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Abstract

Superconducting uctuations | the traces of superconductivity above the tran-
sition temperature Tc | are important for a number of problems in high-
temperature superconductors (HTS). For example, they provide a powerful tool
to deduce information about microscopic parameters, such as the coherence
lengths and the phase-breaking time. Fluctuations can also explain or contribute
to the understanding of several anomalies that have been observed in HTS.

In the present thesis the focus is on uctuation e�ects on the magnetocon-
ductivity [��(B) = �(B) � �(0)] above Tc in �elds up to B = 12 T, mainly
in YBa2Cu3O7��, but also in Hg,Tl-based superconductors. The thesis includes
both experimental and theoretical results and deals with several subjects:

(i) The e�ects of Zn and Fe doping of YBa2Cu3O7��. Magnetoconductivity
experiments were used to study the evolution of phase-breaking time and coher-
ence lengths with Zn doping. It was suggested that Zn causes pair breaking.
For Fe doping, the standard theory could not reproduce experimental results, in
particular an observed change of sign in �� about 5 K above Tc.

(ii) Anomalies in the conduction perpendicular to Cu-O planes. We re-
ported the �rst observation of a sign change above Tc in the magnetoresistivity
of YBa2Cu3O7��, and explained this as a contribution from uctuations in the
normal quasiparticle density of states (DOS). We also pointed out problems with
an unknown cuto� in the theoretical calculations. This led theorists to propose
a regularization, which we later applied.

(iii) In-plane magnetoconductivity at temperatures far above Tc. We showed
that literature data as well as our own data could be well described by uctua-
tions alone, with DOS and Maki-Thompson (MT) terms included, in contrast to
previous claims that MT terms were absent. De�ciencies in uctuation theories
at high temperatures were addressed in a theoretical article.

(iv) In-plane anisotropy and the role of the chains in YBa2Cu3O7��. The
in-plane magnetoconductivity for several di�erent �eld directions was measured.
We found no signi�cant anisotropy in the magnetoconductivity for B k crystal c
axis, suggesting negligible uctuations in the chains.

(v) Magnetoconductivity of Hg,Tl-1223 superconductors. Some of the �rst
results were reported, but any theoretical explanation seemed to require rather
unexpected assumptions.

Keywords: high-temperature superconductors, superconducting uctuations,
magnetoconductivity, paraconductivity, YBCO, Fe and Zn doping, anisotropic
superconductors, Hg-1223.
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Preface

This thesis is based on work carried out as a Ph.D. student during the period
1995{2000 at the Department of Physics, Royal Institute of Technology, Stock-
holm, Sweden. It consists of two parts: The �rst part is an introduction to the
second part, which contains published and submitted papers. With an excep-
tion for Section 1.1, which is somewhat popularized, the reader of the �rst part
is expected to have fair or good knowledge of superconductivity. The thesis is
based on the following publications:

1. Increased phase-breaking scattering rate in Zn-doped YBa2Cu3O7��

J. Axn�as, W. Holm, Yu. Eltsev, and �O. Rapp
Phys. Rev. B 53, R3003 (1996).

2. Fluctuation magnetoconductivity in Fe doped YBa2Cu3O7��: Sign

change for B and I parallel to the planes

W. Holm, J. Axn�as, Yu. Eltsev, and �O. Rapp
Physica C 261, 117 (1996).

3. Sign change of c-axis magnetoconductivity in YBa2Cu3O7�� sin-

gle crystals

J. Axn�as, W. Holm, Yu. Eltsev, and �O. Rapp
Phys. Rev. Lett. 77, 2280 (1996).

4. Density of states uctuations in the c-axis magnetoconductivity

of YBa2Cu3O7��

J. Axn�as, W. Holm, Yu. Eltsev, and �O. Rapp
Czech. J. Phys. 46, 2029 (1996).

5. Magnetoresistivity of untwinned single crystals of YBa2Cu3O7��

J. Axn�as, Yu. Eltsev, W. Holm, B. Lundqvist, and �O. Rapp
Physica C 282{287, 1221 (1997).

6. Density of states uctuations in the magnetoresistivity of YBa2Cu3O7��

J. Axn�as, Yu. Eltsev, W. Holm, B. Lundqvist, and �O. Rapp
Physica C 282{287, 1535 (1997).

7. High-temperature magnetoconductivity of YBa2Cu3O7��: Re-

consideration of the Maki-Thompson contribution

J. Axn�as, B. Lundqvist, and �O. Rapp
Phys. Rev. B 58, 6628 (1998); (E), submitted.

8. Analysis of the high-temperature behavior of paraconductivity in

HTSC

J. Axn�as

J. Low Temp. Phys. 117, 259 (1999).
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9. Determination of in-plane anisotropy from magnetoresistivity

measurements on YBa2Cu3O7��

T. Bj�orn�angen, J. Axn�as, Yu. Eltsev, and �O. Rapp
J. Low Temp. Phys. 117, 1247 (1999).

10. Magnetoconductivity of polycrystalline Hg,Tl-1223

J. Axn�as, I. Bryntse, I. Safonova, and �O. Rapp
Physica B 284{288, in press.

11. In-plane anisotropy and chain contribution from the magnetore-

sistivity of YBa2Cu3O7��

T. Bj�orn�angen, J. Axn�as, Yu. Eltsev, and �O. Rapp
Physica C, submitted.

12. In-plane anisotropy and possible chain contribution to magne-

toconductivity in YBa2Cu3O7��

T. Bj�orn�angen, J. Axn�as, Yu. Eltsev, A. Rydh, and �O. Rapp
To be submitted to Phys. Rev. B.

The author has also contributed to the following publications, which are not
included in the thesis:

13. c-axis transport in YBa2Cu3O7��
�O. Rapp, J. Axn�as, Yu. Eltsev, and W. Holm
In Fluctuation Phenomena in High Temperature Superconduc-

tors, edited by M. Ausloos and A. A. Varlamov, Vol. 32 of
NATO Advanced Science Institutes Series 3: High Technology

(Kluwer Academic, Dordrecht, 1997), p. 43.

14. Synthesis and properties of Hg,Tl-containing superconductors

I. Bryntse and J. Axn�as
In Science and Engineering of HTC Superconductivity, edited
by P. Vincenzini (Techna, Faenza, Italy, 1999), p. 29.

15. Di�erent estimates of the anisotropy from resistive measure-

ments in high Tc superconductors
�O. Rapp, M. Andersson, J. Axn�as, Yu. Eltsev, B. Lundqvist,
and A. Rydh
In Symmetry and Pairing in Superconductors, edited by M. Aus-
loos and S. Kruchinin, Vol. 63 of NATO Science Series 3: High

Technology (Kluwer Academic, Dordrecht, 1999), p. 289.

16. X-ray di�raction studies of 2212 type superconductors in the Tl-

Hg-Ba-Sr-Ca-Cu-O system

M. Valldor, P. Boullay, J. Axn�as, and I. Bryntse
To be submitted to J. Solid State Chem.
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Comments on My Participation

I have played an important role in the work of all publications included in the
thesis: I have made measurements and analyses, in the majority of the cases
written the paper, and often taken the initiative to the study. The contributions
of the other authors can be summarized as follows: �O. Rapp has been my su-
pervisor and has been involved in most aspects of the work. Papers 1{3 were
produced under the guidance of W. Holm, but crucial initiatives were taken by
me, e.g. the compensation for an inhomogeneous current distribution in Paper
3. In Paper 10, I. Safonova took part in measurements and sample prepara-
tion. Measurements and analyses presented in Papers 9, 11, and 12 were carried
out together with T. Bj�orn�angen, a younger Ph.D. student working under my
guidance. Yu. Eltsev, I. Bryntse, B. Lundqvist, and A. Rydh have prepared the
samples, sometimes in cooperation with me. In the theoretical paper (Paper
8), all calculations were made by me following the ideas and substantial initial
guidance by A. A. Varlamov.
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Chapter 1

Introduction

1.1 Overview

The phenomenon of superconductivity was discovered in 1911 by Heike Kamer-
lingh Onnes in Leiden [1]. He studied the resistance of metals at low temperatures
and found that the resistance of mercury suddenly drops to zero1 when cooled
below -269�C (= 4 K). The same has later been found to occur in many other
materials, elements as well as compounds, but in all cases only at low tempera-
tures, well below �100�C. Zero resistance is only one of several properties unique
to superconductors. Another example, discovered by Meissner and Ochsenfeld
in 1933 [4], is their ability to expel a magnetic �eld, as illustrated in Fig. 1.1

The zero resistance has inspired to the development of a number of applica-
tions. One example is the strong electromagnets aboard magnetically levitated
high-speed trains (reaching 500 km/h or more). Certain quantum-mechanical
properties of superconductors (Josephson e�ects2) have also given rise to com-
mercial products; most important are maybe the extremely sensitive magnetic
�eld measurement instruments, used for example in medical research to study
human brain activity by measuring the magnetic �elds generated by the neuronal
signal currents (�elds of the order of 10�13 T).

The low temperatures impose major limitations on applications. The temper-
atures have been raised successively with the discovery of new materials, but usu-
ally only slowly. In the mid-eighties, the record of 23 K in Nb3Ge, set more than
a decade earlier, still remained. A dramatic change and a great breakthrough oc-
curred in 1986 when Bednorz and M�uller [7] discovered superconductivity around

1Although Kamerlingh Onnes could not know that the resistance was exactly zero, later
experiments have indicated that the resistance is indeed zero by any standard. A current set
up to ow by itself in a superconducting ring showed no observable decay even after 2.5 years
(see e.g. the Ref. [2], p. 517). Theoretical estimates predict that a current could persist with
absolutely no change for more than 1010 000 000 000 years (see e.g. Ref. [3], p. 2).

2Theoretically predicted by Josephson in 1962 [5] and experimentally veri�ed by Anderson
and Rowell in 1963 [6].

1
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Magnet

Superconductor

Figure 1.1. Left: A magnet being levitated by a superconductor in our labo-
ratory. Right: Schematic drawing of the experiment. The magnetic �eld cannot
penetrate the superconductor, and thus the magnet will stay well above it.

30 K in the Ba-La-Cu-O system. Although this temperature was not very high,
the discovery triggered the exploration of a whole class of similar materials, and
transition temperatures above 90 K were soon reached3 in YBa2Cu3O7��. The
current record at normal pressure is about 135 K in HgBa2Ca2Cu3O8+� [9].4

These new materials are referred to as the high-temperature superconductors
(HTS).

The fact that the maximum transition temperature, Tc, is now higher than
77 K, the boiling point of nitrogen, greatly simpli�es cooling | the material can
simply be immersed in liquid nitrogen. Previously, liquid helium had to be used,
which costs more than ten times as much and is more di�cult to handle.5

A theoretical explanation of superconductivity was not found until 1957,
when Bardeen, Cooper and Schrie�er (BCS) [11] presented their theory based
on electron pairing. The BCS theory and its extensions have been successful
in describing the conventional superconductors (see e.g. Ref. [3]), but there are
indications that they fail for the new high-temperature superconductors, where
the electron pairing mechanism is still not established (cf. Sec. 6.6).

Theoretical models for superconductivity will now be briey described, fol-
lowed by a short introduction to high-temperature superconductors. The concept
of superconducting uctuations will then be introduced.

3Several discoveries were made almost simultaneously, Ref. [8] being one report.
4133 K reported. See e.g. Ref. [10] for more recent results.
5In fact, for many purposes cryocoolers with helium are used anyway, partly because the

materials can carry higher currents at lower temperatures.
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1.2 Theoretical Descriptions

As mentioned above, the mechanism behind superconductivity was not under-
stood until 1957, when Bardeen, Cooper and Schrie�er (BCS) [11] presented
their detailed microscopic theory. Much earlier, however, many phenomena of
superconductors could be well described using phenomenological models.

1.2.1 Phenomenological Models

Already in 1935 London and London proposed a phenomenological description
[12]. They more or less postulated a proportionality between a supercurrent and
the magnetic vector potential. The London equations describe perfect conduc-
tivity and ux expulsion.

In 1950 the Ginzburg-Landau (GL) theory [13] was proposed as a general way
to deal with second-order phase transitions. The idea is that the free energy close
to the transition can be expanded as a polynomial in an order parameter. In the
case of superconductors the order parameter is the density of electron pairs. This
theory allows for treatments of a wide range of phenomena in superconductors,
including superconducting uctuations. The GL theory was, however, based
on intuition and not on �rm logical grounds, and it was therefore met with
skepticism outside the Soviet Union. It won general acceptance only after Gorkov
[14, 15] showed that it can be derived from the BCS theory (generalized to deal
with spatially varying situations). The GL theory is now in many situations
considered to be a convenient alternative to the rather complicated BCS theory.

1.2.2 BCS and Other Microscopic Theories

The arguments in the BCS theory can be divided into three parts, which together
explain superconductivity:

1. Electrons form pairs in the presence of an attractive force. If there is an
attractive interaction between electrons at the Fermi surface, no matter
how weak, stable pairs will form from electrons with mutually opposite
wave vectors and opposite spins. The possibility of pair formation was
pointed out already by Cooper [16], and the pairs are sometimes called
Cooper pairs.

2. The attraction between electrons is caused by crystal-lattice vibrations
(phonons). This part of the theory will probably have to be partly modi�ed
for the high-temperature superconductors.

3. An energy gap opens up in the electron density of states at the Fermi
surface.

In a simpli�ed picture, resistive scattering of electrons in a superconducting
material requires excitation across the energy gap, and cannot easily occur.
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c

a

b

Y

Ba

Cu

O

Cu-O chains

Cu-O plane

Cu-O plane

Cu-O chains

Figure 1.2. Crystal structure of YBa2Cu3O7��. The size of the unit cell is
a = 0:382 nm, b = 0:389 nm, and c = 1:168 nm (data from Ref. [20], �gure
adapted from Ref. [21]).

The original BCS theory only applies well to superconductors with weak
electron-phonon coupling. The strong coupling case can be addressed with the
Eliashberg equations [17, 18], which are based on many-body theory. Expressions
directly useful for experimental comparisons were given by McMillan [19].

It should also be emphasized that although the pairing mechanism of HTS is
not known, microscopic theories can be used to calculate many of their proper-
ties; the mere fact that electrons are paired is su�cient.

1.3 High-Temperature Superconductors (HTS)

A few properties of high-temperature superconductors (HTS), relevant to the
present thesis, will be presented here.

1.3.1 Crystal Structure | Cu-O Planes

The crystal structure is a good starting point for an examination the interest-
ing and often unique properties of HTS. A key feature, apparently common
to all HTS, is the presence of copper-oxygen (Cu-O) planes. The structure of
YBa2Cu3O7��, depicted in Fig. 1.2, may serve as an example. A simple model
of HTS is that the Cu-O planes act as electrical conductors, whereas the inter-
mediate parts function as charge reservoirs, supplying charges to participate in
the conduction in the planes. In YBa2Cu3O7�� there are also Cu-O chains along
the crystal b axis. The role of these is still unclear.
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Figure 1.3. Typical resistivities for conduction parallel (left) and perpen-
dicular (right) to the Cu-O planes of high-temperature superconductors (here
YBa2Cu3O7��, with slightly di�erent � in the two panels). Note the di�erences
in shape as well as magnitude.

1.3.2 Electrical Conduction | Large Anisotropy

As might be expected from the crystal structure, HTS are highly anisotropic
in many respects. For example, the ratio of the resistivity perpendicular and
parallel to the planes (�c=�ab) is roughly 50 in YBa2Cu3O7�� and can reach
above 104 in Bi2Sr2CaCu2O8+x. Furthermore, the temperature dependence is
very di�erent in the two directions, as illustrated in Fig. 1.3. This is still not
fully understood.

There is often no di�erence between the a and b directions (�a=�b = 1).
In YBa2Cu3O7�� there is an anisotropy �a=�b � 2 [22], but real samples are
usually twinned, i.e. consist of small grains between which the a and b axes are
interchanged, and the average resistivity on a macroscopic scale is the same in
both directions.

1.3.3 Oxygen Content and Charge Carrier Concentration

Many properties of HTS can be substantially altered by slightly varying the
oxygen content, thereby changing the charge carrier density. For example, in
YBa2Cu3O7�� with � � 0:07, Tc is about 92 K and the resistivity anisotropy
�ab=�c � 50 just above Tc, whereas when � � 0:3, Tc may be roughly 60 K and
the resistivity anisotropy above 3000 [23]. Furthermore, with reduced oxygen
content, a pseudo gap seems to open up above Tc. If enough oxygen is removed,
the material ultimately becomes an antiferromagnetic insulator. A phase dia-
gram illustrating this is shown in Fig. 1.4.

The oxygen content of many high-temperature superconductors can easily be
changed by annealing at a suitable temperature (300�C or above).
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Figure 1.4. Phase diagram of the electrical properties of HTS. As the hole
(charge carrier) concentration is reduced, the material changes from a super-
conductor to an antiferromagnetic insulator. In YBa2Cu3O7��, the top of the
superconducting region occurs for � = 0.07{0.08. The region labeled unconven-

tional metal is much discussed. In this region there seems to be a pseudo gap,
of which relation to the superconducting gap is still not clari�ed. In experiments
the pseudo gap manifests itself as, for example, nonlinearities in the temperature
dependence of the resistivity.

1.4 Superconducting Fluctuations

Although a superconductor exhibits superconductivity (e.g. zero resistance) only
below Tc, there are superconducting electron pairs present also above Tc. These
pairs are referred to as superconducting uctuations. They are caused by ther-
modynamic uctuations, which continuously create and destroy electron pairs.
There is always a certain number of pairs present: the closer to Tc, the more
pairs. It is, however, only below Tc that a superconducting condensate pene-
trates the material and the resistivity is zero. (This is of course a simpli�ed
picture.)

