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Abstract

This thesis deals with spatial signal processing using an antenna array, for

a class of data models with a high rank signal contribution, corresponding

to a channel with multipath propagation.

The work is primarily motivated by the promising application of an-

tenna arrays at the base stations of a cellular system to improve the sys-

tem capacity. Speci�cally, the problems covered in the thesis are mainly

related to the downlink transmission from base station to mobile sta-

tion. Two main topics are studied, estimation of channel parameters and

(downlink) beamforming.

For a propagation model with di�use scattering around a mobile, a

low-complexity estimator of direction and spread angle is introduced,

based on an approximation using two point sources. The model of local

scattering is also used as a recurring example throughout the thesis.

Generalizing the idea of the above mentioned low-complexity algo-

rithm as well as several other estimators, the concept of pseudo-signal

subspace �tting is introduced and analyzed. An optimally weighted

pseudo-signal subspace �tting algorithm is derived, which gives a gen-

eralization of Weighted Subspace Fitting (WSF) to high rank data mod-

els. The resulting algorithm is not computationally attractive, but the

analysis provides a benchmark for a large class of algorithms. Also, a self-

contained algebraic derivation of the asymptotic e�ciency of the WSF

algorithm for a point source model, is presented.

Based on channel measurement data, a number of channel characteri-

zations are presented, all related to the rank of the instantaneous channel

or the rank of the fast fading process. These measures can be used to

evaluate a channel without any detailed physical propagation models.

An optimal strategy for downlink beamforming in a network with

one or more base stations and a number of co-channel mobiles, must be

calculated jointly for all users involved. Here, a computationally e�cient
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algorithm is introduced, using a semide�nite convex relaxation which,

surprisingly enough, can be shown to always solve the original non-convex

problem. A similar convex formulation is given for the problem of joint

uplink beamforming and power control. Optimal robust and constrained

beamforming can be solved using the same technique.

In addition to the optimal downlink strategy, several suboptimal but

decentralized beamforming algorithms are studied. Signal to Interference

plus Noise (SINR) based and MMSE based algorithms are compared

and several MMSE formulations for a space selective fading channel are

analyzed. The rate of change of the fading process has a large impact on

the theoretical treatment but is shown to have only minor impact on the

practical performance.
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Notational Conventions

Throughout the thesis uppercase boldface letters denote matrices, lower-

case boldface letters denote (column) vectors and italics denote scalars.

X, X̂, X̃ Nominal value, estimated value and estimation error, respec-

tively, of a quantity. X̃ = X̂−X.

XT ,X∗,Xc Matrix transpose, conjugate transpose (Hermitian) and com-

plex conjugate, respectively.

(. . . )∗ The previous expression conjugated and transposed.

X† The Moore-Penrose pseudoinverse of X. X† = (X∗X)−1X∗ if X is

full rank.

ΠX,Π⊥
X The projection and perpendicular projection onto the column

space of X, respectively. ΠX = I−Π⊥
X = XX†.

span [X] The linear span of the columns of X.

X ⊥ Y The matrices X and Y are orthogonal, i.e. X∗Y = 0.

‖X‖ Any norm of X.

‖X‖2 The induced 2-norm of X, i.e. the largest eigenvalue of X.

‖X‖F The Frobenius norm of X, ‖X‖2
F = Tr[XX∗].

Xkl, [X]kl Element k, l of a matrix.

Tr [X] The trace of a square matrix, Tr[X] =
∑
iXii.

vec [X] The vec-operator. vec[X] = [xT1 . . .xTn ]
T if X = [x1 . . .xn].



x Notational Conventions

X�Y Schur Hadamard product, i.e., elementwise product, [X�Y]kl =
XklYkl.

X⊗Y Kronecker product, X⊗Y =



X11Y · · · X1nY

...
...

Xm1Y · · · XmnY


.

X � Y For Hermitian matrices X and Y means that X −Y is positive

semide�nite. �, 	 and ≺ are de�ned similarly.

O
(
g(X)

)
Big ordo, f(X) = O

(
g(X)

)
if f(X)/g(X) is bounded in a neigh-

borhood of X = 0.

o
(
g(X)

)
Small ordo, f(X) = o

(
g(X)

)
if f(X)/g(X) → 0 as X→ 0.

Op(·), op(·) The in probability version of the corresponding deterministic

notation, see e.g. [Chu74, Bil95].

arg [x] The argument of the complex number x.

x ∈ AsN(m,C) The asymptotic distribution of the vector x is Gaussian

with mean m and covariance matrix C.

E [X] The expected value of the stochastic variable X.

x � y The variables x and y are equal up to a �rst order approximation.



Chapter 1

Introduction

This thesis contains a mixed collection of results on statistical signal

processing for sensor arrays. However, all the work has been done with a

speci�c application in mind, namely the use of antenna arrays in cellular

systems, especially concerning downlink transmission in a narrow-band

system with frequency division duplex.

Let us �rst give a short background to the application and the basic

signal processing concepts, which explains all the above buzzwords, and

later in Section 1.4 provide a more thorough description of the connec-

tions between the application and the theoretical results.

1.1 Cellular Communication

The use of mobile phones, and other wireless devices, has undergone a

remarkable expansion during the last decade. With an increasing number

of users, the limited range of radio frequencies allocated to the di�erent

systems has become a major bottleneck for further expansion, especially

in heavily populated areas.

In most current �rst and second generation cellular systems, the fre-

quency spectrum is divided into narrow frequency bands where di�erent

frequencies are used for di�erent users, so-called Frequency Division Mul-

tiple Access (FDMA). Also, several users may share the same frequency

band if the signal is divided into a number of time slots, each one used

for a speci�c user in a repeating pattern. This is called Time Division

Multiple Access (TDMA). A system like GSM may be characterized both
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as FDMA and TDMA. An even more important aspect for the perfor-

mance in conjunction with antenna arrays, is how the system handles

the two-way communication from the base station to the mobile station,

the downlink, and in the reverse direction, the uplink. A system is said

to use Time Division Duplex (TDD) if the uplink and downlink use dif-

ferent time slots on the same frequency and Frequency Division Duplex

(FDD), if they use di�erent frequencies, respectively. The GSM system,

for example, uses FDD.

Geographically, a mobile system is divided into cells, each served by

a separate base station. To avoid that the radio signaling in one cell

disturbs the mobiles in the neighboring cells, all frequencies are not used

in all cells. Instead, di�erent frequencies are allocated to di�erent cells

according to some frequency reuse pattern.

One commonly used strategy to increase the capacity in a cellular

system is to reduce the cell area and provide many small cells in the

most crowded areas. A disadvantage is the added cost of hardware and

infrastructure for the extra base stations, in addition to all the practical

problems of �nding good locations for the antennas.

An alternative, which still has not made a commercial breakthrough

but has attracted a lot of attention in both academia and industry, is

to equip the base stations with antenna arrays, also called �adaptive an-

tennas� or even �smart antennas�. By coherently combining the signals

received by an array of antenna elements, it is possible to separate out

the signals received from several co-channel mobiles with di�erent loca-

tions. Conversely, di�erent signals may be transmitted to di�erent loca-

tions. Furthermore, it is possible to suppress transmitting or receiving

in speci�c directions. This makes it possible to decrease the frequency

reuse distance, using a tighter reuse pattern, or even to let several mo-

biles within a cell use the same frequency and time slot. This concept is

sometimes called Space Division Multiple Access (SDMA).

Antenna arrays can also give other advantages, such as increased geo-

graphical range, since the coherent combination of the di�erent antennas

gives a gain in both uplink and downlink. Furthermore, array process-

ing may reduce the time dispersion of the communication channel since

re�ected rays with large time delay can be cancelled spatially. Finally,

in situations with severe multipath scattering, the fading at the di�erent

antenna elements is not fully correlated which gives a diversity gain. Re-

cently, systems with multiple antennas both at the base station and the

mobile station have attracted a lot of interest, especially in conjunction

with space-time coding [TSC98].
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A disadvantage of antenna arrays is the duplication of antenna ele-

ments cabling and radio front-end, the more complex signal processing

and the increased size of the total antenna.

For a more thorough introduction to the application of antenna ar-

rays in cellular systems, see [God97a, God97b, PP97, LR99] and the

references therein. Field trials in a running network have been reported

in [DBA+99].

The work reported in this thesis deals with the following two main

topics.

Beamforming: How to combine the signals from the di�erent antenna

elements in the uplink and conversely, in the downlink, what to

transmit from each antenna element.

Channel Parameters: In order to determine the beamformers above,

a description of the radio propagation between the base station

and the mobile station is needed. We consider the use of paramet-

ric models and present some new methods for estimation of those

parameters.

1.2 Channel Modeling

Let us leave the application and give a short review of the areas of channel

modeling and sensor array processing. Throughout this thesis, we will

use time discrete models corresponding to sampled signals, using t as an
integer valued time index. Also, we will consider narrow-band signals,

which in the area of array processing means that the coherence time, i.e.,

the inverse of the signal bandwidth, is larger than the time needed for the

wavefront to pass all sensors of the array. Then, if the center frequency

of the signal is fc, a small time shift τ in the signal will correspond to a

complex phase shift ej2πfcτ in the complex valued baseband representa-

tion of the signal [Pro95]. Assume that we have omni-directional antenna

elements, no multipath propagation and a single signal source. Denote

by s(t) the signal as it is received at antenna element 1 (excluding the

noise), then the signal received at any antenna element i is

xi(t) = ej2πfcτis(t) + ni(t) = ais(t) + n(t)

where τi is the time for the wave front to pass from element 1 to element
i and ni(t) is receiver noise. Note that for a given antenna con�guration,

τi will only depend on the direction of the incoming wave front as long as
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the distance to the source is far enough to make the wave front planar.

Thus, the so-called array response vector a(θ) = [a1, a2, . . . , am]T , where
m is the number of antenna elements, will be a function of the parameter

θ, the Direction Of Arrival (DOA). We will only consider sources located

in the same horizontal plane, so θ will be scalar, representing the angle

in azimuth. If we have d di�erent sources and collect the signals received

at the di�erent antennas into a vector x(t) = [x1(t), x2(t), . . . , xm(t)]T ,
then linear superposition gives

x(t) = A(θ)s(t) + n(t) , (1.1)

where the matrix A(θ) contains the array response vectors of all the d
sources,

A(θ) =
[
a(θ1) a(θ2) · · · a(θd)

]
,

θ = [θ1, . . . , θd]T , s(t) = [s1(t), . . . , sd(t)]T and n(t) = [n1(t), . . . , nm(t)]T .
For a Uniform Linear Array (ULA), where the antenna elements are

placed along a line with a �xed separation of ∆ wavelengths, it is easy

to see that the array response vector is

a(θ) =




1
ej2π∆ sin θ

...

ej(m−1)2π∆ sin θ


 , (1.2)

since the response of the �rst antenna was normalized to a1 = 1. Here, θ
is the azimuth direction relative to array broadside.

This is the traditional data model used in sensor array processing,

but unfortunately it is not very realistic in many applications since it

assumes line of sight from all the sources to the array and no multi-path

propagation. Specular multipath propagation can be described in this

model if we let the signal vector s(t) contain many time-delayed versions

of each signal.

For di�use multipath scattering, where all the re�ections emanate

from a small area such that the separate rays cannot be resolved in terms

of time delays or di�erent directions, an alternative model can be derived.

The resulting data model is

x(t) = Vs(t) + n(t) , (1.3)
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Figure 1.1: Point source versus scattered source.

where

V =
[
v1 v2 · · · vd

]
,

and the array response vector vk for each source is random with correla-

tion matrix

Rvk
= E[vkv

∗
k] . (1.4)

This model of frequency �at but space selective fading is further described

in Chapter 2. There, we also presents some possible parameterizations of

the di�use scattering. The model can also be extended to describe fre-

quency selective fading if the multipath propagation is caused by several

clusters of re�ectors with di�erent time delays to the di�erent clusters.

Note that the point source model (1.1) can be seen as a special case

where Rvk
= a(θk)a∗(θk) has rank one. In general, the rank may be

higher than one because of the multipath propagation.

In addition to the fast fading, the signal amplitude will also exhibit

slow variations caused by the shadowing of buildings or other large obsta-

cles, so-called slow fading or shadow fading. The slow fading will typically

in�uence all antenna elements equally and will not be considered further

in this thesis.

1.3 Sensor Array Processing

Historically, sensor array processing was �rst introduced in air and un-

derwater surveillance systems using RADAR and SONAR, respectively.

The main problems attacked were to detect the presence of some kind of

source, determine its location and possibly to estimate the signal from

the source.



6 1 Introduction

Source detection and signal estimation is typically performed by dif-

ferent kinds of beamforming, where the signals received at the di�erent

sensors are shifted in phase and amplitude and summed together. In

terms of baseband signals, this is conveniently described as

ŝ(t) = w∗x(t) , (1.5)

where the complex valued beamforming vector w is used to get an es-

timate ŝ(t) of one of the incoming signals. This can be thought of as

electronically shaping the antenna pattern, thus the term adaptive an-

tenna. Another interpretation is to view the beamformer as a spatial

�lter. Beamforming may also be implemented in analog circuitry using

an ampli�er and a phase shifter for each sensor. Just as for temporal

�ltering, a large selection of strategies and algorithms are available for

the design of the beamformers and several books and review articles are

available for the interested reader, including [MM80, JD93, VB88].

1.3.1 Direction Estimation

Several algorithms have been devised for DOA estimation based on the

traditional point source model (1.1). A few of these methods, MUSIC,

root-MUSIC and MODE, are brie�y reviewed here since they will be used

in the sequel. A more thorough treatment can be found in [KV96] and

the references cited therein.

If the noise n(t) is independent of s(t), has zero mean and is spatially

and temporally white, we have

E[n(t1)n∗(t2)] = σ2
nIδt1,t2 ,

and the data covariance matrix is given by

Rx = E[x(t)x∗(t)] = A(θ)PA∗(θ) + σ2
nI , (1.6)

where P = E[s(t)s∗(t)]. If d < m sources are present and the sources are

not fully correlated, APA has rank d and the eigenvalue decomposition

of Rx can be written

Rx = EsΛsE
∗
s + σ2

nEnE
∗
n (1.7)

where Λs is a diagonal matrix with the d principal eigenvalues. Since

span[Es] = span[A], span[Es] is called the signal subspace and span[En]
is called the noise subspace. If the covariance matrix is estimated from
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sampled data using R̂x = 1
N

∑N
t=1 x(t)x

∗(t), then the corresponding

eigenvalue decomposition is given by R̂x = ÊsΛ̂sÊ
∗
s + ÊnΛ̂nÊ

∗
n.

The MUSIC [Sch81] algorithm �nds the d array response vectors a(θ)
that are most orthogonal to Ên, in the sense that

‖a∗(θ)Ên‖2 = a∗(θ)ÊnÊ
∗
na(θ) (1.8)

is minimized.

For Uniform Linear Arrays (ULAs), let a(z) = [1, z, . . . , zm−1]T and

note that a(θ) = a(z)|z=ej2π∆ sin θ and a∗(θ) = aT (z−1)|z=ej2π∆ sin θ . This

enables an e�cient implementation of the minimization of (1.8) using

the, so-called, root-MUSIC algorithm [Bar83]. That is, to calculate the

roots of the polynomial

g(z) = aT (z−1)ÊnÊ
∗
na(z) (1.9)

and estimate the DOAs by θ̂k = arcsin
(

arg[zk]
2π∆

)
for the d zeros of g(z)

inside the unit circle that are closest to the unit circle (by construction,

all roots will appear in mirror pairs, z and 1/z∗).
Instead of �tting a single array response vector to the estimated noise

subspace, it is possible to match the whole array response matrix A(Θ)
to the estimated signal subspace, using

Θ̂ = argminTr[Ê∗
sΠ

⊥
A(Θ)ÊsW] . (1.10)

Here, the weighting matrix, W, can be chosen to give the same large

sample accuracy as the maximum likelihood estimate, i.e., this Weighted

Subspace Fitting (WSF) method gives optimal performance [VO91]. In

Chapter 4 we extend this algorithm to a more general data model.

For ULAs, de�ne the m× (m− d) Toeplitz matrix G by

G∗ =



g0 g1 . . . gd 0 . . . 0

0 g0 g1 . . . gd
. . .

...
...

. . .
. . .

. . .
. . . 0

0 . . . 0 g0 g1 . . . gd


 (1.11)

where
∑d
k=0 gkz

k =
∏d
k=1(z − ej2π∆ sin θk) and note that G(Θ) ⊥ A(Θ).

Thus, Π⊥
A(Θ) = G(Θ)

(
G∗(Θ)G(Θ)

)−1
G∗(Θ) and the minimization

of (1.10) can be performed with the following algorithm, MODE [SS90a,

SS90b], also called root-WSF:
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1. Solve the quadratic optimization problem

ĝ = argmin
g∈Φ

Tr[Ê∗
sGG∗ÊsW] (1.12)

to get consistent estimates of g = [g0, . . . , gd]T .

2. Solve the quadratic optimization problem

ĝ = argmin
g∈Φ

Tr[Ê∗
sG(Ĝ∗Ĝ)−1G∗ÊsW] . (1.13)

3. Let θ̂k = arcsin
(

arg[zk]
2π∆

)
where zk are the roots of the polynomial∑d

k=0 ĝkz
k = 0.

The optimization constraints are given by Φ = {g|Re[g0] = 1, gk = g∗d−k}.
The �rst constraint avoids the all-zero solution and the second is neces-

sary, but not su�cient, for the roots to stay on the unit circle.

1.4 The Application Revisited

When antenna arrays are used at the base station of a cellular system

in environments with multipath propagation, the standard plane wave

model described in Section 1.2 is often not applicable. As an alternative,

some authors have used a fading channel where the fading process is in-

dependent between the di�erent antenna elements [WF97, WT97]. The

assumption of independently fading sub-channels is only valid in envi-

ronments with severe multipath or large separation between the antenna

elements. Here, we attempt to model the spatial correlation of the fading.

Such a model can be used to model, for example, the di�use scattering

caused by re�ections close to each mobile, see [AFWP86, ZO95, ECS+98].

When the antenna array is used as a receiver, i.e. in uplink mode,

the instantaneous channel can be estimated directly from the received

data, either using known training symbols in the signal or estimating

parameters in a structured channel model, as described in Section 1.3.1.

Using training symbols, a beamformer can actually be determined di-

rectly without explicitly estimating the channel.

In the downlink, on the other hand, the transmitting beamformer

must be based on information collected in the uplink unless feed-back in-

formation from the mobile is introduced into the system. Several schemes

have been proposed for the transformation from uplink to downlink. In



1.5 Contributions and Outline 9

a Time Division Duplex (TDD) system with su�ciently short time slots,

the instantaneous downlink channel is virtually identical to the instanta-

neous uplink channel, so an array response vector estimated on the uplink

can be used as a rank one channel model for the downlink.

In a Frequency Division Duplex (FDD) system, on the other hand,

the channel fades independently at the two duplex frequencies. Con-

sequently, it is impossible to obtain an estimate of the instantaneous

downlink channel realization from uplink measurements. However, if the

physical parameters of the channel can be estimated in the uplink, they

can be used to get a statistical model of the downlink channel in terms of

a channel correlation matrix (1.4). This idea which also has appeared e.g.

in [ZO95] motivates the study of channel parameter estimation methods

for high rank channel models in the �rst part of the thesis. Also, the

directional information can be used for location services in a cellular sys-

tem.

Some methods have been suggested that can translate a beamformer

designed for the uplink frequency to be applicable at the downlink fre-

quency without using a physical model, see [GF97, AFFM97]. However,

these still require a well calibrated array and can only give approxima-

tions of the optimal downlink solutions.

1.5 Contributions and Outline

We present here an outline of the thesis and a summary of the contribu-

tions, listed chapter by chapter. After an introductory chapter on channel

models, the material has been divided into two major parts, parameter

estimation and beamforming.

Chapter 2

Here we introduce the notion of a general high rank frequency �at channel

model. We then present a uni�ed treatment of a number of di�erent

models for local scattering around the mobile station. These models are

well known in the literature [AFWP86, Ban71, Zet97], but we try to

clarify the connection between the di�erent model formulations and give

a numerical comparison of the accuracy of the di�erent approximations

In most models for local scattering, an a priori assumption on the

spatial shape of the scattering is needed. We present one approximation

that is independent of the speci�c shape and shows that the choice of the

spatial distribution is not too critical for the system performance.
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Part I � Parameter Estimation

In this part, we �rst present a low complexity algorithm for estimation of

channel parameters, speci�cally designed for local scattering and uniform

linear antenna arrays. This and some other attempts to apply subspace

�tting-like ideas to high rank data models motivate the general study of

the best possible performance available using such a strategy, which is

reported in the next chapter.

The rank of a channel can be measured in several ways. In the �nal

chapter of this part, three di�erent characterizations of the channel rank

are presented.

Chapter 3

Previously published algorithms for estimation of spread angle and nomi-

nal DOA have mostly been useful for o�-line batch computations because

of the high computational complexity required. These algorithms may

be useful in a test measurement setup, for example, but for an on-line

receiver, an algorithm with lower complexity is desirable.

Here we show how the spread angle and nominal DOA can be es-

timated using any standard DOA estimation algorithm such as root-

MUSIC, MODE or ESPRIT followed by a simple table lookup. The

estimates are shown to be consistent for the approximative data model

derived in Chapter 2 . The variance of the estimation errors are analyzed

theoretically and by simulations. As a by-product, general results are

given for the performance of MODE and root-MUSIC in colored noise. A

similar analysis of root-MUSIC can be found in [Kan93]. This reference,

however, gives only the variance of each estimate, not all cross-variances.

We also include a short evaluation of the interference suppression

capabilities of a beamformer that uses the estimated parameters.

Some of the material has previously appeared in

Mats Bengtsson and Björn Ottersten. Rooting techniques for esti-

mation of angular spread with an antenna array. In Proceedings of
VTC'97, pages 1158�1162, May 1997.

Mats Bengtsson and Björn Ottersten. Low complexity estima-

tion of angular spread with an antenna array. In Proceedings of
SYSID'97, pages 535�540. IFAC, July 1997.

Mats Bengtsson and Björn Ottersten. On approximating a spatially

scattered source with two point sources. In Proc. NORSIG'98,
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pages 45�48, June 1998.

Most of the material will also be published in

Mats Bengtsson and Björn Ottersten. Low complexity estimation

for distributed sources. Accepted for publication in IEEE Transac-

tions on Signal Processing, 1999.

Chapter 4

The concept of subspace �tting provides a popular framework for di�er-

ent applications of parameter estimation and system identi�cation. Re-

cently, some algorithms have been suggested based on similar ideas, for

the estimation of DOA and spread angle of a source surrounded by local

scatterers, where the underlying data model is not low rank. We show

that two of these algorithms, DSPE [VCK95] and DISPARE [MSW96],

fail to give consistent estimates. Subspace �tting-like algorithms have

also been suggested for several other full rank data models.

In an attempt to unify all these di�erent ideas, we introduce a class of

subspace �tting-like algorithms for consistent estimation of parameters

from a general data model of any rank. The asymptotic performance

is analyzed and an optimally weighted algorithm is derived. The result

gives a lower bound on the estimation performance for any estimator

based on a low-rank approximation of the space spanned by the sample

data. We show that in general, for full rank data models, no subspace

based method can reach the Cramér-Rao bound (CRB).

Since the method is a generalization of Weighted Subspace Fitting

(WSF) [VO91], our results are also applicable to the traditional point

source scenario. As an example, we give a self-contained algebraic deriva-

tion of the well-known fact that WSF reaches the CRB for the traditional

point source model, which so far has only been proved using indirect

methods [OWVK89, SN90, HN94].

Most of this material has been submitted as

Mats Bengtsson and Björn Ottersten. A generalization of WSF

to full rank models. Submitted for possible publication in IEEE

Transactions on Signal Processing, August 1999.

and has also appeared in

Mats Bengtsson. A subspace �tting-like method for almost low

rank models. In Proc. EUSIPCO-98, volume II, pages 1009�1013.
EURASIP, 1998.
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Chapter 5

In this chapter, we present results from �eld measurement data recorded

at the 1800 MHz band, provided by Ericsson Radio Systems AB. The idea

is to try to characterize the �eigenvalue spread� of the radio channel with-

out going into details concerning the actual physical phenomena that give

raise to increased channel rank. Also, we want to use as few assumptions

as possible on the calibration and design of the test equipment.

The study is divided into three main parts. In the �rst part, we study

the instantaneous channel of each single data burst and investigate the

statistics of the e�ective rank.

In the second part we study the statistics of the fast channel fading,

using a diversity gain measure related to the bit error rate of an maximum

ratio combing receiver. This diversity gain is more related to the system

performance in the downlink. Both these results can be used to predict

how the system will perform in an uplink situation, where the base station

can track the instantaneous channel.

In the third part, we study a downlink situation with several co-

channel mobiles and present a rough estimate of the interference sup-

pression capabilities.

The work reported in this chapter has been done in close cooperation

with David Astély and Björn Ottersten.

Some of the material has appeared in

Björn Ottersten, Mats Bengtsson and David Astély. Antenna ar-

rays for wireless communications. Models and algorithms from a

systems perspective. In 2nd COST 259/260 Workshop on Spatial
Channel Models and Adaptive Antennas, Vienna, Austria, April
1999.

Mats Bengtsson, David Astély, and Björn Ottersten. Measurements

of spatial characteristics and polarization with a dual polarized an-

tenna array. In Proceedings of VTC'99, pages 366�370, Houston,
Texas, USA, May 1999. IEEE.

Part II � Beamforming

A beamformer can be used as a spatial �lter, both for reception and

transmission by an antenna array. Just as in the the previous part of the

thesis, we consider frequency �at channels and space-only processing at
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the antenna array. In a �rst chapter, we consider jointly optimal beam-

forming for transmission from a number of antenna arrays. In the last

chapter, we present and relate a number of decentralized strategies where

each beamformer is designed using only locally available information.

Chapter 6

In this chapter, we study a scenario where one or more base stations are

used to simultaneously transmit data to a number of co-channel users.

In contrast to the uplink scenario, each beamformer will in�uence the

interference level for all users. Recently, an optimal transmit strategy has

been formulated in [RFLT98] which also includes an iterative algorithm

to �nd the optimal solution.

