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Abstract. This dissertation explores aspects of control in rigid-body and
robotic systems. The �rst and second paper analyze the attitude stabi-
lization problem and its generalization to n-dimensional rigid bodies. The
third and fourth paper are on cooperative control design for systems that
evolve on the n-sphere and related topics such as rigid-body reduced atti-
tude synchronization. The �fth, and �nal, paper proposes a hybrid systems
approach to task-priority based control for mobile manipulation.

The �rst and second paper concern the problem of attitude tracking by
kinematic actuation for a class of almost globally asymptotically stabilizing
feedback laws on SO(n). The closed-loop systems are solved exactly for
the rotation matrices as functions of time. Exact solutions provide insight
into both the transient and asymptotical behavior of a system. Applications
of these results are found in model predictive control and in sampled sys-
tems. The second paper also solves the optimal control problem of geodesic
reduced attitude stabilization subject to full attitude stabilization.

The third and fourth paper concern three cooperative control problems
on the n-sphere with applications to reduced attitude synchronization and
formation control. The global behavior of a consensus protocol is studied
both forwards and backwards in time. The forward time stability properties
of all equilibria are characterized for a non-trivial class of graph topologies.
The reverse time behavior in the case of cyclic graph topologies results in
two types of formations depending on the parity of the number of agents.
A third control protocol renders the centroid of agent states constant.

The �fth, and �nal, paper proposes a hybrid control approach to task
priority based planar mobile manipulation, i.e., control on the n-torus. The
end-e�ector path following problem for a nonholonomic mobile manipu-
lator is solved subject to constraints on the input norm, feasible joint con-
�gurations, and distance to singularities. The hybrid system is well-posed;
there is no Zeno behavior or chattering. A continuous, time-independent
feedback law is derived based on the hybrid control design.

Keywords. Nonlinear systems, rigid-body motion, attitude control, exact
solutions, special orthogonal group, reduced attitude, hypersphere, geodesic
control, multi-agent systems, attitude synchronization, consensus, forma-
tion control, hybrid systems, mobile manipulation, task priority.
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Sammanfa�ning. Föreliggande sammanläggningsavhandling behandlar
styrning av stela kroppars rotionsrörelse samt reglertekniska aspekter av
mobil manipulering. Första och andra artikeln analyserar stabiliseringspro-
blemet för n-dimensionella stelkroppar. Tredje och fjärde artikeln betraktar
konsensus och formationsstyrning på n-sfären med tillämpningar i system
av �ertalet stelkroppar med pekande orientering. Femte och sista artikeln
föreslår att teorin om hybrida system kan användas som ramverk för prio-
ritetsbaserad styrning av mobila manipulatorer.

Första och andra artikeln rör problem relaterade till nästintill global
stabilisering av kinematisk aktuerade system på SO(n). Det återkopplade
systemet löses exakt för rotationsmatrisen som funktion av tiden. Lösning-
en ger en fullständig beskrivning av transient och asymptotiskt beteende.
Tillämpningar åter�nns inommodellprediktiv reglering och i samplade sy-
stem. Andra artikeln löser även det geodesiska styrproblemet för den pe-
kande orienteringen samtidigt som den fulla orienteringen stabiliseras.

Tredje och fjärde artikeln betraktar konsensusproblemet och forma-
tionstyrningsproblemet på n-sfären. Systemets beteende studeras framåt
och bakåt längs tidsaxeln. Stabilitetsegenskaperna framåt i tiden hos alla
ekvilibrium karaktäriseras för ett antal graftopologier. Bakåt i tiden, i fallet
cyklisk graftopologi, rör sig systemet mot två typer av formationer bero-
ende på pariteten hos antalet agenter. Ett tredje konsensusprotokoll ger
konsensus i medelvärdet av initialtillstånden.

Femte och sista artikeln föreslår att teorin om hybrida system kan an-
vändas som ramverk för prioritetsbaserad styrning av mobila manipula-
torer med platform av enhjulingstyp. Banföljningsproblem för arbetsdonet
löses under bivillkor på normen av styrsignalen, tillåtna ledkon�gurationer,
och avståndet till singuläriter. Det hybrida systemet är snällt. En kontinuer-
lig, tidsoberoende återkoppling härleds utifrån det hybrida systemet. Båda
algoritmer rör fallet planära manipulatorer, d.v.s. styrning på n-torusen.

Nyckelord. Icke-linjär systemteori, stelkroppsrörelse, rotationsrörelse, ex-
akta lösningar, speciella ortogonalgruppen, pekande orientering, hypersfär-
en, geodesisk styrning,multi-agent system, formationsstyrning, konsensus,
hybrida system, mobila manipulatorer, prioritetsbaserad styrning.
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Chapter 1

Introduction

The laws that govern the motion of a rigid-body are ubiquitous in dynamical models
of robotic systems. Consider, for instance, an object held in a �xed grasp by the end-

e�ector of a robotic manipulator. Suppose that the robot is assigned a task that requires
the pose of the object to follow some certain trajectory. The time evolution of the object’s
pose is given by Euler’s equations and Newton’s second law of motion coupled with the
dynamics of the manipulator itself [1]. An engineer studies the map from input signals
to output signals in order to design an autonomous system with desired properties by
means of feedback control [2]. Part of that work concerns the control of the orientation
of a rigid-body with respect to an inertial frame of reference, i.e., attitude control [3]. This
dissertation unfolds a story of such control design work. It begins with attitude control
and ends in a sub�eld of robotics known as mobile manipulation. As such, it is the aim of
this chapter to introduce basic notions, key problems, and interesting challenges in these
areas and to show how they relate to the �ve appended papers of this thesis.

1. Rigid-Body A�itude Control

Research on rigid-body attitude control is motivated by applications in a wide range of
engineering �elds including aerospace engineering, automotive engineering, naval ar-
chitecture, and robotics [3]. It concerns problems related to the orientation and angular
velocity of a rigid body in an inertial frame of reference. Examples of rigid bodies include
spacecraft, aircraft, watercraft, ground vehicles, and robotic systems. The words heading,
pointing, and attitude are used to describe the orientation of vehicles with one, two, and
three degrees of rotational freedom respectively. Mathematical models corresponding
to our intuitive understanding of such properties are given by certain instances of two
n-dimensional manifolds: the special orthogonal group and the unit hypersphere.

