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Abstract

Membrane structures are commonly used in many fields. The studies of these
structures are of increasing interest. The two projects focus on the evaluations of
equilibrium states for fluid-pressurized membranes under different loading condi-
tions, and the corresponding instability behavior.

The first part of the current work discusses the instability behavior of a thin,
planar, circular and initially horizontal membrane subjected to downwards or up-
wards fluid pressure. The membrane structures exhibit large deformations under
fluid pressure. Various instability behaviors have been observed for different loading
parameters. Limit and bifurcation points have been detected for different loading
conditions. Different loading parameters have been used to interpret the instability
behavior. The effects on instability of parameters, the initial states of the mem-
brane, and the chosen mesh have been discussed.

The second part of the current work discusses instability behavior of a thin,
spherical and closed membrane containing gas and fluid placed on a horizontal rigid
and non-friction plane. A multi-parametric loading has been described. By adding
the practically relevant controlling equations, the complex equilibrium paths were
followed using the generalized path following algorithm, and the stability conclu-
sions were made differently, according to the considered load parameters and the
constraints. A generalized eigenvalue analysis was used to evaluate the stability
behavior including the constraint effects. Fold line evaluations were performed to
analyze the parametric dependence of the instability behavior. A solution surface
approach was used to visualize the mechanical response under this multi-parametric
setting.

Descriptors: Membranes, Hydro-static load, Multi-parametric loading, Bifurca-
tions, Generalized path-following, Fold lines, Mesh effects, Augmenting equations,
Generalized eigenproblem, Solution surface.
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Sammanfattning

Membranstrukturer är vanligt förekommande i m̊anga sammanhang. Att studera
s̊adana är därför av stort intresse. De tv̊a projekten i denna avhandling siktar
p̊a utvärderingen av jämviktstillst̊and för membran utsatta för vätsketryck i olika
belastningssituationer, och de motsvarande slutsatserna om membranets stabilitet.

Den första delen av föreliggande arbete diskuterar instabilitetstillst̊and i ett
tunt, plant cirkulärt membran, ursprungligen horisontellt men därefter utsatt för
ett vätsketryck ner̊at eller upp̊at. Membranstrukturerna uppvisar stora deformatio-
ner under vätsketryck. Olika instabilitetsfenomen har visats för olika lastparamet-
riseringar. Extrem- och förgreningspunkter har visats för olika sammanhang. Olika
lastbeskrivande parametrar har använts i tolkningen av instabiliteterna. Dessa pa-
rametrars effekter p̊a slutsatserna om stabilitet har diskuterats, liksom dem som
kommer av initialspänningar och av den använda diskretiseringen.

Den andra delen av arbetet diskuterar instabilitetsbeteenden hos ett tunt,
sfäriskt och slutet membran inneh̊allande s̊aväl gas som vätska, och placerad p̊a ett
horisontellt, styvt och friktionsfritt plan. En flerparametrisk beskrivning användes
för belastningen. Genom att lägga till praktiskt möjliga kontroll-beskrivningar,
kunde de komplicerade respons-funktionerna följas med hjälp av en generaliserad
kurvföljnings-algoritm. Stabilitetsslutsatserna drogs p̊a olika sätt beroende p̊a de
använda belastningsparametrarna och tilläggsvillkoren. En generaliserad egenvärdes-
analys användes för att analysera parameterberoendet i instabilitetsbeteendet. En
ytföljningsalgoritm användes för att synliggöra det mekaniska svaret p̊a den flerpa-
rametriska belastningen.

Nyckelord: Membran, Hydro-statiskt tryck, Flerparametrisk belastning, Förgre-
ningar, Generaliserad kurvföljning, Kritiska lösningslinjer, Näteffekter, Tilläggsek-
vationer, Generaliserade egen-problem, Lösningsytor.
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Preface

This thesis focuses on the evaluation of the equilibrium states and instabil-
ity behavior of fluid-pressurized membrane structures with different geometries.
The first part gives a brief introduction on the possible application of the general
membranes and a description of the methods proposed to evaluate the equilibrium
solutions and instability. The second part elaborates on the results obtained from
the performed simulations and their interpretations. The last part includes two
submitted manuscripts. The manuscripts are adjusted to conform with the present
thesis format for consistency, but its contents have not been changed as compared
with their original counterparts.

Paper 1. Yang Zhou, Arne Nordmark & Anders Eriksson, 2015
Instability of thin circular membranes subjected to hydro-static loads. Published
online in International Journal of Non-Linear Mechanics.
doi:10.1016/j.ijnonlinmec.2015.06.010.

Paper 2. Yang Zhou, Arne Nordmark & Anders Eriksson, 2015
Multi-parametric stability investigation for gas and fluid pressurized thin mem-
branes. Submitted manuscript.
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occasional discussions with AN. The paper was written by YZ with help from AE
and AN.

Paper 2
YZ built up the numerical model in MATLAB and performed the simulations with
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Part I

Overview





CHAPTER 1

Introduction

1.1. Background

Membranes are filling every corner of the world. They can be seen, and are used
every day. They have various definitions in different fields. In this work, I only
elaborated on the study on membranes related to mechanics point of view. Large
deformation analysis of membrane is always of essence to understand the mechan-
ical behavior (Green and Adkins 1960). Different responses under various loading
conditions are of interest to discuss. Examples are the air-inflated membrane sub-
ject to point load, (Vella et al. 2011), the fluid-filled particle under indentation,
(Sohail and Nadler 2013), and the air-supported spherical membrane subjected
to a ponding fluid, (Szyszkowski and Glockner 1984). One particular interest is
focussed on the material description. There exists a large number of functions de-
veloped to describe the incompressible, isotropic and hyper-elastic material, (Blatz
and Ko 1962; Mooney 1940; Ogden 1972; Rivlin 1948; Yeoh 1993). Comparisons
of these strain energy density functions are made, (Marckmann and Verron 2006),
under different situations: uniaxial tension, biaxial tension, pure shear and simple
shear. One special comparison made by Selvadurai and Shi (2012) was aimed to
test different strain energy functions in structures under fluid pressure.

1.1.1. Applications and studies of membranes

Attributing from the special properties, such as light-weight and flexibility, the
membrane structures can be made good use of in different fields. Among all the
applications, the most well-known one is the good use of membranes in the living
body as the skin or the main containers of most organs. According to the different
applications, the studies on the membranes are diverse from many viewpoints.

1.1.1a. Aerospace engineering. Benefiting from the light weight and ease of stowing,
most of the deployable structures, Fig. 1.1, make use of membrane as the fully
deployed surfaces, (Ando et al. 2000). These structures require large extension and
ultra-lightweight simultaneously, which makes the thin membrane one of the best
options for them. However, this also leads to high requirements for the possibilities
to study the stress distributions and large deformations under different loading or
thermal conditions, (Zhang and Liu 2015).

1.1.1b. Mechanical engineering. The air-bag cushion, Fig. 1.2(a) is a well-known
application of membrane in the vehicle engineering field. There are several studies
related to this particular subject from different aspects, one of which is wrinkling,
(Lee and Youn 2006; Stanuszek 2003). Wrinkling analysis is an important study on
membranes, (Atai and Steigmann 2014; Steigmann and Pipkin 1989). A wrinkled
membrane changes the stress distribution and deformation dramatically.

3



4 1. Introduction

Figure 1.1: DARPA’s flexible membrane space telescope from http://spacenews.com

With inspiration from the natural fliers, the micro air vehicles, Fig. 1.2(b)
obtain advantages like low weight and small size. From a design aspect, the stiffness
distribution of a flying wing is important for the design of the micro air vehicles.
It is essential for air vehicles to determine the stiffness of the membranes used as
wings.

(a) (b)

Figure 1.2: Possible applications in the mechanical engineering field. (a) Driver airbag cushion from
http://www.autoliv.com. (b) A micro air vehicle in the micro air vehicle competition, Chakravarty

and Albertani (2012).

1.1.1c. Architectural membrane structures. The ease with which membranes deform
makes them applicable in architecture, Fig. 1.3. In the architectural field, form
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finding is of significance to design tension structures as a cover for outdoors arenas,
(Bonet and Mahaney 2001). Generally, there are two well-known methods to de-
termine structural shape: soap film analogy and hanging models. With the help of
finite element methods (’FEM’), these two methods can be efficiently performed,
(Bletzinger et al. 2005).

Figure 1.3: Teflon Fiberglass Fabric for Architectural Membrane Structure from
http://zhongbang.en.made-in-china.com/

1.1.1d. Biomedicine and bioengineering. Membranes play an important role in the
biomedicine and bioengineering fields. Human skin, the largest organ in the human
body, can be considered as a membrane. Also, the membranes are considered
as containers of organisms, Fig. 1.4. It has been believed that the mechanical
properties of cells can help identify changes from physiological conditions to disease,
(Barreto et al. 2014). On the other hand, the wide use of stents in cardiothoracic
surgery also increases the requirements to understand the mechanical response of
an inflated balloon, (Azaouzi et al. 2013; Zahedmanesh et al. 2010). Much work has
been done concerning the wrinkling of skin, (Flynn and McCormack 2010), which
is one particular side-effect of membranes, due to their lack of bending stiffness.

1.1.2. Multi-parametric setting

The multi-parametric setting for the analysis of structures offers a systematic way
for the structural simulations, not least for membranes, which show a significant
parameter dependence in their responses. This setting allows the path-following
algorithm to be generalized to trace one-dimensional curves in higher-dimensional
spaces, (Eriksson 1998), or the solution surface algorithm to visualize the two-
dimensional equilibrium surfaces, (Eriksson and Pacoste 2001).

Beside the loading combinations usually considered as the first parameters,
other relevant parameters used to describe many different aspects of the model can
also be included. Geometric parameters, e.g., the radius of the circular or spherical
membranes and the thickness can be varied easily for increased understanding of
phenomena, and for optimizations. For geometric and load imperfections, it is
relevant to study the sensitivity of the results, especially for the stability analysis.
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Figure 1.4: Frozen oocytes stored in liquid nitrogen from
http://www.igenomed.org

Sectional properties, which are directly related to the stiffness can avoid certain
instability behaviors. Different boundary conditions applied can also be formulated
through the extra variables, and accompanying equations, which show their effect
on the instability behavior.

To follow the equilibrium paths in the higher-dimensional solution space, aug-
menting equations are required, according to the number of added parameters. The
idea to define the augmenting equations can vary from the arc-length method fol-
lowing the load-displacement paths to the practical loading conditions discussed in
Paper 2. Among all these extra equations, one particular interest is the parameter
dependence of criticality, which is defined by the zero eigenvalues of the differential
matrix, (Eriksson 1997).

In the multi-parametric setting, the evaluations for the subsets seek the so-
lutions fulfilling the fundamental equilibrium equation set and augmenting equa-
tions simultaneously. Depending on the numbers of the added parameters and the
augmenting equations, the dimensions of the solution manifolds can be reduced
correspondingly.

1.1.3. Stability Analysis

Stability here only refers to structural stability, a concept which is essentially dy-
namic in nature. Various definitions existing informally defines structural stability
as the power to recover equilibrium.

As large deformations and non-linearity affect the membrane structures, they
are prone to lose stability. With the conservativeness of the studied structures,
leading to a symmetric differential matrix, the stability can be treated as a static
stability. Stability analysis can be performed by checking the eigenspectrum of the
corresponding differential matrix for the discretized model at all equilibrium states.
The structure is considered stable if all the eigenvalues are positive; if there is at
least one negative eigenvalues existing, then the equilibrium solution is unstable.
The transition between stable and unstable static equilibrium states is associated
with the occurrence of the critical points of zero eigenvalues, which are further
classified as limit and bifurcation points.
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The mechanism for introducing the loading media and the corresponding con-
straints are of essence when interpreting the instability behavior, (Eriksson and
Nordmark 2012; Fu and Xie 2014). The parameters including geometry, material
property and the initial state of membrane and parameters of the pressure-creating
media affect the stability behavior. This effect has been studied by Patil et al.
(2014). Furthermore, the mesh effect which make results strongly dependent on
numerical discretization has been discussed in Paper 1. The simulations were per-
formed on different discretizations. For certain loading condition, the different
discretizations produce qualitative differences.

1.2. Aim and scope

As an extension of the air-inflated membrane project, (Eriksson and Nordmark
2012), this work started with the stability investigation on a hydro-statically loaded
spherical membrane, constrained by six degrees of freedom. However, the non-
uniform load on the spherical membrane causes singularity. Then, a semi-spherical
membrane was considered, using the fluid level as the main load parameter. How-
ever, for a partially-filled semi-spherical membrane, wrinkles were indicated around
the deflected fluid surface level. This local instability phenomenon makes the re-
sults from the problem mesh-dependent, and hard to converge. This problem is
very interesting and will be investigated in the future work. In the first project, a
simpler geometry was therefore investigated: a circular membrane. In the second,
complexity was increased, and a spherical membrane placed on a rigid plane was
considered, with focus on response regions without wrinkling.

The main objectives of this thesis were to analyze and interpret the stability
behavior of the membrane structures subjected to primarily hydro-static pressure
loadings. Considering different loading parameters for different structures, different
instability behaviors have been observed. The first paper of this thesis extends the
stability analysis from air-inflated to fluid-pressurized circular membranes. As the
response are significantly different, the downwards and upwards pressurized mem-
branes have been discussed separately, and also the corresponding implementations.
The second paper reports an investigation of the stability of a closed gas-fluid-filled
spherical membrane resting on a rigid plane.

Membranes undergo large displacements, which make the problem in this thesis
geometrically non-linear. Since the work done by Green and Adkins (1960), there
have been numerous analyses on the large displacements of air-inflated and fluid-
pressurized membranes, (Antman and Schagerl 2005; Long et al. 2010; Vassilev
et al. 2011; Wu and Ting 2008). The large displacements show practical meaning
from both design and analysis perspectives. Besides, the membrane is considered as
a hyper-elastic material, in which the relation between stress and strain is derived
from a strain energy density function, (Holzapfel 2000). This constitutive relation
makes the problem materially non-linear.

Different from the gas pressure which can be treated as a uniform pressure
applied on the deformed membrane, the fluid pressure is also a deformation de-
pendent load, but applied on the deformed membrane non-uniformly. There are
several ways to evaluate the hydro-static load, one of which is obvious: to consider
it as linearly varying over the fluid height, (Pamplona et al. 2001; Yu and Vala-
nis 1970). Considering the fluid volume as the main load parameter, Rumpel and
Schweizerhof (2004) proposed a way to evaluate the hydro-static load under volume
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conservation in a finite element context. Fluid volume is the most relevant param-
eter to evaluate the hydro-static loads, but not the most convenient in simulations.
In this work, considering the fluid surface level as the primary loading parameter,
an explicit formulation to evaluate the hydro-static load can be developed based on
the linearly interpolated triangular elements.

Numerous stability analyses on membrane structures have been done, (Chen
and Haughton 2003; Fu and Xie 2010, 2014; Il’ichev and Fu 2014), and many others.
The membranes subjected to the hydro-static loads including gas pressure and
fluid pressure are handled using the static stability evaluation. However, studies
about the structural stability including some extra constraints are unknown to
the author. These constraints introduced by the augmenting equations can not
only reduce the dimension of the solution manifold, so that the generalized path
following algorithm can be used to trace the equilibrium paths, but also affect the
stability behavior. This work emphasised two practical loading conditions, that can
be achieved in reality, and focused on the stability interpretations under different
controlling processes with different loading parameters. The stability conclusions,
inherently connected to one particular equilibrium configuration, are thereby seen
as a function of one particular load parameter while the others are kept at specified
fixed values.