Here, we present an alternative algorithm for the same problem, in-

troducing the principle of semide�nite programming as a useful tool for

statistically optimum beamforming. Even though the original problem is

non-convex, we show the surprising fact that the optimum can be found

using a semide�nite relaxation of the problem.

The same strategy can be applied to large number of related problems.

As an example, we show how to add constraints on the dynamic range

and how to add robustness to channel uncertainties. Another advantage

is that typically fewer iterations are needed for convergence.

We also present a semide�nite formulation of the problem of joint

uplink beamforming and power control.

Parts of the material and some related approaches have been reported

in

Mats Bengtsson and Björn Ottersten. Downlink beamformer design

using semide�nite optimization. In Proceedings of RadioVetenskap
och Kommunikation (RVK), pages 289�293, Karlskrona, Sweden,
June 1999.

Mats Bengtsson and Björn Ottersten. Optimal downlink beam-

forming using semide�nite optimization. In Proc. 37th Annual
Allerton Conference on Communication, Control, and Computing,
September 1999.

and has also been submitted as

Mats Bengtsson and Björn Ottersten. Optimal transmit beamform-

ing using convex optimization. Submitted for possible publication

in IEEE Transactions on Communications, August 1999.
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Chapter 7

The optimal downlink beamforming strategy presented in Chapter 6 must

be solved jointly for all base stations and users in a large area. In order

to reduce the system overhead, a decoupled suboptimal solution may be

preferable in a practical system. Here, we present a number of di�er-

ent beamforming strategies, both for uplink and downlink. The major

contributions are summarized in the following list.

• For slowly time-varying Rayleigh fading channels, we optimize the

average instantaneous SINR or the outage probability.

• For Rayleigh fading channels with rapid time variations, we for-

mulate the optimum SINR solution as a quadratically constrained

minimum variance beamformer and analyze the sensitivity to chan-

nel uncertainties.

• Semide�nite optimization is used to minimize the transmitted power

with explicit quality constraints for downlink beamforming.

• For Rayleigh fading channels, the traditional MMSE criterion must

be reformulated. We present two alternative approaches.

We give uplink and downlink interpretations of the di�erent solutions

and show how they are related.

Di�erent parts of the material have previously appeared in

Mats Bengtsson. The impact of local scattering on signal copy al-

gorithms for antenna arrays. In Proceedings of Nordiskt radiosem-
inarium 1996 (NRS96), pages 24�27, August 1996.

Mats Bengtsson and Björn Ottersten. Signal waveform estima-

tion from array data in angular spread environment. In Proc.
30th Asilomar Conf. Sig., Syst.,Comput., pages 355�359, Novem-
ber 1996.

Mats Bengtsson and Björn Ottersten. Uplink and downlink beam-

forming for fading channels. In Proceedings of SPAWC'99, Signal
Processing Advances in Wireless Communications, pages 350�353,
Annapolis, Maryland, USA, May 1999. IEEE.
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1.6 Suggestions for Future Research

This thesis deals mainly with space-only processing for channels with

negligible time dispersion. Extensions to space-time processing for time-

dispersive channels remains a fairly open area of research.

Several more or less structured data models have been suggested for a

frequency selective channel, but to our knowledge no characterization of

a space and frequency selective channel has been published that could be

used in a FDD system to transform uplink measurements to the downlink

frequency. Even for channels with low time dispersion, our model of

local scattering does currently not describe the temporal evolution of

the fading or any Doppler phenomena. Some authors have suggested to

use the standard Jakes spectrum to model the temporal characteristics,

but have not provided any thorough empirical or theoretical motivation

to support this model. In general, very few empirical studies have been

published that are directly related to the use of downlink array processing

in FDD systems.

We are looking for more application areas for the Pseudo-Subspace

Fitting algorithm of Chapter 4. Also, it would be interesting to �nd other

approximations of the algorithm that provide a useful trade-o� between

computational complexity and statistical performance.

Detection of the number of sources is an important and interesting

area, which has not been covered in this thesis. The model based param-

eter estimation algorithms in Chapters 3 and 4 sensitive to calibration

errors and other deviations from the ideal assumptions. Thus, practical

algorithms with increased robustness to model errors should be devel-

oped.

Space-time equalization and source separation for the uplink has re-

ceived fairly large attention, but the application of space-time processing

in the downlink presents new challenges. The beamforming strategies of

Chapters 6 and 7 can easily be extended to suppress not only co-channel

interference but also inter-symbol interference using space-only process-

ing, if a deterministic space-time channel matrix is given, see [RFLT98].

A similar extension may be applied to a stochastic spatio-temporal down-

link model. However, the use of space-time processing at a transmitting

antenna will probably require a di�erent approach, more related to code

construction for space-time codes [TSC98].

Simulations should be performed on the network level to evaluate

the system impact of the optimal downlink beamforming algorithm of

Chapter 6. Also, the use of robust and constrained beamforming should
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be evaluated, especially in combination with downlink channel correlation

matrices estimated from uplink data.

In Chapter 6, we assumed that the allocation of mobiles to base sta-

tions is given. An interesting problem is to �nd heuristic or even optimal

allocation algorithms.

The semide�nite formulation of the combined uplink power control

and beamforming problem should be analyzed further, to see if a decen-

tralized implementation is possible.

Several authors have recognized the similarity between angular spread

and wide-band signals, see [SMSS98, Zat98]. This analogy has not been

exploited in our work.

In general, it would also be interesting to study extensions to wide-

band data models, especially in conjunction with CDMA systems, or

to apply the ideas to other areas like underwater acoustics or over-the-

horizon radar.



Chapter 2

Data Models

2.1 Introduction

A good model of the propagation between a mobile and a base station

is crucial in the design of a communication system employing antenna

arrays. As we saw in Section 1.2, the point source model often used

in the sensor array processing literature may be useful for environments

with open areas and direct line of sight between the mobile and the base

station. However, for many situations, natural and man made re�ectors

and obstacles result in a much more complex propagation environment.

A large number of di�erent models have been used for array process-

ing, see for example [JD93, ECS+98]. Roughly, they can be divided into

structured and unstructured models. A typical unstructured model is the

tapped delay line

x(t) =
∑
n

hns(t− n) .

Since no physical assumptions are introduced into the unstructured model,

it is very robust to di�erent propagation environments and does not re-

quire any calibration of the antenna and transceiver.

On the other hand, if we do have a calibrated array and an accu-

rate model of the propagation, we can use a structured model with fewer

parameters. Since the number of parameters is reduced, the estimation

accuracy will also improve which gives a better over-all system perfor-

mance. Also, as we have described in the previous chapter, a structured

model makes it possible to translate a channel description estimated in
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the uplink to a characterization of the downlink channel even if the uplink

and downlink carrier frequencies are separated more than the coherence

bandwidth.

A complete deterministic structured model would involve a large num-

ber of re�ections from each source, each with its own path loss, Doppler

shift, time delay and polarization. However, with a limited signal band-

width and array aperture, it will often be impossible to resolve each

single ray. Instead, the incoming rays can typically be grouped into a

number of clusters, corresponding to re�ectors located closely together,

either around the source or at some major re�ectors, see for example

[Zet97, FMB98, Jak74]. The summed contribution from each cluster will

cause random fading of the signal envelope. Since the time dispersion

within each cluster is small, the fading caused by a single cluster will be

frequency �at. If several clusters with di�erent time delays contribute

signi�cantly to the received signal, the fading will be frequency selective.

Trying to resolve single rays from a cluster may lead to major statistical

problems in the estimation process, see [AO99].

In the next section, we will concentrate on a model of the frequency

�at Rayleigh fading caused by a single cluster of re�ectors, located locally

around the source. This model will be used as a common example in the

coming chapters. Note that the model is mainly applicable in macro-cells,

where the antenna array is mounted above roof-top, since re�ections close

to the array will cause completely di�erent array response vectors.

2.2 Local Scattering

One high rank data model that will be used repeatedly in this thesis is a

model for the Rayleigh fading caused by a cluster of re�ections close to

the mobile station. This is a direct generalization of the scalar frequency

�at Rayleigh fading channel [Pro95]. In contrast to the scalar case, some

assumption is needed on the spatial distribution of the scatterers in order

to get a correct description on the space selective character of the fading

as seen from the di�erent antenna elements.

This model was �rst developed to analyze spatial diversity systems,

where two or more receiver antennas should be placed su�ciently sep-

arated to get uncorrelated fading, see [Cla68, Jak74, AFWP86]. Later,

the same model has been applied in combination with array processing,

for example in [Ban71, ZO95, TO96]. A thorough development of this

and related models for di�erent propagation environments both in uplink
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and downlink, is given in [Zet97]. Similar models result if each transmit-

ting source itself is assumed to have a certain spatial distribution, as in

[VCK95, MSW96], or if the propagation medium introduces refraction,

as for example in underwater sonar applications [PK88]. A more general

survey of di�erent spatial and spatio-temporal channel models is given in

[ECS+98].

We present here two alternative characterizations of a di�usely scat-

tered source, namely

• as a large number of discrete re�ections from a point source or

• as a spatially distributed source.

Each of these two models can be seen as an approximation of the other.

In Section 2.2.2 we will also introduce an approximation of both these

models expressed in terms of spatial frequencies instead of DOAs. This

approximation simpli�es the numerical calculations and has the addi-

tional advantage that the direction and spread angle parameters decou-

ple. This decoupling forms the basis of the low complexity parameter

estimation algorithm presented in Chapter 3.

An alternative rank two approximation, developed in Section 2.2.3,

shows that the choice of spatial distribution is not critical. We conclude

the section by a numerical comparison of the accuracy of the di�erent

approximations.

2.2.1 Physical Models

Assume a single narrow-band source that contributes with a large num-

ber, L, of wavefronts originating from re�ections near the source. The

baseband signals received at the antenna array are collected in a vector

x(t) = [x1(t), . . . , xm(t)]
T
, which can be modeled as

x(t) = s(t)
L∑
n=1

γn(t)a(θ + θ̃n(t)) + n(t) = s(t)v(t, θ, σθ) + n(t) , (2.1)

where s(t) is the signal transmitted from the source. Each contributing

ray has a complex random gain factor γn and a random angular devia-

tion θ̃n from the nominal DOA θ of the source. The probability density

function of θ̃n is denoted by p(θ̃;σθ), where σθ is the standard devia-

tion of the angular deviations θ̃n. We assume that the gain factors γn
are independent from ray to ray, zero-mean and circularly symmetric
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with E[|γn|2] = 1/L. Assuming that we have a uniform linear array,

a(θ) =
[
1, ej2π∆ sin θ, . . . , ej(m−1)2π∆ sin θ

]T
is the array response vector

for a point source at direction θ if ∆ is the element separation in wave-

lengths.

Alternatively, model the received signal as

x(t) = s(t)
∫ 2π

0

γ(θ̃; t)a(θ + θ̃)dθ̃ + n(t) = s(t)v(t, θ, σθ) + n(t) , (2.2)

where the continuous distribution γ(θ̃) of the source is stochastic with

E[γ(θ̃1)γ(θ̃2)] = p(θ̃;σθ)δ(θ̃1 − θ̃2). Here, p(θ̃;σθ) can be interpreted as

the spatial power distribution of the source. This model is the model of

incoherently distributed sources as de�ned in [VCK95, Ban71].

Since L, the number of incoming rays, is large, the di�erence between
the two models is minimal and from the central limit theorem it follows

that the complex random vector v(t, θ, σθ) is approximately Gaussian

with

E[v(t, θ, σθ)v∗(t, θ, σθ)] = Rv(θ, σθ) =
∫ 2π

0

p(θ̃;σθ)a(θ + θ̃)a∗(θ + θ̃)dθ̃ .

(2.3)

This integral can typically not be evaluated in closed form, but as was

shown in [TO96], the result for a ULA can be expressed as an in�nite

Bessel series. To this end, note that [AS64, Equations 9.1.42-43], [GR80,

Section 8.51]

ej2π∆ sin(θ) = J0(2π∆)+2
∞∑
n=1

J2n(2π∆) cos(2nθ)

+2j
∞∑
n=1

J2n−1(2π∆) sin((2n− 1)θ) ,

(2.4)

thus the channel covariance matrix can be written as

[Rv]kl = J0(2π∆(k − l))+2
∞∑
n=1

J2n(2π∆(k − l))cn

+2j
∞∑
n=1

J2n−1(2π∆(k − l))sn ,

(2.5)
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where cn and sn are Fourier series coe�cients corresponding to p(θ̃;σθ),
de�ned by

cn =
∫ 2π

0

p(θ̃;σθ) cos(2n(θ + θ̃))dθ̃

sn =
∫ 2π

0

p(θ̃;σθ) sin((2n− 1)(θ + θ̃))dθ̃ .

(2.6)

The resulting expressions for Gaussian and uniformly distributed scat-

tering can be found in Appendix 2.A and 2.B, respectively. The former

can also be found in [TO96].

We make the following assumptions on the physical model

PHYS�1 The density function p(θ̃;σθ) is a known symmetric function

in θ̃, parameterized by the unknown σθ.

PHYS�2 The signal s(t) is narrow-band, i.e. the propagation time

across the array aperture is small compared to the inverse

signal bandwidth.

PHYS�3 The di�erence in time delay between the incoming rays is small

relative to the inverse signal bandwidth, i.e. the delay di�er-

ences are included in the gain factors γn as complex phase

shifts.

PHYS�4 The scattering environment, i.e. γn(t), θ̃n(t) or γ(θ̃; t) and

consequently v(t), changes rapidly compared to the parame-

ters θ and σθ.

PHYS�5 The number of rays, L, is large.

PHYS�6 The sensor noise n(t) is zero-mean, white complex Gaussian,

E[n(t1)n∗(t2)] = σ2
nI δt1,t2 .

Comments: The intention is not to be able to estimate the instanta-

neous channel realization, v(t), but rather to give a stochastic model of

the fast fading caused by the scattering close to the source. Thus, the

parameter σθ will re�ect the general character of the local environment
around the source. In for example a GSM-like system, the time needed

to collect enough data for a good covariance matrix estimate may span

several data bursts. As will be shown below, the shape chosen for the

density function p(θ̃;σθ) is not critical as long as the spread is small.
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Doppler e�ects caused by a mobile source do not a�ect the covariance

matrix of the channel and have therefore been neglected.

For a more thorough treatment of the physical models, see [AFWP86,

ZO95] for the discretely distributed and [VCK95, Ban71] for the contin-

uously distributed case.

2.2.2 Spatial Frequency Model

Introduce the spatial frequency ω = 2π∆sin θ, the array response vec-

tor a(ω) =
[
1, ejω, . . . , ej(m−1)ω

]T
(with an abuse of notation) and note

that 2π∆sin(θ + θ̃) ≈ 2π∆(sin θ + θ̃ cos θ) � ω + ω̃. Thus, the angular

deviations will correspond to a deviation in spatial frequency with ap-

proximately the same angular shape p(ω̃;σω) and a standard deviation

of σω ≈ σθ2π∆cos θ.
This gives an approximative model expressed in terms of spatial fre-

quencies,

x(t) = s(t)v(t, ω, σω) + n(t) , (2.7)

with

(Rv(ω, σω))kl = E[vk(t, ω, σω)v∗l (t, ω, σω)]

=
∫ ∞

−∞
p(ω̃;σω)ak(ω + ω̃)a∗l (ω + ω̃) dω̃

=
∫ ∞

−∞
p(ω̃;σω)ej(k−l)(ω+ω̃) dω̃ (2.8)

= ej(k−l)ω
∫ ∞

−∞

1
σω

p(
ω̃

σω
; 1)ej(k−l)ω̃ dω̃

= ej(k−l)ω Φω̃
(
(k − l)σω

)
,

where Φω̃(ν) is the characteristic function [Pap91] corresponding to p(ω̃; 1).
Thus

Rv(ω, σω) = Da(ω)B(σω)D∗
a(ω) , (2.9)

where

Da(ω) = diag[a(ω)] (2.10)

[B(σω)]kl = Φω̃
(
(k − l)σω

)
. (2.11)
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The Toeplitz matrix B(σω) is typically full rank but has only a few dom-

inating eigenvalues. Note that B(σω) = Rv(0, σω) can be interpreted as

the covariance matrix corresponding to a source at broadside, ω = 0. For
mathematical convenience, we allow for distributions p(ω̃) with support

larger than [0, 2π].

The resulting covariance matrix of the received data is

Rx = E[x(t)x∗(t)] = SRv(ω, σω) + σ2
nI , (2.12)

where the source signal power S = E[|s(t)|2] also includes the e�ects of

path gain and shadow fading because of the normalization of v. The

extension to several uncorrelated sources is obvious.

De�ne the sample covariance matrix as,

R̂x =
1
N

N∑
t=1

x(t)x∗(t) . (2.13)

Notice that (2.7) is a generalization of the �at Rayleigh fading channel

to a vector channel model. These approximations have been developed in

[AFWP86, ZO95, TO96, PK88] for some speci�c choices of p(θ̃), whereas
[MSW96] uses the approximative model, (2.7)�(2.12), directly.

For the speci�c choices of Gaussian and uniformly distributed angular

deviations, full expressions for B(σω) can be found in Appendix 2.A

and 2.B, respectively.

In this approximative model, the assumption PHYS�1 should be re-

placed by

APPR�1 The spatial density function p(ω̃;σω) is symmetric in ω̃.

2.2.3 Alternative Approximations

One disadvantage of the models presented above, is the need to decide

on a speci�c distribution of the angular scattering. A Taylor expansion
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of a(ω + ω̃), reveals that within approximations of order O(E[ω̃4]),

Rv(ω, σω) ≈
∫

p(ω̃)
(
a+ ω̃d+

ω̃2

2
h
)(

. . .
)∗

dω̃

≈ aa∗ +
σ2
ω

2

(
ah∗ + ha∗ + 2dd∗

)
(2.14)

≈1
2

(
(a+ σωd+

σ2
ω

2
h)(a+ σωd+

σ2
ω

2
h)∗

+ (a− σωd+
σ2
ω

2
h)(a − σωd+

σ2
ω

2
h)∗
)

≈1
2
A(ω + σω , ω − σω)A∗(ω + σω , ω − σω) , (2.15)

where d = ∂a(ω)
∂ω , h = ∂2a(ω)

∂ω2 and

A(ω + σω , ω − σω) =
[
a(ω + σω) a(ω − σω)

]
.

This shows that for small spread angles, the signal covariance matrix is

basically of rank 2 and gives two alternative parameterizations, (2.14)

and (2.15), of the approximative signal subspace. Note that this approx-

imation is independent of the distribution of the scattering.

2.2.4 Comparisons

We have performed a numerical comparison of the di�erent approxima-

tions introduced above. In a basic scenario with an 8 element ULA with

half wavelength element separation, a single source located at broadside,

i.e. θ = 0 and θ̃ ∈ N(0, σθ) with σθ = 3◦, we have varied one parameter

at a time and studied the relative error

ε =
‖Rv − R̂v‖2

‖Rv‖2
, (2.16)

where Rv denotes the true channel covariance matrix, de�ned by (2.3),

and R̂v denotes that approximation. The true covariance matrix was

calculated using the Bessel series expansion truncated after the �rst 50

terms. The approximations were

Spatial frequency given by (2.9)

2 point sources given by (2.15)
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rank 2 setting all but the two largest eigenvalues of Rv to zero.

Note that the two last approximations both have rank 2.

The relative error is plotted in Figure 2.1 for di�erent spread angles,

in Figure 2.2 for di�erent DOAs and in Figure 2.3 for di�erent number of

sensors. It is interesting to see that the spatial frequency approximation is

signi�cantly more accurate than the two rank 2 approximations as long

as the DOA does not deviate too far from broadside. However, when

the DOA is increased, the situation is reversed. The reason is twofold,

�rst of all, the angular extension of the source as seen from the array is

decreased because it is projected onto the plane of the antenna sensors.

This will decrease the numerical rank of the channel and make the low-

rank approximations more accurate. Secondly, the accuracy of the �rst

order Taylor expansion of sin(θ + θ̃) used in Section 2.2.2 will decrease

as θ increases since the remainder term is given by θ̃2 sin(ξ)/2 where ξ is
between θ and θ + θ̃.

Seen from a di�erent point of view, an angular distribution that is

symmetrical around θ will not correspond to a symmetrical distribution

in spatial frequency centered around ω = 2π∆sin(θ). In fact, the center

of gravity of the spatial frequency distribution will rather correspond to

the DOA θ + δ, where δ ≈ −σ2
θ tan(θ)/2 since

sin(θ) + δ cos(θ) ≈ sin(θ + δ) ≈ E[sin(θ + θ̃)]

≈ E[sin(θ) + θ̃ cos(θ)− θ̃2

2
sin(θ)] = sin(θ)− σ2

θ

2
sin(θ) (2.17)

This will cause a bias if the DOA is estimated by �rst estimating the

center spatial frequency, as is shown in [MSS95].

Note that in cellular applications, the DOA is often limited to a sector

of, say, [−60◦, 60◦], thus the errors caused by the spatial frequency model
will be limited. The accuracy will also depend on the sensor separation∆.

2.3 Extensions and Modi�cations

In Chapters 4�7, we will consider a general fading model of the form

x(t) = Vs(t) + n(t)

V =
[
v1 v2 · · · vd

]
Rvk

= E[vkv
∗
k] .
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Figure 2.1: Relative error as a function of the spread angle, σθ. θ = 0◦,
m = 8.

In Chapter 4, we will assume that Rv is a known function of some pa-

rameter vector ν, as in the model of local scattering presented above. In

the remaining chapters, no speci�c assumption about the structure of Rv
will be necessary.

One obvious extension to the above model of local scattering is to

study other array geometries than the ULA. The use of a circular array

to estimate both elevation and azimuth parameters of a scattered source

is given in [LSCL96]. Also, we have only described the spatial characteris-

tics of the fading, not the joint spatio-temporal distribution of the fading

process. The signal polarization and the use of dual-polarized antennas

should also be included in a more complete model.

The use of several clusters to describe frequency selective fading can

be found in [Zet97, FMB98]. An interesting alternative characterization

of angular spread is presented in [DR99, DRdW99].
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Figure 2.2: Relative error as a function of the DOA, θ. σθ = 3◦, m = 8.
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θ = 0◦, σθ = 3◦.



28 2 Data Models

Appendix 2.A Formulas for Gaussian Dis-

tributed Scattering

ω̃ ∈ N(0, σω) gives

[
B(σω)

]
kl

=e−
((k−l)σω )2

2 (2.18)

∂

∂σω

[
B(σω)

]
kl

=− (k − l)2σωe−
((k−l)σω )2

2 (2.19)

and for the physical model, θ̃ ∈ N(0, σθ)

[
Rv(θ, σθ)

]
kl

=J0(2π∆(k − l))

+2
∞∑
n=1

J2n(2π∆(k − l))e−2n2σ2
θ cos(2nθ) (2.20)

+2j
∞∑
n=1

J2n−1(2π∆(k − l))e−0.5(2n−1)2σ2
θ sin((2n− 1)θ)

[
Rv(θ, σθ)

]
kl
≈ej2π(k−l)∆ sin θe−

(2π(k−l)∆ σθ cos θ)2

2 (2.21)

∂

∂θ

[
Rv(θ, σθ)

]
kl
≈
(
j2π(k − l)∆ + (2π(k − l)∆σθ)2 sin θ

)
× cos θ

[
Rv(θ, σθ)

]
kl

(2.22)

∂

∂σθ

[
Rv(θ, σθ)

]
kl
≈− (2π(k − l)∆ cos θ)2σθ

[
Rv(θ, σθ)

]
kl

. (2.23)

Appendix 2.B Formulas for Uniformly Dis-

tributed Scattering

ω̃ ∈ Rect[−δω, δω] gives (δω =
√
3σω).

[
B(δω)

]
kl

=
sin((k − l)δω)
(k − l)δω

(2.24)

∂

∂δω

[
B(δω)

]
kl

=
cos((k − l)δω)−

[
B(δω)

]
kl

δω
(2.25)
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and for the physical model, θ̃ ∈ Rect[−δθ, δθ], δω =
√
3σω

[
Rv(θ, σθ)

]
kl

=J0(2π∆(k − l))

+
1
δθ

∞∑
n=1

J2n(2π∆(k − l))
cos(2nθ) sin(2nδθ)

n
(2.26)

+
2j
δθ

∞∑
n=1

J2n−1(2π∆(k − l))
sin((2n− 1)θ) sin((2n− 1)δθ)

2n− 1

[
Rv(θ, σθ)

]
kl
≈ej2π(k−l)∆ sin θ sin(2π(k − l)∆ δθ cos θ)

2π(k − l)∆ δθ cos θ
(2.27)

∂

∂θ

[
Rv(θ, σθ)

]
kl
≈
(
j2π(k − l)∆ cos θ

+ 2π(k − l)∆ δθ sin θ cot(2π(k − l)∆ δθ cos θ)

− tan θ
)[
Rv(θ, σθ)

]
kl

(2.28)

∂

∂δθ

[
Rv(θ, σθ)

]
kl
≈
(
2π(k − l)∆ cos θ cot(2π(k − l)∆ δθ cos θ)− 1

)
×
[
Rv(θ, σθ)

]
kl

. (2.29)
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Chapter 3

Low Complexity

Estimators for Distributed

Sources

3.1 Introduction

In this chapter, we study parameter estimation of the channel model of

local scattering, described in Chapter 2.2. One important parameter in

the design of e�cient transmit and receive algorithms using this type of

channel, is the standard deviation of the angular deviations, see Chap-

ter 7 and [ZO95]. Some algorithms have been published for estimation of

the DOA and the angular spread of scattered sources. The ML estima-

tor is derived in [TO96], together with a weighted covariance matching

algorithm. Using the special structure of the data model, it is shown in

[BS99] how the two-dimensional search in the covariance matching algo-

rithm can be replaced by two one-dimensional searches, still maintaining

the asymptotic e�ciency of the estimates. Modi�cations of the classi-

cal MUSIC algorithm have given rise to the algorithms DSPE [VCK95],

DISPARE [MSW96] and vec-MUSIC [WWMR94], the latter using fourth

order moments of the data. The disadvantage of all these algorithms is

the computational complexity, as a multi-dimensional numerical search is

necessary. An algorithm for DOA estimation in a scattering environment

with known angular spread is given in [PK88].

