomalies. The notations becomes also
simpler.

The �rst step in the transgression procedure is to pull-back eq. (5.5) to A by
�. Thus, the form Q

�
Fn+1

�
2 
2n+2(P �A) is to be studied. For the remain of

this section, P and V are assumed to be trivial bundles. This implies that also
P �A and V �A are trivial bundles (over M �A). Thus, the connection � and
the corresponding curvature F on P �A (or on P �G A) can by pull-back with
a global section be considered as forms on M �A. In this case it is possible to
choose A1 = 0 in eq. (5.2). It gives

Q
�
Fn+1

�
= (dM + dA)!2n+1(�); (5.6)

with the Chern-Simons form

!2n+1(�) := !2n+1(�; 0) = (n+ 1)

Z 1

0

dt Q (�;Fn

t
) (5.7)

and Ft = tF + (t2 � t)�2. It depends on the connection � and the curvature F
and will sometimes be denoted by !2n+1(�;F). Integration of the forms in eq.
(5.6) over the boundary-less manifold M givesZ

M

Q
�
Fn+1

�
= dA

Z
M

!2n+1(�): (5.8)

It is important to distinguish between the exterior di�erential dA and the oper-
ator dA in chapter 4.

The �nal step in transgression is to restrict
R
M
!2n+1(�) to vertical vectors

in A ! A=G and identify the result with an element in H1
Lie(G)

(C(A)). This
gives that a representative of the anomaly can be identi�ed with

2�
1

(n+ 1)!

�
i

2�

�n+1 Z
M

!2n+1(v;A); (5.9)

where
!2n+1(v;A) := �iA

�

!2n+1(�)j'=id. = !2n+1(A+ v):

The ghost v and the map iA are here considered with respect toM . This is done
by the pull-back with a global section of P !M .

It follows from section 3.5 that the form in (5.9) ful�lls the Wess-Zumino con-
sistency condition and does therefore indeed de�ne an anomaly inH1

Lie(G)
(C(A)).

However, this is not the correct cohomology to be used for anomalies. The con-
cept of locality must be taken into account. From a physical perspective, two
representatives of an anomaly are equal if and only if they can be related by a
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local rede�nition of the e�ective action (which itself is non-local). This means
that only coboundaries with respect to H1

loc.(C(A)) are allowed. The fact thatR
M
!2n+1(A+ v), and all known anomalies, are cocycles in Cloc.(C(A)) justi�es

the assumption that H1
loc.(C(A)) is the relevant cohomology for anomalies from

a physical perspective.

That the anomaly is in H1
loc.(C(A)) and not in H1

Lie(G)
(C(A)) has many

consequences. It implies that it is no longer possible to use the cohomological
results of chapter 3. However, it is often possible to draw indirect conclusions
from these results.

It is sometimes preferable to consider the non-integrated anomaly. This
means that the M integration is not taken into account. The relevant coho-
mology of the anomaly is then H1(�jd), see section 4.5. The advantage of the
non-integrated setting is twofold: the locality of space-time is considered, and the
mathematical analysis is often simpler. As an example of the latter statement,
see [81].

The above derivation of the anomaly will now be reconsidered. Although it is
no longer a map between cohomologies, transgression can still be used to compute
the anomaly according to the discussion in the end of section 3.5. However, it
may very well be so that a given element in H2(A=G;C) can give di�erent
elements in H1

loc.(C(A)) depending on the choices made in the transgression
procedure. It will now be discussed how transgression can be modi�ed so it is
a well-de�ned map to H1

loc.(C(A)). This will be done by considering the non-
integrated setting.

For the purpose of the computation of the cohomology class of the anomaly, it
is enough to restrict the domain of transgression (de�ned on the cohomology class
of `non-integrated' forms) to (homogeneous) symmetric invariant polynomials Q
in F . The �rst step in the transgression procedure is then to de�ne !2n+1(�;F)
from Q as in eq. (5.6). Clearly, this de�nition is not unique. There is at least
an ambiguity of (dA + dM )-exact forms. However, by the principle of locality,
restriction should be made to forms !2n+1 that are polynomials in � and F .
Lemma 5, with (A;F; d) replaced by (�;F ; dM + dA), implies then that the
ambiguity can be written as (dM + dA)�(�;F), where �(�;F) is a polynomial
in � and F . The next step in transgression is to restrict the Chern-Simons form
!2n+1(�;F) to vertical directions in A ! A=G and take the part of its expansion
which contains exactly 1 ghost. Clearly, the ambiguity (dM + dA)�(�;F) then
only gives a change by a coboundary in H1

loc.(C(A)). Thus, if restricting to
symmetric invariant polynomials and local Chern-Simons forms, transgression is
well-de�ned.

It has now been described how the transgression map assigns an element in
H1
loc.(C(A)) to every symmetric invariant polynomial. However, it may certainly

be so that the transgression of an element gives a representative of the trivial
element in H1

Lie(G)
(C(A)) that nevertheless is non-trivial in H1

loc.(C(A)). Thus,

although the polynomial represents the trivial element in H2(A=G;C) the cor-
responding anomaly does not necessarily vanish. This is for example the case
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for the di�eomorphism anomaly when the physical space is the circle, see for
instance Paper IV.

5.4 The Descent Equations

Since dM is essentially the only exterior di�erential that is to be used for the
remain of the chapter, its notation will be abbreviated with d. The following
relation is a consequence of the `Russian formula':

(d+ �)!2n+1(A+ v) = (d+ �) �iA
�

!2n+1(�)j'=id.

= �iA
�

Q
�
Fn+1

���
'=id.

= Q
�
Fn+1

�
: (5.10)

This will be considered as an equality in (the trace of) the BRS algebra. Account
should therefore not be taken to the fact that the right hand side is zero by
dimensional reasons. De�ne

!k2n+1�k(v;A) := !2n+1(v;A)k ;

where the index k on the right hand side denotes the part of the expansion of the
form that has this ghost degree. Then, eq. (5.10) is equivalent with the descent
equations [26]:

Q
�
Fn+1

�
= d!2n+1(A)

�!2n+1(v;A) = �d!12n(v;A)

�!12n(v;A) = �d!22n�1(v;A)

�!22n�1(v;A) = �d!32n�2(v;A)

:::

�!2n+10 (v;A) = 0:

From this it is seen that [!k2n+1�k] 2 H
k(�jd). In particular, this implies that the

representative of the anomaly indeed satis�es the Wess-Zumino consistency con-
dition. The third equation from above is often referred to as the (non-integrated)
Wess-Zumino consistency condition.

Some physicists use the descent equations to derive explicit expressions for
the cocycles !k2n+1�k, [82]. This is an approach which will not be used in this
thesis. Since locality has to be taken into account, it is not possible to use
Poincar�e's lemma in a direct way. Therefore, it is not as easy to derive [!k2n+1�k]
as it might seems from for example Zumino's papers on the descent equations.
However, in certain cases it is possible. Rigorous derivations of the cohomology
classes from the descent equations can be found in, for instance, [83{85]. See
also [81] (and [73]) where exact couples and spectral sequences are used for the
computation of H(�jd).
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5.5 The Schwinger Term and the Family Index

Theorem

It is interesting that the fourth relation in the descent equations is the non-
integrated cocycle relation for the Schwinger term, see section 6.4. This suggests
that

R
M
!22n�1 is proportional to a representative of the Schwinger term. Of

course, the space-timeM must be replaced with a (2n�1)-dimensional manifold
which has the same properties as M (see the introduction of this chapter) and
should be interpreted as the physical space. This odd-dimensional manifold will
also be denoted by M since it will always be clear from the context if it is
anomalies or Schwinger terms that are studied. Certainly, for Schwinger terms
the space A of gauge connections and the group G of gauge transformations are
meant with respect to the odd-dimensional manifold M . The Schwinger term is
given by "

2�
1

(n+ 1)!

�
i

2�

�n+1 Z
M

!22n�1(v;A)

#
2 H2

loc.(C(A)):

Thus, not only can the Schwinger term be obtained from the family index the-
orem, but the constant of proportionality is correct as well. This motivates a
deeper investigation of the derivation of the Schwinger term from the family in-
dex theorem. The derivation above is arti�cial. It uses methods for the anomaly
and after that the 2n-dimensional space-time is replaced with a manifold of codi-
mension one. The approach of deriving the Schwinger term directly from M is
ruled out since the family index theorem only gives a non-trivial result for even-
dimensional manifolds. The natural way to obtain a result involving M must
therefore be to use the family index theorem for an even-dimensional manifold
M̂ which has M as its boundary.

Let P̂ and V̂ be �bre bundles on M̂ such that P̂ j
@M̂

= P and V̂j
@M̂

= V . The

symbol b denotes objects de�ned in terms of M̂ . Exceptions of this rule are
Â(�) and �̂P� , de�ned in chapter 2. Assume that all structures are of `product

type' in a collar neighbourhood of @M̂ =M . This is one of the assumptions in
section 2.3.2. With the setting of chapter 4 this gives that

F̂
dDET,P� = �2�i

1

(n+ 1)!