CHAPTER 2

Methods

The current work considered isotropic, incompressible and hyper-elastic membranes
subjected to gas and fluid pressures, that are assumed as quasi-static, without any
dynamic or thermal effects. A flat circular membrane pressurized by fluids with
the rim fixed was considered in the first project, and a closed spherical membrane
containing gas and fluid placed on a non-friction horizontal and rigid plane was
considered in the second one.

2.1. Basic formulations

In this work, we considered the membrane structures with axisymmetric geometries,
subjected to gas and fluid pressures. The Cauchy-Green strain tensor was used to
describe the deformation, considering the initial configuration as the reference state.
Furthermore, the stress was represented by the second Piola-Kirchhoff stress tensor,
with local plane stress constraints. It was assumed that the strains are constant
through the membrane thickness. The material was described as isotropic, incom-
pressible, and hyper-elastic. The relation between stress and strain was derived
from the strain energy density. There are several material models: neo-Hookean,
Ogden (1972), Mooney (1940)-Rivlin (1948), Arruda and Boyce (1993), Gent (1996)
and many others (Skalak et al. 1973) to give the material description. For both
projects, the two-parameter Mooney-Rivlin model was used.

2.2. Modeling

The problem was implemented using finite elements. The circular membrane was
simulated using both axisymmetric and 3D models. For the membranes which
follow the axisymmetric response, both the axisymmetric and 3D models can be
used to simulate the membrane structures, and the results obtained from the two
models were always very close. The spherical membrane was simulated using a 3D
model, to allow the possibilities for more general deformations. A discussion on the
required boundary conditions is given in Paper 2.

2.2.1. Axisymmetric model

The axisymmetric model was discretized by 1-dimensional quadratic elements, and
implemented in Comsol Multiphysics1. By the axisymmetric assumption, the po-
tential formulation including the total elastic energy and the external work derived
from fluid pressure can be obtained. Afterwards, the governing equations were
formulated based on the principle of stationary potential energy. Due to the dis-
continuity in the fluid pressure evaluation, the simulations were performed with a
rather large number of elements.

1Version 4.4, Comsol AB, Stockholm, Sweden

9



10 2. Methods

2.2.2. 3D model

In this work, the 3D model was implemented by flat and linearly interpolated
triangular elements, (Eriksson and Nordmark 2012). The elements are developed
in space, adding the non-linearity in the deformation measurement. It was assumed
that elements are flat initially and remain so after deformation, because of the linear
interpolation. Due to the low interpolation order in the element, rather many
elements were considered necessary for reliable results. The circular and spherical
membrane were discretized by 1792 and 5120 elements, respectively, Fig. 2.1.
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Figure 2.1: The discretized models were implemented in Matlab2. (a) A flat membrane discretized by
1792 triangular elements with 7 sectors of symmetric orientation. (b) A spherical membrane discretized

by 5120 triangular elements, emanating from a regular icosahedron, placed on the rigid plane.

2.3. Hydro-static pressure evaluation

Gas and fluid pressure were considered as quasi-static. Since the density of gas can
be neglected, compared to that of fluid, the gas pressure was considered as a uniform
over-pressure, which is related to ambient pressure. Fluid pressure at a point was
considered as a linearly distributed hydrostatic pressure which is dependent on the
fluid surface level and the current coordinate.

Using the deformed geometry, and the shape functions of the triangular lin-
early interpolated element and through virtual work formulation, the quasi-static
pressures can be represented by transversal nodal forces, measured in local coor-
dinates system. The nodal forces applied were calculated differently, according to
the current position of the elements:

(1) when the element is completely above the fluid surface level;

(2) when the element is completely below the fluid surface level;

(3) when the element is partially below the fluid surface level.

After that, the nodal forces were transformed and assembled into the structural
external force vectors.

2Version 2014b, The MathWorks, Inc., Massachusetts, USA.
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2.4. Equilibrium equations

The basic equilibrium equations are the set of discretized residual equations:

G(u, p+) = f(u) + fc(u) − F (u, H, p+) (2.1)

where G,f, fc,F,u are the vectors of residual, internal, contact and external forces
and displacements in the global degrees of freedom, with fc(u) = 0 for the plane
circular membrane in Paper 1.

For a closed spherical membrane, which is pressurized by gas and fluid, the
equilibrium problem is multi-parametric, since the number of variables is two more
than that of equations. In this work, the two practical loading conditions expressed
through the augmenting equations gave the generalized paths to follow:

(1) The fluid volume inside the membrane was kept constant.

(2) The amount of gas inside the membrane was kept constant.

For the stability evaluation, the criticality introduced as an augmenting equa-
tion is always of interest for investigation.

2.5. Generalized path following

The method was rigorously stated in (Eriksson 1998), and has been used for many
problems, (Eriksson and Nordmark 2012, 2014), to follow the complex equilibrium
paths, which have been classified into five classes:

(1) fundamental equilibrium paths;

(2) non-critical paths of parameter dependence;

(3) critical paths, studying the parameter dependence;

(4) branch connecting paths;

(5) simultaneous paths.

The generalized equations can be formulated based on the discretized equilib-
rium equation set, which is always the main part of the generalized problem, and
an auxiliary equation set, which defines the subset of the equilibrium states. The
specified types of paths can be defined by the particular augmenting equations.
One particular interest has been focused on criticality, including limit states and
bifurcations, which can be seen as the transition between stability and instability,
defined by singularity of the differential matrix.

The accuracy of the differential matrix which includes tangent stiffness matrix
as well as differentials of all equations, with respect to all variables, is of importance
from an efficiency point of view. Among all the equations, the most complicated
differential is the determinant of the tangent stiffness matrix. Another important
concept for generalized path-following approach is tangent evaluation, where the
tangent space is the null space of the differential matrix. The method to evaluate
the tangent vectors is rather complicated to handle in the generalized situations,
(Eriksson 1998).

2.6. Generalized eigenvalue analysis

This method was used to treat the gas-fluid-filled spheres. The effect on stability
conclusions from the control equations has been observed through numerical re-
sults. It was necessary to consider the effects from the augmenting equations when
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evaluating the stability. An extended stiffness matrix was defined thereby, which
includes the differential term with respect to the augmenting equations.

Because only the signs of the eigenvalues of the extended stiffness matrix are of
essence for the stability interpretations, a mass matrix was constructed, according
to the dimension of the extended stiffness matrix. The stability evaluation was
performed using the generalized eigenvalue analysis based on this extended stiffness
matrix and the constructed mass matrix.

2.7. Fold line evaluation

Parameters are important to interpret the instability behavior. Also, from the
optimization viewpoint, the dependence of the mechanical response on parameters
including geometry and material is of importance in the simulations, because of the
high non-linearity of the studied problem.

The parametric dependence was studied using a generalized path-following al-
gorithm, (Eriksson 1998). One or more parameters which describe the geometry
of the studied structure or loading conditions were included. These parameters
were added to the main loading parameter. The specific equilibrium states sought
were facilitated by a suitable number of augmenting equations, which allowed the
algorithm to seek subsets of the equilibrium states for the parameterized model.

As the transition between stability and instability for continuous problem for-
mulations can only happen at critical states, the dependence of the limit points and
bifurcation points on the extra parameters were of particular interest. Such critical
states can be evaluated using fold line evaluation methods, (Eriksson 1994). This
method found the equilibrium state for a particular loading as a one-dimensional
fold line in a space that contains the additional parameter, instead of following
a complete non-linear equilibrium path for every studied parametric combination.
By following a generalized path, the critical states can be found by bisections along
the parameterized path, (Eriksson 1997).



CHAPTER 3

Summary of papers

3.1. Paper 1

In this project, a thin, planar, circular and initially horizontal membrane with a
uniform thickness subjected to fluid pressure from above or below was studied.
All the nodes on the rim were fixed. The membrane was assumed to consist of
an isotropic, incompressible and hyper-elastic material, and modeled as a two-
parameter Mooney Rivlin model. The fluid pressure was considered as the quasi-
static pressure acting in a normal direction to the deformed membrane surface,
without any dynamical or thermal effects.

The problem was solved using finite element simulations. Due to the axisym-
metric property, the membrane structure was simulated by an axisymmetric model
and a 3D model. Using the fluid surface level as the primary load parameter,
the hydro-static load was evaluated. The dependence of instability behavior on
parameters was investigated using a generalized path-following scheme.

Limit points were detected with respect to fluid level for most parametric cases,
but no limit points were found with respect to fluid volume, when the membrane was
pressurized downwards. Limit and bifurcation points existed with respect to fluid
level, when the membrane was pressurized upwards. There were double zero eigen-
values at the bifurcation points, due to symmetry. The primary branch was found
stable before bifurcation, but unstable after bifurcation. The secondary branches
were unstable with respect to fluid surface level.

The parameters including geometry, material and pre-stretch of membrane af-
fect the instability behavior. The relations between mechanical responses and pa-
rameters lead to swallowtail and cusp catastrophes. The discretizations used when
simulating the membrane structures affected the resulting instability behavior. An
irregular mesh avoided the bifurcation point in the upwards loading condition, but
generates independent paths.

3.2. Paper 2

In this project, the multi-parametric stability of a thin spherical membrane con-
taining gas and fluid, and resting on a horizontal, rigid plane was investigated. Six
degrees of freedom were constrained; the choice of which is discussed in the pa-
per. The sphere was considered as isotropic, incompressible and hyper-elastic, and
the two-parameter Mooney-Rivlin model was used to give the material description.
Both gas and fluid pressures were seen as quasi-static, without any dynamical or
thermal effects.

The sphere was modeled using the triangular linearly interpolated elements.
Possible multi-parametric settings for evaluation of one-dimensional equilibrium
curves and two-dimensional equilibrium surfaces were discussed. In addition to the

13
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discretized residual equations used as the basic equilibrium equations, two practical
loading situations were introduced as controlling equations which reduced the so-
lution manifolds: keeping the fluid volume or the amount of gas constant, varying
the other loading parameters. The generalized path following algorithm was used
to search for the equilibrium paths, specified by the two practical loading condi-
tions. The solution surface approach was used for visualizing and understanding
the mechanical response of membranes under multi-parametric loadings.

These controlling equations affected the stability behaviors, where the effect
of augmenting equations should be included for stability evaluations. Extended
stiffness matrices for the two settings were described, involving the corresponding
augmenting equation differential terms. The formulation used to introduce the
augmenting equations were of essence in order to construct the extended stiffness
matrix symmetrically.

The stability behavior was evaluated using the generalized eigenvalue analysis
based on the extended stiffness matrix and a constructed mass matrix, and different
stability conclusions were drawn, depending on the specified loading parameters and
constraints. The parametric effect on the stability behavior including the extra
control equations effect was investigated using fold line evaluations.



CHAPTER 4

Conclusions and future work

4.1. Conclusions

The instability behavior of fluid-pressurized membranes with symmetric unloaded
geometries: circular and spherical membranes were investigated in this work. The
effects of geometries, loading conditions and parameters of fluid and membrane
material, and the initial states on instability behavior were investigated.

The main purpose of the current work was to study the instability of pressur-
ized membranes. Both air pressure, which was considered as a uniform pressure,
and fluid pressure which was considered as linearly distributed depending on the
deformed coordinates, were applied on the deformed membranes. To evaluate the
equilibrium states for the membrane structures, an axisymmetric and a 3D model
in a finite element context were set up separately. A two-parameter Mooney-Rivlin
model was used, but it is expected that the stability results concluded from this
work are also valid for other material models. In this thesis, a new and simpler
method was developed in a finite element context for evaluation of the hydro-static
load using different loading parameters, for instance, fluid surface level or fluid
volume.

The equilibrium states and stability behaviors of circular and spherical mem-
branes were investigated thereby. Both circular and spherical membranes showed
large deflections and high degree of nonlinearity. These deformations were highly
parameter dependent. The membrane structures are prone to lose stability. Differ-
ent instability behavior were observed, considering the initial geometries, loading
conditions and mechanisms. Snap-through, snap back and bifurcations have been
found for the fluid-pressurized membrane structures. For the circular membrane,
there was no wrinkling observed within the considered ranges of deflection, but
it is well-known that this kind of instability commonly appears in other similar
problems. For the fluid-filled spherical membranes, the wrinkling effects, indicated
by negative principal stress, were observed for cases with very small volumes of
fluid inside, but this disappeared for larger volumes, and these results are thereby
reliable in the present modeling.

The generalized equations were set up based on the discretized equilibrium
equations, considering the extra conditions, introduced as augmenting equations.
In the current work, only two practical loading conditions as well as the critical
states were investigated, but it is believed that other practical loading settings can
be handled in similar ways. Appropriate formulas and scalings used to introduce
the augmenting equations are essential for constructing the generalized equation
set. The conservativeness of the considered pressurized membrane problems were
proved through the symmetry of the corresponding differential matrix.

15



16 4. Conclusions and future work

A solution surface algorithm was used to seek the equilibrium states as a 2-
dimensional manifold in the higher-dimensional variable space. The generalized
path-following algorithm was used to seek the complex equilibrium paths including
the extra conditions. Generalized eigenvalue analyses were performed to evaluate
the stability at each equilibrium state. The parametric effect on the instability was
also investigated by the fold line evaluations.

Apart from the parametric effect on stability, the mesh effect was also investi-
gated primarily. Due to the symmetry feature of the circular geometry, the model
was discretized using regular and irregular meshes. From the obtained results, it is
recommended to use a symmetric mesh to simulate the structure with axisymme-
try, if a complete picture of instability response is sought. It was observed that the
unexpected imperfection introduced by the irregular mesh avoided the bifurcation
point, but gave rise to two closely unconnected solution paths. The configurations
along these equilibrium paths were strongly influenced by the irregularly meshed
pattern.

Generally speaking, the loading conditions and parameters should be specified,
when interpret the stability behavior, especially for a multi-parametric problem,
e.g. the gas-fluid-filled spherical membranes. The instability behaviors of fluid-
pressurized membrane structures are diverse, and highly dependent on geometry,
material and discretization. Considering different boundary conditions, loading
conditions and parametric controls, limit and bifurcation points were observed. All
these behaviors are highly influenced by the parameters.

4.2. Outlook and future work

The two projects performed focus on the evaluation of the equilibrium states and
stability of fluid-pressurized membrane structures, considering different load pa-
rameters. From the work above, many interesting instability phenomena have been
discovered, and the effect of the geometry of membranes, the loading conditions,
the medium to introduce loads, the parameters and the different interpolations of
meshes on the instability behavior has been discussed. Future work will continue the
investigation of the instability of the fluid-pressurized membranes, from the limit
and bifurcation points detection to wrinkling phenomenon observation. Also, in
the finite element context, it is interesting to investigate the effect of mesh pattern
on analysed instability behavior for membrane structures with different geometries,
but also having some symmetry.

Regarding the current results and developed methods, the following studies are
believed to be the most interesting and relevant continuations.