Superconducting uctuations have a number of measurable e�ects. They in-
uence, for example, electrical, thermal, and magnetic properties. Fluctuations
have particularly large e�ects in HTS, partly because of their high anisotropy.
The focus of the present thesis is on uctuation e�ects on the electrical conduc-
tion in these materials.

1.4.1 Fluctuation Resistivity

One easily observable e�ect of uctuations can be seen in the left panel of Fig.
1.3. The resistivity curve is linear, but bends down just above Tc. This decrease
in resistivity can be attributed to the superconducting uctuations.
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Figure 1.5. Left: Resistivity in zero magnetic �eld. An extrapolation of the
normal-state resistivity (dashed line) is needed to calculate the uctuation resis-
tivity �. Right: Enlargement close to Tc. The change in resistivity when a
magnetic �eld is applied, ��(B; T ), is independent of any extrapolation. (Right
panel adapted from Ref. [21].)

Unfortunately, the uctuation resistivity is a quantity that is di�cult to
measure accurately. The reason is that such measurements depend on an ex-
trapolation of the resistivity from higher temperature, as illustrated in the left
panel of Fig. 1.5. Although this might seem to pose few problems in the case
shown here, where the resistivity is almost perfectly linear outside the uctuation
regime, there are many cases, for example YBa2Cu3O7�� with reduced oxygen
content, where the resistivity may be nonlinear also well above Tc, and a direct
extrapolation is infeasible. This casts doubt also on the extrapolation in the left
panel of Fig. 1.5.

1.4.2 Fluctuation Magnetoresistivity

In order to circumvent this extrapolation problem, many studies instead concen-
trate on the change in resistivity when a magnetic �eld is applied. A magnetic
�eld destroys superconducting pairs, and diminishes the e�ects of uctuations.
This leads to an increase in resistivity,6 as illustrated in the right panel of Fig.
1.5. The magnetoresistivity ��=�, de�ned as

��

�
=
�(B; T )� �(0; T )

�(0; T )
(1.1)

will thus be positive because of the uctuations. If the normal conduction is as-
sumed to be negligibly a�ected by the magnetic �eld | a reasonable assumption

6Under particular circumstances there may be a decrease instead, as discussed in Chapter 2.
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close to Tc where the uctuations are large | this provides a direct method to
study the uctuations, without the inuence of the normal-state conduction.

Furthermore, the extra degrees of freedom introduced with the magnetic �eld
| its direction as well as its strength | enable more extensive experiments and
make the interpretations more robust.

1.4.3 Reasons to Study Fluctuations

There are several reasons to study uctuations. Three major motives are listed
below, each accompanied by an example from the present thesis. Fluctuations
may be used

| to determine material-dependent microscopic quantities, for example coher-
ence lengths and average scattering time: There are theoretical calculations
of the e�ects of uctuations. The theoretical formulas contain several mi-
croscopic quantities as parameters. By adjusting the values of these pa-
rameters until agreement with experiments is obtained, the values of the
microscopic quantities can be determined. An example from the present
thesis is Paper 1, in which the change in coherence lengths and scattering
times with Zn doping of YBa2Cu3O7�� is studied.

| to study fundamental mechanisms, such as pairing symmetry and the role
of the chains in YBa2Cu3O7��. Paper 12, in which the latter topic is
addressed, is an example of this.

| to explain anomalies in the electrical conduction and other properties. There
are several puzzling observations, for example the c-axis resistivity peak
and a negative magnetoresistivity, which have been di�cult to understand.
It has been shown that some of these e�ects can be due superconducting
uctuations. Paper 3, which explains a change of sign in the magnetore-
sistivity as a result of superconducting uctuations, is an example of this.

1.5 Outline

The rest of this thesis is outlined as follows: Chapter 2 gives an overview of the
theory of superconducting uctuations. The often rather complicated theoreti-
cal expressions are not included in this chapter, but can be found in Appendix
A. Chapter 3 gives a detailed derivation of the uctuation conductivity at high
temperature and can be skipped by readers not particularly interested in these
calculations. Chapters 4 and 5 describe experimental techniques and interpreta-
tion of measured data. Chapter 6 gives a short background to the results of the
thesis. The results are summarized in Chapter 7.



Chapter 2

Superconducting

Fluctuations

Superconducting uctuations have a number of e�ects on superconductors. They
inuence the magnetic susceptibility, the speci�c heat, the electrical and thermal
conductivities and other properties. Although the e�ects of uctuations were
studied already in conventional superconductors, there was a major revitalization
of the �eld after the discovery of the high-temperature superconductors (HTS),
in which the e�ects are large and easy to observe.

The emphasis of the present chapter will be on uctuation e�ects in the
conductivity of HTS. This topic is discussed in Section 2.3, where the famous
Lawrence-Doniach model is introduced and the standard expressions for uctu-
ation conductivity and magnetoconductivity in HTS are presented, along with
several extensions that cover speci�c cases or problems.

First, however, the early history of uctuations will be briey accounted for
in Section 2.1 and a short introduction to the theory of uctuations will be given
in Section 2.2.

2.1 Fluctuations in Conventional

Superconductors

It seems that the �rst experimental observation of e�ects of superconducting
uctuations on the conductivity was made in 1967 by Glover [24], who studied
of amorphous Bi �lms. In the history of superconductivity this is of course
rather late, but theoretical estimates had indicated that e�ects of uctuations
should only be detectable in a more or less negligible temperature interval above

9
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Tc.
1 When the sample size was reduced, however, as in the thin �lms of Bi, the

uctuation e�ects became more pronounced, and could be observed.
Soon after Glover's observations there were reports of theoretical calculations

of the uctuation conductivity, using both the microscopic method (Aslamazov
and Larkin 1968 [26, 27]) and the Ginzburg-Landau approach (Abrahams and
Woo 1968 [28] and Schmid 1968 [29]). The agreement with experiments was
good. This immediate understanding gave the subject of uctuations a good
start, which was a bit of luck, because other materials studied soon afterwards
showed uctuation conductivities much larger than theoretically predicted (see
e.g. Crow et al. [30]). Fortunately, this could be explained by including a uctu-
ation contribution (Maki 1968 [31, 32]) that was neglected in the original micro-
scopic calculations. After Thompson [33] had removed a divergency appearing
in the extension to samples of reduced dimensionality (2-D), the contribution
became known as the Maki-Thompson term. The original term is referred to as
the Aslamazov-Larkin term.

During a few subsequent years, superconducting uctuations were studied
in various contexts, both experimentally and theoretically. As examples, the
cases of diamagnetism and speci�c heat may be mentioned. The interest then
decayed rather quickly. As a consequence, the lucid review article Fluctuations
near superconducting phase transitions from 1975 (Skocpol and Tinkham [34])
covers most of the uctuation results before the advent of HTS.2

2.2 Theory of Fluctuations

In this section it will be assumed that the reader is familiar with basic super-
conductivity theory, including the Ginzburg-Landau (GL) theory. Introductions
to these topics can be found in the textbooks by Orlando and Delin [36] and
Tinkham [3].

Superconducting uctuations can be treated using the GL theory or the mi-
croscopic techniques. The former method is the more simple and intuitive one,
while the latter is required for calculations of all terms in the more general case.3

The GL approach will be briey described below. The microscopic Green's func-
tions technique will not be treated here; an example of a detailed calculation can
be found in Chapter 3.

2.2.1 The Ginzburg-Landau (GL) Approach

The treatment of uctuations in the Ginzburg-Landau framework is rather
straightforward. The basic idea is that thermodynamic uctuations can cause

1The general treatment of uctuation phenomena (in ferroelectrics, superconductors, etc.)
by Ginzburg (1960) [25] states, e.g., that anomalies in the speci�c heat should only be observ-
able at distances of the order of 10�3 K from the transition. The smearing of the transition
due to deviations from the ideal crystal structure would thus most likely prevent observation.

2Later work in the 1970s includes measurements in three-dimensional amorphous alloys [35].
3In the usual GL approach, only the AL term close to Tc is obtained.
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ψ
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δψ

Figure 2.1. Free energy F according to Ginzburg-Landau. Because of thermo-
dynamic uctuations the energy can rise kBT above its minimum value, and the
superconducting order parameter can vary by � .

the free energy F to uctuate an amount of roughly kBT above its minimum
value. Since the free energy depends directly on the density of superconducting
electron pairs, one may calculate the corresponding variation in this quantity.
In the most simple case of no spatial variation (or zero dimensions or point-like
particles), the relation between F and the pair density (expressed as j j2, the
absolute value squared of the order parameter) is

F = V (�j j2 + 1

2
�j j4) (2.1)

where V is the volume and � � �0(T=Tc � 1) and � is assumed to be tem-
perature independent. Above Tc a zero order parameter is energetically most
favorable, but because of the uctuations it will nevertheless take on nonzero
values, as illustrated in Fig. 2.1. Neglecting the fourth-order term of Eq. 2.1, the
temperature dependence of the variation of the order parameter is found to be

j� j2 � kBT

�V
=

kBT

�0(
T
Tc
� 1)V

=
kBT

�0�V
(2.2)

where the reduced temperature � = (T � Tc)=Tc is has been introduced.
Equilibrium properties such as diamagnetism can be obtained from this sim-

ple formulation of the GL theory. For nonequilibrium properties, however, such
as the conductivity, it is necessary to use the time-dependent Ginzburg-Landau
(TDGL) equations, developed in, e.g., Refs. [37{40]. The result in three dimen-
sions is

�AL =
e2

32~�(0)

1

�
(2.3)

where �(0) is the coherence length at zero temperature.
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$/

07 '26

Figure 2.2. Feynman diagrams. Wavy lines are uctuation propagators and
solid lines with arrows are normal-state Green's functions.

The coherence length introduced here is the GL coherence length, sometimes
denoted �GL(T ). This quantity should be distinguished from the Pippard coher-
ence length, which is sometimes denoted �0. �0 plays a role analogous to the
mean free path in the nonlocal electrodynamics of normal metals, and is essen-
tially temperature independent. �GL(T ) is the smallest distance over which the
order parameter can vary signi�cantly, and diverges at Tc as

�GL(T ) =
�GL(0)p

j�j (2.4)

Far from Tc, �GL(T ) is approximately equal to �0. As seen from Eq. 2.3, short
coherence lengths imply large uctuations. This is natural, since uctuations
can then appear more locally, requiring less energy.

2.2.2 The AL, MT, and DOS Fluctuation Conductivity
Terms

As already mentioned, the superconducting electron pairs contribute to the con-
ductivity through the Aslamazov-Larkin (AL) and Maki-Thompson (MT) terms.
In addition, there is the more recently calculated density-of-states (DOS) term
[41, 42]. The total uctuation conductivity can thus be written as

� = �AL + �DOS + �MT (2.5)

For the interested reader, the Feynman diagrams of all three contributions have
been collected in Fig. 2.2.

The AL term is the most intuitive one, simply reecting the fact that the su-
perconducting electron pairs contribute to the conduction. Hence, this term gives
a positive contribution to the conductivity (i.e. a decrease of the resistance). The
AL term was the �rst term to be derived and was treated for layered structures
already in 1970 by Lawrence and Doniach [43].
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The MT term [31{33] is much more di�cult to understand in a simple way. It
is usually described as an inuence of superconducting uctuation on the normal
quasiparticles. In Ref. [44] an interesting comparison is made with weak local-
ization. The MT conductivity term is generally positive, like the AL term. As
the MT term has a pure quantum nature, it does not appear in the usual TDGL
approach.4 The MT term is negligible in the case of d-wave superconductivity,
as discussed in Sec. 2.3.4.

The importance of the DOS term seems to have been realized only recently
[41]. The DOS term is often negligible but may be dominant in HTS under
certain conditions. It originates from the fact that the density of states of the
normal-state quasiparticles is a�ected by the formation of superconducting pairs.
This term has opposite sign compared to the AL and MT term, and thus rather
surprisingly increases the resistivity. In order to understand this fact, it may help
to consider the following very much simpli�ed reasoning: When some electrons
form Cooper pairs, the e�ective number of carriers participating in the normal
(one-electron) conduction decreases, and the conductivity goes down. As pointed
out by Varlamov et al. [44], the DOS uctuation conductivity may be estimated
from the simple Drude model. If we let �ne denote the change in the density of
normal-state carriers and npair the density of superconducting pairs, we have

�DOS =
�ne e

2�

m
= �2npair e

2�

m
(2.6)

which in the 2-D case results in correct sign and temperature dependence.

2.3 Superconducting Fluctuations in HTS

The discovery of HTS led to a renaissance for superconducting uctuations.
This was of course partly due to the fact that all aspects of superconductivity
research virtually exploded at the time. Another most important reason for the
lasting activity around the world is that uctuation e�ects in HTS are large and
easily observable, thanks to the short coherence lengths, the high temperatures
involved, and the layered structure. There has also been a substantial theoretical
development. For example, the importance of the previously neglected density of
states (DOS) term was realized and it has been found that uctuations with this
term included are capable of explaining several puzzling phenomena in high-
temperature superconductors, e.g. the peak in the c-axis resistivity [46, 47]
and a change of sign in the magnetoconductivity [48]. An extensive review of
uctuations in HTS was recently published by Varlamov et al. [44]

In this section, the basic model for uctuation calculations on HTS, the
Lawrence-Doniach (LD) model, will be introduced. The results of calculations
based on this model will then be presented. There will be few comparisons with
experiments, as these are extensively treated in Chapter 6.

4It was, however, recently reported that the MT term can be derived from TDGL as the
interference between superuid and normal motions of charge carriers [45].
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2.3.1 The Lawrence-Doniach (LD) Model

A convenient starting-point for theoretical studies of HTS is the Lawrence-
Doniach (LD) model [43]. This model was proposed in 1970 as a means of
analyzing results in layered intercalated superconductors, but it is equally well
suited for HTS with its superconducting Cu-O planes. In the LD model, each
Cu-O plane is considered to be a two-dimensional (2-D) superconductor, sepa-
rated from the neighboring planes by insulating regions. The layers are coupled
by Josephson tunneling. Close to Tc, where the coherence length perpendicular
to the plane is much larger than the inter-plane distance, the material e�ectively
acts as a 3-D (anisotropic) superconductor, whereas far away from Tc, where
the coherence lengths are shorter than the inter-plane distance, it follows a 2-D
behavior.

Consider as an example the Aslamazov-Larkin conductivity above Tc. In the
LD model, it can be written as

�ALLD =
e2

16~s

1

[�(�+ r0)]1=2
(2.7)

where r0 = 4�2c (0)=s
2 is an anisotropy parameter, �c(0) is the coherence length

perpendicular to the planes at zero temperature, and s is the inter-plane distance.
Close to Tc ( �� r0 ), this expression approaches

�AL3D =
e2

32~�(0)

1p
�

(2.8)

and at higher temperature ( �� r0 ) it approaches

�AL2D =
e2

16~s

1

�
(2.9)

The cross-over occurs when � � r0, which corresponds to �2c (T ) � s=2. Expressed
in temperature, the cross-over is at

T � Tc

�
1 + 4

�2c (0)

s2

�
(2.10)

Although the concept of the Lawrence-Doniach model is mainly used in con-
junction with the Ginzburg-Landau model, its principles are also the basis for the
microscopic calculations from Feynman diagrams. The material is then treated
as a Fermi liquid, and the quasiparticles are allowed to travel within the planes
as well as to tunnel between the planes.

2.3.2 The Standard Expressions for Fluctuation
Conductivity and Magnetoconductivity

In the following subsections, complete expressions for uctuation conductivity
and uctuation magnetoconductivity will be presented. For easy reference, they
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will be called the standard expressions. This term is suitable since these are
common formulas generally used by us and others for interpretations of exper-
iments, and they provide a good starting point for further discussions. We use
the notation of Dorin, Klemm, Varlamov, Buzdin, and Livanov (DKVBL) [42]
and sometimes also refer to the formulas as the DKVBL expressions.

Parameters

The uctuation conductivity is a function of several parameters:

� = �(s; vF; Tc; J; �; ��; T; B) (2.11)

Not all parameters enter in each term. The parameters are as follows:

s is the layer spacing, usually taken to be 11.69 �A in YBa2Cu3O7��.

vF is the Fermi velocity in the planes, often taken to be roughly 2 � 105 m/s in
YBa2Cu3O7�� [49, 50].

Tc is the critical temperature (mean-�eld Tc).

J is the hopping integral, corresponding to the probability of hopping between
the planes.

� is the elastic scattering time within the planes.

�� is the phase-breaking time. This parameter appears only in the anomalous
MT term.

T is the temperature.

B is the magnetic �eld, which in the standard expressions must be parallel to
the crystal c axis.

Often the reduced temperature, � = ln(T=Tc), is used
5 instead of T . It should

be emphasized that there are no phenomenological parameters. All microscopic
quantities can in principle be investigated also using other methods.

It is sometimes useful to relate the above parameters to the in-plane and
out-of-plane coherence lengths through the formulas,

�2ab(0) = �(Tc); (2.12)

�2c (0) =
s2r(Tc)

4
; (2.13)

where r(T ) = 2k2BJ
2�2f0=~

2, �(T ) = v2F �
2f0=2,

f0 = �
�
 

�
1

2
+

~

4�kB�T

�
�  

�
1

2

�
� ~

4�kB�T
 0
�
1

2

��
;

and  is the digamma function.