In this chapter, we study the impact of local scattering on the esti-
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mates given by algorithms such as ESPRIT [RK89], MODE [SS90a] and

root-MUSIC [Bar83]. Although the scattering model gives a full rank

data covariance matrix, these subspace algorithms can be used as is. We

prove two main properties of these algorithms. First of all, that they

yield consistent DOA estimates for a single source. Secondly, that if the

algorithms are used to locate two point sources in the data from each sin-

gle scattered source, the two values will be located symmetrically around

the nominal DOA and the separation between the values is a function of

the angular spread. This can be used to calculate consistent estimates

of both the DOA and the spread angle. The resulting algorithm, called

Spread root-MUSIC, Spread MODE, etcetera depending on the under-

lying algorithm, has signi�cantly lower computational complexity than

previously published algorithms for the problem. The performance is

studied analytically and by simulations.

3.2 Preliminaries

3.2.1 Data Model

The derivation and analysis of the algorithms will be presented for the

data model of Chapter 2.2.2 described in terms of spatial frequencies,

below referred to as the approximate model. To summarize, the received
data from a single source is given by

x(t) = s(t)v(t, ω, σω) + n(t) , (3.1)

where

E[v(ω, σω)v∗(ω, σω)] = Rv(ω, σω) = Da(ω)B(σω)D∗
a(ω) , (3.2)

Da(ω) = diag[a(ω)]

and the Toeplitz matrix B(σω) depends on the assumed shape of the

spatial distribution.

The resulting covariance matrix of the received data is

Rx = E[x(t)x∗(t)] = SRv(ω, σω) + σ2
nI , (3.3)

where the source signal power S = E[|s(t)|2] also includes the e�ects of

path gain and shadow fading because of the normalization of v.
De�ne the sample covariance matrix as,

R̂x =
1
N

N∑
t=1

x(t)x∗(t) .
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3.2.2 Subspace Decompositions

Perform Eigenvalue Decompositions (EVDs) on B and Rx, then from

(3.2) and (3.3)

B =EBΛBE∗
B

Rx =ERΛRE∗
R = DaEB

(
SΛB + σ2

nI
)
E∗
BD

∗
a ,

which gives the following simple relations between the eigenvalues and

eigenvectors of Rx and B

ΛR =SΛB + σ2
nI (3.4)

ER =DaEB . (3.5)

If B has any multiple eigenvalue, ER and EB are not unique, but (3.5)

gives one valid solution. Since Bv has full rank, it is impossible to make
the standard separation into a true signal subspace and noise subspace,

but still we can pick the d principal eigenvectors of Rx as a pseudo-signal
subspace and decompose the covariance matrix as Rx = Es,RΛs,RE∗

s,R+
En,RΛn,RE∗

n,R. Using (3.5), the resulting pseudo-signal and pseudo-noise

subspaces of Rx and Bv respectively, will be related by

Es,R = DaEs,B En,R = DaEn,B . (3.6)

3.3 Algorithms

Since our new algorithm is based on the use of a standard DOA estima-

tion procedure, we begin by exploring the speci�c properties we require

from the underlying DOA estimator and provide some examples. The

new algorithm is derived for the case of a single scattered source. Gen-

eralizations to the case of several sources are discussed at the end of the

section.

Suppose that we have a high resolution algorithm,

{ω̂1, . . . , ω̂d} = F (R̂, d) , (3.7)

for DOA estimation, in terms of spectral frequencies, of d sources from

a sample covariance matrix R̂. Assume furthermore that the estimation

function F (R, d) obeys the following three properties:
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• P1 If

{ω1, . . . , ωd} = F (R, d)

and

{ν1, . . . , νd} = F
(
Da(ω̃)RD

∗
a(ω̃), d

)
then

{ν1, . . . , νd} = {ω1 + ω̃, . . . , ωd + ω̃} (3.8)

for any covariance matrix R. That is, the algorithm obeys a kind

of rotational invariance.

• P2 When S > 0,

F (R, d) = F (SR+ σ2
nI, d) . (3.9)

• P3

F (Rc, d) = −F (R, d) , (3.10)

for any covariance matrix R.

Note that as long as R is the covariance matrix of d point sources,

the properties P1�P3 are true for any consistent estimator. From P3, it

directly follows that

F (B(σω), 1) = 0 , (3.11)

since B(σω) is real valued, which simply means that the algorithm gives

a consistent DOA estimate of a scattered source at θ = 0. In the same

way,

F (B(σω), 2) = {λ(σω),−λ(σω)} , (3.12)

for some function λ(σω) ≥ 0. This shows that a best �t of two point

sources to the same scattered source, using the cost function induced

by the estimation algorithm, gives a symmetrical scenario. From (2.15),

it follows that λ(σω) ≈ σω for small σω . Denote by σmax
ω , the maxi-

mum value such that λ(σω) is monotonically increasing for σω ∈ ]0, σmax
ω ].
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These properties are true for many common algorithms, see the examples

below.

First of all, note that F (R̂x, 1) will give a consistent estimate of ω,
since

F (Rx(ω, σω, S, σ
2
n), 1) = F (SRv(ω, σω) + σ2

nI, 1) =
F (Da(ω)B(σω)D∗

a(ω), 1) = ω + F (B(σω), 1) = ω . (3.13)

Next, consider the following algorithm.

{ν̂1, ν̂2} = F (R̂x, 2) (3.14)

ω̂ =
ν̂1 + ν̂2

2
(3.15)

σ̂ω = λ−1

(
|ν̂1 − ν̂2|

2

)
(3.16)

θ̂ = arcsin
(

ω̂

2π∆

)
(3.17)

σ̂θ =
σ̂ω

2π∆cos θ̂
. (3.18)

This algorithm will be called �Spread F �, depending on the name of the

underlying algorithm F (R̂x, d). Below we will speci�cally consider Spread
root-MUSIC and Spread MODE, i.e. using root-MUSIC and MODE,

respectively. Typically, there is no closed form expression for the function

λ(σω), de�ned by (3.12), but it can be pre-calculated and the inverse

function is easily interpolated from the tabulated values, see Figure 3.1.

The simple idea of the algorithm is to use the results of Section 2.2.3 and

approximate one scattered source with two point sources. From (2.15) it

follows that λ(σω) ≈ σω for small σω , but using a table, the method is

extended to a larger range of σω values.

Consistency of ω̂ and σ̂ω is easily shown, similarly to (3.13), which

also shows that θ̂ and σ̂θ are consistent within the approximations made

in the derivation of (3.2), see the comments on the validity of the approx-

imations in Chapter 2.2.4. To summarize, we have shown:

Theorem 3.1. Suppose that {ν1, . . . , νd} = F (R, d) obeys the properties
P1�P3. Suppose furthermore that R̂x = 1

N

∑N
t=1 x(t)x

∗(t), where x(t)
was generated from (3.1), (3.2), then

• ω̂ = F (R̂, 1) is a consistent estimate of ω as N → ∞.
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Figure 3.1: λ(σω) of root-MUSIC for a 10 element ULA and uniformly

distributed angular spread.

• The algorithm (3.14)�(3.16) gives consistent estimates of ω and σω
when N → ∞ as long as 0 < σω ≤ σmax

ω .

Many common DOA estimation algorithms ful�ll the properties P1�

P3, but since low computational complexity is of major concern, the

following examples have been studied more closely.

• Root-MUSIC, see e.g. [RH89]

• ESPRIT, both LS-ESPRIT and TLS-ESPRIT [RK89] are appli-

cable.

• MODE, see [SS90a]. The MODE algorithm cannot be used ex-

actly as described in the reference. The constraint (ρ)1 = 1 used in

the minimization of ‖Fρ‖2 (using the notations of [SS90a]) should

be replaced by the constraint ‖ρ‖2 = 1 which means that the mini-

mizing ρ is given as the singular vector of F with smallest singular

value.

In the appendices, we prove the following theorem about root-MUSIC

and MODE.

Theorem 3.2. The root-MUSIC algorithm ful�lls properties P1�P3 and
MODE ful�lls properties P1 and P3.
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Property P2 is not exactly true for MODE, since the weighting matrix

changes with S and σ2
n, but holds with good approximation.

The same result can be shown for other algorithms such as ESPRIT.

Numerical experiments have shown that σmax
ω is large enough to make

the algorithm practically useful, see Section 3.5.

3.3.1 Implementational Aspects

A couple of robusti�cations are necessary in an implementation of the

algorithm. If the angular spread is zero, then one of the estimates, ν̂1

or ν̂2, will correspond to the true DOA, the other will be random and

the algorithm will fail. The solution is to use an algorithm such as MDL

[WK85] to estimate the number of �point sources� in the data. If only a

single point source is detected, set σ̂θ = 0 and use the standard algorithm
to estimate θ̂. The same thing should be done if |ν1 − ν2| is larger than
some threshold.

The algorithm can be extended to the case of several scattered sources.

The simplest solution is to use the point source algorithm F (R̂x, d) to
look for twice the number of scattered sources, sort the estimates, pair

them together two by two and use the scheme (3.15)�(3.18) for each pair.

This will give biased estimates but still perform relatively well as long

as the source separation is large enough and the signal power as well as

the angular spread is of the same magnitude for all the sources, see the

examples in Section 3.5.

Estimation of the number of sources falls beyond the scope of this

study.

3.4 Performance Analysis

The Cramér-Rao lower bound on the estimation error variance is derived

in [TO96], where the ML estimator as well as an optimally weighted co-

variance matching algorithm, WLS, are proven to be asymptotically e�-

cient. The performance of our algorithm (3.14)�(3.18) will depend upon

the underlying DOA estimation algorithm. In this section, we present a

general analysis. In the appendices we provide the additional details for

the special cases of Spread root-MUSIC and Spread MODE.
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3.4.1 General Analysis

In order to make the statistical treatment more tractable, two additional

assumptions will be used in the analysis. None of these assumptions are

vital for the algorithm itself.

• The data samples are temporally white, E[x(s)x∗(t)] = 0, s �= t.

• The modulus |s(t)| of the transmitted signal is constant. This is a

su�cient requirement for x(t) to be Gaussian.

First note that the performance analysis can be reduced to the special

case of a signal at broadside since if x(t) ∈ N(0,Rx) then D∗
a(ω)x(t) ∈

N(0,R0) where

R0 = D∗
a(ω)RxDa(ω)

= D∗
a(ω)(SRv(ω, σω) + σ2

nI)Da(ω)

= SB(σω) + σ2
nI .

(3.19)

Introduce the notation ν̃k = ν̂k − νk and similarly for other estimated

quantities. In the algorithm (3.14)� (3.16), it follows from (3.19) and (3.10)

that E[ν̃2
1 ] = E[ν̃2

2 ], since R0 and Rc0 have the same statistics, and con-

sequently

E[ω̃2] =
E[(ν̃1 + ν̃2)2]

4
=

E[ν̃2
1 + ν̃1ν̃2]
2

. (3.20)

A �rst order Taylor expansion gives similarly

E[σ̃2
ω ] =

E[ν̃2
1 − ν̃1ν̃2]

2
(∂λ(σω)
∂σω

)2 , (3.21)

where the derivative depends on the underlying algorithm and the angular

distribution, see the appendices below. For the physical parameters, a

similar Taylor expansion of (3.17)�(3.18) reveals that

E[θ̃2] =
E[ν̃2

1 + ν̃1ν̃2]
2(2π∆cos(θ))2

(3.22)

E[σ̃2
θ ] =

1
2(2π∆cos(θ))2

(E[ν̃2
1 − ν̃1ν̃2](∂λ(x)
∂x

)2 + tan2(θ)σ2
θ(E[ν̃

2
1 + ν̃1ν̃2])

)
.

(3.23)
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3.4.2 Analysis of Spread root-MUSIC

The standard large-sample analysis of root-MUSIC [RH89, KFP92] is not

applicable, since our data model does not correspond to point sources in

white noise. However, we can use the performance analysis of standard

root-MUSIC for a perturbed point source model presented in [Kan93]. A

similar analysis is included in [LV92], using a Taylor series expansion of

the noise free data covariance matrix.

The analysis of root-MUSIC in [Kan93] does only give the variance

of each DOA estimate. The following theorem is a generalization which

includes also the cross-variance between the di�erent estimates.

Theorem 3.3. If R̂x is the sample covariance matrix formed from N in-
dependent samples of a complex Gaussian random vector with covariance
matrix Rx and Rx cannot be written as the covariance matrix of d point
sources (1.6), then the asymptotic distribution of the spatial frequency
estimates ν̂ = [ν̂1, . . . , ν̂d]T obtained from root-MUSIC is

√
N(ν̂ − ν) ∈ AsN(0,C) , (3.24)

where

C =
1
2
Re[Ξ∗∆Ξ]

Ξ =
[
ξ1 ξ2 · · · ξd

]
ξk = a(z−1

k )⊗ a(zk)
hk

+
ac(zk)
hck

⊗ ac(z−1
k )

hk = izk

(∂aT (z−1
k )

∂zk
EnE

∗
na(zk) + a(zk)EnE

∗
n

∂a(zk)
∂zk

)
∆ = (ETn ⊗E∗

s)
∗ diag

[
vec[H]

]
(ETn ⊗E∗

s)

[H]kl =
λs,kλn,l

(λs,k − λn,l)2

and zk are the corresponding d roots obtained from Rx.

Proof. See Appendix 3.A.1.

Note that this theorem is not valid when Rx corresponds to an unper-
turbed model with d point sources, since then hk = 0. For this situation,
the standard analysis in [RH89, KFP92] should be used.

The derivative of λ(σω) is given by the following theorem.
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Theorem 3.4. When F (. . . ) is root-MUSIC, the derivative of λ(σω) as
de�ned in (3.12) is

∂λ(σω)
∂σω

=− Re
[
aT (z−1)Es

(
(E∗
s

∂B
∂σω

En)�MT
ns

)
E∗
n

a(z)
h

+ aT (z−1)En

(
(E∗
n

∂B
∂σω

Es)�Mns

)
E∗
s

a(z)
h

]
,

(3.25)

where � denotes the Schur Hadamard product,

[Mns]kl =
1

λn,k − λs,l
(3.26)

and B(σω) = EsΛsE
∗
s+EnΛnE

∗
n is the subspace decomposition of B(σω).

Proof. See Appendix 3.A.2.

The derivative of B(σω) depends on the angular distribution and can

be found in the appendices of Chapter 2 for the case of Gaussian and

uniform distributions.

Plugging the results of Theorems 3.3 and 3.4 into the general ex-

pressions (3.20)�(3.23) gives the asymptotic distribution of Spread root-

MUSIC.

3.4.3 Analysis of Spread MODE

We have generalized the performance analysis of MODE/root-WSF to a

general data covariance matrix. Note that when Rx does not correspond
to an unperturbed point source model, the asymptotic equivalence of

optimally weighted signal subspace �tting and optimally weighted noise

subspace �tting, as shown in [SS90b, OVSN93], will not hold. Also, in

the analysis below, the algorithm is viewed not as a two-step algorithm,

but as an iterative algorithm that solves

ω̂ = argmin fMODE(ω) , (3.27)

where

fMODE(ω) = Tr
[
Ê∗
sG(ω)(G∗(ω)G(ω))−1G∗(ω)ÊsŴ

]
= Tr

[
Ê∗
sΠG(ω)ÊsŴ

]
= Tr

[
Ê∗
sΠ

⊥
A(ω)ÊsŴ

] (3.28)
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and G(ω) is de�ned by (1.11) with
∑d
k=0 gkz

k =
∏d
k=1(z − ejωk) (the

scaling of the coe�cients is di�erent in the actual algorithm, but that

does not a�ect (3.28)).

In contrast to Theorem 3.3, the analysis of MODE is valid also for

the standard point source case.

Theorem 3.5. If R̂x is the sample covariance matrix formed from N
independent samples of a complex Gaussian random vector with covari-
ance matrix Rx, then the asymptotic distribution of the spatial frequency
estimates ν̂ = [ν̂1, . . . , ν̂d]T obtained from MODE is

√
N(ν̂ − ν) ∈ AsN(0,H−1CH−1) , (3.29)

where

Ckl =
1
N

ReTr
[
2((WE∗

s

∂ΠA
∂νk

En)�MT
ns)Λn((E

∗
n

∂ΠA
∂νl

EsW)�Mns)Λs

+ ((E∗
s

∂ΠA
∂νk

Es)�Mss �Q)Λs((E∗
s

∂ΠA
∂νl

Es)�Mss �Q)Λs
]
, (3.30)

Mns is given by (3.26),

[Mss]kl =
1

λs,k − λs,l
, (3.31)

Qkl =Wkk −Wll (3.32)

(note that W is diagonal),

Hkl = Tr
[
E∗
s

∂2ΠA
∂νk∂νl

EsW
]

(3.33)

and the derivatives are given by [GP73]

∂ΠA
∂νk

= Π⊥
A

∂A
∂νk

A† + (. . . )∗ (3.34)

∂2ΠA
∂νk∂νl

=−Π⊥
A

∂A
∂νl

A† ∂A
∂νk

A† −A†∗ ∂A
∗

∂νl
Π⊥
A

∂A
∂νk

A† +Π⊥
A

∂2A
∂νk∂νl

A†

+Π⊥
A

∂A
∂νk

(A∗A)−1 ∂A
∗

∂νl
Π⊥
A −Π⊥

A

∂A
∂νk

A† ∂A
∂νl

A† + (. . . )∗ .

(3.35)
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A(ν) and its derivatives are calculated from the de�nition,

A(ν) =




1 1 . . . 1
ejν1 ejν2 . . . ejνd

...
...

...

ej(m−1)ν1 ej(m−1)ν2 . . . ej(m−1)νd


 . (3.36)

Proof. See Appendix 3.B.1

Theorem 3.6. For MODE, the derivative of λ(σω) is given by

∂λ(σω)
∂σω

= −H−1ψ (3.37)

where

ψk =2ReTr
[
WE∗

s

∂ΠA
∂νk

En(Mns � (E∗
n

∂Rv
∂σω

Es))
]

− Tr
[
E∗
s

∂ΠA
∂νk

Es(Q�Mss � (E∗
s

∂Rv
∂σω

Es))
]
.

(3.38)

Proof. See Appendix 3.B.2.

3.5 Numerical Examples

3.5.1 Estimation Accuracy

Simulations have been performed using a basic scenario with an 8 element

ULA with half wavelength element separation, a single source located at

broadside, i.e. θ = 0◦, SNR 10 dB and θ̃ uniformly distributed over

[−δθ, δθ] with σθ = 3◦ (i.e. δθ ≈ 5.2◦). In this scenario, we then varied

di�erent parameters, one parameter at a time. All data were generated

from the physical model (2.1), with complex Gaussian γn and the number
of incoming wavefronts set to L = 50. Each estimate was calculated from
a burst of N = 100 independent samples of the channel in correspondence
with the extra assumptions of section 3.4.1, thus the transmitted signal

could be set to s(t) = 1 without loss of generality.

The plots in Figures 3.2� 3.5 show the theoretical and estimated RMS

values of θ̂ and σ̂θ, when the di�erent parameters are varied one at a time,
calculated from 500 trials for each parameter value. The results in Fig-

ure 3.2 show the performance of the Spread MODE algorithm, whereas all
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the other examples are for Spread root-MUSIC, i.e. root-MUSIC was used

as the underlying point source algorithm. As a comparison, the perfor-

mance of ordinary root-MUSIC (for the DOA estimation), DISPARE and

WLS have been included as well as the Cramér-Rao lower bound. WLS

[TO96] is an optimally weighted covariance matching algorithm [OSR98]:

[θ̂, σ̂θ] = arg min
θ,σθ,
S,σ2

n

Tr
{(

Rx(θ, σθ, S, σ2
n) R̂

−1
x − I

)2
}

(3.39)

which is known to be asymptotically e�cient. DISPARE is a generaliza-

tion of MUSIC, derived in [MSW96]:

[θ̂, σ̂θ] = argmin
θ,σθ

‖Ê∗
nRv(θ, σθ)‖2

F .

As will be shown in the next chapter, DISPARE fails to give consistent

estimates, however with a proper choice of the pseudo-signal subspace

dimension d, the bias is negligible. We used the d value that minimized

the RMS error of σ̂θ, i.e., d = 2 if σθ < 7 and d = 3 if σθ ≥ 7. For the
examples with two sources, described below, d = 4 was used. For both

WLS and DISPARE, the numerical optimization was performed using a

Gauss-Newton search initialized at the true values.

The performance of Spread MODE and Spread root-MUSIC is almost

identical, as can be seen in Figures 3.2 and 3.3. The e�ect of the robusti�-

cations described in Section 3.3.1 is clearly visible in Figures 3.2 and 3.3

for σθ < 1◦ and in Figure 3.5 for θ > 70◦, where the source has been

detected as a point source for most of the trials. Figure 3.4 illustrates

that the performance is relatively insensitive to the noise level as long as

at least two eigenvalues of Rv are clearly larger than the noise level. For

higher noise levels, the performance deteriorates quickly. Of course, the

sensitivity to non-white noise would be even higher.

The theoretical performance analysis of Section 3.4 agrees well with

the empirical results in all our experiments, also when the number of

samples is reduced to 30 (not included in the plots).

The maximum spread angle σmax
θ that could theoretically be handled

by Spread root-MUSIC is shown in Figure 3.8 as a function of m, the

number of antenna elements. The maximum is calculated as the maxi-

mum spread angle where λ(σω) in (3.12) is still a monotonically increasing
function of σω.

The generalization of the algorithm to handle several sources was

simulated on a scenario with the same 8 element ULA, N=100, 20 dB SNR
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relative to the source of interest, with two scattered sources, one �xed at

θ1 = 5◦ and the other varied between 6◦ and 30◦. Both sources had a

uniformly distributed angular spread with σθ = 3◦. From an experiment

with equal-powered sources, the RMS error of the parameters of the �xed

source is shown in Figure 3.6. The results for the second source are

similar. As a robusti�cation, MDL was used to estimate the number of

�point sources� and the ordinary root-MUSIC algorithm was used if this

number was less than four. The e�ect can be seen in the �gures when the

source separation is less than 5◦. The algorithm does not give consistent

estimates when more than one source is present and the error is mainly

due to the bias in the estimates, at least when the source separation is

small. Note, however, that the two sources are overlapping when the

DOA separation is less than 2 ×
√
3 × 3◦ ≈ 10.4◦. At this point, where

the two rectangular distributions end up edge to edge, the parameters are

actually not identi�able as is re�ected in the CRB curve. Since the root-

MUSIC and Spread root-MUSIC algorithms implicitly �nd the symmetric

solutions that happen to be true in this example, the performance remains

relatively good also at this point.

As a �nal example, we let the moving source be 15 dB stronger than

the source of interest. Figure 3.7 shows the estimated bias and standard

deviation, given by the di�erent algorithms. The in�uence of the stronger

source gives a signi�cant bias for both θ and σθ. In this example, standard
root-MUSIC fails completely, since both DOA estimates originate from

the strong source. With WLS and DISPARE, it was so di�cult to �nd

the global optima of the cost functions, that reliable values could only be

obtained in the region θ2−θ1 > 16◦. Even then, from 15% (for 17◦source
separation) down to 5% (for 25◦source separation) of the DISPARE esti-

mates were classi�ed as outliers and removed prior to the calculation of

the plotted values. For Spread root-MUSIC and root-MUSIC, no outliers

were removed.



3.5 Numerical Examples 47

0 2 4 6 8 10
0

0.5

1

1.5

2

2.5

3

3.5

4

Spread MODE sim.
Spread MODE theory
MODE sim.
MODE theory
CRB

True σθ (degrees)

R
M
S
er
ro
r
o
f

θ̂

(d
eg
re
es
)

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Spread MODE sim.
Spread MODE theory
CRB

True σθ (degrees)

R
M
S
er
ro
r
o
f

σ̂
θ

(d
eg
re
es
)

Figure 3.2: RMS values of θ̂ and σ̂θ using Spread MODE, for di�er-

ent angular spread, σθ. θ = 0◦, 8 sensors, 10 dB SNR, 100 snapshots.

Compare to Figure 3.3, where Spread root-MUSIC is used.
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Figure 3.3: RMS values of θ̂ and σ̂θ for di�erent angular spread, σθ.
θ = 0◦, 8 sensors, 10 dB SNR, 100 snapshots.
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Figure 3.4: RMS values of θ̂ and σ̂θ for di�erent SNR. θ = 0◦, σθ = 3◦,
8 sensors, 100 snapshots.
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Figure 3.5: RMS values of θ̂ and σ̂θ for di�erent nominal DOA θ.
σθ = 3◦, 8 sensors, 10 dB SNR, 100 snapshots.
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Figure 3.6: RMS values of θ̂ and σ̂ of one source in a two source scenario.
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Figure 3.7: Estimated bias and standard deviation of θ̂ and σ̂ for the

weak source in a two source scenario with unequal source power.
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Figure 3.8: Maximum spread angle σmaxθ that the algorithm theoret-

ically can handle for di�erent size of the array. Uniformly distributed

angular spread. Half wavelength element separation.

3.5.2 Beamforming Capabilities

We study the performance of the di�erent algorithms when the parame-

ters are used for beamformer design. A number of di�erent beamforming

strategies will be described in Chapters 6 and 7. Here, we consider an

uplink scenario and the SINR criterion for rapidly fading channels (7.7).

We study a system where data is collected in bursts of N = 100 data
samples. For each burst, the channel parameters are estimated and used

to form a beamformer for one of the incoming signals. For simplicity,

the channel realizations were independent from sample to sample. This

assumption of extremely rapid fading is clearly unrealistic but enables

comparisons to the theoretically optimal SINR given by (7.7).

Di�erent combinations of algorithms have been evaluated in a sim-

ulated scenario with two scattered sources with uniformly distributed

angular deviations. The signal of interest is �xed at θ1 = 3◦ and has

spread angle σθ1 = 2.5◦. The second signal is moved in the interval

[4◦, 43◦], is 10 dB stronger and has a spread angle of σθ2 = 3.5◦. The
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Figure 3.9: SINR for di�erent algorithms.

noise level at each antenna element is 10 dB below the signal of interest.

The antenna array has eight elements and an element separation of half

a wavelength. In the simulations, the number of rays contributing from

each source was L = 10.
Figure 3.9 shows the sample SINR averaged over 1000 experiments

for each value, for the following strategies.

• ORF, the optimal SINR beamformer (7.8), using parameter esti-

mates from Spread root-MUSIC. The signal and noise powers were

estimated using a least squares �t.

• Using the same beamformer but estimating the parameters with

WLS (3.39).

• The LS solution (7.34) for a point source model. One DOA was

estimated for each source, using root-MUSIC.

