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Abstract

The main goal of the present thesis is to formulate an analytical
and numerical model for calculation of the electromagnetic fields in
the vicinity of a helical antenna, using integral equation techniques,
and find a numerical solution using the computational Method of
Moments (MoM). The integral equation to be derived and solved
is the one-dimensional Pocklington integral equation. The problem
studied in the present thesis is of interest for a number of practical
applications within the area of radio communications, like cellular
mobile communication, surveillance applications and military appli-
cations.

Integral equations techniques are often used to study various
phenomena in physics and engineering. They are often obtained
from the corresponding differential equations that describe the above
mentioned phenomena. In general, integral equations appear to be
more mathematically complex and difficult to solve. In calculus
textbooks, the integral equations are often only briefly mentioned
and their solutions are obtained by reducing them to differential
equations. In view of the apparent relative complexity of integral
equations, compared to the corresponding differential equations, the
question arises as to why do we ever want to convert a differential
equation into the equivalent integral equation.

In order to address this issue we must keep in mind that only
a very limited number of differential equations allow for the exact
analytical solutions. Although it may appear for a student of the
introductory calculus that many differential equations can be solved
by simple analytical methods, in reality most differential equations
encountered in practical problems of physics and engineering do not
allow for any analytical solution at all. Actually, the differential
equations for most practical engineering problems must be solved
using computers and numerical techniques. In such situations it
is often the case that converting differential equations into some
integral equations provides more insight into the problem at hand
and may facilitate the numerical solution. Thus the main reasons
for converting the differential equations (for example the Helmholtz
equation of Electrodynamics) into the equivalent integral equations
is that it may make solution of the problem easier and, occasionally,
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enable us to obtain the fundamental results about the existence and
uniqueness of the solution.

Based on the above observations, in the present thesis, a specific
investigation of electromagnetic field distribution around a helical
antenna is studied both conceptually and numerically. The thesis
includes a general survey of the theory and classification of inte-
gral equations, a survey of a few applications of integral equations
with focus on electromagnetic problems, a study of a specific prob-
lem of a helical antenna including a numerical solution of an one-
dimensional integral equation (Pocklington integral equation) using
the Galerkin method or, more specifically, the so-called method of
moments (MoM). Although the present thesis is limited in size, the
intention is to make it as self-contained as possible. An interested
reader, with solid knowledge of regular calculus on the BSc level,
should be able to read this thesis without a need to refer to other
sources.

Stefan Dalarsson

Stockholm, Sweden, September 2015
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Chapter 1

Introduction

1.1 Background

During the last few decades the radio communication has under-
gone an enormous development and has become widely spread to
the broad groups of general public that uses the mobile telephony
and mobile data services. This has given rise to the requirements for
smaller dimensions (microcells, picocells etc.) and higher efficiency.
Furthermore, even some surveillance and defense systems have been
developed towards small dimensions and increased efficiency. Such
developments have, in turn, increased the needs for analytical and
numerical tools to study and design various electromagnetic struc-
tures (e.g. build-in antennas in the communication technology).
In many cases the developers are satisfied with antennas that are
”good enough” for mass-produced consumer products such as regu-
lar cellular phones. However, there are applications where in-depth
studies of various electromagnetic structures are important. Such
in-depth theoretical and numerical studies often use the integral
equation techniques. To understand and to be able to solve integral
equations that constitute the base for the theoretical and numerical
studies of the abovementioned practical electromagnetic structures
is therefore important in the design of these structures.

Integral equations are encountered in various applications, in
many areas of mathematics, science and technology and have been
studied extensively both at the theoretical level, see [1], [2] or [3],
and practical level, see [4] or [5]. An integral equation is defined as
an equation in which the unknown function φ(x) to be determined

7



8 CHAPTER 1. INTRODUCTION

appear under the integral sign, see [3]. The subject of integral equa-
tions is one of the most useful mathematical tools in both pure and
applied mathematics.

The development of science has led to the formation of many
physical laws, which, when put into the mathematical form, appear
as ordinary differential equation (ODE) or partial differential equa-
tion (PDE). Engineering problems can be mathematically described
by differential equations, and differential equations play very impor-
tant roles in the solution of practical problems. Such problems in
mathematics, science and engineering that are described by means
of differential equations can often be recast as the ones involving
integral equations. Sometimes this new formulation suggests a solu-
tion method that would not have been apparent in the original lan-
guage of differential equations. It is also sometimes easier to extract
general properties of the solutions when problems are expressed in
terms of integral equations.

1.2 Problem Definition

The problem to be solved in the present thesis is to formulate an an-
alytical and numerical model for calculation of the electromagnetic
fields in the vicinity of a helical antenna, using integral equation
techniques, and find a numerical solution using the computational
Method of Moments (MoM). The integral equation to be derived
and solved is the one-dimensional Pocklington integral equation, as
described in [4] or [7]. This particular problem is of interest for a
number of practical applications within the area of information and
communication technology, in particular in cellular mobile commu-
nication, surveillance applications and military applications. Two
examples of actual communication devices utilizing helical antennas
are shown in Fig. 1.1

1.3 Purpose and Goals

The purpose of this thesis is to study the field distributions around
practically important electromagnetic structures (e.g. antennas) by
means of integral equation techniques. The main goal of the thesis
is to derive the integral equation for the field distribution around a
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Figure 1.1: Examples of realistic helical antennas

chosen practically important example of an electromagnetic antenna
structure (the helical antenna), and to develop a computational al-
gorithm that allows to find the numerical solutions for the fields in
the vicinity of the chosen structure. In particular, from the results
for the electric fields, it is straightforward to calculate the induced
current distribution within the antenna wire. The induced currents
in the antenna wire are usually of more practical interest than the
electric fields around the antenna structure. Thus our goal in the
present thesis is ultimately to calculate the induced current distri-
bution within the antenna structure.

1.4 Research Methodology

The research methodology used in the present thesis consists of the
following
(1) Theoretical study of the integral equation techniques necessary
to formulate the analytical model of the actual antenna structure,

(2) Derivation of an integral equation for fields around the actual
antenna structure,

(3) Numerical solution of the integral equation for fields around the
actual antenna structure.



10 CHAPTER 1. INTRODUCTION

The resources needed for the research described above are the liter-
ature that, for the most part, can be found on the Internet and the
computer resources for actual numerical computations including the
suitable calculation software (e.g. MATLAB).

1.5 Delimitations

In the present thesis, no attempt is made to study the efficiency of
various possible computational methods (for a survey see the next
chapter). Consequently, the choice of the computational method
(MoM) is not based on an in-depth study of various alternative
methods. Besides, the present thesis is inherently mathematical in
nature, and no attempt to study experimental measurements results
for the fields around the helical antenna structure is included.

1.6 Related Work

The studies of electromagnetic field distributions around the one-
dimensional wire structures started as early as in the late nineteenth
century, see [7]. The extensive interest for helical antennas started
in the second half of the twentieth century and publications study-
ing various aspects of fields around helical antennas still appear in
technical and scientific publication, see for example [8]. A similar
thesis to the present one was presented at the Virginia Polytech-
nic Institute and State University, see [9], although with a different
focus in the study. The literature concerned with helical antennas
is quite extensive and the references mentioned here are just a few
representative examples.

1.7 Structure of the Thesis

The present thesis consists of six chapters. After the introduction in
the present chapter - Chapter 1, we present the methodology used
in the present thesis in Chapter 2 where we include a survey of the
theory of integral equations. In Chapter 3 we study the integral
equations of the electromagnetic theory, as a prerequisite for the
numerical study of the fields around a helical antenna presented in
Chapter 4. In chapter 5 we present the short analysis of the main
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results. Finally the conclusions and future work are presented in
Chapter 6. The MATLAB-code and some useful results are pre-
sented in Appendices A-E.
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Chapter 2

Methodology

2.1 Research Paradigm

The research paradigm is generally defined as a way of explaining
the basic set of beliefs that an author has and how these beliefs may
influence the way an author does the study at hand. All human
beings have these basic sets of beliefs, but are not always aware of
what they are. The understanding of and awareness of these beliefs,
i.e. of the applied research paradigm, may be very significant for the
practical work within a given study. This is particularly important
for studies of subject areas where there is a multiple choice of pos-
sible paradigms and a number of different competing theories that
make claims to describe the same phenomena.

The present study is based on mathematical analysis applied to
Maxwell’s theory of electromagnetism. These two paradigms are so
well established within the global scientific community, that there is
hardly a single scientifically educated person on Earth that questions
their basic beliefs. As an illustration, a comparison of measurement
results for some quantum phenomena and theoretical predictions of
the corresponding electromagnetic theory provides more than ten
significant figures. In other words, the theory of electromagnetism
is probably the one theory closest to the universal truth among all
the theories ever developed by human beings, see [6].

Thus the research paradigm used in the present thesis is simply
the set of firm beliefs in axioms of the basic mathematical analysis
and axioms of the Maxwell’s theory of electromagnetism.

13
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2.2 Research Process

The process used in the present study consists of three parts. The
first part is the literature study of the relevant textbooks, research
papers and theses that provide an introduction to the subject of
application of integral equations to the study of electromagnetic
structures found in e.g. the radio communication devices. The
second part consists of a pedagogical survey and documentation of
some existing results, with a number of derivations conducted by
the author of the present thesis in an own personal way that is,
as far as the present author is aware of, not readily found in the
literature. The third part is the specific analytical and numerical
study of a helical antenna structure, which is the main goal of the
present thesis.

2.3 Theoretical Methodology Concepts

2.3.1 Differential equations and Integral Equations

The aim of the present section is to give a brief introduction to
integral equations, and their relationships to the corresponding first-
order differential equations. As described in the introduction, many
differential equations can be recast into the corresponding integral
equations. In order to illustrate this point, let us first consider a
general ordinary differential equation (ODE) of the first order, see
[1], with some given initial condition, as follows

dy

dx
= ϕ(x, y(x)) , y(x0) = y0 , (2.1)

where ϕ(x, y) is a function defined and continuous in a two-dimensional
domain G (the entire xy-plane or some part of it) which contains
the initial point (x0, y0). Multiplying by dx, replacing the label of
the integration variable (x → t) and integrating from x0 to some x,
we obtain

dy = ϕ(x, y(x))dx ⇒ dy(t) = ϕ(t, y(t))dt , (2.2)

or
∫ t=x

t=x0

dy(t) = [y(t)]xx0
= y(x)− y(x0) =

∫ x

x0

ϕ(t, y(t))dt , (2.3)



2.3. THEORETICAL METHODOLOGY CONCEPTS 15

or finally

y(x) = y0 +

∫ x

x0

ϕ(t, y(t))dt . (2.4)

Since the unknown function y(x), to be determined, appears under
the integral sign on the right-hand side of this equation, this equa-
tion is by definition an integral equation. In general, depending on
the choice of the particular function ϕ(x, y), both the differential
equation (2.1) and its corresponding integral equation (2.4) may
prove to be very difficult or even impossible to solve analytically.