1.1 The SpecialOrthogonal Group. The attitude of a rigid body is de�ned as a relation
between coordinate frames. It is the rotation matrix that transfers the body-�xed frame
into a given inertial frame. The attitude is hence an element of the set SO(3) which in



2 Chapter 1

turn is an instance of

SO(n) = {R ∈ Rn×n | R−1 = R⊤, detR = 1},
i.e., the set of n × n orthogonal matrices with positive determinant [4]. This set, which is
also know as the special orthogonal group, is a 1

2n(n − 1)-dimensional manifold with the
smooth structure of a Lie group. Note that the dimension of SO(3) is three, i.e., the three
rotational degrees of freedom possessed by a rigid body.

A well-known theorem states that global asymptotical stability on SO(n) cannot be
obtained bymeans of a continuous, time-invariant feedback [5]. To understand this result,
consider a smooth vector �eld on S0 (C) = {z ∈ C | |z | = 1}, i.e., the unit circle in the
complex plane which is isomorphic to SO(2). Note that this vector �eld can only change
direction from clockwise to counter-clockwise at a point where it vanishes. If there is
exactly one equilibrium it must be unstable, since the vector �eld is unidirectional. If
there is more than one equilibrium, no single equilibrium can be globally asymptotically
stable. Figure 1 illustrates these notions.

Figure 1. Two vector �elds and three equilibria on S1. A globally attractive saddle point (left), an
unstable node (center), and an almost globally asymptotically stable node (right).

It is however possible to achieve results such as almost global asymptotical stability
using continuous, time-invariant feedback or global asymptotical stability by means of
a discontinuous feedback. The literature on attitude control includes plenty examples
of such results; almost global asymptotical stability through continuous time-invariant
feedback [3,6], almost semi-global stability [7], and global stability by means of a hybrid
control approach [8]. An interesting trend in recently published works is the use of in-
trinsic control algorithms [9], i.e., the loop is closed directly on SO(3) without relying on
an extrinsic representation that embeds SO(3) in some Euclidean space [3, 6, 7, 9, 10].

As a smooth manifold, SO(3) can be represented using various parameterizations.
Any such parametrization is a mapping from R

n or another manifold onto SO(3). Pa-
rameterizations are useful since they reduce the number of states required to describe the
orientation of a rigid body. Examples of parameterizations are the Euler angles inR

3 and
the unit ball in quaternion space H [11]. Using parameterizations to represent rotation
matrices can have negative implications on control performance. Euler angles give rise to
gimbal locks [12] and quaternions may result in the so-called unwinding phenomena [5].
As a guiding principle, local representations of SO(3) can be used to establish local results
such as asymptotical stability. The case of global representations is more subtle.

Example 1 (F.L. Markley & J.L. Crassidis [12]). The Euler angles provide a minimal
parametrization, i.e., it utilizes the same number of parameters as there are degrees of
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freedom. Minimal parameterizations can represent all of SO(3) but not uniquely, nor can
it represent all possible rotational velocities at all points. Consider the Euler angle rep-
resentation obtained by the following extrinsic rotations: �rst rotate φ radians about the
abscissa, then ϑ radians about the applicate, and �nallyψ radians about the abscissa. The
corresponding rotation matrix is

R =


1 0 0
0 cosψ − sinψ
0 sinψ cosψ



cosϑ − sin ϑ 0
sin ϑ cosϑ 0
0 0 1



1 0 0
0 cosφ − sinφ
0 sinφ cosφ

 .
Evaluate R at a �xed ϑ = 0 to �nd that

R =


1 0 0
0 cos(φ +ψ ) − sin(φ +ψ )
0 sin(φ +ψ ) cos(φ +ψ )

 .
There are in�nitely many choices of φ and ψ that result in the same rotation matrix.
Moreover, since

Ṙ = (φ̇ + ψ̇ )


0 0 0
0 0−1
0 1 0


R,

any change in φ or ϑ produce the same change in R. The rotation matrix is at a singular
con�guration; there is only one degree of freedom left with respect to the instantaneous
motion instead of the two that may be needed.

Example 2 (S.P. Bhat & D.S. Bernstein [5]). Consider a system on the unit circle S0 (C)

in the complex plane. Represent the orientation of a planar rigid-body by an angular
coordinate ϑ ∈ R. Suppose that the rigid-body is actuated on a kinematic level, i.e., model
it using the single-integrator dynamics ϑ̇ = u. The stabilizing feedback law u = −ϑ yields
ϑ (t ; θ0) = exp(−t )ϑ0. It appears that the equilibrium ϑ = 0 is globally asymptotical stable,
a contradiction to the statement in Section 1.1. However, note that setting ϑ0 = 2πk for
any k ∈ Z yields a trajectory from 2πk to 0 in parameter space, corresponding to k
rotations around the number 1 on the unit circle. The feedback is globally exponentially
stable in parameter space but unstable on S0 (C). This can be �xed by introducing the
constraint ϑ ∈ [−π , π ), but then continuity is lost instead.

The unit quaternions provide a popular parametrization of SO(3). There is a two-to-
one mapping from the unit sphere S0 (H) = {q ∈ H | |q | = 1} in quaternion space onto
SO(3). Any unit quaternion q ∈ S0 (H) and its antipodal counterpart −q are mapped to
the same rotation matrix. The unit quaternions hence form a twofold cover of SO(3) [11].
It is this property that may give rise to the so-called unwinding phenomenon, where a
asymptotically stable equilibrium on S0 (H) corresponds to an attractive but unstable
equilibrium on SO(3) [5]. That behavior on S0 (H) is analogous to what happens in the
case of R covering S1 in�nitely many times as illustrated by Example 2.
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The above discussion makes a case against extrinsic attitude control methods which
relies on embedding SO(3) in an Euclidean space or on some other manifold. The alter-
native is an intrinsic approach where control design is carried out directly on SO(3). This
is the course taken by Paper A to E of this thesis, although angle coordinates are occa-
sionally used in proofs. In addition to the above disadvantages of extrinsic methods, the
results of Paper A to C provide an argument in favour of using an intrinsic approach: it
allows for the case of general dimension to be put under scrutiny.

1.2 TheHypersphere. It is sometimes preferable to consider justn−1 of the 1
2n(n−1) de-

grees of freedom on SO(n). In the case of SO(3), these correspond to the so-called reduced
attitude [3]. The reduced attitude formalizes the notion of pointing orientations such as
the two degrees of rotational freedom possessed by objects with cylindrical symmetry.
The reduced attitude is also employed in redundant tasks like robotic spray painting and
welding that only require the utilization of two degrees of rotational freedom [1]. Re-
duced attitude control by means of kinematic actuation is mathematically equivalent to
a control system on the sphere. As such, it is also of relevance in applications pertaining
to systems that evolve on spheres, e.g., planetary scale mobile sensing networks [13].