�
i

2�

�n+1 Z
M̂

Q
�
F̂n+1

�
�

�
1

2
�̂P�

�
[2]

!
(5.11)

holds on Û� = fÂ 2 Âj� =2 spec(D̂0

Â
)g.

The case when all structures are of `product type' on all of M̂ will �rst be
considered, i.e. M̂ = [0; 1]�M , P̂ = [0; 1]� P and V̂ = [0; 1]� V . It is natural
to interpret t 2 [0; 1] as the time variable. A and A0 can be used to construct
a connection Â = f(t)A0 + (1� f(t))A (=: qA0

(A)) on P̂ , where f is such that
f(t) = 0 for t 2 [0;4t] and f(t) = 1 for t 2 [1�4t; 1] for some 4t 2 (0; 1

2
). The

choice of f is convenient in the use of the family index theorem for manifolds
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with a boundary. Eq. (5.11) will now be pulled-back by qA0
: A ! Â. It

is then an equality on U� = fA 2 Aj� =2 spec(DA)g, where � =2 spec(DA0
).

The dependence of the pull-backed equation on gauge transformations ' 2 G
will now be investigated. From the invariance relation (4.12) it follows that the
eigenvalues of DA are gauge invariant. Since q�

A0
�̂P� is constructed only from

eigenvalues of the operators in the set fDAgA2A it follows that this form vanishes
in gauge directions. Therefore,�

iq�A0
F̂
dDET,P�

�
ver.

= 2�
1

(n+ 1)!

�
i

2�

�n+1 
q�
A0

Z
[0;1]�M

Q
�
F̂n+1

�!
ver.

;

holds, where a restriction to vertical directions in U� ! U�=G has been made.
The right hand side can be identi�ed with

2�
1

(n+ 1)!

�
i

2�

�n+1 Z
[0;1]�M

Q
��
(dt + d+ �)

(tA0 + (1� t)(A + v)) + (tA0 + (1� t)(A + v))2
�n+1�!

(5.12)

This expression is independent of the function f as long as it has the properties
f(0) = 0 and f(1) = 1. It is therefore possible to replace f with t and, by a
substitution of variables, with 1� t. With A0 = 0 it becomes:

2�
1

(n+ 1)!

�
i

2�

�n+1�Z
M

!2n+1(A+ v)

�
:

Thus, an example of how the Schwinger term can be obtained from the fam-
ily index theorem has been given, see also Papers III and IV. Notice that the
Schwinger term does not depend on �. For non-zero A0, eq. (5.12) gives a
representative of the Schwinger term with a background connection:

2�
1

(n+ 1)!

�
i

2�

�n+1�Z
M

!2n+1(A+ v;A0)

�
;

see section 5.8. It is also an interesting observation that the choice A0 = A gives
(minus) the covariant Schwinger term, compare with section 5.9.

The derivation above shows that a representative of the Schwinger term can

be identi�ed with the curvature on iq�
A0
([DET;P�) when restricted to vertical

directions in A ! A=G. However, the Schwinger term is by de�nition the coho-
mology class of the cocycle in Cloc.(C(A)) equal to the restriction of the curvature
on the vacuum bundle to vertical directions, see chapter 6. This suggests that it

should be possible to identify q�
A0
([DET;P�) with the vacuum line bundle. This

is reasonable, for instance, the vacuum bundle is only (continuously) de�ned on
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subsets U� � A. An explicit proof of the fact that the two line bundles are equal
was given in [86].

A general manifold M̂ can be written as M̂ = ([0; 1]�M)[Mint., since it by
assumption is of `product type' in a collar neighbourhood of @M̂ = f0g�M . qA0

will now be de�ned as for the cylinder together with an A-independent extension
of the connection A0 on M ' f1g �M = @Mint. to Mint.. Thus, Mint. gives no
contribution to the computations above and it is possible to proceed as for the
cylinder. The condition � =2 spec(DA0

) is no longer necessary.

5.6 The Bundle Gerbe and k-Cocycles

Consider the following 3-form on A=G (or on A).

1

(n+ 1)!

�
i

2�

�n+1�Z
M

Q
�
Fn+1

��
; (5.13)

whereM is the (2n�1)-dimensional physical space. Integration over an arbitrary
closed oriented 3-dimensional submanifold of A=G gives an integer due to the
Atiyah-Singer index theorem. Thus, it represents an element in H3

0 (A=G;C).
This turns out to be the Dixmier-Douady class [87] for a certain Hilbert bundle,
see [88]. The form in eq. (5.13) is often referred to as the Dixmier-Douady
form. From eq. (5.6) it is seen that the Schwinger term is equal to 2� times
the transgression of this form. It is in complete analogy with the fact that the
chiral anomaly equals 2� times the transgression of the Chern character of the
determinant line bundle. Certainly, this construction is not restricted to the
chiral anomaly and the Schwinger term but is valid for all terms in the descent
equations: LetM be a (2n+1�k)-dimensional manifold, where 0 � k � 2n+1.
Then (5.13) is a closed (k+1)-form on A=G (or on A) and represents an element
in Hk+1

0 (A=G;C). Multiplication with 2� and transgression gives:"
2�

1

(n+ 1)!

�
i

2�

�n+1 Z
M

!k2n+1�k(v;A)

#
2 Hk

Lie(G)(C(A)):

Thus, if disregarding locality, the methods in chapter 3 can be used to study
these elements.

The cohomology class of the form in (5.13) (for M (2n+1� k)-dimensional)
is the image of an element in �Hk(A=G;C�) ' �Hk+1(A=G;Z) under the epi-
morphism in (3.9). This gives a topological understanding of the terms in the
descent equations.

Recall that the epimorphism in (3.9) was based on the isomorphism in (3.7).
This isomorphism is explicitely given by application of the operator (d�1

A
�0)k+1

on an element in Hk+1(A=G;C). Here, �0 is de�ned as � was in (3.5), but with
the product replaced with a sum. Further, the de�nition of �0 is extended to
include forms as well.
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The application of various powers of d�1
A
�0 on an element in Hk+1(A=G;C)

gives a zig-zag path in the �Cech-de Rham complex, see [52]. Also the �Cech-de
Rham complex has a cohomology. It is determined by the coboundary operator
�0 + (�1)jdA, where j is the form degree of the element it acts on. The �Cech-de
Rham cohomology is isomorphic to the de Rham cohomology (and therefore also
to the additive �Cech cohomology). For every j, (�0d�1

A
)k+1�j�0 gives a cocycle

in the �Cech-de Rham complex when acting on a representative of an element
in Hk+1(A=G;C). The form in (5.13) can therefore up to a coboundary be
identi�ed with a representative of an element in the �Cech-de Rham cohomology
Hk+1

�CdR
(A=G;C). In fact, the element is in the subgroup Hk+1

�CdR,0
(A=G;C) which

corresponds to Hk+1
0 (A=G;C).

To illustrate the use of the �Cech-de Rham cohomology in the context above,
the Schwinger term will be reconsidered. The term obtained by application of
�0d�1

A
�0 on the Dixmier-Douady form will be studied. The �rst �0 (from the right)

tells that the restrictions of the Dixmier-Douady form to the sets U�=G should
be made. Then, every restriction should be written as dA of something. On A
it is clear that �

R
M̂
Q(F̂n+1) (the constants are suppressed) is a good choice.

However, since it can not be pushed-forward to A=G it is not good enough.

However, that F̂
dDET,P� is a curvature implies that it is closed and therefore

dA

�
1

2
�̂P�

�
[2]

= dA

Z
M̂

Q
�
F̂n+1

�
;

see eq. (5.11). From its de�nition, it follows that �̂P� can be pushed-forward
to A=G. The last step is to apply �0 to (�̂P�)[2] (where now the factor � 1

2
has

been suppressed). It gives (�̂P�0�)[2] := (�̂P�0 )[2] � (�̂P�)[2] on U�0�=G, where
U�0� = U�0 \ U�.

