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ABSTRACT 
 

 

 

 

 

The understanding of the static and dynamic behaviour of machine tools and 

the cutting processes interaction is of the main importance when designing a 

machining system. Moreover, the endless increase demand on quality and 

productivity gives even more prominence to that. Actually in machining, a 

central problem is the one of the stability of the cutting process. The choice of 

the optimal parameters of cut is a challenge that researchers and companies are 

facing with different approaches. The traditional method to determine these 

parameters consists of determining the Stability Lobe Diagram through modal 

analysis and cutting tests.  

 

However, in many applications, this method does not give accurate results. To 

face that, this thesis presents a computational model, integrated in 

SimMechanics (Matlab / MathWorks), of a whole machining system to analyse 

its behaviour and study its stability depending on the cutting parameters and 

machine tool configuration.  

 

The model implementation is shown in this thesis and the results obtained are 

analysed and evaluated. 

 

 

 

Keywords: Machining system, Stability, Elastic Linked System (ELS), Self-

Excited Vibrations, Machine System Modelling. 
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NOMENCLATURE AND  

ABBREVIATIONS 
 

 

 

 

Nomenclature 

 

aP Axial width of cut / Depth of cut [m] 
FC Cutting forces [N] 
Fr Radial cutting force [N] 
ft Feed [m/tooth] 
Ft Tangential cutting force [N] 
Fu Cutting force upon the Udet direction [N] 
Fv Cutting force upon the Vdet direction [N] 
Fx Cutting force upon the X direction [N] 
Fy Cutting force upon the Y direction [N] 
h Dynamic chip thickness [m] 
h0 Nominal chip thickness [m] 
Kf Tangential cutting force constant [N/m²] 
Kr Radial cutting force constant  
L Length of the workpiece [m] 
N Spindle speed RPM 
T Tooth passing period [s] 
u Radial displacement [m] 
udet Displacement upon the Udet direction [m] 
v Tangential displacement [m] 
vdet Displacement upon the Vdet direction [m] 
x Displacement upon the X direction [m] 
y Displacement upon the Y direction [m] 
Z Number of teeth  
θ Instantaneous position of a tooth [rad] 
θentry Angle of entry [rad] 
θexit Angle of exit [rad] 
φ Angle of detection [rad] 
ψ Angle of motion of the tool [rad] 
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Abbreviations 

 

DDE Delay Differential Equation 
ELS Elastically Linked System 
EMA Experimental Modal Analysis 
LDBB Loaded Double Ball Bar 
PMI Process Machine Interaction 
PSD Power Spectral Density 
SLD Stability Lobe Diagram 
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INTRODUCTION 
 

 

 

 

 

1.1 Background 
 

From the commencement of the Industrial Revolution beginning in the second 

half of the 18th century, the machining systems and the process of 

industrialisation never stops to improve. It leads to some important 

technological developments within many fields such as agriculture, textile or 

later aerospace for example. The demand have become more and more strict 

and precise. The productivity must have increased such as the quality must have 

improved. This led to further and further developments of the design of the 

cutting tools [1] and the whole machining system in general. 

To answer to the manufacturing quality and productivity demands, it have 

become important to be able to design a product fulfilling the strict criteria from 

the first time. There is thus a need of understanding the static and dynamic 

behaviour of the machining systems in relation with the manufacturing system 

capability by developing evaluation methods [2] or computational models.  

 

In machining, one of the main issue is the stability of the cutting process. When 

machining a workpiece, an unstable behaviour of the cutting process may lead 

to a huge accuracy loss of the manufactured part and thus the part design 

requirement cannot be fulfilled (instability can also cause fracture of the cutting 

tool). The choice of the optimal parameters of the cutting operation is important 

to avoid instability while keeping the planned productivity. Understand and 

predict the stability behaviour of a machining system is thus an important 

challenge for researchers and companies within many fields. 

 

1 
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1.1.1 Machining system capability 

 

The machining system capability can be defined as the machining system 

accuracy determined by the machine tool structure and cutting processes 

interaction as described in [3]. This accuracy is affected by several factors 

introduced by four different groups of disturbance sources [4]: positioning and 

kinematic errors, temperature deformations and static and dynamic errors. In 

the thesis, the machining system capability is considered only with respect to the 

last two groups. 

 

The machining system can be considered as the association of the machining 

process and the machine tool elastic structure. The static and dynamic stiffness 

in the both is quantifying the machining system capability [5]. Thus, the whole 

machining system must be considered when dealing with the static and dynamic 

behaviour of machining. The machining process and tool should not be 

considered as separated but on the contrary as interacting entities. The 

machining system can then be defined as a closed loop interaction system 

between the machine tool elastic structure and the cutting process as shown 

Figure 1.  

 

 

 

In Figure 1, the input of the elastic structure, F(t), is the instantaneous cutting 

force, and the output x(t) is the relative displacement between cutting tool and 

workpiece. This relative movement affects chip thickness and depth of cut. Since 

the cutting force is a function of these parameters, there is a feedback process 

in operation [6]. Any change in force due to hard spot in the material, or material 

clearing itself from a build-up edge on the cutting tool etc., will cause a change 

in the amount that the machine deflects, and hence in the depth of cut and chip 

thickness. This will lead to a further variation in the cutting force and so on [4]. 

 

Figure 1 - Closed-loop dynamic machining system [4] 
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Fnom(t) is the cutting force nominal value, and Δd(t) is the total deviation of the 

relative displacement x(t). D(t) are disturbances such as tool wear, thermal 

distortion of the elastic structure, variation of rigidity of the elastic structure 

during a machining process, variation in the machine tool spindle ball bearings 

characteristics, variation of cutting parameters, etc. 

 

The Process Machine Interaction (PMI) described by the feedback loop above 

shows the important connection between the machine structure and the cutting 

process. Thus the process has a huge impact on the workpiece final product 

quality and the productivity of the machine. The PMI is illustrated below for 

more clarity (Figure 2) [7]. 

 

According to this above, introducing a load in the system brings a deflection 

which can change the whole system behaviour and which can deteriorate the 

manufactured piece by affecting the accuracy. Thus, the static and dynamic 

errors remain of a huge importance when determining the machining system 

capability. The most of the mechanical structures are designed according to 

strength criterion. However, the machine tool structures are dimensioned in 

respect to static and dynamic deflection i.e. stiffness criterion [8]. Hence the 

relation between the deflection of a machine tool and its accuracy supports the 

main design criterion which is thus here the stiffness. As it can be read in [8], the 

structural components are overdimensioned in terms of strength so most of the 

deformation and thus the parts which have to be the most focused on are the 

joints. Indeed, the machine tool can be represented as several overdesigned 

structural elements connected by joints, the contact stiffness on these joints can 

Figure 2 – Interactions between process and machine tool [7] 
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be considered as the weaknesses of the whole system. This makes the criterion 

of stiffness a very important issue in machine system design. 

 

While machining, the static component of the cutting force as well as the weight 

forces of the structural components generates static loads. These static loads 

cause deflections which have been seen to affect the accuracy of the produced 

parts. Even if the cutting forces are fluctuating, there is a component of these 

forces which is not varying during the process. In milling for example, even if 

the force is varying caused by the intermittently cutting from each tooth, there 

is usually a static cutting force component coming from the teeth inside cut. This 

static stiffness is of a huge importance when designing the structural component 

of a machine tool. The static component of the cutting force (when several 

inserts are engaged in the workpiece) mainly affects the dimension and geometry 

of the part, while the dynamic component is mainly affecting surface roughness. 

 

Furthermore, the damping of the system, the vibrating mass and the static 

stiffness are defining a so-called dynamic stiffness. The dynamic stiffness has to 

be carefully considered when choosing the cutting parameters. The damping has 

a main role in controlling the vibrations of a dynamic system and thus its 

stability. As said above, the productivity and accuracy when machining are of a 

huge importance and thus vibrations should be avoided to fulfil the 

manufacturing constraints.  

