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Abstract
This thesis considers the stability and transition of incompressible boundary
layers. In particular, the Falkner–Skan–Cooke boundary layer subject to a
cylindrical surface roughness, and the Blasius boundary layer with applied localized suction are investigated. These flows are of great importance within the
aviation industry, feature complex transition scenarios, and are strongly threedimensional in nature. Consequently, no assumptions regarding homogeneity
in any of the spatial directions are possible, and the stability of the flow is
governed by an extensive three-dimensional eigenvalue problem.
The stability of these flows is addressed by high-order direct numerical
simulations using the spectral element method, in combination with a Krylov
subspace projection method. Such techniques target the long-term behavior of
the flow and can provide lower limits beyond which transition is unavoidable.
The origin of the instabilities, as well as the mechanisms leading to transition
in the aforementioned cases are studied and the findings are reported.
Additionally, a novel method for computing the optimal forcing of a dynamical system is developed. This type of analysis provides valuable information
about the frequencies and structures that cause the largest energy amplification in the system. The method is based on the inverse power method, and
is discussed in the context of the one-dimensional Ginzburg–Landau equation
and a two-dimensional flow case governed by the Navier–Stokes equations.

Descriptors: Hydrodynamic stability, transition to turbulence, global analysis, boundary layers, roughness, laminar flow control, Stokes/Laplace preconditioner, optimal forcing, crossflow vortices, Ginzburg–Landau, Falkner–Skan–
Cooke, Blasius, lid-driven cavity.
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Sammanfattning
Denna avhandling behandlar stabilitet och transition i inkompressibla gränsskikt. Specifikt studeras ett Falkner–Skan–Cooke gränsskikt med en cylindrisk ytojämnhet och ett Blasius gränsskikt med lokal sugning. Båda dessa
strömningar är av stor betydelse inom flygindustrin, uppvisar ett komplext
transitionsförlopp, och är fullständigt tredimensionella i sin karraktär. Detta
medför att inga antaganden gällande homogenitet i någon av de spatiella riktningarna kan göras, och att strömningens stabilitet bestäms av ett omfattande
tredimensionellt egenvärdesproblem.
Stabiliteten hos strömningen är undersökt med högordningsmetoder innefattande direkta numeriska simleringar med en spektralelementmetod, i kombination med en Krylov projektionsmetod. Med dessa tekniker kan beteendet
hos strömningen under långsiktiga förhållanden studeras, och nedre gränsvärden bestämmas för vilka transition är oundvikligt. Ursprunget till instabiliteterna, samt bakomliggande mekanismer till transition i de ovannämnda fallen
studeras, och resultaten rapporteras.
Utöver detta, har en ny metod för att bestämma optimala krafter på ett
dynamiskt system utvecklats. Den här typen av analys ger värdefull information om vilka frekvenser och kraftdistributioner som ger störst energitillväxt
i systemet. Metoden är baserad på inversiterationer med skift och diskuteras
med anknytning till den endimensionella Ginzburg–Landau ekvationen och ett
tvådimensionellt strömningsfall beskrivet av Navier–Stokes ekvationer.

Nyckelord: Hydrodynamisk stabilitet, transition till turbulens, global analys,
gränsskikt, ytojämnhet, laminär strömningskontroll, Stokes/Laplace prekonditionerare, optimal kraft, korsflödesvirvlar, Ginzburg–Landau, Falkner–Skan–
Cooke, Blasius, topp-driven kavitet.

v

Preface
The present thesis deals with global stability analysis of three-dimensional shear
flows. An emphasis is put on boundary layers, which can be found in a wide
range of applications. In the first part, concepts that are central to the topic
are introduced, along with a discussion on the numerical techniques that have
been implemented and/or utilized. In the second part, three papers are appended. In the case of submitted articles, these have been adjusted to comply
with the present format, but not modified in content.

Paper 1. M. Brynjell-Rahkola, L. Tuckerman, P. Schlatter, &
D. S. Henningson, 2015. A method for computing optimal forcing of convectively unstable flows using Laplace preconditioning. Submitted to SIAM J. Sci.
Comput.
Paper 2. M. Brynjell-Rahkola, N. Shahriari, P. Schlatter, A. Hanifi and D. S. Henningson, 2015. Onset of global instability behind distributed
surface roughness in a Falkner–Skan–Cooke boundary layer. Internal report
Paper 3. M. Brynjell-Rahkola, E. Barman, A. Peplinski, A. Hanifi
and D. S. Henningson, 2015. On the stability of flat plate boundary layers
subject to localized suction. Internal report

October 2015, Stockholm
Mattias Brynjell-Rahkola
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Part I
Overview and summary

CHAPTER 1

Introduction
Since the early work by Rayleigh, the theory of hydrodynamic stability has
developed into a refined subject over the past century, owing to important
contributions by Reynolds, Orr, Sommerfeld, Tollmien, Squire, and many others (Drazin & Reid 1982). Thanks to the increased availability of large-scale
computers and development of software with good scalability properties, the
concepts of hydrodynamic stability originally developed for one-dimensional
parallel flows governed by the Orr–Sommerfeld equation, have been extended
to problems with several inhomogeneous spatial dimensions governed by the
Navier–Stokes equations. In particular, stability analysis of three-dimensional
flows (e.g. global stability analysis) began to emerge in literature in the beginning of the twenty-first century, e.g. prolate spheroid (Tezuka & Suzuki 2006),
three-dimensional airfoil (Mack et al. 2008), jet in crossflow (Bagheri et al.
2009c) and three-dimensional lid-driven cavity flow (Giannetti et al. 2009).
Ever since the appearance of these works, efforts have been devoted to extend the applicability range of global analysis to more complex flows of interest
within engineering and industrial applications. Such flows typically place high
demands on the computational mesh and cannot be realized in plain rectangular domains subject to appropriate boundary conditions, or by simply extruding
a two-dimensional mesh in the spanwise direction. With an increased complexity of the problem, the range of transition patterns typically widens due to
an involved interaction between various physical phenomena and mechanisms.
Accurate reproduction of the transition scenario, and unraveling of instability
mechanisms active in such cases raises critical questions such as how numerical
treatment of boundaries and finite domains affect the outcome of the analysis.
As an example, a seemingly simple flow case like the jet in crossflow has been
found to be susceptible to elliptic, Kelvin–Helmholtz and von Kármán instabilities (Bagheri 2010), as well as to exhibit an extreme sensitivity to spatial
resolution and domain size (Peplinski et al. 2015). To date, a complete understanding of these issues is missing, hence requiring continued research on the
topic, alongside development of new algorithms and methods for addressing
them. For an account of some of these challenges and possibilities, and a summary of findings from studies involving stability of two- or three-dimensional
flows, see the reviews by Theofilis (2011) and Gómez et al. (2012).
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In order to discuss these topics further, a precise definition of global
stability is required. Such a definition is provided by Schmid & Henningson (2001) Rbased on the kinetic energy of a disturbance u′k in the domain,
EΩ = (1/2) Ω (u′k u′k )dV . A basic state Uk is stable to perturbations if