The relation

DET�0 = DET�0� 
DET� (5.14)

holds on U�0� � A, where DET� = q�
A0
([DET;P�) and DET�0� is the top exterior

product of the eigenvectors to DA with eigenvalues in the interval (�; �0). With
DET��0 := DET��0� it is clear that the following equation holds on U�00�0� =
U�00 \ U�0 \ U�:

DET�00�0 
DET�0� 
DET��00 = U�00�0� �C:

By choosing a subcover of a re�nement of fU�g it is clear that fDET�0�g can be
identi�ed with an element in H2

L
�(fU�g), see section 3.6. However, eq. (5.14)

implies that it is a coboundary. It is possible to push-forward DET�0� to U�0�=G
while this is not the case for DET� with respect to U�=G. Thus, fDET�0�g
de�nes an element in H2

L
�(fU�=Gg) which is not necessary trivial. This object

is closely related to the bundle gerbe introduced in [89].
From eq. (5.11) and (5.14) it follows that (�̂P�0 � �̂P�)[2] (with constants

suppressed) de�nes a curvature on DET�0� over U�0�=G. According to the above
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discussion, the curvatures (�̂P�0 � �̂P�)[2] de�ne an element in H3
�CdR,0

(A=G;C)

from which the Schwinger term can be obtained.
As for the chiral anomaly, the relevant cohomology for the Schwinger term is

Hloc.(C(A)). This is the motivation for that H
k

loc.(C(A)) (or H
k(�jd)) from now

on will be considered instead of Hk

Lie(G)
(C(A)). In analogy with the discussion in

the end of section 5.3, it follows how the transgression procedure can be modi�ed
so it assigns an element in Hk

loc.(C(A)) to every symmetric invariant polynomial
in F . As for the anomaly, it might happen that a polynomial represents a trivial
element in Hk+1

0 (A=G;C) but anyway transgresses to a non-vanishing element
in Hk

loc.(C(A)).
That the k-cocycles !k2n+1�k have important physical interpretations for k =

1; 2 suggests that they all should have be of some value in physics. Jackiw [90]
and Jo [91] have been given arguments for the validity of this idea when k = 3.

5.7 Computation of the Chiral Anomaly and

the Schwinger Term

Representatives for [!k2n+1�k] 2 Hk(�jd) will now be calculated. In particular,
this gives for k = 1; 2 expressions for the chiral anomaly and the Schwinger term.
Recall that !k2n+1�k(v;A) = !2n+1(A + v)k, where !2n+1 is given by de�nition
(5.3). Thus,

!k2n+1�k(v;A) = (n+ 1)

Z 1

0

dt Q
�
A+ v;

�
Ft +

�
t2 � t

� �
[A; v] + v2

��n�
k

;

(5.15)
where Ft = tdA+ t2A2.

Although it is straight forward to evaluate the right hand side of eq. (5.15),
the computations will be rather long. Instead, the method of Zumino in ref. [78]
will be used. The idea is to use the triangle formula in eq. (5.4) for A1 = A+ v,
A2 = 0 and A3 = v:

!2n+1(A+ v; 0) + !2n+1(0; v) + !2n+1(v;A+ v) = (d+ �)�
4
(A+ v; 0; v):

This is possible since P � A is trivial. Taking the k:th ghost degree gives the
following result:

!k2n+1�k(v;A) = !2n+1(A+ v; 0)k

= !2n+1(A+ v; v)k + !2n+1(v; 0)k +
�
(d+ �)�

4
(A+ v; 0; v)

�
k
:

A representative of [!k2n+1�k] 2 H
k(�jd) is therefore given by the sum of the two

�rst terms on the right hand side. De�nition (5.3) gives that

!2n+1(A+ v; v) = (n+ 1)

Z 1

0

dt Q (A; (Ft + (1� t) dv)
n
)

!2n+1(v; 0) = (n+ 1)

Z 1

0

dt Q
�
v;
�
tdv +

�
t2 � t

�
v2
�n�

:
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Since !2n+1(A+v; v) contains less than n number of ghosts and !2n+1(v; 0) more
than n+ 1 number of ghosts this leads to the result that

!k2n+1�k(v;A) � (n+ 1)

�
n

k

�Z 1

0

dt (1� t)kQ
�
(dv)k ; A;

�
tdA+ t2A2

�n�k�
(5.16)

when 0 � k � n and

!k2n+1�k(v;A) � (�1)k�n�1
�

n

k � n� 1

���
k

k � n� 1

��
�1

�Q
�
v; (v2)k�n�1; (dv)

2n�k+1
�

(5.17)

when n + 1 � k � 2n + 1. With � is meant equality up to a coboundary in
Hk(�jd).

5.8 Generalization to a Non-trivial Bundle

The chiral anomaly and the Schwinger term will now be calculated when P �A
and V � A are non-trivial bundles on M � A. It is then no longer possible to
let some of the A's in eq. (5.2) and (5.4) be equal to zero or the ghost v since
these have the wrong transformation property (v ! adg�1v). The formulas in
section 5.3{5.7 can therefore no longer be used. It is natural to replace the zero
in (5.7) with a background connection A0 when the bundle is non-trivial, [80].
This reference connection is assumed to be �xed under gauge transformations,
i.e. �A0 = 0. As for A, it can be interpreted as either a connection on P or on
P �A. Inserting A2 = � and A1 = A0 in eq. (5.2) gives

Q
�
Fn+1

�
�Q

�
Fn+1
0

�
= (d+ dA)!2n+1(�;A0):

From de�nition (5.3) it is easy to see that !2n+1(�;A0) is invariant under the
choice of local section of P � A, in contrary to !2n+1(�; 0). The restriction of
the Chern-Simons form to vertical directions equals:

!2n+1(A+ v;A0) = (n+ 1)

Z 1

0

dt Q
�
A+ v �A0;�

(d+ �) ((1� t)A0 + t(A+ v)) + ((1� t)A0 + t(A+ v))
2
�n �

: (5.18)

The `Russian formula' can now be used as in eq. (5.10) and gives the following
identity in (the trace of) the BRS algebra (which now is extended with the
independent generators A0 and F0):

(d+ �)!2n+1(A+ v;A0) = Q
�
Fn+1

�
�Q

�
Fn+1
0

�
:
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Introducing the notation !k2n+1�k(v;A;A0) := !2n+1(A + v;A0)k and equating
terms with equal ghost degree gives that this equation is equivalent with the
following set of descent equations:

Q
�
Fn+1

�
�Q

�
Fn+1
0

�
= d!2n+1(A;A0)

�!2n+1(v;A;A0) = �d!12n(v;A;A0)

�!12n(v;A;A0) = �d!22n�1(v;A;A0)

�!22n�1(v;A;A0) = �d!32n�2(v;A;A0)

:::

�!2n+10 (v;A;A0) = 0:

This gives consistency conditions for the forms !k2n+1�k(v;A;A0) and shows that

they represents elements in Hk(�jd).
It is possible to calculate !k2n+1�k(v;A;A0) from eq. (5.18). However, as

in the previous section, it is only the corresponding cohomology class that is of
interest. A simpler expression for the representative of the cohomology class is
obtained by application of the triangle formula will be used. With A1 = A+ v,
A2 = A0 and A3 = A0 + v, eq. (5.4) gives

!2n+1(A+ v;A0) = !2n+1(A+ v;A0 + v) + !2n+1(A0 + v;A0)

+(d+ �)�
4
(A+ v;A0; A0 + v):

Notice that �
4
(A + v;A0; A0 + v) can be globally pull-backed from P to M by

local sections and is therefore an allowed cochain. Further, it is easy to verify
the fact that d and � maps the set of allowed cochains into itself. De�nition (5.3)
implies that

!2n+1(A+ v;A0 + v) = (n+ 1)

Z 1

0

dt Q
�
A�A0;

�
Ft + F0 (1�t)

+ t(1� t)[A0; A] + (1� t) (dv + [A0; v]))
n
)

!2n+1(A0 + v;A0) = (n+ 1)

Z 1

0

dt Q
�
v;�

F0 + t (dv + [A0; v]) +
�
t2 � t

�
v2
�n �

; (5.19)

where F0 = dA0 + A2
0. Notice that there is no term quadratic in the ghost in

the arguments of the polynomial on the right hand side of the �rst equation.
Therefore,

!k2n+1�k(v;A;A0) � !2n+1(A0 + v;A0); n+ 1 � k � 2n+ 1:

However, in contrary to the case of a trivial bundle, both forms in eq. (5.19)
contribute to !k2n+1�k(v;A;A0) when 0 � k � n. It is straight forward to check
that

!2n+1(A+ v;A0 + v)k =
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= (n+ 1)

�
n

k

�Z 1

0

dt (1� t)kQ
�
(dv + [A0; v])

k
; A�A0;�

Ft + F0 (1�t) + t(1� t)[A0; A]
�n�k�

!2n+1(A0 + v;A0)k =
n+ 1

k

[(k�1)=2]X
j=0

(�1)j

�

�
n

j

��
n� j

k � 2j � 1

���
k � 1
j

��
�1

�Q
�
v; (v2)j ; (dv + [A0; v])

k�2j�1
; Fn�k+j+1

0

�
;

where [(k � 1)=2] is equal to the largest integer that is smaller than (k � 1)=2.
The last equation should be interpreted as !2n+1(A0 + v;A0)k = 0 when k = 0.
Notice that eq. (5.16) and (5.17) are recovered when P � A is trivial and the
choice A0 = 0 is made.