 

Since the thesis focuses on the dynamic behaviour study of a machining system, 

in the next paragraph, the effect of damping on the dynamic behaviour of the 

system is explained as well as the vibrations are presented in a more precise way. 

 

 

1.1.2 Dynamics of machining system 

 

When studying the dynamics of a machining system, two issues have to be 

considered. The first one is linked to the vibrations of the system which are 

divided in two kinds, the forced and the self-excited vibrations. The second one 

is the prediction of the stability limits. 

 

Forced vibrations 

 

The forced vibrations can be generated from internal as well as external sources. 

The vibrations due to external sources are usually vibrations the floor have 

transferred to the machine tool. These kind of vibrations can in many 

applications be minimised compare to internal sources vibrations by isolating 

the system [9]. There can be several internal sources vibrations occurring on a 
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machining system. For instance, the cutting process generates vibrations on the 

structure caused by the intermittently cutting. In case of the fundamental 

frequency (or its harmonics) of this excitation force are closed to the proper 

frequency of the machine tool, the amplitude of the vibrations may become very 

high and create irreparable damages on the final product. The frequencies of the 

cutting forces depend on the cutting parameters such as the number of teeth Z 

or the spindle speed N. The change of these parameters leads to a change of the 

tooth passing period as it is defined in eq. (1). 

 

 𝑇 =
60

𝑍 ∗ 𝑁
 (1)  

 

Self-excited vibrations 

 

Another type of vibrations occurring in machining: self-excited vibrations. These 

vibrations show a greater interest in research in machining systems. As explained 

in the previous section, the damping is a really important parameters to consider 

when analysing the dynamic behaviour of a machining system. In this paragraph 

its importance will be explained in further details.  

For a mechanical structure, the damping is always positive and thus limits the 

vibration of the system and it helps to keep it stable. A high-enough-damping 

control the vibrations occurring on a mechanical system. If rather than 

considering a positive damping, a negative damping is now assumed, the 

amplitude of the vibrations will increase instead of decrease. In a self-excited 

system, negative damping does exist. In aerodynamics for instance, this self-

excited phenomenon is called flutter but here, in machining system, it is known 

as chatter [10]. Machine tool joints have always positive damping and thus only 

the cutting process can have negative damping. When this negative damping 

counteract the positive structural damping, chatter occurs. 

Chatter is not induced by external forces, as the forced vibrations are, but by the 

dynamic process itself [11]. It is the main issue to get high accuracy, quality and 

productivity in manufacturing since if chatter occurs, the resulting large forces 

and vibrations can lead to poor surface finish and damage to the tool, workpiece, 

and/or spindle [12]. The regenerative theory of chatter was introduced by Tobias 

and Fishwick in 1958 and independently by Tlusty and Polacek in 1963. These 

publications remain the theoretical foundation of research in chatter. The 

regenerative process of chatter will be explained in more details in the next 

chapter. 

 

 

 

 



6 
 

Stability limits 

 

The second issue while analysing the dynamics of the machining system is then 

the stability limits prediction. The Figure 3 shows the different signals obtained 

for a stable, marginally stable and unstable behaviour of a machining system. 

  

When the system is stable, the amplitude of the vibrations are almost constant 

and in particular do not increase. On the contrary, these vibrations increase in 

amplitude for an unstable system. The marginally stability represents the stability 

limits. The stability of the system depends mainly on the cutting parameters 

inputs which have to be carefully chosen.   

 

The traditional method to determine these optimal cutting parameters consists 

of determining the Stability Lobe Diagram (SLD) (see Figure 4) through modal 

analysis and cutting tests [13]. To get this diagram, experiments are made in order 

to identify the dynamic properties of the structure of the machine tool using an 

experimental modal analysis (EMA) [14] and the characteristics of the cutting 

process must be identified as well. However this approach gives results which 

should be viewed cautiously because of affected by huge errors [4]. Indeed, the 

traditional evaluation through the SLD does not consider the behaviour in 

different direction of the space and the SLD is developed when the machine is 

unloaded. In practice, the machine tool behaves in a different way in different 

directions, i.e. stiffness and damping vary in the working space. Moreover, the 

introduction of the workpiece, closing the loop of force between table and 

spindle, causes a further change in the machine behaviour. Therefore, inaccurate 

results are given from traditional SLD based methods.  

Figure 3 – Stable to unstable signals 
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1.1.3 Elastically linked system (ELS) 

 

As explained before, the stability of the machining system is mainly studied 

based on the static and dynamic stiffness of the machine tool and the cutting 

process. However, it is as well important to take into account the magnitude and 

the orientation of the cutting forces and thus to analyse the stability of a 

machining system while operating i.e. during a real process. The ELS is a concept 

able to create in off-operational conditions a representation of the machining 

system cutting process. In an ELS system, the cutting process acting between 

the spindle and the machine tool table is replaced physically by a link connecting 

the tool to the table joint. This link is an elastic element with a variable reaction 

force introduced to simulate the cutting forces. The elastic link connecting the 

table and the tool holder gives the deflection of the structure as under cutting 

forces while the rotation of the spindle coupled with a dynamic excitation creates 

conditions which emulate the real cutting conditions. 

 

Figure 4 – A typical Stability Lobe Diagram [15] 
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An example of an ELS introducing static loads is the loaded double ball bar 

(LDBB) [14] [4]. The LDBB (shown Figure 5) is an instrument developed by the 

collaboration between KTH, CE Johansson AB and Scania CV AB.  

 

 

1.2 Thesis Scope and Aim 
 

Since the SLD in many cases gives inapplicable results, in order to analyse the 

stability of a machining system, a computational model should be developed to 

emulate forced and self-excited vibrations in a machine tool. The goals of this 

thesis is to develop such a model to be able to: 

- simulate real cutting processes; 

- observe the occurrence of chatter; 

- analyse the stability behaviour of the machining system. 

Instead of, making experiments or mathematical development, the model should 

be able to simulate cutting processes as it is in real conditions and obtain the 

displacements and frequency responses of the system which can be then taken 

to analyse the system behaviour. It should take into account the structural 

stiffness as well as the damping of all the joints to suit a real system behaviour. 

 

Furthermore the model should be able to determine the stability limits in every 

direction of the (X, Y) plan and not only on the X or Y direction as the SLD 

only does. 

 

 

 

 

 

 

Figure 5 – The LDBB 
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1.3 Thesis Outline 
 

The work presented here is the fruit of a 6-month work at KTH Royal Institute 

of Technology in Stockholm (Sweden). It deals with the modelling of machining 

systems behaviour. This report is divided into 5 chapters. 

 

The second chapter explains in further details the chatter phenomenon in milling 

leading to the mathematical modelling of the cutting forces. 

 

The third chapter presents the model made using SimMechanics (Matlab) as it 

has been developed and used for computation. 

 

The results of the different computations are then presented in the fourth 

chapter from the effect of the different cutting parameters to the comparison 

with pre-made experiments. 

 

Finally, the fifth chapter concludes the thesis and presents some suggestions for 

further work and improvement. 
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MACHINING DYNAMICS 
 

 

 

 

 

In this chapter, the chatter phenomenon will be discussed. The thesis focuses 

on chatter during milling operation, thus the phenomenon will be explained in 

more details in milling. 

 

 

2.1 Introduction 
 

A machining system is a self-excited system and chatter may occur. As 

introduced in the previous chapter, in such system, negative damping does exist 

and occurs on the joints. If the positive damping of the mechanical system is not 

high enough to counteract this negative damping, chatter can be generated. This 

vibrational instability in the metal cutting process affects the quality and 

productivity of the cutting process and reduces life of the cutting tool. These 

self-excited vibrations come from the interaction between the elastic structure 

and the cutting process. As seen before, the cutting forces generate a deflection 

of the elastic structure causing a change of the cutting parameters and cutting 

loads throw a feedback loop. This phenomenon generates a wavy surface 

changing the chip thickness and causing chatter. 

 

 

2.1.1 Chip thickness 

 

The system is an elastic structure hence it deflects under cutting loads. With a 

rigid system, the chip thickness remains the same all along the process at its 

nominal value h0. This nominal value is called feed of the tool into the workpiece. 