• In the second project, a closed spherical membrane was considered, either com-
pletely filled with fluid or filled by gas and fluid. As mentioned in Paper 2, when
the fluid volume is decreasing to a critical volume, a wrinkling effect is found by
detecting negative principal stresses. Hence, the future work will elaborate on
the equilibrium states when the fluid volume inside the membrane structure is
smaller than the original undeformed sphere volume, especially when the equi-
librium configurations have obvious wrinkles. The difficulty of this work is to
understand the wrinkling effect, which can be seen as a local instability, but
cannot be directly detected by the lowest eigenvalue of the differential matrix,
based on the currently used strain energy function. Because of the occurrence
of negative stresses, the standard strain energy density function is not valid any
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more. As a result, the relaxed energy density function, (Pipkin 1986) should be
introduced to handle the negative principal stresses. It is believed that the intro-
duction of this strain energy formulation will also lead to significantly numerical
consequences in the simulations, especially for general simulation methods.

For the fluid-filled spherical membrane, the negative stresses were first ob-
served within the contact area. The effect of contact support on the differential
matrix, especially on the eigenvalues of the differential matrix has been observed
by following the critical paths. Hence, wrinkling analysis as well as the contact
support, will be a challenge for this work.

• A further study will elaborate on the hemispherical membrane problem. It was
early in the performed project observed that wrinkling is found around the fluid
surface level for the partially fluid-pressurized membrane, and it is believed that
the representation of this wrinkling effect in a simulation model is highly mesh
dependent. This local instability might for instance be attributed to numerical
reasons, for instance that the element size is too large, or otherwise incapable,
to simulate the wrinkles. It is an important study objective to investigate the
reasons for wrinkling indicated in a simulation: to what degree can this be seen
as a physical behavior, and to what degree is it a numerical artifact?

This project is challenging. Since the results have been observed to be highly
mesh dependent, the used interpolations need to be discussed, including element
type and size. Many different methods have been proposed to simulate the mem-
brane with wrinkles in finite element context, (Ding and Yang 2003; Lee and Youn
2006; Stanuszek 2003). The direction of wrinkles and the stress state within the
wrinkling region is crucial for the analysis. It is believed that the wrinkling pat-
tern can be related to the curvature, (Stoop et al. 2015). It would be interesting
to investigate the local instability for the hemisphere membrane.

• In the finite element context, the mesh effect is of essence for the representation
of the instability response. Another future work will focus on the mesh effect
on analyzed instability, especially for geometries with symmetric features, such
as square or rectangular membranes. As irregularly discretized meshes avoid the
bifurcation points by introducing an initial imperfection, it is believed that the
chosen mesh would highly influence the deformations of membrane structures.
The difficulty of this work is to understand how different meshes affect the con-
figurations, considering the initial imperfections introduced by the chosen meshes
as perturbations in the governing equation set. Different mesh patterns would
generate different perturbations, and these perturbations would lead to differ-
ent configurations. By testing on different membranes discretized differently, it
would be interesting to investigate the effect of mesh patterns on all aspects of
instability behavior.

• A further study will focus on the instability of the spherical membrane contact
with a rigid or soft adhesive substrate. This future work will first focus on the
formulations to simulate the contact support. In this work, a third order penalty
function was utilized to construct the nodal contact forces. This formulation did
not show any effect on the basic equilibrium paths, but affected the critical paths,
which were evaluated based on the differential matrix. Some other ways, e.g.,
applying the boundary conditions on the contacting surface can be an interesting
option which could perhaps avoid some of the numerical difficulties emanating
from the very flexible membrane coming into contact with a rigid, i.e., very stiff
object.
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Another part of this future work will focus on the possible instability behav-
ior for a membrane in contact with a deformable substrate. The inflation and
deflation of membrane structures contact with soft or rigid substrates have been
discussed by Long et al. (2010); Patil et al. (2014); Xu and Liechti (2011). To
simulate the soft substrate, Patil et al. (2015) used the linear stiffness in the nor-
mal direction to the un-deformed surface to describe the substrate. It is assumed
that the membrane is under no-slip condition. The difficulties for an extension
of this work lies in the contact mechanics of the deflation from the substrate,
especially when the membrane peels off from the contact substrate, and also the
possibility for wrinkling effects.

A similar, but from many viewpoints more complex problem is the consider-
ation of self-contact following the large deformations of the membrane.

• In the multi-parametric setting, the solution surface algorithm was used and has
been proven as an efficient tool for evaluating the mechanical response, (Eriksson
2014). This method was developed by Eriksson and Pacoste (2001), and needs to
be updated, e.g., for an easier expansion of an already obtained solution surface
directly. The tangent vectors evaluated from the differential matrix are used as
indications of the local directions of the solution manifolds. Due to the highly
non-linear response of the membrane structures, the meshes of the solution sur-
faces can possibly intersect each other. Then the future work would focus on
developing a method to form the meshes of the equilibrium surface avoiding the
possible intersections based on the already solved equilibrium solution points,
and update this algorithm.

Generally, the future work continues to consider the instability of membrane
structures under different loading conditions. It will involve the global and local
instabilities, but also the constraint, parameter and mesh effect on instability.
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Membrane structures subjected to hydrostatic load are prone to undergo large
deformations and lose stability. This paper investigates different instability phe-
nomena for a thin, circular and initially flat and horizontal membrane. The Mooney-
Rivlin hyper-elastic model is used to provide the material description. An axisym-
metric and a 3D model have been set up to show the large deformations and insta-
bility behavior with different parameter settings. Numerical examples show that
the methods developed are capable to describe the deformation dependent loading
conditions and the instability phenomena. The numerical simulations show fun-
damental differences in the response and instability behavior when the horizontal
membrane is loaded from above or below. The parameters of fluids and mem-
branes and the means for introducing the pressure are of essence for interpreting
the instability behavior.

1. Introduction

Membrane structures have various applications (Chakravarty and Albertani 2012;
Sakamoto et al. 2014; Zahedmanesh et al. 2010). Since the work done by Green and
Adkins (1960) to analyze large deformations for elastic structures, there have been
numerous studies concerning membrane structures from various aspects. Depending
on the application considered, the treatments focus on analysis of large deformation
(Long et al. 2010; Wu and Ting 2008), form finding (Bletzinger et al. 2005; Bonet
and Mahaney 2001), wrinkling (Jarasjarungkiat et al. 2008; Steigmann 1990), et
cetera.

As a consequence of the characteristic features, pressurized membranes easily
exhibit static instability. Hence, stability investigations are of importance in or-
der to understand the response of membranes to loading. Major work has been
done to investigate the instability of membranes from different aspects, (Chen and
Haughton 2003; Gent 2005; Il’ichev and Fu 2014; Shi and Moita 1996). The medium
to introduce the pressure (Eriksson and Nordmark 2012; Fu and Xie 2010) and the
parameters (Mao et al. 2014; Patil and DasGupta 2013) have been considered to
be essential to interpret the instability behavior.

The focus of the current work is to understand the mechanics of fluid-pressurized
membranes. Due to the fact that membranes are considered as containers for most
organisms, the analysis of fluid-pressurized membranes is important, especially in
the bioengineering and biomedical fields. Compared with air-inflated membranes,
they also show large but different deformations, (Haughton 1996), because of the
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gravitational effect. Experiments have been performed to check various forms of
strain energy functions for used materials (Selvadurai and Shi 2012). To introduce
the fluid pressure in the FEM context, Rumpel and Schweizerhof (2004) evaluate
the volume dependence in load, and discuss its influence on stability (Rumpel and
Schweizerhof 2003). Another way is the obvious one, to consider the hydrostatic
load as linearly varying over the fluid height, (Yu and Valanis 1970). A fluid-filled
cylindrical membrane has been investigated by Pamplona et al. (2001). The in-
stability behavior into a non-symmetric mode can not be investigated with this
model. The instability of a fluid-filled closed tube is investigated by Antman and
Schagerl (2005), where it is shown that the membrane experiences a snap-through
instability.

The present work discusses the stability for a thin circular and flat membrane
subjected to hydro-static loads from below or above. The details of the evaluation
of the hydro-static load in the FEM context are given. Non-intuitive instabilities
are found in this problem. The parameter dependence of instabilities is analyzed by
using a generalized path-following algorithm in a parameter space (Eriksson 1998).
The rest of this paper gives some illustrative numerical examples, comparison of the
results obtained from different discretizations, and makes some concluding remarks.

2. Mathematical models

2.1. Basic formulations

Consider a thin, planar circular and initially horizontal sheet, placed in the x-y
plane, and with a uniform thickness. To describe the deformation, the strain is
represented by the right Cauchy-Green strain tensor:

C =

C11 C12 0
C21 C22 0
0 0 C33

 (1)

using the initial configuration as the reference state. Correspondingly, the stress is
described by the second Piola-Kirchhoff stress tensor:

S =

S11 S12 0
S21 S22 0
0 0 S33

 . (2)

It is required that S33 = 0 for the plane-stress problem. Moreover, it is assumed
that the strain and stress are constant through the thickness. The description of the
membrane assumes an isotropic and incompressible hyper-elastic material model.
Hence, C33 is defined by the other components. Moreover, the relation of stress
and strain can be formulated as, (Holzapfel 2000):

S(C) = λC−1 + 2
∂Ŵs

∂C
(3)

where Ŵs is a strain energy density, and λ is a Lagrangian multiplier. In this work,
we considered an isotropic Mooney-Rivlin material model with variable constitutive
constants c1 and c2, for which the strain energy density function is defined as:

Ŵs = c1(I1(C) − 3) + c2(I2(C) − 3) (4)

where I1(C) and I2(C) are the first two invariants of the strain tensor.
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A restriction for c1 and c2 comes from the linear shear modulus µ of the mate-
rial:

µ = 2(c1 + c2) > 0 (5)

and we considered µ as a constitutive constant together with a hardening parameter:

k =
c2
c1
. (6)

In the present work, we pre-stretched the flat circular membrane radially by
expanding an initial radius Ro to a pre-stretched radius Rp at which radius the
membrane edge is completely fixed for further loading, Fig. 1. Hence, the pre-
stretch ratio β is defined as:

β =
Rp
Ro

. (7)

The initial uniform thickness denoted as t is thereby correspondingly reduced.
In this work, we focused on the membrane in either un-stretched or pre-stretched
state, which means β ≥ 1.

It should be noted here that the same internal force formula were considered
for all the simulations. The wrinkling phenomena were checked by detecting the
negative principal stresses in each corresponding solution, and the simulations were
stopped before wrinkling, i.e., all the results are free of wrinkling.

As loading, we considered a quasi-static fluid pressure, coming from gravity
in the global z direction, applied on the deflected membrane surface without any
dynamic or thermal effects. The fluid pressure p̄ at a point is thereby dependent
on the fluid surface level H and the current coordinate z:

p̄(z) = ρg(H − z) (8)

where ρ is the density of the fluid and g the acceleration due to gravity. The fluid
level H, which is the global z-coordinate of the fluid surface, is seen as the primary
load control variable. Afterwards, the quasi-static pressure p is expressed as:

p(z) =

{
p̄(z) z < H

0 z ≥ H
(9)

where p̄(z) is evaluated by Eq. (8).

2.2. Axisymmetric modeling

Considering the geometric features of the membrane and the hydro-static load as
deformation dependent, an axisymmetric model was set up for converting the 3D
problem into an in-plane problem. With the initial radius and transverse coordi-
nates ro and zo = 0, the current position of a point in the membrane is described
as r = r(ro) and z = z(ro). The strain components are thereby:

C11 =

(
r

ro

)2

C22 =

(
dr

dro

)2

+

(
dz

dro

)2

C12 = C21 = 0

C33 =
1

C11C22
. (10)
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As a result, the total elastic potential energy is expressed as:

Ws = 2πt

∫ Ro

0

c1
( r

ro

)2

+

(
dr

dro

)2

+

(
dz

dro

)2

+
1(

r
ro

)2
[(

dr
dro

)2

+
(
dz
dro

)2
] − 3


+ c2

 1(
r
ro

)2 +
1(

dr
dro

)2

+
(
dz
dro

)2 +

(
r

ro

)2
[(

dr

dro

)2

+

(
dz

dro

)2
]
− 3


 rodro.

(11)

and the external work is formulated as:

Wp = edπ

∫ Ro

0

p(z)r2 dz

dro
dro. (12)

where ed is indicating the direction of fluid pressure, such that ed = 1 for downwards
and ed = −1 for upwards loading.

Hence, the total potential energy of the membrane can be written as:

Π ≡Ws −Wp. (13)

The governing equations were obtained by the principle of stationary potential
energy. The simulation model was implemented in COMSOL Multiphysics1. Due
to the discontinue external pressure, a fine mesh was used to minimize errors from
Gaussian quadrature. Hence, the axisymmetric model was discretized by 100 one-
dimensional quadratic elements, based on the Lagrange shape functions.

2.3. 3D modeling

To simulate the full membrane model, general shell elements showed disadvantages,
(Flores and Oñate 2011). In the present work, the response was based on membrane
theory. Hence, three-node flat elements with linear shape functions were adopted
and extended into 3D to perform the numerical simulations; further details are given
in (Eriksson and Nordmark 2012). Figure 1 shows a 3D finite element model for a
plane membrane. In this work, the pre-stretching effect is introduced by imposing
the boundary conditions.

For each node of the triangle element, the initial coordinates are denoted as
xgi , (i = 1, 2, 3), and displacements as ugi , where the superscript g denotes the global
coordinates. A transformation matrix R is defined by the global coordinates xgi ,
giving the local coordinates as: xei = RT (xgi − x

g
1), by using node 1 of element as

the origin in a local coordinate system, and the edge 1-2 as a local first coordinates
axis, defining the membrane surfaces in space. The element is considered flat ini-
tially, and remains so after deformation. The hydrostatic pressure is acting in a
normal direction to the deformed membrane surface. Moreover, the pressures and
displacements measured in the element coordinate system are denoted as pei ,u

e
i ,

respectively. Hence, uei = RT (ugi − u
g
1).

The full Cauchy-Green strain components were formulated as:

C = C(xei ,u
e
i ). (14)

1Version 4.4, Comsol AB, Stockholm, Sweden
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Figure 1: Flat membrane discretized by 1792 triangular elements with 7 sectors of symmetric
orientation, and pre-stretch ratio β = 2. The mesh was chosen for demonstrating the dependence of

instability on mesh, discussed below. The circle is showing the circumference of the un-stretched shape.

Using the relation of stresses and strains from the hyper-elastic material as-
sumption, Eq. (1), the full stress tensor is formulated as:

S = S(C) (15)

which gives the internal nodal force vector fei for node i, measured in the element
coordinate system. The contribution to the global system:

fgi = Rfei (16)

is assembled into the structural internal force vectors f = f(u), with u the vector of
structural displacements, from which the element displacements ugi are extracted.

When seeing the fluid level H as the primary load control variable, each element
contribution to the structural load vector is evaluated from the present displaced
coordinates of the element nodes and the fluid level H. Within each element, the
value of fluid pressure p̄ei is evaluated for all nodes based on Eq. (8) with z the
third component of the current global coordinates. The nodal pressures p̄ei also
have non-zero values only in the third component, which is acting on the current
element plane. As a result, the pressure applied on a node j whose coordinate
z > H was preliminarily calculated as negative, but considered in the following
way.

