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Abstract

It is well known that multi-input multi-output (MIMO) wireless communication systems
that employ precoding techniques are capable of meeting the high expectations of modern
and future wireless communication standards. In order to fully utilize these techniques, the
communication system typically requires information of the channel, commonly referred to
as channel state information (CSI). In practice, the CSI at the transmitter (CSIT) is often
not perfect which addresses the need for robust precoding designs, that can mitigate the
effects of precoding with imperfect CSIT. By modeling the imperfect CSIT as deterministic,
it can be assumed that the estimated channel, as represented by the CSIT, belongs to a
convex uncertainty set. With this approach, the problem of finding a robust precoding design
can be formulated as a convex maximin problem, where the solution optimizes the system
performance for the worst channel that belongs to the uncertainty set. How the uncertainty
set is modeled impacts the performance of the communication system, which calls for the
evaluation of several robust precoding designs. While different characteristics of the convex
uncertainty sets has been evaluated for MIMO flat-fading channels represented by i.i.d. zero-
mean, unit variance Gaussian elements, it is of interest to apply the theory of worst-case
robust precoding designs on real-world measured MIMO channels.

More concisely, this project investigates MIMO precoding designs with deterministic im-
perfect CSIT for real-world measured channels that utilizes orthogonal frequency division
multiplexing (OFDM) schemes. The worst-case received signal-to-noise ratio (SNR) will be
presented as a result of using MIMO precoding designs on real-world channels, and the effect
of the choice of model parameters and characteristics of the chosen uncertainty set will be
visualized and discussed. Furthermore, orthogonal space-time block code (OSTBC) transmis-
sion designs will be employed to measure the worst case symbol error rate (SER) as a tool to
evaluate the system performance in different scenarios. The results will be compared to that
when the channel is composed of i.i.d. zero-mean, unit variance Gaussian elements and for
the case when the channel is based on the Kronecker model.

The results indicate that a further analysis of how the Kronecker model behaves in terms
of capacity is required in order to draw accurate conclusions regarding the implementation of
robust precoding strategies when each pair of antennas are correlated. Also, it is essential to
develop a framework that offers methods on how to accurately model the uncertainty set so
that it can represent errors that originates from both quantization errors, estimation errors
and outdated estimates.

Index Terms – MIMO, maximin, imperfect CSIT, real-world measured channels,
uncertainty set, worst-case robustness
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Sammanfattning

Det är välkänt att trådlösa multi-input, multi-output (MIMO) system som använder förkodar-
tekniker har kapabilitet att möta de höga förväntningar som är fastställt av moderna och
framtida kommunikationsstandarder. För att utnyttja dessa förkodartekniker till fullo be-
hövs information om kanalen (CSI). I praktiska kommunikationssystem är kanalinformatio-
nen hos sändaren (CSIT) ofta inte perfekt vilket adresserar betydelsen av att använda robusta
förkodare som kan mildra den negativa effekten som uppstår av att förkoda med CSIT som in-
nehåller fel. Genom att använda en deterministisk modell för CSIT med fel kan man anta att
den skattade kanalen som är representerad av CSIT tillhör en konvex osäkerhetsregion. Med
detta tillvägagångssätt kan man formulera problemet att hitta en robust förkodardesign som
ett konvext maximin-problem, där lösningen optimerar systemets prestanda för den värsta
kanalskattningen i osäkerhetsregionen. Olika modeller av osäkerhetsregioner ger upphov till
olika systemprestanda vilket betyder att olika modeller med tillhörande robusta förkodare be-
höver utvärderas. Medan tidigare forskningsrapporter behandlat MIMO flat fädnings-kanaler
för i.i.d. Gaussisk fördelning av elementen finns det ett intresse att applicera teorin om
värsta-fallet robust förkodning på riktiga uppmätta MIMO-kanaler.

Mer koncist undersöker detta projekt designs på förkodare för riktiga uppmätta MIMO-
kanaler utifrån en deterministisk modell på felaktigt CSIT, där MIMO-kanalerna utnyttjar
orthogonal frequency divsion multiplexing (OFDM) scheman. Värsta-fallet signal-to-noise
ratio (SNR) kommer presenteras för olika förkodar-designs och MIMO-kanaler. Hur olika val
av modellparametrar och karakteristik hos osäkerhetsregionerna påverkar systemprestandan
kommer att diskuteras. Vidare kommer även orthogonal space-time block codes (OSTBC)
användas som transmissionsscheman för att mäta symbol error rate (SER). Resultaten kom-
mer att jämföras med när MIMO-kanalen består av i.i.d. Gaussisk fördelning av elementen
och för fallet när kanalen är baserad på en Kronecker-modell.

Resultaten indikerar att en fortsatt analys av hur Kronecker-modellen beter sig med
avseende på kapacitet är nödvändig för att dra tillförlitliga slutsatser om systemprestan-
dan för förkodar-designs när antennparen är korrelerade. Det är även väsentligt att utveckla
en teori som behandlar metoder för hur man kan på ett tillförlitligt sätt modellera osäker-
hetsregionen så CSIT så att kvantiseringsfel, skattningsfel och utdaterade skattningar kan
representeras i den.
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actual scaled real-world channel Hα during transmission. It can be seen that
the robust strategy outperforms the uniform-power strategy in every instant.
See Figure 3.2 for a block diagram of the system model. . . . . . . . . . . . . 55

4.11 Worst case received SNR for Eσp, P = 10 and s = 0.4 for a segment of the
outdoor environment route given by Hα for each instant, evaluated for all 100
subcarriers for the 4 × 8 system. The evaluated strategies are Eσ1 (left plot),
Eσ2 (middle plot) and Eσ∞ (right plot). Note that each respective plot has a
different maximum and minimum value for the colorbar. . . . . . . . . . . . . 55

8/61



Robust MIMO Precoding
on Real-World Measured Channels

4.12 Worst case received SNR for Eq, P = 10 and κ = 0.5 for a segment of the
outdoor environment route given by Hα for each instant, evaluated for all 100
subcarriers for the 4×8 system. The evaluated strategies are the uniform power
allocation strategy (upper-left plot), beamforming strategy (upper-right plot),
semi-robust strategy (lower-left plot) and the robust strategy (lower-right plot).
Note that each respective plot has a different maximum and minimum value
for the colorbar. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

9/61



Chapter 1

Introduction

As of today, information exchange can be easily conducted digitally. Moore’s law predicted
the great advancements of this technological change already in year 1965 by stating that
the number of components on a chip seems to double every 2 years (the law can also be
explained as a doubling of chip performance every 18 months). Digital communication through
speech, text and video is now a frequently used technology, where communication using
wireless devices is an especially attractive service due to its mobility. Wireless information
transfer is heavily exploited as can be seen by the steadily increasing number of users and
the average increased data traffic per user along with the subscriber’s increased demand
for higher data rates. Naturally, this constitutes a challenge for communication engineers
to develop systems and standards that can cope with the issues of delivering information
reliably at high rates (as promised in the specifications of the standards, see LTE, WiMAX,
WiFi) in the wireless medium, where the properties of the channel are constantly changing.
One key technique that is capable of improving the performance of such a communication
link is the implementation of a precoding design that is robust to changes in the wireless
communication medium. The report will thus aim at introducing the reader to these designs,
apply the results to data that describes real-world measured channels and evaluate the results.
In this introductory chapter, Section 1.1 equips the reader with brief background information
of wireless communication and its connection with robust precoding designs. Section 1.2
describes the problem formulation for the report, which includes a few statements about the
purpose and goals. Section 1.3 covers the methodology of the project, meaning that the
process of how the project were executed (by the author) from the start to the end of the
project will be explained. Section 1.4 summarizes the report outline and Section 1.5 describes
the notations that will be used throughout the report.

1.1 Wireless Communication and Robustness Design

The system design challenges for wireless communication differs in some aspects from that
of wireline communication. A model of a typical scenario of radio wave propagation from a
mobile terminal to a base station for a single-user in a semi-urban environment is depicted in
Figure 1.1.

In general, the propagated radio wave is attenuated as a function of the nearby environ-
ment and relative distance between mobile terminal and base station. In addition to this,
Figure 1.1 illustrates that the transmitted radio wave can be subject to constructive and de-
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Figure 1.1 – A typical scenario of the propagation of a radio wave from a mobile terminal (as indicated
by the cell phone) to an access point (as indicated by the base station).

structive interference of multiple copies of the original signal as it travels from mobile terminal
to base station. These effects can cause performance impairments, but can also enhance the
performance if proper techniques are implemented.

The technology that has received a lot of attention lately is the concept of multi-input
multi-output (MIMO) (i.e., a system consisting of several transmitting and receiving anten-
nas), that together with channel adaptive techniques are a promising method for improving
the performance of wireless communication links. In order to fully utilize these concepts, in-
formation of the channel conditions, commonly referred to as channel state information (CSI),
is required. Channel state information at the receiver (CSIR) can be estimated through the
widely adopted training technique [1]. Also, frameworks have been established to extract CSI
[2], which will be covered in detail in later chapters. With CSIR, the receiver needs to employ
a strategy to transfer the CSI to the transmitter. Typically, the information is quantized so
that it is represented by a small number of bits, reducing overhead on the feedback link, while
the information still maintains an accurate description the channel state. The bits are then
fed back to the transmitter in order to obtain channel state information at the transmitter
(CSIT). See Figure 1.2.

Transmitter Forward link Receiver

Channel estimation technique
CSIR

QuantizationFeedback link

CSIT

Figure 1.2 – A model of the process of extracting CSI for a typical single-user wireless communication
system.

With CSIR and CSIT available, pre- and post-processing techniques can greatly enhance
the performance of the MIMO communication system. In most literature, CSIR can be mod-
eled as error-free, which will be the case in this text. As can be seen however in Figure 1.2,
acquiring CSIT involves more operations than that of acquiring CSIR and generally causes
the CSIT to be imperfect. Two models to describe imperfect CSI are frequently used, namely
the deterministic model and the stochastic model, which is described next.
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The stochastic model: This model assumes that the MIMO channel coefficients are un-
known but its long-term statistical properties are known. For example, the CSI could repre-
sent the MIMO channel mean values or covariance matrix. For example, [3] treats the issue
of designing robust MIMO transceivers when the statistical properties of the channel are fed
back to the transmitter.

The deterministic model: This model is generally regarded as more useful for charac-
terizing imperfect CSI [4]. Here it is assumed that the MIMO channel coefficients are known
to the transmitter, but the estimated channel coefficients are regarded to lie in a neighbor-
hood of the actual channel coefficients. This neighborhood or uncertainty set can differ in
size and shape. The size of the region is a measure of the uncertainty of the estimated CSIT.
The shape, or model, that is used to characterize the uncertainty can be chosen so that it
describes the processes that generated the error. If the uncertainty set is modeled as convex,
the deterministic model is suitable for optimizing the worst-case performance, i.e., obtaining
the best performance for the worst values in the uncertainty set.

Throughout the text, the deterministic model will be used to obtain a worst-case robust
precoding design for several MIMO channel models including data consisting of real-world
MIMO channels. For a deterministic model, several channel models can be used to accurately
describe the MIMO channel. We will limit the focus of this report to evaluate the case when
the MIMO channel model is assumed to be narrowband, point-to-point and frequency-flat
fading. Theoretical models such as a i.i.d. Gaussian channel model, and correlated models
(especially the Kronecker model) will be compared with data consisting of real-world mea-
sured channels. Note that the real-world measured channel data has been acquired by the
use of an OFDM scheme. This is expected, because, given that all subcarriers are avaliable
for transmission, channel estimation through OFDM schemes have been proven enhance the
channel estimation accuracy, among other benefits [6]. Since an OFDM scheme converts a
frequency-selective channel into a set of parallel and orthogonal subchannels, each subchan-
nel can equivalently be regarded as a narrowband and frequency-flat fading channel. A more
general discussion of these concepts will be covered in later chapters.

1.2 Problem Formulation – Purpose and Goals

This project will focus on a single-user MIMO precoding design, where the uncertainty set
of the channel (resulting from imperfect CSIT) will be modeled as a neighborhood of a
nominal channel known to the transmitter. The goal is to evaluate robust precoding designs
that can achieve optimal performance for the worst channel contained in the uncertainty
set. The solution will result in a maximization of the performance for the worst channel
within the uncertainty set, or will find the worst channel for the optimal precoding strategy.
The evaluated models will specifically consider the i.i.d. Gaussian (Rayleigh) model and the
Kronecker-based model. The i.i.d. Gaussian model is chosen because it is probably the most
widely used channel model in the literature and thus the results can easily be compared with
existing results. The Kronecker model is specifically chosen because it introduces correlation
between each pair of antennas which is interesting because it is known that correlation between
the spatial paths is shown to occur in practice, both for indoor and outdoor scenarios. Also,
the Kronecker model is often considered in existing works because it is generally regarded as
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simple in an analytical perspective.
In addition, the robust precoders are evaluated on the real-world channels (described as

flat-fading matrices). The author sees this as an interesting opportunity to test the existing
robust precoders presented in [4] on a practical scenario in order to further elaborate on the
studies provided in [4]. The different characteristics of the real-world channels such as the
number of transmitting or receiving antennas, time intervals between each real-world channel
matrix or frequency spacing between each subcarrier needs to be carefully taken into account
in the analysis of the results in order to not make any false conclusions.

Simulations will be carried out in MATLAB. The convex optimization problems can be
solved analytically depending on which uncertainty model is used. Otherwise, several software
packages such as CVX or YALMIP has to be considered in the solution procedure. The
evaluation of existing models for robust MIMO precoding can be used as a basis for adding
contributions to the theory by comparing the precoders for the case when the channel is not
i.i.d. Gaussian and thus discover new areas for further research.

We are now ready to formalize the goals of the project. Two main goals will be stated
here, namely the project objective goal and resource management goal.

Given imperfect CSIT, the objective of this project will be to evaluate some robust MIMO
precoding strategies that will maximize the system performance depending on which uncer-
tainty model and system design that is considered. A set of different channel models will be
used, including real-world measured channels. The target is to gain interesting insights and
draw conclusions that can contribute to the theory of robust MIMO precoding.

For the resource management goal, we discuss as follows. A Master Thesis project consists
of 30 ECTS credits. Typically, 1.5 ECTS credits represents a workload of 40 hours, or one
week, equivalently. By taking the process of the already performed feasibility study and
the project planning into account, it is reasonable to aim at finishing the project within 16
working weeks, or after 640 hours of workload, starting on April 20, 2015. This leads to a
preliminary suggestion of the deadline that is set at August 17, 2015. More briefly, the two
main goals can be stated as follows.

• Through simulations, evaluate the performance of robust MIMO precoding strategies for
theoretical channel models, as well as for real-world measured channels, given imperfect
CSIT, in order to validate, evaluate, and possibly improve the existing theory, while
providing interesting areas for future research.

• With an estimated workload of 640 hours, the project deadline date is preliminary set
at August 17, 2015.

1.3 Project Methodology

The methodology for this project is generally straightforward. First off, one needs to focus
on systematic knowledge acquisition in order to be able to both generate robust precoding
designs and also to interpret the results correctly. Since the subject area is relatively new,
most of the knowledge of robust MIMO precoding need to be acquired from modern research
papers. However, several tutorial papers and books will provide excellent fundamental theory
of wireless communication and relating areas that also needs to be considered in the knowl-
edge acquisition process. Some papers that provided remarkable contributions to wireless
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communications will not only serve as a reliable and good source of knowledge but also serve
as a way of giving credit to the founders, as well as for justification of the report.