However, since the system is not rigid but elastic, while machining, and due to 

2 
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some hard spot on the surface and deflection of the tooth and the structure, the 

chip thickness is varying and vibrations can be observed. 

 

The milling process (and in particular when talking about chatter) is more 

complicated since it involves multiple teeth in the cutting process, for the clarity 

of the explanations the chip thickness variation and actually the overall 

phenomenon is introduced during a turning process (shown Figure 6). 

 

  

In Figure 6, the wavy surface modelled by tool due to vibrations appears. After 

one full rotation of the workpiece, the tool faces the wavy surface left by the 

previous pass. Hence the chip thickness is no longer equal to its nominal value 

but depends on the tool vibration. This dynamic chip thickness is given by the 

following equation: 

 

 ℎ(𝑡) = ℎ0 + 𝑦(𝑡 − 𝑇) − 𝑦(𝑡) (2)  
 

where y(t) and y(t-T) are respectively the displacements during the current and 

previous (one revolution T earlier) passes of the tool. 

 

 

 

 

Figure 6 – The regeneration process [15] 
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2.1.2 Introducing chatter 

 

Considering that the cutting forces are proportional to the dynamic chip 

thickness, the force FC (in the Y direction) can be written as: 

 

 𝐹𝐶(𝑡) = 𝐾𝑓𝑎[ℎ0 + 𝑦(𝑡 − 𝑇) − 𝑦(𝑡)] (3)  
 

where Kf and aP are respectively the cutting force constant and the axial width of 

cut (the depth of cut).  

 

Equation (3) shows an interdependence between the cutting forces and the chip 

thickness. Hence, a change in the chip thickness causes a change in the cutting 

forces. Furthermore, this variation of the cutting forces generates vibrations, 

origin of the variation on the chip thickness. Moreover, the variation of the 

force, change the amplitude of the vibration. The system can become unstable 

if the amplitude of the vibrations increase and in that case, chatter occurs. 

This process can be put in the form of a feedback loop interaction between the 

structural dynamics and the cutting process as done in the previous chapter (see 

Figure 7). 

 

Going to the Laplace domain, where y(t-T) is y(s)e-sT, the representation of the 

chatter modelling can be obtained Figure 8. 

 

The transfer function G(s) is given by: 

 

 𝐺(𝑠) =
1

1 + 𝐾𝑓𝑎(1 − 𝑒−𝑠𝑇)𝐺(𝑠)
 (4)  

 

Figure 7 – Merrit’s model (1965) interaction loop 

Structural 

Dynamics 

Cutting 

Process 

y FC 
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The stability limit at which the vibrations are constant can then be found. For a 

chosen spindle speed, there is a particular value of a corresponding to this 

specific limit of stability. From that the SLD can be obtained. 

 

As said before, the chatter phenomenon is much more complex in milling than 

it has been presented in turning due to multiple teeth cutting intermittently and 

the rotation of the tool changing the direction of the force. In turning the chatter 

is governed by a DDE with constant coefficients while the coefficients are 

periodic in milling [15]. The researches have been then oriented to study of the 

stability of a system under milling process in the time domain. To obtain the 

SLD, numerous experimental investigations on chatter have to be made. 

However, it can be fastidious due to the number of parameters involved in the 

cutting process. This thesis presents a simplified model able to reproduce the 

various aspects of instability qualitatively. 

 

 

2.2 Mathematical Modelling of Chatter in Milling 
 

In this section, the mathematical formulations of dynamic regenerative model of 

chatter in case of a milling process are shown. These are used for the 

computational model designed via SimMechanics and presented in the next 

chapter. The following mathematical development is mainly based on the study 

[15]. 

 

 

2.2.1 Milling process 

 

The milling is an intermittent cutting process involving multiple teeth. Three 

different kinds of milling can be distinguished: upmilling, downmilling and 

slotting (see Figure 9).  

Figure 8 – Merrit’s chatter model in Laplace domain 
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A noticeable concept to know as well about milling is the so-called immersion. 

For instance in case of slotting the immersion is 100% which means that the 

radial depth of cut (as defined Figure 9) is equal to the diameter of the tool. 50% 

immersion means that the radial depth of cut is this time equal to half the 

diameter of the tool and thus the angle of cut is 90 degrees. 

 

 

The feed per tooth ft is the horizontal motion of the tool into the workpiece. In 

turning the feed corresponds to the nominal chip thickness. However, in milling 

operation, according to the Figure 10, the nominal chip thickness in the radial 

direction is equal to: 

 

 ℎ0 = 𝑓𝑡𝑠𝑖𝑛𝜃 (5)  

 

2.2.2 Instantaneous chip thickness 

 

The milling tool system is shown Figure 11. The displacements in the radial and 

tangential directions are noted u and v respectively. Both the instantaneous 

displacements are depending on the location of the tooth in the cut i.e. the 

Figure 9 – The three different kinds of milling [15] 

Figure 10 – Horizontal feed in milling [15] 
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instantaneous angle of cut θ. Hence according to Figure 11 and with the help of 

eq. (5), the dynamic radial chip thickness can be expressed as follow: 

 

 ℎ(𝑡, 𝜃) = 𝑓𝑡𝑠𝑖𝑛𝜃 + 𝑢(𝑡 − 𝑇, 𝜃) − 𝑢(𝑡, 𝜃) (6)  
 

where T is the tooth passing period given by eq. (1). 

 

To lighten the syntax of the equations and expressions and thus for clarity 

reasons, the radial deflections of the ith and (i-1)th teeth (the actual and previous 

teeth) will be from now noted ui and ui-1 respectively (formerly known as u(t) and 

u(t-T) respectively). This new syntax gives eq. (7) from eq. (6). 

 

 ℎ(𝜃) = 𝑓𝑡𝑠𝑖𝑛𝜃 + 𝑢𝑖−1 − 𝑢𝑖 (7)  
 

With Figure 11 and some trigonometrical tricks the expressions of ui and ui-1 are 

obtained in eqs. (8) and (9).  

 

 𝑢𝑖 = −𝑥(𝑡)𝑠𝑖𝑛𝜃 − 𝑦(𝑡)𝑐𝑜𝑠𝜃 (8)  

 𝑢𝑖−1 = −𝑥(𝑡 − 𝑇)𝑠𝑖𝑛𝜃 − 𝑦(𝑡 − 𝑇)𝑐𝑜𝑠𝜃 (9)  
 

where x and y are the displacements in the X and Y direction respectively i.e. the 

displacements in the global coordinates system. 

 

Figure 11 – Milling tool system [15] 
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Using the expressions from eqs. (7) to (9), the expression of the radial chip 

thickness on the global coordinates system (X, Y). 

 

 ℎ(𝜃) = 𝑓𝑡𝑠𝑖𝑛𝜃 + [𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃] {
𝑥(𝑡) − 𝑥(𝑡 − 𝑇)

𝑦(𝑡) − 𝑦(𝑡 − 𝑇)
} (10)  

 

 

2.2.3 Formulation of the cutting forces 

 

The chip thickness expression has been expressed just before. Now, the 

mathematical formulation of the cutting forces can be as well obtained. The total 

cutting force acting at a specific moment during milling in the global coordinates 

system is actually the sum of all the forces of each tooth inside the cut. Hence, 

to get this formulation, the local cutting forces of a given tooth has to be 

obtained. 