5.9 Covariant Anomalies and Schwinger Terms

The anomalies and Schwinger terms that have been considered so far obey cer-
tain consistency conditions which can be seen for example from the descent
equations. However, they are not invariant under gauge transformations. There
exists related objects which are gauge covariant, but they do not satisfy the con-
sistency conditions. These objects are usually referred to as covariant anomalies
and Schwinger terms. The `usual' anomalies and Schwinger terms that was con-
sidered earlier in this chapter are for this reason sometimes called consistent.
The covariant anomaly and Schwinger term have been obtained in various ways
in the literature, see [19, 80, 92] for the covariant anomaly and [93{95] for the
covariant Schwinger term (in Yang-Mills). They all agree on that the covariant
correspondence ~!k2n+1�k of the forms !k2n+1�k, k = 1; 2; are given by

~!12n = (n+ 1)Q (v; Fn)

~!22n�1 =
(n+ 1)n

2
Q
�
v;��A; Fn�1

�
: (5.20)

Since the consistent anomaly and Schwinger term both can be obtained from
!2n+1(A+ v;F ) it is reasonable that the covariant anomaly and Schwinger term
can be obtained from a closely related form. A closer inspection reveals that
it is the BRS operator in the expression for the curvature F = dA + A2 =
(d+ �)(A+ v)+(A+v)2 that breaks the gauge invariance. This observation was
made in Paper III where it also was shown that

~!k2n+1�k(v;A) = !2n+1
�
A+ v; d(A+ v) + (A+ v)2

�
k

(5.21)

agrees with eq. (5.20) for k = 1; 2. Thus, it has been shown that as in the
consistent case, there exist a simple generating form for the covariant anomaly
and Schwinger term.
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The �rst success of the construction of a generating form for covariant anoma-
lies and Schwinger term was given by Tsutsiu, [96]. He used the even (with
respect to the bigrading) operators m and l de�ned on the BRS algebra in the
following way:

mA = v mF = 0
mv = 0 mdv = �v

lA = 0 lF = �A

lv = 0 ldv = �v:

It is easy to see that the consistent cocycles are given by

!k2n+1�k(v;A) =
1

k!
mk!2n+1(A;F ):

That the second argument in the form on the right hand side of eq. (5.21) is
equal to F � �(A+ v) makes it easy to see that

~!k2n+1�k(v;A) =
1

k!
(m� l)k!2n+1(A;F ):

The reader is warned for the fact that m and l do not commute. This was
probably overlooked in [96] when an incorrect correspondence of eq. (5.21) was
derived. That [m; l] 6= 0 was understood in Paper III but �rst pointed out
explicitly in [97]. With methods as in the Appendix in Paper III it can be shown
that

~!k2n+1�k(v;A) =
n+ 1

k
Q (v; (F � �(A+ v))n)

k
; 1 � k � 2n+ 1:

Since the calculations are long and tedious they will not be presented here.
Notice though that the covariance is obvious from this equation.

Finally, an alternative algebraic derivation of the covariant anomaly and
Schwinger term will be given. It builds on the observation that if covariance
is obtained, then the forms are also independent of the choice of a local section
of P �A. Therefore, covariant anomalies and Schwinger terms are well-de�ned
for a non-trivial bundle as well. This suggests a relation between covariant
anomalies and Schwinger terms and the method of a background connection A0

in section 5.8. However, the only connection that appears in the expressions in
eq. (5.20) is A. This motivates an investigation of the methods in section 5.8
with the choice A0 = A. However, it is important to remember that with this
choice it is no longer possible to let A0 be gauge invariant, i.e �A0 = �A 6= 0
here. This will of course lead to di�erent expressions than in section 5.8.

Eq. (5.2) gives with A02 = � and A01 = A the following identity:

Q
�
Fn+1

�
�Q

�
(F + dAA)

n+1
�
= (d+ dA)!2n+1(�;A): (5.22)

Restriction of the Chern-Simons form to vertical directions gives that

!2n+1(A+ v;A) = (n+ 1)

Z 1

0

Q (v; (F + t� (A+ (1� t)v))
n
) :
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Evaluation of the individual ghost degrees gives the result:

!k2n+1�k(v;A;A) =

[(k�1)=2]X
j=0

n+ 1

k � j

�
n� j

k � 2j � 1

��
n

j

���
k

j

��
�1

�Q
�
v; (�v)j ; (�A)k�2j�1; Fn�k+j+1

�
; (5.23)

where a negative power of one of the arguments means that this term is absent
in the sum. The formula agrees with eq. (5.20) for k = 1 and up to a sign for
k = 2. That the idea of a background connection can be used to recover these
formulas was discovered in [69] for covariant anomalies and in [98] for covariant
Schwinger terms.

The `Russian formula' implies

(d+ �)!2n+1(A+ v;A) = Q
�
Fn+1

�
�Q

�
(F + �A)n+1

�
;

which is equivalent with the following set of descent equations, [98]:

0 = d!2n+1(A;A)

�!2n+1(v;A;A) = �d!12n(v;A;A)� (n+ 1)Q (�A; Fn)

�!12n(v;A;A) = �d!22n�1(v;A;A)�

�
n+ 1
2

�
Q
�
(�A)2; Fn�1

�
�!22n�1(v;A;A) = �d!32n�2(v;A;A)�

�
n+ 1
3

�
Q
�
(�A)3; Fn�2

�
:::

�!n
n+1(v;A;A) = �d!n+1

n
(v;A;A)�Q

�
(�A)n+1

�
�!n+1

n
(v;A;A) = �d!n+2

n�1(v;A;A)

:::

�!2n+10 (v;A;A) = 0:

This is interesting: `half' of the forms !k2n+1�k(v;A;A) satis�es the consistency
condition, the other `half' does not. It explains the fact that the covariant
Schwinger term is also consistent when n = 1, while this is not true if n � 2.

If P �A is trivial it is possible to calculate the forms in eq. (5.23) with the
triangle formula with A1 = A+ v, A2 = A and A3 = 0:

!2n+1(A+ v;A)k = !2n+1(A+ v; 0)k � !2n+1(A; 0)k

+
�
(d+ �)�

4
(A+ v;A; 0)

�
k
:

Using

!2n+1(A; 0)k = (n+ 1)

Z 1

0

dt Q
�
A;
�
t(d+ �)A+ t2A2

�n�
k

= (n+ 1)

�
n

k

�Z 1

0

dt tkQ
�
(�A)k ; A;

�
tdA+ t2A2

�n�k�
;

0 � k � n; (5.24)



5.10. Results in Lower Dimensions 59

and !2n+1(A; 0)k = 0 when n+ 1 � k � 2n+ 1 leads to

!k2n+1�k(v;A;A) � !k2n+1�k(v;A) � !k2n+1�k(v;A; 0); 0 � k � n; (5.25)

where !k2n+1�k(v;A) and !
k

2n+1�k(v;A; 0) are given by eq. (5.16) and eq. (5.24),
respective, and

!k2n+1�k(v;A;A) � !k2n+1�k(v;A); n+ 1 � k � 2n+ 1;

with !k2n+1�k(v;A) as in eq. (5.17). The symbol `�' is not with respect to

any cohomology class for the forms !k2n+1�k(v;A;A). It simply means that

!k2n+1�k(v;A;A) is equal to a representative of [!k2n+1�k(v;A)] 2 Hk(�jd) (up

to the form !k2n+1�k(v;A; 0) if 0 � k � n). Thus, the existence of covariant
representatives of the cohomology classes de�ned by the forms in eq. (5.17) has
been proven.

It is not possible to assign cohomology classes to !k2n+1�k(v;A;A) as was

done for !k2n+1�k(v;A), for 0 � k � n. This can be seen from the fact that the
descent equations for covariant cochains does not lead to consistency conditions
for the upper `half'. If disregarding locality it follows from the fact that the left
hand side of eq. (5.22) is a form on A that is not the pull-back of a form on A=G.
For the covariant anomaly !12n(v;A;A) this means that it can not be obtained
from transgression of a form on A=G. Since transgression is onto this means that
the covariant anomaly is not a cocycle in C1

loc.(C(A)). A similar conclusion can
be drawn for all !k2n+1�k(v;A), 0 � k � n.

Recall that it is possible to calculate the consistent cocycles !k2n+1�k(v;A)
from the corresponding descent equations. This is forbidden procedure in the
covariant setting, at least for 0 � k � n. For instance, inspection of the descent
equations corresponding !k2n+1�k(v;A;A) reveals that there are ambiguities al-
lowed in the forms. Thus, the forms will not be uniquely de�ned (not even up
to exact forms with respect to d). Since no cohomological meaning is assigned
to the covariant cochains, it makes no sense in trying to derive them from the
descent equations.

It is interesting that the counter term, i.e. the second term in eq. (5.25),
only contains the ghost in the combination �A. This implies that the counter
term can be continuously extended to a function on P � A which is (the trace
of) a polynomial in A, dA and dA.

Further discussion about the covariant formalism can be found in Paper III
and references therein.

5.10 Results in Lower Dimensions

Formulas for anomalies and Schwinger terms in Yang-Mills and lower dimen-
sions will now be given. The polynomial Q should thus be replaced with the

symmetrized trace. The factor 2� 1
(n+1)!

�
i

2�

�n+1
is now also taken into account.

