
COMPUTING SESHADRI CONSTANTS ON SMOOTH TORIC
SURFACES

ANDERS LUNDMAN

Abstract. In this paper we compute the Seshadri constants at the general point on many
smooth polarized toric surfaces. We consider the case when the degree of jet separation is
small or the core of the associated polygon is a line segment. Our main result is that in this
case the Seshadri constant at the general point can often be determined in terms of easily
computable invariants of the surfaces at hand. Lastly we consider the case that the core
of the associated polygon is a point for a smooth polarized toric surface (X,L ). We show
that in this case X can be constructed via consecutive equivariant blow-ups of either P2 or
P1 ⇥ P1.

1. Introduction

Let X be a projective variety and L be a nef line bundle on X. The Seshadri constant
✏(X,L ; x) describe the local positivity of L around a point x 2 X. These constants are
of importance since they relate to many open questions in algebraic geometry, such as for
example the Nagata conjecture, [1]. To answer such questions it is of most interest to compute
the Seshadri constant at a general point. However it turns out that Seshadri constants at
general points are di�cult to compute. By semi-continuity the value of these constants at
special points can drop bellow that of general points. As a consequence the known results
are often either bounds or only valid for certain special points of certain classes of varieties,
[1], [16], [11]. In this paper we approach the problem of computing Seshadri constants at
the general point on smooth polarized toric surfaces. We do so by relating these constants
to other invariants from local positivity and adjunction theory that are easy to compute on
smooth toric surfaces. Through out this paper we will work over C.

The methods used in this paper rely on the fact that a polarized toric variety (X,L )
corresponds to a convex lattice polytope P . Under this correspondence the fixpoints of
the torus action on X correspond to the vertices of P . At these fixpoints the Seshadri
constant can be computed as it is equal to the lattice length of the shortest edge through
the corresponding vertex of P , [1], [10]. In contrast it is unknown if, in general, the Seshadri
constant at the general point of X is computable in terms of convex geometric quantities.
Fortunately one can bound the Seshadri constant at the general point, both from bellow and
above, by convex geometric conditions on P involving certain natural projections of X, [10],
[15]. Furthermore knowing the Seshadri constant at the general point and at the general point
of all torus-invariant subvarieties of X determines the Seshadri constant at every point of X,
[10, Prop. 3.2]. In this note we related the Seshadri constant to the degree of jet separation
and unnormalized spectral value. This allows us to compute the Seshardi constant at the
general point for a large class of smooth toric surfaces. Unfortunately not for all. For high
values of either the degree of jet separation or unnormalized spectral value the combinatorics
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quickly becomes intractable, see Example 38. We will therefore concentrate on low values of
these constants.

Let x be a point of a projective variety X with maximal ideal m
x

. The degree of jet
separation s(L , x) of a line bundle L at the point x 2 X is the largest integer k such that
the natural map jk

x

: H0(X,L ) ! H0(X,L ⌦ O
X

/mk+1
x

) is onto. Like Seshadri constants
the degree of jet separation is a semi-continuous invariant. In fact for smooth toric varieties
s(L , x) obtains its minimum at some torus fixpoint and its maximum at the general point,
[15]. We will use the notation s(L , 1) to denote the degree of jet separation at a general
point. Our first main result says that if s(L , 1) is small on a smooth polarized toric surface,
then it equals the Seshadri constant.

Theorem 1. Let (X,L ) be smooth polarized toric surface if X is a projective bundle or
s(L , 1)  2, then ✏(X,L ; 1) = s(L , 1).

We remark that we do not know if the bound s(L , 1)  2 in Theorem 1 is sharp. Un-
fortunately the combinatorics involved in the proof gets out of hand already in the case
s(L , 1) = 3. On the one hand it was shown in [13] that if s(L , x) coincides for all points of
a smooth polarized toric variety (X,L ), then ✏(X,L ; x) = s(L , x) for all points x 2 X. On
the other hand we provide in Example 38 an example, due to Atsushi Ito, of a smooth toric
surfaces with s(L , 1) = 7 and ✏(X,L ; 1) 6= 7, [9]. Thus the result in [13] suggests that there
might be an integer k > 2 such that if s(L , 1)  k, then ✏(X

P

,L
P

; 1) = s(L , 1). However
by Example 38 it then holds that k < 7.

Let (X,L ) be a polarized variety and let K
X

denote the canonical divisor on X. A
linear system of the form |K

X

+ sL | is called an adjoint linear system. Such systems play a
prominent role in the classification of varieties and define important invariants [2]. One such
invariant is the unnormalized spectral value, which is defined as

µ(L ) = sup

(
s 2 Q

�����
dim(H0(X,m(K

X

+ sL )) = 0 for all integers m > 0

such that m(K
X

+ sL ) is an integral Cartier divisor

)
.

Observe that since any ample line bundle is big it holds that µ(L ) < 1. For toric varieties
it holds that µ(L ) 2 Q, since both the nef and ample cone are rational for toric varieties. By
the toric dictionary any big Q-Weil divisor L on a toric variety X of dimension n corresponds
to a n-dimensional polytope PL ⇢ Rn, whose vertices lie at rational coordinates. Any such
polytope has a unique minimal description as

PL = {x 2 Rn : Ax � b}
where b 2 Qn and A is a matrix with integer coe�cient with the entries in every row being
relatively prime. If PL is as above, then tK

X

+ L corresponds to the polytope

P
tKX+L = {x 2 Rn : Ax � b+ t },

where = (1, . . . , 1)T . Here the polytope Pa
b KX+L is the polytope obtained by first dilating

the polytope PL by the factor b and then moving all supporting hyperplanes a steps inwards.
By the toric dictionary µ(L ) is the maximum over all t such that P

tKX+L is non-empty.
Following [6] we will call the polytope P

µ(L )�1KX+L the core of PL and denote it by core(PL ).
Observe that, unless P is a point, the dimension of PL is strictly larger than the dimension
of its core. Thus if X is a toric surface, then PL is a polygon and core(PL ) is either a line
segment or a point. Our second main result is the following

Theorem 2. Let (X,L ) be a smooth polarized toric surface associated to the polytope PL .
If core(PL ) is a line segment and µ(L )�1 < 3, then ✏(X,L ; 1) = 2µ(L )�1.
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We remark that, unlike the Seshadri constant at the general point, µ(L ) is easily com-
putible in the toric setting, see [6, Prop. 1.14]. It is worth pointing out that for (P2,O(1))
it holds that core(PO(1)) is a point, µ(O(1))�1 = 1/3, while ✏(P2,O(1); 1) = 1. Thus the
assumption that core(P ) is a line segment is necessary in Theorem 2. We do not however
have an example of a smooth polarized toric surface (X,L ) such that core(PL ) is a line
segment, while ✏(X,L ; 1) 6= 2µ(L )�1. Unfortunately it is apparent from the proof of Theo-
rem 2 that the combinatorics involved quickly grows, with increasing values of µ(L )�1. This
is further supported by Example 32 which shows that further complications will appear for
higher values of µ(L )�1. Moreover Example 31 indicates that already the case µ(L )�1 = 3
will be more involved than the cases we consider. We leave it as an open question to find an
optimal bound on µ(L )�1 in Theorem 2.