5Close to Tc, this de�nition of � agrees with the de�nition in Sec. 2.2.1, � = (T � Tc)=Tc.
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Range of Validity

The uctuation expressions are valid under rather general conditions. For exam-
ple, they are valid for an arbitrary impurity concentration6, correctly give the
cross-over from the 3-D regime to the 2-D regime, and are believed to be valid
for an applied magnetic �eld of any experimentally accessible strength. (The di-
rection of the �eld is, as noted above, limited to B k c axis. Other �eld directions
will be discussed in Sec. 2.3.4.)

The main limitation of the theory concerns the temperature interval. There
is a lower limit on temperature arising from the fact that the expressions have
been derived for the Gaussian regime, i.e. where uctuations are small enough
not to interact signi�cantly. The upper limit comes from the assumption �� 1,
which has been made in the derivations. Both of these conditions can to some
extent be circumvented with methods discussed in Sec. 2.3.4.

Fluctuation Conductivity in Zero Magnetic Field

The uctuation conductivity is de�ned as

� = �real � �normal; (2.14)

where �normal is what the conductivity would be in the absence of uctuations.
� is usually written as a sum of four terms,

� = �AL + �DOS + �MT(reg) + �MT(an): (2.15)

As can be seen, the MT term is separated into two parts, the regular (reg)
and the anomalous (an) ones, originating from the same Feynman diagram but
from di�erent intervals of summation in the theoretical derivation. Only the
anomalous term depends on the phase-breaking time ��. The full expressions
are listed in Appendix A, Sec. A.1.1, both for current parallel and perpendicular
to the planes.

Fluctuation Magnetoconductivity

The uctuation magnetoconductivity is de�ned as

��(B) = �(B)� �(0): (2.16)

This quantity is often written as a sum of eight terms:

�� = ��ALO +��DOSO +��MT(reg)O +��MT(an)O

+��ALZ +��DOSZ +��MT(reg)Z +��MT(an)Z; (2.17)

where O denotes orbital terms, which are due to the orbital motion of the elec-
trons, and Z denotes Zeeman terms, which are due to the spin-splitting e�ect

6It should, however, be noted that a more recent study shows that the ultra-clean limit
requires special consideration, as discussed in Sec. 2.3.4
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of the magnetic �eld. The full expressions are given in Appendix A, Sec. A.1.2.
A few important aspects of these expressions will be discussed in the following
paragraphs.

Sign of Magnetoconductivity The general e�ect of a magnetic �eld is to
destroy superconducting electron pairs and diminish their e�ects, thereby reduc-
ing the magnitude of all uctuation e�ects. For example, the AL uctuation
conductivity term �AL, which is positive, will give give a negative contribution
to the magnetoconductivity, i.e. ��ALO;��ALZ < 0. By the same reasoning,
the MT terms will also give rise to a negative contribution to the magnetocon-
ductivity, whereas the DOS terms will give rise to a positive contribution. Which
term dominate is discussed in the next paragraph.

Numerical Example The in-plane magnetoconductivity (I ? B k c axis) is il-
lustrated in Fig. 2.3. Parameter values roughly matching those of YBa2Cu3O7��

have been used.7 As can be seen, the AL terms dominates at low temperatures,
and the MT terms at higher temperatures. The DOS contribution has little
inuence here, but may equal the MT contribution for somewhat di�erent pa-
rameter values, as discussed in Ref. [51] (Paper 7). The Zeeman corrections are
typically small.

The out-of-plane magnetoconductivity (I k B k c axis) is shown in Fig.
2.4. Here the DOS contribution is clearly signi�cant, and the interplay between
the DOS and AL contributions can give rise to a change of sign, as veri�ed
experimentally in Ref. [48] (Paper 3).

Calculation of Orbital Terms The expressions for the orbital contributions
are obtained as the di�erence between the uctuation conductivities with and
without an applied �eld (ignoring Zeeman e�ects). Both the zero-�eld expres-
sions and �eld expressions can be taken from Dorin et al. [42], except that the

modi�ed zero-�eld expressions for �DOSxx , �
MT(reg)
xx , and �DOSzz should be used (see

Appendix A, Sec. A.1.1).

Calculation of Zeeman Terms The Zeeman corrections can, as noted by
Thompson [52], easily be obtained as the change in uctuation conductivity due
to the shift of the critical temperature Tc caused by the spin-splitting e�ect of
the magnetic �eld.8 Only the AL and MT terms were considered at that time,
but the same method has been applied by us and others on the DOS term. Thus,

��ALZ(B) = �AL(�0)� �AL(�); (2.18)

7Tc = 90 K, vF = 2 � 105 m/s, J = 200 K, � = 10 fs, and ��(100K) = 100 fs. J and
� have been taken to be temperature independent, and �� has been assumed to be inversely
proportional to temperature. The parameters correspond to �ab = 1:8 nm and �c = 0:28 nm.

8This seems not to have been fully realized in the previous treatments of the Zeeman e�ect
by Aronov et al. 1989 [53] and Bieri et al. 1990 [54].
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20 fs to make the change of sign clearly visible. Left: Magnetoconductivity
vs. reduced temperature at a �xed �eld B = 12 T. Right: Total uctuation
magnetoconductivity vs. magnetic �eld for three di�erent temperatures (roughly
Tc +5 K, +9 K and +15 K from top and down).
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with analogous expressions for the other terms. �0 = ln[T=Tc(B)] is the shifted
reduced temperature, usually approximated as

�0 � �+ 7�(3)

�
g�BB

4�kBTc

�2
(2.19)

where � is the Riemann zeta function [�(3) � 1:202], g � 2 is the gyromagnetic
ratio and �B is the Bohr magneton.

Strong �elds and Regularization of the DOS and MT Terms Some of
the magnetoconductivity expressions (Eqs. A.14, A.15 and A.18) di�er from the
others by being cut o� at 1=� instead of being summed to in�nity. The reason
for this cuto� is that the sums would otherwise diverge. The choice of cuto�
position at 1=� is only based on estimates. For strong magnetic �elds the cuto�
poses particular problems, as only a few terms are then to be included in the sum
and the inclusion or exclusion of only one extra term may signi�cantly change
the value of the sum. In fact, the uncertainty for typical experimental �elds
is large enough to give the calculated magnetoconductivity a strong unphysical
oscillation with magnetic �eld. This was �rst noted in Ref. [48], where it was
circumvented by using an ad hoc solution with weights in the sum to smoothen
the cuto�. This lead theorists to propose a regularization [55, 56], in which the
di�erence �(B; T )��(0; T ) is written in such a form that the sum is convergent
and may be summed to in�nity without cuto�. The regularized expressions are
given in Sec. A.1.5. We �rst used them in Ref. [57] (Paper 6).

2.3.3 The AHL Expressions

The formulas presented in Sec. 2.3.2 came into general use only a few years ago.
Before that, another formulation, due to Aronov, Hikami and Larkin (AHL), was
used. The AHL expressions appear in some of the earlier publications in this
thesis, and will be discussed here.

The �rst results were presented by Hikami and Larkin [58], and later com-
plemented with the Zeeman terms by Aronov, Hikami and Larkin (AHL) [53]
and [52]. The AHL expressions di�er mainly by not including the DOS term,
not including c-axis conduction, and only covering the dirty limit (`� �). Bieri
and Maki [54] modi�ed the formulas to cover also the clean (`� �) limit, but no
intermediate values of the mean free path ` were considered. In addition, it could
be noted that the temperature dependence is slightly di�erent for moderately
high temperatures (which, of course, may be outside the range of applicability
anyway).

The complete expressions are listed in Appendix A, Sec. A.2. At a �rst
glance, the orbital terms may seem not to resemble the standard expressions at
all. The di�erence, however, is only super�cial, and basically results from an
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interchange of the order of an integration and a summation. It may be observed
that if the digamma functions are series expanded according to

 (x)�  (y) =

1X
k=0

�
1

y + k
� 1

x+ k

�
(2.20)

and this sum is integrated term by term, the AHL expressions are equivalent to
the standard expressions if one makes the identi�cations

�2ab(0) = �(T ) (2.21)

�2c (0) =
s2r(T )

4
(2.22)

` = vF� (2.23)

2.3.4 Various Extensions

In the rest of this chapter, a number of variants of the above expressions will be
presented. In most cases, one or more of the limitations of the above expressions
are circumvented, often at the expense of sacri�cing some other feature.

Temperatures Far Above Tc

Most theoretical studies of superconducting uctuations, and all studies of uctu-
ation magnetoconductivity are so far limited to temperatures close to Tc (�� 1).
There is, however, considerable experimental interest in higher-temperature re-
gions. An early theoretical paper going beyond the region close to Tc appeared
in 1980 [59]. This paper is limited to uctuation conductivity in the dirty limit.
The uctuation conductivity in the clean limit, was treated in 1991 by Reggiani
et al. [60]. An arbitrary amount of impurity scattering was considered by Axn�as
in 1999 [61] in a collaboration with A. A. Varlamov, the ultimate goal of which
is to calculate the magnetoconductivity (see Fig. 2.5). This topic will be further
discussed in Chapter 6.

There is some contradiction between these studies; when the limit � !1 is
taken of Axn�as's expressions, Reggiani's expressions are not approached, as they
should be. The reason for this di�erence can easily be identi�ed as two limits
being taken in di�erent order. When calculating the dc conductivity in the clean
limit, one needs to take the limits ! ! 0 (measurement frequency goes to zero)
and � !1. Of the two orders,

lim
!!0

lim
�!1

or lim
�!1

lim
!!0

; (2.24)

the latter one is obtained from Axn�as's expressions, and should be appropriate.
Unfortunately, the result is divergent, and further studies thus desirable in the
clean limit.
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Figure 2.5. Comparison between the classical 2-D AL contribution (dashed
line) and the extension to high temperatures by Axn�as [61] (four solid curves,
corresponding to di�erent scattering rates). The rather good agreement may
be seen as a coincidence; two substantial corrections almost cancel each other.
[The constant �0 = e2=16~s and the scattering times have been taken to be
�(T ) = �(100K) 100K

T
with �(100K) from top and down equal to 12, 6, 3 and 0.6

fs.]

Temperatures Close to Tc

All results presented so far have been derived under the assumption that the
interactions between uctuations are negligible, i.e. that the Gaussian approxi-
mation is valid. This is reasonable only well above Tc where the uctuations are
small. In the context of Eq. 2.1 the Gaussian approximation can be described
as an omission of the fourth-order term.

Unfortunately, a proper inclusion of the fourth-order term is di�cult. It is,
however, possible to capture interesting e�ects of this term, and still keep it
manageable, by using a Hartree approximation. The essence of this approxima-
tion is to write the fourth-order term as a product involving the second-order
term and the average of the second-order term, allowing the full expression to
be written as the second-order term with a renormalized prefactor. This was
done by Ullah and Dorsey [62], and an application to the DKVBL expressions
in magnetic �eld can be found in Ref. [63]. The agreement with experiments
was excellent, as shown in Fig. 6.2 (Chapter 6). The problem of resistivity in
magnetic �elds close to Tc has also been treated by Ikeda et al. [64, 65]. Another
approach is the 3-D XY model, used in Ref. [66].
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Multiple Planes per Unit Cell

Some materials, e.g. YBa2Cu3O7��, contain more than one Cu-O plane per unit
cell, and there are two or more di�erent layer spacings. The standard expressions
do not apply in this case, and for convenience the planes in a cell are often treated
as a single superconducting plane. This might be acceptable in YBa2Cu3O7��

where the c-axis coherence length is larger than or comparable to the distance
between the two planes of a cell at all temperatures.

In other materials, where the c-axis coherence length is shorter, it is proba-
bly more plausible to assume that the planes act as separate planes, only with
a stronger coupling than between the planes of di�erent cells. The e�ects of
two planes per unit cell have been studied in, e.g., Refs. [67{70]. A general
observation is that when the c-axis coherence length is much shorter than the
shortest inter-plane distance (i.e. not too close to Tc), the planes act as if they
were evenly spaced with a distance of half a unit cell, as expected.

In-Plane Anisotropy

As is well known, the widely studied material YBa2Cu3O7�� has a small in-
plane anisotropy. This anisotropy cannot be directly investigated with the stan-
dard expressions, which assume isotropy for all in-plane directions. Recent ex-
perimental studies by us [71, 72] have instead used expressions by Maki and
Thompson [67]. They incorporate three independent coherence lengths into the
Lawrence-Doniach model, and also give expressions for the anisotropic GL (non-
layered) case. Unfortunately, this paper is too old to include the DOS term. We
used the anisotropic GL case, since that should be a good approximation in the
3-D regime close to Tc. The full expressions are listed in Sec. A.3.

Other Field Directions

The standard expression only cover the case B k c axis. When B k ab planes, it
has usually been assumed (e.g. the AHL paper [53]) that the magnetoconductiv-
ity can be obtained theoretically by neglecting the orbital terms and including
only the spin-splitting Zeeman terms, which are independent of the �eld direc-
tion.

It has, however, more recently been claimed [73] that the orbital pair-breaking
term is always dominant, and that the spin-splitting Zeeman terms are only
signi�cant for B � kBTc=g�B, i.e. when B is of the order of 102 T. A correct
treatment of any other �eld direction than B k c is apparently di�cult.

d-Wave Pairing Symmetry

Almost all calculations of uctuation e�ects have been made under the assump-
tion of isotropic s-wave pairing. The increasing support for d-wave pairing (see
discussion in Sec. 6.6) makes calculations for the d-wave case highly desirable. An
early treatment is due to Yip [74], who found that in the case of d-wave pairing,
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the MT terms would become negligible,9 and the AL uctuation conductivity
would be reduced by a factor

r =
 0
�
1
2
+ ~

4�kB�T

�
 0
�
1
2

� (2.25)

which for a typical � of 10 fs roughly equals 0.3. The suppression of uctuations
in the d-wave case can be understood from the fact that nonmagnetic impurities
are pair breaking in non-s-wave superconductors.

Ultra-Clean Limit and Nonlocal E�ects

In the ultra-clean limit, when the mean free path ` is much larger than the
e�ective size of a Cooper pair, �(T ), the local electrodynamics used in most
uctuation studies are no longer appropriate.10 Nonlocal e�ects in the magneto-
conductivity of HTS were studied already in 1991 by Bieri et al. [75], who claimed
they were indispensable in order to obtain an excellent �t to experiments. The
graphs supporting this statement were, however, not very convincing.

The fact that the DKVBL expressions for the DOS and MT terms diverge
when �T !1 caused Livanov et al. [76] to investigate the nonlocal limit further.
They found the interesting result that the DOS and MT conductivity terms
cancel each other exactly in the ultra-clean limit, leaving only the AL term.

It should be emphasized that nonlocal e�ects have to be taken into account
not only in the ultra-clean case, but whenever large bosonic momenta are in-
volved, e.g. in the high-temperature calculations in Chapter 3 and Ref. [61]
(Paper 8).

Distribution of Critical Temperatures

A real sample does not have the same Tc throughout its volume | there is
always a small variation, e.g. due to oxygen inhomogeneities and/or disorder.
The e�ect of this on the magnetoconductivity was investigated by Lang [77] using
an e�ective mean-�eld approach proposed by Maza and Vidal [78]. Lang found
that the magnetoconductivity could be severely a�ected in a considerably larger
temperature interval than would be expected from the width of the distribution
of Tc. It was later pointed out [79] that the relevant formula of Ref. [78] contains
a typographical error that could signi�cantly inuence the results.

9The anomalous MT terms are not permitted at all [44].
10The criterion for the nonlocal, or ultra-clean, limit can be expressed in the DKVBL pa-

rameters as kB�T=~� 1=
p
� (where �� 1).
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Chapter 3

Calculation of

Paraconductivity at High

Temperatures

This chapter will describe how the in-plane uctuation conductivity at high
temperatures can be calculated from the Aslamazov-Larkin Feynman diagram.
The aim is that the level of detail in the calculations, at least in the early steps,
should be high enough to enable an interested experimentalist to follow the
calculations and also to understand how similar calculations could be made for
another Feynman diagram. Unfortunately, this means that the level of detail
will seem ridiculously high to any theorist working in the �eld. Nevertheless,
it is hoped that the presentation will provide a useful complement to the brief
account given in Ref. [61] (Paper 8).

The complete calculations, cleanly written by hand on letter-sized paper, take
up around forty pages. It would not be appropriate to include everything in the
present chapter. Some of the more tedious manipulations have been omitted, in
particular when straightforward. In the �rst sections (Secs. 3.2{3.4) there are,
however, no signi�cant omissions.

It should be remembered that this chapter sets out to tell how the calculations
are to be done, not why they should be done in a particular way. The interested
reader is instead referred to standard textbooks on the subject (e.g. Mahan [80]
or Abrikosov, Gorkov, and Dzyaloshinski [81]).

3.1 Introductory Remarks

The calculations will be carried out using the Matsubara technique, a technique
that may seem confusing at �rst, but in practise is very convenient. In principle,
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26 Chapter 3. Calculation of Paraconductivity at High Temperatures

the conductivity is �rst calculated for an arbitrary frequency, and only at the
end is the limit lim!!0 taken.

The calculations will be made for the pure two-dimensional case, which is rea-
sonable at high temperatures. Also, a linear dispersion relation will be assumed
between energy and momentum of quasiparticles.

A general note on notation: vector quantities will be written in boldface
as usual, and the absolute value (magnitude) of such quantities will often be
written as italic nonboldface, i.e. v = jvj, p = jpj etc. A unit system in which
c = ~ = kB = 1 will be used, with an exception in the �nal expressions for
numerical calculations, which is then stated.

3.2 Setting up the Problem

The Aslamazov-Larkin (AL) dc uctuation conductivity is given by

�AL = lim
!!0

�
QAL(!)