2.3.2 Second-order Differential Equations

In the previous section we introduced the integral equations and de-
scribed how a first-order ODE can be recast to an integral equation.
However it is also of interest to illustrate how to recast a second-
order ODE to an integral equation. This is the objective of the
present section, where we limit the discussion to the linear ODE of
the second order with variable coefficients

d2y

dx2
+ A(x)

dy

dx
+ B(x)y = g(x) , (2.5)

with the initial conditions y(x0) = y0 and y′(x0) = y1. The given
functions A(x) and B(x) are known and continuous on the interval
G which contains the point x0. From the equation (2.5) we can write

d

dx

(

dy

dx

)

= g(x) − A(x)
dy

dx
− B(x)y . (2.6)

Integrating this equation over the interval x0 ≤ t ≤ x, we obtain
[

dy

dt

]x

x0

=

∫ x

x0

g(t)dt −
∫ x

x0

A(t)
dy

dt
dt −

∫ x

x0

B(t)y(t)dt , (2.7)

or

dy

dx
− y1 =

∫ x

x0

g(t)dt −
∫ x

x0

A(t)dy(t)−
∫ x

x0

B(t)y(t)dt . (2.8)

In the second integral on the right-hand side of the equation (2.8),
we introduce the auxiliary variables

u(t) = A(t) , v(t) = y(t) ⇒ du(t) =
dA

dt
dt , (2.9)
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and use the integration by parts
∫ b

a

udv = [uv]ba −
∫ b

a

vdu , (2.10)

to obtain

dy

dx
= − [A(t)y(t)]xx0

+

∫ x

x0

y(t)
dA

dt
dt −

∫ x

x0

B(t)y(t)dt+

+

∫ x

x0

g(t)dt + y1 , (2.11)

or after regrouping the terms

dy

dx
= −A(x)y(x) + A(x0)y0 −

∫ x

x0

[

B(t)− dA

dt

]

y(t)dt +

+

∫ x

x0

g(t)dt + y1 . (2.12)

Integrating again this equation over the interval x0 ≤ τ ≤ x, we
obtain

[y(τ )]xx0
= −

∫ x

x0

A(τ )y(τ )dτ −
∫ x

x0

[
∫ τ

x0

[

B(t)− dA

dt

]

y(t)dt

]

dτ +

+

∫ x

x0

[
∫ τ

x0

g(t)dt

]

dτ + [A(x0)y0 + y1]

∫ x

x0

dτ , (2.13)

or

y(x) − y0 = −
∫ x

x0

A(τ )y(τ )dτ −
∫ x

x0

[
∫ τ

x0

[

B(t) − dA

dt

]

y(t)dt

]

dτ +

+

∫ x

x0

[
∫ τ

x0

g(t)dt

]

dτ + [A(x0)y0 + y1] (x − x0) . (2.14)

In order to simplify this integral equation we can use the general
formula

∫ x

x0

[
∫ τ

x0

f(t)dt

]

dτ =

∫ x

x0

(x − t)f(t)dt , (2.15)

valid for any function f(t). The formula (2.15) can be proven using
the function G(x) defined by
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G(x) =

∫ x

x0

(x− t)f(t)dt = x

∫ x

x0

f(t)dt −
∫ x

x0

tf(t)dt , (2.16)

where we readily see that G(x0) ≡ 0, since

G(x0) =

∫ x0

x0

(x0 − t)f(t)dt ≡ 0 . (2.17)

The derivative of G(x) with respect to x is then given by

dG(x)

dx
=

d

dx

[

x

∫ x

x0

f(t)dt −
∫ x

x0

tf(t)dt

]

. (2.18)

Using the product rule for the derivative of the first term in the
square bracket on the right-hand side of (2.18), we obtain

dG(x)

dx
=

∫ x

x0

f(t)dt + xf(x) − xf(x) =

∫ x

x0

f(t)dt , (2.19)

or with τ as an independent variable

dG(τ )

dτ
=

∫ τ

x0

f(t)dt . (2.20)

If we now integrate this function of τ over the interval x0 ≤ τ ≤ x,
we obtain

∫ x

x0

dG(τ )

dτ
dτ = G(x) − G(x0) =

∫ x

x0

[
∫ τ

x0

f(t)dt

]

dτ . (2.21)

Since G(x0) ≡ 0, by comparison between (2.16) and (2.21) we readily
see that

G(x) =

∫ x

x0

[
∫ τ

x0

f(t)dt

]

dτ =

∫ x

x0

(x− t)f(t)dt , (2.22)

which concludes the proof of the formula (2.15). Using now the
formula (2.15), and changing the integration variable in the first
integral on the right-hand side of (2.14) from τ to t we obtain

y(x) = −
∫ x

x0

A(t)y(t)dt−
∫ x

x0

(x − t)

[

B(t)− dA

dt

]

y(t)dt +

+

∫ x

x0

(x − t)g(t)dt + [A(x0)y0 + y1] (x − x0) + y0 , (2.23)
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or

y(x) =

∫ x

x0

(x − t)g(t)dt + [A(x0)y0 + y1] (x − x0) + y0 −

−
∫ x

x0

{

A(t) + (x − t)

[

B(t)− dA

dt

]}

y(t)dt . (2.24)

At this stage, it is common to introduce the following notation

f(x) =

∫ x

x0

(x− t)g(t)dt + [A(x0)y0 + y1] (x − x0) + y0 ,

K(x, t) = −A(t)− (x − t)

[

B(t)− dA

dt

]

, (2.25)

such that the integral equation (2.24) can be written in the more
compact form

y(x) = f(x) +

∫ x

x0

K(x, t)y(t)dt . (2.26)

In the literature, see [1], the linear integral equations, as the equation
(2.26), are called Volterra Integral Equations of the 2nd Kind. The
function K(x, t) is called the Kernel of the linear integral equation
(2.26). The Volterra integral equations (2.26), in the special case
when the unknown function y(x) appears only within the integral,
i.e.

0 = f(x) +

∫ x

x0

K(x, t)y(t)dt , (2.27)

are called Volterra Integral Equations of the 1st Kind.

2.3.3 Classification of Integral Equations

So far in this chapter, we have introduced the concept of integral
equations in an ad-hoc way by means of some examples. In the
literature, there is a general classification of integral equations, such
that various integral equations are named after the researchers who
have originally investigated them and after their main properties.
We have already defined Volterra integral equations of the 1st kind

f(x) = λ

∫ x

x0

K(x, t)y(t)dt , (2.28)
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and Volterra integral equations of the 2nd kind

f(x) = y(x) + λ

∫ x

x0

K(x, t)y(t)dt , (2.29)

named after the Italian mathematician Vito Volterra. Compared
to the previous definitions (2.26) and (2.27), here we have added a
multiplicative parameter λ to the Kernel of the integral equations
and we have moved the integral to the other side of the equation.
Putting λ = −1 and rearranging reproduces the equations (2.26)
and (2.27). However, since K is unspecified, it is actually the same
anyway. The main characteristic of the Volterra integral equations is
that one integration limit of the integral is the independent variable
x. Sometimes, the same integral equations are defined with fixed
and constant integration limits, in which case we define Fredholm

integral equations of the 1st kind

f(x) = λ

∫ b

a

K(x, t)y(t)dt , (2.30)

and Fredholm integral equations of the 2nd kind

f(x) = y(x) + λ

∫ b

a

K(x, t)y(t)dt , (2.31)

named after the Swedish mathematician Ivar Fredholm. Both Volterra
and Fredholm integral equations can be homogeneous with f(x) = 0
and inhomogeneous for f(x) some nonzero function of x. Given the
above definitions, the classification of linear integral equations can
be summarized in the following list:

Limits on integrals fixed ⇒ Fredholm equation.
One integration limit is x ⇒ Volterra equation.

Unknown y(x) under integral only ⇒ Equation of the 1st kind.
Unknown y(x) also outside integral ⇒ Equation of the 2nd kind.

f(x) = 0 ⇒ Homogeneous equation.
f(x) 6= 0 ⇒ Inhomogeneous equation.
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2.4 Numerical Methodology Concepts

2.4.1 Background

The integral equations used to model many important real-world
problems can not be solved analytically by means of methods like
the ones discussed in the previous section. The reason for that being
that real-world structures seldom have regular geometries that allow
for simple analytical solutions. It is therefore often important and
necessary to use computational numerical techniques to find the so-
lutions. In a numerical study of electromagnetic structures, which is
the main goal of the present thesis, we usually want to compute the
electric and magnetic fields within and around the studied geometry.
The computational methods in electromagnetism often simplify the
real-world structures to some approximate regular objects, and use
the symmetry to reduce the complexity of the problem. One typical
simplification of the problem is to reduce the number of dimensions
from three spatial dimensions to two or even one whenever possible.
Typically, this can be achieved using some suitable symmetry as-
sumptions. This point will be exploited in the subsequent chapters
of the present thesis.

2.4.2 Methodology Overview

One common method to solve integral equations is the discretiza-
tion of space into a lattice of calculation cells, where the electric and
magnetic field functions are assumed to be constant. Then the field
equations are solved in each cell of the lattice. By assuming that
cells are small in size, we obtain the discrete approximations of the
continuous field functions. The process of discretization may require
a lot of computer resources, such that the accurate solutions may re-
quire long computer execution times. Some known methods include
Finite Element Method (FEM), Transfer Matrix Method (TMM),
Method of Moments (MoM), Fast-Fourier Transform (FFT), FFT
Beam Propagation Method BPM etc.

2.4.3 Methodology Choice

In general, it is important to choose a computationally efficient
method for solving an actual problem. A less efficient computa-
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tional method may lead to a poor accuracy or prohibitively long
execution times. In this thesis, we will not pursue this point fur-
ther, since it is not the main goal of the present study. Given the
limited complexity of the studied geometry (one-dimensional helical
structure), it is reasonable to assume (without actual evidence for
that assumption) that most of the abovementioned methods could
provide the required accuracy and reasonable computer execution
times. Thus we simply choose the Method of Moments (MoM) as
a suitable numerical method to calculate the fields around a helical
antenna structure.
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Chapter 3

Integral Equations of
Electromagnetism

3.1 Maxwell’s differential equations

The aim of the present section is to provide a brief summary of the
Maxwell’s theory of Electromagnetism. The entire theory of Elec-
tromagnetism can be developed from a few basic equations known as
Maxwell’s equations. Their mathematical formulation evolved over
a few decades based on the experiments in the field, and Maxwell
himself introduced one final piece of information, that is the so called
displacement current term in the equation (3.3) below. It was a
basis for the discovery of e.g. radio waves. Maxwell’s equations
determined that the speed of propagation of electromagnetic waves
in vacuum is the speed of light. In the present thesis we will limit
the analysis to the time-harmonic electromagnetic fields, described
by the complex-valued vector fields ~E = ~E(~r) and ~H = ~H(~r) called
the electric field strength vector and magnetic field strength vector,
respectively. These complex-valued vector fields are related to the
physical real-valued electric field strength vector ~E(~r, t) and mag-

netic field strength vector ~H(~r, t), by means of the relations, see Eq.
(7-93) in [10],

~E(~r, t) = Re
[

~E(~r) eiωt
]

, ~H(~r, t) = Re
[

~H(~r) eiωt
]

. (3.1)

Maxwell’s equations for time-harmonic fields in linear materials, see
Eqs. (7-94a-d) in [10], read

23
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∇× ~E = −iωµ ~H , (3.2)

∇× ~H = ~J + iωε ~E , (3.3)

∇ · ~E =
ρ

ε
, (3.4)

∇ · ~H = 0 , (3.5)

The sources of the fields are known complex-valued functions ρ(~r)

being the electric charge density and ~J(~r) being the current den-
sity in the observed portion of space. Analogously to (3.1), these
complex-valued functions are related to the physical real-valued elec-
tric charge density ρ(~r, t) and current density ~J(~r, t), by means of
the relations

ρ(~r, t) = Re
[

ρ(~r) eiωt
]

, ~J(~r, t) = Re
[

~J(~r) eiωt
]

. (3.6)

In the equations (3.2) - (3.5) , ω is the angular frequency of the
time-harmonic fields. The quantities ε = ε0 εr and µ = µ0 µr are
called electric permittivity and magnetic permeability of the mate-
rial where the electromagnetic fields are observed. In the free space
(vacuum or air), the dimensionless quantities - relative permittivity
εr and relative permeability µr are both equal to one, and we have
ε = ε0 = 8.854187817 × 10−12 F/m and µ = µ0 = 4π × 10−7 H/m.
These constants are related to the speed of light as follows

c =
1√
ε0µ0

= 2, 99792458 · 108 m

s
. (3.7)

For definition and properties of the ∇-operator see Appendix B. The
electric field strength vector ~E = ~E(~r) and magnetic field strength

vector ~H = ~H(~r), in linear materials, are related to the electric

displacement vector ~D = ~D(~r) and magnetic induction vector ~B =
~B(~r), by means of the respective relations

~D = ε ~E , ~B = µ ~H (3.8)

An auxiliary equation that complements the Maxwell’s equations is
the continuity equation for the charge and current distributions

∇ · ~J + iωρ = 0 . (3.9)
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In practical situations, we often work with structures with speci-
fied volumes V surrounded by closed boundaries S, where we want
to calculate the fields along specified curves C etc. It is therefore
customary to use Stokes theorem

∫

S

∇× ~A · ~dS =

∮

C

~A · ~dl , (3.10)

and Gauss theorem
∫

V

∇ · ~A dV =

∮

S

~A · ~dS , (3.11)

to rewrite the differential equations (3.2) - (3.5) as corresponding
integral equations

∫

C

~E · ~dl = −iω

∫

S

~B · ~dS = −iωF , (3.12)

∫

C

~H · ~dl =

∫

S

~J · ~dS+ iωε

∫

S

~E · ~dS = i(t)+ iωε

∫

S

~E · ~dS , (3.13)

∮

S

~E · ~dS =
1

ε

∫

V

ρdV =
q(t)

ε
, (3.14)

∮

S

~H · ~dS = 0 . (3.15)

The equation (3.12) is called the Faraday’s law of induction where F
is the magnetic flux, while the equation (3.13) is called the Ampere’s
law for electric circuits with i(t) being the electric current. The
equation (3.14) is called the Gauss law with q(t) being the total
enclosed electric charge in the volume V , while the equation (3.15)
just specifies that there are no magnetic charges. Here we note that
the boundary surfaces S in (3.14) - (3.15) are closed surfaces.