• Two-point approximation. A total of four directions were estimated

using root-MUSIC and the signal of interest was estimated using

a linear combination of the LS estimates of the two corresponding

rays.
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WLS gives good parameter estimates and the performance is close

to the optimum regardless of the source separation. Also, the two-point

approximation performs very well for most cases. Because of the robusti-

�cation described in Section 3.3.1, the two scattered sources are detected

as point sources when the angular separation is too small which explains

the poor performance for closely located sources. Using a single point

source approximation for each scattered source clearly gives inferior per-

formance.

3.6 Conclusions

We have introduced a new algorithm for estimation of DOA and spread

angle of spatially distributed sources. The presented algorithm shows

that it indeed is possible to get reasonable estimation performance for

this problem with low computational complexity. The algorithm can be

based on most existing DOA estimation algorithms for ULAs, and is

shown to give consistent estimates for a single source if the used DOA

estimation algorithm ful�lls certain properties. For the speci�c choice of

root-MUSIC and MODE, the asymptotic distribution of the estimates

has been derived. Similar ideas can also be used for estimation of center

frequency and frequency rate of swept frequency chirp signals, see [Völ99].

When the basic algorithm is extended to the case of several sources,

the large sample consistency is lost, but the performance is still reasonable

unless the sources are too closely separated or the sources are too di�erent

in terms of power or spread angle.
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Appendix 3.A Properties of Root-MUSIC

Theorem 3.7. The properties P1�P3 on page 36 hold for root-MUSIC.

Proof. Let a(z) = [1, z, . . . , zm−1]T , then the root-MUSIC polynomial is

given by g(z) = aT (z−1)EnE
∗
na(z), see Section 1.3.1 and [RH89].

We �rst establish the property P1. If R′ = Da(ω)RD∗
a(ω) then sim-

ilarly to (3.6), E′
n = Da(ω)En. Since D∗

a(ω)a(z) = a(ze−jω), the root-
MUSIC polynomials forR andR′, g(u) and g′(z) respectively, are related
through

g′(z) = aT (z−1)E′
nE

′∗
n a(z) = aT (z−1)DaEnE

∗
nD

∗
aa(z)

= aT (z−1ejω)EnE
∗
na(ze

−jω) = g(ze−jω)

The only di�erence between the root loci of g′(z) and g(u), is thus a

rotation z = uejω. Especially, for the d roots inside the unit circle with

magnitude closest to one, arg[z] = ω + arg[u].
Property P2 holds trivially since the algorithm only uses En in the

estimation.

Finally, we establish P3. If R′ = Rc, then E′
n = Ecn, which directly

gives g′(z) = gc(zc) and (3.10) follows, since arg[zc] = − arg[z].

3.A.1 Proof of Theorem 3.3

This is a generalization of the proof in [Kan93]. We write the root-MUSIC

polynomial as

ĝ(z) = aT (z−1)Π̂
⊥
a(z)

Since Rx does not correspond to a point source model, g′(z) �= 0 and a

�rst order Taylor approximation gives

ẑ − z ≈ − ĝ(z)
g′(z)

.

Furthermore, for small complex valued ε,

arctan
[
Im[1 + ε+O(|ε|2)]

Re[1 +O(|ε|)]

]
= arctan

[
Im[ε] +O(|ε|2)

]
= Im[ε] +O(|ε|2) .
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Thus, neglecting second order terms, we can write

ν̂ − ν = arg[ẑ/z] = arctan
[
Im[ẑ/z]
Re[ẑ/z]

]
≈ Im[ẑ/z] = Im[(ẑ − z)/z]

≈− Im
[

ĝ(z)
zg′(z)

]
= −Re

[
ĝ(z)

izg′(z)

]
= −Re

[
aT (z−1)Π̃⊥a(z)

izg′(z)

]

≈− Re
[
aT (z−1)Es

(
(E∗
sR̃xEn)�MT

ns

)
E∗
n

a(z)
h

(3.40)

+ aT (z−1)En
(
(E∗
nR̃xEs)�Mns

)
E∗
s

a(z)
h

]
,

where the last approximation follows from Theorem A.2 and we intro-

duced h = izg′(z). Using the identity Re[a] Re[b] = 1/2Re[ab + ab∗]
and results from Lemma A.8, the cross-variance between two frequency

estimates can be written

E[(ν̂1 − ν1)(ν̂2 − ν2)] =
1
2N

ReTr
[
· · ·

(E∗
n

a(z1)
h1

aT (z−1
1 )Es �Mns)Λs(E∗

sa
c(z−1

2 )
a∗(z2)
hc2

En �MT
ns)Λn

+ (E∗
na
c(z−1

2 )
a∗(z2)
hc2

Es �Mns)Λs(E∗
s

a(z1)
h1

aT (z−1
1 )En �MT

ns)Λn

+ (E∗
n

a(z1)
h1

aT (z−1
1 )Es �Mns)Λs(E∗

s

a(z2)
h2

aT (z−1
2 )En �MT

ns)Λn

+ (E∗
n

a(z2)
h2

aT (z−1
2 )Es �Mns)Λs(E∗

s

a(z1)
h1

aT (z−1
1 )En �MT

ns)Λn
]
.

Using Lemmas A.9 and A.10, it can be shown that

Tr[(E∗
nxy

TEs �Mns)Λs(E∗
szv

TEn �MT
ns)Λn] = (xc ⊗ yc)∗∆(v ⊗ z) ,

where

∆ =(ETn ⊗E∗
s)

∗ diag
[
vec[MT

ns]
]
(Λn ⊗ Λs) diag

[
vec[MT

ns]
]
(ETn ⊗E∗

s)

=(ETn ⊗E∗
s)

∗ diag
[
vec[H]

]
(ETn ⊗E∗

s) .
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The resulting cross-variance is

E[(ν̂1 − ν1)(ν̂2 − ν2)] =
1
2N

Re
[
(
ac(z1)
hc1

⊗ ac(z−1
1 ))∗∆(

ac(z2)
hc2

⊗ ac(z−1
2 ))

+ (a(z−1
2 )⊗ a(z2)

h2
)∗∆(a(z−1

1 )⊗ a(z1)
h1

)

+ (
ac(z1)
hc1

⊗ ac(z−1
1 ))∗∆(a(z−1

2 )⊗ a(z2)
h2

)

+ (
ac(z2)
hc2

⊗ ac(z−1
2 ))∗∆(a(z−1

1 )⊗ a(z1)
h1

)
]

=
1
2N

Re
[
((a(z−1

1 )⊗ a(z1)
h1

+
ac(z1)
hc1

⊗ ac(z−1
1 ))∗∆

× ((a(z−1
2 )⊗ a(z2)

h2
+
ac(z2)
hc2

⊗ ac(z−1
2 ))

]

and the full covariance matrix is given by

E[(ν̂ − ν)(ν̂ − ν)T ] = 1
2N

Re[Ξ∗∆Ξ] ,

where

Ξ =
[
ξ1 ξ2 · · · ξd

]
ξk = a(z−1

k )⊗ a(zk)
hk

) +
ac(zk)
hck

⊗ ac(z−1
k ) .

3.A.2 Proof of Theorem 3.4

From (3.40) it follows that

∂ν

∂ρ
=− Re

[
aT (z−1)Es

(
(E∗
s

∂R
∂ρ

En)�MT
ns

)
E∗
n

a(z)
h

+ aT (z−1)En

(
(E∗
n

∂R
∂ρ

Es)�Mns

)
E∗
s

a(z)
h

]
,

(3.41)

for any parameter ρ of the covariance matrix R. From the symmetry

imposed by (3.12), ∂ν1∂σω
= − ∂ν2

∂σω
whenR = B(σω), which gives (3.25).



3.B Properties of MODE 59

Appendix 3.B Properties of MODE

Theorem 3.8. Property P1 holds for MODE if the algorithm is modi�ed
such that the constraint Re[g0] = 1 used in the minimization of (1.12)
and (1.13) is replaced by the constraint ‖g‖2 = 1 which means that the
minimizing g is given as the singular vector with smallest singular value
of a certain matrix.

Proof. De�ne the m× (m− d) matrix G as in (1.11). Given coe�cients

g0, . . . , gd, let g′k = gke
−jk∆ω and collect the g′k in a similar matrix G′.

Then

G∗ =∆∗(ω̃)G′∗Da(ω̃) (3.42)

where ∆(ω̃) = diag[1, ejω̃, . . . , ej(m−d−1)ω̃].
In MODE, the coe�cients gk are found through minimization of the

cost function f(g) = Tr[E∗
sGVG

∗EsW], where V = I in the �rst step

and in the second step V = (Ĝ∗Ĝ)−1. Since W only depends on the

eigenvalues, it is the same for both R and R′ = Da(ω̃)RD∗
a(ω̃). Now if

V′ = ∆(ω̃)V∆∗(ω̃)

f ′(g′) = Tr
[
E′∗
s G

′V′G′∗E′
sW
]

= Tr
[
E∗
sD

∗
aG

′∆V∆∗G′∗DaEsW
]

= Tr [E∗
sGVG

∗EsW] = f(g)

(3.43)

and

min
|g|=1

f(g) = min
|g′|=1

f ′(g′) . (3.44)

Note that the same kind of relationship cannot be established in the

original formulation of MODE.

In the �rst step of MODE, V = V′ = I = ∆(ω̃)I∆∗(ω̃), so (3.44)

holds with Ĝ∗ = ∆∗Ĝ′∗Da. In the second stepV′ = (Ĝ′∗Ĝ′)−1 = ∆V∆∗

which again gives estimates according to (3.44).

The spatial frequency estimates are obtained as the argument of the

roots of the polynomial g(z) =
∑d

0 ĝkz
k. Since ĝ′k = ĝke

−jkω̃ ,

g′(z) =
∑

ĝ′kz
k =

∑
ĝk(ze−jω̃)k = g(ze−jω̃) (3.45)

which proves the relation for MODE.
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Theorem 3.9. Property P3 holds for MODE.

Proof. Similarly to the proof for Theorem 3.7, note that R′ = Rc gives
f ′(g) = f(gc) in both steps of the algorithm, which gives g′ = gc and the

result follows directly since g′(z) = gc(zc).

3.B.1 Proof of Theorem 3.5

Standard Taylor expansion arguments show that

ν̃ = ν̂ − ν = −H−1∂fMODE(ν)
∂ν

+ o(|ν̃|) (3.46)

where

∂2fMODE(ν)
∂ν∂νT

→ H when N → ∞ w.p. 1 (3.47)

which clearly gives (3.33). Since ν is a minimum of fMODE(ν) when R
is used,

∂fMODE(ν)
∂νk

= Tr

[
E∗
s

∂Π⊥
A

∂νk
δEsW + δE∗

s

∂Π⊥
A

∂νk
EsW

]
. (3.48)

Use Theorem A.3 and note that the EsΣs terms cancel since both Σs
and W are diagonal and commute. Note also that

∂Π⊥
A

∂νk
= −∂ΠA

∂νk
since

Π⊥
A = I−ΠA. This gives

∂fMODE(ν)
∂νk

=Tr
[
E∗
s

∂ΠA
∂νk

Es(Mss � (E∗
sR̃xEs))W

− (Mss � (E∗
sR̃xEs))E

∗
s

∂ΠA
∂νk

EsW

+E∗
s

∂ΠA
∂νk

En(Mns � (E∗
nR̃xEs))W

+ (MT
ns � (E∗

sR̃xEn))E
∗
n

∂ΠA
∂νk

EsW
]

=Tr
[
−E∗

s

∂ΠA
∂νk

Es(Q�Mss � (E∗
sR̃xEs))

]

+Tr
[
WE∗

s

∂ΠA
∂νk

En(Mns � (E∗
nR̃xEs))

]

+Tr
[
E∗
n

∂ΠA
∂νk

EsW(MT
ns � (E∗

sR̃xEn))
]

(3.49)
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which together with Lemma A.8 shows that

C = E
[
∂fMODE(ν)

∂ν

∂fMODE(ν)
∂νT

]
(3.50)

is given by (3.30).

3.B.2 Proof of Theorem 3.6

Similarly to the proof of Theorem 3.4 in Appendix 3.A.2, the result fol-

lows directly from (3.46) and (3.49).





Chapter 4

A Generalization of WSF

to Full Rank Models

4.1 Introduction

The basic idea of subspace �tting is that for a vector valued data model,

the signal contribution should be con�ned to a lower-dimensional sub-

space which uniquely de�nes the parameters. In the previous chapter,

we saw an application of traditional subspace methods on a data model

where the signal is actually full rank. Also, other algorithms have re-

cently appeared in the literature where subspace �tting is used on full

rank data models. Two closely related MUSIC-like algorithms, DSPE

[VCK95] and DISPARE [MSW96], have been proposed for estimation of

the DOA and spread angle of a scattered source. In [BS97, BS98], Besson

and Stoica study frequency estimation of a cisoid where the amplitude

is a time varying ARMA process, using methods related to ESPRIT and

MODE. A method similar to Spread root-MUSIC has been suggested in

[Völ99] for parameter estimation of a linearly swept frequency chirp sig-

nal. Related work for estimation of chirp signals is given in [DA90, LA92].

Finally, we can mention the BASS-ALE algorithm [BG88] for DOA esti-

mation of broad-band sources, where a vector with stacked time-lags of

the received data is approximated by a low-rank model.

In all these applications, the signal contribution is full rank in theory

but almost all of the signal energy is con�ned to a lower-dimensional

subspace. This explains why a low-rank approximation of the data can
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be used to estimate model parameters. A fundamental question is how

this rank reduction in�uences the estimation accuracy.

In this chapter, we show that the previously suggested algorithms

DSPE and DISPARE do not give consistent estimates. As an alternative,

we introduce a general family of weighted subspace �tting-like algorithms

that provide consistent estimates. The optimal weighting matrix is de-

rived, leading to a generalization of Weighted Subspace Fitting (WSF)

to full rank data models. Unfortunately, the resulting algorithm has a

very high computational complexity. Therefore, the main purpose of this

chapter is not to present a practical algorithm, but rather to analyze the

minimum variance performance achievable by any method that uses a

low-rank approximation of the data covariance matrix. The results can

also give inspiration and provide a framework for development of other

methods with lower computational complexity.

In contrast to the case of point sources, subspace �tting-like algo-

rithms will in general give inferior estimation accuracy to Maximum

Likelihood (ML) estimation for full rank data models. We present some

numerical examples to quantify the di�erence.

The chapter is organized as follows. As an introduction to the prob-

lem, Section 4.2 presents some data models used in sensor array process-

ing, gives an overview of the algorithms DSPE and DISPARE, and shows

that they are biased. In Section 4.3, we present our data model which is

used in Section 4.4 to develop the generalization of WSF, called Weighted
Pseudo-Subspace �tting (WPSF). The large sample performance is ana-
lyzed in Section 4.5 and the small sample performance is illustrated nu-

merically in Section 4.6. All mathematical details can be found in the

appendices. The appendix also includes a self-contained algebraic proof

of the well-known fact that WSF is asymptotically e�cient for the tradi-

tional point source model.

4.2 Background

In Section 1.3.1, we presented a short overview of some subspace �tting

algorithms. For the local scattering model of Section 2.2, it is not possible

to directly apply the ordinary theory of subspace identi�cation since the

source contribution, Rv, to the data covariance matrix is of full rank.

However, since most of the signal energy is con�ned to a low-dimensional

subspace, the eigenvectors of Rx can be divided into a pseudo-signal
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subspace and a pseudo-noise subspace similarly to (1.7) as

Rx = σ2
sRv(θ, σθ) + σ2

nI = EsΛsE
∗
s +EnΛnE

∗
n , (4.1)

where the diagonal matrices Λs and Λn contain the d largest and m− d
smallest eigenvalues, respectively. Here d, the dimension of the pseudo-

signal subspace, should be chosen large enough to make Λn ≈ σ2
nI, which

means that E∗
nRv ≈ 0.

This pseudo-subspace decomposition has recently been exploited in

some algorithms, among others DSPE [VCK95] and DISPARE [MSW96].

Both algorithms, which can be seen as extensions of the MUSIC algo-

rithm, can be written as

{θ̂, σ̂θ} = argmin
θ,σθ

fk(θ, σθ) = argmin
θ,σθ

Tr[Ê∗
nR

k
v(θ, σθ)Ên] , (4.2)

where k = 1 gives the DSPE algorithm and k = 2 gives the DISPARE

algorithm. Closely related is the extension of MVDR given in [VB95].

A problem with these two algorithms is that they fail to give the

correct estimates when the number of samples N goes to in�nity. To

observe this, let for the moment Rv = EsΛsE
∗
s + EnΛnE

∗
n denote the

eigenvalue decomposition of the noise free data covariance matrix. Then

the cost function applied to Rv is

fk(θ, σθ) = Tr[E∗
nR

k
v(θ, σθ)En] (4.3)

= Tr[E∗
nEs(θ, σθ)Λ

k
s(θ, σθ)E

∗
s(θ, σθ)En

+E∗
nEn(θ, σθ)Λ

k
n(θ, σθ)E

∗
n(θ, σθ)En] .

At the true parameter value, the �rst term vanishes and the cost function

reduces to

fk(θ0, σθ0) = Tr[Λkn(θ0, σθ0)] . (4.4)

Since both terms depend on the parameters, it is typically possible to

�nd another parameter vector that decreases the second term more than

the increase of the �rst term so the true parameters are not a global

minimum of the cost function. An illustration is given in Figures 4.1

and 4.2 where the cost functions of DSPE and DISPARE, respectively,

are plotted. Clearly, the DSPE cost function does not have an optimum at

the true parameter values, whereas the bias of DISPARE in this example

is only of the order of 10−2 degrees, which could be considered negligible.

The algorithms presented in Section 4.4 generalize the ideas of DSPE

and DISPARE, avoiding the problem of inconsistency.
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Figure 4.1: Cost function of the DSPE algorithm, 1/f1(θ, σθ) of equa-
tion (4.3). d = 2, θ = 0◦, σθ = 2◦, 8 sensors, no noise, true covariance

matrix.
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Figure 4.2: Cost function of the DISPARE algorithm, 1/f2(θ, σθ) of

equation (4.3). d = 2, θ = 0◦, σθ = 2◦, 8 sensors, no noise, true covariance
matrix.
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4.3 Assumptions

This section introduces a simple, still fairly general, data model that will

be used throughout the rest of the chapter. The results can, however, be

readily applied to an even wider class of data models.

Assume a complex valued data vector x(t) of dimension m, described

by

x(t) = ay(t) + n(t) , (4.5)

where y(t) is a stochastic or deterministic quasi-stationary [Lju87] signal.
We assume that the covariance matrix of y(t),

Ry(η) = E[y(t)y∗(t)] = lim
N→∞

1
N

N∑
t=1

E[y(t)y∗(t)] , (4.6)

is a known di�erentiable function of a parameter vector η with p real

valued parameters and that (for simplicity) E[y(t)] = 0. Furthermore

in (4.5), a is a deterministic complex scalar constant to allow for normal-

ization of y(t). The noise n(t) is independent of y(t) and is a spatially

and temporally white complex process with

E[n(t)] = 0

E[n(t1)n∗(t2)] = σ2
nIδt1,t2 .

(4.7)

From (4.5)�(4.7) it follows readily that the mean value and covariance

matrix of the data vector x(t) are given by

E[x(t)] = 0

Rx(η, a, σn) = E[x(t)x∗(t)] = |a|2Ry(η) + σ2
nI .

(4.8)

The parameters a and σn are not included in the parameter vector η since

they will not be identi�able by the algorithms described here, but they

can be identi�ed in a subsequent step with linear least squares methods.

This model is not limited to a single signal, since y(t) can be the

summed contribution of one or several signal sources.

In the performance analysis, we will make the more restrictive as-

sumption that both y(t) and n(t) are temporally white circular [Pic94]

complex Gaussian random vectors which means that x(t) ∈ N(0,Rx).
Now, perform an eigenvalue decomposition of Rx,

Rx =
m∑
k=1

λkeke
∗
k , (4.9)
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where λ1 ≥ λ2 ≥ · · · ≥ λm. For a given value of d, 1 ≤ d < m,

de�ne the matrices Es =
[
e1 e2 · · · ed

]
, En =

[
ed+1 · · · em

]
,

Λs = diag[λ1, λ2, . . . , λd] and Λn = diag[λd+1, . . . , λm]. The matrices Es
and En are said to span the pseudo-signal and pseudo-noise subspaces of
Rx, respectively. Thus, the data covariance matrix can be decomposed

into its pseudo-signal and pseudo-noise subspaces as

Rx(η) = Es(η)Λs(η)E
∗
s(η) + En(η)Λn(η)E

∗
n(η) . (4.10)

In contrast to the traditional subspace techniques, we do not require that

Λn = σ2
nI and the pseudo-signal subspace dimension d is not given by the

model, but is a design parameter left to the user. However, in order to

make the decomposition unique, d should be chosen such that λd > λd+1.

The following identi�ability condition must hold for the model.

span[Es(η)] = span[Es(ξ)] ⇐⇒ η = ξ . (4.11)

This condition restricts, above all, the identi�ability of parameters that

enter linearly into the data model. For example in the antenna array

model (1.6) with several point sources, the signal covariance matrix P
is not identi�able. On the other hand, if Ry =

∑l
k=1 rkRv(θk, σθk

) and
each Rv(θk, σθk

) is full rank, then the relative powers rk will typically be
identi�able.

Given N data samples, calculate a sample covariance matrix using

R̂x =
1
N

N∑
t=1

x(t)x∗(t)

and de�ne the corresponding eigenvalue decomposition by

R̂x = ÊsΛ̂sÊ
∗
s + ÊnΛ̂nÊ

∗
n . (4.12)

4.4 Algorithms

Based on the experiences from traditional subspace methods and the

discussions in Section 4.2, we suggest to estimate the parameters η by

the value that minimizes the di�erence between span[Ês] and span[Es(η)]
or that makes Ês as orthogonal as possible to En(η). These ideas lead

to the following pseudo-signal subspace �tting algorithms,

η̂ = argmin
η,T

‖Ês −Es(η)T‖ (4.13)

η̂ = argmin
η
‖E∗

n(η)Ês‖ , (4.14)



4.4 Algorithms 69

where ‖· · ·‖ denotes a matrix norm to be speci�ed below. It follows

directly from the identi�ability condition (4.11) that both algorithms

give consistent (in the number of samples) estimates. It can be shown

as in [SVWW98], that for weighted quadratic norms, the two algorithms

are asymptotically equivalent, i.e. for each weighted norm in (4.13) there

is another weighted norm in (4.14) that gives the same large sample

distribution of the estimates and vice versa. Therefore, we concentrate

on (4.14).

In order to introduce a general weighted quadratic norm, let

ρ(η) = vec[E∗
n(η)Ês] (4.15)

and write the weighted pseudo-signal subspace �tting algorithm as

η̂ = argmin
η

fSSF(η) = argmin
η
ρ∗(η)Wρ(η) , (4.16)

where W is a d(m− d)× d(m− d) Hermitian positive de�nite weighting

matrix. Since the eigenvectors are not unique, some restrictions must

be imposed on W in order to keep fSSF(η) invariant to the choice of

eigenvectors. Since each eigenvector is only determined up to a scaling

by ejφ, it follows directly that W has to be diagonal, W = diag[w].
Furthermore, if Rx has multiple eigenvalues, all eigenvectors sharing the
same eigenvalue must be weighted equally. Speci�cally:

• If λsk
= λsl

, then

w(k−1)(m−d)+i = w(l−1)(m−d)+i

must hold for all i = 1, . . . ,m− d.

• Likewise, if λnk
= λnl

, then

wi(m−d)+k = wi(m−d)+l

must hold for all i = 0, . . . , d− 1.

If the number of distinct pseudo-signal eigenvalues is d′ and the num-

ber of distinct pseudo-noise eigenvalues is q′, then the resulting cost func-
tion can equivalently be written in the form

fSSF(η) =
d′∑
k=1

q′∑
l=1

w′
kl Tr[Π̂sk

Πnl
(η)] , (4.17)



70 4 A Generalization of WSF to Full Rank Models

where Π(·) denotes the projection matrix onto the invariant subspace

corresponding to the eigenvalue λ(·) and w′
kl are elements of w. However,

the more convenient formulation (4.16) will be used in the sequel.

From the theory of Asymptotically Best Consistent (ABC) estima-

tion [SS89], it follows that the optimal choice of W is

W−1
opt = lim

N→∞
N E[ρ(η)ρ∗(η)] (4.18)

and gives the minimum variance performance for any consistent estimator

based on the statistics ρ(η). (The results in [SS89] are given for real

valued signals, but can be readily extended to the complex case as long

as E[ρ(η)ρT (η)] = 0, see also Theorem 4.1.) In Appendix 4.A it is shown

that the optimal weighting matrix is the diagonal matrix

Wopt = diag[vecLns](Λ−1
s ⊗Λ−1

n ) diag[vecLns]

= (diag[vecLns])2(Λ−1
s ⊗Λ−1

n ) ,
(4.19)

where

[
Lns
]
kl

= λnk
− λsl

(4.20)

and ⊗ denotes the Kronecker product. Note thatWopt ful�lls the restric-

tions imposed above, even though they were not used in the derivation.

The resulting cost function, called Weighted Pseudo-Subspace Fitting

(WPSF), can be formulated in a number of di�erent ways, using results

from Lemma A.9,

fWPSF(η) = ρ∗(diag[vecLns])2(Λ−1
s ⊗Λ−1

n )ρ

=vec[E∗
nÊs]

∗(diag[vecLns])2 vec[Λ−1
n E∗

nÊsΛ
−1
s ]

= vec[(LTns � Ê∗
sEn)

∗]∗ vec[Lns � (Λ−1
n E∗

nÊsΛ
−1
s )]

=Tr[(LTns � Ê∗
sEn)(Lns � (Λ−1

n E∗
nÊsΛ

−1
s ))]

=Tr[(LTns � Ê∗
sEn)Λ

−1
n (Lns �E∗

nÊs)Λ
−1
s ] (4.21)

=‖Λ−1/2
n (Lns �E∗

nÊs)Λ
−1/2
s ‖2

F

=‖Λ−1/2
n (ΛnE∗

nÊs −E∗
nÊsΛs)Λ

−1/2
s ‖2

F

=Tr[ÊsΛ
−1
s Ê∗

sEnΛnE
∗
n + ÊsΛsÊ

∗
sEnΛ

−1
n E∗

n − 2ÊsÊ
∗
sEnE

∗
n] ,

where � denotes the Schur Hadamard product.
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For low-rank models, Λn = σ2
nI, which gives

fWPSF(η) = Tr
[
(Λ−1
s σ2

n +Λsσ−2
n − 2I)(Ê∗

sEnE
∗
nÊs)

]
= σ−2

n Tr
[
Λ−1
s (Λs − σ2

nI)
2(Ê∗

sΠ
⊥
AÊs)

]
, (4.22)

the traditional Weighted Subspace Fitting criterion of [VO91], which

shows that WPSF is a direct generalization of ordinary WSF.