EΩ (t)
= 0,
(1.1)
EΩ (0)
and furthermore globally stable, if there exists a threshold energy δ > 0 such
that (1.1) holds for limδ→∞ EΩ (0) < δ. In terms of Reynolds number (Re), a
flow is referred to as globally stable if Re < ReG where ReG denotes the lowest
Reynolds number for which turbulence can be sustained. However, as further
argued, such a definition of ReG need not hold for all flows, in which case it
is necessary to introduce ReT , for which the flow will relaminarize (Schmid &
Henningson 2001).
A different definition of global stability is based on local stability analysis.
Here the existence of a region of local absolute instability is concluded to be
a necessary but insufficient condition for the existence of a global instability.
Consequently, a basic state will be globally stable if there is no region of absolute
instability in the domain, i.e. the response to a localized initial impulse (Green’s
function) does not tend to infinity with time at any fixed location x in the
laboratory frame (Huerre & Monkewitz 1990; Chomaz 2005).
Provided that a certain flow at hand is globally unstable, transition to
turbulence in a non-linear direct numerical simulation (DNS) is inevitable given
that the domain is sufficiently long and well-resolved. A schematic picture of
various transition scenarios is given in figure 1.1, where the different routes
to turbulence have been ordered from left to right with increasing disturbance
amplitude (Saric et al. 2002). The work presented herein is mainly concerned
with the study of primary modes (known to dominate the transition scenario in
low-disturbance environments), and growth due to harmonic forcing (associated
with transient growth).
lim

t→∞

Environmental disturbances
amplitude

Receptivity
Primary modes

Transient growth

Secondary mechanisms
Breakdown
Turbulence

Figure 1.1: Transition diagram adapted from Saric et al. (2002).

CHAPTER 2

Governing equations
2.1. Linearized Navier–Stokes equations
This thesis concerns the incompressible Navier–Stokes equations with constant
material properties,
∂u∗
1
+ u∗ · ∇u∗ = − ∇p∗ + ν∇2 u∗ + f ∗
(2.1a)
∂t∗
ρ
∇ · u∗ = 0.
(2.1b)
To simplify the comparison between results for different fluids, as well as between experiments and numerics, it is customary to non-dimensionalize these
equations using a suitable set of reference quantities. One such set of quanti∗
ties appropriate for boundary layers is the free-stream velocity U∞
, the bound∗
∗
,
ary layer displacement thickness δ and the fluid density ρ, i.e. u = u∗ /U∞
∗
∗2
∗ ∗
∗
∗
∗
p = p /(ρU∞ ), x = x /δ and t = t (U∞ /δ ).
Equation (2.1) is non-linear in nature due to the presence of the advective
term on the left-hand side. However, for transition scenarios involving growth
of primary eigenmodes (see figure 1.1), the initial stages of the transition process will be linear. In fact, the energy growth of finite amplitude perturbations is completely governed by linear mechanisms, whereas the non-linearity
of Navier–Stokes merely redistributes energy among different flow structures
(Henningson 1996). To study whether small perturbations will grow or decay,
the fluid velocity and pressure are decomposed into a steady base flow and a
small perturbation, i.e. u = U + εu′ and p = P + εp′ where ε ≪ 1. These decompositions inserted into (2.1) with the above non-dimensionalization, yields
the linearized Navier–Stokes equations
1
∂u′
+ (U · ∇)u′ + (u′ · ∇)U = −∇p′ +
∇2 u′ + f ′
(2.2a)
∂t
Reδ∗
∇ · u′ = 0,
(2.2b)
where the non-linear perturbation term (u′ · ∇)u′ has been dropped from the
right-hand side of (2.2a).

2.2. State space formulation
An important result regarding the incompressible Navier–Stokes equations is
the fact that any state of the dynamical system (2.1) is completely determined
by the velocity field, while the pressure can be treated as a dependent variable.
5
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As reviewed by Deville et al. (2002), the pressure serves as a Lagrange multiplier
such that the solution to the corresponding Stokes problem satisfies a saddlepoint problem (i.e. the inf-sup condition).
According to the Helmholtz–Hodge decomposition theorem (see Chorin &
Marsden 2000), a vector field w on some domain Ω, may be uniquely decomposed in the form w = u′ + ∇p′ , where ∇ · u′ = 0 and u′ · n = 0 on ∂Ω.
As a consequence of the theorem it follows that u′ and ∇p′ are orthogonal.
By introducing a projection operator P that orthogonally projects the vector
field w onto its divergence-free component u′ , one has P(w) = P(u′ ) = u′ .
Applying this to the incompressible Navier–Stokes equations (volume forces f ′
are neglected) gives



 ′
1
∂u
⇐⇒
+ ∇p′ = P −(U · ∇)u′ − (u′ · ∇)U +
∇2 u′
P
∂t
Reδ∗


∂u′
1
✿0
✘✘′✘
P(∇p
) = P (−(U · ∇)u′ − (u′ · ∇)U) + P
∇2 u′ . (2.3a)
+✘
|
{z
}
∂t
Reδ∗
|
{z
}
≡NU u′
≡Lu′

Thus, the pressure has been eliminated from the governing equations, which
can be written as the sum of an advective and a diffusive operator acting on
the divergence-free velocity u′ ,
∂u′
= NU u′ + Lu′ ≡ AU u′ .
(2.4)
∂t
This so-called state space formulation is useful when analyzing the linear stability of a flow. Given a solution to equation (2.4), the perturbation pressure field
may be recovered by solving a Poisson problem subject to suitable boundary
conditions (see e.g. Kreiss et al. 1994).