The knowledge acquisition process continues throughout the execution of the project.
Meanwhile, simulations will be conducted (in this case MATLAB is used) as a way of evalu-
ating the performance of the robust MIMO precoding designs. The results will be compared
with similar works and discussed with the supervisor in order to critically asses its relevance
and degree of accuracy.

Meanwhile, as one gets more familiar with the subject area and produces relevant results,
a report will be written (specifically, this one for this case) as a way to document the unique
material resulting from the simulations. Moreover, we would like to relate the results to the
acquired theory so that it can be presented in a concise manner in one single document. In
this way, others that are interested in this area can easily understand the results that refer
to the theory presented in the same document.

As the project reaches its end, a short presentation will be conducted that summarizes
the most important theoretical considerations and results.

1.4 Report Outline

The report is structured as follows. Chapter 2 covers general theory of MIMO systems.
This theoretical chapter is organized so that focus is on capacity considerations since the
main interest of this text is to achieve robust precoding designs that are optimal in terms
of worst-case robustness. Chapter 3 considers the experimental setup. It roughly covers
important considerations and assumptions regarding how the experiments are performed in
order to analyze the performance of several robust precoding designs. Chapter 4 presents the
corresponding results. Finally, Chapter 5 summarizes the report and state some important
conclusions regarding the content as well as possible areas for further research on this subject.

1.5 Notations

The intention is that the notations used in the text is as standard as possible. R and C denote
the set of real numbers and complex numbers, while S+ denote the set of positive semi-definite
matrices. Boldface uppercase letters denote a matrix. This implies that A ∈ CM×N belongs
to the set of M × N complex-valued matrices. aij represents the (i’th, j’th) element of the
matrix A. This text will use the convention that aj denotes the j’th column vector of the
matrix A. A few exceptions will occur when the same notation refers to a row vector but
it will be specified in the text what is meant. � and � denotes matrix inequality and strict
matrix inequality. For example, A � 0 means that A is positive semi-definite, while A � 0
means that A is positive definite. The operators ⊗, E{·}, Cov{·, ·} denotes the Kronecker
product, expectation and corvariance between two inputs. Tr(·), (·)−1 and (·)H denotes the
trace operator, the inverse and Hermitian of a matrix. Re{·} and Im{·} denotes the real part
and imaginary part of a complex number. vec(·) takes in an arbitrary M × N matrix as
argument and returns a vector by stacking its columns on top of one another. min{·} takes
in an arbitrary long sequence of numbers and returns the smallest argument, analogous to
max{·} which returns the largest argument. This notation should not be confused with the
terms maximize and minimize, which maximizes/minimizes an objective function subject to
a set of constraints. In this text, min. and max. will sometimes be used as an abbreviation
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for maximize and minimize. Also, we denote a notational difference between the Dirac delta
function (given by δ(t− t0) which equals to infinity only when t = t0) and the Kronecker delta
(given by δij which equals to one only when i = j). ‖·‖σp denotes the p-Schatten norm [4] of
a matrix. If the subscript is left out, ‖·‖ denotes the Frobenius (p = 2) norm of the (matrix)
argument. σ(A) denotes the vector of singular values corresponding to A, while λmax(A)
denotes the maximum eigenvalue corresponding to A.
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Chapter 2

Theory

The fundamental aspect of a wireless system is that the medium behaves in a random manner
as compared to that of wireline communication. To list a few examples, the mobile unit is
expected to change in position, the radio waves that convey the information attenuates as a
function of distance as it propagates through the wireless medium and the wireless medium,
which is shared with other transmitting devices can cause propagating waves to be subject to
constructive or destructive interference, finally resulting in a distorted received signal. These
effects however, can be utilized to enhance the performance of wireless communication links
through the concept of diversity. Diversity can be defined as a way of conveying information
through multiple and independent instantiations of these random attenuations that causes the
distortion of the transmitted signal [7]. Diversity techniques typically relies on utilizing time,
frequency or space to create these random attenuations that with proper processing techniques
can enhance the system performance. A key concept in MIMO systems is especially that of
spatial diversity by the use of multiple transmitting and/or multiple receiving antennas. This
structure on the communication system allows the information to be conveyed over multiple
spatial paths, possibly increasing both the system throughput and overall reliability, which are
reasons to why the MIMO technology is integrated into many modern wireless communication
standards [8].

The goal of this chapter is to equip the reader with sufficient theory of MIMO communi-
cation so that the reader will better understand the methods that are employed to generate
the results presented in later chapters. Section 2.1 will cover the essential details of the struc-
ture of MIMO channel models. In Section 2.2, a capacity analysis of the MIMO system with
respect to the considerations presented in Section 2.1 will be discussed. Since the information-
theoretic limits gives no information on how to design the communication system, Section 2.3
provides a short discussion of techniques that approaches the capacity, focusing on the design
of the transmitter side. To conclude this theoretical chapter, Section 2.4 will treat the case
on how to optimally design the transmitting side of the link when the CSIT is imperfect.

2.1 MIMO Channel Modeling

We are interested in specifying a channel model that can be used for analytical purposes
in MIMO systems. In discrete-time, it is hereby assumed that the information signal x(t)
is sampled faster than the Nyquist rate [9] so that a baseband equivalent model can be
specified. Let the transmission system consists of N transmitters and M receivers. Consider
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that B input blocks, or sequences of symbols are being transmitted, and that ν is an integer
representing the length of the sampled impulse response from the j’th transmitting antenna to
the i’th receiving antenna at a specific instant in time, caused by the attenuation effects in the
wireless medium. Then, in the most general case, the narrowband point-to-point single-user
received complex symbol samples can be expressed as

y = Hx + n (2.1)

where y and n ∈ CBM represents the received signal and noise, respectively, x ∈ CN(B+ν)

represents the transmitted symbols and H ∈ CBM×N(B+ν) represents the channel matrix and
[H]ij is a vector of length ν representing the sampled and time-varying impulse response from
the j’th transmitting antenna to the i’th receiving antenna [7]. It is assumed that each noise
element is independent of the input signal, and is zero mean complex circularly symmetric
(ZMCCS) Gaussian random variable with covariance matrix Rnn, i.e., n ∼ CN (0,Rnn).
Equation (2.1) can be further simplified so that it represents channel models that are fre-
quently used in the literature. Two models will be distinguished here. First, a quasi-static
channel model is made by assuming that the channel is set to be time-invariant within a block
transmission sequence. Second, if ν is set to 0, hij represents a constant gain as a function of
the sampling instant k from the j’th transmitting antenna to the i’th receiving antenna, i.e.,
H ∈ CM×N , which is commonly referred to as the flat-fading channel model. Throughout
the text, the noise process is assumed to be independent in time and across antennas, i.e.,
n ∼ CN (0, σ2

nI). An example of such a MIMO model is depicted in Figure 2.1.

x1(k)

x2(k)

xN (k)

h11(k)
h21(k)

hM1(k)

h1N (k)
h2N (k)

hMN (k)

y1(k)
n1(k)

y2(k)
n2(k)

yM (k)
nM (k)

Figure 2.1 – MIMO model equipped with N transmit antennas and M receive antennas.

In Figure 2.1, the input signals xj(k), k = 1, 2, ..., B (where B is the total amount of
channel uses) to antenna j comes from the output of some encoder that may utilize diversity
in both space, time and frequency. The encoder normally maps a finite amount of bits into
a larger set of bits, inserting redundancy into the system, making it more robust to system
impairments at the cost of a decreased system bit rate. Each output symbol of the encoder
will be referred to as a codeword [10]. Thus, the transmitted codewords can be represented
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by the following transmission matrix:

P =


x1(1) x1(2) · · · x1(B)
x2(1) x2(2) · · · x2(B)

...
... . . . ...

xN (1) xN (2) · · · xN (B)

 (2.2)

where the amount of rows in (2.2) represents the spatial dimensions of the MIMO channel,
and the columns in (2.2) represents the dimensions in time of the output of the space-time
encoder. In Section 2.3.3, this model will be further discussed in terms of space-time block
codes (STBC).

For every block transmission, the received codewords can be represented by the following
matrix:

Y =


y1(1) y1(2) · · · y1(B)
y2(1) y2(2) · · · y2(B)
...

... . . . ...
yM (1) yM (2) · · · yM (B)

 (2.3)

where the columns y(k), k = 1, 2, ..., B in (2.3) represents the received signals from all anten-
nas at sampling instant k.

Note that if one let M = 1 in (2.1)–(2.3), we have a multi-input single-output (MISO)
equivalent model, capable of utilizing transmit diversity, and if one let N = 1, we have a
single-input multi-output (SIMO) equivalent system, capable of utilizing receive diversity,
respectively. Finally, by setting M = N = 1, we achieve a single-input single-output (SISO)
equivalent system.

This leads to the following expression for the M ×N MIMO channel model at sampling
instant k: 

y1(k)
y2(k)
...

yM (k)

 =


h11(k) h1(k) · · · h1N (k)
h21(k) h2(k) · · · h2N (k)

...
... . . . ...

hM1(k) hM2(k) · · · hMN (k)



x1(k)
x2(k)

...
xN (k)

+


n1(k)
n2(k)

...
nM (k)

 (2.4)

where the MIMO channel matrix H(k) is defined as:

H(k) =


h11(k) h1(k) · · · h1N (k)
h21(k) h2(k) · · · h2N (k)

...
... . . . ...

hM1(k) hM2(k) · · · hMN (k)

 . (2.5)

In compact notation, (2.4) is then finally expressed as follows:

y(k) = H(k)x(k) + n(k) (2.6)

Note that if a broadband channel is considered, appropriate transmitter techniques such
as OFDM schemes can decompose the broadband channel into several narrowband chan-
nels. Thus, the narrowband models recently discussed also applies for broadband signaling
scenarios. See [36] for a complete treatment of OFDM.
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In theoretical considerations one needs a strategy on how to model the properties of
the channel gains hij so that the input-output relationship for the MIMO model accurately
represents the corresponding real-world situation in simulations. In practice, three major
factors are considered to contribute to the attenuation effects: path loss, shadowing loss
and fading loss due to constructive and destructive interference of multipath components
[7]. Attenuation losses and shadowing losses are generally considered as large-scale fading
effects that usually occur when mobile terminals move across large distances [11]. Thus, in
order to simplify the modeling of the channel gains, the small-scale fading effects resulting
from constructive and destructive interference will be assumed to be the main contributor to
the variation of the gains. A popular approach towards modeling the gains is by obtaining
statistical information of the channel behaviour [16] so that we can construct realizations of
the channel matrix H. We will divide the discussion into two sections, where Section 2.1.1
discusses the Rayleigh model while Section 2.1.2 discusses the Kronecker model.

2.1.1 The Rayleigh Model

It is often reasonable to assume that the transmitted signal may interfere with several scatter-
ers, even when a LOS path is available, so that multiple distorted copies of the original signal
is received at different time instants. The phase difference θk for the k’th received component
that is caused by local scatterers as well as by the relative delay spread can be modeled as
random, uniformly distributed over [0, 2π] [16]. Limiting the discussion to a SISO channel
model, the continous channel impulse response at the time instant t (where t is continuous in
time) can be modeled as [16]

h(t) =
M∑
k=1

Ake
jθkδ(t− τk) (2.7)

where Ak represents the signal gain for the k’th received component and τk represents the
relative delay spread for the k’th component. By expressing (2.7) in terms of its spectral
content, the Fourier transform yields the following channel transfer function

H(f) =
M∑
k=1

Ake
jθke−j2πfτk (2.8)

=
M∑
k=1

Ake
jγk (2.9)

where γk can safely be assumed to be uniformly distributed over [0, 2π]. The assumption of a
narrowband channel lies in the idea that the frequency content for which (2.9) is non-zero is
confined to a small interval such that the channel gain H(f) can be approximated as constant
over the used bandwidth and is entirely defined by Ak. Taking the real- and imaginary parts
of (2.9), one can compute the expected values to be zero, where the variances are given
by 1/2

∑M
k=1A

2
k [16], which implies that the elements of the channel are independent and

identically distributed (i.i.d.). This leads to the conclusion that the channel gains hij ∼
CN (0,

∑M
k=1Ak) are proper complex Gaussian and that hij is Rayleigh distributed [12]. This

model is referred to as the narrowband Rayleigh fading model. A very popular approach in
the literature is to set the variance term

∑M
k=1Ak = 1 so that the average energy of each

element are normalized to one.
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In some cases there may be a dominant term in (2.7) resulting from a LOS path between
the transmitter and receiver. It is then reasonable to assume that the channel gains hij have
a mean value given by signal amplitude of the largest term in (2.7). This type of distribution
is termed Rician [13], hence the model is referred to as the narrowband Rician fading model.

An important note is that in practical scenarios the different antenna pairs may be cor-
related (i.e., the elements are not i.i.d.), meaning that the Rayleigh MIMO model may be
insufficient in some cases [14]. Thus, the theory of how to model the MIMO channel has to
be extended so that it involves a correlation-based approach. A common model that is widely
used in literature is that of the Kronecker model [15], which is discussed next in Section 2.1.2.

2.1.2 The Kronecker Model

The presence of correlation between the different antenna element pairs requires a model
which takes this into account. Denote R as the covariance matrix of the channel H, defined
as R = E{vec(H) vec(H)H} ∈ CMN×NM which provides a description of the statistical re-
lation between each pair of antennas. A first approach towards setting appropriate values
for the correlation entries is to decompose the channel covariance matrix R into two corre-
lation matrices, RT ∈ CN×N and RR ∈ CM×M where RT and RR captures the correlation
coefficients between each transmit antenna pair and receive antenna pair, respectively. For
example, RT can be expressed as follows in matrix form:

RT =


1 ρT1 · · · ρTN

ρ∗T1
1 · · · ρTN−1

...
... . . . ...

ρ∗TN
ρ∗TN−1

· · · 1

 (2.10)

and where RR can be defined in a similar fashion. Note that it is assumed in (2.10) that the
correlation coeffients are independent of which transmitting branch that is used. Also, we see
that (2.10) is a Hermitian matrix. Now RK , denoted as a simplified version of the channel
covariance matrix can be defined as [15]

RK = RT ⊗RR. (2.11)

From (2.11), while modeling the MIMO channel Hiid as i.i.d. Rayleigh distributed, [19]
showed that a correlation-based MIMO model H can be expressed as follows:

H = R1/2
R Hi.i.d.

(
R1/2
T

)T
, (2.12)

where R1/2 is a matrix such that R1/2
(
R1/2

)H
= R and can be obtained by factorizing R

using the Cholesky decomposition.

2.2 Information Theoretic Limits
Information theory dates back to the 1940s where Claude Shannon laid the foundation for
the theory [16], hence the term Shannon theory is used interchangeably. Information theory
provides system designers with a measure of how well the proposed system can perform
in terms of what is theoretically possible. More specifically, this measure is termed capacity,
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which refers to the maximum possible rate that can be transmitted reliably (meaning that the
BER asymptotically approaches zero), given a channel model and a certain power constraint
on the input signal vector x at each sampling instant k, i.e., Tr(E{xxH}) ≤ P . Assuming that
the noise process is ZMCCS Gaussian, (2.6) represents an AWGN channel model where its
corresponding capacity considerations has been well studied [18]. Considering the availability
of perfect CSIR throughout this section, the capacity will be summarized for the SISO channel,
SIMO channel, MISO channel and the MIMO channel.