 

The local forces of a tooth depends on the instantaneous chip thickness 

according to: 

 

 {
𝐹𝑡𝑖

𝐹𝑟𝑖
} = [

𝐾𝑡ℎ(𝜃)𝑎
𝐾𝑟𝐹𝑡𝑖

] (11)  

 

In global coordinates, the forces can be expressed via a change of basis 

 

 {
𝐹𝑥𝑖

𝐹𝑦𝑖
} = [

−𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 −𝑐𝑜𝑠𝜃

] {
𝐹𝑡𝑖

𝐹𝑟𝑖
} (12)  

 

The eqs. (11) and (12) above can be coupled with the eq. (10) of the chip 

thickness got in the previous section to obtain 

 

 

{
𝐹𝑥𝑖

𝐹𝑦𝑖
} = {

−𝐾𝑡𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 − 𝐾𝑡𝐾𝑟𝑠𝑖𝑛2𝜃

𝐾𝑡𝑠𝑖𝑛2𝜃 − 𝐾𝑡𝐾𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃
} 𝑓𝑡𝑎 

          + [
−𝐾𝑡𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝐾𝑡𝐾𝑟𝑠𝑖𝑛2𝜃 −𝐾𝑡𝑐𝑜𝑠2𝜃 − 𝐾𝑡𝐾𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

𝐾𝑡𝑠𝑖𝑛2𝜃 − 𝐾𝑡𝐾𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 𝐾𝑡𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝜃 − 𝐾𝑡𝐾𝑟𝑐𝑜𝑠²𝜃
] 

           × {
𝑥(𝑡) − 𝑥(𝑡 − 𝑇)

𝑦(𝑡) − 𝑦(𝑡 − 𝑇)
} 

(13)  

 

Once the cutting forces are expressed for a specific tooth, it is possible to obtain 

the total forces acting on the milling system by summation 
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 {
𝐹𝑥

𝐹𝑦
} = 𝐾𝑡𝑎 ∑ ({

𝛼11𝑖

𝛼21𝑖
} 𝑓𝑡 + [

𝛼11𝑖 𝛼12𝑖

𝛼21𝑖 𝛼22𝑖
] {

𝛥𝑥
𝛥𝑦

}) 𝑔(𝜃𝑖)

𝑍

𝑖=1

 (14)  

where Δx and Δy are respectively the differences in displacement of the actual 

and previous teeth in the global coordinates system, g(θi) is expressed in eq. (15) 

and the matrix αi is defined in eq. (16): 

 

 𝑔(𝜃𝑖) = {
1 𝑖𝑓 𝜃𝑒𝑛𝑡𝑟𝑦 < 𝜃𝑖 < 𝜃𝑒𝑥𝑖𝑡

0 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 (15)  

 

 

 𝛼𝑖 = [

1

2
[−𝑠𝑖𝑛2𝜃𝑖 − 𝐾𝑟(1 − 𝑐𝑜𝑠2𝜃𝑖)]

1

2
[−(1 + 𝑐𝑜𝑠2𝜃𝑖) − 𝐾𝑟𝑠𝑖𝑛2𝜃𝑖]

1

2
[(1 − 𝑐𝑜𝑠2𝜃𝑖) − 𝐾𝑟𝑠𝑖𝑛2𝜃𝑖]

1

2
[𝑠𝑖𝑛2𝜃𝑖 − 𝐾𝑟(1 + 𝑐𝑜𝑠2𝜃𝑖)]

] (16)  

 

with 

 

 𝜃𝑖 =  𝜃 + (𝑖 − 1)
2𝜋

𝑍
 (17)  

 

 

2.2.4 Mathematical model improvement 

 

The mathematical formulation obtained above has been based on [15]. 

According to the aim of the thesis some improvements have to be made. Indeed, 

one of the disadvantages of the SLD study is that the detection is made only in 

the X and Y directions. One of the goals of this thesis is to develop a 

computational model able to simulate a milling process and perform a stability 

study in the whole (X, Y) plan. Therefore, it is important to expressed the cutting 

forces in all the directions of the (X, Y) plan.  

Furthermore, one should notice that the mathematical model above assumes a 

motion of the tool upon the X direction (the feed shown Figure 10 is maximum 

on the X axis). Hence it can be also interesting to compare the signals output 

(forces and displacements) for different directions of motion of the tool. 

Both these ideas are developed mathematically below to be incorporated into 

the model afterwards. 

 

Direction of detection 

 

In order to add the possibility to measure by computation the signals, the 

expression of the cutting forces eq. (14) has to be reconsidered adding a new 

parameter φ i.e. the angle of detection. 
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As done previously to get the cutting forces of a specific tooth in the global 

coordinates system from the local one, a change of basis is necessary (the 

coordinates system is shown Figure 12). 

 

 

The displacement ui and ui-1 can then be expressed in the new coordinates system 

(Udet, Vdet) with udet and vdet the displacements upon Udet and Vdet direction 

respectively. 

 

 𝑢𝑖 = − 𝑐𝑜𝑠(𝜑 − 𝜃) 𝑢𝑑𝑒𝑡 − 𝑠𝑖𝑛(𝜑 − 𝜃) 𝑣𝑑𝑒𝑡 (18)  
 

From that expression and by the same mathematical reasoning than before, it is 

possible to get the following expression of the force in the (Udet, Vdet) plan: 

 

 {
𝐹𝑢

𝐹𝑣
} = 𝐾𝑡𝑎 ∑ ({

𝛼11𝑖

𝛼21𝑖
} 𝑓𝑡 + [

𝛼𝑑𝑒𝑡11𝑖 𝛼𝑑𝑒𝑡12𝑖

𝛼𝑑𝑒𝑡21𝑖 𝛼𝑑𝑒𝑡22𝑖
] {

𝛥𝑢𝑑𝑒𝑡

𝛥𝑣𝑑𝑒𝑡
}) 𝑔(𝜃𝑖)

𝑍

𝑖=1

 (19)  

 

where 

 

 𝛼𝑑𝑒𝑡𝑖 = [

1

2
[−𝑠𝑖𝑛2𝜑𝑖 − 𝐾𝑟(1 + 𝑐𝑜𝑠2𝜑𝑖)]

1

2
[−(1 − 𝑐𝑜𝑠2𝜑𝑖) − 𝐾𝑟𝑠𝑖𝑛2𝜑𝑖]

1

2
[(1 + 𝑐𝑜𝑠2𝜑𝑖) − 𝐾𝑟𝑠𝑖𝑛2𝜑𝑖]

1

2
[𝑠𝑖𝑛2𝜑𝑖 − 𝐾𝑟(1 − 𝑐𝑜𝑠2𝜑𝑖)]

] (20)  

 

with 

 

 𝜑𝑖 = 𝜑 − 𝜃𝑖 (21)  
 

 

Figure 12 – Change of basis including the angle of detection in the mathematical model 

 
Y 
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φ 
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Direction of motion 

 

Another interesting improvement which can be made to the original 

mathematical model in [15] is to have the opportunity to change the direction of 

motion of the tool. By changing that, the model will be able to simulate a cutting 

process along all the directions of the (X, Y) plan and thus the stability analysis 

can be made afterwards. For that a new angle is introduced, ψ than angle of 

motion of the tool. The latter is no longer moving upon the X direction but 

upon an Xmot direction forming a ψ angle with the Y axis.  

 

 

By introducing the new angle (of motion of the tool) ψ, the angle θi defined as 

the angle between the ith tooth and the direction of motion has to be 

reconsidered. By looking at the Figure 13, the following expression is found: 

 

 𝜃𝑖
′ = 𝜃𝑖 − 𝜓 +

𝜋

2
 (22)  

 

The forces expression eq. (14) has not changed, just the angle θi has.  

 

2.2.5 Final formulation 

 

By coupling the two improvements described above; the following final 

expression is obtained: 

 

 {
𝐹𝑢

𝐹𝑣
} = 𝐾𝑡𝑎 ∑ ({

𝛼𝑑𝑒𝑡1𝑖

𝛼𝑑𝑒𝑡2𝑖
} 𝑓𝑡 + [

𝛼𝑑𝑒𝑡11𝑖 𝛼𝑑𝑒𝑡12𝑖

𝛼𝑑𝑒𝑡21𝑖 𝛼𝑑𝑒𝑡22𝑖
] {

𝛥𝑢𝑑𝑒𝑡

𝛥𝑣𝑑𝑒𝑡
}) 𝑔(𝜃𝑖)

𝑍

𝑖=1

 (23)  

 

 

 
Y 

Xmo

X 

 

ψ 

Ymo

t θi 
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Figure 13 – New θi angle taking into account the direction of motion of the tool ψ 
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where αdei is defined eq. (20) and θi eq. (22). 