CHAPTER 3

Numerical approach
3.1. Spectral element method
The spectral element method (SEM) was first introduced by Patera (1984)
and combines the geometrical flexibility of finite element methods with the
high-order accuracy provided by spectral methods, thus making it a suitable
method for studying stability and transition in complex flow cases of interest
in many engineering applications. Although the original SEM as presented by
Patera featured Chebyshev polynomials as basis functions, the implementation
adopted in Nek5000 (Fischer et al. 2008) is based on Legendre polynomials.
Since the SEM is a Galerkin method, the Navier–Stokes equations are solved using a weak formulation.
Considering the nondimensionalization of (2.1) discussed in chapter 2, the weak problem reads:
Find (u, p) ∈ Hb1 (Ω)d × L20 (Ω) such that
1
∂
h∇w, ∇ui + hw, f i
hw, ui + hw, u · ∇ui = h∇ · w, pi −
∂t
Reδ∗
−hq, ∇ · ui = 0

∀q ∈ L20 (Ω),

∀w ∈ H01 (Ω)d

(3.1a)

(3.1b)

where h·, ·i denotes the inner product, L20 (Ω) is a space of functions that are L2 integrable on the domain Ω with a zero average value, and Hb1 (Ω)d and H01 (Ω)d
are Sobolev spaces of vector functions having d components and satisfying inhomogeneous and homogeneous boundary conditions, respectively (see Deville
et al. 2002; Karniadakis & Sherwin 2013 for further details). The boundary
conditions of (3.1) will be discussed in the next section.
Discretization of (3.1) involves dividing the domain Ω into E nonoverlapping quadrilateral elements Ωe (e = 1, . . . , E). In order to avoid spurious pressure modes (Canuto et al. 2007), Maday & Patera (1989) suggested a
staggered SEM referred to as PN -PN −2 , where the velocity is represented on
N + 1 Gauss–Lobatto–Legendre (GLL) quadrature points and the pressure on
N − 1 Gauss–Legendre (GL) quadrature points. Assuming a three-dimensional
flow case (d = 3), the discrete velocity in element Ωe mapped onto the threedimensional reference element Ω̂ = [−1, 1]3 can be written
u(x(ξ, ζ, η))|Ωe =

N
N X
N X
X

uei,j,k hN,i (ξ)hN,j (ζ)hN,k (η)

i=0 j=0 k=0
7

(ξ, ζ, η) ∈ Ω̂, (3.2)
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where hN,i , hN,j and hN,k are one-dimensional N th-order Lagrange interpolants based on Legendre polynomials, x is a mapping function of the local
geometry and uei,j,k are the unknown nodal values in Ωe (Deville et al. 2002).
Since the Legendre polynomial is one of the classical orthogonal polynomials (the Hermite polynomial considered in paper 1 being another one),
the inner products in (3.1) can be efficiently evaluated using GLL- and GLquadrature rules.
3.1.1. Boundary conditions
In the derivation of (3.1), boundary terms arise from the pressure and the
diffusive terms,


I
I
I
∂u
1
1
w·
dS =
∇u − pI dS, (3.3)
w·n·
− (w · n) pdS +
Re Γ
∂n
Reδ∗
Γ
Γ

with Γ = ∂Ω. It is desirable to set (3.3) to zero. For boundaries equipped with
Dirichlet conditions this is achieved by the choice of test functions. For other
boundary conditions e.g. outflow, n · (Re−1
δ ∗ ∇u − pI) = 0. On the rear outflow
boundary, these equations become
1 ∂u
− p = 0;
Reδ∗ ∂x
and on the free-stream boundary
1 ∂v
− p = 0;
Reδ∗ ∂y

1 ∂v
= 0,
Reδ∗ ∂x

(3.4)

u(x, ytop ) = U∞ ,

(3.5)

with the second equation of (3.5) replacing Re−1
δ ∗ (∂u/∂y) = 0. Equation (3.4),
(3.5) apply to non-accelerating boundary layers such as Blasius, and are used
in paper 3. On the other hand, for accelerating (or decelerating) boundary
layers such as Falkner–Skan (FS), where the external flow obeys a power law
U∞ (x) = Cxm , the velocity components read
df
ufs = U∞ (x) ,
dη
s


2 U∞ (x) 1
1
df
vfs =
(1 − m) η − (1 + m)f ,
2 m + 1 x Reδ0∗
dη

(3.6a)
(3.6b)

in which f is obtained from a similarity solution (Falkner & Skan 1931) and η
here denotes a dimensionless wall-normal boundary layer coordinate. Now the
pressure cannot be expected to balance velocity gradients on the free-stream
and outflow boundaries. In order to handle this type of flow, (3.4) and (3.5)
need to be modified to enable an ambient pressure pa to be specified, i.e.
1 ∂u
− p = pa ;
Reδ∗ ∂x
1 ∂v
− p = pa ;
Reδ∗ ∂y

1 ∂v
=0
Reδ∗ ∂x

(3.7)

u(x, ytop ) = U∞ (x).

(3.8)
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3.2. FRACTIONAL STEP METHOD
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Figure 3.1:
Verification of boundary condition implementation.
Profiles extracted from a non-linear DNS at streamwise position
x = {0.0, 100.0, 200.0, 300.0} are plotted in order with symbols (×, , ∗,
◦), together with the corresponding FS similarity solution plotted with lines
(—–,- - -,· · · ,-·-·-).
From (3.4) the pressure along the wall is seen to be zero since ∂u/∂x = 0.
By setting pa = 0 in this point, the pressure will be zero in the lower outflow
corner also for (3.7), and hence along the entire outflow boundary following
the boundary layer approximation (Schlichting 1979). Taking the upper outflow corner as a reference point and setting the velocities in this point equal
to the corresponding FS solution, i.e. uref = ufs (xoutflow , ytop ), the pressure
along the free-stream boundary can be estimated using the inviscid Bernoulli
equation, p̃(x) = (1/2)[uTref · uref − u(x, ytop )T · u(x, ytop )]. This finally gives
an expression for the ambient pressure, which can be plugged into (3.8),
pa = (1/Reδ0∗ )(∂vfs /∂y) − p̃.
As seen in figure 3.1, very good agreement is obtained between the DNS implementing (3.7)–(3.8) and the FS similarity solution. The boundary conditions
defined by (3.7)–(3.8) are used for the Falkner–Skan–Cooke (FSC) (Falkner &
Skan 1931; Cooke 1950) simulations in paper 2. A slight discrepancy in the
boundary conditions still exist since ∂v/∂x 6= 0 in the free-stream. However, as
seen in figure 3.1b the wall-normal component is orders of magnitude smaller
than the streamwise component and its rate of change with x can be assumed
negligible.