The weighting matrix can be replaced by any consistent estimate,

such as

Ŵopt = diag[vec L̂ns](Λ̂
−1

s ⊗ Λ̂
−1

n ) diag[vec L̂ns] , (4.23)

without a�ecting the large sample performance, which leads to the fol-

lowing cost function

fWPSF(η) = ‖Λ̂−1/2

n (Λ̂nE∗
nÊs −E∗

nÊsΛ̂s)Λ̂
−1/2

s ‖2
F (4.24)

=Tr[ÊsΛ̂
−1

s Ê∗
sEnΛ̂nE

∗
n + ÊsΛ̂sÊ

∗
sEnΛ̂

−1

n E∗
n − 2ÊsÊ

∗
sEnE

∗
n] .

Yet another asymptotically equivalent formulation is

fWPSF(η) =Tr[Π̂sR̂−1
x Π̂sΠ⊥

s RxΠ
⊥
s

+ Π̂sR̂xΠ̂sΠ
⊥
s R

−1
x Π⊥

s − 2Π̂sΠ⊥
s ] . (4.25)

4.5 Performance Analysis

In Appendix 4.B we present a derivation of the large sample distribution

of the parameter estimates obtained from (4.16) and in particular from

WPSF (4.21). The results are summarized in the following theorem.

Theorem 4.1. Assume that x(t) ∈ N
(
0,Rx(η0)

)
is temporally white

and that the d largest eigenvalues of Rx(η0) are single.

a) The asymptotic distribution of the parameter estimates obtained as
the minimizer of (4.16) is given by

√
N(η̂ − η0) ∈ AsN(0,C) , (4.26)

where

C =
1
2
(Re[∆∗W∆])−1 Re[∆∗WW−1

opt
W∆] (Re[∆∗W∆])−1

,

∆ =(diag[vecLns])−1(ETs ⊗E∗
n)

∂ vecRx(η)
∂ηT
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and Wopt is given by (4.19).

b) The asymptotic distribution of the WPSF parameter estimates ob-
tained as the minimizer of (4.21) is given by

√
N(η̂ − η0) ∈ AsN(0,Copt) , (4.27)

where

Copt =
1
2
(
Re[∆∗W−1

opt
∆]
)−1

(4.28)

=
1
2

(
Re
[∂ vec∗[Rx(η)]

∂η

(
[R−1
x ]cs ⊗ [R−1

x ]n
)∂ vec[Rx(η)]

∂ηT

])−1

or element-wise

[C−1
opt

]kl = 2ReTr
[
∂Rx
∂ηk

[R−1
x ]n

∂Rx
∂ηl

[R−1
x ]s

]
, (4.28')

where [. . . ]s and [. . . ]n denote the pseudo-signal and pseudo-noise

parts respectively, i.e.

[R−1
x ]s = EsΛ

−1
s E∗

s

[R−1
x ]n = EnΛ

−1
n E∗

n .

4.5.1 Generalizations

The data model and the WPSF algorithm presented above can be gen-

eralized in di�erent ways.

Similarly to the pseudo-signal subspace �tting algorithm derived above,

it is also possible to develop a pseudo-noise subspace �tting algorithm,

�nding the optimally weighted norm for

η̂ = argmin
η
‖E∗

s(η)Ên‖ . (4.29)

Similar calculations show that the optimally weighted pseudo-noise sub-

space �tting algorithm is given by (4.21) with all n and s interchanged

and has the same asymptotic performance (4.28).

For some applications, an alternative parameterization of the pseudo-

signal or pseudo-noise subspace may be available, i.e., we know a matrix

S(η) such that span[S(η)] = span[Es(η)] or a matrix N(η) such that
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span[N(η)] = span[En(η)]. The pseudo-signal and pseudo-noise subspace
�tting algorithms can then be developed from

η̂ = argmin
η

‖N∗(η)Ês‖

η̂ = argmin
η

‖S∗(η)Ên‖ , (4.30)

which with an optimal weighting gives a cost function equivalent to (4.25).

For certain data models, this expression can be further simpli�ed. One

example already mentioned is the traditional low rank data model where

Λn = σ2
nI, which gives the familiar WSF criterion (4.22).

The estimation accuracy will, of course, not be a�ected by these re-

parameterizations.

4.5.2 Comparison to the CRB

Let ξ = [ηT , a, σ2
n]
T denote the full parameter vector, then the Cramér-

Rao lower bound (CRB) on the estimation error variance is given by

N E[(ξ̂ − ξ)(ξ̂ − ξ)T ] ≥ CRB = FIM−1 , (4.31)

where, for Gaussian signals, the Fisher Information Matrix (FIM) is given

by Bangs formula [Ban71] which can be written in the following compact

matrix form

FIM =
∂ vec∗[R(ξ)]

∂ξ
(R−c

x ⊗R−1
x )

∂ vec[R(ξ)]
∂ξT

. (4.32)

Since only the η corner of the CRB matrix is of interest here, we use

the following theorem from [OSR98].

Theorem 4.2. Assume that R(ξ) is the covariance matrix of a tempo-
rally white complex Gaussian signal, where the full parameter vector ξ can
be divided into ξ = [ηTαT ]T , such that R(ξ) is linear in the parameters
α, i.e.

vec[R(ξ)] = Φ(η)α .

Then, the η corner of the CRB matrix is given by

CRBη = (D∗Υ1/2Π⊥
Υ1/2ΦΥ

1/2D)−1 , (4.33)
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where

D =
∂ vec[R(ξ)]

∂ηT
,

Υ = (R−c ⊗R−1)

and (. . . )1/2 denotes the Hermitian square root.

Since the proof in [OSR98] is rather elaborate, a short direct proof is

provided in Appendix 4.C.

This concentrated CRB expression enables a comparison to the WPSF

performance, as shown in the following theorem, proven in Appendix 4.D.

Theorem 4.3. The WPSF algorithm is asymptotically e�cient if and
only if

span
[([Λ−1/2

s ETs
0

]
⊗
[
Λ−1/2
s E∗

s

0

]
+
[

0
Λ−1/2
n ETn

]
⊗
[

0
Λ−1/2
n E∗

n

])]
⊂ span

[
vec[I] vec[Λ−1]

]
. (4.34)

Since the right hand side expression has rank 2, it follows immediately

that WPSF does not reach the CRB if D has column rank > 2 and the

number of sensors, m, is > 2.
Next, we study the alternative parameterization given in the tradi-

tional point source model (1.1), (1.6). Using the new expressions given

in Theorems 4.1 and 4.2, it is possible to give a direct algebraic proof of

the following well-known fact. So far, it has only been proven by indirect

methods [OWVK89, SN90, HN94].

Theorem 4.4. For the point source model (1.6), the WSF algorithm
given by (4.22) is asymptotically e�cient. In other words, the asymp-
totic performance given by Theorem 4.1 coincides with the CRB given by
Theorem 4.2.

The proof is provided in Appendix 4.E.

4.6 Numerical Examples

4.6.1 Single Source with Local Scattering

Consider an antenna array scenario with a single source subject to local

scattering as described in Section 2.2.
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Figure 4.3: Theoretical and empirical performance of the weighted

pseudo-signal subspace �tting algorithm for di�erent values of d.
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The array is uniform and linear with m = 8 elements separated

∆ = 1/2 wavelengths. The source is located at θ = 0◦ and we vary

the angular spread, σθ, from 1◦ − 10◦. The scattering is assumed to

have a Gaussian angular distribution, which means that the data model

is approximately given by (2.21). The SNR is 10dB and each estimate is

calculated from a data burst with N = 100 samples. The cost function

fWPSF(η) of (4.21) is optimized with a Gauss-Newton numerical search

initialized at the true value.

Figure 4.3 shows the empirical performance of the WPSF algorithm

for estimation of θ̂ (top) and σ̂θ (bottom), averaged over 500 experiments,
together with the theoretical performance given by (4.28) and the CRB.

The results obtained from three di�erent choices of the pseudo-signal

subspace dimension, d = 1, 2, 3, are shown.
As can be seen from the �gure, WPSF does not reach the CRB for

this data model. For the model of local scattering, the numerical rank of

Rx increases with an increasing spread angle. As could be expected, the

algorithm performs best when d is chosen as the number of eigenvalues

that are signi�cantly larger than the noise level. When d is chosen higher
than the numerical rank (i.e. when d = 3 and σθ < 3◦ in the example),

the predicted accuracy is very poor and the numerical search has probably

not found the global minimum. Otherwise, the simulation results agree

well with the theory.

4.6.2 Two Sources with Local Scattering

In a second example, we simulate a scenario with two uncorrelated sources,

using the same 8 element ULA, N = 100 and 20 dB SNR relative to the

source of interest, which is kept �xed at θ1 = 5◦. A second source, 10 dB

stronger, is moved between 15◦and 40◦. Both sources have a Gaussian

distributed angular spread of σθ = 3◦. The RMS errors of the parameters

of the �xed source are shown in Figure 4.4. In addition to the location

parameters of each source, the relative power di�erence between the two

sources is also estimated.

In this example, the deviations between the theoretically predicted

performance and the empirical results are larger. One important rea-

son is the numerical di�culty to �nd the global optimum of the cost

function. Also, the theoretical curve for d = 2, indicates problems with
identi�ability. Again, the algorithm does not reach the CRB.
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Figure 4.4: Theoretical and empirical performance of the weighted

pseudo-signal subspace �tting algorithm for a two-source scenario.
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4.7 Conclusions

We have generalized the concept of weighted subspace �tting to data

models where the true signal model is full rank. The large sample per-

formance and the optimal weighting matrix have been derived. In con-

trast to the previously suggested generalizations of the MUSIC algorithm,

DISPARE [MSW96] and DSPE [VCK95], our Weighted Pseudo-Subspace

Fitting algorithm provides consistent estimates.

In general, the weighted pseudo-subspace �tting estimator will not

be asymptotically e�cient and since both ML and weighted covariance

matching [TO96] do provide asymptotically e�cient estimates at a com-

parable or even lower computational cost, the WSF algorithm is not

primarily intended for practical implementation. Rather, the theoreti-

cal results show the optimal performance that can be obtained by any

algorithm that uses a low-rank approximation of the data covariance ma-

trix. Several other algorithms can be seen as approximations of WPSF,

both the previously mentioned DSPE and DISPARE, but also, for ex-

ample, the low complexity algorithm presented in Chapter 3, which can

be seen as an approximation of (4.30) where S(η) is approximated by

the array response of two closely separated point sources. We hope that

the framework presented here will be useful also in the design of other

low-complexity algorithms.

Finally, the results can provide additional insight on the classical WSF

algorithm.
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Appendix 4.A Optimal Weighting Matrix

In order to show thatWopt of (4.19) is the optimal choice ofW in (4.16),

it su�ces to show that

N E[ρ(η)ρ∗(η)] →W−1
opt, as N → ∞

and

N E[ρ(η)ρT (η)] → 0, as N → ∞ .

To this end, note from Theorem A.5 and Lemma A.9 that

ρ = vec[E∗
n(η)Ês] = − vec[Mns � (E∗

nR̃Es)] +O(‖R̃‖2)

= − diag[vecMns] vec[E∗
nR̃Es] +O(‖R̃‖2) ,

which combined with Lemma A.7 gives

E[ρρ∗] = diag[vecMns] E[vec[E∗
nR̃Es](vec[E

∗
nR̃Es])

∗]

× diag[vecMns] + o
( 1
N

)
=

1
N

diag[vecMns](Λs ⊗Λn) diag[vecMns] + o
( 1
N

)
and

E[ρρT ] = diag[vecMns] E[vec[E∗
nR̃Es](vec[E

∗
nR̃Es])

T ]

× diag[vecMns] + o
( 1
N

)
=

1
N

diag[vecMns](ETsR
cEcn ⊗E∗

nREs)Z

× diag[vecMns] + o
( 1
N

)
= o
( 1
N

)
,

which gives the desired result.

Appendix 4.B Asymptotic Performance

The notation Op(·) and op(·) is used below to denote the probability

version of the corresponding deterministic notation, see e.g. [Chu74].
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A standard Taylor expansion argument [Lju87] shows that

η̃ = η̂ − η0 = −H−1 ∂fSSF(η)
∂η

+O(‖R̃‖2)

if

∂2fSSF(η)
∂η2

|η=η0
→ H in quadratic mean when N → ∞. (4.35)

Let

ρ′k =
∂ρ

∂ηk
= vec

[
∂

∂ηk
E∗
n(η)Es

]
+ Op(1/

√
N)

=vec
[
Mns � (E∗

n

∂R(η)
∂ηk

Es)
]
+Op(1/

√
N)

=diag[vecMns](ETs ⊗E∗
n) vec

[
∂R(η)
∂ηk

]
+Op(1/

√
N) ,

where the third equality follows from Corollary A.6. Since

∂fSSF
∂ηk

= ρ′
∗
k Wρ+ ρ∗Wρ′k ,

we have

N E
[∂fSSF

∂ηk

∂fSSF
∂ηl

]
=2N Re[ρ′

∗
k WE[ρρ∗]Wρ′l] + 2N Re[ρ′

∗
k WE[ρρT ]WTρ′

c

l ]

→ 2Re[ρ′
∗
k WW−1

optWρ′l]

as N → ∞, which, collecting all the derivatives (minus the vanishing

term) in a matrix

∆ =
[
ρ′1 ρ′2 · · · ρ′p

]
= diag[vecMns](ETs ⊗E∗

n)
∂ vec[R(η)]

∂ηT
,

can be compactly written as

lim
N→∞

N E
[∂fSSF

∂η

∂fSSF
∂ηT

]
= 2Re[∆∗WW−1

optW∆] . (4.36)
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Likewise, it is easily seen that H = 2Re[∆∗W∆], since

∂2fSSF
∂ηηT

= 2Re[∆∗W∆] + op(1) . (4.37)

Combining (4.35), (4.36) and (4.37) proves part a) of Theorem 4.1.

Introduce the notation

D =
∂ vec[R(η)]

∂ηT
. (4.38)

When W = Wopt,

C−1
opt =2N Re[∆∗Wopt∆]

=2N Re
[
D∗(Ecs ⊗En) diag[vecMns] diag[vecLns](Λ−1

s ⊗Λ−1
n )

× diag[vecLns] diag[vecMns](ETs ⊗E∗
n)D

]
=2N Re

[
D∗(EcsΛ

−1
s ETs ⊗EnΛ

−1
n E∗

n)D
]
,

which proves (4.28) and an application of Lemma A.9 gives the element-

wise expression

[C−1
opt]kl =

∂ vec∗[R(η)]
∂ηk

(
[R−1
x ]cs ⊗ [R−1

x ]n
) ∂ vec[R(η)]

∂ηl

=vec∗
[∂R(η)

∂ηk

]
vec
[
[R−1
x ]n

∂R(η)
∂ηk

[R−1
x ]∗s

]

=Tr
[∂R(η)

∂ηk
[R−1
x ]n

∂R(η)
∂ηk

[R−1
x ]s

]
.

Appendix 4.C Proof of Theorem 4.2

First, note that

∂ vec[R(ξ)]
∂ξT

=
[
D Φ

]
.

Using Bangs formula (4.32) and the matrix inversion lemma gives

FIM =
[
D∗

Φ∗

]
Υ
[
D Φ

]
=
[
D∗ΥD D∗ΥΦ
Φ∗ΥD Φ∗ΥΦ

]
CRBη = (D∗ΥD−D∗ΥΦ(Φ∗ΥΦ)−1Φ∗ΥD)−1

= (D∗Υ1/2Π⊥
Υ1/2ΦΥ

1/2D)−1 ,
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since CRBη is the top left corner of FIM−1.

Appendix 4.D Proof of Theorem 4.3

Introduce the following notation

Qs = EsΛ
−1/2
s E∗

s

Qn = EnΛ
−1/2
n E∗

n

and note that

Υ1/2 = R−c/2
x ⊗R−1/2

x

= Qcs ⊗Qs +Qcn ⊗Qn +Qcn ⊗Qs +Qcs ⊗Qn .
(4.39)

We wish to compare

C−1
opt = D∗(Qcn ⊗Qs +Qcs ⊗Qn)2D

and

CRB−1
η = D∗Υ1/2Π⊥

Υ1/2ΦΥ
1/2D .

Here, α = [|a|2, σ2
n]T and from the data model (4.8),

Φ =
∂ vec[Rx]

∂αT
=
[
vecRy vec I

]
=
[
vec 1

|a|2 (Rx − σ2
nI) vec I

]
,

which gives

Υ1/2Φ =
[
vec[R−1/2

x RyR
−∗/2
x ] vec[R−1/2

x R−∗/2
x ]

]
= (Ec ⊗E)

[
vec[ 1

|a|2 (I− σ2
nΛ

−1)] vec[Λ−1]
]

.

This shows that

(Qcs ⊗Qn +Qcn ⊗Qs)Π⊥
Υ1/2Φ = (Qcs ⊗Qn +Qcn ⊗Qs) ,

since

(Qcs ⊗Qn)Υ1/2Φ = (Qcn ⊗Qs)Υ1/2Φ = 0 .

It follows that Copt and CRBη are equal i�

Π⊥
Υ1/2Φ(Q

c
s ⊗Qs +Qcn ⊗Qn)D = 0 ,
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which is equivalent to the condition (4.34) since

(Qcs ⊗Qs +Qcn ⊗Qn) = (Ec ⊗E)
([Λ−1/2

s ETs
0

]
⊗
[
Λ−1/2
s E∗

s

0

]

+
[

0
Λ−1/2
n ETn

]
⊗
[

0
Λ−1/2
n E∗

n

])

and

span[Υ1/2Φ] = span
[
(Ec ⊗E)

[
vec[I] vec[Λ−1]

]]
.

Appendix 4.E Proof of Theorem 4.4

To outline the proof before going into the details, we wish to show, just

as in the previous proof, that

C−1
opt = D∗(Qcn ⊗Qs +Qcs ⊗Qn)2D

= D∗Υ1/2Π⊥
Υ1/2ΦΥ

1/2D = CRB−1
η

This will follow from

ΠΥ1/2Φ(Qcs ⊗Qn +Qcn ⊗Qs)D = 0 (4.40)

ΠΥ1/2Φ(Qcs ⊗Qs +Qcn ⊗Qn)D = (Qcs ⊗Qs +Qcn ⊗Qn)D

where the second identity will be further subdivided into

span[(Qcs ⊗Qs)] ⊂ span[Υ1/2Φ] (4.41)

(Qcn ⊗Qn)D = 0 (4.42)

Finally, for completeness, we verify that our expression for Copt is equiv-

alent to the traditional performance expressions for WSF.

To this end, let β be a d × d vector of the real valued parameters

of a Hermitian matrix P in some speci�ed order. Then, there exists an

invertible matrix Ψ such that

vec[P] = Ψβ
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If we let α = [βT , σ2
n]
T denote the vector of linear parameters and

ξ = [θT ,αT ]T be the full parameter vector, then

Φ =
∂ vec[Rx]

∂αT
=
[
(Ac ⊗A)Ψ vec[I]

]
From (4.39) it follows that

Υ1/2Φ =
[
(QcsA

c ⊗QsA)Ψ vec[R−1]
]

which immediately shows (4.40) since

(Qcs ⊗Qn)Υ1/2Φ = (Qcn ⊗Qs)Υ1/2Φ = 0 .

Secondly, (4.42) follows from

∂Rx
∂θk

= AP[0 . . .
∂a(θk)
∂θk

. . . 0]∗ + [0 . . .
∂a(θk)
∂θk

. . . 0]PA∗

which gives the desired

(Qcn ⊗Qn)D =
[
vec
[
Qcn

∂Rx

∂θ1
Q∗
n

]
· · ·

]
= 0

Next, let T = Ψ−1(A†c ⊗A†) and note that

(QcsA
c ⊗QsA)ΨT = (QcsΠ

c
A ⊗QsΠA) = (Qcs ⊗Qs)

which shows (4.41) and concludes the main part of the proof.

Finally, use the element-wise expression (4.28') to get

[C−1
opt]kl =2ReTr

[
∂Rx
∂θk

Enσ−2
n E∗

n

∂Rx
∂θl

EsΛ−1
s E∗

s

]

=
2
σ2
n

ReTr
[
AP[0 . . .

∂a(θk)
∂θk

. . . 0]∗Π⊥
A

× [0 . . .
∂a(θl)
∂θl

. . . 0]PA∗EsΛ−1
s E∗

s

]

=
2
σ2
n

ReTr
[
P[0 . . .

∂a(θk)
∂θk

. . . 0]∗Π⊥
A

× [0 . . .
∂a(θl)
∂θl

. . . 0]PA∗R−1
x A

]
which gives the familiar performance expression for WSF, given in [SS90b,

VO91].



Chapter 5

Experimental Channel

Rank Evaluations

5.1 Introduction

As in all system identi�cation, the estimation of physical channel param-

eters from experimental data is an elaborate task. Not only the calibra-

tion of the measurement equipment but also the choice of a relevant data

model will have a strong in�uence on the quality of the results. It is

also crucial to use a statistically sound estimation procedure. During the

last years, a number of di�erent studies have been presented that try to

describe the temporal and spatial characteristics, both theoretically and

experimentally, of the radio channel. See e.g. [ECS+98, PMF99] and the

references therein. Also, the properties of a dual polarized antenna have

been thoroughly investigated [Vau90, TAJK95, LLS98].

In order to characterize the multipath propagation present in many

real world scenarios, concepts like delay spread, angular spread, signal

cross correlation and cross polarization discrimination have been intro-

duced. However, since di�erent researchers use di�erent de�nitions of

these concepts, the results reported can in some cases di�er by an order

of magnitude, even for similar propagation environments.

The intention here is to �nd some basic characterizations of a diversity

channel without trying to estimate any physical parameters. We believe

that this is a natural �rst step in the evaluation of a data set that can

provide guidance in the choice of a more speci�c channel model. Fur-
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thermore, a channel characterization on this level may actually provide

enough information to be able to predict several aspects of the system

performance.

The measures presented in this chapter do all provide di�erent views

of the intuitive but somewhat vague notion of an �eigenvalue spread� of

a diversity channel. Since only the eigenvalues of the sample channel

correlation matrix are used, the results will not be highly sensitive to

calibration errors in the measurement equipment.

For an uplink situation, we introduce two measures, a channel rank
pro�le that describes the rank of the instantaneous channel realizations

and a diversity gain based on the channel correlation matrix averaged

over the fast fading. The diversity gain is directly related to the bit error

rate of a maximum ratio combining receiver.

In downlink, the ability to suppress interfering signals to co-channel

users is more critical than having optimal reception at the desired user,

see Chapter 7. Therefore, we introduce an interference suppression pro�le
that gives a rough indication of the downlink system capacity.

The di�erent measures are illustrated with results obtained from mea-

surements performed with a dual polarized antenna array.

5.1.1 Measurement Setup

Field measurements have been performed by Ericsson Radio Systems AB

and Mannesmann Mobilfunk GmbH, using the Ericsson GSM testbed

for adaptive antennas [AFK+97]. The testbed works in the DCS 1800

band and consists of a dual polarized antenna array with four outputs

for each polarization and one standard dual polarized GSM sector an-

tenna. The antenna polarizations are oriented ±45◦. Data was collected
in suburban/urban parts of Düsseldorf, Germany. The mobile transmit-

ting source was mounted on a car and the average speed was 30 km/h.

For more details on the measurement campaign, please refer to [AFK+97].

Estimation of physical parameters from these data has also been reported

in [Pel99, Ast99], for example.

5.2 Instantaneous Channel Rank

First, we want to determine the instantaneous channel rank during each

GSM burst. Assume that we have estimated an unstructured tapped
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delay line impulse response

x(t) =
M−1∑
i=0

h(i)s(t− i) , (5.1)

of the channel for each data burst. Introduce the spatio-temporal channel

matrix H and its Singular Value Decomposition (SVD) [GL96],

H =
[
h(0) h(1) · · · h(M − 1)

]
=

M∑
i=1

σiuiv∗
i . (5.2)

Then, the eigenvalues of the spatial sample correlation matrix

R̂x = 1/M
M−1∑
i=0

h(i)h(i)∗ = 1/M HH∗

are given by λi = σ2
i /M . Note that the non-zero eigenvalues of the

temporal correlation matrix 1/mH∗H and the spatial correlation matrix

1/M HH∗ are identical except for a scaling as long as the sample average
is calculated over a single burst. Thus, we can talk about the instanta-

neous rank of the spatio-temporal channel. It is illustrative to consider

some examples of the rank of a two-ray channel. Two line-of-sight paths

with the same direction but di�erent delay will only give a rank one con-

tribution and the same happens with two paths from di�erent directions

but no time di�erence. On the other hand, if the both the directions and

the delays di�er, the contribution is rank two. Also, a common transmit

or receive �lter on all sub-channels will not a�ect the rank as long as the

�lter can be considered linear in the sampled data.

The best rank r approximation of the channel is [GL96]

Hr =
r∑
i=1

σiuiv∗
i (5.3)

and the relative power of the approximation error compared to the full

signal power is

εr =
∑M
i=r+1 σ2

i∑M
i=1 σ2

i

. (5.4)
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Figure 5.1: Channel rank pro�le for a 4 element array.
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Figure 5.2: Channel rank pro�le for a 4+4 element array.
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One way to visualize how often the instantaneous channel has a certain

rank, is to plot a channel rank pro�le that for each rank r shows the

cumulative density function of the relative model error if the channel is

approximated by a model of rank r.

As an example, we show in Figure 5.1 the channel rank pro�le ob-

tained using the 4 antennas in one polarization from a measurement in

a suburban area. The corresponding rank pro�le for the 8 outputs in

both polarizations is shown in Figure 5.2. Using Figure 5.1, it can for

example be seen that a rank one channel model will describe 0.9 of the

total signal power in 80% of the cases and 0.99 of the signal in 15% of

the cases. A rank two model, on the other hand, will explain 0.99 of

the signal power in 80% of all data bursts in this speci�c measurement

campaign. Channels with rank one have been observed even more often

in other measurements.