3.2 Potentials in Electromagnetism

Maxwell’s equations (3.2) - (3.5) are the eight scalar equations for

the two vector fields ~E = (Ex, Ey, Ez) and ~B = (Bx, By, Bz), or six
scalar component fields. The four Maxwell’s equations also differ
from each other in mathematical structure. In this section we aim
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to reduce these eight diverse scalar equations to only four scalar
equations for the auxiliary potential fields ~A and Φ, called the elec-
tromagnetic potentials, such that all the equations have the same
mathematical structure. In order to fulfill that objective, let us
consider Maxwell’s equations (3.2) and (3.5) which do not involve

sources ρ and ~J of the fields, i.e.

∇× ~E = −iω ~B , ∇ · ~B = 0 . (3.16)

Now, if there exist an auxiliary vector field ~A such that the magnetic
induction vector ~B can be written as a curl of such a field, i.e.

~B = ∇× ~A , (3.17)

then, by virtue of (B.19), the magnetic induction ~B automatically
satisfies the second of the Maxwell’s equations (3.16). Thus, in such

a case, it is convenient to define a Magnetic Vector Potential ~A by
means of the equation (3.17). Substituting (3.17) into the first of
the equations (3.16) gives

∇× ~E = −iω∇× ~A ⇒ ∇×
(

~E + iω ~A
)

= 0 . (3.18)

Further, if there exist an auxiliary scalar field Φ such that the vector
~E + iω ~A can be written as minus the gradient of such a field, i.e.

~E + iω ~A = −∇Φ , (3.19)

then, by virtue of (B.21), such a vector ~E + iω ~A automatically sat-
isfies the first of the Maxwell’s equations (3.16) or its equivalent
(3.18). Thus, in such a case, it is convenient to define an Electric

Scalar Potential Φ by means of the equation (3.19). Thus, it is

possible to express the vector fields ~E and ~B in terms of the elec-
tromagnetic potentials ~A and Φ, as follows

~B = ∇× ~A , ~E = −iω ~A −∇Φ . (3.20)

The definitions (3.20) ensure that the two Maxwell’s equations (3.16)
are automatically satisfied. Let us now turn to the other two Maxwell’s
equations (3.3) and (3.4) that involve the sources ρ and ~J of the
fields, i.e.

∇ · ~E =
ρ

ε
, ∇× ~B = µ~J + iωµε ~E . (3.21)
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Substituting (3.20) into (3.21) gives

∇ ·
(

−iω ~A −∇Φ
)

=
ρ

ε
, (3.22)

∇×∇× ~A = µ~J + iωµε
(

−iω ~A −∇Φ
)

. (3.23)

In the equation (3.23) we can use the vector identity (B.23) to obtain

∇2Φ = −ρ

ε
− iω∇ · ~A , (3.24)

∇
(

∇ · ~A
)

−∇2 ~A = µ~J + ω2µε ~A − iωµε∇Φ . (3.25)

Adding the quantity ω2µεΦ to both sides of the equation (3.24) and
rearranging both equations (3.24) and (3.25), we further obtain

∇2Φ + ω2µεΦ = −ρ

ε
− iω∇ · ~A + ω2µεΦ , (3.26)

∇
(

∇ · ~A
)

+ iωµε∇Φ− µ~J = ∇2 ~A + ω2µε ~A , (3.27)

or

∇2Φ + ω2µεΦ = −ρ

ε
− iω∇ · ~A − iω (iωµεΦ) , (3.28)

∇2 ~A + ω2µε ~A = −µ~J + ∇
(

∇ · ~A + iωµεΦ
)

, (3.29)

or finally

∇2Φ + ω2µεΦ = −ρ

ε
− iω

(

∇ · ~A + iωµεΦ
)

, (3.30)

∇2 ~A + ω2µε ~A = −µ~J + ∇
(

∇ · ~A + iωµεΦ
)

. (3.31)

Unlike the electric field ~E and magnetic induction ~B, entering the
Maxwell’s equations, the electromagnetic potentials ~A and Φ are not
uniquely defined. In other words, it is possible to modify both ~A
and Φ, by adding certain functions, without changing the underlying
Maxwell’s equations. It is therefore customary to impose Lorentz

Gauge Condition, see Eq. (7-98) in [10], i.e.

∇ · ~A + iωµεΦ = 0 , (3.32)
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to restrict the arbitrariness in the choice of the potential fields.
It should be noted here that the potentials ~A and Φ are still not
unique, even after we imposed the Lorentz Gauge Condition. The
Lorentz condition only restrict the class of functions that can be
added to ~A and Φ without changing the underlying Maxwell’s equa-
tions. Furthermore we can introduce the wave number k by means
of a definition k2 = ω2µε, and reduce the differential equations for
the potentials to a simple and symmetric form

∇2Φ + k2Φ = −ρ

ε
, (3.33)

∇2 ~A + k2 ~A = −µ~J . (3.34)

The equations (3.33) and (3.34) are four scalar equations that have
the same mathematical structure. In order to illustrate this point,
they can be rewritten as

∇2F (x, y, z) + k2F (x, y, z) = −I(x, y, z) , (3.35)

where F ∈ {Φ, Ax, Ay, Az} and I ∈ {ρ/ε, µJx, µJy, µJz}. This
generic differential equation for the potentials of the electromagnetic
field is often solved by recasting it into the corresponding Integral
Equation, which will be the subject of the coming sections.

3.3 Green Functions

In order to solve the equation (3.35), in this section we introduce
the Green Functions for the problem at hand. In order to do so we
refer to (C.5) and write

∫

V0

I(~r0)δ(~r − ~r0)dV0 =

{

I(~r) , ~r ∈ V0

0 , ~r /∈ V0

}

. (3.36)

Here we assume that the volume V0 is the entire volume where the
field sources I(~r0) = I(x0, y0, z0) are situated, and ~r0 is the radius
vector from the origin to the sources of the field while ~r is the ra-
dius vector from the origin to the point P in space where the field
function F (~r) = F (x, y, z) is calculated. The geometry of the prob-
lem is depicted in Fig. 3.1. Let us now assume that the following
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Figure 3.1: The geometry of the Green function problem.

differential equation is satisfied

(

∇2 + k2
)

G(~r − ~r0) = −δ(~r − ~r0) , (3.37)

by G(~r − ~r0) being, yet unspecified, Green function of the differen-
tial equation (3.35). Then the solution of the equation (3.35) can
formally be written as follows

F (~r) =

∫

V0

I(~r0)G(~r − ~r0)dV0 , (3.38)

and the differential equation (3.37) for the Green function G(~r −
~r0) needs to be solved. In the equation (3.37) it is customary to

introduce the vector ~R = ~r − ~r0 being the vector connecting the
spatial position of the sources of the field I(~r0) = I(x0, y0, z0) and
the point in space where we want to calculate the field function
F (~r) = F (x, y, z). Thus the equation (3.37) can be written as

(

∇2 + k2
)

G(~R) = −δ(~R) . (3.39)

One solution of the differential equation (3.39) has the form

G(~R) =
e−ikR

4πR
, R = |~R| = |~r − ~r0| . (3.40)

For the proof of this statement see Appendix D. Substituting (3.40)
into (3.38), the solution of the equation (3.35) becomes the following
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integral

F (~r) =

∫

V0

I(~r0) e−ik|~r−~r0|

4π|~r − ~r0|
dV0 . (3.41)

Using further the equations for the electromagnetic potentials (3.33)
and (3.34) together with the general solution (3.41) we obtain the
integral formulae

Φ(~r) =
1

4πε

∫

V0

ρ(~r0) e−ik|~r−~r0|

|~r − ~r0|
dV0 , (3.42)

~A(~r) =
µ

4π

∫

V0

~J(~r0) e−ik|~r−~r0|

|~r − ~r0|
dV0 . (3.43)

3.4 Electromagnetic Waves

The definitions (3.20), together with the solutions (3.42) and (3.43),

are useful to find the electric field strength vector ~E and magnetic in-
duction vector ~B from the given source distributions ρ and ~J . How-
ever there are situations where the electromagnetic fields can exist
and propagate through large portions of free space where there are
no sources of the fields (ρ = 0 and ~J = 0). Such fields are detached
from the far-away sources that have generated them in the past, and
in that case the solutions (3.42) and (3.43) cannot be readily applied

to calculate the electric field strength vector ~E and magnetic induc-
tion vector ~B. This is the case for the free electromagnetic waves,
like e.g. the radio waves in the environment around us. Thus we
must turn back to the original Maxwell’s equations (3.2) - (3.5) in
linear homogeneous materials (ε = constant and µ = constant) far
away from any charge or current distributions in space (ρ = 0 and
~J = 0), i.e.

∇× ~E = −iωµ ~H , ∇× ~H = iωε ~E , (3.44)

∇ · ~E = 0 , ∇ · ~H = 0 , (3.45)

where, as before, the real physical fields ~E(~r, t) and ~H(~r, t) are ob-

tained from the complex-valued fields ~E(~r) and ~H(~r), respectively,
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using (3.1). Using now the general vector identity (B.23), we can
write

∇×∇× ~E = ∇
(

∇ · ~E
)

−∇2 ~E . (3.46)

Using now equations (3.44) and (3.45), we see that ∇ · ~E = 0 and

∇×∇× ~E = −∇2 ~E = −iωµ∇× ~H = −iωµ
(

iωε ~E
)

, (3.47)

or introducing again k2 = ω2µε, we get

−∇2 ~E = ω2µε ~E ⇒ ∇2 ~E + k2 ~E = 0 . (3.48)

Analogously, using the identity (B.23) with (3.44) and (3.45), we
can also write

∇×∇× ~H = −∇2 ~H = iωε∇× ~E = −iωε
(

iωµ ~H
)

, (3.49)

which gives

−∇2 ~H = ω2µε ~H ⇒ ∇2 ~H + k2 ~H = 0 . (3.50)

The two equations (3.49) and (3.50), for the complex fields ~E and ~H
respectively, describe the propagation of an electromagnetic wave in
the given material. The time-dependent electric and magnetic field
strength vectors are given by (3.1), i.e.