 

The equation (23) in the final formulation of the cutting forces as implemented 

in the computational model developed during the 6-month work as thesis. The 

next chapter will be dedicated to the modelling on SimMechanics presentation. 
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MODELLING 
 

 

 

 

 

The aim of this chapter is to present the model made using SimMechanics a 

physical modelling environment toolbox for Matlab (MathWorks). All the 

procedure followed is explained and choices made are justified. 

 

The thesis focuses on a way to build a model able to reproduce qualitatively the 

various aspects of instability. It should be capable of simulate the dynamic 

behaviour of a machining system and thus be a substitute of the experiments (or 

at least a complement to be compared to). More clearly, the computational 

model should be able to simulate a milling cutting process of a machining system 

on a random piece of metal i.e. reproduce experiments such as the one shown 

Figure 14. 

 

 

 

3 

Figure 14 – Milling process experiment 
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The modelling was made following different points: 

 

- Design the whole machining system (spindle-frame-table-

foundation) using blocks in SimMechanics; 

- Incorporate an elastic link between the spindle and the table to 

simulate the ongoing process and to be able to introduce the cutting 

forces and thus the deflection; 

- Model the tool as well as the workpiece (maybe prepared with holes 

and pockets); 

- Have all the input experimental parameters and conditions as input 

in the computational model to suit any experimental desire. 

 

 

3.1 A Quick Introduction to SimMechanics 
 

In this section, a quick introduction to SimMechanics is made to provide to the 

reader the basics of the SimMechanics functioning [16]. In the next sections, if 

it appears necessary, the needed knowledge (of a specific concept) about 

SimMechanics will be introduced sparingly. 

 

SimMechanics is a physical modelling environment toolbox for the Matlab 

environment. It provides a multibody simulation environment for 3D 

mechanical systems. 

 

Blocks are used to model the multibody system. These blocks represent bodies, 

joints, actuators and sensors, constraints and drivers, and force elements. All 

these blocks can be modelled by the user via a graphical interface similar to the 

one in a more known Matlab environment toolbox namely Simulink. The 

previously indicated blocks are taken from the standard SimMechanics blocks 

library. In addition of that, the user can design his own block for instance by 

coding a Matlab function related to that block. 

 

To connect those blocks, signal lines are used from the input and output ports 

of the standard blocks. These connections represent the link between the input 

and the output of mathematical functions. However these signal lines do not 

define any direction of the flow. Hence, to define the direction, special 

connection lines are necessary but they cannot be connected to any standard 

block. Therefore SimMechanics provides sensor and actuator blocks to deal 

with. These blocks can be connected to joints to define the direction of a force 

for instance. Actually sensor blocks transform motions, forces or torques into 

signals (measurement) while actuator blocks do the opposite. Moreover they are 

as well the link to the standard Simulink model [16]. It means as well that only 
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deformations on the joint can be considered on SimMechanics. The bodies are 

considered rigid and then are not subject to any kind of deformation. However 

in the present case, it is not a problem since as it is explained in the introduction 

chapter, the structural components of a machining system are overdimensioned 

in terms of strength so most of the deformation occurs on the joints. Hence the 

SimMechanics design limitation is considered acceptable. 

 

The whole mechanical system can be thus defined using standard or own-made 

blocks. Unlike normal Simulink blocks, the SimMechanics blocks do not 

represent only mathematical operations but real physical components and 

geometric and kinetic operations. Therefore SimMechanics formulates and 

solves the equations of motion for the complete mechanical system “on his 

own”. The user do not need hence to derive himself these equations saving time 

and effort. 

 

 

3.2 Architecture of the model 
 

To understand what will be done after it is important to understand the 

architecture of the model and how it will run. The mechanical system will be 

designed using SimMechanics blocks. The toolbox can be run directly from the 

SimMechanics user interface. However the implementation of the force requires 

data which have to be update in real time. Moreover, the goal of the thesis is to 

design a model able to reproduce any experimental condition. Thus it is 

important that the user can change, of course the cutting parameters such as the 

width of cut or the spindle speed, but as well the shape of the workpiece i.e. its 

size, the presence or not of some holes or pockets, the material,… The tool as 

well must be as well adjustable from its size to the number of teeth is composed 

of.  

SimMechanics 

Mechanical Design 

Main Program 

(Experimental conditions, 

post-processing) 

Inputs 

 

Measurements 

 

Figure 15 – Model architecture 
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It appears then impossible to use only SimMechanics to run and control the 

whole machining process. That is why, to control the SimMechanics model and 

to simplify the simulations, a main Matlab program is created. This main 

program gives to the SimMechanics model the needed inputs and receives the 

measurements (displacements and forces) thanks to the sensor blocks for post-

processing. The architecture is schematized in Figure 15. 

 

 

3.3 Mechanical System Design 
 

The model of the ELS has been developed previously by Dapero (2014) during 

his master thesis [14]. Basically, the machine structure with all the mechanical 

components and joints have been designed in SimMechanics. 

 

 In this model three masses or bodies composed the whole machine tool: the 

table, the frame and the spindle (tool holder). The frame is as well connected to 

the foundation (to the ground). To connect these three bodies, joints were 

added. In SimMechanics to the joints were added springs and dampers to 

emulate the elastic behaviour of the system: the elastic deformation and the 

damping of the system are thus represented. All these blocks are shown Figure 

16 as they appear in SimMechanics. The elastic link between the spindle and the 

table closing the system is the link making the system an ELS one. The cutting 

forces obtained in the second chapter will be then implemented on the model 

to act on this specific link. The design is given Figure 17 showing all the blocks 

created on SimMechanics to model the whole mechanical system design 

composed by the frame-table-spindle structure and the joints.  

 

It is important to notice a limitation on the model. Indeed, in SimMechanics, the 

springs and dampers blocks demand values of stiffness and damping. The 

masses of the bodies as well have to be input on the model. These parameters 

have been chosen at reasonable values however the model do not pretend to be 

perfectly calibrated. Therefore the aim of the thesis is not to look at the 

numerical values of the results but to give a model able to reproduce the 

behaviour of a real process i.e. to give qualitative results. 

Figure 16 – SimMechanics blocks 
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3.4 Tool and Workpiece Definition 
 

The model aims to reproduce any milling process experiments the user wants. 

Hence, as said before, the tool and the workpiece must be adjustable. In order 

to fulfil this will, two subprograms (one for each) have been coded to give to the 

user the possibility to create a tool and a workpiece suiting his experimental 

wishes. 

 

For instance, in Figure 18 is given an example of what can be expected as 

experimental milling process.  

 

The tool must be adjustable according to a few parameters: the number of teeth 

(which have a huge impact on the stability of the system as seen theoretically in 

the previous chapters and as it will be shown in the next chapter about the 

Figure 17 – Mechanical system design on SimMechanics 

Figure 18 – Tool and workpiece example [7] 
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computational results), the size (i.e. its diameter) and its position in relation to 

the workpiece. 

The workpiece should be modifiable and designable entirely. The only 

assumption made is that the workpiece is rectangular. However, it is possible to 

add holes and pockets. Hence adding a hole close to the side changes the whole 

geometry of the workpiece (which thus becomes non-rectangular). The width 

and the length of this workpiece are as well changeable. Furthermore, the 

material the workpiece is made of is also of a great importance. Indeed, the 

expression of the force given in (23) in the previous chapter shows that the 

cutting forces depend on the cutting force constant (Kr and Kt) which depend 

themselves on the material to be manufactured. 

The two constant coefficient not only depend on the material but as well on the 

cutting conditions [17]. In this thesis, reasonable values, based on [17] for the 

aluminium and [18] for the steel, have been taken (the values are given Table 1). 

Once again, the goal of this work is to obtain a realistic behaviour regardless the 

numerical values.  