The channel matrix H was estimated with the least squares method

since the full transmitted signal was known. The symbol synchroniza-

tion was determined to minimize the residual signal error. Since the LS

estimate is robust to over-modeling, M = 16 was used. The results are

calculated from a set of 10000 GSM bursts from a single measurement

route.

5.3 Diversity Gain

If the channel rank pro�le reveals that a rank one channel is a good model

for the instantaneous fading realization, we now present a rank measure

which is based on the channel correlation matrix averaged over the fast

fading. If the instantaneous space-time channel has rank higher than

one, a space-time array response vector can be formed by vectorizing a

number of columns of the H matrix, to obtain a rank one data model.

The derivation of the diversity gain measure presented here is based

on an uplink formulation. However, a high channel uncertainty that will

give high diversity in the uplink will correspond to a di�cult downlink

situation. Therefore, this measure will also be (negatively) related to the

downlink performance. In the next section, we will present an alternative

channel characterization that is directly based on a downlink formulation.
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5.3.1 Theory

Assume a narrow-band communication channel with a single input and L
outputs, where each of the diversity branches is Rayleigh fading. Thus,

the vector x(t) of complex valued channel output baseband signals is

modeled by

x(t) = vs(t) + n(t) , (5.5)

where s(t) is the transmitted scalar baseband signal, n(t) is complex zero-
mean white Gaussian noise with E[n(t1)n∗(t2)] = 2N0Iδt1,t2 and where

the channel vector v is complex zero-mean Gaussian with E[vv∗] = R.

We allow for correlated fading between the di�erent branches, corre-

sponding to a non-diagonal channel covariance matrix R. This model

can be applied to e.g. polarization diversity from a dual polarized an-

tenna, spatial diversity from an antenna array or temporal diversity from

a tapped delay line. In the examples below, we consider polarization and

spatial diversity.

Let λ1 ≥ λ2 ≥ · · · ≥ λL denote the eigenvalues of the data covariance

matrix R. De�ne the normalized eigenvalues by

λ̄i =
λi

1/L
∑L
k=1 λk

(5.6)

and let ρ = (
∑L
k=1 λk)/LN0 be the average SNR among the L diversity

branches.

For binary signaling, it is shown in [Pro95] that with a maximum

ratio combining (MRC) receiver, the bit error probability for high SNR

is given by

Pe ≈ CL
1
ρL

L∏
k=1

1
λ̄k

, (5.7)

where the constant CL depends on the modulation. For e.g. BPSK,

CL =
(
2L−1
L

)
2−L. The approximation (5.7) holds also for non-binary

modulations such as M-PSK.

As a measure of the diversity gain, we de�ne γ as

γ =

(
L∏
k=1

λ̄k

)1/L

=
(
∏L
k=1 λk)1/L

1/L
∑L
k=1 λk

=
(det[R])1/L

1/LTr[R]
, (5.8)
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meaning that our system gives the same bit error probability as a full

diversity system with L independent equal gain channels, each with SNR

a factor γ times ρ, the average SNR of our system.

If the numerical rank L′ of R is less than L, γ ≈ 0, indicating that

when the SNR goes to in�nity, the gain di�erence between our system and

an L degree full diversity system will grow without bound. To handle such

situations, we generalize the de�nition to a rank M (M ≤ L) diversity
gain, given by

γM =
(
∏M
k=1 λk)1/M

1/M
∑M
k=1 λk

, (5.9)

which gives the SNR loss of a reduced rank diversity receiver with M
RAKE �ngers, compared to a M :th order system with full diversity.

Note that the diversity gain for systems of di�erent dimensionality

cannot be compared quantitatively without specifying a certain modula-

tion and error probability. However, the reduced rank diversity gain can

be used to give comparable numbers, even though the full potential of

the higher-dimensional system is not re�ected.

A common measure of the diversity gain for a dual polarized antenna

is the cross-polarization discrimination (XPD). When using MRC, the

physical orientation of the two polarized antennas is irrelevant, so we

de�ne the XPD as χ = λ1/λ2. Our diversity measure is then related to

the XPD by

γ =
2
√
χ

(1 + χ)
. (5.10)

5.3.2 Measurement Results

For the spatial diversity, we studied the four-dimensional signal vector

received in one of the polarizations of the antenna array. Since the trans-

mitted bit stream was available, it was used to estimate one dominant

array response vector v̂ for each GSM burst (the time delay spread was

very small in these measurements). A data covariance matrix R̂ was es-

timated from a sliding window over 30 consecutive bursts, in the speci�c

time slot, using

R̂i =
1
30

i∑
k=i−29

v̂iv̂
∗
i
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Figure 5.3: Estimated spatial diversity gain.

and the corresponding diversity gain was calculated from (5.8).

For the polarization diversity, the same strategy was used on the two

outputs from the sector antenna.

Figure 5.3 shows a typical result of the spatial diversity from a mea-

surement sequence of 2000 bursts. In Figure 5.4, the polarization di-

versity for the corresponding sequence is shown. In order to enable a

quantitative comparison of the two forms of diversity, we have plotted

the rank 2 spatial diversity gain in Figure 5.5, to be compared with Fig-

ure 5.4. It is interesting to note that even with a 2 �nger spatial RAKE

receiver, the diversity performance of the antenna array is comparable to

the dual polarized sector antenna, although the total array aperture is

only about 2.5 wavelengths. A related analysis is presented in [TAJK95].

In the di�erent measurement campaigns, we have observed diversity

gain values according to Table 5.1. The polarization diversity corresponds

well to XPD values reported previously in the literature [Vau90, TAJK95,

LLS98].
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Figure 5.4: Estimated polarization diversity gain.

Total range (dB) Average (dB)

Spatial −18 . . .− 4 −12 . . .− 8
Spatial, rank 2 −9 . . .0 −5 . . .− 2
Polarization −4 . . .0 −2 . . .− 0.5
Corresponding XPD −14 . . .0 −9 . . .− 4

Table 5.1: Gain values observed in the data

5.4 Downlink Interference Suppression Ca-

pability

We consider a downlink situation with d co-channel mobiles and a single

base station equipped with an m element antenna array. When trans-

mitting to one user, a spatial �lter, i.e. a beamformer, may be used

to actively suppress the signal transmitted to the other users. Several

beamforming strategies are presented in Chapters 6 and 7 and the opti-

mal performance will depend on the di�erence between the channels for

the di�erent users. Here, we present an extremely simpli�ed rough esti-

mate of the signal to interference level achievable at each mobile, which
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Figure 5.5: Estimated spatial rank 2 diversity gain.

will result in yet another channel rank measure.

The beamformer providesm degrees of freedom. As a simple strategy,

we assign one degree of freedom to determine the received signal power

at the desired user and divide the remaining degrees of freedom evenly

among the other users, which gives p = �(m − 1)/(d − 1)� degrees of

freedom to suppress the signal to each interfered user.

Just as in Section 5.3, λ1 ≥ λ2 ≥ · · · ≥ λm denotes the eigenvalues

of the channel correlation matrix averaged over the fast fading. The

minimum gain to an interfered user, using p degrees of freedom, is at most
λp+1. The resulting gain to the user of interest could be anything between

λm and λ1, but we use the most optimistic guess λ1. Normalizing the

desired signal gain to one, the relative interference contribution between

two users is

ρp =
λp
λ1

. (5.11)

The resulting signal to interference level at each user is 1/((d− 1) ρp).
In Figure 5.6, we plot the relative interference level ρp for the same

data bursts as in Figure 5.3. Figure 5.7 shows an interference suppres-
sion pro�le with the cumulative density of the interference level of the
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Figure 5.6: Interference suppression level for a 4 element array.
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Figure 5.7: Interference suppression pro�le for a 4 element array.
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Figure 5.8: Interference suppression pro�le for a 4+4 element array.

same 4 element antenna, for di�erent number of degrees of freedom, es-

timated from a measurement campaign with 10 000 data bursts. The

corresponding interference suppression pro�le for the 8 antenna outputs

in both polarizations, is shown in Figure 5.8. The channel eigenvalues

were estimated in the same way as in Section 5.3.2.

5.5 Conclusions

We have presented di�erent methods to characterize the radio channel in

a cellular system, using channel measurements. We �rst evaluated the

rank of each channel realization, using a channel rank pro�le. Then, we

analyzed the correlation matrix of the channel fading, averaged over the

fast fading. Two such measures were presented, one for the uplink and

one for the downlink.

Based on an uplink formulation, we showed that the ratio between

the geometric and the arithmetic mean of the channel eigenvalues, gives

a diversity gain measure directly related to the bit error rate of an MRC

receiver.

For the downlink situation, we showed how to approximate the co-
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channel interference suppression that can be obtained if the transmitting

antenna array knows the channel correlation matrix.

These channel characteristics can be applied to any linear single input

multiple output system, which enables a uni�ed analysis of both spatial

diversity and polarization diversity, for example. However, the diversity

gain measure cannot be used directly to compare two systems with dif-

ferent number of output signals. To handle this situation, we introduced

a reduced rank diversity gain measure.

This chapter does also show the importance of the channel rank. In

many system considerations, the rank or �eigenvalue spread� of the chan-

nels is more relevant than concepts like delay spread or angular spread.

In addition, no physically parameterized channel models are necessary.

Note, however, that physical channel models, such as those described

in the previous chapters, may prove necessary in order to implement the

system gains predicted by the rank considerations.





Part II

Beamforming





Chapter 6

Optimal Transmit

Beamforming Using

Convex Optimization

6.1 Introduction

The use of antenna arrays brings new possibilities in the design of mobile

communications systems. It is well known that the system capacity in

non-CDMA systems, especially in FDD systems, is more limited in the

downlink than in the uplink [Zet97, God97a]. Yet, the literature on

beamforming for transmission is relatively limited, compared to the well

investigated topic of beamforming for a receiving antenna array. Some

results on downlink beamforming can be found in [GF97, WT97, Zet97,

MB95, RFLT98, MS98].

The simplest transmit strategy is to use standard beamforming, i.e., to

point the main lobe of the antenna array in the direction of the speci�c

receiver [MM80]. Knowing the channel to nearby co-channel users, it

is possible to actively suppress the signal to the interfered users. In

[RFLT97], Rashid-Farrokhi et al. formulated the beamforming design as

a constrained optimization problem and presented an algorithm that �nds

a feasible solution. Later, the same authors [RFLT98] and Visotsky and

Madhow [VM99] have independently shown that a minor modi�cation

of the original algorithm will �nd the global optimum with geometric

convergence.
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In this chapter, we consider the same optimization problem, namely

to minimize the total transmitted power while maintaining a certain

quality of service for all users, but present an alternative solution us-

ing convex optimization. This gives several advantages. First of all, the

optimal solution can be e�ciently calculated using standard algorithms

for semide�nite optimization [VB96, Stu99], which also quickly detect

infeasible situations. Secondly, with this technique, it is very easy to

introduce modi�cations, for example adding extra constraints on the dy-

namic range or adding increased robustness against channel estimation

errors. With the original problem formulation, our method gives a solu-

tion in the form of a standard �xed beamformer. When modi�cations are

introduced this will not always be true, but in these cases the optimal

solution can be implemented using a time-varying beamformer � a space

time code [TSC98]. Note however that the problem formulations we con-

sider here do not explicitly take the transmit diversity into account and

will not necessarily give any coding gain.

Convex optimization [BV99], in particular semide�nite programming,

is one of the major breakthroughs in the area of mathematical optimiza-

tion during the last decade. Semide�nite programming extends tradi-

tional linear programming by also including constraints that matrices

formed by linear combinations of the problem variables should be pos-

itive semide�nite. Several interior point methods, originally introduced

for linear programming, have been extended to semide�nite problems

and can in fact �nd the optimum with the same polynomial worst-case

complexity as for linear problems [NN94]. Semide�nite programming has

successfully been applied in several application areas, including combina-

torial optimization [AW98] and control theory [VB96]. To our knowledge,

convex optimization for beamformer design has previously only been used

with traditional �lter design-type constraints on passbands and side-lobe

levels [LB97], but not within the framework of statistically optimal beam-

forming.

We study the joint design of the beamformers for all co-channel users

within a large region which could include several cells. The optimal so-

lution must be solved jointly since every transmitted signal will a�ect

all receivers. In a practical system, a decentralized suboptimal solution

may be preferable to reduce the overhead of collecting all channel mea-

surements. The optimal solution does still provide a valuable benchmark

for evaluation of other algorithms and for use in system simulations and

capacity studies.

As was discussed in Chapter 1.4, the downlink channel can typically
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not be directly estimated at the base stations. Throughout this chapter,

we assume that a stochastic characterization of all the downlink trans-

mission channels is known, for all involved base stations and co-channel

mobiles within the area.

The chapter is organized as follows. The system model and the basic

assumptions are presented in Section 6.2. In Section 6.3, we �rst state the

problem and show how it can be solved using a semide�nite relaxation.

Then we show how to incorporate additional constraints and give a short

overview of some suboptimal solutions. Section 6.4 gives some remarks

on the problem of combined uplink beamforming and power control and

�nally we present a few numerical examples in Section 6.5. The appendix

gives the details of some results used in Section 6.3.

6.2 System Model

We consider a system, where a number of co-channel mobile users are

served by one or more base stations and each base station is equipped

with an antenna array. We will design the beamformers assuming a

stationary scenario where the fast (Rayleigh) fading is described by its

second order properties. We also assume narrow-band signals without any

time dispersion, i.e., the channel fading is frequency �at. The model can

easily be extended to frequency selective channels, taking both co-channel

interference and inter-symbol interference into account, see [RFLT98].

In the baseband, the signal received by the ith mobile, i = 1, . . . , d, is
given by

ri(t) =
K∑
k=1

v∗
i,kxk(t) + ni(t) , (6.1)

where (·)∗ denotes Hermitian vector transpose. Here, xk(t) is the complex
valued m×1 vector of the baseband signals transmitted at the m antenna

elements of base station k and ni(t) is zero mean white complex noise

with variance σ2
i . The channel from base station k to mobile i is given

by the random complex valued vector vi,k with correlation matrix

Ri,k = E[vi,kv
∗
i,k] . (6.2)

In the special case of line-of-sight transmission or in a system capable of

tracking the fast fading of the downlink channel, Ri,k = hi,kh
∗
i,k, where
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hi,k is a deterministic array response vector, but in general,Ri,k can have
any rank because of specular or di�use multi-path propagation.

Each mobile is allocated to one base station and κ(i) is used to denote
the base station allocated for mobile i. Likewise, I(k) = {i|κ(i) = k}
denotes the indices of the set of mobiles allocated to base k. We will use

the shorthand notation Ri for Ri,κ(i).
The signal transmitted at base k is given by

xk(t) =
∑
i∈I(k)

wisi(t) , (6.3)

where si(t) is the scalar data sequence intended for user i and wi is the
beamforming weight vector for transmission from base κ(i) to mobile i.
For simplicity we assume that all si(t) are uncorrelated and have the

same power E[|si(t)|2] = 1.

6.3 Algorithms

We consider the design of the beamformers wi given estimates of all Ri,k
and σ2

i . The goal is to minimize the total transmitted power for all base

stations

P =
d∑
i=1

‖wi‖2 (6.4)

while maintaining an acceptable quality of service for all users. We will

�rst consider an SINR threshold and then show how additional con-

straints can be used to gain increased robustness against estimation errors

in the channel covariance matrices or to handle a limited dynamic range.

6.3.1 Optimal Beamforming

We consider the same problem formulation as in [RFLT98, VM99], namely

to minimize the total transmitted power under the constraint that the

received SINR at each mobile is above a certain threshold, SINRi ≥ γi.
This gives the following optimization problem

min
d∑
i=1

‖wi‖2

s.t.
w∗
iRiwi∑

n=iw∗
nRi,κ(n)wn + σ2

i

≥ γi, i = 1, . . . , d ,

(6.5)
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or equivalently,

min
d∑
i=1

w∗
iwi (6.6)

s.t. w∗
iRiwi − γi

∑
n=i

w∗
nRi,κ(n)wn ≥ γiσ

2
i , i = 1, . . . , d .

It is easy to show that all constraints must be active at the optimum

[VM99], thus the inequality in (6.6) can be replaced by an equality.

We �rst consider the special case when all the channel matrices Ri to
the desired mobiles have rank one. This is the case speci�cally treated

in [RFLT98, VM99] even though their algorithm can easily be extended

to our more general data model. Then, w∗
iRiwi = |w∗

i hi|2 and since the

phase of the beamformer was left unspeci�ed in (6.5), we can without

loss of generality add the constraints w∗
i hi ≥ 0 which gives the following

problem.

min
d∑
i=1

w∗
iwi

s.t. (w∗
i hi)

2 ≥ γi


∑
n=i

w∗
nRi,κ(n)wn + σ2

i


 ,

w∗
i hi ≥ 0, i = 1, . . . , d .

(6.7)

However, these constraints are just an a�ne transformation of the convex

second-order cone {x, y| ‖x‖2 ≤ y2, y ≥ 0}, which shows that this is a

convex problem which can be e�ciently solved using standard methods

for convex optimization [LVBL98].

In the general case, the original constraint set, (6.6) is not convex, but

we will show that the problem still can be e�ciently solved using convex

optimization.

To this end, introduce a relaxation of the problem, de�ning the matri-

ces Wi = wiw
∗
i and using the rule w∗Rw = Tr[Rww∗] to rewrite (6.6)



106 6 Optimal Transmit Beamforming

into

min
d∑
i=1

Tr[Wi]

s.t. Tr[RiWi]− γi
∑
n=i

Tr[Ri,κ(n)Wn] = γiσ
2
i ,

Wi = W∗
i ,

Wi � 0, i = 1, . . . , d .

(6.8)

Here, the notation W � 0 means that W is positive semide�nite. Note

that with the additional constraints rank[Wi] = 1, (6.8) is equivalent

to (6.6), thus if the optimal solution of (6.8) has rank[Wi] = 1 for all i,
then it is also an optimal solution of (6.5). Relaxing the rank ofWi gives

a semide�nite optimization problem with an optimal cost that always

is a lower bound for the original problem. This technique is called a

Lagrangian relaxation [AW98, VB96] since it is the Lagrangian dual of

the dual of the original problem.

For this speci�c problem, however, we can show a much stronger

result, namely

Theorem 6.1. If (6.8) has a feasible solution, then it has at least one
optimal solution where rank[Wi] = 1, for all i = 1, . . . , d.

Proof. See Appendix 6.A.

This main theoretical result of the chapter shows that the optimal solu-

tion of (6.5) can actually be calculated by solving the relaxation (6.8).

If the relaxation does not have a unique minimum point, there is no

guarantee that all optimal solutions Wi have rank one. One counterex-

ample is given by σ2
i = 1, γi = 1/2, κ(i) = 1 and

R11 =
[

1 0 0
0 1 0
0 0 1

]
R21 =

[
1 0 0
0 1 0
0 0 0

]
R31 =

[
1 0 0
0 0 0
0 0 1

]
,

which has several minima with the same cost, including

W1 =
[

0 0 0
0 4

3 0
0 0 0

]
W2 =

[
0 0 0
0 7

6 0
0 0 0

]
W3 =

[
0 0 0
0 0 0
0 0 1

2

]

but also

W1 =
[

0 0 0
0 2

3 0

0 0 2
3

]
W2 =

[
0 0 0
0 5

6 0
0 0 0

]
W3 =

[
0 0 0
0 0 0
0 0 5

6

]
.
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Thus, there is no guarantee that an algorithm for solving semide�nite

problems will directly give the desired rank one solution. However, in

practice these degenerate cases almost never occur and if the algorithm

gives a high rank solution, a small perturbation can be added to one of

the Ri matrices which will change the problem into having only a rank

one solution. An alternative approach to construct a rank one optimal

solution from any given optimal solution, is given in the appendix.

To conclude, the convex relaxation does always provide an optimal

solution to the original problem (6.5).

6.3.2 Increased Robustness

A common problem in connection with optimal uplink beamforming is

signal cancellation caused by estimation errors in the channel covariance

matrices [CZO87]. We could expect similar problems in the downlink, so

it is of interest to introduce a design strategy that is robust against small

errors in Rik. Assume that the true channel has a covariance matrix

R̂ik + ∆ik, where R̂ik is the available estimate. The goal is to �nd wi
such that the SINR constraints in (6.5) hold for all choices of ∆ik with

‖∆ik‖ ≤ εik for some matrix norm ‖·‖. Since

max
‖∆‖≤ε

|Tr[X∆]| = ε‖X‖∗ ,

where ‖·‖∗ is the dual norm of ‖·‖ [BV99, Roc97], the resulting problem
can be formulated as

min
d∑
i=1

Tr[Wi]

s.t. Tr[R̂iWi]− γi
∑
n=i

Tr[R̂i,κ(n)Wn]

≥ γiσ
2
i + εi‖Wi‖∗ + γi

∑
n=i

εi,κ(n)‖Wn‖∗,

Wi = W∗
i ,

Wi � 0, i = 1, . . . , d .

(6.9)

If we use the spectral norm of ∆ik, i.e. put a limit of the maximum

eigenvalue λmax(∆ik) ≤ εik, then the dual norm is the absolute sum of

eigenvalues ‖W‖∗ =
∑
|λk(W)| and since all Wi are positive semidef-

inite, the optimal robust design is solved by the following semide�nite
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problem

min
d∑
i=1

Tr[Wi]

s.t. Tr[R̂iWi]− γi
∑
n=i

Tr[R̂i,κ(n)Wn]

≥ γiσ
2
i + εiTr[Wi] + γi

∑
n=i

εi,κ(n) Tr[Wn],

Wi = W∗
i ,

Wi � 0, i = 1, . . . , d .

(6.10)

With this speci�c bound on the perturbations, the same robusti�-

cation can be derived directly from the non-convex problem formula-

tion (6.5), using similar arguments as will be used in Section 7.6. Since

the robust formulation will have the same form as the original problem,

both our convex relaxation as well as the algorithm in [RFLT98] can be

used to calculate the robust solution.

6.3.3 Additional Constraints

Using the relaxation technique, introduced above, it is easy to change

the constraints or add more constraints. In [BO99a] we considered an

alternative formulation of the quality of service with separate constraints

on the signal to noise and signal to interference ratios, respectively. With

the constraints SNRi ≥ µi and SIRi ≥ γi, the resulting semide�nite

relaxation is given by

min
d∑
i=1

Tr[Wi]

s.t. Tr[RiWi] ≥ µiσ
2
i

Tr[RiWi] ≥ γi
∑
n=i

Tr[Ri,κ(n)Wn]

Wi =W∗
i ,

Wi � 0, i = 1, . . . , d .

(6.11)

We could also add constraints on the dynamic range of the power am-

pli�er at each antenna element. The total transmitted power of element
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l of array k is

E[|[xk]l|2] =
∑
i∈I(k)

|[wi]l|2 =
∑
i∈I(k)

[Wi]ll .

Thus, upper and lower bounds µUkl and µLkl, respectively, on the average

power of an antenna element can be formulated by adding constraints of

the form

µLkl ≤
∑
i∈I(k)

[Wi]ll ≤ µUkl .

Similarly, we could set limits on the relative dynamic range of a single

element in comparison to the total power for the whole array by replacing

µkl with µkl
∑
i∈I(k) Tr[Wi].

Since all these constraints are linear in the elements of Wi, the re-

sulting problem will still be semide�nite. However, we can not in general

expect the optimal solutions to have rank one. For system evaluations

and simulations, the optimum provides a lower bound of the minimum

transmitted power for the problem, but a high rank solution can actually

be implemented also in a practical system. If we allow for time varying

beamformers wi(t), Wi can be interpreted as the correlation matrix of

the beamformer, Wi = E[wiw
∗
i ]. Thus, one possible implementation is

to use a random sequence of vectors with covariance matrix Wi, as a

time varying beamformer. Compare to [NLTW98] where a similar inter-

pretation of Wi is used to evaluate the usefulness of space-time coding

for di�erent scenarios.

6.4 Uplink Beamforming and Power Control

The problem of joint optimal power control (at the mobiles) and beam-

forming (at the base stations) for transmission from mobiles to base sta-

tion has been considered by Rashid-Farrokhi et.al. in [RFTL98]. Their

solution extends directly to high rank channel models, even though this

is not explicitly mentioned in the article. Here, however, we provide ad-

ditional insight into the problem by showing that it is equivalent to a

convex semide�nite program.

Let Ri,k denote the channel covariance matrix from mobile i to base

station k including path losses, Pi be the transmit power at mobile i and
wi be the receive beamformer at base station κ(i) for the signal from
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user i. In the uplink, it is possible to track the instantaneous channel

realization if the fading is slow enough, thus we could make the assump-

tion that all channels are rank one. However, our formulation will hold

for any channel rank.

The problem is to minimize the total transmitted power at the mobiles

while it is still possible to �nd receive beamformers wi that give a high

enough SINR, SINRi ≥ γi, at the respective base stations, i.e.,

min
d∑
i=1

Pi

s.t.
wiPiRiwi∑

n=iw
∗
iPnRn,κ(i)wi + σ2

κ(i)w
∗
iwi

≥ γi

‖wi‖ = 1

(6.12)

or equivalently

min
d∑
i=1

Pi

s.t. w∗
i


γiσ

2
κ(i)I+ γi

∑
n=i

PnRn,κ(i) − PiRi


wi ≤ 0

‖wi‖ = 1 .

(6.13)

Just as in (6.6), all constraints must hold with equality at the optimum

and Lemma 6.2 shows (with minor modi�cations) that the optimal Pi are
also given by the following semide�nite problem.

max
d∑
i=1

Pi

s.t. γiσ
2
κ(i)I+ γi

∑
n=i

PnRn,κ(i) − PiRi � 0 .

(6.14)

Once the optimal Pi values have been calculated, any vector in the null

space of Zi = γiσ
2
κ(i)I + γi

∑
n=i PnRn,κ(i) − PiRi can be used as the

beamformer wi. Note that if Ri has rank one, then all but one eigenvalue
of Zi must be strictly positive and wi will be uniquely determined (up

to a scaling) as was shown in [RFTL98]. However, if Ri has rank higher

than one, then wi is not necessarily unique.
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Figure 6.1: Received signal to interference ratio (same for all users).