�R
�i! (3.1)

where ! is the frequency of the applied �eld and [QAL(!)]R is the retarded
electromagnetic response function.1 To derive this function from the AL Feyn-
man diagram using the Matsubara technique, one �rst calculates the function
QAL(!�) for a discrete set of frequencies !� = 2�T�, where � is a nonnegative
integer. This function is then analytically continued to give [QAL(!)]R. When
QAL(!�) is written in a suitable form, the analytical continuation consists in the
simple substitution !� ! �i!, i.e.�

QAL(!)
�R

= QAL(�i!) (3.2)

The recipe for setting up the correct mathematical expression for QAL(!�)
from the Feynman diagram for the Aslamazov-Larkin term (�rst diagram in Fig.
A.1, Appendix A) is as follows:

1. Each solid line (wavy or not) is labeled with a momentum and a frequency.
The dashed lines are labeled only with a frequency (corresponding to the
frequency of the applied electromagnetic �eld). Since the frequencies meet-
ing at any vertex in the Feynman diagram should add up to zero, as should
the momenta, it is convenient to choose the labeling such that this condi-
tion is directly ful�lled. This has been done in the upper diagram of Fig.
3.1.

2. With each line and with each impurity-corrected vertex, particular func-
tions are now to be associated. Their arguments are the momentum and

1In a strict sense this is not quite correct. It is to be understood that the !-independent
part of [QAL(!)]R (i.e. the zeroth-order term in a Taylor expansion in !) should be ignored.
Such a term would correspond to anomalous diamagnetism above Tc, and must consequently
be canceled when all other diagrams are also taken into account.
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Figure 3.1. Upper diagram: An Aslamazov-Larkin diagram, labeled with mo-
menta (p, q) and frequencies (!, �, 
). Lower diagram: Normal-state Green's
functions (G), uctuation propagators (L), and vertex impurity corrections (�),
with appropriate arguments from the upper diagram.
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frequency at the line. This is illustrated in the lower diagram of Fig. 3.1.
The functions are as follows:

(a) At each nonwavy line there is a normal-state Green's function,

G(p; �n) =
1

i~�n � �(p)
(3.3)

~�n is a frequency renormalized by impurity scattering, and is given by

~�n = �n +
1

2�
sgn �n (3.4)

where � is the scattering time and sgn �n denotes the sign of �n, i.e.
�1 if �n < 0 and +1 if �n > 0.

�(p) is the energy relative to the Fermi surface of a quasiparticle with
momentum p. Assuming a linear dispersion, one may write

�(p) = v0(jpj � p0) � v0(p� p0) (3.5)

where v0 is the Fermi velocity and p0 is the Fermi momentum.

(b) At each wavy lines there is a uctuation propagator, L. An appropri-
ate form, valid up to high temperatures, is2

� 1

�

1

L(q; 
k)
= (3.6)

ln

�
T

Tc

�
+

1X
n=0

2
664 1

n+ 1
2

� 1r�
n+ 1

2
+ j
kj

4�T + 1
4�T�

�2
+ v2q2

16�2T 2 � 1
4�T�

3
775

where q and 
k are the momentum and frequency of the Cooper pair,
respectively, and � = m=2�s is the single-spin quasiparticle normal
density of states (m is the mass and s the layer spacing).

(c) At each impurity-corrected vertex there is an impurity vertex correc-
tion �, of which the exact form in two dimensions is [44]:

� (q; !1; !2) =

"
1� �(�!1!2)

�
p
(~!1 � ~!2)2 + v2F q

2

#�1
(3.7)

where ~!1 and ~!2 are frequencies renormalized in analogy with Eq. 3.4,
and �(x) is the Heaviside step function, i.e 0 if x < 0 and 1 otherwise.

2This L is based on the polarization operator � given in Eq. B13 of Ref. [44], and is obtained
as L(q;
k) = �(0; 0; Tc) � �(q;
k; T ). For the reader attempting a derivation, it may be
remarked that the sum for � in Eq. B13 is divergent unless cuto� at a frequency �0, and that
for large n the summation can be approximated as

R
1=n, which when integrated up to �0 gives

rise to the term ln[�0(T )=�0(Tc)] = ln(T=Tc) in the expression for L(q;
k).
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(d) At each external vertex there is a factor ev(p), where e is the elemen-
tary charge and v(p) is the velocity for momentum p.

3. The product of all functions listed above is formed. Q is then obtained by
summing this product over all frequencies, integrating it over all momenta,
and �nally multiplying it by a factor T for each frequency summation, a
factor 1=s for each momentum integration,3 and a factor �2. Thus,

QAL(!�) = �2e2T
X

k

T
X
�n

T
X
�
n0

1

s

Z
d2q

(2�)2
1

s

Z
d2p

(2�)2
1

s

Z
d2p0

(2�)2

� L (q; 
k)L (q; 
k + !�)

� v(p)� (q; �n + !� ; 
k � �n)� (q; �n; 
k � �n)

�G (p; �n + !�)G (p; �n)G (q� p; 
k � �n)

� v(p0)� (q; �n0 + !� ; 
k � �n0)� (q; �n0 ; 
k � �n0)

�G (p0; �n0 + !�)G (p0; �n0)G (q� p0; 
k � �n0) (3.8)

where each integral is to be taken over the entire two-dimensional space.
The sums run over the frequencies

�n = 2�T
�
n+ 1

2

�
(3.9)

�n0 = 2�T
�
n0 + 1

2

�
(3.10)


k = 2�Tk (3.11)

where n; n0; k = 0;�1;�2; : : : . This means that normal-state Green's func-
tions will take as their argument all odd multiples of �T (fermion frequen-
cies) and the uctuation propagators all even multiples of of �T (boson
frequencies).

The problem has now been set up. The above expression will be manipulated
until an analytic continuation can be obtained though the substitution !� !
�i!.

It may be noted that although this is now in principle a purely mathematical
problem, physical insight will still be important, e.g. when removing a divergency
that will appear at the end of the calculations. Furthermore, there are still some
approximations to be made.

3.3 Outline

In this section the outline of the rest of this chapter will be briey described.
In order to better see the structure of the calculations, the expression for QAL

3The factor 1=s originates from an integration over momentum in the direction perpendic-
ular to the planes.
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will, however, �rst be put into a slightly di�erent, more tractable form: Since
Eq. 3.8 contains the same block of normal-state Green's functions twice it may
be directly rewritten as

QAL(!�) = �2e2T

s

X

k

Z
d2q

(2�)2
L (q; 
k)L (q; 
k + !�)B

2 (q; 
k; !�) (3.12)

where the block of normal-state Green's functions, B, is given by

B(q; 
k ; !�) = T
X
�n

� (q; �n + !� ; 
k � �n)� (q; �n; 
k � �n)

�1

s

Z
d2p

(2�)2
v(p)G (p; �n + !�)G (p; �n)G (q� p; 
k � �n)

(3.13)

In Section 3.4 the integral over p will be evaluated. In doing so, all (rather few)
remaining approximations in the algebraic (nonnumerical) part of the calcula-
tions will be made. In Section 3.5 the result of the integration will be inserted
into the expression for B, which will then be substantially rewritten to enable
the analytic continuation. In Section 3.6, the analytic continuation of QAL will
be performed, and in Section 3.7, the �rst-order term in ! will be found. In Sec-
tion 3.8 the �nal expression for the uctuation conductivity will presented as a
dimensionless expression multiplied by a constant with dimension of conductiv-
ity. A few remarks on the inclusion of magnetic �elds and numerical evaluations
can be found in Sections 3.9 and 3.10, respectively.

3.4 Integration over p

3.4.1 Polar Coordinates and a Few Approximations

We shall now focus on the integral over p, i.e. (from Eq. 3.13)

Ip =
1

s

Z
d2p

(2�)2
vp

(i~�n+� � �p)(i~�n � �p)(i ~
k�n � �q�p)
(3.14)

The simpli�ed notation �(p) = �p, �(q�p) = �q�p, v(p) = vp, �n+� = �n + �� ,
and 
k�n = 
k � �n has been introduced here. (The impurity renormalization
was de�ned in Eq. 3.4.)

With a trick and some approximations this integral can be evaluated. The
trick consists in rewriting the integrand, a vector-valued function, in analogy
with, e.g., Ref. [60]. It is easy to verify that4

Ip =
(Ip � q) q

q2
(3.15)

Consequently, instead of the integral Ip we may evaluate the integral (Ip � q),
which has a simpler, scalar integrand.

4This follows from the fact that Ipkjq, which must be the case since, apart from the inte-
gration variables, q is the only nonscalar variable in Eq. 3.14.
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The integration of (Ip � q) is most conveniently accomplished using polar
coordinates or, more speci�cally, � and ', where � � �p and ' is the angle of p
(and vp) relative to q. The integration element is transformed as

d2p = dp p d' =
dp

d�
d� p d' =

1

v0
d� p d' � md� d'

where m is the mass. After observing that

�q�p = �p�q = �p � d�

dp
q = �p � v0q cos'

where d�
dp

denotes the gradient, this allows us to write

Ip =
m

2�s

q

q2

Z 2�

0

d'

2�

Z +1

�1

d�
vpq cos'

(i~�n+� � �p)(i~�n � �p)(i ~
k�n � �p + v0q cos')

The integral over � has been extended down to �1 to enable conversion to a
contour integral in Sec. 3.4.2. (This is a reasonable approximation since the
integrand falls o� rapidly with increasing j�j). The approximation

vpq cos' � v0q cos'

�nally allows us to write

Ip = ��q
q2

Z 2�

0

d'

2�

Z +1

�1

d�
vq cos'

(�p � i~�n+�)(�p � i~�n)(�p � i ~
k�n � vq cos')

where � = m=(2�s) is the density of states as before and the notation v � v0
has been introduced for simplicity. This integral will be solved in the next two
subsections.

3.4.2 Integration over �

The integral over � can be evaluated using the residue theorem of complex anal-
ysis by extending the path of integration to a closed loop in the complex plane.
Depending on the positions of the poles, di�erent paths are suitable, as shown in
Fig. 3.2 [cases (a){(d)]. The contribution from the semi-circle goes to zero when
the path is extended to in�nity, and the result is:
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Figure 3.2. For convenience the integration path is chosen so as to enclose at
most one pole. When all four poles are on the same side of the real axis, the
integral is zero. The four remaining pole positions are shown in panels (a){(d).
(Note that � > 0 in our calculations, implying that �n+� is above �n.) 
k�n is
here used to represent the actual pole, 
k�n+vq cos', which is thus translated
horizontally.
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Ip = � i�q
q2

Z 2�

0

d' vq cos'

�

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

�1
(i ~
k�n + vq cos'� i~�n+�)(i ~
k�n + vq cos'� i~�n)

; in case (a);

+1

(i ~
k�n + vq cos'� i~�n+�)(i ~
k�n + vq cos'� i~�n)
; in case (b);

�1
(i~�n � i~�n+�)(i~�n � i ~
k�n � vq cos')

; in case (c);

+1

(i~�n+� � i~�n)(i~�n+� � i ~
k�n � vq cos')
; in case (d).

This may be rewritten as

Ip = � i�q
q2

Z 2�

0

d' vq cos'

� ��(�n�n+�)�(�
k�n�n) sgn �n

(i ~
k�n � i~�n+� + vq cos')(i ~
k�n � i~�n + vq cos')

+
��(��n�n+�)�(
k�n)

(i~�n � i~�n+�)(i~�n � i ~
k�n � vq cos')

+
�(��n�n+�)�(�
k�n)

(i~�n+� � i~�n)(i~�n+� � i ~
k�n � vq cos')

�
(3.16)

where � is again the Heaviside step function and sgn denotes the sign.

3.4.3 Integration over '

Eq. 3.16 will be integrated over ' with the aid of the relationZ 2�

0

d'

2�

1

cos'� ia
=

i sgnap
1 + a2

(3.17)

Eq. 3.16 is therefore decomposed into partial fractions:

Ip =
�q

q2
�(�n�n+�)�(�
k�n�n) sgn �n

!�

Z 2�

0

d'

"
i(~�n+� � ~
k�n)

vq cos'� i(~�n+� � ~
k�n)

� i(~�n � ~
k�n)

vq cos'� i(~�n � ~
k�n)

#

+
�q

q2
�(��n�n+�)
!� +

1
�

Z 2�

0

d'

"
�(
k�n)

i(~�n � ~
k�n)

vq cos'� i(~�n � ~
k�n)

+�(�
k�n)
i(~�n+� � ~
k�n)

vq cos'� i(~�n+� � ~
k�n)
+ 1

#
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The integration is then straightforward, and after the simpli�cations

�(�n�n+�)�(�
k�n�n) sgn �n sgn(~�n+� � ~
k�n) =

=�(�n�n+�)�(�
k�n�n) sgn �n sgn(~�n � ~
k�n) =

=�(�n�n+�)�(�
k�n�n)

one obtains

Ip =� �q

q2
2��(�n�n+�)�(�
k�n�n)

!�

�
2
4 ~�n+� � ~
k�nq

v2q2 + (~�n+� � ~
k�n)2
� ~�n � ~
k�nq

v2q2 + (~�n � ~
k�n)2

3
5

� �q

q2
2��(��n�n+�)

!� +
1
�

2
4�(
k�n)

j~�n � ~
k�njq
v2q2 + (~�n � ~
k�n)2

+�(�
k�n)
j~�n+� � ~
k�njq

v2q2 + (~�n+� � ~
k�n)2
� 1

3
5 : (3.18)

3.5 Analytic Expression for B

Inserting Eq. 3.18 into Eq. 3.13, i.e. multiplying by the relevant expressions for
the vertex impurity corrections �, one �nds

B = B(reg) +B(an) (3.19)

where the regular (reg) and anomalous (an) parts of B are given by

B(reg) =
2��T

!�

q

q2

X
�n

�(�n�n+�)�(��n
k�n)

�
2
4 ~
k�n � ~�n+�q

( ~
k�n � ~�n+�)2 + v2q2 � 1
�

�
~
k�n � ~�nq

( ~
k�n � ~�n)2 + v2q2 � 1
�

� !�=��q
( ~
k�n � ~�n+�)2 + v2q2 � 1

�

��q
( ~
k�n � ~�n)2 + v2q2 � 1

�

�
3
775
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and

B(an) =
2��T

!� +
1
�

q

q2

X
�n

�(��n�n+�)

�
2
4�(
k�n)

q
( ~
k�n � ~�n)2 + v2q2 � j ~
k�n � ~�njq

( ~
k�n � ~�n)2 + v2q2 � 1
�

+ �(�
k�n)

q
( ~
k�n � ~�n+�)2 + v2q2 � j ~
k�n � ~�n+� jq

( ~
k�n � ~�n+�)2 + v2q2 � 1
�

3
5 (3.20)

Eventually, B will be inserted into Q (Eq. 3.12), which will then be analytically
continued to complex !� = �i!. B, however, is not analytic in !� . Nevertheless,
Q can be analytically continued after the summation over
k has been performed.
In order to carry out the summation, it will be converted to an integral in the
complex plane using the residue theorem. The required analytic continuation of
B to complex 
k will be presented in the next two sections.

3.5.1 Analytic Continuation of B(reg)

A di�culty is the appearance of the summation index n in the � functions
in B(reg). It is possible to remove them by noting that they are equivalent
to reductions of the summation intervals. There is then, however, instead the
problem that !� and
k appear in some summation limits, making the expression
valid only for integer values of these parameters. Fortunately, !� and 
k can be
removed also from the summation limits by making variable substitutions. To
illustrate this, consider the simpli�ed example

1X
n=��

f(�n; !�) (3.21)

where f is assumed to be analytic in both its arguments. After substituting n0

for n+ � the sum becomes

1X
n0=0

f(�n0 � !� ; !�) (3.22)

which, assuming a proper convergence of the sum, is analytic in !� .
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This method will now be applied to B(reg). After a few pages of calculations
one �nds:

B(reg) = �2��T

!�

q

q2

1X
n=0

2
4 W0;�q

W 2
0;� + v2q2 � 1

�

� W0;0q
W 2

0;0 + v2q2 � 1
�

+
W�;�q

W 2
�;� + v2q2 � 1

�

� W�;0q
W 2

�;0 + v2q2 � 1
�

+
!�=�hq

W 2
0;� + v2q2 � 1

�

i hq
W 2

0;0 + v2q2 � 1
�

i

+
!�=�hq

W 2
�;� + v2q2 � 1

�

i hq
W 2

�;0 + v2q2 � 1
�

i
3
5 (3.23)

where the following quantities have been used:

W0;0 = 2�n + j
kj+ 1

�
W�;0 = 2�n + j
k+� j+ 1

�

W0;� = 2�n + j
kj+ !� +
1

�
W�;� = 2�n + j
k+� j+ !� +

1

�

We may now continue B(reg) analytically in 
k. The function [BRR](reg)(�iz),
which is obtained through the substitutions j
kj ! �iz and j
k+� j ! �iz+!�,
is an analytic continuation in the region where Im z > 0 (corresponding to Re
k,
Re
k+� > 0).5 RR stands for retarded-retarded, and signi�es that the function
is analytic in the upper half-plane.

Similarly, the function [BRA](reg)(�iz), which is obtained through the sub-
stitutions j
kj ! +iz and j
k+� j ! �iz+!� , is an analytic continuation in the
region where �!� < Im z < 0 (corresponding to Re
k < 0, Re
k+� > 0). RA
stands for retarded-advanced.

Finally, the function [BAA](reg)(�iz), which is obtained through the substi-
tutions j
kj ! +iz and j
k+� j ! �(�iz + !�), is an analytic continuation in
the region where Im z < �!� (corresponding to Re
k, Re
k+� < 0).

