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Abstract 
 

This thesis presents a Multi-Stage Network Processor as part of independent 

supervisory control in HVDC grid connecting AC areas.  

The proposed Network Processor finds the topology of the grid building the Adjacency 

Matrix, identifies islands and assigns DC slack bus. The approach consists of two 

levels: 1) process of DC substation topology locally and 2) the secondary process at 

HVDC grid central supervisory controller. 

At the substation level, the Local Processor determines the branch/bus model of the 

substation including the possible standalone HVDC converters using breakers’ status. 

Substation Matrix holds information regarding the model of the part of substation 

connected to DC grid, while Standing Alone Matrix is created when the converter in 

the substation is not connected to DC grid. The same analysis is performed on all the 

substations locally and then the Substation Matrixes are sent to the Central Processor 

at SCADA level.  

At central level, the processor creates the global Adjacency Matrix for the whole 

HVDC grid. 

For the islands detection, the corresponding Laplacian Matrix is built from the 

Adjacency Matrix and a clustering method is used to analyze eigenvectors of the 

Laplacian Matrix. 

The proposed Network Processor has been successfully tested using a 7-terminals 

HVDC grid model. 

Besides, an extended version of current algorithm has been studied for the integrated 

and, with some restriction, for the distributed HVDC supervisory control architecture.  
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1  

Introduction 
 

In the following years the electrical engineering is going to deal with new needs into 

the power system network. 

The global electricity demand will increase more than 70% by 2035, and the production 

from renewable resources will grow from 20% to 30%, especially from offshore wind 

and remote solar plan [1]. Besides electric power trade between neighboring countries 

will increase, even between areas with different AC frequency. 

The transmission grids will have to manage this new panorama and the two feasible 

solutions are Ultra High Voltage Alternating Current (UHVAC) grids or High Voltage 

Direct Current (HVDC) grids. 

AC grid solution is limited mainly by legislative issues and long distance transmission, 

whereas HVDC technology presents some benefits. 

HVDC solution, compared to the AC one, has lower power losses, better visual impact 

and competitive costs. In addition, the control methods will be soon mature enough to 

manage HVDC technology properly, so this solution is being considered as an 

appropriate alternative solution [2]. 

One of the key challenge to be solved for larger HVDC grids is the interaction between 

interconnected TSOs and ownership of the HVDC grids. 

In case of an overlaid HVDC grid connecting separate AC areas involving several 

TSOs, different architectures can be proposed for the operation of the HVDC grid: 

independent operational architecture, integrated operational architecture and 

distributed operational architecture. 
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In order to monitor and operate the HVDC grid, in any operational architecture, 

supervisory control needs to be equipped with Network Processor including the 

topology processor. The Network Processor finds the topology of the grid building the 

admittance matrix (Y), identifies islands and assigns DC slack bus. 

In any operation architecture, the Y matrix is used to calculate the optimal power flow 

(OPF) in order to operate the system in the most optimal situation. 

 

This thesis aims to develop a Multi-Stage Network Processor, which can be used in the 

independent operation architecture. In addition, the developed Network Processor 

presents a general framework, which can be applied also to the integrated operation 

architecture and, with some restrictions, to the distributed operational architecture. 

 

In Chapter 2, is presented an introduction to HVDC power transmission, with a 

comparison between AC and DC transmission. In this chapter is also provided an 

overview about the control of a HVDC grid. 

In Chapter 3, the Multi-Stage Network Processor is presented and investigated. The 

different levels are explicated in a detailed way using figures and examples. 

In Chapter 4, is presented a case study. A 7-terminals HVDC grid model is used to test 

the Network Processor. 

In Chapter 5, is shown how to modify the Network Processor presented in Chapter 3 

in order to use it for independent and distributed operational architectures. 

In Chapter 6, conclusions and some suggestions for future works are reported. 
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2  

High Voltage Direct Current 

Transmission 
 

This chapter presents general aspects of HVDC transmission. 

 

2.1 DC versus AC transmission 

As reported in [3] and [4] the history of electric power systems began with direct-

current (dc) transmission. In 1882, Thomas Edison built the first power system with dc 

transmission with a low voltage level. However, dc transmission was quickly replaced 

by three-phase alternating current (ac) transmission because of several advantages. The 

most prominent advantage of ac transmission is the possibility of using the transformer. 

Thanks to the transformers, power can be transformed to different voltage levels and 

long-distance power transmission becomes possible. In addition, circuit breakers for 

alternating current can take advantage of the natural current zeros that occur twice per 

cycle, and ac motors are cheaper and more robust than dc motors. 

In spite of the principal use of ac transmission in power systems, the interests on dc 

transmission still remain. The HVDC Gotland, on the Swedish east coast, was the first 

fully commercial static plant for high voltage direct current transmission in the world. 

The first HVDC Gotland link (Gotland 1) went into service in 1954; since then, the 

accumulated installed power of HVDC transmission systems worldwide has increased 

steadily, and recently a dramatic increase in volume has been initiated. Given the extra 

costs and losses related to the converter stations, HVDC transmission is justified by 
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some particular conditions where the dc technology is the most feasible or may be the 

only solution: 

 

• Power transmission via cables. Due to their physical structures, cables have 

much higher capacitance than overhead lines. The capacitive current in cables 

created by the alternating voltage makes ac power transmission over long 

distance impossible. Even for a moderate length (50km), the losses created by 

the capacitive current can be so high that reactive compensating equipment has 

to be installed in the middle of the cable. However, installation of reactive 

compensating equipment is expensive and not always practical, e.g., with 

submarine cable transmission under sea. On the other hand, if the power is 

transmitted by direct currents, there will be no losses related to capacitive 

currents. Therefore, for long-distance submarine cable transmission, HVDC 

transmission is the only feasible technical solution. 

 

• Bulk-power transmission over long-distance. Interestingly, given the fact that 

ac won the “battle of currents” due to its possibility to transmit power over long 

distance, HVDC transmission wins the battle back after a century. To transmit 

the same amount of power, dc transmission needs fewer power lines than ac 

transmission. Therefore, the costs and losses of the converter stations get 

balanced by savings on the overhead lines where the break-even distance is 

around 400 km to 700 km depending on the land conditions and project 

specifications [5]. Besides, dc transmission does not have the stability 

limitation related to ac transmission over long distance. 

 

• Unsynchronized ac-system connection. AC transmission is only possible if the 

two interconnected ac systems have the same nominal frequency and operate 

synchronously, but dc transmission does not have such requirements. Many 

back-to-back HVDC links have been built for such purposes. 
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Besides the above essential arguments, there are additional benefits by having 

embedded HVDC links in ac systems: 

 

• Power-system stability improvement. One of the major features of the HVDC 

technology is its capability to manipulate large amount of power in a very short 

time, which can often be utilized to improve the stability of the ac system. One 

example is the improvement of transient stability by running up or running back 

the dc power for emergency power supports. Another example is that HVDC 

system can be used to damp low-frequency oscillations in ac systems by having 

an auxiliary damping controller [6]. 

 

• Firewall function. Large interconnected ac systems have many well-known 

advantages, e.g., the possibility to use larger and more economical power 

plants, reduction of reserve capacity in the systems, utilization of the most 

efficient energy resources, as well as achieving an increase in system reliability 

[7]. However, larger interconnected ac systems also increase the system 

complexity from the operational point of view. One of the consequences of such 

complexity are the large blackouts in America and Europe. In this aspect, 

HVDC links have the “firewall” function in preventing cascaded ac-system 

outages spreading from one system to another [8]. 

 

2.2 Economic comparison between HVAC and 

HVDC transmission systems 

As reported in [3], for a given transmission task, feasibility studies are carried out 

before the final decision on implementation of an HVAC or HVDC system can be 

taken. 
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Fig. 2.1 shows typical cost comparison curves between AC and DC transmission 

considering: 

 

• AC versus DC station terminal costs 

• AC versus DC line costs 

• AC versus DC capitalized value of losses 

 

As can be seen from Fig. 2.1, whenever long-distance transmission is discussed, the 

concept of “break-even distance” between HVAC and HVDC transmission systems 

arises: the break-even distance is the value of transmission line length such that the 

savings in HVDC line and loss costs offset the higher converter station costs. Indeed, 

the DC curve is not as steep as the AC curve because of the considerably lower per-

unit-length (pul) values of HVDC line costs and HVDC capitalized loss costs. These 

considerably lower line costs come from the fact that — consider for the sake of 

illustration a HVDC bipolar line — the bipolar line uses only two insulated sets of 

conductors rather than three. Moreover, conductors are not affected by AC losses. For 

overhead HVDC lines, this results in narrower rights-of-way, smaller towers, and lower 

line losses than for overhead HVAC lines of comparable capacity. 
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Fig. 2.1 Qualitative plot comparing the costs of HVAC (black lines) and HVDC (gray lines) 
transmission systems. Dashed and solid lines represent, respectively, the costs without and with 

actualized energy losses. This figure is from [3]. 

 

For long AC lines the cost of intermediate reactive power compensation has to be taken 

into account, too. 

For overhead lines, the break-even distance is in the range of 500–800 km (with a trend 

to decrease toward the 500 to 600 km range) and depends on different factors. First of 

all, of course, on the rated voltage and on the power to be transmitted, as well as on a 

number of other factors, for example, country-specific cost elements, interest rates for 

project financing, loss evaluation, cost of right-of-way, and the like. Although break-

even distance is influenced by the costs of right-of-way and line construction, the 

concept itself should be regarded with care and is somehow misleading, since in many 

cases more AC lines are needed to deliver the same power over the same distance due 

to system stability limitations. As to the cable lines, the HVDC solution is generally 

more convenient than HVAC from distances of about 40-50 km [3]. 
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In case of undersea cables where the intersections of the bold lines are located at a 

relatively short distance the DC system is much more economical [9] 

It must be emphasized that, different from AC lines, in a HVDC link the voltage level 

is not imposed by the existing grid, but it has to be chosen by the project designer 

within a preselected voltage level range through an optimization procedure performed 

on a technical-economic basis. The investment cost of the transmission line typically 

increases with its voltage, while the losses decrease with it; the optimization procedure 

aims at comparing and minimizing the total cost. Anyway, it is important to outline 

that general rules for the estimation of the break-even distance cannot be found since 

its estimation depends on many factors that are also not technological [3]. 

 

2.3 HVDC transmission using self-commutated 

voltage-source converters 

Conventional HVDC transmission uses Line-Commutated Current Source Converter 

(simply referred to as LCC in this section) with thyristor valves [3]. Another typology 

of converter is used in HVDC transmission system, the self-commutated voltage-

source converters (VSC). The overall system performance can take advantage of 

HVDC transmission with VSCs, e.g., VSC technology can rapidly control both active 

and reactive power independently of one another. 

As reported in [4] the first commercial VSC-HVDC link with a rating of 50 MW was 

commissioned in 1999 in Gotland island of Sweden, close to the world’s first LCC-

HVDC link. 

Voltage-source converters (VSCs) utilize self-commutating switches, e.g., gate turn off 

thyristors (GTOs) or insulated-gate bipolar transistors (IGBTs), which can be turned 

on or off freely. This is in contrast to the LCC where the thyristor valve can only be 

turned off by reversed line voltages. Therefore, a VSC can produce its own sinusoidal 

voltage waveform using pulse-width modulation (PWM) technology independent of 

the ac system. 
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Many different topologies have been proposed for VSCs. However, for HVDC 

applications, they have been so far limited to three major types: two-level converter, 

three-level converter, and modular multilevel converter (M2C) [10]. 

 

 

Fig. 2.2 Two-level voltage-source converter. This figure is from [4]. 

 

Fig. 2.2 shows a two-level grid-connected VSC. The two-level bridge is the simplest 

topology that can be used in order to build up a three-phase forced-commutated VSC 

bridge. The bridge consists of six valves and each valve consists of a switching device 

and an anti-parallel diode. For an HVDC link, two VSCs are interconnected on the dc 

side. For high-voltage applications, series connection of switching devices is necessary. 

The operation principle of the two-level bridge is simple. Each phase of the VSC can 

be connected either to the positive dc terminal, or to the negative dc terminal. By 

adjusting the width of pulses, the reference voltage can be reproduced, as shown in the 

upper plot of Fig. 2.5. After filtering by phase reactors and shunt filters, this series of 

voltage pulses resembles the voltage waveform of the reference voltage. 
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The three-level VSC shown in Fig. 2.3 is also called neutral-point-clamped (NPC) 

converter. 

 

 

Fig. 2.3 Three-level neutral-point-clamped voltage-source converter. This figure is from [4]. 

 

The key components that distinguish this topology from the two-level converter are the 

two clamping diodes in each phase. These two diodes clamp the switch voltage to half 

of the dc voltage. Thus, each phase of the VSC can switch to three different voltage 

levels, i.e., the positive dc terminal, the negative dc terminal and the mid-point. 

Consequently, voltage pulses produced by a three-level VSC match closer to the 

reference voltage. Therefore, the three-level NPC converter has less harmonic content 

as shown in the middle plot of Fig. 2.5. Additionally, the three-level NPC converter 

has lower switching losses. Compared to two-level VSCs, three-level NPC VSCs 

require more diodes for neutral-point clamping. However, the total number of 

switching components does not necessarily have to be higher. The reason for this is 

that, for HVDC applications, a valve consists of many series-connected switches. In 
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the two-level case a valve has to withstand twice as high voltage than in the three-level 

case. Accordingly, the total number of switches is approximately equal. 