Further research is needed on how this convex formulation of the

problem may be exploited in the design of e�cient decentralized practical

algorithms for the problem.

6.5 Numerical Examples

We illustrate the performance of the suggested downlink algorithms in

a simulated scenario with three users served by a single base station.

One mobile is located at θ1 = 10◦ relative array broadside and the two

others at directions θ2,3 = 10◦ ± ∆, where ∆ is varied from 5◦ to 25◦.
The transmitting antenna array is linear and has m = 8 elements spaced
half a wavelength. Each user is surrounded by a large number of local

scatterers corresponding to Gaussian spatial distribution with a spread

angle of σθ = 2◦, as seen from the base station. Thus, the channel

covariance matrix is given by (2.21).

We compare the following four transmit strategies. The three subop-

timal solutions used in the comparison are described in the next chapter.

1. The joint optimal design according to Section 6.3.1.
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Figure 6.2: Total transmitted power, relative the noise level at each

receiver.

2. The decentralized heuristic design given by (7.21).

3. The generalized eigenvector beamformer given by (7.10).

4. Traditional beamforming given by (7.22).

In all cases, the beamformers are scaled, if possible, such that SINRi = γi
for all users. In the cases where no such scaling is possible, the scaling

is chosen to maximize the worst SINR among the users, thus all users

receive the same SINR in all the examples. The semide�nite problems

were solved using a primal-dual interior point method [Stu99]. Note

that the algorithm in [RFLT98] would have provided exactly the same

solution.

The SINR threshold was set to γi = 10dB and in (7.21), the thresh-

olds were set to µiσ
2
i /ξi = 10dB. In the generalized eigenvector solu-

tion (7.10), the parameter α was arbitrarily set to

α =
0.1
m

Tr
[ d∑
n=k

Rn
]
, (6.15)
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10% of the gain level of the interfered channels.

Figure 6.1 shows the received SINR level for the users. The total

transmitted power needed to achieve this level for all users is shown in

Figure 6.2.

Because of the scaling used for the solutions, Figure 6.1 mainly shows

when it is possible to achieve the desired SINR at all receivers using the

di�erent strategies.

As could be expected, the traditional beamformer performs worst,

since it does not take the interfered users into account. However, when

the users are su�ciently separated such that the traditional beamformer

does give a feasible solution, then it coincides with the heuristic solution

in (7.21), which thus can be seen as a generalization of the traditional

beamforming. The performance of the generalized eigenvector solution

in (7.10) depends on the choice of α, but in this example it performs

almost as well as the optimal solution for the cases where it gives a

feasible solution. In the di�cult scenarios where the users are very closely

separated, the cost, in terms of total transmitted power, is very high in

order to obtain a feasible solution.

A thorough investigation of the properties of the constrained and

robust beamformers introduced in Sections 6.3.3 and 6.3.2 is of great

interest but falls beyond the scope of this work. Note that a study on the

network level would be necessary to fully appreciate the system impact

of the di�erent algorithms.

6.6 Conclusions

We have proposed strategies and algorithms for the design of downlink

beamformers that keep the total transmitted power at a minimum, still

maintaining a certain level of quality for each link. The technique can be

applied both on systems with inter-cell channel reuse as well as systems

with at most one co-channel user per cell.

The quality constraints are given in terms of the average signal to

interference plus noise ratio received at each mobile. We have shown how

the resulting optimization problem can be e�ciently solved using stan-

dard tools for semide�nite optimization. This is a surprising result, since

the original problem is non-linear and non-convex. We have also shown

a similar result for the problem of joint power control and beamforming

for the uplink.

From practical experiments, the algorithm using convex optimization
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typically converges in about 10 iterations, whereas for the previously

published algorithm [RFLT98], although the convergence is geometrical,

a large number of iterations may be required if γi is chosen such that the

problem is nearly infeasible. Also, the convex optimization routine will

quickly detect the infeasible situations where no solution can be found.

However, the main advantage is the �exibility o�ered in the choice of con-

straints. Also, robust beamforming is easily incorporated. Even though

the method will not always produce a normal time-invariant beamformer

when extra constraints are added, the solution does still provide a use-

ful benchmark to decentralized methods for e.g. system evaluations and

capacity studies on the network level.
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Appendix 6.A Proof of Theorem 6.1

The original problem has a global minimum since the cost function is

continuous and the constraint set can be limited to a compact set. We

wish to show that this optimal solution is also optimal for the relaxed

problem. In [RFLT98] a �virtual uplink problem� is introduced in an iter-

ative solution for the downlink problem. Here, we will show algebraically

that the downlink and the virtual uplink problems are equivalent. Then

the following lemma is used to show that the virtual uplink problem is

equivalent to the dual of (6.6), hence the duality gap is zero which also

shows that the semide�nite relaxation gives the same optimal solution.

Lemma 6.2. The following two problems have the same unique optimal
solution λ = [λ1, λ2, . . . , λd].

min
λi

d∑
i=1

λiγiσ
2
i

s.t. u∗
i (I− λiRiκ(i) +

∑
n=i

λnγnRnκ(i))ui = 0,

‖ui‖ = 1
λi ≥ 0, i = 1, . . . , d

(6.16)

max
λi

d∑
i=1

λiγiσ
2
i

s.t. I− λiRiκ(i) +
∑
n=i

λnγnRnκ(i) � 0, i = 1, . . . , d
(6.17)

Proof. First we show that both problems have optimal solutions in the

set given by the following constraints.

I− λiRiκ(i) +
∑
n=i

λnγnRnκ(i) � 0, i = 1, . . . , d

I− λiRiκ(i) +
∑
n=i

λnγnRnκ(i) � 0, i = 1, . . . , d

λi > 0.

(6.18)

If we for example assume that the factor within the parenthesis of con-

straint number i in (6.16) has both positive and negative eigenvalues at
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Figure 6.3: Example of the feasible regions of the two problems (6.16),
top, and (6.17), bottom.

the optimum, then the cost can be reduced by decreasing λi without
violating any of the constraints, which gives a contradiction. A simi-

lar argument shows the result for (6.17). Assume now that we can �nd

two di�erent vectors λ1 �= λ2 in the set given by (6.18). Since no λi is
zero, we can always �nd an i and a constant α such that λ1

i = αλ2
i and

λ1
n ≤ αλ2

n for all n �= i. Assume without loss of generality that α > 1.
Then constraint i gives

αλ2
iRiκ(i) = λ1

iRiκ(i) 	 I+
∑
n=i

λ1
nγnRnκ(i)

	 I+
∑
n=i

αλ2
nγnRnκ(i) ≺ α(I+

∑
n=i

λ2
nγnRnκ(i))

which contradicts that λ2 is in the set. Thus (6.18) de�nes a single unique

point which is the optimal solution to both (6.16) and (6.17). The result

is illustrated in Figure 6.3 for a two-user example.

Introduce separate variables for the power Pi = ‖wi‖ ≥ 0 and the

normalized beamformers ui; ‖ui‖ = 1 such that wi = Piui. Also, in-



6.A Proof of Theorem 6.1 117

troduce the vectors N = [γ1σ
2
1 , . . . , γdσ

2
d]
T , ω = [‖u1‖2, . . . , ‖ud‖2]T ,

P = [P1, . . . , Pd]T and the matrix F where

[F]kl =

{
u∗
kRkuk k = l

−γku∗
lRkκ(l)ul k �= l .

Since all constraints in (6.6) are ful�lled with equality at the optimum,

the problem can be written as

min PTω
s.t. FP = N

‖ui‖ = 1
Pi ≥ 0 .

(6.19)

The matrix F could be written F = D(I −G), where D is a diagonal

matrix with the same diagonal as F and G has only non-negative ele-

ments. In [RFLT98], it is shown that if the problem is feasible, then at

the optimum, the spectral radius of G is < 1 and the Frobenius Perron

theory for matrices with non-negative elements [Gan59] shows that F is

invertible and F−1 has only non-negative elements, thus the constraints

Pi ≥ 0 are ful�lled implicitly and the problem can be rewritten as

min NTF−Tω

s.t. ‖ui‖ = 1 .
(6.20)

Introducing the vector ρ = F−Tω, which implicitly will be all non-

negative, we �nally arrive at

min NTρ

s.t. FTρ = ω
‖ui‖ = 1
ρi ≥ 0 ,

(6.21)

i.e.,

min
ρi

d∑
i=1

ρiγiσ
2
i

s.t. u∗
i (I− ρiRiκ(i) +

∑
n=i

ρnγnRnκ(i))ui = 0,

‖ui‖ = 1
ρi ≥ 0, i = 1, . . . , d .

(6.22)
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Next, note that the Lagrangian dual of (6.6), which is also the La-

grangian dual of the relaxation (6.8), is given by

max
λi

d∑
i=1

λiγiσ
2
i

s.t. I− λiRiκ(i) +
∑
n=i

λnγnRnκ(i) � 0, i = 1, . . . , d .

(6.23)

According to Lemma 6.2 the dual has the same optimal solution as the

virtual uplink problem (6.22) and since the dual gives a lower bound to

the relaxation (6.8) which in its turn is a lower bound of (6.6), they must

all be the same. Thus, if the problem is feasible, any optimal solution

to the original problem will also be in the set of optimal solutions to

the relaxation. Conversely, if the relaxation is infeasible, then clearly

also (6.6) is infeasible, which concludes the proof. Note that the strict

duality between the relaxation and the dual also follows from Slater's

constraint quali�cation [Ber95] which is ful�lled if the problem is feasible.

Finally, we can note that any ui in the null space of Zi = I−ρiRiκ(i)+∑
n=i ρnγnRnκ(i) will be an optimal solution of (6.22). The complemen-

tarity conditions between the relaxation and the dual shows that at the

optimum, Tr[WiZi] = 0, i.e., WiZi = 0 since both matrices are positive

semide�nite. Thus, if our semide�nite problem gives a high rank solu-

tion, any ui ∈ span[Wi] will solve the virtual uplink problem and the

corresponding scaling factors Pi are easily calculated from the system of

linear equations FP = N.



Chapter 7

Decoupled Beamformer

Design

7.1 Introduction

We saw in the previous chapter that the optimal downlink beamformers

must be designed jointly for all users in a system. Here, we consider

di�erent design criteria that can be used to determine each beamformer

separately. Since the problem often is easier to formulate in the uplink

than in the downlink, we also consider a number of uplink formulations,

which can be used as heuristic solutions also in the downlink.

The maximum Signal to Interference plus Noise Ratio (SINR) so-

lution has been used for di�erent classes of problems, see for example

[YS95]. Here, we study the uplink formulation for rapidly and slowly

fading channels, respectively, and present a corresponding downlink for-

mulation which also has been given in e.g. [ZO95, GF97]. In a slowly

fading environment, the probability of outage may be a more relevant de-

sign criterion than the average SINR. We show how to �nd the optimum

solution both for the two SINR cases and in terms of outage probability,

and characterize the relation between the di�erent solutions. Finally, we

show that the maximum SINR solution can be interpreted as quadrati-

cally constrained minimum variance beamforming [EC85, Vee91, QV95]

and study the sensitivity to channel uncertainties.

Since the phase of the fading channel �uctuates randomly, a naive

treatment of the Minimum Mean Square Error (MMSE) problem gives
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the all-zero solution. Using the assumption of a coherent receiver, we

give two di�erent solutions to the problem. For the downlink, it is not

obvious how to formulate an MMSE problem and interpret the result.

We propose to apply the uplink solution also in the downlink.

In this chapter we consider many di�erent combinations of channel

assumptions, uplink/downlink and di�erent quality criteria. For conve-

nience of the reader, Table gives an overview of the di�erent sections. As

can be seen, there are still many open areas for future research.

SINR MMSE Min power

Uplink Rapid fading 7.3.1 7.5 7.4

Slow fading 7.3.2

Downlink Rapid fading 7.3.1 (7.5)

Rapid fading,

channel uncertainties

7.6

Table 7.1: Road-map over the chapter.

Simulations have been performed to compare the di�erent beamform-

ers and study the sensitivity to modeling errors. Diagonal loading is

successfully used to avoid the problem of signal cancellation.

7.2 Data Model

7.2.1 Uplink

We assume a frequency �at Rayleigh fading channel, where the baseband

data at the antenna array is collected in the complex valued m×1 vector
xu(t) given by

xu(t) =
d∑
k=1

vuk sk(t) + n(t) , (7.1)

where sk(t) is the baseband signal transmitted at the k:th mobile, n(t)
is spatially and temporally white Gaussian noise with covariance matrix

E[n(t1)n∗(t2)] = δt1,t2σ
2
nI (7.2)
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and the array response vector vuk corresponding to mobile k is complex

Gaussian with

vuk ∈ N(0,Ru
k) . (7.3)

In contrast to Chapter 2, we will here assume that all sk(t) are normalized
to E[|sk(t)|2] = 1 and that the path loss and shadow fading is included

in vuk and Ru
k .

7.2.2 Downlink

If the baseband signal transmitted at the antenna array is xd(t), then
the signal rk(t) received at the k:th mobile is given by

rk(t) = (vdk )
∗xd(t) + nk(t) , (7.4)

where nk(t) is temporally white Gaussian noise with variance σ2
nk

and the

array response vector vdk corresponding to mobile k is complex Gaussian

with

vdk ∈ N(0,Rd
k) . (7.5)

As in the previous chapter, we assume that the channel correlation

matrices are known for all users and the correlation matrices may have

any rank.

We consider beamformers of the form ŝ1(t) = w∗xu(t) for estimation
of the signal from mobile number one. Similarly, we use beamformers of

the form xd(t) = ws1(t) for transmission of the signal s1(t) to the �rst

mobile.

7.3 Optimal SINR

For the optimal Signal to Interference plus Noise Ratio (SINR) criterion,

we will compare two extreme cases on the temporal correlation of vk(t),

• Rapidly time varying channels, where v(t) is temporally white, i.e.,
independent from sample to sample.

• Slowly time varying channels, where v(t) is constant during an

entire data burst and but is uncorrelated from burst to burst.
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The assumption on rapid time variations is clearly unrealistic since a

random phase snapshot to snapshot would preclude the use of any phase

modulation. However, since in most practical cases, the truth is some-

where between these limiting cases, the results will indicate bounds on

what performance could be expected in a real world situation. See also

[Zet97], which contains a brief investigation of the time variations in a

GSM-like system.

7.3.1 Rapidly Time Varying Channels

We �rst consider the uplink formulation. Assume that d di�erent signals

are received at the antenna array and that the signal of interest is num-

ber 1. The signal estimate is formed as a linear combination of the data

received at the array, ŝ1(t) = w∗xu(t). Similarly to [YS95], we divide

the estimate into three terms, ŝ1 = cS + cI + cN where cN = w∗n(t) is
the noise contribution, cI = w∗∑d

k=2 v
u
k sk emanates from the interfering

signals and cS = w∗vu1 s1 is the contribution from the signal of interest.

De�ne the signal to interference and noise ratio as

SINRu
rapid =

E[|cS |2]
E[|cI |2] + E[|cN |2]

. (7.6)

For rapidly time varying channels, it follows directly from Section 7.2.1

that

SINRu
rapid =

w∗Ru
1w

w∗(
∑d
k=2 R

u
k + σ2

nI)w
=

w∗Ru
1w

w∗Ru
INw

, (7.7)

where we have introduced the interference plus noise covariance matrix

RIN =
∑d
k=2 R

u
k + σ2

nI. Then, the maximum SINR beamformer is given

by the eigenvector corresponding to the maximum eigenvalue of the gen-

eralized eigenvalue problem [GL96]

Ru
1w = λRINw . (7.8)

The resulting SINR is SINRopt = λmax. To keep the distinction to

the slowly time varying case, we introduce the name Optimal SINR for
Rapidly Fading channels (ORF) for this solution.

It is easy to show that RIN in (7.8) can be replaced by the data

covariance matrix Ru
x = Ru

1 + RIN without changing the solution w.
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Thus, the maximum SINR beamformer can alternatively be characterized

by (up to a scaling)

arg min
w∗Ru

1 w=1
w∗Ru

xw (7.9)

which is a Quadratically Constrained Minimum Variance (QCMV) beam-

former. Note that when the channel is rank one,Ru
1 = vu1v

u
∗

1 , the QCMV

beamformer coincides with the linearly constrained minimum variance or

Capon beamformer [MM80, VB88], w ∝ Ru−1

x vu1 , as does the algorithm
in [YS95] in the case of uncorrelated sources and no array response per-

turbations.

One tempting implementation of (7.9) is to estimateRu
1 using a train-

ing sequence or a blind DOA based method and use this estimate together

with the unstructured estimate

R̂u
x =

1
N

N∑
t=1

xu(t)(xu(t))∗

in the calculation of w. However, as will be illustrated in Section 7.7,

this can easily lead to problems with signal cancellation. Just as for the

Capon beamformer, several methods can be used to avoid this problem.

One solution is to use a structured estimate also for Ru
x, as suggested

in [ORK89], another is to use diagonal loading, i.e., to replace R̂u
x by

R̂u
x + µI, see Section 7.6 and e.g. [CZO87].

For the downlink, a design criterion similar to (7.8) can be derived as

the beamformer that gives maximum signal power at the desired mobile

while keeping the total power transmitted to all other users below a

certain threshold. The details can be found in [ZO95] and the resulting

beamformer is

w = argmax
w∗Rd

1w

w∗(αI+ d∑
k=2

Rd
k

)
w

, (7.10)

where the term αI is used as a rough approximation of the channel to all

receivers in the surrounding that are unknown to the base station. Thus,

it helps to keep the total transmitted power down. It can also be seen

as a robusti�cation to channel uncertainties. See also the discussion in

Sections 7.4 and 7.6 below.

In the same way, a criterion similar to (7.9) can be motivated as the

beamformer that transmits the minimum total power to all users while

keeping the power transmitted to the desired user at a �xed level.
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7.3.2 Slowly Time Varying Channels

Throughout this section we will only consider an uplink formulation and

we skip the superscript (·)u for convenience. If the channel realization

is constant during an entire data burst, then the instantaneous SINR

during the burst is given by

SINRburst =
w∗v1v

∗
1w

w∗
(∑d

k=2 vkv
∗
k + σ2

nI
)
w

. (7.11)

As a benchmark for comparisons, let us �rst study what can be

achieved if the instantaneous channel is perfectly known. Then the

SINRburst is maximized by the minimum variance beamformer

w = R−1
x v1 ∝

(
d∑
k=2

vkv
∗
k + σ2

nI

)−1

v1 (7.12)

and the resulting optimal SINR is

SINRburst, opt = v∗
1

(
d∑
k=2

vkv
∗
k + σ2

nI

)−1

v1 . (7.13)

This is the best possible performance in a system where the channel can

be estimated in real time. However, in this study, we limit ourselves to

the class of beamformer algorithms that are based only on a statistical

characterization of the channel for each source. Thus, we seek the weight

vector w that maximizes the average SINR, i.e.,

SINRslow = E[SINRburst] , (7.14)

where the expectation is taken over all channel realizations.

In a communications application it is important to have a good per-

formance on the average but even more important that the worst case

performance is still acceptable or at least that the probability of un-

acceptable performance is very low. One such characterization is the

probability of outage, i.e., the probability that the SINRburst falls below

a certain threshold γ, in other words the cumulative distribution func-

tion of SINRburst. It turns out that the outage probability also makes it

possible to derive a closed form expression for SINRslow.
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Theorem 7.1. The outage probability is given by

Fγ(γ) = Pr [SINRburst < γ] = 1− e
−γ σ2

nw∗w

w∗R1w

d∏
k=2

1
1 + γw∗Rkw

w∗R1w

. (7.15)

Proof. See Appendix 7.A.

It is possible to �nd a simple upper bound on the outage probability,

using the inequality ex ≥ 1 + x,

Fγ(γ) ≤ 1− exp


−γ

w∗
[∑d

k=2 Rk + σ2
nI
]
w

w∗R1w


 = 1− e−γ/SINRrapid .

(7.16)

We see that ORF, the optimal weight vector for rapidly changing chan-

nels, also minimizes this upper bound. Since the bound is tight when

γw∗Rkw " w∗R1w, i.e., when Fγ(γ) " 1 which is the interesting

region, we could expect the ORF beamformer to give near optimal per-

formance in terms of outage probability also for a slowly time varying

channel.

The exact expression (7.15) can be minimized numerically, but in

practice, the gain compared to the ORF solution is almost negligible, see

Section 7.7.

Using the outage probability, we can �nd an expression for SINRslow.

Recall that if X is a random variable, FX(x) = Pr[X ≤ x] and FX(0) = 0,
then E[X ] =

∫∞
0 (1− FX(x))dx [Chu74]. Thus, the mean of SINRburst is

given by

SINRslow = E[SINRburst] =
∫ ∞

0

(1− Fγ(γ))dγ

=
∫ ∞

0

(
e
−γ σ2

nw∗w

w∗R1w

d∏
k=2

1
1 + γw∗Rkw

w∗R1w

)
dγ

=
∫ ∞

0

(
e
−γ σ2

nw∗w

w∗R1w

d∑
k=2

αk

1 + γw∗Rkw
w∗R1w

)
dγ

=
d∑
k=2

αk
w∗R1w
w∗Rkw

e
−γ σ2

nw∗w

w∗Rkw E1

(
σ2
nw

∗w
w∗Rkw

)
(7.17)
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where E1(x) =
∫∞
x

e−t

t dt is the exponential integral [AS64], and the αk
are de�ned by the partial fractions expansion of the product

d∏
k=2

1
1 + γw∗Rkw

w∗R1w

=
d∑
k=2

αk

1 + γw∗Rkw
w∗R1w

, (7.18)

that is (assuming that all the w∗Rkw are di�erent),

αk =
d∏
i=2
i=k

1
1− w∗Riw

w∗Rkw

. (7.19)

The weight vector that maximizes SINRslow can be found from (7.17)

using numerical optimization. We call the resulting w the Optimal SINR
algorithm for Slowly Fading channels (OSF). Unfortunately the compu-

tational complexity is very high. A more attractive alternative is to

use (7.16) to get a tight lower bound on SINRslow

SINRslow ≥
∫ ∞

0

(
e−γ/SINRrapid

)
dγ = SINRrapid (7.20)

which shows that the ORF solution and low complexity approximations

thereof give near optimal performance also in terms of SINRslow.

7.4 Minimum Power

Following the ideas of Chapter 6, we can �nd the beamformer that has

minimum transmit power while keeping the received SNR at the mobile

of interest above the threshold µ and the total transmitted power to the

interfered users below the threshold ξ, using the following optimization

problem,

w = argminP = ‖w‖2

s.t. w∗Rd
1w ≥ µσ2

1

w∗
( d∑
k=2

Rd
k

)
w ≤ ξ .

(7.21)
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The same relaxation as in Chapter 6.3, gives the semide�nite optimization

problem,

W = argminTr[W]

s.t.Tr[WRd
1 ] ≥ µσ2

i

Tr[W
d∑
k=2

Rd
k ] ≤ ξ

W∗ =W

W � 0 .

Just as for the joint downlink problem, it is here possible to show that

there always exists an optimal solution of rank one, W = ww∗, which
gives the optimal solution w to (7.21).

This strategy is related to the generalized eigenvector beamformer

of Section 7.3.1, since the parameter α (or rather its inverse) can be

interpreted as a Lagrange multiplier of (7.21) and determines the trade-

o� between interference suppression and a low total transmission power

[CZO87].

Note that when the threshold ξ is large enough such that the last

constraint of (7.21) is not binding, the problem is equivalent to traditional

beamforming,

w = argmax
w∗Rd

1w
w∗w

, (7.22)

i.e., to use the principal eigenvector of Rd
1 as the beamforming vector.

7.5 MMSE

A direct application of the data model (7.1)�(7.3) on the Minimum Mean

Square Error (MMSE) criterion would give the all-zero solution for the

uplink, since E[vu ] = 0 which results in E[s∗1(t)xu(t)] = 0. However,

this is only a problem with the mathematical treatment, since a coherent

detector can track the phase of the signal. In the traditional plane wave

models, this problem is handled mathematically �xing one element of the

array response vector to 1. Since the quotient of two Rayleigh distributed

variables has in�nite variance, this procedure cannot be directly used on

the fading channel, so we give two alternative solutions to the problem.
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Perform an eigenvalue decomposition of Ru
1 ,

Ru
1 =

m∑
k=1

λkeke
∗
k = EΛE∗ (7.23)

λ1 ≥ λ2 ≥ · · · ≥ λm . (7.24)

Then, since the eigenvectors diagonalize the covariance matrix, E∗vu1 is

a vector of independent Gaussian variables, which shows that

vu1 =
m∑
k=1

ρke
jφkek , (7.25)

where ρk are independent Rayleigh distributed random variables with

E[|ρk|2] = λk and φk are independent uniformly distributed over [0, 2π].
Now, let x̃(t) = e−jφ1xu(t), then the MMSE beamformer for s1(k)

given x̃(t) is

w = E[x̃x̃∗]−1 E[x̃s∗1(t)] ∝ (Ru
x)

−1e1 (7.26)

The samew can be applied to xu(t) if combined with a coherent detector.
Note that normalizing x̃(t) also by a factor 1/ρ1 would give a data vector

with in�nite variance.

Another solution is to �rst consider the conditional MMSE solution

given a speci�c realization of vu1 , wcond. It is easy to show, using the

matrix inversion lemma, that

wcond = (σ2
s1v

u
1v

u∗

1 +RIN)−1σ2
s1v

u
1 ∝ R−1

INv
u
1 (7.27)

and since the phase and the amplitude of the beamformer is irrelevant,

we select the beamformer as

w = arg max
ww∗=1

Evu

1
[|w∗wcond|2] ≈ arg max

ww∗=1
w∗R−1

INR
u
1R

−1
INw . (7.28)

With this criterion, the optimal beamformer is thus given by the principal

eigenvector of R−1
INR

u
1R

−1
IN . This solution ful�lls Ru

1R
−1
INw = λR−1

INw
which could be compared to the maximum SINR solution (7.8).

In downlink, a MMSE formulation could be given in terms of the

average or the worst case MSE among the receivers. However, with the

model of fading channel, similar actions must be taken to avoid the all-

zero solution. We suggest, for simplicity, to apply the uplink solutions,

suggested above, also in the downlink.
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7.6 Robustness

So far in this chapter, we have assumed perfect knowledge of the channel

correlation matrices. Just as in Section 6.3.2, the algorithms can be

modi�ed to give solutions that are robust to channel estimation errors.