3.2. Fractional step method
Having discussed the spectral element discretization briefly, the fractional
step method used to advance the flow in time is considered. In the case of

10
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PN − PN −2 , Nek5000 essentially solves the non-linear and linearized Navier–
Stokes equations following the same steps. For the purpose of the present
discussion, linearized equations will be assumed and only a first order time
discretization will be considered, although the derivation readily extends to
schemes of higher order.
Applying a first order backward differentiation time-stepping scheme (Euler
backward) for the diffusive term and a first order extrapolation time-stepping
scheme (Euler forward) for the advective term, the discretized version of (2.2)
reads
B

1
β0 u′n − β1 u′n−1
= C(U)u′n−1 + DT p′n +
Au′n + Bf n
∆t
Reδ∗
−Du′n = 0.

(3.9a)
(3.9b)

In (3.9), the operator B is the diagonal spectral element mass matrix containing the integration weights, A is the discrete Laplacian, and DT and D are the
gradient and divergence operators, respectively. The gradient and divergence
operators are transpose matrices of one another and handle interpolation between the GLL and GL grids (assuming PN − PN −2 ) (Deville et al. 2002). The
advection operator C(U) is evaluated using the convective form.
By reshuffling the terms of (3.9), one can identify the discrete
Helmholtz operator H = (β0 /∆t)B + Re−1
δ ∗ A. To further simplify notation,
let hn = C(U)u′n−1 + Bf n + (β1 /∆t)Bu′n−1 and ∆p′n = p′n − p′n−1 , which
gives
Hu′n − DT ∆p′n = hn + DT p′n−1

Hu′n − DT ∆p′n +HQDT ∆p′n − HQDTk ∆p′n = hn−1 + DT p′n−1
{z
}
|

⇐⇒

⇐⇒

=0

Hu′n − HQDT ∆p′n = hn−1 + DT p′n−1

− (HQ − I)DT ∆p′n .
|
{z
}

(3.10)

≡en

At this stage the operator Q is an unspecified operator. Equation (3.10) is
solved by carrying out a block LU-decomposition (Perot 1993) of the left hand
side of (3.10) and (3.9b) such that


  n
  ′   n−1
H
0
e
u∗
h
+ DT1 p′n−1
+
=
0
∆p′n
0
−D −DQDT
  ′n   ′ 

u∗
u
I −QDT
=
.
∆p′n
∆p′n
0
I

(3.11a)
(3.11b)

3.3. TIMESTEPPER APPROACH
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As further discussed by Couzy (1995), the simplest choice of Q is H−1 , which
causes the residual en to vanish and the equations to solve become
Hu′∗ = hn−1 + DT p′n−1
−1

T

−DH D ∆p
{z
}
|

′n

=

Du′∗

(3.12a)
(3.12b)

≡Ẽ

u′n = u′∗ + H−1 DT ∆p′n .

(3.12c)

The solution of Navier–Stokes by equation (3.12) is referred to as the Uzawa
method (Fischer 1997; Deville et al. 2002) and involves no splitting error.
However, it requires d Helmholtz-solves for every pressure iteration in a ddimensional problem, i.e. nested iterations. For large Reynolds number and
small timesteps, the Helmholtz operator H will be close to the mass matrix
B, which for the case of SEM is diagonal and hence easily inverted. Choosing
Q = (∆t/β0 )B−1 and dropping the term en , the equations become
Hu′∗ = hn−1 + DT p′n−1
∆t
− DB−1 DT ∆p′n = Du′∗
β
}
| 0 {z

(3.13a)
(3.13b)

≡E

u′n = u′∗ +

∆t −1 T ′n
B D ∆p ,
β0

(3.13c)

where E is symmetric positive definite and is referred to as a consistent Poisson
operator (Fischer 1997). Solution by (3.13) avoids the nested solves of the
Uzawa method but contains a non-zero splitting error



1
1 ∆t
∆t −1
β0
n
A
B+
B − I DT ∆p′n =
AB−1 DT ∆p′n .
e =
∆t
Reδ∗
β0
Reδ∗ β0
(3.14)
Assuming that the difference in velocity u′n between two consecutive timesteps
is small, the solution time can be decreased by only solving for the difference
in velocity relative to the previous timestep,
∆t
HB−1 DT ∆p′n ⇐⇒
β0
∆t
HB−1 DT ∆p′n .
= hn−1 + DT p′n−1 − Hu′n−1 −
β0

Hu′n = hn−1 + DT p′n−1 −
H∆u′n

(3.15a)

3.3. Timestepper approach
Considering the state space formulation of Navier–Stokes (2.4), the general solution to this differential equation reads u′ (x, t) = exp(AU t)u′0 with t = n∆t.
This is typically obtained by numerical integration in time from an initial condition u′ (x, 0) = u′0 . The numerical routine approximating the matrix exponential T (t) ≡ exp(AU t) is referred to as timestepper and will in addition to
advancing the flow in time (i.e. solve (3.15a)), impose boundary conditions and

12
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continuity on the flow field. Repeated application of the linearized timestepper T (t) amounts to power iteration with the matrix exponential and will be
further discussed in section 4.1.

3.4. Stokes preconditioner
For a solution to a differential equation to be integrated stably with an explicit time integration scheme, the timestep is required to be small, and thus
the operator exp(∆tAU ) will be close to identity. As a consequence, eigencomputations based on numerical integration of (2.4) are bound to require a
large amount of steps, which for a contemporary large-scale DNS simulation
requiring O(103 ) processing elements is intractable.
An alternative method introduced by Tuckerman and co-workers (Tuckerman 1989a; Tuckerman et al. 2000; Tuckerman & Barkley 2000) for the computation of steady states and to eigenpairs, and implemented in paper 1 for
the Ginzburg–Landau equation, involves obtaining the action of the governing operator AU directly without time integration. By assuming a first order
timestepping scheme as considered in section 3.2, an alternative expression for
the timestepper T (∆t) may be obtained from (2.4) as
u′n = (I − ∆tL)−1 (I + ∆tNU )u′n−1 ≡ T (∆t)u′n−1 .