The reduced attitude is represented by a vector on the 2-sphere [3]. From a mathe-
matical point of view it is appealing to strive for abstraction and generalization. Reduced
attitude control is a special case of control on the unit n-sphere. This n-dimensional man-
ifold is de�ned by

Sn = {x ∈ Rn+1 | ‖x‖ = 1}.

The generalized reduced attitude can be used to model all physical rotations. The heading
of a two-dimensional rigid-body is an element ofS1, the pointing direction of a cylindrical
rigid-body is an element of S2, and the full attitude can be parametrized by S3 through a
composition of two maps via the unit quaternions.

The 2-sphere is a special case of SO(3), and as such many results obtained for SO(3)
also applies to S2. Still there are some di�erences; both SO(3) and S2 are compact man-
ifolds, but only SO(3) is a Lie group. Special cases sometimes allow for stronger results.
Paper A and B study geodesic feedback stabilization on SO(n) and Sn respectively. The
unstable manifold on SO(n) is uncountable, on Sn it consists of a single point. The �nd-
ings of Paper C indicates that the conditions for achieving almost global consensus are,
in a certain sense, more favorable on the 2-sphere than the particularization of previously
known results concerning SO(3) would imply.

1.3 Dynamics. Let us derive the dynamics on SO(n). From the time-derivative of the
identity RR⊤ = I, we get ṘR⊤ = −(ṘR )⊤. So ṘR⊤ is skew-symmetric, i.e., an element of
the Lie algebra so(n) of SO(n) de�ned by so(n) = {S ∈ Rn×n | S⊤ = −S} [14]. Denote Ω =
ṘR⊤ ∈ so(n), whereby

Ṙ = ΩR. (1)
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To see that any Ω ∈ so(n) is admissible, consider the curve R = exp(Ωt )R0 where Ω ∈
so(n) is arbitrary and R (0) = R0 ∈ SO(n). Then Ṙ = ΩR. Moreover, R ∈ SO(n) for all
t ∈ [0,∞) since the matrix exponential maps so(n) onto SO(n).

Assumption 3. Assume that R is fully actuated on a kinematic level, i.e., assume that
any skew-symmetric matrix Ω can be taken as the input signal of the system Ṙ = ΩR.

Assumption 3 implies that the matrix R can be actuated along any direction of its
tangent space TRSO(n) = TISO(n) = so(n). Note that SO(n) is an invariant set under the
kinematics (1), i.e., if R0 ∈ SO(n) then the solutionR (t ;R0) to (1) satis�es R (t ;R0) ∈ SO(n)

for all t ∈ [0,∞). Paper A and B show how exact solutions to (1) can be calculated for a
large class of feedback algorithms Ω belonging to SO(n) and so(3) respectively.

Consider the dynamics of a point on the n-sphere. Let r denote this point. The con-
straint ‖r‖ = 1 implies ṙ ∈ TrSn = {v ∈ Rn+1 | v ⊥ r}. The projection of any input signal
u ∈ Rn+1 on the tangent space TrSn is given by

ṙ = u − 〈u, r〉r. (2)

Since u is arbitrary, r is fully actuated on TrSn. The dynamics (2) moves r in the steepest
descent direction of the geodesic distance ϑ (r, v) where v is the projection of u on the
n-sphere and ϑ : Sn × Sn → [0, π ] is de�ned by ϑ (x, y) = arccos〈x, y〉.
Remark 4. The attitude dynamics of a rigid body is often described by a second order
system consisting of a kinematic equation, an equivalent of (1), coupled with Euler’s
equation of motion. In that case, the input signal is a torque vector. Kinematic level con-
trol design may however be preferable under certain circumstances, for example when an
application programming interface restricts actuation to velocity level control commands
or as a prerequisite in applying the backstepping control design technique [15]. Models
with kinematic level actuation, i.e., models that adopt Assumption 3 are also common in
certain �elds such as visual servo control [16, 17]. What is more, there is no compelling
reason to impose Newtonian mechanics in the general SO(n) case. Paper A to E of this
thesis use kinematic models of rigid-body systems.

1.4 Sample Problems. This section provides a sample of three attitude control prob-
lems—stabilization, consensus, and formation control—that hint at some of the ideas,
techniques and results to be found in the appended papers. Problems pertaining to at-
titude stabilization is studied in Paper A and B whereas aspects of the reduced attitude
consensus and formation control problem is studied in Paper C and D respectively.

1.4.1 Stabilization. Stabilization refers to the control design process of �nding a feed-
back law, i.e., to specify the input as a function of the state, such that a desired equilibrium
is stable and attractive under the closed-loop dynamics. Roughly speaking, an equilibrium
is stable if all system trajectories starting out su�ciently near it stay near it. A precise
de�nition of stability can be given in terms of an epsilon-delta relation. The attractivity
property refers to the limits of the state. For an equilibrium to be attractive, all trajecto-
ries starting out su�ciently close to it must converge to it. An equilibrium is said to be
asymptotically stable if it is both stable and attractive.
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The kinematic level stabilization problem on SO(n) concerns the design of an Ω that
stabilizes the identity matrix as an equilibrium of (1). The property of almost global
asymptotical stability provides a benchmark for continuous, time-invariant feedback on
SO(n). An equilibrium of (1) is said to be almost globally asymptotically stable if it is
asymptotically stable and the region of attraction is all of SO(n) except for a set ofmeasure
zero. A set S ⊂ SO(n) has measure zero if for every chartϕ : B → R

1
2n (n−1) in some atlas

of SO(n), it holds that ϕ (B ∩ S) has Lebesgue measure zero [18].
The two methods of Lyapunov are well-known tools used to study the stability and

attractiveness of equilibria. Lyapunov’s indirect method approximate a system by its
linearization and study its spectrum. The main idea of the second method is often stated
in terms of physical intuition: a system is stable if its total energy only decreases over
time. Mathematically, this notion is formalized in terms of a potential function, a so-called
Lyapunov function, which is usually taken to be a positive de�nite function with negative
de�nite time derivative. As a potential function, it can always be augmented by constants
however. The following proposition serves to illustrate the attitude stabilization problem
and the use of Lyapunov’s direct method.

Proposition 5. The control law Ω = R⊤ − R stabilizes the equilibrium R = I of the system

Ṙ = ΩR on SO(n).