2.2.1 Capacity of SISO Channels

For simplifications, consider first the case when the system is SISO, i.e., M = N = 1 in (2.6).
Given an input signal x(k), the received signal y(k) of the symbol sampled AWGN channel
at sampling instant k is given by

y(k) = hx(k) + n(k) (2.13)

where we, for simplicity, assume that the SISO channel is time-invariant, i.e., constant and
independent of the sampling instant k. See Figure 2.2 for an illustration of such a SISO
model.

x

h

y
n

Figure 2.2 – A SISO model assuming constant channel fading during the transmission.

Furthermore, note that it is assumed that the CSIR is perfectly known so that optimal
maximum-likelihood (ML) decoding can be performed [10]. Next, omitting the sampling
index k, the SNR for (2.13) can be specified as

SNRSISO = E{‖hx‖2}
E{‖n‖2}

=
|h|2 Tr

(
E{xxH}

)
σ2
n

= |h|
2P

σ2
n

(2.14)

where P is the power budget at the transmitter side. This enables us to specify the capacity
for the SISO model. It is well known that the capacity formula for a discrete-time real AWGN
SISO channel is given by [17]

CAWGN = log2 (1 + SNR) (2.15)

for a complex-valued channel model. Note that if real-valued one-dimensional channels are
concerned, the expression in (2.15) needs to be multiplied by a factor of 1/2. By inserting
the expression for the SNR given in (2.14) in (2.15), one arrives at the following expression
for the AWGN channel capacity for SISO systems:

CSISO = log2

(
1 + |h|

2P

σ2
n

)
. (2.16)

Note that the unit for capacity in expression (2.16) is given in bits per transmission time [10].
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2.2.2 Capacity of SIMO Channels

Next, the capacity for the SIMO channel will be analyzed. The assumptions of perfect CSIR
and time-invariant properties of the medium still holds in the derivations. The main advan-
tage of SIMO systems compared to that of SISO systems is that post-processing techniques
such as diversity combining can be utilized. It consists of the idea of receiving multiple copies
of the signal x(k) transmitted over different fades hj , j = 1, . . . ,M , making use of the M di-
versity branches of the SIMO system. By combining the received signals yj(k), j = 1, . . . ,M
and by selecting appropriate weights for each signal, the capacity of the system can be in-
creased. In particular, the optimal post-processing technique is spatial matched-filtering (MF)
or maximum ratio combining (MRC) [10].

First, we seek an expression of the SNR for the SIMO system. By setting N = 1 in (2.6),
the input-output relationship before post-processing is given as

y = hx+ n (2.17)

where y = {y1, y2, . . . , yM}T ,n = {n1, n2, . . . , nM}T and h = {h1, h2, . . . , hM}T are column
vectors of length M and x is a scalar representing the input signal at a specific sampling
instant. After the receiver side selects appropriate values for the M-length row vector wH =
{w∗1, w∗2, . . . , w∗M}, one arrives at an expression for the output signal ŷ:

ŷ = wHy = wHhx+ wHn. (2.18)

The receiver structure for this SIMO system using spatial MF is given in Figure 2.3 [10].

x

h1

h2

hM

y1

n1

y2

n2

yM

nM

Receive MF

ŷ

w∗1

w∗2

w∗M

Figure 2.3 – A SIMO model utilizing receive MF.

Since CSIR is available and with the knowledge of the optimality of MF, the optimal
weights can be chosen and so one can express the SNR of the model in (2.18) as follows:

SNRSIMO = E{‖wHhx‖2}
E{‖wHn‖2} =

|wHh|2 Tr
(
E{xxH}

)
σ2
n‖w‖2

= |w
Hh|2P

σ2
n‖w‖2

. (2.19)

Note that normalizing w, i.e., ‖w‖ = 1 such that wH
MF = wH/‖w‖, the SNR in (2.19)

after MF remains unchanged. This leaves us with the possibility of only considering the
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factor |wHh| when maximizing (2.19). It is then easy to conclude that the maximum value
is achieved when w points in the same direction as h, i.e., w∗j = h∗j , j = 1, 2, . . . ,M [10].
Finally, taking the normalization of wH into account, the optimal weights are chosen subject
to the constraint wH

MF = hH/‖h‖. With these considerations applied to (2.19), the capacity-
achieving SNR for a SIMO channel with AWGN is as follows:

SNRSIMO,MF = |w
H
MFh|2P
σ2
n

= ‖h‖
2P

σ2
n

. (2.20)

A complete derivation of the capacity for SIMO systems can be found in [18]. Here, we will
just state the result, which one can achieve by inserting (2.20) in (2.15) to arrive at expression
for SIMO capacity:

CSIMO = log2

(
1 + ‖h‖

2P

σ2
n

)
. (2.21)

Two remarks can be made here. First, notice that the weights w∗j equals the complex conjugate
of the corresponding channel fade hj . Thus, more power are allocated to signals with larger
amplitude. This pre-processing technique can be referred to as receive beamforming where we
define beamforming as a way for the system to steer the maximum sensitivity of the antenna
array in a desired direction [21]. Second, by comparing (2.20) with (2.14), one can notice an
increased gain in SNR. This additional gain achieved from utilizing receive diversty can be
referred to as an array gain [10], where the array gain for a SIMO system compared to a SISO
system is M .

2.2.3 Capacity of MISO Channels

The MISO channel is an example of a system that utilizes transmit diversity. Here, in addition
to the assumption of perfect CSIR, the derivations of the capacity-achieving SNR requires
perfect CSIT. This is however generally not possible to realize in transmit antenna array
systems, but for theoretical considerations, we will disregard this fact. We will see how the
MISO channel utilize transmit diversity to arrive at the same expression for the capacity as
for the SIMO channel.

In this scenario, the single input signal x at a specific sampling instant (omitting the
time dependency k) is spread across the N transmit branches and scaled individually with
an appropriate weighting factor w∗j , where wH = {w∗1, w∗2, . . . , w∗N} is now a N × 1 column
vector. The scaling is chosen so that the post-processing SNR is maximized. The N × 1
codeword vector x̃, before transmission is given by

x̃ = wHx. (2.22)

Upon transmitting the codeword, each signal is subject to different fades hj (which is the
case as long as the transmit antennas are sufficiently spaced, see a careful analysis in [19]).
Without loss of generality, we impose now that h = {h1, h2, . . . , hN} is a N×1 column vector
and wH is a 1×N row vector. The single-receiving antenna adds up all the N independent
signals in order to arrive at the following expression for the received signal:

y = wHhx+ n (2.23)

where we recall that n ∼ CN (0, σ2
n) is i.i.d. AWGN. Notice the similarity of the expressions

(2.18) and (2.23). An Illustration of the capacity-achieving MISO system utilizing transmit
diversity, i.e., transmit MF is presented in Figure 2.4 [10].
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Figure 2.4 – A SIMO model utilizing transmit MF.

It is straightforward to calculate the SNR for the received signal in (2.23) as is shown
below.

SNRMISO = E{‖wHhx‖2}
E{‖n‖2}

=
|wHh|2 Tr

(
E{xxH}

)
σ2
n

= |w
Hh|2P
σ2
n

(2.24)

Note that the expressions (2.19) and (2.24) are identical when ‖w‖2 = 1 so that wH
MF /‖w‖ =

1. This is a constraint that has to be met in a practical multiple transmit array antenna
system in order to meet the power constraint Tr(E{x̃x̃H}) ≤ P for the transmitting device.
Maximization of (2.24) corresponds to maximization of the factor |wHh|, which reaches its
maximum value when the phases between the complex vectors w and h are aligned, thus
results in a cancellation of destructive interference at the receiver. This results in that ∠w∗j =
∠h∗j , j = 1, 2, . . . , N , and so wH

MF = hH/‖h‖ is the optimal capacity-achieving preprocessing
strategy for the MISO system [10]. The resulting SNR is given by

SNRMISO,MF = ‖h‖
2P

σ2
n

. (2.25)

We will not go through the derivations of the capacity for MISO systems, but refer the reader
to [20] for complete derivations. However, similar to the SIMO system, inserting the SNR
expression (2.25) in (2.15) yields the following expression for the capacity of a MISO system:

CMISO = log2

(
1 + ‖h‖

2P

σ2
n

)
. (2.26)

This method of conveying information is referred to as transmit diversity. The array gain
for MISO system compared to a SISO system is N . Note that one information symbol x is
transmitted at each sampling instant, instead of N symbols, which is shown to be the optimal
capacity-achieving strategy. The transmitter thus employs transmit diversity to increase the
link reliability. An important remark that has been stated before, is that instantaneous near-
perfect CSIT is very difficult to achieve. Thus, the SIMO system will in general outperform
an MISO system in terms of capacity in a practical scenario if M = N , since the SIMO
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system only requires CSIR. One can interpret the result of transmit MF as that of transmit
beamforming. A precoder design based on the principle of beamforming can be shown to be
robust to imperfect CSIT in some situations, as will be described later in the text.

2.2.4 Capacity of MIMO Channels

In a MIMO channel, the capacity is achieved when several symbols are transmitted each
sampling instant. This can be referred to as spatial multiplexing, where information are con-
veyed through a set of independent streams from transmitter to receiver so as to increase the
transmission rate. This is different compared to the MISO and SIMO channel where diver-
sity techniques focuses on the link reliability. We define a MIMO system as a system where
M,N > 1. In this case, both transmit and receive diversity has been shown to greatly increase
the performance [18]. If one assumes perfect CSIR with AWGN where n ∼ CN (0, σ2

nI), and
where the elements of H is i.i.d. Gaussian distributed, [18] presented the following result for
the MIMO capacity

CMIMO = maximize
Q∈Q

log2 det
(
IN + 1

σ2
n

HQHH
)

(2.27)

where we refer Q = E{xxH} to as the transmit covariance matrix. A very general power
constraint can be assumed by modeling the set Q as a non-empty compact convex set. This
results in that Q has to be (at least) positive semi-definite and within the non-empty compact
convex set when maximizing (2.27) [22]. Also, this constraint is general enough to enclose the
commonly used constraints for Q that is used in the literature. The complete derivations for
(2.27) will not be presented in this text, but interested readers are referred to [18]. The issue
here is how to achieve the optimal transmit strategy, defined byQ, and receive strategy defined
by the post-processing algorithms in order to reach a near-capacity system performance. If
there is no CSIT available, the optimal transmission strategy is that of equal power distribution
[18], where the total transmit power P is equally distributed among the transmit antennas,
i.e., Q = P

N IN .
If on the other hand CSIT is available, individual spatial eigenmodes determined by the

structure of H can be formed. The transmitter can then optimally allocate power over each
eigenmode, following the waterfilling algorithm [25] (see Section 2.3.2). In capacity-achieving
structures it is assumed that joint maximum likelihood (ML) decoding is performed at the
receiver. Note however that joint ML decoding can have a large computational complexity,
so in order to arrive at a linear processing algorithm at the receiver a OSTBC can be used
which causes a decoupling of the transmitted signals [23], improving the link reliability and
decoding complexity. We do however pay a price in terms of a decreased transmission rate,
depending on the rate of the code.

A measure of the great expectations of performance for MIMO systems was shown in [24].
The result was that if M = N , the capacity in (2.27) grows asymptotically linearly in M as
M →∞. Thus, we have several results that indicate an increase in the capacity compared to
SISO, SIMO and MISO systems, which is mainly due to the fact that the information can be
conveyed over a larger number of communication modes determined underlying structure of
the channel matrix H. Intuitively, this means that the MIMO channel is decomposed into a
set of parallel AWGN SISO channels. An important concept in understanding transmit and
receiver processing in MIMO is that of eigenvalue decomposition (EVD) and singular value
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decomposition (SVD) of H. These concepts in relation to MIMO systems and its applications
in signal processing will be described in Section 2.3.

2.3 MIMO Signaling Issues

Some hints about how to design wireless communication systems that reaches capacity were
given in Section 2.2. This section aims at describing MIMO techniques widely used in modern
communication systems, designed to approach the limits given by information theory. Perfect
CSIR will be assumed, and ML decoding of the received signals at the receiver. A distinction
in the channel fading characteristics will be made here when comparing transmission schemes.
The channel will be referred to as either fast fading or slow fading.

A fast fading channel: A fast fading channel is characterized by the symbol period being
always larger than the channel coherence time (where the coherence time is the time inter-
val which defines how long the channel coefficients can be approximated as constant). More
specifically, this means that (not necessarily, however) hij(k) 6= hij(k + 1),∀i, j.

A slow fading channel: On the other hand, a slow fading channel is characterized by
the duration of each codeword being smaller than the channel coherence time. It is then
assumed that the fading coefficients hij remain constant over the codeword transmission se-
quence [26].

In this text, the terms quasi-static channel and slow fading channel will be used interchange-
ably, since they explain similar channel characteristics according to our definitions.

A design issue in MIMO systems is the trade-off between increasing the bit rate through
spatial multiplexing and increasing reliability through spatial diversity. In general, it is well
known that the MIMO capacity for a M × N channel in a rich scattering environment (a
characterization of a rich scattering environment is explained in Section 2.3.1) approximately
grows linearly in min{M,N} [27]. To realize this additional channel gain, it requires system
designs that can have low complexity, and yet employs effective signal processing algorithms
at the receiver for decoding. For a rich scattering environment, the Bell Labs Layered Space-
Time Architecture ((V)-BLAST) [28] system aims at realizing spatial multiplexing in MIMO
systems. However, the BLAST architecture follows a stochastic modeling of the CSIT rather
than a deterministic modeling which is the main concern of this report. Interested readers on
BLAST and spatial multiplexing designs are therefore referred to [28]. Instead, we will limit
our focus to diversity techniques, which mainly aims at decreasing the BER [7]. In general,
the concept of diversity can be utilized in time domain, frequency domain or spatial domain.
The terms temporal diversity, frequency diversity and spatial diversity will thus be used to
specify in which domains diversity is utilized.

Temporal diversity can utilize time interleaving in transmission schedules. It might not
always be efficient for slow fading channels where the channel coefficients remain constant
over a codeword [16]. Frequency diversity is available when considering a broadband channel,
where information is conveyed over multiple channels through utilization of several different
carrier frequencies. The spatial diversity techniques are utilized by equipping the system
with multiple transmit and receive antennas. The channel then consists of multiple, possibly
independent fading paths. If the same information is conveyed over different spatial paths,

26/61



Robust MIMO Precoding
on Real-World Measured Channels

it is likely that the information can be successfully extracted at the receiver since it is very
unlikely that all the information-bearing spatial paths would simultaneously experience a
deep fade.

The signal processing techniques in MIMO varies depending on the availability of CSI. We
will distinguish between open-loop techniques and closed-loop techniques, where open-loop
techniques do not require CSIT and closed-loop techniques require CSIT. Both techniques
benefits from the SVD operation of the channel matrix H, which will be described in Section
2.3.1. In Section 2.3.2, closed-loop transmitter techniques will be treated. In Section 2.3.3,
OSTBC’s are discussed which is an element of the open-loop transmitter techniques.

2.3.1 Singular Value Decomposistion of MIMO Channel

Results indicate that singular value decomposition of the channel matrix H is a key strat-
egy to approach information-theoretic results [16]. What the SVD operation does is that it
decomposes the MIMO channel into a set of parallel eigenmodes. After employing proper
pre-processing (which will be referred to as precoding) techniques and post-processing tech-
niques the total capacity of the system is computed by summing up the capacity for each
decomposed AWGN SISO subchannel, where the number of subchannels is determined by
the rank of H.