Our next result uses Lemma 29, which says that if PL is a polygon and core(P ) is a line
segment, then there exist two edges e and e0 of PL which are parallell to core(P ). To state our
next theorem we let K(P ) be the linear space parallel to the a�ne hull of core(P ). Moreover
we will let ⇡ : R2 ! R2/K(P ) and ⇡? : R2 ! R2/K(P )? be the natural projections, where
K(P )? is the orthogonal complement of K(P ).

Theorem 3. Let (X,L ) be a smooth polarized toric surface associated to the polytope PL and
assume that core(P ) is a line segment. If ⇡ has a fiber of lattice length at least 2µ(L )�1 that
is a rational polytope or if there is a fiber of ⇡? intersecting both e and e0, then ✏(X,L ; 1) =
2µ(L )�1.

For our purposes Theorem 3 serves as an important tool in proving Theorem 2. However
as the assumptions of Theorem 3 are easily checked it provides a quick method to compute
the Seshadri constant in many cases, even when µ(L )�1 � 3. Therefore we believe that it
can be of independent interest.

In the final part of the paper we focus, in contrast to Theorem 2 and 3, on the case when
core(P ) is a point. We show the following result which characterize smooth polygons whose
core is a point.

Theorem 4. Let (X,L ) be a smooth polarized toric surface such that core(P ) is a point,
then X is given by a sequence of consecutive equivariant blow-ups of P2 or P1 ⇥ P1.

As P2 and P1⇥P1 are projective bundles Theorem 1 implies that s(L , 1) = ✏(X,L ; 1) for
these surfaces. However when considering equivariant blow-ups of these surfaces it is not clear
how the relationship between the Seshadri constant and degree of jet separation will change.
It is worth pointing out that as shown in Example 38 it can happen that s(L , 1), ✏(X,L ; 1)
and 2µ(L )�1 are all distinct if core(P ) is a point. The surface appearing in Example 38
can be described both via six consecutive equivariant blow-up of P2 and via five consecutive
equivariant blow-ups of P1 ⇥ P1. If instead X is obtain by a small number of blow-ups of
either P2 or P1 ⇥ P1 it seems reasonable to believe that ✏(X,L ; 1) could be computed in
terms of s(L , 1) or µ(L )�1. For example the blow-up of P2 at one fixpoint is the projective
bundle F1 so s(L , 1) = ✏(F1,L ; 1) for any ample line bundle L on F1. The mayor di�culty
in proving such statements lies in that the number of di↵erent varieties achieved through
consecutive equivariant blow-ups grows very fast in the number of blow-ups performed. We
leave the computation of the Seshadri constant at the general point for these varieties as an
open problem.

2. Background

In this section we provide a brief summary of the necessary background on local positivity,
toric varieties and adjunction theory needed to prove our main results.



4 ANDERS LUNDMAN

2.1. Local positivity.

Definition 5. Let X be a projective variety and L be a nef line bundle on X. For a point
x 2 X the Seshadri constant at x is defined as the number

✏(X,L ; x) = inf
C

L · C
mult

x

(C)
,

where the infimum is taken over all irreducible curves C passing through x.

The motivation for studying Seshadri constants is that they measure the local positivity
of L at x. This can be seen from the Seshadri criterion which says that L is ample if and
only if ✏(X,L ; x) > 0 for all points x 2 X, [12, Thm. 1.4.13]. These constants were first
introduced by Demailly in relation to the Nagata conjecture, [4].

Example 6. It holds that ✏(Pn,O(d); x) = d for all x 2 Pn. This follows from the fact that
for any irreducible curve C and point x 2 X, we have that O(d) · C � dmult

x

(C) with
equality when C is a line.

An other measure of local positivity is given by considering osculating spaces.

Definition 7. Let X be a projective variety and let L be a line bundle on X. For a
non-negative integer k and a smooth point x 2 X consider the natural map

jk
x

: H0(X,L ) ! H0(X,L ⌦ O
X

/mk+1
X

)

The projectivization of the image P(Im(jk
x

)) is called the k-th osculating space, Tk

x

(X,L ) of
(X,L ) at x. Moreover we will say that L is k-jet spanned at x if jk

x

is onto and call L k-jet
spanned if jk

x

is onto for all points x 2 X.

We remark that the map jk
x

is given by sending a section s to its Taylor expansion around
x. Thus if H0(X,L ) =

L
m

i=1 Csi, then dim(Tk

x

(X,L )) = rk(Jk

x

)� 1, where Jk

x

is the matrix
whose rows are given by the partial derivatives of (s0, . . . , sm) of order at most k evaluated
at x. We will call Jk

x

the matrix of k-jets at x. Thus given su�cient knowledge about the
global sections of a line bundle L , it is straight forward to check if L is k-jet spanned at a
given point x. As in the introduction we will let s(L , x) denote the degree of jet separation
of L at x, which is defined as the maximal k such that L is k-jet spanned at x. By counting
the number of partial derivatives of order at most k it follows from the above that s(L , x)
satisfies the relation

(1)

✓
n+ s(L , x)

s(L , x)

◆
 dim(H0(X,L )) < 1.

Thus the the degree of jet separation, s(L , x) can be computed in finite time.
As s(L , 1) is considerably easier to compute than ✏(X,L ; 1) it is of interest to relate the

two. An important theorem in this direction is the following

Theorem 8 ([4]). Let X be a projective variety and L be a nef line bundle on X. For any
point x 2 X it holds that

✏(X,L ; x) = lim
n!1

s(nL , x)

n

We have the following well-known corollary of Theorem 8, which we will use repeatedly in
this paper.

Corollary 9. Let X be a projective variety and L be a nef line bundle on X. For any point
x 2 X it holds that

s(L , x)  ✏(X,L ; x).
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Proof. If L is k-jet spanned line bundle, then nL is nk-jet spanned. Therefore it holds that
s(nL , x) � ns(L ; x) and the corollary follows by taking the limit in Theorem 8. ⇤
2.2. Toric geometry. In this paper we assume that the reader is familiar with the basic
properties of toric varieties. We recommend [3] as a good general introduction to toric
geometry. A key fact in toric geometry is that any normal toric variety X⌃ corresponds to
a polyhedral fan ⌃. Moreover every torus invariant subvariety of codimension d on a toric
varietyX⌃ corresponds to a d-dimensional cone in the fan ⌃. In particular any torus invariant
prime divisor D

⇢

corresponds to a 1-dimensional cone ⇢, which is typically called a ray of ⌃.
This interplay between toric and convex geometry is stronger when considering polarized

toric varieties (X,L ). In fact any such variety (X,L ) corresponds to a convex lattice
polytope PL . To see how this correspondence is defined let D be a divisor having the
property that O(D) = L . As the class group of a projective toric variety X is generated by
the torus invariant prime divisors of X, it holds that D =

P
⇢2⌃(1) a⇢D⇢

, where ⌃(1) denotes
the set of rays of ⌃ and a

⇢

2 Z. We then define the polytope PL associated to (X,L ) as

PL = {x 2 Rn : hx, ⇢i � �a
⇢

, 8⇢ 2 ⌃(1)}.
Via this connection many concepts in algebraic geometry can be understood in convex geo-
metric terms and vice versa. One example is the following theorem

Theorem 10 ([3, Thm 4.3.3]). Let X be a projective toric variety and L a line bundle on
X, then

H0(X,L ) ⇠=
M

(m1,...,mn)2PL \Zn

Ctm0
0 tm1

1 · · · tmn
n

.