The NPC concept can be extended to higher number of voltage levels, which can result 

in further improved harmonic reduction and lower switching losses. However, for high-

voltage converter applications, the neutral-clamped diodes complicate the insulation 

and cooling design of the converter valve. Therefore, NPC concepts with a number of 

voltage levels higher than three has never been considered for HVDC applications [10]. 

 

The recently proposed modular multilevel converter (M2C) concept [11] attracts 

significant interests for high-voltage converter applications. Fig. 2.4 shows the M2C 

topology for one phase. 

 

 

Fig. 2.4 Modular multilevel voltage-source converter. (a) One M2C module. (b) One phase topology. 
This figure is from [4]. 
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Compared to the above two topologies, one major feature of the M2C is that no 

common capacitor is connected at the dc side. Instead, the dc capacitors are distributed 

into each module, while the converter is built up by cascade-connected modules. 

Fig. 2.4(a) shows an M2C module. Each M2C module consists of two valves which 

can be switched in three different ways: 

 

• V2 is turned on and V1 is turned off, the capacitor is inserted into the 

circuit from A to B. The module contributes with voltage to the phase 

voltage. The capacitor is charged if the current is from A to B, and 

discharged otherwise. 

• V1 is turned on and V2 is turned off, the capacitor is by passed. The 

module does not contribute with voltage to the phase voltage. 

• Both V1 and V2 are turned off, the module is blocked. 

 

The M2C concept is especially attractive for high-voltage applications, since the 

converter can be easily scaled up by inserting additional modules in each arm. If 

considerable amounts of modules are cascaded (approximately 100 modules would be 

common for HVDC applications), each module theoretically only needs to switch on 

and off once per period, which greatly reduces the switching losses of the valves. 

However, preliminary investigation indicates that slightly higher switching frequencies 

are necessary. The lower plot of Fig. 2.5 shows the voltage waveform produced by a 

five-module (five for each arm) M2C. With only five modules, the waveform already 

resembles much better the sinusoidal voltage reference than the other two topologies. 

With M2C, the harmonic content of the voltage produced by the VSC is so low that 

additional filtering equipment is almost unnecessary. 
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Fig. 2.5 Pulse-width modulation for different converter topologies. Upper plot: two-level converter. 
Middle plot: three-level converter. Lower plot: M2C with five modules. This figure is from [4]. 

 

An additional benefit of the M2C is that the control system has an extra freedom in 

dealing with faults at the dc side. The dc capacitors are not necessarily discharged 

during faults. Thus, the fault recovery can be faster. 

Compared to the other two topologies, the major drawback of the M2C topology is that 

the required switching components are doubled since only one of the valves of each 

module contributes to the phase voltage when the module is inserted in. In addition, 

the design and control of the M2C are generally more complex at least than the two-

level converter. However, since the switching frequency of the M2C can be kept very 

low switches with higher blocking voltages may be used, which in turn limits the 

increase in number of switches. On the other hand, the reduction of switching losses 

and savings on filtering equipment of the M2C may eventually justify its application 

for HVDC transmission. 
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No matter what converter topology is used, the VSC can always be treated as an ideal 

voltage source where the control system has the freedom to specify the magnitude, 

phase, and frequency of the produced sinusoidal voltage waveform. However, for 

control design and stability analysis, it is important to take into account the limitation 

of the converter in terms of active and reactive power transfer capability. 

One such limit is the converter-current limitation, which is imposed by the current 

carrying capability of the VSC valves. Since both the active power and the reactive 

power contribute to the current flowing through the valves, this limitation is manifested 

as a circle in a PQ diagram. Therefore, if the converter is intended to support the ac 

system with reactive-power supply/consumption, the maximum active power has to be 

limited to make sure that the valve current is within the limit. 

Another limitation which determines the reactive-power capability of the VSC is the 

over/under voltage magnitude of the VSC (modulation index limitation). The over- 

voltage limitation is imposed by the direct-voltage level of the VSC. The under-voltage 

limit, however, is limited by the main-circuit design and the active-power transfer 

capability, which requires a minimum voltage magnitude to transmit the active power. 

In this respect, the tap-changer of the converter transformer can play an important role 

to extend the reactive-power limitation of the VSC. This could be an argument to have 

converter transformers in VSC-HVDC systems. Fig. 2.6 shows the PQ diagram with 

the above mentioned limitations for a typical VSC-HVDC converter. 
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Fig. 2.6 PQ diagram for a typical VSC-HVDC converter. This figure is from [4]. 

 

VSC-HVDC technology overcomes most of the weaknesses of the LCC-HVDC 

technology. In addition, it supports the ac system with reactive-power 

supply/consumption. 

Similar to an LCC-HVDC system, a VSC-HVDC system can quickly run up or run 

back the active power for ac system emergency-power support, but it can also instantly 

reverse the active power. 

Since the direct voltage of a VSC-HVDC system varies in a much smaller range than 

that of a LCC-HVDC system, extruded cables can be used for VSC-HVDC systems. 

The extruded cable reduces the cable cost and the construction cost. The latter makes 

long-distance land-cable transmission possible [12], [3]. 

Besides the above features, the most essential one is that a VSC-HVDC system has an 

unlimited connection capability with ac systems, i.e., with properly designed control 

systems, VSC-HVDC system has the potential to be connected to any kind of ac system 

with any number of links. This outstanding property will eventually bring the dc-

transmission technology to many application fields. 

The contents of this section are mainly from [4]. 
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2.4 VSC-HVDC Grid Control 

Secure and reliable operation of a hybrid AC/DC grid requires a multi-layer control 

system designed to fulfill different control functions. Generally, such a multi-layer 

control system can be divided into two general levels: system control level and 

converter station level [13]. 

 

2.4.1 Control Layers for VSCs 

As reported in [14], in literature, two different approaches have been introduced to 

control the VSC, i.e. direct control and vector control. Direct control is based on 

controlling the voltage in the VSC. This means by controlling phase angle and 

amplitude of the voltage transmitted active power and reactive power is controlled. 

Vector control, on the other hand, sets the converter to work as a controllable current 

source. In this approach, the injected current vector is set to follow a reference current 

vector. 

The vector control method has some advantages compared to direct control. This 

includes better power quality since it is less influenced by grid harmonics and 

disturbances. Besides, in vector control decoupled control of active and reactive power 

is possible. Finally it also provides the capability of inherent protection during over-

current events [15]. 

The benefits of vector control method compared to direct method makes it the common 

control scheme in VSC-HVDC systems. Therefore, a brief description of vector-based 

control architecture for VSC-HVDC is presented in this section. 
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Fig. 2.7 Basic schematic of VSC. This figure is from [14]. 

 

Fig. 2.7 shows a typical schematic of a VSC station. R and L are the resistance and 

inductance of the converter AC side that include the transformer and phase reactor 

parameters. Based on the schematic, the equation of the AC side in abc coordinates can 

be written as: 

 

 
𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎 = 𝐿𝐿

𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎
𝑑𝑑𝑑𝑑

+ 𝑅𝑅𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎 
( 2.1 ) 

 

Where V is the AC voltage of the converter, U is the AC voltage at the point of common 

coupling (PCC) which connects the station to the AC grid, and i is the current 

coming/going from/to AC grid. The equation (2.1) in abc coordinates can be 

transformed to dq coordinates as presented in equation (2.2). In these coordinates, both 

decoupled id and iq currents can be controlled separately by Inner Current Control. 

 

 
�
𝑣𝑣𝑑𝑑 − 𝑢𝑢𝑑𝑑
𝑣𝑣𝑞𝑞 − 𝑢𝑢𝑞𝑞� = � 𝑅𝑅 −𝜔𝜔𝐿𝐿

𝜔𝜔𝐿𝐿 𝑅𝑅 � �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑞𝑞
� + �𝐿𝐿 0

0 𝐿𝐿�
𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑞𝑞
� 

(2.2) 

 

The VSC control system includes an inner current controller, which helps to control 

the current in dq reference frame and therefore leads to the decoupled control of active 

and reactive power in the converter. The complete schematic of an inner current 
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controller is shown in Fig. 2.8. The inner controller follows the reference orders i.e. id* 

and iq* that are set by outer controller. 

 

 

Fig. 2.8 Block diagram of the complete inner controller. This figure is from [14]. 

 

The outer controller provides the inner controller with the reference current values in 

dq coordinate (id* and iq*). The outer controller is able to control active power or DC 

voltage on DC side by controlling id (The injected active power in dq coordinates can 

be written as P=Vs
qid). The reactive power or AC voltage on AC side can be controlled 

by controlling  iq (if the voltage is aligned with the q-axis, the reactive power can be 

written as Q= Vs
qid). Due to the simplicity of PI controllers, it is normally applied in 

the outer controller (see Fig. 2.9). 
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Fig. 2.9 Block diagram of the complete control system. This figure is from [14]. 

 

As mentioned above, DC voltage is one of the parameters in the DC grid operation that 

can be controlled and therefor helps the power flow control in the DC side. Several 

control approaches such as Master-Slave, Voltage Margin and Droop have been 

proposed in literature [16] [17] [18]. These methods are described in the Section 2.4.3. 

 

2.4.2 Operational structure 

In case of an overlaid HVDC grid connecting separate AC areas involving several 

TSOs, different architectures can be proposed for the operation of the HVDC grid. 

These include the independent and the integrated architecture [19], and the distributed 

architecture. In the independent architecture, the DC grid is operated by a separate TSO 

called the DC grid operator, while in the integrated architecture, one of the connected 

TSOs is responsible for the control of the HVDC grid. In the distributed architecture 

some tasks are distributed between TSOs. In any architecture, the optimal power flow 

(OPF) must be calculated in order to run the system in the most optimal situation. The 
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difference in the first two architectures in the terms of the power flow calculation is in 

the required information, boundary of the system, and objective (cost) function. 

 

2.4.2.1 Independent Operation 

As it is shown in Fig. 2.10, an independent TSO can operate the DC grid which lies 

between different AC areas. The DC grid TSO must follow the connection rules and 

policies set by connected AC TSO while tries to increase its operational benefits [19]. 

The functions such as optimal power flow, primary/secondary frequency control and 

oscillation damping should be defined and implemented by this TSO. 
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Fig. 2.10 Operational architecture of HVDC grids: independent DC TSO 

 

Based on the choice of design, these functions can be implemented in centralized or 

distributed manners. For both designs, the DC TSO needs to have permission to access 

the corresponding information from other AC TSOs. 

 

20 
 



2.4.2.2 Integrated Operation 

In the second architecture, one of the TSOs takes the responsibility of operating the 

HVDC grid. Implementation of some functions such as optimal power flow or rotor 

angle stability-related services are simpler in this architecture. In this case, there should 

be clear policies and agreement on the sharing of benefits from the operation of HVDC 

grids. The centralized and distributed approaches are again two choices for the 

implementation of functions in this architecture. 

Fig. 2.11 shows this control architecture with one AC/HVDC TSO. 
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Fig. 2.11 Operational architecture of HVDC grids: integrated AC/HVDC TSO. 

 

2.4.2.3 Distributed Operation 

In distributed operation architecture, some of tasks such as power flow control can be 

distributed between the TSOs. This scheme can minimize the need of new 

infrastructure to manage the grid (see Fig. 2.12). 
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Fig. 2.12 Operational architecture of HVDC grids: distributed among AC TSOs 

 

2.4.3 Communication and control schemes 

As mentioned in Sections 2.4.1, HVDC converters are able to control active power or 

DC voltage on the DC side. The ability of controlling these two parameter give rise to 

different types of control schemes to operate the HVDC grid in reliable and efficient 

ways. Based on the required information in each scheme, some of the methods need 

fast communication while others are dependent on just local information. Master-

Slave, Voltage Margin and Droop are three well-known proposals for control of HVDC 

grid. 

 

2.4.3.1 Master-Slave scheme 

In this scheme, one terminal is responsible for controlling the DC voltage and other 

converters operate at constant active power mode. This single converter is also 

responsible for compensate any imbalance in the HVDC grid power flow. Therefore, 
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it should be designed for large power deficits as well. The drawback of this design is 

that the system can collapse if the grid loses this dedicated DC control converter. 

 

2.4.3.2 Voltage Margin scheme 

Similar to the Master-Slave scheme, the Voltage Margin method assigns one converter 

to be responsible to keep DC voltage of the grid at a desired level and the other 

converters operate as constant power converter. In the case of losing or reaching the 

limit in this converter, another converter takes over the responsibility and works as the 

slack bus in the grid. As shown in Fig. 2.13, at current operating point, terminal 1 works 

on constant power mode and terminal 2 controls the DC voltage [20]. 

 

 

Fig. 2.13 Voltage Margin Scheme for two terminal system. This figure is from [14]. 

 

2.4.3.3 Droop Scheme 

Similar to frequency indication in the case of AC power mismatches, the DC voltage 

deviates if there is any imbalance in the power injection and extraction on the DC side. 

This DC voltage deviation, which is a local indication of power mismatch, can be used 
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as a control signal to increase or decrease the active power in converters. However, 

there is a difference between frequency in AC and voltage in DC grid, the frequency 

deviation is almost similar in entire grid but the DC voltage deviation is different in 

each node. The DC voltage deviation has a direct relation with the topology of the grid. 

Based on this characteristic of the DC grid, the Droop method lets some converters 

change their injected active power proportional to the local DC voltage deviation. The 

characteristics of converters for a two-terminal system are shown in Fig. 2.14 [20]. 