In particular, we consider the generalized eigenvalue beamformer for the

downlink (7.10) and use a slightly di�erent approach than in the previous

chapter.

Suppose that lower and upper bounds on the true channel correlation

matrices Rk are available in the form Rk
5

	 Rk 	
6

Rk. As one example,

Rk
5

= R̂− εkI,
6

Rk = R̂+ εkI (7.29)

will correspond to the condition ‖Rk − R̂k‖2 ≤ εk used in Section 6.3.2.

Assume that the channels to all users in the area are known, then the

quotient between the received power at the desired user and that received

at the interfered users is

µ =
w∗Rd

1w

w∗( d∑
k=2

Rd
k

)
w

. (7.30)

As is easily shown, the maximal µ that can be obtained with the same

beamformer for all possible Rk is given by

µopt = max
w∗Rd

1
5

w

w∗( d∑
k=2

6

Rd
k

)
w

. (7.31)

Thus, designing the beamformer for the worst case, gives a robust solution

with a guaranteed lower bound on µ, µ ≥ µopt.
When the bounds are given by (7.29), the robust beamformer w can

also be found from (7.10) with α =
∑d
k=1 εk, since the eigenvector w

with maximal eigenvalue of the generalized eigenvalue problem

(R̂d
1 − ε1I)w = µ

( d∑
k=2

R̂d
k + εkI

)
w
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will also be an eigenvector with maximum eigenvalue of

R̂d
1w = λ

( d∑
k=1

R̂d
k + εkI

)
w .

This gives yet another interpretation of the parameter α in (7.10), com-

pared to Section 7.4. The same derivation can be used for the ORS/QCMV

algorithm to motivate the use of diagonal loading the get increased ro-

bustness, see also the numerical example in Section 7.7.2.

7.7 Numerical Examples

We evaluate the di�erent methods in an interference limited uplink sce-

nario with two mobiles. The antenna array is linear and has 8 elements,

with half a wavelength separation.

7.7.1 Slow versus Rapid

In the �rst example, we study the di�erence between rapid and slow

fading. The signal of interest is �xed at θ = 0◦ and is disturbed by a 10

dB stronger signal. The background noise power is 10 dB less than the

signal of interest. The angle between the two sources is varied between

1◦ and 40◦. Both sources have a Gaussian distributed angular spread

with standard deviation σθ = 3◦. In the simulations, L = 50 di�erent

rays contributed for each source and the SINR and outage levels for each

case were calculated from 5000 di�erent data bursts of 100 samples each.

The true parameter values have been used as input to the algorithms,

i.e., no e�ects of estimation errors on the parameters are included, see

the related example in Section 3.5.

The comparison covers the following algorithms.

• ORF (7.8), the optimal solution for rapidly time varying channels.

• Two-ray approximation. Use the rank two approximation given

by (2.15) for the interferers and form the least squares (LS) beam-

former,

w =
[
I− Ǎ(Ǎ∗Ǎ)−1Ǎ∗]a(θ1) = Π⊥

Ǎa(θ1) , (7.32)
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Figure 7.1: Theoretical and simulated SINR for di�erent beamformers.

Rapidly time varying channel.

where

Ǎ = [a(θ2 − σθ),a(θ2 + σθ), . . . ,a(θd − σθ), a(θd + σθ)] . (7.33)

This will give two closely separated deep nulls at each interferer.

Similar solutions have been suggested to get increased robustness

to channel uncertainties, see e.g. [BRK88, HLB99].

• The LS solution for a point source model,

w = Π⊥
Aa(θ1) where A = [a(θ2), . . . ,a(θd)] . (7.34)

This is a typical representative of traditional point source algo-

rithms. This solution is conveniently formulated for the simultane-

ous estimation of all source signals as ŝ = A†x.

In addition, the following algorithms were used for the slowly time varying

channel.

• OSF, the beamformer that gives optimal SINRslow calculated by

numerical optimization of (7.17).
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Figure 7.2: Simulated SINR for di�erent beamformers. Slowly time

varying channel.

• The optimal outage probability solution, using numerical optimiza-

tion to �nd w = argmaxFγ(γ) in (7.15).

• The minimum variance beamformer when the channel is completely

known (7.12). Of course this can only be done in simulations, but

still provides an interesting benchmark.

The performance on a rapidly time varying channel is shown in Fig-

ure 7.1, where the theoretical results are calculated using (7.7). The

simulation results agree well with the theory (the only approximations,

are the model approximations in Section 2.2.2). As seen, much can be

gained compared to the point source solutions, whereas the ad-hoc two-

ray solution perform reasonably well.

It could be expected that robustness against array perturbations would

give some gain also for local scattering, but somewhat surprisingly, the

solution in [YS95] performs almost identically to the LS solution (not

shown in the �gures). A realistic system should include robusti�cations

both to array perturbations and high rank sources.

For slowly time varying channels, the average SINR is shown in Fig-

ure 7.2 which includes a plot of the best possible results from an adaptive
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Figure 7.3: Theoretically calculated SINR for di�erent beamformers.

Slowly time varying channel.

algorithm, which could be calculated from (7.13) in the simulations. The

results agree well with the theoretical expression (7.17) as can be seen in

Figure 7.3, which also shows that the lower bound given in (7.20) is very

tight, at least for the optimal beamformers. This is also apparent since

the ORF solution is so close to the optimum.

The probability of outage was estimated from the same simulations for

a source separation of 8◦, see Figure 7.4 where, again, the best possible

performance of an adaptive algorithm is included. The results are in

good correspondence with the theoretical results from (7.15) shown in

Figure 7.5. A numerically calculated optimum of (7.15) is included but

is virtually identical to the ORF performance. Also the OSF algorithm

gives near optimal probability of outage.
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Figure 7.4: Simulated outage probability for di�erent beamformers.

Slowly time varying channel. Source separation 8◦.
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Figure 7.5: Theoretically calculated outage probability for di�erent

beamformers. Slowly time varying channel. Source separation 8◦.
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Figure 7.6: Estimated MSE, using the algorithms without diagonal

loading.

7.7.2 Channel Uncertainties

Diagonal loading, also called regularization, is a popular method to obtain

increased robustness to channel uncertainties. The idea, to increase the

diagonal elements of the estimated channel correlation matrix, is well de-

scribed in the literature, see for example [AN81, CZO87]. In Sections 7.4

and 7.6 we have described two structured methods for the choice of the

regularization parameter. Here, we will provide a numerical example.

We have studied an interference limited scenario with two mobiles

subject to local scattering with rectangular angular distribution and a

spread angle of σθ = 3◦.
The signal of interest is kept at DOA θ1 = 10◦ while the 10 dB

stronger interferer is moved between −20◦ and 8◦. The SNR is 10 dB

compared to the signal of interest.

Data is processed in bursts of N = 100 symbols. The channel is

constant within each burst but fades independently from burst to burst.

The covariance matrices R̂1 and R̂x are estimated from the last 10 bursts

in order to average over the fading.



136 7 Decoupled Beamformer Design

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
QCMV, true   
MMSE2, true  
BF, true     
QCMV, estim. 
MMSE1, estim.

Source separation (degrees)

N
o
rm
a
li
ze
d
M
S
E

Figure 7.7: Estimated MSE, using the algorithms with diagonal loading.

We de�ne a normalized MSE estimate as

M̂SE = min
α

∑N
t=1(s1(t)− αŝ1(t))2∑N

t=1 s2
1(t)

(7.35)

The following algorithms were evaluated:

QCMV The QCMV formulation (7.9) of the maximum SINR beam-

former.

MMSE1 The eigen-decomposition based solution (7.26) to the MMSE

problem.

MMSE2 The �best matched� beamformer solution (7.28) to the MMSE

problem.

BF The traditional beamformer without any interference suppression,

given by the principal eigenvector of R1.

Both the true and estimated covariance matrices were used. Figure 7.6

shows the performance of the original algorithms, whereas in Figure 7.7,

R̂x was replaced by R̂x + αI and similarly for Rx, in order to decrease
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the signal cancellation problems. This was done in the two curves using

the estimated correlation matrices and in the MMSE2 solution using the

true correlation matrices. The parameter α was chosen according to Sec-

tion 7.6, using εk such that the true correlation matrices were within the

bounds for about 90% of the channel realizations. An empirical testing of

di�erent α values (not shown in the �gures), revealed that reducing this

value by a factor 2 provided an even better tradeo� between robustness

and optimal performance. This is natural, since Section 7.6 is based on

a worst case analysis. All plotted results are averaged from 1000 data

bursts for each value.

7.8 Conclusions

We have illustrated the use of the maximum SINR and MMSE criteria

in the design of beamformers for fading channels.

We have studied SINR-related criteria for the uplink under di�erent

assumptions on the time variations of the channel, using both maximum

average SINR and minimum probability of outage as criteria of optimal-

ity. The conclusion, shown both analytically and numerically, is that the

optimal solution is almost the same for all the di�erent cases, if the beam-

former is calculated based only on the statistical characterization of the

channel, not on the instantaneous realization. Since the assumptions of

rapid versus slow time variations were chosen as being extreme cases, the

same conclusion should hold regardless of the rate of the time variations.

The assumption of a rapidly time varying channel gives simple ex-

pressions for the SINR and the optimal beamformer is easily found as

the solution of a generalized eigenvalue problem. Even though it is pos-

sible to derive expressions for both outage probability and average SINR

for a slowly time varying channel, the tight bounds expressed in terms of

the performance of a rapidly varying channel are more useful in practice.

The maximum SINR beamformer can be given a minimum variance

formulation which is easier to calculate from measurement data.

The MMSE formulation causes some problems for the particular data

model and we have suggested two di�erent solutions. For a point source

scenario, both solutions reduce to the traditional MMSE beamformer.

As is shown in Figure 7.6, the algorithms su�er from signal cancel-

lation problems. However, when the data covariance matrix is regular-

ized, the suggested algorithms improve signi�cantly, as illustrated in Fig-

ure 7.7, although the theoretical performance drops. The only algorithm
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that does not react positively to regularization is the second MMSE solu-

tion (7.28) which performs similarly to the traditional beamformer when

used with estimated channels (not included in the graphs for clarity).

With known channels, MMSE2 performs slightly better than MMSE1.

In Sections 7.4 and 7.6, we have also provided two alternative theo-

retical motivations for the choice of the regularization.

As we saw in Chapter 6, the design of downlink beamformers is really

a multi-objective optimization problem, but the uplink solutions can be

used as heuristic solutions also for the downlink problem.
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Appendix 7.A Proof of Theorem 7.1

Introduce the variables η � σ2
nw

∗w and Zk � w∗vkv
∗
kw and note that

Zk is χ2
2 distributed with E[Zk] = w∗Rkw � ?k, i.e.,

fZk
(z) =

1
?k

e
− z

�k . (7.36)

Now the outage probability is

Fγ(γ) = Pr [SINRburst < γ] = Pr


 w∗v1v

∗
1w

w∗
(∑d

k=2 vkv
∗
k + σ2

nI
)
w

< γ




= 1− Pr

[
w∗v1v

∗
1w > γw∗

(
d∑
k=2

vkv
∗
k + σ2

nI

)
w

]
(7.37)

= 1− Pr

[
Z1 > γ

(
d∑
k=2

Zk + η

)]

which gives

1− Fγ(γ) =
∫

· · ·
∫

Z1>γ(
∑d

k=2 Zk+η)
Zk>0, k=2,...,d

d∏
k=1

1
?k

e
− zk

�k dz1dz2 . . . dzd

=
1∏d

k=2 ?k

∫
· · ·
∫

Zk>0

e
−
∑d

k=2
zk
�k e−

γ
�1

(η+
∑d

k=2 zk)dz2dz3 . . . dzd

= e−
γη
�1

d∏
k=2

1
?k

∫ ∞

0

e
−
(

1
�k

+ γ
�1

)
zkdzk

= e
− γη

�1

d∏
k=2

1
1 + γ ;k

;1

.

(7.38)

Going back to the original notation, we get (7.15). Similar results are

derived in e.g. [SW88].





Appendix A

Miscellaneous Matrix

Results

A.1 Perturbation of Pseudo-Signal and

Pseudo-Noise Subspaces

We assume that x(t) is a random Gaussian vector with zero-mean and

E[x(t1)x∗(t2)] = Rxδ(t1 − t2). For the models considered in this thesis,

Rx may have full rank, so it is impossible to make the standard separation
into a true signal subspace and noise subspace. However, we can still pick

the d principal eigenvectors of Rx as a pseudo-signal subspace and de-

compose the covariance matrix as Rx = Es,RΛs,RE
∗
s,R+En,RΛn,RE

∗
n,R.

Throughout the thesis, we assume that the eigenvectors are chosen to be

orthonormal.

The algorithms use an estimate of the covariance matrix

R̂x =
1
N

N∑
t=1

x(t)x∗(t) .

Denote the estimation error by R̃x = R̂x −Rx.
For a low-rank data model with added white noise, the statistical

properties of Ês and Ên are well known [SN89]. For general covariance

structures, some results can be found in [Gup65], however, we provide

an alternative derivation that, together with Lemma A.8, gives results

directly in a matrix form. Note that the problem is di�cult, since if
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several eigenvalues are equal or are closely separated compared to the

magnitude of the disturbances, then the corresponding eigenvectors are

not uniquely de�ned.

The fundamental result which we will use is given in the following

theorem by Rellich [Rel69] and Kato [Kat82].

Theorem A.1. Suppose that Rx(ε) = Rx+ε R̃x is Hermitian for real ε.
Suppose that λ is an eigenvalue of multiplicity h of Rx and suppose that
there is a positive number δ such that the interval [λ− δ, λ+ δ] contains
no other eigenvalue. Then there exists power series λ1(ε), . . . , λh(ε) and
e1(ε), . . . eh(ε) all convergent in a neighborhood of ε = 0, such that

1. Rx(ε)ek(ε) = λk(ε)ek(ε) and e∗i (ε)ek(ε) = δik.

2. For each δ′ < δ, the spectrum of Rx(ε) in [λ − δ′, λ + δ′] consists
exactly of the points λ1(ε), . . . , λh(ε) for real ε with ε‖R̃x‖2 < δ′.

Proof. See [Rel69, Chapter I:1]. A proof of the bound on ε can be found

in [Kat82, Chapter II:3].

When it comes to explicit expressions for these power series, a partial

result is given in the following theorem by Krim [KF96] (only the �rst

order term is quoted here, the reference gives a recursive formula for all

higher order terms).

Theorem A.2. LetΠ = EsE
∗
s andΠ

⊥ = EnE
∗
n be the projection matri-

ces into the pseudo-signal and pseudo-noise subspaces, respectively. Then
the corresponding projection matrices calculated from the perturbed co-
variance matrix are given by

Π̂ =Π+ δΠ+O(‖R̃x‖2) (A.1)

Π̂
⊥
= Π⊥ − δΠ+O(‖R̃x‖2) , (A.2)

where

δΠ =−Es
(
(E∗
sR̃xEn)�MT

ns

)
E∗
n

−En
(
(E∗
nR̃xEs)�Mns

)
E∗
s (A.3)

and

[Mns]kl =
1

λnk
− λsl

. (A.4)



A.1 Perturbation of Pseudo-Signal and Noise Subspaces 143

Proof. See [KF96] and Theorem A.3. Note that the theorem does not

hold with certainty if the smallest eigenvalue of Λs and the largest eigen-
value of Λn are closer than 2‖R̃x‖2.

The �rst order terms for the single eigenvalues and the corresponding

eigenvectors are given by the following theorem.

Theorem A.3. If all pseudo-signal eigenvalues are single and separated
at least 2‖R̃x‖, then

Rx = EΛE∗ =
[
Es En

] [Λs 0
0 Λn

] [
E∗
s

E∗
n

]
(A.5)

Ê∗
s(Rx + R̃x)Ês = Λ̂s , (A.6)

where

Λ̂s = Λs + δΛs +O(‖R̃x‖2) (A.7)

Ês = Es + δEs +O(‖R̃x‖2) (A.8)

and

δΛs =I� (E∗
sR̃xEs) (A.9)

δEs =−Es(Mss � (E∗
sR̃xEs))

−En(Mns � (E∗
nR̃xEs)) +EsΣs (A.10)

[Mss]kl =

{
1

λs,k−λs,l
if k �= l

0 if k = l
(A.11)

[Mns]kl =
1

λn,k − λs,l
. (A.12)

and Σs is some diagonal purely imaginary matrix of the same magnitude

as R̃x.
The undetermined Σs appears since each eigenvector is only deter-

mined up to a multiplication by ejω for some ω1.

Proof. Let � denote equality within O(‖R̃x‖2). Assume, for the mo-

ment, that En is chosen according to Theorem A.4 in order to ful�l

Theorem A.1. We will show later that the result is independent of the

1An alternative is to enforce uniqueness, choosing ω such that ê∗kek > 0 [SS97].

This criterion is tacitly assumed in most literature on the subject. Other normaliza-

tions have been considered in [FW98, MS88].
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choice of eigenvectors even if Λn contains multiple eigenvalues. Es does
not depend on R̃x since all eigenvalues are simple.

First, note that δE∗Es = −E∗δEs, since

0 = Ê∗Ês −E∗Es = Ê∗(Ês −Es) + (Ê−E)∗Es � E∗δEs + δE∗Es .
(A.13)

Since Rx + R̃x � (E+ δE)(Λ+ δΛ)(E+ δE)∗,[
Λs
0

]
+E∗R̃xEs = E∗(Rx + R̃x)Es

� (I+E∗δE)(Λ+ δΛ)
([I

0

]
+ δE∗Es

)

�
[
Λs
0

]
+ΛδE∗Es +

[
δΛs
0

]
+E∗ [δEs δEn

] [Λs
0

]

which gives

E∗R̃xEs =
[
δΛs
0

]
−ΛE∗δEs +E∗δEsΛs =

[
δΛs
0

]
−
[
Lss
Lns

]
� (E∗δEs)

(A.14)

where [Lss]kl = λs,k − λs,l and [Lns]kl = λn,k − λs,l.
From the d top rows of (A.14), (A.9) follows immediately, since δΛs is

diagonal and Lss is zero on the diagonal. All values of E∗δEs except for
the diagonal are determined solely by (A.14), but since E∗

sδEs is skew-
Hermitian, its diagonal elements are purely imaginary, say Σs, which
gives

E∗δEs = −
[
Mss

Mns

]
�
([Es
En

]∗
R̃xEs

)
+
[
Σs
0

]

A pre-multiplication by Es shows that (A.10) is necessary for Es+δEs to
be pseudo-signal eigenvectors of Rx + R̃x. Straightforward calculations

show that up to �rst order (A.9)�(A.10) gives (Es + δEs)∗(Es + δEs) � I
and (Es + δEs)∗(Rx + R̃x)(Es + δEs) � (Λs + δΛs), which proves su�-

ciency.

Finally, we show that (A.10) holds for all choices of En. If En′ is a

block of En corresponding to a multiple eigenvalue λn′ , then the sub-

matrix Mn′s � (E∗
n′R̃xEs) = E∗

n′R̃xEsDM ′ where DM ′ is the diagonal
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matrix [DM ′ ]kk = 1
λn′−λsk

. Thus, the corresponding block of the second

term of (A.10) is given by

E∗
n′Mn′s � (E∗

n′R̃xEs) = En′E∗
n′R̃xEsDM ′ = Πn′R̃xEsDM ′

which is independent on the speci�c choice of eigenvectors corresponding

to λn′ .

It is an easy exercise to prove Theorem A.2 using this result. Note that

in general, Theorem A.3 cannot easily be extended to Ên. Some related
results for the case of multiple eigenvalues are given in [Dai89, MC88]

and for completeness, we cite one result here.

Theorem A.4. Assume that Rx has a multiple eigenvalue λn′ with eigen-
vectors RxFn′ = λn′Fn′ , and that all the corresponding eigenvalues of

R̂x are distinct. Then, a �rst order Taylor series of the corresponding
eigenvectors, according to Theorem A.1, of the form

Ên′ = En′ + δEn′ +O(‖R̃x‖2)

is only possible if En′ = Fn′T, where T is a unitary solution of the
eigenvalue problem

F∗
n′R̃xFn′T = T δΛn′ .

Furthermore, the diagonal matrix δΛn′ of eigenvalues of this problem
provides the �rst order perturbations of the eigenvalues of the original
problem,

Λn′ = λn′I+ δΛn′ +O(‖R̃x‖2) .

Proof (from [Dai89, MC88]). From R̂xÊn′ = Ên′Λ̂n′ , we get

(Rx + R̃x)(Fn′T+ δEn′) �(Fn′T+ δEn′)(λn′I+ δΛn′)

λn′Fn′T+Rx δEn′ + R̃xFn′T =λn′Fn′T+ λn′ δEn′ + Fn′T δΛn′

and a pre-multiplication by F∗
n′ gives

(F∗
n′R̃x − λn′F∗

n′) δEn′ + F∗
n′R̃xFn′T = T δΛn′ ,

which shows the desired result since the �rst term is zero.
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Theorem A.5. If all pseudo-signal eigenvalues are single and separated
at least 2‖R̃x‖, then

E∗
nÊs = −Mns � (E∗

nR̃xEs) +O(‖R̃x‖2) (A.15)

E∗
sÊn = MT

ns � (E∗
sR̃xEn) +O(‖R̃x‖2) . (A.16)

Proof. Both results follow directly from Theorem A.3, since, according

to (A.13), E∗
sÊn � −Ê∗

sEn.

Corollary A.6. If Rx(η) is di�erentiable with respect to η, then

E∗
s

∂En(η)
∂η

=MT
ns � (E∗

s

∂Rx(η)
∂η

En) , (A.17)

E∗
n

∂Es(η)
∂η

= −Mns � (E∗
n

∂Rx(η)
∂η

Es) . (A.18)

A.2 Statistics of Sample Covariance Matri-

ces

Lemma A.7. If R̂x is the sample covariance matrix formed from N in-
dependent samples of a circular [Pic94] complex Gaussian random vector
with covariance matrix Rx and R̃x = R̂x −Rx, then

E
[
vec(AR̃xB)(vec(CR̃xD))∗

]
=

1
N

(BTRcxD
c)⊗ (ARxC∗) (A.19)

E
[
vec(AR̃xB)(vec(CR̃xD))T

]
=

1
N

(BTRcxC
T )⊗ (ARxD)Z , (A.20)

where Z is the permutation matrix such that vec[M] = Z vec[MT ] for all
matrices M of the same size as CR̃xD. An explicit formula for Z is
given in [Jan97], see also [MN88].

Proof. It is shown in [WF93] that

E[vec R̃x(vec R̃x)∗] =
1
N
Rcx ⊗Rx ,
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thus using some results from Lemma A.9

E
[
vec(AR̃xB)(vec(CR̃xD))∗

]
=(BT ⊗A) E

[
vec R̃x(vec R̃x)∗

]
(Dc ⊗C∗)

=
1
N

(BT ⊗A)(Rcx ⊗Rx)(Dc ⊗C∗)

=
1
N

(BTRcxD
c)⊗ (ARxC∗) .

The result (A.20) can be shown similarly by noting that vec(CR̃xD) =
Z vec(DT R̃cxC

T ).

Lemma A.8. With the same prerequisites as Lemma A.7,

E
[
Tr
[
X((E∗

nR̃xEs)�MT )
]
Tr
[
Y((E∗

nR̃xEs)�NT )
]∗]

=
1
N

Tr [(X�M)Λn(Y∗ �N∗)Λs] (A.21)

E
[
Tr
[
X((E∗

sR̃xEn)�M)
]
Tr
[
Y((E∗

sR̃xEn)�N)
]∗]

=
1
N

Tr
[
(X�MT )Λs(Y∗ �Nc)Λn

]
(A.22)

E
[
Tr
[
X((E∗

sR̃xEs)�M)
]
Tr
[
Y((E∗

sR̃xEs)�N)
]∗]

=
1
N

Tr
[
(X�MT )Λs(Y∗ �Nc)Λs

]
(A.23)

E
[
Tr
[
X((E∗

sR̃xE1)�M)
]
Tr
[
Y((E∗

nR̃xE2)�N)
]∗]

= 0 (A.24)

E
[
Tr
[
X((E∗

1R̃xEs)�M)
]
Tr
[
Y((E∗

2R̃xEn)�N)
]∗]

= 0 , (A.25)

for any matrices X, Y, M, N, E1 and E2 of matching size.

Proof. We prove (A.21), the other results are shown similarly. Using
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results from Lemmas A.9�A.7,

E
[
Tr
[
X((E∗

nR̃xEs)�MT )
]
Tr
[
Y((E∗

nR̃xEs)�NT )
]∗]

= E
[
Tr
[
(X�M)(E∗

nR̃xEs)
]
Tr
[
(Y �N)(E∗

nR̃xEs)
]∗]

= vec(XT �MT )T E[vec(E∗
nR̃xEs)(vec(E

∗
nR̃xEs))

∗] vec(Y∗ �N∗)

= vec(XT �MT )T
1
N

(
(ETsR

c
xE

c
s)⊗ (E∗

nRxEn)
)
vec(Y∗ �N∗)

= vec(XT �MT )T
1
N

(Λs ⊗Λn) vec(Y∗ �N∗)

=
1
N

vec(XT �MT )T vec(Λn(Y∗ �N∗)Λs)

=
1
N

Tr [(X�M)Λn(Y∗ �N∗)Λs] .

A.3 Some Matrix Algebra

Lemma A.9. The following standard results for Schur Hadamard prod-
ucts and Kronecker products can be found, for example, in [Gra81].

vec [A�B] = diag [vecA] vecB
= diag [vecB] vecA (A.26)

Tr [AB] = (vecA∗)∗ vecB (A.27)

vec(ABC) = (CT ⊗A) vecB (A.28)

(A⊗B)(C⊗D) = (AC) ⊗ (BD) (A.29)

Lemma A.10.

Tr [A (B�C)] = Tr
[
(A�BT )C

]
(A.30)

Tr [(A�B)(C�D)] = Tr
[
(A�DT )(BT �C)

]
(A.31)
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Proof.

Tr [A (B�C)] =
(
vecAT

)T
vec [B�C]

=
(
vecAT

)T
diag [vecB] vecC

=
(
vecAT

)T
(diag [vecB])T vecC

=
(
diag [vecB] vecAT

)T
vecC

=
(
vec
[
AT �B

])T
vecC = Tr

[
(A�BT )C

]
(A.31) is an immediate corollary.
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