Using eq. (5.15), (5.18) and (5.20) gives:
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n = 1 Anomaly Schwinger term

P Trivial
Consistent

� 1
4�

R
M
tr(vdA) 1

4�

R
M
tr
�
v2A

�
P Non-trivial
Consistent

� 1
4�

R
M
tr (v (d (A+A0)

+A0A+AA0))
1
4�

R
M
tr
�
v2(A�A0)

�
Covariant � 1

4�

R
M
tr
�
v
�
dA+A2

��
� 1

4�

R
M
tr (v (dv + 2vA))

n = 2 Anomaly Schwinger term

P Trivial
Consistent

� i

48�2

R
M
tr
�
v

d
�
2AdA+A3

� � i

48�2

R
M
tr
�
v
�
v(dA)A

+vAdA+ (dA)vA + vA3
��

Covariant
� i

8�2

R
M
tr�

v
�
dA+A2

�2� � i

16�2

R
M
tr
��
vdv + (dv)v

+v2A+ 2vAv +Av2
��

dA+A2
��

As usual, M denotes space-time when anomalies are considered and space
when Schwinger terms are considered. The formulas for the consistent case
when n = 2 and P non-trivial have been omitted since they are long and not very
illuminating, see Paper IV for the Schwinger term. The case n = 1 corresponds to
a 2-dimensional space-time (1-dimensional space) and n = 2 to a 4-dimensional
space-time (3-dimensional space). Recall that it is only the cohomology that
is relevant for the consistent case. It is therefore possible to use the following
equalities up to coboundaries:

1

4�

Z
M

tr
�
v2A

�
� �

1

4�

Z
M

tr (vdv) ;

1

4�

Z
M

tr
�
v2(A�A0)

�
� �

1

4�

Z
M

tr
�
vdv + 2v2A0

�
;

i

48�2

Z
M

tr
�
v
�
v(dA)A + vAdA+ (dA)vA + vA3

��
� �

i

24�2

Z
M

tr
�
(dv)

2
A
�
;

�
i

16�2

Z
M

tr
��
vdv + (dv)v + v2A+ 2vAv +Av2

� �
dA+A2

��
� �

i

8�2

Z
M

tr
�
v (dv + vA+Av)

�
dA+A2

��
:

Notice that the �rst two relations agree with the result obtained with the triangle
formula, see eq. (5.16) and (5.17). The last relation is in fact an equality since the
two integrands only di�ers by an exact form with respect to M . Introduce local
coordinates fx�g2n�=1 (respective fx

jg2n�1
j=1 ) on a subset ofM . Then the relations

above give the following expressions for the representatives of the non-integrated
anomaly and Schwinger term:
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n = 1 Anomaly Schwinger term

P Trivial
Consistent

� 1
4�
tr(X@�A�)�

�� � 1
2�
tr (X@xY )

P Non-trivial
Consistent

� 1
4�
tr(X(

@�(A� +A0;�) +A0;�A�

+A�A0;�))�
��

� 1
2�
tr
�
X@xY

+[X;Y ]A0;x

�
Covariant

� 1
4�
tr(X(@�A�

+A�A�))�
��

� 1
2�
tr(X@xY

+[X;Y ]Ax)

n = 2 Anomaly Schwinger term

P Trivial
Consistent

� i

48�2
tr(X@�

(2A�@�A�

+A�A�A�))�
����

� i

24�2
tr([@iX; @jY ]Ak)�

ijk

Covariant

� i

8�2
tr(X(@�A�

+A�A�))(@�A�

+A�A�)�
����

� i

8�2
tr((X@iY � Y @iX+

[X;Y ]Ai +XAiY � Y AiX)
(@jAk +AjAk)�

ijk

;

where A = A�dx
�, d = dx�@� (or A = Ajdx

j , d = dxj@j) and � is the
anti-symmetric permutation tensor. Notice the extra factor 2 in the Schwinger
terms which comes from the conventions that have been used, see for example
eq. (2.1). It agrees with the result of chapter 6, see eq. (6.6) and (6.7).

According to section 5.1 and chapter 6, the chiral anomaly and the Schwinger
term are de�ned as phase ambiguities and must therefore be real. It is easy to
check that all forms in the two tables above indeed are real. Remember that the
trace is with respect to a skew-adjoint representation of Lie(G) on V . Consider
for instance the consistent anomaly when P is trivial and n = 2. UsingX� = �X
and A�

�
= �A� gives:�

�
i

48�2
tr((@�X)(2A�@�A� +A�A�A�))�

����

�
�

=
i

48�2
tr((�2(@�A�)A� +A�A�A�)@�X)�����

=
i

48�2
tr((@�X)(2A�@�A� +A�A�A�))�

����:

Since ����� = ������ the anomaly is equal to its adjoint (complex conjugate)
and is therefore be real.
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Chapter 6

The Schwinger Term as a

Commutator Anomaly

The Schwinger term will now be considered with a di�erent, but equivalent [86],
approach than in the previous chapters. They will be considered as abelian
ideals in a representation of the Lie algebra of gauge transformations in a second
quantized model. Relevant references are [99{106].

6.1 The Origin of Schwinger Terms

We will here explain how Schwinger terms arise in the case of 1 respective 3
space dimensions. For higher dimensions the fundamental ideas are the same as
for 3 dimensions and for this reason we omit to study them. A simple model
describing chiral fermions in an external Yang-Mills �eld will be considered.

The two Hilbert spaces that will be under consideration are

h1 = L2(R)
CN

color

h3 = L2(R3)
C2
spin 
CN

color:

With `color' is meant the internal degrees of freedom upon which the gauge
group acts. We will let h refer to any of these Hilbert spaces. Let g be the Lie
algebra of the semi-simple gauge group G that itself is a subgroup of the group
of invertible and unitary N �N matrices. The set of gauge potentials A consists
of g-valued compactly supported 1-forms on R respective R3. Introduce a map
A 3 A! DA 2 L(h), the set of linear operators on h, given by the chiral Dirac
operator:

A 3 A = Axdx ! D
(1)

A
= �i

�
@

@x
+Ax

�
2 L(h1)

A 3 A = Aidx
i ! D

(3)

A
= �i�i

�
@

@xi
+Ai

�
2 L(h3);
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where A�
x
= �Ax (A�

i
= �Ai) and Einstein's summation convention has been

used. The Pauli spin matrices, �i, are unitary and obey �i�j = i"ijk�
k , where

"ijk is the permutation tensor. A fermion �eld can be described by a vector  A
in h. The time evolution will determined by the Dirac equation,

i
@

@t
 A = DA A:

One can think of the situation in the following way: For each A 2 A there is a
corresponding Hilbert space hA. We have the structure of a �bre bundle ~h with
base space A and typical �bre hA isomorphic to h: hA ' h. The bundle is trivial
since A is at. We let the group of time independent gauge transformations
G = Map(Rd;G), d = 1; 3, consisting of compactly supported smooth maps
from R or R3 to G, act point-wise on A according to

A 3 A! A' = 'A'�1 + 'd'�1; ' 2 G:

We want to lift this action to ~h: G 3 ' ! '� 2 L(~h) in a way that the Dirac
equation still holds. It can be done by identifying all individual �bres hA, A 2 A,
with h and de�ning the action by

 A ! ' �  A = ' A;

where ' is acting on  A by matrix multiplication from the left in the color space.
We now follow ref. [107] and try to mimic this procedure to the second quan-

tized theory. In this case the relevant Hilbert space is no longer h but rather
its corresponding Fock space F , see section 6.2. The Fock space is not to be
confused with the curvature from chapter 4 and 5 which is denoted by the same
symbol. In the same way as before we get a trivial �bre bundle ~F with base
space A and typical �bre FA isomorphic to F : FA ' F . We are now facing the
question: How can the action of G on A be lifted, G 3 ' ! �A(') 2 L( ~F), to
the �bre bundle ~F?

Let us assume for a moment that the vacuum vector j
A> in FA is unique
for all A 2 A (actually it is only unique up to a phase). Using the relation
DA' = 'DA'

�1 we see that if �A(')j
A> exists then it can be identi�ed with
j
A'>. For a moment we restrict to the case when the gauge group G is such
that �A(')j
A> exists for all ' 2 G. In that case the identi�cation of the vacua
makes it possible to identify the corresponding Fock spaces with each other. We
may thus think of FA' as being the same space as FA, however with a di�erent
vacuum vector. In the same way we may identify all spaces FA' along a gauge
orbit, that is, A 2 A is �xed and we let ' vary through all possible group
elements in G. Thus, what now di�er the di�erent spaces FA' from each other
is that they have di�erent vacua in FA.

With this identi�cation it is easy to see how the action of G on A can be
lifted to ~F . There is however a crucial di�erence from the case when the action
was lifted to ~h. When identifying the corresponding vacuum vectors through
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the relation DA' = 'DA'
�1 it turns out that there is an phase ambiguity, or

equivalently: the representation G 3 '! �A(') 2 L( ~F) is only projective. This
is the origin of the Schwinger terms that will be under consideration.