The pressures and displacements within an element are initially assumed as
linearly distributed:

p̄e = N1p̄
e
1 +N2p̄

e
2 +N3p̄

e
3

ue = N1u
e
1 +N2u

e
2 +N3u

e
3 (17)

where Ni are the linear shape functions for a CST element, (Cook et al. 2002).
Depending on whether any of these pressures are calculated as negative, the proce-
dures for evaluation of the element forces are different. As only positive pressures
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are relevant, the initial pressure values are constructed as:

pe = max(p̄e, 0) (18)

noting that only the third component is non-zero. Applying the virtual work formu-
lation in the element coordinate system, and integrating over the deformed element
area, gives the expression:

δWp =

∫
peδuedA = F e1 δu

e
1 + F e2 δu

e
2 + F e3 δu

e
3 (19)

defining the nodal transverse forces F ei which consistently represent the distributed
pressure.
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Figure 2: Hydro-static load applied on deformed flat membrane. There are four possible positions for
elements based on fluid surface. (1) Element is above the fluid surface; (2) element is below the fluid

surface; (3) there is a quadrilateral part of element below fluid surface; (4) there is a triangle part
below fluid surface.

For elements holding different positions, they are under four loading conditions,
as shown in Fig. 2. The transverse nodal forces in the four cases are obtained as
below.
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(1) For an element completely above the fluid surface, no fluid forces are applied:

F ei = 0 (20)

(2) For an element completely below the fluid surface level, the nodal forces
are calculated as:

F ei =

∫
Nip̄

edA (21)

where A is the deformed area of the element, and the shape function integrals can
be easily pre-integrated.

(3) For the element partially pressurized by the fluid, with one node, say node
1, above the fluid level, the pressurized part is a quadrilateral, as shown in Fig.
2, and defined by new nodes 4 and 5 identified from a linear interpolation on the
edges. The forces are expressed as:

F e1 =

∫
peA1

(N ′4N14 +N ′5N15)dA1 +

∫
peA2

(N ′′4 N14)dA2

F e2 =

∫
peA1

(N ′4N24 +N ′5N25)dA1 +

∫
peA2

(N ′′4 N24 +N ′′2 )dA2

F e3 =

∫
peA1

(N ′4N34 +N ′5N35 +N ′3)dA1 +

∫
peA2

(N ′′4 N34 +N ′′3 )dA2 (22)

where peA1
and peA2

are the pressures applied on the temporary nodes of the triangles
A1 and A2, respectively, and formulated as:

peA1
= N ′4p

e
4 +N ′5p

e
5 +N ′3p

e
3

peA2
= N ′′4 p

e
4 +N ′′2 p

e
2 +N ′′3 p

e
3 (23)

where, obviously pe4 and pe5 are 0. The notations N ′i and N ′′i refer to shape functions
based on the triangles A1 and A2, respectively, as shown in Fig. 2, i.e. N ′i = N ′i(x

e)
and N ′′i = N ′′i (xe) are functions of the local coordinates. Moreover, the notation
Nij infers the shape function Ni based on initial CST element and evaluated on
the node j, i.e., Nij is a scalar, Nij = Ni(x

e
j). The results are easily permuted if

node 2 or 3 is the only one above the fluid level.

(4) The pressurized part is a triangle, with two nodes above the fluid surface,
and node 3 below the fluid level, shown in Fig. 2. The formulations of F ei is then:

F e1 =

∫
peA1

(N ′4N14 +N ′5N15)dA1

F e2 =

∫
peA1

(N ′4N24 +N ′5N25)dA1

F e3 =

∫
peA1

(N ′4N34 +N ′5N35 +N ′3)dA1 (24)

where peA1
can be calculated from Eq. (23). It is again noted that all pei and F ei

vectors have two zero components. From Eq. (12), it is obvious that the different
pressurized sides should be considered differently, with the correct signs introduced
for the nodal forces.

After the calculation of the local element external force components, the nodal
forces F ei are transformed into the global coordinates system F gi = RF ei , and
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assembled into the structural loading vector F = F (u, H), which is obviously
dependent on the current displacements and the fluid level H.

To analyze the response of the membrane to hydro-static load, the equilibrium
equation is seen as:

G(u, H) = f(u) − F (u, H), (25)

where G,F ,f ,u are the vectors of residual, external and internal forces and the
displacements measured in the global degrees of freedom. The variation of the
residual force vector is formulated as:

δG =
∂f

∂u
δu− ∂F

∂u
δu− ∂F

∂H
δH = (Kf −KF )δu− ∂F

∂H
δH (26)

which gives a loading dependent tangent stiffness matrix and a differential force
vector. The Kf matrix is obtained similarly as the internal forces, while the KF

matrix and the external force differential are evaluated numerically.

2.4. Quasi-static equilibrium solutions

The problems discretized in 3D were solved with a one-dimensional path-following
algorithm in fluid level-displacement space to seek the equilibrium path (Eriksson
1998). The step length was adjusted automatically, based on the path traversed,
(Eriksson and Kouhia 1995), considering the highly curved solution paths. For
each equilibrium solution, the stability was checked, by analyzing the eigenvalue
spectrum of the tangent stiffness matrix. The structure was considered as stable
when all the eigenvalues of this matrix were positive. For negative eigenvalues, the
structure is unstable, and the number of negative eigenvalues is considered as the
degree of instability. Structures lose or regain stability at critical points, which
are classified as bifurcation points and limit points. At bifurcation points, there
is at least one secondary path existing, where the membrane would typically lose
its axisymmetric response. The critical points were detected by the vanishing of
eigenvalues, (Eriksson and Nordmark 2014).

Previous work (Eriksson and Nordmark 2012) has revealed the effect on the
stability conclusion for air-inflated membranes from the considered control variable,
showing, e.g., that an inflated balloon can be unstable with respect to the internal
gas pressure, but stable with respect to the amount of gas injected. In the current
work, the fluid level H was seen as the primary control variable, used to evaluate
the fluid pressure, Eq. (8), and thereby the external loading. However, a fluid
volume V was also evaluated along the equilibrium path to facilitate a presentation
of this control variable. The evaluation of a fluid volume must make some specific
assumption on the volume calculated when the fluid level is above the initial flat
surface through the fixed supports. This choice is not obvious, and will affect the
interpretation of the equilibrium states, not least their stability.

In this work, we used 3D and axisymmetric models to simulate the flat thin
circular and initially horizontal membrane. From the results, we have observed the
fundamentally different responses and instability behaviors when the membrane is
subject to downwards or upwards fluid pressures. For each condition, the instability
behavior and its dependence on parameters will be discussed. The dependence on
parameters was investigated based on a generalized path following scheme, (Eriks-
son 1998). The parameters, which can describe the membrane itself or the fluid
loading condition, are included in the present simulations, and thereby added to
the main loading parameter, i.e., the fluid level. By adding the extra parameters to
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the one-dimensional equilibrium problem, the algorithm can seek a subset of equi-
librium states for the parameterized model. The generalized equilibrium equations
are thereby formulated as:

P (u, ξ) ≡
(
f(u, ξ) − F (ξ1,u, ξ)

g(ξ1,u, ξ)

)
= 0 (27)

where Eq. (25) gives the equilibrium equations between the displacements and
the hydro-static load-describing variable ξ1 = H, considering the extra variables
in ξ = [ξ1, ξ2, ..., ξNξ ]

T . The Ng augmenting equations g(ξ1,u, ξ) = 0 give the
descriptions for a subset of equilibrium solutions. The dimension of augmented
solutions is thereby Nξ − Ng. Here, we only used methods where this dimension
is one. One particular interest in this work is the dependence of critical states
on parameters. Critical states, where the degree of instability changes, can be
evaluated by methods from (Eriksson 1994).

3. Numerical examples

3.1. Membrane subjected to downwards fluid pressure

3.1a. Instability behavior. The membrane was defined, as a baseline case, by a
radiusRo = 10 mm and uniform thickness t = 0.01 mm, a shear modulus µ = 0.4225
MPa, and was pressurized by a fluid with density ρ = 10−5 kg/mm3, which is 10
times that of water. To visualize the differences from the air-inflated membranes, we
used a relatively heavy fluid here. The gravity acceleration was assumed as g = 10
m/s2. Boundary conditions required all the nodes on the rim to be completely
fixed.

As expected, the axisymmetric and 3D models in most cases give very similar
responses to increasing fluid level as long as the response is axisymmetric. Figure 3
shows, for an example case, a non-monotonic path for the fluid level H with respect
to the central deflection. In this loading case, we only considered the magnitude
of the central downwards deflection wm. For small wm, we observed a negative
H, i.e., the membrane is partially fluid-filled. With increasing wm, fluid level H is
going down to the first limit point (wm = 2.424 mm, H = −1.119 mm). After the
limit point, fluid level rises with increasing deflection, until the second limit point
(wm = 9.579 mm, H = 1.869 mm), whereafter it will go down with increasing
deflection. No bifurcation was detected in the simulation for this case.

Prior to the first limit point, the membrane shows unstable behavior with
respect to H. After the first limit point, the structure is stable with respect to
fluid level, while after the second limit point, it is again showing unstable behavior
(Steigmann 2006).

Figure 3 shows large deformations of the membrane along the equilibrium path.
It should be noted that for the positive filling level, some arrangement is needed
above the membrane to impose the fluid pressure. For a volume calculation, it was
assumed that a cylinder of radius Rp is placed above the membrane when H is
positive.

When fluid volume was evaluated from fluid level H, there were no limit points
as shown by Fig. 4(a). The membrane is always stable with respect to fluid volume,
i.e., more fluid input is always needed to increase deflection. Using the axisymmetric
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Figure 3: Fluid level H as function of central deflection wm for a flat, thin, and initially horizontal
membrane with Ro = 10 mm, t = 0.01 mm, ρ = 10−5 kg/mm3, µ = 0.4225 MPa, k = 0.1, β = 1,

g = 10 m/s2. The configurations at three typical points on the equilibrium path, (b), (c), and (d)
illustrate how the membrane is deformed at the indicated central deflections.

model, the two principal stretches λ1 and λ2 were evaluated as:

λ1 =
r

ro
, λ2 =

√(
dr

dro

)2

+

(
dz

dro

)2

. (28)

By a symmetry assumption, dz
dro

= 0, Eq. (28), it was calculated as λ1 = λ2 at

the central point to avoid the indeterminacy as ro = 0, Fig. 4(b). There are no
wrinkling phenomena indicated by negative stresses in this case.

3.1b. Parameter dependence. The dependence on parameters of instability was in-
vestigated. In particular, we studied how the limit points with respect to fluid level,
manifested by a singular tangent stiffness matrix, depend on the parameters. All
the quantities were non-dimensionalized as:

q =
ρgR2

o

µt
, w′ =

wm
Ro

, H ′ =
H

Ro
, V ′ =

V

R3
o

(29)
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Figure 4: Fluid volume inside and principal stretches at the central point. The data used for these
figures are given in Fig. 3. (a) Fluid volume V as function of central deflection wm for the circular

membrane. (b) The principal stretches at the central point (λ = λ1 = λ2) as function of central
deflection.

The main variables varied in the experiments were the constitutive parameter
k, Eq. (6), the pre-stretch ratio β, Eq. (7), and the normalized density q, Eq. (29).

(1) Variable normalized density q

The normalized density q involves the geometry and material attributes of the
membrane and fluid. With baseline parameters k = 0.1 and β = 1, the fluid
density ρ was varied, seeking the limit points in response. The critical states were
evaluated as functions of density using the fold line analysis, with the introduction
of ξ = [H ′, q], and an augmenting equation defining the criticality, (Eriksson 1994).
The generalized path is shown in Fig. 5. No limit points were found for q > 4.932
in this case, but a low density, e.g. q = 0.0267, gave one. A limited interval around
q = 0.29 gave four critical points. The variation of the number of limit points shows
cusp catastrophes, (Strogatz 1994), with varying q. Three cusp points are isolated
in Fig. 5. Two of them approach each other with the constitutive constant k
increasing, until they coincide at a swallowtail point, (Arnol’d 1989). The behavior
shown by the inset figure in Fig. 5 was found to exist only for low values k . 0.125,
and for low pre-stretches, i.e, for β < 1.27 at k = 0.08.

Stable behavior with respect to the normalized fluid volume V ′ as function of
w′ has been observed for all q.

(2) Variable pre-stretch ratio β
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Figure 5: Circular membrane subjected to downwards fluid pressure. Fold lines showing the
dependence of critical fluid level on normalized density q. Three cusp points were isolated. The circles

represent the limit points found in Fig. 3(a).

In this part, simulations were performed on the axisymmetric model with den-
sity ρ = 10−5 kg/mm3, giving q = 2.367, and constitutive ratio k = 0.1. The results
in Fig. 6(a) give examples which show the dependence on the pre-stretch ratio β of
the limit points with respect to H ′. Regardless of the value of β, the equilibrium
solutions are unstable with respect to H ′ for small deflections. For β = 1, there
are two limit points, Fig. 3(a); for β = 6, there are no limit points found, and
the membrane is showing unstable behavior with respect to H ′ for all deflections.
For a more pre-stretched membrane, like β = 9, there are two limit points found,
and there is a region of loading where the fluid level needs to be raised when the
mid-point is moved downwards. When the membrane is even more pre-stretched,
like β = 11, the membrane shows a snap back phenomenon, and there is a region
of loading where the fluid level need be raised while the displacement of the mid-
point is decreasing. Although the two-parameter Mooney-Rivlin model is only seen
as valid for moderately large stretches (Selvadurai and Shi 2012), we assumed the
validity for even higher stretches in this paper. By checking the strain and stress
components in these cases, there is no wrinkling effect detected (Steigmann 1990).
This however, is not in the consideration of the current paper, but needs to be
considered for a full stability investigation.

Deformed profiles of the membrane at a chosen midpoint deflection are shown in
Fig. 6(b). In the literature (Patil and DasGupta 2013), the air-inflated membrane
shows a stretch-induced softening behavior after critical states. However, the fluid
pressurized membrane shows a stiffening behavior. For the same w′, like w′ = 14,
the more pre-stretched membrane needs a higher fluid level in the post-critical
region, Fig. 6(a), as the more pre-stretched membrane requires a higher fluid level
to form a ”neck” configuration.
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Figure 6: Pre-stretched flat membranes deflection. (a) Quasi-static equilibrium paths, represented by
normalized fluid level H′ and normalized central displacement w′ for different β with normalized

density q = 2.3669, constitutive constant k = 0.1. (b) Deformed profiles for pre-stretched membranes.
The normalized deflection w′ = 10. It has been observed large stretches, and the maximum of λ2 is

not at the central point, but around the ”necking” region.

Figure 7 shows the relation between V ′ and w′ or H ′, respectively. As shown
in Fig. 4(a), there are no limit points with respect to fluid volume V for the un-
stretched membrane, i.e. β = 1. However, for β = 6, there are two limit points, and
there is a region where the fluid volume is decreasing while the central deflection is
increasing. There are no limit points in the H ′ − w′ relation, Fig. 6(a), but such
points do exist in V ′ − w′ and V ′ −H ′ curves, Fig. 7. For the case β = 11, there
are two limit points and two turning points, which generate two regions where the
fluid volume is decreasing while the central deflection is increasing. Consequently,
with large β, a snap back instability is exhibited with respect to both H ′ and V ′.
Moreover, for all the cases above, there is no wrinkling effect found by detecting
the negative stress.