According to this, denote r = rank(H), which is always less than or equal to the number
of transmit or receive antennas, i.e., r ≤ min{M,N}. If r = min{M,N}, the channel matrix
H forms a full rank channel matrix. Thus, full channel gain can be achieved under these
conditions sinceH can be decomposed to min{M,N} SISO subchannels. An environment that
leads to a channel matrix with these properties is referred to as a rich scattering environment,
a tractable property for reaching capacity in waterfilling algorithms [29].

Without loss of generality for our considerations, the time dependency k is omitted in the
following expressions for simplicity. Consider aM×N narrowband flat fading channel matrix
H and a N × 1 input signal vector x. Then, the M × 1 output signal vector y is given by

y = Hx + n (2.28)

where n ∼ CN (0, σ2
nI) is i.i.d. complex AWGN. The goal is to achieve information about the

channel in order to decompose it by the use of an SVD operation. In particular, we denote
the SVD of H as

H = UΣVH (2.29)

where U is a M ×M unitary matrix, Σ is a M × N rectangular diagonal matrix with k
non-negative singular values γ = {γ1, γ2, . . . , γN} where γk = 0 for k > min{M,N} [4], and
V is a N ×N unitary matrix. U and V is commonly referred to as the left-singular vectors
and right-singular vectors of H, respectively.

Let the N × 1 vector vi represent the i’th column of V, where vi is the right singular
vector corresponding to the i’th singular value γi. The unitary property yields VHV = I, or
equivalently, vHi vj = δij . Further, let the i’th column of U, ui represent the i’th M × 1 left
singular vector corresponding to the i’th singular value γi. Same properties for U holds for
V such that UHU = I which implies that uHi uj = δij .

To illustrate the channel decomposition properties, let vi constitute the input vector
corresponding to the i’th singular value, where 1 ≤ i ≤ r and xi is the information symbol
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conveyed over the i’th eigenmode. The output from the model in (2.29) becomes

y = Hvixi+n = UΣVHvixi+n =

 N∑
j=1

γjujvHj vi

xi+n =

 k∑
j=1

γjujδij

xi+n = γixiui+n

(2.30)
which is due to the unitary properties of V such that vHi vj = δij . This results in that we
can (at most) decompose the channel into min{M,N} subchannels. The remaining step is
to match the i’th output of of y, yi to the left singular vector, ui, corresponding to the i’th
singular value. To this end, denote ỹi = uHi y and ñi = uHi n. After post-processing, the
following output for the i’th eigenmode is achieved:

ỹi = γixiuHi ui + ñi = γixi + ñi. (2.31)

Thus, the i’th channel has been successfully decomposed to a parallel AWGN SISO subchan-
nel. To express the decomposition for every subchannel more compactly, let the N × 1 vector
x̃ = {x̃1, x̃2, . . . , x̃N} denote the transmitted symbol vector before precoding, the M × 1
vector ỹ = {ỹ1, ỹ2, . . . , ỹM} denote the received symbol vector after post-processing and the
M × 1 vector ñ = {ñ1, ñ2, . . . , ñM} denote the noise vector after post-processing. With the
orthonormal basis U and V the following notation can be used:

x̃ = VHx, ỹ = UHy (2.32)

Replacing the expressions for x̃ and ỹ from (2.32) in (2.28) the following output is achieved:

ỹ = UHy = UHUΣVHVx̃ + ñ = Σx̃ + ñ (2.33)

This is the key idea behind the SVD operation of the channel matrix, where the proper
precoding and signal processing techniques yields a set of parallel AWGN SISO subchannels,
where r ≤ min{M,N} is the number of diagonalized channels. Note two remarks here.
First, the distribution of ñ is preserved after post-processing, such that ñ ∼ CN (0, σ2

nI) [10].
Second, the unitary properties of U and V yields that the energy is preserved after precoding
such that Tr(E{xxH}) = Tr(E{x̃x̃H}) = P and that the power of the processed noise vector
ñ is not enhanced. A simple illustration of a MIMO system utilizing SVD of the channel
matrix H is shown in Figure 2.5.

The capacity of the corresponding MIMO channel is easily calculated as the sum over
all the parallel AWGN SISO subchannels, where the number of subchannels (or equivalently
referred to as active eigenmodes) are determined by the number of non-zero singular values γi.
The issue is now how to optimally allocate the available power P over the active eigenmodes,
i.e., optimally choose Q subject to the constraint Q ∈ Q so as to maximize (2.27). Three
special cases of power constraints can be distinguished from Q: the sum power constraint,
maximum power constraint and per-antenna power constraint [22]. In this text, the sum
power constraint will only be treated, where the set Q is characterized as [22]:

Q , {Q : Q � 0,Tr(Q) ≤ P} (2.34)

Three cases can be distinguished here when designing transmitter techniques: when perfect
CSIT is available, when imperfect CSIT is available and when no CSIT is available.

Considering the first case, the optimal structure of Q can be obtained in a water-filling
fashion [4]. This way of precoding is commonly referred to as beamforming, where beams are
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ỹN

Figure 2.5 – SVD operation successfully decomposes the channel into a set of parallel subchannels.

formed in the directions of the right singular vector of the MIMO channel and the available
power is allocated over the corresponding eigenmodes so as to steer the beams in directions
where optimal performance is achieved, determined by (2.27). Beamforming is a class of
closed-loop techniques in transmitter signaling [7]. Closed-loop techniques such as beam-
forming will be discussed in Section 2.3.2.

There is also the case when perfect CSIT is not a valid assumption in a communication
system. Several factors that introduce error include estimation errors, quantization of the
information at the receiver and outdated channel estimates (common for a fast fading chan-
nel), which naturally causes a performance degradation. A proper modeling of the error can
combat the imperfect CSIT [4]. This topic on system design with imperfect CSIT will be
treated in Section 2.4.

When only CSIR is available, [18] showed that the optimal power power allocation is
that of a uniform power distribution, where Q = P

N IN which implies that the power is
equally allocated over the transmit directions [31]. Note that the optimality of uniform power
allocation under these constraints assumes zero mean complex Gaussian inputs. Capacity-
achieving designs based on these considerations are referred to as open-loop techniques [7].
Several open-loop signaling techniques include space-time trellis codes (STTC’s) and STBC’s,
where we discuss STBC’s in Section 2.3.3. In fast-fading scenarios where near-instant tracking
of a channel estimate at the transmitter difficult to achieve, these techniques can be preferrable
over closed-loop systems [7].

2.3.2 Closed-Loop Transmitter Techniques with Perfect CSIT

Two properties are required in order for beamforming to be implemented: antenna arrays (e.g.,
MISO, SIMO, MIMO) and some deterministic- and/or statistic information of the channel.
Recall that SIMO systems only requires CSIR, whereas MISO and MIMO requires both CSIR
and CSIT. Beamforming is based on the principle of achieving capacity through utilizing in-
formation of the channel to optimize the power allocation. Several beamforming techniques
include receive beamforming, transmit beamforming and eigenmode transmission. The prin-
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ciple of receive beamforming techniques have already been covered in Section 2.2.2 and will
not be covered in this section. Transmit beamforming was discussed in Section 2.2.3 but
only considered a 1×N channel matrix. In this section, we will therefore discuss eigenmode
transmission and transmit beamforming (which is a special case of eigenmode transmission)
on a M ×N MIMO channel.

We have already seen in Section 2.3.1 that a MIMO channel can be decomposed into a
number of parallel AWGN SISO subchannels when CSIR and CSIT are available. Following
the principle described in Section 2.3.1, assume that a M × N MIMO AWGN channel has
been decomposed into K parallel subchannels through proper precoding by V and decoding
by UH . From the output vector in (2.33), the i’th subchannel sees the following input-output
relationship:

yi = γix̃i + ñi. (2.35)

Note that ñi ∼ CN (0, σ2
n) remains AWGN after post-processing. Also, note that the opti-

mal input symbol distribution x̃ ∼ CN (0, IN ) yields that the transmitted symbols have the
distribution x ∼ CN (0,Q) [32] where Q = E{xxH} denotes the transmit covariance matrix.
The i’th eigenmode sees the following SNR:

SNRi = E{‖γix̃‖2}
E{‖ñ‖2}

= γ2
i E{‖x̃ix̃Hi ‖2}

σ2
n

= γ2
i pi
σ2
n

. (2.36)

where p = {p1, p2, . . . , pK} denotes the vector which represents the non-negative power to be
allocated to each eigenmode. Recalling that the capacity for an AWGN channel is given by
(2.15), the capacity for the decomposed channel is given by a summation over the parallel
subchannels [33], where the i’th subchannel sees the SNR given by (2.36). The resulting
capacity is given by

C =
K∑
i=1

log2

(
1 + γ2

i pi
σ2
n

)
. (2.37)

Note that Tr (Q) =
∑K
i=1 pi where

∑K
i=1 pi ≤ P is the constraint on the total available power.

The power allocation constraints be written more compactly as follows [4]:

P , {p : p ≥ 0,1Tp ≤ P}. (2.38)

Now the optimization problem can be formulated as follows:

maximize
p∈P

K∑
i=1

log2

(
1 + γ2

i pi
σ2
n

)
. (2.39)

Note that the maximization problem (2.39) is concave which implies that a solution exists.
Specifically, we are interested in finding a solution to (2.39) so that it can be expressed as a
waterfilling power allocation problem. Following the procedure in [16], introducing a Lagrange
multiplier associated with the inequality constraint 1Tp ≤ P yields the following expression

L(p, λ) =
K∑
i=1

log2

(
1 + γ2

i pi
σ2
n

)
− λ

K∑
i=1

pi (2.40)
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where (2.40) is optimized by setting ∂L(p, λ)/∂pi = 0, i = 1, . . . ,K [16, p. 282]. This gives

0 = ∂L(p, λ)
∂pi

= 1− ln(2)λ
(
σ2
n

γ2
i

+ pi

)
(2.41)

for 1 ≤ i ≤ K. Finally, the optimal power allocated to the i’th eigenmode is given by

pi = µ− σ2
n

γ2
i

(2.42)

where µ = 1/ (ln(2)λ) is a constant that has to satisfy the constraint p ∈ P given by (2.38).
Conceptually, µ can be interpreted as the water level, then it follows to interpret pi as the
amount of water allocated to be allocated to each bin [4] as determined by (2.42), where the
total amount of available water is given by P . It is indeed easy to see that the optimal water
level, µ?, is found when the power allocation constraint is met with equality, i.e., 1Tp = P .
To conclude this section, a solution to (2.39) is given by the following waterfilling power
allocation problem:

pi =

 µ? − σ2
n

γ2
i

, µ? ≥ σ2
n/γ

2
i ,

0, µ? < σ2
n/γ

2
i ,

(2.43)

where the optimal water level µ? is determined from (2.43) subject to the power contraint
1Tp = P wich is equivalently expressed as:

K∑
i=1

pi = P. (2.44)

Note the similarity between the second term in (2.42) and that of the SNR in (2.36) for the
i’th eigenmode. Intuitively, (2.43) indicates that more power are allocated to the channel
where the signal power dominates over the noise power, i.e., when the term σ2

n/γ
2
i is small

compared to that of the water level. As i increments, the channel gain γ2
i becomes smaller,

and so the second term in (2.42) will eventually become larger than the first term in (2.42),
which results in that the corresponding channel turns off. Thus, both the weights pi and the
number of active eigenmodes k are determined by the solution to (2.43). The concept of the
waterfilling procedure is illustrated in Figure 2.6.

Note that this waterfilling procedure is designed so as to maximize the mutual information
between the input vector and output vector (see [18]) of the MIMO channel that is decom-
posed into a set of parallel subchannels subject to the constraint p ∈ P. There are however
some design approaches other than that of maximizing the mutual information that yields a
waterfilling solution. Interested readers are therefore referred to [33] for a more comprehen-
sive study of the subject. A special case of eigenmode transmission considers allocating all
available power on the strongest eigenmode which is referred to as transmit beamforming,
or also termed beamforming [34]. Consequently, transmit beamforming focuses the power in
only one spatial direction. This way of conveying information is shown to be insensitive to
imperfect CSIT [34], [4]. Section 2.4 will be discuss the topic of transmitter design techniques
with imperfect CSIT. Next, Section 2.3.3 will treat the case when no CSIT is available. For
our interest, STBC’s are only considered in this report.
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Figure 2.6 – Conceptual illustration of the waterfilling power allocation problem for a MIMO channel
that has been decomposed into K subchannels.

2.3.3 Orthogonal Space Time Block Codes

A short description of the space-time block codes (STBC’s) will be presented next. Open-
loop signaling techniques are mainly characterized by the fact that they do not require CSIT.
Thus, the well known result that a uniform power distribution at the transmitter side is the
strategy that generates optimal performance in terms of achieving largest rate subject to the
input power constraint Q ≤ P . Generally, time diversity does not perform well when a slow
fading channel is considered since it causes the next transmitted codeword to be subject to
similar channel fades as the preceding codeword [16]. Therefore, in such scenarios one can
consider space diveristy through STBC’s.

To illustrate the important theoretical results and benefits of STBC’s, several assumptions
will hold throughout this section. It is assumed that the channel is quasi-static and that the
noise is zero-mean circularly complex Gaussian. Furthermore, it is assumed that CSIR is fully
known. By applying the capacity-achieving result of employing a uniform power distribution
Q = P

N IN in (2.27) with i.i.d. Gaussian distributed input symbols one arrives at the following
expression for the capacity:

C = log2 det
(
IM + P

σ2
nN

HHH
)
. (2.45)

The issue in designing systems that achieves the capacity in (2.45) is that of the complexity of
the optimal (ML) receiver. The complexity of the joint ML decoding for the system recently
described increases exponentially in N [16]. However, the introduction of space-time block
codes aims at decoupling the received signals through exploiting an orthogonal structure of
the transmitted codeword which is then capable of decoding with linear complexity [23]. The
cost is that it is needed to insert redundancy into the information stream. The ratio between
the number information bits and the number of coded bits determines the code rate.