~E(~r, t) = Re
[

~E(~r) eiωt
]

, ~H(~r, t) = Re
[

~H(~r) eiωt
]

.(3.51)

Since k2 = ω2µε is a positive constant, the equations (3.48) and
(3.50) have, respectively, the following plane-wave solutions

~E(~r) = ~E0e
−i~k·~r , ~H(~r) = ~H0e

−i~k·~r , (3.52)

where ~E0 and ~H0 are constant amplitudes of the electric field strength
and magnetic field strength, respectively. In the equations (3.52) we
choose the minus sign in the exponent in agreement with the con-
vention adopted in the equations (3.51) such that the plane electro-
magnetic wave propagates forward along the direction of the wave
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propagation vector ~k defined by

~k = {kx, ky, kz} , k2

x + k2

y + k2

z = k2 . (3.53)

The directions and magnitudes of the electric and magnetic fields
~E(~r) and ~H(~r), respectively, are not independent on each other.
They are related by means of Maxwell’s equations (3.44),

~E =
1

iωε
∇× ~H , ~H = − 1

iωµ
∇× ~E . (3.54)

We can now use the simple solutions (3.52) and vector results

∇× ~E(~r) = ∇×
(

~E0e
−i~k·~r

)

= −i~k × ~E(~r) , (3.55)

∇× ~H(~r) = ∇×
(

~H0e
−i~k·~r

)

= −i~k × ~H(~r) , (3.56)

to obtain

~E = − 1

ωε
~k × ~H , ~H =

1

ωµ
~k × ~E . (3.57)

Introducing the unit vector in wave propagation direction ~k0 =
~k/|~k|, and using the notation k = |~k|, gives

~E = − k

ωε
~k0 × ~H , ~H =

k

ωµ
~k0 × ~E . (3.58)

Using now k = ω
√

εµ, we further obtain

~E = −
√

µ

ε
~k0 × ~H , ~H =

√

ε

µ
~k0 × ~E . (3.59)

Here, it is customary to introduce the wave impedance of the given
material as Z =

√

µ/ε, such that the equations (3.59) can also be
written as follows

~E = −Z ~k0 × ~H , ~H =
1

Z
~k0 × ~E . (3.60)
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From the equations (3.60), it is obvious that all three vectors ~E, ~H

and ~k0 are perpendicular to each other, such that the two fields ~E

and ~H are perpendicular to the wave propagation direction ~k0, and
the three vectors build a mutually orthogonal right-handed coordi-
nate system.

We can now illustrate the above concepts on an example. This
example by no means restrict the generality of the results. The

plane waves can propagate in any direction ~k0. But, if we consider
an electromagnetic wave propagating in z-direction (~k0 = ~ez), then,
by equations (3.60), we have

~E(z) = E0x e−ikz ~ex , ~H(z) = H0y e−ikz ~ey . (3.61)

Substituting (3.61) into (3.51), we obtain the time dependent fields

Ex(z, t) = E0x cos (ωt − kz) , (3.62)

Hy(z, t) = H0y cos (ωt − kz) . (3.63)

The function (3.62) for a number of different time instants t = 0,
t = π/2ω and t = π/ω is shown in Fig. 3.2. From Fig. 3.2, we
can readily see that in time the wave propagates forward along the
z-axis.

3.5 Integral Equations for Thin-wire Structures

In this section we study the scattering of electromagnetic waves on
thin-wire structures consisting of perfect electric conductors (PEC).
Our goal is to derive the results that constitute the necessary pre-
requisites for formulation of an integral equation that can be used
for calculation of the induced current distribution within a thin-wire
antenna structure, as an unknown variable.

The thin-wire antenna structures may have shapes that require a
three-dimensional description using e.g. three Cartesian coordinates
(x , y , z). However, if we assume that the radii of the thin-wire
conductors are very small compared to their length, such thin-wire
structures are inherently one-dimensional. In such a case, all rel-
evant physical quantities can be described using only one length
coordinate l along the wire, as indicated in Fig. 3.3. Furthermore,
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Figure 3.2: Electromagnetic wave propagation in z-direction.
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Figure 3.3: Electromagnetic wave incident on a thin-wire structure.

the incoming electromagnetic waves are assumed to be plane waves,
as in (3.52), propagating along the direction of the propagation vec-

tor ~ki in the free space, with the electric field ~Ei and the magnetic
field ~Hi. These three vectors build a right-handed perpendicular
system. The plane electromagnetic wave is incident on a thin-wire
structure, as shown in Fig. 3.3. The metallic wire is usually assumed
to be a perfect electric conductor (PEC) such that there is no wave
penetration into the metallic thin-wire structure, since Maxwell’s
equations require that the electric field inside a perfect conductor
is zero ( ~EINSIDE = 0). When the incident electromagnetic wave
hits the metallic boundary of the thin-wire structure it is scattered
and gives rise to the scattered electromagnetic wave with the elec-
tric field ~Es, the magnetic field ~Hs and the wave propagation vector
~ks again form a right-handed perpendicular system, as indicated in
Fig. 3.3. The scattering process on the thin-wire structure induces
a magnetic field ~H on the metallic boundary of the thin-wire struc-
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ture, which in turn induces a surface current ~Js on the boundary
surface S being equal to the tangential component of the total mag-
netic field ~H. We assume also that for thin-wire structures both ~Es

and ~Js are constant around the circumference C anywhere along the
thin wire. Thus the induced surface current density on the thin-wire
surface S, is given by Eq. (6-111) in [10], which in our case reads

~Js(~r) = ~n ×
(

~HOUTSIDE − ~HINSIDE

)

= ~n × ~HOUTSIDE

⇒ ~Js(~r) = ~n × ~H(~r) , (3.64)

since, inside a PEC, the vanishing of the time-harmonic electric field
( ~EINSIDE = 0) implies the vanishing of the time-harmonic magnetic

field too ( ~HINSIDE = 0), by virtue of the equations (3.54). For the
thin-wire structure shown in Fig. 3.3, both the electric field

~Es(~r) = −iω ~A(~r) −∇Φ(~r) , (3.65)

and the surface current density ~Js(~r), on the thin-wire boundary
surface S, essentially point in the axial direction, that is along the

axial unit vector ~l0, see Eq. (5-4) on page 137 in [4]. The reason for
this is that the azimuthal components (directed along the circum-

ference of the thin wire) of the electric field ~Es(~r) on a thin-wire
boundary S approximately cancel each other when the radius of the
wire a is very small. In other words, for a tangential electric field
component pointing along the circumference, at any point A of the
circle of radius a, there is an (approximately) equal and opposite in
sign tangential electric field component at the point B being on the
opposite end of the diameter of circle of radius a. But since a is very
small, it is a reasonable approximation to assume that these fields
approximately cancel each other. Using now the Lorentz gauge con-
dition (3.47) in the equation (3.65), we can express the electric field
~Es(~r) as a function of the magnetic vector potential only, as follows

Φ = − 1

iωµε
∇ · ~A ⇒ ~Es = −iω ~A +

1

iωµε
∇

(

∇ · ~A
)

. (3.66)

Since the surface current density ~Js is assumed to be constant around
the circumference C anywhere along the thin wire, it is justified to
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describe the electromagnetic fields on the boundary surface S by the
fields due to an equivalent axial current vector ~Il(~r) inside the wire,
given by Eq. (5-4) on page 137 in [4],

~Il(~r) = Il(~r)~l0 = 2πaJs(~r)~l0 = 2πa ~Js(~r) . (3.67)

In the equation (3.67), the axial current vector ~Il(~r) is a current
vector in the axial direction, i.e. in the direction of the axial unit

vector ~l0. It has the magnitude Il(~r) = 2πaJs(~r) which is dependent
on the position along the wire ~r, where l is the axial coordinate
along the wire. The axial surface current density Js(~r) is, by defini-
tion, defined as the ratio of the total surface current Il(~r) and the
circumference of the wire (2πa).

On the other hand the time-dependent surface current density
gives rise to the time-dependent surface charge density ρs(~r) which
can be calculated using the two-dimensional equivalent of the con-
tinuity equation (3.9), given by

∇ · ~Js + iωρs = 0 ⇒ ρs = − 1

iω
∇ · ~Js . (3.68)

The surface current density (3.64) and the surface charge density
(3.68) can then by considered as sources of the scattered electro-

magnetic wave with the electric field ~Es, the magnetic field ~Hs and

the wave propagation vector ~ks. Our objective now is to use the
boundary condition for the electric fields on a PEC boundary to
determine an equation for the electric field ~Es, and thereby for the
induced current in the thin wire. It is important here to understand
that the incoming electromagnetic wave induces an initial surface
current on the boundary S which in turn acts as a source of more
induced current as a consequence of the generation of the scattered
electromagnetic wave. Thus there is a self-generation of the induced
surface current which results in an integral equation. In order to
formulate this integral equation, we first need the boundary condi-
tion for the electric fields. To that purpose, we recall the Maxwell’s
equation in integral form (3.12),

∫

C

~E · ~dl = −iω

∫

S

~B · ~dS , (3.69)
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Figure 3.4: Boundary condition geometry.

Let us now apply this equation on a very small closed rectangular
contour centered around the boundary between the metallic wire
and the surrounding free space, such that the upper long side of the
contour with length d is parallel to the boundary outside the wire
while the lower long side with length d is parallel to the boundary
inside the wire. The two short sides with length b are perpendicular
to the boundary surface, as shown in Fig. 3.4. Shrinking the short
sides, of length b and perpendicular to the boundary surface, to zero
(b → 0), and thereby shrinking the surface enclosed by the rectan-
gular contour to zero, the right-hand side of the equation (3.69) with
a surface integral goes to zero. On the left-hand side of the equation
only the tangential fields along the two (equal) long sides remain.
Thereby, the equation (3.69) is effectively reduced to

~EOUTSIDE · ~l0 d − ~EINSIDE · ~l0 d = 0 . (3.70)

If we now drop the length of the long sides d, we readily see that
the axial tangential components of the electric field El = ~E ·~l0 must
be equal on both sides of the boundary surface. Here we note that
~E is the total tangential electric field at the boundary surface.
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In our case, just outside the boundary surface, we have for exam-
ple ~E = ~EOUTSIDE = ~Ei + ~Es. Thus the equation (3.70) gives the
following boundary condition for the axial tangential electric fields
on both sides of the boundary surface

~l0 ·
(

~EINSIDE − ~EOUTSIDE

)

= 0 , (3.71)

But we know that the inside of the thin-wire structure is a PEC,
such that ~EINSIDE = 0, which implies that on the boundary surface
S of the thin-wire structure we must have

~l0 · ~EOUTSIDE = ~l0 ·
(

~Ei + ~Es

)

= 0 , on S . (3.72)

Following (3.52), we assume that the electric field of the incident
plane wave can be written as follows

~Ei(~r) = ~E0ie
−i~k·~r , (3.73)

where ~E0i is a space- and time-independent constant transverse vec-
tor amplitude such that ~k· ~E0i = 0. Using here the three-dimensional
results for electromagnetic potentials (3.42) and (3.43) reduced to
the two-dimensional case on the boundary surface S of the thin-wire
structure, we can write

~A(~r) = µ

∫

S

~Js(~r′) G(~r, ~r′) dS ′ , (3.74)

Φ(~r) =
1

ε

∫

S

ρs(~r′) G(~r, ~r′) dS ′ , (3.75)

where

G(~r, ~r′) =
e−ik|~r−~r′|

4π|~r − ~r′|
. (3.76)
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The proof of equivalence of the formulae (3.43) and (3.42) with the
formulae (3.74) and (3.75), respectively, is given in Appendix E. Us-
ing now (3.74), we can calculate

1

µ
∇ · ~A(~r) = ∇ ·

∫

S

~Js(~r′) G(~r, ~r′) dS ′ =

=

∫

S

∇ ·
[

~Js(~r′) G(~r, ~r′)
]

dS ′ =

∫

S

~Js(~r′) · ∇G(~r, ~r′) dS ′ (3.77)

where we note that since ~Js(~r′) is a constant vector with respect to
derivations with respect to ∇ = ∂/∂~r, we have

1

µ
∇

(

∇ · ~A
)

=

∫

S

∇
[

~Js(~r′) · ∇G(~r, ~r′)
]

dS ′ . (3.78)

From the result (3.76) we know that G(~r, ~r′) = G(~r − ~r′), and we
can show that

∇G(~r − ~r′) = −∇′G(~r − ~r′) . (3.79)

Substituting (3.79) into (3.78) we can also write

1

µ
∇

(

∇ · ~A
)

= −
∫

S

∇
[

~Js(~r′) · ∇′G(~r, ~r′)
]

dS ′ . (3.80)

In the equation (3.80), we have now obtained the expression for

µ−1∇
(

∇ · ~A
)

, being an important prerequisite to derive the Pock-

lington integral equation in the next section.