(3) Combined variations

As the above results show, the instability behavior for a membrane is strongly
parameter dependent, expressed by the three non-dimensional quantities, (q, k, β).
For any combinations of q and k, using the appropriate β, the limit points with
respect to H ′ can be created or avoided. The occurrence or disappearance of limit
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Figure 7: Pre-stretched flat membrane deflection. Normalized volume V ′ as function of w′ in (a) or H′

in (b), respectively. The data for the membrane is given in Fig. 6.

points, represented by cusp points, is thereby expressed by three non-dimensional
quantities, Fig. 8. To illustrate the relation between membrane response and
three quantities, we projected the results into the parameter space using the cusp
points (not all of them), isolated by the limit points from a large number of load-
displacement equilibrium states with respect to H ′ or V ′ for several fixed q.

Each point on the lines in Fig. 8 is representing the three non-dimensional
quantities of the cusp point with respect toH ′ or V ′. For a given value q in Fig. 8(a),
k−β combinations between two cusp lines yield no limit points with respect to H ′;
otherwise, there is at least one limit point. It should be noted that the cusp lines
continue after the coinciding points, and the coinciding points represent different
normalized fluid level H ′ and central deflection w′, but coincide in the projection
plane of k − β. In Fig. 8(b) for a specific q, k − β combinations below the cusp
line give no limit points with respect to V ′. For parameter combinations above
the cusp line, there are two limit points. Consequently, it shows cusp catastrophes,
with respect to V ′, (Poston and Stewart 1978).
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Figure 8: The cusp lines with respect to H′ or V ′ shown in k − β plane for several fixed q. (a) The
cusp lines with respect to H′. The circle isolated in q = 4.932 cusp line is corresponding to one of the

cusp points isolated in Fig. 5. (b) The cusp lines with respect to V ′.

3.2. Plane membrane subject to fluid pressure upwards

In this section, we consider the plane membrane subjected to an upwards fluid
pressure, with an assumed implementation as shown in Fig. 9. The numerical
simulations were performed with 3D models, as axisymmetry can be broken for
this case. The fluid level H was taken as the primary control parameter also in
these simulations.

3.2a. Instability behavior. The parameters of membrane were given in subsection
3.1a. Water was used to impose the pressure, i.e., ρ = 10−6 kg/mm3, and also
k = 0.1, β = 1. We here considered the central deflection wm as positive upwards.

The results with these data are shown in Fig. 10. For moderate deformation,
the structure shows a stable behavior with respect to H. There are no negative
eigenvalues of the tangent stiffness matrix until a bifurcation point is found, where
a secondary equilibrium path emerges. The bifurcation state is defined by two
zero eigenvalues of the tangent stiffness matrix and two corresponding eigenvectors
due to the axisymmetry of the problem, but slightly affected by the mesh. The
primary path is the branch where the membrane is deforming axisymmetrically,
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Figure 9: The membrane subjected to fluid pressure from below. One possible implementation.
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Figure 10: Circular membrane subjected to upwards fluid pressure. Fluid level H as function of
central deflection wm. The parameters of membrane are given in Fig. 3. The density of fluid is
ρ = 10−6 kg/mm3. The configurations of the plane membrane are shown in (b), (c) and (d) for

marked points along the equilibrium paths.

Fig. 10(b),(c). The primary path is unstable after the bifurcation point. Along the
primary path, there is, for this parametric case, one turning point and one limit
point, where the latter increases the degree of instability of the primary path.

The secondary path is a branch where the membrane breaks axisymmetry; this
path is unstable with respect to H. A typical configuration on a secondary path
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is shown in Fig. 10(d). In this work, we did not handle self-contact problem,
which will appear at some deformations on both primary and secondary paths, and
discontinued paths before these were occurring.

3.2b. Parameter dependence. (1) Variable normalized density q

The non-dimensional quantities in Eq. (29) are still valid for the upwards
loading conditions. The parameters used in 3.2a give q = 0.2367. We varied the
density, ρ = 10−7 kg/mm3, of the fluid, giving q = 0.02367, while k = 0.1 and
β = 1 were kept constant.
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Figure 11: Circular membrane subjected to upwards fluid pressure. Normalized fluid level H′ as
function of normalized deflection w′ for q = 0.02367, k = 0.1, and β = 1. Projections of the plane
membrane on the x− z plane are shown in (b) and (c) for two points along the equilibrium path.

With a light fluid, the membrane is behaving very similarly to an air-inflated
case, Fig. 11. There was no bifurcation point detected with respect to H ′ within the
considered deflection range. Results obtained by using a fold line setting indicate
that, within the considered deflection range and fluid level, bifurcations only exist
for q ≥ 0.05472.

(2) Variable constitutive constant k
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A smaller k = 0.01 was chosen with q = 0.2367 and β = 1. Several bifurcation
points were found as shown in Fig. 12. There were five bifurcation points detected
before self-contact. The critical modes are shown in Fig. 13.

Compared with the results in Fig. 10, (k = 0.1), there are more critical points
found for the smaller value of k. Furthermore, the trend of the fundamental path
obtained when k is smaller, like k = 0.01, is qualitatively different from the results
with larger k, especially when the central deflection is relatively large. It should be
noted that the result shown in Fig. 12 has been normalized.

0 0.5 1 1.5 2 2.5 3 3.5 4
0

2

4

6

8

10

Normalized central deflection w’

N
o
rm

al
iz

ed
 f

lu
id

 l
ev

el
 H
’

 

(a)

(b)
(c)

(d)

(e)

Figure 12: Circular membrane subjected to upwards fluid pressure. Normalized fluid level H′ as
function of normalized deflection w′ for q = 0.02367, k = 0.01, and β = 1. Notation (�) stands for

bifurcation points.

3.3. The effects of mesh on instability evaluation

The mesh effect on the critical state of a square plate has been discussed in (Eriks-
son and Nordmark 2014). We investigated the effect of mesh regularity on the
instability behavior for the upwards loaded circular membrane. The results above
were obtained from a regular mesh, based on the 7 sectors meshing with 1792 el-
ements, Fig. 1, and are here compared to those obtained from an irregular mesh
with 1896 elements, Fig. 14.

The parameters of membrane were the same as in 3.2a, but with k = 0.01.

While five bifurcation points were found in the equilibrium path for the reg-
ularly meshed membrane, Fig. 13, none were found for the irregular mesh. The
simulations instead gave a set of unconnected paths. In such sense, the irregular
mesh introduced initial imperfections, which make the solutions for the irregular
mesh approach the regular mesh solution. Furthermore, the configurations along
each unconnected independent equilibrium path obtained for the irregular mesh are
not axisymmetric, shown by Fig. 15(b),(c). It was observed that the two differ-
ent configurations that break the bifurcation, deform into two opposite directions.
Furthermore, this perturbation is related to the mesh size, i.e., with finer mesh, the
two independent paths are closer to the solution from the symmetric mesh. It has
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Figure 13: Circular plane membrane pressurized upwards. Secondary paths corresponding to critical
states. Figures (a)-(e) show the critical eigenvectors scaled and added to the respective critical

solution states marked in Fig. 12.
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Figure 14: The plane membrane discretized by 1896 elements, irregularly.

been verified by the simulations performed on the finer mesh, the current mesh is
sufficient for the convergence to the same solutions.

3.4. Discussion of results

Due to the symmetric geometries, the circular membrane can be discretized with
axisymmetric and 3D models. For the 3D model, it can be discretized symmetrically
and irregularly. Using the axisymmetric model, the obvious advantage is that it is
less time consuming for simulations. For the axisymmetric response to loadings, like
that of the membranes subjected to downwards fluid pressure, both axisymmetric
and 3D models can be used, and both models give similar results; only when the
membranes are highly pre-stretched, the results obtained from axisymmetric and 3D
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Figure 15: Equilibrium paths of the regular and irregular meshes. Notation (�) stands for bifurcation
points. The deformations along different independent paths at specified places are shown in (b) and

(c).

models may differ. However, the disadvantage is obvious as well. For the response
which is not symmetric, like that of secondary solution paths of the membranes
subjected to upwards fluid pressure, the axisymmetric model is not valid any more.
Only 3D models can be used, including symmetric and irregular meshes.

For structures with symmetric geometries, it has been recommended to use
symmetric meshes in simulations to avoid unexpected or unrealistic unsymmetric
responses, (Eriksson and Nordmark 2012), and we used a symmetric mesh in most
of the simulations above. However, it should be noted that the membrane subject
to upwards fluid pressure is sensitive to the used mesh, and the results obtained
from regular and irregular meshes are qualitatively different.

In this paper, we performed numerical simulations on the circular membranes,
and discussed the instability response with respect to fluid surface level. Meanwhile,
the experiments on circular membrane subjected to downwards fluid pressure have
been conducted, (Selvadurai and Shi 2012), and the results are given in the form
of fluid pressure vs. central deflection. Even though the different parameters are
considered, the trends of the results are compared, which are turned out to be quite
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similar. In instability compared, where parameter sensitivity is high, a qualitative
agreement confirms a general behaviour, but quantitative conclusions are difficult.
To our knowledge, upwards hydro-statically loaded circular membranes have not
been experimentally tested.

4. Concluding remarks

The current work focuses on the instability behavior of thin, circular and flat mem-
branes pressurized by fluids downwards or upwards. The membrane can be pre-
stretched initially, and is restricted on the nodes on the rim. The fluid pressure is
considered as a hydro-static load, using the fluid level as the primary control.

Axisymmetric and 3D models were adopted to perform simulations, giving large
deflections and instabilities. The tests verified that the method developed in this
work is capable to describe the deformation dependent loads, even if simpler but
not equally visible methods are available. The downwards pressurized membrane
loses or regains stability in the form of limit points, but no bifurcation points were
seen in the present work. The dependence on three non-dimensional quantities of
instability behavior is investigated using a generalized path-following algorithm in
the parameterized model. The mesh used to discretize the membranes does not
significantly affect the stability behavior in the downwards loading condition. The
pressurizing mechanism is of essence for the response, as stability conclusions are
defined for fluid level or fluid volume seen as controls.

The upwards pressurized membrane loses stability at limit and bifurcation
points. At the bifurcation points, more than one tangent direction exists for the
load-deflection path. The secondary paths normally break axisymmetry of the cir-
cular membrane. The noted criticality can only be observed for moderately heavy
fluids in relation to the parameters of the membrane. Also, the instability response
shows a strong parameter dependence. By a non-uniform mesh, bifurcation points
are avoided. The effects of these are, however, seen as very closely situated equi-
librium paths, with a strong influence from the critical modes obtained from the
regular mesh.

We considered fluid level as the primary control variable in this work, and
discussed the response of deformation with respect to fluid volume. As a result,
fluid volume will be considered as another feasible control variable in the further
work. Besides, we did not take wrinkling effects into consideration. This aspect
is of particular importance for the upwards pressurized membrane. In this work,
there is no consideration of the relevance of the Mooney-Rivlin model for very large
stretches, and no consideration of self-contact or practically relevant constraints on
displacements. All of these aspects are interesting subsequent study objectives.
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Pamplona, D., Gonçalves, P., Davidovich, M., and Weber, H. Finite axisymmetric defor-
mations of an initially stressed fluid-filled cylindrical membrane. International Jour-
nal of Solids and Structures, 38:2033 – 2047, 2001.

Patil, A. and DasGupta, A. Finite inflation of an initially stretched hyperelastic circular
membrane. European Journal of Mechanics - A/Solids, 41:28 – 36, 2013.

Poston, T. and Stewart, I. N. Catastrophe Theory and Its Applications. Pitman, London,
1978.

Rumpel, T. and Schweizerhof, K. Volume dependent pressure loading and its influence on
the stability of structures. International Journal for Numerical Methods in Engineer-
ing, 56:211–238, 2003.

Rumpel, T. and Schweizerhof, K. Hydrostatic fluid loading in non-linear finite element
analysis. International Journal for Numerical Methods in Engineering, 59:849–870,
2004.

Sakamoto, H., Natori, M., Kadonishi, S., Satou, Y., Shirasawa, Y., Okuizumi, N., Mori,
O., Furuya, H., and Okuma, M. Folding patterns of planar gossamer space structures
consisting of membranes and booms. Acta Astronautica, 94:34 – 41, 2014.

Selvadurai, A. and Shi, M. Fluid pressure loading of a hyperelastic membrane. Interna-
tional Journal of Non-Linear Mechanics, 47:228 – 239, 2012.

Shi, J. and Moita, G. F. The post-critical analysis of axisymmetric hyper-elastic mem-
branes by the finite element method. Computer Methods in Applied Mechanics and
Engineering, 135:265–281, 1996.

Steigmann, D. J. Tension-field theory. Proceedings of the Royal Society of London. Series
A, Mathematical and Physical Sciences, 429:141–173, 1990.

Steigmann, D. J. Eliza Haseganu’s analysis of wrinkling in pressurized membranes, vol-
ume 15 of stability, vibration and control systems, chapter 1, pages 3–16. World
scientific, Singapore, 2006.

Strogatz, S. H. Nonlinear Dynamics and Chaos: With Applications to Physics, Biology,
Chemistry, and Engineering. Addison-Wesley. Cambridge, Massachusetts, 1994.

Wu, T. Y. and Ting, E. C. Large deflection analysis of 3D membrane structures by a
4-node quadrilateral intrinsic element. Thin-Walled Structures, 46:261 – 275, 2008.

Yu, L. and Valanis, K. The inflation of axially symmetric membranes by linearly varying
hydrostatic pressure. Transactions of The Society of Rheology, 14:159–183, 1970.

Zahedmanesh, H., Kelly, D. J., and Lally, C. Simulation of a balloon expandable stent in
a realistic coronary artery-determination of the optimum modelling strategy. Journal
of Biomechanics, 43:2126 – 2132, 2010.





Paper 2

2





Multi-parametric stability investigation for thin
spherical membranes filled with gas and fluid

By Y. Zhou, A. Nordmark & A. Eriksson

Department of Mechanics, Royal Institute of Technology, SE-100 44 Stockholm, Sweden

Submitted to International Journal of Non-linear Mechanics

The instability behavior of spherical membranes completely or partially filled
with fluid, also with internal gas over-pressure, placed on a friction-less rigid plane
was investigated. The two-parameter Mooney-Rivlin model was used for material
description. A third order penalty function was used to describe the rigid support.
Different problem settings were considered, and different instability responses were
observed. For the partially fluid-filled membrane, a multi-parametric problem was
defined and analyzed. Augmenting equations were introduced to impose control
constraints on variables chosen. These equations also affect the instability analysis.
A generalized eigenvalue analysis was used for the stability conclusions. Numerical
simulations showed that appropriate control constraints are of essence to inter-
pret the instability conclusions. Fold line evaluations were performed to analyze
the dependence of the instability behavior on the parameters. A solution surface
algorithm was utilized to analyze and visualize the mechanical responses to multi-
variable loading.

1. Introduction

Spherical membranes have various applications. Gas-inflated membranes are used
as balloons in engineering and medical contexts (Kawamura et al. 2014; Saito et al.
2014; Zhang and Liu 2015). Fluid-filled membranes act as the containers for most
organisms, (Haslach Jr et al. 2014; Singla et al. 2015; Sohail and Nadler 2013).
Therefore, extensive research has been concerned with the spherical membranes
from different aspects. Analytical results have been obtained for both gas-inflated
and fluid-filled membranes with simple geometries, cf. (Pamplona et al. 2001; Patil
and DasGupta 2013; Patil et al. 2015) and many others. Numerical simulations
have been performed for the more general settings, (Bonet et al. 2000; Eriksson
and Nordmark 2012; Valdés et al. 2009).