(3.16)

Given a code that carries out the action of T (∆t), one may consider the difference between two consecutive flow fields, that is
u′n − u′n−1 = T (∆t)u′n−1 − u′n−1


= (I − ∆tL)−1 (I + ∆tNU ) − I u′n−1
= (I − ∆tL)−1 ∆t(NU + L)u′n−1
{z
}
|

(3.17)

≡P(∆t)

= P(∆t)AU u′n−1 .

(3.18)

Two important remarks regarding the operator P(∆t) are:
(i) AU is ill-conditioned due to the presence of the Laplacian L. For large
timesteps P(∆t) = (I − ∆tL)−1 ∆t ≈ L−1 , and the application of P(∆t)
will counteract the presence of L and serve as a preconditioner (referred
to as the Stokes or Laplace preconditioner);
(ii) in the limit of small timesteps P(∆t) = (I − ∆tL)−1 ∆t ≈ ∆t, and the
application of P(∆t) will be a mere scaling of the operator AU , moving
its eigenvalues towards the origin thus making it more ill-conditioned.
By equation (3.18), one has a means of realizing the action of the operator AU
using tools that are readily available in an existing forward Euler/backward
Euler timestepping code. For a flow solver designed for problems having one or
several homogeneous spatial directions, e.g. SIMSON (Chevalier et al. 2007), a
Fourier and a Chebyshev representation can be used respectively for discretization of the homogeneous and inhomogeneous directions (Canuto et al. 2007).
The operators arising from such discretizations will be banded or block-diagonal
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and inverted by direct methods (see also Tuckerman 1989b). In such cases, the
timestep could be chosen solely based on the above remarks. However, given
a code such as Nek5000 that is designed for arbitrary geometries, other considerations need to be taken into account as the Helmholtz and the consistent
Poisson problems are now solved by iterative methods (preconditioned conjugate gradient and generalized minimal residual, respectively).
Assuming that no volume forces are acting on the flow, and the absolute
pressure (p′n ) is solved for rather than the pressure difference (∆p′n ), one has
β1
Bu′n−1 − Hu′n−1
H∆u′n + HQDT p′n = C(U)u′n−1 +
∆t


1
=⇒ ∆u′n = H−1 C(U)u′n−1 −
Au′n−1 − QDT p′n .
Reδ∗
(3.19a)
Following the discussion on the choice of Q in section 3.2, it is clear that a
large ∆t, for which H−1 ≈ Reδ∗ A−1 would serve as a good preconditioner,
is incompatible with the approximation Q = (∆t/β0 )B−1 . Accurate representation of P(∆t)AU thus requires the use of the Uzawa method, in which
(3.12a) needs to be solved for each iteration of (3.12b). To investigate this
matter, the two-dimensional lid-driven cavity flow with Re = 100 is considered. Power iterations are carried out to compute the eigenpair with eigenvalue
λ = −1.229 + i0.291 (see figure 3.2a) using an eigenvalue shift σ = −1.2 + i0.3,
u′n+1 = (AU − σI)−1 u′n

(P(∆t)AU − σP(∆t))u

′n+1

′n

= P(∆t)u .

⇐⇒

(3.20a)

Equation (3.20a) is solved with BiCGSTAB2 (Gutknecht 1993) to a tolerance of 10−8 , and as a convergence criterion for the power iterations,
|λn − λn−1 | < 10−8 is used. As seen in figure 3.2b, the iteration count decreases monotonously with increasing ∆t, hence showing the desirable effect of
the preconditioner P(∆t). However, as shown in figure 3.2c, the iterations required to solve the Helmholtz problem (3.12a) and the Poisson problem (3.12b)
increase almost exponentially with increasing ∆t. As a result, the execution
time can be expected to have a minimum for intermediate timestep sizes. This
minimum exists around ∆t = 5 · 10−2 for the present test case1 (see figure 3.2d).
The number of BiCGSTAB2-iterations is limited to 2000, and for the case of
∆t = 10−3 the prescribed convergence criterion could not be reached. As a
consequence, the number of power iterations required to reach convergence for
this ∆t increased from 8 to 18.

1 Execution

TM

time was measured using 8 threads on an Intel R Core

i7-3930K processor.
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Figure 3.2: Effect of the preconditioner P(∆t) for different ∆t on the solution
of (3.20a).

CHAPTER 4

Global stability analysis
4.1. Modal analysis
Given a base flow U corresponding to a fixed point in phase space, modal
analysis aims at investigating the eigenpairs of the Jacobian1 AU linearized
about this base flow. In particular, one is interested in determining whether
an infinitesimal perturbation will grow or decay, and hence whether the fixed
point can be deemed stable or unstable. A fixed point is said to be stable
if all the eigenvalues {λi } have negative real part, unstable if at least one
eigenvalue has a positive real part, and marginally stable if one eigenvalue is
purely imaginary. Properties inferred from a linear analysis will generalize to
the corresponding non-linear system by the Hartman–Grobman theorem and
the stable manifold theorem, provided that none of the eigenvalues has a zero
real part (Guckenheimer & Holmes 1983).
Considering three-dimensional flows that are inhomogeneous in all spatial
directions, the perturbation ansatz reads
u′ (x, t) = û(x)eλt + c.c.,

(4.1)

where λ is complex-valued following a temporal instability framework (Huerre
& Monkewitz 1990; Chomaz 2005), and the frequency and growth rate of the
eigenfunction û is given by the imaginary and real part of λ. This ansatz
substituted into (2.4) yields the standardized eigenvalue problem
AU û(x) = λû(x).

(4.2)

For simple one- and two-dimensional dynamical systems, (4.2) can be solved
by direct methods e.g. QR-algorithm, where the discretized operator can be
reduced to upper Hessenberg form through Householder reflections and then
subsequently reduced to a Schur form by shifted inverse iteration and deflation
(Trefethen & Bau 1997). However, with increased geometrical complexity an
exact representation and a full diagonalization of the operator may be impossible to realize due to limited resources in memory, storage and computational
power. For such problems, one usually has to resort to matrix-free methods
instead, Tuckerman & Barkley (2000); Barkley et al. (2008); Bagheri et al.
(2009a).
1 The

linearized Jacobian is derived from a Taylor expansion of the velocity field about
′
∂
the fixed point U, i.e. ∂t
(U + εu′ ) = A(U) + ∂A
= ∂A
εu′ + O(ε2 u′2 ) =⇒ ∂u
u′ ,
∂u
∂t
∂u
U

where (∂A/∂u)|U = AU .
15
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The solution of an eigenvalue problem using matrix-free methods relies
on an iterative subspace projection method, where flow fields obtained from
repeated power iterations are used to generate an m-dimensional Krylov space
Km = span{u′1 , u′2 , . . . , u′m }.