In particular we see that the global sections have a basis given by monomials. Thus every
entry in the matrix of k-jets, Jk

x

is the evaluation of a monomial. This leads to the following
proposition

Proposition 11 ([15]). Let X be a smooth polarized toric variety. Then s(L , 1) = k if and
only if there exist a polynomial of degree k + 1 vanishing on the lattice points of PL and no
such polynomial of degree k exists.

We recall that a polarized toric variety (X,L ) of dimension n is smooth if and only if for
every vertex v of PL the shortest lattice vectors along the edges through v form a basis for
Zn. We will call these vectors the edge-directions at v.

Next we introduce maps of fans which are the combinatorial equivalent of equivariant maps
of toric varieties.

Definition 12. Let ⌃ and ⌃0 be fans in Rn. A linear map � : Rn ! Rn is called a map of
fans if for every �0 2 ⌃0 there exist a � 2 ⌃ such that �(�0 \ Zn) ⇢ � \ Zn. If � is a map of
fans, then we often written � : ⌃0 ! ⌃ in place of � : Rn ! Rn.

We remark that a map of fans ⌃0 ! ⌃ induce an equivariant morphism X⌃0 ! X⌃ of toric
varieties [7, Thm VI.6.1]. The most important examples of maps of fans are obtained by
letting ⌃0 be a refinement of ⌃ and � be the identity. Recall that ⌃0 is a refinement of ⌃ if
for every �0 2 ⌃ it holds that �0 ⇢ � for some cone � 2 ⌃. When ⌃0 is a refinement of ⌃, we
will call ⌃ a coarsening of ⌃0.

Example 13. Let X⌃ be a smooth toric surface, then blowing up a torus fixpoint of X⌃ can
be realised as a map of fans. To see this recall that the fixpoints of X⌃ correspond to the
maximal dimensional cones in ⌃. Choosing a fixpoint x

�

to blow up corresponds to a choice
of such a cone � = Cone(e1, e2), where the e

i

:s can be taken to be a basis of Z2 since X⌃ is
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smooth. The fan ⌃0 given by replacing � with the cones Cone(e1, e1+e2) and Cone(e1+e2, e2)
while keeping all other cones in ⌃, defines a new fan ⌃0. The identity map id : Rn ! Rn is a
map of fans id : ⌃0 ! ⌃ which induces a toric morphism ⇡ : X⌃0 ! X⌃. By [7, Thm VI.7.2],
⇡ : X⌃0 ! X⌃ is exactly the blow-up of X⌃ at x

�

. A corresponding construction works when
blowing-up any torus invariant subvariety of a smooth toric variety of any dimension.

Figure 1. The fan of P2 and the blow-up of P2 in a torus fixpoint.
.

Smooth toric surfaces are characterized by the following theorem.

Theorem 14 ([7, Thm VI.7.5]). Let X be a smooth toric surface. Then there exist a chain
of equivariant blow-downs of X to either a Hirzebruch surface or P2.

We next focus on Seshadri constants on toric varieties.

Definition 15. Let P be a full-dimensional polytope. Then P is called a Cayley polytope if
the vertices of P are contained in two parallell hyperplanes H0 and H1. Moreover if the lattice
distance between H0 and H1 is k, then P is said to be of type [P0 ⇤ P1]k, where P0 = P \H0

and P1 = P \ H1. Lastly if P is a Cayley polytope, then we call the projection onto the
linear space perpendicular to H0 and H1 the defining projection of P .

In particular P is a Cayley polytope of type [P0 ⇤P1]1 if and only if P has lattice width 1.
In this case the defining projection projects P onto a line segment of lattice length 1.

The two following theorems relate Seshadri constants and Cayley polytopes.

Theorem 16 ([11, Thm 1.3]). Let P be a lattice polytope associated to the polarized toric
variety (X

P

,L
P

), then the following are equivalent

(1) ✏(X
P

,L
P

; 1) = 1
(2) P = [P0 ⇤ P1]1

(3) For every point p 2 X
P

there exist a curve C containing p, having the property that
(C,L |

C

) ⇠= (P1,OP1(1))

Theorem 17 ([13]). Let P be a smooth lattice polytope associated to the polarized toric
variety (X

P

,L
P

) and let k be a positive integer. Then the following are equivalent

(1) ✏(X
P

,L
P

; x) = k for all points x 2 X
P

(2) s(L
P

, x) = k for all points x 2 X
P

(3) P = [P0 ⇤ P1]k and every edge of P has lattice length at least k.

The following theorem gives bounds on the Seshadri constant at a general point and is the
most important result in establishing the new results of this paper.

Theorem 18. [10, Theorem 3.6] Let M be a lattice and MR = M ⌦R R. Let futher P ⇢ MR
be a smooth polygon and ⇡ : M ! Z be a lattice projection. Then

min{|⇡R(P )|
⇡(M), |F |

M

}  ✏(X
P

,L
P

; 1)  |⇡R(P )|
⇡(M)

where ⇡R is the map ⇡R : MR ! R induced by ⇡, F is any fiber which is also a rational
polytope, and | · |

M

is the lattice distance with respect to the lattice M .
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2.3. Adjunction Theory for toric varieties. Given a linear system |L | on projective
variety X, a linear system of the form |K

X

+ sL | is called an adjoint system to L . In this
paper we are interested in two invariants associated to |K

X

+ sL |, namely the nef value and
the unnormalized spectral value.

Definition 19. Let (X,L ) be a polarized variety we call

⌧(L ) = inf {s 2 R : K
X

+ sL is nef } .
the nef value of L .

We remark that ⌧(L ) equals the largest s such that K + sL is nef but not ample [2].
The second invariant of interest to us is the unnormalized spectral value and we recall its
definition from the introduction.

Definition 20. Let (X,L ) be a polarized variety, then the unnormalized spectral value of
L is

µ(L ) = sup

(
s 2 Q

�����
dim(H0(X,m(K

X

+ sL )) = 0 for all integers m > 0

such that m(K
X

+ sL ) is an integral Cartier divisor

)
.

Both the nef value and the unnormalized spectral value have convex geometric interpreta-
tions for toric varieties. We briefly recall these interpretations.