Proof. Note that Ω ∈ so(n) as required and that the closed-loop system is Ṙ = I − R2.
To see why R = I is asymptotically stable, consider the candidate Lyapunov function
V : SO(n) → [−n + nmod 2,n] given by V = trR. Note that V̇ = n − trR2. The spectral
theorem for normal matrices imply that R is diagonalizable by a unitary matrix, i.e., R =
UΛU∗ for some U ∈ U(n). Denote Λii = ai + ibi whereby

V̇ = n − trΛ2
= n −

n
∑

i=1

(ai + ibi )
2
= 2 *,n −

n
∑

i=1

a2i
+- ,

where the cross terms over conjugate pairs of eigenvalues cancel and the b2i terms are
eliminated using the identity |λi | = 1. It is clear that V̇ ≥ 0 with equality if and only if
σ (R) ⊂ {−1, 1}. The superlevel set L = {R ∈ SO(n) | trR > n − 2} does not admit any
negative eigenvalues of R. Lyapunov’s theorem yields asymptotical stability since V̇ is
positive de�nite over L. �

Remark 6. Note that Proposition 5 extends to almost global asymptotical stability in the
case of n = 3 since −1 is the global minimum value of the trace function over SO(3)
and the preimage of −1 corresponds to a set of measure zero. On SO(3), the undesired
manifold is located at a maximum distance from the identity matrix. It is hence su�cient
to move along geodesic curves towards I. For general n ∈ N it is not evident whether
such an approach yields global attractivity of the identity or not. Paper A and B shows
that it does for a large class of control laws.

The main themes of Paper A to E are the notions of stability and attractivity in dy-
namical systems. The two methods of Lyapunov and LaSalle’s principle are hence used
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extensively. Unfortunately, Lyapunovs direct method is not constructive but requires a
leap of intuition. Ad hoc techniques for proving stability need therefore often be sup-
plemented. Paper A uses the adjoint systems technique for solving di�erential Riccati
equations, Paper B uses a divide-and-conquer approach based on reduction theorems,
Paper C relies on a geometric understanding of the underlying state-space, Paper D uses
spherical trigonometry, and Paper E takes a hybrid control theory approach where an
algorithm is assumed to converge after having run for a certain amount of time.

1.4.2 Tracking. Attitude tracking is a generalization of the attitude stabilization prob-
lemwhere the rotationmatrix is required to follow a path in SO(n) that is parametrized by
time. In certain cases, such as for tracking for linear systems and indeed kinematic level
attitude control, the problems of tracking and stabilization are equivalent under suitable
assumptions regarding the information available for use in feedback control.

Let Ẋ = ΓX denote a system on SO(n). The attitude tracking problem concerns the
design of a Γ that rotates X into a desired moving frame Xd ∈ SO(n). Assume that Xd
is generated by Ẋd = ΓdXd , where Γd ∈ so(n) is known. Furthermore assume that the
relative rotation error matrix R = X⊤dX ∈ SO(n) is available for use in the feedback. Note
that rotating X into Xd is equivalent to rotating R into I. Moreover,

Ṙ = Ẋ
⊤
dX + X

⊤
d Ẋ = (ΓdXd )

⊤X + X⊤d ΓX = −X
⊤
d ΓdXdR + X

⊤
d ΓXdR

= X⊤d (−Γd + Γ)XdR = ΩR,

whereΩ = X⊤d (−Γd +Γ)Xd ∈ SO(n). The kinematic level attitude tracking problem in the
case of known Rd , Γd can hence be reduced to the attitude stabilization problem. Clearly,
attitude stabilization is a special case of tracking where Xd = I, Ẋd = 0.

1.4.3 Consensus. Consider a multi-agent system where the agents are capable of lo-
cal sensing and local communication. There is a preference for distributed control solu-
tions since they require less communication and are more robust to single-agent failures
compared to many leader-follower and centralized control schemes [19]. The consen-
sus problem is solved, roughly speaking, by a control design that makes the state of a
high-dimensional system reach a desired manifold that characterize a state of agreement
among the agents. The feedback laws, or consensus protocols, must adhere to certain
constraints regarding the so-called relative information available to each agent.

Let there be N agents. Identify each agent by an index i ∈ [N ], where [ ] : n 7→ {k ∈
N | k ≤ n} [20]. The agents are capable of limited pairwise communication. The topology
of the communication network is described by a graph G = (V, E), whereV = [N ], and
the presence of an edge (i, j ) ∈ E implies that agent i and j can communicate. Such pairs
of agents are called neighbors. Denote the neighbor set of agent i ∈ V by Ni = {j ∈
V | (i, j ) ∈ E}. It is assumed that G is connected so that information can propagate over
time between any pair of agents including non-neighbors.

The problem of reduced attitude consensus concerns the alignment of the reduced
attitudes {xi ∈ S2 | i ∈ V} of a number of rigid-bodies in a multi-agent system. The
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dynamics of the ith agent is

ẋi = ωi × xi . (3)

The relative information shared between agent i and j is partly de�ned by Ii j ⊂ span{xi ×
xj }. Note that ϑ (xi , xj ) ∈ Ii j for any j ∈ Ni . Setting ωi =

∑

j∈Ni xi × xj = xi ×
∑

j∈Ni xj
yields a distributed control law that rotates xi towards the centroid of its neighbors.

Consider the consensus problem on the n-sphere. The dynamics of the ith agent with
state xi ∈ Sn is

ẋi = ui − 〈ui , xi 〉xi . (4)

The information Ii j that any agent i has access to regarding one of its neighbors j may
be partly de�ned as Ii j ⊂ span{xj }. For the purposes of reaching consensus it su�ces to
use pos{xj } = {w xj |w ∈ (0,∞)} ⊂ Ii j . The di�erence between span{xi × xj } and Ii j is
due to the di�erence between (3) and (4). For linear multi-agent systems the information
is Ii j = span{xj − xi }. On the n-sphere, consensus dynamics includes such information
projected on the tangent space of an agent, i.e., ẋi includes terms on the form of (I − xi ⊗
xi )xi = xj − 〈xj , xi 〉xi , where ⊗ : Rn ×Rn → R

n×n denotes the outer product.
The above considerations lead us to adopt the following model.

System 7. Consider a system given by N agents, an undirected and connected graph
G = (V, E), agent states xi ∈ Sn , and dynamics

ẋi = ui − 〈ui , xi 〉xi ,

where ui =
∑

j∈Ni fi jxj ∈ R
n+1 for some continuously di�erentiable fi j : Si → (0,∞),

where Si ⊆
∏

j∈Ni Ii j , for all i ∈ V .