 

 

Fig. 2.14 Droop scheme for two terminal HVDC system. This figure is from [14]. 

 

In this scheme, if there is a power loss in the system, the voltage drops in the entire DC 

grid, and the converters uses this value to inject more power to the grid or extract less 

power. This process is also valid for the reversed situation i.e. a power increase in the 

system. The problem with this method is the power sharing in the case of disturbances 

can not be distribute fairly. Besides, the droop parameter must be reassigned for the 

new operating point after each disturbance. This recalculation should be done by a 

centralized master controller. 
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2.4.3.4 Power Flow Control 

The power flow control in the HVDC grid can be carried out by calculating the proper 

set-point for the converter either on DC voltage control or on constant power control. 

This calculation needs to be implemented in either a centralized controller or 

distributed entities. In both cases, the calculator(s) needs the information from either 

the entire grid or the neighboring HVDC station. Power flow control based on type of 

implementation i.e. centralized or distributed requires different communication 

infrastructures. Note that in the case of droop control, the need of power flow 

controllers is more accentuated since the new stable point after disturbance does not 

guarantee fair and optimal power flow. Due to the slow dynamic of power flow control 

compared to voltage control, it can take up to seconds to determine the set-points of 

the converters. 

 

2.4.3.5 Need of reliable ICT system 

Operation of HVDC grid connecting multi AC areas is a complicated process that 

required robust control strategies and reliable supporting systems. The ICT system as 

one of the important supporting systems plays an important role in some of the control 

and protection architectures [21]. 

Master-Slave is the method needing fast communication to send power set-points. In 

the case of Voltage Margin or even Droop control, the new parameters for the new 

operating points should be calculated either centralized or distributed and sent to 

converters as soon as possible. This function requires communication between the 

neighboring nodes in the case of distributed flow control or between nodes and SCADA 

in the case of centralized approach. 

 

The contents of Section 2.4 are mainly from [14]. 
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3  

Multi-Stage Network Processor for 

HVDC grids Supervisory Control 
 

3.1 Introduction 

The purpose of the power network is to transfer electric power from generation sides 

to demand sides efficiently. The management of the power network depends 

significantly on the topological structure, which is greatly affected by the 

environmental factors and interplays among all the electrical components. 

Regardless of system operation architecture, in order to monitor and operate the HVDC 

grid, supervisory control needs to be equipped with Network Processor including the 

topology processor. Topology processor uses the real-time circuit breaker status within 

the substation to determine the network topology. In the case of HVDC grid, the 

importance of such a topology processor is bolder when it comes to detection of 

different islands. The Network processor should recognize islanding case as real-time 

as possible in order to assign the DC slack bus, if not available in the island. 

In literature, is note present a topology processor for HVDC grids, while different 

algorithms and challenges have been investigated for topology analysis in the context 

of AC grids. This includes presentation artificial intelligence methods (e.g. artificial 

neural network) or integration of Phasor Measurement Unit (PMU) information in the 

process [22] [23] [24].  

This thesis presents a multi-stage Network Processor as part of independent 

supervisory control in HVDC grid connecting AC areas. The centralized control system 

for HVDC grid with its corresponding control levels is shown in Fig. 3.1. 
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The proposed Network Processor consists of two levels: 1) process of DC substation 

topology locally and 2) the secondary process at HVDC grid central supervisory 

controller. 
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Fig. 3.1 HVDC grid supervisory control architecture. 
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At the substation level, thanks to the Local Processor, the topology of the substation is 

determined, and it is sent to the Network Processor, which calculate the configuration 

of the entire DC grid. 

The main advantages of this two-level architecture are [22]: 

 

• It is faster than a one-level processor, since each calculation at the substation is 

smaller and it is done in parallel. 

• The central level is simpler, since it has to manage less data. 

• The database storage at the central level is much smaller than in the one-level 

processor because the database storages are distributed in each substation. 

• The two-level network processor does a lot of computing at the substation, thus 

alleviating the need to transfer a large volume of data to the central level. 

• Only the data needed to solve the whole system has to be transferred to the 

central level. 

• It is easy to update in case of updating in the power system, in fact it is sufficient 

to modify the inputs of the Local Processor of the substations involved in the 

change, or to add a new Local Topology Processor if a new substation n is 

added. 
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Fig. 3.2 General flowchart two-level Network Processor 

 

Fig. 3.2 shows the general flowchart of the proposed method. In a substation, the Local 

Processor thanks to the knowledge of the substation’s configuration and status of the 

breakers, build the Substation Matrix. This matrix, representing the branch/bus model 

of the substation, is sent to the Central Topology Processor. The same analysis is 

performed for all the substations and then the Central Processor is able to build the 

Adjacency Matrix of the network, checking the connectivity of each substation with 

the others. Once the Adjacent Matrix is determined, a dedicated algorithm identifies 

islands. At the end, a routine investigate each substation of each island and show if the 

island has a slack-converter; if it is not available a DC slack bus is assigned. 

 

In the following sections, the Multi-Level Network Processor is presented: section 3.2 

describes the Local Processor; section 3.3 describes the Central Processor. 
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3.2 Local Processor 

In this section, the Local Processor is presented: after the definition of some rules 

necessary for initialize the processor, the inputs and the outputs are shown. Then the 

algorithm of the Local Processor is described and applied to the model of the substation 

in Fig 3.3. Finally, the MATLAB code of the Local Processor is attached and briefly 

described in section 3.2.5. 

An explanation of the mathematical tools used in this section is reported in Appendix 

A. 

The idea behind this section comes from [25]. 

 

 

Fig. 3.3 General model of a double breaker substation with one converter, four lines and eleven 
breakers. 
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3.2.1 Rules 

The Network Processor is based on some rules; some of them are global, it means that 

they applies both to the Local and to the Central Level, the other are specifically for 

the Local Level. 

 

3.2.1.1 Global rules 

1. Every substation should be assigned a unique number from 1 onwards. 

2. Every line should be assigned a unique number from 1 onwards. 

3. Every converter should be assigned a unique number from 1 onwards. 

 

3.2.1.2 Local rules 

For each substation, these rules aim to identify the component of the substation with a 

unique number. 

 

1. Every vertex should be assigned a unique number from 1 onwards. 

2. Every breaker should be assigned a unique name from e1 onwards. 

3. Every breaker is connected to two vertexes. A list with the number of the 

starting vertexes and a list with the number of the ending vertexes should be 

set. 

4. Every converter is connected to a vertex. A list with the number of vertexes 

connected to the converters should be set. 

5. Every line is connected to a vertex. A list with the number of vertexes connected 

to the lines should be set. 

6. A breaker’s status is either 1 or 0. 1 represents the closed position, while 0 

means that the breaker is open. 
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3.2.2 Inputs 

The proposed method reads the information about the configuration of the substation 

and the status of the breakers, data necessary for Local Processor. 

 

3.2.2.1. Substation’s Configuration Structure 

At the beginning, the proposed method reads the information about the configuration 

of the substation; such an information is set in a structure composed by nine field 

following the previous rules. The nine fields are the following: 

 

• Field 1: substation’s number. 

• Field 2: number of vertices in the substation. 

• Field 3: breakers’ names. 

• Field 4: list of starting vertices for the breakers. 

• Field 5: list of ending vertices for the breakers. 

• Field 6: lines’ names. 

• Field 7: list of vertices connected to the lines. 

• Field 8: converters’ name. 

• Field 9: list of converters connected to the lines. 

 

For the substation of Fig 3.3 the substation’s configuration structure is reported in Table 

3.1. 
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Field Values 

Substation’s number 4 

Number of vertices 8 

Breakers’ names e1, e2, e3, e4, e5, e6, e7, e8, e9, e10, e11 

List of starting vertices 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3 

List of ending vertices 3, 4, 5, 6, 7, 3, 4, 5, 6, 7, 8 

Lines’ names 24, 45, 46, 47 

List of vertices connected to the lines 4, 5, 6, 7 

Converters’ names 44 

List of converters connected to the lines 8 
Table 3.1 Substation’s configuration structure for substation in Fig. 3.3. 

 

3.2.2.2. Breakers’ status 

A breaker’s status is either 1 or 0. 1 represents the close position, while 0 means that 

the breaker is open. The breakers’ status is a vector of zeros and ones, its length is given 

by the number of the breakers in the substation. 

Fig. 3.4 shows one possible operational scenario for the substation in Fig. 3.3. The 

breakers in black are close; the white ones are open. 

 

 

Fig. 3.4 Operational scenario for substation in Fig. 3.3. 
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The breakers’ status for the substation in Fig. 3.4 is reported in Table 3.2. 

 

Breakers’ status [1 1 0 0 0 0 0 1 1 1 0] 
Table 3.2 Breakers’ status for the substation in Fig. 3.4. 

 

3.2.3 Outputs 

The outputs of the Local Level are a flag for changes and two matrixes, the Substation 

Matrix and the Standing Alone Matrix. 

 

3.2.3.1 Substation Matrix 

The Substation Matrix (SM) contains the bus/branch model of the substation connected 

to the DC grid. Thanks to this matrix, it is possible to know in how many fictional buses 

the substation is split and which lines they connect. The Substation Matrix is composed 

by four columns: 

 

• Column 1: number of the substation 

• Column 2: number of the bus 

• Column 3: number of the line  

• Column 4: number of the converter. 

 

Each row of this matrix contains information about a line or a converter of the 

substation connected to the DC grid. In fact, each row comprehends the number that 

identify the component, the substation and the bus which this component belongs to. 

In order to clarify the composition of the Substation Matrix, Table 3.3 reports the 

Substation Matrix for the substation in Fig. 3.4. It must be highlight that since converter 

44 is not connected to the DC grid, it is not reported in the Substation Matrix. 

35 
 



Substation Bus Line Converter 

4 1 24 0 

4 2 45 0 

4 2 46 0 

4 2 47 0 

Table 3.3 Substation Matrix for substation in Fig 3.4. 

 

3.2.3.2 Standing Alone Matrix 

In a substation, if a converter is not connected to the DC grid, it is in a standing alone 

configuration. The Standing Alone Matrix (SA) is a matrix which includes the 

information about the standing alone converters. It is composed by two columns: 

 

• Column 1: number of the substation 

• Column 2: number of the standing alone converter 

 

The substation in Fig 3.4 has one standing alone converter, converter 44. Its Standing 

Alone Matrix is reported in Table 3.4. 

 

Substation Converter 

4 44 

Table 3.4 Standing Alone Matrix for substation in Fig. 3.4. 
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3.2.3.3 Change Flag 

The Change Flag is normally equal to 0, when a change in the status of one of the 

breakers in the substation happens, its value is set equal to 1. This flag is sent to the 

Central Processor, in this way it runs only when it receives the information that 

something changed in one of the substations. 

At the end of the iteration, the flag is set equal to 0, which is its normal value. 

 

3.2.4 Algorithm 

This section contains the proposed algorithm with its detailed explanation. 

In this thesis, a substation in double-breaker configuration has been chosen to test the 

program; however, the method is completely general and valid for any substation’s 

configuration. An example of substation in double breaker configuration is shown in 

Fig. 3.3. 

 

The Local Processor is composed by two parts: the design part and the operational part. 

The design part runs only once during the initialization of the program so, even if it 

takes long time, this question does not affect the real-time operation of the Local 

Processor. The output of the design part is used in the operational part, which is 

executed only when a change happens in the substation. Fig. 3.5 shows the flowchart 

of the proposed algorithm. 
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Fig. 3.5 Flowchart of the Local Processor algorithm. 

 

3.2.4.1 Read the Substation’s Configuration Structure 

In this part, one of the two inputs is read; thanks to the Substation’s Configuration 

Structure, the Local Processor knows the configuration of the substation and can build 

the Design Matrix (DM), which is the output of the design part. 

 

3.2.4.2 Design Matrix building 

The Design Matrix building consist of three steps: first of all the Adjacency Matrix is 

created, then the processor calculate the Cofactor Matrix and at the end the Design 

Matrix. The importance of the Design Matrix, as described in section 3.2.4.2.3 is the 
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logical meaning of its term. As will become clearer in section 3.2.4.2.3, the Design 

Matrix contains the information about the connectivity of two vertexes. 

Fig. 3.6 shows the complete algorithm for the design part, presenting the steps that 

form the Design Matrix building. 
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Fig. 3.6 Complete algorithm for the design part. 

 

3.2.4.2.1 Adjacency Matrix 

As reported in Section A.1 of Appendix A, an adjacency matrix is a matrix that 

describes a graph, representing which vertices are adjacent to which other vertices. 
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In the method proposed in this thesis, according to [25], the diagonal elements of the 

Adjacency Matrix (Adj) are set equal to 1. Furthermore, the Adjacency Matrix is 

function of the current edge status, as presented in Fig. 3.7. Therefore, the Adjacent 

Matrix gives a description of the relationship between two vertexes in the substation 

and it is function of the breakers’ status.  

Fig. 3.7 shows the Adjacency Matrix for substation in Fig. 3.3. 

 

Fig. 3.7 Adjacency Matrix for substation in Fig. 3.3. 

 

3.2.4.2.2 Cofactor Matrix 

Starting from the Adjacency Matrix the Cofactor Matrix (Cof) is calculated; as reported 

in Section A.2 of Appendix A, all the cofactor of the Adjacency Matrix form this 

matrix, which is also called matrix of cofactors. It is symmetric and it is function of the 

breakers’ status. Each element of the Cofactor Matrix is a polynomial composed by 

several terms; such elements tend to be very big, especially for large substations. 