Remark 21. Let P be a lattice polytope associated to the polarized toric variety (X
P

,L
P

).
For any s 2 Q the polytope P

sKXP
+LP is denoted by P (s). The nef value is the minimum over

all s such that the inner-normal fan of P is a refinement of the inner-normal fan of P (1/s).
The unnormalized spectral value µ(L

P

) of (X
P

,L
P

) is the minimum over all s such that
P (1/s) is non-empty. The polytope P (1/µ(LP )), called the core of P , is a polytope of strictly
smaller dimension than P and is denoted by core(P ). We remark that the core of a polytope
and µ(L

P

)�1 are easily computable using [6, Prop. 1.14]. These definitions are illustrated
in Figure 2, for further details on these correspondences we refer to [6].

Definition 22. Let P ⇢ Rn be a polytope and let K(P ) be the linear space parallell to
the a�ne span of the core of P . The projection ⇡ : Rn ! Rn/K(P ) is called the natural
projection associated to P .

core(P )

P (1/⌧(LP ))

⇡(P )

Figure 2. A polytope P , P (1/⌧(LP )), core(P ) = P (1/µ(LP )) and the natural
projection.

Remark 23. If one restricts the attention to polarized toric surfaces, then there are two
possibilities, either core(P ) is a point or a line segment. When the core of P is a point the
natural projection is the identity and when it is a line segment the natural projection is the
projection onto a line.
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3. Seshadri Constants and Jet seperation

In the following section we prove Theorem 1. To make the exposition more accessible we
first prove Lemma 25 and 26 which are key-steps in the proof of the theorem. We further
make the following notational definition.

Definition 24. Let P be a smooth polytope, then we say that P is canonically positioned if
P has a vertex at the origin and an edge along each coordinate axis in the positive direction.

Lemma 25. Let P be a smooth Cayley polygon associated to the smooth polarized toric
surface (X

P

,L
P

), then s(L
P

, 1) = ✏(X
P

,L
P

; 1).

Proof. Since P has dimension 2 the assumption that P is a Cayley polytope means that either
P ⇠= k�2 = Conv((0, 0), (k, 0), (0, k)) or P is the convex hull of two line segments. If P ⇠= k�2

then s(L
P

, 1) = ✏(X
P

,L
P

; 1) = k. If instead P = [l0, l1]k, where l0 and l1 are line segments,
then there are two cases either k = s(L

P

, 1) or k 6= s(L
P

, 1). If k = s(L
P

, 1), then projecting
onto the defining projection of P shows that ✏(X

P

,L
P

; 1)  s(L
P

, 1) which by Corollary 9
shows s(L

P

, 1) = ✏(X
P

,L
P

; 1). If instead k 6= s, we first observe that it must hold that
k > s(L , 1). To see this assume instead that k < s(L

P

, 1), then the defining projection
of P shows that ✏(X

P

,L
P

; 1) < s(L
P

, 1) by Theorem 18, which contradicts Corollary 9.
Thus without loss of generality we can assume that k > s(L

P

, 1) and that P is canonically
positioned with the longest defining line segment along the x-axis. That k > s(L

P

, 1) implies
that (0, s(L

P

, 1) + 1) 2 P . There are now two case either:

(1) (s(L
P

, 1)+1, 0) 62 P , in which case the projection onto the first coordinate axis shows
that ✏(X

P

,L
P

; 1) = s(L
P

, 1) by Theorem 18 and Corollary 9.
or

(2) (s(L
P

, 1) + 1, 0) 2 P , in which case (s(L
P

, 1) + 1)�2 ✓ P by convexity. However
then P is (s(L

P

, 1) + 1)-jet spanned at the general point contradicting the definition
of s(L

P

, 1).

From the above we conclude that s(L
P

, 1) = ✏(X
P

,L
P

; 1). ⇤
Lemma 26. Let P be a smooth polygon associated to the smooth toric surface (X

P

,L
P

). If
s(L

P

, 1) = 2, then ✏(X
P

,L
P

; 1) = 2.

Proof. By Lemma 25 we can without loss of generality assume that P is not a Cayley polytope.
Assume that P is canonically positioned, then (0, 0), (1, 0), (0, 1) 2 P by the smoothness of
P . Furthermore we claim that both of the points (2, 1) and (1, 2) must lie in P . To see why
this is the case note that if either of these points fail to be in P , then by smoothness and
convexity either P = 2�2 or all lattice points of P lie on two parallell lines at lattice distance
1 apart. The former is a Cayley polytope and the latter is a contradiction to s(L

P

, 1) = 2.
From convexity it now follows that (1, 1) 2 P . Thus the indicated lattice points in Figure 3
lie in P . In Figure 3 we also introduce four lines and enumerate some open region created.

We now observe that if either the horizontal, vertical or both diagonal lines are supporting
lines of P , then there exists a projection showing that ✏(X

P

,L
P

; 1)  2 by Theorem 18.
Thus without loss of generality we can assume that P contains at least one point on the
other side of the horizontal and vertical line and one point outside the diagonal strip. Those
constrains can be satisfied in a few di↵erent ways and we will end the proof by considering
all possibilities.

(1) If P contains a lattice point in region 4, then convexity implies that the points (2, 2)
and (3, 2) lie in P . Furthermore if there is a point in region 4, then the line L2 cannot
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L1

L2

L3L4

1.

2.

3.
4.

5.

Figure 3. Five lattice points in P , a configuration of four lines and open regions

be a supporting line of P . By the smoothness assumption at the vertex of P on the
x-axis, di↵erent than the origin, it then follows that (3, 1) 2 P . The matrix of 3-jets
evaluated at 1, for the 9 lattice points we now know lie in P , consists of 9 independent
rows and a row of zeros corresponding to the derivative @

3

@y

3 . However any monomial
corresponding to a point in region 4 will yield a non-zero result when taking the
derivative @

3

@y

3 and evaluating at 1. Thus we can conclude that L
P

is 3-jet spanned
at the general point if it contains a point in region 4, which is a contradiction. We
remark that this argument also takes care of the case when there is a point of P on the
line L1 to the right of (3, 2). Since in that case either L1 is a supporting line of P or P
contains a point whose y-coordinate is at least 3. In the former case ✏(X

P

,L
P

; 1)  2
and there is nothing to prove while in the latter case L

P

is generically 3-jet spanned.
Moreover by symmetry P cannot have a point in region 2 and can be assumed not to
have a point on L2 above (2, 3).