Let us de�ne the consensus manifold as

C = {{xi }Ni=1 ∈ (Sn )N | xi = xj , ∀ (i, j ) ∈ E},

i.e., the set of points such that the states of all agents are equal. To solve the consen-
sus problems, we are required to design control algorithms and show that they generate
closed-loop systems for which C is a stable and attractive manifold. Proposition 8 below
shows that System 7 restricted to an open hemisphere only admits one maximal equilib-
rium manifold. To prove that a hemisphere is invariant is straightforward, and to show
the stability and attractivity of C can be done using Lyapunov theory [21].

Proposition 8. The only maximal equilibrium manifold of System 7 in the case that all

agents are contained within an open hemisphere of Sn is the consensus manifold C.

Proof. LetH denote the open hemisphere. SinceH is open, there must be an agent i that
minimizes the distance toH c. At an equilibrium, it holds that xi ‖ ui . Agent i belongs to
an extreme ray of the convex cone pos{xi | i ∈ V}. This implies that xi ‖ ui if and only
if xj = xi for all j ∈ Ni . Recursive reasoning shows that the system is at the consensus
manifold due to G being connected. �
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Remark 9. Proposition 8 is similar to a more general result which establishes asymptotical
convergence of certain discrete-time consensus protocols on convex subsets of Rieman-
nian manifolds [21].

Figure 2. An unstable equilibrium of a system on S2 (left) with an octahedral graph G (right).

Unlike the case of Proposition 8, System 7 admits multiple maximal equilibrium man-
ifolds if the agents are distributed over the entire sphere; Figure 2 provides an example.
The main challenge in proving global level consensus is that the n-sphere is not a convex
set. Paper C explores this problem. Our initial motivation for studying the global level
behavior of System 7 in Paper C was a desire to prove that the consensus manifold is an
almost globally asymptotically stable equilibrium of System 7 on the 2-sphere when all
weights are constant and equal. The truthfulness of this conjecture remains undecided.

1.4.4 Formation Control. The formation control problem generalizes the consensus
problem. It is solved by a feedback design that stabilizes some desired geometric con�g-
uration of the agents’ states [19]. Research on consensus on SO(3) is often motivated by
the problem of attitude synchronization, i.e., of aligning the orientation of a number of
rigid-bodies. A popular application is satellite formation �ight [22–24]. Likewise, attitude
formation control is of interest with regard to related problems such as rendezvous of a
pair of satellites, camera surveillance etc.

Much like stabilization of an arbitrary point can be reduced to stabilization of the
origin, the formation control problem can be solved using consensus protocols. This is
done by introducing a new set of coordinates that account for the desired relative po-
sition between agents [22, 25]. Formations can also be speci�ed in terms of the desired
relative distance. However, such an approach requires the agents to have access to more
information than is required to reach consensus.

Paper D reveals that two classes of formations can be stabilized on the 2-sphere by
means of a basic control law that is actually one of the two consensus protocols in Paper
C run backwards, i.e., with a change of sign in the feedback loop. To switch the sign of a
feedback is often destabilizing; this is certainly true in the linear case. However, since Sn
is a compactmanifold there is a maximumdistance between any two agents wherefore the
feedback acts to stabilize certain agent formations by means of maximizing the minimal
distance between any two neighbors.

It would seem that System 7 evolves from formations consisting of either two antipo-
dal points or points that are equidistantly spread out over a great circle with d (xi , xj ) =
(1−1/n)π for all (i, j ) ∈ E towards the consensus manifold C. Equivalently, the system ap-
pears to evolve from those special formations towards the consensus manifold if the sign
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of the feedback is reversed. As such, Paper C and D hint at a complete characterization
of the asymptotical behavior of System 7 both forwards and backwards in time.

1.5 A Remark Regarding the Special Euclidean Group. Rigid-body attitude control
is closely related to pose control, the simultaneous control of both the position and the
attitude. The pose of a rigid-body is an element of SE(3) which in turn is an instance of

SE(n) =

[
R p

0 1

]
∈ Rn+1×n+1

������R ∈ SO(n), p ∈ Rn
 ,

i.e., the special Euclidean group of rigid-body motions. Many of the results in Paper A
to D of this thesis regard the SO(n) case but may easily be extended to the SE(n) case.
Some caution is however advised. For example, Euclidean matrices are not normal and
as such it is not possible to invoke Rellich’s theorem and argue that eigenpairs are locally
analytic functions of the time [26].

There are arguments to support a separate treatment of the cases of SO(n) and SE(n).
From a practical point of view, the physical embodiment of a particular system, such as a
robotic manipulator with a wrist actuator, may allow for a natural decoupling of position
and attitude control. The results of Paper E in this thesis applies to such systems; see also
Example 10 below. There are works that combine a large class of attitude and position
control laws in an inner-outer loop feedback scheme to achieve pose stabilization on
SE(n) [27]. That results is derived using a reduction theorem concerning the stability of
systems with a so-called triangular structure [28]. Such system may also undergo the
backstepping control design technique [15].

2. Autonomous Robots

Autonomous robots provide the industry with tailor made high-quality, cost-e�ective,
and safe systems for manufacturing [1]. As the use of robots increases in new sectors
such as the health care industry, a need for more �exible and robust systems arises [29].
Robots operating in dynamic environments should be steered by feedback based on sens-
ing rather than open-loop control. Moreover, a control system designed to carry out
complex tasks has to account for the possibility of multiple outcomes and be able to re-
cover from failures. Emerging robotics research provides hybrid systems theory tools for
the high level modeling of tasks and their execution [30].

2.1 MobileManipulation. Amobile manipulator consists of a robotic manipulator that
is mounted on top of a mobile platform [1], see Figure 3. A mobile manipulator combines
the unlimited workspace of a mobile platform with the multiple functionalities of a ma-
nipulator. It thus provides a �exible system with a high degree of manipulability [31].

2.1.1 Mobile Platforms. The term mobile platform encompasses autonomous vehicles
of various categories such as tracked and wheeled vehicles. In urban environments, it
may be preferred to use wheeled mobile platforms since they tend to move faster while
consuming less energy as compared to robots that use other means of locomotion [1].
Of these, nonholonomic mobile robots may in turn be preferred over those capable of
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Figure 3. A mobile platform (left), a manipulator (middle), and a mobile manipulator (right).

omnidirectional motion since the former are of a simpler and more reliable mechanical
design. Nonholonomic motion constraints do however pose challenges, making them
an interesting object of study. For example, it is implied by Brockett’s theorem that the
pose of a nonholonomic vehicle cannot be stabilized to a point by means of a continuous
time-invariant feedback [32].