3.6 Pocklington Integral Equation

Let us now use the boundary condition (3.72) for the electric fields
at the boundary surface S of the thin-wire structure shown in Fig.
3.3, i.e.

~l0 ·
(

~Ei + ~Es

)

= 0 ⇒ iωε ~l0 · ~Ei = −iωε ~l0 · ~Es , (3.81)
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or using (3.66),

iωε ~l0 · ~Ei = −iωε ~l0 ·
[

−iω ~A +
1

iωµε
∇

(

∇ · ~A
)

]

, (3.82)

or

iωε ~l0 · ~Ei = −ω2ε ~l0 · ~A − 1

µ
~l0 · ∇

(

∇ · ~A
)

. (3.83)

Substituting (3.74) into the first term on the right-hand side of (3.83)
and (3.80) into the second term on the right-hand side of (3.81), we
obtain the equation

iωε ~l0 · ~Ei = −ω2εµ ~l0 ·
∫

S

~Js(~r′) G(~r, ~r′) dS ′+

+~l0 ·
∫

S

∇
[

~Js(~r′) · ∇′G(~r, ~r′)
]

dS ′ . (3.84)

It should be noted here that vectors ~r′ starting at the origin O and
pointing to the positions of the sources of the fields, as depicted
in Fig. 3.3, correspond to the axial coordinate positions l′ along
the wire. The two notations define the same points in space, where
the field sources are located. Analogously, radius vectors ~r starting
at the origin O and pointing to the positions where we want to
calculate the fields generated by the sources, as depicted in Fig.
3.1, correspond to the axial coordinate positions l along the wire.
The two notations define the same points in space, where the fields
are to be determined. It is important to understand that the current
at each point l′ along the wire, denoted by Il(~r′) = Il(l

′), acts as a
source of currents at all the points l along the wire, including itself
- that is including l = l′. In the latter case we speak about the self-
interaction. In other words the points l′ are the source points for
the fields calculated at points l. It is also important to note that the

direction of the tangent unit vector to the thin wire ~l0 at the field
point l can be very different from the direction of the tangent unit
vector to the thin wire ~l′0 at the source point l′. Thus the Green
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function G(~r, ~r′) can also be relabeled as G(l, l′), since the positions

defined by ~r and ~r′ are exactly the same as the positions defined by
l and l′, respectively.

Now we can use the definition of the area element of the bound-
ary surface S, being dS ′ = dC ′ dl′, as well as the observation that
for thin-wire structures the fields are uniform around any circum-
ference C ′, such that the surface integral in (3.84) can be replaced
by the line integral, as follows

∫

S

dS ′ =

∮

C

dC ′

∫

L

dl′ = 2πa

∫

L

dl′ . (3.85)

Here we recall that k2 = ω2εµ and that the surface current density

points is in the axial direction ( ~Js(~r′) = Js(~r′)~l′0), and the equation
(3.84) becomes

iωε ~l0 · ~Ei =

∫

L

{−k2 (~l0 · ~l′0) (2πa)Js(~r′) G(~r, ~r′)+

+~l0 · ∇[ (2πa) Js(~r′) ~l′0 · ∇′G(~r, ~r′) ] } dl′ . (3.86)

Substituting here (3.67), i.e. Il(~r′) = (2πa)Js(~r′), we further obtain

iωε ~l0 · ~Ei =

∫

L

{−k2 (~l0 · ~l′0) Il(~r′) G(~r, ~r′)+

+~l0 · ∇[ Il(~r′) ~l′0 · ∇′G(~r, ~r′) ] } dl′ . (3.87)

Here we note that ~l0 ·∇ does not operate on Il(~r′), such that we can
rewrite the equation (3.87) as follows

∫

L

Il(~r′)
[

(~l0 · ∇)(~l′0 · ∇′) − k2 (~l0 · ~l′0)
]

G(~r, ~r′)dl′ = iωε ~l0 · ~Ei .

(3.88)

From the equation (3.88) we see that all the fields are functions of
the axial position l only, such that it is appropriate to introduce
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the notation Il(~r′) = Il(l
′), G(~r, ~r′) = G(l, l′) and the directional

derivatives along the axial line L, as follows

~l0 · ∇ =
∂

∂l
, ~l′0 · ∇′ =

∂

∂l′
. (3.89)

Using the notation (3.89), the equation (3.88) can finally be rewrit-
ten in the form

∫

L

Il(l
′)

[

∂

∂l

∂

∂l′
− k2 ~l0 · ~l′0

]

G(l, l′) dl′ = iωε ~l0 · ~Ei . (3.90)

The integral equation for the unknown function Il(l
′) is the most

general one-dimensional Pocklington Integral Equation, see [4]. The
original integral equation, obtained by Pocklington himself [7], was
derived for a special case of a straight wire antenna, where the axial
direction was chosen to be the z-direction, such that

~l0 = ~l′0 = ~ez ,
∂G

∂l
= −∂G

∂l′
=

∂G

∂z
, (3.91)

and consequently

∫

L

Iz(z
′)

[

∂2

∂z2
+ k2

]

G(z, z′) dz′ = −iωε Eiz . (3.92)

In conclusion, if we want to classify the Pocklington integral equa-
tion, we see that it has the form of a Fredholm integral equation
of the first kind. The unknown function appears only under the
integral sign and the integral is taken over the constant interval
(the entire length of the thin-wire structure). However, it should
be noted that Pocklington integral equation is in fact an integro-
differential equation due to the presence of derivatives within the
integral.

Due to the presence of the derivatives as well as due to the sin-
gular nature of the Green function (the kernel of the equation), the
numerical approach to Pocklington integral is not trivial. The steps
to remedy these difficulties generally include:

1) Replace the derivatives in the equation by finite difference ap-
proximations and thus reduce the equation to an integro-difference
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equation.

2) Circumvent the singularity of the Green function by suitable
choices of integration paths.

These steps will be studied in more detail in the next chapter.



Chapter 4

Numerical Study of Helical
Antennas

4.1 Helical Geometry Description

In this section we present a detailed description of the helical an-
tenna geometry, that we intend to solve using the Pocklington equa-
tion (3.89). The present description follows to some extent the ap-
proach used in [9] and [12]. The helical thin-wire structure with
two important unwound details is depicted in Fig. 4.1. In Fig. 4.1
we assume that the starting point for the helical thin-wire structure
is on the x-axis of the Cartesian coordinates plane at the distance
from the origin equal to the radius R of the cylinder in which the
helical structure is embedded (x0, y0, z0) = (R, 0, 0). Otherwise, we
introduce the following notation:

H - Vertical elevation of a helical turn

α - Elevation angle of the helical turns

Λ - Length of one turn of the helical structure

R - Radius of the cylinder where the helical structure is embedded

ϕ - Polar angle of the cylindrical coordinates

l - Length coordinate along the helical structure

The helical thin-wire structure is in general a three-dimensional ob-
ject, and in Cartesian coordinates any point on the helical structure

45
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Figure 4.1: Helical antenna geometry with notation.
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can be defined by the three coordinates of the radius vector ~r, i.e.

~r = x~ex + y~ey + z~ez . (4.1)

On the other hand we know that the thin-wire structure is inherently
one-dimensional, which means that we need to eliminate the two
of the three coordinates using the symmetries of the problem in
cylindrical coordinates. We firt note that the entire helical thin-wire
structure is situated at the cylindrical radius r = R = Constant.
Thus the two coordinates x and y can be expressed as function of
the polar angle ϕ only, as follows

x = R cos ϕ , y = R sinϕ . (4.2)

In Fig. 4.1 the upper triangle to the right depicts one complete
unwound turn of the helical structure, which covers the polar angle
ϕ = 2π and elevates the structure by the vertical elevation H. On
the other hand the lower triangle to the right in Fig. 4.1 depicts a
part of one turn that covers an arbitrary polar angle 0 < ϕ < 2π
which elevates the structure for some corresponding height z. By
similarity of the two triangles, we readily see that

2πR
H =

Rϕ

z
⇒ ϕ =

2πz

H . (4.3)

Substituting (4.3) into (4.2) we obtain

x = R cos

(

2πz

H

)

, y = R sin

(

2πz

H

)

, (4.4)

and the two coordinates x and y have been expressed in terms of the
remaining z-coordinate, which confirms that the thin-wire structure
problem is inherently one-dimensional. The z-coordinate is, how-
ever, not the most suitable coordinate to work with in the Pock-
lington integral equation (3.89), and we need to replace it by the
coordinate l along the axis of the thin-wire structure. It is easily
managed using again the two unwound similar triangles to the right
in Fig. 4.1, whereby we readily see that

z

H =
l

Λ
⇒ z =

H
Λ

l = l sin α , (4.5)
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cos α =
2πR
Λ

⇒ R =
Λ

2π
cos α , (4.6)

such that all three Cartesian coordinates can be expressed in terms
of the l-coordinate, as follows

x =
Λ

2π
cosα cos

(

2πl

Λ

)

, y =
Λ

2π
cos α sin

(

2πl

Λ

)

, z = l sinα .

(4.7)

Substituting (4.7) into (4.1) we obtain

~r =
Λ

2π
cos α cos

(

2πl

Λ

)

~ex +
Λ

2π
cos α sin

(

2πl

Λ

)

~ey + l sinα~ez .

(4.8)

The unit vector in l-direction, along the thin-wire structure, is then
obtained by definition

~l0 =
∂~r

∂l
= − cos α sin

(

2πl

Λ

)

~ex + cosα cos

(

2πl

Λ

)

~ey + sinα~ez ,

(4.9)

and analogously for the position of the sources l′,

~l′0 = − cosα sin

(

2πl′

Λ

)

~ex + cosα cos

(

2πl′

Λ

)

~ey + sinα~ez ,

(4.10)

such that

~l0 · ~l′0 = cos2 α [ sin

(

2πl

Λ

)

sin

(

2πl′

Λ

)

+

+cos

(

2πl

Λ

)

cos

(

2πl′

Λ

)

] + sin2 α . (4.11)
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By formula cos(a ± b) = cos a cos b ∓ sin a sin b, the result (4.11) is
simplified to

~l0 · ~l′0 = cos2 α cos

[

2π

Λ
(l − l′)

]

+ sin2 α , (4.12)

and it is obvious that for l = l′, we have

~l0 ·~l0 = ~l′0 · ~l′0 = cos2 α + sin2 α = 1 , (4.13)

as expected, since both ~l0 and ~l′0 are, by definition, unit vectors.
As the next step, we need to consider the Green function G(l, l′)
defined by (3.70), i.e.

G(~r, ~r′) =
e−ik|~r−~r′|

4π|~r − ~r′|
=

e−ikR0

4πR0

, (4.14)

where we introduce the notation

~R0 = ~r − ~r′ ⇒ R0 = |~R0| = |~r − ~r′| . (4.15)

In order to calculate the Green function G(l, l′), we need to calculate

the vector ~R0, using (4.8), i.e.