3.5.2 Analytic Continuation of B(an)

The term B(an) is more di�cult than B(reg), because after removal of �n from
the � functions, both the upper and lower summation limits will contain 
k or
!� , and cannot be shifted to 0 and 1.

Nevertheless, it is possible to transform this expression into a form, where it
can be analytically continued. One may use the residue theorem to calculate the
sum as an integral in the complex plane. Since this requires an \extra" analytic

5It is worth recalling that 
k+� = 
k + !� and !� � 0.
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continuation, this method is sometimes called the method of \double analytic
continuation." An alternative method, giving the same result, is to extend the
sums to in�nity by adding other in�nite sums that cancel the extensions. Neither
derivation is included here. The result is:

B(an) =
2��T

!� +
1
�

q

q2

1X
n=0

2
4 W0;� � 1

�q
W 2

0;� + v2q2 � 1
�

� W0;0 � 1
�q

W 2
0;0 + v2q2 � 1

�

+
W�;� � 1

�q
W 2

�;� + v2q2 � 1
�

� W�;0 � 1
�q

W 2
�;0 + v2q2 � 1

�

3
5 (3.24)

where the same notation as for B(reg) has been used. The analytic continuations
in di�erent regions are then obtained in analogy with B(reg).

In Section 2.3.4, subsection Temperatures Far Above Tc, special problems
in the clean limit were discussed. Here it is evident what happens if the limit
� !1 is taken before ! ! 0: Eqs. 3.23 and 3.24 cancel each other completely.

3.6 Analytic Continuation of QAL

An analytic continuation of QAL(!�) will now be constructed. We start from
Eq. 3.12:

QAL(!�) = �2e2T

s

X

k

Z
d2q

(2�)2
L(q; 
k + !�)L(q; 
k)B

2(q; 
k; !�)

The integrand is not analytic in !� , but, as mentioned previously, Q can be
analytically continued after converting the sum to a contour integral with the
aid of the residue theorem. We will make use of the function coth(z=2T ), which
has poles at integer multiples of 2�T i, i.e. the values that 
k should take in the
summation. Since B has three regions of analyticity, three contours are needed:

QAL(!�) =
�e2
2�is

Z
d2q

(2�)2

�
�I

C1

dz coth
z

2T
LR(q;�iz + !�)L

R(q;�iz) �BRR(q;�iz; !�)
�2

I
C2

dz coth
z

2T
LR(q;�iz + !�)L

A(q;�iz) �BRA(q;�iz; !�)
�2

I
C3

dz coth
z

2T
LA(q;�iz + !�)L

A(q;�iz) �BAA(q;�iz; !�)
�2�

(3.25)

where the paths of integration are shown in Fig. 3.3. The superscripts R and A of
L denote analytic continuations in the upper and lower half-planes, respectively.
LR(q;�iz) is obtained from L(q;
k) (Eq. 3.6) through the substitution j
kj !
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C1

C2

C3

RR

RA

AA

Figure 3.3. The integration path used in Eq. 3.25. The poles are indicated by
black dots.

�iz and LA(q;�iz) is obtained though the substitution j
kj ! +iz. The parts
of the integrals that are over the circle segments vanish when the contour is taken
to in�nity. The remaining parts are

QAL(!�) =
�e2
2�is

Z
d2q

(2�)2

�
�Z 1

�1

dz coth
z

2T
LR(q;�iz + !�)

n
LR(q;�iz) �BRR(q;�iz; !�)

�2
�LA(q;�iz) �BRA(q;�iz; !�)

�2o

+

Z 1�i!�

�1�i!�

dz coth
z

2T
LA(q;�iz)

n
LR(q;�iz + !�)

�
BRA(q;�iz; !�)

�2
�LA(q;�iz + !�)

�
BAA(q;�iz; !�)

�2o�
:

The two integrals can be combined into one by substituting z + i! ! z in the
second integral. The analytic continuation !� ! �i! is then readily obtained,
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giving the retarded response function

�
QAL(!)

�R
=
�e2
2�is

Z
d2q

(2�)2

Z 1

�1

dz coth
z

2T

�
�

LR(q;�iz)LR(q;�iz � i!)
�
BRR(q;�iz;�i!)�2

� LA(q;�iz)LR(q;�iz � i!)
�
BRA(q;�iz;�i!)�2

+ LR(q;�iz)LA(q;�iz + i!)
�
BRA(q;�iz + i!;�i!)�2

� LA(q;�iz)LA(q;�iz + i!)
�
BAA(q;�iz + i!;�i!)�2�: (3.26)

3.7 Expansion of Q Around ! = 0

The expression for
�
QAL(!)

�R
(Eq. 3.26) will now be Taylor expanded in (�i!)

around 0. We �rst de�ne the Taylor coe�cients for B and L through the relations

BRR(q;�iz;�i!) = BRR
0 (q;�iz) + (�i!)BRR

1 (q;�iz) +O(!2) (3.27)

BRA(q;�iz;�i!) = BRA
0 (q;�iz) + (�i!)BRA

1" (q;�iz) + O(!2) (3.28)

BRA(q;�iz + i!;�i!) = BRA
0 (q;�iz) + (�i!)BRA

1# (q;�iz) + O(!2) (3.29)

BAA(q;�iz + i!;�i!) = BAA
0 (q;�iz) + (�i!)BAA

1 (q;�iz) +O(!2) (3.30)

and

LR(q;�iz � i!) = LR(q;�iz) + (�i!)LR1 (q;�iz) +O(!2) (3.31)

LA(q;�iz + i!) = LA(q;�iz)� (�i!)LA1 (q;�iz) +O(!2) (3.32)

The labels " and # are merely symbols and do not signify spin directions. The
notation may seem rather cumbersome, but follows general principles. The minus
sign in the last equation agrees with the convention that LR1 and LA1 denote the
derivatives of the retarded and advanced uctuation propagators, respectively.
Inserting this into Eq. 3.26 and keeping only terms linear in i! (denoted by
subscript !) we �nd6

�
QAL(!)

�R
!
= (�i!)�e

2

2�is

Z 1

0

q dq

2�

Z 1

�1

dz coth
z

2T
(3.33)

�
�

2(LR)2BRR
0 BRR

1 + LRLR1 (B
RR
0 )2 � 2LALRBRA

0 BRA
1" � LALR1 (B

RA
0 )2

� 2(LA)2BAA
0 BAA

1 + LALA1 (B
AA
0 )2 + 2LRLABRA

0 BRA
1# � LRLA1 (B

RA
0 )2

�
6Zeroth-order terms should be ignored according to the argument in the footnote on p. 26.
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The integral over q has here been transformed to polar coordinates, and the part
over angle evaluated.

3.7.1 Taylor Coe�cients for B and L

The expressions for the Taylor coe�cients de�ned in Eqs. 3.27{3.32 will now
be presented without derivation. The derivation is straightforward but tedious,
typically requiring 10{15 hand-written pages. A program like Maple is of limited
use, since it is not able to simplify the results. The coe�cients are:

BRR
0 (q;�iz) = �BRR

0 (q;�iz)�(reg)
BAA
0 (q;�iz) = BRR

0 (q;+iz)

BRA
0 (q;�iz) = 1

2
BRR
0 (q;�iz) + 1

2
BAA
0 (q;�iz)

BRR
1 (q;�iz) = �BRR

1 (q;�iz)�(reg) + �BRR
1 (q;�iz)�(an)

BAA
1 (q;�iz) = BRR

1 (q;+iz)

BRA
1" (q;�iz) = 3

4

�
BRR
1 (q;�iz)�(reg) + 1

4

�
BAA
1 (q;�iz)�(reg)

+ 1
2

�
BRR
1 (q;�iz)�(an) + 1

2

�
BAA
1 (q;�iz)�(an)

BRA
1# (q;�iz) = BRA

1" (q;+iz)
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�
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� 4��Tv2q

1X
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�
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4��Tv2q

1X
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)
h
3
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(2�n � iz + 1
� )
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�

i3 �
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2 + v2q2

�3=2
�
BRR
1 (q;�iz)�(an) =
4��T

1

q

1X
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�v2q2 + (2�n � iz + 1
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)�

q
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�
)2 + v2q2hq
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�
)2 + v2q2 � 1
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i2q
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�
)2 + v2q2
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The derivatives of the uctuation propagator (Eq. 3.6) can be written as

LR1 (q;�iz) =
�
LR(q;�iz)�2�R

1 (q;�iz)
LA1 (q;�iz) = �

�
LR1 (q;�iz)

��
where asterisk (�) denotes complex conjugate and we have introduced the quan-
tity7

�R
1 (q;�iz) = �4�T�

1X
n=0

1q�
2�n � iz + 1

�

�2
+ v2q2

� 2�n � iz + 1
��q�

2�n � iz + 1
�

�2
+ v2q2 � 1

�

�2

3.8 �AL Expressed in Dimensionless Quantities

The �nal expression for the uctuation conductivity is easily obtained as

� =

�
QAL(!)

�R
!

�i! (3.34)

This will be directly expressed as a constant factor multiplied by a dimensionless
expression. We therefore introduce dimensionless variables through the substi-
tutions

z

4�T
! x

v2q2

(4�T )2
! y2

1

4�T�
! 

We further de�ne dimensionless functions B, L, etc.:

B0;reg � (4�T )2

�v2q

�
BRR
0

�(reg)
B1;reg � (4�T )3

�v2q

�
BRR
1

�(reg)
B1;an � 4�Tq

�

�
BRR
1

�(an)
L � �LR

�1 � 4�T

�
�R

7The quantity is the derivative of the retarded polarization operator.
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After inserting these expressions into Eq. 3.33 the result is, in SI units:

�AL =
e2

16~s
f (�; )

where

f (�; ) =
16

�2

Z 1

0

y dy

Z 1

0

dx coth (2�x)

�
�
�2 Im

�L2B0;reg �y2B1;reg + B1;an��+ y2jLj2ReB0;reg ImB1;reg

� y2 Im
�L3�1B20;reg

�
+ y2 Im [L�1] jLj2Re2 B0;reg

�
; (3.35)

and

B0;reg = �
1X
n=0

1

R(R � )2
L =

1

�+
P1

n=0

�
1

n+ 1

2

� 1
R�

�

B1;reg =
1X
n=0

(n+ 1
2
� ix+ )(3R� )

R3(R � )3
�1 = �

1X
n=0

(n+ 1
2
� ix+ )

R(R � )2

B1;an =
1X
n=0

y2= + (n+ 1
2
� ix+ )�R

R(R� )2

and R =
q
(n+ 1

2
� ix+ )2 + y2 (principal branch) has been introduced to

make the formulas more compact. The integral over y is divergent and must be
cut o� in numerical evaluations.

3.9 Magnetoconductivity

In order to calculate the magnetoconductivity, the conductivity in applied mag-
netic �elds is needed. Weak magnetic �elds, i.e. � � �, where8 � = ev2B=4�2T 2,
can be included by replacing the integration over momenta q with a summation
over Landau levels. Dorin et al. [42] accomplished this through the substitutions

v2q2

(4�T )2
! �(m+ 1

2
) (3.36)

and Z
d2q

(2�)2
(: : : )! �

(4�T )2

4�v2

X
m

(: : : ) (3.37)

8We here use a de�nition of � that di�ers from that of Dorin et al. [42]. The substitutions
in Eqs. 3.36{3.37 are, however, equivalent.
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ε = ln(T/T
c
)

f(
ε,

 γ
)

Figure 3.4. Comparison of the present results (thick solid line) with the classi-
cal 2-D AL contribution (thin line) for  = 1. The dashed line is what would be
obtained if the !-dependence of B were neglected (as in the classical AL result).
This corresponds to the two �rst terms in Eq. 3.35. The dotted line corresponds
to the remaining two terms of Eq. 3.35. Thus, for this value of , two substantial
corrections almost cancel each other and the result agrees roughly with the clas-
sical 2-D AL result. The results for other scattering rates (other ) can be seen
in Fig. 2.5. (The divergent integral over y was cut o� at y = 1.)

3.10 Remarks About the Numerical Evaluation

The �nal expressions contain sums and integrals nested in three levels. Some
of the sums converge rather slowly, and a brute-force summation would be very
time-consuming, or even infeasible, on most computers. The author accom-
plished the summation by calculating not every term, but only exponentially
distributed terms. The terms in between were estimated from careful interpo-
lations. The few �rst 100 terms were, however, always included. A typical
sequence of terms giving acceptable accuracy was:

n = 1; 2; 3; : : : ; 98; 99; 100; 100 � 1:011; 100 � 1:012; : : : (3.38)

To further increase speed and improve accuracy, integral approximations were
sometimes used to sum the tails to in�nity. The result is shown in Fig. 3.4 and
is also further discussed in Sec. 2.3.4 and Ref. [61] (Paper 8).
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Chapter 4

Sample Preparation

The present thesis is mainly based on measurements on of YBa2Cu3O7�� single
crystals.1 An overview of our method of producing them will be given in Sec.
4.1. Some work in this thesis has also been made on (Hg,Tl)Ba2Ca2Cu3O8+�

samples, which will be discussed in Sec. 4.2.

4.1 YBa2Cu3O7�� Single Crystals

Preparation of single-crystal samples can be divided into three steps: growth
of single crystals, heat treatment of the crystals to obtain the desired oxygen
content, and attachment of electrical contacts. Sometimes untwinned crystals
are desired, in which case an additional step is possibly required. These methods
have been described in detail before [82] and only an introduction and some
complementary information will be given here.

4.1.1 Growth of Single Crystals

The synthesis of crystals starts from powders of Y2O3, BaCO3, and CuO, which
are carefully mixed and melted (whereby CO2 evaporates). The melt does not
have the YBa2Cu3O7�� composition, but when cooled down, several small single
crystals of YBa2Cu3O7�� (typically 0:5� 0:5� 0:03 mm3, with c along the thin
direction) grow out of it. The cooling must be made slowly, and preferably
in a temperature gradient of 5{10�C/cm. The temperature gradient results in
crystals that stand out freely from the surface of the solidi�ed melt, instead of
being buried. The as-grown single crystals do not necessarily have the desired
oxygen content, and must be further treated.

1The choice of material is partly motivated by the fact that single crystals, which are desir-
able in studies of basic properties, can easily be produced in a pure form for YBa2Cu3O7��.
Another advantage of this material is that its physical properties can be varied considerable
by changing the oxygen content.
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4.1.2 Oxygenation

Oxygenation is a most important aspect of crystal production. By changing the
oxygen content the properties of the material can be drastically changed (cf.
Fig. 1.4 in Chapter 1), which is useful in studying the mechanisms of supercon-
ductivity.

The oxygen content giving the highest Tc is easily obtained by annealing
the crystals in owing O2 at approximately 450�C for 5{7 days. Lower oxygen
contents are more di�cult to obtain. There are basically two ways to take: one
may reduce the partial pressure of the surrounding oxygen, or one may increase
the oxygenation temperature. Both methods are connected with di�culties. A
problem with the �rst method is to keep the partial pressure stable for a long
time. A problem with the second method is oxygen displacement during the
cooling of the sample after the heat treatment. During cooling down, the sample
passes through a nonequilibrium region, while temperatures are still high enough
to allow for signi�cant oxygen di�usion and/or redistribution in minutes or even
seconds.

4.1.3 Untwinned Crystals

As-grown crystals are usually twinned, i.e. there are there are regions of di�erent
a- and b-axes orientations.

In many cases it is desirable to have untwinned single crystals, e.g. in studies
of the in-plane anisotropy. Another reason for using untwinned crystals is that
twin boundaries constitute defects that may inuence vortex motion and other
transport properties.

Detection of di�erent twin orientations (and twin boundaries) is in principle
simple: if the crystals are illuminated by polarized light, the di�erent twins
appear in di�erent colours. This is illustrated in Fig. 4.1, although the colours
are represented by di�erent shades of gray.

Untwinned crystals can be produced by mechanically detwinning twinned
crystals. This is accomplished by applying uniaxial pressure at elevated tem-
peratures (typically 400�C or higher). Equipment for this has been built at the
department.2

The untwinned crystals in this thesis have not been detwinned using this
machine. Instead, we have selected crystals that were naturally free of twin
boundaries after growth.

4.1.4 Sample Characterization

Single crystals are di�cult to examine because of their small size. Thanks to the
standardized growth method, however, the composition and structure is rather
well controlled. To further ensure crystal quality, X-ray di�raction may be used.
As an example, it may be mentioned that an X-ray di�ractogram was taken of

2Ref. [83]; drawings courtesy M. B. Maple (University of California, San Diego).
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Figure 4.1. A twinned single crystal of YBa2Cu3O7�� illuminated with polar-
ized light. Regions of di�erent twin orientations appear in di�erent colours (here
white and black). The gray regions are heavily twinned (densely spaced parallel
twin boundaries). (Photo courtesy B. Lundqvist.)

the crystal appearing in Papers 6 and 7, and the peak widths were found to be
within the precision limits set by the instrument. Local oxygen inhomogeneities
and disorder are, however, not always detectable in this way.

Another measure of sample quality is the shape of the resistivity curve. A
good, fully oxygenated crystal of YBa2Cu3O7�� should have a sharp and smooth
transition, and the normal-state temperature dependence is typically linear and
extrapolates through the origin.

The content of Zn in the doped crystals of Paper 1 was determined by scan-
ning electron microscopy (SEM).