A certain type of nonholonmic mobile platform, the so-called unicycle, can be mod-
elled as an element of the space R2 × SO(2) [1]. The space SO(2) of headings, or orienta-
tions of a two-dimensional rigid-body, is often represented by an angle coordinate on the
half-open interval [−π , π ). This amounts to the coordinates of a point on the body-�xed
coordinate frame and an angle coordinate. Based on the discussion in Section 1 of this
chapter, we prefer to use an intrinsic approach. Denote the position state by pp ∈ R2 and
the orientation state by R ∈ SO(2). The di�erential kinematics of the platform are

ṗp = uvRpp , Ṙ = uωSR, (5)

where uv and uω , the translational and angular velocities respectively, are the input sig-
nals, and S ∈ so(2). Note that a nonholonomic platform is only capable of instantaneous
motion in the direction it is facing.

2.1.2 Robotic Manipulators. A manipulator is a arm-like mechanism that is equipped
with an end-e�ector. The end-e�ector is an instrument of some variety, a mechanical
gripper, a tool, a camera etc. A basic manipulator task consists of reaching, grasping and
manipulating an object. To facilitate the completion of such tasks, the manipulator is
required to move and thereby alter the pose of the end-e�ector. Each of these problems
are interesting from a control and estimation perspective due to the highly nonlinear state
equations involved and the limited sensory information available [1].

Let the end-e�ector position be given by the forward kinematics, pe : Q → W ⊂
R
k, k ∈ {2, 3}, which maps joint space onto the reachable workspace. The di�erential

kinematics ṗe = Jq̇ relates ṗe , the velocity of the end-e�ector to the joint velocities q̇

by means of the manipulator Jacobian J ∈ R
k×n. It is assumed that the joints are fully

actuated on a kinematic level, i.e., the single-integrator model

q̇ = uq , ṗe = Juq (6)

is adopted. As is stated in Remark 4, there is sound motivation for this assumption [33].



12 Chapter 1

Example 10. Consider a planar manipulator consisting of n links connected in series
by n revolute joints. The kinematic chain is serial and the joints are assumed to be fully
actuated on a kinematic level. The joint space of such a system is the n-torus T n

=

S1 × . . . × S1, where each of the n circles represents the state of a joint. The forward
kinematics pe : T → R

2 is a many-to-one map into workspace which is either a disk or
an annulus depending on the link lengths.

Let ϑ1, . . . ,ϑn denote the joint angles and l1, . . . , ln the lengths of the links. De�ne ϑi
to be the angle between the ith and i − 1th link, with the �rst link being compared to the
abscissa of the body-�xed frame. Let pi denote the position of the ith joint. Then

pi+1 = pi + li

i
∏

j=1

Rje1,

where Ri ∈ SO(2) corresponds to a counter-clockwise rotation of ϑi radians. Whence

pe =

n
∑

i=1

li

i
∏

j=1

Rje1, ∂kp =

n
∑

i=k

li

i
∏

j=1

Rje2, J = [∂kpe ], (7)

for all k ∈ [n], where ∂k = ∂/∂ϑk and J is the manipulator Jacobian. Moreover, Re =
∏n

i=1 Ri .
The di�erential kinematics relates the relative velocity of the manipulator base and

the end-e�ector velocity. Let us introduce the following notation: q = [ϑi ], ωi = ϑ̇i for
all i ∈ [n], q̇ = [ωi ], θe =

∑n
i=1 ϑi , and ωe = ϑ̇e . Then ṗe = Jq̇, Ṙe = ωeSRe , where

S ∈ so(2). A special case is ln = 0, which may be interpreted as a manipulator with a
wrist actuator. In that case, denote ϑw =

∑n−1
i=1 ϑi , ωw = ϑ̇w . The forward kinematics

and di�erential kinematics of the end-e�ector position are una�ected by ϑn . Moreover,
ωe = ωw + ωn whereby setting ωn = −ωw + un allows for a decoupling of position and
orientation control.

Note that if pe is included as a part of the state then the system becomes holonomic
since pe must belong to the reachable workspace for all q ∈ Q. When pe lies on the
border ofW , the end-e�ector can no longer be actuated along all directions of Rk. Any
con�guration q at which the movement of pe is restricted to a subset of its tangent space
is referred to as singular. Singular con�gurations represent a control design challenge
because of their nonlinear dependence on the manipulator Jacobian and since they re-
strict the end-e�ector’s freedom of motion. Moreover, the use of feedback linearization
techniques based on the pseudo-inverse, J†, of the manipulator Jacobian for workspace
control results in the norm of the input signal growing unboundedly as the manipulator
approaches a singular con�guration.

Proposition 11 (K. Tchon & P. Urban [34]). A planar manipulator with n ≥ 2 revolute

joints is singular if and only if ϑi ∈ {0, π } for all i ∈ [n]\{1}, irregardless of the value of ϑ1.

Proof. Suppose that ϑk ∈ {0, π } for all k ∈ [n]\{1}. Then

span
{

∂kp | k ∈ [n]
}

= span{R1e2}
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by (7), i.e., the manipulator Jacobian is a rank-one matrix.
Suppose that ϑk < {0, π } for some k , 1. If ∂k−1pe 6 ‖ ∂kpe , then J is full rank. Assume

∂k−1pe is parallel to ∂kpe . Note that

∂kpe = ∂k−1pe − lk−1
k−1
∏

j=1

Rje2

which implies that ∂kpe , ∂k−1pe , and
∏k−1

j=1 Rje2 are collinear. Likewise,

∂k+1pe = ∂kpe − lk
k

∏

j=1

Rje2

implies that ∂k+1pe , ∂kpe , and
∏k

j=1 Rje2 are collinear. But
∏k

j=1 Rje2 and
∏k−1

j=1 Rje2 di�er
by Rk < {−I, I}, a contradiction. �

Control design that is not aimed at a particular manipulator embodiment cannot rely
on the type of precise characterization of singular con�gurations that Proposition 11 pro-
vides. Various scalar measures of the distance to a singularity, such as indices of manip-
ulability are employed in the literature [31]. Paper E of this thesis uses the scalar ‖J†‖ as
a measure of the distance to a singular con�guration. The value ‖J†uq ‖ may sometimes
be preferred, it disregards singularities that do not e�ect the current joint velocities.