~r =
Λ

2π
cos α cos

(

2πl

Λ

)

~ex +
Λ

2π
cosα sin

(

2πl

Λ

)

~ey + l sinα~ez

(4.16)

~r′ =
Λ

2π
cosα cos

(

2πl′

Λ

)

~ex +
Λ

2π
cos α sin

(

2πl′

Λ

)

~ey + l′ sinα~ez .

(4.17)

Thus we obtain

~R0 = ~r − ~r′ =
Λ

2π
cos α

[

cos

(

2πl

Λ

)

− cos

(

2πl′

Λ

)]

~ex+
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+
Λ

2π
cos α

[

sin

(

2πl

Λ

)

− sin

(

2πl′

Λ

)]

~ey+(l−l′) sin α~ez .(4.18)

Using here the trigonometric formulae

sin a − sin b = +2cos
a + b

2
sin

a − b

2
,

cos a − cos b = −2 sin
a + b

2
sin

a − b

2
, (4.19)

or in our case

sin

(

2πl

Λ

)

− sin

(

2πl′

Λ

)

= +2cos
[π

Λ
(l + l′)

]

sin
[π

Λ
(l − l′)

]

,

cos

(

2πl

Λ

)

−cos

(

2πl′

Λ

)

= −2 sin
[π

Λ
(l + l′)

]

sin
[π

Λ
(l − l′)

]

,(4.20)

the result (4.18) becomes

~R0 =
Λ

π
cosα sin

[π

Λ
(l − l′)

]

{ − sin
[π

Λ
(l + l′)

]

~ex +

+cos
[π

Λ
(l + l′)

]

~ey } + (l − l′) sinα ~ez , (4.21)

such that

R2

0 =

(

Λ

π
cosα

)2

sin2

[π

Λ
(l − l′)

]

{ sin2

[π

Λ
(l + l′)

]

+

+cos2

[π

Λ
(l + l′)

]

} + (l − l′)2 sin2 α , (4.22)
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Figure 4.2: Small segment of the thin-wire structure.

or finally

R0 =

√

(

Λ

π
cos α

)2

sin2

[π

Λ
(l − l′)

]

+ (l − l′)2 sin2 α . (4.23)

Substituting (4.23) into (4.14), it is possible to calculate the Green
functions for the helical thin-wire structure when l 6= l′. However for
the so-called self-interaction, when l = l′, we readily see that R0 = 0
and the result for the Green function (4.14) diverges. There are sev-
eral methods to avoid this singularity, see [4], and the one commonly
used for thin-wire structures is illustrated in Fig. 4.2. Fig. 4.2 is es-
sentially identical to Figure 5-4 in [4], and the regularization method
illustrated in Fig. 4.2 is described in more detail in [4]. A detailed
analysis of validity and limitations of this regularization scheme is
beyond the scope of the present thesis, and an interested reader is
referred to [4] and references therein. Nevertheless, from Fig. 4.2,
we see that the method to avoid a singular Green function in case of
self-interaction (l = l′) is to assume that the current elements Il(l

′),
being the sources of the scattered fields, flow along the central axial
line L in the middle of the thin wire of radius a. On the other hand
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the electric fields cannot penetrate the PEC wire, and they are to be
calculated on the metallic boundary outside of the wire structure.
Thus in the result for the Green function (4.14) we replace R0 by
R, such that

~R = ~r − ~r′a = ~r −
(

~r′ − ~a
)

= ~R0 + ~a . (4.24)

Thus the Green function becomes

G(l, l′) =
e−ikR

4πR
, (4.25)

where, using (4.23) and (4.24), we have

R =

√

(

Λ

π
cos α

)2

sin2

[π

Λ
(l − l′)

]

+ (l − l′)2 sin2 α + a2 ,(4.26)

such that R is never equal to zero. The geometrical considerations
presented in the present section will be used to solve the Pocklington
integral equation (3.89) for the helical thin-wire structure described
in detail here.

4.2 Method of Moments (MoM) Approach

The objective of the present section is to outline the Method of Mo-
ments (MoM) that we will use to solve the equation (3.89), i.e.

∫

L

Il(l
′)

[

∂

∂l

∂

∂l′
− k2 ~l0 · ~l′0

]

G(l, l′) dl′ = iωε ~l0 · ~Ei . (4.27)

The principles of MoM will be presented directly on the practical
example of the helical thin-wire structure described in the previ-
ous section. In order to solve the equation (4.27), we discretize the
helical structure by dividing into a number (N) of small elements
which, for any practical purposes, can be considered to be straight
wire segments of some length D, as shown in Fig. 4.3. The un-
known variable, to be determined, in the integral equation (4.27) is
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Figure 4.3: Segmentation of the thin-wire structure.

the induced current I(l′) = Il(l
′) which varies along the thin-wire

structure. The idea of the MoM is to assume that, as long as the
segments shown in Fig. 4.3 are sufficiently small, we assume that
each segment carries a constant uniform current In. Thus the cur-
rent function I(l′) can be written in the form

I(l′) =
N

∑

n=1

Pn(l
′)In , (4.28)

where Pn(l′) are called The Basis Functions and they are equal to
zero on all other segments except on the n-th segment, where they
can be chosen as some normalized non-zero functions that provide
optimal accuracy of the numerical calculation. For the present ex-
ample, a particular choice of the basis functions Pn(l

′) will be made
later in this chapter. In MoM we also need to introduce another set
of functions called The Weight Functions, denoted by Wm(l), which
are zero everywhere except on the m-th segment, where they also
can be chosen to provide best possible accuracy of the numerical
calculations. It should be noted here that the index n in the basis
functions refers to the position of sources l′ while the index m in the
weight functions refers to the position where we calculate the fields
l. Substituting (4.28) into (4.27) gives

N
∑

n=1

In

∫

L′

Pn(l′)

[

∂

∂l

∂G

∂l′
− k2 ~l0 · ~l′0G

]

dl′ = iωε ~l0· ~Ei(l) .(4.29)

The next step in the MoM is to multiply the equation (4.29) by
the weight function Wm(l) and integrate over the field positions L.
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Thus we obtain

1

iωε

N
∑

n=1

In

[
∫

L

Wm(l)
∂

∂l

∫

L′

Pn(l′)
∂G

∂l′
dl′dl −

−
∫

L

Wm(l)

∫

L′

Pn(l′) k2

(

~l0 · ~l′0
)

G dl′dl

]

=

=

∫

L

Wm(l)~l0 · ~Ei(l) . (4.30)

The equation (4.30) can now be written as a matrix equation

N
∑

n=1

ZmnIn = Um , (4.31)

where Zmn are elements of an impedance matrix, defined by

Zmn =
i

ωε

[

k2

∫

L

Wm(l)

∫

L′

(

~l0 · ~l′0
)

Pn(l′) G(l, l′) dl′dl −

−
∫

L

Wm(l)
∂

∂l

∫

L′

Pn(l′)
∂G

∂l′
dl′dl

]

, (4.32)

and Um are the elements of a source voltage, defined by

Um =

∫

L

Wm(l)~l0 · ~Ei(l) . (4.33)

The general equation (4.31), with definitions (4.32) and (4.33) con-
stitutes the theoretical basis for MoM in the present case. In order
to be able to perform the practical calculations, we must specify the
basis functions Pn(l

′) and weight functions Wm(l) for the present
problem. One simple, but generally not sufficiently accurate, choice
of these functions is following

Pn(l′) =

{

1 , ln − D
2

< l′ < ln − D
2

0 , otherwise

}

, (4.34)
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Wm(l) = δ(l − lm) . (4.35)

Let us first substitute (4.35) into (4.33), to obtain

Um =

∫

L

δ(l − lm)~l0 · ~Ei(l) = ~l0m · ~Ei(lm) , (4.36)

where ~l0m is the axial unit vector at the wire segment denoted by
the label m, as defined in Fig. 4.3. Substituting both (4.34) and
(4.35) into (4.32), gives

Zmn =
i

ωε

[

k2

∫

L

dl δ(l − lm)

∫

Ln

(

~l0 · ~l′0
)

G(l, l′) dl′ −

−
∫

L

dl δ(l − lm)
∂

∂l

∫

Ln

(

∂G

∂l′
dl′

)]

, (4.37)

or

Zmn =
i

ωε

{

k2

∫

Ln

(

~l0m · ~l′0
)

G(lm, l′) dl′ −

−
∫

L

dl δ(l − lm)

[

∂G(l, l′)

∂l

]l′=ln+D/2

l′=ln−D/2

}

, (4.38)

or

Zmn ≈ i

ωε

{

k2

(

~l0m ·~l0n

)

G(lm − ln) D +

+
∂

∂lm

[

G(lm − ln +
D

2
) − G(lm − ln − D

2
)

]}

. (4.39)

Replacing the derivatives by small finite differences in the second
term on the right-hand side of the equation (4.39), we finally obtain

Zmn ≈ i

ωε

{

k2

(

~l0m ·~l0n

)

G(lm − ln) D +
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+
1

D

[

G(lm − ln +
3D

2
) − 2G(lm − ln +

D

2
) + G(lm − ln − D

2
)

]}

,

(4.40)

where G(l − l′) is given by

G(l − l′) =
e−ikR

4πR
, (4.41)

with

R =

√

(

Λ

π
cos α

)2

sin2

[π

Λ
(l − l′)

]

+ (l − l′)2 sin2 α + a2 ,(4.42)

and

~l0 · ~l′0 = cos2 α cos

[

2π

Λ
(l − l′)

]

+ sin2 α . (4.43)

The matrix equation (4.31) with algebraic formulae (4.36) and (4.40)-
(4.43) constitutes the basis for MoM solution of the Pocklington
equation (4.27) for a helical thin-wire structure.

4.3 Numerical Solutions for Helical Antenna

One last piece of information that is needed for the calculations
according to the above is the input data regarding the incoming
electromagnetic wave with the electric field intensity Ei(~r) given in
(3.69). As stipulated above, here we assume that the incoming elec-
tromagnetic wave is a plane wave propagating in free space. This is
a reasonable assumption since the incoming wave is far away from its
source, that is a sending antenna, and it propagates in the free space
with no boundaries that could guide it in any particular direction.
Furthermore, since the receiving antenna is a helical antenna with a
circular basic structure, it is known that it is especially well-suited
for circularly polarized waves, see [11]. Satellite communication sys-
tems often use circularly polarised radio waves, because the satellite
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Figure 4.4: Polarization of the incident electromagnetic wave.

antenna may be oriented at any angle in space without affecting the
transmission, and axial mode (end fire) helical antennas are often
used as the ground antenna, see [11]. Thus we assume that the in-
coming electromagnetic wave is circularly polarized. Based on these
assumptions, we now determine the exact polarization and incident
path of the incoming plane wave in order to be able to calculate the
source voltage (4.36). The symmetry of the helical thin-wire struc-
ture with respect to rotations around the z-axis, makes the choice of
directions for x-axis and y-axis arbitrary. Thus, we can chose either
of the two (x-axis or y-axis) and use it together with the z-axis to
define the plane of incidence of the incoming plane wave. We there-
fore assume that the plane of incidence is the yz-plane as indicated
in Fig. 4.4. From Fig. 4.4 we see that the wave vector ~k in the
direction of propagation is of the form

~k = k cos β~ey + k sinβ~ez , (4.44)

where β is the angle of oblique incidence of the incoming electro-
magnetic wave. The two unit vectors perpendicular to the wave
propagation vector ~k are following
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~e1 = − sinβ~ey + cos β~ez , ~e2 = ~ex . (4.45)

From (4.45) it is evident that both ~e1 and ~e1 are indeed vectors of
unit length (~e1 · ~e1 = ~e2 · ~e2 = 1) perpendicular to the wave vector

(~e1 ·~k = ~e2 ·~k = 0). The electric field strength of a circularly polar-
ized electromagnetic wave can then be written in the form