The Cofactor Matrix Cof, corresponding to the Adjacent Matrix presented in Fig. 3.7 

is a 8×8 matrix; the detailed representation of the first row of is: 
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𝐶𝐶𝐶𝐶𝐶𝐶(1; 1) = 𝑒𝑒102 𝑒𝑒112 − 𝑒𝑒102 + 𝑒𝑒112 𝑒𝑒72 + 𝑒𝑒112 𝑒𝑒82 + 𝑒𝑒112 𝑒𝑒92 − 𝑒𝑒112 − 𝑒𝑒62 − 𝑒𝑒72−𝑒𝑒82

− 𝑒𝑒92 + 1 
(3.1) 

 

𝐶𝐶𝐶𝐶𝐶𝐶(1; 2) = 𝑒𝑒10 𝑒𝑒5 + 𝑒𝑒1 𝑒𝑒6 + 𝑒𝑒2 𝑒𝑒7 + 𝑒𝑒3 𝑒𝑒8 + 𝑒𝑒4 𝑒𝑒9 − 𝑒𝑒10 𝑒𝑒112 𝑒𝑒5 − 𝑒𝑒112 𝑒𝑒2 𝑒𝑒7
− 𝑒𝑒112 𝑒𝑒3 𝑒𝑒8 − 𝑒𝑒112 𝑒𝑒4 𝑒𝑒9 

(3.2) 

 

𝐶𝐶𝐶𝐶𝐶𝐶(1; 3) =  𝑒𝑒1𝑒𝑒102 − 𝑒𝑒5𝑒𝑒6𝑒𝑒10 + 𝑒𝑒1𝑒𝑒72 − 𝑒𝑒2𝑒𝑒6𝑒𝑒7 + 𝑒𝑒1𝑒𝑒82 − 𝑒𝑒3𝑒𝑒6𝑒𝑒8 + 𝑒𝑒1𝑒𝑒92

− 𝑒𝑒4𝑒𝑒6𝑒𝑒9 − 𝑒𝑒1  

(3.3) 

 

𝐶𝐶𝐶𝐶𝐶𝐶(1; 4) =  − 𝑒𝑒2𝑒𝑒102 𝑒𝑒112 + 𝑒𝑒2𝑒𝑒102 + 𝑒𝑒5𝑒𝑒7𝑒𝑒10𝑒𝑒112 − 𝑒𝑒5𝑒𝑒7𝑒𝑒10 − 𝑒𝑒2𝑒𝑒112 𝑒𝑒82

+ 𝑒𝑒3𝑒𝑒7𝑒𝑒112 𝑒𝑒8 − 𝑒𝑒2𝑒𝑒112 𝑒𝑒92 + 𝑒𝑒4𝑒𝑒7𝑒𝑒112 𝑒𝑒9 + 𝑒𝑒2𝑒𝑒112 + 𝑒𝑒2𝑒𝑒62 − 𝑒𝑒1𝑒𝑒7𝑒𝑒6
+ 𝑒𝑒2𝑒𝑒82 − 𝑒𝑒3𝑒𝑒7𝑒𝑒8 + 𝑒𝑒2𝑒𝑒92 − 𝑒𝑒4𝑒𝑒7𝑒𝑒9 − 𝑒𝑒2 

(3.4) 

 

𝐶𝐶𝐶𝐶𝐶𝐶(1; 5) =  − 𝑒𝑒3𝑒𝑒102 𝑒𝑒112 + 𝑒𝑒3𝑒𝑒102 + 𝑒𝑒5𝑒𝑒8𝑒𝑒10𝑒𝑒112 − 𝑒𝑒5𝑒𝑒8𝑒𝑒10 − 𝑒𝑒3𝑒𝑒112 𝑒𝑒72

+ 𝑒𝑒2𝑒𝑒8𝑒𝑒112 𝑒𝑒7 − 𝑒𝑒3𝑒𝑒112 𝑒𝑒92 + 𝑒𝑒4𝑒𝑒8𝑒𝑒112 𝑒𝑒9 + 𝑒𝑒3𝑒𝑒112 + 𝑒𝑒3𝑒𝑒62 − 𝑒𝑒1𝑒𝑒8𝑒𝑒6
+ 𝑒𝑒3𝑒𝑒72 − 𝑒𝑒2𝑒𝑒8𝑒𝑒7 + 𝑒𝑒3𝑒𝑒92 − 𝑒𝑒4𝑒𝑒8𝑒𝑒9 − 𝑒𝑒3 

(3.5) 

 

𝐶𝐶𝐶𝐶𝐶𝐶(1; 6) = −𝑒𝑒4𝑒𝑒102 𝑒𝑒112 + 𝑒𝑒4𝑒𝑒102 + 𝑒𝑒5𝑒𝑒9𝑒𝑒10𝑒𝑒112 − 𝑒𝑒5𝑒𝑒9𝑒𝑒10 − 𝑒𝑒4𝑒𝑒112 𝑒𝑒72

+ 𝑒𝑒2𝑒𝑒9𝑒𝑒112 𝑒𝑒7 − 𝑒𝑒4𝑒𝑒112 𝑒𝑒82 + 𝑒𝑒3𝑒𝑒9𝑒𝑒112 𝑒𝑒8 + 𝑒𝑒4𝑒𝑒112 + 𝑒𝑒4𝑒𝑒62 − 𝑒𝑒1𝑒𝑒9𝑒𝑒6
+ 𝑒𝑒4𝑒𝑒72 − 𝑒𝑒2𝑒𝑒9𝑒𝑒7 + 𝑒𝑒4𝑒𝑒82 − 𝑒𝑒3𝑒𝑒9𝑒𝑒8 − 𝑒𝑒4 

(3.6) 

 

𝐶𝐶𝐶𝐶𝐶𝐶(1; 7) = −𝑒𝑒5𝑒𝑒112 𝑒𝑒72 + 𝑒𝑒10𝑒𝑒2𝑒𝑒112 𝑒𝑒7 − 𝑒𝑒5𝑒𝑒112 𝑒𝑒82 + 𝑒𝑒10𝑒𝑒3𝑒𝑒112 𝑒𝑒8 − 𝑒𝑒5𝑒𝑒112 𝑒𝑒92

+ 𝑒𝑒10𝑒𝑒4𝑒𝑒112 𝑒𝑒9 + 𝑒𝑒5𝑒𝑒112 + 𝑒𝑒5𝑒𝑒62 − 𝑒𝑒1𝑒𝑒10𝑒𝑒6 + 𝑒𝑒5𝑒𝑒72 − 𝑒𝑒10𝑒𝑒2𝑒𝑒7
+ 𝑒𝑒5𝑒𝑒82 − 𝑒𝑒10𝑒𝑒3𝑒𝑒8 + 𝑒𝑒5𝑒𝑒92 − 𝑒𝑒10𝑒𝑒4𝑒𝑒9 − 𝑒𝑒5 

(3.7) 

 

𝐶𝐶𝐶𝐶𝐶𝐶(1; 8) = −𝑒𝑒1𝑒𝑒11𝑒𝑒102  + 𝑒𝑒11𝑒𝑒5𝑒𝑒6𝑒𝑒10 − 𝑒𝑒1𝑒𝑒11𝑒𝑒72 + 𝑒𝑒11𝑒𝑒2𝑒𝑒6𝑒𝑒7 − 𝑒𝑒1𝑒𝑒11𝑒𝑒82

+ 𝑒𝑒11𝑒𝑒3𝑒𝑒6𝑒𝑒8 − 𝑒𝑒1𝑒𝑒11𝑒𝑒92 + 𝑒𝑒11𝑒𝑒4𝑒𝑒6𝑒𝑒9 + 𝑒𝑒1𝑒𝑒11 

(3.8) 
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3.2.4.2.3 Design Matrix 

As said before the Cofactor Matrix tends to have very big elements, such a situation 

makes the use of the Cofactor Matrix difficult. For this reason the Cofactor Matrix is 

now simplified using 3 rules, obtaining the Design Matrix. Then, this matrix is sent to 

the operational part of the Local Processor. Each element of the Cofactor Matrix has to 

be simplified using the following rules [25]: 

 

• Rule 1: if the highest power of one term in the polynomial is equal or major 

than 2, this term should be removed. 

• Rule 2: if the absolute value of the coefficient of one term is not equal to 1, this 

term should be removed. 

• Rule 3: the coefficient of all the left terms is set equal to its absolute value, 

which is 1. 

 

Thanks to these simplifications, the Design Matrix is obtained. It is easier now to use 

this matrix and to understand its contents. In fact, each element of the Design Matrix 

contains the information about the connectivity of two vertexes: in element DM(i;j) all 

the different paths connecting vertex i with vertex j are present. 

This matrix is function of the status of the breakers and its elements are smaller than 

the elements of the Cofactor Matrix. 

 

The Design Matrix DM, corresponding to the Cofactor Matrix Cof of Section 3.2.4.2.2, 

is a 8×8 matrix; the detailed representation of its first row is: 
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𝐷𝐷𝐷𝐷(1; 1) = 1 (3.9) 

𝐷𝐷𝐷𝐷(1; 2) =  𝑒𝑒10𝑒𝑒5 + 𝑒𝑒1𝑒𝑒6 + 𝑒𝑒2𝑒𝑒7 + 𝑒𝑒3𝑒𝑒8 + 𝑒𝑒4𝑒𝑒9 (3.10) 

𝐷𝐷𝐷𝐷(1; 3) = 𝑒𝑒1 + 𝑒𝑒10𝑒𝑒5𝑒𝑒6 + 𝑒𝑒2𝑒𝑒6𝑒𝑒7 + 𝑒𝑒3𝑒𝑒6𝑒𝑒8 + 𝑒𝑒4𝑒𝑒6𝑒𝑒9 (3.11) 

𝐷𝐷𝐷𝐷(1; 4) = 𝑒𝑒2 + 𝑒𝑒10𝑒𝑒5𝑒𝑒7 + 𝑒𝑒1𝑒𝑒6𝑒𝑒7 + 𝑒𝑒3𝑒𝑒7𝑒𝑒8 + 𝑒𝑒4𝑒𝑒7𝑒𝑒9 (3.12) 

𝐷𝐷𝐷𝐷(1; 5) = 𝑒𝑒3 + 𝑒𝑒10𝑒𝑒5𝑒𝑒8 + 𝑒𝑒1𝑒𝑒6𝑒𝑒8 + 𝑒𝑒2𝑒𝑒7𝑒𝑒8 + 𝑒𝑒4𝑒𝑒8𝑒𝑒9 (3.13) 

𝐷𝐷𝐷𝐷(1; 6) = 𝑒𝑒4 + 𝑒𝑒10𝑒𝑒5𝑒𝑒9 + 𝑒𝑒1𝑒𝑒6𝑒𝑒9 + 𝑒𝑒2𝑒𝑒7𝑒𝑒9 + 𝑒𝑒3𝑒𝑒8𝑒𝑒9 (3.14) 

𝐷𝐷𝐷𝐷(1; 7) = 𝑒𝑒5 + 𝑒𝑒1𝑒𝑒10𝑒𝑒6 + 𝑒𝑒10𝑒𝑒2𝑒𝑒7 + 𝑒𝑒10𝑒𝑒3𝑒𝑒8 + 𝑒𝑒10𝑒𝑒4𝑒𝑒9 (3.15) 

𝐷𝐷𝐷𝐷(1; 8) = 𝑒𝑒1𝑒𝑒11 + 𝑒𝑒10𝑒𝑒11𝑒𝑒5𝑒𝑒6 + 𝑒𝑒11𝑒𝑒2𝑒𝑒6𝑒𝑒7 + 𝑒𝑒11𝑒𝑒3𝑒𝑒6𝑒𝑒8 + 𝑒𝑒11𝑒𝑒4𝑒𝑒6𝑒𝑒9 (3.16) 

 

As an instance, in Fig. 3.4 there are five paths between vertex v1 and vertex v3, which 

are e1, e6e5e10, e6e9e4, e6e8e3 and e6e7e2; as can be seen in (3.11) this information 

is present in DM(1;3) 

 

 𝐷𝐷𝐷𝐷(1; 3) = 𝑒𝑒1 + 𝑒𝑒10𝑒𝑒5𝑒𝑒6 + 𝑒𝑒2𝑒𝑒6𝑒𝑒7 + 𝑒𝑒3𝑒𝑒6𝑒𝑒8 + 𝑒𝑒4𝑒𝑒6𝑒𝑒9 (3.11) 

 

For a diagonal element, there is not a path between the vertex and itself; its value is 

equal to 1. 

 

 𝐷𝐷𝐷𝐷(1; 1) = 1 (3.9) 

 

Building the Design Matrix is very expensive in terms of time consuming, but since 

such a portion of the algorithm is contained in the design part of the Local Processor, 

the computations have to be done only once, at the initialization of the program. 
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With the Design Matrix ends the design part of the Local Processor. 

 

3.2.4.3 Read the breakers’ status 

The Design Matrix is function of the status of the breakers, once the breakers’ status is 

defined, it is employed to determine the substation’s topology. 

With the reading of the status of the breakers the operation part begins. 

As shown in Fig. 3.8 the breakers’ status is continually read, and it is compared with 

the status of the iteration before: if a change happened, the Local Processor starts the 

connectivity analysis in order to calculate the new topology of the substation. 