4.1.5 Electrical Contacts

When making electrical connections to the sample there are several requirements
to ful�l:

� The contact resistance, i.e. the electrical resistance between attached wire
and sample, should be low, preferably < 1
 and at least < 10
. If the
current contacts have too high resistance, the crystal may heat up when
the measurement current is passed through it. If the voltage contacts have
too high resistance, there will be more noise.

� It should be possible to give the contacts a suitable shape.

� Contacts should be stable over time in order to allow for several measure-
ments under the same conditions.

Contacts made of conducting silver \paint" and covered with a protecting layer
of para�n ful�l all these requirements, but in order to obtain an acceptable
contact resistance, heat treatment is needed, which may disturb the oxygen
content and/or oxygen distribution in the crystal. Another contacting method
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is to sputter silver or gold, but a major problem is then to make the necessary
masks for the small crystals.

We usually use conducting silver (Du Pont 5504) or silver epoxy (EPO-TEK
H20E from Epoxy Technology, Inc.). In order not to disturb the oxygen content,
the subsequent annealing is carried out at the same temperature as the main
oxygenation. When this temperatures is high (oxygen-de�cient crystals) the
contacts may degrade quickly in the process, unless the contacted samples are
subjected to vacuum-pumping before heating (removal of solvents). In the case
of epoxy, an alternative method is �rst to heat the sample for 5 s at 250{300�C.
In the case of silver \paint", this does not work, but if the temperature is raised
slowly (typically in 2 hours), good contacts can be obtained.

The samples are usually mounted on sapphire substrates. Practical hints for
contact preparations can be found in [84].

4.2 (Hg,Tl)Ba2Ca2Cu3O8+� Sintered Samples

A brief description of one of the methods used by Ingrid Bryntse at Stockholm
University to produce the Hg,Tl-Based samples will be given below. The typical
means of characterization will also be mentioned. Finally, methods used at
our department for cutting samples and preparing electrical contacts will be
presented.

4.2.1 Sample Synthesis

The synthesis of samples starts from a mixture of metal oxides: CuO, HgO, and
Tl2O3, which are dried at 120�C, CaO obtained from CaCO3 decomposed at
950�C and BaO which is obtained by a decomposition of BaO2 at 1000-1050

�C
in vacuum (< 5 � 10�8 bar for at least 12 h). The mixture is carefully ground in
a dry box, pelletized, heated in closed silica tubes at 880-900�C, reground, and
heated again at the same temperature. Finally, the samples are postannealed
in owing oxygen at 300�C to obtain the desired oxygen content. For a more
extensive description, see e.g. Ref. [85].

4.2.2 Sample Characterization

X-ray powder di�raction has been performed, showing that the samples are free
of other superconducting homologues in the system such as HgBa2CaCu2O6+�.
Small amounts of Ba-Ca-Cu-O containing oxides have, however been detected.
Energy-dispersive spectroscopy (EDS) in a scanning electron microscope (SEM)
and a transmission electron microscope (TEM) has also been used to study cation
contents.
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4.2.3 Cutting and Preparation of Electrical Contacts

In order to make accurate resistivity and magnetoconductivity measurements,
the pellets must be cut into pieces with one dimensions considerably larger that
the others. Since these materials are brittle and sensitive to moisture, several
standard method for cutting HTS sintered samples are ruled out. We found it
convenient to cut the sample using a �ne hand-held saw. To keep the sample in
position and prevent it from breaking, we made a wooden holder with a cavity
matching the shape of the sample. A typical sample size is 1� 1:5� 4 mm3.

Electrical contacts were prepared by sputtering gold pads, using masks made
from aluminium foil. Gold wires were then attached with silver \paint" (Demetron
D200). In this way, good electrical contacts (1{2 
 resistance) could be obtained
without any annealing, which would a�ect sample quality. (See also Sec. 4.1.5
for a discussion of other contacting methods.)
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Chapter 5

Measurements and Their

Interpretation

This chapter will describe how the conductivity of a sample can be experimen-
tally determined as a function of temperature and applied magnetic �eld.

Measurements of the resistance will be discussed in Sec. 5.1. When convert-
ing the measured resistance to intrinsic conductivity, there are several problems
requiring particular attention, for example inhomogeneities in the current dis-
tribution. These issues are discussed in Sec. 5.2. In Sec. 5.3, our methods for
controlling temperature and generating magnetic �elds are described. Accurate
temperature regulation in magnetic �elds constitutes the main problem.

5.1 Resistance Measurements

The resistance is measured with a standard dc four-probe technique as shown in
Fig. 5.1. In order to compensate for thermopower e�ects (voltages arising be-
cause of temperature gradients in the sample and other parts of the measurement
circuit), the voltage should be measured both with and without applied current
and the di�erence taken. For higher accuracy we often instead measure with the
current in two di�erent directions (to have the same heating of the sample in
both cases) and make three measurements (+, �, +) to compensate also for a
drift in the thermopower.

Routine measurements are made using standard multimeters, such as Schlum-
berger Solartron 7081 and Hewlett-Packard 3458A. For higher sensitivity we use
an external stable current source, e.g. a Keithley 2400 SourceMeter, and only
measure the voltage with the Schlumberger 7081 or Hewlett-Packard 3458A. For
samples with low resistance, the sensitivity can be further increased by using
a picovoltmeter from EM Electronics (Model P13). This instrument acts as a
simple analogue ampli�er (ampli�cation about three thousand times or more),
and the output voltage is measured with a standard instrument. As compared
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Figure 5.1. Typical contact layout for measurements of in-plane resistivity of a
single crystal. A current is passed through the current contacts and the voltage
between the two voltage contacts is measured. The shaded regions represent
silver paint and the black lines gold wires.

to a standard instrument, a combination of an external current source and the
picovoltmeter typically reduces noise by a factor of 30 for a sample with a resis-
tance of 0.01 
. Under optimal conditions we have obtained noise levels as low
as 50 picovolts when measuring small resistances.

As an alternative to the standard four-point in-line contact con�guration,
there is the method outlined by Montgomery [86]. Four contacts are applied in
the corners, and allow for measurements of di�erent components of the resistivity
tensor.

5.2 Interpretation of Measured Resistance

The conversion of measured resistance to the intrinsic resistivity or magnetocon-
ductivity of a material is often not straightforward when the samples are small
and anisotropic. An obvious di�culty is the determination of the sample size. A
few other, perhaps less evident, considerations will be discussed in the following
sections.

5.2.1 The C Factor

Polycrystalline samples and thin �lms often contain small imperfections such
as voids, grain boundaries, and insulating phases. These lead to an inhomo-
geneous current ow and increase the resistivity. Even in single crystals there
may be imperfections, for example oxygen inhomogeneities. To compensate for
a nonuniform current ow on a submacroscopic scale, Oh. et al. [87] introduced
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a C factor, which relates the intrinsic resistivity �i to the measured resistivity
�meas as

�i =
1

C
�meas (5.1)

For a perfect single crystal C equals one. For other samples Oh et al. found
that C can be estimated from the slope of the resistivity-vs.-temperature curve
at high temperatures:

C =
d�
dT�
d�
dT

�
sc

(5.2)

where sc denotes a perfect single crystal.

5.2.2 Macroscopic Inhomogeneities in the Current
Distribution

When measuring c-axis resistivity and magnetoresistivity, a contact con�gura-
tion similar to that in Fig. 5.2 is often used. It is then assumed that the high
anisotropy gives a homogeneous current distribution in the entire crystal, and
that the resistivity can be obtained as

� =
A

t

U

I
(5.3)

where A is the cross-sectional area and t is the thickness of the crystal. This is,
however, sometimes grossly incorrect.

Little attention seems to have been directed to this problem in the literature.
We investigated this quantitatively by carrying out a �nite-element analysis.1

Some details are given in Fig. 5.2. The errors in the magnetoconductivity of
YBa2Cu3O7�� were sometimes found to be larger than the magnetoconductivity
itself [48] (Paper 3, which contains more details). The con�guration in Fig. 5.3
is thus clearly superior. For the most anisotropic materials, however, such as
Bi2Sr2CaCu2O8+x ( �c=�ab � 104 ), these problems are probably negligible [88].

Another, somewhat related problem, is the case of small crystals used for in-
plane measurements. The width of the voltage contacts may then be comparable
to the distance between them, and the distance is not well de�ned.

We addressed this problem by modeling the crystals as resistance grids and
calculated the current distribution. It was found that under rather general as-
sumptions, good results are obtained if the distance between the midpoints of
the voltage contacts is used [88].

5.2.3 Special Problems in Applied Magnetic Fields

Two problems that arise only when an external magnetic �eld is applied will
now be described.

1The commercial program ANSYS was used.
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Figure 5.2. A crystal with contacts for measurements of c-axis magnetocon-
ductivity. The contact con�guration gives unacceptably large errors (more than
100%), unless a compensation is made for the inhomogeneities in the current dis-
tribution [48]. We made such a compensation with a �nite-element analysis (i.e.
solved Laplace's equation approximately). A top view of the element division is
shown to the right; there are �ve layers, each containing of 43 hexahedra (shaded
areas are contacts).

0 .3  mm

c ax is

I+

I-

0 .2  mm

0.3  mm

U -

U +

Figure 5.3. A good contact con�guration for c-axis magnetoconductivity mea-
surements. Such crystals, however, are more di�cult to produce than that shown
in Fig. 5.2.
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Hall E�ect

The �rst problem is the inuence of the Hall e�ect if the voltage contacts are
slightly misaligned, so that the Hall voltage contributes to the measured voltage.
Fortunately, this error can easily be eliminated by making two measurements
with opposite �eld directions. Since the magnetoresistance should be the same
for both �eld directions, whereas the Hall e�ect changes sign, the real resistance
can be calculated from the measured resistance as

R(B) =
Rmeas(+B) +Rmeas(�B)

2
(5.4)

The inuence of the Hall e�ect is usually negligible, but may occasionally be as
large as 50% of the magnetoresistance.

Geometric Magnetoresistance (GEMR)

The second problem is the geometric magnetoresistance (GEMR). In a magnetic
�eld the current ow in a sample is not straight. Calculations have shown that
this can give rise to an additional, spurious magnetoresistance in semiconductors
[89]. These results have recently been applied to HTS and it has been shown that
the e�ect can be signi�cant if the length of the sample is not large compared to
its width [90, 91]. The GEMR is roughly proportional to T�4 and could thus be
mistaken for a normal-state contribution (cf. Sec. 6.2). The GEMR is, however,
proportional to w=l, where w is the sample width and l the sample length, and
when w=l = 0:09 experiments on YBa2Cu3O7�� have shown that the GEMR
is more than two orders of magnitude smaller than the real magnetoresistance
at high temperatures [90]. Close to Tc, it is even much smaller. Therefore, the
GEMR can be neglected for our samples, where w=l is always less than 1 and
even less than 0.25 for samples used for high-temperature measurements.

5.3 Temperature Regulation and Generation of

Magnetic Fields

5.3.1 Measurements Without Applied Magnetic Field

Accurate measurements of resistivity as a function of temperature are made in
simple 4He cryostats. The vacuum isolation of these contain a space for liquid
nitrogen, which improves isolation and can also be used for cooling. A typical
measurement proceeds as follows: The liquid nitrogen space is �lled with liquid
nitrogen. Thanks to thermal links the sample cools down to approximately 77
K in a few hours (or a day, depending on how low the pressure in the vacuum
isolation is). The liquid nitrogen is then removed by pressurizing the liquid-
nitrogen space with warm gas. The entire cryostat heats up slowly and reaches
room temperature after one to two days (or more, again depending on the vacuum
isolation). During this process the sample resistance and the temperature are
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continuously measured and stored by instruments connected to a computer. A
su�ciently small temperature step between readings is then obtained.

A major consideration in these measurements is that the thermometer and
the sample should have the same temperature. To ensure this, the heater is
usually not used, since a heater can induce temperature gradients. The current
through the sample must also be su�ciently low to prevent self-heating. If the
contact resistance is less than 10 
, a current of 1 mA is usually acceptable.
The thermometer is usually a calibrated standard platinum (Pt) resistor. Such
a thermometer has good sensitivity (< 1 mK) and high reproducibility.

If temperatures lower than 77 K are required, the sample space is �lled with
liquid helium. At temperatures below 20 K, Pt thermometers are not sensitive
enough. In this case carbon or carbon-glass resistors may be used.

5.3.2 Measurements in Applied Magnetic Field

The measurements in magnetic �elds have been made in a commercial owing-
gas cryostat (Oxford Instruments, see Fig. 5.4), equipped with a superconducting
magnet for �elds up to 12 T (13.5 T with the aid of a lambda-point refrigerator).
The superconducting coil is located in a bath of liquid helium. The bath also
acts as a supply of cold helium gas which is pumped through the sample space
to cool the sample. This equipment has been thoroughly described in Ref. [92].
Here only the temperature control will be described in more detail, since this
part has been further developed during the present work in order to obtain the
necessary accuracy.

Temperature Control

When making magnetoresistivity measurements, the limit on experimental ac-
curacy is usually set by the temperature control. The objective is to measure a
small di�erence between the resistivities with and without an applied magnetic
�eld. Since the resistivity of a high-temperature superconductor changes rapidly
with temperature, it is necessary that the measurements with and without mag-
netic �eld are made at exactly the same temperature. (Magnetoresistance as
small as 0.005% has been measured in our experiments. A 5 mK change in tem-
perature will give this change in resistance.) Since it takes 10{30 minutes to
reach the maximum magnetic �eld (12 T), the temperature must be kept sta-
ble during this period of time. This is basically achieved by having a regulator
continually measuring the temperature and applying appropriate power to an
electric heater. Cooling comes from a constant ow of cold helium gas.

The main problem is that thermometers usually are strongly a�ected by
magnetic �elds. There are, admittedly, thermometers that are not particularly
inuenced by magnetic �elds (capacitive sensors and thermocouples), but they
are on the other hand not sensitive enough or not stable over time.

There are several ways to overcome this problem:
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Figure 5.4. Schematic view of the Oxford cryostat. (Figure courtesy
B. Lundqvist.)
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1. Open-loop control, i.e. not to use any thermometers or feedback in the
temperature control during �eld sweeps. The ow of liquid helium and
the power to the heater are carefully balanced and kept constant, giving
a stable temperature. In order to achieve the desired stability, however, a
long settling period is usually needed, typically many hours.

2. Calibrate a thermometer in magnetic �elds. Open-loop control is used to
carefully measure the variation of the thermometer reading as a function of
magnetic �eld, enabling subsequent correction. Some of the most accurate
data ever [93] have been obtained by calibrating a Cernox thermometer
in this way. The characteristics of a Cernox resistor (from Lake Shore) in
magnetic �elds were discussed in, e.g, Ref. [94].

3. Use a thermometer located in zero magnetic �eld for regulation. This
method is currently used at the department and is illustrated in Fig. 5.5.
An accuracy of about 1 mK can be obtained. The key point is the fact
that in a region approximately 20 cm above the sample, the magnetic
�eld is always zero thanks to cancellation by a small coil producing a
magnetic �eld in the opposite direction. A thermometer located on the
sample holder in the region of zero magnetic �eld is used for regulation
(a platinum thermometer is used for maximum sensitivity). The exact
temperature at the sample position can be accurately measured before
and after the �eld sweep using another thermometer located close to the
sample.

We have further improved our method by using a shield around the sample
holder (see Fig. 5.5). This protects the sample holder from the inevitable varia-
tions in helium ow. The shield is regulated with a capacitive sensor, and kept
at 1{2 kelvin lower temperature than the sample holder. The shield is evacuated
to reduce the thermal coupling to the sample holder. Tests have shown that
changes in the shield temperature cause more than ten times smaller changes in
the sample-holder temperature. Consequently, the shield temperature need only
be kept constant to within 10 mK in order to have 1 mK precision on the sample
holder.

Previously a platinum thermometer was used on the shield, but the system-
atic errors caused by its sensitivity to magnetic �elds were found to be too large
for some measurements in this thesis, and the capacitive sensor was installed.

A photograph of the sample holder can be seen in Fig. 5.6.
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Figure 5.5. Schematic view of the sample holder for measurements in magnetic
�elds. The copper part of the sample holder has vertical slits to prevent eddy
currents when sweeping the magnetic �eld. The sample position is usually covered
with a delrin cap. Note the use of extra pure copper to improve heat conduction.
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Chapter 6

Selected Topics in the Field

of HTS

In this chapter, a few topics of high-temperature superconductors (HTS) will
be briey discussed. The purpose is to put the results presented in this thesis
into perspective. The discussions are not meant to be full reviews, only short
backgrounds.

6.1 Out-of-Plane Conductivity

The c-axis conduction of HTS exhibits several anomalies that are still not
completely understood. One such anomaly, the peak in the resistivity just above
Tc, often combined with a semiconductor-like temperature dependence up to high
temperatures, was illustrated in Fig. 1.3. The peak was known already in 1987
(e.g. [95], single crystals) and seems to appear in most HTS, with an important
exception for fully oxygenated YBa2Cu3O7�� [96].

1 As emphasized by Anderson
and Zou [98], it is di�cult to reconcile the peak with the linear metallic-like
in-plane conductivity, at least within a Fermi-liquid model. The evolution of
the peak with magnetic �eld has also attracted much interest: the size of the
peak increases, sometimes drastically, and the maximum moves towards lower
temperatures.

Another anomaly, likely to be related to the former one, is the change of sign
in the magnetoconductivity [48] (Paper 3), from negative close to Tc to positive at
higher temperatures. The negative magnetoconductivity is naturally explained
as a result of superconducting uctuations, but the positive contribution has
caused substantial debate.

1It has been suggested that the metallic-like c-axis conductivity of the Y-based cuprates is
due to the chains, see e.g. Ref. [97].
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In spite of many attempts and proposed models, no consensus has been
reached on these topics, but as will be shown below, superconducting uctu-
ations could play an important role.