~E(~r) = E (~e1 ∓ i~e2) ei~k·~r , (4.46)

or

~E(~r) = E (− sin β~ey + cos β~ez ∓ i~ex) ei~k·~r , (4.47)

where E is the magnitude of the incoming electric field and ∓ signs
define the two types of the circular wave polarization. The minus
sign corresponds to the right-handed circular polarization (RHCP)
while the plus sign corresponds to the left-handed circular polariza-
tion (LHCP). Thus in the present numerical calculations the incident
electromagnetic field is described by the following input data

E - Magnitude of the incoming electric field

β - Incident angle of the incoming electromagnetic wave

k - Magnitude of the wave vector ~k

LHCP/RHCP - Type of the circular polarization

Using this input data, we can readily calculate the components of
the electric field strength and the wave vector as follows

Ei0x = ∓iE , Ei0y = −E sinβ , Ei0z = +E cosβ , (4.48)

kx = 0 , ky = k cos β , kz = k sinβ . (4.49)

Based on the results of the analysis in the present chapter it is
now straightforward to develop the MATLAB-code to implement
the MoM algorithm for numerical calculation of the induced current
in the helical thin-wire structure. The actual MATLAB-code is
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Figure 4.5: Induced currents In for the given set of parameters with N = 20.

listed in the Appendix A. In the numerical calculations performed
here, we do not try to resemble any actual existing helical antenna
geometry, since it is not essential for the analysis performed in the
present thesis. Instead we choose a random set of parameters and
investigate the shapes of the obtained numerical results. Parameters
required by the MATLAB implementation are listed in the following
table:

Input Parameter Value Units
Incoming wave vector (k) 25 1/m
Incident angle of the wave (β) 0.3 rad
Polarization (RHCP = 1 , LHCP = 2) 1
Incident electric field (E) 1 V/m
Helical cylinder radius (R) 0.25 m
Elevation angle of turns (α) 0.2 rad
Radius of the thin wire (a) 0.005 m
Number of turns (NT ) 10
Number of segments (N = NS) 20 ≤ N ≤ 400

Using these input parameters we obtain the numerical solutions for
induced currents In shown in Figs. 4.5, 4.6, 4.7, 4.8 and 4.9 for the
numbers of segments N = 20, N = 40, N = 100, N = 200 and
N = 400, respectively. The discussion and analysis of the above
results is presented in the next chapter.
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Figure 4.6: Induced currents In for the given set of parameters with N = 40.

Figure 4.7: Induced currents In for the given set of parameters with N = 100.
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Figure 4.8: Induced currents In for the given set of parameters with N = 200.

Figure 4.9: Induced currents In for the given set of parameters with N = 400.
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Chapter 5

Analysis

5.1 Major Results and Validity Analysis

The numerical solutions of the Pocklington integral equation for the
induced currents in a helical thin-wire structure, with a given set of
geometrical and wave parameters studied in the previous chapter,
are shown in Figs. 4.5 - 4.9. We note that in Fig. 4.5, we divide the
helical wire with 10 turns into only 20 segments. This means that
each segment covers half the turn and that each half-turn is assumed
to have the uniform induced current. This is clearly too crude to
provide a reasonable accuracy. It is easily understood that 20 is not
a reasonable number of segments to provide any acceptable accu-
racy, since the helical structure is irradiated by the incoming radio
wave from a direction in the yz-plane as shown in Fig. 4.4. Along
an entire half-turn of the helical structure the angles of scattering
of the incoming radio waves vary significantly. Thus, it is clearly
not possible that an induced current, being a periodic function of
the scattering angle, can be uniform in such a large segment. Fur-
thermore, there is an implicit assumption that each segment can
approximately be seen as a straight-wire segment. An entire half-
turn is clearly not even close to a straight-wire segment. In order
that the assumption of a uniform induced current in an approxi-
mately straight wire segment can be considered as reasonable, it is
obvious that we need to divide each turn into much more than just
two segments. Only then the uniform current in each segment can
be expected to be closer to the actual exact continuous current.

Thus, based on these theoretical considerations, in Figs. 4.5 -

63
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Figure 5.1: Induced current pattern for a helical antenna with 10 turns adopted
from Fig. 11 in [12].

4.9 we conclude that the practical relevance and expected accuracy
of the obtained results increases with the increasing number of seg-
ments used for calculations. It is interesting to note that already
with 40 segments in Fig. 4.6 we obtain an inaccurate but generally
reasonable induced current pattern that repeats itself for each turn.
We know that the induced current pattern is reasonable by compar-
ison with some other similar studies, see for example the uppermost
diagram in Fig. 11 in [12], shown in Fig. 5.1 here. Furthermore,
increasing the number of segments to 100, 200 and 400 in Figs.
4.7, 4.8 and 4.9, respectively, the induced current pattern becomes
smoother but retains the general shape that repeats itself for all 10
turns. Apart from the obvious need for a larger number of segments
to improve the accuracy of the solution, we also recall that our choice
of the basis functions (4.34) and weight functions (4.35) is also very
simple and crude and does not provide a very high accuracy even
when the number of segments is chosen to be very large.

The model is, in theory, generally valid for any helical thin-wire
structure dimensions and and any number of segments. However, in
practice, the abovementioned very simple choice of the basis func-
tions (4.34) and weight functions (4.35) limits the validity of the
model up to a certain level of discretization (i.e. a certain number
of segments). Further refinement of the present model, with a very
large number of segments does not improve the calculations.
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5.2 Discussion

In the present thesis we derived an analytical model for the elec-
tric and magnetic field distributions around a helical antenna using
integral equation techniques. Thereby we provided a detailed geo-
metric analysis of a general helical thin-wire structure, and derived
the Pocklington integral equation for the induced currents in a he-
lical antenna subject to an oblique incidence of a plane microwave
radiation (a radio wave).

Based on these derived results, we have developed a numerical
model in MATLAB that enables the actual calculation of the in-
duced currents in a helical antenna. Using the developed MATLAB-
code we have performed numerical calculations for one example of
a helical antenna with a varying number of segments (from 20 to
400).

From the theoretical formulation of the problem we know that the
larger number of segments is expected to provide the results closer
to the actual exact solution. The results obtained have the expected
periodic shape and behavior, in qualitative agreement with e.g. the
one found in [12], see Fig. 5.1. The problem studied in the present
thesis is of interest for a number of practical applications within the
area of radio communications, like cellular mobile communication,
surveillance applications and military applications.
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Chapter 6

Conclusions and Future
Work

6.1 Conclusion

The main goal of the present thesis was to formulate an analytical
and numerical model for calculation of the electromagnetic fields in
the vicinity of a helical antenna, using integral equation techniques,
and find a numerical solution using the computational Method of
Moments (MoM). The integral equation derived and solved is the
one-dimensional Pocklington integral equation. The goal has been
achieved both by means of advanced theoretical considerations and
the performed numerical calculations and discussions.

6.2 Limitations

In the present thesis, we did not study various possible computa-
tional methods, but have from the beginning set out to use one of
them - Method of Moments (MoM). Consequently, we have not stud-
ied the computational efficiency of various computational methods
and compared these with each other. The present thesis is of math-
ematical nature, and we do not include any study of experimental
measurement results for the induced currents in a helical antenna
structure.

67
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6.3 Future Work

The future work on the subject of the present thesis should ad-
dress the abovementioned limitations. One future effort, based on
the developed theoretical base, can include a theoretical study of
several other numerical methods, briefly mentioned in the present
thesis, and investigate their numerical efficiency for the solution of
the problem at hand. Another potential future effort can include a
study of an actual physical helical antenna with a comparison of the
theoretical results for the induced currents with the experimental
measurement results of these currents. Furthermore, from a theo-
retical point of view, the future efforts can also include the applica-
tions of other possible integral equations instead of the Pocklington
equation used here. In conclusion, there are many interesting paths
for future work on this subject, depending on the interests of an
individual student/researcher.

6.4 Reflections

The work on the present thesis was very interesting and learning. It
required the study of large number of references, mainly found on
the Internet and by far not all listed in the bibliography, to identify
the most efficient approach to the problem. In the bibliography,
only the references actually used to make some points are men-
tioned. The literature on the helical antennas is vast, and most of
the material is not useful for a thesis with a present scope. Likewise
the literature on integral equations in general, and their applica-
tions to the electromagnetic problems, is also quite extensive and
most of these references are not useful for a thesis with the present
scope either. Therefore, the investigative process in the thesis con-
sisted of an extensive search and classification of various sources and
choosing those that help the work move forward. To that effect, I
am grateful to my thesis supervisor for a proposal of some initial
sources, notably [1]. Another reflection, worth mentioning, is that,
in the beginning of the work on the present thesis, it was difficult to
find a suitable compromise between my mathematical interests and
the actual problem to be solved.
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Appendix B

Vector Analysis Concepts

B.1 ∇-Operator in Cartesian Coordinates

In three-dimensional Cartesian coordinates, where length element is
defined by

ds2 = dx2 + dy2 + dz2 (B.1)

the symbol ∇ denotes the following vector-operator

∇ =

{

∂

∂x
,

∂

∂y
,

∂

∂z

}

= ~ex
∂

∂x
+ ~ey

∂

∂y
+ ~ez

∂

∂z
(B.2)

where ~ex = {1, 0, 0} , ~ey = {0, 1, 0} and ~ey = {0, 0, 1} are the usual
orthonormal unit vectors in Cartesian coordinates.

B.2 Gradient in Cartesian Coordinates

Gradient of a scalar function φ in Cartesian coordinates is defined
by

∇φ = ~ex
∂φ

∂x
+ ~ey

∂φ

∂y
+ ~ez

∂φ

∂z
(B.3)

B.3 Divergence in Cartesian Coordinates

The divergence of a vector field ~A = Ax~ex+Ay~ey+Az~ez in Cartesian
coordinates is defined by

∇ · ~A =
∂Ax

∂x
+

∂Ay

∂y
+

∂Az

∂z
(B.4)
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B.4 Curl in Cartesian Coordinates

The curl of a vector field ~A = Ax~ex + Ay~ey + Az~ez in Cartesian
coordinates is defined by a determinant

∇× ~A =

∣

∣

∣

∣

∣

∣

∣

~ex ~ey ~ez

∂
∂x

∂
∂y

∂
∂z

Ax Ay Az

∣

∣

∣

∣

∣

∣

∣

. (B.5)

B.5 Laplacian in Cartesian Coordinates

The Laplacian of an arbitrary scalar function or a scalar component
of a vector field, denoted by f , in Cartesian coordinates is defined
by

(∇ · ∇)f = ∇2f =
∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2
(B.6)

B.6 Gradient in general Orthogonal Coordinates

In general orthogonal coordinates, with the length element given by

ds2 = (hudu)2 + (hvdv)2 + (hwdw)2 (B.7)

and hu = hu(u, v, w), hv = hv(u, v, w) and hw = hw(u, v, w), the
gradient of a scalar function φ is given by

∇ = ~eu
1

hu

∂φ

∂u
+ ~ev

1

hv

∂φ

∂v
+ ~ew

1

hw

∂φ

∂w
(B.8)

As an example in spherical coordinates, with the length element
given by

ds2 = dr2 + r2dθ2 + r2 sin2 θdϕ2 (B.9)

we have

u = r , v = θ , w = ϕ

hu = 1 , hv = r , hw = r sin θ .
(B.10)
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The gradient of a scalar function φ in spherical coordinates is then

∇φ =
∂φ

∂r
~er +

1

r

∂φ

∂θ
~eθ +

1

r sin θ

∂φ

∂ϕ
~eϕ , (B.11)

where ~er , ~eθ and ~eϕ are the unit vectors in spherical coordinates.