 
Table 1 – Cutting forces constants for steel and table 

Material Kr Kt [N/mm²] 

Steel 1.5 5000 

Aluminium 0.2 2000 

 

SimMechanics 

Mechanical Design 

Main Program 

(Experimental conditions, 

post-processing) 

Inputs 

 

Measurement

s 

Workpiece 

Tool 

Figure 19 – Model architecture including the additional opportunities 
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These additional programs, incorporated into the model to fit the user wishes, 
have complicated the architecture of the model. The updated architecture is 
shown Figure 19. The connection between the workpiece and the tool program 
comes from the fact that the tool position is defined in relation to the workpiece. 
 

 

3.5 Model Configuration Parameters 
 

SimMechanics provides multiple of solvers in order to solve the equations of 

motion. Each solver determines the time of the next simulation step and applies 

a numerical method to solve the set of ordinary differential equations that 

represent the model. There are mainly two kinds of solvers: the fixed-step and 

the variable-step solvers. For each the solver compute the next simulation time 

by summing the current simulation time and the so-called time-step. The 

difference between the two solvers mainly lies on the definition of this time-

step. Indeed, for a fixed-step solver, the time-step remains the same all along the 

computation. On the opposite, for the variable-step one, the time-step can vary 

from step to step depending on the error tolerances specified. In this thesis the 

choice has been made to use a fixed-step solver to control when exactly the 

measurement are made. The time-step used is a fraction of T (the tooth passing 

period) in order to have an exact number of results for each tool revolution. 

 

Moreover two different schemes can be as well chosen: explicit or implicit 

solver. For an explicit solver the accuracy increase while decreasing the time-

step but the time needed to compute the solution increases as well while the 

implicit solver save time but can as well introduce burden into the model [19]. 

To get a good accuracy and avoid any problem an explicit solver has been used 

in this thesis. Furthermore to have a good accuracy without increasing needlessly 

the computation time, the solver chosen is a third order of accuracy scheme 

(Bogacki-Shampine Formula). 

 

The last thing to determinate is the simulation time i.e. the time the tool needed 

to manufacture all the workpiece. The following expression gives the simulation 

time: 

 

 𝑡𝑖𝑚𝑒 = L ∗
T

𝑍 ∗ 𝑓𝑡
 (24)  
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3.6 Introducing the Cutting Forces 
 

In this section the way the cutting forces have been introduced into the model 

is explained. In chapter 2, the mathematical formulation of these forces eq. (23) 

has been obtained. This expression must be implemented into SimMechanics in 

order to reproduce a real process ongoing. 

 

 

3.6.1 Input parameters 

 

As seen previously, there are many parameters that must be defined in the model 

to calculate the forces. The axial width of cut, the cutting force constants (radial 

and tangential), the feed, the number of teeth and the angle of motion of the 

tool and the angle of detection. These constant values are defined in the main 

program and easily put in the SimMechanics environment using a simple 

constant block.  

 

In order to be able to detect the displacements and forces in all the (X, Y) plan, 

the elastic link between the spindle and the table must be oriented in relation 

with φ. 

 

 

3.6.2 Time dependency 

 

As seen in chapter 2 the total force is the sum of the contributions of each tooth 

inside the cut and so the program should be able to know the position of each 

tooth (whether or not the tooth is engage). Therefore the cutting forces are time-

dependent (as said in the previous chapters), thus the time should be measured 

while running the simulation to update the amplitude of the forces acting on the 

tool. While running the simulation it is thus crucial to measure the time to be 

able to know the position of the tool and even the teeth (which ones are engaged 

and which ones are not). In SimMechanics library, a clock block exits to get the 

real time (quite different from the computation time). The time is thus measured 

and can be taken as input in real time. 

 

 

3.6.3 Displacement measurement 

 

The cutting forces depend as well on the deflection in the two directions Udet 

and Vdet. In order to get these displacements, sensor blocks must be added on 

the SimMechanics model. It measures in real time the displacements which can 

be used to calculate the cutting forces. To get the Δu and Δv, a transport delay 
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block is added. With a time delay equal to T, the transport delay block transform 

a signal input S(t) into a signal output S(t-T). By getting the difference between 

the actual signal and the signal delayed, the Δu and Δv can be obtained. 

This arrangement in SimMechanics is shown Figure 20. 

 

 

3.6.4 Forces calculation 

 

The cutting conditions are given (as described in earlier sections), the time and 

displacements are measured in the model so the cutting forces can now be 

implemented into the model. The most tricky point in that is the fact that all the 

teeth are not engaged every time along the computation (i.e. the experiment) as 

seen Figure 21. 

 

As a first step it should be noticed that the position of the centre of the tool 

must be known and is given by: 

 

 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 =
time

𝑇
∗ 𝑓𝑡 ∗ 𝑍 (25)  

 

For every iteration, the engagement or not of each tooth has to be determinate. 

To simplest way then to do so is to create a Matlab function testing if a specific 

tooth is cutting or not. If it is engaged then its contribution is added to the 

contribution of the other teeth currently cutting. 

 

Figure 20 – Displacement measurement for the forces calculation 

Figure 21 – Different configuration while cutting (number of teeth engaged is 
changing) 
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To reach this goal, a Matlab function block is added to the actual model. This 

block correspond to a specific Matlab function (as its name implies) and takes 

as inputs the cutting parameters, the time and the displacements to give as output 

a signal with an amplitude equal to the cutting force amplitude calculated from 

the reasoning above and eq. (23). This signal is then transformed into a force 

acting on the spindle-table joint using a joint actuator block (see Figure 22). The 

model architecture is then given Figure 23. 

 

3.7 Final Model 
 

The modelling procedure is now explained. The model can be totally integrated 

in a SimMechanics / Matlab environment and is given in Figure 24. 

 

The model has been now implemented on the SimMechanics toolbox of the 

software Matlab (MathWorks) from the mathematical model developed in the 

second chapter. The different specifications are fulfilled and the computation 

time can now begin. In the next chapter the results of these different run 

simulation are presented and put in parallel to be analysed.   

 

 

SimMechanics 

Mechanical Design 

Main Program 

(Experimental conditions, 

post-processing) 

Inputs 
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s 

Workpiece 

Tool 

Force 

Calculation 

Figure 23 – Final model architecture 

Figure 22 – Force input via an actuator block 
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Figure 24 – SimMechanics Model 
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COMPUTATIONAL RESULTS 
 

 

 

 

 

The computational model is now implemented into the SimMechanics toolbox 

of the Matlab (MathWorks) environment. The goal of this chapter is to present 

the relevant computational results made during the thesis. The following part 

aim as well to validate the model. This will be done by comparing results with 

known experiments and theories. 

 

Several points have been considered to deal with the objectives above and the 

goals of the thesis: 

- The impact of the cutting parameters such as the number of teeth, 

the spindle speed or the axial width of cut on the stability of the 

system; 

- The influence of the presence or not of some holes and pockets on 

the workpiece on the stability of the cutting process; 

- The understanding of the occurrence of the chatter (on which 

conditions the self-excited vibrations phenomenon appears); 

- The proof that the direction of the forces acting during the process 

influence the behaviour of the machine (i.e. the machine is not 

symmetrical). 

 

In order to do that, the simulation model will be run via the main code for 

different parameters inputs. For information, during the following computations 

a time step equal to T/500 has been chosen. The results are then obtained and 

the data are processed to plot the displacements and the forces in Udet and Vdet 

directions in the time and frequency domains. To light the syntax, Udet and Vdet 

will be noted U and V from now.  

4 
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4.1 Influence of the cutting parameters 
 

In this first section the impact of any change in any cutting parameters on the 

stability of the system. The axial width of cut, the spindle speed and the number 

of teeth will be successively changed to analyse their influence on the system 

behaviour. For all these computations, the rest of the parameters are given Table 

2. The workpiece gets no holes and no pockets, it is a simple rectangular block 

of metal. The reason of that is to simplify the process conditions as most as 

possible to avoid any additional perturbations which might appear. The 

simulations are then made only to focus on the cutting parameters listed below. 