(4.3)

This set of flow fields {u′j } is orthonormalized and factorized using the Arnoldi
algorithm (see e.g. Lehoucq et al. 1997; Trefethen & Bau 1997), such that
SVm = Vm Hm + rm eTm ,

(4.4)

where Vm is an m-dimensional orthonormal basis for Km , Hm an upper Hessenberg matrix representing the projection of S onto Km , rm the residual vector
of the factorization and em the mth unit vector. The residual is orthogonal to
the basis Vm and if this vanishes, eigenpairs of the upper Hessenberg matrix
will be eigenpairs of the operator S.
The operator S can be either the timestepping operator T (t), as is the case
in paper 2 and paper 3, or the linearized shifted Jacobian (AU − σI)−1 as
in paper 1. The eigenvalues of S are referred to as Ritz-values (here denoted
θj ), and in the former case with S = T (t), these are related to the eigenvalues
of AU as
ℜ(λj ) =

1
ln |θj |;
t

ℑ(λj ) =

1
arg(θj ).
t

(4.5)

The temporal difference t = l∆t between two subsequent vectors in the Krylov
space (4.3) needs to be chosen such that every timestep ∆t satisfies the CFLcondition, and l such that the generated subspace captures the dynamics of the
full system, i.e. satisfies the Nyquist criterion (Bagheri et al. 2009a). In the
latter case, where S = (AU − σI)−1 , the Ritz-values are simply related to the
eigenvalues as ωj = θj−1 + σ. The eigenfunctions of S are similar to those of
AU for both cases.
4.1.1. Energy analysis
To analyze which gradients and structures are responsible for production and
dissipation of energy, an energy analysis may be carried out, as is done in paper
2. An expression for the evolution equation of the perturbation energy may
be obtained by multiplying the linearized disturbance equation (2.2a) with the
complex conjugate velocity perturbation
∂u′
∂Uk e′ ∂p′
1 e′ ∂ 2 u′k
∂u′
−u k
+
++ue′ k fk′ , (4.6)
uk
ue′ k k = −ue′ k Uj k − ue′ k u′j
∂t
∂xj
∂xj
∂xk Reδ
∂xj ∂xj

here expressed using tensor notation with (e· ) representing a complex conjugate.
Assuming that the force term is proportional to the velocity, i.e. fk′ = γu′k ,
forming the complex conjugate of (4.6) and adding these equations gives
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∂
∂t

ue′ k u′k
2

!

 ∂U
1  e′ ′
1 ∂ ue′ k ∂u′k
k
u k uj + u′k ue′j
−
2
∂xj
Reδ ∂xj ∂xj
h
1 ∂
−ue′ k u′k Uj − ue′ k p′ δkj − u′k pe′ δkj
+
2 ∂xj
!#
′
e′ k
1
∂u
∂
u
′
k
+
+ γ ue′ k u′k .
+ uk
ue′ k
Reδ
∂xj
∂xj

17

=−

(4.7)

By inserting the global mode ansatz (4.1) for velocity together with a similar
one for pressure into the above equation, expressions for production, dissipation
and transport of energy for every eigenpair (û, λ) can be written (see Appendix
B of paper 2 for an equivalent but slightly different derivation). Furthermore,
by defining Rthe disturbance kinetic energy in the domain of integration Ω as
EΩ = (1/2) Ω (ue′ k u′k )dV , and slightly modifying (4.7), an expression for the
−1
growth rate of the eigenfunction is obtained, EΩ
(∂EΩ /∂t) = 2λr .
4.1.2. Structural sensitivity
Another way of analyzing the stability mechanisms, that give complementary
information to the energy analysis, is the study of the ’wavemaker’. Huerre
& Monkewitz (1990) described this concept as a self-excited low-amplitude
phenomenon in a region of local absolute instability, which acts as a source
for unstable waves. Due to non-normality of the governing linearized Navier–
Stokes operator, there will be a large spatial separation between the direct and
adjoint eigenfunctions (Chomaz 2005). Although the adjoint eigenfunctions
are found to indicate regions of strong sensitivity to forcing (Hill 1995), it was
argued by Giannetti & Luchini (2007) that the instability mechanism cannot
be identified by either the direct or adjoint eigenfunctions separately. Instead
they proposed to study the product between these eigenfunctions
µ(x) = R

kv̂(x)kkû(x)k
,
v̂(x) · û(x)dV
Ω

(4.8)

which characterize the drift in an eigenvalue due to a structural perturbation in
the linearized Navier–Stokes operator (a similar expression was also derived by
Chomaz 2005). Regions where µ(x) is different from zero can hence be expected
to determine the characteristics of global oscillations in the flow. This type of
analysis is considered in paper 3.

4.2. Non-modal analysis
Non-modal analysis involves the study of transiently amplifying structures,
and constitutes the centermost transition path of figure 1.1. Mathematically,
transient growth arises from non-normality of the governing operator AU , or
equivalently, a non-orthogonal set of eigenfunctions as illustrated graphically by
Chomaz (2005). The study of transient growth is hence closely tied to the study
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of ε-pseudospectra defined in (4.16) (Trefethen et al. 1993; Reddy et al. 1993).
Due to the size of the problems associated with many three-dimensional flow
cases, a full representation of the ε-pseudospectra may not be computationally
realizable and an alternative might be to analyze the pseudospectra of a smaller
Hessenberg matrix (Toh & Trefethen 1996), as discussed in connection with
eigenpairs in section 4.1.
Physically on the other hand, transient growth arises from the lift-up effect
(Landahl 1975), by which streamwise vortices transport low-speed fluid into
high-speed regions of a shear layer, and simultaneously transport high-speed
fluid into low-speed regions, resulting in the formation of streamwise streaks
(Trefethen et al. 1993; Reddy et al. 1998). To connect these observations with
the mathematical framework outlined above, such streamwise vortices may be
viewed as ε-pseudomodes (Trefethen et al. 1993), and several studies e.g. Butler
& Farrell (1992), have focused on determining the structures causing the largest
transient amplification of perturbations.
In the present thesis another issue, concerned with the maximum response
of a dynamical system subject to a harmonic driving force is considered,
∂u′
= AU u′ (x) + ζ̂(x)eiωt .
(4.9)
∂t
The forcing function and frequency causing the largest energy amplification
is defined as the optimal forcing of the system. In paper 1, a novel method
for determining the optimal forcing that is based on the Stokes (or Laplace)
preconditioner (chapter 3.4) is presented. It is shown that, the optimal forcing
problem can be formulated as an eigenvalue problem of the adjoint and direct
resolvent operator
R† (iω, AU )R(iω, AU )ζ̂(x) = G(ω)2 ζ̂(x)
h
i−1
ζ̂(x) = G(ω)2 ζ̂(x),
(AU − iωI)(A†U + iωI)