 

Any 
change?

Read the 
breakers’ status

Connectivity 
Analysis

Yes

No

 

Fig. 3.8 Flowchart of the continuous reading of breakers’ status 

 

When a change happens the Change Flag is set equal to 1. 
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3.2.4.4 Connectivity Analysis 

The Connectivity Analysis aims to build the Connectivity Matrix. 

When a change happens the Change Flag is set equal to 1, and the breakers’ status is 

substituted into the Design Matrix. The result is the Connectivity Matrix (Con), which 

is a matrix that contains the information about the logical connection between any two 

vertices of the substation, even if they are not adjacent. 

The element Con(i;j) is equal to 1 if vertex i is connected to vertex j, otherwise it is 

equal to 0. 

The breakers’ status is organized as a vector E; for the substation with 11 breakers in 

Fig. 3.3 E has the status of the breakers from breaker number 1 to breaker number 11: 

 

 𝐸𝐸 = [𝑒𝑒1, 𝑒𝑒2, 𝑒𝑒3,34, 𝑒𝑒5, 𝑒𝑒6, 𝑒𝑒7, 𝑒𝑒8, 𝑒𝑒9, 𝑒𝑒10, 𝑒𝑒11] 

 

(3.17) 

 

Fig. 3.9 presents an operational scenario for the substation in Fig. 3.3. A breaker is 

black if it close (e=1) and white if it is open (e=0), so, in Fig. 3.9, the breakers’ status 

is: 

 

 𝐸𝐸 = [1,1,0,0,0,0,0,1,1,1,1] (3.18) 
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Fig. 3.9 Operational scenario for substation in Fig. 3.3. 

 

The Connectivity Matrix Con corresponding to the substation in Fig. 3.9 is: 

 

 𝐶𝐶𝐶𝐶𝐶𝐶 = 𝐷𝐷𝐷𝐷(𝐸𝐸) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1 0 1 1 0 0 0 1
0 1 0 0 1 1 1 0
1 0 1 1 0 0 0 1
1 0 1 1 0 0 0 1
0 1 0 0 1 1 1 0
0 1 0 0 1 1 1 0
0 1 0 0 1 1 1 0
1 0 1 1 0 0 0 1⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (3.19) 

 

3.2.4.5 Substation Analysis 

The Substation Analysis aims to find the Substation Matrix, which contains the 

bus/branch model of the substation connected to the DC grid, in order to know in how 

many fictional buses the substation is divided and which lines and converters they 

connect. 
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As shown in Fig. 3.10, in the Substation Analysis first of all an intermediate matrix is 

build, the Support Matrix. Thanks to the Support Matrix, it is then possible to obtain 

the Substation Matrix. 
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Fig. 3.10 Extended flowchart for the Substation Analysis. 

 

3.2.4.5.1 Support Matrix 

The idea is to find the unique paths contained in the Connectivity Matrix; if there are n 

paths, the substation is split in n fictional buses. 

In order to extract the different paths from the Connectivity Matrix, the processor 

follows two steps: 

 

• First, the unique rows of the Connectivity Matrix are taken. The number of the 

unique rows corresponds to the number of the paths. 
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• Secondly, for each unique row, a list with the number of the connected vertices 

is saved. It is easy to know if a vertex belongs to a path, because it is sufficient 

to check if there is 1 in the corresponding place in the Connectivity Matrix. 

 

Fig. 3.11 shows this concept for the substation in Fig. 3.9. 

 

 

Fig. 3.11 Unique rows in the Connectivity Matrix correspond to different paths in the substation. 
Example for substation in Fig. 3.9. 

 

It is now possible to build the Support Matrix, which is a matrix containing the 

bus/branch model of the entire substation; in this matrix also standing alone converters 

could be present. 

In order to obtain the Support Matrix, the Local Processor uses the unique rows of the 

Connectivity Matrix together with the Substation’s Configuration Structure. For each 

unique row of the Connectivity Matrix, which correspond to a virtual bus in the 

substation, the connected vertices are taken. Then an equivalence, between these 

vertices and the vertices connected to lines and converters reported in Substation’s 

Configuration Structure, is investigated. In this way, it is possible to find which lines 

and converters are connected to which bus. 
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The Support Matrix consist of four columns: 

 

• Column 1: substation’s number. 

• Column 2: virtual bus’s number 

• Column 3: lines connected to the bus of the previous column. 

• Column 4: converters connected to the bus of the second column. 

 

Table 3.5 and equation (3.20) show the Support Matrix for the substation in Fig. 3.9. 

 

Substation Bus Line Converter 

4 1 0 44 

4 1 24 0 

4 2 45 0 

4 2 46 0 

4 2 47 0 

Table 3.5 Support Matrix for the substation in Fig. 3.9. 

 

 𝑆𝑆𝑢𝑢𝑆𝑆𝑆𝑆𝐶𝐶𝑆𝑆𝑑𝑑 𝐷𝐷𝑀𝑀𝑑𝑑𝑆𝑆𝑑𝑑𝑀𝑀 =

⎣
⎢
⎢
⎢
⎡
4 1 0 44
4 1 24 0
4 2 45 0
4 2 46 0
4 2 47 0 ⎦

⎥
⎥
⎥
⎤
 (3.20) 

 

3.2.4.5.2 Substation Matrix Building 

The Substation Matrix is obtained removing the standing alone elements from the 

Support Matrix.  
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It is possible that a line or a converter is connected to a vertex that is not connected to 

anything else. Such an element should be removed from the Support Matrix, since it is 

not connected to the DC grid. 

The information about the standing alone lines is not interesting and it is not saved, on 

the other hand the removed converter are placed into the Standing Alone Matrix. This 

can be useful for operator for starting the Static Var Compensation (SVC) functionality 

of the VSC stations. 

Fig. 3.12 shows the complete flowchart for the Substation Matrix Building. 
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Fig. 3.12 Complete flowchart for the Substation Matrix Building. 
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Two columns compose the Standing Alone Matrix: 

 

• Column 1: substation’s number 

• Column 2: standing alone converter. 

 

The substation in Fig. 3.9 does not any have standing alone converter, so its Substation 

Matrix SM is equal to the Support Matrix. 

 

 𝑆𝑆𝐷𝐷 = 𝑆𝑆𝑢𝑢𝑆𝑆𝑆𝑆𝐶𝐶𝑆𝑆𝑑𝑑 𝐷𝐷𝑀𝑀𝑑𝑑𝑆𝑆𝑑𝑑𝑀𝑀 =

⎣
⎢
⎢
⎢
⎡
4 1 0 44
4 1 24 0
4 2 45 0
4 2 46 0
4 2 47 0 ⎦

⎥
⎥
⎥
⎤
 (3.21) 

 

On the other hand, substation in Fig. 3.4 presents a standing alone converter. Fig. 3.4 

is reported below for more clarity. 

 

 

Fig. 3.4 Operational scenario for substation in Fig. 3.3. 
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The Local Processor finds the standing alone converter, it removes this converter from 

the Support Matrix obtaining the Substation Matrix, and it places the converter into the 

Standing Alone Matrix. 

The Support Matrix of the substation in Fig. 3.4 is: 

 

 𝑆𝑆𝑢𝑢𝑆𝑆𝑆𝑆𝐶𝐶𝑆𝑆𝑑𝑑 𝐷𝐷𝑀𝑀𝑑𝑑𝑆𝑆𝑑𝑑𝑀𝑀 =

⎣
⎢
⎢
⎢
⎡
4 1 0 44
4 2 24 0
4 3 45 0
4 3 46 0
4 3 47 0 ⎦

⎥
⎥
⎥
⎤
 (3.22) 

 

The Substation Matrix and the Standing Alone Matrix (SA) of the substation in Fig. 3.4 

are: 

 

 𝑆𝑆𝐷𝐷 = �
4 3 45 0
4 3 46 0
4 3 47 0

� (3.23) 

 
𝑆𝑆𝑆𝑆 = [4 44] (3.24) 

 

The Substation Matrix, together with the Change Flag, are sent to the Central Processor. 

At the end, the Change Flag is reset equal to 0. 
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3.2.5 MATLAB code 

In this section the MATLAB code of the Local Processor is attached and briefly 

described. 

 

Fig. 3.13 shows the script that runs the Local Processor 

 

Fig. 3.13 Script that runs the Local Processor. 
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Fig. 3.14 shows the function that calculates the Adjacency Matrix. 

 

Fig. 3.14 Function that calculates the Adjacent Matrix. 
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Fig. 3.15 shows the function that calculates the Cofactor Matrix. 

 
Fig. 3.15 shows the function that calculates the Cofactor Matrix. 
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Fig. 3.16 and Fig. 3.17 show the function that simplify the Cofactor Matrix 

 
Fig. 3.16 Function that simplify the Cofactor Matrix, part 1. 

 
Fig. 3.17 Function that simplify the Cofactor Matrix, part 2. 
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Fig. 3.18 shows the function that calculate the Connectivity Matrix 

 
Fig. 3.18 Function that calculate the Connectivity Matrix. 
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Fig. 3.19, Fig. 3.20 and Fig 3.21 show the function that calculate the Substation 
Matrix and the Standing Alone Matrix. 

 
Fig. 3.19 Function that calculate the Substation Matrix and the Standing Alone Matrix, part 1. 

 

58 
 



 
Fig. 3.20 Function that calculate the Substation Matrix and the Standing Alone Matrix, part 2. 

 

 
Fig. 3.21 Function that calculate the Substation Matrix and the Standing Alone Matrix, part 3. 
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3.3 Central Processor 

The Central Processor aims to find the topology of the power network; its general 

flowchart is shown in Fig. 3.22. 

 

Substation’s 
Matrixes Change Flags

Central 
Processor

Adjacency 
Matrix

Island 
Matrixes

 

Fig. 3.22 Central Processor: general flowchart 

 

In this section, the Central Processor is presented: firstly, the inputs and the outputs are 

shown. Then the algorithm of the Central Processor is described and applied to the 7-

terminals HVDC grid presented in Fig. 3.23. Finally, the MATLAB code of the Local 

Processor is attached and briefly described in section 3.3.4. 

An explanation of the mathematical tools used in this section is reported in Appendix 

A. 
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Fig. 3.23 7-terminals HVDC grid. 

 

3.3.1 Inputs 

The proposed method reads the information about the topology of all the substations 

into the grid; this information is sent by the Local Processor of each substation. The 

inputs are the Change Flags and the Substation Matrixes of each substation into the 

grid. 

 

3.3.1.1 Change Flags 

When a change happens in a substation, the Local Processor sets the value of its Change 

Flag equal to 1, and sends it to the Central Processor. Thanks to this flag, the Central 

Processor runs only when a change happens in one of the substations; at the end of the 

iteration the flag is reset to 0, which is the normal value. 
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3.3.1.2 Substation Matrixes 

Each Local Processor sends to the Central Processor its Substation Matrix. Such a 

matrix is updated only when a change happens. 

Table 3.3 reports an example of Substation Matrix. 

 

3.3.2 Outputs 

As shown in Fig. 3.22 the outputs of the Central Processor are the Adjacent Matrix of 

the network and the Island Matrixes for the islands. 

 

3.3.2.1 Adjacency Matrix 

As reported in Section A.1 of Appendix A, an adjacency matrix is a matrix that 

describes a graph, representing which vertices are adjacent to which other vertices. 

In a power transmission network the element aij of the Adjacency Matrix is equal to 1 

if and only if substation i is connected to substation j, otherwise it is equal to 0. 

 

The Central Processor is able to find the Adjacency Matrix of the entire network, it 

contains the topology of the grid and it is useful for different tasks. 

The Adjacency Matrix is necessary for the islanding detection and thank to such a 

matrix it is possible to calculate the admittance matrix Y. One of the most important 

application of the Y Matrix is the computation of the Optimal Power Flow. 

 

For the HVDC grid in Fig. 3.23 the Adjacency Matrix A is: 
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 𝑆𝑆 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
0 1 0 0 0 0 0
1 0 1 1 0 0 0
0 1 0 0 1 0 0
0 1 0 0 1 1 1
0 0 1 1 0 0 1
0 0 0 1 0 0 0
0 0 0 1 1 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (3.25) 

 

3.3.2.2 Island Matrixes 

If the grid is spit in two or more islands, it is important to identify them in order to 

continue to control the system in a proper and safe way, assigning to each island a DC 

slack bus. 

Each island is identified by its Island Matrix, which contains information about island’s 

composition. The Island Matrix is composed by three columns: 

 

• Column 1: list of the substation belonging to the island. 

• Column 2: list of the bus belonging to the island. 

• Column 3: list of the converters belonging to the island. 

 

Fig. 3.24 shows an islanding scenario for the HVDC grid in Fig. 3.23. The Island 

Matrix for the island highlighted in green is presented in Table 3.6. 

 

63 
 



 

T1
VSC 1

 

T2
VSC 2

 
 

T4
VSC4

Grid

Grid

Grid

VSC 6

 
 

T7
VSC7

Grid

 

T3
VSC 3

Grid

L46

L12

L24

L23

L35

L47

L57

VSC 5

L24

 

Fig. 3.24 Islanding scenario for HVDC grid in Fig. 3.23. 

 

Substation Bus New n Converter 

4 4 4 

5 5 5 

6 6 6 

7 7 7 
Table 3.6 Island Matrix for the green island in Fig. 3.24. 