 
Table 2 – Simulation conditions (for section 4.1) 

Length of the workpiece, L [mm] 400 

Width of the workpiece [mm] 50 

Material of the workpiece Steel 

Radius of the tool [mm] 25 

Position of the tool Centred 

Angle of motion of the tool, ψ [rad] π/2 

Angle of detection, φ [rad] π/2 

Feed, ft [mm/tooth] 10 

 

Steel has been chosen for the simulations instead of aluminium for instance but 

this choice is not important. Indeed, as said before, the numerical values should 

not be looked at. The qualitative analysis of the behaviour of the system 

represents the main objective of this thesis. Therefore, since the choice of the 

material impact only on the cutting forces constants, choose one among others 

will not change the behaviour of the whole system but only the values of the 

parameters for which the system becomes unstable. 

 

Moreover, the angle of motion of the tool as well as the angle of detection are 

equal to 90°. Hence, U and V correspond actually to X and Y respectively. 

 

 

4.1.1 Change in the axial width of cut 

 

The first parameter to be focused on in the axial width of cut (or depth of cut). 

According to the expression of the cutting forces, the latter increase when the 

depth of cut increase. Thus, an augmentation of this cutting parameter should 
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make the system unstable. The other cutting parameters values used during this 

set of computations are given in Table 3. 

 
Table 3 – Cutting parameters (for section 4.1.1) 

Number of teeth, Z 3 

Spindle speed, N [RPM] 1200 

 

The Figure 25 is a plot of the displacements and forces time signals along U and 

V directions for a depth of cut equal to 0.2 mm. The system appears as stable 

since the oscillations are not increasing. Thus, the damping of the whole 

machining system counteracts the dynamic process perturbations. As it can be 

seen in the frequency plot (Figure 26), the forced vibrations dominate. The peaks 

correspond to the tooth passing frequency here equal to 60 Hertz and its 

harmonics.  

 

 

 

 

Figure 25 – Displacements and forces time signal for a = 0.2 mm 
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Figure 26 – Displacements and forces frequency responses for a = 0.2 mm 

Figure 27 – Displacements and forces frequency responses for a = 0.2 mm (blue) and 0.35 mm (red) 
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The axial width of cut must be increased for the self-excited vibrations to be 

seen. Figure 27 shows the results obtained with a depth of cut of 0.35 mm. The 

system starts to diverge under the self-excited vibrations and thus chatter 

appears. The tooth passing frequency is still 60 Hz (since it independent from 

the depth of cut). However by comparing the frequency responses in the two 

cases (axial width of cut of 0.2 and 0.35 mm) new frequency peaks appear. These 

peaks correspond to the self-excited vibrations frequency and its harmonics (i.e. 

the chatter frequency). The main frequency is equal to 90 Hz and the separation 

between two successive chatter frequencies is equal to the tooth passing 

frequency. 

 

 

4.1.2 Change in the spindle speed 

 

The spindle speed in the second cutting parameter whose influence will be 

analysed. It is important to notice that according to the SLD as seen in the first 

chapter, the behaviour of a system facing a change in the spindle speed is 

different than what has been seen in the previous section. While an increase of 

the axial width of cut affects the stability of the system, an increase of the spindle 

speed can stabilize the said system. However, the two parameters namely the 

depth of cut and the spindle speed seem to be coupled when looking at the 

stability of the system. This is the purpose of this section.  

 

The number of teeth remain the same as previously given in Table 3.  

 

Here, many plots could have been made to show the responses depending on 

the spindle speed and the depth of cut. However, the couple (spindle speed, 

depth of cut) at which the system is becoming unstable is of the most interest. 

Hence, the results are summarize under the Table 4. The alimit corresponds to the 

value of the axial width of cut at which the system is marginally stable i.e. at its 

limit of stability. Which means that for a depth of cut smaller than this limit 

value, the system is stable while it is unstable for a bigger value. Once again the 

values are not of the most importance but their comparison one to another.  

 

The main sing to remark here is that a decrease of the spindle speed does not 

mean that the system is stable for greater values of depth of cut or the opposite. 

Indeed for instance the modelled machining system will become unstable for an 

axial width of cut equals to 0.215 mm in the case of a cutting process with a 

spindle going at 800 RPM and 0.18 mm at 1000 RPM. This is what the theory 

and the experiments tells us from the SLD for example. 
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Table 4 – alimit for different N 

Spindle speed, N [RPM] alimit [mm] 

400 0.155 

600 0.175 

800 0.215 

1000 0.18 

1200 0.35 

1400 0.585 

 

 

4.1.3 Change in the number of teeth 

 

In this section the influence of the number of teeth on the behaviour of the 

system is analysed. The spindle speed is remaining constant and chosen at 1200 

RPM. As done in the previous section, the depth of cut value at which the system 

starts to diverge is looking for. The results are given in Table 5 for three different 

values of Z: 3, 5 and 7 teeth. 

 
Table 5 – Alimit for different Z 

Number of teeth, Z alimit [mm] 

3 0.35 

5 0.105 

7 0.085 

 

It appears clearly in Table 5 that an increase in the number of teeth leads to a 

decrease of the alimit. It can be easily understand by the fact that the more the 

number of teeth, the higher the cutting forces and more important the greater 

the chip thickness variation. Indeed, it is important to remind that the instability 

of the system comes from the variation of the chip thickness and not from the 

static component of the force. An easy way to demonstrate that is to increase 

the feed in the previous experiments. By choosing a feed 200 times higher than 

the one used here, the system remains stable on the same conditions. Hence, the 

amplitude of the forces does not influx on the stability of the system as the chip 

thickness variation (the two successive teeth interaction) does. 
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4.2 Workpiece Shape Modifications 
 

For the previous experiments, the workpiece contained no holes and no pockets. 

In this section on the contrary, the influence of the shape of the workpiece is 

analysed. The Table 6 gives the conditions for this set of computations. 

 
Table 6 – Simulation conditions (for section 4.2) 

Length of the workpiece, L [mm] 400 

Width of the workpiece [mm] 50 

Material of the workpiece steel 

Radius of the tool [mm] 25 

Position of the tool Centred 

Angle of motion of the tool, ψ [rad] π/2 

Angle of detection, φ [rad] π/2 

Feed, ft [mm/tooth] 10 

Number of teeth, Z 3 

Spindle speed, N [RPM] 1200 

 

For a chosen spindle speed and cutting conditions in general, the chatter can be 

triggered by increasing the axial width of cut gradually until the oscillations start 

to grow. The cutting forces and displacements signals can then be analysed in 

the time and frequency domains. Here again, the analysis should focus on the 

appearance of the self-excited vibrations depending on the position of the tool 

along the workpiece i.e. the time the process is running for. As it was in the 

previous set of experiments, the angles φ and ψ are equal to 90° in order to have 

U and V corresponding to X and Y. 

 

The plots shown in this section have been obtained for the computational 

conditions given Table 6 and the workpiece shape schematized in Figure 28. 

 

 

Figure 28 – 1:2.5-scale workpiece 
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Several computations have been made in order to show the behaviour of the 

machining system dealing with this new workpiece shape. Different values of 

the axial width of cut are tested to see the system responses depending on its 

stability.  

 

The Figure 29 shows the displacements and forces in the time domain along U 

and V directions for a depth of cut of 0.2 mm. The position of the holes can be 

easily seen on these plots. The signals are attenuated when the tool is passing a 

hole. This attenuation can be more easily seen in Figure 30.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 29 – Displacements and forces time signals for a = 0.2 mm 
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Figure 31 – Displacements and forces frequency responses for a = 0.2 mm 

Figure 30 – Vibrations amplitude attenuation passing a hole 
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In this case, the cutting forces are not large enough for an increase in the self-

excited force vibrations to be seen. The damping of the system is still 

counteracting the self-excited vibrations. Here, only the forced vibrations can be 

seen. Figure 31 clearly shows this affirmation.  