It can be shown that �A(') exists only in the case of h = h1. Its norm is
in general not well-de�ned in higher dimensions. The identi�cation described
above can thus be performed only in the 1-dimensional case. It is actually even
possible to identify all the �bres with the free Fock space F0, not only along
gauge orbits. In higher dimensions however, a renormalization is needed. There
are several di�erent ways to do this. The one we will use [108] conjugates the
model by a time independent unitary operator TA in a way that  A ! TA A
and all operators acting on the one-particle space hA will be conjugated by
TA. With the identi�cation of one-particle Hilbert spaces mentioned above this
would lead us to consider gauge transformations of type !(';A) = T�1

A'
'TA,

A 2 A; ' 2 G. It turns out that there is a set of unitary operators TA such
that �A(!(';A))j
A> exists. Given two operators TA and T 0

A
of this type it

must hold that T 0
A
= �ATA, where �A is a unitary operator that can be second

quantized. Denoting the group of unitary second quantizable operators by U1 we
see that a renormalization corresponds to a choice of a section in a �bre bundle
with base space A and typical �bre isomorphic to U1. After the renormalization
it is possible to identify the �bres in ~F with each other. We may then proceed
in the same way as in the 1-dimensional case.

From the discussion above it is clear that there is a crucial di�erence be-
tween the 1- and higher-dimensional case. In 1 dimension it is only the phase
ambiguity that gives a contribution to the Schwinger term. It implies that the 1-
dimensional Schwinger term can be made independent of the gauge potential. In
higher dimensions there is an additional part of the Schwinger term coming from
the renormalization. The consequence is that the higher-dimensional Schwinger
terms will always be dependent on the gauge potential.

We have so far only explained the origin of Schwinger terms. One may now
ask if there is a way to avoid them. This will be the subject of discussion in the
rest of the section.

As explained above, Schwinger terms have their roots in the choice of vacuum
vector. This comes from the choice of a quasi-free representation of the canonical
anticommutation relations (CAR) for the fermionic creation and annihilation
operators. With quasi-free, we mean a representation of the CAR corresponding
to a �lled Dirac sea, see below. This leads to the study of eigenvectors and
eigenvalues for the Dirac operator. The vacuum j
A> can be determined by
a subspace of the one-particle Hilbert space, for instance the space h+(A;�)
spanned by eigenvectors of DA belonging to eigenvalues greater than a number
� that itself is not in the spectrum of DA. In this case we de�ne the Dirac sea
to be the wedge product of all eigenvectors to DA with eigenvalues less than �.

It would be nice if the vacuum vector j
A> could be chosen in a continuous
way as a function of A. This is however not possible in the massless case since
the ow of eigenvalues of DA makes the function A 7! h+(A;�) discontinuous
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for �xed �. Thus it is impossible to �x the vacuum level � once and for all.
The best one can do is to study equivalence classes of the CAR representations.
Two representations of the CAR-algebra are said to be equivalent if it is possible
to represent them in the same Fock space, in a way that both vacuum vectors
will be of �nite norm. This is just the identi�cation described earlier, leading to
phase ambiguities.

So, for chiral fermions there is no way to avoid these anomalies. They ex-
ist and have many physical consequences, as mentioned in the introduction.
However, for non-chiral fermions, for example 4-component fermions in 3 space
dimensions there are no such anomalies. The phase ambiguities from the two
di�erent chiral sectors can be made to cancel each other.

6.2 Second Quantization

The Fock space FA, A 2 A, is de�ned as the completion of the space

�1
j=0(^

jh);

where � means the algebraic sum, 
0
^
h = C, and the completion is with respect

to the scalar product < �; � > in FA induced by the scalar product (�; �) in h, see,
for instance, [104].

The Fock space carries an irreducible representation of the CAR

b�
A
( )bA(�) + bA(�)b

�

A
( ) = ( ; �)

bA( )bA(�) + bA(�)bA( ) = 0;  ; � 2 h;

characterized by

b�
A
( )j
A> = 0  2 h�(A)

bA(�)j
A> = 0 � 2 h+(A);

where h+(A) is the subspace of h spanned by the eigenvectors of DA belonging
to nonnegative eigenvalues, and h�(A) is the orthogonal complement of h+(A).
Such a representation can be obtained from the Fock-Cook representation, de-
�ned by

b( )j
>= 0;  2 h;

according to

b�
A
( ) = b�(PA+ ) + b(JPA� );  2 h;

where PA� is the orthogonal projection on h�(A), and J is a conjugation (an
antilinear norm-preserving operator whose square is the identity) on h. The
representation corresponds to a �lled Dirac sea and will provide us with a positive
semi-de�nite second quantized Dirac operator.
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Second quantization of an in�nitesimal gauge transformation is the map d�A :
Map(Rd;g) = Lie(G)! L(FA) characterized by

[d�A(X); b�A( )] = b�A(X �  )

<
Ajd�A(X)j
A> = 0;  2 h: (6.1)

In this section we will assume that X lies in the domain of d�A. The action of
Lie(G) on h is the one naturally induced by the corresponding group action. The
connection between d�A and �A, introduced in the previous section, is

�A
�
eiX
�
= eid�A(X):

In view of this, the �rst condition in (6.1) can be written as:

�A
�
eiX
�
b�A( )�

�1
A

�
eiX
�
= b�A

�
eiX �  

�
;

which shows how the action of the gauge transformation ' = eiX 2 G on A
(or rather on h) can be lifted to the Fock space FA in a natural way. This
relation will determine �A(e

iX ) uniquely up to a phase (or d�A(X) up to an
additive constant), which is easiest seen by using (6.1). The representation
G 3 ' ! �A(') 2 L(FA) is therefore only projective. To determine the phase
an additional condition is needed. The one we will use is the second equation in
(6.1).

Let  j be eigenvectors to the Dirac operator, DA j = �j j , indexed such
that �j � 0 for j � 0 and �j < 0 for j < 0. Denoting the matrix elements of the
one-particle operator X by (Xij), we get

d�A(X) =
X
ij

Xij : b
�

A
( i)bA( j) :; (6.2)

where the normal ordering is de�ned by

: b�
A
( i)bA( j) :=

�
�bA( j)b

�

A
( i) if i = j < 0

b�
A
( i)aA( j) otherwise.

Using the CAR it is seen that the procedure of normal ordering amounts to a
subtraction of an in�nite constant.

So far the action of ' 2 G (or X 2 Lie(G)) on A has not been taken into
account. We have only considered the gauge transformation to act within the
�bre FA although we know that its action should take us from the �bre FA to
F'�A. In order to account for the whole action we introduce the Lie derivative
LX , X 2 Lie(G), to be the operator acting on functions m(A), A 2 A, according
to

LXm(A) =
d

dt
m (AetX )jt=0 :

With this, an in�nitesimal gauge transformations is of type

GA(X) = X + LX :

Its second quantization is de�ned to be

d�A(GA(X)) = d�A(X) + LX :



68 Chapter 6. The Schwinger Term as a Commutator Anomaly

6.3 When can Gauge Transformations be

Second Quantized?

In order to �nd the domain of d�A we will �rst examine for which self-adjoint
X 2 Lie(G) we have a �nite norm of d�A(X)j
A>:

jjd�A(X)j
A> jj
2 = <
Ajd�A(X)�d�A(X)j
A>

=
X

i�0;j<0

X�

ij
Xij =

1

8
tr (["A; X ]�["A; X ]) ;

where "A = � on h�(A) and tr. This is �nite exactly when ["A; X ] is a Hilbert-
Schmidt operator. We have here used the concept of the Schatten ideal classes
(see [109] for example)

B2p(h) = fX 2 B(h)jtr ((X�X)
p
) <1g;

where B(h) is the set of bounded operators on h. Especially, B1(h) and B2(h)
are the trace class and Hilbert-Schmidt operators, respectively. Since ["A; X ] 2
B2(h) , d�A(X)j
A> exists, it seems plausible that the domain of d�A is the
set

fX 2 Lie(G)j["A; X ] 2 B2(h)g:

In [100], for example, it has been shown that this is the case provided we restrict
the domain of d�A(X) to a dense subset of FA. The corresponding domain on
the group level is

f' 2 Gj["A; '] 2 B2(h)g:

We would now like to examine in which space dimensions it is possible to second
quantize a gauge transformation. For this, the calculus of pseudo-di�erential
operators PSDO (see the Appendix of Paper I) will be used. It will be shown
that ["A; X ] is a PSDO of order �1. Using the Appendix of Paper I and the
fact that the gauge transformation X contains no Pauli matrices, we get the
following relation for the symbol:

� (["A; X ]) � [�("A); �(X)]� i

�
@

@qk
�("A)

�
@

@xk
�(X) + :::

= �i

�
@

@qk
�("A)

�
@

@xk
�(X) + ::: � O(�1): (6.3)

The summation with the index k is over the space dimension and the symbol
� O(j) means that it is a PSDO of order j. Then, from the discussion concerning
traces in the Appendix of Paper I, we see that X is in the domain of d�A if and
only if the space dimension is equal to 1.