(2) Consider instead the case that P contains a lattice point in region 5. We claim first
that without loss of generality we can assume that (3, 1) 2 P . To see this note simply
that otherwise (3, 0) 2 P but (3, 1) /2 P , which implies that P must be a Cayley
polytope. By smoothness and convexity it then follows that (3, 0) 2 P or (3, 2) 2 P .
If (3, 2) 2 P we can apply the same argument as in the case when P contains a point
in region 4. Thus we can without loss of generality assume that (3, 0) 2 P but that
(3, 2) /2 P . Next we note that we can assume that (2, 2) 2 P . To see this note
that otherwise one readily checks that, (1, 2) has to be a vertex of P . Thus L1 is
a supporting line of P , so projecting onto the y-axis shows that ✏(X

P

,L
P

; 1) = 2.
Thus we can assume that (2, 2) 2 P . Let J3

1 be the matrix of 3-jets at the general
point for the convex hull of the points we now can assume lie in P . Then J3

1 has
nine linearly independent rows and one row of zeros corresponding to the derivative
@

3

@y

3 . Thus there are two possibilities: either P contains a point above L1 and L
P

is 3-jet spanned at the general point or the projection onto the y-axis shows that
✏(X

P

,L
P

; 1) = 2. In conclusion if P contains a point in region 5 and s(L
P

, 1) = 2,
then ✏(X

P

,L
P

; 1) = 2. The case when P contains a point in region 1, follows by
symmetry.

By the above we can assume that all lattice points of P lie in the convex hull of L2 and
L3, except possibly the points (2, 0) and (0, 2). Thus if ✏(X

P

,L
P

; 1) 6= 2, then P must
contain a point in the region 3 or on one of the lines L2 and L3 further away from the origin
than (2, 1) or (2, 1) respectively. However convexity and smoothness then shows that neither
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(2, 0) nor (0, 2) can be a point in P , since if for example (2, 0) 2 P then (3, 1) 2 P , which
is a contradiction. Thus P is contained in the convex hull of L2 and L3 and the diagonal
projection shows that ✏(X

P

,L
P

; 1) = 2. ⇤
We are now ready to prove Theorem 1.

Proof of Theorem 1. By [5, Prop. 3.8] X
P

is a projective bundle if and only if P is a Cayley
polytope. Thus the first part of the theorem follows from Lemma 25. For the second part we
observe that since L

P

is very ample s(L
P

, 1) � 1, thus there are two cases either s(L
P

, 1) = 1
or s(L

P

, 1) = 2. However by Theorem 17 in the former case and by Lemma 26 in the latter
case we conclude that in both cases ✏(X

P

,L
P

; 1) = s(L
P

, 1). ⇤
Corollary 27. Let P be a smooth polygon such that |P \ Zn|  20, then it holds that
✏(X

P

,L
P

; 1) = s(L
P

, 1).

Proof. If |P \ Zn| < 20, then s(L
P

, 1)  2, by the bound (1) and Theorem 1 implies the
claim. If instead |P \ Zn| = 20, then either s(L

P

, 1)  2 or s(L
P

, 1) = 3 and P = 3�2

by the main theorem in [8]. However 3�2 corresponds to (P2,O(3)), so the corollary follows
since s(O(3), 1) = ✏(P2,O(3); 1) = 3. ⇤

The following example shows that if one considers non-complete embeddings, then it may
happen that s(L

P

, 1
P

) < ✏(X
P

,L
P

, 1
P

).

Example 28. Let P be the following smooth polygon corresponding to a non-complete em-
bedding. (The white point is not included.)

We claim that s(L
P

, 1) = 1 while ✏(X
P

,L
P

, 1) = 2. To prove the claim note first that
s(L

P

, 1) = 1 since f(x, y) = x(x � 1) + y(y � 1) � xy is a degree 2 polynomial vanishing
at the black points. To show that ✏(X

P

,L
P

, 1) � 2 it is by Theorem 8 enough to show
that s(2L

P

, 1) = s(2L
P

0 , 1) = 4, where P 0 is the complete embedding corresponding to the
polyetope Conv(P \M). This follows from the fact that 2P 0 \M = 2P \M . Which in turn
follows from the following set of inclusions of sets.

2P \M ◆ P \M + P \M = P 0 \M + P 0 \M = 2P 0 \M ◆ 2P \M

Here the first and last inclusion follows by definition, while the second equality follows by
the projective normality of P 0. Checking the first equality can be done directly since a priori
a lattice point p = (x, y) + (z, w) 2 P 0 \ M + P 0 \ M can fail to be in P \ M + P \ M
if and only if (x, y) = (1, 1) or (z, w) = (1, 1). By symmetri assume (x, y) = (1, 1). If
(z, w) 2 {(0, 0), (1, 1), (2, 1)}, then (x, y)� (0, 1) 2 P \M and (z, w) + (0, 1) 2 P \M hence

p = (x, y)� (0, 1) + (z, w) + (0, 1) 2 P \M + P \M.

If (z, w) 2 {(0, 1), (1, 0)}, then (x, y) � (1, 1) 2 P \ M and (z, w) + (1, 1) 2 P \ M . If
instead (z, w) = (1, 2), then (x, y) � (1, 0) 2 P \M and (z, w) + (1, 0) 2 P \M . Finally if
(z, w) = (2, 2), then (x, y) + (1, 0) 2 P \ M and (z, w) � (1, 0) 2 P \ M . We conclude on
the one hand that 2P \M = 2P 0 \M , i.e. that ✏(X

P

,L
P

, 1) � 2. On the other hand it is
clear that s(nL

P

, 1)  s(nL
P

0 , 1), since the global sections of L
P

is a subspace of the global
sections of L

P

0 . Thus ✏(X
P

,L
P

, 1) = ✏(X
P

, L
P

0 , 1) = 2 by Theorem 8.
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4. Seshadri Constants and unnormalized spectral values

In the current section we prove Theorems 2 and 3. We start by showing the following
lemma.

Lemma 29. Let P be a polygon. If core(P ) is a line segment, then

✏(X
P

,L
P

; 1)  2µ(L
P

)�1

and there exist two edges e and e0 which are parallell to core(P ).

Proof. Let a↵(core(P )) be the a�ne hull of core(P ) and K(P ) be the parallell linear space.
Furthermore we let dn(a↵(core(P ))) denote the distance from the supporting hyperplane of
P with normal n to a↵(core(P )). By [6, Lem. 2.2] the normals of the supporting hyperplanes
with dn(a↵(core(P ))) = µ(L

P

)�1 positively span K(P )?. Since a↵(core(P )) is one dimen-
sional and P is convex it then follows that on either side of a↵(core(P )) there is an edge
which is parallell and at lattice distance µ(L

P

)�1 from a↵(core(P )). Denote these edges by
e and e0. By Theorem 18 it holds that ✏(X

P

,L
P

; 1)  |⇡(P )| for any projection ⇡ induced by
a lattice projection. Thus projecting onto K(P )? shows that ✏(X

P

,L
P

; 1)  2µ(L
P

)�1. ⇤
Remark 30. We remark that the assumption that the core of P is a line segment is a
necessary condition even in the smooth setting. To see this it is enough to consider (P2,O(1)).
It is well-known that s(O(1), 1) = ✏(P2,O(1); 1) = 1, which can also be seen from Theorem 17.
However it is straight forward to check that P (1/3) is a point, so that core(P ) is a point and
2µ(L

P

)�1 = 2/3.

We will prove Theorem 3 before proving Theorem 2.