We begin the discussion of space-time codes by introducing the clever transmit scheme
founded by Alamouti, termed the Alamouti code [35]. In this model H consists of N = 2
transmitting elements and M = 1 receiving element. Referring back to the expression for
the codeword in (2.2), the Alamouti scheme requires B = 2 channel uses. For each block
transmission two effective information symbols are transmitted in the following way. During
the first channel use the first complex symbol x1 is transmitted via the first antenna element
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and the second complex symbol x2 is transmitted via the second antenna element. For the
next channel use the first antenna element then transmits the negative conjugate of the second
symbol, −x∗2 while the second anenna element transmits the conjugate of the first symbol,
x∗1. For a general transmission matrix N × B termed G, the 2× 2 transmission matrix G2 is
then expressed as follows:

G2 =
(
x1 −x∗2
x2 x∗1

)
. (2.46)

Note that the rows in (2.46) are orthogonal which is required for a simple decoding complexity
at the receiver [23]. The following block transmission matrix is transmitted over the time-
invariant (within the block transmission) 1× 2 channel matrix h = {h1, h2} that is subject to
AWGN, denoted n(k), where k represents a specific sampling instant. For k = 1 and k = 2,
the following outputs y(1) and y(2) from the model are received:

y(1) =
(
h1 h2

)(x1
x2

)
+ n(1) = h1x1 + h2x2 + n(1) (2.47)

y(2) =
(
h1 h2

)( −x∗2
x∗1

)
+ n(2) = −h1x

∗
2 + h2x

∗
1 + n(1) (2.48)

By representing the two outputs together in matrix form and conjugating the second received
output y(2) we have generated the following output model:(

y(1)
y∗(2)

)
= x1

(
h1
h∗2

)
+ x2

(
h2
−h∗1

)
+
(
n(1)
n∗(2)

)
(2.49)

= x1v1 + x2v2 + ñ. (2.50)
The key property of representing the received block transmission sequence in this way is that
v1 and v2 are always orthogonal, i.e., vH1 v2 = 0. Furthermore, ñ retains its statistics due to
the linear combination of Gaussian variables at the receiver. ML detection can then easily
be performed as shown in [23], which illustrates that the symbols x1 and x2 can be detected
independently of one another, meaning that two separate decision metrics can be employed
in order to decide which codeword that minimizes the respective sum. Referring back to
the expression for the capacity in (2.45) it turns out that the Alamouti scheme achieves the
capacity as for the MISO system in (2.26) with the exception that the power is multiplied
by a factor of 1/2 (corresponding to the inverse of the number of transmit elements in this
case). In [23] the theory of orthogonal STBC’s were extended to include 1/2-rate transmission
matrices for 3 and 4 transmitting elements and also 3/4-rate codes. In the results later in the
text we will specifically employ the 1/2-rate transmission matrix for 4 transmit elements, G4,
given as:

G4 =


x1 −x2 −x3 −x4 x∗1 −x∗2 −x∗3 −x∗4
x2 x1 x4 −x3 x∗2 x∗1 x∗4 −x∗3
x3 −x4 x1 x2 x∗3 −x∗4 x∗1 x∗2
x4 x3 −x2 x1 x∗4 x∗3 −x∗2 x∗1

 (2.51)

Note that an arbitrary number of receive antennas can be used but that the number of
transmit antennas are fixed for a respective orthogonal STBC. An explanation of how the
OSTBC’s can be applied in simulations along with precoders to gain theoretical insight is
given in Section 2.4. In addition, a method of how one can establish a performance measure
in terms of worst-case SER for theoretical as well as for real-world channels is presented in
Section 3.2.
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2.4 Transmitter Techniques with Imperfect CSIT

In a practical scenario the assumption of perfect CSIT in precoding design is generally not
valid. Therefore, it is of interest to model the error and achieve performance that is robust
to imperfect estimates. By assuming that the nominal channel Ĥ, known to the transmitter,
is enclosed by an uncertainty region H that encompasses the actual channel H, the theory
of worst-case robustness [37] indicates that optimal performance is achieved if the system is
designed in a way such that the performance (e.g., SNR) is maximized for the worst possible
channel in the uncertainty region. An illustration of the worst-case robustness in MIMO is
shown in Figure 2.7.

Ĥ

H

Ĥworst

Figure 2.7 – Illustration of the nominal channel Ĥ where H ∈ H. Thus, the actual channel H lies in
H. In practice, the worst channel often lies on the boundary of H.

We note that [4] if the channel error can be defined as ∆ , Ĥ−H, the uncertainty region
H can equivalently be modeled by ∆ ∈ E . E then models the error induced by the procedure
of acquiring CSIT.

The following notations and assumptions are used throughout this section. Consider a
point-to-point single-user flat fading MIMO channel H ∈ CM×N with Gaussian input symbol
vector s ∼ CN (0, IN ). If the linear precoder is denoted by F, the transmitted symbol vector
x ∈ CN has the statistical properties x ∼ CN (0,Q), where

Q = Cov(x,x) = E{xxH} = E{FssHFH} = FFH (2.52)

is the transmit covariance matrix. In the discussion, Q will be referred to as the transmit
strategy. Furthermore, perfect CSIR is assumed and that the received symbol vector y ∈ CM
is subject to Gaussian noise n ∼ CN (0, σ2

nIM ).
In what follows, the performance measure used in the simulations will be the following

pay-off function
Ψ (H,Q) = Tr

(
HQHH

)
. (2.53)

By rewriting H = Ĥ−∆, (2.53) is then equivalently expressed as [4]

Ψ (Q,∆) = Tr
((

Ĥ−∆
)
Q
(
Ĥ−∆

)H)
(2.54)

in which the worst-case robustness theory indicates that the worst-case robust solution (i.e.,
optimal performance) is achieved by solving the maximin problem [37]

max.
Q∈Q

min.
∆∈E

Ψ (Q,∆) (2.55)
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where the set Q is given in (2.34). The physical interpretation of (2.55) in this case means
finding the best transmit strategy Q ∈ Q for the worst channel error ∆ ∈ E . [4] showed that
(2.55) is equivalent to the following problem:

min.
∆∈E

max.
Q∈Q

Ψ (Q,∆) (2.56)

where the physical interpretation of (2.56) means finding the worst channel error ∆ ∈ E for
the optimally designed transmit strategy Q ∈ Q.

Considering the pay-off function in (2.53), the following two models (see [5]) will be used
to evaluate the performance:

Received SNR: By adopting the linear model in (2.28), it is straightforward to get an
expression for the received SNR as

SNR = E{‖Hx‖2}
E{‖n‖2} =

Tr
(
E{HxxHHH}

)
Tr (E{nnH}) =

Tr
(
HQHH

)
Tr (σ2

nIM ) =
Tr
(
HQHH

)
Mσ2

n

(2.57)

which is indeed proportional to the pay-off function in (2.53).

Chernoff Bound of the PEP: If an OSTBC and a precoder are employed at the transmitter
side, the input-output relationship in (2.28) is then represented by the model

Y = HFP + N, (2.58)

where P ∈ CN×B can be given by any STBC such as (2.46) or (2.51) and Y ∈ CM×B is
the corresponding received matrix, respectively. N ∈ CM×B is complex AWGN with noise
power represented by σ2

n, i.e., vec(N) ∼ CN (0, σ2
nI). Note that the model in (2.58) only holds

for a slow fading channel. Furthermore, assuming ML decoding at the receiver, it has been
noted in [5], [38]–[41] that the maximization of the worst-case received SNR is equivalent to
minimizing the worst-case Chernoff bound [49] of the pairwise error probability (PEP), where
the PEP is the probability that a transmitted codeword ci is erroneously decoded as another
codeword cj , (i.e., P (ci → cj)) which is given by [5]

P (ci → cj) = exp
(
− 1

4σ2
n

B(Θ)
)
. (2.59)

In (2.59), B(Θ) = Tr
(
HFΘFHHH

)
can be chosen to be proportional to (2.53) if Θ is set

to be a scaled version of the identity matrix, i.e., Θ = θI. This is however only true for when
an OSTBC is used (see [5] and [41] for a more extensive analysis).

The issue is how to model the uncertainty set E so that it corresponds to the uncertainty
caused in practice. Since robust optimization is a relatively new topic, the literature on
MIMO precoding designs [31], [43]–[48] mostly dealt with cases when the uncertainty set is
modeled by a matrix norm, especially that of the Frobenius- and spectral norms. Considering
the case when the channel estimate is quantized by the receiver and fed back to the transmit-
ter the uncertainty set may not have an elliptical shape and thus these uncertainty sets may
not properly display the characteristics of the error. [4] addresses this issue by considering
various types of uncertainty sets that may arise in practice. This section will summarize the
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most important results from [4]. Specifically, three sets were covered: General convex sets,
unitarily-invariant convex sets and uncertainty sets based on matrix norms. The most general
of the three sets is the general convex sets, which include the unitarily-invariant convex sets as
a special case, which in turn include the uncertainty sets based on matrix norms as a special
case. The general idea of the solvability of the uncertainty sets is that if the most general
case can be solved, so can the special cases. The three sets are summarized next.

General convex sets: General (non-empty compact) convex sets can illustrate the case
when the coeffients that represent the channel are quantized and thus the uncertainty set is
described as follows:

Eq , {∆ : |Re{∆ij}| ≤
κ

2 , |Im{∆ij}| ≤
κ

2 ,∀i, j} (2.60)

which can be interpreted as the intersection of four halfspaces, thus it describes a polyhedron.
A polyhedron is easily shown to be convex [49].

Unitarily-invariant convex sets: [4] treats the case when the uncertainty set is not only
convex but also unitarily-invariant. Unitarily-invariance means that for ∆ ∈ E we have
U∆VH for any arbitrary unitary matrices U and V. The uncertainty set is then regarded to
be invariant with respect to rotations on the left and right. This property makes the channel
diagonalizable [4], thus leading to a solution with similar characteristics as for the well-known
waterfilling solution procedure. Denoting the uncertainty region by Eσ, its region is described
as follows:

Eσ , {∆ : fn(σ(∆)) ≤ ε, ∀n} (2.61)

where fn(·) is a non-decreasing, symmetric function and fn(σ(∆)) is convex in ∆. It is shown
in [4] that uncertainty sets based on matrix norms are a special case of (2.61) and that (2.61)
also has channel-decomposition properties and thus a waterfilling solution can be obtained
from this model.

Uncertainty sets based on matrix norms: the most common approach to model the
uncertainty error is by using some matrix norm. The matrix norms are defined from the
general p-schatten norm, given as

fσp(δ) ,


(
N∑
i=1

δpi

) 1
p

, 1 ≤ p <∞

maxi{δi}, p =∞
(2.62)

where the value of p determines which norm that is used and δ = {δi}Ni=1 denotes the vector of
singular values sorted in descending order corresponding to ∆ where i = 0 for i > min{M,N}.
Specifically, we are interested in p = 1, p = 2 and p =∞ in this text which is mainly because
they are most frequently applied in the literature and are also included as predefined functions
in optimization packages (see for example CVX [50]), thus are easily implemented. p = 1 is
termed the nuclear norm (or trace norm), p = 2 is termed the Frobenius norm and p = ∞
is termed the spectral norm (or 2-norm). The uncertainty sets based on norm functions are
defined as follows:

Eσp , {∆ : ‖∆‖σp ≤ ε} (2.63)
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and by inserting (2.62) in (2.63) for a certain value of p we get the following equivalent
expressions for the uncertainty sets:

Eσ1 , {∆ : Tr(∆H∆)
1
2 ≤ ε}, (2.64)

Eσ2 , {∆ : Tr(∆H∆) ≤ ε}, (2.65)
Eσ∞ , {∆ : λmax(∆H∆) ≤ ε}. (2.66)

Since the same error radius ε for the uncertainty regions in (2.64)–(2.66) is used, the following
relationship can be established:

Eσ1 ⊆ Eσ2 ⊆ Eσ∞. (2.67)

This implies that the uncertainty region defined by Eσ1 is the smallest, modeling the smallest
error. Accordingly, Eσ∞ then represents the largest uncertainty region, modeling the largest
error.

With the uncertainty regions given above we are ready to state the results from [4]. The
full derivations will be left out here since the primary interest of this text is to apply the
results.

2.4.1 Precoder Based on Quantization Errors

The most practical approach to obtain a solution to (2.55) is by expressing it as an linear ma-
trix inequality (LMI), which is known to be practical when numerically solving optimization
problems [50]. After several reformulations, [4] concludes that (∆?, t?) is the optimal solution
to the following problem:

minimize
∆∈Eq ,t

Pt

subject to
(

tIN (Ĥ−∆)H
Ĥ−∆ IM

)
� 0

(2.68)

where t is a dummy variable. Now, let Y? be the optimal Lagrange multiplier associated with
the constraint (

tIN (Ĥ−∆)H
Ĥ−∆ IM

)
� 0 (2.69)

in which Y? is given as

Y? ,

(
Y?

11 Y?
12

Y?
21 Y?

22

)
(2.70)

where Y?
11 ∈ SN+ ,Y?

12 = Y?H
21 ∈ CN×M , and Y?

22 ∈ SM+ the optimal Q is given by Y?
11. By

solving (2.68) and obtaining the optimal Lagrange multiplier, the optimal precoding design
for the worst channel error can be obtained. Software packages such as CVX [50] can easily
provide a solution to (2.68) and obtain the optimal solution based on the uncertainty region
Eq In this text, this precoding strategy is referred to as the robust strategy. To arrive at
an expression for the worst-case SNR from (2.56), one can first obtain the optimal Q, then
perform a minimization of the payoff-function (2.54) subject to the constraint in (2.60) for a
given κ.
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Among previous results, a semi-robust strategy was derived in [58] that considered a
similar uncertainty set, which however imposed sub-optimal transmit directions [4]. We will
also use this result to compare with the robust strategy.

To this end, the uncertainty set given in (2.60) can be evaluated for some common transmit
strategies used in the literature, such as the beamforming and uniform power allocation
strategy by adopting the following procedure. Denote the EVD of Q by Q = UqΛqUH

q with
eigenvalues {pi}Ni=1 sorted in descending order. Given imperfect CSIT represented by Ĥ, let
the SVD of Ĥ be denoted by Ĥ = UhΣhVH

h . Then, the optimal transmit directions U?
q

was shown to be given by U?
q = Vh [4, Appendix C]. Furthermore, given a transmit power

constraint P (where
∑N
i=1 pi = P ), the beamforming strategy adopts the following simple

power allocation procedure:

pi =
{
P, i = 1,
0, i > 1, (2.71)

which allocate all available transmit power on the strongest eigenmode. For the uniform
power allocation strategy, which uniformly distributes the transmit power equally over all
eigenmodes, U?

q = Vh and pi = P/N, ∀i.

2.4.2 Precoder for Unitarily-Invariant Convex Sets

The procedure for obtaining a robust precoder based on unitarily-invariant convex uncertainty
sets is described next. Note that a full derivation is presented in [4], while only a summary
of the result is presented here. The following notations are used here. Let the EVD of Q
be represented by Q = UqΛqUH

q , the SVD of Ĥ by Ĥ = UhΣhVH
h with singular values

γ = {γi}Ni=1 where γi = 0 for i > min{M,N} and the SVD of ∆ by ∆ = UδΣδUH
δ with the

singular values δ = {δi}Ni=1 and that δi = 0 for every i > min{M,N}. By comparing the
results from Section 2.3.1 with the results from [4] the optimal transmit directions Uq are
given by the right singular vectors of the nominal channel Ĥ, i.e., U?

q = Vh which is similar to
the case when perfect CSIT was assumed where the right singular vectors of the actual channel
was the capacity-achieving precoding design. Noting that the unitarily-invariant convex sets
based on (2.61) imposes a channel-diagonalizing structure on the MIMO channel, the problem
of obtaining the optimal Q reduces to searching its eigenvalues with proper power allocation
procedure with respect to each eigenmode.

We begin by redefining γ by adding the element γN+1 = 0 to γ. Now define the N × 1
column vectors θk for k = 1, . . . , N + 1, where the i’th element of θk is represented by
max{γi − γk, 0}. Next, find the expression for δ as

δi =
{
γi − µ?, 1 ≤ i ≤ k
0, i > k

(2.72)

where the index k is determined in relation to the size of the uncertainty error, ε, such that

f(θk) < ε ≤ f(θk+1) (2.73)

where µ? ∈ [γk+1, γk) is obtained by applying the bisection method over [γk+1, γk) so as to
find the root of f(δ(µ?)) = ε.

Thus, given a symmetric and non-decreasing function f(·), one numerically finds the
optimal water level µ? over an interval defined by the singular values of the nominal channel
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in order to arrive at an expression for the vector of singular values δ. The integer k determines
the number of active eigenmodes. With this information at hand we are finally ready to state
the expression for the optimal power allocated to each active eigenmode, given the total power
constraint Q ≤ P , as

p?i =


Pα?

i∑
j≤k

α?
j

, 1 ≤ i ≤ k

0, i > k

(2.74)

where α?i = ∂f(δ?)/∂δi,∀i. The symmetric and non-decreasing functions that will be the
main interest of this report are the matrix norms. But many other functions could in principle
yield an optimal robust precoder, which is yet a research field to explore. To ensure that this
precoding design is optimal for Eσ readers are referred to the original paper in [4].