Using symbol calculus it can also be shown that

�("A)� �("0) � O(�1): (6.4)

Thus, X is second quantizable if and only if it is in the domain of d�A=0.
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6.4 Cohomology and Current Algebras

We will here investigate the algebra ful�lled by the operatorsGA(X), A 2 A; X 2
Lie(G) in the case of 1 space dimension. The discussion in section 6.1 together
with eq. (6.4) implies that the representations in the �bres FA and F0 are equiv-
alent. Thus, instead of considering d�A(X) as acting in the Fock space FA, as
was done in section 6.2, it might be useful to instead consider the correspond-
ing situation in F0. We allow the gauge transformations X to be dependent on
A 2 A and consider the operators d�(GA(X)) and d�(X) related by

d�(GA(X)) = d�(X) + LX :

Taking the commutator of two such operators gives

[d�(GA(X)); d�(GA(Y ))]

= [d�(X); d�(Y )] + LXd�(Y )�LY d�(X) + L[X;Y ]

= d�([X;Y ]) + c(X;Y ) + d�(LXY �LYX + L[X;Y ])

= d� ([GA(X); GA(Y )]) + c(X;Y ):

Where the Schwinger term is de�ned by

c(X;Y ) = [d�(X); d�(Y )]� d�([X;Y ]):

Using the relation (6.2) an explicit form is obtained

c(X;Y ) = �
1

4
tr ("0 ["0; X ] ["0; Y ]) = �

1

2
trc (X ["0; Y ]) (6.5)

where the conditional Hilbert space trace is de�ned as

trc(b) =
1

2
tr(b+ "0b"0); b+ "0b"0 2 B1(h):

The term in (6.5) is the well-known Lundberg cocycle [110]. A coboundary is by
de�nition a function �& : A� Lie(G) � Lie(G)! C given by

�&A(X;Y ) = LX &A(Y )�LY &A(X)� &A([X;Y ]);

for some function & : A � Lie(G) ! C, see section 3.4. The motivation for this
is that a change in GA by &A, GA ! GA + &A, will imply a change in cA by
��&A, cA ! cA � �&A. The new cocycle cA � �&A is then said to be in the same
cohomology class as the old one; cA. The term cA obeys 2-cocycle relation

cA([X;Y ]; Z)�LXcA(Y; Z) + cyclic perm. = 0;

which in this case is a direct consequence of the Jacobi identity. By using topo-
logical arguments it can be shown that the Lundberg cocycle is nontrivial in
general, that is, it is impossible to write it as a coboundary.
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6.5 A Local Form of the Schwinger Term in

1 Dimension

The cocycle given in (6.5) will now be calculated. It will be done by using the
calculus of PSDO's. Note that the conditional trace actually is the ordinary
trace according to the decomposition h = h+(A = 0)� h�(A = 0):

trc

�
a++ a+�
a�+ a��

�
= trh+(A=0)(a++) + trh�(A=0)(a��):

Using this it is not hard to convince oneself that the formula for the trace in
Appendix of Paper I works well also for the conditional trace. This gives:

c(X;Y ) = �
1

2
trc (X ["0; Y ]) = �

1

4�

Z
dxdqtrcolor�(X ["0; Y ])(q; x)

= �
1

4�

Z
dxdqtrcolorX(x)

@

@q

q

jqj

@

@x
Y (x)

= �
1

2�

Z
dxtrcolorX(x)

@

@x
Y (x); (6.6)

where it has been used that @

@q

q

jqj
= 2�(x), the Dirac delta function. The term

above is recognized as the one appearing in a�ne Kac-Moody algebras [111,112].
It should be noted that we think of the function q

jqj
as being regularized in

some way close to the origin, for example, replace it in a smooth way by q

jqj+�
,

for some constant � > 0, in a neighborhood of the origin. This regularization
will not a�ect the Schwinger term. The reason is that the momentum integral
is over a total derivative and we are then able to use Stokes' theorem. Then
the contribution to the Schwinger term comes totally from the boundary in
momentum space (which actually is in�nity here) and is therefore independent
of the infrared regularization just described.

6.6 Renormalization and the 3-Dimensional

Schwinger Term

From the calculation made in (6.3) and an argument similar to the one that fol-
lowed this calculation it is realized that a gauge transformation ful�lls ["A; X ] 2
B2p(h) if and only if the space dimension is less than 2p. Thus, in the d-
dimensional case we have ["A; X ] 2 Bd+1(h) while we know that it has to be
in B2(h) in order to second quantize X .

Since it is not possible to second quantize a gauge transformation in higher
dimensions a regularization is needed. It was described in the introduction how
this can be done. We prefer here to work with in�nitesimal gauge transforma-
tions, and when they have been renormalized they look like:

�(X ;A) :=
d

dt
T�1
A
etX

etXTAjt=0:
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In the 3-dimensional case an appropriate choice of TA is

TA = exp

�
i

4

1

jD0j
[D0; Ai�

i]
1

jD0j

�
;

where the operator 1
jD0j

is assumed to have been regularized in the infrared

region. After the renormalization ["0;�(X ;A)] 2 B2(h), and we may proceed as
in the 1-dimensional case. The Schwinger term is c(�(X ;A);�(Y ;A)). It has
been calculated in for example ref. [113]. The result is

c(�(X ;A);�(Y ;A)) = �
i

24�2

Z
d3xtrcolorA[dX; dY ]: (6.7)

This is referred to as the Mickelsson-Faddeev [24,25] cocycle. X and Y can here
be considered as vector �elds on A and does not necessary have to be induced by
in�nitesimal gauge transformations. However, it known [114] that along gauge
orbits it is cohomologically equivalent with the Mickelsson-Rajeev cocycle [105]

c0A(X;Y ) = �
1

8
trc (("A � "0) [["0; X ] ["0; Y ]]) :

or equivalently, according to Paper I:

c0
A
(X;Y ) =

1

16
tr
�
("A � "0)

2"0 [["0; X ] ["0; Y ]]
�
:

6.7 Representation of In�nite-Dimensional

Lie Algebras

An alternative way to understand the origin of Schwinger terms will now be
presented. The aim is to construct representations of the gauge group G =
Map(Rd;G) in a Fock space F . The representation should be such that the
energy spectrum, determined by the second quantized Dirac operator, should
be bounded from below. As explained in section 6.1, the 1-dimensional case is
much simpler than the corresponding situation in higher dimensions. For this
reason we will restrict to this case for a moment. We are then dealing with the
well understood theory of loop groups [99, 115]. It is known that no positive
energy representation of these groups exists. Instead, there exists projective
representations of this type, or equivalently, positive energy representations of
the extension of G by a central element. In this case, an a�ne Kac-Moody
algebra is obtained.

In higher dimensions the situation is di�erent. For example, it has been shown
by Pickrell [116] that there exists faithful unitary highest weight representation
of the Lie groups associated with the Lie algebras

gp("A) = fX 2 Bj["A; X ] 2 B2p(h)g
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only for p = 1. This is of importance here since one can show (by symbol calculus
for example) that there is an embedding of G into this Lie group only if d < 2p.
However, the nogo theorem of Pickrell holds only for the groups associated with
gp and therefore it is not yet settled if these kind of representations can be
found for the subgroup G. So far one has not been able to construct these.
Instead, actions of gp on the Fock bundle ~F (as described in section 6.1) has
been considered. For this, the action of gp on the corresponding Grassmannian
manifolds

Grp ("0) = f"A; "A 2 B(h); "A = "�
A
= "�1

A
and "A � "0 2 B2pg

also has to be taken into account. It turns out that "A 2 Grp if d < 2p, where
"A is the operator de�ned in section 6.3. Thus, the theory we have studied in
the earlier sections of this chapter is really a special case of this.

6.8 The Radul Cocycle

In the Appendix of Paper I it has been shown how to calculate the trace of a
PSDO. Quite independent of this there is another trace that one can de�ne on
the space of PSDO's. It known as the Wodzicki residue and it is de�ned by

Res(A) =
�d

(2�)n

Z
jqj=�

d
ddx tr��d(A);

where d
 is the angular integration in momentum space. Notice that this integral
is independent of the radius of the sphere jqj = � as long as we assume ��d(A)
to be homogeneous outside. The limit � ! 0 can be viewed as a way of removing
infrared regulators.

The Radul cocycle [117]

cR(A;B) = Res ([log(jD0j); A]B)

de�nes a non-trivial central extension of the algebra of PSDO's. This cocycle
also appears in the theory of non-commutative geometry [118]. The identity

cR(A;B) = �

Z
ddq

(2�)d
ddx tr��d([A;B])

has been shown in ref. [119] and it is not di�cult to show that this cocycle
is cohomologically equivalent with the 1-dimensional Schwinger term that was
obtained in section 6.4. Since the higher-dimensional Schwinger terms are of
same form (however, with the gauge transformations being renormalized) we see
that there is a close connection between the two subjects in all dimensions.
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6.9 Graded Cocycles

We have so far considered representations of the CAR, describing fermions. It
would be interesting to consider the corresponding case dealing with CCR, de-
scribing bosons. Although it is not possible to use the powerful theorems for
C� algebras several facts are now known about the representations of the CCR
algebra. One way to achieve this knowledge is to mimic parts of the approach
to understand the representation theory of the CAR algebra. An article where
the author has used this method is ref. [120]. A next natural step would be to
consider these two cases together and also allowing gauge transformations mix-
ing the fermions and bosons. This leads to Z2-graded cocycles. An easy way
to gain understanding of this is to also here mimic the corresponding theory
dealing with the CAR algebra. This is done in Papers I and II. In the former,
charged particles are considered, in the latter neutral particles. Before discussing
this, some basic facts concerning Z2-graded vector spaces and algebras will be
summarized.