The mechanical response of fluid-filled thin membranes contacting with rigid
planes has been investigated, (Antman and Schagerl 2005; Kolesnikov 2010; Nadler
2010; Yu and Valanis 1970). The relations between fluid pressure and volume and
the deformation of a membrane have been described. The mechanical responses for
a given fluid volume is the main object of these works. For the spherical membranes,
the calculated relations between deformations and fluid volumes given by Yu and
Valanis (1970) are only valid for significantly stretched spheres. Hence, there is a
limit when dealing with slightly stretched membranes. The method discussed in
this work does not have such a limitation.
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To evaluate the hydro-static load in a finite element (’FEM’) context, former
work (Rumpel and Schweizerhof 2004) has proposed one way concerning the conser-
vation of fluid volume. Another method developed by Zhou et al. (2015) was used
in this work for the linearly interpolated triangular space membrane elements. The
idea for the latter method is to consider the fluid surface level as a primary load
parameter, and then include the fluid volume with the help of a multi-parametric
setting, if this is deemed necessary or useful.

Beside the mechanical response, the instability response of the thin membranes
is of interest, (Il’ichev and Fu 2014). Critical points including limit and bifurca-
tion points have been observed, (Patil et al. 2014; Verron and Marckmann 2003).
Many works (Eriksson and Nordmark 2012; Fu and Xie 2010, 2014) have indicated
that the mechanism to introduce the fluid pressure is essential for interpretation
of instability. Moreover, the parameters for describing the geometries and loading
conditions have been shown to have an effect on instability conclusions, (Mao et al.
2014). One particular notice has been made that regularities and symmetries of
the mesh used affect the calculated instability behavior, (Eriksson and Nordmark
2014; Zhou et al. 2015).

Discussions concerning the instability of the multi-parameter systems have been
presented before, (Eriksson and Pacoste 2001). Several numerical treatments of the
multidimensional problem have been developed. By introducing one or more ad-
ditional parameters describing the geometries or the loading conditions, the multi-
parametric problems are set up. In order to understand the interaction between the
variables included, depending on the number of parameters and control constraints,
one or more augmenting equations should be defined, so that a generalized equilib-
rium path can be followed, (Eriksson 1998). Inherently, a gas-fluid-filled spherical
membrane is a two-parameter system, due to the existence of gas and fluid inside,
even if the corresponding controls can be seen and described in different ways. At
least one controlling augmenting equation is required to define the equilibrium path
thereby. Beside the developed numerical treatment for a multi-parametric problem,
some new implementations corresponding to this problem are investigated in this
paper. Consequently, in addition to the deflections of the spherical membrane under
loading, the instability behavior is a main topic.

The present work discusses the multi-parametric stability for two instances
of thin spherical membrane. The spherical membrane placed on the friction-less
rigid plane is first considered as fluid-filled, and then as containing fluid and gas,
with two different practical implementations considered for the latter case. Multi-
parametric loading settings including several variables and augmenting equations
were considered. A solution surface technique was adopted to investigate the equi-
librium response to the multi-parametric loading. The criteria for stability in a
multi-parametric loading situation are developed and discussed, as are additional
effects on instability behavior introduced by the extra constraints. A fold line tech-
nique (Eriksson 1998) was used to consider the multi-parametric stability behavior.

2. Mathematical models

2.1. Problem description

In this paper, we consider a thin, spherical membrane with a uniform thickness
placed on a rigid horizontal plane, Fig. 1. The unstressed radius of the sphere is
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Figure 1: A deformed spherical membrane containing gas and fluid placed on the rigid plane, and its

over-pressure variation. The rigid plane is at Z̃. Notations p+, pf , Vg and Vf are used to define the
acting pressures and the volumes of gas and fluid respectively, whereas Γg denotes the amount of gas.

Ambient pressure was denoted as p̃. Gravity acceleration g was acting in −z direction.

denoted as Ro, and its thickness as t. It was assumed that there is no friction be-
tween membrane and rigid plane. The membrane was filled with gas and fluid. Gas
pressure was considered as a uniform over-pressure, and fluid pressure as linearly
varying in the direction of gravity. Additionally, gas was considered as compressible
and fluid as incompressible. Both gas pressure and fluid pressure were considered
as quasi-static, neglecting dynamical and thermal effects. For the fluid, we con-
sidered the fluid volume in addition to the fluid level. For the gas, if present, we
considered the gas volume but also the amount of gas, which can be calculated if
the ambient pressure is known. The main quantities and variables considered are
shown in Fig. 1.

2.1a. Material description. The sphere material was described as isotropic, incom-
pressible, and hyper-elastic. For a hyper-elastic material, the constitutive relation
between stress and strain is defined as, (Holzapfel 2000):

S(C) = λC−1 + 2
∂W s

∂C
(1)

where C is the right Cauchy-Green strain tensor, and S is the second Piola-
Kirchhoff stress tensor. The initial configuration was considered as the reference
state. Because of the assumption of incompressibility, C33 is defined from the other
components in:

C =

C11 C12 0
C21 C22 0
0 0 C33

 . (2)

Furthermore, the second Piola-Kirchhoff stress tensor is stated as:

S =

S11 S12 0
S21 S22 0
0 0 S33

 (3)

where the local plane-stress assumption gives S33 = 0.
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The two parameter Mooney-Rivlin material model was used to describe the
strain energy density:

W s = c1(I1(C) − 3) + c2(I2(C) − 3) (4)

where I1 and I2 are the first two invariants of the strain tensor, and the two pa-
rameters c1, c2 are restricted as:

µ

2
= c1 + c2 (5)

k =
c2
c1

(6)

in which µ and k are constitutive constants, often seen as a shear modulus, and a
’hardening factor’, respectively.

2.1b. Rigid contact support. The rigid support was taken into consideration by a
contact nodal force fc in the z−direction applied on each node of the deformed
membrane. This is thereby determined by a penalty regularization and the de-
formed z coordinate measured in the global coordinate system:

fc =

{
ε(Z̃ − z)3 z ≤ Z̃

0 z > Z̃
(7)

where ε is a penalty factor equal for all contacting nodes, and Z̃ the z coordinate
of the rigid plane. To avoid the sharp change in the calculation of contact forces,
especially in the partially contacting elements, the third order form was used, giving
a continuous variation of the tangent stiffness matrix when a point enters or leaves
contact.

2.1c. Gas and fluid pressure. An ideal gas, compressible and without density, was
assumed to apply the gas pressure inside the membrane. Hence, the gas pressure was
considered as a uniform over-pressure p+, related to a constant ambient pressure
of the membrane p̃. The fluid pressure was considered as a linearly distributed
hydrostatic pressure dependent on the current coordinate z, the fluid surface level
H, which, dependent on the implementation can be above the top of the membrane.
With the density of fluid ρ, and the gravity acceleration g, Fig. 1, the total over-
pressure was seen as:

p = p(z) =

{
p+ z ≥ H

p+ + ρg(H − z) z < H
. (8)

The over-pressure p was assumed as acting in a normal outwards direction on
each deformed surface. Completely gas or fluid filled membranes can be considered
as special cases of gas-fluid filled membranes, with p+ ≥ 0.

It has been mentioned above and discussed before that the mechanism to intro-
duce the medium into the membrane is of essence for stability interpretation. For a
gas-fluid filled membrane, the loading media can introduce pressures independently
of each other. Considering the initial conditions, different situations can be set up.
In this work, we focused on two practical loading conditions:

(1) Initially, the sphere is containing both gas and fluid, and rests in equilibrium
on the horizontal plane. Then, gas is injected, with no fluid going in or out. Hence,
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the volume of fluid is constant. The fluid volume Vf is then dependent on the
deformation u and fluid surface level H:

Vf ≡ Vf (u, H) = Vo (9)

where Vo denotes the initial fluid volume, controlling the process. The gas injection
can then be seen as either assigning an over-pressure which is related to ambient
pressure, or introducing an amount of gas. The setting is thereby based on a
constant Vo and a variable p+, or a constant Vo and a variable Γ. Here, Γ is
calculated from gas volume Vg and total pressure according to a suitable gas law.
It should be noted that the gas volume is calculated as:

Vg ≡ Vg(u, H) = Vt(u) − Vf (u, H) (10)

with Vt denoting the volume of the whole deformed membrane.

(2) Initially, the sphere is containing both gas and fluid and rests on the hor-
izontal plane. Then, fluid is injected with no gas going in or out. Due to the
assumed compressibility of gas, the volume of it is changing, but the amount mea-
sure is kept constant. The amount of gas is dependent on the ambient pressure,
the over-pressure and the volume of gas. Under isothermal condition, for an ideal
gas, it is stated as:

Γg ≡ (p̃+ p+)Vg = Γo (11)

where Γo is the initial amount measure, controlling the process. The atmospheric
pressure was here always assumed as p̃ = 0.1 MPa in calculations. Practically, the
fluid injection is introduced as a volume of fluid V . Then, the setting here is based
on a constant Γo and a variable V . In this loading condition, the volume of gas Vg
is calculated as

Vg ≡ Vg(u, V ) = Vt(u) − V. (12)

It is noted that for both settings the fluid level H and the over-pressure p+ are the
main loading parameters, but that these are possible to translate into fluid volume
and gas amount through the displacements of the membrane.

2.2. Numerical implementations

To simulate the thin membrane structures, shell elements normally become over-
complicated, (Flores and Oñate 2011). The constant strain triangular elements
expanded from in-plane analysis to space, (Eriksson and Nordmark 2012), was
adopted to discretize the spherical membrane, Fig. 2(a). Due to the linear im-
plementation based on initial coordinates and displacements, the elements are flat
initially and remain flat after deformation. The simulations in the present work
were performed with a model with 5120 elements, Fig. 2(a).

Boundary conditions constrained six degrees of freedom, Fig. 2(a). Basically,
three degrees of freedom should be constrained, uC = 0, vC = 0 and vB = 0
to remove the translation and rotation degrees of freedom, respectively. For this
particular shape, a sphere, two more degrees of freedom are constrained, uA =
uC , vA = vC , for spherical symmetry. Another boundary condition wC = 0 was
applied for the gas-filled spherical membrane, since the contact support is not active
when the sphere is inflated by gas.

For nodes within each element, the initial coordinates and displacements mea-
sured in global system are denoted as xgi = [xgi , y

g
i , z

g
i ], (i = 1, 2, 3) and ugi , where
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Figure 2: (a) A spherical membrane discretized by 5120 triangular elements is placed on the rigid
plane. Boundary conditions constrained six degrees of freedom: uA = vA = vB = uC = vC = wC = 0,

with (u, v, w) the translations in global directions, (x, y, z). (b) A triangle element illustrates the
relation between local and global coordinates.

the superscript g represents the global coordinates. Using the initial nodal posi-
tions, a local plane is defined in space for each element, with the third axis being
normal and outwards to this plane. An orthogonal matrix R is defined by the
global coordinates xgi , giving the local coordinates as, Fig. 2(b):

xei = RT (xgi − x
g
1) (13)

where node 1 of element is used as the origin and the edge 1–2 as the first axis in
the element coordinate system, which is denoted by superscript e. Similarly, the
displacements measured in the element coordinate system are:

uei = RT (ugi − u
g
1). (14)

Then, a differential strain operator was formulated from initial local coordinates
and local displacements as:

B = B(xei ,u
e
i ) (15)
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giving the current Cauchy-Green strain components:

C = C(xei ,u
e
i ). (16)

The stress tensor can be obtained based on the relation of stress and strain
from hyper-elastic material assumption, Eq. (1):

S = S(C) = S(xei ,u
e
i ). (17)

The nodal internal force vector fei measured in the element coordinate system
is obtained from the virtual work expressions, and then transformed into the global
coordinate system:

fgi = Rfei . (18)

The element internal force contributions are assembled into the structural in-
ternal force vectors:

f = f(u) (19)

where u is the vector of structural displacements, measured in global coordinates.

From the gas and fluid contributions, the external forces applied on the mem-
brane were treated separately, based on Eq. (8). Gas pressure was seen as a normal
uniform over-pressure p+ evaluated for all elements in the current element sys-
tem, attributed to nodal forces and then transformed to global degrees of freedom,
(Eriksson and Nordmark 2012). Fluid pressure was assumed as a linearly dis-
tributed pressure, and evaluated as nodal forces for all elements which are at least
partially below the fluid surface level H, (Zhou et al. 2015). The element pres-
sure forces are evaluated in the local system, transformed to global system, and
assembled into the structural external force vectors:

p = p(u, p+, H) = pg(u, p
+) + pf (u, H). (20)

In addition to the internal and external forces, the nodal contact forces mea-
sured in the global coordinate system, Eq. (7), are assembled into a structural
contact force vector:

fc = fc(u). (21)

2.2a. Regularity and symmetry in model and/or mesh. Due to the linear combina-
tion of initial shape and displacement, the strain and stress components are constant
within each element. This element description is sufficient for convergence of the
results, when element size is reducing.

In addition to the element size, the regularity and symmetry should be noted.
As discussed in (Zhou et al. 2015), considering the symmetry in the initial geometry,
the numerical model was generated from an icosahedron and then refined into 5120
elements to avoid unexpected instability response.

2.2b. Variables and equations. The basic equilibrium problem from the formulation
above can be seen as:

F (u, p+, H) ≡ f(u) − fc(u) − p(u, p+, H) = 0 (22)

where F, f, fc,p,u are N−dimensional vectors of residual, internal, contact, ex-
ternal forces and displacements in the N global degrees of freedom. The basic
equilibrium problem thereby defines N equations in N + 2 variables for the dis-
cretized problem, showing that the solution space consists of 2−dimensional man-
ifolds in the (N + 2)−dimensional space. This can be fully solved by a solution
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surface algorithm, (Eriksson and Pacoste 2001). The details related to the solution
surface approach for this problem will be discussed below. The primary solutions
to the stated problem are, however, based on one-dimensional subsets of equilib-
rium states, through a generalized equilibrium path approach, where one controlling
equation is introduced to define each subset.

A generalized equilibrium equation is formulated as, (Eriksson 1998):

G(z) ≡ G(u,Λ) ≡
(
F (u,Λ)
g(u,Λ)

)
= 0 (23)

where F contains the N−dimensional equilibrium equations, and g is a set of r
controlling equations. For most cases, r � N . A solution z = [uT ,ΛT ]T consists
of N displacement variables u and p parameters Λ fulfilling Eq. (23). In simula-
tions, the primary loading parameters [p+, H] were always considered as the first
two components of Λ, but some extra parameters were added for special studies.
The added parameters can in general be used to define, e.g., the geometry, geo-
metric imperfection, load combinations or support conditions, but were here used
to introduce the gas amount and the fluid volume as alternative load-describing
parameters. One example below also added the fluid density as an extra variable.

The N equilibrium equations impose no restriction on the choice of parameters.
In order to pick up the specific solutions, at least one extra control equation is
required. The equation selects a certain subset of the equilibrium states, which
also fulfill the additional requirements. Among these requirements, a particular
interest has been directed towards the practical loading conditions.