2.4.3 Precoder for Uncertainty Sets Based on Matrix Norms

A special case of unitarily-invariant convex uncertainty sets are sets based on matrix norms.
Given the general expression for the Schatten norm (2.62), the case when p = 1, 2 and ∞ are
investigated. Note that (2.62) is exactly that of a symmetric, non-decreasing convex function
of δ, so the searching procedure for the robust precoder in Section 2.4.2 is analogous to this
case. Given the general p-Schatten norm in (2.62) for any p defined in the interval 1 ≤ p <∞,
the number of active eigenmodes k is determined according to the following relationship:

fσp(θk) < ε ≤ fσp(θk+1), (2.75)

where µ? and δ? can be calculated in exact similar fashion as explained in Section 2.4.2. The
optimal power allocated to each active eigenmode is then given as follows:

p?i =


Pδ?p−1

i∑
j≤k

δ?p−1
j

, 1 ≤ i ≤ k,

0, i > k.

(2.76)

The special case when p = ∞ yields the simple power allocation solution p1 = P and pi =
0, i > 1. Thus, [4] showed that uncertainty sets based on the spectral norm yields the
beamforming strategy which puts all the available power P on the strongest eigenmode, which
implies that beamforming is robust in a sense. However, beamforming is generally regarded
as sensitive to errors when the CSIT is subject to a large uncertainty [4, 5, 22, 34]. Thus,
in practice the beamforming solution can perform poorly compared with other transmitting
schemes. Also by inspecting (2.76), for p = 1 the power is distributed equally over the active
eigenmodes, leading to a a simple uniform power allocation strategy. A comparison between
the transmit strategies presented in this section for the Gaussian channel model, Kronecker
model and real-measured channels will be presented later in the results section.
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Chapter 3

Experimental Setup

This chapter covers essential background information of the experiment. Section 3.1 covers
some important theory and notes regarding estimation of the real-world channel. Section 3.2
explains how the performance of the robust precoders are evaluated and compared with re-
spect to different underlying assumptions of the channel model. Finally, Section 3.3 discusses
the structure of the real-world channel data and how the information can be applied so as to
yield interesting results.

3.1 Preliminaries - Estimating the Channel

In practical situations it is generally not valid to assume that perfect CSI is available at
neither the transmitter nor the receiver. The fading channel has to be estimated at the
receiver, the information then needs to be quantized in order to feed back a finite amount of
bits to the transmitter, which introduces some error to the estimate. Typically, the error can
be categorized into three types: estimation error, quantization error and outdated estimates.
It has been observed in [29] that the capacity was shown to increase greatly as the number of
antennas are increased on the assumption of availability of CSI. Therefore, this section will
introduce a practical method of how to estimate the CSI in order to fully utilize the potential
of the link to reach the high capacity gains as promised in [29].

The training-based estimation technique [2] requires some statistical knowledge of the
channel, as well as the property of the channel being quasi-static, or slowly fading. The
effects of shadow fading and attenuation effects will be disregarded, simplifying the situation
so as to only consider small-scale fading effects of the propagation environment. For general
training-based methods it is assumed that the channel matrix H, which may be correlated
(for example according to a Kronecker based model as in Equation (2.12)), is estimated by
the receiver for each signal block, where a known sequence of training symbols are appended
to each block of information symbols [51]. If the channel is fast fading the training symbols
need to be appended more frequently, while possibly also reducing its length. In other words
the channel needs to be estimated on a more frequent basis in order to adapt to the changes
in the channel. However, in most cases the channel statistics usually changes at a rate slower
than that of the channel coherence time [51]. Thus, we can assume without loss of generality
that the channel statistics are known at the receiver in the training-based estimation model.

This section will summarize the methods given in [2]. To describe the model for the
training based-estimation, denote P ∈ CN×B as the block of training symbols which adopts
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the energy transmit constraint Tr(PHP) = P on the transmitter side. The received block of
symbols Y ∈ CM×B can then be expressed as follows:

Y = HP + N (3.1)

where N ∈ CM×B is disturbance with known mean N̄ ∈ CM×B and covariance matrix
S ∈ CMB×MB. H is the unknown channel with known mean H̄ ∈ CN×M and covariance
matrix R ∈ CMN×MN . Note that (3.1) can be rewritten as [2]

vec(Y) = P̃ vec(H) + vec(N) (3.2)

where P̃ = (PT ⊗ IM ). Furthermore, denoting d = vec(Y)− P̃ vec(H̄)−vec(Ñ) [2] expressed
the MMSE estimatior of the Rician fading channel matrix as

vec(Ĥ) = vec(H̄) +
(
R−1 + P̃HS−1P̃

)−1
P̃HS−1d. (3.3)

A consequence from (3.3) is that if the disturbance N is zero mean and Gaussian distributed,
the estimation error will be zero mean and Gaussian distributed with covariance given by

CMMSE =
(
R−1 + P̃HS−1P̃

)−1
(3.4)

In the results presented in this text it is assumed that the length of the training sequence
length B is small enough so that the receiver does not obtain outdated estimates. Also, since
perfect CSIR is assumed throughout the text, the channel error ∆ introduced by estimatingH
through (3.3) will be assumed to represent deterministic CSIT error when applying precoder
techniques based on unitarily-invariant convex (see Section 2.4.2) or equivalently for the
special case when the convex sets are based on matrix norms (see Section 2.4.3). When
investigating general convex sets the erroneous CSIT is only assumed to be caused from
uniformly quantiziting of elements of H at the receiver side.

3.2 Precoder Designs on Theoretical Models
In Section 2.1 several channel models were introduced such as the i.i.d. Rayleigh model,
Rician model and the correlation-based Kronecker model. The Rayleigh model requires a
rich scattering environment so that the central limit theorem can be applied to approximate
the channel as proper complex Gaussian while the Rician model in addition to the Rayleigh
model typically relies on the underlying assumption of a LOS path between transmitter and
receiver [16]. In the simulations the nominal channels will be generated according to the
statistics Ĥ ∼ CN (0, I) that can evaluate the performance of robust precoders when the
channel is i.i.d. Rayleigh. In practice however it is often observed that spatial correlation
across the transmit and receive antenna arrays (associated with the scattering effects) occurs
[52, 53, 54]. This calls for the use of correlation based models such as the Kronecker model.
Thus, the performance of several robust precoders are also evaluated for when the channel is
Kronecker, as in (2.12) for the same Ĥ ∼ CN (0, I) in the results section. Specifically, in the
simulations RT in (2.10) is determined according to the following model:

RT =


ρ0
T ρ1

T · · · ρN−1
T

(ρ1
T )∗ ρ0

T · · · ρN−1
T

...
... . . . ...

(ρN−1
T )∗ (ρN−2

T )∗ · · · ρ0
T

 (3.5)
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for ρT = 0.9 and where RR is defined in similar fashion for ρR = 0.9. We are interested
in comparing these two models as several results indicate that the performance of MIMO
systems depends to a substantial extent on the channel characteristics [55] and to observe
how the results from the precoder designs proposed in [4] changes when the channel is not
i.i.d. Rayleigh. In the evaluation of the precoding designs several channel realizations will be
drawn from the statistical channel models and the results from each independent realization
will be averaged over all realizations for a specific performance measure (e.g., SNR, PEP
or BER/SER). A total transmit power constraint P will be imposed and the optimal Q is
obtained for the worst channel error ∆ ∈ E . For each channel realization when comparing the
unitarily-invariant convex uncertainty sets based on the Schatten norm (see Section 2.4.3) we
employ a common error radius for all Eσp, implying that ε2 = s‖Ĥ‖22 [4, 22, 34], so that the
different norm-based uncertainty sets can be reasonably compared.

Regarding the evaluation of the performance for the theoretical models when the uncer-
tainty set is based on matrix norms, i.e., ∆ ∈ Eσp, it can be of interest to evaluate OSTBC’s
for this scenario. To get a measure of the sensitivity, the uncertainty size s can be varied and
the Chernoff bound of the PEP given in (2.59) for a specific scaling factor θ and optimal Q
is minimized subject to ∆ ∈ Eσp.

In addition, one can obtain a value for the worst-case SER by employing the following
method. Obtain a value for the SNR given by (2.54) over the optimal Q for the worst
∆ ∈ Eσp for each channel realization Ĥ under the transmit power constraint P . By following
the discussion in [23], assume that the noise samples are zero-mean and complex Gaussian
distributed with variance N/SNR. Impose that the average energy for each transmitted
symbol is normalized to unity. This implies that the average power at each receiving antenna
is N , thus the signal-to-noise ratio can become exactly that of the SNR. Over each channel,
a large block of QPSK-modulated symbols coded according to the model in (2.51) will be
transmitted and through simple ML decoding schemes an average value for the worst-case
SER can give a measure of the performance.

3.3 Precoder Designs on Real-World Measured Channels

A brief description of the the channel data will be presented here. Two series of measurement
data will be used in this text, where one of them represents an indoor environment while
the other represents an outdoor environment. The indoor and outdoor channel data were
acquired by Ericsson [56] Research. The setup consisted of a 8 × 8 MIMO system signaling
at a 20 MHz bandwidth, centered around 2.7 GHz, where the coefficients of the fading 8× 8
channel matrix as a function of time, frequency and spatial position were estimated. The
time interval between each channel measurement is 10 ms and the carrier frequency-spacing
is at 180 kHz, resulting in 100 subcarriers. It can be assumed that a block-type pilot channel
estimation technique were used [57] to acquire the channel data so that channel estimates
were performed periodically (say, every 10 ms) where all 100 subcarriers were used as pilots.
See Figure 3.1 for a representation of the channel matrices over N sampling instants.

Four remarks regarding the channel data. First, in the results section we adopt the
interpretation that the estimated channel data equals the actual, assuming that the channel
data is a perfect representation of a real-world scenario. Second, it is most likely that the
channel matrices for neighboring frequencies and time instants are correlated. Thus, in order
to reduce the computational complexity caused by performing numerical optimization over
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Figure 3.1 – MIMO channel data as a function of time and frequency, for a total of N time sampling
instants.

every subcarrier, the precoder for every i’th subcarrier (e.g., i = 2, 5, or 10) is computed and
the results are averaged over neighboring subcarriers. This implies that the channel statistics
needed to estimate the channel is pre-calculated by assuming that the covariance matrix is
equal for a chunk of neighboring channel matrices in time and frequency. Third, the 8 × 8
MIMO channel can be decomposed into an arbitrary M × N MIMO system by reducing
the antenna elements to compute the precoder over in the channel matrix. Fourth, when
measuring the performance for real-world channel data, we model a scenario where the SNR
is fixed during transmission which implies that the channel coefficients need to be rescaled.
Thus, for each chunk of neighboring channel matrices, a common scaling factor α is chosen
so that the model in (2.28) can be written as

y = αHx + n (3.6)

where H denotes the actual real-world channel matrix in (3.6). Furthermore, impose that the
transmit strategy Q is the uniform power allocation strategy such that Q = P/N in order to
determine the received SNR from (3.6) as

SNR = E{‖αHx‖2}
E{‖n‖2} =

α2P Tr
(
E{HHH}

)
MNσ2

n

. (3.7)

It can be safely assumed that SNR = P/σ2, the desired value for the received SNR if the
following constraint on α is fulfilled for each chunk:

α2 = MN

Tr
(
E{HHH}

) . (3.8)

In this report, the channel coefficients will be scaled as follows. Consider a sample chunk
of neighboring matrices that span the i’th to (i + x)’th subcarrier indices and the j’th to
(j+x)’th time instants where x is an odd integer. For H corresponding to the i+(x+1)/2’th
subcarrier index and the j + (x + 1)/2’th time instant, determine α from (3.8) and scale all
channels in the corresponding chunk with the same α.

Note however that one can consider other methods to scale the time, frequency, noise and
power to obtain alternative expressions for the SNR and scaling of the channel coefficients.
For the rest of the report, the actual scaled real-world channel matrix αH will be denoted by
Hα.
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Step 1: Acquiring imperfect CSIT
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Figure 3.2 – A two-step procedure used for combining STBC with a precoding strategy on the scaled
real-world channel matrices.

It is natural to ask how well the robust precoding strategy performs in practice compared
to a uniform-power distribution strategy when Q is based on Ĥα (e.g., when Hα has been
uniformly quantized with step size κ) while assuming that the transmitter knows the distri-
bution of ∆α. For example, if E = Eq, ∆α = Ĥα −Hα represents the round-off error caused
by quantizing Hα and κ thus determines the size of the nonempty convex set that encloses
∆α. By finding an expression for the optimal Q = FFH , a long sequence of symbols can be
precoded by F and transmitted over the channel model in (2.58) with noise variance σ2

n = 1
and Hα representing the real-world channel (which requires the assumption of a slow fading
channel). After ML detection at the receiver, the SER can be obtained for each instant. In
addition, a corresponding cumulative distribution function (CDF) for a specific performance
measure can equivalently compare different precoding strategies. For clarification, the block
diagram in Figure 3.2 explains the procedure. As can be seen, the effective channel is given
by HαF when the corresponding STBC is used.

The indoor and outdoor channel measurement map and route are given in Figure 3.3 and
3.4, respectively. The user equipment (UE) is expected to move in a relatively slow manner
as a function of time and over a relatively small distance (e.g., on the order of 30 − 100 λ
in meters) for both the indoor and outdoor scenario, such that the large-scale fading effects
can neglected in the analysis of the results. Specifically for the outdoor scenario, the channel
matrix is given as a 4× 8 MIMO system.
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Figure 3.3 – Indoor environment corresponding to the indoor measurements for an omnidirectional
antenna array as BS. The upper map represents the location for the BS at the location where the
measurements took place (in this case the Ericsson Research office in Kista, Stockholm). The lower
map represents the measurement route for this scenario. The figure is provided by Ericsson.
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Figure 3.4 – Satellite image for outdoor environment. The red-colored path represents the measure-
ment route. Each green triangle represents a BS. The figure is provided by Ericsson.
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Chapter 4

Results

This section aims at illustrating the performance for different robust precoders under differ-
ent scenarios. See Chapter 3 about the Experimental Setup for a quick description of the
background assumptions regarding the results presented here.

Regarding the results in Section 4.1 and 4.2, each numerical example consists of two plots,
illustrating the performance for the robust precoding designs when the channel model is i.i.d.
Gaussian (where the same results have been obtained in [4]) and Kronecker, respectively. The
i.i.d. Gaussian channel model is used so we can verify that the procedure of acquiring the
numerical results is correct. Also, the theory of robust MIMO precoding can be extended by
comparing the i.i.d. Gaussian channel with the case when the channel is correlated according
to the Kronecker model to see how a correlated channel model impacts the performance.