An element v0 in a Z2-graded vector space V = V�0�V�1 is said to be homoge-
neous of degree �, deg(v0) = �, if v0 2 V�, � 2 Z2 � f�0; �1g. If V is also an algebra
with grading preserving multiplication, i.e. v0 2 V�; v

00 2 V� ) v0v00 2 V�+� ,
then it is called a Z2-graded algebra. A supercommutator can be de�ned as the
bilinear map

[v0; v00]
s
= v0v00 � (�1)deg(v

0)deg(v00)v00v0

on V . By linearity, it is also de�ned for non-homogeneous elements. Equipped
with the supercommutator, V becomes a Lie superalgebra. Every linear operator
X on V can be written in matrix form

X =

�
X�0�0 X�0�1

X�1�0 X�1�1

�
corresponding to the decomposition V = V�0 � V�1. Then deg(X��) = � + �

de�nes a grading which provides every algebra of linear operators on V with a
Z2-structure.

The CSR algebra over a Z2-graded Hilbert space h is de�ned as the sum of
the CCR algebra (over the part of h of degree 0) and the CAR algebra (over the
part of h of degree 1), see section 6.10. A quasi-free representation of this algebra
can be de�ned in a straight forward way. The implementation of graded gauge
transformations will now lead to Z2-generalized Schwinger terms. For example,
in the case of one space dimension the implementation, or lifting to the Fock
space, will lead to a projective representation of the graded gauge group. The
obtained cocycles are Z2-graded generalizations of the Lundberg cocycle [110].
The gauge potentials must be Z2-graded to �t the scheme. Thus Z2-graded
Grassmannians need to be de�ned. In higher dimensions a renormalization is
also needed. The renormalization used in Papers I and II is not the same as the
one described earlier in section 6.1 and that was used section 6.6. We renormalize
instead in a way that is very close to what has been done in ref. [121]. In this way,
Z2-graded generalizations of the Mickelsson-Faddeev cocycle [24,25] is obtained.
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6.10 The Canonical Super Commutation

Relations

The second quantized Dirac fermion �eld in Rd at �xed time is

	y(x) =
1

(2�)d

Z
dp
X
s

�
by
s
(p)uy

s
(p)e�ipx + ds(p)v

y

s
(p)eipx

�
; (6.8)

where uy
s
(p) (vy

s
(p)) are positive (negative) energy spinors, and by

s
(p), ds(p) to-

gether with their adjoints are the usual fermionic creation and annihilation op-
erators, obeying the anti-commutation relations:

fbs(p); b
y

s0
(p0)g = (2�)d�ss0�(p� p0)

fds(p); d
y

s0
(p0)g = (2�)d�ss0�(p� p0);

all other anti-commutators vanishing, see for instance [122]. The spinor index s
takes values between 1 and 2[d=2]�1, where [d=2] is d=2 if d is even and (d� 1)=2
if d is odd. To avoid problems with the operator-valued distribution 	y(x) we
smear it out with test functions f 2 hF ; hF = L2(R

d)
VF 
S, where VF is a
�nite-dimensional space which contains the internal degrees of freedom and S is
the space of spinors on Rd. It turns out to be useful to work in the momentum
space. Thus we are interested in

	y(f) =

Z
dx	y(x)f(x)

=

Z
dx

1

(2�)d

Z
dp
X
s

�
by
s
(p)uy

s
(p)e�ipx + ds(p)v

y

s
(p)eipx

�
�

1

(2�)d

Z
dp0
h
f̂+(p

0)eip
0
x + f̂�(p

0)e�ip
0
x

i
=

1

(2�)d

Z
dp
X
s

h
by
s
(p)uy

s
(p)f̂+(p) + ds(p)v

y

s
(p)f̂�(p)

i
; (6.9)

where we have made the decomposition f̂ = f̂+ � f̂� according to the splitting
ĥF = ĥF+� ĥF� of the fermion one-particle space into a positive and a negative
energy (or charge) part determined by the Hamilton operator HF . It has also

been used that the terms vys(p)f̂+(�p) and uys(p)f̂�(�p) disappear since they
are the sum of terms containing vy

s
(p)us0(�p) and uy

s
(p)vs0(�p), which are all

zero. Since the right hand side of Eq. (6.9) is a function of f̂ rather than of f

we denote it by 	y(f̂). In this language the anti-commutation relations are

f	(f̂);	y(ĝ)g = (f̂ ; ĝ)

f	(f̂);	(ĝ)g = 0;

where (�; �) is the Hilbert space product in ĥF .
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We will now proceed in the same way for bosons. The quantized Klein-
Gordon �eld 'y and the conjugated momentum � is

'y(x) =
1

(2�)d

Z
dp

2!p

�
ay(p)e�ipx + b(p)eipx

�
�(x) =

i

(2�)d

Z
dp

2

�
ay(p)e�ipx � b(p)eipx

�
;

where !p =
p
p2 +m2, m denotes the mass, and ay(p), b(p) together with their

adjoints are the usual bosonic creation and annihilation operators, obeying the
commutation relations:�

a(p); ay(p0)
�

= (2�)d2!p�(p� p0)�
b(p); by(p0)

�
= (2�)d2!p�(p� p0);

all other commutators vanishing. The operator ay (by) can be interpreted as an
operator creating a particle with positive (negative) charge. When we smear out
with f 2 hB = h'y�h�; h'y = L2(R

d)
VB
S, with VB a �nite-dimensional
space containing the internal degrees of freedom and S denotes here the space
of boson spinors, we get the operator

�y
B
(f̂) = 'y(f̂'y(p)) + �(

1

!2
p

f̂�(p))

=

Z
dx

1

(2�)d

Z
dp

2!p

�
ay(p)e�ipx + b(p)eipx

� 1

(2�)d

Z
dp0
h
f̂'y(p

0)eip
0
x

i
+

Z
dx

i

(2�)d

Z
dp

2

�
ay(p)e�ipx � b(p)eipx

� 1

(2�)d

Z
dp0
�
1

!2
p

f̂�(p
0)eip

0
x

�
=

1

(2�)d

Z
dp

2!p

h
ay(p)f̂'y(p) + b(p)f̂'y(�p)

i
+

i

(2�)d

Z
dp

2!p

1

!p

h
ay(p)f̂�(p)� b(p)f̂�(�p)

i
= ay

�
f̂'y(p) +

i

!p
f̂�(p)

�
+ b

�
f̂'y(p)�

i

!p
f̂�(p)

�
; (6.10)

where

ay(f̂) =
1

(2�)d

Z
dp

2!p

h
ay(p)f̂(p)

i
b(f̂) =

1

(2�)d

Z
dp

2!p

h
b(�p)f̂(p)

i
:

From Eq. (6.10) we see that instead of describing boson states as vectors in hB
we can describe them in ĥB = ĥ+ � ĥ�, ĥ+ = ĥ� = L2(R

d; dp)
 VB , according

to f̂ = f̂+ � f̂�, where

f̂+(p) = f̂'y(p) +
i

!p
f̂�(p)
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f̂�(p) = f̂'y(p)�
i

!p
f̂�(p):

With
�B(f̂) = a(f̂+)� by(f̂�); (6.11)

the commutation relations can be writtenh
�B(f̂);�

y

B
(ĝ)
i

= (f̂ ; ĝ)h
�B(f̂);�B(ĝ)

i
= 0:

Here (�; �) is the Hilbert space product in ĥB . Note that �B is not the adjoint

of �y
B
.

We would now like to proceed in the same way for a theory that contains
both bosons and fermions. We de�ne the supersymmetric �eld operator to be
the sum of the bosonic and fermionic �eld operator

�y(f̂) = �y
B
(f̂B) + 	y(f̂F ); (6.12)

where f̂ = f̂B � f̂F 2 ĥB � ĥF � ĥ and the interpretation

�y
B
(f̂B)
 1 ! �y

B
(f̂B)

1
	y(f̂F ) ! 	y(f̂F )

has been made. With
�(f̂) = �B(f̂B) + 	(f̂F ) (6.13)

the earlier commutation and anti-commutation relations can now be extended
to h

�(f̂);�y(ĝ)
i
s

= (f̂ ; ĝ)h
�(f̂);�(ĝ)

i
s

= 0;

the canonical super commutation relations. These relations will be used in Pa-
pers I and II since the currents are linear combinations of bilinears in these
�elds.
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