2.2 Dynamics. The di�erential kinematics of a mobile manipulator are given by

ṗe = uvRe1 + uωTSpep + Juq,

where T = [e1 e2] lifts vectors from R
2 to R

3 in the case of spatial manipulation. This
equation can easily be derived from the di�erential kinematics of a mobile platform (5)
and a manipulator (6). Consider the planar case and assume that the attitude of the end-
e�ector can be actuated by joints on the manipulator wrist, thereby decoupling attitude
and position control. There are thenn+2 input signals to control pe but only three degrees
of freedom, i.e., a mobile manipulator is a highly redundant mechanism.

2.3 Task Priority and Redundancy Resolution. Most manipulators possess redun-
dant degrees of freedom in the sense that the forward kinematics and di�erential kine-
matics are many to one maps [1]. There are hence multiple manipulator joint con�gura-
tions and multiple joint velocities that correspond to a single end-e�ector pose or screw.
Redundancy resolution techniques provide a unique tuple of joint coordinates in the face
of surplus choices [35–39]. These coordinates are often found by solving an optimization
problem such as the maximization of some manipulability index [31].

Task priority addresses the fact that most control problems in robotics have multiple
objectives and are subject to hard constraints [1]. The current or desired end-e�ector pose
and screw may e.g., be restricted by limitations on sensing and safety requirements. Such
considerations must sometimes take priority over the completion of the main task. Issues
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of task priority tend to involve redundancy resolution. If a task leaves some redundant
degrees of freedom unaccounted for, they may be utilized to perform tasks of secondary
importance. This notion can be generalized to the case of an arbitrary number of tasks
[37, 39].

It is natural to perform tasks both in series and in parallel, and to allow for interrup-
tions. A mobile manipulator may e.g., be working on a manipulation task that requires it
to stretch the arm resulting in a gripwith a suboptimal manipulability index [31]. Themo-
bile manipulator could then pause the manipulation task and reposition its base, prefer-
ably by approaching the object while contracting the arm. Alternatively, the subtask of
repositioning the base could be carried out simultaneously as the mainmanipulation task.
Paper E of this thesis use the theory of hybrid systems to develop a framework for the
design of well-posed control algorithms that incorporate such features.
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Abridgment

What follows is a digest of the �ve appended papers, a short list of related publi-
cations by the author, and a brief review that identi�es the contributions by the

author and his co-authors to each of the �ve the papers. Each paper can be read indepen-
dently of the others although there is an overlap of topics, ideas, and methods—but not
results. All papers concern asymptotical stability in dynamical systems and the global
performance of feedback control. Paper A and B set a smorgasbord of exact solution to
equations that arise in tracking problems on the special orthogonal group SO(n). Paper B
also provides the solution to an optimal control problem. Paper C and D revolve around
the stability properties of a multi-agent system on the sphere. The algorithm of Paper D
is found by destabilizing the system in Paper C by means of negative feedback, or equiv-
alently in the case of bilinear systems, by reversing the direction of time. The results of
Paper A to D have practical applications in the �eld of rigid-body attitude control. Paper
A concerns the full attitude, Paper C and D concern the reduced attitude, and Paper B
concerns both. Paper E is standalone. It provides a hybrid control approach to the prob-
lem of task-priority based path following for the end-e�ector of a mobile manipulator.
Paper B and E are related in the sense that they are both centered around the notion of
achieving multiple control objectives of di�erent priority.

1. Abridgments

1.1 Paper A. Paper A concerns a novel aspect of the well-known attitude stabilization
problem for a rigid-body. The attitude stabilization problem is �rst generalized from the
rotation group SO(3) to the special orthogonal group SO(n) of general rotation matrices.
A number of closed-loop systems generated by control laws that yield asymptotical sta-
bility on a global level are solved exactly for the rotation matrices as functions of time.
The exact solutions provide insight into the transient dynamics of the system that are
di�cult to ascertain using conventional stability analysis techniques such as the meth-
ods of Lyapunov. The exact solutions also prove helpful in understanding the asymptotic
behavior of the system such as establishing the region of attraction.

Themotion of a rigid-body is analyzed on a kinematic level as is customary in the �eld
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of visual servo control [16, 17]. Applications are found in systems with slow dynamics
that may be accurately described by such models. The results of Paper A are applicable
in model predictive control problems where the exact solutions are used to evaluate the
future e�ects of the possible current control actions. Another application is found in
sampled attitude systems where the exact solutions and knowledge of the system state at
past sample times is used to solve the problem of continuous feedback subject to discrete
time sensing.

1.2 Paper B. Paper B presents a novel approach to almost global attitude stabilization.
The reduced attitude is stabilized along a geodesic path on the 2-sphere. Moreover, the
proposed feedback also steers the full attitude to its desired value on SO(3). It hence
combines a maneuver that consists of two sequential moves into one smooth motion.
This algorithm is of use in applications where the stabilization of the reduced attitude
takes priority over stabilizing the full attitude. A two parameter feedback gain allows
further trade-o�s regarding the full and reduced attitude convergence speed. The closed
loop kinematics on SO(3) are solved for the states as functions of time and the initial
conditions, providing precise knowledge of the workings of the transient dynamics.

Control problems pertaining to the reduced attitude has received comparably less
attention in the literature than those regarding the full attitude; a selection of works
are [3,40–42]. This neglect is motivated by the fact that results concerning the full attitude
also cover the case of the reduced attitude. However, the generalized reduced attitude on
the n-sphere can also be used to model all physical rotations. The heading of a two-
dimensional rigid-body is an element of the circle or 1-sphere, the pointing direction
of a cylindrical rigid-body is an element of the 2-sphere, and the full attitude can be
parametrized by the 3-sphere through a composition of twomaps via the unit quaternions.

1.3 Paper C. Paper C concerns a multi-agent system where the state of each agent
evolves on the n-sphere. Two di�erent consensus problems are studied. Firstly, the global
level stability properties of a standard consensus protocol is investigated. For a class of
graph topologies, all equilibrium manifolds but the consensus manifold are shown to be
unstable and lack attractivity. Simulations indicate that this property in fact corresponds
to almost global asymptotical stability and holds true for a larger class of graph topolo-
gies. Secondly, paper C provides a novel consensus protocol that leave the centroid of
agent states in R

n projected back to the sphere invariant on a regional level. It hence
becomes possible to determine the �nal state, i.e., the consensus point, as a function of
the initial states.