4.1 Robust Precoder based on Quantization Errors

The first numerical example illustrates a measure of the performance (in terms of worst-case
average received SNR) for four precoders. See Figure 4.1.
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Figure 4.1 – Average worst-case received SNR for four precoding strategies as a function of P for
M = N = 8 and κ = 0.5 and 2 and for E = Eq. The left plot considers an i.i.d. Gaussian distributed
model (Figure 2 in [4]) and the right plot considers a Kronecker-based model.
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Note that on the x-axis for Figure 4.1, the input power constraint P is given in dB where
a reference value of 1 is employed and that the left plot was obtained first in [4]. The four
precoding strategies in Figure 4.1 are given in Section 2.4.1 (and in [58], for the semi-robust
strategy). One can see from Figure 4.1 that as κ becomes small, the worst-case received SNR
is increased, independent of the strategy. Also, an interesting observation when comparing the
left and right plot of Figure 4.1 is that the robust precoders based on the Kronecker model in
(2.12) experiences a higher average worst-case received SNR than that of the i.i.d. Gaussian
model. This behavior can be explained by the fact that a correlated channel has stronger
channel energy (and less channel energy) in certain transmit directions. Thus, if all power
is allocated on the strongest eigenmode, the beamforming strategy will show to improve the
performance when the channel is correlated compared to when the channel is i.i.d. Gaussian,
where the variations in channel energy is less. We therefore conclude that beamforming is
less sensitive to erroneous CSIT in a correlated model.

One can also illustrate the performance of robust precoders based on general convex sets
by measuring how the average worst-case received SNR varies as a function of κ for a fixed
power constraint P , seen in Figure 4.2 for the i.i.d. Gaussian model and Kronecker model.
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Figure 4.2 – Average worst-case received SNR for four precoding strategies when M = N = 8 as a
function of κ for E = Eq and P = 12 dB. The left plot considers an i.i.d. Gaussian distributed model
(Figure 3 in [4]) and the right plot considers a Kronecker-based model.

Note that the left plot in Figure 4.2 was obtained first in [4]. As κ approaches zero, it
can be shown [4, Corollary 1 & 2] that beamforming is a robust strategy as it approaches
the same average worst-case received SNR as that of the robust precoding strategy given in
Section 2.4.1, as seen in Figure 4.2. However, as κ increases, the performance of beamforming
degrades rapidly and is eventually outperformed by that of uniform-power distribution. Thus,
beamforming can be regarded as robust but is relatively sensitive to erroneous CSIT. For
large κ, the robust strategy outperforms the other three strategies. [4]. The observations
from Figure 4.2 is similar to that from Figure 4.1. For example, when κ = 1 for the left plot
in Figure 4.2, the equal-power allocation strategy is performing equally well as that of the
beamforming strategy. Also, it is seen that the robust strategy is always optimal and clearly
outperforms the other strategies as the uncertainty region Eq increases. Beamforming is also
shown in the Kronecker-based model in Figure 4.2 to approach the same performance as that
of the semi-robust strategy, even for relatively large values of κ.
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4.2 Robust Precoder based on Matrix Norms
Figure 4.3 illustrates the worst-case received SNR as a function of the input power constraint
P for different p in E = Eσp (see Section 2.4.2 and 2.4.3) and with the fixed uncertainty size
s = 0.6.
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Figure 4.3 – Average worst-case received SNR as a function of P for M = N = 8 when E = Eσp,
evaluated for different values of p when s = 0.6. The left plot considers an i.i.d. Gaussian distributed
model (Figure 4 in [4]) and the right plot considers a Kronecker-based model.

Note that the left plot in Figure 4.3 was first obtained in [4]. Referring to Equation (2.67),
it states that as p increases for the uncertainty set Eσp, the more conservative the uncertainty
set is. Thus, it is expected that the nuclear norm which models the smallest error yields
the best performance, followed by the Frobenius norm. The most conservative uncertainty
set is given by the spectral norm (Eσ∞) which models the largest error. Therefore it is seen
in Figure 4.3 that the spectral norm-based uncertainty set yields the worst performance.
An interesting observation from Figure 4.3 is that the Kronecker-based model does not yield
better performance than that of the i.i.d. Gaussian model for the nuclear norm and Frobenius
norm. A logical explanation for the performance degradation of the Frobenius norm for a
Kronecker-based model is that Eσ2 is a form of a representation on the uncertainty of the
power of the elements in ∆ [4]. Since the spatial paths associated with the transmit and
receive array are correlated, the uncertainty on the power of each error in ∆ associated with
its corresponding channel gain is increased, leading to a lower worst-case received SNR. Also,
it is interesing to see that as p increases the Kronecker-based model defined by (2.12) for
correlation matrices determined by (3.5) asymptotically converges to the worst-case received
SNR for when Eσp = Eσ∞ at a higher rate than that of the i.i.d. Gaussian model.

Figure 4.4 illustrates how the average worst-case received SNR varies depending on the
uncertainty size s for different Eσp with the fixed transmit power constraint P = 8 dB.

Note that the left plot in Figure 4.4 was first obtained in [4]. It can be concluded from
this illustration that for s ∈ (0, 1), the performance gap between the uncertainty sets based
on Eσ2 (and thus also for every p ∈ (2,∞)) and that of Eσ∞ in a Kronecker-based model is
smaller than that for an i.i.d. Gaussian model. One can also see that a Kronecker-based
model offers better performance in terms of average worst-case received SNR than the i.i.d.
Gaussian model when the size s of the uncertainty is small, regardless of which Eσp that is
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Figure 4.4 – Average worst-case received SNR for different s forM = N = 8 when E = Eσp, evaluated
for different values of p at P = 8 dB. The left plot considers an i.i.d. Gaussian distributed model (Figure
5 in [4]) and the right plot considers a Kronecker-based model.

considered. An important note regarding the simulations in Figure 4.3 and 4.4 is that the
choice of s in practice has to be predicted in a way so that the uncertainty set accurately
encloses the channel error [4].

Figure 4.5 illustrates how the worst-case SER varies as a function of the uncertainty size
s for a 4 × 4 system with the input power constraint P = 6 dB. QPSK-modulated symbols
are transmitted using the 1/2-rate OSTBC in (2.51) [23] (see Section 3.2 for the design
considerations).
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Figure 4.5 – Average worst-case SER for different s for M = N = 4 when E = Eσp, evaluated for
different values of p at P = 6 dB. The left plot considers an i.i.d. Gaussian distributed model (Figure
7 in [4]) and the right plot considers a Kronecker-based model.

Note that the left plot in Figure 4.5 was first obtained in [4]. It can be seen in Figure 4.5
that the Kronecker-based model generally performs worse in terms of worst-case SER when
the STBC in (2.51) is considered. This can be explained by the fact that in a correlated
model the channel energy is distributed over a smaller amount of transmit directions. Thus,
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when the channel is i.i.d. Gaussian, the diversity gain from emplyoing STBC is increased,
leading to a better performance.

4.3 Robust Precoder based on Real-World Measured Chan-
nels

Several numerical examples will attempt to illustrate the performance of the introduced robust
precoding strategies for when the uncertainty set is given by Eq (where the imperfect CSIT
results from uniformly quantizing the channel coefficients with size κ at the receiver) or by Eσp
(where p and s determines which norm-based function that is considered (see (2.62)) and size
of the uncertainty set, respectively) for an example set of real-world measured channels. Each
chunk of real-world channel matrices are scaled by a common factor α, given by (3.8) so that
the channel is represented byHα, where x is set to 5 (see the discussion in Section 3.3). When
considering quantization-based uncertainty sets Eq, in addition to optimizing the performance
over the uncertainty region defined by Eq and κ, the real-world channel coefficients are also
quantized so that the elements of the nominal channel Ĥα that one computes the precoder
over results from quantizing the elements of the actual scaled real-world channel Hα with
step size κ. Note that the acquired imperfect CSIT is instantaneous and deterministic.

4.3.1 Indoor Environment

The following numerical results in this section illustrates the performance for the scaled real-
world measured channel data in the indoor environment when the uncertainty set is given by
Eσp or Eq. The experimental setup is as follows. The transmit power constraint P = 10 is
adopted for the 8 × 8 system. When the channel is estimated (according to Section 3.1) for
Eσp, the fixed energy transmit constraint P = 4P is adopted, thus 4 channel uses constitute
a training block. Thus, the following illustrations yields a representation of the performance
for when the imperfect CSIT results from Gaussian disturbance (see (3.3) and (3.4)), which
is assumed to be confined within the uncertainty set Eσp.

Figure 4.6 shows how the worst-case received SNR (dB) varies as the UE moves across the
indoor environment (see Figure 3.3) for the 50’th subcarrier with Eσ1 as the chosen uncertainty
set and s = 0.4.

One can clearly see from Figure 4.6 that the signal reception is relatively independent of
the position of the relative position between the BS and the UE (see Figure 3.3). This means
that a worst-case performance in terms of SNR can be guaranteed within the interval bounded
by 8.1 dB and 15.6 dB for the current measurement setup and for the 50’th subcarrier.

The upper-left, upper-right and lower-left plot in Figure 4.7 shows how the worst-case
received SNR varies as a function of time (in seconds) evaluated for all 100 subcarriers for
Eσ1, Eσ2 and Eσ∞ when s = 0.4 for the corresponding segment of the route. Specifically, the
corresponding route for the UE in these illustrations is shown by the lower-right plot in Figure
4.7 (with worst-case received SNR evaluated for the 50’th subcarrier, given the uncertainty
set Eσ1). One can see from these illustrations that different choices of p for the uncertainty
set Eσp for different time intervals may give rise to different relative levels of performance in
terms of worst-case received SNR (indicated by the range of colors displayed in the colorbar).
However, one needs to approach these results with skepticism as there is no method employed
here on how to accurately determine uncertainty sets so that it represents the CSIT error
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Figure 4.6 – Worst-case received SNR for the 50’th subcarrier in the indoor environment for Eσ1,
P = 10 and s = 0.4.

caused by estimating the channel. Instead, here it is just imposed that the errors are confined
within the specified uncertainty regions that are based on matrix norms.

Figure 4.8 illustrates the performance in terms of worst-case SER for the corresponding
route for Eσ∞ when M = N = 4 and for the uncertainty size s = 0.7.

Next, Figure 4.9 illustrates the performance in terms of worst-case received SNR for
the scaled real-world measured channel data by instead considering the case for when the
instantaneous, imperfect CSIT is caused by uniformly quantizing the channel gains of the 8×8
elements of the channel matrix by a step size of κ = 0.5. This means that the uncertainty
set is given by Eq. The same segment of the route as in Figure 4.7 and 4.8 is considered.
Moreover, the evaluated precoding strategies is that of the robust strategy (Section 2.4.1),
semi-robust strategy [58], beamforming over the largest eigenmode and the uniform power
strategy.

Note that from Figure 4.9 it can be seen that the beamforming, semi-robust and robust
strategy approaches the same performance for the scaled real-world measured channels with
respect to time and frequency. This effect can also be seen in Figure 4.1 when the robust
precoding strategies are evaluated for the theoretical channel models that for smaller values
of κ, similar performances are expected for these strategies.

Figure 4.10 shows the SER when E = Eq with κ = 0.5, where the robust precoding
strategy Q (red curve) is calculated over Ĥα. After decomposing Q = FFH , the space-time
block coded symbol stream is precoded by F and transmitted over the actual scaled real-world
channel Hα when P/σ2

n = −6 dB (the system model in (2.58) is employed, see also Figure
3.2). It is assumed that the quantization step size κ is known at the transmitter so that the
worst channel error in Eq can be found in order to get the optimal Q according to the worst-
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Figure 4.7 – Coverage representing worst case received SNR for a segment of the route when E = Eσp,
s = 0.4 and P = 10 in the indoor environment. The evaluated uncerainty sets are Eσ1 (upper-left plot),
Eσ2 (upper-right plot) and Eσ∞ (lower-left plot). The corresponding route is given by the lower-right
plot (showing the worst-case SNR for the 50’th subcarrier for Eσ1). Note that each respective plot has
a different maximum and minimum value for the colorbar.

case robustness theory. The results are compared with the optimal precoding strategy when
no CSIT is available, i.e., Q = P

N IN , represented by the black curve. The same segment of the
indoor route as in the preceding figures is considered. It is clearly seen that the robust-power
distribution strategy outperforms the uniform power strategy. Note however that a different
size for the chunk of neighboring matrices in time and frequency that share the same scaling
coefficient α may give rise to different results. Also, the robust precoding strategy requires
a substantially longer processing time than the uniform-power distribution strategy. Thus,
in a practical scenario the robust strategy may obtain a precoder that is based on outdated
channel estimates which causes a degradation in performance.

52/61



Robust MIMO Precoding
on Real-World Measured Channels

0 1 2 3 4 5 6 7 8
10

−3

10
−2

10
−1

Time (s)

W
or

st
−

ca
se

 S
E

R

Figure 4.8 – Worst-case SER for Eσ∞ with s = 0.7 and M = N = 4. The SER is evaluated for a
segment of the indoor environment route.

4.3.2 Outdoor Environment

Figure 4.11 will illustrate the performance for the outdoor scenario (see Section 3.3 for im-
portant considerations). The transmit power constraint is set at P = 10, P = 40 as in the
earlier examples and the uncertainty size is set at s = 0.4 for the 4 × 8 MIMO system as
the imperfect CSIT results from estimation errors. Specifically, Figure 4.11 shows how the
wost-case received SNR varies depending on the carrier frequency and location of the UE at
a specific segment of the route in Figure 3.4 for Eσ1, Eσ2 and Eσ∞.

One can see when comparing Figure 4.7 and 4.11 that the worst-case received SNR from
the robust precoding strategies for the outdoor scenario tend be more sensitive to variations
with respect to carrier frequency and time than that of the indoor scenario. Also, by consid-
ering case when the uncertainty set is given by Eσ∞ for the outdoor and indoor environment,
the worst-case received SNR for a specific time instant and carrier frequency is lower bounded
by a value slightly above 3 dB for the outdoor scenario. Meanwhile, the corresponding value
for the indoor scenario is at 5.5 dB in these simulations.

Lastly, Figure 4.12 illustrates the case when the elements of the scaled channel matrix
representing an outdoor scenario is quantized with a step size of κ = 0.5, implying that the
uncertainty set is given by Eq. The evaluated precoding strategies are the robust strategy,
semi-robust strategy, beamforming over the largest eigenmode and the uniform power strategy.

Again, it is seen that if κ is small, the beamforming strategy, semi-robust strategy and
robust strategy yields similar performance.
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Figure 4.9 – Worst case received SNR for Eq, P = 10 and κ = 0.5 for a segment of the indoor
environment route given by Hα for each instant, evaluated for all 100 subcarriers. The considered
strategies are the uniform power allocation strategy (upper-left plot), beamforming strategy (upper-
right plot), semi-robust strategy (lower-left plot) and the robust strategy (lower-right plot). Note that
each respective plot has a different maximum and minimum value for the colorbar.
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Figure 4.10 – SER comparison between the robust strategy and the uniform-power distribution
strategy for a segment of the scaled 4×4 real-world indoor channel given by Hα when E = Eq, κ = 0.5
and P/σ2

n = −6 dB. The system model in (2.58) is employed for P = G4 and the precoder based on
Ĥα is used on the actual scaled real-world channel Hα during transmission. It can be seen that the
robust strategy outperforms the uniform-power strategy in every instant. See Figure 3.2 for a block
diagram of the system model.
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Figure 4.11 – Worst case received SNR for Eσp, P = 10 and s = 0.4 for a segment of the outdoor
environment route given by Hα for each instant, evaluated for all 100 subcarriers for the 4×8 system.
The evaluated strategies are Eσ1 (left plot), Eσ2 (middle plot) and Eσ∞ (right plot). Note that each
respective plot has a different maximum and minimum value for the colorbar.
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Figure 4.12 – Worst case received SNR for Eq, P = 10 and κ = 0.5 for a segment of the outdoor
environment route given by Hα for each instant, evaluated for all 100 subcarriers for the 4×8 system.
The evaluated strategies are the uniform power allocation strategy (upper-left plot), beamforming
strategy (upper-right plot), semi-robust strategy (lower-left plot) and the robust strategy (lower-right
plot). Note that each respective plot has a different maximum and minimum value for the colorbar.
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Chapter 5

Conclusion

This text treated the design of several MIMO precoding strategies and evaluated its robustness
based on the assumption of deterministic, imperfect and instantaneous CSIT and with perfect
CSIR at the receiver. The imperfect CSIT were considered to result from either estimation
errors or quantization errors. The strategies were compared based on assumptions of an i.i.d.
Gaussian Rayleigh channel model and that of a Kronecker model. Also, real-world measured
channels were used to test the corresponding performances for when there is no underlying
assumptions regarding the channel statistics of the MIMO channel model.