B.7 Divergence in general Orthogonal Coordi-

nates

The divergence of a vector field ~A = Au~eu +Av~ev +Aw~ew in general
orthogonal coordinates is defined by

∇ · ~A =
1

huhvhw

[

∂

∂u
(hvhwAu) +

∂

∂v
(huhwAv) +

∂

∂w
(huhvAw)

]

(B.12)

As an example in spherical coordinates, the divergence is

∇ · ~A =
1

r2 sin θ

[

∂

∂r

(

r2 sin θAr

)

+
∂

∂θ
(r sin θAθ) +

∂

∂ϕ
(rAϕ)

]

=

=
1

r2

∂

∂r

(

r2Ar

)

+
1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aϕ

∂θ
(B.13)

B.8 Curl in general Orthogonal Coordinates

The curl of a vector field ~A = Au~eu + Av~ev + Aw~ew in general or-
thogonal coordinates is defined by a determinant

∇× ~A =
1

huhvhw

∣

∣

∣

∣

∣

∣

∣

hu~eu hv~ev hw~ew

∂
∂u

∂
∂v

∂
∂w

huAu hvAv hwAw

∣

∣

∣

∣

∣

∣

∣

(B.14)

As an example in spherical coordinates, the curl is

∇× ~A =
1

r2 sin θ

∣

∣

∣

∣

∣

∣

∣

∣

~er r ~eθ r sin θ ~eϕ

∂
∂r

∂
∂θ

∂
∂ϕ

Ar r Aθ r sin θ Aϕ

∣

∣

∣

∣

∣

∣

∣

∣

(B.15)
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or

∇× ~A =
1

r sin θ

[

∂

∂θ
(sin θ Aϕ) − ∂Aθ

∂ϕ

]

~er+

+
1

r

[

1

sin θ

∂Ar

∂ϕ
− ∂

∂r
(r Aϕ)

]

~eθ +
1

r

[

∂

∂r
(r Aθ) −

∂Ar

∂θ

]

~eϕ

(B.16)

B.9 Laplacian in general Orthogonal Coordinates

The Laplacian of an arbitrary scalar function or a scalar component
of a vector field, denoted by f , in general orthogonal coordinates is
defined by

∇2f =
1

huhvhw

[

∂

∂u

(

hvhw

hu

∂f

∂u

)

+

+
∂

∂v

(

huhw

hv

∂f

∂v

)

+
∂

∂w

(

huhv

hw

∂f

∂w

)]

(B.17)

As an example in spherical coordinates, the Laplacian is

∇2φ =
1

r2

∂

∂r

(

r2 ∂φ

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂φ

∂θ

)

+
1

r2 sin2 θ

∂2φ

∂ϕ2

(B.18)

B.10 Divergence of Curl

By definition of ∇-operator for an arbitrary vector field ~A we have

∇ ·
(

∇× ~A
)

= 0 (B.19)

Proof in Cartesian coordinates:

∇ ·

∣

∣

∣

∣

∣

∣

∣

~ex ~ey ~ez

∂
∂x

∂
∂y

∂
∂z

Ax Ay Az

∣

∣

∣

∣

∣

∣

∣

=
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=
∂

∂x

(

∂Az

∂y
− ∂Ay

∂z

)

− ∂

∂y

(

∂Az

∂x
− ∂Ax

∂z

)

+
∂

∂z

(

∂Ay

∂x
− ∂Ax

∂y

)

=

=
∂2Az

∂x∂y
− ∂2Ay

∂x∂z
− ∂2Az

∂x∂y
+

∂2Ax

∂y∂z
+

∂2Ay

∂x∂z
− ∂2Ax

∂y∂z
= 0 (B.20)

B.11 Curl of Gradient

By definition of ∇-operator for an arbitrary scalar field Φ we have

∇× (∇Φ) = 0 (B.21)

Proof in Cartesian coordinates:

∇× (∇Φ) =

∣

∣

∣

∣

∣

∣

∣

∣

~ex ~ey ~ez

∂
∂x

∂
∂y

∂
∂z

∂Φ

∂x
∂Φ

∂y
∂Φ

∂z

∣

∣

∣

∣

∣

∣

∣

∣

= ~ex

(

∂2Φ

∂y∂z
− ∂2Φ

∂z∂y

)

−

−~ey

(

∂2Φ

∂x∂z
− ∂2Φ

∂z∂x

)

+ ~ez

(

∂2Φ

∂x∂y
− ∂2Φ

∂y∂x

)

= 0 (B.22)

B.12 Curl of Curl

By definition of ∇-operator for an arbitrary vector field ~A we have

∇×∇× ~A = ∇
(

∇ · ~A
)

−∇2 ~A (B.23)

which can also be verified in Cartesian coordinates, although the
detailed proof is not included here.
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Appendix C

Dirac δ-function

C.1 1D Dirac δ-function

In mathematics, the Dirac δ-function is a generalized function, see
[13], on the real number line that is zero everywhere except at zero,
with an integral of one over the entire real line. The δ-function
can be thought of as an infinitely high, infinitely thin spike at the
origin, with total area one under the spike. It physically represents
the density of an idealized point mass or point electric charge. From
a purely mathematical point of view, the δ-function is not strictly
a function since any extended-real function that is equal to zero
everywhere but a single point must have total integral zero. The δ-
function only makes sense as a mathematical object when it appears
inside an integral. Thus, the one-dimensional Dirac delta function
δ(x − x0), is a mathematical object with following properties

δ(x− x0) =

{

0 for x 6= x0

∞ for x = x0

}

(C.1)

∫ b

a

f(x0)δ(x− x0)dx0 =

{

f(x) , x ∈ (a, b)

0 , x /∈ (a, b)

}

(C.2)

The above properties of the delta function can be illustrated in Fig.
C.1. From Fig. C.1 we readily see that for ε → 0 the window
becomes the delta function. Using Fig. C.1, we also readily see that
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Figure C.1: The window becomes delta function for ε → 0.

the integral

∫ b

a

δε(x − x0)dx0 =

{

(2ε)−1(2ε) = 1 , x ∈ (a, b)

0 , x /∈ (a, b)

}

(C.3)

is independent of ε and equal to unity whenever x ∈ (a, b). Thus
for ε → 0 we have δε→0(x − x0) → δ(x− x0).

C.2 3D Dirac δ-function

The three-dimensional delta function in Cartesian coordinates is de-
fined as follows

δ(~r − ~r0) = δ(x− x0)δ(y − y0)δ(z − z0) (C.4)

with the property

∫

V0

f(~r0)δ(~r − ~r0)dV0 =

{

f(~r) , ~r ∈ V0

0 , ~r /∈ V0

}

(C.5)
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In general orthogonal coordinates the three-dimensional delta func-
tion is defined as

δ(~r − ~r0) =
1

huhvhw
δ(u − u0)δ(v − v0)δ(w − w0) (C.6)

with the notation as in Appendix B. above. As an example, in
spherical coordinates we have

δ(~r − ~r0) =
1

r2 sin θ
δ(r − r0)δ(θ − θ0)δ(ϕ− ϕ0) (C.7)

In the special case where there is no dependence on the angles θ and
ϕ, the delta function in spherical coordinates assumes the form

δ(~r − ~r0) =
1

4πr2
δ(r − r0) (C.8)
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Appendix D

3D Green Function

Here we prove that (3.40), i.e.

g(~R) =
e−ikR

4πR
, (D.1)

is indeed one solution of the differential equation (3.39),
(

∇2 + k2
)

g(~R) = −δ(~R) . (D.2)

Proof:
We first note that g(R) is a function of the radial coordinate R only
in the system of spherical coordinates (R, θ, ϕ). Using (B.18) and
(C.8) in such a spherically symmetric case, we can write

1

R2

d

dR

(

R2
dg

dR

)

+ k2g = − 1

4πR2
δ(R) , (D.3)

or relabeling the radial variable to t (R → t), and multiplying by t2,

d

dt

[

t2
dg(t)

dt

]

+ k2t2g(t) = − 1

4π
δ(t) . (D.4)

Application of the Laplace transform to both sides of the equation
(D.4), using carefully the rules L[df/dt] = sF (s), where we drop the
initial values, and L[t2f(t)] = d2F (s)/ds2, yields

s L
[

t2
dg(t)

dt

]

+ k2 d2G(s)

ds2
=

1

4π
, (D.5)
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or

s
d2

ds2

{

L
[

dg(t)

dt

]}

+ k2 d2G(s)

ds2
=

1

4π
, (D.6)

or

s
d2

ds2
[sG(s)] + k2 d2G(s)

ds2
=

1

4π
, (D.7)

or finally

d

ds

[

(

s2 + k2
) dG(s)

ds

]

=
1

4π
. (D.8)

Integrating this equation with respect to s once, gives

dG(s)

ds
=

1

4π

s

s2 + k2
=

1

4π
L [cos(kt)] . (D.9)

Using now inverse Laplace transform, and relabeling back from t to
R, we obtain

t G(t) =
1

4π
cos(kt) ⇒ G(R) =

1

4πR
cos(kR) . (D.10)

From the equation (D.8) it is readily seen that the function GI(t),
defined by

t GI(t) =
1

4π
sin(kt) ⇒ dGI(s)

ds
=

1

4π

k

s2 + k2
, (D.11)

satisfies the equation

d

ds

[

(

s2 + k2
) dGI(s)

ds

]

= 0 . (D.12)
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Thus the functions G(R) ± iGI(R), also satisfy the equation (D.2),
and it is legitimate to use the Green functions of the form

g(~R) =
e±ikR

4πR
=

e±ik|~r−~r0|

4π|~r − ~r0|
= g(~r − ~r0) . (D.13)

This completes the proof that (3.40) is indeed a solution of the
differential equation (3.39), where we choose the minus sign in the
exponent to indicate the positive direction of the wave propagation.
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Appendix E

Two dimensional
electromagnetic potentials

Let us consider the formulae (3.43) and (3.42), in the following form

~A(~r) = µ

∫

V

~J(~r′) G(~r, ~r′) dV ′ , (E.1)

Φ(~r) =
1

ε

∫

V

ρ(~r′) G(~r, ~r′) dV ′ . (E.2)

Assume that the volume V ′ is the volume of a cylinder shown in
figure Fig. E.1. In this particular case the formulae (E.1) and (E.2),
can be written in cylindrical coordinates, as follows

~A(~r) = µ

∫

V

~J(~r′) G(~r, ~r′) r′dr′dϕ′dz′ , (E.3)

Φ(~r) =
1

ε

∫

V

ρ(~r′) G(~r, ~r′) r′dr′dϕ′dz′ . (E.4)

Let us now assume that the entire charge distribution ρ(~r′) and

the entire current distribution ~J(~r′) are both confined to the lateral
boundary surface of the cylinder (r′ = a), as indicated in Fig. E.1.
Mathematically, it can be described using delta function δ(r′ − a),
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Figure E.1: Cylinder with surface charge and surface current density.
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as follows

ρ(~r′) = ρs(~r′)δ(r
′ − a) , ~J(~r′) = ~Js(~r′)δ(r

′ − a) , (E.5)

where ρs(~r′) and ~Js(~r′) are the surface charge density and surface
current density, respectively, as indicated in Fig. E.1. Substituting
(E.5) into (E.3) and (E.4), and using the property of the Dirac delta
functions (C.2), we readily obtain

~A(~r) = µ

∫

S

~Js(~r′) G(~r, ~r′) adϕ′dz′ , (E.6)

Φ(~r) =
1

ε

∫

S

ρs(~r′) G(~r, ~r′) adϕ′dz′ , (E.7)

or finally

~A(~r) = µ

∫

S

~Js(~r′) G(~r, ~r′) dS ′ , (E.8)

Φ(~r) =
1

ε

∫

S

ρs(~r′) G(~r, ~r′) dS ′ , (E.9)

where S ′ is the lateral boundary surface of the cylinder. The for-
mulae (E.8) and (E.9), derived from the formulae (3.43) and (3.42),
respectively, are identical to the formulae (3.71) and (3.72). This
concludes the proof that the formulae (3.43) and (3.42) indeed are
equivalent to the formulae (3.71) and (3.72), respectively.
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