 

The meaning of the second column, called in Table 3.6 “Bus New n” is clarified in 

section 3.3.3.2. 

 

3.3.3 Algorithm 

This section contains a detailed explanation of the proposed algorithm for the Central 

Processor. 

The flowchart of the proposed algorithm is shown in Fig. 3.25. 
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Fig. 3.25 Central Processor’s flowchart 

 

3.3.3.1 Read the inputs 

In this part the inputs are read. As shown in Fig 3.26, first of all, the Central Processor 

reads all the Change Flags of the Local Processor and, if a change happened in at least 

one substation, the algorithm continues reading the Substation Matrixes. 
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Fig. 3.26 Input reading loop. 

 

The Change Flags are continually read in a loop, the algorithm exits from the loop only 

when a local change happens. 

 

3.3.3.2 Substation Matrix updating 

Each virtual bus of the network should be identified in a unique way. 

In any substation a bus number 1 is present and, in general, different substations could 

have buses with the same number. This is a problem for the Central Processor, since it 

could not manage different buses with the same “name”. 

For this reason, each virtual bus of the network should be identified in a unique way 

and, in order to reach this goal, the Central Processor gives a unique number to each 

virtual bus using a Position Vector. The idea of a Position Vector has been taken from 

[26]. 

The Position Vector is a vector with size (1×5ns) where ns is the number of the 

substation into the grid; during the initialization every elements of this vector are set 

equal to 0. The Position Vector contains 0 into an element if the corresponding position 
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is available. Starting from the first Substation Matrix the Central Processor adds a “Bus 

New n(umber)” column and gives to the buses a new number according to the Position 

Vector: the position corresponding to the first zero element into the Position Vector is 

given to the bus, then the element is set equal to 1. 

At the end of this part, each bus has a unique number. It is now possible to build the 

Adjacency Matrix. 

 

Considering the grid in Fig. 3.24 the Substation Matrix of substations number 3 and 4, 

after the updating in the Central Level, are reported respectively in Table 3.7 and Table 

3.8. 

 

Substation Bus Line Converter Bus New n 

3 1 0 3 1 

3 1 23 0 1 
Table 3.7 Substation Matrix of substation number 3 in Fig. 3.24 after the updating in the Central 

Processor. 

 

Substation Bus Line Converter Bus New n 

4 1 0 4 2 

4 1 45 0 2 

4 1 46 0 2 

4 1 47 0 2 
Table 3.8 Substation Matrix of substation number 4 in Fig. 3.24 after the updating in the Central 

Processor 

 

3.3.3.3 Adjacency Matrix 

In this part, the Central Processor builds the Adjacency Matrix of the entire network. 
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Basically, a transmission grid consist of generation buses, load buses (i.e. demand 

points), electrical facilities (i.e. transformers, breakers, etc.) and physical links (i.e. 

transmission lines). 

Based on graph theory, a transmission grid can be seen as an undirected and simple 

graph, with n vertices (or nodes) and m edges: substations are considered as nodes, 

transmission lines as edges. 

An undirected and simple graph is an ordered pair G=(V,E) composed by a set 

V={1,2,3,…,n} of vertices or nodes together with a set E={e1,e2,…em} of edges or lines. 

An edge is a 2-element subsets of 𝑉𝑉 (i.e., an edge is relates with two vertices, and the 

relation is represented as an unordered pair (u,v) of the vertices connected by such an 

edge). 

Therefore it makes sense to calculate the adjacency matrix for a transmission grid (for 

a dissertation of the adjacency matrix, see Section A.1, Appendix A). 

 

The Central Processor for each substation takes its lines, and searches in the other 

substations the same lines. When a correspondence is found, the processor places 1 in 

the corresponding element of the Adjacency Matrix and in the symmetrical one. For 

example if Substation 1 has Line 12 connected to its i “Bus New n”, and Substation 2 

has Line 12 connected to its j “Bus New n”, the Central Processor finds the 

correspondence and places 1 in elements A(i,j) and A(j,i). 

 

3.3.3.4 Islands detection 

In a transmission power grid, various operation failures would alter the connection 

status of the network, and it is possible to fall in islanding situation. If a transmission 

power grid splits into two or more islands, e.g. due to a fault, it is necessary to identify 

them in order to control the grid in a proper way. In order to perform the islands 

detection the Central Processor uses a method based on the spectral analysis of the 

Laplacian Matrix, as proposed in [27]. 
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In this section after a brief introduction on Laplacian matrix and spectral analysis of 

the transmission power network are presented. 

 

3.3.3.4.1 Laplacian matrix 

In the mathematical field of graph theory, the degree matrix is a diagonal matrix that 

contains information about the degree of each vertex, which is the number of edges 

attached to each vertex. It is used together with the adjacency matrix to construct the 

Laplacian matrix of a graph (see Section A.3 in Appendix A). 

The elements of the diagonal of the degree matrix are given by the sum of the 

corresponding row of the adjacent matrix. 

Given a simple graph G with n vertices, its Laplacian matrix Ln×n is defined as: 

 

 𝐿𝐿 = 𝐷𝐷 − 𝑆𝑆 (3.26) 

 

where D is the degree matrix and A is the adjacency matrix of the graph. 

Thanks to equation (3.26) it is easy to calculate the Laplacian matrix starting from the 

adjacency matrix, since it is given by the difference between the degree matrix, which 

obtained from the adjacent matrix, and the adjacent matrix itself. 

According to [27], the Laplacian matrix illustrate the overall topological connection 

status of the whole network; it is symmetric, singular and positive semidefinite. 

 

3.3.3.4.2 Spectral analysis of power transmission network 

As reported in Section A.3 in Appendix B, in linear algebra, an eigenvector of a square 

matrix is a vector that points in a direction which is invariant under the associated linear 

transformation. In other words, if v is a vector that is not zero, then it is an eigenvector 
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of a square matrix A if Av is a scalar multiple of v. this condition could be written as 

the equation: 

 

 𝑆𝑆𝒗𝒗 = 𝜆𝜆𝒗𝒗 (3.27) 

 

where λ is a number known as the eigenvalue associated with the eigenvector v.  

 

In order to perform the spectral analysis of the Laplacian matrix, it is necessary to 

calculate its eigenvalues and eigenvector. 

Let be λ0≤λ1≤…≤λn-1 the eigenvalues for a Laplacian matrix of an undirected graph G. 

As reported in [27] in the field of island detection the most important features of the 

Laplacian matrix are three: 

 

• L(G) has only real eigenvalues; 

• λ1=0 and λ2>0 if and only if G is connected; 

• The smallest eigenvalue λ1 is equal to 0 and its corresponding eigenvector is 

constant 

• The number of zero eigenvalues is determined by the number of splitting 

islands of the graph G.  

 

Therefore, for a network divided in islands, the corresponding algebraic graph is 

disconnected so also its λ2 is equal to 0. 

 

3.3.3.4.3 Islands detection 

There are two main steps to identify islands in a power network: 
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1. Construct a two-dimensional eigenvector space, whose coordinates are 

determined by the projection of the first non-trivial eigenvectors of the 

Laplacian Matrix. 

2. Compute the algebraic connectivity and identify the existing islands in the 

power network. 

 

The idea behind this method is that elements corresponding to connected substations 

are close to each other in the Cartesian space. In other word, they form clusters, for this 

reason the Central Processor performs the algebraic connectivity using a cluster 

analysis. 

In this thesis a k-means clustering has been chosen (see Section A.4 Appendix A). 

One of the major problem with k-means algorithm is that, as it is a heuristic algorithm, 

there is no guarantee that it will converge to the global optimum, and the result may 

depend on the initial clusters. 

In islands detection it is possible to improve the initialization, since the number of the 

clusters is given by the number of zero eigenvalues. 
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Fig. 3.27 shows the flowchart of the islands detection. 
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Fig. 3.27 Islands detection: flowchart. 
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Fig. 3.28 Islanding scenario for HVDC grid in Fig. 3.23. 

 

For the HVDC grid in Fig. 3.24 (reported above for more clarity) the Adjacency Matrix 

A is: 

 

 

𝑆𝑆 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 1 1
0 0 0 1 0 0 1
0 0 0 1 0 0 0
0 0 0 1 1 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (3.28) 

 

Thanks to the Adjacency Matrix, it is possible to calculate the Laplacian Matrix L: 

 

 𝐿𝐿 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1 −1 0 0 0 0 0
−1 2 −1 0 0 0 0

0 −1 1 0 0 0 0
0 0 0 3 −1 −1 −1
0 0 0 −1 2 0 −1
0 0 0 −1 0 1 0
0 0 0 −1 −1 0 2⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (3.29) 
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Performing the spectral analysis of the Laplacian Matrix, its eigenvalues and 

eigenvectors are obtained. 

The Laplacian Matrix has two zero eigenvalues, so the power network is split in two 

islands. 

For the composition of the islands, it is necessary to investigate the eigenvectors. The 

first two non-trivial eigenvectors are: 

 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡

0
0
0

0.5
0.5
0.5
0.5⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (3.30) 

 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
−0.5774
−0.5774
−0.5774

0
0
0
0 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (3.31) 

 

Their projection into Cartesian space is shown in Fig. 3.29. 
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Fig. 3.29 Projection into Cartesian space of the eigenvector (3.30) and (3.31). 

 

As can be seen in Fig. 3.29 the green island is composed by substations number 4, 5, 

6, 7 and the yellow island is composed by substations number 1, 2, 3. 

It is now possible to obtain the two Island Matrixes, which contain information about 

composition of each island. The Island Matrixes, which are one of the output of the 

Central Processor, of the two island of Fig. 3.28 are presented in Table 3.9 and in Table 

3.10. 

 

Substation Bus New n Converter 

4 4 4 

5 5 5 

6 6 6 

7 7 7 
Table 3.9 Island Matrix for green island in Fig. 2.28. 
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Substation Bus New n Converter 

1 1 1 

2 2 2 

3 3 3 
Table 3.10 Island Matrix for yellow island in Fig. 3.28. 
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3.3.4 MATLAB code 

In this section, the MATLAB code of the Central Processor is attached and briefly 

described. 

 

Fig. 3.30 shows the function that runs the Central Processor. 

 
Fig. 3.30 Function that runs the Central Processor. 
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Fig. 3.31 and Fig. 3.32 show the function that perform the Substation Matrixes 

updating. 

 

Fig. 3.31 Function that perform the Substation Matrixes updating: part 1. 

 

Fig. 3.32 Function that perform the Substation Matrixes updating: part 2. 
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Fig. 3.33 and Fig. 3.34 show the function that build the Adjacency Matrix of the HVDC 

grid. 

 

Fig. 3.33 Function that build the Adjacency Matrix of the HVDC grid: part 1. 

 

Fig. 3.34 Function that build the Adjacency Matrix of the HVDC grid: part 2. 
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Fig 3.35 shows the function that detects the number of islands in the HVDC grid. 

 

Fig. 3.35 Function that detects the number of islands in the HVDC grid. 
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Fig. 3.36 and Fig. 3.37 show the function that identifies the composition of each island. 

 

Fig. 3.36 Function that identifies the composition of each island: part 1. 
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Fig. 3.37 Function that identifies the composition of each island: part 2. 
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4  

Case study 
 

This chapter presents a case study acting as proof of concept of Network Processor. 

The chapter begins with a presentation of the DC grid used for the study including all 

relevant parameters. Thereafter the co-simulation platform used to study the control 

scheme is presented. Finally, the results of the study are presented in Section 4.3. 

 

4.1 System under study 

In order to validate the Network Processor algorithm suggested in the Chapter 3, the 7-

terminal HVDC grid analyzed in [14] has been used. The 7-terminal DC grid, 

developed in a real-time simulator, is shown in Fig. 4.1. It is composed by seven 

converter stations connected through eight DC lines. 
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Fig. 4.1 7-terminal VSC-HVDC transmission grid. 

 

The line parameters are defined in Table 4.1. 

 

Lines R(Ω) L(mH) Length(km) 

L12 2.577 22.5 213 

L23 3.00 26.2 248 

L24 2.50 21.9 207 

L35 4 25.0 331 

L45 1 8.76 83 

L46 2.5 21.9 207 

L47 3.5 30.5 289 

L57 2 17.4 165 
Table 4.1 HVDC grid line parameters. 

 

Each converter is connected to a separate strong AC grid. The modelled VSC stations 

can control active power or DC voltage on DC side, and reactive power or AC voltage 
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on AC side. The power ratings and control modes of the stations are presented in Table 

4.2. 

 

Converter Capacity(MW) Control mode 

1 200 Active Power 

2 300 DC droop voltage 

3 150 DC droop voltage 

4 200 Active Power 

5 300 DC droop voltage 

6 100 Active Power 

7 50 Active Power 
Table 4.2 Converters rating and modes. 

 

4.2 Simulation platform 

The Power System Management and Information eXchange (PSMIX) Platform is a 

real-time co-simulation test-bed which enables the studies regarding the design, testing 

and implementation of real-time control and operation applications in power system 

(see Fig. 4.2). It is developed by the PSMIX group of the School of Electrical 

Engineering of the KTH in Stockholm. 
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Fig. 4.2 PSMIX Platform Architecture. This figure is from [14]. 

 

This real-time platform reflects the characteristic of the supporting ICT system and the 

physical process, as well as the interfacing devices or systems as close as possible to 

the real life scenarios. PSMIX is a general real-time architecture that can be re-arranged 

for different studies from distribution grid control scenarios to wide area control of 

transmission grid. For this study, the PSMIX Platform is configured to support the 

modeling of HVDC grid and its supporting control and communication system [14]. 