The performance of several precoding strategies have been illustrated in several numerical
examples. Existing theory on worst-case robust precoding have been verified and previous
results were compared for when the channel is Kronecker, which further indicated that a
performance increase for the robust precoding strategy can also be guaranteed when the
channel has correlated entries. However, it can be of interest to evaluate the performance of
robust precoding strategies when the correlation matrices associated with each transmitter
and receiver pair have a different structure than the one presented in this report, including
the case when the correlation matrices have complex-valued elements.

An important note regarding the research field of robust precoding designs is the develop-
ment of a framework that provides methods on how to model of the uncertainty set. As one
also may have noted, the imperfect CSIT can results both from estimation errors, quantiza-
tion errors and that of outdated estimates. Since quantization errors can properly be modeled
by the shape of a polyhedron, the introduction of estimation errors however calls for a more
complex modeling of the shape of the set. The modeling of the uncertainty set needs both
to accurately enclose the CSIT errors while still having the property of being convex and
being solvable. On the other hand, an implication is that the introduction of more complex
algorithms in order to accurately determine the uncertainty set requires faster processing time
so that the precoding strategies does not base its information on possibly outdated CSIT. We
note however that results in this report indicate that the presented robust precoding strategy
clearly outperforms a uniform-power strategy for real-world measured channels according to
the underlying assumptions for the system model.

As a concluding statement, it is likely that with the development of more powerful proces-
sors there is a possibility of including complex robust precoding strategies in modern wireless
standards that can fully utilize the channel. It is then however important to develop a gen-
eral framework on how one can in practice model the uncertainty set so that it can represent
imperfect CSIT based on both quantization errors, estimation errors and outdated estimates.

57



Bibliography

[1] M. Agarwal, and M. L. Honig, “Wideband fading channel capacity with training and
partial feedback,” Proc. of Allertion Conf. on Comm. Cont. and Comp., Sept.-Oct. 2005.

[2] E. Björnson, and B. Ottersten, “A Framework for Training-Based Estimation in Ar-
bitrarily Correlated Rician MIMO Channels With Rician Disturbance,” IEEE Trans.
Signal Process., vol. 58, no. 3, pp. 1807–1820, 2010.

[3] Zhang, Xi, Daniel P. Palomar, and Björn Ottersten, “Statistically robust design of linear
MIMO transceivers,” IEEE Trans. Signal Process., vol. 56, no. 8, pp. 3678–3689, Aug.
2008.

[4] J. Wang, M. Bengtsson, B. Ottersten, and D. P. Palomar, “Robust MIMO Precoding for
Several Classes of Channel Uncertainty,” IEEE Trans. Signal Process., vol. 61, no. 12,
June 2013.

[5] J. Wang and D. P. Palomar, “Worst-case robust MIMO transmission with imperfect
channel knowledge,” IEEE Trans. Signal Process., vol. 57, no. 8, pp. 3086–3100, Aug.
2009.

[6] L. Tong, BM Sadler, M. Dong, “Pilot-assisted wireless transmissions: general model,
design criteria, and signal processing,” Signal Process. Mag., vol 21, no. 6, pp. 12–25,
Nov. 2004.

[7] S. N. Diggavi, N. Al-Dhahir, A. Stamoulis, and A. R. Calderbank, “Great expectations:
The value of spatial diversity in wireless networks,” Proc. IEEE, vol. 92, no. 2, pp.
219–270, Feb. 2004.

[8] A. J. Paulraj et al., “An Overview of MIMO Communications – a Key to Gigabit Wire-
less,” Proc. IEEE, vol. 92, no. 2, pp. 198–218, Feb. 2004.

[9] J. G. Proakis, Digital Communications, 3rd ed. New York: McGraw-Hill, 1995.

[10] T. Brown, P. Kyritsi, and E. D. Carvalho, Practical Guide to MIMO Radio Channel:
With MATLAB Examples, John Wiley & Sons, 2012.

[11] B. Sklar, Digital Communications, Englewood Cliffs, NJ, USA: Prentice Hall, 1988.

[12] M. Siddiqui, “Statistical inference for Rayleigh distributions,” J. Res. NBS. D Rad. Sci.,
vol. 68D, no. 9, pp. 1005–1010, 1964.

[13] S. O. Rice, “Mathematical analysis of Random Noise,” Bell Syst. Tech. J., vol. 23, 1944,
& vol. 24, 1945.

58



Robust MIMO Precoding
on Real-World Measured Channels

[14] A. Paulraj, R. Nabar, and D. Gore, Introduction to space-time wireless communications.
Cambridge University Press, Cambridge, 2003.

[15] C. Oestges, “Validity of the Kronecker model for MIMO correlated channels,” in Proc.
of IEEE VTC Spring, pp. 2818–2822, May 2006.

[16] U. Madhow, Fundamentals of Digital Communication, Cambridge University Press, 2008.

[17] T. Ericson, “A Gaussian channel with slow fading,” IEEE Trans. Inform. Theory, vol.
IT-16, pp. 353–356, May 1970.

[18] I. E. Telatar, “Capacity of multiple antenna Gaussian channels,” Eur. Trans. Telecom-
mun., vol. 10, no. 6, pp. 585–595, Nov./Dec. 1999.

[19] D. Shiu, G. J. Foschini, M. J. Gans, and J. M. Kahn, “Fading correlation and its effect
on the capacity of multielement antenna systems,” IEEE Trans. Commun., vol. 48, pp.
502–513, Mar. 2000.

[20] L. H. Ozarow, S. Shamai, and A. D. Wyner, “Information theoretic considerations for
cellular mobile radio,” IEEE Trans. Veh. Technol., vol. 43, pp. 359–378, May 1994.

[21] C. Balanis, “Antenna Theory, Analysis, and Design,” 2nd ed. New York: Wiley, 1997.

[22] J. Wang and D. P. Palomar, “Worst-case robust MIMO transmission with imperfect
channel knowledge,” IEEE Trans. Signal Process., vol. 57, no. 8, Aug. 2009.

[23] V. Tarokh, H. Jafarkhani, and A. R. Calderbank, “Space-time block coding for wireless
communications: Performance results,” IEEE J. Sel. Areas Commun., vol. 17, no. 3, pp.
451–460, Mar. 1999.

[24] G. Foschini, “Layered space-time architecture for wireless communication in a fading
environment when using multi-element antennas,” Bell Labs Tech. J., vol. 1, no. 2, pp.
41–59, Sept. 1996.

[25] T. Cover and J. Thomas, “Elements of Information Theory,” New York: Wiley, 1991.

[26] E. Biglieri, J. Proakis, and S. Shamai, “Fading channels: Information-theoretic and
communications aspects,” IEEE Trans. Inf. Theory, vol. 44, no. 6, pp. 2619–2692, Oct.
1998.

[27] L. Zheng, and D. N. C. Tse, “Communication on the Grassmann manifold: A geometric
approach to the noncoherent multiple-antenna channel,” IEEE Trans. Inform. Theory,
vol. 48, pp. 359–383, Feb. 2002.

[28] ——, “Layered space-time architecture for wireless communication in a fading environ-
ment when using multiple antenna elements,” Bell Labs Tech. J., pp. 41–59, 1996.

[29] G.J. Foschini, and M.J. Gans, “On limits of wireless communications in a fading envi-
ronment when using multiple antennas,” Wireless Personal Communications, vol. 6, pp.
311–335, 1998.

[30] A. Goldsmith, Wireless Communications, Cambridge University Press, 2005.

59/61



Robust MIMO Precoding
on Real-World Measured Channels

[31] D. P. Palomar, J. M. Cioffi, and M. A. Lagunas, “Uniform power allocation in MIMO
channels: A game-theoretic approach,” IEEE Trans. Inf. Theory, vol. 49, no. 7, pp.
1707–1727, Jul. 2003.

[32] N. Al-Dhahir, and J. M. Cioffi, “Block transmission over dispersive channels: Transmit
filter optimization and realization, and MMSE-DFE receiver performance,” IEEE Trans.
Inform. Theory, vol. 42, pp. 137–160, Jan. 1996.

[33] D. P. Palomar, and J. R. Fonollosa, “Practical algoriths for a family of waterfilling
solutions,” IEEE Trans. Signal Process., vol. 53, no. 2, pp. 686–695, Feb. 2005.

[34] J. Wang and M. Payaro, “Is Transmit Beamforming Robust?,” Proc. IEEE Int. Conf.
on Commun., pp 1-5, Jun. 2011.

[35] S. M. Alamouti, “A simple transmitter diversity scheme for wireless communications,”
IEEE J. Select. Areas Commun., vol. 16, pp. 1451–1458, Oct. 1998.

[36] Y. S. Cho, J. Kim, W. Y. Yang, and C. G. Kang, MIMO-OFDM Wireless Communica-
tions With MATLAB. Hoboken, NJ, USA: Wiley, Oct. 2010.

[37] A. Ben-Tal, L. E. Ghaoui, and A. Nemirovski, Robust Optimization. Princeton, NJ, USA:
Princeton Univ. Press, 2009.

[38] L. Liu, and H. Jafarkhani, “Application of quasi-orthogonal space-time block codes in
beamforming,”, IEEE. Trans. Signal Process., vol. 53, pp. 54–63, Jan. 2005.

[39] H. Sampath, and A. Paulraj, “Linear precoding for space-time coded systems with known
fading correlations,” IEEE Commun. Lett., vol. 6, pp. 239–241, Jun. 2002.

[40] G. Jöngren, M. Skoglund, and B. Ottersten, “Combining beamforming and orthogonal
space-time block coding,” IEEE Trans. Inf. Theory, vol. 48, pp. 611–627, Mar. 2002.

[41] M. Vu, and A. Paulraj, “Optimal linear precoders for MIMO wireless correlated channels
with nonzero mean in space-time coded systems,” IEEE Trans. Signal Process., vol. 54,
pp. 2318–2332, Jun. 2006.

[42] V. Tarokh, N. Seshadri, and A. R. Calderbank, “Space-time codes for high data rate
wireless communication: Performance criterion and code construction,” IEEE Trans.
Inf. Theory, vol. 44, pp. 744–765, Mar. 1998.

[43] S. A. Vorobyov, A. B. Gershman, and Z.-Q. Luo, “Robust adaptive beamforming using
worst-case performance optimization: A solution to the signal mismatch problem,” IEEE
Trans. Signal Process., vol. 51, no. 2, pp. 313–324, Feb. 2003.

[44] Y. C. Eldar, and N. Merhav, “A competitive minimax approach to robust estimation of
random parameters,” IEEE Trans. Signal Process., vol. 52, no. 7, pp. 1931–1946, Jul.
2004.

[45] R. Lorenz and S. P. Boyd, “Robust minimum variance beamforming,” IEEE Trans. Signal
Process., vol. 53, no. 5, pp. 1684–1696, May 2005.

[46] B.C.Levy, and R.Nikoukhah, “Robust least-squares estimation with a relative entropy
constraint,” IEEE Trans. Inform. Theory, vol. 50, no. 1, pp. 89–104, Jan. 2004.

60/61



Robust MIMO Precoding
on Real-World Measured Channels

[47] S. Loyka, and C. D. Charalambous, “On the compound capacity of a class of MIMO
channels subject to normed uncertainty,” IEEE Trans. Inform. Theory, vol. 58, no. 4,
pp. 2048–2063, Apr. 2012.

[48] Y. Guo, and B. C. Levy, “Worst-case MSE precoder design for imperfectly known MIMO
communications channels,” IEEE Trans. Signal Process., vol. 53, no. 8, pp. 2918–2930,
Aug. 2005.

[49] S. Boyd, and L. Vandenberghe, Convex Optimization. Cambridge, U.K.: Cambridge
Univ. Press, 2004.

[50] M.Grant, and S.Boyd, CVX: Matlab Software for Disciplined Convex Programming,
version 1.21, Feb. 2011 [Online]. Available: http://cvxr. com/cvx

[51] K. Werner, and M. Jansson, “Estimating MIMO channel covariances from training data
under the Kronecker model,” Signal Process., vol. 89, pp. 1–13, 2009.

[52] D. Chizhik, J. Ling, P. Wolniansky, R. Valenzuela, N. Costa, and K. Huber, “Multiple-
input-multiple-output measurements and modeling in Manhattan,” IEEE J. Sel. Areas
Commun., vol. 21, no. 3, pp. 321–331, 2003.

[53] K. Yu, M. Bengtsson, B. Ottersten, D. McNamara, P. Karlsson, and M. Beach, “Modeling
of wideband MIMO radio channels based on NLOS indoor measurements,” IEEE Trans.
Veh. Technol., vol. 53, no. 3, pp. 655–665, 2004.

[54] J. Wallace, and M. Jensen, “Measured characteristics of the MIMO wireless channel,” in
Proc. IEEE VTC’01-Fall, 2001, vol. 4, pp. 2038–2042.

[55] N. Shariati, and M. Bengtsson, “How far from kronecker can a MIMO channel be? Does
it matter?” in Proceedings European Wireless, Apr. 2011.

[56] Ericsson AB. [Online]. Available: http://www.ericsson.com

[57] Y. Shen, and E. Martinez, “Channel estimation in OFDM systems,” Jan. 2006.

[58] A. Pascual-Iserte, D. P. Palomar, A. I. Pérez-Neira, and M. A. Lagunas, “A robust
maximin approach for MIMO communications with partial channel state information
based on convex optimization,” IEEE Trans. Signal Process., vol. 54, no. 1, pp. 346–360,
Jan. 2006.

61/61



TRITA TRITA-EE 2015:97

ISSN 1653-5146

www.kth.se


	Introduction
	Wireless Communication and Robustness Design
	Problem Formulation – Purpose and Goals
	Project Methodology
	Report Outline
	Notations

	Theory
	MIMO Channel Modeling
	The Rayleigh Model
	The Kronecker Model

	Information Theoretic Limits
	Capacity of SISO Channels
	Capacity of SIMO Channels
	Capacity of MISO Channels
	Capacity of MIMO Channels

	MIMO Signaling Issues
	Singular Value Decomposistion of MIMO Channel
	Closed-Loop Transmitter Techniques with Perfect CSIT
	Orthogonal Space Time Block Codes

	Transmitter Techniques with Imperfect CSIT
	Precoder Based on Quantization Errors
	Precoder for Unitarily-Invariant Convex Sets
	Precoder for Uncertainty Sets Based on Matrix Norms


	Experimental Setup
	Preliminaries - Estimating the Channel
	Precoder Designs on Theoretical Models
	Precoder Designs on Real-World Measured Channels

	Results
	Robust Precoder based on Quantization Errors
	Robust Precoder based on Matrix Norms
	Robust Precoder based on Real-World Measured Channels
	Indoor Environment
	Outdoor Environment


	Conclusion