⇐⇒

(4.10)
(4.11)

where the leading eigenvalue G(ω) is seen to represent the energy gain, and the
corresponding eigenfunction ζ̂(x) the corresponding forcing function. In order
to find the forcing frequency to which the flow is most sensitive, (4.11) needs
to be solved for a range of forcing frequencies ω. The method is herein applied
to the linearized Navier–Stokes equations.
The adjoint linearized Navier–Stokes equations read
−

1
∂v′
∇2 v′ + g′
= ∇s + (U · ∇)v′ − (∇U)T v′ +
∂t
Reδ0∗
∇ · v′ = 0,

(4.12a)
(4.12b)

wherein v′ represents the adjoint velocity field, g′ an adjoint force field, and s
the adjoint pressure (see e.g. Bagheri et al. 2009b for details on the derivation).
Introducing the variable substitutions, τ ≡ −t and s̃ ≡ −s, (4.12) receives the
same form as (2.2). Considering a state space formulation of this equation
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similar to that in section 2.2, gives

∂v′
= P (U · ∇)v′ − (∇U)T v′ + P
∂τ
{z
}
|
|
† ′
≡NU v




1
2 ′
∇ v .
Reδ∗
{z
}

(4.13)

=Lv′

As done for the direct timestepper in section 3.4, a similar procedure can be
used to obtain an expression the adjoint timestepper,
†
v′n = (I − ∆τ L)−1 (I + ∆τ NU
)v′n−1 ≡ T † (∆τ )v′n−1 .

(4.14)

From this, the difference between two consecutive adjoint timesteps reads
†
+ L)v′n−1 = P(∆τ )A†U v′n−1 .
v′n − v′n−1 = (I − ∆τ L)−1 ∆τ (NU
{z
}
|

(4.15)

≡P(∆τ )

Note that operator L and P(∆τ ) are self-adjoint in contrast to the Ginzburg–
Landau equation.
Returning to the problem of determining the optimal forcing as formulated
in equation (4.11), the action of the governing operator is realized through four
steps involving the solution of two equation systems, and two applications of
the Stokes preconditioner, namely:
1. ζ̂I ← P(∆t)ζ̂ n .

2. ζ̂II ← [P(∆t)AU − iωP(∆t)]−1 ζ̂I .

3. ζ̂III ← P(∆τ )ζ̂II .

4. ζ̂ n+1 ← [P(∆τ )A† + iω ∗ P(∆τ )]−1 ζ̂III .

To solve the systems in steps two and four, both BiCGSTAB (van der Vorst
1992; Gutknecht 1993) and BiCGSTAB2 (Gutknecht 1993) have been implemented and adapted for Nek5000. In order to test and verify the validity of
the above methodology, the optimal forcing of the two-dimensional lid-driven
cavity flow at Re = 100 is computed. To the authors’ knowledge, this has not
been done before.
The result is plotted in figure 4.1 and shows that the largest energy amplification in the flow is achieved for a steady forcing with ω = 0.0, corresponding
to eigenvalue-resonance with the least stable eigenvalue (cf. figure 3.2a). For a
normal governing operator AU , G(ω) ∼ 1/|λr |, i.e. the amplification is proportional to the inverse distance of the forcing frequency to the eigenvalue closest
to the imaginary axis. In contrast, if AU is non-normal, much larger energy
amplification is obtainable, i.e. G(ω) ∼ 1/ε0 . Here ε0 is the smallest value of ε
for which the ε-pseudospectra defined as
Λε (AU ) ≡ {z ∈ C | k(AU − zI)−1 k ≥ ε−1 },

(4.16)

protrudes into the right half of the complex plane (Chomaz 2005). Given
λr = −0.543, this would yield G(ω) ∼ 1.842 which is in good agreement with
figure 4.1 and shows that the lid-driven cavity at this Reynolds number is
governed by a normal operator.
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Figure 4.1: Optimal forcing of two-dimensional lid-driven cavity, Re = 100.

The corresponding optimal forcing function is shown in figure 4.2a-4.2b.
Comparison of this with the least stable adjoint eigenfunction (figure 4.2c4.2d), obtained with a similar method as discussed in section 3.4, shows a
strong resemblance. This is also the case for the Ginzburg–Landau operator in
paper 1, and is in good agreement with Sipp (2012), who argued that a forcing
function equal to the adjoint global mode provides the largest impact on the
flow in case of a forcing frequency close to the frequency of a global mode.
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(a) Force profile, x-component.

(b) Force profile, y-component.

(c) Adjoint eigenfunction, x-component.

(d) Adjoint eigenfunction, y-component.

Figure 4.2: Optimal forcing function corresponding to ω = 0.0, compared to
the most unstable adjoint eigenfunction with eigenvalue λ∗ = −0.543.

CHAPTER 5

Summary of the papers
Paper 1
A method for computing optimal forcing of convectively unstable flows using
Laplace preconditioning
Common shear flows such as channel flow and boundary layer flows are typically
seen to exhibit large transients as a result of the non-normality of the governing
operator. For such flows stability predictions based on the leading eigenvalue
may fail and more accurate transition estimates may be obtained by studying
the resolvent operator governing the output of a system subject to a harmonic
driving force.
Common methods for solving this problem involve singular value decomposition (SVD) and direct-adjoint time integration using a timestepper. Although
existing literature have proven that such methods give valid results for a number of flow cases, both of them become impractical when considering large
three-dimensional flow cases. In the present paper, a novel matrix-free method
that relies on the solution of linear systems is presented. The method is applicable to problems of arbitrary size and complexity, but is herein discussed in
relation with the one-dimensional linearized Ginzburg–Landau equation.
The key to the method involves evaluation of the resolvent operator by
approximate inversion of the shifted direct and adjoint Jacobians. To this
end, the systems are preconditioned using the Laplace preconditioner. For
the present model problem, explicit representation of all operators is possible,
which enables a detailed study of the properties of the Laplace preconditioner
as well as a validation of the results using direct methods.