 

On these plots, the peaks correspond to the tooth passing frequency here equal 

to 60 Hertz and its harmonics: it is the forced vibrations frequency. The axial 

width of cut must be increased for the self-excited vibrations to be seen. Figure 

32 and Figure 33 show the results obtained with a depth of cut of 0.362 mm. As 

it can be seen Figure 33, the amplitude of the vibrations increase when the tool 

is cutting a full part of the material. The system starts to diverge under the self-

excited vibrations and thus chatter appears. When the tool is passing a hole, the 

system becomes stable and the vibrations are being attenuated. The tooth 

passing frequency is still 60 Hz (since it independent from the depth of cut). 

However by comparing the frequency responses in the two cases (axial width of 

cut of 0.2 and 0.362 mm) new frequency peaks appear as observed previously 

(see Figure 32). Here again, these peaks correspond to the self-excited vibrations 

frequency and its harmonics (i.e. the chatter frequency). One important thing to 

notice is that under the same experimental conditions as it was in the previous 

section, the system becomes unstable for a greater value of depth of cut. The 

addition of holes has then changed the whole stability of the process. When it 

starts to become unstable, the hole stops the divergence. 

Figure 32 – Displacements and forces frequency responses for a = 0.2 mm (in blue) and a = 0.362 mm (in red) 
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Another way to display the results is to draw a waterfall diagram or PSD (Power 

Spectral Density). The diagram for the second case (0.362 mm as depth of cut) 

is given Figure 34. The amplitude of the vibrations are given as function of time 

and frequency.  

 

On this plot, it appears clearly what it has been said before. Indeed the small 90 

Hz-frequency peaks starts to appear and then disappears around 5 seconds. This 

time corresponds to the moment when the tool is entering the first hole (as 

shown Figure 33. Thus, the hole avoid the divergence by stopping the self-

excited vibrations of the system (since the frequency-peak of such vibrations are 

no longer visible). Hence, the waterfall diagram gives is great manner to display 

the results in such cases to prove the validity of the conclusions drawn 

previously. 

 

 

 

 

 

 

 

 

Figure 33 – Displacements and forces time signals for a = 0.362 mm 
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4.3 Force Direction Changes 
 

As said in the first chapter, the damping of a machining system is of a huge 

importance when talking about the stability. More precisely, since the bodies are 

overdimensioned, a stability analysis should focus on the joints (the weak part 

of the system) where forces occurred. Since the damping and stiffness of the 

joints are not the same in all direction of the space, the stability behaviour of the 

system is not the same neither. Hence, a system can be stable along one direction 

but unstable along another under the same conditions, or at least the 

displacements for instance is different along the two directions. To show that, it 

is possible to change the direction of the cutting forces in the model (in the 

whole (X, Y) plane) and to look at the results obtained.  

 

The experimental conditions are as described in the Section 4.1.1 except the 

angles (φ and ψ) which are changing from one simulation to another. All the 

results obtained cannot be put in the present thesis but an example is shown in 

Figure 35. By inputting ψ from 90° (motion along X) to 0° (motion along Y), the 

system behaviour is changing. Indeed, for a depth of cut equal to 0.35 mm in 

both cases, the system is marginally stable for ψ equal to 90° and is stable for ψ 

equal to 0°. Actually, in the latter case the system is becoming unstable for a 

Figure 34 – PSD for a = 0.362 mm 
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depth of cut equal to 0.38 mm. Hence, the direction of the cutting forces is a 

main factor when looking at the stability of the system. A machining system can 

be stable in one direction and unstable along another.  

 

More precisely, the model has been configured with a smaller damping along the 

X direction than Y direction at the joint between the spindle and the frame. The 

model allows numerous possibilities. As described before, all the joints can be 

modified (by changing damping and stiffness) via SimMechanics and the angles 

ψ and φ can be input as desired. The single example plotted here is used to show 

these possibilities. 

 

 

4.4 Combined material workpiece 
 

This section deals with the curiosity of knowing the influence of the choice of 

the material in the behaviour of a machining system. Even if, as said before, the 

numerical values should not be taken as facts, a comparison can be made. The 

workpiece material is changed here. Moreover an interesting experience is made 

as well with a workpiece divided lengthwise as shown in Figure 36. The 

experimental conditions are the same used in Section 4.1.1. 

Figure 35 – Displacements and forces frequency for a = 0.35 m for ψ = 0° (in blue) and ψ = 90° (in red) 
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The limit of stability is looked for and the results obtained drawn in Table 7. 

 
Table 7 – The limit depth of cut alimit for different material 

Workpiece alimit [mm] 

Steel 0.35 

Combined Material 0.62 

Aluminium 1.26 

 

The cutting forces constants  for the steel are smaller than the aluminium ones. 

That is the reason why the limit of stability is smaller in the latter case. These 

constants enter into the expression of the matrix α (as introduced in the third 

chapter). Thus, increase such coefficients means increase the influence of the 

chip thickness variation. Since this variation is the base of the instability of a self-

excited system, the augmentation of these constants (i.e. the change of material) 

is a cause of instability. Indeed, as drawn in Table 7, the limit of stability is smaller 

in the case of a full aluminium piece than the one for a full steel-made workpiece. 

The limit axial width of cut for a bi-material workpiece is logically smaller 

compare to the case of a full steel workpiece and greater in the other case. 

  

Steel 

Aluminium 

Figure 36 – Bi-material workpiece 
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CONCLUSIONS 

AND FUTURE WORK 
 

 

 

 

 

The work presented in this thesis deals with the dynamic stability of machining 

systems. The main focus is on the development of an analytic model and 

implementing the model in Matlab toolbox SimMechanics. On this model, the 

mechanical structure, from the damping and stiffness of the joints to the masses 

of the bodies forming the whole system, has been designed. Furthermore, the 

cutting process dynamics through the forces expression based on a mathematical 

development has been implemented. From this modelling, simulations under 

different cutting conditions e.g. depending on the cutting parameters (spindle 

speed, number of teeth or depth of cut), the workpiece shape and several other 

condition, have been made. From the results obtained, the following conclusions 

can be drawn: 

 

- The choice of the cutting parameters, namely the axial width of cut, 

the spindle speed and the number of teeth impact, greatly the stability 

of the system. An increase of the depth of cut, or increased number 

of teeth, can make the system becoming unstable. Moreover, as the 

SLD shows theoretically confirmed by the simulations, the system 

behaviour depends on the couple (spindle speed, depth of cut). 

However for a given spindle speed, the system becomes unstable for 

a higher value of the axial width of cut; 

 

- The addition of holes or pockets in the workpiece stabilizes the 

system (interrupting the regenerative effect that might lead to seilf-

excited vibrations). When the positive damping of the system cannot 

counteract the negative damping from the process acting on the 

5 
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joints anymore, self-excited vibrations (chatter) appear. The presence 

of the holes avoid the system to diverge totally; 

 

- The machining system characteristics are not uniform. The 

arrangement of the bodies and masses as well as the damping and 

stiffness of the joints are not equally distributed in the machine tool 

work volume. Hence, its dynamic behaviour depends on the 

direction of the cutting forces and thus the direction of the process;  

 

- The static component of the cutting forces coming from the feed 

parameter is not of the major interest when dealing with the stability 

behaviour analysis of a machining system. The chip thickness 

variation coming from the wavy surface left by the previous pass of 

the cutter and the actual chip thickness dependent to the tool 

vibration. 

 

The machining system modelled during this thesis is based on two main features: 

the mechanical structure design and the cutting process implementation. For 

both, improvements can be made. 

 

- As said all along this thesis, the focus was on the qualitative results 

and analysis of the behaviour of the machining system. The values 

for masses, damping and stiffness have been chosen reasonably but 

they do not constitute exact values. Experiments can be lead to 

determine more correct values to be input into the model. Moreover, 

the mechanical design is still simple and for instance more joints can 

be added to resemble a real machine. 

 

- The mathematical development presented in this thesis and thus 

used for the modelling of the cutting forces can as well be improved. 

Damping forces, an acceleration force or a random component to 

take into account the variations due to the change in contact area at 

the tool interface (e.g. deflection of the workpiece) for instance can 

be added as developed in [20].  
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