Proof of theorem 3. By Lemma 29 it is enough to show that ✏(X
P

,L
P

; 1) � 2µ(L
P

)�1.
Assume that P is canonically positioned with the edge e of Lemma 29 along the x-axis. By
Theorem 18 it is enough to show the existence of a projection ⇡ such that |⇡(P )| � 2µ(L

P

)�1

and a fiber F of ⇡ that satisfies |F | � 2µ(L
P

)�1 and corresponds to a rational polytope.
Choosing ⇡ to be the natural projection this proves the first part of the theorem since e and
e0 are at distance 2µ(P )�1 apart.

It remains to consider the case when there is a fiber of the projection onto the x-axis
containing both a point in e and a point in e0. Let ⇡ be the projection onto the x-axis.
The assumption is equivalent to requiring that there exist a fiber of ⇡ with length exactly
2µ(P )�1. Since e and e0 are lattice line segments that fiber can be taken to be a lattice
polytope. It remains to show that |⇡(P )| � 2µ(P )�1.

Define now E = (e1, e2, . . . , ep) to be the sequence of distinct edges of maximal length such
that

(1) e1 is the edge sharing a vertex with e di↵erent from the origin,
(2) e

i

shares a vertex with e
i�1

(3) e
p

6= e0.

Let furthermore K be the sequence defined by letting k
i

be the slope of the edge e
i

and
k
i

= 1 if e
i

is a vertical edge. From convexity we first observe that the sequence K is either

(1) positive and strictly monotonically increasing, not including 1
or

(2) positive and strictly monotonically increasing and then negative and strictly mono-
tonically increasing.

In the former case we will say that K has one phase and in the latter that K has two phases.
We will call the subsequence of K that is strictly positive and monotonically increasing the
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first phase of K and the subsequence which is negative and strictly monotonically increasing
the second phase of K.

e1

e2

e3

e

e1

e2

e3

e

Figure 4. Illustration of E when K has one and two phases.

Consider first the case when K has one phase and let e
p

be the last edge in E . By the
smoothness assumption e

p

must pass through a lattice point on the line y = 2µ(L
P

)�1 � 1
and end at a vertex of the edge e0. As e0 lies on the line y = µ(L

P

)�1 we can therefore
conclude that e

p

has slope at most 1. Because K is strictly increasing the same holds for all
edges in E . Thus |⇡(E)| is larger or equal to the distance between the x-axis and the line
y = 2µ(L

P

)�1, i.e. |⇡(P )| � 2µ(L
P

)�1.
We now turn to the case when K has two phases. We claim that by the smoothness of

P these two phases of the sequence K are separated by 1, corresponding to the slope of a
vertical line. To see this let (�a,�b) and (x, y) be the edge-direction of two adjacent edges
in E , where a, b, y > 0 while x  0. Thus (�a,�b) is the direction vector of an edge of the
first phase of K and (x, y) is a connecting edge which does not belong to this phase. Then
the smoothness condition at the vertex of intersection between these edges says that

����
�a x
�b y

���� = bx� ay = ±1.

As a, b, y > 0 while x  0 it follows that x = 0 and y = a = 1. Thus the edge having direction
(x, y) is vertical. Furthermore there is a vertical edge of P along the y-axis. Let these edges
lie on the lines x = 0 and x = c. Then the lines x = µ(L

P

)�1 and x = c � µ(L
P

)�1 give
halfspaces containing core(P ). As core(P ) is a line segment it then follows that c > 2µ(L

P

)�1.
As a consequence |⇡(P )| > 2µ(L

P

)�1 and ✏(X
P

,L
P

; 1) = 2µ(L
P

)�1. ⇤

Example 31. Consider the following smooth polygon P , which has the property that core(P )
is a line segment and µ(L

P

)�1 = 3.

core(P )

Figure 5. A polytope P and its core.
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Here the natural projection is the projection on the y-axis. The longest fibers of that
projection are the fibers between the two dashed lines. The length of any such fiber is 11/2.
However the fiber of the point 3 under the projection onto the x-axis has a fiber containing
a point in e and a point in e0. Thus Theorem 3 shows that ✏(X

P

,L
P

; 1) = 2µ(L
P

)�1 = 6.

We now prove Theorem 2.

Proof of Theorem 2. We will proceed as in the proof of Theorem 3. Therefore we assume
without loss of generality that P is canonically positioned with the edge e of Lemma 29
along the x-axis. As P is a lattice polytope µ(L

P

)�1 2 1
2Z, since e and e0 must contain

lattice points. We will proceed by considering all possible values of µ(L
P

)�1 less than three.
If µ(L

P

)�1 = 1/2, then ✏(X
P

,L
P

; 1) = 2µ(L
P

)�1 = 1 by Theorem 3, since both e and e0

are fibers of the projection onto the y-axis.
Consider next the case µ(L

P

)�1 = 1. In this case the edge of P along the y-axis either
contains a vertex of both e and e0 or ends at (0, 1). In the latter case the smoothness assump-
tion at (0, 1) implies that (1, 2) 2 P . In either case there is a fiber of the projection onto the
x-axis with lattice length 2µ(L

P

)�1, which shows that ✏(X
P

,L
P

; 1) = 2µ(L
P

)�1 = 2.
Consider next the case µ(L

P

)�1 = 3/2. If either (3, 0) or (3, 1) lies in P , then by projecting
onto the y-axis it follows that ✏(X

P

,L
P

; 1) = 2µ(L
P

)�1 by Theorem 3 . Thus the vertex v of
e di↵erent from the origin lies at a point (a, 1) with a < 3. Consider now the edge f sharing
the vertex v with e. By smoothness f must have an edge-direction of the form (b, 1), with
b 2 Z. Assume now that v is at (2, 0). If f pass through the point (0, 1) or (1, 1), then the
projecection onto the y-axis has length less than 3, which is a contradiction. Hence without
loss of generality we can assume that f pass through the point (2, 1). Thus in this case x = 2
is a supporting line of P , but then P (3/2) is empty which is a contradiction. Therefore we can
assume that f has a vertex at (1, 0) and that a = 1, but then again P (3/2) is empty which is
a contradiction.

Consider next the case µ(L
P

)�1 = 2. Arguing in the same way as for µ(L
P

)�1 = 3/2 we
see that the edge f , defined as above, can be assumed to have a vertex at either (1, 0) or
(2, 0). If f has a vertex at (2, 0), then we can assume that f pass through the point (3, 1).
This is because otherwise either the fiber of 1 under the projection onto the y-axis has length
at least 2µ(L

P

)�1 or core(P ) is empty. However it then follows that f has slope one and
that core(P ) is a point (or empty) which is a contradiction.

e

f

g
h

Figure 6. Illustration of the case µ(L
P

)�1 = 2 when (1, 0) is a vertex of P .