Paper 2
Onset of global instability behind distributed surface roughness in a Falkner–
Skan–Cooke boundary layer
The laminar swept wing boundary layer flow is commonly approximated by
the Falkner–Skan–Cooke similarity solutions. Within this approximation, the
spanwise free-stream component is assumed to be constant and the streamwise
22
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free-stream velocity component to accelerate with downstream distance from
the leading edge. Typical transition scenarios for such boundary layers in lowdisturbance environments, involve the excitation of disturbances by surface
roughness that grow in space and eventually develop into strong non-linear
crossflow vortices. Crossflow vortices are susceptible to secondary instabilities
and act as noise amplifiers. However, for sufficiently large roughness elements,
the flow is seen to support self-sustained oscillations that seems to drive the
instabilities that cause transition further downstream.
In this study, this phenomenon is investigated further using a global stability analysis. In order to understand the transition scenario, a global energy
analysis is carried out, which identifies the mechanisms responsible for production and dissipation of perturbation energy, as well as their spatial location
in the domain. Due to the downstream amplification of the crossflow vortices, structures of the flow will not be localized, but extend throughout the
entire domain. As a consequence, the results of the stability analysis will be
very sensitive to the particular domain size. By considering the kinetic energy
budget of a perturbation in the flow, a possible explanation to this domain
dependency is discussed. In addition, the critical roughness parameters for the
Falkner–Skan–Cooke boundary layer are compared to those pertaining to the
two-dimensional boundary layers. It is suggested that the onset of global stability for the flow around a discrete roughness element is mainly determined by
the local flow conditions around the roughness, and to a lesser extent by the
particular details of the boundary layer.

Paper 3
On the stability of flat plate boundary layers subject to localized suction
A substantial amount of the total drag on an airplane is accounted for by
skin-friction drag, which in turn is significantly lower for a laminar boundary
layer compared to a turbulent one. Therefore, large portions of laminar flow
over a vehicle are preferable. One existing technique to extend this region is
through application of suction. Suction applied on a boundary layer has been
found to yield a fuller (more stable) velocity profile, and a thinner boundary
layer (lower Reynolds number), hence delaying the onset of transition. For
sufficiently strong suction ratios however, premature transition is observed. As
a result, most studies in the field have focused on the underlying breakdown
mechanisms and applicable design criteria.
In the present study, the stability of a Blasius boundary layer subject to
localized suction is addressed from the point of a global stability analysis. This
is most likely the first of its kind for this particular flow case and enables a
detailed analysis of the receptivity and sensitivity of the flow. It is shown
that the structures inside the pipe are the first to become unstable due to
unsteadiness shed from the separation bubble located at the pipe junction.
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Eventual instability of the boundary layer is also found to originate from this
separation bubble, hence indicating the importance of controlling this structure
to stabilize a case subject to supercritical suction.

CHAPTER 6

Conclusions and outlook
Global stability analysis
In this work the global stability of two boundary layer flows exhibiting considerably different behavior have been investigated. Some conclusions and remarks
from these studies are summarized below.
For the Falkner–Skan–Cooke boundary layer subject to a discrete surface
roughness, two dynamically very different areas have been observed – one immediate near-wake of the roughness, and one far-field region associated with
the crossflow vortices. It has been noted that structures emanating from the
near-wake excite the downstream crossflow vortices and unsteady structures
shed from a supercritical roughness element drive a secondary instability downstream. However, the structures of the near-wake have been seen to decay after sufficient distance from the roughness, whereas the crossflow vortices are
amplified and reached their largest amplitude immediately before the outflow
boundary. Variations of the box length showed that the stability characteristics of the flow were sensitive to this parameter, which complicated the analysis
and interpretation of the results. A complete description of this phenomenon
is still under development and will be pursued in the near future. It is tentatively suggested that the observed change in the eigenvalue spectrum with
domain length, is accounted for by a change in the advective transport of the
perturbation energy due to a change in the underlying baseflow. Production
and dissipation terms are noted to remain unchanged, thus indicating that the
mechanisms responsible for the instability also remain unchanged.
Regarding the Blasius boundary layer with applied localized suction, unstable structures seen within the pipe and the boundary layer were observed
to be closely tied to the separation bubble that developed at the pipe junction.
For this case, various box lengths have not been studied, but might be considered as well in the near future. The important difference between this flow
case and that previously discussed, is the presence of only one dynamical region, namely the near-wake. Therefore, structures are expected to decay after a
certain distance from the disturbance source, and the regions critical to the instability are expected to be localized at the suction site. It is therefore believed
that the results presented herein will be relatively insensitive with respectto the
domain dependency, compared to the case with a roughness submerged into a
Falkner–Skan–Cooke boundary layer.
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Optimal forcing
The novel method for computing optimal forcing developed in this work has successfully been applied to both the one-dimensional Ginzburg–Landau operator
and the two-dimensional lid-driven cavity flow governed by the Navier–Stokes
operator. In both cases, the Stokes (or Laplace) preconditioner is shown to
work satisfactorily, rendering a lower iteration count with increased timestep.
Future work on this method will strive to extend its range of applicability
to more complex flows, such as the two-dimensional Couette flow, the twodimensional Blasius boundary layer, and eventually a fully three-dimensional
flow. The main challenge is the computational cost associated with the method.
Some improvements in efficiency already await implementation, but as seen,
the main bottleneck is the exponential increase in nested iterations associated
with the solution of Poisson and Helmholtz problems. Experience with solvers
such as BiCGSTAB and BiCGSTAB2 (Gutknecht 1993; van der Vorst 1992)
show very erratic convergence behavior, and below a certain ∆t a solution
simply cannot be found (as reflected by the discontinuous step in iteration
count and execution time in figure 3.2). A solution that might remedy this issue
is implementation of generalized minimal residual (GMRES) (Saad & Schultz
1986), which is known to exhibit monotonic convergence at the expense of
larger memory overhead associated with storage of the full Krylov space. It is
believed that satisfactory convergence behavior and decrease in computational
cost can be obtained by fine-tuning the size of the timestep and frequency with
which GMRES is restarted on a case by case basis.
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