6.1.1 The Role of Superconducting Fluctuations

The early attempts to interpret c-axis conduction in terms of superconduct-
ing uctuations seem to have been concerned mainly with fully oxygenated
YBa2Cu3O7��, which has no resistivity peak and no positive magnetoconduc-
tivity in the vicinity of Tc. Fluctuation theory could then well describe paracon-
ductivity [99] as well as magnetoconductivity [100].

After Io�e et al. [41] had calculated the density-of-states (DOS) uctuation
contribution, it was, however, almost immediately shown that this contribution,
which increases the (zero-�eld) resistivity, could explain the resistivity peak in
Bi2Sr2CaCu2O8+x (Balestrino et al. 1993 [46, 47]). Soon there were also reports
of a positive contribution to magnetoconductivity at high magnetic �elds (mea-
surements up to 40 T by Nakao et al. in 1994 [101]), and it was found that the
DOS term could give rise to the observed behavior. It should be noted that
the magnetoconductivity here did not have a positive value; only the di�erential
magnetoconductivity at high �elds was positive.

An interpretation of a real positive magnetoconductivity in terms of uctua-
tions was presented by Balestrino et al. in 1995 [102]. The expressions of Dorin
et al. [42], which include the DOS term in magnetic �elds, were �tted to exper-
imental data on Bi2Sr2CaCu2Oy from Ong et al. [103], with good agreement.
The constraints from experiments on the theory were, however, limited because
of the simple parabolic �eld dependence and the fact that only three tempera-
tures were used. Stronger evidence was presented by Axn�as et al. [48] (Paper
3), who observed a change of sign in the magnetoconductivity of YBa2Cu3O7��

some 10 K above Tc (Fig. 6.1). The position of the sign change, as well as
the temperature and �eld dependence up to 12 T of the magnetoconductivity,
could be well described with uctuation theories. Furthermore, the microscopic
parameters giving best agreement between experiments and theory were in good
agreement with parameters obtained in other types of studies. An extension
of this study [104] (Paper 4) also stimulated some theoretical development by
demonstrating the need for a better treatment of the DOS term. Buzdin et al.
[55, 56] presented a regularized DOS magnetoconductivity expression, which was
then immediately applied by Axn�as et al. [57] (Paper 6).

In Bi2Sr2CaCu2O8+x the change of sign probably appears closer to Tc and is
di�cult to observe. There are, however, several materials in which the change of
sign has recently been observed and interpreted as a result of superconducting
uctuations: oxygen-de�cient YBa2Cu3O7�� [105], (Tl,Hg)2Ba2Ca2Cu3O10+�

[106], and Bi2Sr2Ca1�xYxCu2O8�� with x = 0:2 and 0.43 [107]. A positive
magnetoconductivity in Bi2Sr2CaCu2O8+x has been treated also by Lang et al.
[108] and Heine et al. [109{111], also for di�erent carrier concentrations [112].
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Figure 6.1. Change of sign in the magnetoconductivity of YBa2Cu3O7�� .
Comparison of experiments (symbols) with �tted uctuation theory (solid lines).
[From Axn�as et al. [48].]

Simultaneously with the magnetoconductivity studies, there were additional
studies of the resistivity peak with and without applied �elds. The case of
an applied �eld is of course indirectly a magnetoconductivity study, but the
emphasis was not on these small changes (< 1%), but rather on the overall
shape of the resistivity curve. The peak in Bi2Sr2CaCu2O8+x was studied by
Nygmatulin et al. [113] up to 8 T, but good agreement between experiments
and theory was only obtained below 1 T. The discrepancy was attributed to the
fact that critical uctuations and vortex dynamics were not considered. The
former limitation is remedied in a publication by Livanov et al. [63], where the
renormalization of Ullah and Dorsey [62] was used. Excellent agreement was
obtained. As shown in Fig. 6.2, conduction both parallel and perpendicular to
the planes could be described using a single set of parameters. In this context,
a study by Hashimoto et al. [114] on a similar theme (though only for c-axis
conduction) should also be mentioned.

6.1.2 Comparison with Other Models

A few other mechanisms proposed to explain the resistivity peak and/or positive
magnetoconductivity will be briey discussed here. The intention is not to give
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Figure 6.2. In-plane and out-of-plane resistivities of Bi2Sr2CaCu2O8+x de-
scribed by uctuation theory. Upper panel: The in-plane resistivity vs. tem-
perature at di�erent magnetic �elds. The symbols mark corresponding values
calculated from theory with �tting parameters Gi (Ginzburg number) and � (re-
duced magnetic �eld). Lower panel: Similar for the out-of-plane resistivity,
with � as shown in the upper panel. [Reprinted from D. V. Livanov, E. Milani,
G. Balestrino, and C. Aruta, Phys. Rev. B 55, R8701 (1997), with permission.]

an exhaustive list, but to exemplify.

The problem of c-axis conduction was addressed already in 1988 by Anderson
and Zou [98] who showed that most observations available at the time could be
explained by the resonating-valence-bond theory. The huge resistivity peak in
magnetic �elds, however, appearing in, e.g., Bi2Sr2CaCu2O8 (Brice~no et al. 1991
[115]), seemed to require additional modeling.

Yan et al. [116, 117] suggested a phenomenological model based on the as-
sumption of a pseudo-gap to describe the zero-�eld resistivity peak and the
positive magnetoconductivity in Bi2Sr2CaCu2O8+� and YBa2Cu3O6+x. The re-
sistivity was expressed as a sum of an activated term [(a=T )e�=T , where � is
the gap] and a linear term. The positive magnetoconductivity was explained as
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a depression of the gap by magnetic �elds.
Abrikosov [118] suggested a theory based on the assumption that hopping

of electrons between the planes is due to resonant tunneling through localized
centers between the planes. The agreement with experiments on YBa2Cu3O7��

with various oxygen contents was reasonable.
Balestrino et al. [119], however, showed that in contrast to the uctuation

theories, the theories by Yan et al. and by Abrikosov were unable to reproduce
the experimentally observed curvature of the resistivity peak. The reason is that
only uctuations have their singularity at Tc, and not at T = 0 K. A substantial
contribution from uctuations thus appears to be necessary.

The enormous peaks (sometimes with tenfold increase in resistivity) seem to
require additional considerations. Based on the model by Gray and Kim [120], in
which a series stack of Josephson junctions is used to explain c-axis conduction,
Yurgens et al. [121] were able to describe such peaks in Bi2Sr2CaCu2O8+�. Fur-
thermore, they correlated this behavior with the I-V characteristics, and showed
that given a crystal, it is possible to predict the peak e�ect in magnetic �eld by
measuring only I-V characteristics in zero �eld.

In conclusion, it seems that superconducting mechanisms, including uctua-
tions, are necessary, and maybe more important than normal-state mechanisms,
in a description of the anomalies in the c-axis conduction, even above zero-�eld
Tc.

6.2 Magnetoconductivity at High Temperatures

It is generally accepted that the in-plane magnetoconductivity (I k ab plane)
close to Tc is caused by superconducting uctuations. At higher temperatures,
where � & 0:1, the situation is not clear, although several studies suggest that
a magnetoconductivity of normal-state origin dominates. In Fig. 6.3 it is shown
that experiments are consistent with both scenarios.2

There are several reasons to investigate the magnetoconductivity at high
temperatures. If it is found to be of uctuation origin, the Maki-Thompson
(MT) terms would have to be signi�cant, indicating s-wave pairing symmetry
(cf. Secs. 2.3.4 and 6.6). If it is of nonuctuation origin, an apparent paradox
arises: Since for many HTS, � is linear in T over a wide temperature range, it
follows that the scattering time � is proportional to T�1. According to Kohler's
rule3 the magnetoresistance ��=� is then expected to be proportional to T�2.
What is experimentally observed in some of the most sensitive measurements
[93] is instead ��=� / T�4. It should also be mentioned that perhaps the only
way of determining the phase-breaking time �� is through the size of the MT
term.

A complication arises from the fact that the uctuation magnetoconductiv-
ity has only been theoretically calculated for temperatures close to Tc. Often

2Only B k c is shown in the �gure, but the conclusion is similar when B k ab is included.
3��=� / (!c�)2, where �� = �(B) � �(0) and !c is the cyclotron frequency.
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Figure 6.3. The magnetoconductivity of YBa2Cu3O7�� can be rather well
described either as the sum of the an AL and an MT term (dashed curves) or
as the sum of an AL term and a normal-state contribution (solid curves). Data
from Ref. [51] (Paper 7). (B = 12 T, B k c, I k ab.)

this has not been stated clearly in the comparisons with experiments at high
temperatures.

The development in the �eld will here be briey accounted for in approx-
imately chronological order. Most of the results concern in-plane conduction
(I k ab plane).

6.2.1 Fluctuations vs. Normal-State Contribution

In 1989 Matsuda et al. [122] presented measurements on YBa2Cu3O7�� thin
�lms, both with B k c axis and B k ab plane. The magnetoresistance could be
rather well explained by uctuation theory in the dirty limit, including both MT
and AL terms and their Zeeman corrections (ALZ and MTZ). Unfortunately the
MTZ term used [53] was later found to be incorrect [52]. Semba et al. [50] used
clean-limit expressions [54] in a similar study involving also temperatures closer
to Tc. It was found that data with B k ab could not be well described with an
MTZ term included, whereas excellent �ts could be obtained without it. The
orbital MT (MTO) term, however, had to be included in the case B k c. Data
by Sugawara et al. [123] were consistent with an MTZ term, but were limited to
a smaller temperature interval.

Lang et al. [124] found support for an MT term in the uctuation Hall con-
ductivity. This study had the advantage of giving evidence for the MT term
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rather close to Tc, where the uctuation theories are more reliable. Rice et al.
also found evidence for an MT term in the Hall e�ect of YBa2Cu3O7�x [125].
On the other hand, in later studies by Lang et al. of the magnetoconductivity of
Bi2Sr2Ca2Cu3Ox [126] and oxygen-de�cient YBa2Cu3O7�� [127], no MT terms
were found. In the latter study, it was also noted that high-temperature data
had neither a T�2 nor a T�4 dependence as is sometimes expected for a normal-
state contribution. Similarly, Latyshev et al. [128] found a T�3 dependence in
Bi2Sr2CaCu2O8+x at high temperatures. In Refs. [124, 126{128] the ALO term
could well describe experiments alone.

In contrast, approximately at the same time, Harris et al. [93, 129] reported
that the magnetoconductivity of both YBa2Cu3O7�� (Tc = 92 K) and oxygen-
de�cient YBa2Cu3O7�� (Tc = 63 K) had approximate T�n dependences, with
n=3.5 and 3.9, in a wide temperature range (appr. 150{375 K). This was inter-
preted as a normal-state contribution violating Kohler's rule, but agreeing with
the Hall angle, �H, which had previously been observed to follow cot�H / T 2

behavior up to 500 K [130]. The proposed explanation was the existence of two
distinct lifetimes, �tr and �H (cf. Anderson 1991 [131]).

A combined study of resistivity, Hall e�ect and magnetoconductivity of
YBa2Cu3O7 was presented by Lang in 1995 [132]. This study indicated that MT
terms at high temperatures are much smaller than expected for an s-wave su-
perconductor. Similar results were found in the study by Sekirnjak et al. [133] of
resistivity and magnetoconductivity, although a normal-state contribution was
included here. Vanishingly small MT contributions in (Bi,Pb)2Sr2Ca2Cu3Ox

were also inferred by Lang et al. [134]. In a later analysis of YBa2Cu3O7�� and
Bi2Sr2CaCu2O8+x by Lang et al. [108] it was concluded that MT terms could
not satisfyingly explain observed magnetoconductivity, and that a normal-state
contribution was required.

The above-mentioned violation of Kohler's rule was con�rmed by Terasaki
[135], as was the agreement between Hall e�ect and magnetoresistance. The
results were, however, interpreted as ful�lling a \generalized" Kohler's rule.

In 1997 Semba et al. [136] reanalysed earlier data of pure [50] and Zn-doped
[137] YBa2Cu3O7��. They showed that the pure sample could better be de-
scribed with a normal-state contribution and no MT terms at all. The Zn-doped
sample could not be satisfactorily described with MT terms included, but data
agreed nicely with a normal-state contribution.

So far the DOS term had not been included in the analyses (with partial ex-
ception for Ref. [108]). Axn�as et al. [51] (Paper 7) included the DOS term and
found that both their own data and data from Refs. [93, 127, 136] could be well
described with MT terms included and both with and without a normal-state
contribution.4 This can be understood from the fact that the DOS terms can
cancel almost completely the MT terms for reasonable parameter values.5 It was

4It may be remarked that in later work by Heine et al. [111, 112] on Bi2Sr2CaCu2O8+x,
the DOS term was included and good descriptions could be obtained without the MT term.

5This was shown numerically in Ref. [51] (Paper 7). In the ultra-clean limit the cancellation
is complete, as found in more accurate calculations by Livanov et al. [76].
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also emphasized that no de�nite conclusions can be drawn before magnetocon-
ductivity theories have been reliably extended to high temperatures. Attempts
at such extensions are currently in progress [61] (Paper 8, see also Secs. 2.3.4
and 3.10).

6.3 In-Plane Anisotropy and the Role of the

Chains

The role of the chains along the b axis in YBa2Cu3O7�� is still disputed. A
common picture is that the chains act as metallic one-dimensional conductors in a
parallel circuit with the planes. Early dc resistivity measurements by Friedmann
et al. [22] gave an in-plane anisotropy �a=�b of 2:2 � 0:2 at room temperature,
indicating that the chains contribute slightly more than the planes to the normal-
state conduction. An extrapolation of infrared reectivity measurements by
Schlesinger et al. [138] were interpreted as showing a dc resistivity anisotropy
of only 10{30%. At infrared frequencies, however, the chain contribution to
conductivity was 50{60%, in rough agreement with Ref. [22]. Welp et al. [139]
found a smaller resistivity anisotropy, 1.2{1.85 with the wide variation attributed
to oxygen disorder in the chains. The temperature dependence of the chain
resistivity can be described as T 2 [140].

The anisotropy has also been studied in the superconducting state. Dolan
et al. [141] reported a penetration-depth anisotropy of 1.11{1.15 (which should
be squared to be compared with resistivity anisotropy). Basov et al. [142] used
infrared spectroscopy to �nd penetration-depth anisotropies ab = �a=�b as large
as 1.3 and 1.6, suggesting that a superconducting condensate resides on both
the chains and the planes.6 This was con�rmed for zero frequency in Josephson-
tunneling studies [144], which gave 2ab � 2. Studies of yttrium-based cuprates
with di�erent oxygen contents lead Tallon et al. [145] to similar conclusions.
Magnetic-torque measurements have given ab � 1:18�0:14 [146] and ab = 1:12
[147], and direct studies of the vortex cores by scanning tunneling microscopy
have given a coherence-length anisotropy7 of 1.5 [148].

There seem to be rather few studies of in-plane anisotropy in magnetic �elds
above Tc. Hussey et al. [97] found that the �eld direction strongly inuences
c-axis conduction.8 Bj�orn�angen et al. [71, 72] (Papers 9 and 12) studied in-plane
magnetoconductivity for di�erent �eld directions, and suggested the uctuation
conductivity to be mainly in the planes, not the chains. Zero-�eld uctuation
conductivity (paraconductivity), however, indicated uctuations in the chains,
albeit half an order of magnitude smaller than in the planes [150].

6It may be remarked that the temperature dependence of the penetration depth showed no
qualitative di�erences between a and b directions [143].

7�b=�a or, possibly, �a=�b, since the a and b directions were not determined.
8Previously found also in YBa2Cu4O8 [149], which has double chains.
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Figure 6.4. Zn doping of YBa2Cu3O7�� depresses Tc strongly, usually more
than, e.g., Ni doping (M=Ni, � and +; M=Zn, all other symbols). The dashed
line indicates 10 K / at. %. Data sources: � [153];� [154]; � [155]; � [156]; 3
[137]; � [157]; M [158]; N [159]; O, [152]; �, [152]; +, [160].

6.4 Zn Doping

Zn doping of YBa2Cu3O7�� has been extensively studied, and presents many
unresolved questions. As illustrated in Fig. 6.4, Zn doping rapidly depresses
Tc, with about 10 K per atomic percent. This is surprising for a nonmagnetic
impurity,9 especially as it is believed to have the same valence (Zn2+) as the
Cu in the plane, for which it substitutes (see e.g. Ref. [151]). This may be
compared with the case of Ni impurities, which are nominally magnetic, and yet
give smaller Tc depression (see e.g. [152]).

Doping with Zn could e�ect conduction properties through pair-breaking.
Strong pair-breaking has been reported Ref. [158] (Paper 1), but also its absence
[137].

Since there should be no pair-breaking from nonmagnetic impurities in su-
perconductors with isotropic s-wave pairing, it is important to note that Zn has
been found to cause formation of local magnetic moments (see, e.g, Ref. [161]
and references therein), though possibly indirectly by a�ecting neighboring cop-
per sites.10 It has been claimed, however, that the rate of depression of Tc in

9Tc of an s-wave superconductor should not be particularly a�ected by a small amount of
nonmagnetic impurities (see e.g. Tinkham [3]).
10For theoretical discussions of the formation of moments, see e.g. Ref. [162] and references

therein.
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relation to the superuid density would be consistent only with d wave and not
with s wave and magnetic scattering (see e.g. Ref. [163]).