Thus we can assume that f has a vertex at (1, 0). Then f can be assumed to pass through
the point (3, 1) since otherwise either the fiber of 1 has length at least 2µ(L

P

)�1 or we get
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a contradiction to that core(P ) is a line segment. In this case let g be the edge sharing a
vertex with f , other than e. By convexity the slope of g is greater than that of f . However
there must be an edge passing through a lattice point on the line y = 2µ(L

P

)�1 � 1 that
also share a vertex with e0. Thus by smoothness the only possibilities are g = e0 or that g
has slope 1 or 2/3. As a consequence either f has length at least 2 of g has slope 2/3, since
otherwise core(P ) would be a point (or empty). If f has length 2 the point (5, 2) lies in P .
Therefore the fiber of 2 under the projection onto the y-axis has length at least 2µ(L

P

)�1,
since (1, 2) 2 P . If instead g has slope 2/3, then (6, 3) 2 P . However by convexity and
smoothness either (2, 3) 2 P or there is an edge h of slope 1 passing through the lattice
points (0, 1) and (1, 2). In the former case the fiber of 3 under the projection onto the y-axis
has length at least 4. In the latter case by moving the edges e, e0, f and h we see that P (2) is
a point which is a contradiction. This shows that ✏(X

P

,L
P

; 1) = 2µ(L
P

)�1 = 4 in this case.
It remains to consider the case µ(L

P

)�1 = 5/2. Arguing in the same way as above we see
that we can assume that f has a vertex at either (1, 0) or (2, 0) or (3, 0). If f has a vertex at
(3, 0), then we can assume that f pass through the point (4, 1). Since otherwise the fiber of 1
under the projection onto the y-axis has length at least 2µ(L

P

)�1 or P (5/2) would be empty.
Thus f can be assumed to have slope 1. Furthermore f can be assumed to have length 1,
since otherwise either (0, 2) 2 P and the fiber of 2 under the projection onto the y-axis has
length 2µ(L )�1 or (0, 2) /2 P and P µ(LP )�1

is empty. Let g be the edge di↵erent than e
sharing an edge with f . By smoothness and convexity the edge-direction of g is (0, 1), (1, 2)
or (2, 3), since there must be an edge through a lattice point on the line y = 2µ(L

P

)�1 � 1
sharing a vertex with e0. If g has edge-direction (1, 2), then the edge sharing a vertex with g
di↵erent from f must be vertical. Therefore if g has edge-direction (0, 1) or (1, 2), we get that
P (5/2) is a point or empty by moving e, e0 and the vertical edges, yielding a contradiction.
Assume instead that g has edge-direction (2, 3). Then the edge sharing the vertex (6, 4)
with g must have slope 1 by smoothness and convexity, i.e. the same slope as f which is a
contradiction.

e

f

g

Figure 7. Illustration for the case µ(P )�1 = 5/2 when (3, 0) is a vertex of P .

If instead f has a vertex at (2, 0), then f can be assume to pass through the point (4, 1).
Again because otherwise P (5/2) would be empty or the fiber of 1 would have length at least
2µ(L

P

)�1. If f has length at least 2, then (6, 2) 2 P and the fiber of 2 under the projection
on the y-axis has length at least 2µ(L

P

)�1. Thus we can assume that f ends at (4, 1). Let
g be the edge sharing an edge with f at (4, 1) and let (a, b) be the edge-direction of g. Note
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first that b = 1, 2 since there must be an edge of P passing through a lattice point on the
line y = 2µ(L

P

)�1 that share a vertex with e0 having a di↵erent slope than f .
If b = 1 then g has slope 1. In this case (1, 3) 2 P , since otherwise P (5/2) is a point or

empty. Now either g has length at least 2 or g ends at (5, 2). In the former case the fiber of
3 under the projection onto the y-axis has length 2µ(L

P

)�1. In the latter case let h be the
edges sharing a vertex with g di↵erent from f . As there must be an edge i passing through
a lattice point on the line y = 2µ(L

P

)�1 � 1 sharing a vertex with e0, it follows from the
smoothness assumption that h has edge-direction (1, 2) and i is vertical. In this case the
point (1, 4) 2 P , since otherwise there is an edge of P passing through the lattice points
(1, 3) and (2, 4) and P (5/2) is empty. But as (6, 4) 2 P the fiber of 4 under the projection
onto the y-axis has a length 2µ(L

P

)�1 proving that ✏(X
P

,L
P

; 1) = 2µ(L
P

)�1.
If instead b = 2, then smoothness and convexity implies that a = 3, i.e. (7, 3) 2 P .

Consider now the edge h di↵erent than f which shares a vertex with g. As there must be
an edge i through a lattice point on the line y = 2µ(L

P

)�1 � 1 sharing a vertex with e0, the
edge-directions of h are on the form (a, 1), with a 2 Z. By convexity and smoothness it then
follows that a = 1 so that h has slope 1. We now claim that (2, 3) 2 P which proves that
the fiber of 3 under the projection onto the y-axis has length at least 2µ(L

P

)�1. To see that
(2, 3) 2 P note first that by smoothness the edge j di↵erent from e sharing a vertex with the
edge along the y-axis must contain a point on the line x = 1. If (2, 3) 62 P , then j must have
slope 1 and end at (1, 2). However that leads to a contradiction since then P (5/2) is a point
(or empty), as can be seen by moving the edges e, e0, h and j.

e

e0

f

g

h

i

j

Figure 8. Illustration for a special case when µ(P )�1 = 5/2 and (2, 0) is a
vertex of P .

Lastly we consider the case when (1, 0) is a vertex of P . In this final case we can assume
that the edge f must pass through either (3, 1) or (4, 1). Like before this is because otherwise
we either get a contradiction to that core(P ) is a line segment or the fiber of 1 under the
projection onto the y-axis has length at least 2µ(L

P

)�1. If f passes through (4, 1), then
either f has length at least 2 or f ends at (4, 1). By the the same argument as above the
next edge g has edge-direction (2, 1), (5, 2) or (8, 3). Thus regardless if f ends at (4, 1) or
not it holds that (6, 2) 2 P . Since (1, 2) 2 P it then follows that the fiber of 2 under the
projection onto the y-axis has length at least 2µ(L

P

)�1.
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It remains to check the case that f pass through (3, 1). In this case the point (1, 3) 2 P ,
since otherwise P (µ(LP )�1) is empty. There are two cases either f has length at least 2 or it
ends at (3, 1). It is easy to check that, like before, the edge-directions of the next edge g is
(5, 3), (3, 2) or (1, 1) by smoothness and convexity. If f has length 1 and g has direction (1, 1)
then one gets a contradiction to that core(P ) is a line segment. In all other cases (6, 3) 2 P
so the fiber of 3 under the projection onto the y-axis has length at least 2µ(L

P

)�1. This
concludes the case µ(L

P

)�1 = 5/2.

(1, 3)

(6, 3)

Figure 9. Illustration for the case when µ(P )�1 = 5/2 and (1, 0) is a vertex of P .