2.3. Two cases

The discussion here focused on two practical loading conditions, stated in Eqs. (9, 11).

(1) Fluid volume is constant, only gas is allowed to be injected. With the
primary variables Λ = [p+, H], an equation fixing the fluid volume as the control
was stated as:

g1
1(u, H) = ρg(Vo − Vf (u, H)) (24)

where the super-index denotes the case, and Vo is a specified fluid volume. This
augmenting equation indirectly constrained the two loading parameters. An appro-
priate scaling included in the augmenting equations is of importance for calculations
and interpretation, especially for this multi-parametric problem. The scaled vol-
ume constraint, Eq. (24), ensured that a symmetric extended differential matrix
was constructed, cf. below. With this control equation introduced, the solution
to the augmented system is an equilibrium path, showing combinations of [p+, H].
This formulation thereby focuses on the dependence of the variables on a variation
in p+. For convenience, in the interpretation of the gas pressurization in more prac-
tical terms, the amount of gas Γ was also introduced as a post-processing parameter
by adding one more augmenting equation:

g1
2(u, H) = (p+ + p̃)Vg(u, H) − Γ (25)

and seeing the parameters as Λ = [p+, H,Γ]. The stability was evaluated under
fluid volume constraint at each solution point, and was seen as a function of the
parameter p+. The amount measure Γ was seen as the consequence of each equilib-
rium state, and was not involved in the stability evaluation. Hence, it was obtained
using Eq. (25) at the corresponding equilibrium states.



Multi-parametric stability investigation for thin spherical membranes 63

(2) Amount of gas is constant, and only fluid is allowed to be injected. With
the parameters Λ = [p+, H, V ], two augmenting equations were introduced as:

g2
1(u, p+) =

Γo
(p+ + p̃)

− (Vt(u) − V ) (26)

g2
2(u, H) = ρg(V − Vf (u, H)) (27)

where Γo is the specified amount value. It should be noted, when defining the con-
trolling equation for the amount measure constraint, Eq. (26), that the parameter
V is used, not the calculated volume Vf (u, H). Again, the controlling equations
were introduced in a form and with a scaling which ensured a symmetric differential
matrix for the augmented system.

The formulation used to introduce the amount measure here is different from
Eq. (25), where Γ was a post-processing parameter, introduced to simplify the in-
terpretation of the mechanical relation between displacement and amount measure.
For the second case, Γo was used in a constraint, that reduces the dimension of
the solution manifolds, specializing the problem to a subset of the equilibrium solu-
tions. Hence, when discussing the stability behavior, under amount constraint and
with respect to V , Eqs. (26, 27) were included. These equations, transformed from
Eqs. (9,11), were formulated so that the corresponding extended stiffness matrix is
symmetric.

The completely fluid-filled spherical membrane with p+ = 0 was also consid-
ered, as a special case for this loading condition, Γo = 0. The fluid surface level
was then considered as the single loading parameter Λ = H.

2.3a. Differential matrix. The differential matrix from general equations including
the augmenting equations, Eq. (23), is given by the sub-matrices:

G,z ≡
[
F ,u F ,Λ
g,u g,Λ

]
(28)

where the indices following a comma represent a partial differentiation with respect
to the index variables. The upper-left sub-matrix K = F ,u is the tangent stiffness
matrix, which is the major part for most considered cases, since r, p � N . It
should be noted that this in the present case will introduce contributions from the
current external forces. Further, since only the external force vector is a function
of parameters here, the matrix F ,Λ = −p,Λ. Hence, the differential equilibrium
relation derived from Eq. (22) is formulated as:

δF = f ,u δu− fc,u δu− p,u δu− p,Λ δΛ (29)

= (Kf −Kc −Kp)δu− p,Λ δΛ
= Kδu− p,Λ δΛ

where Kf is obtained similarly as the internal forces, Kc can be expressed ana-
lytically, while Kp and the external force differentials with respect to parameters
are calculated numerically. As a result, Eq. (29) gives a tangent stiffness matrix
including load-dependent terms, (Rumpel and Schweizerhof 2003).

The non-stiffness parts including g,u and g,Λ, which are the differentials of the
augmenting equations with respect to displacements and parameters, were handled
numerically. Considering the gas-fluid filled membrane, according to the different
parameters and practical loading conditions introduced by the augmenting equa-
tions, the differential matrices are formulated in different ways:
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(1) Starting from Eq. (24), the volume of fluid inside the membrane is constant,
and Λ = [p+, H]. The corresponding differential matrix is formulated thereby:

(G,z)1 =

[
K −p,p+ −p,H

−ρgVf ,u 0 −ρgVf ,H

]
(30)

where the main part is still the tangent stiffness matrix K. It can be verified that,
with this augmenting equation, the differential −ρgVf ,u is the transpose to −p,H ,
cf. below. When adding, for convenience, the equation in Eq. (25), the differential
matrix is expanded by one row and one column, which, however, has no implication
for the stability investigation.

(2) For the second loading condition where the amount of gas is fixed, and
Λ = [p+, H, V ], Eqs. (26, 27), the corresponding differential matrix is formulated
as:

(G,z)2 =

 K −p,p+ −p,H 0
−Vt,u − Γo

(p++p̃)2 0 1

−ρgVf ,u 0 −ρgVf ,H ρg

 (31)

again with a symmetry between rows and columns obtained through the scaling.

In all applications, the differential matrix plays an important role to evaluate
the path tangent. The tangent space consists of the null space of differential matrix:

G,ztz ≡
[
F,u F,Λ
g,u g,Λ

] [
tu
tΛ

]
= 0 (32)

where tz is the tangent vector, that indicates a local direction of the solution
manifolds. This tangent vector is an important component in a path-following
algorithm.

2.3b. Stability consideration. When discussing the stability of the equilibrium states,
the choice of loading parameters should be specified. For the fluid filled sphere, only
one parameter, H, was considered. Then the static stability investigation was per-
formed by checking eigenvalues of the tangent stiffness matrix K, which is seen by
removing the −p,p+ column and the augmenting row from Eq. (30). The situa-
tion is more complicated for a multi-parametric problem with more than one load
parameter.

Static stability evaluation based on the eigenvalue analysis of the tangent stiff-
ness matrix K was performed to check the stability of each equilibrium state, only
considering the primary loading parameters, p+ and H at current values, without
volume and amount constraints. The stability is related to the particular loadings
and constraints, because for the multi-parametric loading problem, the loading pa-
rameters are constrained by the augmenting equations. Hence, the full differential
matrix should be considered. An extended differential matrix K̃ is discussed below,
according to the augmenting equations and the cases described, which constrain the
equilibrium in different ways. As the numerical results will show, the augmenting
equations affect the stability conclusions.

With two primary variables, Λ = [p+, H], the solution manifolds can be re-
duced by introducing one controlling equation. If, for instance, fluid surface level
is controlled and the over-pressure is varying, then:

H −Ho = 0 (33)
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where Ho is specified. This setting is practically unrealistic since the fluid level
H will then change from deformations following variable p+, but this problem
is a common pressure-displacement path-following problem, for which the tangent
stiffness matrix K is used to evaluate the stability as a function of the over-pressure
variable.

It should be noted that by adding augmenting equations like Eqs. (24, 26),
neither of the parameters can be considered as control parameters, as both are
varying to fulfil the control equation constraints. The differentials from the auxiliary
equations have to be involved.

The discussions concerning the two practical loading conditions from above can
be stated as follows.

(1) The volume of fluid is kept constant. Both gas over-pressure and fluid
surface level are varying, when gas is injected. From the differential matrix in
Eq. (30), the extended stiffness matrix is extracted. When p+ is seen as the single
parameter, and stability is seen as a function of it, the differential is constructed
as:

(K̃)1 =

[
K −p,H

−ρgVf ,u −ρgVf ,H

]
. (34)

For the stability evaluation, p+ was kept fixed at the equilibrium state value, and
this is a differential matrix with a fixed fluid volume constraint.

(2) The amount of gas inside the membrane is kept constant. Both gas pres-
sure and fluid surface level are varying to fulfil this constraint when fluid is injected.
Since p+, H and V are seen as parameters in this problem, and stability is evalu-
ated at fixed Γo and V , then the extended stiffness matrix is defined according to
Eqs. (26, 27), and (31) as:

(K̃)2 =

 K −p,p+ −p,H
−Vt,u − Γo

(p++p̃)2 0

−ρgVf ,u 0 −ρgVf ,H

 . (35)

With the introduced forms and scalings of the control equations, the matrices K̃
can be constructed symmetrically, so that the eigenvalues of them can be guaranteed
as real values.

2.4. Generalized eigenvalue analysis

The static stability analysis for a one-parametric structural loading can be based on
an eigenvalue analysis of the tangent stiffness matrix, in essence diagonalizing the
stiffness into principal stiffness directions and values. The variation of the stability
conclusion along the variation of the single load parameter is easily evaluated.

For a multi-parametric problem, adding one or more augmenting equations
reduces the dimension of the solution manifolds, as the equations will control the
solution space by introducing, e.g., a specified value for one of the parameters.
This situation needs care in the stability evaluation, and must consider the forms
of the augmenting equations. Primarily, the stability conclusion is drawn from
the tangential stiffness matrix, but introduction of a control equation can modify
the conclusion by constraining the possible variations of parameters. The tangent
stiffness matrix is not anymore sufficient for stability evaluation. An extended
stiffness matrix defined in Eq. (34) or Eq. (35) must be used.
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Considering the dynamical stability evaluation method, we used a generalized
eigenvalue analysis to evaluate the stability for a multi-parametric problem with
constraint conditions. The setting was thereby:

(K̃ − νiM̃)vi = 0 (36)

where νi is a generalized eigenvalue, and vi the corresponding eigenvector. Noting
that only the signs of the eigenvalues are the main concern in stability evaluations,
and considering the two practical loading conditions, Eqs. (24) or (26, 27), a matrix

M̃ of dimension (N + r) × (N + r) is constructed as:

M̃ =

[
IN×N

0r×r

]
(37)

where the zero values in the diagonal terms of the mass matrix corresponding to the
augmenting equations indicate that no mass, thereby no kinetic energy, is attached
to these equations.

It is obvious that with the inclusion of M̃ , a symmetric but positive-semidefinite
diagonal matrix, the eigenvalues are obtained through a generalized eigenproblem,
and the signs of eigenvalues from Eq. (36) may differ from those of the eigenvalues

of K̃. In the present work, matrix M̃ was constructed according to the numbers
of equilibrium and augmenting equations.

The constrained stability under specified fluid volume or specified gas amount
constraints was evaluated by checking the generalized eigenvalues in Eq. (36) of the

relevant matrix K̃, Eq. (34) or (35). With the matrix M̃ from Eq. (37), the stable
and unstable regions are distinguished by the eigenvalues: if all the eigenvalues are
positive (νi > 0), then the equilibrium solution is considered as stable, otherwise
it is considered as unstable. Critical points, where the transition between stability
and instability occurs, are represented by zero eigenvalues, and the critical states
along an equilibrium path where this happens is a main priority in a stability
investigation.

2.5. Fold line evaluation based on the extended differential matrix

Dependence of stability on the parameters is always of interest for investigation.
Since the transition between stability and instability for a continuous problem for-
mulation can only happen at the critical points, it is important to show the pa-
rameter dependence of the critical states. Hence, fold lines were used to treat the
dependence of the critical states on the parameters. This method was discussed
by Eriksson (1998), based on (Dai and Rheinboldt 1990; Jepson and Spence 1985),
searching for the critical subsets of equilibrium states with a particular combination
of parameters as a fold line, giving their parametric dependence.

By adding one or more parameters that describe the geometry of the studied
structure or loading conditions to the main loading variables, e.g., the density of
fluid ρ in this problem, the parameter effect can be included in the general equa-
tions. Since one or more extra parameters are added, more augmenting equations
are required. Based on the particular interest in the critical states, one equation
defining the criticality should be included. The critical states can be defined using
the zero eigenvalues of the tangent stiffness matrix, (Eriksson 1998). When consid-
ering the effects from the augmenting equations, the eigenvalues derived from the



Multi-parametric stability investigation for thin spherical membranes 67

extended stiffness matrix K̃ must be used to define the critical states, according to

GC(z) ≡

 F (u,Λ)
g(u,Λ)
c(u,Λ)

 = 0 (38)

where g(u,Λ) is the amount measure control, Eq. (24), or the fluid volume control,
Eqs. (26, 27). The function c(u,Λ) is the lowest absolute eigenvalue of the relevant

extended stiffness matrix K̃, defined by Eqs. (34) or (35). In a fold line evaluation,
only zero eigenvalues are of interest to seek, and the critical states defined by the
zero eigenvalues of K̃ are the same as those defined by the vanishing generalized
eigenvalues. Density of fluid is used as an extra control variable in this part, i.e.,
Λ = [p+, H, ρ], with corresponding additions of augmenting equations. With the
differential relations for F (u,Λ) and g(u,Λ) constructed, the main work is to for-

mulate the differentials related to critical state equation. As K̃ can be constructed
symmetric in all cases considered here, and as r, p � N , the differential of the
critical eigenvalue with respect to displacement is approximated as:

c(z),u = (φT K̃,u φ) ≈ 1

γ2
(F (z + γφ) − 2F (z) + F (z − γφ))T (39)

where the vector φ is the eigenvector of K̃, and γ is a suitably chosen step for the
central differential calculation. The expression must be seen symbolically, as z and
φ are not necessarily compatible.

Practical experience has shown that the differential terms with respect to the
parameters which normally need numerical treatment are important for the differ-
ential matrix. They are formed from a central difference approximation:

c(z),Λi = (φT K̃,Λi φ) ≈ 1

δΛi
(φT K̃(z + δΛi)φ− φT K̃(z)φ) (40)

Together with Eq. (30), the differential matrix corresponding to Eq. (38) is
formulated as:

G,z =

F ,u F ,p+ F ,H F ,ρ
g1

1 ,u g1
1 ,p+ g1

1 ,H g1
1 ,ρ

c,u c,p+ c,H c,ρ

 (41)

for the specified fluid volume case. The fold line for the case with controlled gas
amount is created analogously.

2.6. Solution surface algorithms

This algorithm was first developed by Eriksson and Pacoste (2001), and further used
for an air-inflated membrane optimization problem in (Eriksson 2014). Here the
possibility to investigate two-dimensional solution surfaces for a multi-parametric
problem was studied. With two load parameters, only the basic equilibrium equa-
tions, Eq. (22), were considered in this part:

G(z) = F (u,Λ) (42)

where Λ = [p+, H], and the formulation uses two more variables than equations.

The main idea in the present simulations was to utilize the developed method
to investigate the mechanical response to the multi-control problem. Compared
with the path following approach, a solution surface method offers a different way
to visualize and interpret the response to the multi-parametric effect.
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3. Numerical examples

A sphere with initial radius Ro = 10 mm, uniform initial thickness t = 0.01 mm,
shear modulus µ = 0.4225 MPa, constitutive constant k = 0.1, and placed on a
horizontal, non-friction and rigid plane was considered. The spherical membrane
was considered to contain gas and fluid. In the primary case, the density of fluid
was assumed as ρ = 10−6 kg/mm3 ≈ ρH2O, the ambient pressure p̃ = 0.1 MPa, and
the gravity acceleration g = 10 m/s2. The same finite element model was used for
all the numerical examples, Fig. 1.