The evolution of the coherence lengths and anisotropy with Zn doping has also
been debated. Some studies have indicated increased coherence lengths (mainly
�c but also �ab) and decreased anisotropy [137, 159], whereas others have reported
opposite trends for these parameters [158] (Paper 1). An increased anisotropy
has also been obtained from vortex decoupling [164, 165]. In conclusion, the role
of Zn in HTS is still not clari�ed.

6.5 Hg,Tl-Based Superconductors

Hg- and Tl-based superconductors are not as well-known as YBa2Cu3O7�� and
Bi2Sr2CaCu2O8+x, and a short summary of some of their properties will be given
here. HgBa2Can�1CunO2n+2+� (n=1, 2, 3, : : : ) is an important family, com-
prising e.g. HgBa2CuO4+�, HgBa2CaCu2O6+�, and HgBa2Ca2Cu3O8+�, which
contain one, two or three Cu-O planes per unit cell, respectively. The com-
pounds are usually abbreviated Hg-1201, Hg-1212, and Hg-1223. The focus
here will be on Hg-1223, which has the highest Tc (about 135 K) and has been
studied in the present thesis, sometimes with part of the Hg replaced by Tl
[(Hg,Tl)Ba2Ca2Cu3O8+�]. Hg-1223 has a tetragonal structure and a unit cell
size that is roughly a = b = 0:385 nm and c = 1:584 nm, with a distance of
approximately 0.32 nm between Cu-O planes within a cell. The anisotropy 
has been estimated to 50 from torque measurements, and the in-plane coherence
length deduced from speci�c-heat measurements is roughly 20. (All data can be
found in the review by Bertinotti et al. [10]).

The electrical resistivity of single crystals of Hg-1223 was studied in Ref.
[166]. Measurements of uctuation magnetoconductivity above Tc are rare for
the considered family. Polycrystalline samples of (Hg,Tl)Ba2Ca2Cu3O8+� were
studied in Refs. [167, 168] (Paper 14 and Paper 10, the former not included in
the thesis). There is also a study of c-axis uctuation magnetoconductivity of
Hg-1201 (Hg,Cu)Ba2CuO4+� [106].

6.6 Pairing Symmetry | s Wave vs. d Wave

One of the most intensely discussed topics during recent years is the question of
the pairing symmetry | s-wave or d-wave or something else. In the conventional
superconductors, the wave function has s-wave symmetry, which is also what the
BCS theory prescribes. In HTS the pairing symmetry is often claimed to be of
d-wave type, but as will be argued below, it is still not satisfactorily determined.
See Fig. 6.5 for a comparison of the two pairing symmetries.11 Knowledge of
the pairing symmetry could be an important clue in the attempts to �nd the yet

11The often important distinction between the di�erent types of d-wave is not discussed in
this section; dx2�y2 is shown in the �gure.



6.6. Pairing Symmetry | s Wave vs. d Wave 71

isot ropic
s-wave

d-wave
anisot ropic

s-wave

Fermi  sphere
and energy

gap

Wave funct ion
( in real  space)

b or  a

a or  b

Crysta l
or ientat ion

Figure 6.5. Schematic comparison of isotropic s wave, d wave and anisotropic
s wave. The white and shaded areas in the wave functions indicate regions of
opposite signs. One apparent way to distinguish d-wave from s-wave is the nodes
in the energy gap, often investigated by measuring the temperature dependence of
the London penetration depth. Anisotropic s-wave, however, can have quasinodes
and could give similar results. This problem is circumvented by instead directly
studying the sign change of the wave function in a phase-sensitive experiment,
e.g. using some special type of Josephson junction.

unknown mechanism of high-temperature superconductivity (d-wave would e.g.
rule out the BCS pairing mechanism). The pairing symmetry is also directly
relevant for the uctuation research, as discussed in Sec. 2.3.4.

The most compelling support for d wave probably comes from the phase-
sensitive experiments on dc SQUIDs [169], tricrystals [170] and Josephson junc-
tions [171], but there are also other results, such as measurements of the London
penetration depth [172] and the low-temperature speci�c heat [173], which sug-
gest line nodes in the gap.

The problem is, however, far from settled. There are several experiments
which rather support an s-wave component, or at least are di�cult to explain
from a pure d-wave symmetry, e.g. c-axis tunneling [174, 175] and the detection
of a Maki-Thompson uctuation term in the 63Cu NQR-NMR relaxation rate
[176],12 and, more recently, transverse magnetic moment measurements [177]
(showing absence of line nodes on the Fermi surface) and quasiparticle relaxation
measurements [178]. An overview of di�erent methods can be found in [179].

In order to resolve the apparent contradiction (all experiments listed above
are for the same material, YBa2Cu3O7��), a mixture of s- and d-wave phases has
been proposed. In a material with the orthorhombic structure of YBa2Cu3O7��

this should be possible, and it has also been directly evidenced in Josephson

12As opposed to the cases of conductivity and magnetoconductivity, the Aslamazov-Larkin
term does not contribute here and the Maki-Thompson term can be more reliably identi�ed.
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tunneling experiments [180]. On the other hand, the particular form of or-
thorhombicity in Bi2Sr2CaCu2O8+� does not allow for a mixing.13 Klemm et
al. [181] claim that the recent c-axis twist Josephson junction experiments [182],
which indicate an s-wave component, are in direct contradiction with tricrystal
experiments of Tsuei and Kirtley et al. Other studies of Bi2Sr2CaCu2O8+�, such
as Ref. [183] (s-wave component), Ref. [184] (d wave) and Ref. [185] (d wave)
only further add to the controversy.

Evidently, the pairing symmetry in HTS is still not satisfactorily determined.

13More precisely, a mixing of s and dx2�y2 at Tc. Possible mixing is discussed in Ref. [181].



Chapter 7

Summary of Results

An overview of the results in the included papers is given here. A brief back-
ground to the topics was given in Chapter 6. Paper numbers refer to the list in
the preface.

7.1 The Role of Zn and Fe in YBa2Cu3O7��

(Papers 1 and 2)

Although Zn is nominally a nonmagnetic dopant, it has been found to severely
depress Tc in YBa2Cu3O7��. In Paper 1 we studied magnetoconductivity of Zn-
doped single crystals. Fluctuations could well explain experimental data, and
values for some microscopic parameters were obtained from �ts of theory to ex-
periments. The coherence lengths were found to become shorter with Zn doping,
as expected from a reduced mean free path, and the anisotropy was found to
become larger. This is in agreement with some results in the literature and in
disagreement with others. Further, it was concluded that the phase-breaking
scattering rate increased with Zn doping, more rapidly than the transport scat-
tering rate. In the case of s-wave symmetry, this would imply pair-breaking of
magnetic character. This is supported by other studies that suggest that Zn
doping introduces magnetic moments by inuencing neighboring copper atoms.

The phase-breaking scattering rate was obtained from the size of the Maki-
Thompson term. This term should be absent in the case of d-wave pairing
symmetry, which may now have more proponents (although it is not proven, as
argued in Chapter 6). The results for the coherence lengths are more robust.1

In Paper 2 we studied the inuence of Fe doping. Fe primarily replaces Cu in
the Cu-O chains. Fluctuation theories were incapable of describing experimental
data, in particular a positive magnetoconductivity observed with magnetic �eld

1They are not even severely a�ected by the inclusion of the more recently derived density-
of-states (DOS) uctuation term, as shown in Ref. [164] (Paper 15, not included in this thesis).
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oriented parallel to the planes but perpendicular to the in-plane current. This
is still not understood.

7.2 c-Axis Magnetoconductivity (Papers 3, 4,

and 6)

The conduction perpendicular to the Cu-O planes has been intensely debated,
in particular the origin of the resistivity peak and the negative magnetoconduc-
tivity. In Paper 3 it was shown that superconducting uctuations may play an
important role in the magnetoconductivity. We reported the �rst measurements
of a change of sign in the c-axis magnetoconductivity of YBa2Cu3O7��, from
negative close to Tc, to positive at temperatures above approximately Tc + 10
K.2 The observed magnetoconductivity, including the change of sign, could be
well described by uctuation theories using parameter values in good agreement
with other studies.

A technical di�culty in this study was the inhomogeneous current distribu-
tion in one sample. A �nite-element analysis was used to compensate for this.
Another problem was the uncertainty arising from the cuto� in the density-of-
states (DOS) uctuation term. This was further examined in Paper 4, and led
theorists to propose a regularization, which we applied in Paper 6.

7.3 In-Plane Anisotropy and the Role of the

Chains (Papers 5, 9, 11, and 12)

The role of the chains in YBa2Cu3O7�� is still unclear. Often they are considered
to act as metallic-like one-dimensional conductors in parallel with the planes.
Some studies have indicated that the chains also become superconducting. If
there are superconducting uctuations in the chains, they could be expected to
be observable in the magnetoconductivity.

We measured the in-plane magnetoconductivity (I k planes) of eight un-
twinned single crystals | four with the current parallel to the chains, and four
with the current perpendicular to the chains (�rst reports in Papers 5 and 9;
extended temperature range in Paper 11). We also studied one crystal with a
single twin boundary (Paper 12, also summarizing most of the earlier results),
which allows the current to ow parallel and perpendicular to chains in di�erent
parts of the crystal, thereby eliminating several error sources. Several di�erent
�eld directions were used.

When B ? planes, we found the magnetoconductivity to be independent
of the current direction and therefore not likely caused by the chains. This
suggested that uctuations in the chains are negligible.

2We later also studied 60-K YBa2Cu3O7��, and found a sign change more distant from Tc
(Axn�as et al., unpublished).
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When B k planes, we found the �eld orientation within the planes only to
have signi�cance when the current was passed along the chains. This suggested
that the chains contribute to the magnetoconductivity for this �eld orientation,
although possibly not because of uctuations, since a pronounced e�ect occurred
at rather high temperatures. These observations are yet not fully understood.

7.4 In-Plane Magnetoconductivity at High

Temperatures (Papers 7 and 8)

It has been disputed whether the magnetoconductivity at high temperatures
(150{300 K) is due to a normal-state e�ect or to superconducting uctuations, in
particular whether the Maki-Thompson (MT) uctuation contribution is present
or not. This is of fundamental interest, as motivated in Chapter 6. Fits of
theory to experimental data have often been claimed to support a normal-state
contribution and the absence of the MT term.

We present both experimental and theoretical results in this area. In Pa-
per 7 we reported magnetoconductivity data for a single crystal over a wide
range of �elds (0{12 T) and temperatures (Tc+1:2 K up to 230 K). The crystal
had unusually sharp transition (width about 100 mK) and a suitable size (1.8
mm long, only 0.28 mm wide), reducing several possible error sources. Our �ts
showed that when the previously neglected density-of-states (DOS) uctuation
term was considered, the experimental data were consistent with the presence of
an MT term. It was also emphasized that no de�nite conclusions should be drawn
before the range of validity of the uctuation theories had been extended to the
high temperatures involved. Such calculations were undertaken and results for
the zero-�eld uctuation conductivity were presented in Paper 8. Unfortunately,
no results for the magnetoconductivity have yet been obtained because of com-
putational complexities. The zero-�eld results indicated, however, that further
calculations at high temperatures are necessary.

7.5 Hg,Tl-Based Superconductors (Paper 10)

Here we applied the methods developed for YBa2Cu3O7�� to other materials.
In Paper 14 (not included in the thesis) we presented what we believe is the
�rst study of uctuation magnetoconductivity above Tc in HgBa2Ca2Cu3O8+�.
In Paper 10, this work was extended to more samples, including
(Hg,Tl)Ba2Ca2Cu3O8+�. In contrast to YBa2Cu3O7�� and Bi2Sr2CaCu2O8,
observations for this material could not be well described by theory, unless
rather unexpected assumptions were made, such as a coherence-length anisotropy
 < 10, an unusually large Maki-Thompson term, or a normal-state contribution
dominant well below 1:1Tc.
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Appendix A

Fluctuation Expressions

For convenient reference, this appendix lists most uctuation expressions used in
the thesis. The standard expressions are given in Sec. A.1, the AHL formulas in
Sec. A.2 and the Ginzburg-Landau results in Sec. A.3. Discussions and numerical
examples can be found in Chapter 2.

A.1 Standard Expressions

A.1.1 Fluctuation Conductivity in Zero Magnetic Field

When the current is passed parallel to the planes (I k ab planes), the uctuation
conductivity is given by
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For conduction perpendicular to the planes (I k c axis), the expressions are as
follows.
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(A.11)

 = 2�=v2F ���, � = ln(T=Tc), and J the hopping integral in kelvin.  =
d [ln �(x)] =dx is the digamma function.

The expressions have been taken from Ref. [42], except that an unnecessary
simpli�cation in the last step of the derivation of the DOS term was omitted
here. Although this modi�cation is negligible in the present context, it is crucial
when calculating the magnetoconductivity (Sec. A.1.2), which is the di�erence
between the rather large but almost equal uctuation conductivities with and
without applied magnetic �eld. Feynman diagrams for all terms are depicted in
Fig. A.1.

A.1.2 Fluctuation Magnetoconductivity

The uctuation magnetoconductivity, �� = �(B) � �(0), is a sum of eight
contributions,

�� = ��ALO +��DOSO +��MT(reg)O +��MT(an)O

+��ALZ +��DOSZ +��MT(reg)Z +��MT(an)Z; (A.12)

where O denotes orbital terms and Z denotes Zeeman terms. The expressions for
these terms will be listed in the following two sections. Some of the expressions
contain a cuto� in the summation. When the magnetic �eld is strong, these terms
should be replaced with their regularized counterparts, given in Sec. A.1.5.
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$/
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'26

Figure A.1. Feynman diagrams for uctuation terms with impurity corrections.
Wavy lines are uctuation propagators (corresponding to Cooper pairs), solid
lines with arrows are normal-state Green's functions (corresponding to normal-
state quasiparticles), and shaded areas and dashed curves with central crosses are
the impurity corrections. The MT(reg) and MT(an) terms correspond to di�erent
summation intervals in the derivations, and originate from the same diagrams.
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A.1.3 Orbital Terms

The orbital magnetoconductivity with the current parallel to the planes (I ?
B k c axis) is given by:

��ALOxx =
e2
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1X
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The orbital magnetoconductivity with the current perpendicular to the planes
(I k B k c axis) is given by:
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In these formulas � = 4�eB=~ is the dimensionless magnetic �eld, �B = �+ �=2
and B =  + �=2. The other parameters were given above. It may be noted
that the expressions were obtained as the di�erence between the uctuation con-
ductivities with and without an applied �eld (ignoring Zeeman e�ects), with the
zero-�eld expressions taken from the previous sections, and the �eld expressions
taken directly from Dorin et al. [42].

A.1.4 Zeeman Terms

The Zeeman terms are obtained in analogy with Ref. [52] as

��ALZ(B) = �AL(�0)� �AL(�); (A.21)

with corresponding expressions for the other terms. �AL, etc., can be found in
Sec. A.1.1, and �0 = ln(T=Tc(B)) is the shifted reduced temperature, usually
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approximated as

�0 � �+ 7�(3)

�
g�BB

4�kBTc

�2
; (A.22)

where � is the Riemann zeta function [�(3) � 1:202], g � 2 is the gyromagnetic
ratio and �B is the Bohr magneton.

A.1.5 Regularized Expressions

For intermediate and strong magnetic �elds, the magnetoconductivity cannot
reliably be calculated from the expressions in Sec. A.1.3. The reason is that
there is an unknown cuto�. This is circumvented by using the regularization
proposed by Buzdin et al. [55, 56]. For ��DOSOzz the result is:
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e2sr��
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The expressions for in-plane current were not given in these papers, but can
easily be found in an analogous way. They are:

��DOSOxx =
e2��

4~s
S(�; �; r) (A.25)

��MT(reg)O
xx =

e2~��

4~s
S(�; �; r) (A.26)

A.2 AHL Expressions

The orbital terms of the Aronov-Hikami-Larkin (AHL) results are [58]
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and
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where �k = �[1 + �(1� cos ks)], � = 2�2c=s
2�, b = 2e�2abB=~,

U =
�

2b
[1 + �(1� cosx)] ; (A.29)
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with

� =
16�2ckBT��

�~s2
(A.31)

in the dirty limit, and

� =
�2

2
p
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`

�ab

16�2ckBT��
�~s2

(A.32)

in the clean limit [54]. ` is the mean free path, and �ab and �c are the coherence
lengths at zero temperature. All other parameters are the same as in previous
sections. The Zeeman terms can be written as [53]
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A.3 Anisotropic Ginzburg-Landau Expressions

The formulas listed in the preceding sections do not allow for an in-plane anisotropy
(�a 6= �b) or a magnetic �eld that is not parallel to the c axis. In such cases, the
anisotropic Ginzburg-Landau theory may instead be used. Maki and Thompson
[67] gave the uctuation magnetoconductivity as a sum of two terms,

�� = ��reg +��an; (A.35)

where the regular (reg) term corresponds to the Aslamazov-Larkin (AL) term
in the standard expressions, and the anomalous (an) term corresponds to the
Maki-Thompson (MT) term.
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If x, y and z denote the principal crystal axes, and the current is assumed to
ow in the x-direction, the regular contribution to the magnetoconductivity is

��reg =
e2
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b
)� 1

4
p
�

�
(A.36)

where b and Sreg are de�ned di�erently depending on the direction of the mag-
netic �eld, B k I or B ? I (B k z):
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(A.37)
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The anomalous contribution is
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where b depends on the �eld direction as above,

San(x) =
1

x

1X
n=0

�
1p

2n+ 1
� 1p

x+ 2n+ 1

�
; (A.42)

and � = �~=8kBT�� is the pair breaking parameter [186].
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