The detailed information of the components is described as follows. 

 

4.2.1 OPAL-RT eMEGAsim Simulator 

The eMEGAsim Real-Time Digital Simulator is a commercial simulator, it integrates 

OPAL-RT powerful electrical circuit solvers, SimPowerSystem and RT-LAB 

distributed processing software and hardware platform for high speed and real-time 

simulation of a power system for both steady state and transient analysis. 

eMEGAsim is ideal for large AC and DC power systems, distributed generations, and 

complex industrial power systems. 

This simulator can be fully customized to meet I/O requirements enabling integration 

tests of complex systems [14]. 
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The DC grid presented above is modeled and simulated in this simulator. 

 

4.2.2 Measurement Units 

The HIL (hardware in the loop) feature of the OPAL-RT simulator enables the 

simulated power grid to interact via analog I/Os. This HIL simulation test platform 

provides the ability for more realistic study of the real world systems. Since the HVDC 

controller is able to communicate with specific analog I/Os, a special DC measurement 

unit (DMU) has been developed inside the OPAL-RT simulator to send/receive the DC 

voltage and DC power measurement with specific accuracy to/from analog I/Os. This 

device takes in the analog input in the range of 0V to 10V and digitizes it with 16-bits 

resolution. To provide the input to the simulated power grid 4-channel analog output 

device is used. This device generates the voltage signal within the range of -10V to 

10V. Both I/O devices are mounted on an EtherCAT coupler which provides the means 

of communication between I/Os via the Ether-CAT protocol providing sufficient 

performance. 

 

4.2.3 HVDC Industrial Controller 

ABB’s MACH3 system is a high performance control and protection system includes 

an industrial computer called PS700 which runs Windows embedded in- tegrated with 

INtime reliable Real time operating systems (RTOS). PS700 com- municates with the 

analog devise via EtherCAT protocol. It can communicate with other HVDC industrial 

control systems via Ethernet. HiDraw studio is a graphical programming environment 

based on C++ that is used to program the HDVC sta- tion control systems hardware. 

When the project in HiDraw is compiled, first the C++ code is generated then this C++ 

code is compiled and released for executing in INtime. The agent logic has been 

developed in C++ codes in HiDraw. 
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4.2.4 OPNET Communication Network Simulator 

OPNET is a communication system modeler which provides comprehensive 

development environment for modeling communication networks and distributed 

systems. The behavior of the simulated communication network can be analyzed by 

performing discrete event simulations. 

 

4.2.5 Master Controller: KTH PowerIT Platform 

The application component of the PSMIX platform consists of openPDC as the phasor 

data concentrator and the KTH PowerIT as the application hosting platform that 

connects to openPDC to receive the synchronized measurements. Besides, it is able to 

receive the DC grid information i.e. DC voltage and active power from the converters 

(PS700 controller) using industrial defined Raw Ethernet protocol [14]. 

 

4.2.6 Network Processor 

The Network Processor presented in this thesis has been modeled using MATLAB 

language, then compiled and implemented. 

 

4.3 Simulation results 

To evaluate the performance of the Network Processor the scenario reported in Fig. 4.3 

has been used. 
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Fig. 4.3 7-terminal VSC-HVDC transmission grid, tested scenario. 

 

In the original set-up, converters 2, 4 and 7 exchange power from the DC grid to the 

AC grid, they can be modelled as load substations. On the other hand converters 1, 3, 

5 and 6 exchange power from the AC grid to the DC grid, they can be modelled as 

generator substations. 

After 2 seconds (t=2s) a fault happens, and breakers of lines L35 and L24 open. 

After 12 seconds (t=12s) generation from VSC1 is reduced to 50%. 

After 17 seconds (t=17s) generation from VSC1 is reduced to 0. 

After 22 seconds (t=22s) generation from VSC6 is reduced to 50%. 

After 27 seconds (t=27s) generation from VSC6 is reduced to 0. 

Table 4.3 shows the sequence of operations. 
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Time(s) Event 

2 Lines L24 and L35 are disconnected due to a fault 

12 Generation from VSC1 is reduced to 50% 

17 Generation from VSC1 is reduced to 0 

22 Generation from VSC6 is reduced to 50% 

27 Generation from VSC6 is reduced to 0 
Table 4.3 sequence of operations in HVDC grid in Fig. 4.3. 

 

The results of the simulation are presented in Fig. 4.4. 

 

 

Fig. 4.4 Results for tested scenario. 
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As can be seen, after the fault the grid is split in two island, island A and island B. 

Island A (in yellow in Fig. 4.3) is composed by converter VSC1, VSC2, VSC3, island 

B (in green in Fig. 4.3) is composed by converter VSC4, VSC5, VSC6, VSC7. 

The Network Processor recognizes the two islands and it selects converters 2 and 5 as 

slack converters, since they are the converters with the largest capacity in each island. 

It is possible to see the confirmation of this choice in Fig. 4.4. 

 

• Variation in island A do not have any effect in island B and vice versa. 

• When generation at VSC1 varies, only VSC2 modifies his power in order to 

compensate the variation. 

• When generation at VSC6 varies, only VSC5 modifies his power in order to 

compensate the variation. 

 

Therefore, it is possible to say that the Network Processor is able to identify islands 

and selects a proper DC slack-bus. 
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5  

Multi-Stage Network Processor for 

other operational architecture 
 

As reported in Chapter 2 Section 2.4.2, the HVDC grid independent operator is not the 

only one operational architecture that could be chosen to control a HVDC grid. The 

other two feasible control architectures are the AC/HVD supervisory control (Fig. 5.1a) 

and the distributed control (Fig. 5.2b). 

 

 

Fig. 5.1 (a) AC/HVDC supervisory control, (b) distributed supervisory control. 

 

In this section is presented how to modify the Network Processor of Chapter 3 in order 

to fit the other two possible control architectures. 
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The Network Processor is still a two-level processor composed by several Local 

Processor and one Central Processor. 

 

5.1 Multi-Stage Network Processor for AC/HVDC 

grids Supervisory Control 

In this operational architecture one AC TSO controls also the HVDC grid. The 

AC/HVDC supervisory controller needs to know the topology of both the HVDC grid 

and its AC grid, in order to control in the best way both the DC side and its AC side of 

the grid. To reach this aim, the Local Processor and the Central Processor have to be 

modified as described in Section 5.1.1 and 5.1.2. 

The modified Network Processor has been tested for an AC/HVDC TSO with only one 

AC substation, just to proof that the idea is correct and that it is possible to use almost 

the same Network Processor of the HVDC independent grid operator. 

Fig. 5.2 shows the two level of the Network Processor for AC/HVDC grids supervisory 

control. 
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Fig. 5.2 Network Processor for an integrated operational control. 

 

5.1.1 Local Processor 

Local Processor for DC substations is the same of Chapter 3, but in this operational 

architecture is necessary a Local Processor also for the AC substations of the 

AC/HVDC TSO. 

Local Processor for AC substations is identical to Local Processor for DC substations; 

its main output, the Substation Matrix, contains also the information about the 

connection between the AC/DC converter and the AC substation. 

Considering, for example, AC substation identified by number 8, connected to line 89 

and to converter 11 its Substation Matrix is presented in Table 5.1. 
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Substation Bus Line Converter 

8 1 0 11 

8 1 89 0 
Table 5.1 Substation Matrix for an AC substation 

 

From this Substation Matrix is possible to say that the AC substation number 8 is 

composed by one virtual bus, which connects line 89 with the AC/DC converter 

number 11. 

This matrix, together with the Change Flag of this substation, is sent to the Central 

Processor. 

 

5.1.2 Central Processor 

The Central Processor for the integrated operational architecture is almost equal to the 

Central Processor of Chapter 3. 

 

Substation’s 
Matrixes Change Flags

Central 
Processor

Adjacency 
Matrix Islands AC/DC 

Matrix

 

Fig. 5.3 Central Processor for integrated operational architecture: inputs, outputs. 
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Fig. 5.3 shows the general flowchart of the Central Processor. As can be seen there is 

one more output than the Network Processor in Chapter 3, the AC/DC Matrix. 

Fig. 5.4 shows the complete flowchart of the Central Processor for AC/HVDC control 

architecture and it must be highlighted that it is the same of Chapter 3 with one step 

more: the AC/DC connectivity. 

 

Start

Read the 
inputs

SM updating

Adjacency 
Matrix

Islands 
detection

AC/DC 
connectivity

End
 

Fig. 5.4 Central Processor for integrated operational architecture: flowchart. 
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This adjunctive step is necessary in order to find if the DC side of a converter is 

connected to the AC side; if it is so, the converter exchanges power and the AC grid is 

connected to the DC grid. On the other hand, AC grid and DC grid are not connected. 

Let present the algorithm through an example: consider DC substation number 1 and 

AC substation number 8, both connected to converter number 11. The Substation 

Matrix of the DC substation is presented in Table 5.2, the Substation Matrix of the AC 

substation is shown in Table 5.1. 

 

Substation Bus Line Converter 

1 1 0 11 

1 1 12 0 
Table 5.2 Substation Matrix for DC substation 

 

First of all the Central Processor reads the Substation Matrixes and updates them; the 

corresponding matrixes are shown in Table 5.3 and Table 5.4. 

 

Substation Bus Line Converter Bus New n 

1 1 0 11 1 

1 1 12 0 1 
Table 5.3 Substation Matrix in the Central Processor for Substation Matrix in Table 5.2. 

 

Substation Bus Line Converter Bus New n 

8 1 0 11 8 

8 1 89 0 8 
Table 5.4 Substation Matrix in the Central Processor for Substation Matrix in Table 5.1. 

 

Then the Central Processor calculate the Adjacent Matrix and performs the islands 

detection; finally, it checks the connectivity between AC and DC sides of the converter. 
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To achieve this aim, it searches in all the DC Substation Matrixes converter 11, which 

is the converter present in the AC Substation Matrix. The output of this research is the 

AC/DC Matrix, which contains the information about the connectivity between AC and 

DC side of the converters and, in general, between AC grid and DC grid. 

Two columns compose the AC/DC matrix: 

 

• Column 1: substation’s number. 

• Column 2: number of the virtual bus connected to the converter. 

 

Table 5.5 shows the AC/DC Matrix for the examined case. 

 

Substation Bus New n 

1 1 

8 8 
Table 5.5 AC/DC Matrix 

 

5.1.3 Conclusions 

The Topology Processor of Chapter 3 has been modified in order to be used also in the 

AC/HVDC control architecture. This processor works for a simple case, so it can be 

used as starting point to develop a Network Processor suitable for an AC/HVDC TSO. 
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5.2 Multi-Stage Network Processor for distributed 

Supervisory Control 

As shown in Fig. 5.1b in the distributed architecture, every single AC TSOs controls a 

portion of the HVDC grid and its AC grid.  

Each AC/HVDC supervisory controller, in order to manage its own grid, first of all 

needs to know the topology of both its part of HVDC grid and its AC grid. To reach 

this aim, the Local Processor and the Central Processor presented in Chapter 3 have to 

be modified as described in Section 5.1 for the integrated architecture. 

In this way, each supervisory controller could know the topology of its area. 

However, in order to know if lines connecting with other areas could be used to 

exchange power, it is necessary to have the topology of the arrival substation. 

Therefore it is necessary an exchange of information between neighboring DC 

substations that belongs to different areas. 

The information exchanged is the Substation Matrix: from the Local Processor of the 

arrival area it is sent to its corresponding supervisory controller, and then this SCADA 

system sends it to the supervisory control of the neighboring area. 

 

In Fig. 5.5 an example is presented.  

Line L12 connects area 1 with area 2. Supervisory control of area 2, in order to know 

if it is possible to exchange power through line L23, needs to know the Substation 

Matrix of both substation 2 and substation 3.  

Substation 2 belongs to its area, so the Local Processor of area 2 sends the Substation 

Matrix directly to the Central Processor of area 2. 

Substation 3 belongs to area 3, so the Local Processor of area 3 sends the Substation 

Matrix to the supervisory controller of area 3, which sends the matrix to the supervisory 

control of area 2. 
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Fig. 5.5 Distributed supervisory control: information exchange. 

 

Despite all the discussed changes in the algorithm of Chapter 3, this method can not 

say anything about the global composition of the network, in particular it is not possible 

to know if the HVDC grid is split into islands. 

Accordingly, in order to use the method proposed in this thesis also for the distributed 

architectures a further study is necessary. 
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6  

Conclusions 
 

In this thesis a two-level Network Processor for HVDC independent grids operator has 

been developed and successfully tested. 

The Network Processor consists of two levels, one local at DC substation, and one 

central at HVDC grid supervisory control. Such a two-level architecture is faster and 

simpler than the ordinary one-level architecture and, moreover, it makes available 

useful information locally, at the substation level. 

In each DC substation the Local Processor, using breakers’ status, determines the 

bus/branch model of the substation thanks to matrix transformations applied to the 

adjacency matrix. Substation Matrix holds information regarding such a model and it 

is sent to the Central Processor. 

The Central Processor collects all the Substation Matrixes and creates the global 

Adjacency Matrix for the whole grid. The islands detection is performed using the 

spectral analysis of the Laplacian Matrix: number of zero-eigenvalues correspond to 

number of islands; eigenvectors give information about the islands’ composition. The 

eigenvectors are analyzed using k-means clustering method. 