3.1. A sphere completely filled with gas.

Stability evaluations have been earlier performed on spherical membranes, with
both limit and bifurcation states observed, (Eriksson and Nordmark 2012). Fold
lines were evaluated to study the dependence of instability behavior on parameters.
The mechanism to introduce loading was shown to be of essence to interpret the
stability behavior. It is noted that the contact problem is not relevant when the
sphere is inflated by gas.

3.2. A sphere completely filled with fluid.

Numerical simulations were performed on the fluid-filled sphere, with no internal
gas over-pressure, p+ = 0, and no amount of gas Γo = 0. The system can be
schematically described by Fig. 3, where the fluid surface level H is seen as the
primary load parameter. The boundary conditions fixed six degrees of freedom, cf.
Fig. 2(a).

Rigid plane Z
~

H

Figure 3: Possible implementation of fluid-filled spherical membrane. Rigid plane is fixed at Z̃ = −10
mm.

3.2a. Equilibrium solution path. When seeing the fluid surface level H as the pri-
mary load parameter, two limit points were found, Fig. 4(a). The stability behav-
ior, evaluated with H at the corresponding equilibrium point values, changed from
stable to unstable and then back to stable, at the two limit points. No bifurcation
points were found for this example. Two examples of deformed configurations are
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shown in Figs. 4(c), (d). When fluid surface level is low and the volume of the mem-
brane small (H . 17.759 mm, V . 4.55 × 103 mm3), wrinkling phenomena were
detected in the solution from local negative principal stress. For such problems,
the currently used strain energy density function is not completely valid, because of
the occurrence of negative principal stresses in the membrane model, but for cases
with higher values, no wrinkling was detected.
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Figure 4: Sphere filled with fluid, and placed on a horizontal and rigid plane. Fluid surface level (a)
and fluid volume inside (b) as functions of top point displacement wA. Two limit points were isolated

along the H − wA equilibrium path. The configurations at two typical positions on the equilibrium
path, (c) and (d) illustrate how the membrane is deformed.

When seeing the fluid volume V inside the membrane as the primary parameter
in the simulation, the monotonic trend shows that no instability occurs, Fig. 4(b).
This agrees with the conclusions from the relevant eigenvalue problem.

3.2b. Variable fluid density. The parameter effect was investigated using a fold
line evaluation to show the limit fluid level as function of the fluid density, all
other constraints and parameters according to the baseline case. Together with an
equation defining criticality, an extra control variable was introduced as Λ = [H, ρ].
The generalized equilibrium paths are shown in Fig. 5. The left sub-figure interprets
the relation between fluid density and top point displacement. The cusp point is
located at ρ = 1.316 × 10−6 kg/mm3. The corresponding equilibrium solution is
wA = 7.137 mm, H = 49.41 mm. No limit points were found for fluids with density
larger than that of the cusp point. With lower densities, the response will approach
a case with gas loading, (Eriksson and Nordmark 2012).

3.3. A sphere containing gas and fluid.

Simulations were performed for a sphere filled with gas and fluid, for baseline pa-
rameters and conditions.
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Figure 5: Sphere filled with fluids of different densities. The effect of density ρ on critical level
evaluated by a fold line evaluation. (a) The relation among critical pressure, top point displacement

and fluid density. (b) Critical levels as functions of fluid density.

3.3a. Problem settings. Fluid pressure together with air pressure imposes the load-
ing on the spherical membrane, as discussed above.

(1) The fluid volume was kept constant Vo = 4.189 × 103 mm3, equal to the
volume of a sphere in the undeformed shape, and only gas was injected. Firstly,
the loading parameters were considered as Λ = [p+, H], with one control equation,
Eq. (24). The equilibrium paths are shown in Figs. 6(a), (b), where it is noted that
both parameters vary along the path. When the amount of gas was introduced as
an added post-processing parameter, Λ = [p+, H, V ], together with one more aug-
menting equation Eq. (25), the result in Fig. 6(c) was obtained, but it is noted that
the same results could have been evaluated by post-processing a solution obtained
with the first setting.

There were no limit points or bifurcation points found with respect to H and
Γ. For a sphere containing a certain volume of fluid, the fluid surface level is
decreasing monotonically when gas is injected. The monotonic increasing trend
in Fig. 6(c) shows that the equilibrium path is stable with respect to gas amount
Γ. The loading condition has shown an effect on stability behavior. There were
two limit points with respect to over-pressure found, but no bifurcation points. A
generalized eigenvalue analysis based on K̃, and a static stability analysis based on
K were performed to obtain the stability conclusions. The green ’+’s in Fig. 6(a)
are representing zero-eigenvalue points from the tangent stiffness matrix K; while
red points are zero generalized eigenvalues from the extended stiffness matrix K̃.
They are obviously different, and the latter ones are corresponding to the maximum
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Figure 6: A sphere containing gas and fluid placed on the plane. The volume of fluid inside is constant
as Vo = 4.189× 103 mm3, as the volume of a sphere with radius 10 mm. The relation between (a)

over-pressure, (b) fluid surface level, (c) and amount measure, with respect to top point displacement.
For the sphere only containing fluid, wrinkling was indicated. Hence the calculations started with

some gas inside the sphere.

and minimum pressures: giving top point displacement of wA = 8.09 mm and
wA = 41.7 mm, representing the limit points with respect to p+.

The differences between these two pairs of zero eigenvalue points are derived
from the augmenting equation, the extra constraint. When discussing the stability,
one parameter should be controlled, p+, in Fig. 6(a). When p+ is varying along
the equilibrium path, the other loading parameter H is varying as well to fulfil the
extra constraint: a constant volume measure. Then gas pressure together with fluid
pressure varied the external loading. Hence, stability behavior has to be evaluated
based on the extended stiffness matrix. For the equilibrium states between the
green and red signs, shown in the inset figure in Fig. 6(a), they are unstable with
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[p+, H] fixed at the equilibrium point value, but stable with [p+, Vo] fixed at the
equilibrium value.

Prior to the first limit point, there were no negative generalized eigenvalues
detected, and the equilibrium solutions are stable. When one negative eigenvalue
was found after the first limit point, the equilibrium solutions are unstable. After
the second limit point, the equilibrium path was stable since no negative eigenvalues
were found.

The effect on stability behavior of the initial fluid volume was shown in Fig. 7.
No limit points with respect to over-pressure were found when the sphere was
containing more fluid initially, Vo = 8.873 × 104 mm3. The equilibrium solutions
are stable, no negative generalized eigenvalues were found from (K̃)1. It is fully
conceivable to find fluid volume where the limit points disappear by a fold line
evaluation, but this was not done here.
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Figure 7: Spheres containing gas and fluid placed on the plane. Two different volumes of fluid inside
were specified, Vo. The relation between over-pressure and top point displacement. The calculations

were stopped before wrinkling.

(2) The amount of air inside the membrane was kept constant at Γo = 418.89
Nmm, and fluid was injected. During injection of fluid, both over-pressure and
level are varying. The equilibrium paths with respect to H, p+ and volume V are
shown in Fig. 8. By introducing Λ = [p+, H, V ] and two augmenting equations,
Eqs. (26,27), the fluid volume V was seen as a load parameter.

The equilibrium solutions were stable with respect to fluid surface level and
volume, by showing a monotonic increasing trend. It should be noted that for a
fixed amount of gas, the over-pressure p+ is not increasing monotonically with an
increase of fluid amount. Maximum and minimum pressures were detected, which
can seen as limit points with respect to p+ for the constrained problem.

3.3b. Example with 2-dimensional loading. For the gas-fluid filled membrane, by
only considering the equilibrium equations in Eq. (42), the number of variables is
two higher than the number of equations. Simulations were performed for two load-
ing parameters, Λ = [p+, H], without introducing augmenting equations, aiming at
a solution surface for the combination of fluid and gas for the sphere discussed. The
results are showing the mechanical response of the sphere to the loading parame-
ters, Fig. 9. For a comparison, inclusion of the augmenting equation in Eq. (24)
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Figure 8: A sphere containing gas and fluid placed on the plane. The amount measure is fixed
Γo = 418.89Nmm and the ambient pressure is p̃ = 0.1 MPa. The relation between (a) over-pressure,
(b) fluid surface level, and (c) fluid volume with respect to top point displacement. Because initially

there was almost no over-pressure inside the membrane, when only a small amount of fluid was
injected, the model was not reliable, for very low loads. Calculations were started with more fluid

injected.

with a specified Vo into the basic equilibrium set yields equilibrium paths on the
solution surface.

Static stability analysis based on the tangent stiffness matrix was performed for
each equilibrium solution to investigate if the solutions are stable or unstable, with
stability seen as a property of each equilibrium solution under certain fixed loading
Λ = [p+, H], Fig. 9. The algorithm has been able to clarify the whole borderline
between stable and unstable equilibrium solutions in the parametric space.
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Figure 9: Three-dimensional view of solution surface, showing the number of negative eigenvalues
color-coded as function of over-pressure, fluid surface level and top point displacement. The lighter

color indicates one-fold instabilities, the darker stable solutions. The curve represents an equilibrium
path specified by the augmenting equation, Eq. (24), with Vo = 4.189× 103mm3.

3.3c. Variable fluid density, with considering the constraints. The effect on stabil-
ity of parameters was investigated using fold lines evaluation to show the critical
over-pressure as function of fluid density, for the sphere containing a specified con-
stant volume of fluid, Vo. By introducing ρ as an extra parameter Λ = [p+, H, ρ],
and defining an equation concerning the criticality, the critical states based on
(K̃)1, Eq. (34), for different densities of fluids were evaluated using a generalized
path following algorithm. The result in Fig. 10 shows the critical over-pressures
as functions of fluid density. Two curves representing critical gas over-pressure are
followed, and there is no cusp point found until relatively heavy fluid, ρ ≈ 150ρH2O,
where the equilibrium path showed a snap back instability.
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Figure 10: A sphere filled with gas and fluids with different densities. The fluid volume is constant,
Vo = 4.189× 103 mm3. The effect of density ρ on critical over-pressures is evaluated using a fold line

evaluation. The critical states isolated in Fig. 6(a) are marked in the figure.

3.4. Discussion

This paper discussed the stability of a gas-fluid filled sphere. The variables [p+, H]
were seen as the primary load parameters for calculations. Various ways can be
used to introduce the augmenting equations in order to specify one-dimensional
equilibrium subsets for generalized path following. Different ways to define the
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extra conditions will not affect the mechanical response, but will affect the extended
stiffness matrix K̃, which is of essence for stability evaluations.

In the current study, with the method for introducing the augmenting equa-
tions, Eq. (24) and Eqs. (26,27) were developed with the explicit objective to make

the extended stiffness matrices symmetric. Here, we verify the symmetry of (K̃)1

for the first case, Eq. (34).

The generalized equations are formulated in Eqs. (22) and (24). The corre-
sponding differential matrix when considering p+ as the load parameter varied, is
formulated in Eq. (34). Then K is the tangent stiffness matrix, which is symmetric.
Since the external force can be split into gas and fluid parts, Eq. (20), and only the
fluid part is a function of H, then,

p,H = pf ,H (43)

The potential energy of fluid is formulated using integrals:

Wf = ρg

∫ H

Z̃

(H − z)A(u, z)dz (44)

where A(u, z) is the cross-section area of fluid at height of z. Then,

Wf ,H = ρg

∫ H

Z̃

A(u, z)dz (45)

= ρgVf (u, H) (46)

As
pf = Wf ,u (47)

one can obtain:
pf ,H = Wf ,uH = Wf ,Hu = ρgVf ,u (48)

where with suitable scaling, ρg, the extended differential matrix becomes symmet-
ric.

For the second case, the symmetry for (K̃)2 in Eq. (35), can be proved similarly,
since the gas pressure is acting on the whole sphere. As a result, since the gas-
fluid filled spherical membrane is a conservative system, only real eigenvalues are
expected. From a general point of view, not all augmenting equations can generate
symmetric extended matrix. Some of them, e.g., the two loading conditions defined
by Eqs. (9,11), can generate the symmetric extended stiffness matrices, by choosing
the appropriate formula, Eqs. (24) and (26,27). This is, however, not obvious for
all possible equations for introducing the two loading cases.

The discussed sphere is a conservative and quasi-static system, without any
dynamic effects. For the stability evaluation, only the number of negative eigen-
values is of importance. Then a matrix M̃ defined in Eq. (37) is sufficient for the
stability evaluations, even if it is noted that any positive-semidefinite matrix of the
same structure would give the same sign distribution of the eigenvalues.

4. Concluding remarks

This paper discussed the instability behavior for a spherical membrane completely
filled with fluid at first and then containing gas and fluid. A two parameter Mooney-
Rivlin model was used to give the material description. The loading was considered
as quasi-static without dynamic or thermal effects. Gas pressure was seen as a
uniform over-pressure, and fluid pressure as linearly distributed.



76 Y. Zhou, A. Nordmark & A. Eriksson

Linearly interpolated triangular space membrane elements were used to sim-
ulate the sphere, and were deemed accurate enough for the present setting and
very efficient. Multi-parametric settings for evaluations of one-dimensional solu-
tion curves and two-dimensional solution surfaces to the equilibrium membrane
problems have been described.

The basic method is the formulation of a set of discretized residual equations,
where the augmenting equations are introduced, specifying the chosen solutions.
This paper emphasized two practical loading conditions: constant fluid volume and
constant amount of gas. Fluid surface level and gas over-pressure are the numer-
ically convenient load parameters, that can be transformed to the two practical
controls. Appropriate scalings and the formula made to introduce the loading con-
ditions are of essence for a multi-parametric problem, especially for stability evalu-
ations. The sphere containing gas and fluid under these two loading conditions has
been proved as a conservative system, through the symmetry of the extended stiff-
ness matrix. A generalized path-following algorithm was used to follow the complex
equilibrium paths, and the equilibrium paths specified by two loading conditions
with respect to different control variables were followed. A two-dimensional solution
surface algorithm was used for a further understanding of mechanical and stability
behavior of the membrane under two primary loading parameters. This offers a
better way to visualize how the solution manifolds are reduced by the constraints.

The stability for a constrained problem was evaluated by a generalized eigen-
value analysis. The effect of augmenting equations on the stability conclusions has
been shown by the numerical examples. This paper also focused on the different
stability interpretations for a multi-parameter problem. Different behaviors have
been observed depending on the particular loading and constraint, based on the
currently developed method. For instance, the equilibrium solution is showing sta-
ble behavior with a fluid volume constraint, but unstable without this constraint.
The mass matrix constructed in the present work is sufficient and not excessively
computationally demanding for stability evaluations.

Numerical results also showed that limit points occur when over-pressure is seen
as the parameter, but disappear when amount measure was seen as the parameter
for the gas loading. Also, limit points have been observed for the present structure
under pressure from a fluid with density similar to the one of water, but these
disappeared for heavy fluids. The fold line approach gives a good way to investigate
the parameter dependence of stability, and a cusp point was isolated thereby, being
the parametric border for limit pressure states.

This paper has been focused on two practical loading conditions, that can be
achieved in reality. Other practically relevant settings can be introduced in similar
ways. Variation of the ambient pressure to simulate the sphere put into water or
sent into space, can be interesting continuations of the present study.
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