Together, Paper C and D suggest that the system evolves from a formation manifold
to the consensus manifold, or vice versa depending on the sign of the control gain. The
work [9] �nd that basic, intrinsic consensus protocols for discrete time systems on SO(3)
fail to generate almost global consensus. The corresponding result holds true on S1 [43].
The 2-sphere is a special case of SO(3), and as such many results obtained for SO(3) also
applies to S2. Special cases sometimes allow for stronger results. The �ndings of Paper C
indicates that the conditions for achieving almost global synchronization using intrinsic
consensus protocols are, in a certain sense, more favourable on the 2-sphere than the
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particularization of previously known results concerning SO(3) would imply.

1.4 Paper D. Paper D investigates the rigid-body reduced attitude formation problem,
or equivalently, the multi-agent attitude formation control problem on the sphere. The
graph is utilized to specify the desired formation rather than desired relative states. The
stability analysis is based on spherical trigonometry. Under both undirected and directed
cycle graph topologies, it is shown that reversing the sign of a basic consensus protocol
yields asymptotical convergence to formations whose shape depend on the parity of the
number of agents. More speci�cally, the reduced attitudes converge to a pair of antipodal
points when the parity of the number of agents is even, and distribute uniformly over a
great circle when the parity of the number of agents is odd. The agents are distributed
such that the minimal distance between the states of any two neighbors is maximized.

Paper D utilizes antagonistic interactions between neighboring agents and the fact
that the 2-sphere is a compact set to stabilize multi-agent formations based on a basic
consensus protocol and a certain graph topology. The main advantage of this approach
is that, unlike some previous work [22,25], the agents need not be aware of their desired
relative displacement with respect to their neighbors. That the �nal formation depends on
the parity of the number of agents is interesting, and not as troublesome for application
purposes as it may at �rst appear. Although the di�erence between the two types of
asymptotically stable formations is signi�cant on a global scale, on a local scale, from the
perspective of any single agent, the two types of formations only di�er slightly.

1.5 Paper E. Paper E proposes a hybrid control approach to task priority for mobile
manipulation. More speci�cally, it addresses the problem of end-e�ector path following
for a manipulator attached to a nonholonomic mobile platform. The manipulator joints
are subject to constraints and all inputs signals are required to be bounded. A switched
control strategy allows the robot to avoid infeasible and singular joint con�gurations
while executing a bounded pseudo-inverse based feedback control law. The resulting
closed loop system stabilizes the desired path. The switches are well behaved in terms of
the system having a dwell time in each mode. There is no Zeno behavior or chattering;
the system only switches a �nite number of times. The hybrid system is used to derive a
continuous, time-independent feedback law that satis�es the same requirements.

As robots are required to perform complex tasks in dynamic environments, control
algorithms need to be reactive and deal with unexpected outcomes. Hybrid systems the-
ory is a suitable framework for control designs that address such issues [30]. Paper E
provides a rigorous treatment of certain low level aspects therewith associated. The con-
tinuous version of the hybrid feedback algorithmgives a proof of concept for the proposed
approach. Paper E hence contributes to recent developments in the the literature on re-
dundancy resolution and task priority based control, see e.g., [45] concerning continuous
shifts between di�erent task, i.e., changes in the order of task priority.

2. Publications

Paper A is accepted for publication in the Elsevier journal Automatica. Paper A is partly
based on [46] by Markdahl et al. which appears in the proceedings of the 52nd ieee Con-
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ference on Decision and Control in Florence, Italy, 2013. The problem of solving a closed
loop system on SO(3) was �rst studied by Markdahl et al. in [10]. The work [46] gener-
alizes [10] by Markdahl et al. to the case of SO(n) and considers applications in sampled
control system. Further advances on these topics were made by Markdahl and Hu in [47].
The results of [46, 47] are merged and extended in Paper A. The applications of these
results are also explored in further depth.

Paper B extends [10] by Markdahl et al. which appears in the proceedings of the 51st
ieee Conference on Decision and Control in Maui, hi, usa, 2012. Paper B is submitted to the
Elsevier journal System & Control Letters. The results of Paper A and B are independent,
although thematically linked. Paper A and B extends the work [46] which appears in
the proceedings of the 52nd ieee Conference on Decision and Control in Florence, Italy,
2013. The extension are made along two separate paths. The control law of Paper B may
however be used in the type of applications that are proposed in Paper A.

Paper C is submitted to the Elsevier journal System & Control Letters.
A conference version of Paper D is to appear in the proceedings of the 54th ieee Con-

ference on Decision and Control, in Osaka, Japan, 2015. A journal version of Paper D is
submitted to Automatica.

A conference version of Paper E is to appear in the proceedings of the 54th ieee Con-

ference on Decision and Control in Osaka, Japan, 2015. A journal version of Paper E is
submitted to ieee Transactions on Automatic Control. The results of Paper E relate to the
work [48, 49]. The work [48] by Markdahl et al. appears in the proceedings of the 29th
ieee Conference on Robotics and Automation in Saint Paul, mn, usa, 2012. The work [49]
by Markdahl and Hu appears in the proceedings of the 31st ieee Conference on Robotics

and Automation in Hong Kong, China, 2014.

3. A�ributions

Paper A, B, C, and E are written by Johan Markdahl. Xiaoming Hu is Markdahl’s main
advisor and acted as such in all works. Paper A is joint with Xiaoming Hu. Paper B is
joint with Jens Hoppe, Xiaoming Hu, and Lin Wang. Paper B is a generalization of the
work [10] by the same authors. Markdahl generalized control design work by Wang,
Markdahl and Hu [50] to �nd the feedback law in [10]. Hoppe suggested the idea of
solving the closed-loop dynamics. Paper C is joint with Xiaoming Hu and Wenjun Song.
Song acted as co-advisor. Paper D is written by Wenjun Song. It is joint with Johan
Markdahl, Xiaoming Hu, and Yiguang Hong. Hu and Hong were advisors. Markdahl and
Song wrote paper C and D side by side. Markdahl made the following contributions to
Paper D: (i) he proposed the idea of studying classes of equilibria on the sphere aside
from the consensus manifold, (ii) he proved Theorem 10 and 16 together with Song, (iii )
he veri�ed the correctness of the proofs, (iv) he created a simulation script and wrote
Section 5, and (v) he proofread and edited themanuscript. Paper E is joint withHu, Kragic,
and Karayiannidis. The idea of a hybrid systems approach to task priority was inspired
by project meetings with Kragic and Karayiannidis. Kragic’s feedback contributed to the
presentation of the material. Karayiannidis acted as co-advisor.
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