At the end, the Network Processor assigns DC slack bus if it is not present into island. 

The presented Network Processor has been successfully implemented in MATLAB and 

tested in a real-time co-simulation platform. For this reason, it will be possible to use 

it to manage real HVDC grids. 

Besides, an extended version of proposed algorithm has been studied for the integrated 

AC/HVDC supervisory control architecture. This Network Processor has been 
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successfully tested for a simple case, so it can be used as starting point to develop a 

complete processor suitable for an AC/HVDC TSO. 

At the end, the proposed Network Processor has been studied for the distributed HVDC 

supervisory control architecture; it has been shown that it presents some limitations in 

islands detection. Future studies could use the algorithm presented in this thesis as 

starting point for the development of a complete Network Processor suitable for multi 

AC/HVDC TSOs control architecture. 
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A  
Appendix 
 

This appendix gives a brief review of the mathematical tools used in Chapter 3. 

 

A.1 Adjacency Matrix 

In the graph theory, the adjacency matrix A is frequently used to illustrate the 

topological connection of a graph representing which vertices are adjacent to which 

other vertices. 

If G is a graph of order n, then its adjacency matrix is a n×n square matrix, where each 

row and column corresponds to a vertex of G. 

The element aij this matrix specifies the number of edges from vertex i to vertex j. 

The elements of an adjacency matrix for a simple graph (i.e. a graph with no graph 

loops or multiple edges) are all either 0 or 1. 

An adjacency matrix for an undirected graph is symmetrical about the main diagonal, 

this is because if vertex i is adjacent to vertex j, then j is adjacent to i. 

An undirected and simple graph is an ordered pair G=(V,E) composed by a set 

V={1,2,3,…,n} of vertices or nodes together with a set E={e1,e2,…em} of edges or lines. 

An edge is a 2-element subsets of 𝑉𝑉 (i.e., an edge is relates with two vertices, and the 

relation is represented as an unordered pair (u,v) of the vertices connected by such an 

edge). 

For an undirected graph, the adjacency matrix A is defined as: 
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 𝑆𝑆 = 𝑆𝑆(𝐺𝐺) = �𝑀𝑀𝑢𝑢,𝑣𝑣�𝑢𝑢,𝑣𝑣∈𝑉𝑉(𝐺𝐺) (A.1) 

 𝑀𝑀𝑢𝑢,𝑣𝑣 = �
1         𝑒𝑒𝑢𝑢,𝑣𝑣 ∈ 𝐸𝐸(𝐺𝐺)
0         𝑒𝑒𝑢𝑢,𝑣𝑣 ∉ 𝐸𝐸(𝐺𝐺) (A.2) 

 

Where element 𝑀𝑀𝑢𝑢,𝑣𝑣 is non-zero if exists an edge between vertex 𝑢𝑢 and 𝑣𝑣. 

 

Fig. A.1 shows a simple undirected graph and its adjacency matrix. 

 

 

 

𝑆𝑆 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
0 1 0 0 1 0 0
1 0 0 0 1 0 0
0 0 0 1 1 1 0
0 0 1 0 1 1 0
1 1 1 1 0 0 0
0 0 1 1 0 0 1
0 0 0 0 0 1 0⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

Fig. A.1 Simple undirected graph and its adjacency matrix. 
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A.2 Cofactor Matrix 

A minor of a matrix A is the determinant of some smaller square matrix, cut down from 

A by removing one or more of its rows or columns. Minors obtained by removing just 

one row and one column from square matrices (first minors) are required for calculating 

matrix cofactors. 

If A is a square matrix, then the minor of the element in the i-th row and j-th column is 

the determinant of the submatrix formed by deleting the i-th row and j-th column. This 

number is often denoted Mi,j. The (i,j) cofactor is obtained by multiplying the minor by 

(−1)𝑖𝑖+𝑗𝑗. 

The cofactor matrix is a matrix with elements that are the cofactors, term-by-term, of 

a given square matrix [28]. 

For example the matrix A is given: 

 

 𝑆𝑆 = �
1 2 3
0 4 5
1 0 6

� (A.3) 

 

In order to fin the cofactor matrix of A first is necessary to find the cofactor of each 

element. 

 

𝐶𝐶11 = �4 5
0 6� = 24 𝐶𝐶12 = − �0 5

1 6� = 5 𝐶𝐶13 = �0 4
1 0� = −4 

𝐶𝐶21 = − �2 3
0 6� = −12 𝐶𝐶22 = �1 3

1 6� = 3 𝐶𝐶23 = − �1 2
1 0� = 2 

𝐶𝐶31 = �2 3
4 5� = −2 𝐶𝐶32 = �1 3

0 5� = −5 𝐶𝐶33 = �1 2
0 4� = 4 
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The cofactor matrix is thus: 

 𝐶𝐶 = �
24 5 −4
−12 3 2
−2 −5 4

� (A.4) 
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A.3 Laplacian Matrix and Spectral Analysis 

 

A.3.1 Laplacian Matrix 

As reported in [27] in the mathematical field of graph theory, the degree matrix is a 

diagonal matrix which contains information about the degree of each vertex, that is the 

number of edges attached to each vertex. It is used together with the adjacency matrix 

to construct the Laplacian matrix of a graph. 

Given a graph G=(V,E) with │V│=n the degree matrix D, for G, is a Dn×n diagonal 

matrix defined as: 

 

 𝑑𝑑𝑖𝑖,𝑗𝑗 = �deg (𝑣𝑣𝑖𝑖), 𝑑𝑑𝐶𝐶 𝑑𝑑 = 𝑗𝑗
0, 𝐶𝐶𝑑𝑑ℎ𝑒𝑒𝑆𝑆𝑒𝑒𝑑𝑑𝑒𝑒𝑒𝑒 (A.5) 

 

Where the degree deg(vi) of a vertex counts the number of times an edge terminates at 

that vertex. In an undirected graph is: 

 

 𝑑𝑑𝑖𝑖,𝑖𝑖 = � 𝑀𝑀𝑖𝑖,𝑗𝑗
𝑗𝑗∈𝑁𝑁(𝐺𝐺)

 (A.6) 

 

Where ai,j is the generic element of the adjacency matrix. 

Therefore, the elements of the diagonal of the degree matrix of an undirected graph are 

given by the sum of the corresponding row of the adjacent matrix. 

An example of undirected and simple graph is presented in Fig. A.2; its degree matrix 

is reported in (A.7). 
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Fig. A.2 Undirected and simple graph. 

 

 𝐷𝐷 =

⎣
⎢
⎢
⎢
⎢
⎡
2 0 0 0 0 0
0 3 0 0 0 0
0 0 2 0 0 0
0 0 0 3 0 0
0 0 0 0 3 0
0 0 0 0 0 1⎦

⎥
⎥
⎥
⎥
⎤

 (A.7) 

 

Given a simple graph G with n vertices, as reported in [29], its Laplacian matrix Ln×n 

is defined as: 

 

 𝐿𝐿 = 𝐷𝐷 − 𝑆𝑆 (A.8) 

 

Where D is the degree matrix and A is the adjacency matrix of the graph. The elements 

of L are given by: 

 

 𝐿𝐿𝑖𝑖,𝑗𝑗 ≔ �
deg (𝑣𝑣𝑖𝑖), if 𝑑𝑑 = 𝑗𝑗

−1, if 𝑑𝑑 ≠ 𝑗𝑗 and 𝑣𝑣𝑖𝑖  is adjacent to 𝑣𝑣𝑗𝑗
0, otherwise

 (A.9) 

 

From equation (A.8) it is easy to calculate the Laplacian Matrix starting from the 

adjacency matrix, since it is given by the difference between the degree matrix, 

obtained from the adjacent matrix, and the adjacent matrix itself. 
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The adjacency matrix A for the graph in Fig. A.2 is 

 

 𝑆𝑆 =

⎣
⎢
⎢
⎢
⎢
⎡
0 1 0 0 1 0
1 0 1 0 1 0
0 1 0 1 0 0
0 0 1 0 1 1
1 1 0 1 0 0
0 0 0 1 0 0⎦

⎥
⎥
⎥
⎥
⎤

 (A.10) 

 

Using (A.8) the Laplacian matrix of the graph in figure Fig. A.2 is 

 

 𝐿𝐿 =

⎣
⎢
⎢
⎢
⎢
⎡

2 −1 0 0 −1 0
−1 3 −1 0 −1 0

0 −1 2 −1 0 0
0 0 −1 3 −1 −1

−1 −1 0 −1 3 0
0 0 0 −1 0 1⎦

⎥
⎥
⎥
⎥
⎤

 (A.11) 

 

A.3.2 Spectral analysis of Laplacian Matrix 

In linear algebra an eigenvector of a square matrix is a vector that points in a direction 

which is invariant under the associated linear transformation. In other words, if v is a 

vector which is not zero, then it is an eigenvector of a square matrix A if Av is a scalar 

multiple of v. this condition could be written as the equation: 

 

 𝑆𝑆𝒗𝒗 = 𝜆𝜆𝒗𝒗 (A.12) 

 

Where λ is a number known as the eigenvalue associated with the eigenvector v. 

Geometrically, an eigenvector corresponding to a real, nonzero eigenvalue points in a 
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direction that is stretched by the transformation and the eigenvalue is the factor by 

which it is stretched. If the eigenvalues is negative, the direction is reversed. 

In order to do the spectral analysis of the Laplacian matrix, it is necessary to calculate 

its eigenvalues and eigenvector. 

Let be λ0≤λ1≤…≤λn-1 the eigenvalues the eigenvalues for a Laplacian matrix of an 

undirected graph: according to [27] and [30] the Laplacian matrix has some features: 

 

• L is symmetric; 

• L is singular; 

• L is positive-semidefinite (that is λi>0 for all i) 

• Every row sum and column sum of L is zero 

• λ1=0 

• The number of times 0 appears as an eigenvalue in the Laplacian matrix is the 

number of connected components in the graph 

• The smallest non-zero eigenvalue of L is called the spectral gap. 

• The second smallest eigenvalue of L is the algebraic connectivity of G. This 

eigenvalue is greater than 0 if and only if G is a connected graph. 

• For a graph with multiple connected components, L is a block diagonal matrix, 

where each block is the respective Laplacian matrix for each component, 

possibly after reordering the vertices (i.e. L is permutation similar to a block 

diagonal matrix). 
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A.4 K-means clustering 

Clustering is the task of grouping a set of objects in such a way that objects in the same 

group (called a cluster) are more similar (in some sense or another) to each other than 

to those in other groups (clusters). 

K-means clustering aims to partition n observations into k clusters in which each 

observation belongs to the cluster with the nearest mean, serving as a prototype of the 

cluster. The result is a partitioning of the data space. 

Given a set of observations (x1, x2, …, xn), where each observation is a d-dimensional 

real vector, k-means clustering aims to partition the n observations into k (≤ n) sets 

S={S1,S2,…,Sk} so as to minimize the within-cluster sum of squares (WCSS). In other 

words, its objective is to find: 

 

 argmin
𝑺𝑺

��‖𝑀𝑀 − 𝜇𝜇𝑖𝑖‖2
𝑥𝑥∊𝑆𝑆𝑖𝑖

𝑘𝑘

𝑖𝑖=1

 (A.13) 

 

Where μi is the mean of points in Si. 

The most common algorithm uses an iterative refinement technique. 

As reported in [31], given an initial set of k means m1
(1),…,mk

(1), the algorithm proceeds 

by alternating between two steps: 

 

• Assignment step: assign each observation to the cluster whose mean leads to 

the least WCSS. Since the sum of squares is the squared Euclidean distance, 

this is intuitively the "nearest" mean. 

• Update step: calculate the new means to be the centroids of the observations in 

the new clusters. 
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 𝑚𝑚𝑖𝑖
(𝑡𝑡+1) =

1

�𝑆𝑆𝑖𝑖
(𝑡𝑡)�

� 𝑀𝑀𝑗𝑗
𝑥𝑥𝑗𝑗∈𝑆𝑆𝑖𝑖

(𝑡𝑡)

 (A.14) 

 

Since the arithmetic mean is a least-squares estimator, this also minimizes the within-

cluster sum of squares (WCSS) objective. 

 

The algorithm converges when the centroids do not change anymore. Since both steps 

optimize the WCSS objective, and there only exists a finite number of such 

partitioning, the algorithm must converge to a (local) optimum. 

The algorithm is often presented as assigning objects to the nearest cluster by distance. 

The standard algorithm aims at minimizing the WCSS objective, and thus assigns by 

"least sum of squares", which is exactly equivalent to assigning by the smallest 

Euclidean distance.  

One of the major problem with this method it that as it is a heuristic algorithm, there is 

no guarantee that it will converge to the global optimum, and the result may depend on 

the initial clusters. 

 

Is now presented an example of k-means clustering. 

 

1. k initial “means” (in this case k=3) are randomly generated within the data 

domain (shown in cross in Fig. A.3). 

 

2. k clusters are created by associating every observation with the nearest mean. 

See Fig. A.3. 
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Fig. A.3 k-means clustering: first iteration. 

 

3. The centroid of each of the k clusters becomes the new mean. See Fig. A.4. 

 

 

Fig. A.4 k-means clustering: second iteration. 

 

4. Steps 2 and 3 are repeated until convergence has been reached. Fig. A.5 reports 

the final partition of the data. 
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Fig. A.5 k-means clustering: result. 
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