⇤

Example 32. Let P be the following smooth polygon.

core(P )

It can readily be checked that core(P ) is a line segment and that µ(L
P

)�1 = 4. By direct
computation one can also show that s(L , 1) = 8, which implies that ✏(X

P

,L
P

; 1) = 8.
However the lattice length of a fiber is bounded from above by the maximal lattice length
of a line segment contained in P . It is tedious but straight forward to check that the lattice
length of any line segment in P is strictly less than 8. Thus there exist no projection of P
such that the lower bound in Theorem 18 su�ce to compute ✏(X

P

,L
P

; 1).

Remark 33. We are not aware of any smooth polygon P such that the core of P is a line seg-
ment but 2µ(P )�1 6= ✏(X

P

,L
P

; 1). However Example 32 illustrates that if µ(L
P

)�1 � 4, then
the method used to prove Theorem 2 will not su�ces to show that ✏(X

P

,L
P

; 1) = 2µ(L
P

)�1.
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5. Characterizing polygons whose core is a point

In the current section we characterize smooth polygons P such that core(P ) is a point.

Proposition 34. Assume P is a polytope such that core(P ) is a point. If µ(L
P

) = ⌧(L
P

),
then X

P

is a Fano variety.

Proof. That core(P ) is a point is equivalent to that H0(X
P

, µ(L
P

)�1K
X

+L
P

) = C. More-
over µ(L

P

)�1K
XP + L

P

is nef if and only if it is globally generated since X
P

is toric,
[3, Thm 6.3.12]. Thus at every point x 2 X there exist a nowhere vanishing global sec-
tion of µ(L

P

)�1K
XP + L

P

. But as all such sections are linearly dependent it follows
that µ(L

P

)�1K
XP + L

P

has a global section s such that s(x) 6= 0 for all x 2 X
P

. Thus
µ(L

P

)�1K
XP + L

P

is free of rank 1, i.e.

µ(L
P

)�1K
XP + L

P

= O
XP () �K

XP = µ(L
P

)L
P

.

Thus X
P

is a Fano variety since L
P

was assumed to be ample and µ(L
P

) > 0 ⇤
Corollary 35. Assume that P is a smooth polygon such that core(P ) is a point. If it holds
that µ(L

P

) = ⌧(L
P

), then X
P

is a Del Pezzo surface.

Proposition 36. Assume P is a polygon such that core(P ) is a point, if µ(L
P

) 6= ⌧(L
P

),
then X

P

is constructed by a sequence of toric morphisms onto a Fano variety. Moreover this
sequence of morphisms can be taken to only correspond to refinements of the associated fans.

Proof. By definition ⌧(L
P

)�1K
X

+ L
P

is a line bundle which is nef but not ample. Thus
(X

P

, ⌧(L
P

)�1K
XP + L

P

) corresponds to a polytope P1 whose inner-normal fan is a coarsen-
ing of the inner-normal fan of X, since every normal of an edge in P1 also is a normal of an
edge in P . Let (X1,L1) be the polarized toric variety and ample line bundle associated to P1.
Because the fan of X1 is a coarsening of the fan of X we get a toric morphism � : X

P

! X1

which contracts some torus invariant curves on X
P

. Observe now that if a < ⌧(L
P

), then
(X, a�1K

XP + L
P

) will yield the same polygon as (X1, (a�1 � ⌧(L
P

)�1)K
X1 + L1). To see

this let E be a torus invariant divisor contracted by �, then (⌧(L
P

)�1K
XP + L

P

) · E = 0
and K

XP · E < 0. Thus
✓
1

a
K

XP + L
P

◆
· E =

✓
1

a
� 1

⌧(L
P

)

◆
K

XP · E +

✓
1

⌧(L
P

)
K

XP + L
P

◆
· E < 0.

Therefore for any a < ⌧(L
P

), there is no edge of the rational polygon P 0 associated to
(X

P

, a�1K
XP + L

P

) which corresponds to E. Thus by the main theorem of polytopes P 0

can be defined without the inequality corresponding to E. We can apply the same procedure
to P1 using the nef value of (X1,L1). Continuing in this fashion, we obtain a sequence of
toric morphisms:

(2) X
P

X1 . . . X
r

Here X
r

has the property that µ(L
r

) = ⌧(L
r

). The argument for replacing K
XP with

K
X1 shows that once the edge corresponding to a prime divisor has disappeared it will not

reappear later in the sequence. Thus all maps corresponds to refinements of the associated
fans. Furthermore the sequence is finite since its length is bounded from above by the Picard
number of X minus one. By the argument in the proof of Proposition 34 it now follows that
X

r

is a Fano variety. ⇤
Corollary 37. Assume that P is a smooth polygon such that core(P ) is a point, then X

P

can be constructed by taking consecutive blow-ups of P2 or P1 ⇥ P1.
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Proof. We start by showing that if X
P

is smooth, then the variety X
r

of Proposition 36
is smooth. Assume that this is not the case, then the sequence (2) is a resolution of the
singularities ofX

r

, since all maps are birational and proper. Let f be the composition of these
maps, then K

XP = f ⇤K
Xr +

P
E

i

where the E
i

are the torus invariant curves contracted
by the chain of maps. Thus X

r

is a Fano variety with at worse terminal singularities.
Furthermore by [14, Lem. 1.17] a toric Fano variety of dimension d  3 with terminal
singularities is smooth. Hence X

r

is a Del Pezzo surface, i.e. it can be further blown-down
to P2 or P1 ⇥ P1. Furthermore as X

P

and X
r

are both smooth, all maps in (2) must be
blow-ups, by [7, Thm V.6.2]. ⇤

The following example due to Atsushi Ito shows that ✏(X
P

,L
P

; 1) may fail to be an integer
for smooth polarized toric surfaces. When this happens no combination of Corollary 9 and
Theorem 18 can be used to compute it.

Example 38. Let P be the following smooth polygon

It is straight forward to check that the core of P is a point, s(L
P

, 1) = 7 and µ(L
P

)�1 = 4.
However as shown by Ito, [9], ✏(X

P

,L
P

; 1) = 15
2 . Moreover this example is part of an infinite

family of smooth polarized toric surfaces having the property that the Seshadri constant is an
odd multiple of 1/2. Furthermore for any n Ito has constructed an infinite family of smooth
polarized toric n-folds such that ✏(X

P

,L
P

; 1) is an odd multiple of 1/2.

Remark 39. One natural question to pose given the results of this paper is if the bounds
appearing in Theorem 1 and Theorem 2 are sharp. In the case of Theorem 1 this means
asking for a minimal integer k such that if s(L

P

, 1)  k, then ✏(X
P

,L
P

; 1) = s(L
P

, 1).
By Example 38 we know that k < 7, but it would be interesting to find a sharp bound. In
relation to Theorem 2, we do not believe that ✏(X

P

,L
P

; 1) = 2µ(L
P

)�1, whenever core(P ) is
a line segment. However we are not aware of any counter example. Finding such an example
would be enlightening and give further insight into the relation between ✏(X

P

,L
P

; 1) and
µ(L

P

), for such varieties. Another possible direction for future research is trying to achieve
similar results for higher dimensional smooth polarized toric varieties.
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